LE MATEMATICHE
Vol. LXXVII (2022) — Issue II, pp. 307-328
doi: 10.4418/2022.77.2.4

ESTIMATES ON COUNTING FUNCTIONS ASSOCIATED
TO SOME HYPERBOLIC OPERATORS AND SPECTRAL
PROPERTIES

S. EL MANOUNI - Y. LAZAR

We study the distribution of the eigenvalues of a linear operator as-
sociated to a hyperbolic partial differential equation with periodic bound-
ary conditions. Using some recent results concerning the distributions of
the values of indefinite quadratic forms at integers, we are able to derive
the equidistribution of the eigenvalues relatively to the Lebesgue measure
with exact asymptotics. Also we provide an asymptotic lower bound in
the rational case.

1. Introduction

Given an open bounded connected subset 2 of R" with continuous boundary
dQ we consider the following boundary value problem of hyperbolic type cor-
responding to the wave equation with forcing term,

Uy —Au+ou=f, (t,x) eRxQ, (1.1)
(Ep) u(t,x) =0, (t,x) eRx0Q, (1.2)

u(t+7,x) = u(t,x) (t,x) eRx Q. (1.3)
Here o is a real parameter and the forcing term f: R x Q — R is assumed to be
T-periodic with respect to 7 and square-integrable over (0, 7) x Q. In the sequel
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we are interested in the case when 7 = 27, Q is the n-dimensional parallelepiped
n

H(O, o) C R" (n > 3) and where the @;’s are positive real numbers ordered
i=1
as follows,

o >0>...20,1>0,>0.

Let us denote by P the symmetric linear operator P = 92 — A+ o associated to
our boundary problem (Ep) above. As one can expect for linear problems, the
solutions of (Ep) depend essentially on the properties of the eigenvalues of P
acting on L?((0,27) x Q). Due to the periodic condition and the shape of the
domain, the eigenvalues of the operator P can be written in the form

I\? L \?
lkJ:() —|—+<n> —kz—l-G,
(041 (0/%

where [,...,[, and k are positve integers (see e.g. §5 in [16]). It follows that
the spectrum of P can be written Spec(P) = o +I" where

F_{<21>2+'“+<éz1>2_k2 | (l,k)eN"xN}.

The set I" is the most interesting part of the spectrum and it can be seen as the
range of a quadratic form with signature (n, 1) evaluated at the integers vectors
N" x N. More precisely, let us set §; = Ocl._2 for each 1 <i < n and define the
quadratic form Qg in n+ 1-variables given by

Qa(xlr--aan) :B1X%+...+anz—y2.

Thus T = Qq(N"*!) and therefore Spec(P) = ¢ + Qq(N""1). We are led to
the study of the values of indefinite quadratic forms at integral vectors. Such
a problem is quite difficult in number theory and a good understanding of the
distributions of the values of such forms at integers has completed only very
recently. Unexpectedly it occurs that Ergodic theory is the most suitable setting
in order to treat the distribution of such forms. We review the most recent results
regarding this theory in section §2. In this setting, Conrey and Simley proved in
Lemma 2.2, [4]] that the spectrum of P is dense provided that for for some i, f;
is not rational. The aim of this paper is to adress a quantitative version of this
result, more precisely, we show that the equistribution of the spectrum of P holds
when some ratio is irrational (Theorem (). We provide also an asymptotic
upper bound in the rational case ( (Theorem (ii))). The main tools used here
come from recent developments in number theory and dynamical systems.
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Related work- Weyl’s law for the Laplacian operator

A Weyl Law is the term commonly used for any result which treats the statistical
properties of the distributions of the eigenvalues of the Laplacian. We illustrate
now why the distribution of the eigenvalues of the Laplacian in tori is related
with counting the lattice points in ellipsoids.

In dimension 2, we can consider the classical eigenvalue problem —Aqu =
Au where T? is the flat torus R? /17 x 17, with fundamental domain Q = [0,1)2.
The functions u are taken in L?(Q) and are assumed to satisfy the boundary
conditions:

u(xy +1,x3+1) = u(xy,xz) for all (x1,x;) € Q.

The torus T? is a smooth compact manifold without boundary with area |Q| = 12
The family (e,;(x)) = (e2™m/!) . is an orthonormal basis of eigenvalues of
L?(T?) for —Ar2 with eigenvalues:

_ 4r?

Let us focus on the asymptotic growth of the counting function of the eigenval-
ues less or equal than A:

NA) = ¥ 1pu(n) =#{meZ? : A, <A},

meZ?

One can write

NA)= Y, l[om}(m%er%): Y, r(n),

me72 " 4n? < %
where r(n) is the number of ways the positive integer n can be written as a sum
of two integer squares. In view of this we can interpret N(A) as the number of
lattice points in Z? lying inside the circle of radius Val /2m. The exact asymp-
totic of the number of lattice points inside a circle is due to Gauss and it asserts
that as x — oo
Z r(n) = mx+o(x'/?).

n<x

As a consequence as A — oo, we obtain the Weyl Law for the 2-torus

Q
N(A) ~ ’M'x.
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The generalization of the previous results to the Laplacian in the d-dimensional
flat torus is still valid but the lattice points problem in dimension greater than
two is more suitably solved using the trace formula for the heat kernel on T¢.
This powerful method yields the following asymptotic as A — oo

€

(4m)420(1 +d/2) A o (A1),

N(L) =

For the historical developement of this topic and more details about Weyl’s Law
for the Laplacian, we refer the reader to [2], [9]] and [10].

2. Weyl’s Law type problem for hyperbolic linear operators

For the usual case corresponding to the Laplace operator, the Weyl Law reduces
to a lattice point counting in ellipsoids as we have pointed above. For linear
hyperbolic operators such as P = 97 — A+ o, the situation is much more com-
plicated. The main reason is that we are reduced to a lattice point counting
in hyperboloids rather than positive definite ellipsoids. This difference is illus-
trated by the choice of the counting function, indeed if we just want to count
the number of eigenvalues less than some threshold as in the elliptic case, or
more generally in some interval [a,b] we would introduce the following count-
ing function

N(a,b) = Z 1. (Am)-

m=(k,l)eN"+1

Geometrically, this is interpreted as

N(a,b)= Y 1444(Qa(m)+0).

m=(k,l)eNn+1

This function counts the number of integral vectors in N**! lying in the hyper-
bolic shell {x € R""! | a— 0 < Qqu(x) <b—0c}. Since the latter subspace is
noncompact, the counting function N(a, b) is always infinite which is obviously
meaningless. In order to obtain a finite quantity, we may introduce the following
counting function

Nr(a,b) = ) 14 6p-0/(Qa(m)).
m=(k,[)eN"*1 ||m||<T

This function counts the number of eigenvalues of P in the open interval (a,b)
with integral index m lying in the euclidean ball of radius 7. Remark the fol-
lowing facts,
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e The function / € N" — 4, is increasing for the lexicographic order.
e The function k € N — 4 is decreasing.
The indices (,k) may be seen as the level of energy of wave of frequency vec-
tor in each direction given the @;’s. In the counting, we restrict the spectrum to
the interval (a,b) and for the indices (I,k) such that ||/||? + k*> < T2, the latter
condition forces the levels of energy to be bounded.
This justifies to calling Weyl’s Law for the hyperbolic operator P any esti-
mate of the counting function Ny (a,b) as T gets large with a, b fixed.
Our main result gives an exact asymptotic estimate in the irrational case and an
upper bound for the rational case. As in the elliptic case, the asymptotic be-
haviour depends on the arithmetical properties of the sidelengths of our domain.
Our main result gives an exact asymptotic estimate in the irrational case and
an upper bound for the rational case. As in the elliptic case, the asymptotic be-
haviour depends on the arithmetical properties of the sidelengths of our domain.

Theorem 2.1. Let us consider the counting function associated to the operator
P satisfying the boundary problem (Ep) for n > 5 given by

Nr(a,b) = |{(k,]) eEN""'NBr : a < A; < b},
for each reals a < b and T > 0. Then we have
1. ifo; ¢ Q for every 1 <i< j<n, then the spectrum of P, { A} is equidis-
tributed for the Lebesgue measure of R, that is,
Nr(a,b) ~ cqn(b—a)T"!

for some explicit constant cq .

2. If o; € Q for all 1 <i < n, then we have the following upper asymptotic
estimate

NT (a,b) é CcT"

where the constant involved depends on n,a,b and the o;’s.

Remarks. (i) The assumption n > 3 cannot be weakened to n > 2 at least for
the first part of the Theorem. This is due to the fact that for n = 2, Theorem [3.2]
in §3, which is the main result we use in the case 1., does not hold for forms of
signature (2, 1) (see [6]).
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(ii) We could have consider another counting function by taking for instance
the supremum norm |m|. instead of the euclidean norm ||m||. In this case, other
methods come into play such as the circle method but it gives less compelling
results. Using recent developments due to Browning ([3]]), it is possible to give
sharp upper bounds for N7 (0,0) which correspond to the multiplicity of the zero
eigenvalue. For arbitrary a, b, it seems difficult to obtain sharp bounds for the
counting function by using the same methods.

3. Values of indefinite quadratic forms at integral points

In this section, we review briefly the main arithmetical results we are going to
use in order to prove Theorem Let be given an indefinite nondegenerate
quadratic form Q in n variables with real coefficients. In this section, we are
interested with the distribution of the values of the set Q(Z") in R. There are two
opposite situations depending if Q is proportional or not to a rational quadratic
form. If Q is proportional to a rational form, then the set Q(Z") is a discrete
set in R. In the other case if we suppose that Q is not proportional to a rational
form, the situation is more complicated. It was conjectured by Oppenheim [15]
that this set is dense in R (initially conjectured for n > 5) and this is a relatively
recent result that this conjecture is true, due to G.A. Margulis [12]. In fact quite
more is true, the set Q(Z") is equidistributed w.r.t. the Lebesgue measure. We
recall the main results needed in the sequel. It is noteworthy to say that the
proofs of all this results are based on the Ergodic theory of the action of the
orthogonal group of the quadratic on the set of unimodular lattices in R”. A
key element is the fact that such symmetry groups are generated by unipotent
elements, roughly speaking, we have enough symmetry in order to ensure the
density of the orbits in the space of lattices in R”. For more details about this
topic, see Margulis’ review in [[18]] and also [13]].

3.1. Distribution of the values of irrational quadratic forms at inte-
gers

We say that a quadratic form Q is irrational if it is not proportional to a quadratic
form with coefficients in Q. It is easy to see that Q is irrational if and only if
Q is equivalent to diagonal form alx% + ...+ ay,x? with some ratio a;/a i ¢ Q
(i # j). Indeed for diagonal forms, it is not suffcient that at least one a; may be
irrational, as we can see the form

0() = V2xi+... = V253 = V200 (v)

where Qg(x) =x? +x7 +... —x2 is obviously a rational form. It is sufficient that
at least one g; is irrational, when one of the a; equals one. As we can see, if for
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instance a;, = 1 then
2 2 2
O(x)=aixi+...+ap_1x,_| — X,

is irrational as soon as one the a; ’s for 1 <i < n—1 is irrational.
We have the following deep theorem which proves a conjecture of Oppen-
heim,

Theorem 3.1 (Margulis, [12]]). Let Q be a nondegenerate indefinite irrational
quadratic form in n > 3 variables with real coefficients. Then the set Q(Z") is
dense in R.

The ergodic theoretic proof of this density theorem leads naturally to the
more general question of the uniform distribution of the values of such forms at
integral points. As above, we consider Q an irrational indefinite real quadratic
form in n > 3 variables, and for reals a < b, let N(%b)(T) denotes the number
of integral points x in an euclidian ball of radius 7" with a < Q(x) < b. The
Oppenheim conjecture is equivalent to the statement N, (Qa ») (T) — oo when T —
oo, Gauss’ generalization of the circle lattice points problem in dimension n > 3
gives us that

HxeZ":||x]| <T} ~Vo{x eR": ||x| <T}as T —
and suggests the following estimate as 7 — oo

10
Neap)

Calculations (see Lemma 3.8 (i), [6]) show that as T — oo,

(T) ~Vol{x e R":a < Q(x) < b, |x|]| < T}. (1)

Vol{x e R" :a < Q(x) < b, ||x|| < T} ~ co(b—a)T" 2. (2)

The exact value of the constant is given by

dA
o=/, Vol ©

with B the unit ball, L the light cone Q = 0 and dA the area element on L.

We propose to give an elementary proof of the volume estimate (2) using
tools from geometric measure theory. The reason why the proof in [[6] (Lemma
3.8 (1)) is more complicated is because the domain for which the volume is com-
puted therein, is a star-shaped open set which clearly can fails to be a smooth
manifold due to the eventual presence of cusps or corners. In the case of the eu-
clidean ball, we have a smooth manifold and we are allowed to use the Coarea
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formula (e.g. see §3.2.22, [8]). Let us recall this useful result.
Given a Riemannian manifold equipped with a volume form p, the Coarea for-
mula says that for any f € (M) and g € L' (M, 1)

[, @Vl = [ [ swdaay @

where L, = f~!(t) is the fiber of f at ¢ and dA; is the Riemannian volume form

on L, induced by u.

Let us apply the Coarea formula () with M = Br be the euclidean ball of radius

T with its usual volume form n-form @, f(x) = O(x) and g(x) =1}, 4 (Q(x)) [[VO(x)|| -1
Clearly f is a smooth function on Br and g € L' (Br) since ||[VQ(x)|| # O for a.e.

x € Br. Hence,

[abt
[, tes@atd = [ [t da iy )

where L, is the level set {Q =t} and dA, is the surface area (n — 1)-form on L,
induced by . Set

Q4 —(veR":a< Q) <b,|v|<T}={veBr : a<Q(v)<b}.

We can write (9) as

VO] a 17 / / dAt y
CO
Lo [VOO)|

Using the change of variable y = T'x, we get

dA( dA; (%)
voly (Q24) / / a = / / ' o -2,
w r/szB ||VQ t/szB HVQ X

Furthermore, passing to the limit as T gets large, we have

/ dA,(x) o / dAo(x) _
L, 2NB HVQ(X)H 7 LoNB HVQ(X)”

Finally, we obtain the required estimate (2]

a,b N o n—2 dAO( )
volo(@) ~rom (-T2 |G
In general the computation of the volume confined between two level sets is
a challenging problem which can be solved only in few cases. Very recently,
Athreya and Margulis proposed in ([1], §3) a conjecture generalizing such kind



EXAMPLE ARTICLE 315

of volume estimates when Q is replaced by a polynomial of degree k > 2.
Namely they are interested in estimating the following quantity when 7" — oo,

Vol{veR":a < P(v) <b,||v| <T}.

It is expected that the following estimate occurs

Vol{v €R":a < P(v) < b,||v|| < T} ~ cp(b—a)T" ¥,

where

_AMMWPH

A serious problem which prevents such estimates to hold is that there is no guar-
antee ||VP(x)|| # 0 a.e. on the hypersurface {P = 0} and in particular cp cannot
be always defined.

The following theorem shows that the values of irrational indefinite quadratic
forms at integers are not only dense but also equidstributed for signature (p,n —
p) at least for p > 3. This is a highly nontrivial result due to Eskin-Margulis-
Mozes (see [6]], [[7]) based on partial results previously obtained by Dani and
Margulis ([5]], Corollary 5 (i)).

Theorem 3.2 (see [6], Theorem 2.1). If Q is real quadratic form of signature
(p,n—p) (p > 3) which is not proportional to a rational form then as T — oo

HveZ':a< Q) <b,|v||<T} ~coalb—a)T" 2,
where cg o is as in (3)).

The previous asymptotics is still valid when the counting is restricted to
the lattices points which do not lie on the hyperplanes sections. Indeed, those
points do not contribute more than o(T"~2), so discarding them has no effect
on the asympotic main term as 7 goes to infinity. Let us explain this fact, more
precisely for forms of signature (n,1) in view of applying to Q.

Let / be a nonempty subset of {1,...,n} with d > 1 elements and define

N a,b)={veZ":a< Q) <b,||v| < T,v;=0,i € I}.

We divide the study of this counting function into three cases d > 3, d = 1 and
d = 2, the aim is to show that as soonasd > 1 and n > 5,

Ny) (a,b) =700 o(T"2).
Case A. Assume d > 3, A crude upper bound for this quantity is just given by

Ny (a,b) < (2" N By
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where B’}_d is the result of section of the n-dimensional euclidean ball B} cutted
out by the space of codimension d, W; :=";c; ker/;. Since the number of lattice
points of an euclidean ball is approximated by its volume as its radius tends to
infinity we are granted that

Ny (a,b) = O(T"~)
as T gets large. In particular, since d > 3, we get
Ny (a,b) = O(T")

and then
N (a,b) = o(T"?)

as T goes to infinity.
Case B. Assume d = 1. Since Q is an indefinite quadratic form of signature
(n,1) where n > 5 of the form

O1y.e ey Vnr1) = @iV + ...+ aw’: —vi.,

with ay,...,a, are positive real numbers. Let us define the linear form /;(v) = v;
for some 1 < i < n—1, and the corresponding counting function associated to
the restricted form Q|kery,

N (a,b)={veZ":a< Q) <b,|v|| < T,v;=0}.
The the restricted form Q|ke;, takes the following form
Q‘kerli(V) = Q(vla Vi 0,vigg, - 7V11+1) = alv%+~ . -+ai71Vi271 +ai+1Vi2+1 +.. -+anvi —Vi+1.

Then Qlkers;(v) is an indefinite form in n variables of signature indefinite
with signature (n—1,1). Thus, if one the a; for j # iis irrational and n > 5 then
Olkery; (v) satisfies the hypothesis of Theorem [3.2]applies and we get

N (@,b) ~p—yeo c(b—a)T" 3.
In particular, N;i ) (a,b) = o(T"2) as T gets large.
Case C. Assume d =2, and I = {i < j}.

2 2 2
Olkertirkers; (V) = Q1,3 Vi, 0,Vig 150y V1) = a1V +. ..+ @i Vil + @i 1V

2 2 2 2
+...+aj_1vj,1+aj+1vj+1 —i—...—i—anvn—vnH.

Then Qlkersirkers; (v) is an indefinite form in n — 1 variables of signature in-
definite with signature (n —2,1). Thus, since a; is irrational for / ¢ [ and n > 5
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then QOlkers;nkert; (v) satisfies all the hypothesis of Theorem and therefore we
get
N (@,b) ~p oo c(b—a)T" 4

In particular, N;i’j) (a,b) = o(T"2) as T gets large.

To sum up, we have shown that the contribution of the lattice points with at
least one zero coordinate in the counting can be neglicted in front of the main
term, hence we deduce the following statement.

Corollary 3.3. If Q is real diagonal quadratic form of signature (n,1) (n >5)
of the form
OV1s.e s Vnt1) = apVi+...+ap’ —v2,

where all the a;’s are irrational positve real numbers then as T — oo,

{veEN":a< Q(v) <b,||v| < T} ~coalb—a)T" 2.

4. Proof of Theorem 2.1l

The eigenvalues of the operator P are given by the double indexed real numbers
of the following form

I\? L \?
7Lk7[:<> +...—|—(n> —k2+6
o (o4

where (I,k) € N"*!. Let us consider the counting function

NT(a7b) = Z l[a,b] ()‘k.,l)'
m=(k,[)eEN"1 |\m| <T
Case 1

Assume that ¢; are irrational for 1 < i < n, and let us introduce the quadratic
form Qg associated to the eigenvalues Ay ; of P,

Qot(xla"'vxnay) :[31X%++an,%*y2

Then,
Nr(a,b) = Z l[afc,hfc](Qa(m))-

m=(k,)EN"*1, [|m|| <T
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where ; = Oti_z. A crucial point is to interpret the eigenvalues of P as the values
taken by the form Q, at integers points up to an additive factor

lkJ = Qa(ll,...,ln,k)—l-G.

Then Qg is an irrational quadratic form of signature (n,1) with n > 5 and in
particular Corollary[3.3]applies, that is, for any reals a < b we have the following
asymptotic estimate

N b
lim r(a,b)
T—oo TNl

_/ dA
“ Jins |VQel’

where L is the light cone Q4 = 0 and B the unit ball in R+

=cq(b—a).

with

It remains to compute the constant ¢, and this asks some computations. At first,
we have

VOu(x) = 2Bix1,...,2Buxn, —2y)
thus

IVOa(x1,%2, ... xn11) || = 2\/[312x% +... 4+ B2x3 +x,21+1.
Recall that the light cone L relative to Qy is the hypersurface of equation
L:Bixt+.. .+ B2 —x2, =0.
Let us set the diagonal matrix of size n+ 1,
o =diag(ay, o, ..., 04, 1)
and the standard quadric of signature (n,1)
Lo: Qo(x) =xi+...+x2—x2; =0.
Since B; = o; 2, it is clear that

L=aly={ucly|a'ucly}.

If we remark that Qy (x) = Qo(a~'x), we obtain after substituting y by ax that

/ dA :/ dA _ 1 dA ©)
o8 [VQall - Jarons [[VQa ()l [det()| Jgna15 [[VQo(y) I
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Let us consider the following change of coordinates corresponding to the polar
coordinates in R"*!,

Ry xS xR — R+
(V,g,Z) = (réla"'arén*brgnaz)'

The condition f(r,&,z) € Ly is equivalent to ?||€||*> — z> = 0, which forces the
last coordinate z to be equal to +r. A parametrization of Ly = Lg UL, in this
new system of coordinates given by

fuz Rex s — Rt

(n€) o (rEy i 1y, )
where
Ly ={(r&,—n)|r>0,&es Y and L§ ={(&.r) | r>0, E € 5"},

The jacobian of f L is given by

& r 0 ... 0
62 0O r ... 0
in%(r,é):det ol e =1
& 0 0 ... r
[ £1 00 ... 0

and then the pull-back of the volume form on R"*! by fiL, 1s given by

Tr(dxi Ndxy Ao Ndxyiy) = r'"dr NdE it

We use the parametrization of Ly as defined above, in order to get

dA 1
—_ =2 1((r&,r) € aB)r*dr Nd& g
S 90T =2 g a5 € @B "dr Ao

= /L+ 1((r&,r) € (XB)ﬁrn_ldr/\déS,H.

The cartesian parametrization of o' B is

a 'B= {xe R (a1x1)2+ oot (anxn)Z—i—x%H <1}.
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Using our new system of coordinates we can reparametrize it as
a 'B={(rnE) e (0,1]x8" " : (ar&)? +.. +(arE)? +r7 <1}

={(nE) € (0,1]x8" "+ (&) +...+ (&) < 1;2r2 }.

Hence,

1((r&,r) € ™ 'B)V2 r”_ldr/\dé‘sm

+
Ly

[ (e @ s = ) Vg

=0+

Let us denote by 6.1 the measure area on the unit sphere $"~!, using @ we
obtain,

dA B 1 1 m . .
/LﬂBHVQaII_det(a)\/,_masnl[e”( —a V2 ldn ()

where €,(a~!) is the n-dimensional ellipsoid with half-lenght principal axes
given by the diagonal elements of ="' and €,(Ra™") is the ellipsoid obtained
after multiplying the half-lenght principal axes of £,(a~!) by a factor R > 0.
The measure area on the unit sphere $"~!, understood as an hypersurface of
R, can be defined explicitely using the Lebesgue measure in R"~!. Given any
Borel subset B in R", we have

Ao 1(BNS™T)

GSVH](B) = lnfl(Snfl)

Thus

Anfl(Snfl)

r

Ogn—1 (8(mal)> _ 2'n—l< 8( lr_rzail)ﬁsnfl)'

We remark that the intersection of the n-ellipsoid with the unit sphere is (n— 1)-
ellipsoid, indeed
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En(~ 1;’2a—1>m8"—1 ={ges s (@&)’+. (@)’ < 1;’2 }
SEER (B G- GG - —E ) < )

={EeR" " (af —a)&i + (0 — )&+ + (o — o) < —

Hence,

o s = (EeR : RE ARG AL <palr))

gn(

r

1—r2 . 1

where p,(r) =15~ — o and 3, = T for 1 <i<n—1. In other words,

en(‘/moﬂ)msnf1 = &1 (Vpa(ny ™)

r

. It is important to note that this (n —

i1 T 1 1
Whery_dlag(\/affag""’\/a3717a3)

1)-ellipsoid is nonempty if and only if p,(r) > 0 which amounts to ask that

r<l1/y/1+a?.

Now we can write (7)) as follows,

/L o Jdet(a)_l'/ e A1 (Enr (V/Pu(r)y 1)) V2r"dr. (8)

8 [[VQall A1 (S"1) Jrzor

A classical formula for the volume of a n-dimensional euclidean ellipsoid with
scale R and half axis given by a diagonal matrix D is given by

71'"/2Rn

D= G

IThis matrix is well defined and invertible since we have assumed that all the a;’s are ordered
so that a7 — a2 > 0. Without this ordering there is the possibility that we obtain a hyperboloid
instead of an ellipsoid, we want to avoid this complicated situtation.

r2

—o? .



322 S. EL MANOUNI - Y. LAZAR

Applying this to (8), we get

A (n—1)/2 —1 1/\/@ n—1
/ d n ]det(ya)\ / (pn(r))T\ﬁrn dr. )
L r

B IVQall L5 —1D)A-1(8"71) Jr=o+
The well-known formula for the surface area of the unit sphere

2m"/?
['(n/2)

A’nfl(Snil) _

yields

(pu(r)'T P dr. (10)

[
1 IV0al V2 T(E 1T (n/2) Jr P

=0t

The integral in the RHS is improper at the singularity » = 0, but it is easily

removed since we have
1/3/1+02 . VAVAR SO RN g n—
/ (pa(r)) " dr = | (-

—0+ —0+ r

/1/\/1+a,% (l—r2 5 sl
-

o 2 —og) T r'dr

/1/\/1+OC% (
= 1
r=0

n—1
—r(1+ Oc,f)) Z rdr.

1
T (1 +a?)
Thus we arrive to a simple expression for the integral,

n+l
(1= +a2) 7 Lyhe

o (Pu(r)) z 7" dr= (n+1)(1+063)'

/l/\/lJrOl,% i
-

By definition we have |det(ya)| ™' = H o (o? — a2)'/? so finally we ob-
1<i<n—1

tain the required constant,
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/' dA \/? Mi<icn (0 — 02)/?

Con = =14/= == .
s VQall Vo (n+ 1) (1+ ad)T(5 — 1)0(n/2)
To sum up, if some ratio oj/a is irrational then

2 ngign—lai(aiz_ar%)l/z n—
NT(“’b)N\/;(n+1)(1+a,g)r(g— )T(n/2) (b—a)7""!

as T — oo,

Case 2

We are interested with the growth of Ny (a,b) when T gets large, provided all f;
are all rational numbers. We develop the terms

Nr(a,b) = Y 1y 6.5-0)(Qa(m)) =
m=(k1)eNTH | m|| <T

Z 1[(1—0'717—0] (QOC (m))

meNt1 ||m||<T

= Y e o(Bili . Bl —K),

meNtL |Im| <T

so we get by slicing

Nr(a,b) =Y, ) Ly opie—o)(Bili ...+ Baly). (1D
1<k<T IGN’17‘|IHS‘/T2*/<2

Consider now the inner sum for a fixed integer k, this sum counts the number of
lattice points with positive coordinates lying in the intersection of an euclidean
ball of radius (72 —k?) 1/2 and an ellispoid shell bounded by the ellipsoids Op =
a+k*—ocand Qg =b+k* — 0, where Qg(I) = B117 +... 4 Bul3.

Denote by &(r) the ellipsoid defined by {x € R" | Qg(x) < r}. A classical
result states that the number of lattice points in a ellispoid is approximated by
its volume (see e.g. [[11]], VI, §2, Thm 2)

| E(r)NZ" |=vol,(E(r)) +0(r”_1) .

2]t is possible to provide a better error bound but we prefer to avoid such complications.
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Using the fact that the volume of the n-ellispoid €(r) behaves like ", we get

|E(F)NZ" |= voly(£(r)) (1 +0(1)> | (12)

r

The symmetry of the ellispoid and the ball, implies that
1
| E(r)NN" |~ ﬁvoln(ﬁ(r)) (13)

as r — oo. Thus, the inner sum above in (II]) can be reduced to a counting
problem in elliptic shells,

| E(bi)\E(ar) NB sz NN |= Yy Ly opii2—o (Bilf+...+Bal3)
1N ||I]|<VT—R2

where a; = Va+k* — o and by = v'b + k* — 0. Thus we obtain,

Ne@b)= Y |EB\E(@) NB g N .
1<k<T

First we have

| €(bi)\E(ak) B,z NN" [= IZN, Lenetains s ()
e n

=Y (Tepn(D) =gy () 15

leNn

;D)

T2k

Using Cauchy-Schwarz’s inequality we get

1/2 1/2
| E(O\E(@) NB, /=N < (): (1g(bk)(1)—lg<ak>(z))2> (Z lgm(z)> .

leN" leN?

Using the simple observation that a; < by, for each integer |k| < T, we infer that
&(by) contains € (ay) and that

2
(e (D) =g (1) =L (1) 10 (1) =2 Leane ) (1) = Le () (1) = Le () (D).

Then we arrive to

1/2 1/2
| EGi\E(@)NB, jrza N [< (Z (18(hk)(l)—18<ak)(l))> (Z 1Bm(1)>

leN" leNn
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< (|&B)NN"| = | &a) N )2 | B p NN [12

Using (13)), we obtain

| €(Bi)\E(ax) NB 7z NZ" | S ( Vol(E(by)) — Vol(&(ay) )'* Vol(B ) /2.

Classical volume formula for ellipsoids and euclidean balls yields

n/2 . .n n/2 . .n
T er T er
Vol(&E(r)) = and  Vol(B,) = ———.
(E(r)) det(Qﬁ)F(§+ 1) (Br) r(5+1)
From this we derive that
n|< /4 n n\1/2 (2 2\n/4
| E(bk)\E(ar)NB gz NN" | (bg —ag) "~ (T"—k")""".

"\ Jdet(@p)T (3 + 1)
Now let us focus on the factor involving a; and b;. Indeed we have

bl —d} = (b+k* —0)"? — (a+Kk* — o)"/?

h—o n/2 a—0C n/2
(1+ k2> _<1+ kz) .

For kg large enough we have the first term Taylor expansion for k > kg

-at (142050 - (1) o)

Which reduces to

=k"

Then, for k > ky
b—
bl = K2 [”(2“) —1—0(1)} .

For k > ko, we get the following bound

n n -2
bk - ak éaabvn kn :
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So we arrive to

77:”/4

\/det(QB)r(g +1)

| Ebi)\E(ax) B mp NZ" S k22T — 2y,

and in terms of our counting function we get the following estimate

n.n/4

Nr(a,b) £
\/det(QB)F(g + 1) ko<k<T

k' (T2 — K24, (14)

The last step consists into getting asymptotical upper bounds for the sum

e -,
ko<k<T

The previous sum can be wrriten,

n2 2\ 4
n—. n 1 2
Y K -R)i=1" |~ ) <k> 1<k)
1<k<T T1§k§T T T

By performing Riemmian summation as 7 — oo, we get

n-2 2\ 1
1 2 s
lim — Y <k> 1—<k> :/ 7 (1 - 224 dx.
T—oo T 1 SkeT T T 0

The resulting integral 7, is a definite integral which is bounded by one, thus we
get the following estimate for the sum as 7' — oo

Z kn—l(TZ_kZ)% é "

1<k<T

As T — oo, one has

knfl (TZ o k2)
ko<k<T 1<k<T

ISE
%
b

7
~
[\S]
=~
\L\)
ISE
|
S
N
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Y KNI ST
ko<k<T

Hence, the estimate [14| gives us that for 7" large

NT(a,b) é cT"

where C depends on a,b,n and 8 .

O
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