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Abstract: The problem of 2D (two-dimensional) wall jet flow, along with heat transfer incorporated
by nanofluid in a Darcy-Brinkman medium, while recognizing the requirement for efficient heating
and cooling systems. Following the use of similarity variables, the resultant system of ODEs (ordinary
differential equations) is solved using the well-known and efficient bvp4c (boundary-value problem
of the 4th order) technique. The significance of physical quantities for the under-consideration
parameters is illustrated and explained. The findings show that the nanoparticle volume fraction and
porosity parameters decrease the velocity, but increase the temperature. In addition, the temperature
uplifts in the presence of radiation effect. The suction parameter initially decreases and then increases
the velocity near the surface, while the temperature declines.
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1. Introduction

The study of laminar jet flow has drawn the attention of several researchers due to
various practical and potential applications, such as the cooling mechanisms for laptops
and computers, spray paint drying for automobiles or buildings, cooling jets over com-
ponents of turbo-machinery, aeroplanes with vertical takeoff and landing spreading out
their downward-facing jets across the ground, sluice gate flows, and annealing of plastic
and metal sheets, etc. The problems of laminar wall jets can be effectively simplified using
the approximation of boundary layer, which is frequently utilized in practice. It was dis-
covered that the related similarity (or non-similarity) results were pertinent for forecasting
their performances.

It is now widely acknowledged that Glauert [1] was the first to present the problem of
the wall jet created over an impenetrable stationary wall, and to find a solution. According
to him, the second similarity restriction relates to a quantity that is the exterior momentum
flux, which is rarely interpretable as a physical idea. Riley [2] investigated how a laminar
wall jet is affected by mechanical properties. Several scholars, including Merkin and
Needham [3,4], expanded Glauert’s work to include scenarios in which both wall movement
and wall suction or blowing are permitted. They found that, if a traveling wall is included,

Mathematics 2022, 10, 3201. https://doi.org/10.3390/math10173201 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math10173201
https://doi.org/10.3390/math10173201
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-2034-1211
https://orcid.org/0000-0002-2353-5919
https://orcid.org/0000-0003-2080-8552
https://doi.org/10.3390/math10173201
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10173201?type=check_update&version=1


Mathematics 2022, 10, 3201 2 of 14

the same explanation could only be achieved by applying the proper amount of lateral
suction via the moving surface. Magyari and Keller [5] discovered that the connection
between suction and the moving wall condition can keep the second similarity restriction
proposed by Glauert [1]. Additionally, it was demonstrated by Cohen et al. [6] and Xu
et al. [7] that novel types of outcomes are indeed primarily available outside of Glauert’s
momentum restriction. It should be observed that the innovative outcomes presented
by the same researchers, Cohen et al. [8] and Xu et al. [9], as well as those discussed by
Magyari and Keller [5], appear to be mathematically vanishing outside of the wall. Several
papers [10–12] provide additional analytical and numerical contributions to the study of
wall jet flows.

Nanofluids (NFs) are colloidal suspensions of nanometer-sized (up to 100 nm) particles
in regular liquid that are differentiated by greater viscosity, according to Choi [13], who
coined the term. The thermophysical characteristics of conventional fluids and nanopar-
ticles affect the transport characteristics of the nanofluids. The regular fluid’s effective
thermal conductivity is increased in the presence of nanoparticles, which improves the
features of heat transfer (HT). Singh and Rao [14] used solid lubricants, graphite, and
molybdenum disulfide, with an average particle size of the fine powder was around 2 µm,
to operate the hard turning of grade steel. The effects of lubricating with graphite and
molybdenum disulfide throughout the entire process were investigated, and the outcomes
were contrasted with those of machining in a dry cutting environment. In a brilliant review
work, Manca et al. [15] demonstrated how different strategies and methodologies, such as
increasing the surface of HT or the factor between the surface and the fluid, can improve
HT and enable significantly higher rates of heat transfer in a limited volume. Cooling is a
significant technical issue that faces several different industries, notably manufacturing,
microelectronics, solid-state lighting, and transportation. The thermal conductivity of the
final fluids increases when solid metal or metal oxide particles of micrometer or millimeter
size are added to the regular fluids. SiO2 nanoparticles and regular mineral oil were used
by Sarhan et al. [16] as a lubricant. They utilized two different methods of lubrication:
first, plain mineral oil by itself; and second, incorporation of SiO2 nanoparticles within the
identical mineral oil. It is important to note that Zaidi and Mohyud-Din [17] investigated
the effects of MHD (magnetohydrodynamics) and convective heat transfer on a 2D wall jet
flow through nanofluid using a model of passive control. The heat transfer features in MHD
wall jet flow induced by nanofluids were investigated by Sandeep and Animasaun [18].
Jafarimoghaddam [19] developed the closed-form analytical solution to the mass and heat
transfer features of wall jet nanofluid flow by incorporating the mathematical model of
nanofluids developed by Buongiorno [20]. Jafarimoghaddam and Pop [21] utilized the
Tiwari and Das [22] model of nanofluid to examine the jet flow of exponential decaying
type, and presented double solutions. Al-Kouz et al. [23] inspected the three-dimensional
MHD flow of water-based CNT/ferroparticles hybrid nanofluid through a wavy walled
trapezoidal enclosure with free convection and entropy generation. Recently, Shahzad
et al. [24] utilized the neural network to predict the thermal conductivity of nanofluid
involving SiC particles.

Darcy’s model does not take into account inertia effects or boundaries in porous media,
which could affect the flow patterns with heat transfer. Determining the circumstances
under which these impacts are significant, is crucial. According to Hong et al. [25], the
Brinkman [26] model, which is an elaboration of Darcy’s law, should be utilized for no-
slip situations. This model was utilized by Ishak et al. [27] to study the steady flow
via a vertical surface submerged in a porous media with wall temperature close to the
stagnation point. Rosali et al. [28] inspected the buoyancy flow close to a stagnation-point
from a vertical plate submerged in a porous media under varying heat flux. The forced
convective flow along with heat transport from a plane heated surface saturated in a Darcy-
Brinkman porous media was explored by Pantokratoras [29]. Zaib et al. [30] scrutinized
the bioconvection flow past a heated wedge with nanofluid in a Darcy-Brinkman porous
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medium. Recently, Kausar et al. [31] examined the slip effect on dissipative flow engrossed
in a Darcy-Brinkman porous media.

The wall jet has greater technological significance in airfoil design, paint spray, and air-
craft take off. The majority of applications utilize turbulent jet flow. In cooling applications,
the turbulent state requires the adjustable position of the transition. The nanofluid has
additional uses connected to the combustion process and performs well in cooling where
there is a wide temperature range. Therefore, the novelty of the problem is to inspect the
jet wall flow and heat transfer containing ZnO-SAE50 nanoparticles in a Darcy-Brinkmann
porous media, by utilizing the Glauert model. In addition, the radiation influence is also
examined. Suitable variables are employed to obtain ordinary differential equations and
then find numerical solutions through an efficient bvp4c technique.

2. Formulation of the Model

Consider 2D laminar jet flow of SAE50-ZnO nano-lubricant immersed in a Darcy-
Brinkman porous medium with suction/injection and radiation effect, as depicted in
Figure 1. The coordinates x− and y− considered along the wall and normal to it, re-
spectively. The temperature of the fluid is signified by T along with the variable wall
and ambient temperature Tw(x) and T∞, respectively. In addition, the thermophysical
properties of the nanoparticles and the base fluid are in thermal equilibrium. With these
assumptions, the leading equations can be formed as [1–4]

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

=
µe f f εa

2

ρn f

(
∂2u
∂y2

)
−

µn f εa
2

K(x)ρn f
u, (2)

u ∂T
∂x + v ∂T

∂y =
kn f

(ρcp)n f

(
∂2T
∂y2

)
− 1

(ρcp)n f

∂qr
∂y ,

qr =
(
− 4σ∗

3k∗

)
∂T4

∂y , T4 ≈ 4T3
∞T − 3T4

∞.
(3)

Along with the boundary conditions (BCs)

u = 0, v = vw(x) = −√α f x−3/4 fw, T = Tw(x) at y = 0,
u→ 0, T → T∞ as y→ ∞.

}
(4)

According to Glauert [1], the subsequent similarity variables and stream function is
defined by

ξ =
(

α2
f x3
)−1/4

y, ψ =
(

α2
f x
)1/4

F(ξ), K(x) = K0
√

x3 (5)

where ψ is the requisite stream function signified as u = r−1∂ψ/∂r and v = −r−1∂ψ/∂x.
Hence, the velocity components are derived in the simplified form as

u =
4√
x

F′(ξ), v = −√α f x−3/4(F(ξ)− 3ξF′(ξ)
)

(6)
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Figure 1. Physical configuration of the jet wall flows and heat transfer embedded nanoparticles.

2.1. For the Momentum Equation

Now, using Equation (5), the continuity equation is satisfied while Equation (2) is
reduced to the following form:

εb
ρn f /ρ f

F′′′ + FF′′ + 2F′2 −
µn f /µ f

ρn f /ρ f
KaF′ = 0 (7)

where εb = υe f f εa
2/α f , Ka = υ f εa

2/K0 are called the dimensionless modified porosity and
the dimensionless permeability parameter, respectively.

2.2. For the Energy Equation

Further, Equation (3) can be written in the simplified form as

u
∂T
∂x

+ v
∂T
∂y

=
k f(

ρcp
)

n f

(
kn f

k f
+

4
3

Rd

)
∂2T
∂y2 (8)

where Rd = 4σ∗T3
∞/k∗k f is called the radiation parameter. To make change the above

stated Equation (8) into the posited similarity form, the following variables are introduced:

G(ξ) =
T − T∞

Tw(x)− T∞
, Tw(x)− T∞ = Tax

n
4 (9)

where Ta denotes the usual reference temperature and n is called the temperature index.
Also, the energy, Equation (8), is reduced to a similarity form via implementing the above
variables (5) and (9). Hence, one obtains

1(
ρcp
)

n f /
(
ρcp
)

f

(
kn f

k f
+

4
3

Rd

)
G′′ + FG′ − nGF′ = 0, (10)

with BCs are {
F(0) = fw, F′(0) = 0, G(0) = 1 at ξ = 0,

F′(ξ)→ 0, G(ξ)→ 0 as ξ → ∞.
(11)
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In the above BCs, fw represents the mass transpiration velocity with fw > 0 for suction
and fw < 0 for the phenomenon of blowing or injection. Meanwhile, the case fw = 0
represents the impermeable wall jet flow.

2.3. Gradients

In the present study, the following gradients (the shear stress
(

C f

)
and the heat

transfer rate (Nux)) are mathematically expressed as:

C f =
1

ρ f u2
r

(
µn f

∂u
∂y

∣∣∣∣
y=0

)
and Nux =

x
k f (Tw − T∞)

(
−kn f

∂T
∂y

∣∣∣∣
y=0

+ (qr)|y=0

)
, (12)

where µn f and kn f are the absolute viscosity of the nanofluid and the thermal conductivity
of the nanofluid, respectively. Meanwhile, ur = 4x−1/2 corresponds to the reference
velocity as taken by Raees et al. [32]. Now, implementing the similarity variables in the
above Equation (12), we get

2

√
Rex

Pr
C f =

µn f

µ f
F′′ (0) and

2Nux√
Pex

= −
(

kn f

k f
+

4
3

Rd

)
G′(0), (13)

where Rex = ur x
υ f

, Pr =
υ f
α f

and Pex = ur x
α f

are called the local Reynolds number, the Prandtl
number, and the Peclet number, respectively.

2.4. The Physical Properties of the Nanofluid Model

The mathematical notations used for the nanofluid are absolute viscosity µn f , thermal
conductivity kn f , specific heat capacity

(
ρcp
)

n f , and density ρn f . The expression of the
thermophysical properties of the NF model can be written as:

µn f

µ f
=

1

(1− ϕ)2.5 ,
ρn f

ρ f
= ϕ

(
ρsnp

ρ f

)
+ (1− ϕ), (14)

kn f

k f
=

ksnp + 2k f − 2ϕ
(

k f − ksnp

)
ksnp + 2k f + ϕ

(
k f − ksnp

) , (15)

(
ρcp
)

n f(
ρcp
)

f
= ϕ

((
ρcp
)

snp(
ρcp
)

f

)
+ (1− ϕ). (16)

Thus, the above Equations (14)–(16) illustrate the physical features of the ZnO-SAE50
nano lubricant in a nozzle of engine liquid, in which ϕ implies the nanoparticles’ solid
volume fraction. Moreover, the subscript snp and f are for the solid nanoparticles and
the base working fluid (SAE50), respectively. Generally, the data of the zinc oxide (ZnO)
nanoparticles along with the regular base (SAE50) oil fluid are given in Table 1.

Table 1. Experimental physical data of the SAE50 and ZnO [33].

Properties ρ(kg/m3) cp(J/kgK) k(W/mK) µ(Pas)

SAE50 0.906 1900 0.15 0.192543
ZnO 5.606 540 19 -

3. Methodology and Validation of the Scheme

This part of the research work demonstrates the entire mathematical procedure of the
scheme, numerical implementation of the scheme, as well as the confirmation of the code.
Initially, the wall jet flow and heat transfer problem are bounded in the form of governing
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equations. After utilizing the Glauert [1] variables, the governing equations are altered
into the similarity ODEs. These ODEs are almost hard to tackle exactly or analytically
due to its high non-linearity. Therefore, we have to find the numerical solution of the
transformed ODEs (Equations (7), (10), and (11)) for the (SAE50/ZnO) nanofluid flow in a
Darcy-Brinkman porous medium by employing an efficient bvp4c technique. The 3-stage
Lobatto IIIa formula is implemented using the finite difference algorithm. The considered
scheme was documented by Shampine et al. [34] and later so many researchers have
followed it, as can be seen from the literature, for example Refs. [35–37]. For the working
procedure of the scheme, the higher-order system is transfigured into the first-order ODEs
using fresh notations. Let the new variables be

F = Σa, F′ = Σb, F′′ = Σc, G = Σd, G′ = Σe (17)

Thus

d
dξ


Σa
Σb
Σc
Σd
Σe

 =



Σb

Σc
ρn f /ρ f

εb

(
−ΣaΣc − 2Σb

2 +
µn f /µ f
ρn f /ρ f

KaΣb

)
Σe

(ρcp)n f /(ρcp) f

(kn f /k f +
4
3 Rd)

(nΣdΣb − ΣaΣe)


(18)

The boundary conditions become
Σa(0)
Σb(0)
Σb(∞)
Σd(0)
Σd(∞)

 =


fw
0
0
1
0

. (19)

During the simulation process, the code requires initial estimation. It is a single
solution problem; therefore, the system requires a suitable or pertinent initial estimation
by which the output of the system can hold the convergence criteria and the boundary
conditions (19). In addition, we fix the error tolerance ε = 10−6 throughout the computation
along with best appropriate finite value of ξ → ∞ , such as the thickness of the restricted
boundary layer, ξ = ξmax = 25, by which the graphs asymptotically satisfy the criterion of
convergence. This procedure is explained in Ref. [38]. Table 2 demonstrates the comparison
of the current results with the published work of Glauert [1] and Waini et al. [39] for a
special case of the present study. It shows an excellent agreement between these results.
Thus, it motivates us and gives confidence that the unavailable outcomes for the impression
of several influential parameters are precise or accurate.

Table 2. Numerical assessment of shear stress and heat transfer for several values of n when
fw = ϕ = Ka = Rd = 0, and εb = 1.0.

n
Glauert [1] Waini et al. [39] Present Results Waini et al. [39] Present Results

F”(0) F”(0) F”(0) −G’(0) −G’(0)

0.0 2/9 ≈ 0.2222 0.2222 0.2222 0.6735 0.6735
0.5 - - - 0.8193 0.8193
1.0 - - - 0.9304 0.9304
1.5 - - - 1.0215 1.0215
2.0 - - - 1.0993 1.0993
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4. Results and Discussion

This section is organized to discuss and basically see the inspiration of the several
influential parameters on velocity, temperature, shear stress and heat transfer profiles of
the ZnO-SAE50 nano-lubricants. Table 1 presents the thermophysical data of the SAE50
and zinc oxide nanoparticles, while the comparison is shown in Table 2.

Tables 3 and 4 are constructed to inspect the influences of different parameters on the
friction factor and the heat transfer rate by utilizing two different methods. The results
reveal that the friction factor augments due to ϕ and εb, while it declines due to Ka and
fw. On the other hand, the heat transfer rate enhances due to ϕ and Rd. Figures 2 and 3
present the impact of ϕ on the velocity and temperature profiles. The behaviors of these
profiles suggest that the velocity declines with increasing ϕ. This can be attributed to
the growing kinetic energy of the nanofluid as its concentration increases; whilst the
temperature distribution uplifts due to ϕ. Physically, it is well-known that ϕ depends
on the nanoparticle’s size; therefore, vary in ϕ impacts the fluids volume’s ability to
absorb energy.

Table 3. Numerical shear stress values for the several influential parameters.

ϕ Ka εb fw
2
√

Rex
Pr Cf 2

√
Rex
Pr Cf

Bvp4c RK4

0.025 0.50 0.70 1.0 1.3200 × 10−9 1.3200 × 10−9

0.030 - - - 2.4223 × 10−9 2.4222 × 10−9

0.035 - - - 2.9623 × 10−9 2.9624 × 10−9

0.035 0.30 0.70 1.0 3.6085 × 10−9 3.6085 × 10−9

- 0.50 - - 2.9624 × 10−9 2.9622 × 10−9

- 0.70 - - 2.4361 × 10−9 2.4362 × 10−9

0.035 0.50 0.60 1.0 1.4477 × 10−9 1.4476 × 10−9

- - 0.65 - 1.8432 × 10−9 1.8433 × 10−9

- - 0.70 - 2.9624 × 10−9 2.9624 × 10−9

0.035 0.50 0.70 1.0 2.9624 × 10−9 2.9624 × 10−9

- - - 1.5 2.2350 × 10−7 2.2351 × 10−7

- - - 2.0 2.1850 × 10−5 2.1849 × 10−5

0.035 0.50 0.70 −0.05 −2.2398 × 10−8 −2.2398 × 10−8

- - - −0.10 −1.8970 × 10−8 −1.8971 × 10−8

- - - −0.15 −1.5216 × 10−8 −1.5215 × 10−8

Table 4. Numerical heat transfer values for the several influential parameters.

ϕ n Rd

2Nux√
Pex

2Nux√
Pex

Bvp4c RK4

0.025 1.00 2.00 1.0204 1.0204
0.030 - - 1.0243 1.0244
0.035 - - 1.0281 1.0282
0.035 0.00 2.00 1.0279 1.0278

- 1.00 - 1.0280 1.0280
- 2.00 - 1.0281 1.0280

0.035 1.00 1.50 1.0273 1.0273
- - 2.00 1.0280 1.0281
- - 2.50 1.0302 1.0302
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Figure 3. Temperature curves for the distinct values of ϕ when n = 1.0, Ka = 0.5, εb = 0.7, fw = 1.0,
and Rd = 2.0.

The impacts of the modified porosity parameter (Brinkman viscosity (BNV)) εb are
sketched in Figures 4 and 5. The fluid velocity decelerates in the presence of εb; whereas
the fluid temperature augments due to εb. Additionally, this makes sense because, in the
momentum equation, the BNV ratio number is paired with the term of velocity gradient,
decreasing the velocity as a result of high values of the Brinkman viscosity parameter.
Figures 6 and 7 depict the velocity and temperature distributions for some values of the
permeability parameter Ka. These results portray that the velocity initially declines and
then starts to augment, while temperature also uplifts due to Ka. Physically, the regime
gets more porous as the porosity parameter rises, and as a response, the Darcian force’s
strength moderates. The nanofluid particles slow down due to the resistance produced by
the Darcian force. As the porosity parameter rises, this causes the resistance to decrease.
The flow suffers reduced drag over time, which reduces flow retardation. The fluid mobility
within the boundary layer is therefore enhanced by the porosity characteristic.
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The impression of suction on the velocity and temperature distributions is portrayed,
respectively, in Figures 8 and 9. The velocity initially declines and then starts to uplift due
to suction. Physically, the stable mass flux decreases drag to prevent flow separation, which
consequently increases the jet flow velocity. In contrast, the temperature distribution (see
Figure 9) declines with the ramification of suction. The thermal conductivity of the surface
slows the flowing molecules due to the surface’s permeability, which lowers the jet flow
temperature.
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and Rd = 2.0.

Figure 10 demonstrates the impact of radiation on the temperature distribution. As
expected, the temperature of jet flow enhances with radiation effect. Physically, higher radi-
ation level causes the SAE50-ZnO nanoparticles to heat up significantly, raising the jet flow
temperature in the meantime. In addition, it increases heat transfer to functioning fluids
due to the high radiation effect causes an increase in the thermal boundary layer. When the
radiation Rd is increased, the fluid becomes much more heated. As a result, the rate of heat
transfer increases noticeably. Moreover, large Rd effectively increases the amount of heat
delivered to workable nanofluids, which ultimately increases the temperature.
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5. Conclusions

In the current exploration, the 2D Glauert wall jet flow incorporates SAE50-based
ZnO nanofluid saturated in a Darcy-Brinkman porous medium with radiation and suction
effects, was considered. The Glauert variables were utilized to change the leading equations
into ODEs and then numerically solved by employing an efficient bvp4c technique. The
important findings are summarized as:

â The increasing values of ϕ decline the velocity and improves the heat transfer because
of the effective moment of additional heat to the working fluid.
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â The contrary effect is observed on the velocity profile in the presence of poros-
ity and permeability parameters, while the temperature uplifts in the presence of
both parameters.

â The outcomes in both field (velocity and temperature) are asymptotically converging
for each influential varying parameter.

â The radiation impact enhances the jet flow temperature.
â The suction parameter enhances the jet flow velocity but declines the temperature

distribution.

It is worth mentioning that the above work can be further extended by including
buoyancy forces or mass transfer with different aspects, such as unsteadiness, shape
factors, etc.
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Abbreviations
The following abbreviations are used in this manuscript:
Nomenclature
C f Coefficient of skin friction
(x, y) Cartesian coordinates (m)
G(ξ) Dimensionless temperature
f Dimensionless velocity
Ka Dimensionless permeability parameter
T∞ Free stream constant temperature (K)
Rex Local Reynolds number
Nux Local Nusselt number
k∗ Mean absorption coefficient (m−1)
fw Mass suction parameter
Pr Prandtl number
K Permeability of the porous medium (m s)
Pex Péclet number
Rd Radiation parameter
qr Radiative heat flux
cp Specific heat at constant pressure (J kg−1 K−1)
k Thermal conductivity (Wm−1 K−1)
T Temperature (K)
(u, v) Velocity components in x− and y− axes directions (m s−1)
qw Wall heat flux
vw(x) Wall mass velocity (m s−1)
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Greek symbols
µe f f Apparent effective viscosity (kg m−1 s−1)
µ Absolute viscosity (kg m−1 s−1)
ρ Density (kg m−3)
ν f Kinematic viscosity (m2 s−1)
εb Modified porosity
εa Porosity parameter
ξ Pesudo-similarity variable
σ∗ Stefan–Boltzmann constant (W m−2 K−4)
ψ Stream function (m2 s−1)
α∗ Thermal diffusivity (m2 s−1)
τw Wall shear stress (kg m−1 s−2)
Acronyms
BL Boundary layer
bvp4c Boundary value problem of fourth-order
HT Heat Transfer
MHD Magnetohydrodynamics
ODEs Ordinary differential equations
PDEs Partial differential equations
2D Two-dimensional
Subscripts
f Base fluid
w Condition at surface
∞ Free-stream condition
n f Nanofluid
Superscript
′ Differentiation with respect to ξ
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