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PAPERS

Analytical method for joint optimization of FFE
and DFE equalizations for multi-level signals

Nana Dikhaminjia1 , Mikheil Tsiklauri2 , Zurab Kiguradze2 ,
Jiayi He2 , Arun Chada3 , Bhyrav Mutnury3 , James L. Drewniak2

Channel equalization is the efficient method for recovering distorted signal and correspondingly reducing bit error rate
(BER). Different type of equalizations, like feed forward equalization (FFE) and decision feedback equalization (DFE) are
canceling channel effect and recovering channel response. Separate optimization of tap coefficients for FFE and DFE does
not give optimal result. In this case FFE and DFE tap coefficients are found separately and they are not collaborating.
Therefore, the final equalization result is not global optimal. In the present paper new analytical method for finding best
tap coefficients for FFE and DFE joint equalization is introduced. The proposed method can be used for both NRZ and
PAM4 signals. The idea of the methodology is to combine FFE and DFE tap coefficients into one optimization problem
and allow them to collaborate and lead to the global optimal solution. The proposed joint optimization method is fast, easy
to implement and efficient. The method has been tested for several measured channels and the analysis of the results are
discussed.

K e y w o r d s: bit error rate, channel equalization, channel response, DFE, FFE, joint optimization, PAM4, tap coeffi-
cients

1 Introduction

Constant increase in data rates introduce new chal-
lenges and concepts. Signal in high-speed channels is at-
tenuated by channel loss, inter-symbol interference (ISI),
jitter, noise and crosstalk, see [1-5]. Channel equaliza-
tion is an efficient method for recovering distorted sig-
nal and correspondingly reducing bit error rate in high-
speed channels. Higher data rates require more precise
tap coefficients for usually used equalization algorithms
such as FFE and DFE. This is more crucial for 4-level
pulse amplitude modulation (PAM4) signal that brings
in new challenges due to inherent jitter and three slicers,
[6-9]. Multi-level signal represents innovative alternative
approach to increase data rates and is expected to be fre-
quently used in future in the devices. While multi-level
signals significantly increase data rate without improving
component material, nonlinear effects and other factors of
signal distortion pose more challenges for several levels,
therefore tap coefficients of equalizers have more effect on
signal restoration, see [10-14].

Widely used optimization algorithms for FFE and
DFE equalizations can only efficiently optimize each
equalization separately. FFE Least Mean Square opti-
mization algorithm uses signal energy maximally to re-
move ISI noise and therefore significantly decreases the
signal amplitude level. DFE optimization removes the
pulse response tail that remains after FFE equalization

[13]. Therefore, these two equalizers work independently

from each other, which does not yield the best possi-

ble results. Combined optimization of these equalization

mostly uses sweeping through coarsely pre-chosen subsets

of tap coefficients for each equalizer [1],[5] and adaptively

choosing the best combination, that is time-consuming

and inefficient.

In the work [15] we proposed a fast and efficient al-

gorithm that calculates the best tap coefficients for com-

bined FFE and DFE equalizers. This methodology re-

moves part of the noise from the signal using FFE while

preserving the maximal cursor value to keep the eye open-

ing, so that DFE can be applied. The next, optimal DFE

is used to remove remaining ISI without reducing the sig-

nal level. Proposed FFE and DFE joint optimization algo-

rithm forms one goal function, where both FFE and DFE

tap coefficients are included as optimization parameters.

The goal function minimizes signal to noise ratio based

on collaboration of FFE and DFE tap coefficients. The

proposed optimization problem is linear regarding FFE

and DFE tap coefficients and therefore can be solved an-

alytically. The algorithm does not use any iteration or

parameter sweeping procedure, therefore is very fast and

easy to implement. In the present work this optimization

algorithm is generalized for any multi-level signal, includ-

ing PAM4. The method is tested for several measured

channels and analysis of the results is presented.
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In this paper we describe FFE and DFE equalizations
for multi-level signals and benefits of the joint equaliza-
tion algorithm. Further we give formulation of separate
optimizations for FFE and DFE equalizations for multi-
level signals and construct FFE and DFE joint optimiza-
tion algorithm for multi–level signals and proposes ana-
lytical solution of the problem; Proposed joint optimiza-
tion algorithm is compared to separate FFE and DFE
equalizations and the results are summarized.

2 Optimization of FFE

equalization for PAM4 signals

The goal of the paper is to evaluate the algorithm that
can analytically solve optimization problem of finding the
best tap coefficients of FFE and DFE joint equalization
for PAM4 signals. The optimal tap coefficients allow to
minimize difference between equalized signal and training
signal at the center location of the unit intervals in terms
of least mean square. To understand proposed algorithm,
let us formulate FFE and DFE optimization problems
separately.

FFE equalized signal vFFEk can be calculated as a
convolution of tap coefficients ci, i = −m, . . . , n, and
the the channel output vk , k = 1, 2, . . . , N

vFFEk =

n∑

i=−m

civk−i, (1)

where, N – is the number of training bits. Schematic of
FFE equalization is given in Fig. 1.

The goal of FFE optimization is to find such tap coef-
ficients ci that minimize the difference between training
”signal” uk and equalized signal calculated by (1). Since
the number of training signal samples (N) may be greater
than number of unknown tap coefficients (m + n + 1)
the task can be solved using minimum mean square er-
ror (MMSE) algorithm. That is we will minimize the cost
function at the central location of the unit interval

min
ci,i=−m,...,n

||u− vFFE||2 =

min
ci,i=−m,...,n

N∑

k=1

(

uk −
n∑

i=−m

civk−i

︸ ︷︷ ︸

vFFE

k

)2

. (2)

Let us note that for FFE equalization and correspond-
ing optimization algorithm (2), there is no difference be-
tween NRZ and PAM4 signals, as in both cases tap coef-
ficients are convolved similarly with a channel output.

3 Optimization of DFE

equalization for PAM4 signals

DFE is applied after FFE. The goal of DFE is to di-
rectly remove ISI effect from the signal. At every moment
ISI tail from the previously transferred bits are added to
the signal. The goal of DFE optimization is to estimate
ISI tail values and subtract from the signal. These esti-
mated ISI tail values are tap coefficients. The i-th DFE
tap coefficient corresponds to the i-th unit interval ISI
value. In case of NRZ, for each bit we have two different
values: positive and negative, but with the same ampli-
tude. Depending on the sign of the previous bit value,
the ISI tail should be either added or removed from the
signal. If DFE tap coefficients are known, DFE equalized
signal for NRZ is calculated using the following formula

vDFE
k = vk −

p
∑

i=1

di sgn(vk−i), (3)

where di, i = 1, . . . , p, are DFE tap coefficients. The
termn sgn(x) in (3) is needed to identify previous bit val-
ues and correspondingly subtract or add tap coefficient
to cancel ISI. In case of PAM4 signals, the signum func-
tion is not enough to accurately remove ISI. For each bit,
PAM4 has 4 different values - two positive and two neg-
atives. Both, positive and negative values include high
voltage amplitude and low voltage amplitude values. It
means that for each bit, ISI values not just added and
subtracted but also scaled based on previous bit values.

Channel FFE
uk vk

FFE

kv

Fig. 1. FFE equalization schematics

Channel FFE
uk vk

FFE

kv

DFE

FFE/DFE

kv

Fig. 2. FFE and DFE equalization schematics
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To remove ISI properly from PAM4 signal simple signum
function is not enough and should be replaced by the fol-
lowing function

F (vk) =







1 if vk is a positive high amplitue

1/3 if vk is a positive low amplitude

−1/3 if vk is a negative low amplitude

−1 if vk is a positive high amplitude

.

(4)

Here we are assuming that ratio between high ampli-
tude and low amplitude bits is equal to 3. In general case
ratio between F (vk) values should coincide to the ratio
of high amplitude and low amplitude bits. Using F (vk)
function DFE for PAM4 signals should be calculated us-
ing the following formula

vDFE
k = vk − Sv

where Sv =

p
∑

i=1

diF
(
vk−i

). (5)

Formulas (3) and (5) can be combined if we will assume
that in case of PAM4 F (vk) is calculated according to the
formula (5) and in case of NRZ it just equals to sign(vk).
Schematic of FFE and DFE equalizations are given in
Fig. 2.

Optimal DFE tap coefficients will create opposite of
Inter Symbol Interference of pulse response and remove
channel effect from the channel response. The goal of
DFE optimization is to find such tap coefficients that
can cancel channel effect and minimize difference between
input and equalized signals (see [5], [6]). It means that we
face again an over determined set of equations

uk = vDFE
k − Sv. (6)

Moreover, (6) represent set of non-linear equations as

function F
(
vDFE
k−i

)
has already DFE equalized signal

value at the previous bits as an argument which itself
depends on unknown DFE tap coefficients. This non-
linearity is pretty strong, and it makes hard to solve the
set of equations. Fortunately, function F

(
vDFE
k−i

)
values

are discrete and just needs information which bit was
transmitted. Optimal tap coefficients are found using
training signal, which means that transmitted bit val-
ues are known and the argument of this function can be
replaced by training signal. After this replacement we will
obtain the following linear set of equations

uk = vDFE
k − Su,

where Su =

p
∑

i=1

diF
(
uk−i

). (7)

As in case of FFE the system (7) can be solved using
MMSE algorithm, that will minimize the mean square

error between equalized and training signals at the central
location of the unit interval

min
di,i=−m,...,p

||u− vDFE||2 =

min
di,i=−m,...,p

N∑

k=1

(

uk − Sv

)2

.
(8)

Equations (7) and (8) represent algorithm to solve DFE
optimization problem using MMSE for both NRZ and
PAM4.

4 Joint optimization of FFE and

DFE equalization for PAM4 signals

Solving FFE optimization problem and DFE opti-
mization problem separately will not give the best tap-
coefficients. The most efficient way is to solve FFE-
DFE joint optimization problem for finding the best tap-
coefficients. Let us merge two optimization problem into
one. First, we need to apply FFE on a channel response
and then DFE. Applying both equalization we will get
the following formula

v
FFE/DFE
k = vFFEk − Su.

Here ci and di are unknown tap coefficients. The goal
of the optimization algorithm is to find such ci and di tap
coefficients that will minimize difference between equal-
ized signal and training signal. It means to meet the con-
ditions

uk = vFFEk − Su.

We can write this set into matrix form

u = Ax,

x =
(
c−m, . . . , cn, d1, . . . , dp

)⊤
,

u =
(
u0, . . . , uN

)⊤
.

(9)

u being a vector of given training signal and A is known
matrix containing values of the channel response and
training signal

A =









vm . . . v−n, −F (u−1) · · · − F (u−p)
v1+m . . . v1−n, −F (u0) · · · − F (u1−p)
v2+m . . . v2−n, −F (u1) · · · − F (u2−p)
. . . . . . . . . . . . . . . . . .

vN+m . . . vN−n, −F (uN−1) · · · − F (u1−p)









.

Here vk = 0 and uk = 0 for k < 0 and k > N .
Let us note again that (10) is an over determined system
of equations corresponding to the number of training bits
and number of unknowns thus ietotal number of FFE and
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DFE tap coefficients. These equations should be solved

using MMSE, to minimize the difference

min
x

||Ax− u||2 = min
ci, i = −m, .., n
dj , j = 1, . . . , p

{

g(x)

}

,

where the cost function is (10)

g(x) =

N∑

k=1

(

uk −

n∑

i=−m

civk−i

︸ ︷︷ ︸

So

+

p
∑

i=1

diF
(
uk−i

)

︸ ︷︷ ︸

Su

)2

.

To solve optimization problem we need to derivate

g(x) by tap coefficients and make it equal to zero

∂g(x)

∂cj
= 2

N∑

k=1

vk−j

(

uk − So + Su

)

,

∂g(x)

∂dj
= 2

N∑

k=1

F (uk−j)
(

uk − So + Su

)

.V
(11)

After simplification we will get the following linear set
of equations

n∑

i=−m

B
(1)
i,j ci −

p
∑

i=1

C
(1)
i,j di =

N∑

k=1

vk−j uk,

j = −m, . . . , n,

n∑

i=−m

B
(2)
i,j ci −

p
∑

i=1

C
(2)
i,j di =

N∑

k=1

F (vk−j)uk,

j = 1, . . . , p,

(12)

where

B
(1)
i,j =

N∑

k=1

vk−jvk−i,

C
(1)
i,j =

N∑

k=1

vk−jF (uk−i),

B
(2)
i,j =

N∑

k=1

F (uk−j)vk−i,

C
(2)
i,j =

N∑

k=1

F (uk−j)F (uk−i).

(13)

0.06 0.04 0.02 0

7040 Time (ps)

Voltage (V)

0.1

0

-0.1

3020100

(a)

00.04 0.02

7040 Time (ps)

Voltage (V)

0.2

0

-0.2

3020100

(b)

0.1

-0.1

Fig. 3. Eye diagram (3-tap FFE, 11-tap DFE) for channel 1: (a) – separate equalization, (b) – joint equalization

5030 Frequency (GHz)

Magnitude (dB)

20100

-20

0

-40

-60

-80

-100

Fig. 4. Insertion loss and reflection loss of test channel 1

Eye height (V)

1 3 5 11

0.07

0.02

0.03

0.05

No. of DFE tap coefficients

0.06

0.04

Joint equalization. Upper eye heights

Joint equalization. Middle eye heights

Standard equalization. Upper eye heights

Standard equalization. Middle eye heights

Fig. 5. Eye opening comparison of joint and separate equalization
algorithms for channel 1 in case of PAM4 signal
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3520 Time (ps)

Voltage (V)

0.1

0

-0.1

151050

(a)

0.02 0.01 0 00.04 0.02

3520 Time (ps)

Voltage (V)

0

151050

(b)
0.05

-0.05

Fig. 6. Eye diagram for NRZ signal(3-tap FFE,m 11-tap DFE) for channel 1: (a0 – separate equalization, (b) – joint equalization

Eye height (V)

1 3 5 11

0.03

0.01

0.02

No. of DFE tap coefficients

Joint equalization

Standard equalization

0.025

0.005

0.015

Fig. 7. Eye opening comparison between joint equalization and
separate equalization algorithms for channel 1 in case of NRZ signal

40Frequency (GHz)

Magnitude (dB)

20100

-20

0

-40

-60

-80

-100

-120

Fig. 8. Insertion loss and reflection loss of test channel 2

In this st of linear equations the number of unknowns
is the same as the number of equations, hence it can be
solved directly. The result will be a vector of optimal FFE
and DFE tap coefficients, minimizing mean square error
between equalized and training signals.

5 Test results

The proposed method was tested for two different mea-
sured channels.

5.1 Test results for channel 1

Channel 1 comprises of 4.3” transmission line on a
board with IS415 material (mid-low loss material) con-
necting to another board with 4.3 of transmission line on
IS415. There are total of 4 vias in the path with each via
having less than 10 mils of via stub. The connector used
for connecting the boards is a high frequency connector
designed for 50 Gbps speeds.

For channel 1 proposed joint equalization algorithm
was compared to the standard separate FFE and DFE
optimizations. The three tap FFE (one post-cursor one
cursor and one pre-cursor) and from 1 to 11 tap DFE
equalization were used.

Figure 3 shows eye diagrams for both equalization
methods with 3-tap FFE and 11-tap DFE in case of
channel 1. Fig. 3a corresponds to separate optimization
and Fig. 3(b) corresponds to the joint optimization. The
minimum eye heights for separate equalization are about
38 mV, see Fig. 3(a) and for joint equalization equal to
68m V approximately, see Fig. 3(b). Joint equalization
improvement is about 79%. Figure 4 shows the insertion
and reflection loss of test channel 1.

Summarized comparison results for the channel 1 is
given in Fig. 5. Number of FFE tap coefficients are fixed
and equals to 3. Number of DFE tap coefficients varies
from 1 to 11. As we see from Fig. 3 for higher number of
DFE the tab coefficients eye height difference between the
joint and separate optimization methods is increasing sig-
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7040 Time (ps)
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3020100

(b)
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00.10.02 0.01 0
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Fig. 9. Eye diagram for channel 2: separate equalization; 3-tap FFE; 7-tap DFE,Eye diagram for channel 2: joint equalization; 3-tap
FFE; 7-tap DFE.

Eye height (V)

1 2 7

0.03

0.01

0.02

No. of DFE tap coefficients

Joint equalization. Upper eye heights

Joint equalization. Middle eye heights

Standard equalization. Upper eye heights

Standard equalization. Middle eye heights

3

Fig. 10. Eye opening comparison between joint equalization and
separate equalization algorithms for channel 2 in case of PAM4

signal.

nificantly. Starting from DFE 4-tap coefficients separate
equalization cannot improve eye opening significantly, but
joint equalization still is efficient and joint equalization
improves eye opening from 30-69%. Figure 3 depicts eye
heights for upper and middle eyes. Eye heights for bottom
eyes are not plotted here due to almost symmetry.

For channel 1 we also did the comparison for NRZ sig-
nal. Figure 6 shows eye diagrams for both equalization
methods with 3-tap FFE and 7-tap DFE in case of chan-
nel 1 for NRZ signal. Figure 6(a) corresponds to separate
optimization and Fig. 6(b) corresponds to the joint opti-
mization.

As we see separate optimization almost could not open
eye-eye height is about 3 mV, see Fig. 6(a), while for joint
equalization the eye height is about 29 mV, see Fig. 6(b).
The joint equalization improves eye opening almost ten
times.

Summarized comparison results for the channel 1 in
case of NRZ signal is given in Fig. 7. Number of FFE tap
coefficients are fixed and equals to 3. Number of DFE tap

coefficients varies from 1 to 11. As we see from Fig. 7, for
higher number of DFE tab coefficients, separate equaliza-

tion cannot improve eye opening, whereas joint equaliza-
tion still is efficient and joint equalization improves eye
opening approximately from 5 to 10 times.

5.2 Test results for channel 2

Channel 2 comprises of 5” transmission line on a board
with Megtron-6 material (ultra-low loss material) con-

necting to another board with 13 of transmission line on
Megtron-6. There are total of 4 vias in the path with each
via having less than 10 mils of via stub. The connector

used for connecting the boards is a high frequency con-
nector designed for 50 Gbps speeds [7].

Figure 8 shows insertion loss and return loss for the

considered channel. For channel 2 proposed joint equal-
ization algorithm was compared to the standard separate
FFE and DFE optimizations. The three tap FFE (one

post-cursor one cursor and one pre-cursor) and from 1 to
7 tap DFE equalization was used.

Figure 9 shows eye diagrams for both equalization

methods with 3-tap FFE and 7-tap DFE in case of chan-
nel 2. The minimum of eye heights for separate equaliza-
tion is about 14.3 mV, see Fig. 9(a) and for joint equaliza-

tion equals to ≈ 24.9 mV, see Fig. 9(b). Joint equalization
improves eye opening by 74%.

Summarized comparison results for the channel 2 is

given in Fig. 10. Number of FFE tap coefficients are fixed
and equals to 3. Number of DFE tap coefficients varies
from 1 to 7. As we see from it, for any number of DFE

tab coefficients joint equalization improves eye opening
more than 65%. Likewise to Fig. 5, due to symmetricity,

in Fig. 10 we plotted only upper and middle eyes.

This eye opening comparison between joint equaliza-
tion and separate equalization algorithms for channel 2

in case of PAM4 signal.
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Fig. 11. Eye diagram for channel 2 (NRZ signal): separate equalization; 3-tap FFE; 7-tap DFE, Eye diagram for channel 2 (NRZ signal):
joint equalization; 3-tap FFE; 7-tap DFE

Eye height (V)
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0.01

No. of DFE tap coefficients
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Standard equalization

3

0.005

0.015

Fig. 12. Eye opening comparison between joint equalization and
separate equalization algorithms for channel 2 in case of NRZ signal

For channel 2 we also did the comparison for NRZ
signal. Fig. 11 shows eye diagrams for both equaliza-

tion methods with 3-tap FFE and 7-tap DFE in case of
channel 2 for NRZ signal. Figure 11(a) corresponds to

separate optimization and Fig. 11(b) corresponds to the
joint optimization. As we see separate optimization bar-

ley opens eye–eye height equals to 5mV, see Fig. 11(a).

For joint equalization the eye height is almost 15mV, see
Fig. 6(b). Joint equalization improves eye opening nearly

three times.

Summarized comparison results for the channel 2 in
case of NRZ signal is given in Fig. 12. Number of FFE

tap coefficients are fixed and equals to 3. Number of DFE
tap coefficients varies from 1 to 7.

As we see from Fig. 12 for higher number of DFE

tab coefficients eye height difference between joint and
separate optimization methods is increasing significantly.

Starting from DFE 4-tap coefficients separate equaliza-

tion cannot improve eye opening significantly, but joint

equalization still is efficient and joint equalization im-
proves eye opening approximately three times.

6 Conclusions

In the paper we proposed new analytical method for
finding the best tap coefficients for FFE and DFE joint
optimization. The proposed method combines FFE and
DFE tap coefficients into one optimization problem. The
goal function of the optimization problem is to minimize
mean square error between equalized and training signals
and therefore decrease bit error rate. Combining DFE
and FFE tap coefficients into one optimization problem
allows them to collaborate and lead to the global optimal
solution. The paper gives analytical solution of the pro-
posed optimization problem. The proposed method is ro-
bust and can be applied for both NRZ and multi-level sig-
nals. The method was tested for several measured chan-
nels. Analysis of the testing shows that the efficiency of
the proposed method is increasing for the larger number
of DFE tap coefficients and gives more than 70% better
eye opening than separate optimization. The proposed
method is efficient, and its practical implementation is
easy.
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