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We analyze a fully discrete finite element numerical scheme for the Cahn–Hilliard–Stokes–Darcy system
that models two-phase flows in coupled free flow and porous media. To avoid a well-known difficulty
associated with the coupling between the Cahn–Hilliard equation and the fluid motion, we make use of
the operator-splitting in the numerical scheme, so that these two solvers are decoupled, which in turn
would greatly improve the computational efficiency. The unique solvability and the energy stability have
been proved in Chen et al. (2017, Uniquely solvable and energy stable decoupled numerical schemes
for the Cahn–Hilliard–Stokes–Darcy system for two-phase flows in karstic geometry. Numer. Math., 137,
229–255). In this work, we carry out a detailed convergence analysis and error estimate for the fully
discrete finite element scheme, so that the optimal rate convergence order is established in the energy
norm, i.e., in the �∞(0, T; H1)∩�2(0, T; H2) norm for the phase variables, as well as in the �∞(0, T; H1)∩
�2(0, T; H2) norm for the velocity variable. Such an energy norm error estimate leads to a cancelation of
a nonlinear error term associated with the convection part, which turns out to be a key step to pass through
the analysis. In addition, a discrete �2(0; T; H3) bound of the numerical solution for the phase variables
plays an important role in the error estimate, which is accomplished via a discrete version of Gagliardo–
Nirenberg inequality in the finite element setting.

Keywords: phase field model; two-phase flow; error analysis; unconditional stability.

1. Introduction

In many applications such as contaminant transport in karst aquifer, oil recovery in karst oil reservoir,
proton exchange membrane fuel cell technology and cardiovascular modeling, multiphase flows in
conduit and in porous media interact with each other, and therefore have to be considered together.

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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2622 W. CHEN ET AL.

Geometric configurations that consist of both conduit and porous media are termed as karstic geometry.
In this article we aim to analyze a decoupled numerical algorithm for solving the Cahn–Hilliard–Stokes–
Darcy model (CHSD) for two-phase flows in karst geometry—a domain configuration with conduit
interfacing porous media. We first recall the CHSD system derived in Han et al. (2014b). Let Ωc
denote the conduit region and Ωm denote the porous media. The interface between the two parts (i.e.,
∂Ωc ∩ ∂Ωm) is denoted by Γcm, on which ncm is the unit normal to Γcm pointing from Ωc to Ωm. Then,
we define Γc = ∂Ωc\Γcm and Γm = ∂Ωm\Γcm, with nc, nm being the unit outer normals to Γc and Γm.
On the interface Γcm, we denote by {τ i} (i = 1, ..., d − 1) a local orthonormal basis for the tangent plane
to Γcm. A two-dimensional geometry is illustrated in Fig. 1.

In turn, the CHSD system takes the following form:

ρ0∂tuc = ∇ · T(uc, Pc) − ϕc∇μc, in Ωc, (1.1)

∇ · uc = 0, in Ωc, (1.2)

∂tϕc + ∇ · (ucϕc) = div(M(ϕc)∇μc), in Ωc, (1.3)

ρ0

χ
∂tum + ν(ϕm)Π−1um = −(∇Pm + ϕm∇μm), in Ωm, (1.4)

∇ · um = 0, in Ωm, (1.5)

∂tϕm + ∇ · (umϕm) = div(M(ϕm)∇μm), in Ωm. (1.6)

The chemical potentials μc, μm turn out to be

μj = γ

[
1

ε
(ϕ3

j − ϕj) − εΔϕj

]
, j ∈ {c, m}, (1.7)

and the Cauchy stress tensor T is given by

T(uc, Pc) = 2ν(ϕc)D(uc) − PcI, (1.8)

in which D(uc) = 1
2 (∇uc + ∇uT

c ) and I is the d × d identity matrix. Here, ρ0 is the density of the fluid,
M is the mobility satisfying 0 < M0 � M � M1, χ is the porosity and ν is the viscosity satisfying
0 < ν0 � ν � ν1. In addition, we assume that both the mobility M and the viscosity ν are Lipschitz
continuous. Π is the permeability matrix of size d × d that is assumed to be bounded, symmetric and
uniformly positive definite. The parameter γ in (1.7) is a positive constant related to the surface tension.

The CHSD system is subject to the following boundary and interface conditions.

Boundary conditions on Γc and Γm:

uc = 0,
∂ϕc

∂nc
= ∂μc

∂nc
= 0, on Γc, (1.9)

um · nm = 0,
∂ϕm

∂nm
= ∂μm

∂nm
= 0, on Γm. (1.10)
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ERROR ANALYSIS FOR THE CAHN–HILLIARD–STOKES–DARCY SYSTEM 2623

Fig. 1. Schematic illustration of karst geometry in two dimensions.

Interface conditions on Γcm:

ϕm = ϕc,
∂ϕm

∂ncm
= ∂ϕc

∂ncm
, on Γcm, (1.11)

μm = μc, M(ϕm)
∂μm

∂ncm
= M(ϕc)

∂μc

∂ncm
, on Γcm, (1.12)

um · ncm = uc · ncm, on Γcm, (1.13)

−2ν(ϕc)ncm · D(uc)ncm + Pc = Pm, on Γcm, (1.14)

−ν(ϕc)τ i · D(uc)ncm = αBJSJ
ν(ϕm)

2
√

tr(Π)
τ i · uc, i = 1, . . . , d − 1, on Γcm, (1.15)

where αBJSJ is an empirical parameter in the Beavers–Joseph–Saffman–Jones (BJSJ) condition and
tr(Π) is the trace of Π .

Define the total energy of the system as follows:

E (t) :=
∫

Ωc

ρ0

2
|uc|2 dx +

∫
Ωm

ρ0

2χ
|um|2 dx + γ

∫
Ω

[ε
2
|∇ϕ|2 + 1

ε
F(ϕ)

]
dx, (1.16)

where F(ϕ) = 1
4 (ϕ2 − 1)2. The CHSD system (1.1)–(1.15) obeys a dissipative energy law (Chen et al.,

2017):

d

d t
E (t) = −D(t) ≤ 0, ∀ t � 0, (1.17)
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2624 W. CHEN ET AL.

where the rate of energy dissipation D is given by

D(t) =
∫

Ωm

ν(ϕm)Π−1|um|2 dx +
∫

Ωc

2ν(ϕc)|D(uc)|2 dx

+
∫

Ω

M(ϕ)|∇μ(ϕ)|2 dx +
∫

Γcm

αBJSJ
ν(ϕ)√

trace(Π)

d−1∑
i=1

|uc · τ i|2 dS � 0. (1.18)

The CHSD system (1.1)–(1.15) is systematically derived via Onsager’s extremum principle in Han
et al. (2014b). The well-posedness of a variant of the CHSD model is studied in Han et al. (2014a).
A decoupled unconditionally stable numerical algorithm for solving the CHSD system is proposed
in Chen et al. (2017). Here, we focus on the error analysis of a similar decoupled numerical scheme
(cf. Section 2) in which the computation of Stokes equations and Darcy equations are nevertheless
coupled. The decoupling between the Cahn–Hilliard equation and fluid equations is accomplished
by a special technique of operator splitting in which an intermediate velocity for advection in the
Cahn–Hilliard equation is defined in terms of the capillarity from fluid equations. The application of
this specific fractional step method for solving phase field models is first reported in Minjeaud (2013)
and later in Shen & Yang (2015). To the best of our knowledge, error analysis of the decoupled scheme
via the aforementioned operator splitting has not been reported elsewhere for any phase field model
coupled with fluid motion.

There have been some convergence analysis works for either the Cahn–Hilliard–Navier–Stokes
(Stokes) (CHNS, CHS) or the Cahn–Hilliard–Darcy (Hele–Shaw) system (CHD, CHHS) in recent years.
The convergence of certain finite element numerical solutions to weak solutions of the CHNS equations
was proved in Feng (2006), and a similar analysis is perform for the CHHS system in Feng & Wise
(2012). Diegel et al. (2015) have established optimal convergence rates for a mixed finite element
method for solving the CHS system, with first-order temporal accuracy. More recently, an optimal
rate error estimate is presented for a second-order accurate numerical scheme for solving the CHNS
equations in Diegel et al. (2017). A similar error estimate was also reported in Cai & Shen (2018),
based on a finite element discretization of a linear, weakly coupled energy stable scheme for the CHNS
system. As for the CHHS system, in which the kinematic diffusion term is replaced by a damping one,
an optimal error analysis has been presented in Chen et al. (2016) and Liu et al. (2017), in the framework
of finite difference and finite element spatial approximations, respectively.

The CHSD system consist of the CHS and the CHD equations, coupled together via a set of domain
interface boundary conditions. Hence, the advection in the Cahn–Hilliard flow is involved with both
the Stokes and the Darcy velocity fields. While the Stokes velocity has a regularity of L2(0, T; H1), the
Darcy velocity is only of L∞(0, T; L2). With the L2(0, T; H1) bound of the velocity field, a uniform
maximum norm estimate of the phase has been derived, which significantly simplifies the error analysis
for the CHNS system (Diegel et al., 2017) and the CHS equations (Diegel et al., 2015). On the other
hand, for the CHD system, only an Lp(0, T; L∞) bound (with a finite value of p) could be established
for the phase variable, as analyzed in Liu et al. (2017). The lack of uniform bound of the phase
variable has dramatically complicated the error analysis of the nonlinear advection associated with the
Cahn–Hilliard equation. A similar difficulty is encountered here for the error analysis of the
CHSD system. To overcome this subtle difficulty, we perform an L2(0, T; H3) bound estimate of
the phase variable in the numerical solution, which is accomplished by the usage of a discrete
Gagliardo–Nirenberg inequality in the finite element setting. This bound will play an important role to
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ERROR ANALYSIS FOR THE CAHN–HILLIARD–STOKES–DARCY SYSTEM 2625

pass through the error estimate. Such a technique has been applied in the analysis for the CHHS system
in the existing literature, as reported in Chen et al. (2016, 2019) and Liu et al. (2017). Moreover, the
CHSD system contains a coupling between the CHS and CHD equations, the corresponding estimates
are expected to be even more challenging than the ones for the CHHS model.

The rest of the article is organized as follows. In Section 2, we introduce the weak formulation of
the CHSD system and present the decoupled numerical scheme. Some preliminary analysis including
the stability estimates are gathered in Section 3. The detailed error analysis of the numerical scheme is
carried out in Section 4. Finally, some concluding remarks are provided in Section 5.

2. The numerical scheme

2.1 The weak formulation

For the CHSD problem, we introduce the following spaces:

H(div; Ωj) := {w ∈ L2(Ωj) | ∇ · w ∈ L2(Ωj)}, j ∈ {c, m},
Hc,0 := {w ∈ H1(Ωc) | w = 0 on Γc},

Hc,div := {w ∈ Hc,0 | ∇ · w = 0},
Hm,0 := {w ∈ H(div; Ωm) | w · nm = 0 on Γm},

Hm,div := {w ∈ Hm,0 | ∇ · w = 0},
Xm := H1(Ωm) ∩ L2

0(Ωm).

Here, L2
0(Ωm) is a subspace of L2 whose elements are of mean zero. We also use the notation L2

0(Ω),
which is defined similarly and will be used later. We denote (·, ·)c, (·, ·)m the inner products on the spaces
L2(Ωc), L2(Ωm), respectively (also for the corresponding vector spaces). The inner product on L2(Ω)

is simply denoted by (·, ·). In turn, it is clear that

(u, v) = (um, vm)m + (uc, vc)c, ‖u‖2
L2(Ω)

= ‖um‖2
L2(Ωm)

+ ‖uc‖2
L2(Ωc)

,

where um := u|Ωm
and uc := u|Ωc

. We will suppress the dependence on the domain in the L2 norm if
there is no ambiguity. And also, H′ stands for the dual space of H with the duality induced by the L2

inner product. For simplicity, we denote ‖ · ‖ := ‖ · ‖L2 and ‖ · ‖p := ‖ · ‖Lp for 1 � p � ∞, p �= 2. In

addition, the notation ‖·‖cm is introduced as the L2 norm on the interface Γcm. For all the functions f, f
represents the mean value of f on its domain.

The definition of the weak formulation of the three-dimensional CHSD system is given below.
The two-dimensional case could be similarly defined with slight changes in time integrability of the
functions.

Definition 2.1 Suppose that d = 3 and T > 0 is arbitrary. We consider the initial data
ϕ0 ∈ H1(Ω), uc(0) ∈ Hc,div, um(0) ∈ Hm,div. The functions (uc, Pc, um, Pm, ϕ, μ) with the following
properties

uc ∈ L∞(0, T; L2(Ωc)) ∩ L2(0, T; Hc,0),
∂uc
∂t ∈ L

4
3 (0, T; (Hc,0)

′), (2.1)
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2626 W. CHEN ET AL.

um ∈ L∞(0, T; L2(Ωm)) ∩ L2(0, T; Hm,0),
∂um
∂t ∈ L

4
3 (0, T; (Hm,0)

′), (2.2)

Pc ∈ L
4
3 (0, T; L2(Ωc)), Pm ∈ L

4
3 (0, T; Xm), (2.3)

ϕ ∈ L∞(0, T; H1(Ω)) ∩ L2(0, T; H3(Ω)), ϕt ∈ L2(0; T; (H1(Ω))′), (2.4)

μ ∈ L2(0, T; H1(Ω)), (2.5)

is called a finite energy weak solution of the CHSD system (1.1)–(1.15), if the following conditions are
satisfied.

(1) For any v, φ ∈ H1(Ω),

〈∂tϕ, v) + (M(ϕ)∇μ(ϕ), ∇v) − (uϕ, ∇v) = 0, (2.6)

γ

[
1

ε
(f (ϕ), φ) + ε(∇ϕ, ∇φ)

]
− (μ(ϕ), φ) = 0, f (ϕ) := ϕ3 − ϕ. (2.7)

(2) For any vc ∈ Hc,0 and qc ∈ L2(Ωc),

ρ0〈∂tuc, vc〉c + ac(uc, vc) + bc(vc, Pc) +
∫

Γcm

Pm(vc · ncm) dS

−bc(uc, qc) + (ϕc∇μ(ϕc), vc)c = 0, (2.8)

where

ac(uc, vc) = 2
(
ν(ϕc)D(uc),D(vc)

)
c +

d−1∑
i=1

∫
Γcm

αBJSJ
ν(ϕ)√
tr(Π)

(uc · τ i)(vc · τ i) dS,

bc(vc, qc) = −(∇ · vc, qc)c.

(3) For any vm ∈ Hm,0 and qm ∈ H1(Ωm),

ρ0

χ
〈∂tum, vm〉m + am(um, vm) + bm(vm, Pm) − bm(um, qm)

+(ϕm∇μ(ϕm), vm)m −
∫

Γcm

uc · ncmqm ds = 0, (2.9)

where

am(um, vm) = (
ν(ϕm)Π−1um, vm

)
m,

bm(vm, qm) = (vm, ∇qm)m.

(4) ϕ|t=0 = ϕ0(x), uc|t=0 = uc(0), um|t=0 = um(0).
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ERROR ANALYSIS FOR THE CAHN–HILLIARD–STOKES–DARCY SYSTEM 2627

(5) The finite energy solution satisfies the energy inequality

E (t) +
∫ t

s
D(τ ) dτ � E (s), (2.10)

for all t ∈ [s, T) and almost all s ∈ [0, T) (including s = 0), where the total energy E is given by (1.16).

2.2 The numerical scheme

Let τ > 0 be the time step size, K = [T/τ ], and set tk = kτ for 0 � k � K. Similarly, we denote uk as a
numerical approximation to u(tk) = u(kτ), with a notation u(t) := u(·, t) for simplicity. Let T h

c and T h
m

be a quasi-uniform triangulation of the domain Ωc and Ωm with mesh size h. Then, T h := T h
c ∪ T h

m
forms a triangulation of the whole domain Ω . T h

c and (T h
m ) coincide on the interface Γcm. Let Yh denote

the finite element approximation of H1(Ω), such as

Yh = {vh ∈ C(Ω̄)
∣∣vh|K ∈ Pr(K), ∀ K ∈ Th}.

Additionally, we introduce
◦
Yh := Yh ∩ L2

0(Ω). Let Xh
c , Mh

c , Xh
m, Mh

m be the finite element approximation
of Hc,0, L2(Ωc), Hm,0, Xm, respectively, while the approximation polynomials have adequate degrees.
We assume that Xh

c and Mh
c are stable approximation spaces for Stokes velocity and pressure in the

sense that

sup
vh∈Xh

c

(∇ · vh, qh)c

||vh||H1
� c||qh||, ∀ qh ∈ Mh

c . (2.11)

The validity of such an inf-sup condition for some standard finite element spaces can be found in Layton
et al. (2002). The classical P2-P0, Taylor–Hood finite element spaces and the Mini finite element spaces
are commonly adopted in practice for Xh

c and Mh
c ; cf. Girault & Raviart (1986) and Layton et al. (2002).

The spaces Xh
m and Mh

m are assumed to be stable in the sense that

sup
vh∈Xh

m

(vh, ∇qh)m

||vh||
� c||qh||, ∀ qh ∈ Mh

m. (2.12)

In particular, we notice that the Taylor–Hood finite element spaces satisfy the above condition.
We will focus on the error analysis of the following unconditionally energy stable scheme that

decouples the computation of the Cahn–Hilliard flow from that of fluid equations, i.e., for a totally
decoupled scheme; see the related descriptions in Chen et al. (2017). Given 0 � k � K − 1, find(
ϕk+1

h , μk+1
h , uk+1

c,h , Pk+1
c,h , uk+1

m,h , Pk+1
m,h

) ∈ Yh×Yh×Xh
c×Mh

c ×Xh
m×Mh

m such that for all
(
v, φ, vc, qc, vm, qm

)
∈ Yh × Yh × Xh

c × Mh
c × Xh

m × Mh
m, there holds

(δtϕ
k+1
h , v) + (M(ϕk

h)∇μk+1
h , ∇v) − (uk+1

h ϕk
h, ∇v) = 0, (2.13a)

γ

[
1

ε
(f (ϕk+1

h , ϕk
h), φ) + ε(∇ϕk+1

h , ∇φ)

]
− (μk+1

h , φ) = 0, (2.13b)
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2628 W. CHEN ET AL.

ρ0(δtu
k+1
c,h , vc)c + ak

c(u
k+1
c,h , vc

)+ bc(vc, Pk+1
c,h ) +

∫
Γcm

Pk+1
m,h (vc · ncm) dS

− bc(u
k+1
c,h , qc) + (ϕk

c,h∇μk+1
c,h , vc)c = 0, (2.13c)

ρ0

χ
(δtu

k+1
m,h , vm)m + ak

m

(
uk+1

m,h , vm

)+ bm(vm, Pk+1
m,h ) + (ϕk

m,h∇μk+1
m,h , vm)m

−
∫

Γcm

uk+1
c,h · ncmqm ds − bm(uk+1

m,h , qm) = 0, (2.13d)

where

f (ϕk+1
h , ϕk

h) := (ϕk+1
h )3 − ϕk

h, δtϕ
k+1
h := ϕk+1

h − ϕk
h

τ
, (2.14)

uk+1
h =

{
uk+1

m,h , x ∈ Ωm,

uk+1
c,h , x ∈ Ωc,

⎧⎨⎩ ρ0
χ

uk+1
m,h −uk

m,h
τ

+ ϕk
m,h∇μk+1

m,h = 0,

ρ0
uk+1

c,h −uk
c,h

τ
+ ϕk

c,h∇μk+1
c,h = 0,

(2.15)

ak
c(u

k+1
c,h , vc) = 2(ν(ϕk

c,h)D(uk+1
c,h ),D(vc))c

+
d−1∑
i=1

∫
Γcm

αBJSJ

ν(ϕk
c,h)√

tr(Π)
(uk+1

c,h · τ i)(vc · τ i) dS, (2.16)

bc(vc, qc) = −(∇ · vc, qc)c, (2.17)

ak
m(uk+1

m,h , vm) = (ν(ϕk
m,h)Π

−1uk+1
m,h , vm

)
m, (2.18)

bm(vm, qm) = (vm, ∇qm)m. (2.19)

The initial values are taken as follows:

ϕ0
h = Pϕ0, u0

j,h = P0
j,uu0

j , j ∈ {c, m}. (2.20)

The unique solvability of the proposed scheme (2.13a)–(2.19) has been proved via a convexity
analysis, and the energy stability is ensured by a careful estimate; the details could be found in
Chen et al. (2017). In this article, we focus on the optimal rate convergence analysis and error estimate.

3. Some preliminary estimates

Some projections are needed in the later analysis. Ritz projection P : H1(Ω) → Yh,(∇(Pϕ − ϕ), ∇v
) = 0, ∀ v ∈ Yh, (Pϕ − ϕ, 1) = 0, (3.1)

and for φ = ϕ(t), ∀ t ∈ [0, T], where ϕ is of the weak solution to CHSD system (1.1)–(1.15), we define
the modified Ritz projection P̃φ : H1(Ω) → Yh,(

M(φ)∇(P̃φμ − μ), ∇v
) = 0, ∀ v ∈ Yh, (P̃φμ − μ, 1) = 0. (3.2)
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Stokes–Darcy projection
(
P

φ
c,u, Pφ

c,p, Pφ
m,u, Pφ

m,p

)
:
(
Hc,0, L2(Ωc), Hm,0, Xm

) → (
Xh

c , Mh
c , Xh

m, Mh
m

)
,

which, for all vc ∈ Xh
c , qc ∈ Mh

c , vm ∈ Xh
m, qm ∈ Mh

m, satisfies the following equalities:

2
(
ν(φc)D

(
P

φ
c,uuc

)
,D(vc)

)
c
+∑d−1

i=1

∫
Γcm

αBJSJ
ν(φc)√
tr(Π)

(
(P

φ
c,uuc) · τ i

) (
vc · τ i

)
dS

−
(
P

φ
c,pPc, ∇ · vc

)
c
+ ∫

Γcm
(P

φ
m,pPm)

(
vc · ncm

)
dS +

(
∇ · (Pφ

c,uuc

)
, qc

)
c

= 2
(
ν(φc)D(uc),D(vc)

)
c
+∑d−1

i=1

∫
Γcm

αBJSJ
ν(φm)√

tr(Π)

(
uc · τ i

) (
vc · τ i

)
dS

− (Pc, ∇ · vc

)
c + ∫

Γcm
Pm

(
vc · ncm

)
dS + (∇ · uc, qc

)
c , (3.3)

(
ν(φm)Π−1(Pφ

m,uum

)
, vm

)
m
+
(
∇(Pφ

m,pPm

)
, vm

)
m
−
(
Pφ

m,uum, ∇qm

)
m
−
∫

Γcm

(
Pφ

c,uuc

) · ncmqm dS

=
(
ν(φm)Π−1um, vm

)
m

+ (∇Pm, vm

)
m − (um, ∇qm

)
m −

∫
Γcm

uc · ncmqm dS. (3.4)

Especially, for 0 � k � K, we rewrite the notation of the projections above as follows:

P̃k := P̃(ϕk), (3.5)

(
Pk

c,u, Pk
c,p, Pk

m,u, Pk
m,p

)
:=

(
P(ϕk)

c,u , P(ϕk)
c,p , P(ϕk)

m,u , P(ϕk)
m,p

)
. (3.6)

What follows is a standard result of Ritz projection Brenner & Scott (2008). There exists a constant
C > 0 depending on M0, M1, such that the Ritz projections P and P̃k satisfies

∥∥Pϕ − ϕ
∥∥

p + h
∥∥∇(Pϕ − ϕ)

∥∥
p � Chq+1

∥∥ϕ∥∥
Wq+1

p
, (3.7)

∥∥P̃kϕ − ϕ
∥∥+ h

∥∥∇(P̃kϕ − ϕ)
∥∥ � Chq+1

∥∥ϕ∥∥Hq+1 , (3.8)

for all ϕ ∈ Hq+1(Ω), q � 0, p ∈ [2, ∞] and all 0 � k � K with Yh consisting of polynomials of order
q or higher.

For the Stokes–Darcy projection, the following error estimates have been established in Rivière &
Yotov (2005), Mu & Zhu (2010) and Chen et al. (2013):

∥∥uc − Pk
c,uuc

∥∥
H1(Ωc)

+ ∥∥um − Pk
m,uum

∥∥ � hq
(∥∥uc

∥∥
Hq+1(Ωc)

+ ∥∥um

∥∥
Hq+1(Ωm)

)
. (3.9)
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Here, we introduce the linear operator Th :
◦
Yh → ◦

Yh, which is defined via the variational problem:
given ζ ∈ ◦

Yh, find Th(ζ ) ∈ ◦
Yh such that

(∇Th(ζ ), ∇ξ
) = (ζ , ξ

)
, ∀ ξ ∈ ◦

Yh. (3.10)

With this operator, we are able to define the following ‖·‖−1,h norm:

‖ζ‖−1,h := ∥∥∇Th(ζ )
∥∥ =

√(∇Th(ζ ), ∇Th(ζ )
) =

√(
ζ ,Th(ζ )

)
, ∀ ζ ∈ ◦

Yh. (3.11)

We also define the discrete Laplacian, Δh: Yh → ◦
Yh as follows: for any vh ∈ Yh, Δhvh ∈ ◦

Yh denotes
the unique solution to the problem

(Δhvh, ξ) = −(∇vh, ∇ξ), ∀ ξ ∈ Yh. (3.12)

We recall the following discrete Gagliardo–Nirenberg inequality from Heywood & Rannacher
(1982) and Liu et al. (2017), which is needed for the uniform estimate of the order parameter ϕk+1

h .

Lemma 3.1 Suppose that Ω is a convex and polyhedral domain. Then, for any ϕh ∈ Yh,

∥∥ϕh

∥∥
L∞ � C

∥∥Δhϕh

∥∥ d
2(6−d)

∥∥ϕh

∥∥ 3(4−d)
2(6−d)

L6 + C
∥∥ϕh

∥∥
L6 ∀ϕh ∈ Yh. d = 2, 3, (3.13)

and consequently,

∥∥ϕh − ϕh

∥∥
L∞ � C

∥∥∇Δhϕh

∥∥ d
4(6−d)

∥∥∇ϕh

∥∥ 24−5d
4(6−d) + C

∥∥∇ϕh

∥∥ , d = 2, 3, (3.14)

where ϕh is the mean value of ϕh.

The following technical lemma has been proven in Diegel et al. (2017).

Lemma 3.2 Suppose g ∈ H1(Ω) and v ∈ ◦
Yh. Then,

|(g, v)| � C‖∇g‖‖v‖−1,h (3.15)

holds for some C > 0 that is independent of h.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

ajna/article/42/3/2621/6307434 by M
issouri U

niversity of Science & Technology user on 21 February 2023



ERROR ANALYSIS FOR THE CAHN–HILLIARD–STOKES–DARCY SYSTEM 2631

We also recall the inverse inequality

‖ϕh‖Wm
q
� Chd/q−d/phl−m‖ϕh‖Wl

p
, ∀ϕh ∈ Yh, (3.16)

for all 1 � p � q � ∞, 0 � l � m � 1.
The following trace theorem is necessary for the estimate of certain interface boundary terms.

Lemma 3.3 Suppose v ∈ H1(Ω). Then,

‖v‖L4(∂Ω) � C‖v‖H1(Ω). (3.17)

In particular, for uh ∈ Hc,0, there holds

‖uh‖L4(Γcm) � C‖D(uh)‖L2(Ωc)
. (3.18)

Now, we derive some stability estimate of the scheme (2.13a)–(2.20). The following estimates are
direct consequence of the discrete energy law established in Chen et al. (2017).

Lemma 3.4 Let (ϕk+1
h , μk+1

h , uk+1
c,h , Pk+1

c,h , uk+1
m,h , Pk+1

m,h ) ∈ Yh × Yh × Xh
c × Mh

c × Xh
m × Mh

m be the unique
solution of (2.13a)–(2.20) for 0 � k � K − 1. Then, there exists a constant C > 0 dependent on the
initial data such that

max
0�k�K

[∥∥uk
c,h

∥∥2 + ∥∥uk
m,h

∥∥2 + ∥∥(ϕk
h)

2 − 1
∥∥2 + ∥∥∇ϕk

h

∥∥2
]

� C, (3.19)

max
0�k�K

∥∥∥ϕk
h

∥∥∥
H1

� C, (3.20)

K−1∑
k=0

[
τ
∥∥∇μk+1

h

∥∥2 + τak
c(u

k+1
c,h , uk+1

c,h ) + τ
∥∥uk+1

m,h

∥∥2 + ∥∥uk+1
m,h − uk

m,h

∥∥2

+ ∥∥uk+1
c,h − uk

c,h

∥∥2 + ∥∥∇(ϕk+1
h − ϕk

h)
∥∥2
]
� C (3.21)

hold for every 0 � k � K − 1, d = 2, 3.

For the error analysis, we also need the uniform bound of the order parameter and the chemical
potential for which we derive the following stability estimates; see also (Diegel et al., 2015, Lemma
2.13).

Lemma 3.5 Let (ϕk+1
h , μk+1

h , uk+1
c,h , Pk+1

c,h , uk+1
m,h , Pk+1

m,h ) ∈ Yh × Yh × Xh
c × Mh

c × Xh
m × Mh

m be the unique
solution of (2.13a)–(2.20) for 0 � k � K − 1. Then, there exists some constant C > 0 dependent on γ

and ε such that ∥∥Δhϕ
k+1
h

∥∥2 � C
∥∥μk+1

h

∥∥2 + C, (3.22)

∥∥μk+1
h

∥∥2 �
∥∥∇μk+1

h

∥∥2 + C, (3.23)
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τ

K−1∑
k=0

[∥∥Δhϕ
k+1
h

∥∥2 + ∥∥μk+1
h

∥∥2
H1

]
� C(T + 1), (3.24)

τ

K−1∑
k=0

∥∥ϕk+1
h

∥∥ 4(6−d)
d∞ � C(T + 1), (3.25)

τ

K−1∑
k=0

[∥∥∇Δhϕ
k+1
h

∥∥2 +
∥∥∥ϕk+1

h

∥∥∥ 8(6−d)
d

∞

]
� C(T + 1) (3.26)

hold for every 0 � k � K − 1, d = 2, 3.

Proof. Setting φh = Δhϕ
k+1
h in (2.13b), by the uniform bound of

∥∥∥ϕk+1
h

∥∥∥
H1

and
∥∥ϕk

h

∥∥ in Lemma 3.4,

we have

‖Δhϕ
k+1
h ‖2 = −(∇ϕk+1

h , ∇Δhϕ
k+1
h )

= 1

ε2

(
f (ϕk+1

h , ϕk
h), Δhϕ

k+1
h

)
− 1

γ ε
(μk+1

h , Δhϕ
k+1
h )

� 1

ε2

∥∥∥f (ϕk+1
h , ϕk

h)

∥∥∥ ∥∥∥Δhϕ
k+1
h

∥∥∥+ 1

γ ε

∥∥∥μk+1
h

∥∥∥ ∥∥∥Δhϕ
k+1
h

∥∥∥
� 1

ε2

(∥∥∥ϕk+1
h

∥∥∥3

L6
+
∥∥∥ϕk

h

∥∥∥)∥∥∥Δhϕ
k+1
h

∥∥∥+ 1

γ ε

∥∥∥μk+1
h

∥∥∥ ∥∥∥Δhϕ
k+1
h

∥∥∥
� 1

ε2

(
C
∥∥∥ϕk+1

h

∥∥∥3

H1
+
∥∥∥ϕk

h

∥∥∥)∥∥∥Δhϕ
k+1
h

∥∥∥+ 1

γ 2ε2

∥∥∥μk+1
h

∥∥∥2 + 1

4

∥∥∥Δhϕ
k+1
h

∥∥∥2

� C

ε4 + 1

γ 2ε2

∥∥∥μk+1
h

∥∥∥2 + 1

2

∥∥∥Δhϕ
k+1
h

∥∥∥2
. (3.27)

Therefore, we get ∥∥∥Δhϕ
k+1
h

∥∥∥2
� 2

γ 2ε2

∥∥∥μk+1
h

∥∥∥2 + 2C

ε4
, (3.28)

which in turn proves (3.22). Likewise, by taking φ = μk+1
h in (2.13b), one derives

∥∥∥μk+1
h

∥∥∥2 = γ

ε

(
f (ϕk+1

h , ϕk
h), μ

k+1
h

)
+ γ ε

(
∇ϕk+1

h , ∇μk+1
h

)
� γ

ε

∥∥∥f (ϕk+1
h , ϕk

h)

∥∥∥ ∥∥∥μk+1
h

∥∥∥+ γ ε

∥∥∥∇ϕk+1
h

∥∥∥ ∥∥∥∇μk+1
h

∥∥∥
� γ 2

2ε2

∥∥∥f (ϕk+1
h , ϕk

h)

∥∥∥2 + 1

2

∥∥∥μk+1
h

∥∥∥2 + γ 2ε2

2

∥∥∥∇ϕk+1
h

∥∥∥2 + 1

2

∥∥∥∇μk+1
h

∥∥∥2

� γ 2

2ε2

(∥∥∥ϕk+1
h

∥∥∥3

L6
+
∥∥∥ϕk

h

∥∥∥)2

+ 1

2

∥∥∥μk+1
h

∥∥∥2 + γ 2ε2

2

∥∥∥∇ϕk+1
h

∥∥∥2 + 1

2

∥∥∥∇μk+1
h

∥∥∥2

� 1

2

∥∥∥μk+1
h

∥∥∥2 + 1

2

∥∥∥∇μk+1
h

∥∥∥2 + Cγ 2

2ε2
+ Cγ 2ε2

2
. (3.29)
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As a result, inequality (3.23) holds, i.e.,

∥∥∥μk+1
h

∥∥∥2
�
∥∥∥∇μk+1

h

∥∥∥2 + Cγ 2

ε2
+ Cγ 2ε2. (3.30)

Moreover, the inequality (3.24) follows from (3.22), (3.23) and (3.21). By Lemma 3.1, one has

∥∥∥ϕk+1
h

∥∥∥∞ � C
∥∥∥Δhϕ

k+1
h

∥∥∥ d
2(6−d)

∥∥∥ϕk+1
h

∥∥∥ 3(4−d)
2(6−d)

L6
+ C

∥∥∥ϕk+1
h

∥∥∥
L6

� C
∥∥∥Δhϕ

k+1
h

∥∥∥ d
2(6−d) + C. (3.31)

Thus, an application of Young’s inequality gives

∥∥∥ϕk+1
h

∥∥∥ 4(6−d)
d

∞ �
(

C
∥∥∥Δhϕ

k+1
h

∥∥∥ d
2(6−d) + C

) 4(6−d)
d

�
(

C
∥∥∥Δhϕ

k+1
h

∥∥∥2 + C

)
. (3.32)

Subsequently, a combination of (3.24), (3.28) and (3.32) yields (3.25).
For the inequality (3.26), we observe the following identity for any vh ∈ Yh, Δhvh, Δ2

hvh ∈ ◦
Yh:

(
∇vh, ∇Δ2

hvh

)
= ∥∥∇Δhvh

∥∥2 =
∥∥∥Δ2

hvh

∥∥∥2

−1,h
(3.33)

and that

∥∥∥∥(ϕk+1
h

)3 − ϕk
h

∥∥∥∥2

H1
=
∥∥∥∥(ϕk+1

h

)3 − ϕk
h

∥∥∥∥2

+
∥∥∥∥∇ ((ϕk+1

h

)3 − ϕk
h

)∥∥∥∥2

� 2

∥∥∥∥(ϕk+1
h

)3
∥∥∥∥2

+ 2
∥∥∥ϕk

h

∥∥∥2 + 2

∥∥∥∥∇ (ϕk+1
h

)3
∥∥∥∥2

+ 2
∥∥∥∇ϕk

h

∥∥∥2

= 2
∥∥∥(ϕk+1

h

)∥∥∥6

L6
+ 2

∥∥∥ϕk
h

∥∥∥2

H1
+ 2

∥∥∥∥3
(
ϕk+1

h

)2 ∇ϕk+1
h

∥∥∥∥2

� C
∥∥∥(ϕk+1

h

)∥∥∥6

H1
+ 2

∥∥∥ϕk
h

∥∥∥2

H1
+ 6

∥∥∥ϕk+1
h

∥∥∥4

∞

∥∥∥∇ϕk+1
h

∥∥∥2

� C
∥∥∥(ϕk+1

h

)∥∥∥6

H1
+ 2

∥∥∥ϕk
h

∥∥∥2

H1
+ 6

∥∥∥∇ϕk+1
h

∥∥∥2
(

d

6 − d

∥∥∥ϕk+1
h

∥∥∥ 4(6−d)
d

∞ + 6 − 2d

6 − d

)

� C
∥∥∥ϕk+1

h

∥∥∥ 4(6−d)
d

∞ + C. (3.34)
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Then, by taking φh = Δ2
hϕ

k+1
h in (2.13b), one obtains

∥∥∥∇Δhϕ
k+1
h

∥∥∥2 = 1

γ ε

(
μk+1

h , Δ2
hϕ

k+1
h

)
− 1

ε2

((
ϕk+1

h

)3 − ϕk
h, Δ2

hϕ
k+1
h

)
� − 1

γ ε

(
∇μk+1

h , ∇Δhϕ
k+1
h

)
+ 1

ε2

∥∥∥∥(ϕk+1
h

)3 − ϕk
h

∥∥∥∥
H1

∥∥∥Δ2
hϕ

k+1
h

∥∥∥−1,h

� 1

γ ε

∥∥∥∇μk+1
h

∥∥∥ ∥∥∥∇Δhϕ
k+1
h

∥∥∥+ 1

ε2

∥∥∥∥(ϕk+1
h

)3 − ϕk
h

∥∥∥∥
H1

∥∥∥∇Δhϕ
k+1
h

∥∥∥
� 1

γ 2ε2

∥∥∥∇μk+1
h

∥∥∥2 + 1

ε4

∥∥∥∥(ϕk+1
h

)3 − ϕk
h

∥∥∥∥2

H1
+ 1

2

∥∥∥∇Δhϕ
k+1
h

∥∥∥2

� 1

γ 2ε2

∥∥∥∇μk+1
h

∥∥∥2 + C

ε4

∥∥∥ϕk+1
h

∥∥∥ 4(6−d)
d

∞ + C

ε4
+ 1

2

∥∥∥∇Δhϕ
k+1
h

∥∥∥2
, (3.35)

which yields that

∥∥∥∇Δhϕ
k+1
h

∥∥∥2
� 2

γ 2ε2

∥∥∥∇μk+1
h

∥∥∥2 + C

ε4

∥∥∥ϕk+1
h

∥∥∥ 4(6−d)
d

∞ + C

ε4 . (3.36)

Also, notice that
(
ϕk

h, 1
) ≡ (ϕ0

h , 1
) = C, ∀ 0 � k � K, by taking vh = 1 in (2.13a). By Lemma 3.1, we

derive

∥∥∥ϕk+1
h

∥∥∥∞ �
∥∥∥ϕk+1

h − ϕk+1
h

∥∥∥∞ +
∣∣∣ϕk+1

h

∣∣∣ � C
∥∥∥∇Δhϕ

k+1
h

∥∥∥ d
4(6−d)

∥∥∥∇ϕk+1
h

∥∥∥ 24−5d
4(6−d) + C

∥∥∥∇ϕk+1
h

∥∥∥+
∣∣∣ϕ0

h

∣∣∣
� C

∥∥∥∇Δhϕ
k+1
h

∥∥∥ d
4(6−d) + C, (3.37)

so that

∥∥∥ϕk+1
h

∥∥∥ 8(6−d)
d

∞ � C
∥∥∥∇Δhϕ

k+1
h

∥∥∥2 + C. (3.38)

Combining (3.36), (3.38), (3.21) and (3.25), one readily derives (3.26). This completes the proof. �

4. The optimal rate error analysis

In this section, we provide a convergence analysis and error estimate for the numerical scheme
(2.13a)–(2.20). Further regularity assumptions for the weak solution are needed in the analysis.

Assumption 1 We assume that weak solutions to the CHSD system (2.6)–(2.9) have the following
additional regularities:

ϕ ∈ L∞ (0, T; W1,6(Ω)
)⋂

L4
(

0, T; H1(Ω)
)⋂

H2
(

0, T; L2(Ω)
)⋂

L∞ (0, T; Hq+1(Ω)
)

, (4.1)
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μ ∈ L∞ (0, T; Hq+1(Ω)
)

, (4.2)

uc ∈ L∞
(

0, T;
[
Hq+1(Ωc)

]d
)⋂

W1,4
(

0, T;
[
L2(Ωc)

]d
)⋂

H2
(

0, T;
[
L2(Ωc)

]d
)

, (4.3)

um ∈ L∞
(

0, T;
[
Hq+1(Ωm)

]d
)⋂

W1,4
(

0, T;
[
L2(Ωm)

]d
)⋂

H2
(

0, T;
[
L2(Ωm)

]d
)

, (4.4)

where q � 1 is the spatial approximation order.

The following assumptions are also made, on the parameters of the problem

M0 � M(ϕ) � M1, |M′| � C, ν0 � ν(ϕ) � ν1, |ν′| � C. (4.5)

For the weak solution (uc, Pc, um, Pm, ϕ, μ) to the CHSD system (2.6)–(2.9), we set

ρϕ(x, t) := ϕ(x, t) − Pϕ(x, t), ρμ(x, t) := μ(x, t) − P̃ϕ(t)μ(x, t), (4.6)

ρu(x, t)
∣∣∣
Ωj

= ρu
j (x, t) := uj(x, t) − Pϕ(t)

j,u uj(x, t), j ∈ {c, m}; (4.7)

specially, for 0 � k � K, j ∈ {c, m},
ρϕ,k

∣∣∣
Ωj

= ρ
ϕ,k
j :=

(
ϕk − Pϕk

) ∣∣∣
Ωj

, ρμ,k
∣∣∣
Ωj

= ρ
μ,k
j :=

(
μk − P̃kμk

) ∣∣∣
Ωj

, (4.8)

ρu,k
∣∣∣
Ωj

= ρ
u,k
j := uk

j − Pk
j,uuk

j , ρp,k
∣∣∣
Ωj

= ρ
p,k
j := Pk

j − Pk
j,pPk

j , (4.9)

and for 0 � k � K − 1, j ∈ {c, m},
Rϕ,k+1

∣∣∣
Ωj

= Rϕ,k+1
j := (δtPϕk+1 − ∂tϕ

k+1
) ∣∣∣

Ωj
, Ru,k+1

∣∣∣
Ωj

= Ru,k+1
j := δtP

k+1
j,u uk+1

j − ∂tu
k+1
j ,

Rk+1 := ∥∥ϕk+1−ϕk
∥∥2

H1 + ∥∥uk+1
c −uk

c

∥∥2 + ∥∥uk+1
m −uk

m

∥∥2 =∥∥ϕk+1−ϕk
∥∥2

H1 +∥∥uk+1−uk
∥∥2

. (4.10)

The error functions are defined as follows, for j ∈ {c, m} and 0 � k � K:

σϕ,k
∣∣∣
Ωj

= σ
ϕ,k
j :=

(
Pϕk − ϕk

h

) ∣∣∣
Ωj

, eϕ,k
∣∣∣
Ωj

= eϕ,k
j :=

(
ϕk − ϕk

h

) ∣∣∣
Ωj

, (4.11)

σμ,k
∣∣∣
Ωj

= σ
μ,k
j :=

(
P̃kμk − μk

h

) ∣∣∣
Ωj

, eμ,k
∣∣∣
Ωj

= eμ,k
j :=

(
μk − μk

h

) ∣∣∣
Ωj

, (4.12)

σ u,k
∣∣∣
Ωj

= σ
u,k
j := Pk

j,uuk
j − uk

j,h, eu,k
∣∣∣
Ωj

= eu,k
j := uk

j − uk
j,h, (4.13)

σ p,k
∣∣∣
Ωj

= σ
p,k
j := Pk

j,pPk
j − Pk

j,h, ep,k
∣∣∣
Ωj

= ep,k
j := Pk

j − Pk
j,h. (4.14)

Note that the numerical solution ϕk
h satisfies mass conservation by choosing vh = 1 in (2.13a), same as

the weak solution ϕ. Recall also that ϕ0
h = Pϕ0. Then, by the definition of Ritz projection, we see that(

ϕk, 1
) = (Pϕk, 1

) = (ϕk
h, 1
) ≡ C0 for all 0 � k � K. This enables one to apply Poincaré inequality to

ρϕ,k, σϕ,k, eϕ,k, δtσ
ϕ,k+1 for 0 � k � K. We shall also make use of the fact that σϕ,k, δtσ

ϕ,k+1 ∈ ◦
Yh.
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Given any t ∈ [0, T], the solution to the CHSD system satisfies

(δtPϕk+1, v) + (M(ϕk+1)∇P̃k+1μk+1, ∇v) − (uk+1ϕk+1, ∇v) = (Rϕ,k+1, v), (4.15a)

γ ε(∇Pϕk+1, ∇φ) − (P̃k+1μk+1, φ) + γ

ε
(f (ϕk+1), φ) = (ρμ,k+1, φ), (4.15b)

ρ0(δtP
k+1
c,u uk+1

c , vc)c + ac(P
k+1
c,u uk+1

c , vc) + bc(vc, Pk+1
c,p Pk+1

c ) +
∫

Γcm

Pk+1
m,p Pk+1

m (vc · ncm) dS

− bc(P
k+1
c,u uk+1

c , qc) + (ϕk+1
c ∇μk+1

c , vc)c = ρ0(R
u,k+1
c , vc)c, (4.15c)

ρ0

χ
(δtP

k+1
m,u uk+1

m , vm)m + am(Pk+1
m,u uk+1

m , vm)m + bm(vm, Pk+1
m,p Pk+1

m ) − bm(Pk+1
m,u uk+1

m , qm)

−
∫

Γcm

Pk+1
c,u uk+1

c · ncmqm dS + (ϕk+1
m ∇μk+1

m , vm)m = ρ0

χ
(Ru,k+1

m , vm)m, (4.15d)

for all v, φ ∈ Yh, vj ∈ Xh
j , qj ∈ Mh

j , j ∈ {c, m} and 0 � k � K − 1.
Subtracting (2.13a)–(2.13d) from (4.15a)–(4.15d), we obtain

(δtσ
ϕ,k+1, v) + (M(ϕk

h)∇σμ,k+1, ∇v) = −
(
(M(ϕk+1) − M(ϕk

h))∇P̃k+1μk+1, ∇v
)

+(uk+1ϕk+1 − uk+1
h ϕk

h, ∇v) + (Rϕ,k+1, v), (4.16a)

γ ε(∇σϕ,k+1, ∇φ) − (σμ,k+1, φ) = (ρμ,k+1, φ) − γ

ε

(
f (ϕk+1) − f (ϕk+1

h , ϕk
h), φ

)
, (4.16b)

ρ0(δtσ
u,k+1
c , vc)c +

∫
Γcm

σ p,k+1
m (vc · ncm) ds

+ ak
c(σ

u,k+1
c , vc) + bc(vc, σ p,k+1

c ) − bc(σ
u,k+1
c , qc)

= ρ0(R
u,k+1
c , vc)c −

(
ϕk+1

c ∇μk+1
c − ϕk

c,h∇μk+1
c,h , vc

)
c

− 2
(
(ν(ϕk+1

c ) − ν(ϕk
c,h))D(Pk+1

c,u uk+1
c ),D(vc)

)
c

+
d−1∑
i=1

∫
Γcm

αBJSJ

ν(ϕk+1
c ) − ν(ϕk

c,h)√
tr(Π)

(Pk+1
c,u uk+1

c · τ i)(vc · τ i) dS, (4.16c)

ρ0

χ
(δtσ

u,k+1
m , vm)m −

∫
Γcm

σ u,k+1
c · ncmqm ds + ak

m(σ u,k+1
m , vm)m

+ bm(vm, σ p,k+1
m ) − bm(σ u,k+1

m , qm)

= ρ0

χ
(Ru,k+1

m , vm)m −
(
ϕk+1

m ∇μk+1
m − ϕk

m,h∇μk+1
m,h , vm

)
m

−
(
(ν(ϕk+1

m ) − ν(ϕk
m,h))Π

−1Pk+1
m,u uk+1

m , vm,h

)
m

, (4.16d)

for all 0 � k � K − 1, v, φ ∈ Yh, vj ∈ Xh
j , qj ∈ Mh

j , j ∈ {c, m}.
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Setting v = σμ,k+1 in (4.16a), φ = δtσ
φ,k+1 in (4.16b), vc = σ u,k+1

c , qc = σ
p,k+1
c in (4.16c),

vm = σ u,k+1
m , qm = σ

p,k+1
m in (4.16d), adding the resulting equations and noticing that for d = 2, 3,

M0 � M(ϕ) � M1, ν0 � ν(ϕ) � ν1, λmax(Π) � λ, tr(Π) � dλ,

‖u‖2 =
∥∥∥Π1/2Π−1/2u

∥∥∥2
�
∥∥∥Π1/2

∥∥∥2

2

∥∥∥Π−1/2u
∥∥∥2 = λmax(Π)

∥∥∥Π−1/2u
∥∥∥2

� λ

∥∥∥Π−1/2u
∥∥∥2

, (4.17)

we derive the following error equation for the numerical scheme:

M0

∥∥∥∇σμ,k+1
∥∥∥2 + γ ε

2τ

(∥∥∥∇σϕ,k+1
∥∥∥2 −

∥∥∥∇σϕ,k
∥∥∥2 +

∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2
)

+ ρ0

2τ

(∥∥∥σ u,k+1
c

∥∥∥2 −
∥∥∥σ u,k

c

∥∥∥2 +
∥∥∥σ u,k+1

c − σ u,k
c

∥∥∥2
)

+ αBJSJ
ν0√
dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm

+ 2ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + ρ0

2τχ

(∥∥∥σ u,k+1
m

∥∥∥2 −
∥∥∥σ u,k

m

∥∥∥2 +
∥∥∥σ u,k+1

m − σ u,k
m

∥∥∥2
)

+ ν0

λ

∥∥∥σ u,k+1
m

∥∥∥2

= −
((

M(ϕk+1) − M(ϕk
h)
)

∇P̃k+1μk+1, ∇σμ,k+1
)

− 2
((

ν(ϕk+1
c ) − ν(ϕk

c,h)
)
D(Pk+1

c,u uk+1
c ),D(σ u,k+1

c )
)

c

−
d−1∑
i=1

∫
Γcm

αBJSJ

ν(ϕk+1
c ) − ν(ϕk

c,h)√
tr(Π)

(
Pk+1

c,u uk+1
c · τ i

) (
σ u,k+1

c · τ i

)
dS

−
((

ν(ϕk+1
m ) − ν(ϕk

m,h)
)

Π−1Pk+1
m,u uk+1

m , σ u,k+1
m

)
m

+ ρ0

χ

(
Ru,k+1

m , σ u,k+1
m

)
m

+ ρ0

(
Ru,k+1

c , σ u,k+1
c

)
c
+
(

Rϕ,k+1, σμ,k+1
)

+
(
ρμ,k+1, δtσ

ϕ,k+1
)

+
(

uk+1ϕk+1 − uk+1
h ϕk

h, ∇σμ,k+1
)

− γ

ε

(
f (ϕk+1, ϕk+1) − f (ϕk+1

h , ϕk
h), δtσ

ϕ,k+1
)

−
(
ϕk+1∇μk+1 − ϕk

h∇μk+1
h , σ u,k+1

)
:=

11∑
j=1

Ij, (4.18)

where we have designated the eleven terms on the right-hand side of (4.18) by Ij, j = 1, 2 · · · 11. Now,
we estimate the Ijs in a series of lemmas.

Lemma 4.1 (Estimate of the first term I1). Suppose (ϕ, μ, uc, um, Pc, Pm) is a weak solution to
(4.15a)–(4.15d) with the additional regularities described in Assumption 1, d = 2, 3. Set M0 as the
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lower bound of the mobility M(ϕ). Then, the first term I1 of RHS of (4.18) satisfies∣∣∣− ((M(ϕk+1) − M(ϕk
h)
)

∇P̃k+1μk+1, ∇σμ,k+1
)∣∣∣ � C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ M0

12

∥∥∥∇σμ,k+1
∥∥∥2

,

(4.19)

for a constant C independent of τ and h.

Proof. We split the term into two parts as follows:

−
((

M(ϕk+1) − M(ϕk
h)
)

∇P̃k+1μk+1, ∇σμ,k+1
)

=
((

M(ϕk+1) − M(ϕk
h)
)

∇ρμ,k+1, ∇σμ,k+1
)

−
((

M(ϕk+1) − M(ϕk
h)
)

∇μk+1, ∇σμ,k+1
)

.

(4.20)

By the inverse inequality, there exists a constant θ1 > 0 such that for all 0 � k � K − 1, we have∣∣∣((M(ϕk+1) − M(ϕk
h)
)

∇ρμ,k+1, ∇σμ,k+1
)∣∣∣

� C
∥∥∥M(ϕk+1) − M(ϕk

h)

∥∥∥
6

∥∥∥∇ρμ,k+1
∥∥∥ ∥∥∥∇σμ,k+1

∥∥∥
3

� C
∥∥∥ϕk+1 − ϕk

h

∥∥∥
6

h
∥∥∥μk+1

∥∥∥
H2

hd/3−d/2
∥∥∥∇σμ,k+1

∥∥∥
� Ch1−d/6

∥∥∥ϕk+1 − ϕk
h

∥∥∥
H1

∥∥∥∇σμ,k+1
∥∥∥

� C

θ1

∥∥∥ϕk+1 − ϕk
h

∥∥∥2

H1
+ θ1

2

∥∥∥∇σμ,k+1
∥∥∥2

� C

θ1

(∥∥∥ϕk+1 − ϕk
∥∥∥2

H1
+
∥∥∥eϕ,k

∥∥∥2

H1

)
+ θ1

2

∥∥∥∇σμ,k+1
∥∥∥2

� C

θ1

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ1

2

∥∥∥∇σμ,k+1
∥∥∥2

, (4.21)

and similarly, ∣∣∣((M(ϕk+1) − M(ϕk
h)
)

∇μk+1, ∇σμ,k+1
)∣∣∣

� C
∥∥∥M(ϕk+1) − M(ϕk

h)

∥∥∥
6

∥∥∥∇μk+1
∥∥∥

3

∥∥∥∇σμ,k+1
∥∥∥

� C
∥∥∥ϕk+1 − ϕk

h

∥∥∥
6

∥∥∥∇σμ,k+1
∥∥∥

� C
∥∥∥ϕk+1 − ϕk

h

∥∥∥
H1

∥∥∥∇σμ,k+1
∥∥∥

� C

θ1

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ1

2

∥∥∥∇σμ,k+1
∥∥∥2

. (4.22)

Combining (4.21) and (4.22) and choosing θ1 = M0
12 , one obtains (4.19). This completes the proof. �
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The estimates of I2, I3, I4 in (4.18) are summarized in the following lemma.

Lemma 4.2 (Estimates of I2, I3, I4 ). The assumptions are the same as in Lemma 4.1. Then, I2, I3, I4 of
RHS in (4.18) satisfy

∣∣∣−2
((

ν(ϕk+1
c ) − ν(ϕk

c,h)
)
D(Pk+1

c,u uk+1
c ),D(σ u,k+1

c )
)

c

∣∣∣
� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ ν0

2

∥∥∥D(σ u,k+1
c )

∥∥∥2
, (4.23)

∣∣∣∣∣−
d−1∑
i=1

∫
Γcm

αBJSJ

ν(ϕk+1
c ) − ν(ϕk

c,h)√
tr(Π)

(
Pk+1

c,u uk+1
c · τ i

) (
σ u,k+1

c · τ i

)
dS

∣∣∣∣∣
� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm
, (4.24)

∣∣∣− ((ν(ϕk+1
m ) − ν(ϕk

m,h)
)

Π−1Pk+1
m,u uk+1

m,h , σ u,k+1
m

)
m

∣∣∣
� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ ν0

4λ

∥∥∥σ u,k+1
m

∥∥∥2
, (4.25)

where Cs are constants independent of τ and h.

Proof. The inequality (4.23) is derived the same way as (4.19), that is,

∣∣∣−2
((

ν(ϕk+1
c ) − ν(ϕk

c,h)
)
D(Pk+1

c,u uk+1
c ),D(σ u,k+1

c )
)

c

∣∣∣
�
∣∣∣2 ((ν(ϕk+1

c ) − ν(ϕk
c,h)
)
D(ρu,k+1

c ),D(σ u,k+1
c )

)
c

∣∣∣+∣∣∣2 ((ν(ϕk+1
c )−ν(ϕk

c,h)
)
D(uk+1

c ),D(σ u,k+1
c )

)
c

∣∣∣
� 2

∥∥∥ν(ϕk+1
c )−ν(ϕk

c,h)

∥∥∥
6

∥∥∥D(ρu,k+1
c )

∥∥∥ ∥∥∥D(σ u,k+1
c )

∥∥∥
3
+2
∥∥∥ν(ϕk+1

c )−ν(ϕk
c,h)

∥∥∥
6

∥∥∥D(uk+1
c )

∥∥∥
3

∥∥∥D(σ u,k+1
c )

∥∥∥
� Ch1−d/6

∥∥∥ϕk+1
c − ϕk

c,h

∥∥∥
6

∥∥∥uk+1
c

∥∥∥
H2

∥∥∥D(σ u,k+1
c )

∥∥∥+ C
∥∥∥ϕk+1

c − ϕk
c,h

∥∥∥
6

∥∥∥D(σ u,k+1
c )

∥∥∥
� C

∥∥∥ϕk+1
c − ϕk

c,h

∥∥∥
H1

∥∥∥D(σ u,k+1
c )

∥∥∥
� C

θ2

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ2

∥∥∥D(σ u,k+1
c )

∥∥∥2
. (4.26)
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With an application of Lemma 3.3, one has∣∣∣∣∣−
d−1∑
i=1

∫
Γcm

αBJSJ

ν(ϕk+1
c ) − ν(ϕk

c,h)√
tr(Π)

(
Pk+1

c,u uk+1
c · τ i

) (
σ u,k+1

c · τ i

)
dS

∣∣∣∣∣
�

d−1∑
i=1

C
∥∥∥ν(ϕk+1

c ) − ν(ϕk
c,h)

∥∥∥
L4(Γcm)

(∥∥∥ρu,k+1
c

∥∥∥
L4(Γcm)

+
∥∥∥uk+1

c

∥∥∥
L4(Γcm)

)∥∥∥σ u,k+1
c · τ i

∥∥∥
cm

�
d−1∑
i=1

C
∥∥∥ϕk+1

c − ϕk
c,h

∥∥∥
L4(Γcm)

(∥∥∥D(ρu,k+1
c )

∥∥∥
L2(Ωc)

+
∥∥∥D(uk+1

c )

∥∥∥
L2(Ωc)

)∥∥∥σ u,k+1
c · τ i

∥∥∥
cm

�
d−1∑
i=1

C
∥∥∥ϕk+1

c − ϕk
c,h

∥∥∥
H1(Ωc)

(
h
∥∥∥uk+1

c

∥∥∥
H2(Ωc)

+
∥∥∥uk+1

c

∥∥∥
H2(Ωc)

)∥∥∥σ u,k+1
c · τ i

∥∥∥
cm

�
d−1∑
i=1

C
∥∥∥ϕk+1 − ϕk

h

∥∥∥
H1

∥∥∥σ u,k+1
c · τ i

∥∥∥
cm

� C

θ3

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ3

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm
. (4.27)

Likewise, ∣∣∣− ((ν(ϕk+1
m ) − ν(ϕk

m,h)
)

Π−1Pk+1
m,u uk+1

m,h , σ u,k+1
m

)
m

∣∣∣
� C

∥∥∥ν(ϕk+1
m ) − ν(ϕk

m,h)

∥∥∥
6

(∥∥∥ρu,k+1
m

∥∥∥ ∥∥∥σ u,k+1
m

∥∥∥
3
+
∥∥∥uk+1

m

∥∥∥
3

∥∥∥σ u,k+1
m

∥∥∥)
� C

∥∥∥ϕk+1
m − ϕk

m,h

∥∥∥
6

(
h1−d/6

∥∥∥uk+1
m,h

∥∥∥
H1

+
∥∥∥uk+1

m,h

∥∥∥
H1

) ∥∥∥σ u,k+1
m

∥∥∥
� C

∥∥∥ϕk+1
m − ϕk

m,h

∥∥∥
H1

∥∥∥σ u,k+1
m

∥∥∥
� C

∥∥∥ϕk+1 − ϕk
h

∥∥∥
H1

∥∥∥σ u,k+1
m

∥∥∥
� C

θ4

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ4

∥∥∥σ u,k+1
m

∥∥∥2
. (4.28)

By choosing θ2 = ν0
2 , θ3 = αBJSJ

ν0

2
√

dλ
, θ4 = ν0

4λ
, we complete the proof of the lemma. �

The next lemma contains the estimates of Ij, j = 5, 6, 7, 8.

Lemma 4.3 (Estimates of I5, I6, I7, I8). The assumptions are the same as in Lemma 4.1. One has the
following estimates on the terms I5, I6, I7, I8 of RHS in (4.18):∣∣∣∣ρ0

χ

(
Ru,k+1

m , σ u,k+1
m

)
m

∣∣∣∣ � C
∥∥∥Ru,k+1

m

∥∥∥2 + ν0

4λ

∥∥∥σ u,k+1
m

∥∥∥2
, (4.29)∣∣∣ρ0

(
Ru,k+1

c , σ u,k+1
c

)
c

∣∣∣ � C
∥∥∥Ru,k+1

c

∥∥∥2 + ν0

2

∥∥∥D(σ u,k+1
c )

∥∥∥2
, (4.30)∣∣∣(Rϕ,k+1, σμ,k+1

)∣∣∣ � C
∥∥∥Rϕ,k+1

∥∥∥2 + M0

12

∥∥∥∇σμ,k+1
∥∥∥2

, (4.31)∣∣∣(ρμ,k+1, δtσ
ϕ,k+1

)∣∣∣ � C

θ8

∥∥∥∇ρμ,k+1
∥∥∥2 + θ8

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
. (4.32)
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Proof. In fact, (4.29) is a direct result of the Cauchy–Schwarz inequality. Thanks to the Poincaré
inequality and Korn’s inequality (Brenner & Scott, 2008), for any θ6 > 0, we have

∣∣∣ρ0

(
Ru,k+1

c , σ u,k+1
c

)
c

∣∣∣ �
∥∥∥ρ0Ru,k+1

c

∥∥∥∥∥∥σ u,k+1
c

∥∥∥ � C
∥∥∥ρ0Ru,k+1

c

∥∥∥∥∥∥D(σ u,k+1
c )

∥∥∥
� C

θ6

∥∥∥Ru,k+1
c

∥∥∥2 + θ6

∥∥∥D(σ u,k+1
c )

∥∥∥2
, ∀ θ6 > 0. (4.33)

We notice that
(
Rϕ,k+1, 1

) = 0 holds for all 0 � k � K − 1 by choosing the test function v = 1 in (2.6)

and using the mass conservation of Ritz projection. Let σμ,k+1 be the mean value of σμ,k+1 on Ω , it
follows that

∣∣∣(Rϕ,k+1, σμ,k+1
)∣∣∣ =

∣∣∣(Rϕ,k+1, σμ,k+1 − σμ,k+1
)∣∣∣ � ∥∥∥Rϕ,k+1

∥∥∥∥∥∥σμ,k+1 − σμ,k+1
∥∥∥

� C
∥∥∥Rϕ,k+1

∥∥∥∥∥∥∇σμ,k+1
∥∥∥ � C

θ7

∥∥∥Rϕ,k+1
∥∥∥2 + θ7

∥∥∥∇σμ,k+1
∥∥∥2

, ∀ θ7 > 0. (4.34)

For the eighth term of the RHS of (4.18), we apply Lemma 3.2 and recall δtσ
ϕ,k+1 ∈ ◦

Yh for all
0 � k � K − 1. Thus, for any θ8 > 0, one gets

∣∣∣(ρμ,k+1, δtσ
ϕ,k+1

)∣∣∣ � C
∥∥∥∇ρμ,k+1

∥∥∥∥∥∥δtσ
ϕ,k+1

∥∥∥−1,h
� C

θ8

∥∥∥∇ρμ,k+1
∥∥∥2 + θ8

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
. (4.35)

The proof is complete upon setting θ6 = ν0
2 , θ7 = M0

12 . �
The following lemma gives an estimate of the ninth term I9 on the RHS of (4.18).

Lemma 4.4 (Estimate of I9). The assumptions are the same as in Lemma 4.1. Then, for any
0 � k � K − 1, the following inequality holds for a constant C that is independent of τ and h:

(
uk+1ϕk+1 − uk+1

h ϕk
h, ∇σμ,k+1

)
� − τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 − τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2 + M0

12

∥∥∥∇σμ,k+1
∥∥∥2 + C

[
τ 2
(

1 +
∥∥∥∇ρμ,k+1

∥∥∥2

6

)

+ Rk+1 +
∥∥∥∇eϕ,k

∥∥∥2 +
∥∥∥ϕk

h

∥∥∥2

∞

(
Rk+1 +

∥∥∥eu,k
∥∥∥2
)]

. (4.36)
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Proof. We first split the term on Ωm as follows:

uk+1
m ϕk+1

m − uk+1
m,h ϕk

m,h

= uk+1
m ϕk+1

m −
(

uk
m,h − τχ

ρ0
ϕk

m,h∇μk+1
m,h

)
ϕk

m,h = uk+1
m ϕk+1

m − uk
m,hϕ

k
m,h + τχ

ρ0
(ϕk

m,h)
2∇μk+1

m,h

= uk+1
m

(
ϕk+1

m −ϕk
m + eϕ,k

m

)
+ ϕk

m,h

(
uk+1

m − uk
m + eu,k

m

)
− τχ

ρ0
(ϕk

m,h)
2
(
∇ρμ,k+1

m +∇σμ,k+1
m −∇μk+1

m

)
= Im − τχ

ρ0

(
ϕk

m,h

)2 ∇σμ,k+1
m , (4.37)

where

Im � uk+1
m

(
ϕk+1

m − ϕk
m + eϕ,k

m

)
+ ϕk

m,h

(
uk+1

m − uk
m + eu,k

m

)
− τχ

ρ0
(ϕk

m,h)
2
(
∇ρμ,k+1

m + ∇μk+1
m

)
. (4.38)

In light of ‖ϕk
h‖H1 � C and ‖eϕ,k‖H1 � C‖∇eϕ,k‖, one has

∥∥Im

∥∥ � ∥∥∥uk+1
m

(
ϕk+1

m −ϕk
m + eϕ,k

m

)∥∥∥+∥∥∥ϕk
m,h

(
uk+1

m − uk
m + eu,k

m

)∥∥∥+
∥∥∥∥τχ

ρ0
(ϕk

m,h)
2
(
∇ρμ,k+1

m + ∇μk+1
m

)∥∥∥∥
�
∥∥∥uk+1

m

∥∥∥
4

∥∥∥ϕk+1
m −ϕk

m + eϕ,k
m

∥∥∥
4
+
∥∥∥ϕk

h

∥∥∥∞

∥∥∥uk+1
m −uk

m + eu,k
m

∥∥∥+Cτ

∥∥∥ϕk
m,h

∥∥∥2

6

∥∥∥∇ρμ,k+1
m + ∇μk+1

m

∥∥∥
6

� C
∥∥∥ϕk+1

m −ϕk
m + eϕ,k

m

∥∥∥
H1

+
∥∥∥ϕk

h

∥∥∥∞

(∥∥∥uk+1
m − uk

m

∥∥∥+
∥∥∥eu,k

m

∥∥∥)+ Cτ

∥∥∥ϕk
m,h

∥∥∥2

H1

(∥∥∥∇ρμ,k+1
m

∥∥∥
6
+C
)

� C
∥∥∥ϕk+1

m − ϕk
m

∥∥∥
H1

+ C
∥∥∥∇eϕ,k

m

∥∥∥+
∥∥∥ϕk

h

∥∥∥∞

(∥∥∥uk+1
m − uk

m

∥∥∥+
∥∥∥eu,k

m

∥∥∥)+ Cτ
(

1 +
∥∥∥∇ρμ,k+1

m

∥∥∥
6

)
.

(4.39)

By Young’s inequality, we obtain

∥∥Im

∥∥2 � Cτ 2
(

1 +
∥∥∥∇ρμ,k+1

m

∥∥∥2

6

)
+ C

∥∥∥ϕk+1
m − ϕk

m

∥∥∥2

H1
+ C

∥∥∥∇eϕ,k
m

∥∥∥2

+ C
∥∥∥ϕk

h

∥∥∥2

∞

(∥∥∥uk+1
m − uk

m

∥∥∥2 +
∥∥∥eu,k

m

∥∥∥2
)

� Cτ 2
(

1 +
∥∥∥∇ρμ,k+1

m

∥∥∥2

6

)
+ CRk+1 + C

∥∥∥∇eϕ,k
m

∥∥∥2 + C
∥∥∥ϕk

h

∥∥∥2

∞

(
Rk+1 +

∥∥∥eu,k
m

∥∥∥2
)

. (4.40)

Similarly, with the following definition:

Ic � uk+1
c

(
ϕk+1

c − ϕk
c + eϕ,k

c

)
+ ϕk

c,h

(
uk+1

c − uk
c + eu,k

c

)
− τ

ρ0
(ϕk

c,h)
2
(
∇ρμ,k+1

c + ∇μk+1
c

)
, (4.41)
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one gets

∥∥Ic

∥∥2 � Cτ 2
(

1 +
∥∥∥∇ρμ,k+1

c

∥∥∥2

6

)
+ CRk+1 + C

∥∥∥∇eϕ,k
c

∥∥∥2 + C
∥∥∥ϕk

h

∥∥∥2

∞

(
Rk+1 +

∥∥∥eu,k
c

∥∥∥2
)

. (4.42)

Consequently, the following inequality is valid:

∥∥Ic

∥∥2 + ∥∥Im

∥∥2 � Cτ 2
(

1 +
∥∥∥∇ρμ,k+1

∥∥∥2

6

)
+ CRk+1 + C

∥∥∥∇eϕ,k
∥∥∥2 + C

∥∥∥ϕk
h

∥∥∥2

∞

(
Rk+1 +

∥∥∥eu,k
∥∥∥2
)

.

(4.43)

Thus, for constant θ9 > 0, there holds

(
uk+1ϕk+1 − uk+1

h ϕk
h, ∇σμ,k+1

)
=
(

uk+1
c ϕk+1

c − uk+1
c,h ϕk

c,h, ∇σμ,k+1
c

)
c
+
(

uk+1
m ϕk+1

m − uk+1
m,h ϕk

m,h, ∇σμ,k+1
m

)
m

=
(

Ic − τ

ρ0

(
ϕk

c,h

)2 ∇σμ,k+1
c , ∇σμ,k+1

c

)
c
+
(

Im − τχ

ρ0

(
ϕk

m,h

)2 ∇σμ,k+1
m , ∇σμ,k+1

m

)
m

=
(

Ic, ∇σμ,k+1
c

)
c
+
(

Im, ∇σμ,k+1
m

)
m

− τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 − τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2

� − τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 − τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2 + 1

4θ9

(∥∥Ic

∥∥2 + ∥∥Im

∥∥2
)

+ θ9

∥∥∥∇σμ,k+1
∥∥∥2

� − τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 − τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2 + θ9

∥∥∥∇σμ,k+1
∥∥∥2 + C

θ9

[
τ 2
(

1 +
∥∥∥∇ρμ,k+1

∥∥∥2

6

)

+ Rk+1 +
∥∥∥∇eϕ,k

∥∥∥2 +
∥∥∥ϕk

h

∥∥∥2

∞

(
Rk+1 +

∥∥∥eu,k
∥∥∥2
)]

. (4.44)

This proves the lemma by choosing θ9 = M0
12 . �

The term I10 is estimated in the following lemma.

Lemma 4.5 (Estimate of the term I10). The assumptions are the same as in Lemma 4.1. Then, the tenth
term of RHS in (4.18) satisfies

∣∣∣γ
ε

(
f (ϕk+1, ϕk+1) − f (ϕk+1

h , ϕk
h), δtσ

ϕ,k+1
)∣∣∣

� θ10

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
+ C

θ10

(
Rk+1 +

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇eϕ,k+1
∥∥∥2 +

∥∥∥∇eϕ,k
∥∥∥2
)

, (4.45)

for a constant C independent of τ and h.
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Proof. First, we need to estimate
∥∥∥∇ (f (ϕk+1, ϕk+1) − f (ϕk+1

h , ϕk
h)
)∥∥∥. Recall that f (a, b) = a3 − b.

Hence,

∥∥∥∇ (f (ϕk+1, ϕk+1) − f (ϕk+1
h , ϕk

h)
) ∥∥∥

�
∥∥∥∇(ϕk+1)3 − ∇(ϕk+1

h )3
∥∥∥+

∥∥∥∇(ϕk+1 − ϕk
h)

∥∥∥
=
∥∥∥3(ϕk+1)2∇ϕk+1 − 3(ϕk+1

h )2∇ϕk+1
h

∥∥∥+
∥∥∥∇ (ϕk+1 − ϕk + ϕk − ϕk

h

) ∥∥∥
� 3
∥∥∥ ((ϕk+1)2 − (ϕk+1

h )2
)

∇ϕk+1 + (ϕk+1
h )2∇

(
ϕk+1 − ϕk+1

h

) ∥∥∥+
∥∥∥∇ (ϕk+1 − ϕk

) ∥∥∥+
∥∥∥∇eϕ,k

∥∥∥
� 3
∥∥∥ϕk+1 + ϕk+1

h

∥∥∥
6

∥∥∥eϕ,k+1
∥∥∥

6

∥∥∥∇ϕk+1
∥∥∥

6
+ 3
∥∥∥ϕk+1

h

∥∥∥2

∞

∥∥∥∇eϕ,k+1
∥∥∥+

∥∥∥∇ (ϕk+1 − ϕk
) ∥∥∥+

∥∥∥∇eϕ,k
∥∥∥

� C

(∥∥∥ϕk+1
∥∥∥

6
+ C

∥∥∥ϕk+1
h

∥∥∥
H1

)∥∥∥∇eϕ,k+1
∥∥∥+ 3

∥∥∥ϕk+1
h

∥∥∥2

∞

∥∥∥∇eϕ,k+1
∥∥∥+

∥∥∥∇ (ϕk+1 − ϕk
) ∥∥∥+

∥∥∥∇eϕ,k
∥∥∥

�
∥∥∥∇ (ϕk+1 − ϕk

) ∥∥∥+ C

(
1 +

∥∥∥ϕk+1
h

∥∥∥2

∞

)∥∥∥∇eϕ,k+1
∥∥∥+

∥∥∥∇eϕ,k
∥∥∥, (4.46)

which in turn yields

∥∥∥∇ (f (ϕk+1, ϕk+1) − f (ϕk+1
h , ϕk

h)
) ∥∥∥2

� C
∥∥∥∇ (ϕk+1 − ϕk

) ∥∥∥2 + C

(
1 +

∥∥∥ϕk+1
h

∥∥∥2

∞

)2 ∥∥∥∇eϕ,k+1
∥∥∥2 + C

∥∥∥∇eϕ,k
∥∥∥2

� CRk+1 + C

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇eϕ,k+1
∥∥∥2 + C

∥∥∥∇eϕ,k
∥∥∥2

. (4.47)

Thus, by Lemma 3.2, we derive the following estimate for any θ10 > 0:

∣∣∣γ
ε

(
f (ϕk+1, ϕk+1) − f (ϕk+1

h , ϕk
h), δtσ

ϕ,k+1
)∣∣∣

� C
∥∥∥∇ (f (ϕk+1, ϕk+1) − f (ϕk+1

h , ϕk
h)
)∥∥∥ ∥∥∥δtσ

ϕ,k+1
∥∥∥−1,h

� θ10

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
+ C

θ10

∥∥∥∇ (f (ϕk+1, ϕk+1) − f (ϕk+1
h , ϕk

h)
)∥∥∥2

� θ10

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
+ C

θ10

(
Rk+1 +

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇eϕ,k+1
∥∥∥2 +

∥∥∥∇eϕ,k
∥∥∥2
)

. (4.48)

This completes the proof. �
Finally, we estimate the last term I11 in the following lemma.
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Lemma 4.6 (Estimate of the I11). The assumptions are the same as in Lemma 4.1. Then, for the last
term I11 of RHS in (4.18), the following inequality holds for a constant C independent of τ and h:∣∣∣− (ϕk+1∇μk+1 − ϕk

h∇μk+1
h , σ u,k+1

)∣∣∣
� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ M0

12

∥∥∥∇eμ,k+1
∥∥∥2 +

(
1 + C

∥∥∥ϕk
h

∥∥∥2

∞

)∥∥∥σ u,k+1
∥∥∥2

. (4.49)

Proof. We make use of the following decomposition:∥∥∥ϕk+1∇μk+1 − ϕk
h∇μk+1

h

∥∥∥ =
∥∥∥(ϕk+1 − ϕk

h)∇μk+1 + ϕk
h∇(μk+1 − μk+1

h )

∥∥∥
=
∥∥∥(ϕk+1 − ϕk + eϕ,k

)
∇μk+1 + ϕk

h∇eμ,k+1
∥∥∥

�
∥∥∥ϕk+1 − ϕk + eϕ,k

∥∥∥
4

∥∥∥∇μk+1
∥∥∥

4
+
∥∥∥ϕk

h

∥∥∥∞

∥∥∥∇eμ,k+1
∥∥∥

� C
(∥∥∥ϕk+1 − ϕk

∥∥∥
4
+
∥∥∥eϕ,k

∥∥∥
4

)
+
∥∥∥ϕk

h

∥∥∥∞

∥∥∥∇eμ,k+1
∥∥∥

� C
(∥∥∥ϕk+1 − ϕk

∥∥∥
H1

+
∥∥∥eϕ,k

∥∥∥
H1

)
+
∥∥∥ϕk

h

∥∥∥∞

∥∥∥∇eμ,k+1
∥∥∥. (4.50)

Then, for any θ11 > 0, there holds∣∣∣(ϕk+1∇μk+1 − ϕk
h∇μk+1

h , σ u,k+1
)∣∣∣ � ∥∥∥ϕk+1∇μk+1 − ϕk

h∇μk+1
h

∥∥∥∥∥∥σ u,k+1
∥∥∥

�
[

C
(∥∥∥ϕk+1 − ϕk

∥∥∥
H1

+
∥∥∥eϕ,k

∥∥∥
H1

)
+
∥∥∥ϕk

h

∥∥∥∞

∥∥∥∇eμ,k+1
∥∥∥ ] ∥∥∥σ u,k+1

∥∥∥
� C

(∥∥∥ϕk+1 − ϕk
∥∥∥

H1
+
∥∥∥eϕ,k

∥∥∥
H1

) ∥∥∥σ u,k+1
∥∥∥+

∥∥∥∇eμ,k+1
∥∥∥ ∥∥∥ϕk

h

∥∥∥∞

∥∥∥σ u,k+1
∥∥∥

� C

(∥∥∥ϕk+1 − ϕk
∥∥∥2

H1
+
∥∥∥eϕ,k

∥∥∥2

H1

)
+
∥∥∥σ u,k+1

∥∥∥2 + θ11

∥∥∥∇eμ,k+1
∥∥∥2 + C

θ11

∥∥∥ϕk
h

∥∥∥2

∞

∥∥∥σ u,k+1
∥∥∥2

� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ θ11

∥∥∥∇eμ,k+1
∥∥∥2 +

(
1 + C

θ11

∥∥∥ϕk
h

∥∥∥2

∞

)∥∥∥σ u,k+1
∥∥∥2

. (4.51)

The proof is complete by choosing θ11 = M0
12 . �

The next lemma gives an estimate of
∥∥δtσ

ϕ,k+1
∥∥−1,h.

Lemma 4.7 The assumptions are the same as in Lemma 4.1. There exists a constant C > 0 independent
of τ and h such that∥∥∥δtσ

ϕ,k+1
∥∥∥2

−1,h
� Cτ 2 + Cτ 2

∥∥∥∇ρμ,k+1
∥∥∥2

6
+
(

25M2
1

4
+ C1τ(T + 1)

)∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2

+C

(
1 +

∥∥∥ϕk
h

∥∥∥2

∞

)
Rk+1 + C

∥∥∥∇eϕ,k
∥∥∥2 + C

∥∥∥ϕk
h

∥∥∥2

∞

∥∥∥eu,k
∥∥∥2

. (4.52)
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Proof. Recall that ‖ζ‖2−1,h = ‖∇Th(ζ )‖2 = (∇Th(ζ ), ∇Th(ζ )
) = (

ζ ,Th(ζ )
)

for all ζ ∈ ◦
Yh. Noticing

that δtσ
ϕ,k+1 ∈ ◦

Yh, setting v = Th

(
δtσ

ϕ,k+1
)

in (4.16a), using (4.19), (4.37) and (4.43), we derive∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h
=
(
δtσ

ϕ,k+1,Th

(
δtσ

ϕ,k+1))
= −

((
M(ϕk+1) − M(ϕk

h)
)

∇P̃k+1μk+1, ∇Th

(
δtσ

ϕ,k+1))+
(

Rϕ,k+1,Th

(
δtσ

ϕ,k+1))
−
(

M(ϕk
h)∇σμ,k+1, ∇Th

(
δtσ

ϕ,k+1))+
(

uk+1ϕk+1 − uk+1
h ϕk

h, ∇Th

(
δtσ

ϕ,k+1))
� C

(
Rk+1 +

∥∥∥∇eϕ,k
∥∥∥2
)

+ 1

5

∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥2 +
∥∥∥Rϕ,k+1

∥∥∥ ∥∥∥Th

(
δtσ

ϕ,k+1)∥∥∥
+
∥∥∥M(ϕk

h)∇σμ,k+1
∥∥∥ ∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥+
∥∥∥uk+1ϕk+1 − uk+1

h ϕk
h

∥∥∥ ∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥
� CRk+1 + C

∥∥∥∇eϕ,k
∥∥∥2 + 1

5

∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥2 + C
∥∥∥Rϕ,k+1

∥∥∥ ∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥
+ 5

4

∥∥∥M(ϕk
h)∇σμ,k+1

∥∥∥2+ 1

5

∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥2+ 5

4

∥∥∥uk+1ϕk+1 − uk+1
h ϕk

h

∥∥∥2+ 1

5

∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥2

� CRk+1 + C
∥∥∥∇eϕ,k

∥∥∥2 + 5M2
1

4

∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2 + 4

5

∥∥∥∇Th

(
δtσ

ϕ,k+1)∥∥∥2

+ 5

4

∥∥∥∥Ic − τ

ρ0
(ϕk

c,h)
2∇σμ,k+1

c

∥∥∥∥2

+ 5

4

∥∥∥∥Im − τχ

ρ0
(ϕk

m,h)
2∇σμ,k+1

m

∥∥∥∥2

� CRk+1 + C
∥∥∥∇eϕ,k

∥∥∥2 + 5M2
1

4

∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2 + 4

5

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h

+ 5

2

∥∥Ic

∥∥2 + 5

2

∥∥∥∥ τ

ρ0
(ϕk

c,h)
2∇σμ,k+1

c

∥∥∥∥2

+ 5

2

∥∥Im

∥∥2 + 5

2

∥∥∥∥τχ

ρ0
(ϕk

m,h)
2∇σμ,k+1

m

∥∥∥∥2

� CRk+1 + C
∥∥∥∇eϕ,k

∥∥∥2 + 5M2
1

4

∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2 + 4

5

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h

+ 5

2

(∥∥Ic

∥∥2 + ∥∥Im

∥∥2
)

+ 5τ 2

2ρ2
0

∥∥∥ϕk
h

∥∥∥4

∞

∥∥∥∇σμ,k+1
c

∥∥∥2 + 5τ 2χ2

2ρ2
0

∥∥∥ϕk
h

∥∥∥4

∞

∥∥∥∇σμ,k+1
m

∥∥∥2

� CRk+1 + C
∥∥∥∇eϕ,k

∥∥∥2 +
(

5M2
1

4
+ Cτ 2

∥∥∥ϕk
h

∥∥∥4

∞

)∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2 + 4

5

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h

+ Cτ 2 + Cτ 2
∥∥∥∇ρμ,k+1

∥∥∥2

6
+ C

(
1 +

∥∥∥ϕk
h

∥∥∥2

∞

)
Rk+1 + C

∥∥∥∇eϕ,k
∥∥∥2 + C

∥∥∥ϕk
h

∥∥∥2

∞

∥∥∥eu,k
∥∥∥2

� Cτ 2 +
(

5M2
1

4
+ Cτ 2

∥∥∥ϕk
h

∥∥∥4

∞

)∥∥∥∇σμ,k+1
∥∥∥2 + C

∥∥∥Rϕ,k+1
∥∥∥2 + 4

5

∥∥∥δtσ
ϕ,k+1

∥∥∥2

−1,h

+ C

(
1 +

∥∥∥ϕk
h

∥∥∥2

∞

)
Rk+1 + C

∥∥∥∇eϕ,k
∥∥∥2 + Cτ 2

∥∥∥∇ρμ,k+1
∥∥∥2

6
+ C

∥∥∥ϕk
h

∥∥∥2

∞

∥∥∥eu,k
∥∥∥2

. (4.53)
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Since τ
∥∥ϕk

h

∥∥4
∞ � τ + τ

∥∥ϕk
h

∥∥ 4(6−d)
d

∞ � C(T + 1) from Lemma 3.5, the proof is complete once we move
4
5

∥∥δtσ
ϕ,k+1

∥∥2
−1,h to the left-hand side of the inequality. �

With all these estimates of the RHS terms in place, the error equation (4.18) leads to the following
result.

Lemma 4.8 Suppose (ϕ, μ, uc, um, Pc, Pm) is a weak solution to (4.15a)–(4.15d) satisfying additional
regularities prescribed in Assumption 1. Then, for any τ , h > 0, there exists a constant C > 0,
independent of h and τ , such that for any 0 � k � K − 1,

M0

3

∥∥∥∇σμ,k+1
∥∥∥2 + γ ε

2τ

(∥∥∥∇σϕ,k+1
∥∥∥2 −

∥∥∥∇σϕ,k
∥∥∥2 +

∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2
)

+ ρ0

2τ

(∥∥∥σ u,k+1
c

∥∥∥2 −
∥∥∥σ u,k

c

∥∥∥2 +
∥∥∥σ u,k+1

c − σ u,k
c

∥∥∥2
)

+ ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm

+ ρ0

2τχ

(∥∥∥σ u,k+1
m

∥∥∥2 −
∥∥∥σ u,k

m

∥∥∥2 +
∥∥∥σ u,k+1

m − σ u,k
m

∥∥∥2
)

+ ν0

2λ

∥∥∥σ u,k+1
m

∥∥∥2

+ τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 + τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2

� CRk+1 + C

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇σϕ,k+1
∥∥∥2 +

(
1 + C

∥∥∥ϕk
h

∥∥∥2

∞

)∥∥∥σ u,k+1
∥∥∥2

+C
∥∥∥ϕk

h

∥∥∥2

∞

∥∥∥σ u,k
∥∥∥2 + C

∥∥∥∇σϕ,k
∥∥∥2

, (4.54)

where

Rk+1 := τ 2 +
∥∥∥Ru,k+1

m

∥∥∥2 +
∥∥∥Ru,k+1

c

∥∥∥2 +
∥∥∥Rϕ,k+1

∥∥∥2 +
(

1 +
∥∥∥ϕk

h

∥∥∥2

∞

)
Rk+1

+
∥∥∥ϕk

h

∥∥∥2

∞

∥∥∥ρu,k
∥∥∥2 +

∥∥∥∇ρϕ,k
∥∥∥2 +

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇ρϕ,k+1
∥∥∥2

+ (1 + τ 2)

∥∥∥∇ρμ,k+1
∥∥∥2

6
. (4.55)

Proof. Substituting the estimates in Lemmas 4.1–4.7 into the right-hand side of the error equation
(4.18), choosing

θ8 = θ10 = M0

6

(
25M2

1
4 + C1τ(T + 1)

) , (4.56)
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with C1 the positive constant defined in inequality (4.52), we get

M0

3

∥∥∥∇σμ,k+1
∥∥∥2 + γ ε

2τ

(
‖∇σϕ,k+1‖2 − ‖∇σϕ,k‖2 + ‖∇(σϕ,k+1 − σϕ,k)‖2

)
+ ρ0

2τ

(
‖σ u,k+1

c ‖2 − ‖σ u,k
c ‖2 + ‖σ u,k+1

c − σ u,k
c ‖2

)

+ ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm

+ ρ0

2τχ

(
‖σ u,k+1

m ‖2 − ‖σ u,k
m ‖2 + ‖σ u,k+1

m − σ u,k
m ‖2

)
+ ν0

2λ

∥∥∥σ u,k+1
m

∥∥∥2

+ τ

ρ0

∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 + τχ

ρ0

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2

� Cτ 2 + C
∥∥∥Ru,k+1

m

∥∥∥2 + C
∥∥∥Ru,k+1

c

∥∥∥2 + C
∥∥∥Rϕ,k+1

∥∥∥2 + C

(
1 +

∥∥∥ϕk
h

∥∥∥2

∞

)
Rk+1

+ C
∥∥∥ϕk

h

∥∥∥2

∞

∥∥∥eu,k
∥∥∥2 + C

∥∥∥∇eϕ,k
∥∥∥2 + C

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇eϕ,k+1
∥∥∥2

+ C
∥∥∥∇ρμ,k+1

∥∥∥2 + Cτ 2
∥∥∥∇ρμ,k+1

∥∥∥2

6
+
(

1 + C
∥∥∥ϕk

h

∥∥∥2

∞

)∥∥∥σ u,k+1
∥∥∥2

. (4.57)

The proof is complete since ‖eu,k‖2 = ‖ρu,k + σ u,k‖2 � 2
(‖ρu,k‖2 + ‖σ u,k‖2

)
and ‖∇ρμ,k+1‖ �

C‖∇ρμ,k+1‖6. �
Regarding Rk+1 in Equation (4.55), the following estimate could be derived.

Lemma 4.9 Suppose (ϕ, μ, uc, um, Pc, Pm) is a weak solution to (4.15a)–(4.15d) satisfying additional
regularities in Assumption 1. Then, for all 0 � l � K − 1, there holds

l∑
k=0

Rk+1 � C(T + 1)τ + 2

τ

∫ tl+1

0

(∥∥∂tρ
ϕ(·, t)

∥∥2 + ∥∥∂tρ
u(·, t)

∥∥2
)

dt

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

+
l∑

k=0

(∥∥∥∇ρϕ,k
∥∥∥2 + (1 + τ 2)

∥∥∥∇ρμ,k+1
∥∥∥2

6

)

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥ρu,k
∥∥∥4
)1/2

. (4.58)
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Proof. First, by Minkowski’s inequality and Hölder’s inequality, one obtains

∥∥∥Rϕ,k+1
∥∥∥2 =

∥∥∥δtPϕk+1 − ∂tϕ
k+1
∥∥∥2

� 2
∥∥∥δt

(
Pϕk+1 − ϕk+1

)∥∥∥2 + 2
∥∥∥δtϕ

k+1 − ∂tϕ
k+1
∥∥∥2

= 2

τ 2

∥∥∥∥∫ tk+1

tk
∂tρ

ϕ(·, t) dt

∥∥∥∥2

+ 2

τ 2

∥∥∥∥∫ tk+1

tk
(t − tk)∂ttϕ(·, t) dt

∥∥∥∥2

� 2

τ 2

(∫ tk+1

tk

∥∥∂tρ
ϕ(·, t)

∥∥ dt

)2

+ 2

τ 2

(∫ tk+1

tk
(t − tk)

∥∥∂ttϕ(·, t)
∥∥ dt

)2

� 2

τ

∫ tk+1

tk

∥∥∂tρ
ϕ(·, t)

∥∥2 dt + 2τ

3

∫ tk+1

tk

∥∥∂ttϕ(·, t)
∥∥2 dt. (4.59)

Likewise, for j ∈ {c, m}, one has

∥∥∥Ru,k+1
j

∥∥∥2
� 2

τ

∫ tk+1

tk

∥∥∥∂tρ
u
j (·, t)

∥∥∥2
dt + 2τ

3

∫ tk+1

tk

∥∥∂ttu(·, t)
∥∥2 dt. (4.60)

Applying Minkowski’s inequality and Hölder’s inequality again gives, for j ∈ {c, m},

∥∥∥ϕk+1 − ϕk
∥∥∥4 =

∥∥∥ ∫ tk+1

tk
∂tϕ(·, t) dt

∥∥∥4
�
(∫ tk+1

tk

∥∥∥∂tϕ(·, t)
∥∥∥ dt

)4

�
(∫ tk+1

tk

∥∥∂tϕ(·, t)
∥∥4 dt

)(∫ tk+1

tk
dt

)3

= τ 3
∫ tk+1

tk

∥∥∂tϕ(·, t)
∥∥4 dt, (4.61)

which in turn leads to

(
Rk+1

)2 =
(∥∥∥ϕk+1 − ϕk

∥∥∥2 +
∥∥∥∇ (ϕk+1 − ϕk

)∥∥∥2 +
∥∥∥uk+1 − uk

∥∥∥2
)2

� C

(∥∥∥ϕk+1 − ϕk
∥∥∥4 +

∥∥∥∇ (ϕk+1 − ϕk
)∥∥∥4 +

∥∥∥uk+1 − uk
∥∥∥4
)

� Cτ 3
∫ tk+1

tk

(∥∥∂tϕ(·, t)
∥∥4 + ∥∥∇∂tϕ(·, t)

∥∥4 + ∥∥∂tu(·, t)
∥∥4
)

dt. (4.62)
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Therefore, for d = 2, 3, by using Cauchy–Schwarz inequality and Lemma 3.5, one gets

l∑
k=0

(
1 +

∥∥∥ϕk
h

∥∥∥2

∞

)
Rk+1 �

⎛⎝ l∑
k=0

C

(
1 +

∥∥∥ϕk
h

∥∥∥ 2(6−d)
d

∞

)2
⎞⎠1/2 (

l∑
k=0

(
Rk+1

)2
)1/2

�
(

l∑
k=0

C

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

))1/2 (
Cτ 3

∫ tl+1

0

(∥∥∂tϕ(·, t)
∥∥4 + ∥∥∇∂tϕ(·, t)

∥∥4 + ∥∥∂tu(·, t)
∥∥4
)

dt

)1/2

� Cτ

(
τ

l∑
k=0

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

))1/2 (∫ tl+1

0

(∥∥∂tϕ(·, t)
∥∥4 + ∥∥∇∂tϕ(·, t)

∥∥4 + ∥∥∂tu(·, t)
∥∥4
)

dt

)1/2

� Cτ
√

T + 1

(∫ tl+1

0

(∥∥∂tϕ(·, t)
∥∥4 + ∥∥∇∂tϕ(·, t)

∥∥4 + ∥∥∂tu(·, t)
∥∥4
)

dt

)1/2

� Cτ
√

T + 1. (4.63)

Similarly, we have

l∑
k=0

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇ρϕ,k+1
∥∥∥2

� τ−1/2

(
τ

l∑
k=0

C

(
1 +

∥∥∥ϕk+1
h

∥∥∥ 8(6−d)
d

∞

))1/2 ( l∑
k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

� Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

, (4.64)

l∑
k=0

∥∥∥ϕk
h

∥∥∥2

∞

(∥∥∥ρu,k
∥∥∥2
)

� τ−1/2

(
τ

l∑
k=0

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

))1/2 ( l∑
k=0

2
∥∥∥ρu,k

∥∥∥4
)1/2

� Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥ρu,k
∥∥∥4
)1/2

. (4.65)

Henceforth, it follows that

l∑
k=0

Rk+1 =
l∑

k=0

[
τ 2 +

∥∥∥Rϕ,k+1
∥∥∥2 +

∥∥∥Ru,k+1
c

∥∥∥2 +
∥∥∥Ru,k+1

m

∥∥∥2 +
(

1 +
∥∥∥ϕk

h

∥∥∥2

∞

)
Rk+1

+
(

1 +
∥∥∥ϕk+1

h

∥∥∥4

∞

)∥∥∥∇ρϕ,k+1
∥∥∥2 +

∥∥∥∇ρϕ,k
∥∥∥2 +

∥∥∥∇ρμ,k+1
∥∥∥2

6
+
∥∥∥ϕk

h

∥∥∥2

∞

∥∥∥ρu,k
∥∥∥2
]
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�
(

T + C
√

T + 1
)

τ + 2τ

3

∫ tl+1

0

(∥∥∂ttϕ(·, t)
∥∥2 + ∥∥∂ttu(·, t)

∥∥2
)

dt

+ 2

τ

∫ tl+1

0

(∥∥∂tρ
ϕ(·, t)

∥∥2 + ∥∥∂tρ
u(·, t)

∥∥2
)

dt +
l∑

k=0

(
(1 + τ 2)

∥∥∥∇ρμ,k+1
∥∥∥2

6
+
∥∥∥∇ρϕ,k

∥∥∥2
)

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥ρu,k
∥∥∥4
)1/2

�
(

T + C
√

T + 1 + 2

3

)
τ + 2

τ

∫ tl+1

0

(∥∥∂tρ
ϕ(·, t)

∥∥2 + ∥∥∂tρ
u(·, t)

∥∥2
)

dt

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

+
l∑

k=0

(
(1 + τ 2)

∥∥∥∇ρμ,k+1
∥∥∥2

6
+
∥∥∥∇ρϕ,k

∥∥∥2
)

+ Cτ−1/2
√

T + 1

(
l∑

k=0

∥∥∥ρu,k
∥∥∥4
)1/2

. (4.66)

This completes the proof. �
Now, we are ready to prove the main convergence theorem.

Theorem 1 Suppose (ϕ, μ, uc, um, Pc, Pm) is a weak solution to (4.15a)–(4.15d) with the additional
regularities described in Assumption 1. Recall the definition of error functions σ s in Equations
4.11–4.14 and the ρϕ , ρu, ρμ in Equations 4.6–4.9. Then, provided that 0 < τ < τ1 for some sufficiently
small τ1 > 0,

max
0�k�K−1

(∥∥∥∇σϕ,k+1
∥∥∥2 +

∥∥∥σ u,k+1
c

∥∥∥2 +
∥∥∥σ u,k+1

m

∥∥∥2
)

+ τ

K−1∑
k=0

∥∥∥∇σμ,k+1
∥∥∥2

+
K−1∑
k=0

(∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2 +
∥∥∥σ u,k+1

c − σ u,k
c

∥∥∥2 +
∥∥∥σ u,k+1

m − σ u,k
m

∥∥∥2
)

+ τ

K−1∑
k=0

[∥∥∥D(σ u,k+1
c )

∥∥∥2 +
d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm
+
∥∥∥σ u,k+1

m

∥∥∥2
]

+ τ 2
K−1∑
k=0

∥∥∥ϕk
h∇σμ,k+1

∥∥∥2

� C(T)

[
τ 2 +

∫ T

0

(∥∥∂tρ
ϕ(·, t)

∥∥2 + ∥∥∂tρ
u(·, t)

∥∥2
)

dt + τ 1/2
( K∑

k=0

∥∥∥∇ρϕ,k+1
∥∥∥4
)1/2

+ τ

K∑
k=0

(∥∥∥∇ρϕ,k
∥∥∥2 + (1 + τ 2)

∥∥∥∇ρμ,k+1
∥∥∥2

6

)
+ τ 1/2

( K∑
k=0

∥∥∥ρu,k
∥∥∥4
)1/2]

(4.67)

holds for some constant C(T) > 0 independent of τ and h.
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Proof. Applying τ
∑l

k=0 to (4.54), and observing that σϕ,k ≡ 0 and σ
u,k
j ≡ 0 for k = 0, j ∈ {c, m}, it

follows that

γ ε

2

∥∥∥∇σϕ,l+1
∥∥∥2 + ρ0

2

∥∥∥σ u,l+1
c

∥∥∥2 + ρ0

2χ

∥∥∥σ u,l+1
m

∥∥∥2 + τ

l∑
k=0

(
M0

3
‖∇σμ,k+1‖2

)

+
l∑

k=0

(
γ ε

2

∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2 + ρ0

2

∥∥∥σ u,k+1
c − σ u,k

c

∥∥∥2 + ρ0

2χ

∥∥∥σ u,k+1
m − σ u,k

m

∥∥∥2
)

+ τ

l∑
k=0

[
ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm
+ ν0

2λ

∥∥∥σ u,k+1
m

∥∥∥2
]

+ τ 2

ρ0

l∑
k=0

[∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 + χ

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2
]

� Cτ

l∑
k=0

Rk+1 + Cτ

l∑
k=0

(
1 +

∥∥∥ϕk+1
h

∥∥∥4

∞

)∥∥∥∇σϕ,k+1
∥∥∥2 + τ

l∑
k=0

(
1 + C

∥∥∥ϕk
h

∥∥∥2

∞

)∥∥∥σ u,k+1
∥∥∥2

+ Cτ

l∑
k=1

∥∥∥∇σϕ,k
∥∥∥2 + Cτ

l∑
k=1

∥∥∥ϕk
h

∥∥∥2

∞

∥∥∥σ u,k
∥∥∥2

� Cτ

l∑
k=0

Rk+1 + Cτ

(
1 +

∥∥∥ϕl+1
h

∥∥∥ 4(6−d)
d

∞

)∥∥∥∇σϕ,l+1
∥∥∥2 + τ

(
1 + C

∥∥∥ϕl
h

∥∥∥ 2(6−d)
d

∞

)∥∥∥σ u,l+1
∥∥∥2

+ Cτ

l∑
k=1

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

)∥∥∥∇σϕ,k
∥∥∥2 + Cτ

l∑
k=1

(
1 + 2

∥∥∥ϕk
h

∥∥∥ 2(6−d)
d

∞

)∥∥∥σ u,k
∥∥∥2

. (4.68)

Moving all the terms indexed (l + 1) to the left-hand side, one has

(
γ ε

2
− Cτ

(
1 + ∥∥ϕl+1

h

∥∥ 4(6−d)
d∞
))∥∥∥∇σϕ,l+1

∥∥∥2 +
(

ρ0

2
− τ
(

1 + C
∥∥∥ϕl

h

∥∥∥ 2(6−d)
d

∞

))∥∥∥σ u,l+1
c

∥∥∥2

+
(

ρ0

2χ
− τ
(

1 + C
∥∥∥ϕl

h

∥∥∥ 2(6−d)
d

∞

))∥∥∥σ u,l+1
m

∥∥∥2 + τ

l∑
k=0

(
M0

3

∥∥∥∇σμ,k+1
∥∥∥2
)

+
l∑

k=0

(
γ ε

2

∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2 + ρ0

2

∥∥∥σ u,k+1
c − σ u,k

c

∥∥∥2 + ρ0

2χ

∥∥∥σ u,k+1
m − σ u,k

m

∥∥∥2
)

+ τ

l∑
k=0

[
ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2

cm
+ ν0

2λ

∥∥∥σ u,k+1
m

∥∥∥2
]
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+τ 2

ρ0

l∑
k=0

[∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 + χ

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2
]

� Cτ

l∑
k=0

Rk+1+Cτ

l∑
k=1

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

)∥∥∥∇σϕ,k
∥∥∥2+Cτ

l∑
k=1

(
1+2

∥∥∥ϕk
h

∥∥∥ 2(6−d)
d

∞

)∥∥∥σ u,k
∥∥∥2

.

(4.69)

By Lemma 3.5 we have, for all 0 � l � K − 1,

τ
1
2

∥∥∥ϕl+1
h

∥∥∥ 4(6−d)
d

∞ =
(

τ

∥∥∥ϕl+1
h

∥∥∥ 8(6−d)
d

∞

) 1
2

�
(

τ

K−1∑
k=0

∥∥∥ϕk+1
h

∥∥∥ 8(6−d)
d

∞

) 1
2

� C
√

T + 1. (4.70)

Hence, we can choose a sufficiently small τ1 such that for all 0 < τ < τ1 and 0 � l � K − 1

Cτ

(
1 +

∥∥∥ϕl+1
h

∥∥∥ 4(6−d)
d

∞

)
� Cτ + Cτ

1
2

(
C

√
T + 1

)
� γ ε

4
, (4.71)

γ ε

2
− Cτ

(
1 +

∥∥∥ϕl+1
h

∥∥∥ 4(6−d)
d

∞

)
� γ ε

4
, (4.72)

ρ0

2
− Cτ

(
1 +

∥∥∥ϕl
h

∥∥∥ 2(6−d)
d

∞

)
� ρ0

4
, (4.73)

ρ0

2χ
− Cτ

(
1 +

∥∥∥ϕl
h

∥∥∥ 2(6−d)
d

∞

)
� ρ0

4χ
. (4.74)

It follows from (4.69) that

γ ε

4

∥∥∥∇σϕ,l+1
∥∥∥2 + ρ0

4

∥∥∥σ u,l+1
c

∥∥∥2 + ρ0
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m
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(M0

3

∥∥∥∇σμ,k+1
∥∥∥2)

+
l∑
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(
γ ε

2

∥∥∥∇(σϕ,k+1 − σϕ,k)

∥∥∥2 + ρ0

2

∥∥∥σ u,k+1
c − σ u,k

c

∥∥∥2 + ρ0

2χ

∥∥∥σ u,k+1
m − σ u,k

m

∥∥∥2
)

+ τ

l∑
k=0

[
ν0

∥∥∥D(σ u,k+1
c )

∥∥∥2 + αBJSJ
ν0

2
√

dλ

d−1∑
i=1

∥∥∥σ u,k+1
c · τ i

∥∥∥2
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+ ν0

2λ

∥∥∥σ u,k+1
m

∥∥∥2
]

+ τ 2

ρ0

l∑
k=0

[∥∥∥ϕk
c,h∇σμ,k+1

c

∥∥∥2 + χ

∥∥∥ϕk
m,h∇σμ,k+1

m

∥∥∥2
]

� Cτ

l∑
k=0

Rk+1 + Cτ

l∑
k=1

(
1 +

∥∥∥ϕk
h

∥∥∥ 4(6−d)
d

∞

)∥∥∥∇σϕ,k
∥∥∥2 + Cτ

l∑
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(
1 + 2

∥∥∥ϕk
h

∥∥∥ 2(6−d)
d

∞

)∥∥∥σ u,k
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.
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Noticing that τ
∑K

k=0

∥∥∥ϕk
h

∥∥∥ p(6−d)
d

∞ � C(T + 1) for p = 2, 4, and in light of Lemma 4.9, we arrive

at the error estimate (4.67) by setting l = K − 1 and applying discrete Gronwall’s inequality. This
completes the proof. �
Corollary 4.1 Suppose (ϕ, μ, uc, um, Pc, Pm) is a weak solution to (4.15a)–(4.15d) satisfying the
regularities Assumption 1. Then, there exists τ1 > 0 such that for all τ < τ1 the following optimal
convergence rates hold:

max
0�k�K−1

(∥∥∥∇eϕ,k+1
∥∥∥2 +

∥∥∥eu,k+1
c

∥∥∥2 +
∥∥∥eu,k+1

m

∥∥∥2
)

+ τ

K−1∑
k=0

∥∥∥∇eμ,k+1
∥∥∥2 + τ

K−1∑
k=0

∥∥∥D(eu,k+1
c )

∥∥∥2

� C(T)
(
τ 2 + h2q),

where q � 1 is the spatial approximation order.

For numerical evidence of the convergence results, we refer to Chen et al. (2017).

Remark 4.1 In the discrete energy dissipation analysis established in Chen et al. (2017), for the
numerical scheme, a cancelation of a nonlinear error term associated with the convection part has
played a very important role. Meanwhile, in the optimal rate error estimate presented in this section,
such a cancelation technique is not needed in the convergence proof, due to the subtle fact that, a
growth constant for the velocity error term, namely (1 + C‖ϕk

h‖2∞) appearing in (4.49), would not
lead to a theoretical difficulty in the derivation of discrete Gronwall inequality. This fact is associated
with Navier–Stokes nature for the fluid velocity, in which the higher order kinematic diffusion and the
temporal derivative of the velocity variable have greatly facilitated the analysis at both the analytic and
numerical levels. In comparison, for the Cahn–Hilliard–Hele–Shaw system, in which the fluid velocity
is statically determined by the phase field variables, such a cancelation technique is necessary to pass
through the optimal rate convergence analysis because of lack of regularity for the velocity field; see the
related works Chen et al. (2016); Diegel et al. (2017); Liu et al. (2017), etc.

5. Concluding remarks

In this article, we provide an optimal rate convergence analysis and error estimate of a fully discrete
finite element numerical scheme for the CHSD system that models two-phase flows. An operator
splitting is applied in the numerical scheme, so that a coupling between the Cahn–Hilliard and the
fluid solvers is avoided. The unique solvability and the energy stability have already been proven in
the existing literature. The optimal rate error estimate is established in the energy norm, �∞(0, T; H1) ∩
�2(0, T; H2) norm for the phase variables and �∞(0, T; H1)∩�2(0, T; H2) norm for the velocity variable.
A discrete �2(0; T; H3) bound of the numerical solution for the phase variables also plays an important
role, which is accomplished via a discrete version of Gagliardo–Nirenberg inequality in the finite
element space.
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