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Tracking the heavy metal contaminants entrained with the flow into a 
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A B S T R A C T   

A newly developed modified Dynamic Radioactive Particle Tracking system (DRPT) was used to investigate the 
heavy metal contaminants deposition locations in different catalyst beds, sphere, cylinder, trilobe, and quad
rilobed in Trickle Bed Reactors. In the present paper, Kernel Density Estimator (KDE) was used to estimate the 
probability density distributions of heavy metal contaminants depositions in terms of bed radius height. The 
result shows that the four cases have similar probability density distribution in terms of radius, while the 
spherical catalyst has the larger distribution range in terms of bed height. The heavy metal deposition is directly 
related to the pressure drops along the bed height which indicate the bed porosity and intricate bed structure in 
catalyst packed beds. Heavy metals have more chance to deposit at higher levels of packed beds with higher 
pressure drops.    

Nomenclature 

dDimensions of multivariate KDE  
deVolumetric equivalent diameter  
hBandwidth of KDE  
KKernel density function  
nTotal sample number  
Xivalue of ith observation  
〈vi〉[m/s]Superficial average velocity vector of phase i  
Greek symbols 
βGas phase  
ΔP[Pa]Pressure drop  
εiHoldup (volume fraction) of phase i  
εBBed porosity  
φSphericity  
γLiquid phase  

ρi[kg/m
⃛ 3
]Density of phase i   

1. Introduction 

Trickle Bed Reactors (TBR) are the most used gas–liquid-solid 
interacting equipment in various processing such as petroleum hydro
treating processing (hydrodesulfurization, hydrodenitrification, hydro
demetallization, hydrocracking, etc.), hydrogenation reactions, 
oxidation reactions, esterification, as well as Fischer-Tropsch reactions 
[1]. In these processes, there are inevitably contaminants being deliv
ered into the TBR, especially in hydroprocessing applications, where 
heavy residual oils are converted into lighter fuel oils. These contami
nants (e.g., nickel, vanadium, arsenic, sodium, iron, lead) are usually 
associated with the produced crude oil, the remaining heavy metals in 
the liquid feed, or residues from the additives (silicon, lead) used during 
refining operations, as well as corrosion (iron) [2]. These contaminants 
directly or indirectly result in catalyst deactivation due to a chemical, 
mechanical, or thermal effect, such as poisoning, fouling, thermal 
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degradation, or attrition [3] which leads to hot spots, high pressure 
drops, and even the need for emergency shutdowns. Currently , there is 
vast literature related to the catalysts aging, deactivation and regener
ation including mechanisms and kinetical investigation [2–5]. All the 
work is in micro perspective that relies on the prerequisite that the 
contaminants already exist in the catalyst bed. There is no doubt that the 
contaminants are entrained through the liquid feed flow into the trickle 
beds hence get stuck and deposit. However, to the best of authors’ 
knowledge, there is no such work that discloses how these contaminants 
are carried by the liquid fluid, the distribution of the deposition loca
tions, and especially the effects of the catalyst bed structure, such as the 
catalyst shape, on the contaminant’s deposition. Hence, in order to 
obtain insights into the interaction of the liquid fluid and the contami
nant particles, and to provide guidance for industries to diagnose the 
common issues in TBRs such as hot spot or high pressure drops, it is 
essential to track the contaminants locations. The challenge of tracking 
the contaminants locations becomes more complex, since the size of the 
contaminants varies in a large range, from nanometer level to millimeter 
level, which precludes their visual identification, furthermore in the 
intricate interstitial space between the packing. 

There have been various particle tracking methodologies reported in 
literature, which can aid in the identification of the contaminants’ lo
cations inside the packed beds. Single Particle Tracking (SPT) [6] is a 
methodology that uses computer-enhanced video microscopy to track 
the single particle motion in a system. However, it requires the system to 
be totally visible at least at the surface so that it can be captured by a 
camera. Laser Doppler Anemometry (LDA) and Particle Imaging 

Velocimetry (PIV) [7] are another two typical techniques to track par
ticles. However, both techniques are optical methods based on the light 
reflection from the seeded particles hence tracking large amount of the 
particles to measure the velocity field in fluid dynamics. All these 
techniques are not feasible for the TBR system due to the impossible 
visual identification of the void space inside the bed. Hence, another 
non-invasive particle tracking technique that does not require the 
transparency or visibility, which is Radioactive Particle Tracking (RPT) 
[8–13], become a well-reasoned option. There are two types of RPT 
which are Static RPT (SRPT) and Dynamic RPT (DRPT). The SRPT aims 
to determine the Lagrangian trajectories, instantaneous and time aver
aged velocity field and various turbulent parameters (Reynolds stresses, 
turbulent kinetic energy, turbulent eddy diffusivities etc.) [9–13] based 
on a priori calibration data obtained when the tracer radioactive particle 
is placed statically inside the system under normal operation conditions. 
The tracer radioactive particle is made up of a gamma-ray isotope par
ticle by either coating a layer with chemical and thermal resistant ma
terials or embedding in a larger particle to match the substance density 
that needs to be measured depending on the system. The system is 
surrounded by an array of non-collimated scintillation (NaI (Tl)) de
tectors. Before the actual experiments, the SRPT system is calibrated by 
placing the isotope particle at various known positions under the desired 
operation to develop the correlation of counts in terms of distance for 
each detector. During the actual experiments, the instantaneous loca
tions of the free moving particle can be reconstructed based on the 
correlation developed in the static calibration step, therefore the ve
locity field and various turbulent parameters can be found. Khane et al. 

Fig. 1. MiniCNC machine and micro drill bits.  
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[8] developed a Dynamic Radioactive Particle Tracking (DRPT) to 
perform calibration for the RPT as a hybrid RPT system. The DRPT uses 
three moveable collimated scintillation (NaI (Tl)) detectors to seek the 
coordinate of the radioactive particle under motion. The main difference 
between these two RPT systems is that, SRPT tracks the trajectory of a 
dynamic object that is represented by the radioactive particle which 
mimics the moving phase to be tracked (liquid, solid), hence the 
Lagrangian trajectory is determined. From the Lagrangian trajectory, 
the velocity fields can be obtained and hence the fluctuation and tur
bulent parameters. While DRPT determines the location of a static object 
which is represented by the radioactive particle by dynamically moving 
the detectors to determine the coordinates of this object.. 

Therefore, in this work, the deposition locations of the heavy metal 
contaminants entrained through the liquid flow inside a TBR were 
investigated by a newly modified Dynamic Radioactive Particle 
Tracking system. According to our industrial collaborator, real con
taminants have been collected and an average size of 500 μm is a 
reasonable representation for heavy metals in trickle bed reactors. It is 
worth to note here that the different catalyst shapes, sphere, cylinder, 
trilobe, and quadrilobed, have significant impacts on the flow behaviors 
inside a TBR [14–16]. Hence, these four catalyst shapes will be tested to 
identify the effects of the bed structure difference on the heavy metal 
contaminants deposition locations. Kernel Density Estimation (KDE) 
was used to determine the probability distribution of the contaminant 
final position, in terms of bed radius and height in each type of catalyst. 
This information can benefit not just industries to diagnose the common 
issues in TBRs such as contaminants deposition, hot spot or high pres
sure drop, it could also benefit the hydrodynamics investigation in 
Computational Fluid Dynamics (CFD) simulations as it provides valu
able benchmarking data for CFD validation. The probability density 
information can be coupled with the packed bed porosity distribution 
function giving more realistic bed structure so that researchers can 
investigate the flow behaviour or hydrodynamics under the case of 
contaminant deposition which can be extended for the beds with 

catalyst coking or sintering scenarios when the bed structure can be 
determined or assumed. 

2. Experimental setups 

2.1. Radioactive particle representing the heavy metal contaminants 

As mentioned earlier, the heavy metal contaminants could be any 
size and shape. In order to balance the maneuverability and represen
tativeness, a spherical particle with 500 μm in diameter and 2000–3000 
kg/m3 in density was considered to be used for the experiments. 
Therefore, a Co-60 (ϕ 300 μm, 18.5 MBq (500μCi), with main yield 
energies of 1173.2 keV and 1332.5 keV, 5.27 half-life years) radioactive 
particle was embedded in a PMMA particle (ϕ 500 μm, 1200 kg/m3). A 
MiniCNC machine with a 0.3 mm drill bit was used to drill the hole in the 
PMMA particle. The Co-60 particle was placed inside the hole of the 
PMMA particle under the microscope and then it was sealed with Epoxy 
glue. After drying out, the particle was spray painted with orange color 
in order to be easily found during the experiments. The tools that were 
used are shown in Fig. 1. The theoretical density (maximum) after the 
calculation is 2863.2 kg/m3. 

2.2. Trickle bed Reactor system 

The schematic of the Trickle Bed Reactor (TBR) system is shown in 
Fig. 2. The TBR is made of an acrylic column which is 1 foot (30.48 cm) 
in height and 5.5 in. (13.97 cm) in inner diameter. At the bottom of the 
column, a mesh gate valve was used to support the catalyst pack bed and 
to enable water and air passing through freely with negligible pressure 
drop. This mesh gate valve can be opened easily to remove the catalysts 
from the column in order to fish the particle or clean the system. A single 
nozzle pipe with 9 mm inner diameter was used as liquid inlet while two 
gas inlets (9mminnerdiameter) were attached to the top flange to obtain 
better distribution. The bottom of the liquid inlet is 2 cm away from the 

Fig. 2. Details of the experimental setup.  
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top of the packed bed. Both liquid and gas flowrates were controlled by 
the flowmeters. A particle injection system was attached to the liquid 
inlet pipe with a Y connector. The full description and operation pro
cedure of the particle injection system will be explained at length later. 
A water tank with two sections was used in order to prevent the radio
active particle from being sucked by the pump, in case that it had passed 
through the packed bed and drop inside the tank. A sump pump was 
used to help circulate the water in the system.. 

2.3. Particle injection system 

The particle injection system includes a pressurized pulsing tank, a 
normally closed solenoid valve controlled by a switch, a particle inlet, 
and a normal valve. Before experiments, the pulsing tank will be filled 
with water up to about half of the tank. Then the high-pressure air will 
be injected into the pulsing tank to pressurize the tank to no more than 
30 Psi (206.843 KPa) in order to minimize the effects on the inlet liquid 
flow. The normally closed solenoid valve can prevent the water getting 
inside the system unless the switch is turned on. After that, the radio
active particle will be placed inside the particle inlet. To avoid that the 
particle flows directly inside the system, the normal valve will not be 
open until running the gas and liquid flow. 

2.4. Location identification system of Dynamic radioactive particle 
Tracking technique 

The modified DRPT system uses 3 collimated Sodium Iodide (NaI 
(Tl), ϕ 5× 5 cm) scintillation detectors (Canberra Model 2007, named 
as X, Y, Z, respectively) to seek the coordinates of the radioactive par
ticle. As shown in Fig. 3, X Y and Z detectors are located at the same level 
and can be moved vertically by a 2-phase stepping motor to locate the Z 
coordinate of the radioactive particle. X and Y detectors are driven by a 
2-phase stepping motors to move horizontally. These two detectors are 

perpendicular to each other so that X and Y coordinates can be easily 
determined. It is noted that all the detector crystals are fully covered by 
the lead collimators only with narrow slots (0.1 cm wide, 5 cm long). For 
the Z detector, the slot in the collimator is horizontally oriented while 
for the X and Y detectors, the slots are vertically oriented. As the de
tectors move in discrete steps, the photon counts of all the detectors will 
be tracked and recorded for 30 s at each position. The data acquisition 
system consists of 3 timing filter amplifiers (Canberra 2111), a channel 
discriminators (PhillipsScientific, CAMAC Model 7106, 32 channels), 
225 MHz scalers(Phillips Scientific, CAMAC Model 7132H, 32 chan
nels), and CC-USB CAMACcontroller (W-IE-NER). The operation pro
cedure and validation of this system will be described in the following 
section. 

3. Procedure and validation 

3.1. Experimental procedure 

The complete experimental procedure is summarized in the flow
chart below shown in Fig. 4. 

(1) Bed packing 
Four types of catalysts, sphere, cylinder, trilobe, and quadrilobed, 

Fig. 3. Schematic of the Dynamic Radioactive Particle Tracking system.  

Fig. 4. Flowchart of experimental procedure.  

Table 1 
Geometrical properties of the solid particles and bed.  

Shape εB  de[mm] φ  Actual size [mm] 

Spheres  0.36  4.7 1  4.7 
Cylinders  0.451  4.13 0.82  5.5× 3  
Trilobes  0.526  3.93 0.62  6× 3  
Quadrilobes  0.544  3.35 0.72  6× 2.5  

Where εB is bed porosity, de is volume equivalent diameter, φ is sphericity. 
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Fig. 5. Sample results of coarse seeking and fine seeking procedure.  

Fig. 6. Comparisons between 1 mm and 2 mm step sizes for fine coordinates seeking.  
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were used in this work. The geometrical characteristics [14,16] of these 
catalysts and the packed beds are listed in Table 1. The purpose of this 
work is to assess the impacts of different catalyst shapes on heavy metal 
contaminants deposition. Hence, the gas and liquid flowrates are the 
same for all tested catalyst shapes. The packed bed was set to be 15 cm in 
height, by virtue of preliminary experiments that showed that the 500 
μm radioactive particle almost had no chance to pass through a packed 
bed of such height for all the catalyst shapes. 

(2) Setting the particle 
Before running the gas and liquid flow, the radioactive particle will 

be placed inside the particle inlet in the particle injection system as 
explained earlier. During this step, the normal valve should always be 
kept closed to prevent the particle from dropping inside the packed 
before it is injected. After putting the particle inside the inlet, the 
gamma-ray survey meter will be used to check if the particle is at the 
right place. 

(3) Running the flowrate 
The air valve is open and the superficial velocity is set at 0.05 m/s, 

later on the water pump is turned on and the superficial velocity is set at 
0.0065 m/s. The system is kept running for 5 min in order to stabilize the 
flow of air and water into the trickle bed. 

(4) Injecting the particle 
The normal valve on the particle injection line is then opened, and 

the solenoid valve switch is quickly pressed to enable the pressurized 
water to push the particle into the system in a very short time to mini
mize the effect on the system. The gas/liquid flowrates are kept running 
for another 5 min before turning off the pump and air flow. 

(5) Identifying the coarse X Y Z-coordinates of the particle location 
(coarse seeking coordinates) 

The particle location seeking procedure is divided into two steps, 
coarse seeking and fine seeking coordinates. For coarse seeking co
ordinates, the step size is 1 cm. In Z direction, starting from the top of the 
packed bed and moving downward, the detector will collect the counts 
at each centimeter for 30 s until reaching the 14 cm-depth that there are 
total 15 data points. The coarse position at Z-axis can be determined 
from the data plot that the point has the highest counts should be the 
coarse Z coordinate as shown in Fig. 5 (a). Then the collimated detectors 
of the DRPT system will be moved up to that particular position (highest 
counts) for X and Y coordinates seeking. Since the TBR column has 5.5 
in. (13.97 cm) inner diameter and 6 in. (15.24 cm) outer diameter, 15 
cm horizontal moving range is enough for the X and Y detectors to cover 
the whole column diameter in X and Y directions. Similarly, starting 
from the left edge, the X and Y detectors will collect counts at each 
centimeter for 30 s until reaching the right edge that total 15 data points 
will be generated to obtain the peak, therefore the coarse X and Y 
coordinates. 

(6) Identifying the fine X Y Z- coordinates of the particle location 
(fine seeking coordinates 

Once the coarse coordinates are found, all the detectors will be 
moved to their coarse coordinates as the base reference to seek the fine 
coordinates. The reference coarse coordinates plus and minus 5 mm will 
be the moving range (Fig. 5(b)). By recalling that the slots on the col
limators covering the detectors are 1 mm wide and 5 cm long. It is 
reasonable to make the initial assumption of the step size as 1 mm for 
fine seeking. However, from the plots in Fig. 6, the indication of a peak is 
quite ambiguous for 1 mm step size, which cannot be used to identify the 
fine coordinates. Therefore, 2 mm step size was assessed by following 
the same procedure. In this way, clear indications of peaks can be 
identified. In order to minimize the error and achieve the repeatability 
and reproducibility, three repetitions of data collections are conducted, 
hence pinpointing the fine coordinates by averaging the 3 repetition 
results. Based on the plot of the average of 3 repetitions and error bars, 
the fine X Y and Z coordinates can be located with tolerance of ±1 mm. 

(7) Determining the actual coordinate 
From the coarse seeking and fine seeking coordinates, the actual 

coordinate can be determined. For example, in Fig. 5, the coarse depth of 

the radioactive particle is 30 mm from the top of the packed bed. From 
the fine seeking coordinate ranging in 25 – 35 mm, it can be seen that at 
+ 3 mm position it has the highest counts with minimum error bar. 
Hence, the actual coordinate (depth) of Z direction would be 33 ± 1 mm. 

(8) Fishing the particle 
A fishing tool with a magnetic head (7.63 mm in diameter, Fig. 7) is 

used to fish the radioactive particle since the Co-60 is magnetic. From 
the actual coordinates obtained from coarse and fine seeking co
ordinates, it is easy to locate and insert this tool inside the packed bed to 
fish the particle. The advantage of this tool is that there is no necessary 
to remove all the catalysts and load them again. In this way, it is able to 
minimize the disturbance to the packed bed configuration. However, 
sometimes when the particle goes very deep inside the packed bed, 
where it is very difficult to use the fishing tool, removing all the catalysts 
from the bottom by opening the mesh gate valve would be a better 
option. After that, the whole procedure will be repeated for the next 
experiment. 

Fig. 7. Magnetic fishing tool.  

Fig. 8. Co-60 in a capsule.  
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3.2. Validation of the location identification system of Dynamic 
radioactive particle Tracking technique 

Validation of the capability and reliability, as well as the accuracy is 
always necessary for a newly developed experimental system. In order to 
validate the newly developed DRPT system, the Co-60 particle was 
placed in a known location by putting it a capsule as shown in Fig. 8. The 

Fig. 9. Top view picture of validation.  

Fig. 10. Schematic of the Co-60 location for validation.  

Fig. 11. Coarse coordinates of the Co-60 location for validation.  

B. Qi et al.                                                                                                                                                                                                                                        
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Fig. 12. Fine coordinate of the Co-60 particle with 2 mm step size before and after averaging.  
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Fig. 13. Particle distribution insdie different catalyst beds.  
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capsule is around 4 cm long and the Co-60 particle is located at around 
38 mm due to the thickness of the tip. The capsule was vertically 
inserted into the bed at a random location with around 5 mm left above 
the top line of the bed for better visualization and taking a picture. Based 
on the picture (Fig. 9) that was taken from the top view, with AutoCAD it 
can be found that the actual coordinate of the Co-60 particle is [–23, 
26.6, 33] mm as shown in Fig. 10. 

For validation, even coarse seeking coordinate step was repeated 3 
times to show the accuracy of the system as shown in Fig. 11. All 3 
repetitions give exact the same coarse coordinate which is [-20, 30, 30] 
mm. In view of this, it is not necessary to repeat 3 times for the coarse 
seeking coordinate steps during real experiments. The fine coordinate of 
the Co-60 particle is [-3, − 3, 3] mm as shown in Fig. 12. By combining 
the coarse and fine coordinates, the actual coordinate of the Co-60 
particle for validation is [ − 23 ± 1, 27 ± 1, 33 ± 1] mm, which is solid 
validation of the newly developed DRPT system. 

4. Results and discussion 

For each catalyst shape, 30 experiments were repeated by following 
the procedure described in the previous section. All the coordinates of 
the heavy metal deposition locations are projected in the 3D plots as 
shown in Fig. 13. It can be observed that all catalyst shapes have similar 
radius distribution, while spherical catalyst has larger axial distribution 
range. The final locations of the heavy metals are totally random due to 
the unpredicted flowing paths inside random packed bed, which in other 
words, the deposition locations are in total uncertainties. In order to 
characterize this uncertain data due to the randomness of this experi
mental work, probability density distribution was estimated based on 
the results. There are two statistical analysis methodologies which are 
parametric and nonparametric procedures [17]. Parametric analysis is 
based on large amount of sample data which can give the statistical 
parameters such as mean, standard deviation, and variance. In other 
words, the parametric analysis assumes that data is normally distrib
uted. However, nonparametric analysis has no assumption about the 
population, which is not based on the parameters of a normal distribu
tion. The most common way to do nonparametric estimation is the 
histogram. However, the histogram has difficulties to represent smooth 
continuous function and bivariate or trivariate data [18]. Therefore, in 
this work, Kernel Density Estimator (KDE) [18,19] was used to estimate 
the probability density distribution as a continuous function, which is 
feasible for small population as in such work. The KDE is defined as 
Equation (1): 

f (x) =
1

nhd

∑n

i=1
K
(

x − Xi

hd

)

Where n is the total sample number, hd is the bandwidth for d di
mensions multivariate KDE, K is the kernel density function and the 
common ones are listed in Table 2, Xi is the value of ith observation. 

In this case, the Gaussian kernel density function was used as plotted 

in Fig. 14. The probability density distributions of four catalyst shapes 
are quite similar to the observation. 

In terms of radius, all of them have similar probability density dis
tribution and the highest probability is at around r = 20 mm. In terms of 
height, spherical catalyst has larger distribution range than the other 
types do. However, all of them have the highest probability at around 
z = 50 mm. Recalling the bed porosity of each catalyst shape in Table 1, 
spherical shape has the lowest bed porosity while trilobe and quadrilobe 
shapes have similar bed porosity, which means, theoretically the heavy 
metal should have more chance to pass through and deposit at lower 
locations in the trilobe or quadrilobe beds, however, the experimental 
data indicate otherwise. The particles get stuck in a higher position in 
extrudate catalysts (tri, quad, cylinders), because the void space distri
bution is more tortuous. This means, the free paths for the particle to 
flow through are more intricate. In spherical catalyst, such free paths are 
longer and less intricate. Therefore, the void space distribution on a bed 
packed with spheres is less tortuous. An indicative of the tortuosity and 
the intricate of such porous matrix can be found to be related to the 
pressure drop. Al-Ani et al. [16] investigated the effects of all these 4 
catalyst shapes on the pressure drop and liquid holdup in a 6 in. TBR, 
indicating that spherical shape has the lowest liquid holdup and pressure 
drop along the bed height while the other shapes have similar holdups 
and pressure drops as shown in Fig. 15. Extruded catalysts have a higher 
pressure drop, which is physically explained due to the fact that these 
shapes provide higher resistances for the liquid to flow (because of the 
intricate porous structure). Hence, it can be observed that an insight into 
the contaminants final position in a TBR can be obtained by looking at 
tortuosity of the bed, which can be inferred by the pressure drop of the 
system and the bed structure and porosity. The reason why all catalyst 
shapes have similar radial probability density distributions can be 
explained similarly. When liquid flows inside the cylindrical, trilobe and 
quadrilobe beds, due to the random packing, the horizontal oriented 
catalysts act as guides leading the water to disperse further in the radial 
direction. However, because of high pressure drop, in other words, high 
momentum loss, the liquid velocity (kinetic energy) is not high enough 
to push the particle sideways. When the liquid flows inside the spherical 
bed, since there are no horizontal guides leading water to flow sideways, 
the liquid flows along the least resistant path. However, because of the 
compact structure of spheres which leads to low porosity, it is hard for 
the particle to pass through the little space among these spherical cat
alysts. Instead, the liquid wave might be able to push the particle away 
from the center towards to the wall until reaching the maximum liquid 
distribution location. Therefore, the combination of pressure drop and 
tortuosity determine the phenomena showing in the results. 

5. Remarks 

We have developed a new method to seek the coordinates of the 
radioactive particle mimicking the heavy metal deposition inside a 
Trickle Bed Hydrotreating Reactor, using a modified Dynamic Radio
active Particle Tracking system (DRPT). The resolution obtained by the 
coarse and fine coordinates is high enough to clearly identify the loca
tion of the radioactive particle and to validate the capacity and reli
ability of this newly developed DRPT system. We have identified the 
location of the radioactive using a study on different catalysts shapes by 
accurately determining:  

(1) The probability density distributions by using Kernel Density 
Estimator (KDE). The results show that in terms of: 

• Radius: all the catalysts have similar probability density distri
bution, and the highest probability is at around r = 20 mm.  

• Height: the spherical catalyst has larger distribution range than 
the other types do.  

(2) The heavy metal deposition is directly related to the pressure 
drops along the bed height which indicate the bed porosity and 
intricate bed structure in catalyst packed beds. Heavy metals 

Table 2 
Kernel density functions.  

Name K(x)
Epanechnikov 3

4

(

1 −
1
5
x2

)/
̅̅̅
5

√
for|x| <

̅̅̅
5

√

0 otherwise 
Biweight 5

6
(
1 − x2)2for|x| < 1  

0 otherwise 
Triangular 1 − |x|for|x| < 1  

0 otherwise 
Gaussian 1̅̅

̅̅̅̅
2π

√ exp −
1
2
x2  

Rectangular 1
2
for|x| < 1  

0 otherwise  
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Fig. 14. Kernel density estimation of heavy metal deposition locations.  
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have more chance to deposit at higher levels of packed beds with 
higher pressure drops for the extrudate catalyst shapes such as 
cylinder, trilobe, and quadrilobed. 
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