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Kriging method is demonstrated on two analytical cases and two multiband

methods. In the analytical cases, PC-Kriging reduces the computational cost
by over 40% compared with PCE and over 94% compared with Kriging. In the
antenna cases, PC-Kriging reduces the computational cost by over 60% com-
pared with Kriging and over 90% compared with PCE. In all cases, the savings
are obtained without compromising the accuracy.
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1 | INTRODUCTION

Yield is the metric for checking the reliability of antenna system with respect to the uncertainties due to the
manufacturing process."” In particular, yield is the percentage of designs satisfying the design specifications. The pro-
cess of yield estimation can be completed by running arbitrary number of high-fidelity simulation models," such as full-
wave electromagnetic (EM) model,® using Monte Carlo sampling (MCS).* The high-fidelity physics model evaluations
are typically time-consuming, rendering the MCS-based yield estimation computationally impractical.

Metamodeling methods>® are widely used to alleviate the computational burden. There are generally two types of
metamodels: data-fit metamodels’” and multifidelity metamodels.® Data-fit metmodels utilize the high-fidelity physics-
based simulation model evaluations as training points, while the multifidelity metamodels can make use of physics-
based simulation models of varying degrees of accuracy. Multifidelity metamodels can be efficient when fast and good
low-fidelity models are available. Data-fit metamodeling is more versatile because only one level of simulation model is
needed.

Advanced data-fit metamodels have been successfully used for antenna system modeling and design at reduced
computational costs. Rama Sanjeeva Reddy et al® introduced the radial basis function neural network into design of

Int J Numer Model El. 2020;33:€2722. wileyonlinelibrary.com/journal/jnm © 2020 John Wiley & Sons, Ltd | 1 of 10
https://doi.org/10.1002/jnm.2722

85U8017 SUOWILLOD 8A1Ie81D) 3|ced![dde 8Ly Aq peusenob afe sejole YO ‘88N JO S3|NJ o Akeud8U1IUO /8|1 UO (SUORIPLOD-PUR-SLLBY/LID A8 | 1M AlRIq 1 BU1|UO//SdNY) SUORIPUOD pUe SWwie | 8u 89S *[£202/20/60] Uo AriqiTauliuo AB|IM ‘@0ueios JO AisieAlun LNOSSIN AQ 2222 Wul/Z00T 0T/10p/Loo A8 1M Aelq 1 pul|uoy/sdny Wwoy papeojumod ‘9 ‘0202 ‘v0ZT660T


https://orcid.org/0000-0001-5134-870X
https://orcid.org/0000-0002-9063-2647
mailto:leifur@iastate.edu
http://wileyonlinelibrary.com/journal/jnm
https://doi.org/10.1002/jnm.2722
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fjnm.2722&domain=pdf&date_stamp=2020-01-23

20f10 WI L EY LEIFSSON ET AL.

multiple function antenna arrays and obtained a success rate as high as 98%. Koziel et al'® constructed the fast data-fit
Kriging metamodel as part of multiobjective design optimization of antennas handling arbitrary number of objective
functions. Du and Roblin'" introduced the polynomial chaos expansion (PCE) method for statistical metamodeling of
the far field radiated by antennas undergoing random disturbances and validated the PCE model with a deformable
canonical antenna.

This work introduces the use of the PC-Kriging metamodeling method"? for the yield estimation of multiband patch
antenna systems. PCE'? is well known for capturing the tendency of the objective function, whereas Kriging'* handles
the observation values at training points well. The PC-Kriging method aims at integrating the advantages of both meta-
modeling methods expecting fewer training points required for constructing a reliable and fast model in lieu of the com-
putationally expensive high-fidelity simulation model. The PC-Kriging method is demonstrated on the yield estimation
of two multiband patch antenna cases, as well as two analytical test functions.

The remainder part of this paper is organized as follows. The next section provides the details of the yield estimation
for antennas. The following section describes the metamodeling methods, including Kriging, PCE, and PC-Kriging, uti-
lized in this work. Then, all metamodeling methods are demonstrated and compared with numerical examples. The
paper ends with conclusion and suggestions of future work.

2 | ANTENNA YIELD ESTIMATION

Let R(x) denote the antenna responses of interest evaluated using an EM simulation model, eg, the reflection character-
istic, and x € R"™ the vector containing deterministic/uncertain design parameters. Let X, represent the nominal design
under ideal conditions. Let dx be the disturbance due to the manufacturing tolerances or uncertainties existing in the
antenna system and can be sampled using pre-define empirical probabilistic distributions. Therefore, the actual designs
taking the tolerances and uncertainties under consideration can be represented as X, + dx. Now, a counting function H
(%) is defined as follows.?

1)

(%)= { 1 if R(x) satisfies the design specifications
~ 0 otherwise

Then, the yield at the nominal design introduced above, ie, the percentage of satisfying designs out of the total
designs, is found as follows.>

N
S H(x? +dx)

Y (x° :]:1—’ 2

(") S )

where dx/, j = 1, 2, .., N are the disturbances with pre-assigned empirical probabilistic distributions as introduced

above. Estimating the yield using (2) can be computationally impractical if the model evaluation R(x) is time-
consuming.

3 | METAMODELING METHODS

In this work, the PC-Kriging'? metamodeling method is introduced to antenna yield estimation to alleviate the compu-
tational burden. This section describes the overall metamodeling process and the specific methods utilized in this work.
Specifically, Kriging,'"* PCE,"” and PC-Kriging'? are described. Metrics used for model validation are defined.

3.1 | Process flow

The metamodeling™'® process is shown in Figure 1. The construction process starts with generating a sampling
using Latin hypercube sampling (LHS)'’ for the training data set, on which the physics-based model is run to
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FIGURE 1 A flowchart of the metamodeling process ""BEGIN |
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obtain the observations. With the training data set and the associated observations, the metamodel is constructed.
The metamodel is then validated using a set of testing data generated by MCS'® by comparing the root-mean-
square error (RMSE) (described in Section 3.6) with a user-defined accuracy threshold, which is set to 1% of the
standard deviation of the testing observations in this work. If the RMSE is not small enough, an arbitrary number
of training points are added to the initial sampling plan, and the iteration is continued until sufficient accuracy is
reached.

3.2 | Sampling plan

Monte Carlo sampling'® and LHS® are the sampling tools used in this work, and a description of each follows. MCS"’
is a commonly used technique of random sampling probability distributions, and the generated sampled values can be
randomly from anywhere within variability space. The process of MCS starts with random numbers within the range of
[0, 1] with replacement. The generated random numbers are used as the probabilities of associated cumulative density
functions of the variability parameters, and the corresponding values are obtained using quantile functions. MCS is
used in this work for the testing data set. LHS*® aims at randomly sampling the given probability distributions of the
variability parameters more effectively than MCS. This goal is achieved by stratifying the probability distributions into
equal intervals on the cumulative scale [0, 1] and then complete random sampling within each interval, which avoids
clustering the generated numbers. Then, the generated numbers are used as the probabilities of associated cumulative
density functions as the aforementioned process. And the last one step is to find the corresponding values using qua-
ntile functions. The training data set is generated using LHS in this work.

3.3 | Kriging

Kriging'**' models the training data set as a Gaussian process using

MR =£T(X)B + 6*Z(X), (3)

where X € R"™ is the vector of m-dimensional system variability parameters, f'(X) = [fy(X), ..., fp —1(X)] € R? is the vec-
tor of p-dimension regression basis functions, both ordinary basis function fT: [1, 1, 1, ..., 1] and linear basis function
f=[1, X, X, .., X,,]" are investigated in this work, p :J; O(X),...,ﬂp_l(X)} €RP denotes the vector of corresponding
coefficients to be determined, f T(X) p is called the trend function, o° is the constant variance of the Gaussian process,
and Z(X) represents the local deviation from the trend function and is modeled as a stationary Gaussian process with
zero mean and unit variance.

A Gaussian exponential spatial correlation function is used in this work and is defined as follows.*'
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m
2
R(Xi, Xe) =exp| = > he| Xk =X |5 4)
k=1

where X, and X/, are two random vectors of variability parameters within training data set and h = [hy, h,, ..., h,,]"
denotes the vector of unknown hyperparameters to be tuned.
The Kriging predictor for any untried X is written as follows.*!

M (X) =£7 + B"R (Yo — FP), (5)
where Yy, is the observations of training database, F;; = fi(x;), where i = 1, 2, ..., Ny, j =1, 2, ..., Ny + 1, Ny is the total
number of training data, r is the vector of cross correlation between the point to be predicted (X) and each training
point, here r; = R(X, X ;;B), R is the correlation matrix among the training points with Ry = R(Xr 1, Xtwx;B), Where i,
k=1,2, .., Ny, and p and ¢ are given by

p=(F'R'F)'FRY,, (6)
and

2 T )

62=1/Ny (Ytr—Fﬁ) R (Ytr—Fﬁ>. (7)

The maximum likelihood estimation on h is found by solving

~ 1 Ny
h= argmhin (Elog(det(R)) + Ttlog (276%) + Ntr/2) : (8)

3.4 | Polynomial chaos expansions

Polynomial chaos expansion'® has the generalized formulation

M(X) = ia@mxx (9)

where X € R™ is a vector with random independent components, described by a probability density function of X, M
(X) is a map of X, i is the index of ith polynomial term, ®; is multivariate polynomial basis, and «; is the corresponding
coefficient of the basis function. Legendre and Hermite basis'® will be used for uniform and normal distribution,
respectively.

In practice, the total number of sample points needed does not have to be infinite; instead, a truncated form of the
PCE is used and is described as

M(X)~M(X) = zpja@i(x), (10)

where MP“(X) is the truncated PCE model and P is the total number of required sample points, given by

(p+n)!
p= p!n';‘ , (11)

where p is the required order of the PCE and n is the total number of random variables.
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The observations of the training data set are constructed as summation of PCE predictions at the same design points
and the corresponding residuals as

P
MX) M (X) +epc =D ai®i(X) +epc = a’ B(X) +epc, (12)
i=1

where epc is the residual between M(X) and M"“(X), which is to be minimized by least-squares methods. The coeffi-
cients o can be determined by solving the least-squares minimization problem

a=argmin E [a"®(X)-M(X)]. (13)

The ordinary least-squares (OLS) method"® is an analytical solution to problem (13) with

a=(ATA)'ATY,, (14)

where Y\, is vector of model responses, A;; = (I>i(>cf), j=1,..,n,i=1, .., P. Another way of determining the coefficients
is by the least-angle regression (LARS),** which is an advanced regression method for solving (13) after adding an L,
norm term of the unknown coefficients scaled by a penalty factor (1) to favor low-rank solution®® as

a=argmin E[a’®(X) -M(X)] +4|el,. (15)

The two main steps in the LARS method are initialization and iteration.'® The initialization step sets all PCE coeffi-
cients o as 0 making the residual of each observation the observation itself and defines a candidate set containing all
orthogonal PCE bases and an empty active set. The iteration step finds a PCE basis ®;, which is the most correlated
with current residual, and puts it into the active set; then, the optimal value of the least squares is determined and
moves the associated coefficient ; towards the optimal value until another basis ®; is found to have the same correla-
tion with current residual. The previous step is iterated until the size of active set reaches the required number of sam-
ples or the total number of observations.

Conventional PCE follows the standard form truncation scheme (10). The sparsity-of-effect principle®* claims that
the interaction terms do not have much effect on the PCE prediction. Following this idea, the hyperbolic truncation
scheme,® which is also known as the g-norm method, is applied for sparse PCE construction. The hyperbolic trunca-
tion technique is expressed as

i=1

AMPA = {aeAM’P : XN: (%) P 1}. (16)

If g = 1, the hyperbolic truncation is the same as standard truncation scheme. For q < 1, the hyperbolic truncation
can reduce the interactive terms further based on standard truncation schemes.

3.5 | Polynomial chaos-based Kriging
PC-Kriging'*>* is a state-of-the-art metamodeling approach, which combines the well-established techniques Kriging
and PCE. The descriptions in Sections 3.3 and 3.4 show that the ways of constructing Kriging and PCE make these two
metamodeling techniques be regression type and interpolation type, respectively. Because of these characteristics,
Kriging captures the local variations well, while PCE captures the global behavior. PC-Kriging aims at combining the
advantages of Kriging and PCE for a more efficient metamodeling technique.
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The PC-Kriging metamodel is defined as the Kriging model,*' whose trend function is used as a constructed PCE
metamodel on the same set of training data set. PC-Kriging has the generalized formula as follows:

M(X) ~ MPCKrigng (x) = ZP: a,®;(X) + 6’ Z(X), (17)

where MPC - K1n¢ s the approximation using PC-Kriging, the first term of right-hand side is the truncated-form PCE,

which is used as the trend function within the universal Kriging formula, and ¢ and Z(X) denote the constant standard

deviation and the zero mean and unit variance stationary Gaussian process, respectively, as described in Section 3.3.
The construction of PC-Kriging consists of the following main steps:

Construct PCE orthogonal bases corresponding with the distributions of random inputs.

Reduce the total number of bases by applying hyperbolic truncation scheme.

Solve for PCE coefficients using LARS method to construct PCE metamodel.

Insert the constructed PCE model as trend function of the universal Kriging.

Calculate the unknown coefficients within the Kriging model in step 2 using maximum likelihood method as shown
in Section 3.3.

woA W=

3.6 | Model validation

The metamodels are validated against the physics-based model observations using the RMSE, which is defined as

RMSE = \/Zil (Yi—Y)? /N, (18)

where N, is the total number of testing data and Y; and Y; are the metamodel estimation and observation of the ith test-
ing point, respectively. In this work, 1% of the standard deviation of testing points (1 % oesting) is used as an accuracy
threshold of the RMSE value of the metamodel. Specifically, if the RMSE is smaller than 1% 6csting, the metamodel is
sufficiently accurate for further implementation. Otherwise, resampling a larger training data set is required following
(11) for a higher order PCE.

4 | NUMERICAL EXAMPLES

The PC-Kriging method is applied on two analytical test functions, the Ishigami function and the short column func-
tion, and two physics-based antenna yield estimation cases. For the purpose of demonstration, the computational cost
of each metamodel is based on the total number of training points required to reach the prescribed accuracy level.

41 | Ishigami function

The Ishigami function® exhibits strong nonlinearity and nonmonotonicity and is commonly used for validating uncer-
tainty analysis methods. This work uses the version developed by Sobol' and Levitan,?” which is defined as

f(X) =sin(X;) + 7sin*(X>) + 0.1X3sin(X}), (19)

where all three uncertain parameters X;, X5, and X; follow a uniform distribution U(—z, z).

The RMSE values, based on 1000 MCS testing points, versus the number of LHS training points are given in
Figure 2. The results show that PC-Kriging requires only 70 training points, while Kriging and PCE require 300 and
75 samples, respectively. It can be seen that PC-Kriging has the steepest convergence rate and performs better than
Kriging and PCE metamodels at the same number of training points.
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FIGURE 2 Metamodel construction of the Ishigami function 1 OO -
107"
)
=
e b
10_2 r - 1O%Utesting
--1%0, .
testing
--PCE
->-Kriging
10_3 ‘ . |*=PCKriging |
50 100 150 200 250 300
Number of training points
FIGURE 3 Metamodel construction of the short column function 107 1.
--10%0, ..
testing
- 1%Ulesting
->-Kriging
--PCE
->-PC-Kriging

RMSE

Number of training points

4.2 | Short column function

The short column function models a structural column with uncertainties due to the material properties. The function
is given as

4X, X2

X)=1-—o -3 20
JX) bh’X, b*h*X> (20)

where b is the width of the cross section and equals 5 mm, # is the depth of the cross section and equals 15 mm, X3, X5,
and X; are the uncertain parameters in this case, and X;~LN (5, 0.5) MPa is the yield stress (LA represents a lognormal
distribution), X,~N(2000, 400) MNm is the bending moment (N represents a normal distribution), and X;~A\
(500, 100) N is the axial force.

Figure 3 shows that all metamodeling approaches can reduce the RMSE when increasing the total number of train-
ing points. The Kriging, PCE, and PC-Kriging metamodels, however, need different number of samples to reach the 1%
testing accuracy. In particular, Kriging needs around 1200 training points, and PCE around 120 training points,
whereas PC-Kriging requires only around 70 training points. Thus, PC-Kriging needs around 42% fewer samples than
PCE and around 94% fewer than Kriging. In this case, the PC-Kriging metamodel at each number of training points uti-
lizes a 14th degree of the PCE as the trend function.
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FIGURE 4 Geometry of the dual-band patch antenna. Ground plane shown with light
gray shade

1 FIGURE 5 CaseI convergence of yield estimation as a function of the
- -EM Model i ;
number of sampling points
--PCE
0.9¢ ~-PCKriging

0.85¢

0.81

Yield value

0.75¢

0.7

0.65 :
10! 10>

Number of training points

4.3 | Multiband patch antenna

The geometry of the microstrip dual-band patch antenna utilized in this work is given in Figure 4. The antenna is
implemented on a 0.762-mm-thick Taconic RF-35 dielectric substrate (e, = 3.5). The independent geometry parameters
arex =[L L L I3 I, W w, w, g|". The EM model R is implemented in CST.> The nominal design,
corresponding to the antenna resonances allocated at the frequencies 24 and 5.8 GHz, is
Xo=[14.18 347 1244 506 1556 0.65 829 5.60]7 (all dimensionsin mm).

The antenna yield is estimated for the following specs: |S;; | < — 10 dB for both 2.4 and 5.8 GHz. It is assumed that
Gaussian distribution of the geometry deviation vector dx has a zero mean and a standard deviation of 0.05 mm (case I)
and 0.08 mm (case II).

The parametric study on the convergence of the yield value versus the number of training points is shown in
Figures 5 and 6. The PCE, Kriging, and PC-Kriging metamodeling approaches are compared with the direct MCS
of the EM model involving 500 model evaluations. In case I, the direct MCS and the metamodeling approaches give
a comparable yield estimate. In case II, however, the direct MCS method gives a slightly lower yield value (0.490)
than the metamodeling methods (0.528-0.580), indicating that further samples are needed with the direct MCS
approach.

In case I (6 = 0.05 mm), the number of model evaluations needed by PCE and Kriging to reach yield estima-
tions comparable with the direct MCS approach is 300 and 100, respectively, whereas the PC-Kriging requires only
20 training points (cf Table 1). Thus, in case I, the PC-Kriging needs over 93% fewer samples than PCE and 80%
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FIGURE 6 Case II convergence of yield estimation as a function of the 09r
number of sampling points - ~EM Model
--PCE
0.8+ ->-Kriging
--PC-Kriging
i)
L
>
50 100 150 200
Number of training points
TABLE 1 Computational cost of the yield estimation
Parameter Deviations
Case 6, mm Method Estimated Yield Model Evaluations
I 0.05 MCS on EM model 0.770 500
PCE 0.776 300
Kriging 0.776 100
PC-Kriging 0.776 20
11 0.08 MCS on EM model 0.490 500
PCE 0.580 200
Kriging 0.532 50
PC-Kriging 0.528 20

Abbreviations: EM, electromagnetic; MCS, Monte Carlo sampling; PC, polynomial chaos; PCE, PC expansion.

fewer samples than Kriging. In case II (¢ = 0.08 mm), PC-Kriging still needs 20 model evaluations, but PCE
required 200, and Kriging required 50. Therefore, in case II, PC-Kriging needs 90% fewer samples than PCE and
60% fewer than Kriging.

5 | CONCLUSION

The polynomial chaos-based Kriging (PC-Kriging) metamodeling method has been applied to the yield estimation
of antennas. The PC-Kriging is constructed as a combination of PCE and Kriging. The former is utilized as a trend
function for the latter. The approach was demonstrated on the Ishigami analytical function, the short column ana-
lytical function, and the yield estimation of a dual-band microstrip patch antennas. The numerical results indicate
that PC-Kriging offers considerable reduction of the computational cost when compared with both PCE and
Kriging. Future work will be focused on the characterization of the approach for antenna yield estimation, specifi-
cally in terms of its scalability with respect to the parameter space dimension as well as statistical moments of the
input probability distribution. Future work will also consider the statistically based design of antennas using PC-
Kriging.

ACKNOWLEDGEMENTS

This work was supported in part by the Icelandic Centre for Research (RANNIS) grant 174573-052 and by the Center
for Nondestructive Evaluation Industry/University Cooperative Research Program at Iowa State University. The
authors would also like to thank Prof Jiming Song at Iowa State University for providing us with the physics-based
ultrasonic testing models.

25U80 7 SUOLLWOD @A1IEBID 3[R0 dde By Ag PaURACS a2 SAILE O 88N J0'SBINI 0 AIRIG I BUIIUO 3|1 UO (SUONIPUOD-PUE-SWiB) L0 B | ARe.q)1[BUIUO//STY) SUONIPUOD PUE UL | a1 95 *[£202/20/60] U0 AeIqIT8UIIUO AB]IA ‘80UBI0S JO AISIBAIIN LINGSSI AQ 2222 WU /Z00T OT/10p/LI00"Aa | ARG 1pUIlUO//'SANY WOJ Popeojumod ‘9 ‘0Z0Z ‘¥0ZT660T



10 of 10 WI L EY LEIFSSON ET AL.

ORCID
Leifur Leifsson © https://orcid.org/0000-0001-5134-870X
Slawomir Kogziel © https://orcid.org/0000-0002-9063-2647

REFERENCES

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.
22.
23.

24.
25.

26.

217.

Koziel S, Bandler JW. Rapid yield estimation and optimization of microwave structures exploiting feature-based statistical analysis. IEEE
Trans on Microw Theory Tech. 2015;63:107-114.

Koziel S, Bekasiewicz A. Rapid statistical analysis and tolerance aware design of antennas by response feature surrogates. IEEE Int.
Symp. on Antennas Propag. & USNC/URSI National R4di6 Sci. Meet. 2017;2199-2200.

Nordin MSA, Rahman NHA, Ali MT, Sharatol Ahmad Shal AA, Ahmad MR. Performance comparison of various textile composition
and structure through full-wave electromagnetic simulation and measurement. J. Telecommun. Electron. Comput Eng. 2018;10:55-58.
Datta T, Kumar AN, Chockalingam A, Rajan SB. A novel Monte-Carlo-sampling-based receiver for large-scale uplink multiuser MIMO
systems. IEEE Trans on Veh Technol. 2013;62:3019-3038.

Koziel S, Leifsson L. Surrogate-Based Modeling and Optimization, Applications in Engineering. New York: Springer-Verlag; 2013.

. Koziel S, Leifsson L, Yang X-S. Simulation-Driven Modeling and Optimization. New York: Springer-Verlag; 2014.

Ulaganathan S, Koziel S, Bekasiewicz A, Couckuyt LEI, Dhaene T. A novel Monte-Carlo-sampling-based receiver for large-scale uplink
multiuser MIMO systems. IET Microwaves, Antennas & Propag. 2016;10:1428-1434.

Liu B, Koziel S, Zhang Q. A multi-fidelity surrogate model-assisted evolutionary algorithm for computationally expensive optimization
problems. J Comput Sci. 2016;12:28-37.

Rama Sanjeeva Reddy B, Vakula D, Sarma NVSN. Design of multiple function antenna array using radial basis function neural network.
J Microwaves, Optoelectron Electromagn Appl. 2013;12:210-216.

Koziel S, Bekasiewicz A, Szczepanski S. Multi-objective design optimization of antennas for reflection, size, and gain variability using
Kriging surrogates and generalized domain segmentation. Int J RF Microw Comput Eng. 2018;28:1-11.

Du J, Roblin C. Statistical modeling of disturbed antennas based on the polynomial chaos expansion. IEEE Antennas Wirel Propag Lett.
2017;16:1843-1846.

Schobi R, Sudret B, Wiart J. Polynomial-chaos-based Kriging. International Journal of Uncertainty Quantification. 2015;5(193-206):
171-193.

Blatman G. Adaptive sparse polynomial chaos expansions for uncertainty propagation and sensitivity analysis. Ph.D. Thesis, Blaise Pascal
University—Clermont II. 2009;3(8):9.

Sacks J, Welch WIJ, Mitchell TJ, Wynn HP. Design and analysis of computer experiments. Stat Sci. 1989;4:409-423.

Wiener N. The homogeneous chaos. American Journal of Mathematics. 1938;60:897-936.

Koziel, S. & Leifsson, L. Simulation-driven design by knowledge-based response correction techniques. In Simulation-Driven Design by
Knowledge-Based Response Correction Techniques, 31-60, DOI: 0.1007/978-3-319-30115-0 (Berlin, Germany: Springer, 2016).

Liu, Z., Li, W. & Yang, M. Two general extension algorithms of Latin hypercube sampling. Mathematical Problems in Engineering 2015,
1-9, https://doi.org/10.1155/2015/450492 (2015).

Anonymous. Evaluation of measurement data, GUM supplement 1—propagation of distributions using a Monte Carlo method. Joint
Committee for Guides in Metrology JCGM; 2008.

Metropolis N, Ulam S. The Monte Carlo method. J Am Stat Assoc. 1949;44:335-341.

Garg VV, Stogner RH. Hierarchical Latin hypercube sampling. J Am Stat Assoc. 2017;112:673-682. https://doi.org/10.1080/01621459.
2016.1158717.

Forrester A, Sobester A, Keane A. Engineering Design via Surrogate Modelling: A Practical Guide. West Sussex, UK: Wiley; 2008.

Efron B, Hatie T, Johnstone I, Tibshirani R. Least angle regression. The Annals of Statistics. 2004;32:407-499.

Udell M, Horn C, Zadeh R, Boyd S. Generalized low rank models, generalized low rank models. Foundations of Trends in Machine
Learning. 2016;9:1-118.

Baker A. Simplicity. Metaphysics Research Lab: Stanford University; 2016.

Schobi R, Sudret B, Marelli S. Rare event estimation using polynomial chaos-Kriging. ASCE-ASME Journal of Risk and Uncertainty in
Engineering Systems, Part A: Civil Engineering. 2016. https://doi.org/10.1061/AJRUA6.0000870 (D4016002)

Ishigami T, Homma T. An importance quantification technique in uncertainty analysis for computer models. First International Sympo-
sium on Uncertainty Modeling and Analysis. 1990;398-403.

Sobol’ IM, Levitan YL. On the use of variance reducing multipliers in Monte Carlo computations of a global sensitivity index. First Inter-
national Symposium on Uncertainty Modeling and Analysis. 1999;117:52-61.

How to cite this article: Leifsson L, Du X, Koziel S. Efficient yield estimation of multiband patch antennas by
polynomial chaos-based Kriging. Int J Numer Model El. 2020;33:e2722. https://doi.org/10.1002/jnm.2722

85U8017 SUOWILLOD 8A1Ie81D) 3|ced![dde 8Ly Aq peusenob afe sejole YO ‘88N JO S3|NJ o Akeud8U1IUO /8|1 UO (SUORIPLOD-PUR-SLLBY/LID A8 | 1M AlRIq 1 BU1|UO//SdNY) SUORIPUOD pUe SWwie | 8u 89S *[£202/20/60] Uo AriqiTauliuo AB|IM ‘@0ueios JO AisieAlun LNOSSIN AQ 2222 Wul/Z00T 0T/10p/Loo A8 1M Aelq 1 pul|uoy/sdny Wwoy papeojumod ‘9 ‘0202 ‘v0ZT660T


https://orcid.org/0000-0001-5134-870X
https://orcid.org/0000-0001-5134-870X
https://orcid.org/0000-0002-9063-2647
https://orcid.org/0000-0002-9063-2647
https://doi.org/10.1155/2015/450492
https://doi.org/10.1080/01621459.2016.1158717
https://doi.org/10.1080/01621459.2016.1158717
https://doi.org/10.1061/AJRUA6.0000870
https://doi.org/10.1002/jnm.2722

	Efficient Yield Estimation of Multiband Patch Antennas by Polynomial Chaos-Based Kriging
	Recommended Citation

	Efficient yield estimation of multiband patch antennas by polynomial chaos-based Kriging
	1  INTRODUCTION
	2  ANTENNA YIELD ESTIMATION
	3  METAMODELING METHODS
	3.1  Process flow
	3.2  Sampling plan
	3.3  Kriging
	3.4  Polynomial chaos expansions
	3.5  Polynomial chaos-based Kriging
	3.6  Model validation

	4  NUMERICAL EXAMPLES
	4.1  Ishigami function
	4.2  Short column function
	4.3  Multiband patch antenna

	5  CONCLUSION
	ACKNOWLEDGEMENTS
	REFERENCES


