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Chant. 1

Introduction.

General Purpose: "Knowledge is not kv er until i1t is ap-
plied; before th© application is ade it is only potentiality*
Facts, principles, and theories are useless unless applied to
situations to which they are relevant.” The thought expressed
in this gquotation from k. R. lead is the key-note of the pur-
pose for wtiich the material presented In this thesis has been
gathered nd organized. .dathematies, as a means of ore-tive
expression, covers a broad field, for it is centered, about al-
most ever/ activity of life. The i1llustrations herein, have
been chosen from a vast wealth of material, with the idea of
broadening the reader’s vision by touching upon specific exam-
ples from -any sources.

Applioations: The acquisition of knowledge is not a goal
in 1tself. Concrete application or expression of that knowl-
edge i1s the response which rust be given to complete the learn-
ing. small boy sked his brother, who s studying mathe-
matics in college, to help him make a square corner. The brother,
could not, although i1f he had been sked the principle of the
ythagorenn theorem, he would have known it >erfectly.

Creative response must not be considered as something dis-
tinctive nd part from the mere equiring of knowledge. These
are not separate, but one; and i1t is the responsibility of the
teacher t guide no direct the student In sue ays ns to min-

imize :fforts and waste and still leave the learnin process

_ith him. The student who has been trained in or stive



expression will see the relationships invited iIn his problems
for they will met—- more to hie t an mechanical operations.
The material presented in the following sections is oriraa-
rily for the teacher of mathematics iIn the secondary schools,
to bo used ns suggestive of projects In creative expression.
It may be made available to students as their ability or prog-
ress ¢ 3.1s for stivities ordinarily not provided for by the
texts. For students of superior ability, there is material
included to furnish ope ling activities for the development
of creative and cultural qualities not usually attained from
the study of mathematics. For those students who manifest ina-
bility to learn or dislike for mathe atic8, the purpose Is n
nooeal through creative expression; and -.lthough the irinciples
involved may not be fully under t >d, the production of a con-
crete piece of work ill lead towards & definite goal of ocom-
plIshment, &itoh In 1tself is e tas usre of improved learning .
School -quipment and Facilities for Learning: In order that
creative ctivitles ay be a part of the regular school vork, the
curriculur , equipment, and methods of teaching will be called
upon to lend themselves to -miking a favorable anv 4+onr.ent. The
courses offered iIn mathematics must be looked upon as general
modes of thinking, as oor prehensive and flexible patterns for the
re-arrangement of experiences, and -0t merely as "tool" subjects.
The equip:.ent, which 1is ordinarily limited, .nay be ad ©d to by
purchase, but preferably by hand made constructions, whose plan-
ning and execution offer excellent opportunities for creative
activities. The method used, whether they be group or individ-

ual i1nstruction, lecture, question- newer, or laboratory, must



offer a chance for self expression, creativeness, and practical
associations™

.roper facilities for carrying out a program of creative-
expression ar.; ideals ot generally realized. The rows of desks,
the orderly shelves of books, and the inelastic curricula are not
conducive to elf expression on the part o- the student. He needs
books, but reading should form only a part of his activities.
Instead of rov,s of desks he needs a group of related laboratories
«where, under guidance, he can try out and discover the character-
istic pursuits of Idult life. )Id fashioned classes In mathe-
matics rust needs di a pear, and In an attempt to iIntroduce the
student to projects through which he may attain self education,
activities® approaching life situations must appear.

Sources of Suggested rojecta: Creative activities in math-
ematics offer excellent opportunities to observe concrete forms
and situations, as those found iIn plant life, sno- flakes, the
planets, light nd sound, and so on. These expressions may take
the forra of designs, constructions, industrial a iplications,
or devices of various kinds. The res Its obtained ay be varied
by the use of color and decoration, ad. be displayed on bulletin
boards or iIn ot .er \rys about the class room. Activity may man-
ifest i1tself In projects such as running school bank, building
a radio set, running a book store or shop, putting on a style
show to exhibit geometric figures nd designs on clothing, or it
may be in forms of entertalnrent and clrematization which can be
used on programs by the lathematics Club.

Field trips ay often facititate observation, for some of

nature*s most enticing geometric applications are not give to



a removal from their out-of-door settings. The use of a scrap
book for recording observations and preserving collected examples,
specimens, pictures, diagrams, and a -plicatio* 3, is a means of
bringing together the various activities In connection with some
project into a unified hole* The results of such ere tive ex-
pression, ray be placed on dis lay, or kept for future use.

The Adaptability of ja Greative-exoression Program: The
activity progrs 1is an accepted reality in a large number of

progressive school systems. Measured results have bee- 'ado
which show that i1t is possible to teach through activities and
still accomplish nor al or better than normal results in tbs fun-
damental skills.

A course iIn Cultural ithem ties was iIntroduced at ntioch
College In 1928 for freshmen} No group iInstruction is given on
the rindole that creative powers are thus stunted. labora-
tory plan of study is followed in which emphasis 1is pi: ced on
the quality of work rather than ouw-ntity, and progress 1Is meas-
ured by the satisfactory mastery of successive oroblens. To
illustrate: the application of the law of sines to the solution
of a triangle is not shown b example, but the student is asked
in a given concrete ease to explain ho the law may be used to
fine the necessary emrts of the triangle. Thus ho gains an in-
ward feeling that he is creating ideas of his own. J. D. Dawson

voices his opinion, which is tempered by the opinions of sso-

ciated instructors fird students, In regard to the results of the

1-Dawson, J. D. : Cultural *athematics at Antioch, chool and oci-
ety (January 24, 19;51) Vol a“Ulll p. 141-144.



course. He believes that although :le evera. o student may cover
less ground, a better understanding of the material has been
gained, and more adequate applications may be made. An apparent
increase of student interest has come with the change In method,
teaching interest has also been iIncreased and the work has be-
come a cooperative enterarise In the College.

The question is being asked, "Is reative ducation Com-
patible with Mastery of the IlAindament 1 Proces,ses’?':'L illard
W* eatty ana era the question affirmatively, e states that
a real education must consist of at least two parts— that which
transmits to the coming generation the traditions and achieve-
ments of the past, and that which provides opportunity for crea-
tive expression out of hich alone can develop the power to
contribute further to the perm ment heritage of the race. The
schools of Bronxville, ew fork, under the ouperintendency of
Mr. eatty, have reco ni,ed these t o obligations, and raile
S curing creative e pression in a notable degree, are also main-
taining high standards of ccaaplishment in the fields of objec-
tive learning. The fret is therein recognized that the poten-
tiality for creative expression an the bility to fashion from
materials of his environment some expression which shall be
stamped with his own personality, 11®3 ithin each i1ndividual.
In the formal subjects, goal standards are set which the student

must reach iIn order to be ready for advancement iInto the next

1-Beatty, 1illard .: |Is Greativo education Compatible vAt
Mastery of the . rr-ontal o cesses? ationai ducation Asso-
ciation. jeoartn nt of wuperinter,hence. Jfficial Report

1930. p- 147~



unit of work.

A method of combining the c nerete and abstract iIn athe-
matics by projects, use of graphs, recurrirt to OTory day real-
ities of students, and other means of approach has been outlined
by Fletcher Durell} As indie ted by r. Durell, the advantages
realized by this method lie iIn the additional values hich are
given not only to the practical and vocational, but also to the
ideal and spiritual side of mathematics. The results of a semes-
ter’s work on an activity orogra in a fifth grade nglish class
have been resorted by 0. J. Crawford and jillian ray? The
class, which was not a highly elected one, made about 60 per
cent more gain in nglish than was normal for the semester.

In eonslserin, vital values in ere- tive expression? Margaret
E. athias concludes that wholesome physical activity, acqui-
sition of knowledges and skills, development of desirable social
habits, and individual satisfaction are provided for the student
by the use of materials suitable for creative work. Her exper-
iments ere made with children iIn painting. However, recognition

of these qualities there stregthens the fundamental principle of

the advantages of creative expression elsewhere.

1-hurell, F*: 1Lakin - the ..oncrotmand bstract Kelp ach th«r
in _i.,auhematics, school cience and”.othematics. Tuctobor. 192%)
YoiTArrr™pTTos-713.

E-Crawford, 5, G., and Gray, Lillian; :-ensured Hosalts of Activity
Teaching. National ducation ssociation Journal (October, 1931J
Vol. XX p. 270.

3- athias, , 1.2 “Vital Values In Creative expression. National
Education ssociation proceedings (1930") p. 376-378.



Creative expresslon through music, art, literature, sad
drama, 1is quite generally recognized as an ideal y of awak-
ening In an individual the highest form of response of "which
he 1s ocacable. orkin wupon the same principle, creative ex-
pression through mathematics, will awaken new iIntorests, re-

sponses, and abilities for direct application*



Chapter 11

The Language of mathematics as Indueive to Creative Acitlvity*

haithesiatical gbnXism in cienoet he symbolism of mathe-
matics is simply a Isnguage by m ms of ahieh thought is conveyed.
It 13 required for the best expression of scientific method when
the relations to be expressed become too involved for ordinary
language, vrhich is less precise and complete* There have been
periods during which no progress as made iIn mathematics because
the point had been reached at which re., symbols wore access ry
before further expression was possible. In each ca e tha need
led to 1Invention end the necessary sy bole were farthoomir , wlhieh
enabled further progress. In ardor to realize the importance of
sy bols a student ne d only undertake to carry out a siraole oper-
ation, e.g., in algebra, with words alono.

Much of current literature makes free use of mathematical
symbols, orkers in science find them convenient n& indi spen-
sable for conveying their findings to others. The _.student should
be encouraged to collect articles from his readings which oontain
such symbols, or to list as many ns he may be familiar 1th,add-
ing to the list s his observations broaden his field. The list
may be arranged according to the year iIn which each symbol was
first invented, according to tha country which contributed each,
or according to t e branch of mathematics to which i1t is especial-
ly adapted, as, Tor &n >ie, the signs of algebra and the inte-
gral and differential signs used iIn calculus,

..rogren-, of wumber forms; The development of number forms

is a long no iInteresting story. source of ctivity for the

student lies iIn tracing these changes from the Chinese, Babylonian,



Egyptian, anti other early languages, into the old urooean and

the modern languages. Material of this kind -may be gathered from
a good dictionary, encyclopaedia, or histories cf mathematics.
Reference is also, made her©® to gmith’s Number Storieslin\Nhich the
progress of number forms is discussed quite in detail.

Modern Ar bic and ..nan Potation; “le ten di 1% S ;f the
Arabic otation a3 used today may bo found in various styles and
types of print; e.g. H and 4. Calendars, bulletins, and other
sources furnish illustrations of such types. The Roman notation
includes the use of I, V, X, C, L, M, D, and “ (the bar) as
applied t many of the symbols. This otation is still uso quite
commonly on corner stones, clocks, so o legal documents, and
else. _here. The student should be able to add to the list.

The combination of figures n both types of notation to form
large numbers may bo made the basis of creative activity. For an
exa pie In Arabic notation, the number of molecules In a gram is
expressed as 6.06 X 1(%% a form with considerable advantage over
the ex >anded notation. Other for s ray be shown.

.nglish and etric ./stems of eights and Measurements; The
systems of weights and measurements as expressed in xiglish and
in Metric terms, each uses an organized group of notations from
mathematics. Just as the use of the common fractions 1is gradually
giving way to the use of the decimal fraction, so iIs the English
system of weights and measurements, which involves common fractions,

giving way to the Metric system, which involves decimal fractions.

1- mith, David .: umber _torias of ong Ago Boston- aw York;
Ginn and ompany, 1919,
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The graph of the etrie dvance, as shown on "late I, is indic-
ative of the IiIncreased usage of the etrie system: among the nations
of the world, 1t is presented here that creative activity -ray be
centered about it and interest aroused for i1ts adoption by the
United tates and Great Britain, /hie would then mean a one
hundred per cent metrical world* The material presented can be
re-arranged into other graphical types, as, for xaranle, a time
line, a bar graph, or according to geographical loc tion of the
countries.

A few otaer suggestions are given iIn regard to the metric
oyster, about which projects for student activity may be centered:
Constructed models will illustrat the eoramonly used units in
length and measures of volume and capacity* These models can be
oorapared with similar units of ensure iIn the English system.

A project ray call for obtaining bulletins from the United tates
Bureau of standards as added sources of information. Another
project may include making a collection of labels containing dou-
ble markings: as, a can of eas— 1 pound 3 ounces or 539 grains,
a bottle of listerine — 7 fluid ou ces or 207 cubic centimeters,
a package of sterilized gauze — 1 yard or .9 mater*

Al though the Ongllsh system of weights and measures is iIn
common use, the units involved and their relations to each other
could be made the basis of projects to increase one’s familiarity
with t am. Many of the historical facts, which arc ordinarily
overlooked, ould appeal to the student i1f arrived at through
some form of activity. A orojact ay be centered about the terms

used, their origin, and derivation. The following are current

facts, to be used as suggestion, fro mathematical history: The
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yard was used by King Henry 1 of England as a unit, being the
distance from the point of his nose to the end of lis thumb.

The standards for the rod. and foot In the 16th Century ere given.
1
in the folio*,flag account.

To find the length of a rod in the right and lawful way,
and according to scientific usa e, you should do as follows:

Stand at the door of a churchon Sunday, and bid 16 men to
stop, tall ones and snail ones, as they happen to pass out when
service 1s Tinished; then make the put their feet one behind
the other, and the length thus obtained shall be a right and
lawful rod to measure and survey land with, and the 16th part of
It shall be a right end lawful foot.

I"an ford, Vera: 4 Short History of Mathematics. Cambridge:
Riverside Press, 1930 p. 354,
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Chapter 111

Number# as Classified by Significant Halations*

General Clas i1fioatlona: [lumbers may be grouped with the
principle of factoring as a basis, with const uetion as a basis,
In series or progressions, and with other basic classifications.
Each roup thus enu eratod contains various divisions each appro-
priately named, so that numbers may be referred to by many defi-
nite classifications. Collections of as many of these groups as
possible, wit their sub-divisions, may be ade. few of the
classifications are here discussed briefly, as representative of
the activity which ay be i1nvolved.

Factors as a dasia of Grouping; 1th factors as a basis of
grouping, the classification will include such numbers as the
perfect, the amicable, the prime, and the composite. The perfect
and a icable numbers are few coroared to other groupings. Activ-
ity for the student iIn regard to such numbers may bo centered
around the historical iInterest iIn the athematiclans who discov-
ered some of them, as well as in including i1llustrations for the
general grouping of numbers.

A method of discovering prime numbers is by the use of
Eratosthenes* Sieve. ratosthenes inscribed the odd numbers on
parchment, find, having out out all the composite numbers, the
remaining parchment had so: ewhat the appearance of a sieve. The
method was as follows: rite the natural odd numbers:

1, 3, 5, 7, # 11, 13, U » 17, 19, U, S3, &% H , 89, 31, 5#,
Counting from 3 strike out every third number; counting from 5

strike out vary fTifth number; counting from 7 strike out every



seventh number, and so on* The numbers that remain are prime.
lumber -atived fr-I's strujtion; ™'umbers derived, from
construction say include such classifications as commensurable,
incommensurable, triangular, square, and oblong numbers.
Numbers that are incommensurable may be i1llustrated by the
famous case of the side and diagonal of a square. Let ABCD
represent the square. On the diagonal AC, AF is laid off equal
to AB. The remaining distance, FC, then becomes the side of a
square whose diagonal CE lies on the aide BC, EF being perpen-
dicular to AC, See Plate XX, Fig, 1. This may be constructed

by the student and by taking a definite length for the side of

13

the square, approximations of the lengths of the diagonals derived.

Triangular numbers may be i1llustrated br cannonballs piled
In triangular formation. The formula for finding the number of
balls in a pile with triangular b se i1s given by: 1/6 n(n+1){n+2)
where n equals the number on each side. The triangular numbers
are: 1+3+6+10+15+21+ — — — -- etc. The student will find 1t
of iInterest to use any available spheres, as marbles, and by
forming different sized piles verify the triangular numbers.
Square and oblong numbers my be found in a similar way by chang-
ing the base of the pile to a square or oblong*

Himbors 1In Series and Progress! ons: Numbers iIn series and
progressions will include such classifications as circulating
decimals, and arithmetic and geometric series Or progressions.
Examples of these may be found iIn various toxts or reference
books. Activities my center about direct applic tions or prob-

lems to illustrate. The solution of the famous problem of the

loaves which 1is given in Chapter X1 1is illustrative of an
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arithmetic progression.

The GocaSotric nnd T1 thr-tic Mcans; Problems and construc-
tions i1llustrating specific exa pics of the geometric mean and
progressions follow: Fig# 2, Plat® 11, shows any right triangle
in which AD, the perpendicular to the hypotenuse BC, is always
a geometric mean between the lengths BI) and BC* In Fig, 3, AB,
the tangent, is always a geometric mean between the lengths 1C
and AD of the secant AD. In Fig. 4, the triangles are equilateral
and formed by joining the mid-points of the sides. If ABM, tho
perimeters of the triangles in order of their size, 3, 3/2, 3/4,
3/8, 3/18, etc. for a geometric series* A similar construction
is shown in Fig. 5, where the comparative lengths AB, IF, D.,
etc# may be determined by the student. Fig, 6 is i1llustrative of
the geometric mean, or the single term which is inserted In geo-
metric progression b tween two numbers. In this illustration
the geometric moan is the square root of 4 X1 or 2,

The arithmetic mean of two numbers is equal to half their
sum. To i1llustrate: A piece of rope when coiled In a round mat
13 found to have 12 complete turns, or layers. The innermost
turn 1s 4 inches lon? and the outermost turn is 37 inches long*
The near, is 1/2(4+37" , or 80 1/2 inches. The length of tho rope
then 1s 12 20 X/2, or 248 inches. Other Illustrations may be
made by winding, a rope around a con©, or iIn noting the number of
strokes the clock makes iIn striking the 12 hours of a day or
night; e.g. 1/2(12+1)12, or 78.

The arithmetic mean is also used as one of the measures of

central tendency iIn statistics, The column diagram i1llustrated

in Chapter VIl is the graphical representation of this measure.
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As a project for student activity, the computation of various
class averages 1is suggested* The marks of an iIndividual student
may also he used, and the averages computed from time to time

he graphed in order to lllustrate the progress being -de. Actual
data should bo -iven to the students to he put in visual form.
Chapter VII, on graphical representation, will suggest types of
creative expression which i1t may be found desirabl- to use in

this connection.
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Chapter 1V
The Acquisition of Short Cuts iIn Mathematics: An Activity which

Lends itself to Cultural as well as Utilitarian Values.

General urposes; Short cuts iIn mathematics are a means hy
which cultural values my be developed. |If one must always be
busy with the common place things iIn life there is little time
left to develop superior appreciation and aptitude. To be able
to reach a goal quickly is an incentive to go farther, to explore,
and create, and reach out to include more than the mere attain*
ment of the immediate end in view. By the application of short-
ened methods, e.g,, to the processes of addition and multiplication,
in acquiring the utilitarian purpose of mathematics, a feeling
of appreciation for the beauty and power therein 1Is created.

Abort Cuts Basic in the ""awr fundamental Processes”™ The
following are suggestions for ''short cuts"™ which are basic in
computations. Other shortened processes are available from va-
rious text books which may be added to those given here. The
student may apply such rules to specific examples to be used for
illustr tions, or I1If of superior ability he may be interested in
preparing to some extent exposes of the machinery behind each of
the "'short cuts,”

To square a number ending in 5, multiply the number of tens
by one more than itself and annex 25.

To find the product of two numbers whose tens” digits are
the se e and w .osc units” digits add to make 10, multiply € e

tens” digit by one more than i1tsel * and annex the product of the

units’ digits*
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The "elevens” rule”™ may be i1llust-atod by 11 X 4538 = 49858,
Tito 2 for the right hand figure-. Add 2 & 3 for the next figure ;
5 &4 for the 4th figure; and write 4 for the 5th figure of the
product.

The process of "ousting out 9rs' = he used as a cheek for
addition, multiplication, and division. For addition, add the
digits iIn each of the addends and divide by 9, The remainder is
called the "excess'". Find the total sum of the excesses and divide
by 9 The excess of the sum of excesses equals the excess of tre
sum of the addends. For multiplication the excess of 9»s In the
produet equals the excess In the product of excesses of the mul-
tiplier and multiplicand. For division, whan there i1s no re-
mainder, the excess iIn the divident equals the excess iIn the
product of excesses of divisor and quotient. hen there 1is a
remainder, the excess of the product of the excesses iIn the di-
visor and quotient plus the excess of the remainder is equal to
the excess iIn the dividend,

A number may be squared by the expansion of the binomial
theorem as iIn algebra. Thus, (96)22 (90+6)2— 8100+1080+36= 9216,
or, (96)22 (100—4)28 1000-800+161 9216,

In addition It iIs sometimes an advantage to be able to add
two or more columns at a time. To do this for two column’s begin
with the number at the bottom and add the units of the number
next above, and then add the tens, naming the totals only. Con-
tinue In this way until all the numbers arc added. To add three
or more columns, the method for two columns is extended to iIn-
clude all the columns desired,

..extraction of Boots: Other ''short metmods"™ of computation
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are used In extracting the square aid cibe roota of numbers* For
more rapid computations, tables have been né&e of the squares and
cubes of numbers* tudent competition and verification of solu-
tions, iInvolving the direct amlieation of such tables, would
insure skill and efficiency of their u-a*

"Te algebraic ethod insures a rapid calculation of square
and cubs roots when tables are not available. To o the rela-
tionship between this method and the expansion of the binonial
theorem, the following i1llustration for square root 1iIs given.

The extraction of the cube root involves more compLiertod compu-
tation md Is "ot often used, but to shothe similarity iIs a
worth while expression "or the student. To extract the square
root of 547.56 by algebraic "ethod, apply the binomial expansion:
(f*n)ZZtZern*nz, "here T Is the found part of the root at agy
stage, and n is the next digit to be found. and (P ,
or 400, subtracted from 547.56 leaves a remainder of 147.56.
This contains Sfg+nq,fnx*5} with a remainder of 18,56. This
now c¢ ntair.s Sfg-ng, {njp0.4} ul th no reminder, giv ng 25.4 as
the root sought.

The extraction of the roots by the graphical method, although
limited in its usefulness, i1llustrates the functional relation-
ships involved. To obtain the chart, (See Plate 111, Fig. 1),
plot the graphs of the equations: X"fy7tnd X*fy* To illustrate
the validity of the caurves-, the student nay find the roots of
various well known squares or cubes on them* Fran, the curve,

OD, can be re d the square root of any number from 1 to 100 cor-

rect to one decimal place. Curve BC i1s a conti uation of CA,

and from it can be read the cub® root of any number between 1 and
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200, correct to one decimal place. he {graphical ethod can also
be used to extract fourth and higher “oots.

That the student may a-predate the added dexterity given
b/ "short cut" methods of extracting roots, he should determine
them i1In other ways, as by the geometric method, the factoring
method, or the method of averages. Fig. (2 Platelll, diagrams
the geometric method, using the square root of 2025 as an example.
A square whose area is 1600 is 40 units on a side. A square
whose area i1s 2500 is 50 units on a side. If the square of 40 units
on a side is taken ut, two rectangles and a square remain. The
length of the rectangles is 40 units, so the problem i1s to find
the width. If the width is 6, the combined area is too great,
therefore try 5, and the combined areas becomes 2025.

The factoring method may be i1llustrated by finding the square
root of 85,766,121. Its factors are 3, 3, 3, 3, 3, 3, 7, 7, 7,

7, 7, 7, therefore its square root is 3X3X3X7X7X7, or 9261.

To find the square root of 40 by the method of averages,
factor it into 5 X 8. Taking the average of 5 and 8, the factors
approximate 6,5 X 6.15. Averaging again a better approximation,
6,325 X 6*5241, 1is derived. The process ray be repeated until
ns many significant places as desired are obtained.

The method of obtaining a result, not being the creative end
for which mathematics exists, the nuoil should be encouraged to
find direct application in spocifio examples; e.g., hat is the
shortest distance from the south-west corner to tho north-east
corner of t township?

Thus the extr ction of the roots of numbers means more than

a mere following of formula or rule. To be able to do so by one



method is sufficient for utilitarian purposea* To be able to
reach the and in view by other -methods an well, broadens .nos
appreciation of the application and -purpose by connecting through
creativoness aid self expression /hat might otherwise bo isola-
ted facts.

Lopami tmita ®O,— utatlms; There are methods of computations
of a more advanced nature which night be thought of, also, as
"short cuts'”. The long ad. laborious arithmetic computations of
astronomers rare brought to an end iIn the early pert of tw 17th
cent ry by the invention of logarit ms. These had been forshad-
owed iIn the use of exponents by Stifel, but i1t was for Napier
who was in clone touch wlth riggs to invent then. Student ac-
tivity may bo centered around such suggestions as; historical
facta concerning the invention, a comparison of the too types
of logarithm a, as, their bases, the hind of work in which each
5a used, and the method of changing from one to the other. Spe-
cific iInstances ay bo found whore either type is used, as in
aoulication3 iIn business, economics, a™d science.

The student mem not gain speed by the application of loga-
rithms to s-eacidic problems involving simole processes In multi-
plication, division, involution, or ev.Intion; e.g., thoae cen-
tered about the right angled triangle, but by making such appli-
cation he will discover some of the beauty of mathematics, and
will gain a cultural knowledge and an aoareciation of the prin-
ciples i1nvolved# The so of the slide rule iIn commuting values
by logarithms involves creative activity. If the student does

not have access to a slide rule, he ay make one in Bristol

board. (Gee Chapter VII1.)



Algebralc Lows Considered as Ciovi Guts: Algebraic prin-

ciples, as the La a of "-"xponents, awi of \Xgabra, and Laws of

are iIn themselves "short outs™. It iIs suggested that
student activity ho centered about graining thane In6, and
giving 3pacific examples to illustrate.

The advantage of tlie Laws of Exponents ray be shown by
expressing a oo:rr.itation involving them in sere other form, as,
for ex nolo: 76+73* Tx7T*7*7*7*7 & 7*7*7. In similar ways each
of the laws >my bo expressed. The student ray learn to manip-
ulate exponents and signs with a -root deal of skill, but inless
he has gone further than formula and theory would require, and
not up for himself a goal which includes the purpose and advan-

tage of such discoveries, he has lost the real value which self

discoveries and Croativenoss offer.

78749
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Chapter V
Basie Mathematical ‘recesses Considered for Creative and Cultural

Values,

Use of .mructions: .ructions no* so easily expressed as
common fractions, decimal fractions, or per cents, are a compar-
atively recent invention* A project based on the development
and use of these for.is . ay he made more interesting by including
constructions to illustrate them, Pestalozzi*s fraction Sheet,
waich shows toe relation of the parts to the whole, is an early
method of studying fractions* Plate IV illustrates its construc-
tion end other constructions which may be useu as suggestions
for student activity,

Measurement of ingles: An angle is a changeable figure
usually thought of as being measured in degrees or in radian®,
iI.e,, "natural”™ measure# fuclic in nie "Elements" defines an
angle of a segment as that angle "contained by a straight line
and a circumference of a circle™* The Babylonians had, before
the time of lucllv, divided too circle into 360 degrees getting
their idea, :0 'doubt, from toe 360 days of a year* A project
for student activity may cantor ar :und the early development of
angular notation, late V contains suggestions f :r v.ays in which
angles may be illustrated by cardboard constructions*

Illustrations for the various kinds of angles, as acute,
right, obtuse, straight, supplementary, ana complementary, nay
be noted about the class room. Articles showing them may he
collected from various sources; e.g., a carpenter's rule, clock

hands, a oocket knife, or a folding fan. Pictures of objects in
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which angles appear may be collected, classified, and mounted
as a means of creative expression in tills connection.

Development of Trigonometric Tunctions: |If the graphs cf
the sine, cosine, tangent, and cotangent functions are constructed
to the scale of a unit circle, their modes of variation arid com-
Xiarative values may be observed. Plate VI illustrates a project
which may be centered upon this principle. If the scale for the
unit circle be taken large enough to avoid crowding effects, the
graphs tnay be combined into one diagram, and produced iIn artistic
form.

As a project the student may construct from cardboard a unit
circle mounted so as to rotate upon a card. Fastened at any point
on the circumference is a swinging pendulum which is scaled in
length similar to a scale across the diameter of the circle. >S
the circle is made to rotate 30 that t€! various angles have been
turned, ns indicated by the scale of degrees about the circle,
the sines and cosines of the angles may be read from the vertical
and horizontal scales.

There are notable applications of the sine and cosine curves,
as iIn the study of sound waves and alternating electric currents;
e.g., In radio. These suggest further creative and cultural ac-
tivities for the student.

Differentiation and Integration: Calculus iIs sometimes
called 'the mathematics of nature”. It deals with change, and
"in nature all things change'™. Calculus 1is used to simplify many
commutations which would otherwise be long and complicated. It
may be applied to work ;n many fields where summations, rates of

motion, slopes, maxima and minima, and other concepts involving
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change appear, i"ho student may find -nd list specific applica-
tions of the use of differentiation and iIntegration. Articles
from current literature showing the use of calculus In various
fields ray be found. For example, calculus may be used iIn making
computations in aviation, In radio activity, 1iIn medicine, and
-herever the direction, speed and balancing of forces are involved.
Diagrams showing the principles involved iIn differentiation
and integration may be constructed iIn forms suitable for display.
Such diragrams may be found in books containing the elementary
principles of ¢ lculus. Other activities may center around the
historical facts in regard to the discovery and perfection of

calculus



Chapter ¥1
Creative Activities Involved in the Construction of mechanical

and Graphioal, Devices Used in Ancient and in Modern Times.

*:-i; Devices Joed nu Compute,tlon: :ooe of Uio devices used
- coapulin, in early tii3.es, eltilougn o>"iod jo uui , .ere iadis—
pdisable in their day. Their study will a Turd the student means
of creative expression through constructions, diagraming, and
nuking direct applications, booh devices ...iso In.wvo an aocoal
iron their historical standpoint, may of then beir, closely re-
late.;. to the development and progress of tho science of mathe-
matics# Glaislier said, 7”1 am sure that no subject loses more
than mathematics b, any utter pt to dissociate it from, its history"

In the following pages 1 this chapter, a few computing
‘devices will bo discussed in detail that the construction of them
may bo made directly# Other devices will be mentioned as sug-
gestions for further activity whore reference material to them
is accessible,

many of tho modern devices may bo used by the student in
direct applications, it is here again suggested that .hero the
school does not have these devices available, student activity
be first centered around constructions for the oliss r am, and
then further activities follow in the form of the direct appli-
cations.

hany forms of the abacus appeared as early devices used in
computations. The sunn-pan in China, tho soroban in Japan, the

s*ohoty In Russia, the Soman abacus, and tho modern abacus are

all well known forms. The modern abacus consists of beads strung
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on a wire, or of buttons sliding In a groove. In the Roman aba-
ass , each groove is divided into two parts, with 4 buttons iIn
tho longer part, and 1 In the smaller part of each groove. :ach
of the 4 buttons stands for 1, and the single button for V, 1iIn
the units groove. In the tens groove, the 4 are X each and the
single one L.

The construction of ar abacus for s a simple oroject.

Illustrations of the work done on an abacus may be repro-
duced by means of a piece of paper marked with 4 or 5 horizontal
lines, with coins to represent counters. (See Plate ¥11) The
following describes the addition of 282 and 869: Since 5 coun-
ters on the units line are equivalent to 1 on 5*s space, 6 of
the unit counters are removed and 1 is carried to the next space,
le® ving 1 counter on the units line. Then 2 counters are re-
moved and 1 is carried to the next line, etc.

In subtraction the subtrahend is literally taken away from
the minuend and whenever a line or space iIn the minuend has an
insufficient number of counters, others are borrowed from the
s >ace or lire® next above.

In multiplication, the multi licand and multiplier are laid
out on the left. (See "ig. 2, Plato ¥11) (In actual ork the
multiplier counters are removed when each has been used.) The
top line of the multiplier i1s taken as the unit and the multi-
plicand i1s laid out on the board as many times as there are
counters on this line of the ultioiler. These multiplier coun-
ters are then removed and the ne .t line i1s taken as a unit.
Parts 1, 111, IV illustrate this, in multiplying by 5 as in I,

the next higher line is taken as the unit and the multiplicand is
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taken as the unit and the multiplicand is divided by 2. (182*5)*
\t the conclusion, the counters that represent partial products
are added and the sura appears on the right#

Division on the abacus is accomplished by repeated subtrac-
tion, and the computer U3es his counters to record the number
of times the divisor hee. been subtracted. The units line 1is
shifted as the work progresses.

The sand board is an old Greek type of counting board on
which the figures are made i1n sand on a board and obliterated
after use.

On the countin board the numbers are represented by loose
counters laid on linos* This arrangement has an elementary place
value i1dea. |In regard to the permanence of the value at any one
position, a Greek writer said: ™"like favorites of a tyrant, their
value 1s sometimes more and sometimes less™.

The psaramites iIs a sand reckoner which was used by Archimedes
as a means of reckoning large numbers. By its use he determined
the a ount of emd required to fill « universe, of radius equal
to the distance to the sun, as being loss than 10e3 grains of
sand, assigning that 10,000 grains of sand are iIn a sphere of not
less than a fin or breadth.

Napier*a rods, Korean rods, and the ancient Chinese stick
numerals are other devices used to facilitate computations.

The coefficients of the various terms In a binomial expan-
sion are displayed in elegant form by Pascal’s triangle. (See
Fig. 3, Plate VII). This triangular array first appeared in the

form shown iIn Fig* 4, and is constructed as follows: rite down

the numbers 1, 2, 3, etc. ns far as esired in a vertical row.
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. the right of 2 place 1, add the* to ether and place 3 under
the 1; then 0 and 3 are 6, nnlch is placed under the 3; 4 and

8 are 10, which is placed under the 6, ana so on. The third
vertical row is for*;ea i'@¥? the second, and in a similar way,
the other rows are formed* This triangle gives, without the
trouble of calculation, how many combinations can be made, tak-
ing a y number at a time, out of a larger number* “or example;
how many selections cm be made of 3 at a tine out of 82 On
the horizontal row commencing with 8, look for the third number;
this is 56, which is the answer.

iwoaorn foechanical Devices} In mathematics, as in other
fields of ende vor, work arm energy are facilitated by machinery.
Thus innumerable inventions have been made which aid the mathe-
matician in his computations, in the small school many of these
will be unavailable unless constructed by the student. Neither
the list of devices w ich follows nor the list of applications
to wbion they may be put is complete, it is left for the stu-
dent to explore, discover, and create.

‘'ne straight edge, draftsman’s triangles and the T-square
are devices used for drawing stral ivt anu parallel straight
lines. (See gigs. 1 & 2, Plate Vill). The parallel ruler (Fig.
3} Is based on a familiar theorem on parallelograms. On this
principle, an extension shelf (Fig* 4) which always remains in
a horizontal position may be constructed. The carpenter’s square
(Figs, 0 « 6) may be used to determine a true semicircle or to
8 ow where to cut a ring into halves.

A simple compass (Fig. ?) may be constructed from a straight

edge. Pivot d at one end, a marker may be inserted in oles at
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at various scale distances and the edge swung around ;n circular
"notion, thuwua producing a circle of any desired radius.

ig.

shows an ancient form, and Fig. 9, a rae ns of using a plumb line

Levels may be constructed iIn a number of ways*

in a semi-circle to determine a level line.

The 3-4-0 rule i1s a simple means of constructing a right
angled triangle. { ee Fig. 10}

The protractor and combination r—ler and orotractor, 1if not
available may be constructed from card board, or 'rom plywood
for blackboard use. (gee Figs. 11 & 12)

The diragonal scale (Fig. 13) which Is based on the principle
of pro )ortioaal line segments, measures lengths to the hundred-
ths of an inch. This is also easily constructed.

Proportional compasses (Fig. 14) are used to make scale
drawings of given figures. By making OB’ equal to one half of
OB and OAl equal to one half of GA, and then opening the compasses
so that AB equals a given line segment, A*B* 1is equal to one half
of B* This is also the principle T proportional line segments.

On a similar principle the pantograph (Fig. 15) is used to
magnify or reduce a given diagram or map. A construction of this
kind for blackboard use would be a valuable aid for class room
work.

The slide-rule, which hs already been mentioned iIn Chapter
IV may be constructed from bristol board. A diagram and direc-
tions for construction are given iIn the Jlc Millan Logarithmic
and Trigonometric Tables.

The 1tonroo calculator is a valuable asset to a mathematical

department. simple adding machine may be constructed which 1is
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based on the principle of the ng?, familiar device of a series
of "-heels oueh having von gear teeth, one for each unit from

O to 9. (see fTigt 16) At eae complete turn of a y heel the
next higher one is turned through one tenth of a revolution*

"or the student v.o ay be iInterested iIn the mathematics of

the oatdilating machine, reference iIs here given to two articles
in the Mathematics Teacher. !

Hose-mds instruments for measuring horizontal ami vertical
angles arc diagramed In Tigs. 1 and 3, elate IX* ,—pirit levels
are used iIn sotting up the apparatus* A pin placed at 0 (Fig, 2)
iIs used as a pivot for the ruler, end a pin at k iIs used to sight
over in taking measurementse For further discussion of those
instruments, reference iIs here made to the Teaching of Mathematies
in ©Ooondary schools. >

The plane-table (Fig. 3) Is used for ntaoping* A simple
outfit may consist of a stool, a drawing board and a chalk box
for an alidade* Directions for using the olane-table nay be found
in ""The Third Year Boék"‘"3

The hypeeraeter (Fig* 4) is a \J,oden for:a of a goateetrio
square used to ensure heights* It iIs easily constructed by
1-Locke, LelanA: ;ore Mathematics of the Calculating Machine.
> 0.thematic* Teacher (November 1922, ToTT W p.’ 1 ~tHCT-
r. tics of the Calculating Machine* Mathematics Teacher ( &Y)-
r<s“"m4TyorrmT~"~r7V~Arsh
2*Breslic&, 1mst HJ he 1"eeeFng of t ou-tics 1; .jecondary
echopla* ChiC":"o,lIniversi ty of Chicago ress 1930 Volure I- ~’
Technique p. 126-128.
3-;puster, C. *2 Th eUse of Measuring Instruments in Teaching

L."interetics. Third Year Book”192&“ e “forkfteachers CoXlege,
sojuBsPra’iMnivarsity p. 215
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pasting a sheet of graph paper on a board and fitting plumb bob
and sights. By the principle of similar triangles, the desired
computations are made.

The astrolabe (Fig, S) 1i1s used to measure angles. It can
be constructed of a large circular bristol board protractor, 12
to 14 inches In diameter, which is divided Into quarter degrees.
This 1s tacked on to a board and giver, several coats of varnish
and wax. A ring is fitted in the top, and a sighting arm, or
alidade, suspended, J¥ a staff is fitted to the back so It can
be used i1n a horizontal position, 1t is possible to measure both
vertical and horizontal angles.

The sextant (Fig, 6) provides a means of measuring angles cf
elevation, and thereby determining latitudes. It may also be
used for measuring horizontal, vertical and nclined angles.
Further discussion of the :extant may also be found iIn the Third
Year Book,

The transit, alt ough ordinarily a complicated Instrument,
may be made or purchased in simple form. :"or directions for
constructing a transit as a nroject in geometry, reference 1is
here riven to the Liathercatios Teacher for 1931.1 Other discussions
of the construction a d use of the transit may be found iIn tho
Third Year Book and in the Teaching of stheraatics In Secondary
Bchool3 by Breslieh.

Other devices which lend themselves to similar student
activity are the angle rcirrox*, cross-staff, clinometer, planineter,

1- ngle, T. L.: Construetin £ Transit as a hro.lect in Geometry,
athematics Teacher" (November T931) Vol, JCITv No. "¥p. 444-447
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and vernier.

Mechanical devices for constructions of the hyperbola
(Fig* 1, Plate X), and of the ellipse ( tg. 2) may bo used in
creative expression by the student. To construct the hyp rbola,
fasten one end of a ruler at one focus, F*, so that it may swing
about that point, and to the other end fasten a string. Lake
the length of the string less than that of the ruler by 2a and
fasten the free end of it to the focus, F. Ssas the string
against the ruler with a pencil at e and turn the ruler about ?»e

The method of construction of the ellipse is also called the
Gardener’s Rule as it is used by gardeners for laying out ellip-
tical flower beds, hasten pins in the paper at the foci F and
F*e Tie a string to them, ranking the length of the string equal
2a, the length of the major axis. Then press a pencil against
the string and move it, keeping the string taut. The aim of the
distances of the pencil point from the two pins will at each point
be equal to the length of the string.

The Principle of the Golden section: The principle of the
Golden Section provides a method of producing a mean proportion
between two given lengths. Its construction was first discovered
by Pythagoras and presented as a geometric theorem. (Oee Fig. 3,
Plate X). The straight lino, a, is divided, into t’io parts, X
and (a-X) so that a(a-X)*Xzo 3y construction AB*KD and V*‘£B.

S«(FF+FD)(\jF-CP)«Ll.:’l:EDIO i 2. Therefore, FXo+ (1& «
Since EA3 is a right tri.angle, AsohAFZ-SSIgEf’é Then, A32+ AI%
FQICDHAR2.  Therefore, aB2=FGKD and UT-BBGE* The Golde ection

is used to c nstruct a pentagon. (See Chapter VIII)

Because of its mystic qualities the pentagon was adapted
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by tiie Pythagoreans as the badge of their society# The five
sides of the pentagon may be changed to produce various patterns
of the five-pointed star.

Devices used in the solution of the Three inelent rob.lens:
Because of their inability to square the circle, duplicate the
cube, and trisect an angle by means of straight edge and com-
pass, mathematicians ventured farther and discovered other means
to solve their problems.

The cissoid of Diodes is a curve used to duplicate the eubn,
for by it a length is found such that its cube is twice that of
the cube of some given lengthe The conctoord of iconedes is a
curve which also gives the desired length to duplicate a cube,

a ©l1 as the desired point through which to construct a line
to trisect an r-.ele.

The quadrat' Ix is a curve which gives the desired lengths
to square a circle, and to also trisect an angle.

The construction of these curves is not included here be-
cause of the necessity for rather long explanations, bo ever,
the superior student in geometrv may find those a source of in-
teresting activity. Trey may be found in various texts as well
as books of mathematical history# Besides the activity involved
in constructing the curves, specific a-grlice tions ay be made in
duplicating cubes, trisecting angles, aad squaring circles.

Devices fo.r easurinr Time and Tempera Sure: Devices used
for the measurement of time and of tempera ure may afford the
student a means of creative expression. The gnomen or sun dial,

and the water clock, ere devices used to tell tire before the

invention of the hour glass or more modern clock. A project may
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bo centered upon historical interests, and principles involved,
or a sun dial may be constructed according to proper mathematical
principles arid observations made.

.ensures of temperature are based on the centigrade and
Fahrenheit Thermometers. \ chart or reoh may be made to illus-
trate the comparative values, including the boiling point and
freezing point. |If the two types of thermometers are available

direct readings may be made to verify mathematical computations.
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Chapter VII

Relative Values Illustrated fey Graphs.

gees of the Orfwoh: As has been quoted by Klein, "The func-
tion 1s the soul of mathematics.”" The reading: world iIs becoming
functionally minded, and consequently current literature uses
freely the grant and its companions, the ~oraula and the equation.

The graph is ordinarily thought of as a means of clotting
related points which hare been calculated as values of unknown
quantities. In rovers© order, from the raoh of a function the
value of points -ay be determined. The zero values of poly-
nomials, the iIntersection points of geometric curves, Iinter-
polated values, and maximum and minlmu points are determined by
means of the graph.

Graphs are also used to i1llustrate relationships involved
In concrete situations. Rates, areas, volumes, water pressures,
and other functions from every-day life are definitely described
fev means of graphs. The business and economic orld, as well
an educators, find the graph a satisfactory way of recording
information, and more use iIs being made of It eac vyear.

The graph mag™ ho used to illustrate relationships between
aneed and 1istance, distance and time, or any t: values which
Vary deuondently* br example, iInterest on money depends on time,
the weight of a uniform, rod depends on length, the cost of a
quantity of sugar depends op weight, or the circumference of a
circle depends on its radius. The use of the graph in building
problems, railroad time tables, points of maximum net returns,

etc., means an unfolding of relationships In a manner easily
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understood.

These* are given m& suggestions of dependent relations of
?hioh =_any specif!© examples ray be found and represented rnph-
1oeily. 3unctional relational ips ox op exfst where they are
cosily overlooked* The following specific example iIn given an
a suggestion for activity in epplylis? the graph.

A total of 151 M, bricks are needed for a "bv13ding, a™d they
mill be usedas folio —a: 4. . par day for the first four days,
10M. per dsy fTor the next sixdays, and lol£. per day forthe Ilast
five days. 5 a matter of soonemy it iIs desired to have the
deliveries vade at a uniform rate per day. kind the maximum
storage capacity needed to alio uniform deliveries over the
fifteen day period. (See Fig. 1, 1ate XI) By measuring the
ordinate differences, AD and BE, it is found that the maximum
storage capacity needed is approximately 24,000 bricks. The
varying ordinate differences between the line "Total Used” and
the line "'Total Deliveries* show th growth an i1 disappearance
day by day of the pile of stored bricks.

ao of hr,-pho sad for gonerote 13 lu-strut)»mo: The
ap Mlication of the graph serves a two-fold purpose; 1st, it puts
the individual :n contact .jth a wide range of experiences, and
2nd, 1t enables t-e individual to co orohend total relationehins.

There are various classes and types of graphs used to il-
lustrate concrete situations. They include the bar re >h, pleto-
graph, circle graph, line gram or comparative line graph, histo-
gram or oolvm dia ram, and the ate graph, all of _hich are

popularly used, pinny and varied are the applications which can

be made involving, their use. A project hich suggests i1tself for
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the atudeob consists in collecting -graphs from hia ox : experience,
fro;, current iiternturn, or from any evaliable source, endeav-
oring t. find Illustrations of the various types and their appli-
cat-ona. ihe Col mowing illustrations -.re nivon ae suggest one

to start the student on @ ia tour of invertigntion ar-d ex loration*

The circle sranh -ay be a einglc dieaeeted circle as rhown in
Fig, 2, Pinte XI, or eeeverel concentric circles.

The learning curve vay be used by the pupil to show graph-
ical! the relationship of his score in tecta from day to d*y
over e period of time, Similar r -lieations ‘'ay be made to pro-
gress or achievement made by a elae + (See Fig* 3)

The pictopr-am is perhaps t -e '~.oat easily understood o-d is
often used to create an attitude for the usefulness of graphs,
or to introduce ; discussion of graphs among a group which is
unfamiliar with- them. Fig. 4 is an example of a pictogra.a used
I teaching aathematiere it serves to illustrate the elementary
principle Involved, and suggests ;av ooesibilities which would
put information of various hinds in an attractive and easily
interpreted form.

The bar graph lends itself to a variety of forms. (Toe
Fig. 5) The bars may be horizontal or vox tic .1; a single bar,
several bars, ?ac plain or ohcU die-sected; or a set of multiple
oars. Thic is m useful as ;uu on an interesting typo of graph
and tuo nhudent rill find it a .voans by which he may be creative
and original in ex crossing i~ 'o.rmation.

If a column diagram (Fig. 6} is plotted on e rdboard and
along the base and outline, the dia rar will balance on a knife

edge placed at the mean or evera o. The column diagram is a graph
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which May be used in 1i1llustrating the grades of a pupil or of a
clt- if the gr - aro tlius reprocunited, and the airora a or

V'm » grades (feo 1ihaptar 111.) obtained, the diagram dl1 bal-
>100 at ton point on ths scale. Other similar applle tlona may
bo made,

TFi® frequency polygon (fig. 7) or line graph is similar to

J mrvo. iv ral kind# of
1 ;ne grapna* an, single line -Shiah vy be broken >r curved,
and -vrveral comparative lines Cecl; of e;,hich may bo broken or
curved. a illustration of comparative lino graph is given
of Hif, 1, 1 to A. -is t po of grapl ibo user iIn comparing
ola a grades, or individual ach iomaments, iIncomparing tie price
of foods from time to time, In comparin™ the amount of rainfall
from ron.th to "nortf or year to year, andir. many ot"-or ways whore
comparisons .ay 1#w desired betvee d?finite functions! relation-
e 1Ips.

The s-a: -;rgoh represents rol* tions®™ Ipu by rien:—; of rec-
tangular c.re?s. fTig. ©, Plate- 11, represents t o distribution of
scores iIn a teat. he roctenglen a,ay be v- >lidaad b their diag-
onals, thus- convert;" 7?2, the sten grap 1 to a lire graph. The
student ray Hllustrat:. this by akin ths 1esii -u construction.

Graphs of jh/rctloas base ribod by -;,uat a;;- Graphs are used
also to i1llustrate to linear and non-linear functions expressed
by equations. Posters, descr! utive of various typos o curves,
may be construe i1-al by the- student as - means of creative express-
ion. Plate X1l suggests a few types of curves which may be iIn-
ducted.

fig. 1 shows the graph of an equation which has no real root.
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A cubic equation ray have one real root and two Imaginary
roots, imaginary roots always securin®* in ratrs. This i1s 1llus-
trated in Fig. 3.

The curve, y32§£5§;5x—2, as show 1n Fig, 3, cuts the X-axis
at -1, §, 1, arid 2. Hence there are four real roots.

In Fig. 4, y*T"2"-3"M-4x-t4, i1llustrates a curve in which x
has but two values, -2, and rl. It is thus shown that this func-
tion has two d table roots*

Fig. 5 shows the graphs of two simultaneous equations, one
a circle and the other a straight line. The graph shows that
there ere two solutions for the equations, points (4,3) end (-3,-4).

Fig. 6 shows that the two equations x*y*10, and , have
no real solutions*

Fig. 7 shows that 1n the two quadratic equations given, there
are four possible pairs df values for x and y; points (4,1),
(-4,1), (4,-1), end (-4,-1).

The graph is s convenient way of representing the variation
of a function, ns the iIndependent variables are given successive

different values. For ever ole, in the equation, ys-axt+b, as the

value of b i1s changed the straight line crosses the y axis at
those given values. If the value of, a, remains unchanged the
line retains the same alone for the various assigned values of b*
The student may use the same i1dea for a project to show the effect
of assigning different values to the constants iIn various types
of equations; as; the linear equation, quadratic equation, cubic
equation, simultaneous equations, and so on.

Conic Cections -Curves: Some of the possibilities have been

suggestc In the graphical representation of the curves of the
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conic seotlona; i#e#t the circle, ellipse, parabola, c d hyperbola#
These curves nay be produeed, ?g their name otswyests, fro® cross
sections of a cone. Each section taker rt a different, angle pro-
duces a different curve, or tme of curve. Fob*example, the
hyperbole is produced by a cross section, of a cone shared like an
hour *lass. This discovery res made b r Apollonius, and a project
in this connection Blight include historical facts iIn regard to

his life and corks.

Tinny curves my be observed by the student in the things about
him# Other forms of creative expression which may be centered
about such curves, may bo in vnvin.g collections of pictures and
diegrates to i1llustrate them, as veil as in graphical “reductions#
A discuscion of a few of such curves follows.

The soiral i1s the nave given to an important family of curves.
It includes the curve of the tendrils on vines; i1t is the path iIn
which a soMot travels which noises i1tbin the sun’s atmosphere and
eventually falls upon its surface? i1t includes the upiral Nebulae
of the heavens, the -viral of Archimedes, the hyperbolic spiral,
and the logarithmic spirale

The catenary i1s the curve iIn which r chain of unifor: might
erfll hang when supported at both ends.

The cycloid i1s the curve traced by r. point on n circle which
rolls along 8 straight line. Variations of this curve may be pro-
duced by the tracings of a point which 1s less than or rore than
e radius distance from the center of the circle. The wheel may
also be rolled on the inside or outside of a fixed circle instead
of a straight line, thus producing other variations iIn the curvee

The vitch of Agnesi, the leianiseate, and the eardioid are
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suggestions for other curves which my be included ir the students

srer tive activity ir. this rial
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Chapter VIII
The Construction of Figures of .rea and Volume as a Source of

Creative Activity iIn Mathematics*

Regular Polygons* Among the regular polygons which are
inacribable In a circle are the equilateral triangle, the square,
the pentagon, the hexagon, rind the octagon* ith the exception
of the pentagon, the construction of these is not difficult, and
from then: the construction of polygons having trice the number
of sides; as, 10, 12, 16, etc. 1is easily obtained. The construc-
tion of the pentagon depends upon the principle of the Golden
Section (See Chapter VI and Fig. 1 Plato XI11). Divide OB by
the Golden Section. BC-OD by construction. ODZSQB*BD- By sim-
ilar triangles BC;0JS3D:BC. CS-BC and ES is a side of the de-
sired pentagon.

Other regular polygons are inscrib-bio, as those of 15, 17,
and 257 sides, but their construction is also difficult. The
following rule has been established to determine what figures
can be inscribed: {2n)*PpBf§8*- - - - % equals the number of sides,
where 2 1is raised to any power and P represents any prime number*

Iso, (@n-1) represents the number of sides, i1f the result is a
prime number, as iIn the case of 3, 17, or 257.

It 1s of iInterest to note that, In the time of Ptolemy, a
figure was discovered which gives the sides of 4 of the regular
polygons, See Fig, 2 Plate X111, In which M is the mid-point of
kO and CD is the arc of a circle of radius MC. The length of
side for each is given as, OC* side of hexagon, BC= side of square,

CD- side of pentagon, and OD- side of decagon.
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Figures baaed on the regular polygons are found iIn profusion
in the snow flakes. These -may also b cut from paper and mount-
ed with beautiful offacta. To photograph the snowflakes against
a black background, i1s an interesting activ "ty for the student
who s handy -1th the use of a camera.

Regular inscribed polygons involve certain relationships
which may be graphed or diagramed as a neons of i1llustration by
the student. For example, the side i1s a function of the radius
of the circle, and therefore the area demands on the radius.

This suggests also, that there are relations between the perim-
eter, the area, and the sides. These relations may be charted
as a group.

Five Regular Polyedrons: There are but five regular pol-
yearons; the tetraedron, hexaodron, octaedron, odec edron, and
icosaedron, having respectfully 4, 6, 8, 12, and 20 regular
sides or faces.

The five regular polyedrons may be easily constructed from
paper. For patterns, see late XIV. The models t ;us constructed
will furnish a valuable background for a clearer concopt of theoe
solids. vith the constructions built upon a rat or large scale,
measurements may be taken and a project of determining areas,
volu es, and comparisons of the figures centered uoon them.

relationship between the octaedron and the cube is shown
in Fig. 1, Tate XV. By Joining AC, CD; DA, f&f, ifA, and $3 (Fig.
a regular totredron s formed within a cube. These figures may
be used to verify such relations iIn the areas as, Cube*6 g’ Tet-

rr.edron d*f3, and Octaedron = 0"Y3, where 3 represents a side

of a cubee ;uch a project in nensur tion may include rouping cr

2)
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charting all of tho possible values of area, surface, and volume,
with comparisons, of the five regular polyedrons*

Polyedrons are found in nature in the form of crystals.
Artificial crystals may be made fey modifying the edges and cor-
ners of the regular polyedrons* These crystal forms are more
difficult of construction but are attractive 1Tt carefully :ade.
The student who has designed the patterns and models for the five
regular polyedrons may proceed to modify them to obtain seme of
the results as suggested by Pigs. 3, 4, 5, 6, 7, and 8, Plate
XtT. Beads may also be found, to i1llustrate a number of the vari-
ous forms of crystals. Other volumes may be made from paper, or
modeled in clay or wood. (See Fig* 1, 2, 3, 4, and 5 Plate XVI).

General Volu os: A collection of woodon models to illustrate
the basic volume figures would be a valuable possession for my
mathematical department. They ay be purchased, but a double
purpose is served if constructed by students. See Plate X111 for
suggestions. Other figures may be added to those illustrated.

Observation reveals areas and volumes iIn towers, chicnays,
pyramids, gas tanks, Tflower beds, tin containers, road pavements,
glass iIn decorative windows, iInterior decorations, and many other
things. The study of dwellings, as the sklmo i1gloo, the Indian
te ee, chiff dwellings and the outh ea Island hut affords iIn-
teresting i1llustrations of geometric solids. Creative expression
may be centered iIn such projects as laying out a baseball dia-
mond, finding the cost of blackboards, finding the area ofj floor
spaces, computing the air space in the class room, andmpreparing
bills of materials needed for boxes, bins rr forth. ﬁ study

of excavations for basements ab >ut the eommu® Ity, as welt as brick
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and stone work may also suggest a project to be ba ed upon the
principles Involved in areas and volumes. As more appealing to
girls, a study of the cost of oranges for example iIn comparison
with their sizes may be made and thus decide on the mo3t economical
buy. Another project In connection with volumes may be based on
the forms found in a honeycomb or hornet’s nest. The student may
speculate on why the bee and hornet use hexagonal rather than
square, circular, or any other shaped bases In the cells of the
comb.

General .reas; Figures to i1llustrate plane areas, may also
be constructed of cardboard or wood, or drawings made of them by
the student. Gee Plate XVIII1 for suggestions of figures which
can be thus considered, and others may be added by the student.
A chart giving the formulas and principles used iIn com utations
of the areas of plane figures may be compiled, and direct appli-
cations of them may be made.

Any one of the plane figures may be taken as a basis for
more intensive activity and creative expression; ns, for example,
the triangle. There are many kinds of triangles, and these may
be constructed and classified. If in two similar triangles the
sides of one are twice the sides of the other, the area of the
bigger is equal to 4 times the area of the smaller. This may
be shown by c instructed blocks. ee Fig. 1, late XIX. “Wg* 2
shows that a triangle is equal In area to one half a parallel-

ogram of the s e base and altitude. Fig* 3, In ic CD-DO,

illustrates another method of forming a parallelogram fro-, a

triangle. Areas of triangles may be determined by the appli-

cation of various formulas which may be listed and i1llustrated
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by the student. Thus, the area of any triangle may he found by
the formula, Psie(©-a){s-b) {s-c), In n"-ich a, b and c represent
the sides ad. s-a+b-te), The area of a triangle iIn rectangular
coordinates {f-ee Fig, 4, .Plate XIX) may be found as follows;
Draw /A, BB, and GO*perpendicular to the X-axis, Then, area
ABC - Area AkCcVarea cfCBB-area /AB*. This expression may be
positives or negative depending upon the order iIn whic the vertices
arc arranged around the triangle (clockwise or counter-clockwise),
but i1ts numerical value is always the area of the triangle. To
com ute, this may be set up b determinants, as shown on Plate XIX.
Areas of triangles depend upon certain relationships; as, the
base and altitude, two sides and the iIncluded angle, three sides,
or as a function of the radius of the inscribed or circumscribed
circle, These relationships ray be illustrated by the student
in din Tams 1ir graphs as an added expression of creative activity
in the study of triangles.

The principle Involved iIn the Pythagorean theorem offer.,
many possibilities for creative expression iIn its application to
areas. Fig, 1, 8, 3, and 4, T"PlatO XX show ap Heat ions hich may
be Illustrated by diagram or construction,! To add to generaliza-
tions, char ges may bo made in the figure to show relationships;
i.e., keep two sides fixed and change the iIncluded angle from
acute, to right, to obtuse, The su-re on the sloe opposite the
changing angle is at first less, then equal to, and then greater

than the sum of t e squares on the other two aides. (G ee Fig, 5

1-KUpert, C, A*: Famous Geometrical Theorems and .Problems ,
Chicago, D. C. heath and Company 1900
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IT In Fig. 6, the triangles 1, 2, 3, & 4 are taken away, the
square on the hypotenuse of right-angled triangle remains; and
it the two rectangles AP and PB are taken away from the whole
figure, the sum of the squares on the two sides of the triangle
remains, but the four triangles all together equal t e two rec-
tangles, This may be constructed from blocks to i1llustrate the
Pythagorean theorem.

The ythagorean theorem ns observed In tiles illustrated by
Fig* 7. This ay be suggestive of various types of creative ex-
pression.

Figs. 8, 9, and 10, suggest further block constructions
w\Ich may be used for illustration. These do not exhaust the
possibilities, and the student may wish to add other proofs and
applications to these suggested.

By the Pythagorean Theorem distances between two points in
rectangular coordinates may be found. For example, the distance
between points and iIs equal to the square root of the

square of (xg-x) plus the square of The student may

set up many concrete examples of this application
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Chapter IX
Mathematical Principles involved iIn Design are Conducive to

Creative Activities,

The Regular Polygon iIn Design: Although the properties of
the regular polygons have been considered to some extent for
construction activities, they are again considered here in re-
lation to design, brras of design suggested by the possibilities
of the regular polygon h ve been in use since ancient times.
Il1lustrations of such apolications nay be found iIn ancient mosa-
ic patterns, Egyptian tapestries and many more modern productions.

Mosaic pavements are constructed upon the principle that
all surface about a point in a plane i1s filled completely by 6
equilateral triangles, 4 squares, or 3 regular hexagons. (See
igs. 1, 2, and 3, Plate XXI). Figs. 4 and 5 are illustr ations
of the application of that principle. They are suggestive of
the historical iInterest iIn mosailc pavements, about which projects
for student activity may be centered iIn connection with the uses
made of.mosaic pavements In both ancient and modern times.

Figs. 6-11 inclusive, Plate XXI, are suggestive of designs
which use the regular polygons. Others orl inal designs may be
ere ted by the student according to mathematical nrincinle.

These may be used for various decorative ournoses.

iore intensive activity nay be centered around any one of
the regular polygons. Figs. 1, 2, and 3 Plate XXI1, show some
of the possibilities of the properties of the square. Fig. 13

illustrates how a regular pentagon may be constructed which 1is

e ual In area to a given square. Thus, construct any regular
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pentagon of side (a). The square of side (b) i1s no, constructed
equal to the pentagon in area# If (n) 1s the side of the given
square, t N> a2 , Or b-w »a;Xx, ince X Is the fourth propor-
ti mnl to b, m, and a, it may now be found and the desired reg-
ular pentagon constructed.

The Circle iIn Design: Design may be cased also almost solely
upon the properties of a circle. A number of suggestions follow:
The results which may be obtained from the circle iIn design are
many and beautiful, and the architect ingeniously weaves them
into the construction decorations of his edifices# The beautiful
stained glass windows, cornices, engraven wood work finishings,
the ex uisite arrangement of the visible pipes of the organ, as
well as the latice work so often used to cleverly conceal lacs
desired effects, are examples of such works of art. In reality
such results must first he constructed iIn miniature design by the
skillful application of mathematical principles. Projects may
be orkec out in bristol board or construction paper cut-outs,
with colored tissue paper backgrounds. Practical applications
may be made in constructing la-p shades, Taste paper baskets and
other deoorotivo pieces. Suggestions for design re found on
Plate XXIII.

igs. 10 and 11 not only illustrate suggestions for design,
but they also show the mensuration of the circle. Thus iIn Tig.
10 the area is divided iInto 3 equal portions and in Fig. 11, iInto
4 equal portions by the use of other circles.

Mathematical rinciples from Design iIn rature: Nature iIs an
unending s uree of suggestion for ©Osign. The student <j collect

suede, seed pods, leaves, and flowers, and examine thom to find
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artistic designs. The beauty of geometric figure found there is
almost unbelievable except to hi® who i1s explorative end observ-
ing.

Field trips 1ill make possible the observation of things
incapable of being brought into the room, ot only with plant
life are such relations found, but geometry may be correlated
with animal biology as well* The star fish iIs but one example
of the possibilities there.

To reap the fullest benefits from such observations, tie
keeping of notebooks or scrap books of results shoul be encour-
a ed* It 1s a means of bringing together as a unit the various
forms of activity which may be centered about a single project.
Not only drawings, but examples, specimens, graphs, and other

creative expressions ay be thus preserved.

Il1lustrations from ,nture and Art: "God "oometrixen con-
tin.unlly” was lato,s reply when questioned ae to the occupation
of the Deity. In no way is this conviction more firmly estab-
lished than when a little thought is given to art iIn nature.
Geometric lines and forms of almost everv kind are to be found
in nature for It was from nature that mar conceived his 1ideas
for such. The Fibonacci series, 1, 1, 2, 3, 5, 8, 13, 21, 34,
etc., may be found in the arrangement of the leaver, about the
stalks of a plant. This series is the ratio of the "whirling
square' which 13 constructed as follows: Draw a square A3CD;
from O, the mid point of AB draw OC; with O as the center and
OC as radius, draw the arc CE meeting AB produced at E; On AD

and A. complete the rectangle AEFD, w ich is a whirling square

rectangle hose width is 1 and = ose length- is 1.618. The
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butterfly also fits iInto a whirling square design as well as
into a root-five rectangle - licit Is discussed ir the following
paragraph.

Root-rectangles are a basic factor in art* because of their
pleasing effect on the eye. Again man follows after nature, for
nature uses the root-rectangle plan. For ex<mole the dragon fly
and the iris are built on the root-throe rectangle pattern, and
as has alread been stated the butterfly 1is built on a root-five
rectangle. Root-r ctangles are constructed as follows: The

side of a square and its diagonal er the dimensions of a root-

t o rectangle; the side of a square and t a diagonal of the root
two rectangle are the dimensions of a root-three rectangle; the
process i1s thuo continued for other root rectangles, the root-
four rectangle being a double square.

The seed pod of the iris does not show dynamic symmetry as
does the flower, but rather st tic sym etry, for it is regular
equilateral triangle with a axsllg: one within*

These are given as bare suggestions of the fine i1llustrations
which nature offers for mathematical designs. Two courses of
activity are open for the student: he may merely observe and
collect designs from nature, or he may use such observed designs
in productions of his own,

Coloring Designs: Not more than four colors ere necessary
in coloring a map or design In such r way that no two contiguous
sections shall be of the came color. In Fig, 1, Plate XXIV, there
iIs no possible way of dr*-wing another section Y which would be

contiguous .1th A, B, C or X. Any one of the sections may dimin-

ish and disappear with out spoiling the color effect. This may
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be verified and i1llustrated by the student*

mPaper-Tola Ing: Peper-folding offers many opportunities for
creative expression* Plane figures which -ay be easily folded
are the square, equilateral triangle, rectan le, pentagon,hex-
agon, octagon, and none on. The decagon and dodecagon arc ob-
tainable from toe pentagon and hexagon respectively by first
obtaining the angles at the center, and the oentedecagon is ob-
tainable from the pentagon. The figur s of the conic sections;
circle, parabola, ellipse, and hyperbol', nay also be illustrated
by paper-folding processes*

Pig* 2, Plate XXIV shows how the arithmetic series may be
illustrated by paper-folding. The horizontal lines to the left
of the diagonal including the upper and lower edges, form an
arithmetic series. The initial line being, a, and the common
difference, d, the series 1iIs: a, a*d, at+Sd, etc.

fig* 3 represents a geometric series, for In a right-angled
triangle, the perpendicular from the vertex on the hypotenuse 1is
a -eora."trio mean between the segments of the hyootenuse.

harmonic series is represented In Fig. 4. "old any lines
AR and PB, P being on AR, and B on the edge of the paper. Fold
again so that AP and PR may both coincide with PB. PX and PY
are the creeses thus obtained. The points A, X, B, and Y form
a harmonic range, and any points obtained by the intersection of
any other line cutting PA, ?X, PB, and PY will also form a har-

monic range.

1-Row, wundara: Geometric .xercises In Paper folding. Chicago-
London: Open Court ublisbing Corpary. 1901
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Because of the principle of con ruenee which is i1nvolved
in paper-folding* nsny of the mathematical processes may be thus
illustrated. Finite lines, bisected end trisected, rectilineal
angles, Dbisected end divided into other equal parts, and per-
pendiculars drawn to given lines, are illustrative of such

proc vases*



Chapter X

Mathsrat leal Activities in Occupations.

Introduction: There is practically no occupation of an
which does not inv >lve sons form of mathematics. It IS necessary
for progress of any kind in scientific or diction, discovery,
and Invention. Descriptive sciences need intricate math?ratios
to compute electrical energy, or soeed and balancing forces of
any rind, -.octal sciences need athematios iIn coping 1th com-
munity problems arc. statistics of all kinds. Mathematics is iIn-
volv =d in all business affairs. Engineering work, as the design
and construction of structures and machines of every kind, 1is
governed by mathematics. Medical science, and basic physics and
chemistry involve mathematics. The student may find any specific
examples of the use of mathematics iIn many fields of activity.

As suggestive of such applications several fields of human activity
are considered in this section.

Architecture a d nnctsoaplhg: Architecture iIs based on the
practical application of mathematical principles. The blue print
iIs the center of the architect’s activities. The student may
obtain copies of blue prints and learn to read and iInterpret then.
He may also draw plans for himself using architectural care a™d
accuracy. -lans for a yard, a garden, a house, and many other
things may bo easily obtained or observed. Current literature
contains a wealth of material of which collections may be made.
as a further suggestion for motivated activity, the student may

make collections of pictures and plans of famous buildings, and

of many types of bridges to illustr te different uses of geometric
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design, and thus formulato the i1dea of eashmatical principles
Involved i1n planning constructions.

Purveying: Surveying offers many opportunities for student
activities. Instruments used In surveying have been discussed
in Chapter VI.

There arc c number of methods of determining distances by
congruent mnd similar triangles, T few suggestions follow which
may bo applied by the student to specific cares* Fig, 1, Plate
XXV, i1llustrates a method of determining the height of a tree,
building, or flagpole. Fig. 2 illustrates a method of determin-
ing the distance- between two i1naccessible points. Fig. 3 shows
ho . to determine the width of a river 1ithent crossin 1It, by
using an isosceles triangle and a sighting point A, ;hilo Fig. 4
determines width by marking off BM perpendicular to AB and Greet-
ing PH perpendicular to BP. Fig* 5 illustratas how the location
of a distant object may be determined, by using a surveyor”
transit In constructing angle cfAB equal to angle CAB and angle
<BA equal to an le CBA.

heohanics: Mechanics offers \sny opportunities for creative
a id constructive activities. The inclined plane, the lever, the
pendulum, md the pulley furnish concrete i1llustrations and re-
quire little apparatus to 3how the mathematical principles in-
volved. dimple examples may be found from text books in mathe-
matics or science which may be used as suggestions in constructive
work.

The center of gravity for a circle, a triangle,a square or

any ot &r plane surface may be i1llustr- ted by cardboard figures;

while for a cone and other figures of volume, experiments may be
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Bade to find the incline at which the body ray bo placed before
equilibrium lo iostroyed. The Leaning To- er of 1la Is an example
taking a position in which equilibrium will be destroyed if the
incline iIs iIncreased* -rejects in thin connection will illustrate
the principles involved in finding the center of gravity.

Transportstion and Coraraunichi,tion: transportation and com-
munication offer excellent examples of the applications of mathe-
matic-. = The highway engineer, the electrical engineer, the radio
engineer, and the aviator rust bo familiar with practical appli-
cations of mathematics# |If magazines of current literature on
these subject: ;re available, iInstances of rr.athcnat.iral abdica-
tions ay be found. Curves i1r road building, meters, and other
measuring devices are suggestions of some of the applications
which may be found*

fusic: In music, pitch, time, and the scale, are examples

«ts involving 1 s “plications ®F m taemetics! pr.incip.1l

"Early mathematicians spent a great deal of time with the atudy of
harmonics* A project for student activity should i1nclude the
historical background, as, for example, Bach’s "well-tempered
scale,” in which the octave is divided into 12 toZ>es with a con-
st nt ratio of vibration from one tone to the next, leading to a
g metric progression of the ratio 2. This nay bo eo~pared
to the divisions of the various scales used now. Other activities
may involve experimenting with a vibrating string to determine the
mathematical relationships existing between the harmonics or
overtones of a given tone. If tuning forks are available they

offer a simple means of verifying the pulse of vibrations. val -

uating notes and rests in written music Is a orth htie activity
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if the student 1is rot already fa:-1liar <ith the mathematical
divisions of r-usicatl rotation.

Liter-tare; The 1mportance of mathematics from the view-
point of language may be suggested by the following quotations
"y théxxties Is thinkiry Cod*s thought after ;In# hen anything
is understood, 11t i1a found to be susceptible f mathematical
statement. The vocabulary of mathematics Is the ultimate vocab-
ulary of the material uMver”e.'"— Lite.

“here 1s no batter training for court te verbal c I x>
Trass ion then that provided by theorems in .geometry. Clear,
definite, end precise In wording end phrasing, they become al-
most musical ir. effect. A mere repetition of theorems is not
necessary for there are numberless isolated unwritten theorems
which may be expressed by the student. These may not bo of
supremo importance, but they will be of rent beauty T care-
fully corded.

literature in full of mathematical quotations and references,
often notable for their precision end exactness of statement* A
collection of -some of those suggests an. activity for t’e student

which 11l lend iInters t to his formal mathematical study.

Astronor/: In astronomy a project nay be centered upon the
divisions of time. the following suggestions are given as to
some of the things ich may t ! considered.

Time 1is designated b/ such significant terms as, solar time,
sidereal time, equator tire, or a sidereal day, a-"d astronomical

day, ’nd others. The student may find it of iInterest to deter-

mine the sources of ouch terms and compare the sas to their
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actual length,

. perpetual c:1cedar ray be cor.r.tr; cted by the student*
"his r.ry be a . >lo arrangrecent cover.leg a short period of time,
or it may be more irv lvcd including centuries.

Time signals givenover the radio are sent out in methodical
order. Information 1 regard to when they are given, why they
are giver., and so forth, r:ay be found, by the student to lend
interest in this study.

Latitude is determined by aid of the sextant, the transit,
or the astrolabe, as have bee5 di jcussed in Chapter VI. The
student ray use the principle involved in the folioring xanole
in determining the latitude in nfeich ho liven, (Geo "ig. 6,
Plate -CIV). SEfrepresents the positi n o™ the earth n December
SI, with relation t the sun’s rays. [ITS represents the earths
axi3, and EL the equator. An observer at < sees the our: along
Crfe, and its angle of elevation a ovo is horizonis h or 3QK
An observer at C, 23% south ofth equ? tor, sees.tie sun at
noon along CI*.: or iIs zenith, at the sate instent tin* the
observer at 0 sees it h degrees abovehie horizon. It is necessa-
ry to shot; tharfc ogleDCE is equal to n- la CEE, r hquals h*

If 1 is the latitude of the observer at 0, 237 S90 ’agrees;
1 then equals es” minus h, therefore an observation taken at
noon which will determine the angle of clovetion h o" the sun
above the horizon, ill errMe on- to find Ms latitude.

A project may be centered on the relative distances and
sizes of the planets. ,fter finding the necessary values for
these, they rroy be represented by articles ranging in size from

a o all pea to o -lever- inch "lobe. Phe distances, ranging on
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a amall scale fro-, inches to rods, may he lllustr ted, as an out
of doors project, bdgiven locations about the school yard.

The following problem will make ora Impressive the vast
distances involved* It may bo used as a suggestion for other
problems which the student may create:

Altair, -hich 5s o’r nearest star is 15.5 light years
acay. A light year is 365,25 days in length. That would
he the railroad fare fron, the earth to Alta r at 25 cents
for a 24 hour ride? Knowing how fast light travels the
distance to Altair may he computed. hot would the fare
be at 2 cents a lie? If the train goes at 50 miles an houl
it would take 50,000,000 years to get to Altair. From
this the dlst nee may be computed, also.

Medicine: Mathematics i1s found In the science of medicine.
For the boy who fails to take a. iInterest iIn mathematics because
he iIntends to be a doctor, creative activity might take the form
of going to the drug store to see about having one or more pre-
scriptions fTilled. o will find that mathematics forms a very
necessary foundation for his profession.

Organic growth and decay are now computed by the formulae
y * &kt and ys ne*f , respectively. { , k>0). By means of the
planimeter (See Chanter VIIl) the area of a wound iIs determined
and according to the above formula the normal rate of healing is
computed. In this connection an article m war wounds may be of

1
interest to the student.

The study of optics, or converging and diverging lens, may
be considered here, also, for student activity, as the correction

of vision depends upon it. Apart from the field of medicine, the

1-Tuffier, Theodore, a d Gesraarres, ft.: A Note on the Progross of
Cicatrlaatlon of .ar cumls. Joumal, of Axperlmentai Vedlcine
Yol. :CW (February 1, 1918) p. 165-178.



student may wish t -extend this study into the application to
ev;tomohjlo hendli ;UtE raid other specific uses of sirillsr nature.

foeial -Jcleneer. Biology. wfd conorten: Facts are de-
termined by the application of nrthenatical principles which are
of importance iIn the. social sciences. The student may find
specific examples from facto drown from present social conditions
the social status of the country, international relations, 1mmi-
gration, and election returns, are suggestions of topics about
which statistical reports may be obtained or compiled by the
student and used iIn various mathematical activities.

Biology also offers many sources of material which lends
itself to mathematical treatment; for example, the relation
between the aye and height, or weight of children* A project
based on a chart of that kind mill furnish-interesting activity
for the student.

Economics i1s filled with concepts based on differential
calculus, suggestlons of 1ipl!cations which may be found in
.urrent literature ri ht taolu’a, the mortality curve, corre-
lation”, >robability, thaory of interest, rate ” price change,
mar ;iel. utility, ml statistical, valueo« ;;r a eor -,—enific
application cf -hat may be included: it hrs beer determined
that the sufficiency of S given street cor "aro, the price of a
sandwich, or s pair of shoos i1nvolves the formula for the ex-
pansion of the binomial theorem. It la applications of such
types that may be found by the student.

In Business: Lhlthematic®, as 1t affects the business world,

includes many >hases of activity ab ut which project may be

centered.
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Banking, insurance, taxation, and iInvestment involve a
t.rics or busin S3 for.as which simplify sued procecdin s. A
collection of blank, forme would be a valuable aid to becoming
familiar with, their uses. These may be obtained at a bank or
from county or state officials.

Na-vspapei clippings of stock market reports, bond issues,
tax receipts and expenditures, and international finance proceed-
serve to broaden the student’s familiarity and ability to appre-
ciate such business relations. Cucl clippings also provide ma-
terial for i1nnumerable projects iIn raphieal representation of
facts.

hchool banking gives opportunity for many activities in
which the student may participate# Considerable iIngenuity may
be shown by the students iIn carrying on such a project, officers
may be chosen t . serve a given length of time, bank furniture,
such os the cashier®s window, nay be construeted, and rules and
regulations nay be established which _.i1ll load reality to the
activity in general. .rtificial situations may bo created by
the atudento to make It possible to bee-,os familiar with <amor-
ous form:*" of business pacars, us: pro. 1saory note.., Qliecks,

b ."kk drafts, bills, receipts, money orders, cash slips, inventory
bl.ahi., pcy~-rolls, , dmany atherae

> project on insurance ney folio., suggesttone ainiliar to
those given for school banking# Tolley blanks of the various
kinds of iInsurance 1issued may bo collected by the students to
serve as a basis for further activities.

Investments and finance include stock market reports, liberty

eonus, building bonds, amortization and borrowing, the kinds of
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inv :-3tments and tire vrrious my.? of paying obligations. These
ago in ruggeat various opportunities for student exploration and
aetirity.

Computation of taxes, clippings on tax gen.” tturo, compari-
son of taxes per capita In different countries, an *©ll *? the
kind-", of taxes, nr . further suggestions " r student activities*

muggerti ns T projects in connection with Interest and
discount include the study of advantages and disadvantages of
fp.str tthant 1dv,s and comparison b r graphs of the simple end
oonpound interest values on a give"™ sum of money et a river rats.
The various methods of computing interest include the formula,
Interest tables, ard graphs. Compound interest may be computed
by the binomial theorem as an Orsy solution as follows:

A *P(lyr f1t A being the compound amount and (Ini}1l the accumula-
tion factor. The compound amount of 500 foriperiods at fp,
a typical savings bank rate, 1is:

A - 500( 1.0T)5

(L+i)5 s 1+5itl0i%x.10i3 -r514 *i5

(1.02)5= 1.1040808052

Therefore, A*?300 X 1,1040808032 = $552.04

A project may be h--ad on a comparison of methods used for

oomputing Interest
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Chapter Xl

the -atics > leisure and Recreation*

Introduction: Mathematics lends itself to loisur and re-
creation as well as to scientific thought and calculations.
Many Beathematictill activities have indirect value in that they
tend to open the student’s horizons by stimulating the imagina-
tion through providing interest and amusement, and by emphasiz-
ing modes of thinking which can be applied to the affairs of
life, home of these forms of entertainment have had their ori-
gin In ancient times. Daily newspapers, almanacs, and advertis-
ing pamphlets often contain similar mathematical "brain teasers,"
Through these and other sources, the student may add to the list
of suggestions given herein, and produce a scrap book of iInter-
esting material for leisure and recreati o. uch material may
be used by a mathematics Club for entertainment, or it may sug-
gest various types of activity to be enlargc?d upon for different
purposes.

Falllclns and 1llusions: Many fallieies and illusions have
beer: drawn from mathematical principles. By their absurdity
the true conception is sometimes made rore Impressive. For ex-
ample, 1t may be 'proved” that any number 1is equal to any ether
number: Let, c=d. Then, acsad and be- bd, a and b being any
t o given numbers. By suh tracting: ao-bc sad-bd. By trans-
posing: ao-ad”™bc-bd or a(c-d) ab(c-d). Therefore a»b. 3ivce
this cannot be, the impropriety of dividing by zero iIs at once
apparent.

To "prove" that every triangle is isosceles, take any tri-
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angle * C. see Fig. 1, Pints XXVI. DE is a perpendicular
bisector of .\B, and CE ic a bisector of the angle C meeting

)E at E. "Oran FA end KB. Brat? 10 perpendicular to AC and E?
perpendicular to 3C. Than triangle AD2 Is similar and equal to
triangle BUS, and AS equals BE. In the name nay i1t iIs shown
th«t 00 equals 0? and 00 equals CT* This being true, C, equals
CB and triangle ABC 1is 1isosceles.

It may be "sham" that 64 is equal to 55, Tigs. 2, 5, and
4, Plate 071, Illustrate this fallacy.

Plato X7 |1 1llustrat es other figures that appear to bo what
they are act* The observation ad. reproduction of such figures
should irpress the student vith the necc: ity of _pv.otric proofs.
In Fig, 1, /3 end XT are equal in le =;;th, hut appsc,r unequal
In Fig. 2, A3 fjuas cd. Tw A #f A3 and cD aro parallel.

VBCD and ATT?, in mf« 4 gnd 5, lie on a straight lime. In

Figt 6, it is 41'fdealt tc detamine the oath of ASS beneath the

obstruction. AS and CD, in Big. 7, ar. straight lines, bat.appear

curved. In Big. 8, tho circle appears flattened it I, R, and
aad 1n ”7ig. 9, BD appears a pro ter distance than AC.

TFot* p +rrct~"a::-: The 1incluosd figures cons trueted from
rows are suggestive °f creative activity. Concrete applications
ray be mode, or constructions mode merely In d =gn for ter-
tainraent. Fig, 1, Pl*te 5TT1Il, -ho— he 15 trees ay bo planted
in 12 straight rows <JJthb 4 trees Nn. swery re.-, rt . Q gg how
16 trees may be slanted iIn 15 straight rows -ith € trees iIn every
row. In Fig. 3, 19 trees are planted iIn 9 ron.-. ?ita 5 trees

to a row. Fig. 4 i1llustrates the arrangement of 12 coins. They

are to be moved so as to have 5 on a side instead of 4, and
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pr- “le sire- m»ul . This m7: be d ma by placing 5 4,
8 M 1, M Or 10, 1 nir.

B~ ri'et o* “afts; The re-armaSana“at of —rSc as
* " tod 1Ir t1 follori. - ox raise, v.y be Illlustrated b. card-
br—r°l oo«"-truetlone, Other sir.ilf.r conotru ttons r; v found
or croat d by the stu-ert. Tfig. 5, Ilat FFIIl 1lluetr t s how
a board 3 ft. by 10 ft. &? be cut once tc be made O co-r a
brie ¥ ft. by If ft. "iy. 6 illustrut t following problsis:
r. “rkKon orrr n syr r fa?"., the arr: of hich In po acres;
rear aaoh earner aarida a largo tm® rhlch 1t upor e neighbor’s
land. Hot; nay hr odd to his farm sc ., to bur® e e-quare farm
containing 40 acres and still not o/h tL lard upon Jiich t’e
trees stand? Fig. 7 shone the arrangement of 5 saur.re: ich
have been cut oo as tt flre 1 largo squarc. X <k 8 1e shown
hoc a board 15 indw“by 3 Inches Is cut ce that thr pievd. ;hon
array; -eft shal1 fom porf?ot c acre. Fig. 9 shooa how m piece
of cardboard in tie rr of a Greek cross hr: been cut bV u,0
straight ait, so rc tc divide it in such r. may that .her :*

me? a squorvV= ig. 10

mAboard 12-| > long by 7 1nches aid
icos in ae. rnsr n to fn Q oerf
10.

ig. 11 1S iregd" $ “prove’’ that the circa
Thus, fréten togother the omt-1
Tdil, ¥ per gjayrsr, and let ©)
A to A*. inee the dist nee BB* and CC* are equal, end the num-

ber -f revclutione iIs tie same for both, the circumferences rust

be equal. If not, vhy not?
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CM™?"38 eyic "fvinron: Smatieal mind? hato developed

tho eo-c”llod Oh :-0 jo "magic squ re* unitl 1to "nyste-"le- now

fill n fair sisod volu* ,1and still, no doubt, ill of Its prop-
erties have r—t 701 been discovered. The Included maple squares
In 'l to X IX are ni-pin illustr it! ns of the 11 scoveri? which
h-ve b en. "ode, The <"-agio sruere 1?7 r ferr " to not nlv in
books of mathematics, but E]Jr1l in of or b okr of literature# In
early tines r treat deal of superstition senteyed "bout the magic
square, rad thorn stf.l ori rtr us *st*11™=r rogsrd for it, It
appears ns the decorations of fortune-telling; bowls, it "s used
In £77100 of chance or lottery, and 1in oven worn h -pars :u an
" I t or charm# The student me.7 be able 1 > find mccifie np <ll-
cot “one tn hie -—-ondir -a

Properties n* ~umb-rs: Curious result? are derived from the
sumber 147,857. If thi is multiplied by ', ”, 4, f, or 6 the
same .sequence appears 1ln end’ of the prodsetc 2. M the livon
number. If, however, T ms e-ytinil "by n + » enri1« -esult
7PP,POn i1n obtain :d.

Computations g th tb® numbers Te "1 73 show that noon mul

- - *

tipi lent? n IT fu? v d: s numberr f the nrit> ctice"! pro-
e 4 sion, 1, 0, 9, in, 15, If, 31, -4, and , or odd relation.
of products is derived. They are but suggestions ft a r.ntha-

uatleal type of entertainmente Other similar nr utotlms may
bo found iIn such reference hooks ns "*rlt.h*s dumber ‘'toric"- of

Long Ago, and Jones* mathernticnl Tinkles, (Pee Bih!'lo~"aphy)

1-Andrev.s, ;, S,: 1i.ugic quares ad cube , Chicago: Open Court
Publishing Company 1908
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"he figure 9 rwel ? rfaT™ properties In computations "Filch
*T« of Interest. Altbour-h rr? of thc-o- h"™wo no uttlitrri.an
vnluo, thev h'vo n oi«co ir mathewatios iIn verifying the compu-
tetiono nl1” aning the™ o0s o s or p?™o™ept *ra or"PI0*

IT th°® number ,3S1 1n wti tl "Mo*® be 10. °7, P} 45

A» 6*% 7°, 61, nr6é 9°, respectful’7, 1t "miron products 1" which
the first end I'"st fibres are the s m en those iIn the multi-
oiler. This 1s also true of higher multiples of 9, «a lo« end
117 end others. If rulttolled by 9 -rd 90 the Iret fi-ures are
the seme as those of t*e multiplier.

IT a number cor "Istin,- of the ri-o digits— except the 9-
1In their regular or or be multiplied hr 9, or or7 multiple of 9,
the product in each ce~e will he a number formed hr repetitions
of the sere digit.

The di fferenee between any cert” 1ln number and any oth T
number composed of the name fipuree In e different order 1is
divisible by 9.

IT the rum of the digltr of try number bo subtracted from
that number, the remainder la divisible by 9,

The nrocoea of "easting out 9*0" hrs already bee~ discussed
in Chapter 1V,

These computations and facts do not exhaust the noaribilities
which h*ve bee™ discovered. Other relations mev be found from
various sources by the student and rdded ta these "a giver.

Such problems as hrve been discussed under the properties
of numbers, although intrinsically unimportant, have often served

to awaken life long interests iIn the fundamental truths undar-

ly nr and In the background*
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nns tpblo~ri cf "\ntir;uity: "roblems h-vo boon puzzled

over by nnthcmatielans urt”il they h :ve become fan us !r history#

%% OF those nr™ note-” hero ® 0 nucleus *or an enlarged col-
1notion nhloh ’Ight "e ~nda by the student* Alth uyh the solu-
tion any not ol r¥= be readily understood, "¢ : i1s historical
interest 1r t & probls - Itself. [ project f- studa?t activity
i Include the pro.carat! on of o n! mode ja-.nhlet™™ <* one or
"ore of tha problem: = t+~— bl otorlcal sotting "-.rich node each
problem, ot the ™" at -hi it <or' -.in"ted, a nreal life
problem#w and the life and -ortr of men -=a-nrtr; rr connected
with the nnoblar*-".

The "ol toriop is the famous 0JOPs TWoh” T *F raDHt

fJesre., the i1nventor of chr-o, progenteel “via yore to
Seheran, sod Indian prince. The latter asked essa to name
hi - reward. Hesse asked that the prince =k **r 1 ,-raln
of wheat for the first square on the chess board, 2 for the
bceond, ¥ "or the third, ° for th fourth, eri so or to the
sixty-fourth. The number of grains of heat thus called for
iIs Aven b - fwrula for the n F —-ermetri ¢ nropyeesloii
as:

1-1.fH. '64.1 « M

~1-2 =

This aauunc 1is greeter then tne world’s annual supply at
present, since 7000 yrqins equal 1 pound Avoirdupois and
tiers urt 00 pounds In a ousual* «er» "s«Ha thus de approx-
imately 420,000 grains of wheat n a bushel, which a ourt
woulu givo 1~ ruun» numbera -#§ trillion outjheis An the

total r-mount of wheat required. History does not relate

how the claim _"us settled*

1b,146,?4j,u73,V09, obi,ol5

One 0Oj. tuo *oreo fa.;oua problems or _Leonardo oi“ risuuo

i~1oohac-uX) ao ao XO0J.XOV.o=

Three men u roo to shaar - onoy n. the ratios of , 1/3,
and 1/6* “urprised by an enemy each snatched hat he could.
au Mix, biio aax'Su gave up 1; ox .im« ho i.uoiv| tixo iuuooud,

1/3; and the third, 1/6. This was then divided anon - them
equally and each then had the share to wrich he wee entitled,
ehat was the total sum?

The cistern problem of eron of Alexandria follows
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I am a brazen bin; my spuuts are 2 eves, my mouth and
-uwu flul or ritpifc foote ky 1 j;at oyo Tills a jar in 2
days, my left eye in 3, my foot iIn 4. y mouth 1a capable
of £ 1 A0 1t -uo hours; tell me ho. long all four together
.ill take to fill it
1 problem v;hich inyolves the idea of arithmetics r>ograssion
iIs redorcad in a papyrus of the lieyotian nrlest thmea, who lived
nearly two thousand ye r°- efore Christ?
.Divide 40 loaves & ong 5 persons so that the numbers
xouvoo thu* they rocuito form an arithmetical 'regression,
and so that the two who receive the last brand together have
xX/V v 1.al uu ulia o Geel™s.
-etu o1, .,0 A-. lhe unleursal problems given on late
- 0s. 1, f, a.n a, are of historical iInterest. Fig. 1, a
ro-eutraut oljigwa, i1s a xyinagoroan symbol, ana Fig. 2, tho sign
ar.ual of MwuwHc.al, _hied. ue traced in the srnd by -Me point of
—.5 U.; e;itiout taking it off the ground. a-*, o contains
only f odo. node,s, a and 1, and therefore can oe described unl-
e"s" raally 1If started from one of thom and ixnished at the other.
ma — -. ua e=set The labyrinths and max.es shown in
fifoo. , 0, o, 7, -a& - on late ...aa e also o1 historical in-
terest us _--all \a forming a moans of furnishing recreation and
entertainment if constructed on a larger scale. Tnese shown are
given ~ suggestive T wiser patterns which may ue found or ere-
atod by Inc student. _ 1ao/rinta ,-a bo made more difficult by
lucre; sing the number of nodes or oy making them of a higher
order, using bridges ui.i tunnels so as no produce sue construe-
tion In throe dimeaui one.
In. Fif . 4 the letters st nd for various to ns and the lines

Indicate the only possible paths by which 1 person. ray tr vel.

IT a person iIs to start from any town and go to every other town
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once ana only once, and return, ne must t ie one of only 2
routes. The letter r representing a right turn and 1 a left
turn, the rule for e ch route Is as follows:

1, rrri 1l rirlirrriliilirirli

2. 111l rrririrtitililrrririr

Fig, 7 illustrates what i1s known as the Hamiltonian Game
and follows the same rinciole as illustr ted iIn Fig, 4,

Fig, 6 i1llustrates the design on t coins )fF Cnhossus, which
IS supposed to he a clue to the corr ct path in the traditional
1 ibyrinth constructed for the inotaur. This design iIs shown in
rectangular measure In Fig, 7, In either arrangement this maze
may be run by three different routes: 1st, always follow the
wall on the right hand side; 2nd, always follow the wail on the
left hand sihe; or 3rd, hen a node 1is reached, 1.e,, a point
where there is a choice of paths, the path to be taken iIn that

hioh 1s next but one to that by nich the node was approached.

To run the iiamoton Court maze, Fig. 8, trie rule i1s to always
follow the wall to the right or to the left,

"Hranatizallons: dramatization 1Is another oveative expression
very appealing to student;, of secondary, school age, rrohlems of
life involving mathematical iInterpret tions nay be aromatized.
Significant aims ana purposes in atnematics may also be inter-
preted by dramatization, Mathematical plays are 1issued IK such
magazines as the -at eraatics Teacher, choox Science anu .nthe-
matics, and the "Texas Outlook,”™ These may be obtained and pro-
duced by mathematics classes or clubs or used as suggestions for

original nlays which may be made more applicable to the circun-

st noes under ic" they -re to be 1iven.
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i1;athenatical Posters: The construction of classroom posters
using appropriate mottos and designs i1a an appealing fort of
creative expression for the student. To suggest the worth of
mathematics, posters may be planned and made to illustrate such
mottos as: ’e_."hat reas can do i1th mathematics, not what mathe-

matics can do with man,"™ or "Chemistry depends on mathematics';

for reminders of class room activities: 'Stop! have you checked!"
( , or "members or equations are like twins. Treat then alike';
or as incentives: "Can you make your letter iIn Arithmetic?"

Geometric fonts iIn nature and art are suggested by sum
crystals, fruit cut to show symmetrical arrangement of seed pods,
or the design of a church window with the motto: 'Geometry in
the quiet of the Church."

Other mottos which iIn themselves suggest creative expression,
are: "The plan made this house. Aathemrtics made the plan™;
"Mathematice— the master key"; '"The men who fired the shot could
not see the target, but mathematics helped there hit I1t'"; "Aviation-
enine-tenths mathematics'™; "Geometry in the home™ (she iIng a
girl making a lampshade with hexagonal base). The student may

add to these by his own observations.
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Oh&pter All

ureatave expression Through i1&theaatlce: Summary*

Parcose of Oljroo. fuageatlone; No effort has been ro.de to
oresent the material iIn this thesis In text booh style. It has
rather been the aim to provide suggestions for and mean*? of
creative expression which should sug-lament the work provided by
the usual texts.

It is quite generallv eekno™ledged that creative expression
allows the student to unfold mental and hysioel abilities which
would otherwise be latent end un<rodactive to the social world.
It 1s also believed that inhibition means a gpedual destruction
of that inherent no ar known as general intelligence. Unless
the student is given on ortunit ®and allowed expression when his
learning has ore- ted a desire, he not -nlv loses the benefit of
the advanced learning, but his nower ever after to respond 1is also
weakened.

The student mao not always te ® dse judge 1n the tyoe cf
re--nonso by which he 1rhn® to express himself* In that hi needs
<ildense and dIr»ction. 2 needs t be brought 1n contact with
nr hie-s and pro jects which will be appealing; 1.s., suggestive
of creative not.iviti.oo -itth nro t him of a desirable character.
In his choice of these activities the student should not be al-
lowed to feel that he i1s merelv completing a task which has been
provided for him. The need for the expression must be felt by
him, and the form of expression must bO his, created from his

owr 1ideas, or the real values In the activity ore destroyed* e

himself _ust, in some measure, live the life of an artist, an
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inventor, an explorer, and a discoverer. The fact that the work
has already beer covered b r others, e .ch In his individual ay,
does not lessen the value to the student of his om creative
expression of the same.

Appli cAtlon of Materia] 1inurestod: The material In the
preceding sections has been drawn from the history of mathematics,
observation, direct application, and experience# The general
principles involved may be applied to athereat!cal iInterests, or
interests apart from mathematics. The augg stions herein given
are means by %hieh the student may extract further cultural values
from his mathematical study; he may be provided 1i1th entertain-
ment and recreation; he may acquire greater facilities for ex-
pressing his thought and ideas; and he rmar broaden his intercjsts,
for many fields of activity have been touched upon*

Many of the suggestions and examples giver are general
rather than specific and direct. It is hoped that they are pre-
sented iIn such a manner an to support the underlying aim, that
of arousing a larger self-activity In the fora of creative ex-
pression on the part of the students of secondary school mathe-
matics. The possibilities have not all b en suggested, or even
touched upon, It may be, too, that those given are not the ones
that will be most suitable for all circumstances under which
creative expression 1is desired. However, i1f the material here
presented can be considered representative, and because of it
other activities be aroused and participated iIn, the purpose of

this thesis ill be fTulfilled.
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