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Faculty of Electronic Engineering, Department of Mathematics, University of Niš,
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We study the kernelKn,s(z) of the remainder termRn,s( f ) of Gauss–Tuŕan–Kronrod quadrature rules
with respect to one of the generalized Chebyshev weight functions for analytic functions. The location
on the elliptic contours where the modulus of the kernel attains its maximum value is investigated. This
leads to effectiveL∞-error bounds of Gauss–Turán–Kronrod quadratures. Following Kronrod, using the
modulus of the difference of Gauss–Turán quadratures and their Kronrod extensions, we derive new error
estimates for Gauss–Turán quadratures and compare them with the effectiveL1-error bounds derived in
Milovanović & Spalevíc (2005, BIT, 45, 117–136).
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1. Introduction

Letw be an integrable weight function on the interval(−1, 1).
Gauss–Tuŕan quadrature formulae of the form

∫ 1

−1
w(t) f (t)dt =

n∑

ν=1

2s∑

i =0

λi,ν f (i )(τν)+ En,s( f ),

or quadrature formulae with the highest degree of algebraic precision with multiple nodes, has exten-
sively been studied in the last decades from both an algebraic and a numerical point of view. Numeri-
cally stable methods for constructing nodesτν and coefficientsλi,ν can be found inMilovanović et al.
(2004) andShi & Xu (2007). Some interesting theoretical results concerning this theory have recently
been obtained (seeShi, 2005; Kroó & Peherstorfer, 2007; and references therein). For more details on
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ERROR ESTIMATES FOR GAUSS–TUŔAN QUADRATURES AND THEIR KRONROD EXTENSIONS 487

quadratures with multiple nodes and corresponding orthogonal polynomials, see the books ofGhizzetti
& Ossicini (1970) andEngels(1980) and the survey paper ofMilovanović (2001).

We consider the error termRn,s( f ) of a Gauss–Tuŕan–Kronrod quadrature formula, first introduced
in Li (1994),

∫ 1

−1
w(t) f (t)dt =

n∑

ν=1

2s∑

i =0

σi,ν f (i )(τν)+
n+1∑

μ=1

Kμ f (τ̂μ)+ Rn,s( f ),

which is exact for all algebraic polynomials of degree less than or equal to 2(s+1)n+n+1. The nodes
τν are the zeros of the correspondings-orthogonal polynomialπn(t) ≡ πn,s(t) of degreen satisfying
the condition

∫ 1

−1
w(t)tm[πn(t)]

2s+1 dt = 0, m = 0, 1, . . . , n − 1. (1.1)

The nodeŝτμ are the zeros of the generalized Stieltjes polynomialπ̂n+1 satisfying the condition
∫ 1

−1
w(t)tm[πn(t)]

2s+1π̂n+1(t)dt = 0, m = 0, 1, . . . , n.

Let Γ be a simple closed curve in the complex plane surrounding the interval [−1, 1] andD its
interior. If the integrandf is an analytic function inD and continuousonD, then the remainder term
admits the well-known contour integral representation

Rn,s( f ) =
1

2π i

∮

Γ
Kn,s(z;w) f (z)dz. (1.2)

The kernel is given by

Kn,s(z;w) =
ρn,s(z;w)

[πn,s(z;w)]2s+1π̂n+1(z;w)
, z /∈ [−1, 1], (1.3)

where

ρn,s(z;w) =
∫ 1

−1

[πn,s(t)]2s+1π̂n+1(t)

z − t
w(t)dt. (1.4)

In view of Kn,s(z̄) = Kn,s(z), the modulus ofKn,s is symmetric with respect to the real axis:|Kn,s(z̄)| =
|Kn,s(z)|.

The integral representation (1.2) leads to a general error estimate, by using Hölder’s inequality,

|Rn,s( f )| =
1

2π

∣
∣
∣
∣

∮

Γ
Kn,s(z;w) f (z)dz

∣
∣
∣
∣ 6

1

2π

(∮

Γ
|Kn,s(z;w)|

r |dz|
)1/r (∮

Γ
| f (z)|r

′
|dz|

)1/r ′

,

i.e.

|Rn,s( f )| 6
1

2π
‖Kn,s‖r ‖ f ‖r ′ , (1.5)

where 16 r 6 +∞, 1/r + 1/r ′ = 1 and

‖ f ‖r :=






( ∮
Γ | f (z)|r |dz|

)1/r
, 16 r < +∞,

max
z∈Γ

| f (z)|, r = +∞.
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488 G. V. MILOVANOVI Ć ET AL.

The caser = +∞ (r ′ = 1) gives

|Rn,s( f )| 6
1

2π

(
max
z∈Γ

|Kn,s(z;w)|
)

‖ f ‖1. (1.6)

On the other hand, forr = 1 (r ′ = +∞), the estimate (1.5) is reduced to

|Rn,s( f )| 6
1

2π

(∮

Γ
|Kn,s(z)||dz|

)
‖ f ‖∞. (1.7)

L1-error bounds of the type (1.7) were considered inHunter(1995) for Gauss quadrature formulae
and inMilovanović & Spalevíc (2005) for Gauss–Tuŕan formulae.

L1-error bounds of the type (1.7) for Gauss–Tuŕan–Kronrod quadrature formulae with generalized
Chebyshev weight functions were considered in detail inMilovanović & Spalevíc (2006). In this paper,
we considerL∞-error bounds of the type (1.6) for those quadratures. Also, using the modulus of the
difference of Gauss–Turán quadratures and their Kronrod extensions, we derive new error estimates
for Gauss–Tuŕan quadratures and compare them with the effectiveL1-error bounds for Gauss–Turán
quadratures derived inMilovanović & Spalevíc (2005).

2. L∞-error bounds for Gauss–Turán–Kronrod quadratures

As a contourΓ , we take an ellipseEρ with foci at the points±1 and a sum of semi-axesρ > 1,

Eρ =
{

z ∈ C: z =
1

2
(u + u−1), 06 θ 6 2π

}
, u = ρ ei θ .

In this section, we study the magnitude of|Kn,s(z;w)| on the contourEρ for generalized
Chebyshev weight functions of the first, second and third kind, respectively. The consideration
may be restricted to the upper half ofEρ , i.e. to the intervalθ ∈ [0, π ]. The case of the generalized
Chebyshev weight function of the fourth kind is analogous to the one for the generalized Chebyshev
weight function of the third kind, and it will be therefore omitted. We investigate on the elliptic contours
the location where the modulus of the kernel attains its maximum value. This leads to effectiveL∞-error
bounds for Gauss–Turán–Kronrod quadratures. Similar results are hard to obtain for any other weight
functions as no simple explicit formulae exist for both the correspondings-orthogonal polynomials and
the associated Stieltjes polynomials.

Classical Gauss–Kronrod quadrature formulae received particular attention in the past 40 years,
especially because of their practical use in packages for automatic integration. Concerning this theory,
see, for instance, the recent papers byDe La Calle Ysern & Peherstorfer(2007) andSpalevíc (2007).
Of particular importance are those Gauss–Kronrod quadrature formulae all of whose nodes are real and
whose coefficients are positive. Efficient methods for their computing have been proposed recently by
Laurie(1997) andCalvettiet al. (2000). The corresponding MATLAB routines are downloadable from
the website http://www.cs.purdue.edu/archives/2002/wxg/codes/ which contains a suite of many other
useful routines, in part assembled as a companion piece to the book ofGautschi(2004). However, there
are some cases when the classical real and positive Gauss–Kronrod quadrature formulae do not exist.
This is proved inPeherstorfer & Petras(2000) for the Gauss–Kronrod quadrature formula with respect
to the Gegenbauer weight function(1 − t2)λ−1/2 for λ > 3, i.e.w2 for s > 2, and sufficiently largen.
Numerical tests (using routines fromGautschi, 2004) suggest the same for Gauss–Kronrod quadratures
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ERROR ESTIMATES FOR GAUSS–TUŔAN QUADRATURES AND THEIR KRONROD EXTENSIONS 489

with respect tow3 whens = 2, n > 6, and whens = 3, 4, . . . , 10, n > 2. In all these cases, Gauss–
Turán–Kronrod quadratures can be seen as a real alternative.

The particular case of the modulus of the kernel in Gauss quadrature formulae was analysed in detail
in Gautschi & Varga(1983) andGautschiet al. (1990). Concerning this approach, see alsoHunter &
Nikolov (2000) andSchira(1996, 1997), for Gauss quadrature formulae andMilovanović & Spalevíc
(2003) andMilovanović et al. (2007) for Gauss–Tuŕan quadrature formulae. In all those papers, in fact,
the error estimate of Gautschi’s type, easily derivable from (1.6),

|Rn,s( f )| 6
`(Γ )

2π

(
max
z∈Γ

|Kn,s(z;w)|
)(

max
z∈Γ

| f (z)|
)
, (2.1)

where`(Γ ) is the length of the contourΓ , was analysed. The error estimate (1.7) is evidently stronger
than (2.1) because of the inequality

∮

Γ
|Kn,s(z)||dz| 6 `(Γ )

(
max
z∈Γ

|Kn,s(z;w)|
)
.

However, error estimates of the type (1.6) or (2.1) remain very effective and simple to use, especially in
cases when the maximum of the modulus of the kernel is attained on the real or imaginary axis.

2.1 The weight functionw1(t) = (1 − t2)−1/2

It is well known thatπn,s(t;w1) = Tn(t), for all s ∈ N. Tn(t) is the Chebyshev polynomial of the first
kind of degreen. In Li (1994) it is shown thatπ̂n+1(t;w1) = (1 − t2)Un−1(t), whereUn−1(t) is the
Chebyshev polynomial of the second kind of degreen−1. We use the following equalities (seeOssicini
& Rosati, 1975, equation 4.1):

[Tn(t)]
2s+1 = 2−2s

s∑

k=0

(
2s + 1

s − k

)
Tn(2k+1)(t),

∫ π

0

cosnθ

z − cosθ
dθ =

2π

u − u−1
u−n, n ∈ N0,

when j > 0,

I (1)j =
∫ π

0

sinθ sinnθ cos(2 j + 1)nθ

z − cosθ
dθ

=
1

4

[∫ π

0

cos[(2 j + 1)n + (n − 1)]θ

z − cosθ
dθ +

∫ π

0

cos[(2 j + 1)n − (n − 1)]θ

z − cosθ
dθ

−
∫ π

0

cos[(2 j + 1)n + (n + 1)]θ

z − cosθ
dθ −

∫ π

0

cos[(2 j + 1)n − (n + 1)]θ

z − cosθ
dθ

]

=
1

4

2π

u − u−1

[
1

u(2 j +1)n+n−1
+

1

u(2 j +1)n−n+1
−

1

u(2 j +1)n+n+1
−

1

u(2 j +1)n−n−1

]

=
π

2(u − u−1)

[
u2 − 1

u(2 j +1)n+n+1
−

u2 − 1

u(2 j +1)n−n+1

]

=
π

2

[
1

u2( j +1)n
−

1

u2 jn

]
,

and I (1)0 =
π

2

1

u2n
.
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490 G. V. MILOVANOVI Ć ET AL.

Now we get

ρn,s(z;w1)=
∫ 1

−1

1
√

1 − t2

(1 − t2)Un−1(t)[Tn(t)]2s+1

z − t
dt

=
∫ 1

−1

Un−1(t)
√

1 − t2

z − t



 1

22s

s∑

j =0

(
2s + 1

s − j

)
Tn(2 j +1)(t)



 dt.

By substitutingt = cosθ , we have, in view ofTn(cosθ) = cosnθ andUn−1(cosθ) = sinnθ/ sinθ ,

ρn,s(z;w1)=
1

22s

∫ π

0

sinnθ

z − cosθ




s∑

j =0

(
2s + 1

s − j

)
cos(2 j + 1)nθ



 sinθ dθ

=
1

22s

s∑

j =0

(
2s + 1

s − j

)
I (1)j

=
π

22s+1




s∑

j =0

(
2s + 1

s − j

)
1

u2( j +1)n
−

s∑

j =1

(
2s + 1

s − j

)
1

u2 jn





=
π

22s+1





1

u2(s+1)n
+

s−1∑

j =0

[(
2s + 1

s − j

)
−
(

2s + 1

s − j − 1

)]
1

u2( j +1)n






=
π

22s+1

1

u2n
B(1)n,s(u),

where

B(1)n,s(u) =
s∑

j =0

k( j )
1

u2 jn
,

k( j ) =






(2s+1
s− j

)
−
( 2s+1
s− j −1

)
, j = 0, 1, . . . , s − 1,

1, j = s.

According to (1.3) and well-known facts Tn(z) = (un + u−n)/2 and Un−1(z) =
(un − u−n)/ (u − u−1), we get

Kn,s(z;w1) =
−4π

u2n

B(1)n,s(u)

(u − u−1)(un − u−n)(un + u−n)2s+1
. (2.2)

Further, using the equalities

|un + u−n| = [2(a2n + cos 2nθ)]1/2, |un − u−n| = [2(a2n − cos 2nθ)]1/2,

where

aj = aj (ρ) =
1

2
(ρ j + ρ− j ), j ∈ N, (2.3)
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ERROR ESTIMATES FOR GAUSS–TUŔAN QUADRATURES AND THEIR KRONROD EXTENSIONS 491

we get an explicit representation of|Kn,s(z;w1)| in the form

|Kn,s(z;w1)| =
π

2s−1/2ρ2n

z|B(1)n,s(ρ eiθ )|

(a2 − cos 2θ)1/2(a2n − cos 2nθ)1/2(a2n + cos 2nθ)s+1/2
, (2.4)

where (seeMilovanović & Spalevíc, 2005, Lemma 4.1)

|B(1)n,s(ρ eiθ )| =



ρ−2ns
s∑

j =0

Aj cos 2jnθ





1/2

,

with

A0 =
1

xs/2

s∑

ν=0

[k(s − ν)]2xν, x = ρ4n,

Aj =
2

x(s− j )/2

s− j∑

ν=0

k(s − ν)k(s − ν − j )xν, j = 1, . . . , s. (2.5)

The graphsθ 7→ |Kn,s(z;w1)| (z ∈ Eρ) for certain values ofn, s andρ are displayed in Fig.1.

THEOREM 2.1 For every fixeds ∈ N andρ > 1, there existsn0 = n0(ρ, s) ∈ N, such that

max
z∈Eρ

|Kn,s(z;w1)| =

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w1

)∣∣
∣
∣ =

4π |B(1)n,s(ρ)|

ρ2n(ρ − ρ−1)(ρn − ρ−n)(ρn + ρ−n)2s+1
, (2.6)

for everyn > n0. Whens = 0, Kn,s(z;w1) attains its maximum modulus on the real axis for every
n ∈ N.

Proof. By (2.4) and (2.5), consideration may be restricted to the first quarter ofEρ .

FIG. 1. The functionsθ 7→ |K10,3(z;w1)| (z ∈ E1.05) (left) andθ 7→ |K15,2(z;w1)| (z ∈ E1.3) (right).
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492 G. V. MILOVANOVI Ć ET AL.

Because of (2.4), it suffices to prove that
∑s

j =0 Aj cos 2jnθ

(a2 − cos 2θ)(a2n − cos 2nθ)(a2n + cos 2nθ)2s+1
6

∑s
j =0 Aj

(a2 − 1)(a2n − 1)(a2n + 1)2s+1
,

for sufficiently largen, θ ∈ (0, π/2] ands ∈ N, whereaj are given by (2.3) and Ak by (2.5). When
s = 0, the last inequality obviously holds for eachn ∈ N.

The last inequality is reduced to



s∑

j =0

Aj − 2
s∑

j =1

Aj sin2 jnθ



 (a2 − 1)(a2n − 1)(a2n + 1)2s+1

6




s∑

j =0

Aj



 [(a2 − 1)+ 2 sin2 θ ][(a2n − 1)+ 2 sin2 nθ ][(a2n + 1)2s+1 − 2En,s(ρ, θ) sin2 nθ ],

where (seeMilovanović et al., 2007, Thoerem 2.1)

Eρ,s(n, θ) =
2s+1∑

j =1

(−2) j −1
(

2s + 1

j

)
(a2n + 1)2s+1− j sin2 j −2 nθ (> 0).

Further, we have

(a2 − 1)(a2n − 1)(a2n + 1)2s+1
s∑

j =0

Aj − 2(a2 − 1)(a2n − 1)(a2n + 1)2s+1
s∑

j =1

Aj sin2 jnθ

6 {(a2 − 1)(a2n − 1)(a2n + 1)2s+1 − 2(a2n − 1)(a2 − 1)En,s(ρ, θ) sin2 nθ

+ [2(a2n − 1) sin2 θ + 2(a2 − 1) sin2 nθ + 4 sin2 θ sin2 nθ ](a2n + cos 2nθ)2s+1}
s∑

j =0

Aj .

If sin nθ = 0, the last inequality obviously holds. After dividing this by 2 sin2 nθ
∑s

j =0 Aj and denoting
Q =

∑s
j =0 Aj , it is reduced to

(a2n + cos 2nθ)2s+1

[
sin2 θ

sin2 nθ
(a2n − 1)+ (a2 − 1)+ 2 sin2 θ

]

− (a2 − 1)(a2n − 1)En,s(ρ, θ)

+
A1

Q
(a2 − 1)(a2n − 1)(a2n + 1)2s+1 +

1

Q




s∑

j =2

Aj
sin2 jnθ

sin2 nθ





× (a2 − 1)(a2n − 1)(a2n + 1)2s+1 > 0.
(2.7)

In Milovanović et al. (2007, Theorem 2.1) it is shown that

Eρ,s(n, θ) 6
s∑

j =0

4 j
(

2s + 1

2 j + 1

)
(a2n + 1)2s−2 j −

1

2

s∑

j =1

4 j
(

2s + 1

2 j

)
(a2n + 1)2s−2 j +1. (2.8)
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ERROR ESTIMATES FOR GAUSS–TUŔAN QUADRATURES AND THEIR KRONROD EXTENSIONS 493

Using (2.8) and the well-known fact|sinnθ/ sinθ | 6 n, we conclude that the left-hand side of (2.7) is
greater than or equal to(a2n − 1)Gρ,s(n), where

Gρ,s(n) =
A1

Q
(a2 − 1)(a2n + 1)2s+1 +

1

n2
(a2n − 1)2s+1

+ (a2 − 1)





(a2n − 1)2s −




s∑

j =0

4 j
(

2s + 1

2 j + 1

)
(a2n + 1)2s−2 j

−
1

2

s∑

j =1

4 j
(

2s + 1

2 j

)
(a2n + 1)2s−2 j +1









.

SinceGρ,s(n) (ρ ands are fixed) is continuous whenn > 1 and limn→+∞ Gρ,s(n) = +∞, it follows
thatGρ,s(n) > 0 for eachn > r , wherer is the largest zero ofGρ,s(n). Forn0 we can take [r ] + 1. �

The proof of Theorem2.1is not only of theoretical but also of practical importance. We can use the
function Gρ,s(n) from the proof to estimaten0. Numerical values of [r ] + 1 (r is the largest zero of
Gρ,s) for certain values ofρ ands are presented in Table1. The smallest possible (s.p.) values ofn0 are
also presented. We can see that the s.p.n0 is very well estimated by [r ] + 1 .

A typical graph illustrating the relationship betweenn andGρ,s(n) is displayed in Fig.2 (right).

THEOREM 2.2 For every fixeds ∈ N andn ∈ N there existsρ0 = ρ0(n, s) > 1, such that

max
z∈Eρ

|Kn,s(z;w1)| =

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w1

)∣∣
∣
∣ ,

for everyρ > ρ0.

Proof. We can repeat the same computation which led to (2.7), where we can fixn and letρ be a
variable. SinceGn,s(ρ) is continuous whenρ > 1, and limρ→+∞ Gn,s(ρ) = +∞ (n ands are fixed),
it follows that Gn,s(ρ) > 0 for eachρ > t , wheret is the largest zero ofGn,s(ρ). For ρ0, we can
taket . �

We can use the functionGn,s(ρ) from the proof to estimateρ0. Numerical values oft (t is the largest
zero ofGn,s) for some values ofn ands are presented in Table2. The s.p. values ofρ0 are also presented.
We can see that the s.p.ρ0 is estimated byt very well.

A typical graph illustrating the relationship betweenρ andGn,s(ρ) is displayed in Fig.2 (left).

TABLE 1 Numerical values of[r ] + 1 and the s.p. values of n0

s = 3 s = 6
ρ [r ] + 1 s.p.n0 [r ] + 1 s.p.n0

1.04 63 60 77 76
1.07 37 35 45 44
1.1 26 25 32 32
1.2 14 13 17 17
1.5 7 6 8 8
1.9 4 4 5 5
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494 G. V. MILOVANOVI Ć ET AL.

FIG. 2. The functionsG6,1(ρ) (left) andG1.2,1(n) (right).

TABLE 2 The s.p. values ofρ0 and numerical values oft

s = 2 s = 5
n s.p.ρ0 t s.p.ρ0 t
3 1.9611 2.1003 2.7746 2.8150
4 1.6226 1.7179 2.0861 2.1131
5 1.4619 1.5335 1.7824 1.8021
7 1.3057 1.3529 1.5018 1.5144

10 1.2033 1.2342 1.3264 1.3344
14 1.1407 1.1617 1.2227 1.2280

Using the fact|B(1)n,s(ρ)| 6 |B(1)n,s(1)| =
(2s+1

s

)
, we can simplify (2.6) and obtain

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w1

)∣∣
∣
∣ 6 4π

(
2s + 1

s

)
1

ρ2n(ρ − ρ−1)(ρn − ρ−n)(ρn + ρ−n)2s+1
. (2.9)

From (1.6) and (2.9), we conclude that|Rn,s( f )| = O(ρ−(2n(s+2)+1)), whenn → +∞.
Whenρ < ρ0(n, s) or n < n0(ρ, s), using the inequalities

(a2 − cos 2θ)(a2n + cos 2nθ) > (a2 − 1)(a2n + 1), 06 θ 6 π/2,

and|B(1)n,s(ρ eiθ )| 6 |B(1)n,s(ρ)|, we get the following crude estimate:

|Kn,s(z;w1)| 6

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w1

)∣∣
∣
∣

(
ρn + ρ−n

ρn − ρ−n

)2s

, z ∈ Eρ.
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2.2 The weight functionw2(t) = (1 − t2)s+1/2

It is well known thatπn,s(t;w2) = Un(t). In Milovanović & Spalevíc (2006) it is shown that
π̂n+1 (t;w2) = Tn+1(t). We use the following equalities (seeOssicini & Rosati, 1975, equation 4.2):

(1 − t2)s[Un(t)]2s+1 = 2−2s
s∑

k=0

(−1)k
(

2s + 1

s − k

)
Un(2k+1)+2k(t),

∫ π

0

sinθ sin(n + 1)θ

z − cosθ
dθ =

π

un+1
, n ∈ N0, (2.10)

when j > 0,

I (2)j =
∫ π

0

sinθ cos(n + 1)θ sin(2 j + 1)(n + 1)θ

z − cosθ
dθ

=
1

2

[∫ π

0

sinθ sin[2( j + 1)(n + 1)]θ

z − cosθ
dθ +

∫ π

0

sinθ sin[2j (n + 1)]θ

z − cosθ
dθ

]

=
π

2

[
1

u2( j +1)(n+1)
+

1

u2 j (n+1)

]
,

and I (2)0 =
π

2

1

u2(n+1)
.

Now we get

ρn,s(z;w2)=
∫ 1

−1
(1 − t2)s+1/2 [Un(t)]2s+1Tn+1(t)

z − t
dt

=
∫ 1

−1

√
1 − t2{(1 − t2)s[Un(t)]

2s+1}
Tn+1(t)

z − t
dt

=
1

22s

∫ 1

−1

√
1 − t2 Tn+1(t)

z − t




s∑

j =0

(−1) j
(

2s + 1

s − j

)
Un(2 j +1)+2 j (t)



 dt.

By substitutingt = cosθ , we have, in view ofTn(cosθ) = cosnθ andUn−1(cosθ) = sinnθ/ sinθ ,

ρn,s(z;w2)=
1

22s

∫ π

0

cos(n + 1)θ

z − cosθ




s∑

j =0

(−1) j
(

2s + 1

s − j

)
sin(2 j + 1)(n + 1)θ



 sinθ dθ

=
1

22s

s∑

j =0

(−1) j
(

2s + 1

s − j

)
I (2)j

=
π

22s+1




s∑

j =0

(−1) j
(

2s + 1

s − j

)
1

u2( j +1)(n+1)
+

s∑

j =1

(−1) j
(

2s + 1

s − j

)
1

u2 j (n+1)





=
π

22s+1





(−1)s

u2(s+1)(n+1)
+

s−1∑

j =0

(−1) j
[(

2s + 1

s − j

)
−
(

2s + 1

s − j − 1

)]
1

u2( j +1)(n+1)






=
π

22s+1

1

u2(n+1)
B(2)n,s(u),
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496 G. V. MILOVANOVI Ć ET AL.

where

B(2)n,s(u) =
s∑

j =0

(−1) j k( j )
1

u2 j (n+1)
.

According to (1.3), we get

Kn,s(z;w2) =
π

22s

[
u − u−1

un+1 − u−(n+1)

]2s+1
B(2)n,s(u)

u2(n+1)(un+1 + u−(n+1))
. (2.11)

In the same way as in the previous case, we get the explicit representation of|Kn,s(z;w2)|,

|Kn,s(z;w2)| =
π

22s+1/2ρ2(n+1)

[
a2 − cos 2θ

a2n+2 − cos(2n + 2)θ

]s+1/2 |B(2)n,s(ρ eiθ )|

[a2n+2 + cos(2n + 2)θ ]1/2
. (2.12)

In the proof of the next theorem, we use the following two lemmas and the function

Bn,s,`(u) =
s−∑̀

j =0

(−1) j k( j + `)u−2(n+1) j , s ∈ N0, ` = 0, 1, . . . , s. (2.13)

LEMMA 2.1 Fors ∈ N0, ` = 0, 1, . . . , s, n odd andr > 1, we havethat Bn,s,`(r ) = Bn,s,`(r i ) > 0.

Proof. We prove this by induction. Fors = 0, we have Bn,0,0(u) = 1. To pass froms − 1 to s, we use
the following equalities:

Bn,s,0(u) = (2 − u−2(n+1))Bn,s−1,0(u)+ Bn,s−1,1(u),

Bn,s,`(u) = Bn,s−1,`−1(u)+ 2Bn,s−1,`(u)+ Bn,s−1,`+1(u), ` = 1, . . . , s − 2,

Bn,s,s−1(u)= Bn,s−1,s−2(u)+ 2,

Bn,s,s(u) = 1,

(2.14)

which follow from the well-known identity

(
2s + 1

k

)
=
(

2s − 1

k

)
+ 2

(
2s − 1

k − 1

)
+
(

2s − 1

k − 2

)
.

�

LEMMA 2.2 Fors ∈ N0, n odd,ρ > 1 and` = 0, 1, . . . , s, we have that

|Bn,s,`(ρ eθ i )|

(a2n+2 − cos(2n + 2)θ)s/2
6

Bn,s,`(ρi )

(a2n+2 − 1)s/2

.

Proof. This lemma can also be proved by induction. The statement fors = 0 is obvious becauseof
Bn,0,0(u) = 1. We demonstrate the induction step for the case` = 0. The other cases (` = 1, 2, . . . , s−2
and` = s − 1) are similar.
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First, we prove

|2(ρ eθ i )2n+2 − 1|

(a2n+2 − cos(2n + 2)θ)1/2
6

2(ρi )2n+2 − 1

(a2n+2 − 1)1/2
. (2.15)

Using the notationsr = ρ2n+2 andφ = (2n + 2)θ we get

|2(ρ eθ i )2n+2 − 1|

(a2n+2 − cos(2n + 2)θ)1/2
=

√
4r 2 − 4r cosφ + 1

1/2(r + r −1)− cosφ
=

√

4r +
2r 2 − 1

1/2(r + r −1)− cosφ
,

from which we see that the left-hand side of (2.15) attains its maximum whenθ = π/2.
Using (2.14) and (2.15) we get

|Bn,s,0(ρ eθ i )|

(a2n+2 − cos(2n + 2)θ)s/2
6

|Bn,s−1,0(ρ eθ i )|

(a2n+2 − cos(2n + 2)θ)(s−1)/2
∙

|2(ρ eθ i )2n+2 − 1|

ρ2n+2(a2n+2 − cos(2n + 2)θ)1/2

+
|Bn,s−1,1(ρ eθ i )|

(a2n+2 − cos(2n + 2)θ)(s−1)/2
∙

1

(a2n+2 − cos(2n + 2)θ)1/2

6
Bn,s−1,0(ρi )

(a2n+2 − 1)(s−1)/2
∙

2(ρi )2n+2 − 1

(ρi )2n+2(a2n+2 − 1)1/2

+
Bn,s−1,1(ρi )

(a2n+2 − 1)(s−1)/2
∙

1

(a2n+2 − 1)1/2
=

Bn,s,0(ρi )

(a2n+2 − 1)s/2
.

�

THEOREM 2.3 |Kn,s(z;w2)| attains its maximum on the imaginary axis whenn is odd, i.e.

max
z∈Eρ

|Kn,s(z;w2)| =

∣
∣
∣
∣Kn,s

(
i

2
(ρ − ρ−1);w2

)∣∣
∣
∣ =

π |B(2)n,s(ρi )|(ρ + ρ−1)2s+1

4sρ2(n+1)(ρn+1 + ρ−(n+1))(ρn+1 − ρ−(n+1))2s+1
.

(2.16)

When n is even, for alls ∈ N0 and ρ > 1, there exists an evenn0 = n0(ρ, s) ∈ N, such that
|Kn,s(z;w2)| attains its maximum on the imaginary axis for eachn > n0. The maximum is given by

max
z∈Eρ

|Kn,s(z;w2)| =
π |B(2)n,s(ρi )|(ρ + ρ−1)2s+1

4sρ2(n+1)(ρn+1 − ρ−(n+1))(ρn+1 + ρ−(n+1))2s+1
. (2.17)

Proof. Forn odd, note thatB(2)n,s = Bn,s,0. By (2.12) and Lemma2.2, it suffices to prove that the function

H(θ) =
(a2 − cos 2θ)s+1/2

[a2n+2 − cos(2n + 2)θ ]s/2[a2
2n+2 − cos2(2n + 2)θ ]

attains its maximum atθ = π/2, which is obvious.
The case whenn is even can be proved in the same way as Theorem 2.4 fromMilovanović et al.

(2007). All we have to change is the parameterα. The new values ofα are

α =
k(2ν + 1)

k(2ν)
, α > 0.

�
In the same way as Theorem2.2 we can prove the next theorem.
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498 G. V. MILOVANOVI Ć ET AL.

THEOREM 2.4 For every evenn and everys ∈ N0, there existsρ0 = ρ0(n, s) > 1, such that
|Kn,s(z;w2)| attains its maximum on the imaginary axis for eachρ > ρ0.

Similarly as in the Section 2.1, we can simplify (2.16) and (2.17). We obtain

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w2

)∣∣
∣
∣ 6

π

4s

(
2s + 1

s

)
1

ρ2(n+1)(ρn+1 + ρ−(n+1))

[
ρ + ρ−1

ρn+1 − ρ−(n+1)

]2s+1

(2.18)

and conclude that|Rn,s( f )| = O(ρ−(2n(s+2)+3)), whenn → +∞.
When the maximum point is not on the imaginary axis (n is even,ρ < ρ0(n, s) or n < n0(ρ, s)),

using the inequalities

(a2n+2 − cos(2n + 2)θ)(a2n+2 + cos(2n + 2)θ) > (a2n+2 − 1)(a2n+2 + 1),

and|B(2)n,s(ρ eiθ )| 6 |B(2)n,s(ρi)|, we get the following crude estimate:

|Kn,s(z;w2)| 6

∣
∣
∣
∣Kn,s

(
i

2
(ρ − ρ−1);w2

)∣∣
∣
∣

(
ρn+1 + ρ−(n+1)

ρn+1 − ρ−(n+1)

)2s

, z ∈ Eρ.

2.3 The weight functionw3(t) = (1 − t)−1/2(1 + t)s+1/2

Let Vn(t) and Wn(t) represent Chebyshev polynomials of degreen of the third and fourth kind,
respectively.

It is well known thatπn,s(t;w3) = Vn(t). In Milovanović & Spalevíc (2006) it is shown that
π̂n+1(t;w3) = (1− t)Wn(t). We use the following equality (seeOssicini & Rosati, 1975, equation 4.6),

(1 + t)s[Vn(t)]
2s+1 =

1

2s

s∑

j =0

(
2s + 1

s − j

)
Vn(2 j +1)+ j (t),

and (2.10), when j > 0,

I (3)j =
∫ π

0

sinθ cos[(2 j + 1)n + j + 1/2]θ sin(n + 1/2)θ

z − cosθ
dθ

=
1

2

[∫ π

0

sinθ sin[(2 j + 1)n + j + n + 1]θ

z − cosθ
dθ −

∫ π

0

sinθ sin[(2 j + 1)n + j − n]θ

z − cosθ
dθ

]

=
π

2

[
1

u(2 j +1)n+ j +n+1
−

1

u(2 j +1)n+ j −n

]
,

and I (3)0 =
π

2

[
1

u(2 j +1)n+ j +n+1

]
.

Now we get

ρn,s(z;w3)=
∫ 1

−1

(1 + t)s+1/2

(1 − t)1/2
(1 − t)[Vn(t)]2s+1Wn(t)

z − t
dt

=
∫ 1

−1

√
1 − t2 Wn(t)

z − t



 1

2s

s∑

j =0

(
2s + 1

s − j

)
Vn(2 j +1)+ j (t)



 dt.
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By substitutingt = cosθ , in view of

Vn(cosθ) =
cos(n + 1/2)θ

cosθ/2
, Wn(cosθ) =

sin(n + 1/2)θ

sinθ/2
,

we have

ρn,s(z;w3)=
1

2s

∫ π

0

sin2 θ

z − cosθ

sin(n + 1/2)θ

sinθ/2




s∑

j =0

(
2s + 1

s − j

)
cos[(2 j + 1)n + j + 1/2]θ

cosθ/2



 dθ

=
1

2s−1

s∑

j =0

(
2s + 1

s − j

)
I (3)j

=
π

2s




s∑

j =0

(
2s + 1

s − j

)
1

u(2 j +1)n+ j +n+1
−

s∑

j =1

(
2s + 1

s − j

)
1

u(2 j +1)n+ j −n





=
π

2s





1

u(2s+1)n+s+n+1
+

s−1∑

j =0

[(
2s + 1

s − j

)
−
(

2s + 1

s − j − 1

)]
1

u(2 j +1)n+ j +n+1






=
π

2s

1

u2n+1
B(3)n,s(u),

where

B(3)n,s(u) =
s∑

j =0

k( j )
1

u(2n+1) j
.

According to (1.3) and the well-known facts

Vn(z) =
un+1 + u−n

u + 1
, Wn(z) =

un+1 − u−n

u − 1
,

we get

Kn,s(z;w3) =
−π

2s−1

(
u + 1

un+1 + u−n

)2s+1 B(3)n,s(u)

u2n(u − 1)(un+1 − u−n)
. (2.19)

As in the two previous cases, we get an explicit representation of|Kn,s(z;w3)|:

|Kn,s(z;w3)| =

√
2π

2sρ2n+1

(a1 + cosθ)s+1

(a2 − cos 2θ)1/2
|B(3)n,s(ρ eiθ )|

(a2n+1 − cos(2n + 1)θ)1/2(a2n+1 + cos(2n + 1)θ)s+1/2
.

(2.20)

THEOREM 2.5 For every fixedρ > 1 ands ∈ N, there existsn0 = n0(ρ, s) ∈ N, such that

max
z∈Eρ

|Kn,s(z;w3)| =

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w3

)∣∣
∣
∣

=
π

2s−1

|B(3)n,s(ρ)|

ρ2n(ρ − 1)(ρn+1 − ρ−n)

(
ρ + 1

ρn+1 + ρ−n

)2s+1

, (2.21)
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500 G. V. MILOVANOVI Ć ET AL.

for everyn > n0. Whens = 0, Kn,s(z;w3) attains its maximum modulus on the positive real axis for
everyn ∈ N.

Proof. Because of (2.20), it suffices to prove that

(a1 + cosθ)s+1|B(3)n,s(ρ ei θ )|

(a2 − cos 2θ)1/2(a2n+1 − cos(2n + 1)θ)1/2(a2n+1 + cos(2n + 1)θ)1/2+s

6
(a1 + 1)s+1|B(3)n,s(ρ)|

(a2 − 1)1/2(a2n+1 − 1)1/2(a2n+1 + 1)1/2+s
,

for sufficiently largen (n > n0(n, s)) andθ ∈ (0, π ] (for eachn ∈ N whens = 0).
It is obvious that

(a1 + cosθ)s+1 6 (a1 + 1)s+1. (2.22)

On the basis of the results from the proof of Theorem2.1, we have

|B(3)n,s(ρ ei θ )|

(a2 − cos 2θ)1/2(a2n+1 − cos(2n + 1)θ)1/2(a2n+1 + cos(2n + 1)θ)1/2+s

=
|B(1)n+1/2,s(ρ ei θ )|

(a2 − cos 2θ)1/2[a2(n+1/2) − cos(2(n + 1/2))θ ]1/2[a2(n+1/2) + cos(2(n + 1/2))θ ]1/2+s

6
B(1)n+1/2,s(ρ)

(a2 − 1)1/2(a2(n+1/2) − 1)1/2(a2(n+1/2) + 1)1/2+s

=
B(3)n,s(ρ)

(a2 − 1)1/2(a2n+1 − 1)1/2(a2n+1 + 1)1/2+s
.

The last inequality holds for sufficiently largen whens > 0 and eachn (∈ N) whens = 0, and
with (2.22) that completes the proof. Forn0, we can take [(2r − 1)/2] + 1, wherer is the largest zero
of Gρ,s(n). �

In the same way as Theorem2.2, we can prove the following result.

THEOREM2.6 For every fixeds ∈ N andn ∈ N, there existsρ0 = ρ0(n, s) > 1, such that|Kn,s(z;w3)|
attains its maximum on the positive real axis for allρ > ρ0.

In the same way as in the Sections 2.1 and 2.2, we can show that|Rn,s( f )| = O(ρ−(2n(s+2)+2)),
whenn → +∞.

In the cases when the maximum point is not on the positive real axis (ρ < ρ0(n, s) or n < n0(ρ, s)),
using the inequalities

a1 + cosθ
√

a2 − cos 2θ
√

a2n+1 + cos(2n + 1)θ
<

a1 + 1
√

a2 − 1
√

a2n+1 + 1
, 0< θ 6 π,

and|B(3)n,s(ρ eiθ )| 6 |B(3)n,s(ρ)|, we get the following crude estimate:

|Kn,s(z;w3)| 6

∣
∣
∣
∣Kn,s

(
1

2
(ρ + ρ−1);w3

)∣∣
∣
∣

(
ρn+1/2 + ρ−(n+1/2)

ρn+1/2 − ρ−(n+1/2)

)2s

, z ∈ Eρ.
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3. Error estimates for Gauss–Tuŕan quadratures

A very popular method for obtaining a practical error estimate in numerical integration is to use two
quadrature formulaeA andB, where the nodes used by formulaB form a proper subset of those used
by formulaA, and where ruleA is also of higher degree of precision.Kronrod(1964a,b) originated this
method, which has been used many times to date. For more details, see, e.g.Monegato(1982, 2001),
Laurie (1996) and Spalevíc (2007). The difference|A( f ) − B( f )|, i.e. |R(A)( f ) − R(B)( f )| where
f is the integrand, is usually quite a good estimate of the error for the ruleB. Following this idea,
taking Kronrod extensions of Gauss–Turán quadratures (K ) as ruleA and Gauss–Turán quadratures
(GT) as ruleB, we derive new error estimates for Gauss–Turán quadratures which have the same form
(const∙ ‖ f ‖∞) as the effectiveL1-error bounds fromMilovanović & Spalevíc (2005).

The following integrals fork ∈ N0 anda > 1 will be useful in this section:

J̃k(a) =
∫ π

0

coskθ

(a + cosθ)2s+1(a − cosθ)
dθ, Mk(ρ) =

1

π

∫ π

0
(a1 ± cosθ)k dθ.

In Milovanović & Spalevíc (2006, Lemma 3.1) it is shown that

J̃k(a)=
πxs+1

x2 − 1

[
xk/2 + x−k/2

(x + 1)2s
−

22s√x

(x − 1)2s

2s∑

ν=0

xν/2
h(1)ν + h(2)ν
2ν(2s − ν)!

×




ν∑

`=0

(−2)`
(

2s + `

`

)
(x − 1)−`

ν−∑̀

p=0

2p(x + 1)−p







 ,

where

a =
x + 1

2
√

x
, x > 1, h(1)ν = (−1)ν+k+1 (2s + 1 + k)!

(ν + k + 1)!
x−(ν+k+1)/2

and

h(2)ν =

{
(−1)ν−k+1 (2s+1−k)!

(ν−k+1)! x−(ν−k+1)/2, k 6 ν + 1,

0, k > ν + 1.

In the rest of the paper, we use

J̃0(a) =
2πxs+1

(x − 1)2

[
x − 1

(x + 1)2s+1
+
(

2

x − 1

)2s

∙ ψ(s, x)

]

,

where

ψ(s, x) =
s∑

ν=1

(−1)ν

2ν

(
2s + 1

ν + 1

) ν∑

`=0

(−1)`
(

2s + `

`

)(
2

x − 1

)` (

1 −
(

2

x + 1

)ν−`+1
)

.

FromGradshteyn & Ryzhik(2000, equations 3.661.3 and 3.616.1), we have that

Mk(ρ) =

(
ρ − ρ−1

2

)k

Pk

(
ρ + ρ−1

ρ − ρ−1

)

= (2ρ)−k
k∑

ν=0

(
k

ν

)2

ρ2ν,

wherePk is the Legendre polynomial of degreek.
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3.1 The weight functionw1(t) = (1 − t2)−1/2

First, we derive a connection between the kernelK (GT)
n,s (z;w1) from the Gauss–Turán quadrature for-

mula and the kernelK (K)
n,s (z;w1) from the Kronrod extension of the Gauss–Turán quadrature formula.

The termρn,s(z;w1) = ρ
(K)
n,s (z;w1) can be written in another form as

ρn,s(z;w1) =
π

22s+1

[
u−n − un

un
Z(1)n,s(u)+

(
2s + 1

s

)]
,

where (seeMilovanović & Spalevíc, 2003)

Z(1)n,s(u) =
s∑

j =0

(
2s + 1

s − j

)
1

u2 jn
.

According to (1.3), we get

K (K)
n,s (z;w1) = K (GT)

n,s (z;w1)+
π

22s+1

(2s+1
s

)

(1 − z2)[Tn(z)]
2s+1Un−1(z)

. (3.1)

THEOREM 3.1 For the remainder term of the Gauss–Turán quadrature formulaR(GT)
n,s ( f ;w1) =

Rn,s ( f ;w1) and the remainder term of the Kronrod extension of the Gauss–Turán quadrature formula
R(K)n,s ( f ;w1) = En,s( f ;w1), we have that

|R(K)n,s ( f ;w1)− R(GT)
n,s ( f ;w1)| 6 V (1)

n,s,ρ‖ f ‖∞, |R(K)n,s ( f ;w1)− R(GT)
n,s ( f ;w1)| 6 W(1)

n,s,ρ‖ f ‖∞,

where

V (1)
n,s,ρ =

√
π

2s

(
2s + 1

s

)√
J̃0(a2n), W(1)

n,s,ρ = 2π

(
2s + 1

s

)
1

(ρn + ρ−n)(ρn − ρ−n)2s+1
.

Proof. According to (1.2), we obtain

|R(K)n,s ( f ;w1)− R(GT)
n,s ( f ;w1)| =

1

2π

∣
∣
∣
∣

∮

Γ
[K (K)

n,s (z;w1)− K (GT)
n,s (z;w1)] f (z)dz

∣
∣
∣
∣

6
1

2π
‖K (K)

n,s (z;w1)− K (GT)
n,s (z;w1)‖1‖ f ‖∞.

Further, we get
∮

Eρ
|K (K)

n,s (z;w1)− K (GT)
n,s (z;w1)||dz|

=
π

22s+1

(
2s + 1

s

)∮

Eρ

1

|1 − z2||Tn(z)|2s+1|Un−1(z)|
|dz|

=
π

2s

(
2s + 1

s

)∫ 2π

0

1

(a2n − cos 2nθ)1/2(a2n + cos 2nθ)s+1/2
dθ

=
π

2s−1

(
2s + 1

s

)∫ π

0

√
1

(a2n − cosθ)(a2n + cosθ)2s+1
dθ.
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We can continue applying Ḧolder’s inequality with different choices of the parametersr andr ′, such
that 1/r + 1/r ′ = 1. The caser = r ′ = 2 gives the bound with the factorV (1)

n,s,ρ , whereas the case

r = ∞ andr ′ = 1 gives the bound with the factorW(1)
n,s,ρ . �

The bound withV (1)
n,s,ρ is sharper than the bound withW(1)

n,s,ρ , whereas the factorW(1)
n,s,ρ is simpler

and exhibits more clearly its behaviour with respect toρ andn. As is seen from Fig.3, the factorsV (1)
n,s,ρ

andW(1)
n,s,ρ (as functions ofρ) very quickly become the same as the upper bound onLn,s(Eρ) in (4.18)

from Theorem 4.3 inMilovanović & Spalevíc (2005). Numerical tests also suggest thatV (1)
n,s,ρ is greater

than or equal toLn,s(Eρ), but less than or equal to the upper bound onLn,s(Eρ) mentioned above, i.e.

V (1)
n,s,ρ can be seen as a new upper bound onLn,s(Eρ) which is sharper than the bound fromMilovanović

& Spalevíc (2005). The same can be said in the Sections3.2and3.3.

3.2 The weight functionw2(t) = (1 − t2)s+1/2

We derive a connection between the kernelK (GT)
n,s (z;w2) from the Gauss–Turán quadrature formula and

the kernelK (K)
n,s (z;w2) from the Kronrod extension of the Gauss–Turán quadrature formula. The term

ρn,s(z;w2) can be written in another form as

ρn,s(z;w2) =
π

22s+1

[
un+1 + u−(n+1)

un+1
Z(2)n,s(u)−

(
2s + 1

s

)]

,

where (seeMilovanović & Spalevíc, 2003)

Z(2)n,s(u) =
s∑

j =0

(−1) j
(

2s + 1

s − j

)
1

u2 j (n+1)
.

According to (1.3), we get

K (K)
n,s (z;w2) = K (GT)

n,s (z;w2)−
π

22s+1

(2s+1
s

)

[Un(z)]
2s+1Tn+1(z)

. (3.2)

FIG. 3. The upper bound onLn,s(Eρ) (dashed line) andV (1)n,s,ρ (solid line, left) (W(1)
n,s,ρ right) as functions ofρ whenn = 10 and

s = 3.
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THEOREM 3.2 For the remainder term of the Gauss–Turán quadrature formulaR(GT)
n,s ( f ;w2) and the

remainder term of the Kronrod extension of the Gauss–Turán quadrature formulaR(K)n,s ( f ;w2), we have
that

|R(K)n,s ( f ;w2)− R(GT)
n,s ( f ;w2)| 6 V (2)

n,s,ρ‖ f ‖∞, |R(K)n,s ( f ;w2)− R(GT)
n,s ( f ;w2)| 6 W(2)

n,s,ρ‖ f ‖∞,

where

V (2)
n,s,ρ =

√
π

22s+1

(
2s + 1

s

)√
M2s+2(ρ2)

√
J̃0(a2n+2),

W(2)
n,s,ρ =

π

2s

(
2s + 1

s

)
Ms+1(ρ

2)

(ρn+1 + ρ−(n+1))(ρn+1 − ρ−(n+1))2s+1
.

Proof. According to (1.2), we get

|R(K)n,s ( f ;w2)− R(GT)
n,s ( f ;w2)| =

1

2π

∣
∣
∣
∣

∮

Γ
[K (K)

n,s (z;w2)− K (GT)
n,s (z;w2)] f (z)dz

∣
∣
∣
∣

6
1

2π
‖K (K)

n,s (z;w2)− K (GT)
n,s (z;w2)‖1‖ f ‖∞.

Further, we get

∮

Eρ
|K (K)

n,s (z;w2)− K (GT)
n,s (z;w2)||dz|

=
π

22s+1

(
2s + 1

s

)∮

Eρ

1

|Un(z)|
2s+1|Tn+1(z)|

|dz|

=
π

22s+1

(
2s + 1

s

)∫ 2π

0

(a2 − cos 2θ)s+1

(a2n+2 − cos(2n + 2)θ)s+1/2(a2n+2 + cos(2n + 2)θ)1/2
dθ

6
π

22s+1

(
2s + 1

s

)(∫ 2π

0
(a2 − cos 2θ)2s+2 dθ

)1/2

×

(∫ 2π

0

1

(a2n+2 − cos(2n + 2)θ)2s+1(a2n+2 + cos(2n + 2)θ)
dθ

)1/2

=
π

22s

(
2s + 1

s

)(∫ π

0
(a2 − cosθ)2s+2 dθ

)1/2(∫ π

0

1

(a2n+2 − cosθ)2s+1(a2n+2 + cosθ)
dθ

)1/2

=
π3/2

22s

(
2s + 1

s

)√
M2s+2(ρ2)

√
J̃0(a2n+2).

Similarly as in the proof of the previous theorem, applying Hölder’s inequality withr = 1 and
r ′ = ∞, we obtain the bound with the factorW(2)

n,s,ρ . �
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3.3 The weight functionw3(t) = (1 − t)−1/2(1 + t)s+1/2

We derive a connection between the kernelK (GT)
n,s (z;w3) from the Gauss–Turán quadrature formula and

the kernelK (K)
n,s (z;w3) from the Kronrod extension of the Gauss–Turán quadrature formula. The term

ρn,s(z;w3) can be written in another form as

ρn,s(z;w3) =
π

2s

[
1 − u2n+1

u2n+1
Z(3)n,s(u)+

(
2s + 1

s

)]

,

where (seeMilovanović & Spalevíc, 2003)

Z(3)n,s(u) =
s∑

j =0

(
2s + 1

s − j

)
1

u j (2n+1)
.

According to (1.3), we get

K (K)
n,s (z;w3) = K (GT)

n,s (z;w3)+
π
2s

(2s+1
s

)

(1 − z)[Vn(z)]
2s+1Wn+1(z)

. (3.3)

THEOREM 3.3 For the remainder term of the Gauss–Turán quadrature formulaR(GT)
n,s ( f ;w3) and the

remainder term of the Kronrod extension of the Gauss–Turán quadrature formulaR(K)n,s ( f ;w3), we have
that

|R(K)n,s ( f ;w3)− R(GT)
n,s ( f ;w3)| 6 V (3)

n,s,ρ‖ f ‖∞, |R(K)n,s ( f ;w3)− R(GT)
n,s ( f ;w3)| 6 W(3)

n,s,ρ‖ f ‖∞,

where

V (3)
n,s,ρ =

√
π

2s

(
2s + 1

s

)√
M2s+2(ρ)

√
J̃0(a2n+1),

W(3)
n,s,ρ = 2π

(
2s + 1

s

)
Ms+1(ρ)

(ρn+1/2 + ρ−(n+1/2))(ρn+1/2 − ρ−(n+1/2))2s+1
.

Proof. According to (1.2), we get

|R(K)n,s ( f ;w3)− R(GT)
n,s ( f ;w3)| =

1

2π

∣
∣
∣
∣

∮

Γ
[K (K)

n,s (z;w3)− K (GT)
n,s (z;w3)] f (z)dz

∣
∣
∣
∣

6
1

2π
‖K (K)

n,s (z;w3)− K (GT)
n,s (z;w3)‖1‖ f ‖∞.

Further, we get
∮

Eρ
|K (K)

n,s (z;w3)− K (GT)
n,s (z;w3)||dz|

=
π

2s

(
2s + 1

s

)∮

Eρ

1

|1 − z||Vn(z)|
2s+1|Wn(z)|

|dz|
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=
π

2s

(
2s + 1

s

)∫ 2π

0

(a1 + cosθ)s+1

(a2n+1 + cos(2n + 1)θ)s+1/2(a2n+1 − cos(2n + 1)θ)1/2
dθ

6
π

2s

(
2s + 1

s

)(∫ 2π

0
(a1 + cosθ)2s+2 dθ

)1/2

×

(∫ 2π

0

1

(a2n+1 + cos(2n + 1)θ)2s+1(a2n+1 − cos(2n + 1)θ)
dθ

)1/2

=
π

2s−1

(
2s + 1

s

)(∫ π

0
(a1 + cosθ)2s+2 dθ

)1/2(∫ π

0

1

(a2n+1 + cosθ)2s+1(a2n+1 − cosθ)
dθ

)1/2

=
π3/2

2s−1

(
2s + 1

s

)√
M2s+2(ρ)

√
J̃0(a2n+1).

Similarly as in the proofs of the previous two theorems, applying Hölder’s inequality withr = 1 and
r ′ = ∞, we obtain the bound with the factorW(2)

n,s,ρ . �

REMARK 3.1 Concerning some interesting historical details on Gauss–Kronrod quadrature rules, see
Gautschi(2005).
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