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Abstract

The Fourier transform algorithm is ubiquitously used and essential for applications like
digital signal processing, as well as audio and video compression. Its quantum analogue, the
quantum Fourier transform (QFT), first became famous as a part of Shor’s Algorithm for
factoring numbers in the nineties. Since then, many influential algorithms have been built
on top of the QFT and the associated quantum phase estimation.

One of these is a quantum algorithm for solving systems of linear equations. It was
developed by HARROW, HassIDIM and LoyD in 2009 [HHL09] and is hence often called
HHL for short. Under certain conditions, HHL is able to find the solution x of the system
Az = b with a complexity of only O(logn), where n is the number of variables. This stands
in contrast to classical techniques which achieve a runtime of O(n?) at best.

In this work, we develop the HHL algorithm and the components upon which it is built,
including the quantum Fourier transform. While the theoretical speedup of HHL is exponen-
tial, the conditions which must be met can pose difficult problems for actual implementations.
We give an in-depth overview of these conditions and the research aimed to improve them.

At DLRE| large amounts of earth observation data from satellites needs to be processed.
This presents a possible future use case for quantum algorithms. We evaluate the applica-
bility of HHL for space-borne synthetic aperture radar tomography, which is a technique to
reconstruct three-dimensional surface features from radar data.

!German Aerospace Center (Deutsches Zentrum fiir Luft- und Raumfahrt)
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1 Introduction and Motivation

After the discovery of quantum mechanical phenomena in the early 20th century, the studied
effects suggested that the construction of a quantum computer could be possible. Such
devices would utilize quantum mechanics to perform computations that are impossible on
standard computers. Now, in the 21st century, the first functional versions of such devices are
being built by multiple organizations and there is an active research community developing
algorithms for applications.

Since its discovery in 1994, Shor’s algorithm [Sho94] was for a long time the only widespread
algorithm associated with quantum computers. Given a capable quantum machine, it would
allow to factorize large numbers much faster than classical computers. This would break all
common and established schemes of public key cryptography. With this threat lingering on
the distant horizon, efforts of developing more robust classical cryptography schemebﬂ have
been the main impact of quantum computing to the research world.

In the past 15 years however, active research has produced more constructive and concrete
results for applications of quantum computing. Coupled with promising progress in the
hardware domain, it is warranted to explore concrete applications.

With this in mind, the German Aerospace Center dedicated resources towards evaluating
possible applications of quantum computing. For example, in earth observation, satellites
gather large amounts of data that needs computationally expense post-processing. In such
cases, quantum computers could be able to provide a significant speed-up.

The quantum speed-up of many algorithms is powered by a subroutine that also lies at
the heart Shor’s algorithm. This subroutine is called quantum Fourier transform (QFT).
Mathematically, it is directly related to the classical discrete Fourier transform (DFT), and
hence also able to decompose a signal into its frequency components. In Shor’s algorithm,
the QFT is used for the closely related problem of order finding. In most of the other
algorithms however, QFT is used in a different role than frequency analysis: On a suitably
prepared quantum state, the inverse QFT is able to transform analog quantum amplitudes
into a binary representation. This is an extremely useful tool, similar to a classical analog-
to-digital converter (ADC).

The QFT is a key component in quantum phase estimation (QPE) [Kit96], quantum count-
ing [BHT98], solving systems of linear equations [HHL09], and quantum machine learning
[BWP™17] [WBL12|]. Like many physical problems, applications in data processing related
to earth observation can often be formulated as systems of linear equations. The algorithm
for this is generally called HHL algorithm, after its authors HARROW, HASSIDIM and LOYD
and achieves an exponential speed-up compared to the best classical algorithm.

The goal of this thesis is to develop the HHL algorithm and subsequently evaluate possible
applications for Earth Observation at DLR. Of the currently discussed quantum algorithms,
HHL is unique in the regard that it uses almost all of the important subroutines: It incor-
porates QFT, QPE, classical logic, postselection, and amplitude amplification ﬂ Each of

!These new schemes are commonly grouped together under the term post-quantum cryptography.
2Very broadly speaking, there are two independent base routines that are at the heart of quantum speedups.



1 Introduction and Motivation

these subroutines will be introduced in a dedicated section of Chapter [ but still be kept in
context of their application in the HHL algorithm. This allows getting a better grasp of the
otherwise often abstract algorithms that are fundamental to quantum computing. At the
same time, detailed knowledge of the anatomy of HHL is built up. This knowledge enables
to draw valid conclusions on the general applicability of HHL.

Chapter [5| focuses on the general applicability of HHL in real world scenarios and in-
troduces a decision matrix to get an overview of possible use-cases. In Chapter [0} a con-
crete application from earth observation is evaluated in detail: In SAR tomography, three-
dimensional images are reconstructed from two-dimensional ones provided by radar satellites.
Also, an example run of HHL is analyzed mathematically.

This work begins with Chapter [2| and Chapter 3| which introduce the notation and some
background on quantum mechanical effects that are beneficial to the understanding of the
other chapters.

One is QFT, the other is the so-called amplitude amplification. It powers Grover’s search algorithm
[Gro96].



2 Notation and Convention

2.1 Variable Names

In quantum computing, especially when talking about complexities, there is a source of
confusion: While in classical computing, the reference is the problem size (e.g. the dimension
of a vector), in quantum computing, the number of qubits is used sometimes instead. This
is because the number of quantum gates will generally depend on the number of qubits.
On its own, this would be no problem, but in the literature, the associated variable names
n,m, N, M are used inconsistently for these different quantities. This work adheres to the
following convention:

e n is the dimension, or size, of the problem.
Apart from the number of elements in a vector or dimension of a matrix, this could be
the size of a database in which a search is performed.

e m represents the number of qubits used by an algorithm. Due to the nature of quantum
encoding, we commonly have m = logn.

These were chosen in part because lower- and upper case letters are cumbersome to distin-
guish vocally, and both frequently appear together. While j and k are used as indices in
varying contexts, all variable names in Table are used consistently.

2.2 Linear Algebra

When not otherwise specified, systems of linear equations Az = b, are defined by
AeC™™ x,beC™

Non-square matrices of underdetermined systems are A € C**" with [ < n. For any matrix,
At is defined as the conjugate transpose of the matrix As the HHL algorithm will be
mainly concerned about hermitian and unitary matrices, some facts are briefly stated to
assist reasoning about them.

e A matrix is hermitian if H = H'. The diagonal can hence only contain real values.
Also, all the eigenvalues of Hermitian matrices are real.

e A matrix is unitary if UUT = 1. If the matrix as only real entries, this property is also
called orthogonal. In both cases, all the column vectors are of norm 1 and orthogonal
to each other. The same holds for the row vectors.

!Outside of quantum physics, the notation A* is more prevalent.



2 Notation and Convention

Variable is used for

Matrix sparsity (in the literature, d is often used.)

Hamiltonian simulation time

Final additive error

Condition number

Vector and matrix dimension (in the literature, N is often used.)
Secondary matrix dimension (if the matrix is non-square)
Number of qubits

Number of qubits used for kickback in phase estimation
Unitary matrix

HHL input matrix

Hamiltonian matrix

Complex amplitudes

Eigenvalues

Complex phase of the eigenvalue A = e
Eigenvectors

R

2 S >

2migp

Table 2.1: An overview of variable names used throughout this work

Both unitary and hermitian matrices are diagonalizableﬂ Eigenvectors of diagonaliz-
able matrices form a basis of the underlying vector space (e.g. C™).

Eigenvectors of hermitian and unitary matrices are orthogonal for different eigenvalues.

Unitary matrices only perform rotations and reflections; they cannot scale any vector
as they always preserve norms. Hence, the eigenvalues can only be 1 and —1. (Actually,
in the unitary case, all complex numbers with absolute value 1 are possible.)

The action of hermitian matrices cannot be described as intuitively, but at least in the
real case, the following holds for symmetrical matrices: For a square invertible matrix,
the transpose A7 of a matrix will scale vectors like A, but rotate them like A~!. If
the matrix is symmetric, we get that A has to rotate vectors the same way as A~!. As
AA~! has to be the identity, only rotations that are self-inverse (like rotating by 180°
on an axis) are possible.

Even though this is only the real case, a rough conclusion can be drawn: Unitary matrices
rotate but cannot scale, while hermitian matrices can do both, but are somewhat constrained
in the possible rotations. The two classes of matrices hence seem mostly disjunct, however
there are matrices that are both hermitian:
0 1
(51 0)

(1) b 5

hermitian but not unitary hermitian and unitary unitary but not hermitian

2A matrix is diagonalizable if there exists an invertible matrix P such that P 1 AP is a diagonal matrix.
Diagonal matrices are zero everywhere except on the diagonal. Most matrices are diagonalizable, but one
counterexample are nilpotent matrices.



2.3 Quantum Information

2.3 Quantum Information

The notation of quantum states is especially inconsistent in the literature, maybe because
quantum computing is still a relatively young field. This work uses the following conventions:

Binary encoding: For a binary encoded value j = (ju—1...Jo0)2 € {0,1}"; the corresponding
quantum binary encoding is |j) = |jn—1-.--jo). Both represent the value

n—1
J=>_ 2t
k=0

Hence, the left-most qubit is the most significant bit (MSB).

Basis states: The computational basis states |k) are defined by the quantum binary encod-
ing |km—1...ko) of k.

Amplitude encoding: For a vector b = (bg,...,b,_1)T € C" with n = 2™ for some m € N
the corresponding quantum amplitude encoding is the state Z;é by |k) and requires
logn = m qubits. If n is not exactly a power of 2, this can still be done with m = [logn]
and setting the additional values to 0. For simplicity, we generally assume n = 2.

Quantum Circuits: In a quantum circuit, the left-most (and most significant) qubit is placed
on the top of the diagram.

A summary and example circuit of the conventions used in this work is depicted in Figure[2.1]
Since there are two other common conventions that differ from this one, they are provided
for comparison, as well.

The first is used in the book “Quantum Computation and Quantum Information” by
NIELSEN and CHUANG and depicted in Figure It is very similar, but uses a more
mathematical style for indexing: Indices begin at 1 instead of 0, and binary states indexed
from left to right, like vectors usually are. However, the most significant bit is still on the
left [NC16l p. 218].

The second is used by IBM Qiskit and depicted in Figure It uses a computer science
indexing style again, but the left-most bit in Ket-notation is the lowermost bit in the quan-
tum circuit. This can be confusing and must be kept in mind when working with Qiskit
implementations of HHL.
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3 Rotations and the Bloch Sphere

The HHL algorithm uses rotation gates in a subroutine to prepare a specific quantum ampli-
tude. These gates, generally called R;(0), R,(f), and R.(f) are reminiscent of the Euclidean
rotations, but this is deceiving. They are different operations on quantum states and only
called this way due to their apparent effect on vectors on the Bloch sphere. For example,
they have a period of § = 47 instead of 27. To reduce confusion and aid understanding of the
subroutine, this chapter develops the similarities and differences of classical and quantum
rotations in detail.

3.1 Euclidean Rotations

Let’s start by looking at rotations in the standard euclidean space. Imagine a spinning
billiard ball with its angular momentum vector determined by the right-hand rule. Rotating
the spinning ball can be described mathematically by rotating its angular momentum vector.
The rotations around the axes are described by the three fundamental rotation matrices. A
full rotation corresponds to an angle of § = 2.

1 0 0 cosf 0 siné cosf —sinf 0
R,(0) =0 cosf —sinb Ry(0) = 0 1 0 R,(0) = | sind cosf 0
0 sinf cosf —sin® 0 cosf 0 0 1

By combining different fundamental rotations, any rotation in 3D space can be achieved.
The effect of applying each with angle 7 to the vector (0,0, 1) can be seen in this picture:

If you do some playing around with these matrices, you might come across identities like the
following:
Ry(m) Ry(m) = R.(m)
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Thus, there are different combinations of the fundamental rotations producing the same
result. One can prove that there are patterns in the identities that are characteristic for
the rotations in 3D space. These patterns are formalized mathematically by the special
orthogonal group SO(3). E]

3.2 The origin of the name spin

Rotations in 3D space are very intuitive to us humans, and hence were a natural choice
for physicists when they first tried to find analogies to explain quantum phenomena in the
early 1920s. In this time, when the fundamentals of quantum dynamics were actively being
worked out, George Uhlenbeck and Samuel Goudsmit proposed a theory to explain the
Zeeman effect. They assigned an additional quantum number to electrons and called it spin,
suggesting electrons to be actually spinning in the classical sense like a billiard ball.

As the legend goes, Uhlenbeck hastily tried to pull back the publication after correspon-
dence with LorentzE] left him convinced that his theory was false. His supervisor, Paul
Ehrenfest, famously responded “Both of you are young and can afford to do something
stupid.”, and had the paper ([UG26]) published. Although it turned out that electrons do
not actually spin, the principal idea was correct and brought the two young scientists much
fame. The name spin stuck and still influences the notation and intuition we have about
quantum states. As quantum particles really do have some kind of “intrinsic” angular mo-
mentum, this intuition might be helpful, but it also can cause confusion when working with
the formal definitions.

3.3 Quantum Rotations

The state of a single qubit is defined by

a|o>+61>=a<(1)) +5<(1)> - (g)

where «, 3 € C such that \04|2 + \B|2 = 1. The vectors are elements of C2. The quan-
tum rotation gates R;(6), R,(0), R.(0) acting on such a single qubit state are defined for
0 € [0,4m):

16
[ cos(9/2)  —isin(9/2) _ [cos(9/2) —sin(9/2) _[eT2 0
R (6) = (—isin(ﬁ’/z) cos(02) ) D= \ginop) cosopp) ) O =1 L2
It seems quite arbitrary at first that the maximum angle 6 is 47, but these modern
definitions were established through a series of careful and systematic experiments over
time. The first and most famous of which being the Stern-Gerlach experiment which shows
that the quantum spin has to be quantized (when observed). This means that in contrast to

a spinning billiard ball, whose rotation vector changes size depending on the rotation speed,
electrons can only “spin” at fixed “speeds”.

!The name comes from the special orthogonal matrices that form the group elements. Orthogonal matrices
cannot scale vectors and only perform rotations or reflections. Special means that not even reflections are
allowed.

2Hendrik Lorentz after whom the Lorentz force is named



3.3 Quantum Rotations

|0) 0) 10)

)

Figure 3.1: The three rotations R, Ry, R, on the Bloch Sphere

Other experiments gave insights on the effect of the rotation of quantum particles: To
coincide with the physical observations the mathematical structure of quantum rotations had
to be different from SO(3); instead, the matching structure is SU(2), the special unitary
group of two (complex) dimensions. However, SU(2) and SO(3) are quite similar. In
particular, it is possible to map the elements of SU(2) to elements SO(3) while at the same
time “preserving” the structure. In this so-called covering, precisely two elements of SU(2)
get mapped to each one element of SO(3). This suggests that SU(2) contains in some way
twice as many distinct rotations. Additionally, each “half” of SU(2) has the same structure
as SO(3).

Hence, it makes sense to use the range from 0 to 27 for one such half to highlight the
similarity in structure. For the second half, the range is extended from 27 to 4w. A simple
example is the rotation of the state |0) around the y axis:

R,(0)[0) = Ry(47)[0) = |0) Ry(m)|0) = 1)
Ry(2m) |0) = —0) Ry(3m)|0) = — 1)
A rotation of 27 is “almost” the identity, but a complex phase of e~ causes the factor
—1. Only after two full rotations, the true identity is reached. The concept of the double
covering also appears on Bloch sphere. Figure [3.I] shows the three rotation planes, each
arrow drawing the trace of a rotation with angle w. This angle is perceived as 90° on the
Bloch sphere, which is a useful side effect of extending the range in the way described above.
Rotations of 27 arrive at the same vector and the same spot on the Bloch sphere, only the
hidden phase has changed. The trace of a full 47 rotation travels around the Bloch sphere
two times, which can be counterintuitive.

One must also take care not to confuse the quantum state vectors on the Bloch sphere with
actual vectors in the three-dimensional Euclidean space. Quantum state vectors live in the
different space C?, and the quantum rotation R, Ry, R, are different from their euclidean
counterparts. Their similarity in names is because of the apparent effect on the Bloch sphere.
The rotation R, seems to rotate quantum state vectors about the axis n (for n € {z,y, 2}).






4 The HHL Algorithm

The HHL Algorithm is usually introduced the following way: Let
Ar =b

be a system of linear equations, where b € C" and A € C™*" is a hermitian matrix. Let s be
the sparsity of A, i.e. the number of non-zero elements per row or column. Finally, let x be
the condition number of A. Under these conditions, HHL is capable of producing a quantum
state |x) proportional to the solution x with an additive error of e. The complexity is

1
O(log(n) s* K2 g)

The vector b is provided to the algorithm normalized and amplitude encoded as |b) in the
input register Z. The matrix A is implemented as a quantum logic gate which acts on
quantum states during the execution of the algorithm.

A simplified schematic of the algorithm is depicted in Figure It can be divided into
three main parts: Phase estimation, eigenvalue inversion, and uncomputation. A HHL
execution is successful if the measurement of the ancilla register A returns 1.

The computational complexity is dominated by the phase estimation, where the eigen-
values of A are calculated. In the next step, the eigenvalues are inverted and added to the
quantum state. The result is a representation of x = A~'b, and the problem is solved. The
uncomputation step is the phase estimation in reverse. Its purpose is to reset register C'
back to zero, which is needed for repeated HHL executions during amplitude amplification.

The dependence on n is exponentially better than the best classical algorithm, the conju-
gate gradient method, which has a complexity of

O(n sk log ).

However, the complexity of HHL also depends on s, k, and 1/e. If one of these factors is
significantly larger than logn, they dominate the overall complexity and nullify the perfor-
mance gains of HHL. Conjugate gradient essentially has the same dependency on the other
factors, but the play a less significant role compared to the huge n factor.

Phase Estimation  Inversion Uncompute

get A\x calculate \i reset C
Ak

Ancilla A: |0)

=]
M

Clock C: 0)*! ={ i | FT! {FT) | H = |0)®
Input Z: |b) 1 U | 1 U | |z)

Figure 4.1: HHL praeceptum est omnis divisum in partes tres (ireely quoted from [CasBC))

11



4 The HHL Algorithm

The stated complexity also ignores the cost of preparing |b) and reading out |z). Doing
this generally requires O(n) steps, limiting the practical usability. There are also some
other, more concealed problems that arise from some internals. As a result, there has been
a research effort towards improving the constraints and general applicability of HHL.

The main parts of HHL, phase estimation and inversion, are covered in Section [£.5 and
Section [4.6] respectively. As these subroutines are of considerable complexity, several aspects
are covered in advance: We start with an overview of the mathematical concept behind
HHL in Section Then, the different ways of defining computational complexities in the
quantum context are introduced in Section Literature on HHL is not consistent in this
regard, so it helps greatly to keep in mind what is meant when the word complexity is used,
depending on the context. Section is concerned with a step that is often excluded from
HHL, but very relevant in practice: How can the state |b) and the matrix A be efficiently
prepared if they have to be read from classical data? Finally, after phase estimation and
eigenvalues inversion, the whole algorithm is tied together by the final steps in Section [4.7]

4.1 Mathematical Overview

The most straight-forward way of solving a linear system is to calculate the inverse matrix
A~ which yields
Az =b < z=A"1b.

However, we cannot apply A~! to the quantum state |b) since A is not unitary in general (not
every invertible matrix is unitary). Instead, we use a decomposition of b into eigenvectors of
A to sidestep the inversion while still achieving the desired result. This mathematical consid-
eration will lay out the fundamental steps of the HHL algorithm. We begin by highlighting
two facts:

Fact 4.1. Let A € C™"™ a hermitian matrix. Then there exists an orthonormal basis
ug, - . ., Up—1 of C™ such that the uj are eigenvectors of A.

Fact 4.2. Quantum states can be described with respect to any orthonormal basis. This
basis is usually and implicitly assumed to be the computational basis (e.g. [0),|1)) of
standard unit vectors. The coefficients of amplitude encoded values (like |b) in our case)
refer to these basis vectors.

The first fact allows us to write an equivalent definition of b that does not use the standard
basis vectors e;. For some §; € C and up € C" defined as above we have:

n—1 n—1
Z brer = b = Z Brug (4.1)
k=0 k=0

From the second fact we know that the associated quantum state can be described in an
equivalent way:

n—1 n—1
> bk k) eomp = [B) =D Br lux) (4.2)
k=0 k=0

12



4.2 Quantum complexities

For now, we assume that A is invertible, i.e. the linear system has precisely one solutionﬂ
For any invertible A with eigenvalues A, ..., A,_1, the inverse matrix A~! has eigenvalues
/X0, .., 1/x,—1 which correspond to exactly the same eigenvectors. Since the uy are the
eigenvectors of A, we can construct

n—1 n—1

r=A"1p= ZﬁkA_luk = Z %uk (4.3)
k

k=0 k=0

Given the eigenvectors of A and their inverted eigenvalues, this yields a solution to the
linear system without explicitly inverting A. This has no real benefit for classical com-
puting, though. Given eigenvectors and -values, A~! can be directly calculated via reverse
eigendecomposition.

The situation is different in the quantum realm: Just by loading |b), the decomposition
into eigenvectors is already there. We would only need to transform |b) into a state that,
when viewed in the eigenbasis, contains the inverse eigenvalues in the amplitude:

n—1 n—1
) =3 i fuy)  zemstom, Zf‘;|uk>=|x>
k=0

The transformed state indeed encodes the solution vector z: With the same principle from
and (4.2), we get a decomposition z = Y xj |uy) for some xj. Plugging this into ([4.3)
yields xx = Pr/\;, establishing the result.

HHL relies on the quantum phase estimation algorithm (QPE) to perform this transforma-
tion, which works with unitary matrices U. The eigenvalues of any such U lie on the complex
unit circle and are hence of the form \ = ¢*™® for ¢ € [0,1). QPE essentially computes the
phase ¢ of all eigenvalues of a given U. While A is not unitary, the matrix exponential e*4
is. Even more conveniently, if \; are the eigenvalues of A, the eigenvalues of ' are e
with the same eigenvectors. Since A is hermitian, all A; are in R. This matches perfectly:
The phases of €2™4 returned by QPE are exactly the eigenvalues of A. This resembles the
first and main step of HHL. A second step is then needed to invert the calculated eigenvalues
and correctly merge them into the overall quantum amplitudes. Further structure is needed
to keep the calculations efficient, but the overall idea stays the same.

4.2 Quantum complexities

As mentioned, the HHL algorithm has a “complexity” of O(log(n)s? x> 1). This is in con-
trast to O(n sk log(2)) of the conjugate gradient (CG) method [She94], the best classical
algorithm for sparse matrices. The CG algorithm has an exponentially worse dependence
on the dimension while being less sensitive on the desired error.

For the classical algorithm, the complexity (or run time) is well-defined: It describes
the number of elementary computation steps like additions and multiplications, which are
executed in (roughly) one CPU cycle each. Quantum computers on the other hand are more
akin to analog devices without any state machine or clear steps upon which the complexity
could be defined. As a result, there are different ways to evaluate quantum complexity: Gate
count, depth complexity and query complexity.

LOf course, this is not generally the case, but the aim is to develop an idea for the algorithm. We will see
later how to deal with non-invertible matrices.

13



4 The HHL Algorithm

4.2.1 Gate Count

One simple way is to count the total number of elementary gates used by an algorithm.
The set of elementary gates could for example contain arbitrary rotations and the CNOT-
operator [IRM™19]. Much like universal classical logic gates, different sets can be chosen.
Many of the currently competing quantum architectures have different gates that can be
directly implemented in hardware, making it impossible to choose a gate set that works with
any architecture.

Additionally, any non-trivial unitaries appearing in the algorithm have to be decomposed
into an equivalent set of elementary gates first. Doing this with the optimal number of
elementary gates is an unsolved problem in the general case. If the unitary depends on
input data or is somehow else chosen at runtime, calculating the number of gates gets even
more difficult.

Despite these downsides, the gate count is conceptually simple and likely has high pre-
dictive power on the real-world feasibility of an algorithm: The major problems of current
quantum hardware are keeping the states coherent for long enough and suppressing errors.
Both errors and the likelihood for decoherence are increased by each gate, so it makes sense
to use this number for evaluating an algorithm’s complexity.

4.2.2 Depth complexity

The gate count is refined by the depth complexity: Since quantum gates can be performed
on different qubits in parallel, the main factor for errors and decoherence is actually the
longest “chain” of gates that cannot be executed in parallel. An example for this would be
the controlled rotation part of HHL (Section because all rotations act on the same qubit
and hence cannot be performed in parallel.

In this context a special depth is often used, the T-depth, which counts only the number
of T-gates. T-gates are often used with X, Y, and Z gates to form the Clifford+7 gate set.
The execution of T-gates takes considerably longer and introduces more error compared to
“basic” Clifford gates, so it is the most limiting factor.

4.2.3 Query complexity

The difficulties of computing the gate count of general unitary matrices make proofs on
runtimes or lower bounds very hard. |Chi21l 20.1] Because of this, there are few results that
make direct statements about gate counts and depth complexity. Especially in the subject
surrounding HHL, another notion of complexity is predominantly used, the query complexity.
It counts the number of queries to a black box during the computation. This black box is
generally the most costly part of an algorithm, so it is justified that the complexity of
all other parts is simply ignored in this formalism. Although such black boxes cannot be
directly implemented, the formalism is much better suited for reasoning about and comparing
algorithms. The black box is formalized as a so-called quantum oracle.
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4.3 Input Encoding

Definition 4.3 [Chi2l, Eqn. (20.2)]. Let ¢,0 € N and f : {0,1}¢ — {0,1}° be a
function. A (binary) quantum oracle is a unitary operator O defined by its action on
the computational basis states

[2)[0)%° — |2) [0 @ f(x))

The first (query) register with state |z) contains ¢ qubits, the second (oracle) register
contains o qubits and is initialized with state |0)%°.

Example 4.4. A quantum oracle O 4 for access to elements of the matrix A is given
by its action on the basis states

19, k) 10) = 17, k) [ Aje) -

The matrix indices are binary encoded and concatenated on s (qu)bits, and it is
assumed that every matrix element can be encoded in ¢ (qu)bits.

There are other types of oracles, for example for preparing a continuous state, see [Chi21l,
20.2]. Their power comes from the ability to query function values in superposition: If
we queried O 4 with a superposition of four different matrix coordinates, it would return a
superposition of the values. With our oracle defined, we can proceed to the definition of
query complexity.

Definition 4.5. The quantum query complexity of an algorithm is defined as the
number of queries of a quantum oracle O. [Amb17] A query is one application of the
unitary O; it does not matter if the input is in superposition or not.

Example 4.6. Ignoring costs for preparation of the state |b), the HHL algorithm has
a query complexity of O(Ii2$2%) by using queries to an oracle similar to the one given
in Example

In contrast to the original complexity, the query complexity given here does not depend
on n. This is because all calculations that depend on n are performed by the oracle.

Note that in the query complexity setting, looking up all matrix entries at once (through
supplying an equally-weighted superposition of all combinations) would only count as one
query. Of course, the output superposition is not useful in most cases, but sometimes
conclusions can be made, e.g. when all matrix elements are the same.

Finally, there is the concept of Quantum Turing Machines, but this type of “computation
steps” is used predominantly in pure complexity theory and not for runtime analysis of spe-
cific algorithms. Most of the improvements HHL are formulated through query complexity,
as we will later see.

4.3 Input Encoding

HHL requires two oracles: One for preparing the state |b), called Oy, and one for the matrix
access as described in Example [£.4] called O4. While it is convenient to treat them as a
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4 The HHL Algorithm

black box when optimizing the overall algorithm, the problem of actually implementing them
cannot be ignored either: To achieve a real-world quantum speedup at some point, there has
to be a complete realization of the whole algorithm.

In the use case of processing classical linear systems with HHL, implementing O, with a
sublinear run-time seems impossible: Writing b to a classical RAM has complexity O(n) on
its own, since b has n entries. The only exception to this is if we somehow already have
b in classical RAM and “just” need to prepare the amplitude encoding |b). This problem
is known as quantum state preparation, but as of now, there is no efficient implementation
that can prepare any state, either.

Nonetheless, there are proposed solutions: For example, in a machine learning context,
|b) does not need to be very precise, opening the possibility for an efficient algorithm that
produces a “smoothed” version of b [ZFR*21]. The concept with the most traction and
general applicability is called quantum RAM (QRAM). A basic QRAM implements a binary
lookup oracle, a generalization of the one in Example .4}

Definition 4.7. A binary lookup oracle or data lookup oracle is a unitary operator
Opy, defined by its action on the computational basis states

) 10) = [é) |ws)

wj is the (binary encoded) data word at address i. The register |i) is wide enough to
encode all addresses, and the number of qubits in |w;) is the same as the word length.

Hence, a QRAM is able to perform lookups in superposition:
n—1 QRAM n—1
D aili) 0% == " i) [wi)
i=0 i=0

Since QRAM is its generalization, the matrix oracle O 4 can be directly implemented in this
way. For Oy this is not the case: we only get a binary encoding where an amplitude encoding
is needed. Converting from one to the other is possible, but only in some cases efficient. Note
that an implementing oracle like Oy is essentially the same as quantum state preparation,
and the efficient general realization of the latter is an unsolved problem. In the following
we will look at one sometimes-efficient way of implementing Op. It is adapted from [Han21),
2.1.2].

Let n be the number of entries of b, and let m = logn be the number of qubits needed
for the amplitude encoding. Let w be the word width of a binary lookup oracle Opy, which
returns binary encoded entries of b. Lastly, assume that ||b]| ., = 1. This means that b has
already been scaled in such a way that it is as large as possible, but no entry b; is larger
than 1, so it still can be represented as a quantum amplitude. Start with three registers:

e 3 with m qubits initialized to ﬁ Z:‘L:_ol i), an equally-weighted superposition of all
basis states.

e W with w qubits initialized to |0)*".

e An ancillary register A with 1 qubit initialized to |0).
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Opy is then queried with B and returns all entries of b in superposition:

n—1 n—1
1 , s O 1 .
|0>A%Z \z>5|0>% — ‘O>A%Z|Z>B’bi>w
i=0 i=0

Next, the qubits of B are used to control multiple rotation gates acting on A. With a binary
value b; as control, they are chosen such combined effect rotates A from |0) to

1—b2|0) +b;[1).

The goal is to add the amplitude on |1) to the overall state; the square root on |0) is
unavoidable to keep the transformation unitary. The complete operation with superposition
looks like this:

n—1 n—1
1 . ntrolled rot. 1 .
10) 4 NG Z 1) g |bi) oy controlled rot., NG Z (1 =0710) + i (1)) (|3} 5 [bi)yy
=0 =0

Now a measurement is performed on A. If the result is 0, the operation failed and has to be
started over. If the result is 1, the quantum state collapses to

n—1

1 .

o D bi|1) 41D [bidyy -
2 =0

Note that the normalization constant changed from
1 1 1 1

=— to

Vo -gewl Ve P

The desired amplitude encoding is now contained in register B. This trick of measuring to
convert from binary to amplitude encoding is called postselection and also used in HHL. It
is covered in Section including how to actually implement the controlled rotations.
The chance for measuring |1) is %Z?:_Ol\biIQ. If the elements of b are very uniform, the
||-|| .-normalization causes the values to be close to 1. In this case, the success probability
approaches 1, making the state preparation quite efficient. Unfortunately, if b is not uniform,
the prospects are bleak. There are other conversion techniques, but they have drawbacks,
too: One approach can trade oracle queries for increased success probabilities. Another
one requires knowledge of “sub-norms” of parts of b to achieve an efficient deterministic

preparation [Han21l, p. 14-15]. For yet another approach, see [ZFRT21].

4.3.1 QRAM implementation

There are currently a few proposed architectures for implementing a quantum RAM. They
are called Fan-out, Bucket-Brigade [GLMO§| and Flip-Flop [PPR19]. There is also the
KERENIDIS-PRAKASH (KP) hybrid model with the sub-norm technique mentioned above
[KP16].

The Fan-Out model is derived from classical memory architecture, so a brief overview is
given: Modern RAM is laid out in rows (one for each address) and columns (e.g. w = 64,
the word width), forming a grid. Each row line controls w single-bit memory cells. If the
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|—log nl n

Address bits

Row decoder
\

|1 —64

Figure 4.2: Schematic of a modern RAM with a word width of 64 bit and n memory cells

row line is turned on, the cells write their values to the column lines to be transported back
to the CPU. For decoding the binary address and turning on the corresponding row line, a
decoder is used. This component needs at least O(n) transistors arranged into a binary-tree
pattern that get turned on and off by the address bits [GLMO0S8| Fig. 1, 2]. Like any classical
circuit, this could be implemented in a quantum computer, but since all O(n) quantum logic
gates are active at the same time, an extremely large state must be kept coherent. This
seems to be a major hurdle for an actual practical implementation.

As an improvement, [GLMOS|] introduced the Bucket-Brigade architecture. Instead of
turning all the routing transistors on or off based on the address qubits, they use a three-
phase hardware element that is able to both route and transfer the data. They start in a
special waiting state and “lock in” their routing behavior depending on the first arriving
signal. After that, all further signals are passed to the locked-in route. As a result, only the
logic directly on the selected route is active, reducing introduced errors and the chance of
decoherence. The three-phase hardware elements are called qutrits and could theoretically
be realized through a number of physical phenomena. All of them require a purpose-built
memory structure different from general-purpose quantum processors.

[PPR19] introduced a different method which uses standard quantum gates. Here, classical
memory bits are used as input to CNOT gates in a quantum register that has as many
qubits as a classical memory word. These selectively flipped qubits are themselves input
to controlled rotations acting on a register for the final amplitude-encoded state. After
this operation, the same classical memory bits are used to flip back, or “flop”, the first
quantum register. This process can then be repeated on the same registers with the other
memory words, building up the final quantum state. This approach was combined with
the probabilistic post-selection routine covered earlier to improve an issue discovered in the
original Flip-Flop QRAM design in [DVDAPDS20].

Finally, the approach of KERENIDIS and PRAKASH [KP16] was first developed for encoding
matrices in a quantum recommendation system, which is an application related to HHL. It
stores the amplitudes of different parts ) bg of b in a binary tree structure. The amplitude
encoding is constructed by subsequent rotations which depend on the values stored in the
nodes of the tree.

With n vector entries in classical memory, the classical complexity to save it is O(n) and
the quantum circuit cannot involve fewer than O(n) logical elements - even if the lookup
itself is more efficient when not all of them are used.
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4.4 Output Decoding

4.4 Output Decoding

The only possibility to convert data saved in a quantum register back to classical data is
to perform a measurement. Any measurement has to be performed with respect to a basis.
Current quantum computers are generally only capable of performing measurements in the
standard basis, which is also called computational, or Z basis. For one qubit, the Basis
vectors are |0) and |1). With 5 qubits, [15) = |01111) would be one of the 2° basis vectors
between |0) and |31). Note that the |0) here implicitly refers to [00000).

With an arbitrary basis, the probability of obtaining the basis vector |y) when measuring
the quantum state

J

> lwy) is > (| PIPy [4hy)
i

where the matrix P, = |v) (7| is the projection onto state |y) [NC16), Sec. 2.2.3]. With the
standard basis, the probability of obtaining |k) when measuring the quantum state

2m_1 2m_1 2m_1
ajli) s ST Wl PP ) = > al (] Proy 1)
=0 j=0 §=0
=|5)
2m 1
2 . .
= > Joy[* (] k) (k[ 1)
j=0
2m 1
= lagl*-1-14 D Jay*-0-0
j=0
j#k
= |ou|*.

This is because (j||k) = 1 if and only if j = k. Binary decoded values can be trivially
decoded by performing one measurement, as they just consist of one single standard basis
vector. Its measurement probability will be 1 and all the others will have 0 probability.
Recovering the amplitudes of amplitude encoded values is not as easy, since all the o; might
be nonzero. The brute force method is to repeatedly prepare the quantum state and measure
it to obtain information about the relative frequencies of each basis vector |k). From this,
we can approximate the probabilities |o;|. The Chebyshev inequality may be employed to
get an idea how many measurements are needed to “almost” guarantee a low approximation
error. For such a guarantee, O(n?) measurements are needed, but more efficient methods
might exist.

Independent of the error, classically storing the values in classical RAM takes at least
O(n) classical write operations, like with the read operations when encoding. So even if
there are more efficient methods, decoding to classical memory cannot get faster than O(n).

Knowledge of the probabilities |04j|2 is only sufficient to reconstruct the vector x if we
already know that all entries are real and positive. In this case, we can calculate the square
root to get the amplitudes which correspond to the entries of z. If we only know that the
entries are real, we need to get more information to reconstruct the individual signs. For
a single qubit, sign information may be obtained by measuring in the Hadamard basis. As
this is generally physically not possible, we transform the state and subsequently measure
in the standard basis to get the same effect:
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)

From the outcome of measuring we can deduce if the two entries of the vector have the
same or different sign. The global phase however is impossible to measure, so we cannot
differentiate between two negative and two positive entries. This might not be too bad
since we can just try to solve the linear system with z and —x to see which works. For
multiple qubits, this deduction gets harder as there are way more combinations to rule out.
If the entries of x are complex, these calculations get even harder. The problem of completely
reconstructing all (complex) amplitudes of a quantum state is known as quantum tomography
and non-trivial to solve. See for example |[GLF'10], [CPFT10].

To summarize, decoding |z) to classical memory is unfavorable in to ways: We need O(n)
to store the information in classical RAM, and the cost for actually obtaining information
seems to be at least in the same order of magnitude. It definitely seems best if the solution
|z) is processed further on the quantum computer, and only a simpler final result is measured
in the end.

4.5 Phase Estimation

Quantum Phase Estimation (QPE) is a subroutine which is at the core of not only HHL, but
also Shor’s and other quantum algorithms. It combines two mechanisms, phase kickback
and quantum Fourier transform, to achieve a quite unique effect: Ignoring some details,
the QPE is essentially able to transform from an amplitude encoding to a binary encoding.
Amplitude encoded values are notoriously hard to measure and of limited use as input for
controlled gates, so this ability adds a lot of flexibility when designing quantum circuits.

Algorithm: Quantum Phase Estimation

e Input:
— Quantum implementation of unitary U € C2"*2"
— Eigenvector v of U, amplitude-encoded as |v) in Register Z with m qubits.
Note that in this situation we have U |[v) = e?™ |v) with ¢ € [0,1).

— Output register C, initialized to |0>®d

e QOutput:

— Binary encoding of the phase |¢) on d qubits in register C, precise to ap-
proximately 274

e Complexity:
— Qubits: m +d
— Gates: O(poly(d) + 2% - Ty)
The first summand is caused by the QFT, which is polynomial in d. The

second summand depends on the cost Ty of implementing a single execution
of U. If there is no efficient method available, Ty can reach O(2™).
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With the algorithm overview we can make the above statement more concrete: QPE
does not directly convert between encodings, but gives the complex angle or phase of the
eigenvalue of the supplied vector v. Since the eigenvalues of unitary matrices always have
length one, this is equivalent to knowing the complete eigenvalue, so you could reasonably
name the algorithm quantum eigenvalue estimation. If ¢ cannot be exactly represented with
d qubits, there are errors introduced. For now, we ignore these errors.

4.5.1 Quantum Fourier Transform

The quantum Fourier transform (QFT) is often introduced as quantum counterpart to the
discrete Fourier transform (DFT), which is ubiquitously used in signal processing or com-
pression algorithms to transform data from the “time domain” to the “frequency domain”.
For example, periodic peaks in the time domain cause a peak at the corresponding frequency
in the frequency domain and vice versa. The mathematical operator of the DFT is defined
component-by-component:

—1
1 < 2mi jk/
yk:—ije " k=0,....n—1 (4.4)
It transforms a vector © = (xg,...,Zy—1), most often comprised of measured values in the
time domain, to a vector y = (o, . . ., Yn—1) representing the amplitudes of certain frequencies

in the frequency domain. The QFT acts analogously on an amplitude-encoded vector:

n—1 n—1

FT
S anlk) LS gk
k=0 k=0

where y;, is defined exactly as in . Ignoring any overhead from encoding or decoding the
data, QFT is able to perform this operation on m = logy(n) qubits and O(m?) gates. The
fastest classical algorithm, the fast Fourier transform (FFT), has a runtime of O(nlogn).
This might make QF T interesting to be used on its own, but the FFT is already fast enough
for all common use cases, and encoding/decoding would bring QFT to O(n) complexity
anyway.

Instead, most quantum algorithms make use of QFT as a subroutine in a way that is not
directly connected to the interpretation of time and frequency domain. The QFT can also
be described through a mathematically equivalent product representation:

. . . FT
9 = ljmot - o) L5
7(’0> + e271"LO-]m—1 ‘1>> <‘0> + 6271'10-]m—1]m—2 ’1>) . (‘0> + 627”0-Jm—1]m—2~~]0 ’1>)

vn

Nielsen and Chuang state [NC16, p. 218]: “This product representation is so useful that
you may even wish to consider this to be the definition of the quantum Fourier transform.”
It relates binary encoded values with phases and is used to build the QPE, combined with
the phase kickback effect, which is introduced in the following section.

(4.5)
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4.5.2 Phase Kickback

In some situations, controlled gates exhibit an effect that is very counterintuitive when
compared to classical conditioned operations work. At the same time, this effect turns out
to be incredibly useful in quantum algorithms. It is called phase kickback, but let us not
focus too much on the name at first and consider the following two quantum circuits where
the controlling qubit is in equal superposition between |0) and |1):

0 0 o o

=)

A\

+) J50-1)=1-) 4

A\

Z5(10)+11)=|+) 4

Counterintuitively, the controlled qubit is unaffected, while the controlling qubit on the right
is flipped from |0) to |1).

The controlled qubit is unaffected because the input states |+) and |—) were deliberately
chosen to be eigenstates of the X-Gate. This means that the associated?] vector is an
eigenvector of the matrix

0 1
(1 0)

For eigenvectors v, the result of Av will still be v, scaled (multiplied) by the eigenvalue A.
For eigenstates |v), the result of X |v) will be |v), just “scaled” in its amplitude. But since
the eigenvalues of unitaries are complex numbers with absolute value 1, multiplying A to the
amplitude does not scale, but shift the phase, or complex angle.

To summarize: Even if the X-Gate was turned on, it would not affect |[+) or |—), only the
phase of the amplitude. This phase change is responsible for flipping the controlled qubit.
To see how this works, let us look at the CNOT-Gate in the right circuit. The eigenvalue of
eigenstate |—) is —1:

CNOT (5(10) + 1)) @ |-))
=5 (10-) + 1D X))
=L (l0-) = 1)|-))
=700 -1)) @ |-)

Due to the superposition in the controlling qubit, the eigenvalue affects not the overall
amplitude, but only the “part” where the X-Gate was turned on. The eigenvalue, or phase,
is thus effectively transferred the opposite way to the classical intuition. This is the reason
for the name phase kickback.

In the circuit on the right, the second Hadamard Gate transforms this changed phase
into the final flipped controlling qubit. In the left circuit, precisely the same kickback is
occurring. But in this case, the eigenvalue of |+) is 1, so it does not actually change the
amplitude. The generalized description of this effect is given by Definition

2by amplitude encoding
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Figure 4.3: A circuit for QPE with 3 qubits

Definition 4.8 Phase Kickback. Let U be a unitary matrix and v and eigenvector
of U with eigenvalue €™ and ¢ € [0,1] € R. Under these conditions, the following
circuit produces a phase kickback into the controlling qubit:

0 1(0) + €27 1))
o) [U]— )

The state of the controlling qubit bears a striking resemblance to the QFT output states in
their product representation from (4.5). This observation is the key to the Quantum Phase
Estimation.

4.5.3 Standard QPE

To match the notation introduced in , let ¢ from Definition be represented by the
binary representation ¢ = 0.j,,—1Jm—2---jo.- After executing a phase kickback with U and
|v), the resulting state is %UO) + et 0jm—1jm=2--Jo |1}). If we were able to produce the re-
maining states of , we could use the inverse QFT to generate the state |jm—1Jm—2 - - - Jo),
which is the binary representation of ¢ on m bits.

This is actually quite easy to do: For Uv = Av and k € N we have Ukv = My = 2m0k¢,
If we multiply not by k, but 2* instead, the binary digits are shifted to the left by k places.
Any digits shifted left of the decimal point represent whole numbers. As e27¢ = ¢27i(¢+2)
for any z € 7Z, these digits can be dropped from the equation. With this information, the
factors of QFT’s product representation can be built using controlled-U2" gates that each
depend on a different qubit. A full circuit with d = 3 control qubits is depicted in Figure[4.3

This technique, first introduced by [Kit96], is quite remarkable and at the heart of many
quantum algorithms, not just HHL. It provides a useful and efficient translation between
amplitude and binary encoded values. The drawback is that implementing U 2" with quan-
tum gates is hard to do in the general case: Both Finding a suitable decomposition into
elementary gates, and executing a potentially huge number of them without incurring pro-
hibitive errors. For example, implementing a unitary on m qubits requires approx 4™ gates,
and the decomposition using classical computers requires time exponential in m [IRM* 19,
Table 1.].
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4.5.4 Adjusting for HHL

As described in Section [4.1] the purpose of QPE is to calculate the eigenvalues of A, but A on
itself cannot be used as a matrix because it is not unitary. Instead, the matrix exponential
U = e2™4 is used.

Fact 4.9. Let H € C"*" be a hermitian matrix and Ag, ..., A,_1 € R be the eigenvalues of H.
(Note that hermitian matrices always have real eigenvalues.) Then the matrix exponential
e?™4 has exactly the same eigenvectors, while the corresponding eigenvalues are e> Ak,

Fact fits perfectly for the use-case of HHL. When using U = e2™*4, the decoded phase
angle ¢ represents the real eigenvalues of A. These binary encodings lend themselves for the
classical operations in the next step at Section like computing the reciprocal and as a
control input for the rotations.

This causes one of the more subtle constraints that HHL imposes on the input matrix A:
The eigenvalues should be not larger than 1. Otherwise, 2™ “loops around” and resulting
values are no longer unique. Hence, the matrix might have to be scaled. This can be easily
done during Hamiltonian simulation (see Section , but the size of the eigenvalues are
not known a priori. Estimating them is possible, but a bad estimation scales them down too
far and increases the error.

Another discrepancy to the definition of QPE is that b is required to be an eigenvector
of U (or equivalently, A), but this is not the case. Any vector that is not an eigenvector is
equivalent to a corresponding superposition of eigenvectors from the eigenbasis
{ug, | 0 < k < n— 1} of eigenvectors of A:

n—1
= Brlux)
k=0

Due to the linearity of quantum operations, the output of QPE will be an equally weighted

superposition of binary encodings
n—1

Do)

k=0
Looking back to (4.3]) from Section this is exactly what we need. After QPE, we are on
the halfway point towards preparing the final quantum state:

n—1 _
b> _ Z /Bk; |Uk> QPE Z ﬁk ‘uk ’)\k 1nver810n Z fﬁ >
k=0 k=0

The inversion step is described in Section Before that, we still need to cover the actual
implementation of U. Like already mentioned, for general U, there is no efficient algorithm.
HHL solves this problem by restricting itself to sparse matrices, which can be implemented
through a technique called Hamiltonian simulation.

4.5.5 Hamiltonian Simulation

Hamiltonian simulation is a well-established technique that was originally developed to sim-
ulate quantum mechanical systems. In fact, this was the first-ever proposed use-case for
quantum computers introduced by Feynman in 1972. How a quantum mechanical system
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evolves over time is specified by a hermitian matrix H, called Hamiltonian. If the system is
in starting state |1(0)), the state [¢(¢)) at any point in time ¢ can be calculated with the
Hamiltonian H and the Schridinger Equation:

[9()) = e 1" [4h(0))
The problem of efficiently calculating e *#* is called Hamiltonian simulation. The reason
why Feynman proposed quantum computing for solving this problem is that the dimension
of the Hamiltonian is exponential in the size of the quantum system. Because of this, the
problem is near-impossible to solve with classical computers.

HHL uses the quantum algorithms that have since been developed to do Hamiltonian
simulation for its own purposes: During the phase estimation, calculating U 2% i exactly the
same as “simulating” eiAQk, as long as A is hermitian. Of course, A does not represent an
actual quantum system, but to the algorithms this does not matter.

HHL refers to [BACSQT] for doing the actual simulation. Since the publication of HHL,
the research activity has increased considerably in the field of Hamiltonian simulations, but
apart from some improvements, the general constraints imposed have stayed largely the
same:

e A has to be hermitianf]
e A has to be sparse
e There has to be an efficient function giving back entries of A.

In the remainder of this section, we will outline the basic concepts behind the originally
referenced algorithm and the improvements.

All algorithms for Hamiltonian simulation fall into two categories: One is based on product
formulas, which are also often named Lie, Trotter and/or Suzuki formulas. The second is
based Quantum Walks. Both of them are only efficient for sparse Hamiltonians, but differ
in their other characteristics.

Product Formulas

The method referred in the original HHL paper uses the product formula approach [BACS07].
In a first step, a decomposition of the hermitian A is calculated such that

and each of the A; is 1-sparse. 1-sparse means that in each column and each row of the
matrix there is at most 1 non-zero element. For an s-sparse A, on the order of s? individual
Aj are needed. The decomposition is calculated using a graph-theoretic algorithm called
distributed edge coloring: The matrix A is represented as a graph by adding one vertex for
each row and each column of A. Then, an edge is set to be present between a row vertex
x and a column vertex y if and only if A, is nonzero. As A is hermitian (A,y = Ayg), the
graph can be undirected. Two edges are said to be incident if they share a vertex. In our

3This condition can be lifted, see Section
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model, incident edges mean that the corresponding matrix entries are in the same column,
or in the same row. Any selection of edges that are not incident hence represents a 1-sparse
matrix.

The well-known graph theoretic problem of edge coloring is to assign each edge a color such
that no two incident edges have the same color. Generally, it is desirable to use as few colors
as possible for this and there are many algorithms for specific use cases. [BACS07, Lemma
2] uses one that is efficient for sparse graphs. After its execution, every edge is colored. Each
set of edges with the same color represents a 1-sparse matrix. A graph theoretic argument
gives that O(s?) colors are needed to always find an edge coloring.

The 1-sparsity makes the individual A; efficient to implement [Aho04, Lemma 4.1] on
their own. The sum decomposition can be used to approximate the Hamiltonian simulation
through product formulas, a principle described by Lie and Trotter:

6A—i—B — lim (eA/'r’eB/'r’)r
7—00

In the application of Hamiltonian simulation, they use that

eizi Ajt (Hez‘A]-t/r)T
J

for some large r. The error of this approximation is difficult to estimate [CSTT21], but
generally roughly (’)(%) Note that maybe contrary to intuition, the following equation does
not hold in general:

This would require that the product of A and B commutes. For matrices, this is not the case
in general, and only holds if their so-called commutator is equal to zero. Hence, the need for
the above approximations. Implemented on an actual quantum computer, this simple but
wrong formula would equate to just executing the unitaries e?* and e? consecutively. The
Lie-Trotter approximation equates to executing a small step of each A; and repeating this
r times.

Example 4.10. A quantum circuit for doing a Lie-Trotter approximation with A =
A1 + Ay and r = 3 looks like this:

= iA1Y3 5 oid2Y/3 tALY3 B pidat/3 ALY B pidel/s =

In [BACS07, Section IIL.] an equivalent, more complicated, but slightly more efficient
version of the product formula by Suzuki [Suz90] is used.

Alternatives to Product Formulas

This combination of sparse decomposition and product formulas has been the main tech-
nique up to the 2010s, when the publication of HHL sparked a lot of research interest which
produced different, (asymptotically) more efficient methods. Still, as of 2022, any compre-
hensive implementation on NISQ hardware uses the basic product formula technique. See
[CMNT™18] or the paragraph about Qiskit in Section
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4.5 Phase Estimation

The first direction of improvement is to replace the product formula and use a different
means of approximating. [BCCT15| also divide the simulation into r steps, but they use the
Taylor series representation of the exponential function to calculate

o0

Al = N L (2miAt)”,

k=0

The Taylor series of course needs to be truncated somewhere in actual implementation.
[BCC™15] show that the number of terms has only a logarithmic dependence on the inverse
of €, the required precision. This yields an exponential improvement when compared to
product formulas. As the A themselves are not unitary,

(2mi ALYk

cannot be directly implemented. Instead, the sparse decomposition A = Zj A;j allows to
apply a result from [Kot14] which yields an equivalent linear combination of unitaries V;:

K
Z% 2mZA ZBJ

k=0
The unitaries V; are each built from a certain subset of the A;:

Vi=Aj - Ajy -+ A

]max

Named after this core part, the technique is called linear combination of unitaries.

Quantum Walks

Another technique, quantum walks, is based on the same principle as the classical random
walk. The classic counterpart is well established and has many forms, but the most common
example involves a drunk person starting out on a certain point in 2D space. In each time
step, the person makes a drunk step into a random direction that is independent of all
previous steps. The theory of random walks addresses questions on the most likely position
of the person after n steps, or more precisely, the probability density.

Classical random walks have broad applications in finance, where stock values are modeled
in a similar way. The problem from above can also be simplified to one dimension: Start
at 0 on a number line representing Z. On each time step, move either to the right (+1), or
to the left (—1) with equal probability. The intuition suggests that after many time steps,
we will be likely be somewhat close to 0 and less likely far away, as the latter would require
rolling e.g. “+1” almost all the time which is unlikely.

Such a walk can be simulated in superposition on a quantum computer. Consider a register
containing a binary encoded value, starting at 0. In each step, two conditioned gates act on
the register: One performs a binary increment operation, the other one a decrement. The
quantum circuit for one step would look like this:

0y®4 E' increment IE| decrement IE
0 —{#]
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4 The HHL Algorithm

One might suspect that this is an efficient way to calculate the whole walk “in superposition”,
and that the probability distribution when measuring after many steps should give the
highest probabilities to binary states close to |0). However, counterintuitively, this is not the
case. Quantum interference causes a pattern that is quite different from the expected one
[Kem03|, Fig. 6]. This makes it hard to think about the effects of such quantum walks, but
the still provide a lot of value when used carefully.

The quantum walk that is used for Hamiltonian simulation is a walk on graphs. Since a
plethora of problems can be modeled as a graph, it makes sense that sometime insights about
randomly walking along edges of the graph can be helpful. This can be, for example, the
probability distribution, that is, which nodes have the highest probability for the drunken
person to end up on them. In the quantum and the classical case, some information about
this distribution can be calculated with matrices that reflect something about the graph. Ex-
ample for this are the adjacency matrix or the graph’s Laplacian. These calculations involve
eigenvalues of the matrices, so there are already known results about their relationship.

Using this knowledge, it is possible to construct an “artificial” setup for a quantum walk,
such that the eigenvalues of the matrix U performing a single step are similar to the eigen-
values of A. Executing such a step triggers oracle queries to O 4, but overall, the process is
as efficient or even better than the product formula approach (at least asymptotically). The

eigenvalues of U are of the form
ieii arcsin A

Y

where )\ are the actual eigenvectors of A [BC12, Sec. II1.], [BCKI15, Sec. 3.1]. After the phase
estimation, these values need to be corrected to remove the arcsin-part. While asymptotically
efficient, computing trigonometric functions adds significant gate overhead. Additionally, the
quantum walk approach inherently uses double the amount of qubits compared to product
formulas. This makes quantum walks a bad fit at least for NISQ hardware |[CMNT18].

The asymptotic efficiency is not to be ignored though: All quantum walk approaches
have a reduced dependence on the sparsity, which is only s instead of s>. Furthermore, the
dependence on the error can be improved to be only log 1/, but this improvement was later
also applied to product formulas. Indeed, many refinements introduced to these approaches
can be used for both, giving rise to a series of algorithms. [Kot17] provides a good overview;
the findings are also summarized in Table

4.6 Eigenvalue Inversion

After the phase estimation, the quantum circuit is in the overall state

n—1
> Bk Mede ur) 1
k=0

where > Bk |ur) = |b) from register Z was not changed by QPE, and |)\;) are the binary
encoded eigenvalues. Recall that we want our final state to be

n—1

1
3 Bis 0kl = [0} |2),
k=0 7k
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4.6 FEigenvalue Inversion

Divide and Conquer Method for implementing exp(—iHt) Query Complexity
or quantum walks
Divide and conquer Product Formulas [BACS07] [CK10] O(s3t(st/=)"/?k)
Quantum walks Phase estimation on quantum walks O(st/e)
[Chil0] [BCT2]
Divide and conquer Fractional queries [BCC™14], trunc. Tay- (’)(s%%)
lor series [BCCT15] ee e
Quantum walks Linear combination of Quantum Walks O(st%)
[BCK15]
Lower Bound Shown in [BCC*14] [BCKI5) Q(st + gl )
Quantum Walks Quantum Signal Processing [LC17] O(st + log(1/e))
Divide and Conquer Qubitization, Quantum Signal Processing  O(s?t + log(1/e))
[LCI9]

Table 4.1: An overview of the query complexity of algorithms for Hamiltonian simulation

so we have to modify the amplitude of the overall quantum state to add the factor 1/x,. HHL
achieves this by rotating the ancilla qubit A, essentially performing

1 1
A= Ry(0)[0) = /1= 55 100+ 5 1),

where 6 = 2arcsin 1/x. This ancilla qubit is subsequently measured, which is not a unitary
operation and hence gives the algorithm a chance of failing: If the measurement returns |1),
the resulting quantum state is only affected by the correct amplitude, giving the desired
result. If it is |0), the opposite is true and the algorithm is started over. Since the value of
f is only known at runtime, the rotation cannot be fixed beforehand. But, given a binary
encoding of @, it can be assembled through a series of controlled rotations, each subsequent
one rotating by half the angle.

4.6.1 Computing the reciprocal eigenvalues

We have the binary encodings |1/;) from QPE, but for the rotations, these need to be
transformed to |2 arcsin 1/x,). This step can be implemented with classical logic. To compute
arcsin, it is easiest to use a truncated version of its Taylor series:

o 14 3 5

arcsinr ~ x + éx + 4—0:E

For x < 1, the approximation error is quite small, and this approach requires only a few
multiplications to get the result. Computing the reciprocal is also not very resource intensive.
For example, classical algorithms like Newton’s Method or Goldschmidt division could be
used. Both are fast; approximately logarithmic in the number of bits used to encode the
numbers. Hence, the complexity of the overall calculation is O(logd) in the number d of
clock register qubits. Since HHL already has a worse dependence on these parameters, this
subroutine is of no consequence for the overall complexity of the algorithm, even with (at
most linear) quantum overhead.
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4 The HHL Algorithm
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Figure 4.4: The HHL algorithm with expanded eigenvalue inversion

While the classical division algorithms are efficient in theory, some gates are very expensive
to implement or introduce considerable errors in current quantum computers. A recent
algorithm by Thapliyal et al. [TMVHIS|] optimizes for these constraints. No matter the
concrete choice of algorithm, some more ancilla qubits are needed, expanding the HHL
circuit as depicted in Figure 4.4.

As the eigenvalues were restricted to be in the interval [I/x, 1], they will be at least one
after the inversion. But as an amplitude of a quantum state they must be at most one.
The Taylor series approximation also only works for values smaller than one. To solve this
problem, we introduce a scaling factor C' which gets multiplied to all inverted eigenvalues.
The whole rotation becomes

cz .. C
A= Ry(0)[0) = 1= S5 10)+ 5 1)

To form a valid quantum state, C' needs to be smaller than the smallest eigenvalue Apip.
Of course, the eigenvalues are generally not known beforehand. Instead, C' is typically set
to be approximately 1/x, as this guarantees that even the smallest eigenvalue is at most one
when inverted. While the exact condition number of the matrix is not known either, HHL
only works for matrices with small condition anyway, so you can just assume the smallest
sensible value for k. If C is too small however, the probability of measuring |1) diminishes.
An adaptive approach might be useful, increasing C slowly if such a case is detected.

4.6.2 Rotating the Ancilla Qubit

The most straight-forward way of implementing the rotation by 6 radians is to use an array
of fixed ”part-rotations” and condition each of them on one qubit. The first rotation is set
up to rotate the “full way” to |1), the second one ”half-way” to |1), and so on.

As Ry, () rotates the full way to |1) (see Section [3.3), we start with this operation as the
first gate and halve the angle each step. Using the fact that

Ry(a +b) = Ry(a)Ry(b),

we are able to approximate any rotation on A by choosing which ”part-rotations” are turned
on.
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4.7 The complete algorithm

A: 0) — Ry(m) I Ry (7/2) F— - -+ — Ry(7/24) |—

|2/x arcsin C/x)

Figure 4.5: Implementation of controlled rotation

The angle 0 is given by 2arcsin C/x. This value will be in the range [0, 7], which is the
raw angle of the rotation. To use its binary encoding as a control input, we have to divide
by 7 to get a range of [0,1]. Now the largest possible raw angle 7 will correspond to the
bit-pattern [1000...), such that only the control input to Ry,(m) is active. A rotation by a
raw angle of /2 produces [0100...), and so on. The resulting circuit is shown in Figure

4.7 The complete algorithm

Now we are equipped to go through a full execution of the HHL algorithm in detail. We
work with the registers A, C, and B like defined in the beginning of this chapter. To start
the algorithm, we assume that the following state can be prepared efficiently:

10).410)¢ 16) 5

This problem is not solved yet for arbitrary |b). Possible approaches are discussed in Sec-
tion The first step is to perform a round of quantum phase estimation (Section. This
puts a superposition of the eigenvalues of A into register C. The superposition is weighted
by the factors 3; of the decomposition of b into A’s eigenbasis.

n—1 n—1
d d Phase Estimati
‘0>A |0>? b)g = Z ’0>A ’0>? B; ’uj>zs e Z ’0>A P‘J')c Bj ‘“j>B
j=0 Jj=0

Next, the inversion and rotations are performed according to Section This adds two
amplitudes in superposition.

n—1
C? C
E ( 1_)\2.|0>+)\~|1>) ‘AJ>Cﬁj|uj>B
j=0 7 T4

4.7.1 Postselection and uncomputation

We are only interested in one of these amplitudes, so we use the postselection trick from
Section and perform a measurement with respect to the computational basis on the
ancilla bit A. This collapses the state; if we measure |1), the state turns into

CQZ ’B/A‘ Z 1) 4 1Xj)e B lus) g
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4 The HHL Algorithm

The relevant part for the final measurement is

n—1
B;
j=0""

the solution. The algorithm is now basically finished, but HHL includes the inverse op-
erations of all gates affecting register C. These are all gates only the controlled rotations
are excluded. This step is called uncomputation and its effect is to reverse the contents of
register C back to |O>®d. As the uncomputation is performed before the measurement, the
state before measuring actually looks like this:

n—1

C? C
Z( 1_/\z|0>+/\,|1>> 1006 B; [uj) g
3=0 J J A

As seen above, the register C is irrelevant for reading out the result. So why go through the
effort of “resetting” it back to |0)? Doing so helps mitigate a problem that arises from the
measurement. Since we need to measure |1) to obtain the result, we need to redo the whole
computation every time when measuring |0). The probability of measuring |1) is

n—1

c? >

Jj=0

12 n—1
f; >C? ) B =C" 1= 0(%).
j=0

We get the first inequality from the fact that all the A; are no larger than 1 by assumption
of HHL. As the 3; are the coeflicients of orthonormal basis vectors and |[b[|, = 1, we have
Z]"Bj’Q = 1. Finally, we know from Section {4.6[ that C' = O(1/x).

This means that to have a good probability for measuring |1), we need to repeat the whole
algorithm O(x?) times. To reduce this number, the authors of HHL incorporate the whole
algorithm into an amplitude amplification routine. Amplitude amplification is an established
technique to improve the chances of a marked outcome being measured [BHMTO02]. This
reduces the number of repetitions to O(k), but requires that the algorithm is performed on
the same qubits. To allow for this, register C needs to be reset.

4.7.2 Fine touches employed in HHL

It should be noted that HHL does not actually use the “classical” QPE implementation
scheme from Section Instead of performing multiple controlled-U 2 operations, the
following single operator is constructed.

T—1
U= Z |7) (1| ® AT
=0

The first part |7) (7| acts as a control input, the second part as the matrix. The exponent is
realized through the simulation time ¢y = O(%/¢). Despite these large differences in notation,
the complexity and principle stay essentially the same. The operator is also adapted to a
second change: The control qubits in register C are not initialized to \O>®d, or

2d 1
1
HE0)™ = —= > k),
24 k=0
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4.7 The complete algorithm

if you include the application of the individual Hadamard gates. Instead, the specialized

state
W) = \/> Zsm )\>

is used, which can be efficiently prepared, too. In analogue to the classical Fourier transform,
the differing starting state “selects” a different sampling instead of the standard equidistant
time step or frequency points. Again, the principle stays the same.

This needs to be done because the binary encoded eigenvalues are actually subject to
errors introduced by QPE if they cannot be represented exactly with d bits. You might
think that this error is only a rounding error on the order of 27, but this is not the case: In
practice, errors are introduced on every bit with a certain probability. This can be mitigated
at the cost of additional runtime (performing the QPE again), but also by optimizing the
sampling with |\110>E|

Suppose from now on that the QPE was successful and able to produce the binary values
up to an error §. Calculations on the more complex version of HHL (which involves the
states and operators from above) show that to achieve a final additive error € on the result
|z), the error from QPE must be at most O(¢/x). In consequence, d has to be chosen such
that 274 = O(§) = O(¢/x). The maximum exponent will be 2¢ = O(x/z). In the formula
above, this is included as the simulation time tg.

T indirectly controls the size d of register C, as it has to have enough qubits to contain
the largest |7), hence logT ~ d, or T =~ 2¢. In the paper, T is chosen to be approximately
log(n)s?/=. This is similar to the classic QPE which has a factor of #/=. For implementation
cost, the extra cost from logT = loglogn + 2log s + log #/c is negligible compared to d =

log ’f/s.

4.7.3 Runtime analysis

The stated runtime of the original HHL algorithm is
O(log(n) - s* - 1o - ),

where tg = O(%£). The individual factors are caused by different subroutines of the algorithm:

e log(n)s? is the cost of simulating U = 274

By using improved Hamiltonian simulation techniques, the dependence on the sparsity
can be reduced from s? to s.

e = is the number of U executions to reach the required exponents U 2*,

Improving this factor is difficult since the resulting precision is inherent to QPE.

e r repetitions of the whole algorithm are needed to guarantee a good success probability
(of measuring |1)).
Without amplitude amplification, x? repetitions are needed. Otherwise, not much can
be done to improve this factor.

While the original paper includes n in the complexity, almost all of the improvements use
query complexity and only count the number of times that an oracle returning entries of A

“See also [NC16, p. 224, Eg. (5.35)]
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4 The HHL Algorithm

has to be invoked. While this is certainly a more theoretic approach that sidesteps an actual
implementation, it can be defined very precisely. The following theorem is such a description
of the query complexity of HHL with the best improvements already applied:

Theorem 4.11 [CKS17, Thm. 2]. The quantum linear system problem can be solved

by a gate-efficient algorithm that makes (’)(% poly(log(%f))) to the oracle P4 and
O(sk poly(log(*£))) to Pp.

The operator poly signifies that the term is a polynomial of the argument. For example,
poly(logn) could denote (logn)? + v/Iogn, or (logn)!®%. The oracle P4 is defined similar
to the one in Section while a query to Pp is used to prepare the quantum state |b).
Formally, an algorithm with query complexity Q is gate-efficient if its gate complexity is

O(Qpoly(log@Q,log N)).

4.8 Related Algorithms

Apart from the improvements to Hamiltonian simulation, there have been works adapting
or changing the algorithm itself. Most notably, [CKS17] improve the dependence on the
precision from 1/= to log 1/e by replacing the quantum phase estimation with methods bases
on Fourier series representation or Chebyshev polynomials. Relatively soon after the original
HHL publication, [CJS13] developed a method of incorporating a (quantum) preconditioning
routine to be able to work with ill-conditioned linear systems. This comes at a cost of a
increased dependence on the sparsity. More recently, [WZP18] developed a change to HHL in
the other direction: Their method improves performance when the matrix is dense. However,
the dependence on the sparsity is still /s, “only” a quadratic improvement. Moreover, the
creators of HHL introduced a method for simulating dense matrices if they are of low rank
[RSML18|. For a non-sparse, non-hermitian, or even possibly non-square matrix A their
method is able to simulate 274" with (’)(g”Aanax) to the matrix element access oracle.
Note that there is no dependence on the sparsity at all; || A]| .. is the largest absolute value
of entries in to the complexity A.

However, a dependency on the condition gets introduced nonetheless by the phase estima-
tion itself: Recall that for the desired final precision, the resulting |\;) of QPE need to be
precise to O(%). Another hurdle is that only 1/n - A is simulated, so the eigenvalues would
be scaled to Mx/n. We could scale A to A’ = nA, but this would introduce a factor n? to the
complexity through || A’ anax. We also could scale the eigenvalues after the phase estimation,
but this would amplify the error to O(n /). Counteracting this again introduces a factor
of n to the runtime. If the requirements on the precision are very low, the method might be
feasible nonetheless. One example could be if |z) is known to be very sparse and only the
locations of a few large non-zero entries are needed.

Lastly, a different approach tailored for near term quantum hardware is called variational
quantum linear solver and essentially combines HHL-like steps with classical computation
[BPLC™T19|. This method trades asymptotic efficiency for a smaller qubit and gate footprint.

max
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5 Constraints and Decision Matrix

The exponential speedup of HHL can only be achieved if all the conditions and assumptions
of the algorithm are met. Some conditions can be lifted, but other more subtle restrictions
cause significant problems in practice. In this chapter, all constraints are summarized in one
place and their impact is discussed. This includes topics that were already touched on in the
previous chapters, but new aspects are also introduced. We start with an exemplary HHL
execution values to get a more insight on how the algorithm works, and how the values and
calculations behave in a more concrete setting.

5.1 Guided Tour of one HHL execution

We take the matrix A to be diagonal to simplify less relevant calculations and because
the eigenvalues can be read directly from the diagonal. As any hermitian matrix can be
diagonalized, we do not really restrict ourselves to some “special” subset of matrices, but
rather focus only on the “nice” part. Like with any hermitian matrix, the diagonal elements
and eigenvalues are real. To further simply calculations, we assume that they are positive,
too. Setting n = 8, we get a system of linear equations Az = b, formed by

Ao Zo bo
A T b

A= 1 R
)\7 xT7 b7

where Ao, ...\ € RT are the positive eigenvalues of A € R¥® and b,z € C®. We define

Amax = max A and Apip = min M.
ke{0..7} ke{0..7}

With this we have

)\max

R =
Amin

We assume Apax = 1 to get Apin = % and hence satisfy this further condition of HHL. To get

more concrete, we set kK = 10 and € = ﬁ. As the solution vector has 8 entries, a uniform

solution |z) would have amplitudes of % ~ 0.35. An error of 0.1 would be comparatively
large, so 0.01 seems like a good idea. This sets the precision for QPE to o ~ ¢ = 1000. To
achieve this, we will use d = 10 qubits, as 2¢ = 1024.

A diagonal A also makes reasoning about |b) easier: The eigenvectors |ug) of diagonal ma-
trices are unit vectors, or in the quantum context, the computational basis states |k). Hence,

when preparing |b), the amplitudes by are the same as the (3 from the eigendecomposition:

7 7
) = b lk) = Brlk)
k=0 k=0
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5 Constraints and Decision Matrix

Now we are ready to start the phase estimation process and prepare the matrices

e2mi Xo 2k
. N e2mi AL 2k
U2 — 627r7,A2 _

e2mi A7 2k

for k € {1,...,d = 10}. By performing the controlled-U operations after applying the
Hadamard gates, the phases containing the eigenvalues are kicked back into the d = 10
qubits of register C. The most significant (uppermost) qubit in register C is now in the state

7
Zbki(’(» + 627Ti0')\k9)\k8"')\k0)_
V2
k=0

The least significant (lowermost) qubit is in state

7
> b5 (10) + €0 Mo),
k=0

The remaining qubits contain the corresponding phase values in between. Inverse QFT
transforms register C to

7
> bk lAe)
k=0

assuming the QPE was successful. Each |\;) is now a 10-bit binary representation of Aj.
These values are then scaled and inverted using classical logic. After that, they control the
conditioned rotation which acts on register .A. The initial state |0) is transformed to

7

2
Zm( 1—%yo>+§jy1>).
k=0

With a scaling set to C' = % = Amin and Apax = 1, let us investigate the summands

corresponding to the largest and smallest eigenvalue. They are
1— = ]0) — |1) for Amax and 1— %5 \0> |1) for Amin-

Recall that the scaling factor C is needed to make sure that the inverted eigenvalues are
not larger than one, as otherwise they would not be a valid amplitude, making it impossible
to build a corresponding rotation on A. In our ideal case, C is chosen perfectly such that
the inverse of the smallest eigenvalue is exactly one. Unfortunately, this scales down the
amplitude of the inverted large eigenvalues as well, decreasing the overall chance to measure
|1). If C has to be guessed and is too small, the chance is decreased further.

After uncomputation and postselection, the whole state is

Oy plow/ael®

7

c

by [1)]0)%? |k
e 20K,
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5.2 Constraints

if the measurement returned |1). Notice that C' (which equals \ymin in our case) eliminates
itself. With the resulting normalization factor

N =

we have that the probability of measuring each state |k) i

ka

P(K) = | 7

By performing repeated measurements, we can reconstruct the amplitudes and form our
solution vector

bO/)\o
1|/

THHL = N .
b7/)\7

This is the exact solution z, only scaled by 1/n.

5.2 Constraints

5.2.1 Summary of already discussed constraints
Hermitian A

The requirement of A being hermitian can be relaxed in practice. By using an intermediary
matrix, non-hermitian and even non-square matrices can be used with HHL. Suppose that
A € C™ (¢,n € N) is non-hermitian and potentially non-square, and let

L 0 A (n+c)x(n+c)
H = <AT o) C .

Then H is hermitian and square by construction. Invoking HHL with H and |b') = |0)*™ |b),
will return a state [1)®™ ]x} that is, up to normalization, equivalent to

) = AT 1),

where AT is the so-called Moore-Penrose pseudoinverse of A [DHM™18, Sec. 3.6]. If A is
square and full rank (but not hermitian), there is still a unique solution to the linear system
and AT = A~

If the linear system is underdetermined (either when A is not full-rank or when ¢ < n),
there are many possible solution vectors w. The solution given by the pseudoinverse matrix

x=A"b

'The actual state is Y By L 1)®™ |v;) with singular values o; and singular vectors v;. Singular values are

a generahzatlon of elgenvalues that are needed for non-square non-hermitian matrices. Note also that
~ log(n + ¢) in this setting.
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5 Constraints and Decision Matrix

is the one with the smallest norm of all possible solutions |Gol12, Prop. 19.5]:
pu— 1 f
el = inf ol

If the linear system is overdetermined (when ¢ > n and A has full rank), there is no
solution. However, one is often interested in the least-squares solution in this case, which is

the vector = for which
Az — b[,

is as small as possible. & = A1b returns precisely this least-squares solution [DHM™ 18| Sec.
3.6].

To summarize, not only can the hermitian condition be relaxed, but HHL provides very
useful results even if the matrix is non-square: In both the under- and overdetermined case,
one would classically be interested in exactly the vectors that are returned by applying the
Moore-Penrose pseudoinverse to b. The layout of HHL produces this state elegantly and
automatically without adaptions to the logic.

Preparation of |b) and input of A

As discussed in Section preparing |b) for general b with complexity close to logn is an
unsolved problem. Additionally, the procedure requires that all n entries of b be present in
a classical RAM, which always needs at least n classical operations to prepare. However,
if b is very uniform or has other known characteristics, specialized methods might perform
significantly better.

Quantum operations that depend on A usually employ calls to a black box function to
obtain single entries of A. This is only feasible if A is sparse, that is, s = O(logn). The
black box could be realized with a quantum RAM, or compute the values of A on the fly.

Readout of |x)

As discussed in Section decoding all amplitudes of |x) absolutely requires at least O(n)
measurements. As measuring destroys the state, HHL must be repeated for each measure-
ment. This would bring the dependence on n up from logn to nlogn, so HHL seems to be
suited only for cases where |x) is further processed on the quantum computer itself.

Condition of A

The condition number x of A poses constraints in two parts of the algorithm: First, the
worst-case probability of measuring 1 in the postselection diminishes for large x. Depending
on the eigenvalues, the probability might be bettelﬂ, but generally this limitation is inherent
to the algorithm and requires O(k) repetitions of HHL to get a valid result (see Section .

Second, a bad condition increases the precision required of the phase estimation. This
linearly affects the number of U executions, causing another factor O(k) in the overall com-
plexity. This could be improved by replacing the phase estimation with another subroutine
that has a better dependence on precision.

For a very well written overview of these constraints, also see [Aarl5].

2For example, if only a single eigenvalue is 1 and all the others are almost equal to Amin, the condition is
bad. But the overall probability of measuring 1 is still quite high, since most of the inverted values cause
a rotation close to 1]1).
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5.2 Constraints

5.2.2 Further constraints
|b) needs to be prepared multiple times

Since measuring the ancilla register A irreversibly changes the quantum state including the
entangled register B, the state |b) is changed as well. Thus, |b) needs to be prepared anew
for every repetition of HHL (as long as the measurement returns 0). This occurs O(k)
times, yielding x queries to the oracle Oy from Section The additional queries can affect
the overall performance, no matter if |b) is prepared from classical data or the output of a
previous quantum procedure.

Scaling of A to fit assumptions about the eigenvalues

In the original HHL paper, the authors make the assumption that all eigenvalues of A lie
between 1 and % This is due to the phase kickback during phase estimation: By exponenti-
ating U = e~ ™4 the eigenvalues \ are encoded into the phases as 2™, If the eigenvalues
are larger than one, this representation is no longer unique, breaking the algorithmﬁ

The authors of HHL note that to fix this, the matrix can be scaled such that the eigenvalues
fulfil the condition. To do this however, the eigenvalues of A need to be known, but we
generally do not know anything about them. Most of the time, not even k = ’/\\ma" is known.

min

There are some bounds on the eigenvalues, but they are not very sharp and any mismatch
scales the matrix down too far, increasing the error unnecessarily.

The overall error indirectly depends on n
The output error € of HHL guarantees that
llz) —12)l, <e

holds [HHL09, Thm 1]. Here |z) = |A!b) is the theoretically ideal solution, while real |Z)
is the real solution returned by the algorithm. So e essentially is the additive error on the
result. However, the vector represented by |x) is normalized. When scaling it to the size of
the actual vector, the error increases to

Hlzll |2) = llzllz [, < [l2[loe-

If n is very large, the norm of x will be generally large as well. The only exceptions are when
x is very sparse or when almost all the entries of x are very small. To combat this loss of
precision, we would need to introduce a factor of e.g. 1/n into the precision. So instead of
just requiring a precision of e.g. 1/100, we would require 1/100-n.

Most of the versions of HHL have a linear dependence on é, so doing so would introduce
a factor of n to the runtime, negating the exponential improvement. The improved version
[CKS17] is not affected.

Another way of thinking about this is that each entry of a relatively uniform and normal-
ized vector is approximately 1/n. An additive error of 1/100 is negligible for a two-dimensional
vector, where each entry is 1/2. For a vector of length 100 however, such an error is on the
same order of the entries, which likely is undesirable.

The last two of these further constraints are covered more in-depth in [Shal§].

3As a note, negative eigenvalues can be represented by exponentiation of e™ instead of 2™, such that
positive values < 1 only cause a phase angle up to 180. The negative values then turn the angle “the

other way around”.
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5 Constraints and Decision Matrix

5.3 Decision Matrix

To get a better overview of the situation, all the improvements and alternative forms of
HLL are collected in a table, where each of them is evaluated with regard to the constraints
discussed. A red “X” signifies that the algorithm either cannot be used in this case or has a
worse runtime than the classical algorithm. A yellow “(¢/)” is set when the algorithm can
be used in principle, but there are some drawbacks. For example, the “Dense Adaption”
can be used for dense matrices, but since the runtime is O(y/n), the improvement is not
as significant as an exponential speedup. A green “¢¥” stands for constraints that pose no
problem for an implementation. For example, non-square matrices can be used with all
algorithms via the technique introduced in Section [5.2.1] Finally, the algorithms are also
evaluated on their suitability for practical implementations and the number of citations of
the individual papers.

Note that as the matrix cannot cover every possible use case, some subtleties get lost.
For example, the preparation from classical b is marked as red, because there is no efficient
method for the general case. However, as discussed in Section if b is very uniform,
an efficient preparation can be possible. For such concrete cases, the matrix can be easily
adapted, which has been done in Table
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6 Applications

Since current quantum computers only have a few qubits, exploring applications of HHL on
real-world hardware is impossible. Simulations are possible in principle, but their complexity
is exponential, so again only small examples can be calculated.

Hence, we make use of the constraint matrix developed the last chapter to evaluate the
feasibility of HHL (and with it the QFT) for earth observation. The use case of SAR
tomography is introduced as a representative example. Its properties are then discussed in
detail to correctly apply them to the constraint matrix.

The chapter is closed with an overview of existing implementations on actual quantum
computers. These only work with very small vectors (e.g. n = 2), but are a useful resource
for the understanding of HHL.

6.1 Space-born SAR Tomography in Urban Areas

The German Aerospace Center (DLR) is working with radar backscatter data from earth
observation satellites. These satellites are equipped with a synthetic aperture radar (SAR).
Synthetic aperture means that multiple radar measurements at different positions (along the
satellite’s orbit) are mathematically combined to achieve the equivalent resolution of a much
bigger antenna. Tomography is the task of reconstructing three-dimensional features in the
scanned area, often from looking at the same point from different angles.

The radar reflectivity varies depending on the surface feature: Volumetric scatterers like
vegetation produce a very diffused echo. Walls of buildings and roads are relatively rough and
produce a more pronounced, but still diffuse echo. The sharpest radar echos are generated
by metallic objects and shapes that are similar to retroreflectors, like balconies on buildings
[ZB10, Fig. 2]. These sharp reflections are best suited to reconstruct three-dimensional ob-
jects like buildings. The processed SAR data is similar to an image that a hypothetical radar
camera would take when pointed at earth’s surface [KG20]. The goal of SAR tomography
is to reconstruct 3D information from parts, or even single pixels of the two-dimensional
“image”. To do this, the data from multiple images taken from slightly different positions
are combined. This is done mathematically via a continuous Fourier transform with discrete
frequencies and can be brought into the form of a linear system of equations

g = R~.

Fach element of g is the same “pixel” viewed from one of n different positions. R, the matrix
transforming the data, is defined entry wise by Rj; = exp(—2mi&;sy). In this formula, s is
the elevation and ¢; is a quantity related to the position of the satellite. The solution vector
~ contains the backscatter intensity for each discrete height step. This data can be visualized
(see for example [SZYBI8|, Fig. 5]) or used in further calculations. To obtain -, this system
of linear equations needs to be solved. To evaluate the prospects of using HHL for this
problem, we start by laying out a few key characteristics:
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6 Applications

1) The matrix is non-square: We have R € C"*!, where n is the dimension of g and [ is
the dimension of v. n is much larger than [.

2) The matrix R is hence not hermitian

3) v should be as sparse as possible

5

)
)

4) The matrix R is not sparse
) The condition of R is bad
)

6) g and R need to be prepared from classical data

1), 2), 3): As discussed in Section[5.2.1] non-square matrices are not a problem in principle.
R has a typical matrix size of ca. 100 x 105 million [QWSZ22]. This makes the system
extremely underdetermined, but of the vast solution space, one is generally only interested
in v that have few non-zero entries. This additional constraint is hard to model in HHL, but
the Moore-Penrose Pseudoinverse at least returns the solution for which |||, is the smallest.
Depending on the linear system, this could be close to the desired solution.

4), 5): The next two conditions are harder to deal with: In practice, very similar positions
of the satellite cause some rows of R to be very similar, yielding a bad condition. Typical
values of x range from 10 to 10'6. Also, the matrix is not sparse at all with s ~ n. For
standard HHL, this destroys the exponential speedup, even if e.g. the dependence on s is
reduced to s instead of s? through improved Hamiltonian simulation.

If one does not care about the parts that are contributed to the solution by the ill-
conditioned parts of R, there could be a way to achieve a good runtime despite a bad
condition number . The complex version of HHL presented in [HHL09, Appendix A, Sec. 1]
is able to “discard” bad eigenvalues, if the algorithm is configured with a x’ that is smaller
(better) than the actual . In the eigenvalue inversion step, special filter functions remove any
eigenvalue A\ < % The hermitian embedding of R complicates the effect of this procedure,
but it might be similar to removing one of the near-equal rows of R. These rows might not
be needed anyway.

If this trick is not feasible, the most promising result is a method for exponentiating
dense and low-rank matrices [RSML18], which is also discussed in Section One of its
limitations would be no problem in this application: The complexity depends on || A .
the maximum absolute value found in entries of A. But all entries of R are of the form
eisomething which has an absolute value of 1. Still, there are problems: As this result regards
only the phase estimation, the dependency on x from the remaining part of HHL would be
still present. Also, actually simulated is only ¢?"/" which could pose problems.

6): There is currently no sufficiently fast method for preparing g from classical input (see
Sections and . If there is no method found for this in the future, this problem could
be avoided by integrating the radar hardware on the satellite into a quantum device and
storing the values directly as quantum amplitudes. The matrix R follows a quite regular
pattern, maybe parts of it could be calculated on the fly on the quantum computer, reducing
the need for a large quantum RAM.

Finally, the matrix basically performs an intricate version of the Fourier transform, there
might be a solution possible without using HHL by adapting the QFT algorithm instead.
This would remove the constraints of HHL, still pose the problem of input preparation. The
problems regarding readout (outlined in Section do not apply, however: Each solution
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6.2 Machine Learning

vector entry describes the backscatter intensity at a given height. If one is only interested
in the position of these few non-zero entries with high backscatter, very few measurements
could suffice.

The findings on the applicability of different versions of HHL are summarized in Table
As a general caveat: The table only regards asymptotics, but in reality the matrices in SAR,
tomography do not get arbitrarily large due to limited physical resolution. So constants
could play a role, as well.

6.2 Machine Learning

Solving linear systems is also of great importance in various machine learning settings,
and HHL enables the speedup of a large portion of quantum machine learning algorithms.
Examples include classification with support vector machines or linear regression. As this
is not within the scope of this work, we refer to [DYY 20| or [BWP™17, Box 1], which give
a good overview of the topic, and some results on quantum machine learning that build on
HHL [SSP16] [WBL12].

6.3 HHL Implementations

When assessing HHL for practical applications, a working implementation is a useful tool to
check hypotheses and discover more subtle limitations. However, current quantum hardware
is severely limited in the number of available qubits. This poses a challenge, since general
HHL implementations require a significant amount even for small n. One factor for this is
the precision of QPE, which needs additional qubits for cases when the eigenvalues A; cannot
exactly be described by d bits. Another factor is the QRAM or similar structure that would
be needed to realistically implement the oracle for A in the Hamiltonian simulation. Finally,
the inversion and application of trigonometric functions like arcsin is also hard to do on less
than e.g. 5 qubits without incurring significant error.

For these reasons, current implementations targeting quantum hardware are carefully
crafted for a single matrix A. Individual steps of Hamiltonian simulation and eigenvalue
inversion are combined into single operations which have been calculated classically before-
hand. A selection of these implementations is presented here:

[CDFK12] give a general HHL circuit overview and describe a concrete simulation for

_1(3 1
a=1(3 )

[CEP™18, Sec. 4] present a HHL run for the same matrix A and give concrete gates
that work in the ibmgx4 architecture.

Another implementation of HHL for the matrix A is given by |[ZSCT17], with a focus
on the physics of the superconducting qubit hardware architecture used by IBM.

[DYY ™20, Sec. 3.3] present gates and pseudocode for implementing A, while also
giving an overview of applications in machine learning.
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6 Applications

Improvements to
Hamiltonian Simulation

Classic Precon- Dense Trotteri- Quantum  Theoretical  Fourier Dense,
HHL ditioning ~ Adaption zation Walks Optimum series Low-rank
Applcaion: SAR [ @)

b is classic, non-uniform
A has bad condition

A is dense

A a is non-hermitian

x should be sparse

Table 6.1: Applicability of different HHL version on the SAR tomography problem.

®As discussed, a bad condition number might be no problem if similar
rows can be discarded by running HHL with a smaller condition number.
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6.3 HHL Implementations

o [MJW2I] give a very detailed overview of all the unitary matrices and quantum states
that occur during an execution of HHL for the matrix

3 -1
_ 1
B_3<_1 3).

A gate-based description for an implementation on IBM’s quantum system is also
provided.

e The same matrix B is used in the introduction of IBM Qiskit at
https://qiskit.org/textbook/ch-applications/hhl_tutorial.html.

A more general implementation of HHL is provided by IBM Qiskit as a library functionE
The accompanying paper is [VHW22] and describes the method used. The efficient imple-
mentation is made possible by a comparatively strict additional constraint on A, which is
assumed to be tridiagonal Toeplitz. This means that A is of the form

a c 0

T = b
SO
0 b a

with a,b,c € C. This type of matrix appears occasionally in numerical mathematics, for
example when interpolating with cubic splines. Its simple structure allows for an efficient
and concrete implementation of the oracles needed in Hamiltonian simulation, enabling the
complete implementation of HHL.

A more abstract publication about a concrete gate-based implementation is [CMNT18],
which compares the different improvements of HHL with respect to projected gate com-
plexity and other potential problems that could arise when implementing HHL on noisy
intermediate-scale quantum computers (NISQ). For example, the theoretically best version
of Hamiltonian simulation [LCI9] needs a large amount of gates and ancilla qubits to imple-
ment trigonometric functions and perform the quantum walk. Although this plays no role
in the asymptotic performance, the overhead for NISQ implementation is considerable. See
also the accompanying talk to the paper by Childs [ChilT].

See https://qiskit.org/documentation /stubs/qiskit.algorithms.linear_solvers. HHL.html for the documenta-
tion and https://qiskit.org/documentation/_modules/qiskit /algorithms /linear_solvers /hhl.html#HHL for
the source code.
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7 Summary and Outlook

In this work, the opportunities and drawbacks of HHL with respect to possible applications
were discussed. As many of the constraints have their roots in certain subroutines, not only
the idea of the algorithm, but also each of its subroutines were introduced in detail. The
knowledge of these algorithms and their interactions, like the quantum Fourier transform
with the phase estimation, provides the tool set for drawing well-founded conclusion when
investigating the parameters of HHL.

HHL and its applications aside, the detailed approach also acts as a reference for the
subroutines themselves. Compared to the more abstract definitions and toy examples often
employed in introductory books, seeing how the algorithms are used “in action” can be of
value. Furthermore, a comprehensive overview on the current research on HHL was provided,
giving an idea for what might and might not be possible in the future.

The properties, constraints, and improvements of HHL form a large set of information.
To help with their assessment for general applications, they were assembled in a decision
matrix. The corresponding complexities were also incorporated. Data processing in SAR
tomography at DLR was introduced as a concrete example and its core properties discussed.
These were then put against the developed matrix to evaluate the general applicability, and
some more subtle aspects were covered in more detail.

The result was that even with a capable quantum computer, there are some significant
hurdles in the way. Apart from that, SAR tomography could potentially work with an
adapted version of HHL. Roughly the same conclusion holds for general applications for
solving linear systems. The hurdles that were discovered represent opportunities for further
research at the same time.

The first main issue is relevant to any quantum algorithm, especially if it is used as a
subroutine of a classical computation: All the arguments must be encoded as a quantum
state, and after completion, the return values must be decoded. Especially for encoding,
there are no established and practical methods that would allow to prepare an arbitrary
quantum state, yet. There are quite concrete proposals for how such a quantum RAM could
be theoretically implemented, though.

Nonetheless, any such method would require that the data is already prepared in classical
RAM. This preparation takes O(n) steps for a vector with n elements by definition. Any
quantum algorithm that achieves a runtime faster than O(n) with an n-element vector as
an argument will have the runtime capped to O(n) as a consequence. This is true for HHL
and essentially rules out such an application.

The most obvious solution is to use HHL as a subroutine for quantum algorithms; quantum
machine learning presents such a case. But even as a subroutine to classical algorithms, there
are some situations where the speedup would not be destroyed: For example, if the classical
data is already present, like in a database, no concrete cost is associated with its generation.
Also, the same classical data might be used as an input to many quantum algorithms,
increasing the overall efficiency.
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For decoding, saving the result to classical RAM also takes O(n) steps, but one might
only be interested in the positions of nonzero elements, the value of the first element, or the
result of some scalar product with the solution vector. In all these cases, much fewer steps
are required.

For the SAR tomography in particular, the linear system is very underdetermined, and of
the many possible solutions, the most sparse vector x is desired. This requirement cannot be
directly mapped into the linear system, but HHL returns the Moore-Penrose pseudoinverse
AT applied to b in the underdetermined case. This is equivalent to the solution with the
smallest norm ||x||,, which is related, but not quite the same. Depending on how the vectors
x look like, it might still be close enough; this could be explored in further research.

Also, the matrix is of bad condition, which generally destroys the speedup of HHL. How-
ever, as discussed in Section [6.1} HHL can also run with a better (but false) condition number
as parameter, which then returns only a part of the solution vector where any values con-
tributed from ill-conditioned parts of A are missing. When these contributions are irrelevant
anyway, HHL can still be used. When they are actually unwanted, HHL might even pose an
improvement. Further research could find out if any of these cases apply in SAR tomography.
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