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Abstract
Thermoelectrics is a field driven by material research aimed at increasing the thermal to electrical
conversion efficiency of thermoelectric (TE) materials. Material optimisation is necessary to
achieve a high figure of merit (zT) and in turn a high conversion efficiency. Experimental efforts are
guided by the theoretical predictions of the optimum carrier concentration for which generally the
single parabolic band (SPB) model is used which considers the contribution to electronic transport
only from the majority carriers’ band. However, most TE materials reach peak performance
(maximum zT) close to their maximum application temperature and when minority carrier effects
become relevant. Therefore, single band modelling is insufficient to model the behaviour of TE
materials in their most practically relevant temperature range. Inclusion of minority effects
requires addition of the minority carrier band and necessitates the use of a two-band model—the
simplest and, for most cases, sufficient improvement. In this study, we present a systematic
methodology for developing a two-band model using one valence and one conduction band for
any given TE material. The method utilises in part the SPB model and in part a simple cost
function based analysis to extract material parameters like density of states masses, band gap,
deformation potential constant etc., based on easily available experimental data. This simple and
powerful method is exemplified using Mg2Sn, chosen due to its low band gap, the availability of
experimental data in a wide range of dopant concentrations and its practical importance, being an
end member of the highly popular Mg2(Si,Sn) solid solutions. Using the experimental data for
p- and n-type Mg2Sn from literature, a two-band model was obtained. Optimum carrier
concentration and maximum zT were predicted from both SPB and two-band models and at 650 K
pronounced differences between the two models, which could prevent realisation of maximum zT,
were observed, demonstrating the practical necessity to model the effect of minority carriers.

1. Introduction

Thermoelectric (TE) materials utilize temperature differences to generate electricity and vice versa [1–3].
They have a promising application in the conversion of waste heat into electricity, thereby acting as
generators [4, 5]. However, their application is limited by their low efficiency. Usually the goodness of a TE
material is determined by a figure of merit (zT) whose higher value corresponds to higher efficiency. Thus,
there is a drive among researchers to increase zT [6] by finding new materials [7, 8] or by modifying existing
materials via band structure or defect engineering [9–14], carrier concentration optimization [15], etc. The
TE figure of merit zT is a function of the carrier concentration, and peaks in the range of 1018–1020 cm−3 for
most materials, the exact value depending on material and temperature. Therefore, n, in a given material, is
usually tuned to get the highest possible zT at a given temperature. Purely experimental optimization within
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such a wide range would be tedious. This makes modelling of TE materials essential. While TE materials’
properites can be modelled from first principles using density functional theory (DFT), accurate DFT-based
calculations are somewhat involved. On the other hand, the simpler single parabolic band (SPB) model,
which assumes that only one band participates in the charge transport, is employed readily based on
analytical formulae and without dedicated software [16–21]. This assumption can be justified in materials
with relatively large band gaps (with respect to the targeted operational temperature range). Furthermore,
there should also be a large inter-band separation between the first and the second majority carrier band.
SPB modeling has been employed successfully in many material systems like Mg2(Si,Sn) [22], ZnSb [17],
Bi2Te3 [23], PbTe [24, 25], etc. even though a single band model cannot describe all transport details
realistically. A single band is, of course, not enough to capture the complete picture of the material when
more than one majority carrier band [26–28] and/or minority carrier bands are contributing substantially to
charge transport. Particularly, the minority carrier density scales roughly with exp

(
−Eg/2kBT

)
and the band

gap itself decreases with increasing temperature for most materials [29, 30]. Its effect is clearly visible in the
experimental transport data at high temperatures for many materials. Based on this, in heavily doped (HD)
materials, temperature dependent TE properties’ data can be divided into two parts—a low temperature
range where only majority carriers are relevant (the extrinsic range) and a high temperature range where
minority carriers are also relevant (bipolar conduction, usually close to and above the region of
maximum zT).

The main target of optimization is to ultimately have TE devices operating at maximum efficiency.
Therefore, without a correct optimum carrier concentration prediction for the material to be used in a
device, material optimization remains empirical and tedious and the potential of the material might not be
exploited fully. Inclusion of minority carrier effects can be achieved using a two parabolic band (2PB) model
with one valence band (VB) and one conduction band (CB). It could be argued, if accurate optimization is
needed, then why stop at two bands and not include more bands? In principle this can be done and will give
an even more accurate picture of the material, but with substantially increased complexity due to more
unknown parameters to be considered. However, the increase in accuracy will be minor if the second lowest
conduction and the second highest VBs are far enough from the lowest conduction and highest VBs,
respectively, to be of any practical consequence. In such cases, working with a two-band model is not only the
easiest improvement to the SPB model but would also be sufficiently accurate for predicting zT vs n for most
materials. Interestingly, applications of such band structure modelling also go beyond standard
thermoelectric materials; for example, Chasapis et al use a two-band model to interpret the transition from
p- to n-type in ternary tetradymite topological insulators [31].

Here we present a method which, like SPB modelling, extracts band structure-related parameters from
the experimental data itself. This is in contrast to obtaining material parameters from DFT—which is a
purely theoretical approach. DFT calculations are usually done at 0 K while material parameters are required
at higher temperatures. Thus, in many cases there are discrepancies between the experimental and DFT
results for material parameters [32, 33]. Moreover, within DFT, different calculation methods, particularly
the choice of different functionals, lead to different results for the same material [33, 34]. The band gap—a
crucial material parameter for modelling TE properties is often strongly underestimated in DFT calculations
[35, 36]. Furthermore, while DFT methods can be employed with considerable success to predict band
structures, calculation of correct scattering rates for charge carriers remains a considerable challenge; often
the constant relaxation time approximation is employed [37–40]. Therefore, when relatively simple,
obtaining material parameters from experimental data is advantageous because one can get ‘effective’ values,
sufficient for material optimization.

The method described in this paper is systematic and utilizes an SPB model and a cost function-based
analysis to find material parameters. It requires availability of the experimental data for both p- and n-type
materials which could be either taken from literature or obtained by synthesizing samples with the desired
compositions. To illustrate this method, Mg2Sn was chosen as an example due to the following reasons.
Generally, members of Mg2X (with X = Si, Ge, Sn) and their solid solutions are a very promising class of
materials [41, 42] with Mg2Si1−xSnx solid solutions most attractive for industrial applications. They have two
relevant CBs and (at least) one relevant VBs with a convergence of the CBs at around x = 0.6, 0.7 [22], thus
demanding at least a three-band model to describe the n-type properties adequately. However, developing a
three-band model is much more difficult due to many unknown parameters, a problem generally tackled by
making simplifying assumptions which may not necessarily be accurate. For example, a three-band model
for Mg2Si0.4Sn0.6 has been developed by Zhang et al [43] with the large parameter space reduced by taking
some parameters values from literature and assuming some parameter values to be same for the three bands
considered. A further complication of the solid solutions is that they can de-mix into Mg2Si- and Mg2Sn-rich
regions [44–47], potentially requiring the use of effective medium models for accurate descriptions. Among
Mg2Si and Mg2Sn, the latter has a lower band gap, with values varying between 0.1 and 0.3 eV [33, 48–51].
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On the other side, for Mg2Si the reported band gap is between 0.6–0.7 eV [51]. Therefore, minority carrier
effects are more strongly visible in Mg2Sn, even at mid-range temperatures and high carrier concentrations.
With respect to the second CB, the reported inter-band separation between the two CBs from ab-initio
calculations for Mg2Sn ranges from 0.16 to 0.4 eV at 0 K [51], justifying neglecting the upper band at least as
a starting point. Additionally, TE property data for Mg2Sn is available for both p- and n-type materials
[52, 53] in a wide range of carrier concentrations and temperatures. Finally, it should be pointed out that a
2PB modelling of Mg2Sn is not merely a theoretical exercise, because studying end members can lead to
insights helpful for their more practically interesting solid solutions. Moreover, Mg2Sn has sparked some
interest as a potential TE material in its own right due to its relatively high power factor for both n- and
p-type material [40, 52–54].

2. Methodology

The method of obtaining material parameters presented here is a combination of SPB modelling and
mathematical optimization. The first part of the method—SPB modelling, is applicable when one effective
band is sufficient to describe material transport. It is successful in HD materials with only one majority
carrier band or several degenerate (or almost degenerate) bands so that they can still be modelled by one
effective band [22]. The second part of the method—mathematical optimization, is used to obtain the best
fit for TE properties by optimizing the value of a particular modelling parameter. The optimization method
employed here is the least square error method which is a simple cost function of the form [55]:

R=
∑
j

∑
i

(
1−A(i)

j,exp/A
(i)
j,mod

)2
. (1)

Here, the subscript ‘exp’ indicates the experimental value, ‘mod’ indicates the value obtained from the
model, j is the index for the TE property and i is the index for the associated data point and R indicates the
total relative error. Aj can be any measured TE property—Seebeck coefficient (S), electrical conductivity (σ),
thermal conductivity (κ) or Hall coefficient (RH). The choice of Aj depends on the availability of
experimental data and its suitability for the intended optimization, as discussed ahead.

Since this method derives material parameters from experimental data, the first step is to collect
experimental data. Temperature dependent TE data, i.e. S, σ, κ and RH, for both p- and n-type materials are
required. If a temperature dependent Hall measurement is difficult to accomplish, at least the room
temperature Hall coefficient for the highly and moderately doped samples should be known. The terms of
high, moderate and low doping are used here in a qualitative sense. A highly doped sample is one which
largely follows an SPB model over the entire temperature range, a moderately doped sample follows SPB
behavior in the low temperature range but shows minority carrier effects at high temperatures while a low
doped sample does not have to necessarily follow SPB behavior in any temperature range. Highly doped
materials’ data are required to extract parameters like the DOS masses and mobility parameters using SPB.
By means of moderately doped samples, extraction of the band gap can be attempted. Using the obtained
parameters, the model can be tested on the entire dataset to check its applicability by including the low
doped samples.

The stepwise procedure for using this method is given below. An excellent review of SPB modelling is
given by May and Snyder [16] and therefore, is not explained in detail here. The equations are presented with
the assumption of acoustic phonon scattering of the carriers [56] being the dominant scattering mechanism
at and above room temperature. The stepwise procedure is:

(a) Highly doped samples’ data are taken. Since the SPB model is applicable here, the carrier concentration,

n, obtained from the room temperature Hall coefficient
(
n= rH/eRH where rH = 3

4

(
F1/2F−1/2

F20

))
, can be

assumed to be equal to the carrier concentration at higher temperatures. Using the SPB equations, the
DOSmass is calculated by obtaining the reduced Fermi level, η from the Seebeck coefficient and the DOS
mass,m∗

D from the carrier concentration and Fermi level:

S=

(
kB
e

)(
2F1 (η)

F0 (η)
− η

)
(2)

n= 4π

(
2m∗

DkBT

h2

)3/2

F 1
2
(η) . (3)
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Figure 1. Illustration of the usage of a cost function for determining the best fit value of a parameter (here, the DOS mass in the
conduction band (m∗

D,n) using equation (4)).me is the electron rest mass.m∗
D,n has been found here using the Seebeck coefficient

and room temperature Hall coefficient data for two heavily doped samples—Sc0.05Mg1.95Sn0.97Sb0.03 and Mg2Sn0.97Sb0.03.

Here, kB, e and h are the Boltzmann constant, elementary charge and Planck’s constant, respectively, T

is the temperature and Fj is the Fermi integral: Fj (η) = ∫∞0 εjdε

1+ exp(ε− η)
. These equations are to be

used for each (S,T) data point individually. If data are available for multiple samples, thenm∗
D values are

obtained for all data points and a single averaged mass can be taken which provides the best fit for the
data. For averaging, the following cost function is used:

RS =
∑
i

(
1− S(i)exp/S

(i)
mod (m

∗
D)
)2
. (4)

Smod values are obtained using equations (3) and (2) (in that order) using variablem∗
D values to minimize

equation (4). This step will give the DOS effective mass for the VB, m∗
D,p and for the CB, m∗

D,n. This is
illustrated in figure 1.

(b) Oncem∗
D is known, themobility parameter is obtained. The relationship between conductivity andmobil-

ity parameter, µ0 is [16]:

σ = neµ0
2

3

F0
F1/2

. (5)

The mobility parameter due to acoustic phonon scattering is given by:

µ0,AP =
π
√
8ℏ4eρvl2

4E2defms
2.5(kBT)

3/2
. (6)

Here, ρ is the material density, vl is the longitudinal velocity of sound, ms is the single valley effective
mass, ℏ is the reduced Planck’s constant and Edef is the deformation potential constant. If acoustic phonon
scattering is the sole scattering mechanism to be considered, then Edef is the only unknown since other
material parameters namely,ρ andvl can be taken from literature. The valley degeneracy, Nv, needed to
calculatems =m∗

D/Nv
2/3, is known from the band structure of the material. Thus, in a similar way as for

the DOS mass, Edef (or µ0) is obtained by minimizing the cost function:

Rσ =
∑
i

(
1−σ(i)

exp/σ
(i)
mod (Edef)

)2
. (7)

For alloyed materials (like Mg2(Si,Sn) solid solutions), alloy scattering is also an important scattering
mechanism [57] and can be included using Matthiessen’s rule [53, 58]. However, in that case the alloy
scattering potential constant will be an additional unknown parameter and would need to be evaluated.

4
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Once the DOS masses and mobility parameters for the valence and CBs are extracted from the highly
doped samples, the next step is to find the band gap. Now a two-band model needs to be considered.

(c) Thermal excitation of carriers is the phenomenon that takes a material from a single band to a 1 VB + 1
CB behavior. In an SPB model, the charge carrier concentration remains constant with temperature and
originates from ionized dopant atoms or charged intrinsic defects. In the two-band model considered
here, charge carriers are not only generated from charged defects but also when electrons in the VB gain
sufficient thermal energy to overcome the band gap. Therefore, the total carrier concentration is now a
function of temperature and can no longer be assumed to be equal to the dopant concentration. Charge
neutrality equation is invoked here:

n∗A + n= n∗D + p. (8)

Here, n∗A and n
∗
D denote the charge carrier concentrations due to the acceptors and donors, respectively, n

is the total electron concentration and p denotes the total hole concentration. While the intrinsic carrier
concentrations depend upon band gap and temperature, the extrinsic carrier concentration remains con-
stant since practically all dopant atoms get ionized well below room temperature. If a sample shows SPB
behavior in the low temperature range, then practically all carriers at room temperature are contributed
by the dopant and the Hall carrier concentration at room temperature gives the dopant carrier concen-
tration. If the same sample shows intrinsic behavior at high temperatures, it provides an opportunity to
estimate the band gap since the magnitude of the band gap is the only remaining unknown. Therefore, at
this stage, ‘moderately doped’ samples are used. The two-band equations to be used [16] are listed below.
A rearranged charge neutrality equation is used with the net extrinsic carrier concentration, Nextrinsic,
expressed as the difference between the concentrations of the two types of carriers:

Nextrinsic = nmaj − nmin. (9)

Here, Nextrinsic is known from the room temperature Hall measurement. nmaj/min is replaced by the
equation for charge carriers in a single band (equation (3)). It should be noted that the position
of the reduced Fermi level is taken relative to that band’s edge for which the transport property is
being calculated. If the CB edge is taken as a reference, then the Fermi level with respect to the VB is
given by:

η =−ψ− εG. (10)

Here η and ψ are the reduced Fermi level relative to the valence and CBs, respectively and εG is the
reduced band gap

(
= Eg/kBT

)
. Thus, the band gap, though not explicitly visible, is present in the two-

band equations. Similarly, the equations for the other properties are:

S=
Spσp + Snσn

σ
(11)

σ = σp +σn (12)

RH =
RH,nσ

2
n +RH,pσ

2
p

σ2
(13)

κe = κe,p +κe,n +κbip (14)

κbip =
σpσn
σ

(
Sp − Sn

)2
T. (15)

κe,n and κbip denote the (single carrier) electronic and bipolar thermal conductivity. Data for the heavily
and the moderately doped samples are taken together, and the band gap is estimated using the following
cost function given by equation (1). In principle, temperature dependent data for the Hall coefficient and
thermal conductivity can be used. However, Hall data is usually more difficult to obtain and including
thermal conductivity would require the a priori knowledge of lattice thermal conductivity, κL with κe =
κ−κL, which is not easily accessible either. Therefore, using the Seebeck and electrical conductivity data,
the cost function is given by:

RS+σ =
∑
i

(
1− S(i)exp/S

(i)
mod

)2
+

∑
i

(
1−σ(i)

exp/σ
(i)
mod

)2
. (16)

5
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Figure 2. Schematic for determination of modelling parameters and the implementation of the two-band model. HD and MD are
the abbreviations for heavily doped and moderately doped. Light green and light blue colored boxes contain the inputs and
outputs, respectively.

If a linear temperature dependence of the form Eg = Eg,0 − bT is assumed for the band gap [50], then Eg0
and b would have to be determined.

(d) Once these parameters are known, the two-band model can be applied to low doped samples as well to
check for agreement. For low doped samples, dopant carrier concentrations are not directly available from
room temperature Hall measurements since intrinsic carriers are not negligible. Therefore, dopant con-
centrations have to be estimated from fitting the dopant concentration to the TE data using the obtained
two-band model. Getting a good match between the modelled and experimental data can validate the
two-band model’s parameters. An additional check would be to calculate lattice thermal conductivity,
κL values. In equation (14), the electronic thermal conductivity is not only the sum of individual elec-
tronic thermal conductivities but also contains a quantitatively very significant additional term—bipolar
thermal conductivity. If a material with a low band gap is analyzed with the SPB model, the calculated
κL (= κ−κe)will increase with temperature at higher temperatures, since the bipolar conductivity term
is missing in the SPB model. As lattice thermal conductivity at room temperature and above is expected
to decrease with temperature [59], this would indicate failure of SPB modelling. A two-band model, if
accurate, should give κL which monotonously decreases with temperature.

(e) Once κL is obtained from the model (or is known from literature), zT vs n can be deduced to optimize
the material. Alternately, power factor, PF vs n plots can also be generated if optimizing the power factor
is the goal. A concise schematic of all the steps is shown in figure 2.

3. Results

Data for four Li-doped p-type [53] and four Sc- and/or Sb-doped n-type Mg2Sn [52] samples were taken
from literature. Among the p-type samples, Li0.03Mg1.97Sn and Li0.02Mg1.98Sn were identified as HD and
Li0.01Mg1.99Sn and Li0.005Mg1.995Sn were identified as moderately doped. Among the n-type samples,
Sc0.05Mg2.01Sn0.97Sb0.03 and Mg2.06Sn0.97Sb0.03 were identified as HD and Sc0.05Mg1.95Sn and Sc0.01Mg1.99Sn
were identified as low doped. n-type samples chosen for this work were nominally Sc-doped. However, Sc
was found to be ineffective as a dopant and basically without effect on the electronic properties as it forms
secondary phases (ScSn and ScSi) in the Mg2Sn matrix, presumably without dissolving into Mg2(Si,Sn) [52].
While the effect of ScSn or ScSi phases cannot be excluded, the effect is expected to be small as they form
distinct islands and have a small volume percentage and therefore should not be of great consequence while
attempting two-band modelling. Additionally, data for an undoped Mg2Sn sample [52] was available which
showed p-type behavior in a large part of the temperature range and is displayed together with the Li-doped
samples’ data.

6
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Table 1.Material parameters used in the two-band modelling.me is the electron rest mass.

Property Valence band Conduction band

DOS mass (m∗/me) 1.1 2
Deformation potential constant (eV) 9.5 6.7
Band gap (eV) 0.28–2× 10−4 T/K

Table 2. Samples with their extrinsic carrier concentrations.

p-type composition
Extrinsic carrier
concentration (1020 cm−3) n-type composition

Extrinsic carrier
concentration (1020 cm−3)

Li0.03Mg1.97Sn 2.69 Sc0.05Mg2.01Sn0.97Sb0.03 4.57
Li0.02Mg1.98Sn 2.45 Mg2.06Sn0.97Sb0.03 3.97
Li0.01Mg1.99Sn 1.51 Sc0.05Mg1.95Sn 2.00× 10−2 (fitted)
Li0.005Mg1.995Sn 7.20× 10−1 (fitted) Sc0.01Mg1.99Sn 4.00× 10−3 (fitted)
Mg2Sn 4.40× 10−2

Based on the methodology given above, p-type HD samples Li0.03Mg1.97Sn and Li0.02Mg1.98Sn and n-type
HD samples, Sc0.05Mg2.01Sn0.97Sb0.03 and Mg2.06Sn0.97Sb0.03 were used to determine the DOS masses and
deformation potential constants for the VB and CB respectively. ρ = 3590 kg m−3,vl= 4800 m s−1 and
Nv = 3 for the CB and Nv = 2 for VB were used in equation (6) [50, 53]. The band gap, assumed to depend
on temperature by the law, Eg = Eg,0 − bT was determined next. For this, the cost function given by equation
(16) was minimized to find the best Eg,0 value by fixing b at 1× 10−4, 2× 10−4 and 3× 10−4 K−1 making
this a single parameter optimization process. Two-band modelling fits for these three sets of Eg,0 and b values
were then compared to choose the best band gap parameters. Material parameters extracted from
experimental data are given in table 1. The extrinsic carrier concentration for low doped samples could not
be ascertained from the measured Hall coefficient since these samples showed two-band behavior from room
temperature. Therefore, for the low doped samples, using equation (16) with the two-band model and the
now known band structure parameters, extrinsic carrier concentrations were obtained by fitting. Extrinsic
carrier concentrations for all samples are given in table 2.

Figure 3 shows the comparison between experimental and modeled Seebeck and electrical conductivities
for all p- and n-type samples. For the Seebeck coefficient values, the theoretical fitting agrees well for all HD
and moderately doped samples. The SPB model fits for two HD samples—Li0.03Mg1.97Sn and
Sc0.05Mg2.01Sn0.97Sb0.03—have also been shown and they are in good agreement with the 2PB model fits. For
low doped n-type samples and the undoped sample, there is a mismatch between theoretical and
experimental values.

4. Discussion

As seen in figures 3(b) and (d), there is a good agreement between the experimental and theoretical electrical
conductivities for all samples. However, in figure 3(b), an exact match between theoretical and experimental
electrical conductivity for the HD n-type samples is missing. This could be due to grain boundary scattering
having an impact at low temperatures. This has been observed for Mg2Si [60] and Mg2(Si,Sn) [61, 62] as well
as for other material classes [63, 64]. The extent of grain boundary scattering apparently depends sensitively
on the synthesis route and the synthesis parameters. It can therefore be included only on a sample to sample
(or batch to batch) level, but not in a general manner. Furthermore, for Mg2Sn and Mg2(Si,Sn) it is mainly
observed at low T, where zT is small. With respect to material optimization it is therefore not crucial to
include grain boundary scattering for the material system studied; this might be different for other material
systems [64]. In the present case, there is a possibility of an additional relationship between Sc doping and a
grain boundary influence. A fit for the HD sample Sc0.05Mg2.01Sn0.97Sb0.03 using the SPB model including
grain boundary scattering [65] is shown in figure S1 in the supplementary info.

The methodology presented in this paper is advantageous due to its simplicity and it provided good fits
for most of the data. The band gap, being a key parameter found using this methodology, was additionally
estimated using the Goldsmid–Sharp method [66], even though it is known to have quite large uncertainties
for the parameters of typical TE materials [67]. The Goldsmid–Sharp band gap estimate is given by
Eg = 2|S|maxTmax. To use this equation, temperature dependent Seebeck data are needed for those samples
whose absolute Seebeck attains a maximum. This was the case for all Li-doped samples and they were used to
estimate the Goldsmid–Sharp band gap. Band gap values from fitting the Seebeck and electrical conductivity
data and the Goldsmid–Sharp method are given in table 3 for comparison. There is a good agreement

7
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Figure 3. Seebeck coefficient (a) and (c) and electrical conductivity (b) and (d) for n-type and p-type Mg2Sn. Points represent
experimental data and solid lines represent theoretical fits from the two-band model. Circular, triangle and square symbols
represent experimental data for heavily doped, moderately doped samples and lowly doped samples, respectively. Dashed lines
represent SPB fitting with the same extrinsic carrier concentration as their two-band model counterparts.

Table 3. Band gap values estimated from the Seebeck and sigma data and the Goldsmid–Sharp method.

Sample
composition T(Smax) (K)

Goldsmid–Sharp
gap (eV)

This work:
Eg = 0.28–2× 10−4 T K−1 eV

Li0.03Mg1.97Sn 761 0.16 0.13
Li0.02Mg1.98Sn 736 0.17 0.13
Li0.01Mg1.99Sn 620 0.17 0.17
Li0.005Mg1.995Sn 530 0.16 0.16

between the two methods. Also, our result for the room temperature value for the band gap is 0.22 eV which
is within the reported range of band gap for Mg2Sn of 0.1–0.3 eV [33, 48–51, 68].

The biggest advantage of the methodology described here is the reduced reliance on literature inputs for
modelling parameters due to first, the relative simplicity of the two-band model and second, employing data
for both p- and n-type material in a wide range of carrier concentration. Zhang et al [43] also used a stepwise
method to develop a three-band (2 CB+ 1 VB) model for Mg2Si0.4Sn0.6. Only HD n-type data are used to
develop the model, where holes are relevant only as minority carriers and the mass for the VB is taken from
literature. To reduce the significantly higher number of unknowns, they assumed that all three bands have
the same values for the scattering potential constants for alloy scattering and acoustic phonon scattering,
which might not be accurate as can be seen from our results obtained independently for the valence and the
CB as well as literature reports on other materials [69, 70]. At last, since we include (and recommend the
inclusion of) low doped samples in our analysis, we have the opportunity to test the accuracy of the
developed model as already seen in figure 3. An interesting and baffling feature of figure 3 is that while a
good fit for the electrical conductivity is achieved with the two-band model for all samples, it is not as good
for the Seebeck coefficient of the low doped samples. As mentioned earlier, different values for the
temperature parameter b were fixed first and then the parameter Eg,0 was optimized. It was observed that a
better fit for Seebeck was achieved with lower values of b with best fit for Seebeck achieved at Eg,0 = 0.16 eV
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Figure 4. (a) Lattice thermal conductivity vs. temperature for all samples calculated from the two-band model (b) comparison of
κL obtained from SPB and 2PB models for heavily doped samples. The SPB model overestimates κL at higher temperatures
because it does not account for bipolar thermal conductivity (κbi).

and b= 0. Since extrinsic carrier concentrations for low doped samples are obtained from fitting after all
two-band parameters were determined, their values naturally changed when fitting was attempted with
different band gap values. A comparison of fitting with different band gap values is shown in figure S2 in the
supplementary info for the low doped samples. At this point it should be mentioned that if the two-band
model employed does not give a good match with the experimental data, additional model features like
mixed scattering, temperature dependence of the DOS mass etc can be made. Naturally, this would lead to
more complexity. Also, since the method uses the SPB model to determine band parameters, it can only be
used in cases where one effective CB and one effective VB are sufficient to describe the extrinsic behavior
adequately. If there are more than one band of either kind, the SPB model will predict effective parameters
which might be physically inaccurate [26–28]. Since, for Mg2Sn systems two CBs have been obtained by DFT,
it is possible that the assumption of one effective CB is physically inadequate. Furthermore, a minor
dependence ofmD,CB∗ on carrier concentration has been observed [71] in contrast to the rigid band
structure assumed here. However, such low doped samples are not of practical interest for thermogenerator
applications and the presented model predicts HD behavior with good accuracy.

An additional check for the validity of the model is provided by calculating the lattice thermal
conductivity for all samples. Bipolar thermal conductivity increases with temperature and can contribute
significantly to the total thermal conductivity. Its underestimation can cause an increase in the
band-modelling-calculated lattice thermal conductivity with temperature. Figure 4(a) shows the variation of
lattice thermal conductivities calculated from a 2PB model for all the studied samples as a function of
temperature (semi-logarithmic plot). The relevance of two-band modelling is further exemplified when one
compares the values obtained from 2PB and SPB models. Figure 4(b) shows SPB-calculated κL for the HD
samples. Even for HD samples, where SPB modelling is supposed to be applicable, at high temperatures the
calculated κL increases, indicating that bipolar effect is not negligible in these samples as well. Omitting the
two outliers, Sc0.05Mg1.95Sn and Li0.03Mg1.97Sn, κL values for all samples lie between 4.5 and 6 WmK−1 at
300 K, which is a relatively broad range. As the samples were prepared by similar synthesis approaches we
think that the main reasons for this are sample-to-sample variations as well as a reduction of κL due to
doping, as observed e.g. in [72–75]. The calculated κL for the low doped samples increase with temperature
for T > 600 K also with the employed 2PB model, however, much less than if an SPB model had been
employed. This is not expected physically and indicates an underestimation of the bipolar effect for these
samples, possibly linked to the not fully correct assumption of a constant effective mass. Nevertheless, the
trend of lattice thermal conductivity for most samples, particularly the HD samples which are of practical
interest, is as expected, indicating success of the model.

The most relevant information for practical applications that is obtained from band modelling is the
optimum carrier concentration. For this purpose, zT vs n plots are obtained. To obtain a theoretical zT vs n
plot using a two-band model, the two band masses and mobility parameters, band gap and lattice thermal
conductivity are needed. The first three parameters were readily available from band modelling but due to a
large variation among values, a suitable κL had to be carefully selected. Values of κL for all samples except the
two outliers—Sc0.05Mg1.95Sn and Li0.03Mg1.97Sn, and Sc0.01Mg1.99Sn (showing significant underestimation of
bipolar conduction)—were averaged. Then a 1/T x fitting [76] was done to the averaged κL to use in zT vs n
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Figure 5. zT vs. Nextrinsic(subscript A for net acceptor and D for net donor charge carriers). Comparison between SPB and 2PB is
shown. Additional experimental data to test the general applicability of the model are taken from literature and the samples’
details are given in table S2 of the supplementary info.

calculation. Similarly, κL is also required in the SPB-modelled zT vs n. With the intention of showing
modelling result employing purely SPB analysis, κL obtained from SPB was used by averaging for three HD
samples—Li0.02Mg1.98Sn, Sc0.05Mg2.01Sn0.97Sb0.03 and Mg2.06Sn0.97Sb0.03. Li0.03Mg1.97Sn, though HD, was not
used since its calculated lattice thermal conductivity was very different from the rest of the samples. 1/T x

fitting was again done to the averaged SPB κL. This fitting for SPB and two-band κL is shown in
supplementary figure S3. Figure 5 shows zT vs Nextrinsic plot for Mg2Sn as obtained from SPB and the
two-band model along with experimental data.

A few inferences can be readily made from figure 5. SPB clearly overestimates the maximum zT and
underestimates the optimum carrier concentration. Also, SPB predicts a broader window of high zT than the
2PB model. Therefore, it becomes all the more important to predict the nopt accurately within this narrow
high zT window. Assuming that the 2PB model correctly predicts zT vs Nextrinsic, if the SPB-predicted nopt
were used to synthesize the sample, only 70% of the maximum possible zT would be attained. Note that for
devices working across a temperature interval, zT is not optimized at a specific temperature. Rather, the
averaged figure of merit is a better measure of efficiency [77]. Appropriate averages [78] as well as efficiency
calculations considering the temperature dependence of the thermoelectric properties [79, 80] can be readily
obtained using the model introduced here. Overall, the experimental data is captured well by the 2PB model.
As expected, SPB does not capture the trends of low doped samples at all. For p-type samples, there is a good
agreement with the 2PB model data except for Li0.03Mg1.97Sn (nA = 2.7× 1026 m−3). This is due to the low
experimental lattice thermal conductivity of that sample which cannot be captured by the generalized two
band model where an averaged κL has been employed. Among the n-type samples, the agreement with the
modelled data is good for all temperatures and carrier concentrations. The model predicts an optimum
extrinsic carrier concentration of 2.7× 1026 m−3 for the n-type material and 2.0× 1026 m−3 for the p-type
material at 650 K. The zTmax for n-type is higher than that for p-type at all temperatures due to higher DOS
mass of the CB (the mobility parameters are similar for both bands). Additional data were taken from
literature [54, 71, 75, 81–83] to test the general applicability of the model parameters presented here. There is
a decent agreement for most of the external data. For the data which shows disagreement it should be noted
that the apparent better match with the SPB model is misleading: comparison at lower temperatures (where
both models are similar) shows that the differences arise from different DOS masses and thermal
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conductivities associated with the data. Some deviations from the model are expected due to different
synthesis parameters which cannot be captured completely by a generalized band structure model.

5. Conclusion

A general method for implementing a two-band model has been presented here. The method uses the SPB
equations to estimate DOS masses and mobility parameters for the valence and CBs from HD samples and
then combines this information with two band equations to predict the band gap using data for all the
samples for which extrinsic carrier concentrations can be determined. With the presented method, the band
gap is quickly and reliably estimated as proven for Mg2Sn. The knowledge of a material’s band gap is crucial
for modelling the effect of minority carriers and the key challenge in implementing a 2 PB model. While a
good agreement between the modelled and experimental data was achieved for all Mg2Sn samples for the
electrical conductivity, the match for the Seebeck coefficient is not ideal for low doped samples which could
be due to involvement of more than one band of majority carriers, dependence of the DOS mass on carrier
concentration etc. Since low doped samples are usually not of practical interest for TE conversion, this can be
considered a minor shortcoming of the model. An improved estimate for the lattice thermal conductivity can
be obtained from a 2PB model compared to an SPB model even for HD samples. Apart from better
modelling of TE properties, accurate estimation of lattice thermal conductivity is important if one is aiming
to decrease lattice thermal conductivity—a popular strategy for increasing the figure of merit. Most
importantly, a good match between experimental and modeled zT vs Nextrinsic has been obtained. This is
crucial since nopt and zTmax are quantities of practical interest and in the prediction of these quantities lies
the greatest utility of band structure modelling of TE transport properties. There is a decent agreement
between the two-band model and the experimental data from different literature sources indicating some
universality to the model. Owing to the generality and simplicity of the method presented here, 2PB
modelling can be implemented on any typically band-conducting thermoelectric material system relatively
easily. This will help in a more accurate determination of the optimum carrier concentration necessary for
targeted material synthesis. A simple but accurate description of the TE transport can also set the foundation
for integrated material-device simulations, guiding experimental efforts towards high device efficiency.
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