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Abstract

Constrained optimization problems where both the objective and constraints may be
nonsmooth and nonconvex arise across many learning and data science settings. In
this thesis, we show a simple first-order method finds a feasible, e-stationary point at a
convergence rate of O(e~*) without relying on compactness or Constraint Qualification
(CQ). When CQ holds, this convergence is measured by approximately satisfying the
Karush-Kuhn-Tucker conditions. When CQ fails, we guarantee the attainment of
weaker Fritz-John conditions. As an illustrative example, we show our method still
stably converges on piecewise quadratic SCAD regularized problems despite frequent
violations of constraint qualification. The considered algorithm is similar to those of |1,
2] (whose guarantees both assume compactness and CQ), iteratively taking inexact
proximal steps, computed via an inner loop applying a switching subgradient method
to a strongly convex constrained subproblem. Our non-Lipschitz analysis of the
switching subgradient method analysis appears to be new and may be of independent

interest.
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Chapter 1

Introduction

In this paper, we considered the difficult family of constrained optimization prob-
lems where both the objective and constraints may be nonconvex and nonsmooth.

Specifically, we study problems of the following form:

min  f(x)
zeX (11)
st. gi(x) <0, i=1,..,m.

Here, d is dimension of the problem and convex set X C R? is its domain. The

objective f : X — R and constraints ¢g; : X — R,i = 1,...,m are assumed to be

continuous on X, but need not be convex nor differentiable.

Constrained optimization problems with nonsmooth and nonconvex objective
loss functions and constraints are common in modern data science and machine
learning fields. For instance, phase retrieval, blind deconvolution and covariance
matrix estimation could all be constructed as nonconvex and nonsmooth minimization
problems [3-8]. If we further expect sparsity for our solutions, it is effective to introduce
a regularizing constraint (e.g., convex choices like ¢;-norms or ¢;-norms, nonconvex
choices like SCAD functions [9, 10] or £,-norms for ¢ € (0,1)). The SCAD functions
will serve as a running example throughout this work as they are very simple piecewise
quadratic functions exhibiting nonsmoothness and nonconvexity, with real usage in
several modern sparse optimization problems [11-15]. Other problems like multi-class

Neyman-Pearson classification [1, 16, 17], which tries to minimize the loss on one
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class while controlling the losses on other classes under some values, are also prevalent
constrained optimization models inheriting any nonsmoothness and nonconvexities

from the loss functions.

Our approach to solving nonsmooth, nonconvex, constrained problems relies on
two main ingredients outlined below: (in)exact proximal point methods and Fritz-

John/Karush-Kuhn-Tucker stationarity conditions.

(In)exact Proximal Point Methods Several recent works [7, 18-22] have con-
cerned solving nonconvex problems via inexact evaluation of a proximal operator. For
settings without functional constraints (i.e., m = 0), these methods seek a stationary

point of min,cx f(z) by iterating

. 1
Tp41 A Prox, ¢(z)) = argmin {f(x) + —|lz — xk||2} (1.2)
zeX 20

with stepsize a > 0. By restricting to the family of weakly convex functions (defined
in (2.4)), this proximal subproblem is guaranteed to be convex with a unique solution
for small enough . When the proximal map can be evaluated exactly, an € > 0-
stationary point (defined in Definitions 2.1 and 2.2) is found within O(1/€?) iterations.
The inexact methods of [7, 22] show that using cheaper subgradient oracle calls such
a point is found within O(1/e*) iterations.

We consider the following extension of these ideas to nonconvex inequality con-
straints by [1, 2] (their ideas and comparisons with our contributions are discussed in
depth in Section 1.3). Consider the following proximal subproblem, penalizing the

constraints similarly to the objective

1 1
viss & argmin { (@) + o llo =l [ gi(o) + 5o —mlP <7 (13)

zeX
with stepsize a > 0 and feasibility tolerance 7 > 0. Importantly, any feasible solution to
this proximal subproblem ;1 has feasibility bounded by g;(zx4+1) < 7— i |ze—2rs1 |3

Hence a sequence of z; generated by inexactly evaluating this mapping remains feasible



for (1.1) until reaching approximate stationarity (that is, ||z —xgi1]|2 > V27 implies

gi(zk41) < 0 for each constraint 7).

Fritz-John/Karush-Kuhn-Tucker Stationarity Let 0f(z) denote a generalized
subdifferential of a function f and Nx(z) denote the normal cone of X at z, formally
defined in Chapter 2. Here we consider two classic measurements of stationarity: Fritz-
John (FJ) conditions giving a weaker optimality condition and Karush-Kuhn-Tucker
(KKT) conditions giving a stronger condition.

We say that a feasible z* is a F.J point of (1.1) if there exists nonnegative multipliers
75 € Rand v* = (4f, ...,75)T € R™, and subgradients ¢y € df(z*) and ¢, € dgi(x*)
such that (73,77, ...,75) is a non-zero vector with

Yigi(z*) =0, Vi=1,..,m,

Yolr + 27 Ci € —Nx(z*).

i=1

(1.4)

Note requiring (v5,7/, ..., 7.,) to be a nonzero vector is equivalent to requiring
Yo + 2y vf = 1. This condition is necessary for z* to be a global (or locally)
minimizer [23]. However, this condition is known to fail to give meaningful insights
into the quality of 2* as a solution whenever 7 = 0 as (1.4) becomes independent
of f [24]. This weakness is remedied by the stronger notion of KKT points, which
implicitly require 5 # 0. We say a feasible z* is a KKT point for the problem (1.1) if
there exists nonnegative Lagrange multipliers \* € R™, (y € df(z*) and (,; € 0g;(z*)

such that
Algi(z*) =0, Vi=1,...,m,

Cf + Z)\;kggl € —Nx(l‘*).

=1

(1.5)

Note the KKT conditions strengthen FJ, requiring 7 # 0, in particular v = 1. The
requirement that 75 # 0 is equivalent to having the Mangasarian-Fromovitz Constraint

Qualification (MFCQ) condition hold: Let A(z) = {i | g;(x) = 0,i =1, ...,m}. We



say MFCQ holds at x if

Jv € —N¥§(x) s.t. ;;v <0 Vie A(z),Y(, € 0g:(z). (1.6)

Measurements of approximate FJ and KKT stationarity can be vastly different
when constraint qualification does not hold. When a strengthened (o-strict) MFCQ
condition (see (2.11)) is not satisfied at the stationarity point our method converging to,
the associated Lagrange multipliers may blow up and approximate KKT stationarity
may never be attained despite the iterates x; of (1.3) converging. In contrast,

approximately satisfying the FJ conditions can be ensured whenever x; converges.

1.1 Contribution

We show an inexact proximal method can solve a wide range of nonsmooth, nonconvex
constrained optimization problems, producing an approximate stationary point within
O(1/€*) subgradient evaluations, matching the unconstrained rate. In particular, our
proposed method uses a switching subgradient method approximately solving (1.3)
to produce each subsequent xp,;, see Algorithm 1. We show this scheme has the

following three generally desirable properties missing from prior works [1, 2]:

Always Feasible Iterates By appropriately selecting the algorithmic parameters
o and 7, we can ensure feasibility g;(zx41) < 7 — 52 [|2k — Tp11]]3 < 0 for the original
problem (1.1). Maintaining not just approximate but actually feasible iterates is
critical, for example, in settings of planning or control where feasibility corresponds

to physical limitations or safety concerns [25, 20].

Stationarity with or without Constraint Qualification FEnsuring constraint
qualification over nonconvex constraints is nontrivial. This is illustrated for a common
sparse regularization in Section 1.2 and numerical explored in Chapter 5. In Theo-

rems 3.2 and 3.3 respectively, we show with or without constraint qualification, an
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inexact proximal point method produces an approximate KKT or FJ point using at

most O(1/e*) subgradient evaluations.

Convergence Rates without Compactness Our guarantees apply without need-
ing to assume compactness of the domain X, which prior works relied on. This
is done by extending the analysis of the switching subgradient method to handle
non-Lipschitz objective and constraint functions like those occurring in (1.3). This
analysis and resulting subproblem convergence guarantee appear to be new and may

be of independent interest.

1.2 Vignette: Failure of MFCQ Assumptions for
Sparse Regularized Problems

Nonconvex regularization has become common due to its statistical benefits [27-30)].
One of the simplest regularizers is the smoothly clipped absolute deviation (SCAD)

function [9, 10], sums up piecewise quadratic clipped absolute deviations in each

coordinate
SCAD(z;) = —x? +a|z -1 1<z <2, (1.7)

The constraint g(z) := >; SCAD(x;) — p < 0 implies that at most p/3 entries of
x have magnitude larger than two. Here we consider the problem of sparse phase
retrieval problems (SPR), see (5.1), which minimizes a piecewise quadratic objective
over this piecewise quadratic constraint set.

Note these piecewise quadratic constraints and objective form a simple family
of nonsmooth nonconvex problems where we can approximately solve the convex
subproblem (1.3). Despite this, two problems (one mild and one severe) prevent the

convergence theory of prior works from being applied.

First, prior works do not apply as the set {z | g(z) < 0} is not compact for any



p > 3. If a bound on the size of a solution is known, then one could add a ball
constraint X = {z | ||z|| < D} to enure compactness. Our theory applies without

such a modification.

SCAD function

(b) Seven 3D SCAD level sets {(z1,z2,23) | >, SCAD(xz;) <
x p} with p € {2.5,3.5,4.5,5.5,6.5,7.5,8.5}. Note the set
(a) 1D SCAD function changes suddenly at p € {3,6,9}.

-4 -2 0 2 4

Figure 1-1. 1-1a shows the one-dimensional SCAD function in [—4,4]. 1-1b shows the
feasible regions of the three-dimensional SCAD function in [—5, 5.
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Figure 1-2. Lagrange multipliers computed at approximate stationary points reached
by iterating (1.3) on randomly generated SPR problems (see Chapter 5 for the exact
construction). As p varies from 60 to 120, the black line shows the average multiplier
computed after 30 iterations and the gray region shows the range between maximum
and minimum values seen. Black dots are placed at each multiple of three, where the
strengthened MFCQ condition fails to hold.

More subtly, prior works do not apply here as SPR often fails to have constraint
qualification hold as p varies. As a result, none of the prior works’ theories can be

guaranteed to apply and yield KKT points. Figure 1-2 illustrates the failure of KKT



conditions on randomly generated SPR instances. We see that when p is near a
multiple of three, the limit point reached by iteratively applying (1.3) may have its
associated Lagrange multiplier blow up. For large values of p, we see the multipliers

tending to zero, corresponding to unconstrained stationarity.

We could infer from this graph that when p is a multiple of three, the strengthened
MFCQ condition breaks. In this case, our theory still guarantees the iteration will
find a stationary point that is an approximate FJ point, but which may fail to be an
approximate KKT point (having extremely large values of the computed Lagrange
multipliers). Despite this possibility, in several of our random problem instances,
we see the Lagrange multiplier values stay reasonably despite MFCQ failing to hold
everywhere, and so our method identifies the resulting point as an approximate KKT

point (in addition to being FJ).

1.3 Related Work

Inexact Proximal Methods The idea of using inexact proximal-point methods
to deal with nonsmooth problems is not new to this work. Double-loop algorithms
that cost several inner steps to inexactly solve a convex proximal subproblem in each
outer iteration have been designed and showed corresponding convergence results. For
example, the algorithm proposed in [18] approximating nonconvex proximal points
contributed to such an idea, and [19] presented a proximal variant of bundle methods
solving nonconvex problems based on the work of [18]. In recent years, [22] developed
this idea into unconstrained stochastic settings, where a general class of weakly convex

and nonsmooth objective functions were analyzed.

Special Case of (Strongly) Convex Constraints A range of methods from
the literature can be applied to inexactly solve the nonsmooth and strongly convex

constrained subproblems constructed during the iterations of the inexact proximal



method. [31] introduced a level-set method for convex constrained problems, improved
by [32] to maintain feasibility. Another type of method transforms constrained
minimization problems into minimax problems, and such saddle point problems could
be solved by primal-dual type methods as done by [33] and [34]. Switching subgradient
methods can also be applied, which have been analyzed in [35] and extended in [1],

[36] and [37].

Comparison with Ma, Lin, and Yang [1] We consider a very similar inexact
proximal point method with switching subgradient method being the oracle for the
subproblems as Ma et al. [I], in which they also find nearly optimal and nearly
feasible solutions for the subproblems. In their work, convergence of a stochastic
subgradient algorithm was also analyzed. However, under deterministic setting,
they can only achieve a nearly feasible and approximate stationary solution for the
original optimization problem, while our method ensures feasibility. To attain KKT
stationarity, they introduced a uniform Slater’s condition as their stronger type of
constraint qualification, which is stronger than the strengthened MFCQ condition
proposed in this paper. What’s more, their constant upper bound for the optimal
dual variables and convergence rate for switching subgradient algorithm both rely on
the boundedness of the domain X by some constant value, while we do not need such
a requirement. Finally, we also show convergence results to FJ points instead of KKT

points without constraint qualification.

Comparison with Boob, Deng, and Lan [2] As another comparison, Bood et al.
[2] showed the framework of searching for nearly optimal and strictly feasible solutions
for the subproblems, and keeping strict feasibility automatically during iterations to
finally achieve a feasible approximate stationary solution for the main problem. They
also proposed an algorithm which can be used for the subproblems, with corresponding

convergence results in various problem settings. However, this algorithm cannot fit



their framework of guaranteeing strict feasibility. Furthermore, they considered MFCQ),
strong MFCQ and strong feasibility conditions as their stronger types of constraint
qualifications, while the strong feasibility condition is stronger than the strengthened
MFCQ condition proposed in this paper. For MFCQ and strong MFCQ conditions
in their paper, although both of them are weaker than our strengthened MFCQ
condition, they need an additional assumption to ensure the existence of an exact
stationary solution that the iterated points converge to, which is necessary to show
the boundedness of the optimal dual variables. They did not prove that this upper
bound could be any constant value, while we attain a constant upper bound directly
according to our strengthened MFCQ condition. What’s more, they also require the
domain to be compact, which is not necessary for us. We further show convergence

results to F'J points instead of KKT points without constraint qualification.

Prior Nonconvex Fritz John and KKT-type Guarantees Birgin et al. [38] gave
a general method that attains approximate stationarity using first, second, or higher
order information. They adopted both scaled KKT points and unscaled KKT points to
describe the stationarity, while the former one means the accuracy of KKT conditions
satisfied at such points is proportional to the size of the Lagrange multipliers, and it
has no influence on the accuracy for the latter one. The scaled KKT points with the
linear combination of the gradients of only the constraints being near zero are similar
as Fritz John points. Hinder and Ye [39] redefined Fritz John stationarity in a slightly
stronger version compared to the natural definition which is more similar to ours, and
used IPMs to find approximate Fritz John points under nonconvex constraints. They
also introduced their new definitions of unscaled KKT points and termination criteria
as comparisons with [38]. Besides, the ideas of adopting scaled KKT stationarity and

the corresponding discussions on the size of Lagrange multipliers also occur in [10-413].



Alternative Approaches to Nonconvex Constraints Finally, we note three
alternatives to the use of (inexact) proximal methods for nonconvex constrained
problems considered here: Classic second-order approaches like sequential quadratic
programming techniques [44] can be applied. Cubic regularization approaches [45] and
penalized methods [16, 47] can also provide provably convergence guarantees. If the
constraints are star convex with respect to a known point, then the radial methods
of [48, 49] apply with convergence guarantees towards stationarity while maintaining

fully feasible iterates.
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Chapter 2

Preliminaries

Throughout the paper, we use the following notations. Let ||-|| denote the l;-norm. For
domain set X, we denote its normal cone at x as Nx(z), and its dual cone as N (z).
The distance from a point z to a set S is denoted as dist(x,S) = mingeg ||z — 5],
and the convex hull of any set S is denoted as co{S}. For any convex function

h: X — RU{+oo}, its set of subgradients at € X is defined as:

Oh(z) = {¢ e RYn(2)) > h(z) + (T (2’ —2), Va' € X}. (2.1)

More generally, for any potentially nonconvex function h : X — RU{+oc}, its set

of Clarke subgradients at x is defined as:

Oh(z) = co{ lim Vh(z;)|r; — z and h(z) is differentiable at any z; € X}.  (2.2)

1—00
A function h(z) is p-strongly convex on X if h—&||-||? is convex. This is equivalent

to having:

W) 2 h(x) + T —2) + Slla’ =’ Va2l € XV €Oh(@).  (23)

A function h(x) is p-weakly convex on X if h+ £| - ||* is convex. This is equivalent

to having:

11



ha') 2 hia) + (T —a) = Ll —al?, Vo2l € XVC€Oh(x).  (24)

Without loss of generality, we simplify the m nonsmooth, nonconvex constraints

of (1.1) into a single constraint as follows:

min  f(x)

zeX
(2.5)
st g(x) = _max gi(z) <O0.

Not if each g; is p-weakly convex, then g is p-weakly convex.
We follow the construction of (1.3) to build up our subproblems on the main

problem (2.5). The subproblems are written as:

A

. _ Pi
min - Fy(z) = f(2) + Slle — 2

N (2.6)
st Gu(z) = g(z) + ng — <o

By properly selecting p, both the objective function F(z) and the constraint Gy (z)
are (p — p)-strongly convex, and we set the feasibility tolerance. We find a nearly
optimal and nearly feasible solution under the feasibility tolerance for the subproblem

as our next iterate.

As the subproblems being approximately solved, our goal is to find approximate
stationary solutions for our main problem (2.5). Without loss of generality, we describe
the approximate stationarity for problem (1.1) according to Fritz John conditions and

KKT conditions shown in (1.4) and (1.5), and give the following definitions.

Definition 2.1. A point x is an e-FJ point for problem (1.1) if g;(z) < 0 Vi =
1,...,m, and there exists (s € Of(x), (s € Dgi(x) and v >0, v = (71, .., Ym)” > 0,

Yo+ X vi = 1 such that:

12



dist(y0Cs + Y 7iCe: —Nx(z)) <, (2.7)

=1

Vigi(z)| < € Vi=1,...,m. (2.8)

Definition 2.2. A point x is an e-KKT point for problem (1.1) if g;(z) < 0 Vi =

1,...,m, and there exists (; € Of (x), Cyi € 0gi(x) and X = (A1, ..., A\m)T > 0 such that:

dist(C+ 3 NGy —Nx(2)) < e, (2.9)
=1

Ngi(z)| <€ Vi=1,...m. (2.10)

Let Zj41 denote the optimal solution for the subproblem (2.6), yxo, v and A
correspond to the FJ and KKT stationarity at .. We can show that for the main
problem (2.5), with Y40, 7, A\x and an appropriate p, (2.8)/(2.10) is automatically
satisfied when (2.7)/(2.9) is satisfied. This implies that when searching for approximate
FJ or KKT stationary points for our main problem (2.5), we only need to consider
whether (2.7) or (2.9) holds.

Inexact proximal point idea allows our method to find nearly optimal solutions for
the subproblems (2.0) instead of exact solutions ;. Therefore, when %1 become an
approximate stationary point for the main problem (2.5), we can only ensure zj, lying
in the corresponding neighborhood of %1, but not exactly reach this approximate

stationary solution. We give the following definitions to describe the points near the

approximate stationary point.

Definition 2.3. A point z is an (¢,n)-FJ point for problem (1.1) if there exists an

e-FJ point &' for problem (1.1) with ||x — 2’| <.

13



Definition 2.4. A point z is an (e,n)-KKT point for problem (1.1) if there exists an

e-KKT point x' for problem (1.1) with ||z — 2'|| <.

Again, let 21,1 denote the optimal solution for the subproblem (2.6), yxo, 7 and
A correspond to the FJ and KKT stationarity at Z,.;. We can show that with vy,
Yk, Ak and an appropriate p, if 2,1 is an approximate stationary point for the main
problem (2.5), then the distance from xj to ;. is bounded. This implies that as long
as an approximate stationary point is found for our main problem (2.5), our iterate
locates in its close neighborhood automatically.

The accuracy of KKT stationarity is proportional to the size of the optimal
Lagrange multipliers. To guarantee KK'T stationarity, it is necessary to give a constant
upper bound for the optimal Lagrange multipliers in (1.5) for our subproblems (see
problem (2.6)). Thus we define a stronger type of constraint qualification. Let
A(x) = {i|gi(x) = 0,1 = 1,...,m}. We say o-strict MFCQ condition holds at z if there

exists a constant o > 0, such that:

Jv e —Nx(z) and |v||=1 st. (v <—o VieAr),V; € dgi(z). (2.11)

Specifically, when Nx(z) = {0}, we could equivalently state the condition as:

1Goill = o Vi€ A(z), V(i € Ogi(). (2.12)

Now we consider the o-strong MFCQ condition for problem (1.1) based on the
o-strict MFCQ condition at . The o-strong MFCQ condition holds when o-strict
MFCQ condition is satisfied at any = € X with uniform ¢. By assuming o-strong
MFCQ condition is satisfied for all the subproblems (see problem (2.6)), we could
show boundedness for Lagrange multipliers in (1.5) for our subproblems, and attain

convergence results to KKT points for the main problem (2.5).
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Make the following four assumptions about (2.5) throughout the paper.
Assumption A. f(z) and g(z) are continuous and p-weakly convex functions on X.
Assumption B. fj, = inf,cx f(x) > —00, g = infex g(z) > —o0.

Assumption C. For any x € X, we can compute some (5 € 0f(x), ¢, € 0g(x) with

€11 Mgl < M

Assumption D. We have access to an initial feasible point xo to problem (2.5) (i.e.

xo € X and g(xy) <0).

These assumptions suffice for our convergence theory to FJ points. Under the

following additional assumption we show convergence results to KK'T points.

Assumption E. o-strong MFCQ condition is satisfied for any subproblem (2.6).

For notation simplicity, let D = % indicate the diameter of the set {z|Gy(z) <
0} due to the (p — p)-strong convexity of Gy(x), which in particular upper bounds the
distance from the current iterate xj to the optimal solution of the subproblem (2.6).
Let B = @ denote the uniform upper bound for the optimal dual variables of the

subproblems (2.6) as Assumption E is satisfied.

Assume 7y is the optimal solution for the subproblem (2.6). Based on our
previous illustrations, to ensure an (¢,¢)-FJ/KKT solution for the main problem
(2.5), we only need to care about whether (2.7)/(2.9) is satisfied. We can show when
| Zk4+1 — 2k is less than or equal to some corresponding value, it is guaranteed that
(2.7)/(2.9) holds. This implies that we attain approximate FJ or KKT stationary
solutions for the main problem (2.5) as long as ||Zx41 — x| is small enough. We

provide the following Lemma to formalize this result.

Lemma 2.5. Let %41 denote the optimal solution for the subproblem (2.6) with

p > max{p,1}. When Assumptions A-D hold and ||Z1 — x|| < 5, @y is an (€, €)-FJ
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point; when Assumptions A-E hold and |21 — zx]| < SarEy Tk is an (€,€)-KKT

point.

Note that (2.7)/(2.9) is a sufficient and necessary condition for z to be an (¢, €)-
FJ/KKT point. However, Lemma 2.5 given above only indicates the sufficiency of the
condition that ||Zx41 — x| being small enough, without providing its necessity. In

fact, when xy is an (e, €)-KKT point, it is not necessary for ||Z;1 — zx| < s o

be satisfied.
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Chapter 3

Algorithms

In this section, we describe how the inexact proximal point method using the switching
subgradient method as an oracle works for solving the main problem (2.5), and prove
our main convergence guarantees. We first introduce the switching subgradient method
for our constrained strongly convex subproblems, and then discuss the inexact proximal

point method. All proofs are deferred to Section 4.

3.1 The Classic Switching Subgradient Method
(without Lipschitz Continuity)

We introduce the classic switching subgradient method (see [35]) for solving the

optimization problem below:

Izrgg F(z)
(3.1)
s.t. G(z) <0.

Here we assume the domain Z is a convex set, and F(z) and G(z) are u-strongly
convex functions on Z. Let z* be the optimal solution of this problem. Previous con-
vergence analysis of algorithms for this problem usually assumed Lipschitz continuity
for both F(z) and G(z), but we only need the following weaker condition previously

considered for projected subgradient methods [50] as:
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Vze Z, V(p € 8F(z), (g € 8G(Z), 4Ly >0, L1 >0,
(3.2)
st [ICpl* < Lo+ Li(F(2) = F(27), llGall” < Lg + Li(G(2) — G(27)).

When L, =0, F'(z) and G(z) become Ly-Lipschitz continuous functions. Condition
(3.2) allows F'(z) and G(z) up to quadratic growth, which could be satisfied for strongly
convex problems even in an unbounded domain Z. Note that it is impossible to
have Lipschitz continuity for a strongly convex function in an unbounded domain.
Specifically, for p-strongly convex h(x) defined on X’ with z* as its minimum point,
strong convexity provides: Vo € X' V(, € 0h(z),[|G|| > pllz — 2*|]. As X' is
unbounded, ||z —z*|| is unbounded, then ||(,|| is also unbounded. This makes Lipschitz

continuity of h(x) fails to hold.

We define nearly optimal and nearly feasible solutions for problem (3.1).

Definition 3.1. A point z is a (6, 7)-optimal solution for problem (3.1) if F(z) —

F(z*) <6 and and G(z) < 7, where z* is the optimal solution.

In fact, when we aim to find a (7, 7)-optimal solution for problem (3.1) using
the switching subgradient method (Algorithm 1), we only need to assume an even
weaker condition based on (3.2), with the up to quadratic growth of F(z) and G(z)

not necessarily satisfied in the whole domain Z. It can be written as:

V21 € {2|G(2) <7}, 20 € {2|G(2)>T}, Y(r € OF(21), (¢ € 0G(22), 3Ly >0, Ly >0,

st ICRI* < LG + Li(F(21) — F(2%)), llGall® < Lg + Li(G(z2) — G(27)). @3)

Here we analyze the switching subgradient method (Algorithm 1) to solve problem
(3.1), finding a (7, 7)-optimal solution for it. Basically, when the current iterate is not
nearly feasible with tolerance 7, we compute the subgradient based on the constraint
function and make an update seeking feasibility; otherwise we compute the subgradient

of the objective function to make an update seeking optimality.
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Algorithm 1 The Switching Subgradient Method

Require:
u, 7>0,20€{2€ Z|G(z) <71}, T >0, ay.
set I =¢, J=0¢

fort=0,1,....,7T —1do
if G(z) < 7 then
241 = projz(zt - atCFt)v Cre € aF(Zt), I = IU{t}

else
zir1 = projz(z — aular), Car € 0G(2), J = JU{t}
end if
end for
Ensure: -
1 z
A (7, 7)-optimal solution zp = IPEGLLICHN problem (3.1).
2 rer (D)
We give the convergence result for this method, generalizing [1, 36, 37] to non-
Lipschitz settings.
Theorem 3.1. With a; = % and T > 0 in Algorithm 1, Zr is a (1, T)-optimal
N(t+2)+ﬁ

solution for problem (3.1) for all

T > max 8L2 | 2L3||z0 — 2*||?
- MT ) MT .

Note that the switching subgradient method can also attain a (7, 0)-optimal solution
at the rate of O(771) for problem (3.1), as long as we have access to a feasible initial
point zo (i.e. G(z) < 0).

In our subproblem (2.6), Fj and Gy are both (p — p)-strongly convex functions,
which grow quadratically on potentially unbounded domain X. We can find upper
bounds of quadratic growth (3.3) for Fy and Gy. The following Lemma is provided to

show this result.

Lemma 3.2. Condition (3.3) is satisfied for problem (2.6) with Ly = v/9M? — 6pgp
and L = 6p.
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With Lemma 3.2 above, we apply the switching subgradient method to our

subproblems (2.6) and give the following convergence result.

2 .
oz — and 7 > 0 in

(i)_p)(t+2)+(ﬁ7p>(t+l)
Algorithm 1, Z is a (7, T)-optimal solution for problem (2.6) for all

Corollary 3.3. With 2y = x, p = p — p, ¢ =

24(3M? — 2) 252 D2
T > max ( Pglb)’ 72p
[ika uT

In previous convergence analysis of the switching subgradient method shown in
other literature, the Lipschitz continuity assumption is necessary for both the objective
function F(z) and the constraint function Gi(z). Due to their quadratic rates of
growth, previous works require compactness of the domain X. In Corollary 3.3, we
do not need Lipschitz continuity to guarantee the convergence of this method. As a

result, compactness of X not needed to be assumed anymore.

Several stochastic variants of Algorithm | exist for solving stochastic versions of
problem (3.1). An adaptive stochastic mirror descent method was introduced in [30]
for the randomized version of problem (3.1), in which we could still get the exact
functional values of the constraint, but can only evaluate the stochastic approximations
of the subgradients of both the objective function and the constraint. With unbiased
estimators of the subgradients available, Algorithm | can be applied to this kind of
randomized problems with convergence results in expectation, without requiring the
compactness of the domain or the stochastic subgradients to be bounded almost surely.
A stochastic version of our quadratic growth upper bound (3.3) could be seen in [51] as
a combination of the expected smoothness and finite gradient noise conditions around
the optimal solution of problem (3.1), which is needed to show convergence of the
stochastic version of Algorithm 1, without almost surely bounded subgradients being
necessary anymore. In [37], they provided their alternating mirror descent stochastic

approximation algorithm under stochastic estimations of the functional values of both
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the objective function and the constraint. Under this setting, they showed guarantees
of finding nearly optimal solutions in expectation, still requiring the compactness of

domain.

3.2 Proximally Guided Switching Subgradient Method

Using the switching subgradient method as our subproblem oracle, the inexact proximal
point method searching for approximate stationary solutions for problem (2.5) proceeds

according to Algorithm 2.

Algorithm 2 The Inexact Constrained Proximal Method
Require:
A feasible point x( for problem (2.5), p > max{p, 1}, € > 0, parameters § and 7.
for £ =0,1,... do
find x41: a (0, 7)-optimal solution for problem (2.6)
end for

Ensure:
An (e,¢)-FJ or (¢, €)-KKT point z;_; for problem (2.5).

To reach an (e, €)-FJ point, we pick:

A N2 N2
4] ( AS)G and T = ( A/;)G (3.4)
8 8p
To reach an (e, €)-KKT point, we pick:
(P — p)e? (»—p) 1
=———"— and 7=— < —min{———,1%. 3.5
8(1 + B)2p? 8(1+ B)?p p—p+pB (35)

We guarantee the feasibility of our iterates z; by the following two Lemmas.

Lemma 3.4. Under Assumptions A—D with 6 and 7 as in (3.1), or Assumptions A-F
with 6 and T as in (3.5), Algorithm 2 has g(xx) < 0 before x), becomes an (€,€)-FJ

point or an (e, €)-KKT point.
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Lemma 3.4 shows the automatic satisfaction of feasibility in Algorithm 2 until an

(¢, €)-FJ/KKT point is found and the algorithm stops.

In the framework of Algorithm 2, we adopt Algorithm 1 to serve as an oracle—a
proximally guided switching subgradient method to attain nearly optimal and nearly
feasible solutions for the subproblems (2.6), and finally reach an approximate stationary
solution for the main problem (2.5). We provide the following convergence result of

Algorithm 2 for reaching an (e, €)-FJ solution for problem (2.5).

Theorem 3.2. Under Assumptions A-D with parameters as in (3.1), Algorithm 2

using Algorithm 1 as an oracle has xx be an (e, €)-F.J point for problem (2.5) for some

K< 80°(f (o) — fu) A

3p—p@ &

with T = max{l'()%?((;]\;[;;eff’glb), (5/376‘;’3%} = max{%, ?3} steps of Algorithm 1 in

each iteration of Algorithm 2, such an xg is found using at most

Al max {AQ, AgE}

4

€

total subgradient evaluations.

To guarantee an approximate KKT stationarity, it is necessary to give a uni-
form upper bound for the optimal dual variables (Lagrange multipliers) of the KKT

conditions (1.5) for our subproblems (2.6). We show the Lemma below to achieve this.

Lemma 3.5. Under Assumptions A-F, the optimal dual variables for problems (2.6)

are uniformly upper bounded by B = @.

Then we provide the following convergence result of Algorithm 2 for reaching an

(€, €)-KKT solution for problem (2.5).

Theorem 3.3. Under Assumptions A—FE with parameters as in (3.5), Algorithm 2

using Algorithm 1 as an oracle has xx be an (€,€)-KKT point for problem (2.5) for
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some

8(14 B)p*(f(xo) — fu) M

K <

3(p— p)e? €’
. . 192(14B)2p(3M32pg, )max{p—p+pB,1 576(14B)2p3 D2max{p—p+pB,1} | _ Ay A
with T—max{ (B)"a( (p—p)222 { }, (+5) (f)fp)2e2{ P max 32

steps of Algorithm 1 in each iteration of Algorithm 2, such an xx is found using at

most
Ay max {Ay, Aze}

4

€

total subgradient evaluations.

3.3 Stopping Criteria

While searching for approximate stationary points, we need to stop our algorithm as

we reach our target. The stopping criteria for Algorithm 2 is shown as:

|ler — x| < dv or g(zx) >0 or f(zg) > f(rg—1)— do. (3.6)

In (3.6), to reach an (e, €)-FJ point, we pick:

‘ 39— p)¢
di = & d d, = , 3.7
1=, and dy 37 (3.7)
To reach an (e, €)-KKT point, we pick:
~ 3 A 2
dy = VPZPE and dy— SPZPE (3.8)
214+ B)vp—p+ pBp 8(1+ B)p

The following two Lemmas about the stopping criteria help to guarantee Algorithm

2 to reach an (¢, €)-FJ or (€, €)-KKT solution for problem (2.5).

Lemma 3.6. Under Assumptions A-D with dy and dy as in (3.7), the stopping criteria

(3.6) does not hold when x,_y is not an (€, €)-FJ point.
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Proof. When xy, is not an (e, €)-FJ point, we have g(xp41) < 0 due to Lemma 3.4,
while (4.4) and (4.11) hold. Therefore, the stopping criteria (3.6) does not hold when

Zr—1 is not an (¢, €)-FJ point. O

Lemma 3.7. Under Assumptions A-FE with dy and dy as in (3.8), the stopping criteria

(3.6) does not hold when x_y is not an (€,€)-KKT point.

Proof. When zj, is not an (e, €)-FJ point, we have g(z4+1) < 0 due to Lemma 3.4,
while (4.8) and (4.12) hold. Therefore, the stopping criteria (3.6) does not hold when

Zk—1 is not an (e, €)-FJ point. O

With Lemma 3.6 and Lemma 3.7 shown above, our stopping criteria is not satisfied
when we have not reached an satisfactory approximate stationary point, and Algorithm
2 continues. When the stopping criteria holds, we reach our targeted approximate
stationary point and stop our algorithm. Generally, it is possible that the stopping
criteria fails to be satisfied when we have already achieved our targeted stationarity.
In this case, it is reasonable to let Algorithm 2 continue working, since the break of
(3.6) guarantees the feasibility and the least amount of descent of the next iterates,

which will lead to convergence while the stopping criteria being satisfied finally.

3.4 Extension to Stochastic Gradient Oracles and
High Probability Guarantees

In Section 3.1, we discussed the stochastic variants of the switching subgradient
method. Under randomized problem settings with unbiased stochastic subgradient
estimators and the measurements of the constraint function values being accurate,
we can guarantee the targeted level of approximate feasibility for our subproblems,
and preserve feasibility for our main problem. Since it is achievable for the expected
objective value of our solution for the subproblem being sufficiently close to the

optimal value after fixed number of iterations, it is possible that there exists a high
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probability guarantee for our objective value staying close to the expected value in
a small size of neighborhood. Therefore, a high probability guarantee for the least
amount of the objective value descent in each iteration of Algorithm 2 is attained,
which indicates the high probability of the stochastic version of our method achieving
approximate stationarity under a fixed computation complexity. Furthermore, when
there are only noisy evaluations of the constraint functions available, we may also
give a high probability guarantee for the approximate feasibility for our subproblems,
which yields a high probability guarantee for the feasibility of our final solution for the
main problem. This is similar as the way we guarantee the computation complexity

of finding approximate stationarity in such stochastic settings.
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Chapter 4

Convergence Analysis

4.1 Proof of Theorem 3.1 — Non-Lipschitz Strongly
Convex Switching Subgradient Method Con-
vergence

Our proof follows the styles of [1] and [50].

Let z* be the optimal solution for problem (3.1), whose existence and uniqueness

follow from strong convexity. Since the domain Z is convex, when t € I, we have

1241 = 271" < 2 — e — 27|
= |lze = 27[* — 200G (2 — 27) + o | Cre)®

<z — 2% = 20y (2 — 2%) + Ljai + Liof (F(z) — F(2%)).

Since F'(z) is p-strongly convex, (2.3) implies

lze01 = 2*[* < (1= paw) 20— 27" = (200 — Lya ) (F (2) = F (")) + Loy

1 1
(2= L) (F(z) = F(27)) < (gt—u)Hzt—Z*Hz—gtHth—Z*H2+L3at-

Since o = 2, the above coefficient on F(z;) — F/(2*) is at least one

M(t+2)+u(t7}rl)
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2L 2L
Loy = ! < ! <1.

L? 2
pt+2)+ oy 2 pult +2) M(f—fl—l)

Then the previous inequality becomes

L2 L2

pt + —= p(t+2) + 212
Ja _ () < p(t+1) A2 p(t+1) (2 0
() F(z") < S 3 o = 4 P
Multiplying through by (¢ + 1) (a trick due to [1]) yields
pt(t+1)+5 plt+1)(t+2)+4 213

(t+1)(F(z) - F(2")) <

1% |12
< 0 o)

1% o x||12 20
5 | zt41— 2|7+ 0

Similarly, from the p-strongly convex constraint G(z), we have when ¢ € J that

pt(t+1)+ 2 p(t+1)(14+2)+

2

L2
m 2L2
(t+1)(G(z)—G(z")) < 5 p Hth_Z*Hz_'_To.

Iz — 27"~

Summing the two inequalities above up for t =0,1,2,...,T — 1 yields

Dt +1)(F(ze) — F(2%) + D> _(t+ 1)(G(z) — G(z¥)) < 2L5T n Li|[20 — Z*HQ'
tel teJ 1 2”

For t € J, we have G(z) > 7. Since G(z*) <0, we have G(z;) — G(z*) > 7. Then

the inequality becomes

2L2T 2 _ o*]]2
S+ D)(F() — PG+ S+ 1) < 267 2z — 22
tel = " o

QL%HZ()—Z*HQ

2
Therefore, with T > max{%?, =

}, we have
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T-1 2 2 *|2
2LAT  LZ||lzg — 2
L 2T LRllzo— 2|
tel tel t=0 H 24
T(T +1 202T L2 — 2*||?
+ )T+ 0t | tllzo — 2|

tel 2#
r 8L2 9125 — 22
= S ()T = (T = =) = (17— 2l = 217
! 4 T 4 uT
<> (t+1)r
tel

The convexity of F(z) gives us

- N Sier(t+ 1)z _ F(s Sier(t+ 1) F () _ F(s -
F(zﬂ—F(z)—F(Ztg(tH)) Py s B DEC) iy <

The convexity of G(z) gives us

Gzr) = G (Zte[(t + 1)215) < Sier(t +1)G (%) <

Sier(t+1) Sier(t+1)

Therefore, z7 is a (1, 7)-optimal solution for problem (2.6).
4.2 Proof of Theorem 3.2

According to Lemma 3.4, our iterates zj, are always feasible, that is g(x) < 0, for the
main problem (2.5) before we reach an (e, €)-FJ point. For any xz, with 4 and
defined in (1.4) for problem (2.6), we construct the function L (z) for problem (2.6)

as

A

£4(r) = o Fila) + wCi(x) = o7 @)+ Dl = el) +25(0(e) + £ o —al). (41)

Without loss of generality, suppose virg > 0, v, > 0, and vk + 7% = 1. Let 2511 be
the exact solution for problem (2.6). According to FJ conditions (1.1), there exists

Cop € OF(Z141) and (g, € Gy (74s1) which satisfies
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7k06Fk + ’Yk&Gk € —Nx(Zps1). (4.2)

Since Li(z) is (p — p)-strongly convex, we have

Yoo Fk(2x) + 7Gr(xr) >0 Fe(Zr1) + 1Gr(Trt1) + (7k06Fk + ”Ykgck)T(xk — Zpy1)
p—p
2

+ g — Zppa ||

According to FJ conditions, we also have 7,Gi(Zx+1) = 0. By (4.2) and since
2, € X, we know (YeoCpp + YeCor) ™ (Tx — Zps1) > 0. Since g(z;) < 0 from Lemma

3.4, the previous inequality becomes

A

pP—p

Yeof (k) > ko Fr(Zig1) + |1 — z)

Since 41 is a (d, 7) solution for problem (2.6), Fi(zx41) — Fr(Zr41) < d. Then

the previous inequality becomes

hof (22) 2 o (@) + Gllanes =2l = 8) + B g — i
5w —

> Yeo(f(@hg1) — 6) + 5

Thus we attain a lower bound for descent of each step as

p—p

5 |21 — zal|” — YroO. (4.3)

Yro(f(2x) = f(Tps1)) 2

When vx = 0, then ||Zx11 — zx]| = 0 and we have already reached an exact
stationary point x, for problem (2.5). Now we consider the case that ;o > 0 here. Let
Cri = Co— P(Erat — ) € Of (1), G = S — P(Eaa1 — ) € Og(s1). According

o (4.2), before we reach the (e, €)-FJ point 21, there exists v € Nx(Zy1) which

satisfies:



Yo (C g + D@1 — 21)) + Wl g + P(Ea1 — 21)) +v =0

ko€ 1 + WG gr + VI > €

Then

[ Zry1 — il >

| ™

Thus, before we reach the (e, €)-FJ point Zx,1, it can be derived from (4.3) that

Flaw) = flonan) 2 Bl —ailP = 8

> PP — a6
A 2 A N2
_ P px%_U)ﬁk
2 i 8p
3 aA 2
— (IJSAQP)E (4.4)
p

By Assumption B, we could give an upper bound for the number of total iterations

K of Algorithm 2 as

892(f (o) — fun)
K<30-pe

Using Algorithm 1 as an oracle for Algorithm 2, with 7 = %, Lo and L; from

Lemma 3.2. Taking the number of steps of Algorithm 1 as T"= max {@S_LE)T, iﬁgi}

in each iterations of Algorithm 2, the number of total subgradient evaluations is upper

bounded as

89°(flao) = fu) | 1927°(3M* — 2pgu) | 5T6p'D?

KT < — m = , -
3(p— p)e? (D — p)?e? (D — p)2e?
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4.3 Proof of Theorem 3.3

According to Lemma 3.4, our iterates are always feasible, that is g(xy) < 0, for the
main problem (2.5) before we reach an (e, €)-KKT point. For any xz, with A\ defined

in (1.5) for problem (2.6), we construct the Lagrange function for problem (2.6) as

Li(w) = Fi(2) + MGi(w) = F(2) + Ll — 2l + Mlg(a) + Elle —a?).  (45)
Without loss of generality, suppose Ay > 0. Let )41 be the exact solution for
problem (2.6). According to KKT conditions (1.5), there exists ), € OFj(Z541) and

&Gk € 0G(Zr11) which satisfies

&Fk: + )‘kgGk € —Nx(Tpy1). (4.6)

Since Ly (x) is (1 + \g)(p — p)-strongly convex, we have

Fi(xr) + MGrlzr) >Fr(Erp1) + MGr(@rs1) + Cop + MeCon) ' (h — ppa)

n (1+ Ak;(ﬁ - p)

According to KKT conditions (1.5), we also have \,Gy(Zx+1) = 0. By (4.6) and

|51 — el

since 2 € X, we know (Cpp + MCep) T (2 — Zrp1) = 0. Since g(x3,) < 0 from Lemma

3.4, the previous inequality becomes

p—p

flzg) > Fi(Zg) + | Z5r1 — @]

Since xy41 is a (6, 7) solution for problem (2.6), Fi(zx41) — Fp(Zgr1) < d, then

Fa) = (Faan) + Dlss -l - 5) + LT O =0)

(1+ M) (P = p)
2

[

[

> f($k+1) -0+
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Thus we attain a lower bound for descent of each step as

251 — zel|* = 6. (4.7)

(L+ )P = p)
flxy) = f(wpy) > k2

Let Cpp, = Cpp — P(Er1 — 1) € OF (Brg1)s (o = Cap — P(Err — Tx) € 9g(Eps1)-
According to (4.6), before we reach the (e,¢)-KKT point 2.1, there exists v €

Nx (Zy41) which satisfies:

(6}% + p(Tpp1 — 1)) + )\k(ggk + p(Zpe1 — ap)) + v =0,

1€k + Ml + V| > €

Then

€

Tpp1 — Ti|| > -

Thus, before we reach the (€, €)-KKT point %1, apply Lemma 3.5 here, it can be

derived from (4.7) that

L+ X)(P—p) .
fla) = flaar) 2 OOy s
(1+ M) (2 —p) ¢’ p—p)é’
2 (1+X)20*  8(1+ B)2p?

(p=p  (h—p)

> ~2 ~2
2(14+M)p”  8(L+B)p

o (=p _ (p=pe

~ 201+ B)p*  8(1+DB)p°
8(1+ B)p* '

By Assumption B, we could give an upper bound for the number of total iterations

K as
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8(1+ B)p*(f(wo) — fu)
s 3(p— p)e? '
(p—p)€?

Using Algorithm 1 as an oracle for Algorithm 2, with 7 = STB)% min {W’ 1},

Ly and L; from Lemma 3.2. Taking the number of steps of Algorithm 1 as T =

max { (;LE)T, (Q;?Si} in each iterations of Algorithm 2, the number of total subgra-

dient evaluations is upper bounded as

e OB = fu) (19201 B 2pgu) maxlp— p + 5B, 1)
3(p—p)e? (p—p)2e?
\J576(1+B) »*D? max{,o p+pB. 1}
(p—p)*e?

4.4 Proof of Lemmas

4.4.1 Proof of Lemma 2.5

Given p > max{p, 1}, we discuss for FJ and KKT stationarity respectively.

For FJ stationarity, assume FJ conditions (1.4) are satisfied for problem (2.6) at
Fper With 40 > 0, 76 > 0, Yho + 7 = L, Cpy, € OFy(@441) and (g, € OGr(k11). Let

Con = Cop — P(Erp1 — 2x) € Of (Zh11) and g, = (o — P(Ers1 — 2x) € 9g(Ep41), then

there exists v € Nx(Zy41) such that

Yo (Cpp + P(Trgr — 1)) + /Yk(égk + p(Zps1 — ) = —1.

When |21 — x| < %, we have

H’Ykonk + YCgr + vl = o2k — 2k < e
Then (2.7) is satisfied. When v, = 0, |7g(Zx41)| = 0, thus we only consider the
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case that v, is positive. In this case, we have G (Zx4+1) = 0 according to FJ conditions,

then

Therefore

A ~ €
g (Zr11)] < |g(Zri1)| < % < é.

Then (2.8) is satisfied, and Zy; is an e-FJ point for problem (2.5). Due to
[ 2541 — @kl < 5 <€, xp is an (e, €)-FJ point for problem (2.5).

Similarly, for KKT stationarity, assume KKT conditions (1.5) are satisfied for
problem (2.5) with A, > 0, (p € OFu(25e1) and Cop € OGr(Zr41). Let @k =
CFk P(Tpr1 — xp) € Of (Tg11) and Cgk = CGk P(Tps1 — x) € 09(Zxs1), then there
exists v € Nx(Zy1) such that

A

Con+ P(Ere1 — ai) + MG + P(Erg1 — 71)) = — 1.

When ||Z541 — x| < = sarE) apply Lemma (3.5) here, we have

1C s+ MCore + 21l = DL+ M) [ — | < e

Then (2.9) is satisfied. When A\, = 0, |A\xg(Zx+1)] = 0, thus we only consider
the case that Ay is positive. In this case, we have Gy(Zx11) = 0 according to KKT

conditions, then

62

R Pa 2
0> == — — .
> 9(Zk41) 2||Ik+1 z|” = 25(1 + B)?

Therefore
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|)\ (/\ )‘ < €2Ak < 62 < 2
g\x T — 5 - €.
k k+1)| = 2,\(1 B)2 = 2/\

Then (2.10) is satisfied, and Zj4 is an e-KKT point for problem (2.5). Due to

|Zrs1 — x| < = SarE < € Tk 1s an (€, €)-KKT point for problem (2.5).

4.4.2 Proof of Lemma 3.2

Let 2* = &4, be the optimal solution for problem (2.6), and p = p — p. Let (py €

OFk(2), Car € 0GK(2), (¢ = Crk — p(z — 20) € Of(2), and (g = (ar — p(z — 20) € Tg(2).

We aim to find Ly and L; satisfying the quadratic growth condition below:

vz € {2|Gr(2) < T} [ICrul* < LG + Li(Fi(2) — Fi(2"), (4.9)

Vz € {2|Gi(2) > 7}, ICanl® < L2 + Li(Gi(2) — Gi(2)). (4.10)

For F(z) we have

Ly + L1 (Fy(2) — Fi(2"))
= L+ Li(F(2) — Fu(2%)) = ICell” + 1Crxl®
> L+ Li(f(2) + ZHZ — 20| = Fi(20)) = I¢s + plz — 20) |1 + [1Crrl®
B L(Q)+L1(f(2)—f(20))+[;f)||z — 20lP= IS 1P —=20¢] (2 — 20) = 2%llz — 2ol >+ 1< rel®
> Ly—LiM||z — ZolHLilﬁHZ — 20|12 =M =2p||¢sll|z = 20l = 2?1z — 201>+ [ Cral?

Ly
= (L§— M?) — (L1 + 2p) M ||z — 2| + ( 7 PPNz — zol*+<Crn®

L1>2p L A\ A L +2 L +2 M
(2 -p)p 1 - - LD ) (2302 G N sl
2 1—2p>

Pick Ly = 3M, L; = 6p, then A; > 0, and (4.9) is satisfied.
Similarly, for Gi(z) we have

35



Ly + L1 (Gr(2) — Gi(2"))

= Lg + Li(Gi(2) — Gi(2")) = llCarll* + lI<al?

A

P .
= Lg+ Li(g(2) + §||2 — 20lI*) = I¢ + 2(z — 20) I + [|¢en?
Lip . .
= Li+Lg(z0)+ Li(g (Z)—9(20))+f||Z—Zo||2—||Cg||2—20CT(Z—Zo)—P2||Z—Zo||2+||Cc;k||2
> Li4L1g(z0)—Ly M || z— Zo”ﬂL HZ 20| P=M?=2p| ¢y M1z — 2oll-2%(12 — 20 || *HI e ||

R Ly ...
= (Lg — M? + Lig(z0)) — (L1 + QP)MHZ = zoll + (5 = P)2llz = 2ol1” + lIanll”

2

L1>2p L1 A)A <L1—|—2p)M 2 2 (L1+2p) ]\42 2
= |—=- — —— |+ Lg L -
(2 p P(HZ 2ol — (Ti=20)p — M+ L1g(20)— N —2p)p HI¢erll”-

Az

Pick Ly = \/9]\42 —6pg(20), L1 = 6p, then Ay > 0, and (4.10) is satisfied.

Since we always have g(zg) > g, we pick Lo = \/9]\42 —6pg(20) and Ly = 6p as a

uniform choice satisfied for all zp, which makes (4.9) and (4.10) hold.

4.4.3 Proof of Lemma 3.4

First we show the feasibility of the iterates x; before reaching an (e, ¢)-FJ point,
with 6 and 7 in (3.4). Assume Gy(zx) = g(x;) < 0. For function Ly(x) (see (4.1)),

(p — p)-strong convexity gives us

Vo Fi(@r41) + WGr(Tri1) >0 Fr(@rr1) + 1Gr(@r11) + (moCrn + lan) T (Trin

— 1) + P ks — |

2

Since /\koépk + AkéG’k € —Nx(Zx.1) by FJ conditions, and due to zx,1 € X, we

know

(VeoCrr + WeCor)T (Ths1 — Zpsr) > 0.
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Also since 1, Gg(Zx+1) = 0 by FJ conditions, and xj1 being an (d, 7)-optimal
solution for the subproblem (2.6) yields Fy(xgi1) — Fr(Zgr1) < and Gy(apyr) < 7,

then the first inequality becomes

A

Vko® + YT > P- p||@k+1 — T |I?
R 2(Viod + VT
s — ] < o 2200 H ),
p—p

Let 6]% = (o — PlEre1 — 24) € Of (Bps), 6gk = (o — PErs1 — 1) € Og(Tapr)-
Before we reach the (¢, €)-FJ point 25 for the main problem (2.5), vxo > 0, according
to the FJ conditions, there exists v € Nx(Zx,1) such that %0(6]% + Pp(Zpyr — ) +
Ve(CotP(Eri1—2x))+v = 0 and || yeol g+l g vI| > €, which yields || 41—z > <.

Thus

€2 B 2(vko0 + YiT)

2 p—p

1Zks1 — @l = (| o1 — o[> >

N | —

|@pr1 — x> >

Take § = % and 7 = %, due to the fact that 6 = 7, we have

2 2 2 2
G 20 € € €
Tht1 — Tk||” > — = — = . 4.11
Il =l o = T T )
Therefore
_ p 2
9(@pr1) = G(h41) — §ka+1 — x|
- 2 A N2 2 2
S N
2 4p 8p 8p 8p

This indicates that g(z+1) < 0 automatically if g(zx) < 0, from which we can
induce that all the iterates are feasible for the main problem (2.5) before reaching an

(¢, €)-FJ point.
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Next we show the feasibility of the iterates xj before reaching an (¢, €)-KKT point,
with 0 and 7 in (3.5). Assume Gg(x) = g(xx) < 0. For the Lagrange function (see

(1.5)), (1 4+ Xg)(p — p)-strong convexity of Li(x) gives us

Fiu(@r41) + MGr(@r41) >Fi(@r1) + MGrl@ri) + (Cre + Mlar)” (@1 — Es1)

n (14 M)(p—p)

9 ||95k+1 - @k+1||2-

Since sz + )‘kéGk € —Nx(Zr41) by KKT conditions, and due to 1 € X, we

know

(Crr + MCar) " (Tp1 — Zpga) > 0.

Also since \yGg(Zx4+1) = 0 by KKT conditions, and 441 being an (4, 7)-optimal
solution for the subproblem (2.6) yields Fy(xgi11) — Fr(Zgr1) < and Gy(apyq) < T,

the the first inequality becomes

O+ AT > |Zps1 — Tpg |2

2
R 2(6 + A7) 2(0 + A7)
_ < < .
ka+1 xk+1|| = \J (1 "‘)\k)()b_ /0) = ﬁ_P
M+pD

According to Lemma 3.5, Ay < = B, then we have

200+ B
(R gy b i}
p—p

Before we reach the (e, €)-KKT point 3 for the main problem (2.5), according to
the KKT conditions, there exists ¥ € Nx(Zj41) such that (ffk—l-ﬁ(i‘kﬂ —xy)) +)\k(&gk+

P(Zpy1 —2x)) + v =0 and Hka + MCr + v|| > €, which yields ||y — x| > m.

Apply Lemma 3.5 here, we have ||Zp11 — x| > Thus

B
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1 €2 2(0 + Br)
2 A 2 A 2

T —x > —l||z — — ||z —x > — .

Jrss = l? 2 s =l = Wi = il > g == 2
_ _(p—p)¢ I ) 1 : (p—p)€*
Take 6 = W and 7 = S(L’;)% min {p—p+ﬁB’ 1}, and since 7 < S(HB)’;(;prrﬁB)ﬁ,
we have
2 (f) - P)EQ
T —x > ) 4.12

Therefore

A

P
9(@ri1) = G(Tps1) — §||xk+1 - $k||2

A A N2
B ()
2 41+ BP(p—p+pB)p

This indicates that g(xr41) < 0 automatically if g(zx) < 0, from which we can
induce that all the iterates are feasible for the main problem (2.5) before reaching an

(¢, €)-KKT point.
4.4.4 Proof of Lemma 3.5

Let 211 be the exact solution for problem (2.6). (p — p)-strong convexity of Gy ()
implies that the set {z|Gx(z) < 0} has diameter D = \/%. xy and Ty both lying
in this set yields |11 — zx|| < D.

Let A be the dual variable for problem (2.6). According to F.J conditions (1.5),
there exists (pp € OFy(#3p1) and (op € OGk(2441) which satisfies Cpp, + MCap €
—Nx(Zg+1). We then focus on the case that Ay is positive. Under this condition,

Gr(Zks+1) = 0 by KKT conditions. Then there exists v € Nx(&+1) such that
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Crr + Moy, = —v
ICar + 5l
According to Assumption £, Jv € —N%(Zr41) and |[v]] = 1, s.t. égkv < —o. Since

v € Nx(Z11) and v € —N%(2x41), we know vTv < 0. Then

A 1% A 1% ~ v
ICar + 11 = ICar + I vl = =(Car + )0 >0

Let g‘ﬂ = &Fk — P(Zpr1 — wx) € Ofp(ZTgs1). Since we have Assumption C and

|Zrs1 — x| < D, (4.13) becomes

ICmall—  NSsell + PlEws1 — 2kl L MAPD_

x < B.
ICar + 3 o o

Thus, constant value B = @ could be an uniform upper bound for the optimal

dual variables Ay of problems (2.6).
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Chapter 5

Numerical Experiments

In this section, we illustrate the diversity of different approximate stationary points
reached by inexact proximal point methods. We consider a sparse phase retrieval
(SPR) problem in Section 1.2. Although we always saw our iterates converge as
xr — 2, but with the different levels of sparsity controlled by the SCAD constraint,
we saw three distinct behaviors. When we control our problem under a high sparsity,
our method is more likely to converge to a sparse solution locates on the boundary of
the feasible region (with the constraint being active), where we may or may not have
the strengthened constraint qualification (o-strict MFC(Q condition) satisfied. This
make our iterates converge to either an approximate KKT stationary solution with the
Lagrange multipliers of reasonable magnitude, or only an approximate FJ stationary
solution with the Lagrange multipliers blowing up to infinity. If we relax our sparsity
level and allow a lower sparsity, our method will have higher probability to converge
to a solution locates in the interior of the feasible region (with the constraint being
inactive and hence the optimal Lagrange multiplier equals to zero). In this case, we

can reach the same accuracy of approximate FJ and KKT stationarity.

Phase retrieval is a common problem in various applications, such as imaging,
X-ray crystallography and transmission electron microscopy. The phase is recovered
by solving linear equations up to a universal sign change. We construct our sparse

phase retrieval problem as:
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1 1 &
i = —|I(Ax)?> = V?||, = — To)? — b2
mip f(x) = o Aef =B = 203 |af ) - 8
n (5.1)
s.t. g(z) =) SCAD(z;) —p <0.
i=1
To control sparsity, SCAD : R — R is a SCAD function given by:
2|ul 0<lul <1,
SCAD(u) = —u? +4u] -1 1< |u| <2, (5.2)
3 lu| > 2.

In this problem, f : R" — R and g : R® — R are weakly convex and nonsmooth
continuous functions, X = {z|z; € [-10,10] Vi = 1,....,n}, m = 240, n = 120,
A € R™" al is the i-th row of A and b € R™. The value of p € [0,3n) varies to
control the sparsity of our problem. We generate each element of A as a;; ~ N(0,1).
For the elements z} of z*, we generate 40 of them uniformly in [—10, —5] U[5, 10], and
set the other 80 entries as 0. We also generate n ~ N(0, I,,,) and b* = (Az*)? +7. Our
algorithm starts from a feasible initial point zy = [0.25, ..., 0.25]7 with the targeted

stationarity € = 0.01.

According to Lemma B.1 in [22], f(z) is expected to be 2-weakly convex. Let @44
denote the maximum absolute value of the elements of A, and we set p = 204,00 > 2
(this should be checked in practical, since a,,q, > 1 with high probability), p = 2p. It
is also easy to derive that any subgradient of f(x) should not exceed 20n%2a? ,, in X,

and we set M as this value. Besides, we have f;; = 0 and ¢;;, = —p as the functional

lower bounds.

An interesting fact of g(z) is that, when p can be divided by 3, then there always
exists subproblems that do not have Slater points. Consider z = [3,3,---,3,0,0,--- ,0]
which consists of p/3 entries of 3 and (n — p/3) entries of 0. When our iterate locates
at x, we will not have the o-strict MFCQ condition hold for our subproblem at such a
point. Thus by this way our method will not be able to reach an approximate KKT

point for our main problem.
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In practical, it is a difficult task to know the exact solutions &1 of the subproblems,
thus the way we compute stationarity and the Lagrange multipliers should be designed
carefully. Since our nearly optimal and feasible solutions z;,; are sufficiently close
to T41, We use xp11 as the substitute of 2,1 in our computation. For the Lagrange
multipliers, we accumulate the stepsizes for solving each subproblem respectively for
Gi(x) and Fy(x) within a huge amount of steps (controlled by measuring the amount
of movements of the subiterates) and compute their ratio as an approximate evaluation.

That is, when t — oo, we have

z = tllglo 2 =20+ tliglo (Z arpre + Y OftQGk;t) :

tel teJ

Notice that z; converges to z*, and > ;2 a; — 0o. Therefore

Ztez O ZteJ 7
lim (ppe + =—>— lim (gut
T e P T e IR 6

<Zte] alCrre  Ytey atCth)

= lim

_|_
o o
pRparyet pRpae
. 2 — 2
=lim ——— =0.
t—00 Zt:O o

Ztel *

This shows that we can use S, as an approximation of g, an as an
t=0 Mt

ZtEJ @
d D

t=0 ¥

approximation of v, in the F.J conditions at the optimal point for the subproblems.

We can accordingly compute the optimal Lagrange multipliers as Ay = Ztei"zt in the
ter

KKT conditions. Furthermore, due to the large time consumption of the potentially
extremely large value of the inner step number guarantees, we stop our inner steps
as long as a sufficiently tiny movement of the averaged nearly feasible subiterates

is detected (i.e. we stop when ||z, — z|| < nast € I, with n = 107%, and note

e D F ()
that z; = %

numerical experiments with reasonable time consumption.

where IUJJ = {0,1,...,t — 1}). This allows us to finish our
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5.1 Sparse Phase Retrieval with FJ Stationarity

In our first numerical experiment, we randomly generate our data and set p = 120. In
this example below, we could only find an approximate FJ stationary point for the
main problem, but not converge to an approximate KKT stationary point. This is
because with p = 120 that could be divided by 3, it tends to be no Slater points in
the subproblems when we are reaching the final iteration, and the o-strong MFCQ
condition fails to hold as we end our method. We could correspondingly see that the
Lagrange multipliers blow up to infinity, and get the objective function value decrease

without approaching a local minimum. The numerical results are shown in Figure 5-1.

Figure 5-1a shows that our iterates do not end at a local minimum point, and
Figure 5-1b provides the feasibility of our iterates showing we approach the boundary
of the feasible region. From Figure 5-1¢ we can see that our targeted FJ stationarity is
attained finally, but Figure 5-1d indicates that KKT stationarity is not satisfactorily
yielded. This is due to the blow up of the optimal Lagrange multipliers for our

subproblems, which can be seen in Figure 5-1¢ and 5-1f.

5.2 Sparse Phase Retrieval with KKT Stationarity

In the second numeric, we use another set of randomly generated data and set p = 121.
Under this setting, we would be sure to have Slater points for every subproblem no
matter where our current iterate locates. This is because the subgradient set of g(x) at
any = € {x|g(z) = 0} contains the zero vector only when all the entries z;,i =1,...,n
of x satisfy z; € (—o0,2]U{0} U[2,00), g(x) can be divided by 3 in this situation.
Otherwise, for any (, € g(z), we can derive an lower bound for ||(,|| to make the
o-strong MFCQ condition hold, which means Slater points exist. Therefore, it is
guaranteed that our algorithm can converge to an approximate FJ point, which is

also an approximate KKT point with a worse level of approximate stationarity if the
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final Lagrange multiplier is positive. We can decide the level of approximate FJ or
KKT stationarity as our target, and set our parameters accordingly. Considering
the case that the absolute values of 40 entries of x larger than or equal to 3 and 80
of them being 0, it is derived that o < 1/2p, and thus we set ¢ = 2v/2. Specially,
to show the difference processes of converging to the same level of approximate FJ
and KKT stationary points, we set our targeted stationarity ¢ = 0.02. As we have
expected, when we aim to find an (e, €)-FJ point, with the corresponding parameters
set, our method will stop earlier without reaching the same level of approximate KKT
stationarity, due to the positive values of the Lagrange multipliers; When we aim to
find an (¢, €)-KKT point and set the corresponding parameters, our method will finally
attain an (¢, €)-KKT point, which consumes much more iterations than reaching the
same level of approximate FJ stationarity. We could see that the Lagrange multipliers
stay in a reasonable positive range without blowing up, and the objective values
converge to local minimums. Let x;, denote the stationary point we are converging to.

The numerical results are shown in Figure 5-2 and Figure 5-3.

Figure 5-2 is generated as we are seeking for the targeted FJ stationarity. Figure
5-2a shows that our iterates converge to a local minimum point, and Figure 5-2b
provides the feasibility of our iterates showing we approach the boundary of the
feasible region. From Figure 5-2¢ we can see that our targeted FJ stationarity is
attained finally, and Figure 5-2d shows that we also reach the corresponding level of

KKT stationarity. Figure 5-2¢ and 5-2f reveal the varying of the Lagrange multipliers.

Figure 5-3 is generated as we are seeking for the targeted KKT stationarity. Figure
5-3a shows that our iterates converge to a local minimum point, and Figure 5-3b
provides the feasibility of our iterates showing we approach the boundary of the
feasible region. From Figure 5-3¢ we can see that our targeted KKT stationarity is
attained finally. Figure 5-3d indicate that with the Lagrange multipliers larger than

1, although we have already reached our targeted FJ stationarity and the Lagrange
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multipliers do not blow up, the KKT stationarity we attained do not meet our goal,

and our algorithm continues running until we achieve our targeted KK'T stationarity.

5.3 Phase Retrieval with Inactive Stationarity

In the third numeric, we use another set of randomly generated data and set p = 320.
Under such a relatively large value of p, we do not expect for sparse solutions anymore,
and the loose restriction of the constraint results in higher possibility of attaining
inactive stationarity. In this example, we would finally reach an approximate stationary
solution with the constraint inactive at that point, which means its stationarity
measured by FJ and KKT conditions are the same. The numerical results are shown
in Figure 5H-4.

Figure 5-4a shows that our iterates converge to a local minimum point, and Figure
5-4b provides the feasibility of our iterates showing we approach the boundary of
the feasible region. From Figure 5-4c¢ we can see that our targeted FJ stationarity is
attained finally, and Figure 5-4d shows that our targeted KKT stationarity is also
attained at the same time and the same level. Accordingly, the Lagrange multipliers

converge to zero in Figure H-4e and 5-4f.
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Chapter 6

Conclusion

In this paper, we analyzed an inexact proximal point method using switching subgra-
dient method as an oracle for nonconvex nonsmooth constrained optimization. We
derived new convergence rates to attain FJ and KKT stationarity, while guaranteeing
feasibility for our solutions and removing the restrictions on the compactness of domain.
The performance of our method for solving sparse phase retrieval problems turns out

to be consistent with our theoretical expectations.

For the future directions, it is worthy to explore more stable methods to make
the Fritz John condition certificate when constraint qualification fails to be satisfied.
Furthermore, stochastic versions of our method could be designed and analyzed, like
[7, 22] in unconstrained setting. Finally, we may seek for guarantees of speedup for

our method when we have sharpness (see [52]) at the stationary points.
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