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Abstract—Niobium nanobridge SQUIDs have shown exceptional 

noise performance with potential applications in quantum infor-

mation processing, weak signal detection and single spin detection 

where the nanobridge geometry should enable efficient electro-

magnetic coupling to implanted spins. Combining such devices 

with dispersive microwave readout circuitry allows the spin sensi-

tivity to be further improved by overcoming the standard thermal 

limit. Here we report on the fabrication and dispersive microwave 

readout of an array of niobium nanobridge rf SQUIDs incorpo-

rated into a superconducting resonator, including the optimization 

of the nanobridge fabrication process by electron beam lithogra-

phy. We show the measured flux-tuneability of the resonance is in 

good agreement with theory, and we also discuss how the nonline-

arity of the weak-link in the resonator structure allows for the me-

diation of parametric effects to enhance performance.   

  
Index Terms—Electron beam lithography (EBL), nanoscale su-

perconducting quantum interference devices (nanoSQUIDs), co-

planar waveguide resonators (CPW), three wave mixing (3WM), 
parametric amplification.  

I.  INTRODUCTION 

ecently there has been considerable effort in developing 

both nanoscale Superconducting Quantum Interference 

Devices (nanoSQUIDs), and also in embedding SQUIDs 

in  superconducting resonator structures allowing the develop-

ment of various microwave/rf readout and amplification tech-

niques [1]-[4]. Various types of nanoSQUIDs are being devel-

oped towards single spin detection type applications in quantum 

computing/information processing, quantum error correction,  

quantum metrology, materials science and nano-biology [5]-

[8]. Although other single spin detection technologies are also 

being developed, e.g. nitrogen-vacancies in diamond [9], opti-

cal to phonon semiconducting materials [10] and solid state 

sensors [11], these generally involve long integration times [12] 

to achieve true single spin resolution. This presents an obstacle 

for applications involving short coherence times (e.g. spin-

based qubits) or where real-time monitoring of spin systems on 

sub-second timescales is required [3].  

In contrast the inherent sensitivity of nanoSQUIDs can po-

tentially overcome this limitation. Recently we have 
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demonstrated Nb nanobridge SQUIDs fabricated with nano-

constrictions with lengths comparable to the Ginzburg-Landau 

coherence length 𝜉(𝑇) ~ 40 nm at 4.2 K [14]. Operated conven-

tionally in the voltage state, the equivalent flux noise of such 

devices translates into a theoretical spin sensitivity (in terms of 

the Bohr magneton) of ~10 𝜇B/√Hz at 4.2 K [15] and 

~0.29 𝜇B/√Hz at mK temperatures [16].  

In principle this spin sensitivity can be further improved upon 

by employing a non-dissipative readout where the nanobridge 

SQUID is used as a flux-tuneable non-linear inductor in the su-

perconducting state which then overcomes the standard thermal 

noise limit [17]. This could be achieved by incorporating the 

SQUID into a discrete LC-circuit [2] or by embedding the 

SQUID into a thin-film superconducting resonator structure [1]. 

Well below the critical temperature 𝑇𝑐, such resonators can have 

a high internal quality factor 𝑄𝑖  due to the low density of lossy 

quasi-particles. The overall loaded quality factor is then con-

trolled by the coupling capacitors [18], giving great freedom to 

tailor the overall Q for different applications.  

In this paper we build upon our previous work [19] by em-

bedding an array of rf nanobridge SQUIDs into superconduct-

ing co-planar waveguide (CPW) resonators to increase the non-

linear response and thus the flux sensitivity [20][21]. Section II 

introduces the analytic theory of rf nanobridge SQUIDS em-

bedded in CPW resonators, and Section III presents simulations 

showing the additional potential for exploiting parametric am-

plification. Section IV describes the fabrication and characteri-

sation of devices fabricated by electron-beam lithography, and 

we demonstrate tailoring of the electron-beam process to pro-

duce devices with reduced critical currents in order to keep the 

rf SQUID screening parameter l  < 1. Section V discusses the 

microwave readout measurements, and finally we present our 

conclusions and comment on potential future work. 

II. THEORY 

An rf SQUID is a continuous superconducting loop that is 

interrupted by a single Josephson junction/weak-link. Due to 

the quantum nature of superconductivity, the phase change in 
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the superconducting wavefunction across the junction/weak-

link can be shown to satisfy: 

    

     𝜙 = 2𝜋𝑚 − 2𝜋𝛷/𝛷0 ,   (1) 

 

where 𝛷 is the flux inside the loop, Φ0 = h/(2e) is the flux quan-

tum, and m is an integer. Differentiating this leads to the second 

Josephson equation: 

 

       𝑑𝜙/𝑑𝑡 =  𝑈 · 2𝜋/𝛷0 ,   (2) 

 

where U is the potential difference across the junction. Differ-

entiating the first Josephson equation: 𝐼 = 𝐼𝑐sin (𝜙) and using 

(2) we arrive at the non-linear Josephson inductance:  

 

                        𝐿𝐽 = 𝛷0/(2𝜋𝐼𝑐 cos(𝜙)).           (3) 

 

If we also consider the geometrical inductance 𝐿𝑔 of the loop, 

the total parallel inductance satisfies: 

 

1/𝐿𝑇 = 1/𝐿𝐽 + 1/𝐿𝑔, or        (4a) 

𝐿𝑇 = 𝐿𝑔/(1 + 𝛽𝐿cos (𝜙)),       (4b) 

 

where we have introduced the SQUID screening parameter 

𝛽𝑙 = 2𝜋𝐿𝑔𝐼𝑐/𝛷0. For an array of N such rf SQUIDs embedded 

into a /2 CPW superconducting resonator, the intrinsic reso-

nant frequency of the resonator is perturbed to: 
 

                      𝑓 = 1/ 2√(𝐿𝑟𝑒𝑠 + 𝑁𝐿𝑇)𝐶𝑟𝑒𝑠  ,           (5) 

 

where 𝐿𝑟𝑒𝑠 and 𝐶𝑟𝑒𝑠 are the total inductance and capacitance of 

the resonator. There is a trade-off in device design between hav-

ing a large resonant shift for large 𝐿𝑔 and having non-hysteretic 

behaviour and low noise sensitivity for small 𝐿𝑔 [22]. For a sin-

gle embedded rf SQUID (N = 1) with parameters corresponding 

to the 1.072 GHz resonator demonstrated in Section V, (5) pre-

dicts a maximum center frequency shift of ~ 14 kHz using val-

ues of 𝐿𝑟𝑒𝑠 and 𝐶𝑟𝑒𝑠 estimated by standard elliptical integral ex-

pressions for CPW structures. 

The embedding of an rf SQUID also leads to the possibility 

of exploiting parametric amplification. In the presence of both 

an injected ac current from the resonator and a dc magnetic flux 

𝛷𝐷𝐶 in the loop from an external field, we can explicitly rede-

fine 𝜙 → 𝜙𝐴𝐶  + 𝜙𝐷𝐶 where 𝜙𝐷𝐶 = 2𝜋𝛷𝐷𝐶/𝛷0.  For nano-

bridges the shunt capacitance can be neglected so from Kirch-

hoff’s current law the total current through the two parallel 

branches of the rf SQUID [23]-[25] is : 

 

𝐼 = 𝐼𝐽 + 𝐼𝐿 ,                                       (7a) 

𝐼 = 𝐼𝑐sin (𝜙) + 1/𝐿𝑔 ∫ 𝑈𝐿 ,                                                (7b) 

𝐼 = 𝐼𝑐 sin(𝜙𝐴𝐶 + 𝜙𝐷𝐶) + 𝜙𝐴𝐶𝛷0/2𝜋𝐿𝑔 − 𝐼𝑐 sin(𝜙𝐷𝐶),      (7c) 

 

where the last term is an integration constant corresponding to 

the circulating current. 

Generally, 𝜙𝐴𝐶 ≪ 𝜙𝐷𝐶, and in this limit it is sufficient to ex-

pand (7c) to third order as: 

 

𝐼/𝐼𝑐 = [cos(𝜙𝐷𝐶) +  𝛽𝑙
−1 ] 𝜙𝐴𝐶   − 𝛼 𝜙𝐴𝐶

2 − 𝛾𝜙𝐴𝐶
3           (8) 

 

where 𝛼 = 1/2 sin(𝜙𝐷𝐶) and 𝛾 = 1/6 cos(𝜙𝐷𝐶). The magni-

tudes of these coefficients are plotted below in Fig. 1. When 𝛼 

is maximum and 𝛾 is zero, a purely 3-wave mixing (3WM) re-

gime is encountered where  ℏ𝜔1 + ℏ𝜔2 = ℏ𝜔3 [26][27]. Con-

versely when  𝛾  is maximum and  𝛼 is zero a purely 4-wave 

mixing (4WM) regime is encountered where  ℏ𝜔1 + ℏ𝜔2 =
ℏ𝜔3 + ℏ𝜔4. Using wave-mixing interactions mediated via the 

nonlinearity of the SQUID allows for these devices to exploit 

parametric amplification to enhance readout via transferring en-

ergy between the coupled modes satisfying the frequency 

matching conditions for the chosen mixing regime, e.g. the 

pump tone to the signal tone.  

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1.  Nonlinear coefficients of Equation (8) plotted for one normalised period 
of applied flux. The dashed line indicates a purely 3-wave mixing regime where 
the quadratic term is maximum, and the cubic term vanishes. 

III. SIMULATION  

As an example of the 3WM behavior we modelled the circuit 

shown Fig. 2 using the simulation package WRspice [28]. The 

circuit represents a 𝜆/2 CPW superconducting resonator as 

lossless transmission lines [29] with each end capacitively cou-

pled to input and output ports. An rf SQUID is embedded one 

third of the way across the resonator and its geometric induct-

ance is mutually-coupled to a flux-bias circuit.  

 

 

 

 

 
 
 
 
 
 
 
Fig. 2. Circuit schematic of the WRspice model for an rf SQUID embedded a 
third of the way across a 𝜆/2 CPW resonator. The coupling capacitors provide 
the node conditions and the superconductor resonator is modelled by three loss-
less transmission line elements. The external applied flux threading the SQUID 
is provided by a separate bias circuit.  

 

As explained above the pump current needs to be kept small 

but eventually as the pump current is increased the assumption 

that 𝜙𝐴𝐶 ≪ 𝜙𝐷𝐶 starts to break down. This means we must keep 
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the pump current relatively small to achieve 3WM. This is 

checked in WRspice by measuring the junction phase versus the 

applied flux. For 3WM, nondegenerate frequency matching 

constraints must be satisfied such that a pump applied at ~ 2𝑓𝑠 

can mix with photons in the primary tone 𝑓𝑠 and generate an 

idler detuned around 𝑓𝑠, i.e.  𝑓𝑖 + 𝑓𝑠 =  𝑓𝑝 ≈ 2𝑓𝑠. In experi-

mental realisation, the pump tone at 2𝑓𝑠 is far removed from the 

signal band and can be removed via low pass filtering. To real-

ise this experimentally, the rf SQUID must be embedded in a 

location where it can strongly couple to the pump tone at the 

second harmonic 2𝑓𝑠. This is achieved by choosing the location 

of the rf SQUID along the resonator. For 𝜆 /2 resonators the 

SQUID should be embedded a third of the way along the reso-

nator. For 𝜆 /4 resonators the position would be halfway along 

the resonator.  

   The frequency response of the resonator as a function of 

pump current was simulated for a 6 GHz resonator with the ge-

ometrical SQUID loop inductance set to 12 pH and the junction 

critical current set to 𝐼𝑐 =  5 μA with 𝛽𝑙~ 0.2. A signal tone 

(𝑓𝑠 = 5.92 GHz, 𝐼𝑠𝑖𝑔= 0.1 𝜇A) and a pump tone (𝑓𝑝 = 12 GHz) 

is injected into the resonator. The output of the resonator in the 

frequency domain is determined by taking an FFT of the time-

varying voltage across the 50  termination resistor for varying 

pump tone amplitudes (0−2A). Fig. 3 shows the relative am-

plitude of the simulated resonance peak compared to the no 

pump case (𝐼𝑝 = 0 𝜇A). The enhancement in the resonant am-

plitude is approaching 13 dB which can be further improved by 

incorporating an array of rf SQUIDs into the resonator. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3. The relative amplitude of the simulated resonance peak compared to the 
no pump case is plotted as a function of pump current. The amplitude saturates 
for 𝐼𝑝 > 0.5 𝜇A.  

IV. FABRICATION AND DC CHARACTERIZATION 

In the present work we fabricated Nb nanobridges using elec-

tron beam lithography (EBL) followed by reactive ion etching 

(RIE). Each chip contained both a superconducting resonator 

structure with embedded rf SQUIDs and a set of autonomous 

dc SQUID test structures incorporating equivalent nanobridges 

to allow the nanobridge electrical parameters to be easily deter-

mined. Typical devices are shown in Fig. 4.  

The fabrication procedure is as follows: 300 nm 950 PMMA 

A4 photoresist was spun onto a ~150 nm-thick sputtered Nb 

film on an 8 mm x 8 mm silicon substrate and baked at 180 ºC 

for 90 s. Nanobridges and fine-feature structures were written 

with a 300 pA electron beam current from a 100 keV source. 

Coarse structures were simultaneously written in the same ex-

posure-run with a 20 nA beam current. In both writing steps 

appropriate proximity effect corrections were made with more 

isolated larger features like bond pads dosed less (~600 

µC/µm2), and more populated write fields and nanobridges 

dosed significantly more (~1300 µC/µm2). The exposed sample 

was then developed at room temperature with a 3:1 IPA: MIBK 

developer for 105 seconds followed by a 4-minute CH3: SF6 re-

active ion etch (RIE). For the initial set of device chips fabri-

cated, the nanobridges were all imaged to be 90 nm long by 

50 nm wide as can be seen for a dc SQUID in Fig. 4(b). 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. (a) SEM image of a dc SQUID test structure made by EBL. Both nano-
bridges are ~90 nm long by ~50 nm wide. (b) SEM image showing one of the 
nanobridges in more detail. (c) Example of 10 nanobridge rf SQUIDs embedded 
into the center conductor of a  𝜆/2 CPW resonator.  

 

Fig. 5(a) shows the measured current-voltage characteristics 

of this dc SQUID and as can be seen the nanobridges have a 

critical temperature of ~8.6 K close to the Tc of the bulk film 

(~8.9 K). In contrast we find for nanobridges fabricated by fo-

cused ion-beam (FIB) that there is often a suppression in the 

junction Tc that is likely because of ion-implantation in the FIB 

process [30][31].  

The very large critical currents for the EBL nanobridges lead 

to the generation of significant Joule heating in the voltage state 

which leads them to exhibit thermal hysteresis [34] except very 

close to Tc. For inductive readout in the superconducting state 

this thermal hysteresis is not an issue. However, this critical 

current was too large to ensure l  < 1 for an embedded rf 

SQUID and so we needed to reduce it. To achieve this, we re-

fined our EBL process to further improve the minimum resolu-

tion achievable. This involved a ‘bulk and sleeve’ approach 

[32] specific to our particular EBL exposure method for regions 

where the fine-feature SQUID structures merge into the large-

feature resonator structure. Here the inner 2 µm of the large fea-

ture is fragmented into sleeves with a 300 pA beam current 

(~ 1100 µC/µm2). This enabled us to realise nanobridges that 

were 90 nm long by only 20 nm wide. 
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The current-voltage characteristics of a dc SQUID with 

20 nm-wide nanobridges are shown in Fig. 5(b) showing the re-

duced critical current compared to the 50 nm-wide nanobridge 

device. From previous studies [33] we find the typical on-chip 

variation in critical currents of EBL nanobridges is reasonably 

small ~17% with a high yield. Ignoring any asymmetry in the 

dc SQUID we estimate the likely critical current of embedded 

rf SQUIDs on the same chip will be ~250 A at the base tem-

perature of our system (~3.5 K). This makes them feasible for 

operation at that temperature whilst keeping l  < 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. (a) Typical current–voltage curves versus temperature for a dc test 
SQUID with 90 nm x 50 nm EBL nanobridges. (b) Typical current–voltage 
curves versus temperature for a dc test SQUID with 90 nm x 20 nm nanobridges 
following refinement of the EBL process giving a reduced SQUID critical cur-
rent of ~ 500 𝜇A at 3.5 K. 

V. INDUCTIVE READOUT  

To realize inductive readout of superconducting resonators, 

a CPW geometry was chosen to define the resonant structures. 

A range of rf-SQUID embedded devices with resonant frequen-

cies from 1-7 GHz were fabricated with either a single 

𝜆/2 CPW resonator per chip or multiple 𝜆/4 CPW resonators 

capacitively coupled to a common feedline. Some devices had 

an additional control line for on-chip flux bias. The resonator 

chip was housed in a copper sample enclosure with a highly 

attenuated input line and an amplified (cryogenic HEMT am-

plifier) output line, to allow for connection to room temperature 

measurement equipment. 

Fig. 6(a) shows an |S21| measurement at 3.5 K of a 𝜆/2 CPW 

resonator with an embedded array of ten rf SQUIDs (N = 10) 

with a fundamental frequency of 1.072 GHz. N = 10 was chosen 

to give a significant enhancement in the resonant shift but with 

a high probability that all of the rf SQUIDs in the array would 

be working. Each rf SQUID had an estimated Lg ~ 1.216 pH 

(estimated using the software package 3D-MSLI [34][35]). The 

measured Q-factor at 3.5 K was 909. This device was fabricated 

from a fairly old film and the etch time during its fabrication 

had not been optimized. We have recently achieved higher Q ~ 

9000-15000 at 3.5 K in several devices utilising newer films 

with minimized etch times, although the exact reason for the 

improvement is still unknown.  

The center frequency shift measured as a function of applied 

field for the N = 10 device is plotted in Fig. 6(b), together with 

a fit using (5). The extracted critical current for each nanobridge 

is 258 A which is in good agreement with our estimate from 

the dc SQUID measurements on the same chip and implies the 

rf SQUIDs have l  = 0.95. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6. (a) Example of a Lorentzian fit to the first harmonic at 1.072 GHz of an 
EBL rf SQUID array (N = 10) embedded centrally in a 𝜆/2 resonator. (b) Meas-
ured center frequency shift as a function of applied flux over a wide range of 
periods. The measured data is shown in blue, and a fit to the data using (5) is 
shown in red for a fitted nanobridge critical current of 258 A. 

VI. CONCLUSION  

We have demonstrated the ability to fabricate Nb nano-

bridges with widths down to ~ 20 nm giving a sufficiently low 

critical current at 3.5 K for use in CPW resonators with embed-

ded arrays of rf SQUIDs. We have successfully shown that such 

devices operate as a flux tunable resonator with good agreement 

between the frequency shift and theory. Our next step is to work 

towards implanting a spin cluster onto our nanobridge loop for 

spin detection experiments. We have also simulated a 3WM re-

gime of our resonators which we expect to lead to further work 

on parametric amplification.  

(a) 

(b) 

(a) 

(b) 
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