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Abstract

We consider the task of certification of genuine entanglement of tripartite states. For this pur-
pose, we first present an “all-versus-nothing” proof of genuine tripartite Einstein-Podolsky-Rosen
(EPR) steering by demonstrating the non-existence of a hybrid local hidden state (LHS) model in
the tripartite network as a motivation to our main result. A full logical contradiction of the pre-
dictions of the hybrid LHS model with quantum mechanical outcome statistics for any three-qubit
generalized Greenberger-Horne-Zeilinger (GGHZ) states and pure W-class states is shown. Using
logical contradiction, we can distinguish between the GGHZ and W-class state in two-sided device-
independent (2SDI) steering scenario. We next formulate a 2SDI steering inequality which is a
generalisation of the fine-grained steering inequality (FGI) derived in [1] for the tripartite scenario.
We show that the maximum quantum violation of this tripartite FGI can be used to certify genuine

entanglement of three-qubit pure states.
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I. INTRODUCTION

The presence of entanglement among spatially separated parties is one of the most in-
triguing phenomena in quantum physics. A bipartite quantum state is called entangled if
and only if (iff) it is not separable. A pure multipartite quantum state is called genuinely
multipartite entangled [2] iff it is not separable with respect to any bipartition. Studies
on multipartite entanglement have gained a lot of attention due to their foundational sig-
nificance as well as their information theoretic applications, for example, in extreme spin
squeezing [3|, high sensitivity metrology tasks [4, 5|, quantum computing using cluster states

[6], measurement-based quantum computation [7] and multiparty quantum network [8, 9].

Due to its complex structure, the detection of genuine multipartite entanglement is quite
difficult to realize experimentally. Apart from the usual state tomography, various witnesses
[2, 10-15] have been proposed for detecting genuine multipartite entanglement (GME). How-
ever, these processes have experimental limitations due to the requirement of precise control
over the systems. To overcome these limitations, one may use device-independent (DI) wit-
nesses |16] of GME which are based on observing measurement statistics without any charac-
terization of the experimental devices. Several multipartite Bell-type inequalities have been
proposed to certify GME in the DI scenario [17-23] which requires no trust/characterization
of any observer’s devices. Naturally, the question is raised whether one can certify the pres-
ence of genuine multipartite entanglement in a scenario where some of the observers’ devices

are not characterized, i.e., when the scenario is partially device-independent.

The above-mentioned partially device-independent scenario is related to the concept of
EPR steering which was initially proposed by Schrodinger [24]. Later, in 2007, Wiseman
et al. [25] formulated this phenomenon in terms of an operational task. In the bipartite
scenario, EPR steering (or, quantum steering) implies the possibility of producing a different
sets of states at one party’s (say, Bob) end by performing local quantum measurements of
any two non-commuting observables on the other spatially separated party’s (say, Alice)
end. ERP steering is defined as the non-existence of local hidden state (LHS) models
to describe the conditional states produced at Bob’s side. Here, the outcome statistics
of one subsystem (which is being ‘steered’; in the present case Bob) are produced from the
specific local measurements on other subsystem. Quantum steering is useful for semi-device-

independent certification of all pure bipartite maximally entangled states [26], indefinite
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causal order 27| and incompatible measurements [28-30]. In partially device-independent
scenario comprising many parties, genuine steering (nonexistence of hybrid-local-hidden-
state model) demonstrates the presence of genuine multipartite entanglement [31-33]. Now
the question is: how to detect genuine steering in such scenarios?

In quantum theory, several no-go theorems depict the failure of certain physical models
to describe the outcome statistics produced in quantum mechanics. For instance, the well-
known Greenberger-Horne-Zeilinger (GHZ) theorem [34, 35| rules out the existence of a
local hidden variable (LHV) model for the GHZ state by presenting a full contradiction
of the predictions of the LHV model with the outcome statistics produced in quantum
mechanics. The GHZ theorem has also been experimentally verified [36, 37]. Similarly, non-
locality without inequalities was demonstrated by taking into account the contradiction of
LHYV ’clements of reality’ with quantum mechanics [38-40]. Such “all-versus-nothing” proof
of Bell-nonlocality rules out the possibility of local-hidden variable (LHV) models more
uncompromisingly than Bell inequalities.

Recently, EPR steering of any arbitrary two-qubit pure entangled state has been demon-
strated without invoking any steering inequality [41]. In the present work our first motivation
is to extend the GHZ theorem for any three-qubit generalized Greenberger-Horne-Zeilinger
(GGHZ) state and any pure W-class state to the genuine tripartite steering scenario. Gen-
uine tripartite steering is demonstrated through the violation of hybrid LHS models [31],
whereas, steering in general, is demonstrated through the violation of LHS models. In the
genuine steering case, the models are hybrid in the sense that the hidden variable may not
predetermine the state of one of the subsystems. In other words, the local state of one of the
subsystems is steerable, whereas, in case of LHS models, the hidden variable predetermines
the state of each subsystem, and there is no scope of steering even at the level of a local
subsystem. This forms the first step towards certifying genuine tripartite entanglement in
the semi-DI scenario through sharp logical contradiction.

With the above goal, here we present an “all-versus-nothing” proof of genuine tripartite
EPR steering for any three-qubit pure generalized Greenberger-Horne-Zeilinger (GGHZ)
state and pure W-class state in both one-sided and two-sided device-independent scenario,
where two or one of the three parties perform characterized measurements and the remaining
parties perform black-box measurements. Next, to capture the genuine quantum steering

correlation present in GGHZ states, we propose a 2SDI tripartite steering inequality which



is a generalization of the fine-grained steering inequality in the bipartite scenario [1]. Fine-
grained steering inequalities are derived using the fine-grained uncertainty relation [42] and
provide tighter steering criteria [43, 44| over steering inequalities based on Heisenberg’s
uncertainty relation [45, 46|, as well as over steering inequalities based on entropic uncer-
tainty relations [47]. Quantum violation of our proposed 2SDI tripartite fine-grained steering
inequality implies tripartite steering in the 2SDI scenario. We then demonstrate that the
maximum quantum violation of this inequality certifies the presence of genuine entanglement
of pure three-qubits in the 2SDI scenario.

The paper is organized as follows. In Sec. II, we review the concept of genuine tripartite
steering in the 2SDI scenario. In Sec. III, we demonstrate the non-existence of the hybrid
LHS model for any three-qubit pure GGHZ state using logical contradiction. In Sec. IV, we
derive a fine-grained steering inequality for the tripartite steering case in the 2SDI scenario.
The main result of the paper, viz., certification of genuine entanglement of three-qubit pure

states is shown in Sec. V. Concluding remarks are presented in Sec. VI.

II. TRIPARTITE QUANTUM STEERING IN THE TWO-SIDED
DEVICE-INDEPENDENT SCENARIO

We begin by recapitulating the definitions of tripartite and genuine tripartite steering [48—
50] . In this context two scenarios arise: 1) one-sided device-independent (1SDI) scenario
and 2) two-sided device-independent (2SDI) scenario. For the purpose of the present study,
we will restrict ourselves to the 2SDI scenario.

Consider a tripartite steering scenario where three spatially separated parties, say Alice,
Bob and Charlie, share an unknown quantum system papc € B(Ha @ Hp ® He) with
the local Hilbert space dimension of Alice’s subsystem and that of Bob’s subsystem being
arbitrary and the local Hilbert space dimension of Charlie’s subsystem being fixed (X’ rep-
resents uncharacterized subsystem, X’ € {A’, B'}). Here, B(Ha ® Hp @ Hc) stands for
the set of all density operators acting on the Hilbert space Ha @ Hp @ He. Alice performs
a set of positive operator-valued measurements (POVM) X, with outcomes a. Here z €
{0,1,2,--- ;na} denotes the measurement choices of Alice and a € {0,1,--- ,d4}. On the
other hand, Bob performs a set of positive operator-valued measurements (POVM) Y, with

outcomes b. Here y € {0,1,2,--- ,ng} denotes the measurement choices of Bob and b €
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{0,1,--- ,dg}. These local measurements by Alice and Bob prepare the set of conditional
states on Charlie’s side.

The above scenario is called 2SDI since the POVM elements { M é?;(x}av x, (where Ma‘ X, =
0 Va,z; and >, M ;T;( = I Vx) associated with Alice’s measurements and the POVM el-
ements {le}l/y}b’yy (where ley > 0 Vb,y; and ), le}/, = [ Vy) associated with Bob’s
measurements are unknown. The steering scenario is characterized by the assemblage
{agb| Xz’yy}& Xa,bY, Which is the set of unnormalized conditional states on Charlie’s side.
Each element in the assemblage is given by Uac,lez,Yy = P(a, b|Xx,Yy)gg’b‘ x,,» Where
P(a,b|X,,Y,) is the conditional probability of getting the outcome a and b when Alice
performs the measurement X, and Bob performs measurement Y, respectively; Q§b| XoY, is
the normalized conditional state on Charlie’s end. Quantum theory predicts that all valid

assemblages should satisfy the following criterion:

oSy, = T | (M, @ Mf, @ 1) pamc]

v U§b|X1,Yy € {Ugb\X,,Yy}a,Xx,b,Yy- (1)

The tripartite state imposes constraints on the observed assemblage. For example, if the
shared state has no entanglement, or in other words, it is separable, then the assemblage
has a local-hidden-state (LHS) model, i.e., if for all a, =, b, y, there is a decomposition of

agb| x,v, i the form [48-50],
ab|Xx,Yy ZP G,|Xx,)\) (b|Y;/>)‘) p§> (2)

where A denotes local hidden variable (LHV) which occurs with probability P(A) > 0;
S>>y P(\) = 1; the quantum states p§ are called local hidden states (LHS) which satisfy
¢ >0and Trp{ = 1.

Now, suppose that Charlie performs a set of characterized POVMs Z, with outcomes
¢ having the POVM elements {M‘Z Yez. (M‘Z > 0 Ve, z; and Y, M C‘Z = 1 Vz) on
{aa7b| x,v, JaXaby,- Here z € {0,1,2,--- nc} denotes the measurement choices of Char-
lie and ¢ € {0,1,---,dc}. These measurements by Charlie on {agb| X,.v, Ja.Xa by, produces

measurement correlations {P(a,b, c|X,, Yy, Z.)}a x,b,,.c,z., Where

Pla,b, el Xz, Yy, Z2) = Tr [ My, 0yx, v, | (3)

C
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The correlation {P(a, b, c| Xy, Yy, Z.)}a.x,.b,v,.c,z. detects tripartite steerability iff it does not
have the following LHV-LHV-LHS decomposition:
P(a,b,c|X,.,Y,, Z,) =
Y P(\) P(a| X, \) P(b]Yy, \) P(cl Z., pS)Va, 2,b,y, ¢, 2; (4)
A

where P(c|Z., p{) denotes the quantum probability of obtaining the outcome ¢ when mea-
surement Z, is performed on LHS p{. On the other hand, if the shared state contains no

genuine entanglement, or it is in the bi-separable form, as the following [31]
pame =Y p\ P @ o+ Y ol @
A B
+> 0 @, (5)

/. ! /. !
where py8 C,pf A'Cand p

form [31],

A'B':C
v

are probability distributions, the assemblage (1) has the

U§b|X1,Yy = ZP,\ B Cp(a|X:c, )\)Uzﬁyy,,\
A
+ D OOy, oy,
o
+) PP Cpa, b X, Y, )0 (6)

The assemblage (6) contains three terms and is quite different from the assemblage (2). The
first term is an unsteerable assemblage from Alice to Charlie, but not necessarily from Bob
to Charlie. The Charlie’s assemblage is dependent on Bob’s input, output and the common
variable A. The second term is unsteerable from Bob to Charlie but not necessarily from
Alice to Charlie. In this case, Charlie’s assemblage is dependent on Alice’s input, output
and the common hidden variable p. The third term has two features: (i) it is unsteerable
from Alice-Bob to Charlie, (ii) the probability distribution p(a, b| X, Y}, v) arises due to local
measurements performed on a possibly entangled state, and it may contain nonlocal quantum
correlations. Here, the dependence of Charlie’s assemblage on Alice and Bob’s input and
output comes only from the hidden variable v. When each element of an assemblage (1) can
be written in the form (6), then the assemblage does not demonstrate genuine EPR steering

in the 2SDI scenario but it may demonstrate steering. On the other hand, if the assemblage
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(1) can be written in the form (2), then the assemblage is unsteerable and no signature of
steering is present in the 2SDI scenario. The form (6) can be viewed in terms of a hybrid

LHS model.

III. MOTIVATION: GENUINE TRIPARTITE STEERING OF GGHZ STATES

The GHZ theorem that leads to "1 = —1", shows tripartite Bell nonlocality of the GHZ
state |Ygrz) = % (|000) + |111)) in the simplest way. Motivated by this simple nonlocality
argument, in Ref. [41], a simple demonstration of EPR steering was presented for any
bipartite pure entangled state, where the LHS models lead to the logical contradiction
"2 = 1". Here we will demonstrate that the existence of hybrid LHS models (1) leads
to the contradiction "2 = 1" in the 2SDI scenario for any pure state that belongs to the
generalized GHZ (Greenberger-Horne-Zeilinger) class having the form,

[¥(0)canz) = cos@|000) +sind [111), 0< 6 < g (7)

Let us consider that Alice and Bob prepare the generalized GHZ (GGHZ) state given
by Eq.(7). They keep two particles at their possession and send the third particle to Char-
lie. Next, Alice performs her choice of either one of two projective measurements of the
observables X, (where Xy = -7, X; = - nf!) and communicates the outcome a € {0,1}.
Similarly, Bob performs his choice of either one of two projective measurements of the ob-

servables Y, (where Yy = & -n¥, Yy = ¢ - aP) and communicates the outcome b € {0,1}.

Here & = (0,,0,,0,); Ad, ni', af, A are unit vectors; 1y # ni'; Af # nP. Henceforth, we
shall denote & - n by o, for any unit vector n.

After Alice’s and Bob’s measurements, a total of sixteen possible unnormalized condi-
tional states Ugb\X,,Yy (with a, b, z, y € {0,1}) are prepared at Charlie’s end. If Charlie’s
conditional states have hybrid LHS description, then each of these unnormalized uncondi-
tional state can be written in the form of Eq.(6). Since the normalized conditional states
at Charlie’s end are pure, the assemblage is not the convex combination of the three terms
of Eq. (6), but any one of the terms of Eq. (6). We find that the dependence of Charlie’s
assemblage on Alice and Bob’s input and output may come from the common hidden vari-

able and it is not the case that either Alice or Bob alone can change Charlie’s state through

their input and output choices. This is the feature of the third term of the Eq. (6). Hence,
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the above ensemble should satisfy the following relation:

ZP(V) PE = ngHZ

= Trap Dw(e)GGHZ><¢(9)GGHZ‘] (8)

Now, consider that Alice performs projective measurements of the following two observ-

ables: Xy = 0., X1 = 0,. On the other hand, Bob performs projective measurements of the

following two observables: Yy = M, 1= %+ UZ. In this case each of the normalized

V2
conditional states {QaC:b|Xx,Yy}a7Xxyb7Yy (where O'gb‘mey = P(a,b|X,, Y;/)Qacjlex,Yy) produced at

Charlie’s end is a pure state. For any fixed = and fixed y, the four normalized conditional
states of’ ¢ ¢ ¢ are four different pure states. Moreover, the
20,0/X2,Y, 2011X,.,Y,> ©1,0X.,v,0 91,1X..Y, p . ’

normalized conditional states {ng\ X,Y, }a,x. 0y, satisfy the following,

8, 8, C c
{90,0|X0,Y0> 90,11 X0,Yo > €1,01X0,Yo" QLl\Xo,Yo}
c c c c
7 {00.01x0,v1> 20,11 X0,v1+ @101 X0,v1> O11|X0,v: ) (9)

which means no element of the set on LHS is equal to any element of the set on RHS of (9).

On the other hand, we obtain

c c
00,01x1,Yo — 90,0/ X0,Y1°
c _C
00,11x1,Y0 — 90,1|X0,Y1>
c _
01,01X%1,Yo — 91,01X0,Y1°

C _ C
O-l,l‘Xl,Yo - 01,1|X0,Y1’ (1())

and

UgO\XhYl - USO|X0,Y0’

T611x1,v1 = TL1[X0¥0:

Ufo\xl,yl = Uocjo|Xo,y0>

Ufuxl,yl = U((fjuxo,yov (11)
Hence, a total of eight different conditional states are produced on Charlie’s side, each of
which are pure states.

Now, let us assume that the above conditional states (which are pure states) have hy-

brid LHS description using the ensemble {P(v)pS} and stochastic maps P(a,b|X,,Y,,v)
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satisfying Eq.(6). It is well-known that a pure state cannot be expressed as a convex sum
of other different states, i.e., a density matrix of pure state can only be expanded by itself.

Therefore, we can write the following using Eqs.(6), (9), (10) and (11),

080|X0,Y0 = P(1) p?7
UOC:1|X0,Y0 = P(2) p§7
Umeo,YO = P(3) Pg,
U1C,1|X0,Y0 = P(4) Pfa (12)
006:0|X0,Y1 = P(5) PsC,
‘700,1|X0,Y1 = P(6) p6cu
Ulc:0|X0,Y1 = P(7) ng,
U€1|X0,Y1 = P(8) Pg’ (13)
UOC:O|X1,Y0 = P(5) Psca
Uocjuxl,yo = P(6) Pb‘c,
‘71C,O|X1,Y0 = P(7) p$7
016:1|X1,Y0 = P(8) Pg- (14)
‘700,0|X1,Y1 = P(3) 0307
006:1|X1,Y1 = P(4) Pz(f,
U1C,O|X1,Y1 = P(l)plc,
U1C,1|X1,Y1 = P(2) P2C= (15)

We can therefore, claim that the ensemble {p(v) p$'} consists of eight hybrid LHS: {P(1)p{,
P(2)p5, P(3)ps, P(4)pf, P(5)pS, P(6)pg, P(T)pF, P(8)pg} which reproduces the condi-
tional states {agb| X,v,Ja.Xa by, at Charlie’s end. Now, using Eq.(8) we can write,

Z P(v) Pf = ngHZ' (16)

v=1

Next, summing Eqs.(12), (13), (14) and (15), and then taking trace, the left-hand sides

give 4 Tr[pGqpy] = 4. Here we have used the fact: S0 37, Ugb\XZ,Yy = pSanz V 7, y. On
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the other hand, the right-hand sides give 2 Tr[pSqy,] = 2 following Eq.(16). Hence, this

leads to a full contradiction of "2 = 1".

1. Remark-1 The existence of hybrid LHS models leads to the contradiction "2 = 17 in
the 1SDI scenario for any pure GGHZ state when Alice performs dichotomic projective
measurements corresponding to the observables: Xy = 0,, X; = 0, (see Appendix (A)

for details).

2. Remark-2 The existence of hybrid LHS models leads to the contradiction "2 = 1”7 in
the 1SDI scenario for any pure W-class state when Alice performs the same dichotomic

measurements as in case of GGHZ state (see Appendix (B) for details).

3. Remark-3 The existence of hybrid LHS models leads to the contradiction "4 = 1”7
in the 2SDI scenario for any pure W-class state when Alice’s and Bob’s dichotomic
projective measurements are same as in case of GGHZ state (see Appendix (C) for

details).

4. Remark-4 The existence of hybrid LHS models leads to no contradiction in both 1SDI
and 2SDI scenarios for any pure bi-separable state. However, the existence of LHS

models lead to a contradiction. (see Appendix (D) for details).

Using the assemblage decomposition (2) and similar arguments, it can be shown that the
existence of LHS model also lead to contradiction for GGHZ state in our 2SDI scenario.
Note that the existence of an LHS model implies the existence of a hybrid LHS model,
but not the other way around. This follows from the reasoning that the existence of LHS
models imply the absence of steering which also signify the absence of genuine steering
in the multipartite scenario. The above sharp logical contradiction for demonstrating the
non-existence of LHS models for the GGHZ states and W-class states generalizes the EPR
paradox to the case of pure three-qubit entangled states. Here, Alice’s and Bob’s two
different local measurements prepare different pure conditional states at Charlie’s end. In
Ref. [51], it has been demonstrated that perfect correlations of the EPR paradox can be
detected by the algebraic maximum of the sum of two conditional probabilities. Similarly, in

order to detect the correlation of the GGHZ state demonstrated by the above contradiction,
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one may consider the following sum of four conditional probabilities:

CP:= P(OZO|1X01Y0) + P(0Z0|OX11Y1)
+ P(OZ1‘0X01Y1) _'_P(OZI‘OXllYO)’ (17>

Here, P(cy.

ax, byy) denotes the conditional probability of occurrence of the outcome ¢ when
Charlie performs measurement 7., given that Alice and Bob get the outcome a and b by
performing measurements X, and Y, respectively (with a, b, ¢, z, y, z € {0,1}). It can
be checked that the GGHZ state gives rise to the algebraic maximum of 4 for the above

quantity for the following choice of measurements:

Xo=o0,; Yy=sin20o0, +cos200, Zy=o0,
Xy =0y Yy =cos20o,+sin20o, Z;=o, (18)

IV. FINE-GRAINED TRIPARTITE STEERING INEQUALITY

We now present a fine-grained steering inequality whose violation detects tripartite quan-
tum steering in the 2SDI scenario. The form of the inequality is motivated from the above
expression of C'P given in Eq.(17).

Consider the following two-sided device-independent tripartite scenario: Alice performs
two arbitrary black-box dichotomic measurements X, with z € {0,1} having outcomes a
€ {0,1}. Bob performs two arbitrary black-box dichotomic measurements Y, with y €
{0,1} having outcomes b € {0,1}. Charlie performs two arbitrary mutually unbiased qubit
measurements Z, with z € {0, 1} having outcomes ¢ € {0, 1}. In the context of this scenario,
the tripartite correlation P(a,b,c|X,,Y,, Z,) does not detect tripartite steerability iff it has
the following LHV-LHV-LHS decomposition:

P(a,b,c|X,,Y,, Z,)
=Y PN P(alXs, 2) P(B]Y,, \) P(c|Zs. ) (19)
A
From Eq.(19), an arbitrary conditional probability distribution can be written as,

P(cz.|ax,by,)
_ 2PN P(a] Xy, ) P(8Yy, A) Pl Zz, pf)
P(a,b|X,,Y,)

. (20)
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Now, from the inequality: ). z;y; < (max{xi} > yi) for z; > 0 and y; > 0, one can write
from Eq.(9),

P(cz.|ax,by,)

< max [P(c|Z., 5)] (EA P()\) P(a|X,, A) P(b]Y,, A))

P(a,b|X,,Y,)
= P(dZ., 05 ), (21)

where we have used P(a,b|X,,Y,) = >, P(A) P(a|X,, \) P(b]Y,,\) and P(c|Z.,p%. ) =
max [P(c|Z., p)]. The above inequality is saturated when p§ = p{ VA
Now, let us consider the following sum of conditional probabilities

@ = P(CZ0|aXObY0) + P(Czl |a/X0b/Y1)

" "

+ P(Czo‘aglb;/ﬁ) + P(021 ‘aleYo)v (22>

with a, @', a", a", b, b, b, b, c € {0,1}. Note that CP given by Eq.(17) is a specific
case of CP. Since, the trusted party Charlie performs two arbitrary mutually unbiased
qubit measurements, following the approach adopted for deriving the fine grained bipartite

steering inequality in [1], one obtains

CP <2 max [P(cZy. p5,..) + P(clZ1.p5.,.)]. (23)
{20,721}

where {(Zy, Z,} ranges over all possible pairs of mutually unbiased qubit measurements.
The right hand side of the above inequality measures the uncertainty arising from mutu-
ally unbiased qubit measurements {ZO, Zl} and is bounded by the fine grained uncertainty
relation [42].

The task of tripartite quantum steering is demonstrated if Alice and Bob are able to
convince Charlie that their shared state is entangled. Let us discuss Alice-Bob’s strategy to
cheat Charlie when Charlie’s particle is a qubit. Alice and Bob try to maximize the right
hand side of inequality (23) using the LHS model. Here we consider two different scenarios
separately [1].

In the 1st scenario, Alice and Bob get the information of {Z,, Z1} before preparing the

tripartite state. In this case the following can be shown [1]
— 1
CP <21+ —
<2 \/5)

=2+ V2. (24)
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The above inequality can be derived using the fine-grained uncertainty relation and its
violation implies tripartite quantum steering in the 2SDI scenario.

In the 2nd scenario, Alice and Bob prepare the state without getting the information of
{Zy, Z1}. Hence, in this case Alice and Bob prepare all systems without any knowledge of
Charlie’s set of observables. In this scenario, following the approach adopted in [1], it can

be shown that
CP <3. (25)

Quantum violation of the above inequality implies tripartite quantum steering in 2SDI sce-
nario.
Hence, for the expression (17), when the shared state does not demonstrate tripartite

steering, we can write
CP = P(0gz,|1x,1v,) + P(02,|0x,1y,)
+ P(0z,|0x,1y,) + P(0z,|0x, 1y,)
<242 (1st Scenario)
<3 (2nd Scenario). (26)

Note that any pure GGHZ state given by Eq.(7) violates the above 2SDI tripartite steering

inequality to its algebraic maximum of 4 for the observables given in Eq. (18).

V. CERTIFICATION OF GENUINELY ENTANGLED THREE-QUBIT PURE
STATES

In this section we will derive the main result of the paper regarding certification of genuine
tripartite entanglement. We will show that the maximum quantum violation of the above
fine-grained inequality (FGI) given by Eq. (26) can be used as a tool for certification of
genuinely entangled three-qubit pure states in the 2SDI scenario. We adopt here a two-step
process. At first, we prove that if the shared state is a three-qubit state, the maximum
violation of the FGI given by (26) certifies that the state is genuinely entangled pure state.
We then show that if the dimension of the shared state is d4 X dp X 2, the maximum
violation of the FGI given by (26) certifies that the state is a direct sum of copies of three-
qubit genuinely entangled pure states. The analysis presented below is summarized in the

form of the result, stated at the end of this section.
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Lemma 1. Suppose that the trusted party, Charlie, performs projective qubit mutually un-
biased measurements corresponding to the operators Zy = o, and Z, = o, and the shared
state is a three-qubit state. Then, mazimum violation of FGI given by (20) certifies that the

three-qubit state is genuinely entangled pure state.

Proof. Note that the conditional probabilities in this FGI can be written as P(cz,|ax,by,)
= Tr <HC|ZZ . ng|Xx7Yy>’ where Il 7, is the projector associated with the ¢ outcome of Z,
measurement of Charlie. Now, the quantum violation of the FGI becomes 4, when each of
the four conditional probabilities appearing on the left hand side of the FGI given by (26)
is 1. Hence, the following conditions on the normalized conditional states {gg’b‘ XY, }a, XobYy
should be satisfied simultaneously when maximum violation (4) of FGI is obtained:

e When Alice gets outcome 1 by measuring X, and Bob gets outcome 1 by measuring
Yo, then the conditional state prepared at Charlie’s end must be eigenstate of the operator

Zy = 0, associated with eigenvalue +1, i.e.,

I+ o,
o1 1x0¥0 = — (27)

e When Alice gets outcome 0 by measuring X; and Bob gets outcome 1 by measuring Y7,
then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Zy = 0, associated with eigenvalue +1, i.e.,

I+ o,
O5ax v = — (28)

e When Alice gets outcome 0 by measuring X, and Bob gets outcome 1 by measuring Y7,
then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Z) = o, associated with eigenvalue +1, i.e.,

c I+ o,

Q0,1|X0,Y1 = 2 ° (29>

e When Alice gets outcome 0 by measuring X; and Bob gets outcome 1 by measuring Y,
then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Z) = o, associated with eigenvalue +1, i.e.,

c I+ oy,

Q0,1|X1,Y0 = 2 : (30>

Now, it will be shown that no pure three-qubit state without genuine entanglement can

provide maximum quantum violation 4 of FGI (26).
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Pure three-qubit states without genuine entanglement: Any pure three-qubit
state without genuine entanglement can be in one of the following two categories:

i) Fully separable states: Quantum violation of the tripartite steering inequality (26)
implies that the shared state is steerable and hence, entangled. Thus, the fully separable
states cannot provide maximum quantum violation 4 of FGI (26).

ii) Bi-separable states: Within the bi-separable states, consider a state |¢) as shown

below,

) = V)4 @ [¥)pe s (31)

where [1) 5 is an arbitrary pure two-qubit entangled state and |¢) , is an arbitrary pure
qubit state. Alice and Bob perform two arbitrary projective measurements. For bi-separable
states of above kind, Alice’s particle is not correlated with Bob’s and Charlie’s particle.
Hence, Charlie’s measurement outcome cannot depend on Alice’s measurement settings and
outcomes. Hence, the sum of conditional probabilities in Eq.(26) will take the following

form:

CP = P(0z|1y,) + P(0z/|1y,) + P(0z|1y,)
+ P(0z |1y,). (32)

Hence, in order to get each term of Eq.(32) equal to 1, Charlie’s conditional state should
be simultaneous eigenstate of Zy = o, and Z; = o0, when Bob obtains the outcome 1 by
performing the measurement Y. Similarly, Charlie’s conditional state should be simulta-
neous eigenstate of Z, = o, as Z; = o, when Bob obtains the outcome 1 by performing
measurement Y;. But these are not possible. Hence, an arbitrary bi-separable state of the
form (31) cannot provide maximum violation 4 of FGI (26).

Now, consider a bi-separable pure state |¢)) as shown below,

[¥) = 1) @ |¥)ac s (33)

where [¢) , is an arbitrary pure two-qubit entangled state and |¢); is an arbitrary pure
qubit state. Alice and Bob perform two arbitrary projective measurements. For bi-separable
states of above kind, Bob’s particle is not correlated with Alice’s and Charlie’s particle.
Hence, Charlie’s measurement outcome cannot depend on Bob’s measurement settings and

outcomes. Hence, the sum of conditional probabilities in Eq.(26) will take the following
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form:

CP = P(OZ0‘1X0> + P(OZO|0X1> + P(Ozl‘oXo)
+ P(04,]0x,). (34)

Hence, in order to get each term of Eq.(32) equal to 1, Charlie’s conditional state should
be simultaneous eigenstate of Zy = o, as Z; = o, when Alice obtains the outcome 0 by
performing measurement X;. But this is not possible. Hence, an arbitrary bi-separable state
of the form (33) cannot provide maximum violation 4 of FGI (26).

Now, consider the bi-separable states of the following type,

W) = |¢>c ® |¢>AB ) (35)

where [¢) ,5 is an arbitrary pure two-qubit entangled state and |¢), is an arbitrary pure
qubit state. In this case Charlie’s particle is not correlated with Alice’s particle and Bob’s

particle. Hence, the sum of conditional probabilities in Eq.(26) will take the following form:
CP =2[P(0|Zo, [)¢) + P(0|Z1, [)¢)]. (36)

where P(0|Z., |1)) is the probability of occurrence of the outcome 0 when the measurement
of observable Z, is performed on the state |¢) . The above expression of C'P can never give
quantum violation of FGI (26) due to the fine-grained uncertainty relation.

Next, we will show that no mixed three-qubit state (with or without genuine entangle-
ment) can give maximum quantum violation 4 of the FGI given by (26).

Mixed three-qubit states: Three-qubit mixed states can be classified as follows [10]:

i) Fully separable states (S): This class of states includes those states that can be ex-
pressed as convex combination of fully separable pure states. The mixed states belonging
to this class, being not entangled, never violate the FGI given by (26).

ii) Bi-separable states (B): These are the states that can be expressed as convex combi-
nation of fully separable pure states and bi-separable pure states.

iii) W-class states (W ): These are the states that can be expressed as convex combination
of fully separable pure states, bi-separable pure states and W-class pure states.

) GHZ class states (GHZ): These are the states that can be expressed as convex
combination of fully separable pure states and bi-separable pure states, W-class pure states

and GHZ-class pure states.
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Hence, in general, any three-qubit mixed state can be written as a convex combination of
fully separable pure states and bi-separable pure states, W-class pure states and GHZ-class
pure states.

Before proceeding, we want to mention that, for any two genuinely entangled three-
qubit pure states (W-class pure states or GHZ-class pure states), FGI (26) does not give
maximum quantum violation (= 4) for the same set of measurement settings by the two
untrusted parties (Detailed numerical proof is given in the Proposition (1) of the appendix

Let us consider an arbitrary mixed three-qubit state p,,. Since any three-qubit mixed state
can be expressed as a convex combination of fully separable pure states and bi-separable pure
states, W-class pure states and GHZ-class pure states, we can write the following general

decomposition of p,,,
Pm = Zpip;s + Z qugs + Z rephy + Z SI0GHZ (37)
i j k 1

WhereOSpi§1Vi,0§qjS1‘v’j,0§rkSle‘,OSSISIVl,Zip,wLquj—I—
YopThtY s =1, p?s is a fully separable three-qubit pure state for all ¢, p{;s is a bi-separable
three-qubit pure state for all j, pf}, is a three-qubit W-class pure state for all k, pLy, is a
three-qubit GHZ-class pure state for all [.

Now, suppose that Alice obtains the outcome 1 by performing measurement of the ob-
servable X, and Bob obtains the outcome 1 by performing measurement of the observable Y
on the above mixed three-qubit state p,,. Hence, the normalized conditional state prepared

at Charlie’s side is given by,

le‘XQ,YQ
Trag [/)m (T4 x, @ Iyjy, ® H)]

Tr [pm (HllXo ® Iy, ® H)}
SR - 0 ) k
— P(1,1] X0, o) Tras [( ;pzpfs + ; P + ; KOV

+ Z Szplc:Hz) (H1|XO ® Iy, ® H)} ) (38)
1

where P(1,1|X,,Y) = Tr [pm (I x, ® Iy, ® I[)] is the probability that Alice gets the

outcome 1 by performing measurement of X, and Bob gets the outcome 1 by performing
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the measurement of Y, on the state p,,. Next, we have,

Tragp [( Zpipécs + Z i, + Z Py + Z S1PGHzZ)
i j K I

(11 x, ® My, ® H)}

= Zpi Trap [Pjvs (Iyx, ® My, ® H)]
+ Z q; Trap [P{)S (i x ® My ® H)}
J
+ Z 7 Trap [,0]131/ (TMyx, ® My, © H)]
k

+ Z 51 Trap [plGHZ (Tl x, @ Iy, ® H)}
]

i i
= Zpipfs(l’ 1|X0’ YO)Qstnxo,Yo
. -C
+ Z qubjs(]ﬂ 1|X0’ YE))Q?)SLMXO,YO
J

+ ZrkPk 1,1]Xo, Yo)

QWl ,11X0,Yp

-+ Z SlPGHZ(17 1‘X07 }/E))QGHZLHXO,YO
l

(39)

where P}, (1, 1] Xy, Yp) is the probability that Alice gets the outcome 1 by performing mea-

surement of X, and Bob gets the outcome 1 by performing the measurement of Y, on the

state ,03}8; g;cs - is the normalized conditional state prepared at Charlie’s side in this case;

C
Pb]s(l 1]Xo, Yo), PW(l 1] Xo, Yo), PGHZ(1 1] Xo, Yp) and Qbsl 11X, QW1 FEOR QGHZ1 Alxgvy €

defined similarly. Hence, from Eqs.(38) and (39), we get

c
01,11 X0,Yo

_ pi iC pi ¢
- Zp’ Pfs Qf51,1\X0,Y0 + Z £ Pbs Qbs1,1\X0,YO

+ Z"“k PW QW1 1]X0,Yp + Zqz PGHZ QGHZl 1|X0,Yp’
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where

~ P}s(lvl‘X(]v}/E))

i, =
B P(1L1]Xo, Y0)
Tr [P?s (Myjxe ® Iy, ® H)}
Tr [/)m (Tjx, @ Iy, ® H)]
<1, (41)
and similarly,
P — P (1,11 X0, Yo) _

P(1,11X,,Yy) — 7
= P} (1,11X,, )

Pl =2 <]
VP 1 Xe, Yy) T

) PL (11| X0, Vo)
Ply, = —CHZ220 20 "0 <, 42
GHZ P(171‘X07Y6> — ( )

Hence, Eq.(40) represents convex combination of gf” Xo.v, 1 terms of different normalized
states.

When the FGI given by (26) is maximally violated by the state p,, given by Eq.(37), the
condition given by Eq.(27) should be satisfied. In other words, gfu Xo.v, Should be a pure
state and eigenstate of o,. Now, any pure state cannot be written as a convex sum of other
different states. Hence, the FGI given by (26) is maximally violated by the state p,, (37)

c

only if each of the states Q;Csl,nxoyo’ g{; and glgHZM‘XO’YO is the eigenstate

of o,, i.e., the normalized conditional state prepared from each of the states p}s, L
and pl;, satisfies the condition (27).

Considering the other three terms appearing on the left hand side of FGI (26), it can
be shown that the state p,, (37) gives maximum quantum violation of FGI (26) only if
cach of the states pf,, ph., pls and plyp, satisfies the conditions (27), (28), (29) and (30)
simultaneously, i.e., each of the states p}s, pZS, pY, and ply, gives maximum quantum
violation (= 4) of FGI (26) for the same set of measurement settings performed by the two
untrusted parties. However, we have already shown that no pure fully separable and no
pure bi-separable three-qubit state can maximally violate FGI (26). On the other hand,
for any two genuinely entangled three-qubit pure states (W-class pure states or GHZ-class

pure states), FGI (26) does not give maximum quantum violation (= 4) for the same set of

measurement settings by the two untrusted parties.
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Hence, no mixed three-qubit state can maximally violate FGI (26).
Hence, when the shared state is a three-qubit state, then the maximum violation of the

FGI (26) certifies that the state is genuinely entangled pure state. O

Next, we will present the following Lemma for the general tripartite state in 2SDI steering
scenario having dimension d4 ® dg ® 2 to complete our proof that the maximum quantum
violation of tripartite steering inequality (26) certifies genuine entanglement of three-qubit

states in 2SDI scenario.

Lemma 2. If the mazimal violation (4) of FGI given by (26) is obtained in our 2SDI
scenario from a tripartite state of dimension dy X dg X 2, then the state of the system can

be expressed as a direct sum of copies of three-qubit genuinely entangled pure states.

Proof. Here we use a result [52, 53| which states that given two Hermitian operators Ay and
Ay with eigenvalues +1 acting on a Hilbert space H, there is a decomposition of H as a
direct sum of subspaces H; of dimension d < 2 each, such that both Ay and A; act within
each H;, that is, they can be written as Ay = @; A} and A; = @; A}, where A} and A} act
on H;.

In general, in our steering scenario any shared tripartite state lies in B(Ha @ Hp @ Hc)
where the dimension of Ha and Hp (the untrusted sides) are d4 and dp (where d4 and
dp are arbitrary) respectively, and the dimension of H¢ (the trusted side) is 2. From the
above-mentioned result [52] it follows that H 4 can be expressed as a direct sum of subspaces
HY of dimension d < 2 each. Similarly, Hp can be expressed as a direct sum of subspaces

% of dimension d < 2 each. Hence,

Ha QHp @ He = (@U,UHZ QHE) @ He
~ @y (HYG @ HE @ He). (43)

Let us consider that X, = Il x, —IIyx, with € {0, 1}, where I, x, (a € {0,1}) denotes
the projector. Hence, one can write Il,x, = 69qu| x, Where each Hg| x, acts on Hj for all
a and z. We also denote IT* = H& x, t Hﬁ x, the projector on H}. Similarly, consider that
Y, = Iy, — Ly, with y € {0,1}. One can write Il;y, = @Uﬂg‘yy where each Hg‘yy acts on

‘HY, for all b and y. We denote 11" = IT}

oy, T H%Yy the projector on ‘HY%. On the other hand,

Z, = oz, — iz, with z € {0, 1}, where IL,z_ (c € {0,1}) denotes the projector acting on

Hc of dimension 2.
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Hence, for any state p € B(Ha ® Hp ® Hc), we have

P(CZZ axzbyy)
_ P(a,b,c|X,,Y,, Z.)
P(a,b|X,,Y,)

Tr [P(Hawxz ® 1Ly, @ chzz)}
I | p(Iapx, © My, |
Zu,v Quv Tr |:puv (HZ‘Xx ® Hg|yy ® HC|Zz)]

> uw Quw TT [pm; (MY x, ® HZM)}

Zu,v Quv Puv(a’ b>C|anY;/aZz) 44
B Zu,v Guv Puv(a, b|Xx,Y;/) ’ ( )

I @I" @ I)p(II* @ 11" @ 1) .
Quov

where q,, = Tr [p(H“ QIIY ® H)}; ZM Guw = 1 and p,, = (
B(HY @ HY @ He) is, at most, a three-qubit state.
Now, P(cz,

ax,by,) will be equal to 1 if and only if

Z quv (Puv(a7 b‘X{m ij) - Puv(av b7 C‘X{E7 vi ZZ)) = O (45>

U,V

Pu(a,b,c| X, Y,, Z,)

b _ s Uy sy Ly <1
ax.by,) Pula,bX,,Y,) =
we have P,,(a,b|X,,Y,) — Puw(a,b,c|X,,Y,, Z,) > 0 for all u, v. On the other hand, g,, > 0

Since for all p,,, the conditional probability P,,(cz.

for all u, v. Hence, the above condition (45) is satisfied if and only if

Guw=0 or Pulczlax,by,) =1 V u,v. (46)

Next, let us define the following,
CPUU = Puv(OZ0|1X01Y0> + Puv(OZ0|0X11Y1)
+ Puu(02,]0x,1v,) + Puw(02,|0x, 1y)- (47)

Now, from the above argument it can be concluded that the maximal violation (4) of FGI
given by (26) is obtained if and only if C'P,, = 4 for all u, v unless ¢, = 0.

Now, from Lemma 1, it is observed that C'P,, = 4 certifies genuinely entangled pure state
when the shared state is a three-qubit state. Hence, if a state |¢) of dimension d4 x dg x 2

leads to maximum quantum violation (4) of FGI given by (26), then it is given by,
%) = Suvv/Guo] §f>a (48)
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GE

where |G

) are genuinely entangled three-qubit pure states, >, quw = 1, qu > 0V u,v.
Note that when ¢,, = 0, then according to condition (46) the corresponding C P,, may not
be equal to 4. But such g¢,, does not contribute to [)).

Note that the shared tripartite state in more general 2SDI steering scenario can have form
papc = p @ p. Here, p is a direct sum of three-qubit genuinely entangled states as shown
in Eq. (48) and p’ can be a direct sum of three-qubit states such that for each three-qubit
constituting state, P(a,b|X,,Y,) = P(a,b,¢|X,,Y,, Z,) = 0. Such combination of states
also maximally violates the FGI (26) if the state p does. Here, the measurements of the
three parties, Alice, Bob and Charlie are such that their action on p’ does not contribute to

the conditional probability terms in the FGI (26). Hence, the certified state is not unique.
O

As an example, consider a tripartite GGHZ state in the dimension (d4 ® dp ® 2) which
is a direct sum of three-qubit GGHZ states

[Vaanz) = Buor/Quo| 52, (49)

where

|pCEHZY = 08B, |2u, 20,0) + sin by, [2u + 1,20 + 1,1)

uv

is a three-qubit GGHZ state acting in a subspace of the (ds x dp x 2)-dimensional space
where |1)gauz) has the support. It can be easily checked that the state (49) maximally

violates the FGI for the measurement settings X, = ©,, X", Y, = @uw}@“’”, where

Xy =or" Yy =sin20, 00" + cos 20, ,00"

u,v __ u,v, u,v __ u,v : u,v
Xy =0, Y =cos 20, ,0,"" + sin 29u7vay

GGHZ> has

where ¢%? o%" and oV are the Pauli matrices acting in a subspace where |

z Yy z
the support on the untrusted parties’ sides and Charlie, the trusted party as usual performs
projective qubit mutually unbiased measurements o, and o,,.

Therefore, we can state our result which follows from the above two Lemmas below:

Result: The maximal violation of FGI certifies genuine entanglement in three-qubit

pure states in our 2SDI scenario.
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The maximum violation of the fine-grained inequality (26) certifies that the state is
genuinely entangled. However, not every genuinely entangled state reaches the quantum

bound. In our study, we observe that

e Every GGHZ class state (7) which is a subclass of pure GHZ class state (E2) maximally
violates the FGI (26) for the measurements given by Eq.(18).

e Out of 10° randomly generated pure W-class states (E1), only 44001 states maximally
violate the FGI (26) numerically (See the details in Appendix (E)).

e Only 6879 states out of 10° randomly generated pure GHZ-class states (E2) maximally
violate the FGI (26) numerically (See the details in Appendix (E)).

Hence, not every genuinely entangled state maximally violates the FGI (26). However,
there are states in both classes (pure GHZ class and pure W-class states) that achieve the
same quantum bound of the inequality (26). So, maximum violation of FGI is sufficient
but not necessary for certifying genuine three-qubit entanglement. Next, we show that even
the violation and not the maximum violation of the FGI inequality is sufficient to certify
the presence of genuine entanglement in 2SDI steering scenario. This is helpful for the
experimental setups where maximal violation may not be achievable due to finite precision
of the experimental devices.

Here, we conjecture that in our steering scenario, the LHS bound (2 4+ v/2) on the FGI is
also the bi-separable bound. This implies that if a state violates the FGI inequality in our
steering scenario must have genuine entanglement. Note that in Eq. (21) of our derivation of
the LHS bound on the FGI, for each value of A, the joint probability of Alice and Bob need
not factorize. Thus, the LHS bound also holds for the correlations that can be decomposed

as

P(aa b> C|Xx> Yy> Zz)

= POY(\) P(a,b]X,.Y,, \) P(c|Z., p5) (50)
A
We also note that the correlations arising from noisy GHZ state ply, given by
I
porz =V [Yenz) (Yonz| + (1= V) 88X8 (51)

where |tguz) = %(|000> +|111)) and Igys is the identity matrix of dimension 8 x 8, violate

our FGI if and only if V' > 1/4/2 for the measurements that give rise to the maximal violation
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of our FGI by the GHZ state. In Ref. [50], it has been demonstrated that such correlations
for V<1/ V/2 can be decomposed as

P(a,b,c|X,, Yy, Z.)
= ZPB AC (1) Pola, ¢| Xy, Zay i) P(b] Yy, 12) (52)

where Pg(a,c|X,, Z., 1) is a quantum correlation arising from a bipartite state pac of di-

mension dy X 2 or

P(a,b,c|X,,Y, Zz)
= ZPA BC(v) P(a| X4, v)Pol(b, ¢|Yy, Z.,v) (53)

where Py(b,c|Y,, Z,,v) is a quantum correlation arising from a bipartite state ppc shared
by Bob and Charlie of dimension dg x 2. Therefore, we conjecture that the LHS bound
of 24+ v/2 on our FGI in our steering scenario also holds for the correlations that can be

decomposed as

P(a,b, c|Xx,Yy,Zz)
= ZPC AB(\) P(a,b| X, Yy, \) P(¢| Zs, p5)

+pa Z PPAC (1) Po(a, ¢| Xy, Zz, i) P(b]Yy, 1)

I

+ps Y PYPC(v) P(al Xy, v) Po(b, Yy, Z.,v). (54)

where, PEAB()), PBAC(1) and PABC(v) are the probability distributions and Y, p; = 1
(i =1, 2, 3). This indicates that the violation of our FGI implies that the correlations
between the three parties cannot be decomposed into the bi-separable form (54). Hence, it

demonstrate genuine tripartite steering which certifies the genuine tripartite entanglement

in a 2SDI way [31, 50].

VI. CONCLUSIONS

In the present work, we have first demonstrated genuine tripartite EPR steering of arbi-
trary three-qubit pure GGHZ states and W-class state in partial device independent scenario

using a logical argument. In particular, we have shown that the existence of a hybrid LHS
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model for any three-qubit pure GGHZ state leads to the sharp contradiction: “2 = 1”. This
method rules out the possibility of hybrid LHS models in the tripartite 2SDI scenario more
uncompromisingly than the usual steering inequalities. This logical argument has been pre-
sented following the well-known GHZ theorem [34, 35] which has recently been generalized to
the bipartite steering scenario. Our logical contradiction may be regarded as a generalization
of the “steering paradox” [41] to more than two parties.

We have further derived a tripartite 2SDI steering inequality based on the fine-grained
uncertainty relation [42]. This inequality serves as a generalization of the fine-grained bi-
partite steering inequality [1]. We have shown that the maximum quantum violation of our
tripartite steering inequality certifies genuine entanglement of pure three-qubit states in the
2SDI scenario. Maximum violation of FGI is associated with genuine tripartite steering since
it certifies the presence of genuine entanglement and we conjecture that our LHS bound is
also the bi-separable bound in the steering scenario that we have considered.

Before concluding, it may worth highlighting some possible off-shoots of our present study.
First, practical demonstration of this simple logical contradiction aimed towards showing
tripartite steering by photon entanglement based experiments should not be difficult to
implement. Note that the quantum violation of the bipartite FGI has been demonstrated
experimentally using two-photon polarization-entangled states [54, 55]. This opens up the
possibility of experimental demonstration of quantum violation of our proposed steering
inequality and certifying genuine entanglement in semi-DI scenario based on the FGI in the
near future. Finally, our analysis brings into focus the question as to whether multipartite
quantum steering for more than three parties having arbitrary local dimensions and genuine

quantum steering can be demonstrated using sharp logical contradiction.
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Appendix A: All-versus-nothing proof of genuine steering of GGHZ states in 1SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contradic-
tion "2 = 1" in the 1SDI scenario for any pure state that belongs the generalized GHZ
(Greenberger-Horne-Zeilinger) class (7). Let us recapitulate the form of the assemblage as
described by hybrid LHS models in the 1SDI scenario. In this case, Alice being the un-
trusted party performs the measurement and the tripartite state imposes the constraints on
the observed assemblage at the Bob-Charlie end. If the shared state is of the form (5), the

assemblage has the following form [31]
a|Xx ZpA B a‘er)‘ +ZpBACp5 ®O-a\X£,M+ZpABC tﬁXxl/®pl/ (A1>

The assemblage (A1) contains three terms. The first term is an unsteerable assemblage from
Alice to Bob-Charlie. Bob-Charlie’s assemblage is dependent on Alice’s input, and output
through the common variable X\. The second term is unsteerable from Alice to Bob but not
necessarily from Alice to Charlie. In this case, Bob-Charlie’s assemblage is dependent on
Alice’s input, output at Charlie’s end only, and the common hidden variable p. The third
term is unsteerable from Alice to Charlie but not necessarily from Alice to Bob. In this case,
Bob-Charlie’s assemblage is dependent on Alice’s input, output at Bob’s end only, and the
common hidden variable v. When each element of Bob-Charlie’s assemblage can be written
in the form (A1), then the assemblage does not demonstrate genuine EPR steering in 1SDI
scenario but it may demonstrate steering. On the other hand, if the assemblage (1) can be
written in the form (3", P(A)P(a|X., \)p¥ ® pf), then the assemblage is unsteerable and
no signature of steering is present in the 1SDI scenario.

Now, Alice performs dichotomic projective measurements corresponding to the observ-

ables: Xy = o0, and X; = o0, on her part of the shared GGHZ state (7). After Alice’s
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measurements, a total of four unnormalized conditional states aﬁg’;jGHZ (with a, x € {0,1})

are prepared at Bob-Charlie’s end as mentioned below.

GGHZ 1 GGHZ 1
| Y N e A N CA B e
GGHZ 1 GGHZ 1
o = S (0L = pE)eEC. oS = S|oh ) (L] = p@ef, (a2)

where ’9i> = cos6]00) + sin @ |11) and ’Qli> = cos6]00) + i sin @ |11). Hence, a total of
four different conditional states are produced on Bob-Charlie’s end, each of which are pure
states. Since the conditional states are pure, the assemblage is not the convex combination
of the three terms of Eq. (Al) but any one of the terms of Eq. (Al). We find that the
dependence of Bob and Charlie’s assemblage on Alice’s input and output may come from the
common hidden variable and it is not the case that only Bob’s or Charlie’s state changes by
the Alice’s input and output. This is the feature of the first term of Eq, (A1). Hence, if the
conditional states have hybrid LHS description, then there exists an assemblage {p(\)pR°}
such that

ZPO‘)P§C = ngHz =Tra [‘w(9>GGHZ><w(9>GGHZ” (A3)

A

It is well-known that a pure state cannot be expressed as a convex sum of other different
states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,
claim that the ensemble {p(\)pZ¢} consists of four hybrid LHS:

BCGGHZ

{p(Dp?“, p(2)p3, p(3)p5°, p(4)p7 } which reproduces the conditional states {o 5T ™ }a x,

at Bob-Charlie’s end. Now, using Eq.(A3) we can write,

4

ZP(MP?C = ngHz (A4)
A=1

Next, summing Eq.(A2) and then taking trace, the left-hand sides give 2 Tr[p5Sy,] = 2. Here
we have used the fact: Z}l:o Uﬁ)c(fGHZ = pB&y, V . On the other hand, the right-hand sides
give Tr[p8Sy,] = 1 following Eq.(A4). Hence, this leads to a full contradiction of "2 = 1".
Similarly in 2SDI scenario, the existence of hybrid LHS model leads to a contradiction of

"2 = 1" when the shared state is a three-qubit GGHZ state (7) as shown in Section (III).
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Appendix B: All-versus-nothing proof of genuine steering of W-class states in 1SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contra-
diction "2 = 1" in the 1SDI scenario for any pure state that belongs the W-class (|¢,,) =
¢ [001) +¢; [010) + /1 — 2 — ¢3]100)). Alice performs dichotomic projective measurements
corresponding to the observables: X, = o0, and X; = o,. After Alice’s measurements, a
total of four unnormalized conditional states af‘gv (with a, x € {0,1}) are prepared at

Bob-Charlie’s end as mentioned below.
1 1
ot = 5[t ) (wl| =pef®,  ofG = S|wt ) {(ul | = p(2)pf,
w1 w1
ot = b )(wt] =p@ef,  ofE = St ) (wl| = p@ef (B

where, }wi> = /1 =& —c2]00)£co |01) £ [10) and }wi> = /1= —c2]00)£icy|01)+

iy |10). Hence, a total of four different conditional states are produced on Bob-Charlie’s

end, each of which are pure states. Since the conditional states are pure, the assemblage is
not the convex combination of the three terms of Eq. (A1) but any one of the terms of Eq.
(A1). We find that the dependence of Bob and Charlie’s assemblage on Alice’s input and
output may come from the common hidden variable and it is not the case that only Bob’s
or Charlie’s state changes by the Alice’s input and output. This is the feature of the first
term of Eq. (A1). Hence, if the conditional states have hybrid LHS description, then there
exists an assemblage {p(\)pL¢} such that

> (N = o = Tea ) {vu| (B2)

It is well-known that a pure state cannot be expressed as a convex sum of other different
states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,
claim that the ensemble {p(\)pZ¢} consists of four hybrid LHS:

{p(1)pPC, p(2)p8Y, p(3)pPC, p(4)pZ°} which reproduces the conditional states {Uf')C(;N}mxz

at Bob-Charlie’s end. Now, using Eq.(B2) we can write,

4
> p(NpR = phe (B3)
A=1

Next, summing Eq.(B1) and then taking trace, the left-hand sides give 2 Tr[p2¢] = 2. Here
we have used the fact: Zizo aﬁgj = pBY V¥ x. On the other hand, the right-hand sides give
Tr[pB¢] = 1 following Eq.(B3). Hence, this leads to a full contradiction of "2 = 1".
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Appendix C: All-versus-nothing proof of genuine steering of W-class states in 2SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contradic-
tion "4 = 1" in the 2SDI scenario for any pure state that belongs the W-class (|¢,) =
o |001) 4 ¢1]010) + /1 — 3 — ¢#]100)). Alice performs dichotomic projective measure-
ments corresponding to the observables: X, = 0, and X; = 0,. On the other hand, Bob

performs dichotomic projective measurements corresponding to the observables: Y, = Ur—\}%"z

and Y7 = Jy—j;z After Alice’s and Bob’s measurements, a total of sixteen unnormalized con-

ditional states UGCZTXZ Y, (with a, b, x, y € {0, 1}) are prepared at Charlie’s end as mentioned
below.

oW Noomo 00100 oW Ni,llom 11001 c
90,0 X0,Yp = | w1> <1Z’w1| =p(1)pf, 90,11X0.Yo = g \ww1> <ww1\ =p(2)p3
oW Noono 00110 oW NGOt 11011
91,0/ X0,Yp = | W1> <¢w1| = P(S)Ps » 9111Xq,Yy = —| w1> <¢w1| = p(4)p4
Nonoo /10001
oW 01100 oW wo 10001 c
90,0/ Xq,Y7 = | w2> <¢w2| = 9(5)95 s 90,1/ Xq,Y7 — —‘ w2> <ww2‘ = p(6)pg ,
oW lem 01110 oW N 001 10011
o¥o1x,v, = [Pws ) (s | = p(DpS, oSixevy = —| wa ) (Yus| = p(®)6E
00110 11011
w N 00110 w N 11011
o8lo1x1,vp = g )" (bug| = @65, o5y = 2wy )" (s | = 06T,
s 1:Y0 ,1[Xq,Y) 3 3 10
00100 11001
w Ny 00100 w N 11001
o 01x1,v0 = [Pws ) (wus| = paDRS, of) = B fhug) (s | = (12)60,
s 1:Y0 3 3 11 11| Xg,Yp 3 3 12
oW Nouoo 01100 oW nioo11 10011
90,0/X1,Y1 — | w4> <ww4| = P(13)P13’ 90,1|X1,Y7 — —| w4> <1¢’w4| = P(14)P147
Noum 10001
oW 01110 cW wy 10001 c
oq ,01Xq, Yl | w4> <’¢’w4| = P(L-’)Plsv 0'11‘)(1 Y1 = —‘ w4> <17[]’UJ4‘ = P(lG)Plg» (Cl)
peaer V24 (=12 fco\1>+( DPV2 4+ (—1)evZer [0) + (—1)%/2 + (—1)e f\/l—ca—clwm
where, |1,/qu < e>
1 \/Nabcde
beder V2 (F1aVEeo [1) + (=D)Puy/2 + (—1)eVEer [0) + (—1)F/2 + (—1)ev2 /1 - — F |0)
|ww2 > \/Nabcde ’
|wabcde> V2 (—1)*V2e [1) + (=1)P /2 + (=1)¢V2e1 [0) + (-1)% \/2+( 1)¢ f\/lfcof‘:l
\/Nabcde ’
b — 2
pasede) _ V24 (m1)av3eq [1) + (=1)Pu(y/2 + (=1)eV2ey [0) + (- 1)%y/2 + (~1)ev2/1 - ¢ — 3 [0
\/N&bcde
4

Hence, a total of sixteen different conditional states are produced on Charlie’s end, each
of which are pure states. Since the conditional states are pure, the assemblage is not the
convex combination of the three terms of Eq. (6) but any one of the terms of Eq. (6). We
find that the dependence of Charlie’s assemblage on Alice and Bob’s input and output may
come from the common hidden variable and it is not the case that either Alice or Bob can
change Charlie’s state through their input and output choices. This is the feature of the
third term of the Eq. (6). Hence, if the conditional states have hybrid LHS description,
then there exists an assemblage {p(v)p$} such that

> pw)p = p§ = Trap [}ww><ww}] (C2)

It is well-known that a pure state cannot be expressed as a convex sum of other different

states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,
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claim that the ensemble {p()pC} consists of sixteen hybrid LHS: {p(1)p¢, p(2)p5, p(3)p5, p(4)p5,
p(5)p§,p(6)pg, p(T)pS, p(8) g (9)0§ , p(10)po, p(11) 1, P(12) 55, p(13) p3, p(14) py, p(15) s,
p(16)p$;} which reproduces the conditional states {O‘gb‘ X, }ab,x..v, at Charlie’s end. Now,

using Eq.(C2) we can write,
16
> pw)pd =l (C3)
v=1

Next, summing Eq.(C1) and then taking trace, the left-hand sides give 4 Tr[p¢] = 4. Here
we have used the fact: Z}Lb:o O'gb‘mey = p% V x,y. On the other hand, the right-hand sides
give Tr[p¢] = 1 following Eq.(C3). Hence, this leads to a full contradiction of "4 = 1",

Appendix D: All-versus-nothing proof of steering of pure bi-separable states in 1SDI

and 2SDI scenario

We first demonstrate that the existence of a hybrid LHS model leads to no contradiction
in the 1SDI scenario for bi-separable state, but the existence of LHS models may lead to
a contradiction. Consider a state ¢ of the form (35). In particular, consider the following

bi-separable state,
s = (cos 61 |00) 45 + sin by [11) , 5) @ (cos by |0) +sinby 1)) (D1)

Alice performs dichotomic projective measurements corresponding to the observables: X, =
o, and X; = o, on her part of the shared bi-separable state (D1). After Alice’s measure-
ments, a total of four unnormalized conditional states aﬁgzs (with a, x € {0,1}) are prepared

at Bob-Charlie’s end as mentioned below.

bs 1 bs 1
O'(J)ch;o = 5‘93+><93+‘ = p(1)oo|xp,1 ® o, Jprc;O = 5‘90_+><90_+‘ =p(1)o1xe1 ® 0§,
bs 1 bs 1
ot = 0L ) (0| = p@ooxiz @ . oS = 5oL ) (04| = P2 @ S (D2)

where ‘Hi,i> = (cosf; |0) £sinb; |1)) ® (cos by |0) £ sinfy|1)) and ‘9i7i> = (cos b |0) £
tsinfy [1)) @ (cos by |0) £sin by |1)). Hence, a total of two distinguishable conditional states
are produced at Bob-Charlie’s end, all of which are pure states. Since the conditional states
are pure, the assemblage is not a convex combination of the three terms of Eq. (A1) but any
one of the terms of Eq. (A1). We find that the dependence of Bob and Charlie’s assemblage
on Alice’s input and output may come from the common hidden variable and it is the case

that only Bob’s state changes by the Alice’s input and output. This is the feature of third
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term of Eq. (Al). The common variable for the conditional state 05%5 is same as that of

a(ﬁ)c(zs. So, using a hybrid LHS model we cannot distinguish between them. Similarly, the
states a(ﬁgis and alB‘)C;is are same according to the hybrid LHS model. Now, if the conditional

states have hybrid LHS description, then there exists an assemblage {p(v)pZ @ pC'} such that
S bl © 6 = pEC = Tea [t (] (D3)

So, according to the hybrid LHS model, the ensemble {p(v)pZ @ pS} consists of four con-
ditional states out of which two are distinguishable. These two reproduce the conditional

states {af‘gzs}a,xz at Bob-Charlie’s end. Now, using Eq.(D3) we can write,

2
> pw)pl @ pf = pl’ (D4)
v=1
Next, summing Eq.(D2) and then taking trace, both the left-hand and right-hand sides give
2 Tr[p8Sy,] = 2. Here, we have used the fact: 3.1, af‘_(;gzs = pBP V z and Tr[pBC] = 1

following Eq.(D4). Hence, in this case there is no contradiction.

1. Remark-1 Note that in case of an LHS model, there will be four distinct conditional
states and it leads to the contradiction ”2 = 1”7 in the 1SDI scenario for the bi-separable
states of the form (D1) when Alice performs dichotomic projective measurements cor-
responding to the observables: Xy = 0,, X; = 0,. This demonstrates steering in such

states.

2. Remark-2 The existence of LHS or hybrid LHS models lead to NO contradiction in the
1SDI scenario for bi-separable states of the form (31).

3. Remark-3 The characteristics of the pure bi-separable states in which Alice and Charlie
are entangled are same as the state of the form (D1). This means no contradiction

occurs for hybrid LHS models but the existence of LHS models lead to a contradiction.

4. Remark-4 Following similar reasoning and using a hybrid LHS model of the form (6),
it can be shown that the existence of LHS models lead to no contradiction in the
2SDI scenario for bi-separable states, but the existence of LHS models may lead to a

contradiction.
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Appendix E

Proposition 1. For any two genuinely entangled three-qubit pure states (W-class pure states
or GHZ-class pure states), FGI (26) does not give maximum quantum violation (= 4) for

the same set of measurement settings by the two untrusted parties.

Proof. We use the following numerical strategy to show that no two pure genuinely entangled
states can give rise to the maximum violation of FGI (26) for the same set of measurement

settings by the untrusted parties:

Numerical strategy: The precision is set at the 6th decimal place for the numerical
calculations. Following steps are evaluated for 10° randomly generated states: (i) State
parameters are chosen randomly in the allowed range. There are three state parameters
for the pure w-class state (E1) (taking normalization into account) and 5 state parameters
for the pure GHZ-class (E2). (ii) We then numerically maximize the FGI (26) over the
measurement parameters of the untrusted parties (Alice and Bob). Charlie’s measurements
are as usual o, and o0,. FGI is maximally violated numerically if the violation is more than
or equal to 3.99. Note that if we keep the same precision for maximum violation i.e. FGI
is maximally violated if the violation is above 3.99999 then that are stricter conditions and
are already a part of our observations with aforementioned relaxed conditions.

Examining equality of measurement parameters: All the states that maximally violates the
FGI, their state parameters and the measurement parameters are printed out in distinct
row in a file. Using sort filename | uniq -c command that outputs the measurement
parameters (for one state, eight measurement parameters are in one line and task is to
examine whether any two or more lines in the files are same) in ascending order along with
their repeated values. If the row is not repeated, it outputs 1 otherwise the number of time

it is repeated.

e Pure W-class state: A general pure w-class state has the following form:
lthy) = /@ |001) + v/b]010) + +/c|100) + v/d [000) (E1)

We observed that out of 10° randomly generated states, 44001 states maximally violates

the FGI but no two states have the same set of measurement parameters for untrusted
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(1]

2]
3]

4]

[5]

[6]

7]

side.

Pure GHZ-class state: A general pure GHZ-class state has the following form:

[0& )+ cosd [000) + sinde™? |padpoc) (E2)

where, |¢p4) = cosa|0) + sina|l), |¢pp) = cos51]0) + sin 3 |1) and |pc) = cosv|0) +
siny |1). The above state is a GGHZ state (7) for 6 =0, ¢ =0, a =3 =~ = 3.
We observed that only 6879 states out of 10° maximally violates the FGI but no two

states have the same set of measurement parameters for the untrusted sides.

Both w-class and GHZ-class pure state: Even if we take both GHZ-class and w-class
pure states together, we found no two states have the same set of measurement param-
eters for the untrusted sides.

*The datasets generated during and/or analysed during the current study are available

from the corresponding author on reasonable request.
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