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Abstract

We consider the task of certification of genuine entanglement of tripartite states. For this pur-

pose, we first present an “all-versus-nothing” proof of genuine tripartite Einstein-Podolsky-Rosen

(EPR) steering by demonstrating the non-existence of a hybrid local hidden state (LHS) model in

the tripartite network as a motivation to our main result. A full logical contradiction of the pre-

dictions of the hybrid LHS model with quantum mechanical outcome statistics for any three-qubit

generalized Greenberger-Horne-Zeilinger (GGHZ) states and pure W-class states is shown. Using

logical contradiction, we can distinguish between the GGHZ and W-class state in two-sided device-

independent (2SDI) steering scenario. We next formulate a 2SDI steering inequality which is a

generalisation of the fine-grained steering inequality (FGI) derived in [1] for the tripartite scenario.

We show that the maximum quantum violation of this tripartite FGI can be used to certify genuine

entanglement of three-qubit pure states.
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I. INTRODUCTION

The presence of entanglement among spatially separated parties is one of the most in-

triguing phenomena in quantum physics. A bipartite quantum state is called entangled if

and only if (iff) it is not separable. A pure multipartite quantum state is called genuinely

multipartite entangled [2] iff it is not separable with respect to any bipartition. Studies

on multipartite entanglement have gained a lot of attention due to their foundational sig-

nificance as well as their information theoretic applications, for example, in extreme spin

squeezing [3], high sensitivity metrology tasks [4, 5], quantum computing using cluster states

[6], measurement-based quantum computation [7] and multiparty quantum network [8, 9].

Due to its complex structure, the detection of genuine multipartite entanglement is quite

difficult to realize experimentally. Apart from the usual state tomography, various witnesses

[2, 10–15] have been proposed for detecting genuine multipartite entanglement (GME). How-

ever, these processes have experimental limitations due to the requirement of precise control

over the systems. To overcome these limitations, one may use device-independent (DI) wit-

nesses [16] of GME which are based on observing measurement statistics without any charac-

terization of the experimental devices. Several multipartite Bell-type inequalities have been

proposed to certify GME in the DI scenario [17–23] which requires no trust/characterization

of any observer’s devices. Naturally, the question is raised whether one can certify the pres-

ence of genuine multipartite entanglement in a scenario where some of the observers’ devices

are not characterized, i.e., when the scenario is partially device-independent.

The above-mentioned partially device-independent scenario is related to the concept of

EPR steering which was initially proposed by Schrödinger [24]. Later, in 2007, Wiseman

et al. [25] formulated this phenomenon in terms of an operational task. In the bipartite

scenario, EPR steering (or, quantum steering) implies the possibility of producing a different

sets of states at one party’s (say, Bob) end by performing local quantum measurements of

any two non-commuting observables on the other spatially separated party’s (say, Alice)

end. ERP steering is defined as the non-existence of local hidden state (LHS) models

to describe the conditional states produced at Bob’s side. Here, the outcome statistics

of one subsystem (which is being ‘steered’, in the present case Bob) are produced from the

specific local measurements on other subsystem. Quantum steering is useful for semi-device-

independent certification of all pure bipartite maximally entangled states [26], indefinite
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causal order [27] and incompatible measurements [28–30]. In partially device-independent

scenario comprising many parties, genuine steering (nonexistence of hybrid-local-hidden-

state model) demonstrates the presence of genuine multipartite entanglement [31–33]. Now

the question is: how to detect genuine steering in such scenarios?

In quantum theory, several no-go theorems depict the failure of certain physical models

to describe the outcome statistics produced in quantum mechanics. For instance, the well-

known Greenberger-Horne-Zeilinger (GHZ) theorem [34, 35] rules out the existence of a

local hidden variable (LHV) model for the GHZ state by presenting a full contradiction

of the predictions of the LHV model with the outcome statistics produced in quantum

mechanics. The GHZ theorem has also been experimentally verified [36, 37]. Similarly, non-

locality without inequalities was demonstrated by taking into account the contradiction of

LHV ’elements of reality’ with quantum mechanics [38–40]. Such “all-versus-nothing” proof

of Bell-nonlocality rules out the possibility of local-hidden variable (LHV) models more

uncompromisingly than Bell inequalities.

Recently, EPR steering of any arbitrary two-qubit pure entangled state has been demon-

strated without invoking any steering inequality [41]. In the present work our first motivation

is to extend the GHZ theorem for any three-qubit generalized Greenberger-Horne-Zeilinger

(GGHZ) state and any pure W-class state to the genuine tripartite steering scenario. Gen-

uine tripartite steering is demonstrated through the violation of hybrid LHS models [31],

whereas, steering in general, is demonstrated through the violation of LHS models. In the

genuine steering case, the models are hybrid in the sense that the hidden variable may not

predetermine the state of one of the subsystems. In other words, the local state of one of the

subsystems is steerable, whereas, in case of LHS models, the hidden variable predetermines

the state of each subsystem, and there is no scope of steering even at the level of a local

subsystem. This forms the first step towards certifying genuine tripartite entanglement in

the semi-DI scenario through sharp logical contradiction.

With the above goal, here we present an “all-versus-nothing” proof of genuine tripartite

EPR steering for any three-qubit pure generalized Greenberger-Horne-Zeilinger (GGHZ)

state and pure W-class state in both one-sided and two-sided device-independent scenario,

where two or one of the three parties perform characterized measurements and the remaining

parties perform black-box measurements. Next, to capture the genuine quantum steering

correlation present in GGHZ states, we propose a 2SDI tripartite steering inequality which

3



is a generalization of the fine-grained steering inequality in the bipartite scenario [1]. Fine-

grained steering inequalities are derived using the fine-grained uncertainty relation [42] and

provide tighter steering criteria [43, 44] over steering inequalities based on Heisenberg’s

uncertainty relation [45, 46], as well as over steering inequalities based on entropic uncer-

tainty relations [47]. Quantum violation of our proposed 2SDI tripartite fine-grained steering

inequality implies tripartite steering in the 2SDI scenario. We then demonstrate that the

maximum quantum violation of this inequality certifies the presence of genuine entanglement

of pure three-qubits in the 2SDI scenario.

The paper is organized as follows. In Sec. II, we review the concept of genuine tripartite

steering in the 2SDI scenario. In Sec. III, we demonstrate the non-existence of the hybrid

LHS model for any three-qubit pure GGHZ state using logical contradiction. In Sec. IV, we

derive a fine-grained steering inequality for the tripartite steering case in the 2SDI scenario.

The main result of the paper, viz., certification of genuine entanglement of three-qubit pure

states is shown in Sec. V. Concluding remarks are presented in Sec. VI.

II. TRIPARTITE QUANTUM STEERING IN THE TWO-SIDED

DEVICE-INDEPENDENT SCENARIO

We begin by recapitulating the definitions of tripartite and genuine tripartite steering [48–

50] . In this context two scenarios arise: 1) one-sided device-independent (1SDI) scenario

and 2) two-sided device-independent (2SDI) scenario. For the purpose of the present study,

we will restrict ourselves to the 2SDI scenario.

Consider a tripartite steering scenario where three spatially separated parties, say Alice,

Bob and Charlie, share an unknown quantum system ρA′B′C ∈ B(HA′ ⊗ HB′ ⊗ HC) with

the local Hilbert space dimension of Alice’s subsystem and that of Bob’s subsystem being

arbitrary and the local Hilbert space dimension of Charlie’s subsystem being fixed (X’ rep-

resents uncharacterized subsystem, X ′ ∈ {A′, B′}). Here, B(HA′ ⊗ HB′ ⊗ HC) stands for

the set of all density operators acting on the Hilbert space HA′ ⊗HB′ ⊗HC . Alice performs

a set of positive operator-valued measurements (POVM) Xx with outcomes a. Here x ∈
{0, 1, 2, · · · , nA} denotes the measurement choices of Alice and a ∈ {0, 1, · · · , dA}. On the

other hand, Bob performs a set of positive operator-valued measurements (POVM) Yy with

outcomes b. Here y ∈ {0, 1, 2, · · · , nB} denotes the measurement choices of Bob and b ∈
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{0, 1, · · · , dB}. These local measurements by Alice and Bob prepare the set of conditional

states on Charlie’s side.

The above scenario is called 2SDI since the POVM elements {MA′
a|Xx}a,Xx (where MA′

a|Xx ≥
0 ∀a, x; and

∑

aM
A′
a|Xx = I ∀x) associated with Alice’s measurements and the POVM el-

ements {MB′
b|Yy}b,Yy (where MB′

b|Yy ≥ 0 ∀b, y; and
∑

bM
B′
b|Yy = I ∀y) associated with Bob’s

measurements are unknown. The steering scenario is characterized by the assemblage

{σC
a,b|Xx,Yy}a,Xx,b,Yy which is the set of unnormalized conditional states on Charlie’s side.

Each element in the assemblage is given by σC
a,b|Xx,Yy = P (a, b|Xx, Yy)̺

C
a,b|Xx,Yy , where

P (a, b|Xx, Yy) is the conditional probability of getting the outcome a and b when Alice

performs the measurement Xx and Bob performs measurement Yy respectively; ̺Ca,b|Xx,Yy is

the normalized conditional state on Charlie’s end. Quantum theory predicts that all valid

assemblages should satisfy the following criterion:

σC
a,b|Xx,Yy = TrA′B′

[

(

MA′
a|Xx ⊗MB′

b|Yy ⊗ 11
)

ρA′B′C

]

∀ σC
a,b|Xx,Yy ∈ {σC

a,b|Xx,Yy}a,Xx,b,Yy . (1)

The tripartite state imposes constraints on the observed assemblage. For example, if the

shared state has no entanglement, or in other words, it is separable, then the assemblage

has a local-hidden-state (LHS) model, i.e., if for all a, x, b, y, there is a decomposition of

σC
a,b|Xx,Yy in the form [48–50],

σC
a,b|Xx,Yy =

∑

λ

P (λ)P (a|Xx, λ)P (b|Yy, λ) ρCλ , (2)

where λ denotes local hidden variable (LHV) which occurs with probability P (λ) > 0;
∑

λ P (λ) = 1; the quantum states ρCλ are called local hidden states (LHS) which satisfy

ρCλ ≥ 0 and Tr ρCλ = 1.

Now, suppose that Charlie performs a set of characterized POVMs Zz with outcomes

c having the POVM elements {MC
c|Zz}c,Zz (MC

c|Zz ≥ 0 ∀c, z; and
∑

cM
C
c|Zz = I ∀z) on

{σC
a,b|Xx,Yy}a,Xx,b,Yy . Here z ∈ {0, 1, 2, · · · , nC} denotes the measurement choices of Char-

lie and c ∈ {0, 1, · · · , dC}. These measurements by Charlie on {σC
a,b|Xx,Yy}a,Xx,b,Yy produces

measurement correlations {P (a, b, c|Xx, Yy, Zz)}a,Xx,b,Yy,c,Zz , where

P (a, b, c|Xx, Yy, Zz) = Tr
[

MC
c|Zz σ

C
a,b|Xx,Yy

]

. (3)
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The correlation {P (a, b, c|Xx, Yy, Zz)}a,Xx,b,Yy,c,Zz detects tripartite steerability iff it does not

have the following LHV-LHV-LHS decomposition:

P (a, b, c|Xx, Yy, Zz) =
∑

λ

P (λ)P (a|Xx, λ)P (b|Yy, λ)P (c|Zz, ρ
C
λ )∀a, x, b, y, c, z; (4)

where P (c|Zz, ρ
C
λ ) denotes the quantum probability of obtaining the outcome c when mea-

surement Zz is performed on LHS ρCλ . On the other hand, if the shared state contains no

genuine entanglement, or it is in the bi-separable form, as the following [31]

ρA′B′C =
∑

λ

pA
′:B′C

λ ρA
′

λ ⊗ ρB
′C

λ +
∑

µ

pB
′:A′C

µ ρB
′

µ ⊗ ρA
′C

µ

+
∑

ν

pA
′B′:C

ν ρA
′B′

ν ⊗ ρCν , (5)

where pA
′:B′C

λ , pB
′:A′C

µ and pA
′B′:C

ν are probability distributions, the assemblage (1) has the

form [31],

σC
a,b|Xx,Yy =

∑

λ

pA
′:B′C

λ p(a|Xx, λ)σ
C
b|Yy,λ

+
∑

µ

pB
′:A′C

µ p(b|Yy, µ)σC
a|Xx,µ

+
∑

ν

pA
′B′:C

ν p(a, b|Xx, Yy, ν)ρ
C
ν . (6)

The assemblage (6) contains three terms and is quite different from the assemblage (2). The

first term is an unsteerable assemblage from Alice to Charlie, but not necessarily from Bob

to Charlie. The Charlie’s assemblage is dependent on Bob’s input, output and the common

variable λ. The second term is unsteerable from Bob to Charlie but not necessarily from

Alice to Charlie. In this case, Charlie’s assemblage is dependent on Alice’s input, output

and the common hidden variable µ. The third term has two features: (i) it is unsteerable

from Alice-Bob to Charlie, (ii) the probability distribution p(a, b|Xx, Yy, ν) arises due to local

measurements performed on a possibly entangled state, and it may contain nonlocal quantum

correlations. Here, the dependence of Charlie’s assemblage on Alice and Bob’s input and

output comes only from the hidden variable ν. When each element of an assemblage (1) can

be written in the form (6), then the assemblage does not demonstrate genuine EPR steering

in the 2SDI scenario but it may demonstrate steering. On the other hand, if the assemblage
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(1) can be written in the form (2), then the assemblage is unsteerable and no signature of

steering is present in the 2SDI scenario. The form (6) can be viewed in terms of a hybrid

LHS model.

III. MOTIVATION: GENUINE TRIPARTITE STEERING OF GGHZ STATES

The GHZ theorem that leads to "1 = −1", shows tripartite Bell nonlocality of the GHZ

state |ψGHZ〉 = 1√
2
(|000〉+ |111〉) in the simplest way. Motivated by this simple nonlocality

argument, in Ref. [41], a simple demonstration of EPR steering was presented for any

bipartite pure entangled state, where the LHS models lead to the logical contradiction

"2 = 1". Here we will demonstrate that the existence of hybrid LHS models (1) leads

to the contradiction "2 = 1" in the 2SDI scenario for any pure state that belongs to the

generalized GHZ (Greenberger-Horne-Zeilinger) class having the form,

∣

∣ψ(θ)GGHZ

〉

= cos θ |000〉+ sin θ |111〉 , 0 < θ <
π

2
(7)

Let us consider that Alice and Bob prepare the generalized GHZ (GGHZ) state given

by Eq.(7). They keep two particles at their possession and send the third particle to Char-

lie. Next, Alice performs her choice of either one of two projective measurements of the

observables Xx (where X0 = ~σ · n̂A
0 , X1 = ~σ · n̂A

1 ) and communicates the outcome a ∈ {0, 1}.
Similarly, Bob performs his choice of either one of two projective measurements of the ob-

servables Yy (where Y0 = ~σ · n̂B
0 , Y1 = ~σ · n̂B

1 ) and communicates the outcome b ∈ {0, 1}.
Here ~σ = (σx, σy, σz); n̂

A
0 , n̂A

1 , n̂B
0 , n̂B

1 are unit vectors; n̂A
0 6= n̂A

1 ; n̂B
0 6= n̂B

1 . Henceforth, we

shall denote ~σ · n̂ by σn for any unit vector n̂.

After Alice’s and Bob’s measurements, a total of sixteen possible unnormalized condi-

tional states σC
a,b|Xx,Yy (with a, b, x, y ∈ {0, 1}) are prepared at Charlie’s end. If Charlie’s

conditional states have hybrid LHS description, then each of these unnormalized uncondi-

tional state can be written in the form of Eq.(6). Since the normalized conditional states

at Charlie’s end are pure, the assemblage is not the convex combination of the three terms

of Eq. (6), but any one of the terms of Eq. (6). We find that the dependence of Charlie’s

assemblage on Alice and Bob’s input and output may come from the common hidden vari-

able and it is not the case that either Alice or Bob alone can change Charlie’s state through

their input and output choices. This is the feature of the third term of the Eq. (6). Hence,
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the above ensemble should satisfy the following relation:

∑

ν

p(ν) ρCν = ρCGGHZ

= TrAB

[

∣

∣ψ(θ)GGHZ

〉〈

ψ(θ)GGHZ

∣

∣

]

(8)

Now, consider that Alice performs projective measurements of the following two observ-

ables: X0 = σx, X1 = σy. On the other hand, Bob performs projective measurements of the

following two observables: Y0 =
σx + σz√

2
, Y1 =

σy + σz√
2

. In this case each of the normalized

conditional states {̺Ca,b|Xx,Yy}a,Xx,b,Yy (where σC
a,b|Xx,Yy = P (a, b|Xx, Yy)̺

C
a,b|Xx,Yy) produced at

Charlie’s end is a pure state. For any fixed x and fixed y, the four normalized conditional

states ̺C
0,0|Xx,Yy , ̺

C
0,1|Xx,Yy , ̺

C
1,0|Xx,Yy , ̺

C
1,1|Xx,Yy are four different pure states. Moreover, the

normalized conditional states {̺Ca,b|Xx,Yy}a,Xx,b,Yy satisfy the following,

{̺C0,0|X0,Y0
, ̺C0,1|X0,Y0

, ̺C1,0|X0,Y0
, ̺C1,1|X0,Y0

}

6= {̺C0,0|X0,Y1
, ̺C0,1|X0,Y1

, ̺C1,0|X0,Y1
, ̺C1,1|X0,Y1

}. (9)

which means no element of the set on LHS is equal to any element of the set on RHS of (9).

On the other hand, we obtain

σC
0,0|X1,Y0

= σC
0,0|X0,Y1

,

σC
0,1|X1,Y0

= σC
0,1|X0,Y1

,

σC
1,0|X1,Y0

= σC
1,0|X0,Y1

,

σC
1,1|X1,Y0

= σC
1,1|X0,Y1

. (10)

and

σC
0,0|X1,Y1

= σC
1,0|X0,Y0

,

σC
0,1|X1,Y1

= σC
1,1|X0,Y0

,

σC
1,0|X1,Y1

= σC
0,0|X0,Y0

,

σC
1,1|X1,Y1

= σC
0,1|X0,Y0

, (11)

Hence, a total of eight different conditional states are produced on Charlie’s side, each of

which are pure states.

Now, let us assume that the above conditional states (which are pure states) have hy-

brid LHS description using the ensemble {P (ν) ρCν } and stochastic maps P (a, b|Xx, Yy, ν)
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satisfying Eq.(6). It is well-known that a pure state cannot be expressed as a convex sum

of other different states, i.e., a density matrix of pure state can only be expanded by itself.

Therefore, we can write the following using Eqs.(6), (9), (10) and (11),

σC
0,0|X0,Y0

= P (1) ρC1 ,

σC
0,1|X0,Y0

= P (2) ρC2 ,

σC
1,0|X0,Y0

= P (3) ρC3 ,

σC
1,1|X0,Y0

= P (4) ρC4 , (12)

σC
0,0|X0,Y1

= P (5) ρC5 ,

σC
0,1|X0,Y1

= P (6) ρC6 ,

σC
1,0|X0,Y1

= P (7) ρC7 ,

σC
1,1|X0,Y1

= P (8) ρC8 , (13)

σC
0,0|X1,Y0

= P (5) ρC5 ,

σC
0,1|X1,Y0

= P (6) ρC6 ,

σC
1,0|X1,Y0

= P (7) ρC7 ,

σC
1,1|X1,Y0

= P (8) ρC8 . (14)

σC
0,0|X1,Y1

= P (3) ρC3 ,

σC
0,1|X1,Y1

= P (4) ρC4 ,

σC
1,0|X1,Y1

= P (1) ρC1 ,

σC
1,1|X1,Y1

= P (2) ρC2 , (15)

We can therefore, claim that the ensemble {p(ν) ρCν } consists of eight hybrid LHS: {P (1)ρC1 ,

P (2)ρC2 , P (3)ρC3 , P (4)ρC4 , P (5)ρC5 , P (6)ρC6 , P (7)ρC7 , P (8)ρC8 } which reproduces the condi-

tional states {σC
a,b|Xx,Yy}a,Xx,b,Yy at Charlie’s end. Now, using Eq.(8) we can write,

8
∑

ν=1

P (ν) ρCν = ρCGGHZ. (16)

Next, summing Eqs.(12), (13), (14) and (15), and then taking trace, the left-hand sides

give 4Tr[ρCGGHZ] = 4. Here we have used the fact:
∑

1

a=0

∑

1

b=0
σC
a,b|Xx,Yy = ρCGGHZ ∀ x, y. On

9



the other hand, the right-hand sides give 2Tr[ρCGGHZ] = 2 following Eq.(16). Hence, this

leads to a full contradiction of "2 = 1".

1. Remark-1 The existence of hybrid LHS models leads to the contradiction ”2 = 1” in

the 1SDI scenario for any pure GGHZ state when Alice performs dichotomic projective

measurements corresponding to the observables: X0 = σx, X1 = σy (see Appendix (A)

for details).

2. Remark-2 The existence of hybrid LHS models leads to the contradiction ”2 = 1” in

the 1SDI scenario for any pure W-class state when Alice performs the same dichotomic

measurements as in case of GGHZ state (see Appendix (B) for details).

3. Remark-3 The existence of hybrid LHS models leads to the contradiction ”4 = 1”

in the 2SDI scenario for any pure W-class state when Alice’s and Bob’s dichotomic

projective measurements are same as in case of GGHZ state (see Appendix (C) for

details).

4. Remark-4 The existence of hybrid LHS models leads to no contradiction in both 1SDI

and 2SDI scenarios for any pure bi-separable state. However, the existence of LHS

models lead to a contradiction. (see Appendix (D) for details).

Using the assemblage decomposition (2) and similar arguments, it can be shown that the

existence of LHS model also lead to contradiction for GGHZ state in our 2SDI scenario.

Note that the existence of an LHS model implies the existence of a hybrid LHS model,

but not the other way around. This follows from the reasoning that the existence of LHS

models imply the absence of steering which also signify the absence of genuine steering

in the multipartite scenario. The above sharp logical contradiction for demonstrating the

non-existence of LHS models for the GGHZ states and W-class states generalizes the EPR

paradox to the case of pure three-qubit entangled states. Here, Alice’s and Bob’s two

different local measurements prepare different pure conditional states at Charlie’s end. In

Ref. [51], it has been demonstrated that perfect correlations of the EPR paradox can be

detected by the algebraic maximum of the sum of two conditional probabilities. Similarly, in

order to detect the correlation of the GGHZ state demonstrated by the above contradiction,
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one may consider the following sum of four conditional probabilities:

CP := P (0Z0|1X01Y0) + P (0Z0|0X11Y1)

+ P (0Z1|0X01Y1) + P (0Z1|0X11Y0). (17)

Here, P (cZz |aXxbYy) denotes the conditional probability of occurrence of the outcome c when

Charlie performs measurement Zz, given that Alice and Bob get the outcome a and b by

performing measurements Xx and Yy, respectively (with a, b, c, x, y, z ∈ {0, 1}). It can

be checked that the GGHZ state gives rise to the algebraic maximum of 4 for the above

quantity for the following choice of measurements:

X0 = σx; Y0 = sin 2θσx + cos 2θσz Z0 = σx

X1 = σy; Y1 = cos 2θσz + sin 2θσy Z1 = σy (18)

IV. FINE-GRAINED TRIPARTITE STEERING INEQUALITY

We now present a fine-grained steering inequality whose violation detects tripartite quan-

tum steering in the 2SDI scenario. The form of the inequality is motivated from the above

expression of CP given in Eq.(17).

Consider the following two-sided device-independent tripartite scenario: Alice performs

two arbitrary black-box dichotomic measurements Xx with x ∈ {0, 1} having outcomes a

∈ {0, 1}. Bob performs two arbitrary black-box dichotomic measurements Yy with y ∈
{0, 1} having outcomes b ∈ {0, 1}. Charlie performs two arbitrary mutually unbiased qubit

measurements Zz with z ∈ {0, 1} having outcomes c ∈ {0, 1}. In the context of this scenario,

the tripartite correlation P (a, b, c|Xx, Yy, Zz) does not detect tripartite steerability iff it has

the following LHV-LHV-LHS decomposition:

P (a, b, c|Xx, Yy, Zz)

=
∑

λ

P (λ)P (a|Xx, λ)P (b|Yy, λ)P (c|Zz, ρ
C
λ ) (19)

From Eq.(19), an arbitrary conditional probability distribution can be written as,

P (cZz |aXxbYy)

=

∑

λ P (λ)P (a|Xx, λ)P (b|Yy, λ)P (c|Zz, ρ
C
λ )

P (a, b|Xx, Yy)
. (20)
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Now, from the inequality:
∑

i xiyi ≤
(

max
i

{xi}
∑

i yi
)

for xi ≥ 0 and yi ≥ 0, one can write

from Eq.(9),

P (cZz |aXxbYy)

≤ max
λ

[

P (c|Zz, ρ
C
λ )
]

(

∑

λ P (λ)P (a|Xx, λ)P (b|Yy, λ)
P (a, b|Xx, Yy)

)

= P (c|Zz, ρ
C
λmax

), (21)

where we have used P (a, b|Xx, Yy) =
∑

λ P (λ)P (a|Xx, λ)P (b|Yy, λ) and P (c|Zz, ρ
C
λmax

) =

max
λ

[

P (c|Zz, ρ
C
λ )
]

. The above inequality is saturated when ρCλ = ρCλmax
∀ λ.

Now, let us consider the following sum of conditional probabilities

CP = P (cZ0|aX0bY0) + P (cZ1|a
′
X0
b
′
Y1
)

+ P (cZ0|a
′′
X1
b
′′
Y1
) + P (cZ1|a

′′′
X1
b
′′′
Y0
), (22)

with a, a
′
, a

′′
, a

′′′
, b, b

′
, b

′′
, b

′′′
, c ∈ {0, 1}. Note that CP given by Eq.(17) is a specific

case of CP . Since, the trusted party Charlie performs two arbitrary mutually unbiased

qubit measurements, following the approach adopted for deriving the fine grained bipartite

steering inequality in [1], one obtains

CP ≤ 2 max
{Z̃0,Z̃1}

[

P (c|Z̃0, ρ
C
λmax

) + P (c|Z̃1, ρ
C
λmax

)
]

, (23)

where {(Z̃0, Z̃1} ranges over all possible pairs of mutually unbiased qubit measurements.

The right hand side of the above inequality measures the uncertainty arising from mutu-

ally unbiased qubit measurements {Z̃0, Z̃1} and is bounded by the fine grained uncertainty

relation [42].

The task of tripartite quantum steering is demonstrated if Alice and Bob are able to

convince Charlie that their shared state is entangled. Let us discuss Alice-Bob’s strategy to

cheat Charlie when Charlie’s particle is a qubit. Alice and Bob try to maximize the right

hand side of inequality (23) using the LHS model. Here we consider two different scenarios

separately [1].

In the 1st scenario, Alice and Bob get the information of {Z0, Z1} before preparing the

tripartite state. In this case the following can be shown [1]

CP ≤ 2(1 +
1√
2
)

= 2 +
√
2. (24)
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The above inequality can be derived using the fine-grained uncertainty relation and its

violation implies tripartite quantum steering in the 2SDI scenario.

In the 2nd scenario, Alice and Bob prepare the state without getting the information of

{Z0, Z1}. Hence, in this case Alice and Bob prepare all systems without any knowledge of

Charlie’s set of observables. In this scenario, following the approach adopted in [1], it can

be shown that

CP ≤ 3. (25)

Quantum violation of the above inequality implies tripartite quantum steering in 2SDI sce-

nario.

Hence, for the expression (17), when the shared state does not demonstrate tripartite

steering, we can write

CP = P (0Z0|1X01Y0) + P (0Z0|0X11Y1)

+ P (0Z1|0X01Y1) + P (0Z1|0X11Y0)

≤ 2 +
√
2 (1st Scenario)

≤ 3 (2nd Scenario). (26)

Note that any pure GGHZ state given by Eq.(7) violates the above 2SDI tripartite steering

inequality to its algebraic maximum of 4 for the observables given in Eq. (18).

V. CERTIFICATION OF GENUINELY ENTANGLED THREE-QUBIT PURE

STATES

In this section we will derive the main result of the paper regarding certification of genuine

tripartite entanglement. We will show that the maximum quantum violation of the above

fine-grained inequality (FGI) given by Eq. (26) can be used as a tool for certification of

genuinely entangled three-qubit pure states in the 2SDI scenario. We adopt here a two-step

process. At first, we prove that if the shared state is a three-qubit state, the maximum

violation of the FGI given by (26) certifies that the state is genuinely entangled pure state.

We then show that if the dimension of the shared state is dA × dB × 2, the maximum

violation of the FGI given by (26) certifies that the state is a direct sum of copies of three-

qubit genuinely entangled pure states. The analysis presented below is summarized in the

form of the result, stated at the end of this section.
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Lemma 1. Suppose that the trusted party, Charlie, performs projective qubit mutually un-

biased measurements corresponding to the operators Z0 = σx and Z1 = σy and the shared

state is a three-qubit state. Then, maximum violation of FGI given by (26) certifies that the

three-qubit state is genuinely entangled pure state.

Proof. Note that the conditional probabilities in this FGI can be written as P (cZz |aXxbYy)
= Tr

(

Πc|Zz · ̺Ca,b|Xx,Yy
)

, where Πc|Zz is the projector associated with the c outcome of Zz

measurement of Charlie. Now, the quantum violation of the FGI becomes 4, when each of

the four conditional probabilities appearing on the left hand side of the FGI given by (26)

is 1. Hence, the following conditions on the normalized conditional states {̺Ca,b|Xx,Yy}a,Xx,b,Yy
should be satisfied simultaneously when maximum violation (4) of FGI is obtained:

• When Alice gets outcome 1 by measuring X0 and Bob gets outcome 1 by measuring

Y0, then the conditional state prepared at Charlie’s end must be eigenstate of the operator

Z0 = σx associated with eigenvalue +1, i.e.,

̺C1,1|X0,Y0
=

I+ σx
2

. (27)

• When Alice gets outcome 0 by measuring X1 and Bob gets outcome 1 by measuring Y1,

then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Z0 = σx associated with eigenvalue +1, i.e.,

̺C0,1|X1,Y1
=

I+ σx
2

. (28)

• When Alice gets outcome 0 by measuring X0 and Bob gets outcome 1 by measuring Y1,

then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Z1 = σy associated with eigenvalue +1, i.e.,

̺C0,1|X0,Y1
=

I+ σy
2

. (29)

• When Alice gets outcome 0 by measuring X1 and Bob gets outcome 1 by measuring Y0,

then the conditional state prepared at Charlie’s end must be the eigenstate of the operator

Z1 = σy associated with eigenvalue +1, i.e.,

̺C0,1|X1,Y0
=

I+ σy
2

. (30)

Now, it will be shown that no pure three-qubit state without genuine entanglement can

provide maximum quantum violation 4 of FGI (26).
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Pure three-qubit states without genuine entanglement: Any pure three-qubit

state without genuine entanglement can be in one of the following two categories:

i) Fully separable states: Quantum violation of the tripartite steering inequality (26)

implies that the shared state is steerable and hence, entangled. Thus, the fully separable

states cannot provide maximum quantum violation 4 of FGI (26).

ii) Bi-separable states: Within the bi-separable states, consider a state |ψ〉 as shown

below,

|ψ〉 = |ψ〉A ⊗ |ψ〉BC , (31)

where |ψ〉BC is an arbitrary pure two-qubit entangled state and |ψ〉A is an arbitrary pure

qubit state. Alice and Bob perform two arbitrary projective measurements. For bi-separable

states of above kind, Alice’s particle is not correlated with Bob’s and Charlie’s particle.

Hence, Charlie’s measurement outcome cannot depend on Alice’s measurement settings and

outcomes. Hence, the sum of conditional probabilities in Eq.(26) will take the following

form:

CP = P (0Z0|1Y0) + P (0Z0|1Y1) + P (0Z1|1Y1)

+ P (0Z1|1Y0). (32)

Hence, in order to get each term of Eq.(32) equal to 1, Charlie’s conditional state should

be simultaneous eigenstate of Z0 = σx and Z1 = σy when Bob obtains the outcome 1 by

performing the measurement Y0. Similarly, Charlie’s conditional state should be simulta-

neous eigenstate of Z0 = σx as Z1 = σy when Bob obtains the outcome 1 by performing

measurement Y1. But these are not possible. Hence, an arbitrary bi-separable state of the

form (31) cannot provide maximum violation 4 of FGI (26).

Now, consider a bi-separable pure state |ψ〉 as shown below,

|ψ〉 = |ψ〉B ⊗ |ψ〉AC , (33)

where |ψ〉AC is an arbitrary pure two-qubit entangled state and |ψ〉B is an arbitrary pure

qubit state. Alice and Bob perform two arbitrary projective measurements. For bi-separable

states of above kind, Bob’s particle is not correlated with Alice’s and Charlie’s particle.

Hence, Charlie’s measurement outcome cannot depend on Bob’s measurement settings and

outcomes. Hence, the sum of conditional probabilities in Eq.(26) will take the following
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form:

CP = P (0Z0|1X0) + P (0Z0|0X1) + P (0Z1|0X0)

+ P (0Z1|0X1). (34)

Hence, in order to get each term of Eq.(32) equal to 1, Charlie’s conditional state should

be simultaneous eigenstate of Z0 = σx as Z1 = σy when Alice obtains the outcome 0 by

performing measurement X1. But this is not possible. Hence, an arbitrary bi-separable state

of the form (33) cannot provide maximum violation 4 of FGI (26).

Now, consider the bi-separable states of the following type,

|ψ〉 = |ψ〉C ⊗ |ψ〉AB , (35)

where |ψ〉AB is an arbitrary pure two-qubit entangled state and |ψ〉C is an arbitrary pure

qubit state. In this case Charlie’s particle is not correlated with Alice’s particle and Bob’s

particle. Hence, the sum of conditional probabilities in Eq.(26) will take the following form:

CP = 2
[

P (0|Z0, |ψ〉C) + P (0|Z1, |ψ〉C)
]

. (36)

where P (0|Zz, |ψ〉C) is the probability of occurrence of the outcome 0 when the measurement

of observable Zz is performed on the state |ψ〉C . The above expression of CP can never give

quantum violation of FGI (26) due to the fine-grained uncertainty relation.

Next, we will show that no mixed three-qubit state (with or without genuine entangle-

ment) can give maximum quantum violation 4 of the FGI given by (26).

Mixed three-qubit states: Three-qubit mixed states can be classified as follows [10]:

i) Fully separable states (S): This class of states includes those states that can be ex-

pressed as convex combination of fully separable pure states. The mixed states belonging

to this class, being not entangled, never violate the FGI given by (26).

ii) Bi-separable states (B): These are the states that can be expressed as convex combi-

nation of fully separable pure states and bi-separable pure states.

iii) W-class states (W): These are the states that can be expressed as convex combination

of fully separable pure states, bi-separable pure states and W-class pure states.

iv) GHZ class states (GHZ): These are the states that can be expressed as convex

combination of fully separable pure states and bi-separable pure states, W-class pure states

and GHZ-class pure states.
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Hence, in general, any three-qubit mixed state can be written as a convex combination of

fully separable pure states and bi-separable pure states, W-class pure states and GHZ-class

pure states.

Before proceeding, we want to mention that, for any two genuinely entangled three-

qubit pure states (W-class pure states or GHZ-class pure states), FGI (26) does not give

maximum quantum violation (= 4) for the same set of measurement settings by the two

untrusted parties (Detailed numerical proof is given in the Proposition (1) of the appendix

E).

Let us consider an arbitrary mixed three-qubit state ρm. Since any three-qubit mixed state

can be expressed as a convex combination of fully separable pure states and bi-separable pure

states, W-class pure states and GHZ-class pure states, we can write the following general

decomposition of ρm,

ρm =
∑

i

piρ
i
fs +

∑

j

qjρ
j
bs +

∑

k

rkρ
k
W +

∑

l

slρ
l
GHZ , (37)

where 0 ≤ pi ≤ 1 ∀ i, 0 ≤ qj ≤ 1 ∀ j, 0 ≤ rk ≤ 1 ∀ k, 0 ≤ sl ≤ 1 ∀ l,
∑

i pi +
∑

j qj +
∑

k rk+
∑

l sl = 1, ρifs is a fully separable three-qubit pure state for all i, ρjbs is a bi-separable

three-qubit pure state for all j, ρkW is a three-qubit W-class pure state for all k, ρlGHZ is a

three-qubit GHZ-class pure state for all l.

Now, suppose that Alice obtains the outcome 1 by performing measurement of the ob-

servable X0 and Bob obtains the outcome 1 by performing measurement of the observable Y0

on the above mixed three-qubit state ρm. Hence, the normalized conditional state prepared

at Charlie’s side is given by,

̺C1,1|X0,Y0

=
TrAB

[

ρm
(

Π1|X0
⊗Π1|Y0

⊗ I
)

]

Tr
[

ρm
(

Π1|X0 ⊗Π1|Y0 ⊗ I
)

]

=
1

P (1, 1|X0, Y0)
TrAB

[

(

∑

i

piρ
i
fs +

∑

j

qjρ
j
bs +

∑

k

rkρ
k
W

+
∑

l

slρ
l
GHZ

)(

Π1|X0 ⊗ Π1|Y0 ⊗ I
)

]

, (38)

where P (1, 1|X0, Y0) = Tr
[

ρm
(

Π1|X0 ⊗ Π1|Y0 ⊗ I
)

]

is the probability that Alice gets the

outcome 1 by performing measurement of X0 and Bob gets the outcome 1 by performing
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the measurement of Y0 on the state ρm. Next, we have,

TrAB

[

(

∑

i

piρ
i
fs +

∑

j

qjρ
j
bs +

∑

k

rkρ
k
W +

∑

l

slρ
l
GHZ

)

(

Π1|X0 ⊗ Π1|Y0 ⊗ I
)

]

=
∑

i

piTrAB

[

ρifs
(

Π1|X0 ⊗Π1|Y0 ⊗ I
)

]

+
∑

j

qj TrAB

[

ρjbs
(

Π1|X0
⊗Π1|Y0

⊗ I
)

]

+
∑

k

rk TrAB

[

ρkW
(

Π1|X0
⊗ Π1|Y0

⊗ I
)

]

+
∑

l

sl TrAB

[

ρlGHZ

(

Π1|X0
⊗Π1|Y0

⊗ I
)

]

=
∑

i

piP
i
fs(1, 1|X0, Y0)̺

iC

fs1,1|X0,Y0

+
∑

j

qjP
j
bs(1, 1|X0, Y0)̺

jC

bs1,1|X0,Y0

+
∑

k

rkP
k
W (1, 1|X0, Y0)̺

kC

W1,1|X0,Y0

+
∑

l

slP
l
GHZ(1, 1|X0, Y0)̺

lC

GHZ1,1|X0,Y0

(39)

where P i
fs(1, 1|X0, Y0) is the probability that Alice gets the outcome 1 by performing mea-

surement of X0 and Bob gets the outcome 1 by performing the measurement of Y0 on the

state ρifs; ̺
iC

fs1,1|X0,Y0
is the normalized conditional state prepared at Charlie’s side in this case;

P j
bs(1, 1|X0, Y0), P

k
W (1, 1|X0, Y0), P

L
GHZ(1, 1|X0, Y0) and ̺j

C

bs1,1|X0,Y0
, ̺k

C

W1,1|X0,Y0
, ̺l

C

GHZ1,1|X0,Y0
are

defined similarly. Hence, from Eqs.(38) and (39), we get

̺C1,1|X0,Y0

=
∑

i

pi P̃
i
fs ̺

iC

fs1,1|X0,Y0
+
∑

j

qj P̃
j
bs ̺

jC

bs1,1|X0,Y0

+
∑

k

rk P̃
k
W ̺k

C

W1,1|X0,Y0
+
∑

l

ql P̃
l
GHZ ̺

lC

GHZ1,1|X0,Y0
, (40)
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where

P̃ i
fs =

P i
fs(1, 1|X0, Y0)

P (1, 1|X0, Y0)

=
Tr
[

ρifs
(

Π1|X0 ⊗ Π1|Y0 ⊗ I
)

]

Tr
[

ρm
(

Π1|X0 ⊗ Π1|Y0 ⊗ I
)

]

≤ 1, (41)

and similarly,

P̃ j
bs =

P j
bs(1, 1|X0, Y0)

P (1, 1|X0, Y0)
≤ 1,

P̃ k
W =

P k
W (1, 1|X0, Y0)

P (1, 1|X0, Y0)
≤ 1,

P̃ l
GHZ =

P l
GHZ(1, 1|X0, Y0)

P (1, 1|X0, Y0)
≤ 1. (42)

Hence, Eq.(40) represents convex combination of ̺C
1,1|X0,Y0

in terms of different normalized

states.

When the FGI given by (26) is maximally violated by the state ρm given by Eq.(37), the

condition given by Eq.(27) should be satisfied. In other words, ̺C
1,1|X0,Y0

should be a pure

state and eigenstate of σx. Now, any pure state cannot be written as a convex sum of other

different states. Hence, the FGI given by (26) is maximally violated by the state ρm (37)

only if each of the states ̺i
C

fs1,1|X0,Y0
, ̺j

C

bs1,1|X0,Y0
, ̺k

C

W1,1|X0,Y0
and ̺l

C

GHZ1,1|X0,Y0
is the eigenstate

of σx, i.e., the normalized conditional state prepared from each of the states ρifs, ρ
j
bs, ρ

k
W

and ρlGHZ satisfies the condition (27).

Considering the other three terms appearing on the left hand side of FGI (26), it can

be shown that the state ρm (37) gives maximum quantum violation of FGI (26) only if

each of the states ρifs, ρ
j
bs, ρ

k
W and ρlGHZ satisfies the conditions (27), (28), (29) and (30)

simultaneously, i.e., each of the states ρifs, ρ
j
bs, ρ

k
W and ρlGHZ gives maximum quantum

violation (= 4) of FGI (26) for the same set of measurement settings performed by the two

untrusted parties. However, we have already shown that no pure fully separable and no

pure bi-separable three-qubit state can maximally violate FGI (26). On the other hand,

for any two genuinely entangled three-qubit pure states (W-class pure states or GHZ-class

pure states), FGI (26) does not give maximum quantum violation (= 4) for the same set of

measurement settings by the two untrusted parties.
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Hence, no mixed three-qubit state can maximally violate FGI (26).

Hence, when the shared state is a three-qubit state, then the maximum violation of the

FGI (26) certifies that the state is genuinely entangled pure state.

Next, we will present the following Lemma for the general tripartite state in 2SDI steering

scenario having dimension dA ⊗ dB ⊗ 2 to complete our proof that the maximum quantum

violation of tripartite steering inequality (26) certifies genuine entanglement of three-qubit

states in 2SDI scenario.

Lemma 2. If the maximal violation (4) of FGI given by (26) is obtained in our 2SDI

scenario from a tripartite state of dimension dA × dB × 2, then the state of the system can

be expressed as a direct sum of copies of three-qubit genuinely entangled pure states.

Proof. Here we use a result [52, 53] which states that given two Hermitian operators A0 and

A1 with eigenvalues ±1 acting on a Hilbert space H, there is a decomposition of H as a

direct sum of subspaces Hi of dimension d ≤ 2 each, such that both A0 and A1 act within

each Hi, that is, they can be written as A0 = ⊕iA
i
0 and A1 = ⊕iA

i
1, where Ai

0 and Ai
1 act

on Hi.

In general, in our steering scenario any shared tripartite state lies in B(HA′ ⊗HB′ ⊗HC)

where the dimension of HA′ and HB′ (the untrusted sides) are dA and dB (where dA and

dB are arbitrary) respectively, and the dimension of HC (the trusted side) is 2. From the

above-mentioned result [52] it follows that HA′ can be expressed as a direct sum of subspaces

Hu
A of dimension d ≤ 2 each. Similarly, HB′ can be expressed as a direct sum of subspaces

Hv
B of dimension d ≤ 2 each. Hence,

HA′ ⊗HB′ ⊗HC = (⊕u,vHu
A ⊗Hv

B)⊗HC

≃ ⊕u,v(Hu
A ⊗Hv

B ⊗HC). (43)

Let us consider that Xx = Π0|Xx−Π1|Xx with x ∈ {0, 1}, where Πa|Xx (a ∈ {0, 1}) denotes

the projector. Hence, one can write Πa|Xx = ⊕uΠ
u
a|Xx where each Πu

a|Xx acts on Hu
A for all

a and x. We also denote Πu = Πu
0|Xx + Πu

1|Xx the projector on Hu
A. Similarly, consider that

Yy = Π0|Yy −Π1|Yy with y ∈ {0, 1}. One can write Πb|Yy = ⊕vΠ
v
b|Yy where each Πv

b|Yy acts on

Hv
B for all b and y. We denote Πv = Πv

0|Yy +Πv
1|Yy the projector on Hv

B. On the other hand,

Zz = Π0|Zz −Π1|Zz with z ∈ {0, 1}, where Πc|Zz (c ∈ {0, 1}) denotes the projector acting on

HC of dimension 2.
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Hence, for any state ρ ∈ B(HA′ ⊗HB′ ⊗HC), we have

P (cZz |aXxbYy)

=
P (a, b, c|Xx, Yy, Zz)

P (a, b|Xx, Yy)

=
Tr
[

ρ
(

Πa|Xx ⊗ Πb|Yy ⊗Πc|Zz
)

]

Tr
[

ρ
(

Πa|Xx ⊗Πb|Yy
)

]

=

∑

u,v quv Tr
[

ρuv
(

Πu
a|Xx ⊗ Πv

b|Yy ⊗ Πc|Zz
)

]

∑

u,v quv Tr
[

ρuv
(

Πu
a|Xx ⊗ Πv

b|Yy
)

]

=

∑

u,v quv Puv(a, b, c|Xx, Yy, Zz)
∑

u,v quv Puv(a, b|Xx, Yy)
, (44)

where quv = Tr
[

ρ
(

Πu ⊗Πv ⊗ I
)

]

;
∑

u,v quv = 1 and ρuv =

(

Πu ⊗ Πv ⊗ I
)

ρ
(

Πu ⊗ Πv ⊗ I
)

quv
∈

B(Hu
A ⊗Hv

B ⊗HC) is, at most, a three-qubit state.

Now, P (cZz |aXxbYy) will be equal to 1 if and only if

∑

u,v

quv
(

Puv(a, b|Xx, Yy)− Puv(a, b, c|Xx, Yy, Zz)
)

= 0. (45)

Since for all ρuv, the conditional probability Puv(cZz |aXxbYy) =
Puv(a, b, c|Xx, Yy, Zz)

Puv(a, b|Xx, Yy)
≤ 1,

we have Puv(a, b|Xx, Yy)−Puv(a, b, c|Xx, Yy, Zz) ≥ 0 for all u, v. On the other hand, quv ≥ 0

for all u, v. Hence, the above condition (45) is satisfied if and only if

quv = 0 or Puv(cZz |aXxbYy) = 1 ∀ u, v. (46)

Next, let us define the following,

CPuv = Puv(0Z0|1X01Y0) + Puv(0Z0|0X11Y1)

+ Puv(0Z1 |0X01Y1) + Puv(0Z1|0X11Y0). (47)

Now, from the above argument it can be concluded that the maximal violation (4) of FGI

given by (26) is obtained if and only if CPuv = 4 for all u, v unless quv = 0.

Now, from Lemma 1, it is observed that CPuv = 4 certifies genuinely entangled pure state

when the shared state is a three-qubit state. Hence, if a state |ψ〉 of dimension dA × dB × 2

leads to maximum quantum violation (4) of FGI given by (26), then it is given by,

|ψ〉 = ⊕u,v

√
quv|φGE

uv 〉, (48)
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where |φGE
uv 〉 are genuinely entangled three-qubit pure states,

∑

u,v quv = 1, quv ≥ 0 ∀ u, v.
Note that when quv = 0, then according to condition (46) the corresponding CPuv may not

be equal to 4. But such quv does not contribute to |ψ〉.
Note that the shared tripartite state in more general 2SDI steering scenario can have form

ρABC = ρ ⊕ ρ′. Here, ρ is a direct sum of three-qubit genuinely entangled states as shown

in Eq. (48) and ρ′ can be a direct sum of three-qubit states such that for each three-qubit

constituting state, P (a, b|Xx, Yy) = P (a, b, c|Xx, Yy, Zz) = 0. Such combination of states

also maximally violates the FGI (26) if the state ρ does. Here, the measurements of the

three parties, Alice, Bob and Charlie are such that their action on ρ′ does not contribute to

the conditional probability terms in the FGI (26). Hence, the certified state is not unique.

As an example, consider a tripartite GGHZ state in the dimension (dA ⊗ dB ⊗ 2) which

is a direct sum of three-qubit GGHZ states

|ψGGHZ〉 = ⊕u,v

√
quv|φGGHZ

uv 〉, (49)

where

|φGGHZ
uv 〉 = cos θuv |2u, 2v, 0〉+ sin θuv |2u+ 1, 2v + 1, 1〉

is a three-qubit GGHZ state acting in a subspace of the (dA × dB × 2)-dimensional space

where |ψGGHZ〉 has the support. It can be easily checked that the state (49) maximally

violates the FGI for the measurement settings Xx = ⊕u,vX
u,v
x , Yy = ⊕u,vY

u,v
y , where

Xu,v
0 = σu,v

x ; Y u,v
0 = sin 2θu,vσ

u,v
x + cos 2θu,vσ

u,v
z

Xu,v
1 = σu,v

y ; Y u,v
1 = cos 2θu,vσ

u,v
z + sin 2θu,vσ

u,v
y

where σu,v
x , σu,v

y and σu,v
z are the Pauli matrices acting in a subspace where |φGGHZ

uv 〉 has

the support on the untrusted parties’ sides and Charlie, the trusted party as usual performs

projective qubit mutually unbiased measurements σx and σy.

Therefore, we can state our result which follows from the above two Lemmas below:

Result: The maximal violation of FGI certifies genuine entanglement in three-qubit

pure states in our 2SDI scenario.
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The maximum violation of the fine-grained inequality (26) certifies that the state is

genuinely entangled. However, not every genuinely entangled state reaches the quantum

bound. In our study, we observe that

• Every GGHZ class state (7) which is a subclass of pure GHZ class state (E2) maximally

violates the FGI (26) for the measurements given by Eq.(18).

• Out of 106 randomly generated pure W-class states (E1), only 44001 states maximally

violate the FGI (26) numerically (See the details in Appendix (E)).

• Only 6879 states out of 106 randomly generated pure GHZ-class states (E2) maximally

violate the FGI (26) numerically (See the details in Appendix (E)).

Hence, not every genuinely entangled state maximally violates the FGI (26). However,

there are states in both classes (pure GHZ class and pure W-class states) that achieve the

same quantum bound of the inequality (26). So, maximum violation of FGI is sufficient

but not necessary for certifying genuine three-qubit entanglement. Next, we show that even

the violation and not the maximum violation of the FGI inequality is sufficient to certify

the presence of genuine entanglement in 2SDI steering scenario. This is helpful for the

experimental setups where maximal violation may not be achievable due to finite precision

of the experimental devices.

Here, we conjecture that in our steering scenario, the LHS bound (2+
√
2) on the FGI is

also the bi-separable bound. This implies that if a state violates the FGI inequality in our

steering scenario must have genuine entanglement. Note that in Eq. (21) of our derivation of

the LHS bound on the FGI, for each value of λ, the joint probability of Alice and Bob need

not factorize. Thus, the LHS bound also holds for the correlations that can be decomposed

as

P (a, b, c|Xx, Yy, Zz)

=
∑

λ

PC:AB(λ)P (a, b|Xx, Yy, λ)P (c|Zz, ρ
C
λ ) (50)

We also note that the correlations arising from noisy GHZ state ρVGHZ given by

ρVGHZ = V |ψGHZ〉 〈ψGHZ|+ (1− V )
I8×8

8
(51)

where |ψGHZ〉 = 1√
2
(|000〉+ |111〉) and I8×8 is the identity matrix of dimension 8× 8, violate

our FGI if and only if V > 1/
√
2 for the measurements that give rise to the maximal violation
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of our FGI by the GHZ state. In Ref. [50], it has been demonstrated that such correlations

for V ≤ 1/
√
2 can be decomposed as

P (a, b, c|Xx, Yy, Zz)

=
∑

µ

PB:AC(µ)PQ(a, c|Xx, Zz, µ)P (b|Yy, µ) (52)

where PQ(a, c|Xx, Zz, µ) is a quantum correlation arising from a bipartite state ρAC of di-

mension dA × 2 or

P (a, b, c|Xx, Yy, Zz)

=
∑

ν

PA:BC(ν)P (a|Xx, ν)PQ(b, c|Yy, Zz, ν) (53)

where PQ(b, c|Yy, Zz, ν) is a quantum correlation arising from a bipartite state ρBC shared

by Bob and Charlie of dimension dB × 2. Therefore, we conjecture that the LHS bound

of 2 +
√
2 on our FGI in our steering scenario also holds for the correlations that can be

decomposed as

P (a, b, c|Xx, Yy, Zz)

= p1
∑

λ

PC:AB(λ)P (a, b|Xx, Yy, λ)P (c|Zz, ρ
C
λ )

+ p2
∑

µ

PB:AC(µ)PQ(a, c|Xx, Zz, µ)P (b|Yy, µ)

+ p3
∑

ν

PA:BC(ν)P (a|Xx, ν)PQ(b, c|Yy, Zz, ν). (54)

where, PC:AB(λ), PB:AC(µ) and PA:BC(ν) are the probability distributions and
∑

i pi = 1

(i = 1, 2, 3). This indicates that the violation of our FGI implies that the correlations

between the three parties cannot be decomposed into the bi-separable form (54). Hence, it

demonstrate genuine tripartite steering which certifies the genuine tripartite entanglement

in a 2SDI way [31, 50].

VI. CONCLUSIONS

In the present work, we have first demonstrated genuine tripartite EPR steering of arbi-

trary three-qubit pure GGHZ states and W-class state in partial device independent scenario

using a logical argument. In particular, we have shown that the existence of a hybrid LHS
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model for any three-qubit pure GGHZ state leads to the sharp contradiction: “2 = 1”. This

method rules out the possibility of hybrid LHS models in the tripartite 2SDI scenario more

uncompromisingly than the usual steering inequalities. This logical argument has been pre-

sented following the well-known GHZ theorem [34, 35] which has recently been generalized to

the bipartite steering scenario. Our logical contradiction may be regarded as a generalization

of the “steering paradox” [41] to more than two parties.

We have further derived a tripartite 2SDI steering inequality based on the fine-grained

uncertainty relation [42]. This inequality serves as a generalization of the fine-grained bi-

partite steering inequality [1]. We have shown that the maximum quantum violation of our

tripartite steering inequality certifies genuine entanglement of pure three-qubit states in the

2SDI scenario. Maximum violation of FGI is associated with genuine tripartite steering since

it certifies the presence of genuine entanglement and we conjecture that our LHS bound is

also the bi-separable bound in the steering scenario that we have considered.

Before concluding, it may worth highlighting some possible off-shoots of our present study.

First, practical demonstration of this simple logical contradiction aimed towards showing

tripartite steering by photon entanglement based experiments should not be difficult to

implement. Note that the quantum violation of the bipartite FGI has been demonstrated

experimentally using two-photon polarization-entangled states [54, 55]. This opens up the

possibility of experimental demonstration of quantum violation of our proposed steering

inequality and certifying genuine entanglement in semi-DI scenario based on the FGI in the

near future. Finally, our analysis brings into focus the question as to whether multipartite

quantum steering for more than three parties having arbitrary local dimensions and genuine

quantum steering can be demonstrated using sharp logical contradiction.
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Appendix A: All-versus-nothing proof of genuine steering of GGHZ states in 1SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contradic-

tion "2 = 1" in the 1SDI scenario for any pure state that belongs the generalized GHZ

(Greenberger-Horne-Zeilinger) class (7). Let us recapitulate the form of the assemblage as

described by hybrid LHS models in the 1SDI scenario. In this case, Alice being the un-

trusted party performs the measurement and the tripartite state imposes the constraints on

the observed assemblage at the Bob-Charlie end. If the shared state is of the form (5), the

assemblage has the following form [31]

σBC
a|Xx =

∑

λ

pA
′:BC

λ p(a|Xx, λ)ρ
BC
λ +

∑

µ

pB:A′C
µ ρBµ ⊗ σC

a|Xx,µ +
∑

ν

pA
′B:C

ν σB
a|Xx,ν ⊗ ρCν (A1)

The assemblage (A1) contains three terms. The first term is an unsteerable assemblage from

Alice to Bob-Charlie. Bob-Charlie’s assemblage is dependent on Alice’s input, and output

through the common variable λ. The second term is unsteerable from Alice to Bob but not

necessarily from Alice to Charlie. In this case, Bob-Charlie’s assemblage is dependent on

Alice’s input, output at Charlie’s end only, and the common hidden variable µ. The third

term is unsteerable from Alice to Charlie but not necessarily from Alice to Bob. In this case,

Bob-Charlie’s assemblage is dependent on Alice’s input, output at Bob’s end only, and the

common hidden variable ν. When each element of Bob-Charlie’s assemblage can be written

in the form (A1), then the assemblage does not demonstrate genuine EPR steering in 1SDI

scenario but it may demonstrate steering. On the other hand, if the assemblage (1) can be

written in the form (
∑

λ P (λ)P (a|Xx, λ)ρ
B
λ ⊗ ρCλ ), then the assemblage is unsteerable and

no signature of steering is present in the 1SDI scenario.

Now, Alice performs dichotomic projective measurements corresponding to the observ-

ables: X0 = σx and X1 = σy on her part of the shared GGHZ state (7). After Alice’s
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measurements, a total of four unnormalized conditional states σBCGGHZ

a|Xx (with a, x ∈ {0, 1})
are prepared at Bob-Charlie’s end as mentioned below.

σBCGGHZ

0|X0
=

1

2

∣

∣

∣
θ0+

〉〈

θ0+

∣

∣

∣
= p(1)ρBC

1 , σBCGGHZ

1|X0
=

1

2

∣

∣

∣
θ0−

〉〈

θ0−

∣

∣

∣
= p(2)ρBC

2 ,

σBCGGHZ

0|X1
=

1

2

∣

∣

∣
θ1−

〉〈

θ1−

∣

∣

∣
= p(3)ρBC

3 , σBCGGHZ

1|X1
=

1

2

∣

∣

∣
θ1+

〉〈

θ1+

∣

∣

∣
= p(4)ρBC

4 , (A2)

where
∣

∣

∣
θ0±

〉

= cos θ |00〉 ± sin θ |11〉 and
∣

∣

∣
θ1±

〉

= cos θ |00〉 ± i sin θ |11〉. Hence, a total of

four different conditional states are produced on Bob-Charlie’s end, each of which are pure

states. Since the conditional states are pure, the assemblage is not the convex combination

of the three terms of Eq. (A1) but any one of the terms of Eq. (A1). We find that the

dependence of Bob and Charlie’s assemblage on Alice’s input and output may come from the

common hidden variable and it is not the case that only Bob’s or Charlie’s state changes by

the Alice’s input and output. This is the feature of the first term of Eq, (A1). Hence, if the

conditional states have hybrid LHS description, then there exists an assemblage {p(λ)ρBC
λ }

such that

∑

λ

p(λ)ρBC
λ = ρBC

GGHZ = TrA

[

∣

∣ψ(θ)GGHZ

〉〈

ψ(θ)GGHZ

∣

∣

]

(A3)

It is well-known that a pure state cannot be expressed as a convex sum of other different

states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,

claim that the ensemble {p(λ)ρBC
λ } consists of four hybrid LHS:

{p(1)ρBC
1 , p(2)ρBC

2 , p(3)ρBC
3 , p(4)ρBC

4 } which reproduces the conditional states {σBCGGHZ

a|Xx }a,Xx
at Bob-Charlie’s end. Now, using Eq.(A3) we can write,

4
∑

λ=1

p(λ)ρBC
λ = ρBC

GGHZ (A4)

Next, summing Eq.(A2) and then taking trace, the left-hand sides give 2Tr[ρBC
GGHZ] = 2. Here

we have used the fact:
∑

1

a=0
σBCGGHZ

a|Xx = ρBC
GGHZ ∀ x. On the other hand, the right-hand sides

give Tr[ρBC
GGHZ] = 1 following Eq.(A4). Hence, this leads to a full contradiction of "2 = 1".

Similarly in 2SDI scenario, the existence of hybrid LHS model leads to a contradiction of

"2 = 1" when the shared state is a three-qubit GGHZ state (7) as shown in Section (III).
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Appendix B: All-versus-nothing proof of genuine steering of W-class states in 1SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contra-

diction "2 = 1" in the 1SDI scenario for any pure state that belongs the W-class (|ψw〉 =
c0 |001〉+c1 |010〉+

√

1− c20 − c21 |100〉). Alice performs dichotomic projective measurements

corresponding to the observables: X0 = σx and X1 = σy. After Alice’s measurements, a

total of four unnormalized conditional states σBCW

a|Xx (with a, x ∈ {0, 1}) are prepared at

Bob-Charlie’s end as mentioned below.

σBCW

0|X0
=

1

2

∣

∣

∣
w0

+

〉〈

w0

+

∣

∣

∣
= p(1)ρBC

1 , σBCW

1|X0
=

1

2

∣

∣

∣
w0

−

〉〈

w0

−

∣

∣

∣
= p(2)ρBC

2 ,

σBCW

0|X1
=

1

2

∣

∣

∣
w1

+

〉〈

w1

+

∣

∣

∣
= p(3)ρBC

3 , σBCW

1|X1
=

1

2

∣

∣

∣
w1

−

〉〈

w1

−

∣

∣

∣
= p(4)ρBC

4 , (B1)

where,
∣

∣

∣
w0

±

〉

:=
√

1− c20 − c21 |00〉±c0 |01〉±c1 |10〉 and
∣

∣

∣
w1

±

〉

:=
√

1− c20 − c21 |00〉±i c0 |01〉±
i c1 |10〉. Hence, a total of four different conditional states are produced on Bob-Charlie’s

end, each of which are pure states. Since the conditional states are pure, the assemblage is

not the convex combination of the three terms of Eq. (A1) but any one of the terms of Eq.

(A1). We find that the dependence of Bob and Charlie’s assemblage on Alice’s input and

output may come from the common hidden variable and it is not the case that only Bob’s

or Charlie’s state changes by the Alice’s input and output. This is the feature of the first

term of Eq. (A1). Hence, if the conditional states have hybrid LHS description, then there

exists an assemblage {p(λ)ρBC
λ } such that

∑

λ

p(λ)ρBC
λ = ρBC

w = TrA

[

∣

∣ψw

〉〈

ψw

∣

∣

]

(B2)

It is well-known that a pure state cannot be expressed as a convex sum of other different

states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,

claim that the ensemble {p(λ)ρBC
λ } consists of four hybrid LHS:

{p(1)ρBC
1 , p(2)ρBC

2 , p(3)ρBC
3 , p(4)ρBC

4 } which reproduces the conditional states {σBCW

a|Xx }a,Xx
at Bob-Charlie’s end. Now, using Eq.(B2) we can write,

4
∑

λ=1

p(λ)ρBC
λ = ρBC

w (B3)

Next, summing Eq.(B1) and then taking trace, the left-hand sides give 2Tr[ρBC
w ] = 2. Here

we have used the fact:
∑

1

a=0
σBCw

a|Xx = ρBC
w ∀ x. On the other hand, the right-hand sides give

Tr[ρBC
w ] = 1 following Eq.(B3). Hence, this leads to a full contradiction of "2 = 1".
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Appendix C: All-versus-nothing proof of genuine steering of W-class states in 2SDI

scenario

Here, we demonstrate that the existence of hybrid LHS models leads to the contradic-
tion "4 = 1" in the 2SDI scenario for any pure state that belongs the W-class (|ψw〉 =

c0 |001〉 + c1 |010〉 +
√

1− c20 − c21 |100〉). Alice performs dichotomic projective measure-
ments corresponding to the observables: X0 = σx and X1 = σy. On the other hand, Bob
performs dichotomic projective measurements corresponding to the observables: Y0 =

σx+σz√
2

and Y1 =
σy+σz√

2
. After Alice’s and Bob’s measurements, a total of sixteen unnormalized con-

ditional states σCW

a,b|Xx,Yy (with a, b, x, y ∈ {0, 1}) are prepared at Charlie’s end as mentioned

below.
σ
CW

0,0|X0,Y0
=
N00100

w1

8

∣

∣

∣ψw1

〉

00100
〈

ψw1

∣

∣

∣ = p(1)ρ
C
1
, σ

CW

0,1|X0,Y0
=
N11001

w1

8

∣

∣

∣ψw1

〉

11001
〈

ψw1

∣

∣

∣ = p(2)ρ
C
2
,

σ
CW

1,0|X0,Y0
=
N00110

w1

8

∣

∣

∣ψw1

〉

00110
〈

ψw1

∣

∣

∣ = p(3)ρ
C
3
, σ

CW

11|X0,Y0
=
N11011

w1

8

∣

∣

∣ψw1

〉

11011
〈

ψw1

∣

∣

∣ = p(4)ρ
C
4
,

σ
CW

0,0|X0,Y1
=
N01100

w2

8

∣

∣

∣ψw2

〉

01100
〈

ψw2

∣

∣

∣ = p(5)ρ
C
5
, σ

CW

0,1|X0,Y1
=
N10001

w2

8

∣

∣

∣ψw2

〉

10001
〈

ψw2

∣

∣

∣ = p(6)ρ
C
6
,

σ
CW

1,0|X0,Y1
=
N01110

w2

8

∣

∣

∣
ψw2

〉

01110
〈

ψw2

∣

∣

∣
= p(7)ρ

C
7
, σ

CW

11|X0,Y1
=
N10011

w2

8

∣

∣

∣
ψw2

〉

10011
〈

ψw2

∣

∣

∣
= p(8)ρ

C
8
,

σ
CW

0,0|X1,Y0
=
N00110

w3

8

∣

∣

∣
ψw3

〉

00110
〈

ψw3

∣

∣

∣
= p(9)ρ

C
9
, σ

CW

0,1|X1,Y0
=
N11011

w3

8

∣

∣

∣
ψw3

〉

11011
〈

ψw3

∣

∣

∣
= p(10)ρ

C
10
,

σ
CW

1,0|X1,Y0
=
N00100

w3

8

∣

∣

∣
ψw3

〉

00100
〈

ψw3

∣

∣

∣
= p(11)ρ

C
11
, σ

CW

11|X0,Y0
=
N11001

w3

8

∣

∣

∣
ψw3

〉

11001
〈

ψw3

∣

∣

∣
= p(12)ρ

C
12
,

σ
CW

0,0|X1,Y1
=
N01100

w4

8

∣

∣

∣
ψw4

〉

01100
〈

ψw4

∣

∣

∣
= p(13)ρ

C
13
, σ

CW

0,1|X1,Y1
=
N10011

w4

8

∣

∣

∣
ψw4

〉

10011
〈

ψw4

∣

∣

∣
= p(14)ρ

C
14
,

σ
CW

1,0|X1,Y1
=
N01110

w4

8

∣

∣

∣ψw4

〉

01110
〈

ψw4

∣

∣

∣ = p(15)ρ
C
15
, σ

CW

11|X1,Y1
=
N10001

w4

8

∣

∣

∣ψw4

〉

10001
〈

ψw4

∣

∣

∣ = p(16)ρ
C
16
, (C1)

where,
∣

∣

∣
ψabcde
w1

〉

=

√

2 + (−1)a
√

2c0 |1〉 + (−1)b
√

2 + (−1)c
√

2c1 |0〉 + (−1)d
√

2 + (−1)e
√

2
√

1 − c2
0
− c2

1
|0〉

√

Nabcde
w1

,

∣

∣

∣
ψabcde
w2

〉

=

√

2 + (−1)a
√

2c0 |1〉 + (−1)bι

√

2 + (−1)c
√
2c1 |0〉 + (−1)d

√

2 + (−1)e
√

2
√

1 − c2
0
− c2

1
|0〉

√

Nabcde
w2

,

∣

∣

∣
ψabcde
w3

〉

=

√

2 + (−1)a
√

2c0 |1〉 + (−1)b
√

2 + (−1)c
√

2c1 |0〉 + (−1)dι
√

2 + (−1)e
√

2
√

1 − c2
0
− c2

1
|0〉

√

Nabcde
w3

,

∣

∣

∣
ψabcde
w4

〉

=

√

2 + (−1)a
√

2c0 |1〉 + (−1)bι(
√

2 + (−1)c
√
2c1 |0〉 + (−1)d

√

2 + (−1)e
√

2
√

1 − c2
0
− c2

1
|0〉)

√

Nabcde
w4

.

Hence, a total of sixteen different conditional states are produced on Charlie’s end, each

of which are pure states. Since the conditional states are pure, the assemblage is not the

convex combination of the three terms of Eq. (6) but any one of the terms of Eq. (6). We

find that the dependence of Charlie’s assemblage on Alice and Bob’s input and output may

come from the common hidden variable and it is not the case that either Alice or Bob can

change Charlie’s state through their input and output choices. This is the feature of the

third term of the Eq. (6). Hence, if the conditional states have hybrid LHS description,

then there exists an assemblage {p(ν)ρCν } such that

∑

ν

p(ν)ρCν = ρCw = TrAB

[

∣

∣ψw

〉〈

ψw

∣

∣

]

(C2)

It is well-known that a pure state cannot be expressed as a convex sum of other different

states, i.e., a density matrix of pure state can only be expanded by itself. We can therefore,
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claim that the ensemble {p(ν)ρCν } consists of sixteen hybrid LHS: {p(1)ρC1 , p(2)ρC2 , p(3)ρC3 , p(4)ρC4 ,

p(5)ρC5 , p(6)ρ
C
6 , p(7)ρ

C
7 , p(8)ρ

C
8 , p(9)ρ

C
9 , p(10)ρ

C
10, p(11)ρ

C
11, p(12)ρ

C
12, p(13)ρ

C
13, p(14)ρ

C
14, p(15)ρ

C
15,

p(16)ρC16} which reproduces the conditional states {σC
a,b|Xx,Yy}a,b,Xx,Yy at Charlie’s end. Now,

using Eq.(C2) we can write,
16
∑

ν=1

p(ν)ρCν = ρCw (C3)

Next, summing Eq.(C1) and then taking trace, the left-hand sides give 4Tr[ρCw ] = 4. Here

we have used the fact:
∑

1

a,b=0
σC
a,b|Xx,Yy = ρCw ∀ x, y. On the other hand, the right-hand sides

give Tr[ρCw ] = 1 following Eq.(C3). Hence, this leads to a full contradiction of "4 = 1".

Appendix D: All-versus-nothing proof of steering of pure bi-separable states in 1SDI

and 2SDI scenario

We first demonstrate that the existence of a hybrid LHS model leads to no contradiction

in the 1SDI scenario for bi-separable state, but the existence of LHS models may lead to

a contradiction. Consider a state ψ of the form (35). In particular, consider the following

bi-separable state,

ψbs = (cos θ1 |00〉AB + sin θ1 |11〉AB)⊗ (cos θ2 |0〉C + sin θ2 |1〉C) (D1)

Alice performs dichotomic projective measurements corresponding to the observables: X0 =

σx and X1 = σy on her part of the shared bi-separable state (D1). After Alice’s measure-

ments, a total of four unnormalized conditional states σBCbs

a|Xx (with a, x ∈ {0, 1}) are prepared

at Bob-Charlie’s end as mentioned below.

σBCbs

0|X0
=

1

2

∣

∣

∣
θ0++

〉〈

θ0++

∣

∣

∣
= p(1)σ0|X0,1 ⊗ ρC1 , σBCbs

1|X0
=

1

2

∣

∣

∣
θ0−+

〉〈

θ0−+

∣

∣

∣
= p(1)σ1|X0,1 ⊗ ρC1 ,

σBCbs

0|X1
=

1

2

∣

∣

∣
θ1−+

〉〈

θ1−+

∣

∣

∣
= p(2)σ0|X1,2 ⊗ ρC2 , σBCbs

1|X1
=

1

2

∣

∣

∣
θ1++

〉〈

θ1++

∣

∣

∣
= p(2)σ1|X1,2 ⊗ ρC2 ,(D2)

where
∣

∣

∣
θ0±,±

〉

= (cos θ1 |0〉 ± sin θ1 |1〉) ⊗ (cos θ2 |0〉 ± sin θ2 |1〉) and
∣

∣

∣
θ1±,±

〉

= (cos θ1 |0〉 ±
ι sin θ1 |1〉)⊗ (cos θ2 |0〉 ± sin θ2 |1〉). Hence, a total of two distinguishable conditional states

are produced at Bob-Charlie’s end, all of which are pure states. Since the conditional states

are pure, the assemblage is not a convex combination of the three terms of Eq. (A1) but any

one of the terms of Eq. (A1). We find that the dependence of Bob and Charlie’s assemblage

on Alice’s input and output may come from the common hidden variable and it is the case

that only Bob’s state changes by the Alice’s input and output. This is the feature of third
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term of Eq. (A1). The common variable for the conditional state σBCbs

1|X0
is same as that of

σBCbs

0|X0
. So, using a hybrid LHS model we cannot distinguish between them. Similarly, the

states σBCbs

0|X1
and σBCbs

1|X1
are same according to the hybrid LHS model. Now, if the conditional

states have hybrid LHS description, then there exists an assemblage {p(ν)ρBν ⊗ρCν } such that

∑

ν

p(ν)ρBν ⊗ ρCν = ρBC
bs = TrA

[

∣

∣ψbs

〉〈

ψbs

∣

∣

]

(D3)

So, according to the hybrid LHS model, the ensemble {p(ν)ρBν ⊗ ρCν } consists of four con-

ditional states out of which two are distinguishable. These two reproduce the conditional

states {σBCbs

a|Xx }a,Xx at Bob-Charlie’s end. Now, using Eq.(D3) we can write,

2
∑

ν=1

p(ν)ρBν ⊗ ρCν = ρBC
bs (D4)

Next, summing Eq.(D2) and then taking trace, both the left-hand and right-hand sides give

2Tr[ρBC
GGHZ] = 2. Here, we have used the fact:

∑

1

a=0
σBCbs

a|Xx = ρBC
bs ∀ x and Tr[ρBC

bs ] = 1

following Eq.(D4). Hence, in this case there is no contradiction.

1. Remark-1 Note that in case of an LHS model, there will be four distinct conditional

states and it leads to the contradiction ”2 = 1” in the 1SDI scenario for the bi-separable

states of the form (D1) when Alice performs dichotomic projective measurements cor-

responding to the observables: X0 = σx, X1 = σy. This demonstrates steering in such

states.

2. Remark-2 The existence of LHS or hybrid LHS models lead to NO contradiction in the

1SDI scenario for bi-separable states of the form (31).

3. Remark-3 The characteristics of the pure bi-separable states in which Alice and Charlie

are entangled are same as the state of the form (D1). This means no contradiction

occurs for hybrid LHS models but the existence of LHS models lead to a contradiction.

4. Remark-4 Following similar reasoning and using a hybrid LHS model of the form (6),

it can be shown that the existence of LHS models lead to no contradiction in the

2SDI scenario for bi-separable states, but the existence of LHS models may lead to a

contradiction.
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Appendix E

Proposition 1. For any two genuinely entangled three-qubit pure states (W-class pure states

or GHZ-class pure states), FGI (26) does not give maximum quantum violation (= 4) for

the same set of measurement settings by the two untrusted parties.

Proof. We use the following numerical strategy to show that no two pure genuinely entangled

states can give rise to the maximum violation of FGI (26) for the same set of measurement

settings by the untrusted parties:

Numerical strategy: The precision is set at the 6th decimal place for the numerical

calculations. Following steps are evaluated for 106 randomly generated states: (i) State

parameters are chosen randomly in the allowed range. There are three state parameters

for the pure w-class state (E1) (taking normalization into account) and 5 state parameters

for the pure GHZ-class (E2). (ii) We then numerically maximize the FGI (26) over the

measurement parameters of the untrusted parties (Alice and Bob). Charlie’s measurements

are as usual σx and σy. FGI is maximally violated numerically if the violation is more than

or equal to 3.99. Note that if we keep the same precision for maximum violation i.e. FGI

is maximally violated if the violation is above 3.99999 then that are stricter conditions and

are already a part of our observations with aforementioned relaxed conditions.

Examining equality of measurement parameters: All the states that maximally violates the

FGI, their state parameters and the measurement parameters are printed out in distinct

row in a file. Using sort filename | uniq -c command that outputs the measurement

parameters (for one state, eight measurement parameters are in one line and task is to

examine whether any two or more lines in the files are same) in ascending order along with

their repeated values. If the row is not repeated, it outputs 1 otherwise the number of time

it is repeated.

• Pure W-class state: A general pure w-class state has the following form:

|ψw〉 =
√
a |001〉+

√
b |010〉+

√
c |100〉+

√
d |000〉 (E1)

We observed that out of 106 randomly generated states, 44001 states maximally violates

the FGI but no two states have the same set of measurement parameters for untrusted
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side.

• Pure GHZ-class state: A general pure GHZ-class state has the following form:

|ψC
GHZ〉 : cos δ |000〉+ sin δeιφ |φAφBφC〉 (E2)

where, |φA〉 = cosα |0〉 + sinα |1〉, |φB〉 = cos β |0〉 + sin β |1〉 and |φC〉 = cos γ |0〉 +
sin γ |1〉. The above state is a GGHZ state (7) for δ = θ, φ = 0, α = β = γ = π

2
.

We observed that only 6879 states out of 106 maximally violates the FGI but no two

states have the same set of measurement parameters for the untrusted sides.

• Both w-class and GHZ-class pure state: Even if we take both GHZ-class and w-class

pure states together, we found no two states have the same set of measurement param-

eters for the untrusted sides.

*The datasets generated during and/or analysed during the current study are available

from the corresponding author on reasonable request.
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