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ABSTRACT

A comprehensive rotation—vibration (ro—vibrational) line list of thioformaldehyde ('H,'2C?2S) that is applicable for elevated
temperatures (2000 K) is presented. The new MOTY line list covers the 0-8000 cm~' range (wavelengths A > 1.3 um) and
contains around 43.5 billion transitions between 52.3 million states with rotational excitation up to J = 120. Line list calculations
utilize a newly determined empirically refined potential energy surface (PES) — the most accurate H,CS PES to date — a
previously published high-level ab initio dipole moment surface, and the use of an exact kinetic energy operator for solving
the ro—vibrational Schrodinger equation. Post-processing of the MOTY line list is performed by replacing calculated energy
levels with empirically derived values, vastly improving the accuracy of predicted line positions in certain spectral windows
and making the line list suitable for high-resolution applications. The MOTY line list is available from the ExoMol data base at

www.exomol.com and the CDS astronomical data base.
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1 INTRODUCTION

Since its original interstellar detection (Sinclair et al. 1973), thio-
formaldehyde (main isotopologue 'H,'>C*2S, henceforth referred
to as H,CS) has been observed in a variety of astronomical en-
vironments. For example, in massive star-forming regions such as
Sagittarius B2 (Gardner, Whiteoak & Hoglund 1980), where it can
be efficiently formed through bimolecular reactions (Doddipatla
et al. 2020), in galaxies which are nearby (Heikkild, Johansson &
Olofsson 1999; Martin et al. 2005) and more distant (Muller et al.
2011), molecular clouds (Esplugues et al. 2022), and in the comet
Hale-Bopp (Woodney et al. 1997), which was the first detection of
thioformaldehyde in a comet. Given that it is a simple organosulphur
molecule, thioformaldehyde can be expected in the atmospheres of
exoplanets, where sulphur chemistry is known to play a significant
role in atmospheric composition (He et al. 2020; Hobbs et al. 2021).
The need for accurate and complete molecular opacity data of H,CS
is a major driving force behind this work and the production of a new
hot line list for the ExoMol data base (Tennyson et al. 2020).

Of interest here is the infrared (IR) rotation—vibration (ro—
vibrational) spectrum of H,CS, which has been the subject of
numerous computational and experimental studies. Very recently, we
performed a comprehensive analysis of the published experimental
spectroscopic literature of H,CS (Mellor et al. 2023) and extracted
all meaningful transition data from 11 literature sources (Johnson &
Powell 1970; Johns & Olson 1971; Beers et al. 1972; Fabricant,
Krieger & Muenter 1977; Bedwell & Duxbury 1980; Turner, Halo-
nen & Mills 1981; Mcnaughton & Bruget 1993; Clouthier et al. 1994;
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Flaud et al. 2008; Maeda et al. 2008; Miiller et al. 2019). These data
covered the vy, vy, v3, V4, Vs, Vg, and 2v, vibrational bands of H,CS
and included transitions with rotational excitation up to J = 54, where
J is the total angular momentum quantum number. Using the robust
MARVEL (Measured Active Rotational —Vibrational Energy Levels)
procedure (Csdszar et al. 2007; Furtenbacher, Csdszar & Tennyson
2007; Furtenbacher & Csaszar 2012; Tobias et al. 2019), we were
able to validate 11 638 transitions to produce a highly accurate set of
4254 ro—vibrational energy levels, all labelled with unique quantum
numbers and uncertainties. Such a data set of energy levels has
been instrumental in producing a new line list of thioformaldehyde
that is suitable for studying exoplanet atmospheres at high spectral
resolution, where there are considerable demands on the accuracy of
the line positions (Snellen 2014; Birkby 2018).

A previous room temperature line list of H,CS was generated
by Yachmenev, Polyak & Thiel (2013) and the computations uti-
lized a highly accurate potential energy surface (PES) and dipole
moment surface (DMS) constructed using state-of-the-art ab initio
theory (Yachmenev et al. 2011). Just under 548 million transitions
for ro—vibrational states up to J = 30 with band origins below
5000cm™! were computed using the variational nuclear motion
code TROVE (Yurchenko, Thiel & Jensen 2007). Because the PES
utilized was essentially ab initio, the accuracy of the predicted
fundamental wavenumbers was limited to around 1—2 cm ™!, which is
not sufficient for spectroscopic applications. To substantially improve
the accuracy of the computed line positions, it is necessary to refine
the PES to a set of empirical-quality energy levels such as the
MARVEL H,CS data set (Mellor et al. 2023) discussed above.
Doing so can lead to orders-of-magnitude improvements in the
accuracy of the transition wavenumbers and this procedure has been
undertaken for this work. It is not necessary to perform any kind of
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refinement to high-quality ab initio DMSs such as the H,CS DMS
of Yachmenev et al. (2013). Experience has shown that transition
intensities computed using ab initio DMSs are often comparable
to, and occasionally more reliable than experiment (Tennyson 2014;
Yurchenko 2014; Bielska et al. 2022).

In this work, we present a newly computed comprehensive line list
for H,CS, named MOTY, that is suitable for elevated temperatures
up to 7 =2000K. Although, using a very similar computational
set-up to the room temperature line list calculations of Yachmenev
et al. (2013), we have made two major developments to improve the
accuracy and spectroscopic coverage of the new MOTY line list. The
most significant improvement is the use of an empirically refined
PES, the details of which are discussed in Section 2.3. Secondly,
our variational ro—vibrational calculations of H,CS employed an
exact kinetic energy operator (KEO), which considerably improves
convergence making the computations more tractable, thus allowing
for greater energy level coverage and improved accuracy. The use
of an exact KEO is the first application of its kind in TROVE to a
polyatomic molecule and the details are reported in Section 2.1.
Tailoring the MOTY line list towards high-resolution applications
is detailed in Section 4.1, where we follow the ExoMolHD strat-
egy (Yurchenko & Tennyson 2021) by replacing calculated energy
levels with the empirically derived MARVEL values if available.
Results and simulated spectra are presented in Section 5 and we
conclude in Section 6.

2 VARIATIONAL NUCLEAR MOTION
CALCULATIONS

Variational calculations used the nuclear motion programme TROVE,
whose general methodology is well documented (Yurchenko et al.
2007, 2009; Yachmenev & Yurchenko 2015; Tennyson & Yurchenko
2017; Yurchenko, Yachmenev & Ovsyannikov 2017). TROVE calcu-
lations on H,CS have been carried out previously when generating a
room temperature line list (Yachmenev et al. 2013) and for validating
a high-level ab initio PES of H,CS (Yachmenev et al. 2011). We
therefore summarize only the key steps in the calculation process
and expand on the aspects that are novel to this work, namely the
empirically refined PES and the use of an exact KEO. Generally
speaking, ro—vibrational calculations were performed in the range
J = 0-120 for each of the four irreducible representations A;, A,,
By, and B, of the C,,(M) molecular symmetry group (Bunker &
Jensen 1998) to obtain ro—vibrational energies (as eigenvalues) and
wavefunctions (as eigenfunctions) of H,CS. The Hamiltonian and
basis functions used to construct the eigenfunctions were expressed
in terms of the valence coordinates: rcs (the C—S bond), rcy,, and
rcu, (the C-H bonds), ascur and asch, (the H-C-S angles), and
7 (the dihedral angle between the H-C-S planes). The DMS was
also expressed in terms of these coordinates, and along with the
eigenfunctions, was used to compute ro—vibrational line intensities
using the GPU-code MPI-GAIN (Al-Refaie, Yurchenko & Tennyson
2017).

2.1 Kinetic energy operator

TROVE usually employs an approximate KEO that is constructed as
a power series expansion in terms of linearized coordinates when
solving the ro—vibrational Schrodinger equation. Here, an exact
analytic expression in terms of the valence coordinates has been
derived and implemented as an external input for the TROVE calcu-
lations. Benefits of using an exact KEO are more accurate results
and a refined PES that can be used in other nuclear motion codes.
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Expressing the Hamiltonian in terms of valence coordinates should
also be expected to result in faster convergence in the computed
energy levels, especially at high Jg, reducing the computational
burden and allowing for the use of a more compact ro—vibrational
basis set (Yachmenev & Yurchenko 2015).

For the KEO, a (right-handed) body-fixed frame was chosen such
that the x-axis bisected the dihedral angle 7, the z-axis pointed along
the C—S bond, and the frame’s origin was at the centre of mass of
the nuclei. The KEO was represented in a sum-of-products form
which enabled it to be used by the program TROVE with only minor
modifications. In this representation, each G matrix element in the
KEO operator (and the pseudo-potential part, see Yurchenko et al.
2007 for details) has the form

Z aijklmnfcis (rcs) fchl (FCH,) féﬂz (rCHz) fSICHl (aSCHI)

ijklmn
X fiew, (ascn,) £ (), )

where the ajjxmn are the coefficients and the f; label functions of the
different coordinates. For each mode, there is a finite set of functions.
For the bond lengths, they are

11 1 1
g @

PR
For the bond angles, they are

cosa, cota, csca, sina, cot’ @, cotacsca, csc’a. 3)
Finally, for the dihedral angle, they are

cos(t/2), sin(r/2), cos’(t/2), cos(r/2)sin(t/2), sin*(t/2). (4)

The KEO was constructed using the Sgrensen (1979) method that
assumes the so-called Wilson integration volume with a Jacobian
equals to 1. The full KEO is reproduced in Appendix A.

2.2 Ro-vibrational basis set

TROVE uses a three-step construction process to build the symmetry-
adapted ro—vibrational basis set. In step 1, one-dimensional primitive
basis functions ¢,,, where v; corresponds to the ith function for the
vth vibrational mode, are calculated numerically for each vibrational
degrees of freedom (dof; six in total for H,CS) by integrating the
respective one-dimensional vibrational Schrodinger equations using
the Numerov—Cooley method (Noumerov 1924; Cooley 1961). The
one-dimensional Hamiltonian is generated by freezing all vibrational
modes except the one of interest.

At step 2, the symmetry-adapted vibrational basis set (J = 0)
is formed from four independent subsets of the Numerov—Cooley
primitive basis functions ¢,, for the (i) C-S stretch, (ii) C-H; and
C-H, stretches, (iii) H;—C-S and H,-C-S bending modes, and
(iv) t dihedral out-of-plane mode by solving the corresponding
reduced-mode vibrational Schrodinger equations. The reduced-mode
Hamiltonian is formed by integrating out the modes for the other
subsets using their ground Numerov—Cooley eigenfunctions. These
reduced-mode eigenfunctions are symmetrized according to the
irreducible representations of the molecular symmetry group C,, (M)
and form the basis functions for solving the full six-dimensional J =
0 problem. For H,CS, a vibrational basis set cut-off was applied
based on a polyad number truncation scheme,

P = vcs + 2(ven, + ven,) + vh cs + VHycs + Ve < Praxs Q)

which used the polyad cut-off P, = 14, chosen to ensure that
full ro—vibrational calculations were computationally tractable when
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Figure 1. Convergence of the vibrational (J = 0) TROVE calculations as a difference between P = 14 and 16 energy term values H,CS (cm™!). The blue
crosses correspond to the calculations using the new exact KEO implementation in TROVE; the green squares correspond to calculations using the approximate,
linearized KEO version of TROVE as in Yachmenev et al. (2011, 2013). The red circles indicate states used in the refinement of the spectroscopic model.

generating a line list up to very high J (as discussed by Yachmenev
et al. 2013).

The final ro—vibrational basis set for J > 0 computations is
then formed as a contracted product of these vibrational functions
(ID,-J;()’F““’ (7912 functions) and symmetrized rigid rotor wavefunc-
tions |J, K, 'y, m) as given by

r
Wl = {00 < 17 K Tm) ©

ivib. K ivib

where I', I'yip, and I',, are the total, vibrational, and rotational
symmetries in C,y(M), K = |k|, k and m is the projection of the angular
momentum on the molecular z and laboratory Z-axis, respectively,
and i, is @ TROVE vibrational index to count the @i{ ;()’r“b functions
regardless of their symmetry. For further details of the TROVE
symmetry adaptation and contraction procedure, see Yurchenko et al.
(2017).

For H,CS, the TROVE wavefunctions were assigned the following
ro—vibrational quantum numbers: vy, vy, U3, U4, Us, Vg, J, K, T’y Tyip,
and I"y, which can be correlated to the spectroscopic (normal mode)
quantum numbers commonly encountered. Details of the mapping
between the two, which is essential for ‘MARVELizing’ the final
MOTY line list, i.e. replacing the computed energy levels with the
more accurate MARVEL values, will be discussed in Section 4.1.

In order to assess the convergence of the TROVE P = 14 vibrational
basis set used in calculations, a larger basis set with P = 16 was
used to compute the vibrational J = 0 energies of H,CS using
the same refined PES (see below). Fig. 1 shows the differences
between the P = 14 and 16 term values. Below 6000cm™' the
differences are within 0.1 cm™!, which then gradually increase to up
to 1 cm™! below 8000 cm™! with a few states reaching up to 10cm™".
This convergence should be better than the expected ‘detuning’ of
the empirical PES, considering that the experimentally determined
vibrational states do not extend beyond 3050 cm~', indicated in this
figure by red circles.

In Fig. 1, we also demonstrate that the basis set convergence of
the current ro—vibrational calculations based on the new implementa-
tions of the exact KEO of H,CS in TROVE is a significant improvement
compared to the TROVE calculation by Yachmenev etal. (2011, 2013),
where an approximate, linearized Hamiltonian operator was used.
Here, we show analogous energy differences between the P = 14 and
16 vibrational calculations of H,CS using the approximate linearized
TROVE model in conjunction with the refined PES from this work. The
improvement in the basis set convergence of 2-3 orders of magnitude
is due to the new KEO in TROVE.

2.3 Potential energy surface and empirical refinement

The PES used in this work is based on an ab initio surface originally
generated by Yachmenev et al. (2011), which utilized state-of-the-art
electronic structure methods in the calculation process. The PES was
represented as an expansion in terms of six valence coordinates,

§ = 1—expl=bi(r; —r{)l. i =CS, CH,, CH,. )
§ =a;—af. j=SCH, SCH,, ®
& =1+4cost. ©)

Here, rcs, rcu,, and rcy, are the bond lengths, ascy, and asch,
are the bond angles, 7 is the dihedral angle between the SCH; and
SCH; planes, and b; is a Morse oscillator parameter. The PES was
expressed analytically as,

V=" GijumnblsEn, EuElon Eem (10)

ijklmn

where ajjn, are the expansion parameters with maximum expansion
order i 4+ j + k + [ 4+ m + n = 6 with the linear expansion parameters
fixed to zero. A total of 413 parameters were utilized including
the three equilibrium (r¢&g, &y, ogey) and two Morse parameters
(bcn, bes). The expansion parameters assumed the values of the ab
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Figure 2. The fitting residual errors (O—C), i.e. the energy difference (in cm™') between the empirically derived MARVEL energies and computed TROVE
values, as a function of the total angular momentum quantum number J. Residual errors are shown for seven vibrational bands and have been computed using

the newly refined PES of H,CS.

Table 1. Extract from a . trans file of the H,CS MOTY line

list.

f i A 571
1967530 2157952 5.6990e—01
9281842 9684141 2.158%e—11

21248596 21941059 2.586le—12
5252014 5149230 9.6459e—04
12481388 12623346 8.6482e—11
1781054 1841556 2.4679e—16

Notes. f: upper state counting number; i: lower state counting
number; As: Einstein-A coefficient (in s~ h.

initio PES from Yachmenev et al. (2011), with only the quadratic
expansion parameters (14 in total) varied in the refinement to the
empirically derived MARVEL energy levels. The refinement used
H,CS MARVEL energies for J =0, 1, 2, 3,4, 5, 8, 10 (448 in total)
covering the ground, vy, vy, V3, V4, Vs, Vg, and 2v, vibrational bands.
For the equilibrium structural parameters, we used the optimized
geometry values from Yachmenev et al. (2013): r&g = 1.608 952 A,
réy = 1.086 848 A, and a§y; = 121.750°. To ensure the refined PES
maintained a realistic shape and gave reliable results in regions not
sampled by the MARVEL data, the PES was constrained to the ab
initio PES of Yachmenev et al. (2011) in the fitting.

The refinement showed very quick convergence. The quality of
the fit is demonstrated in Fig. 2, where we have plotted the fitting
residuals, i.e. the energy difference (in cm™') between the MARVEL
and computed TROVE H,CS values, for the seven vibrational states
used in the refinement. The majority of the fitting residuals are all
below 0.1 cm™', see Fig. 2, notably for the ground state which is to
be expected since it corresponds to the lowest part of the PES. The
errors are substantially smaller than those of the original ab initio
H,CS PES of Yachmenev et al. (2011), which would be in the region
of 1-5cm™!, demonstrating the improvements in accuracy that can
be achieved with a refined PES. A FORTRAN version of the PES is
given in the supporting information.

2.4 Dipole moment surfaces

A previously published ab initio DMS was utilized for intensity
calculations. The DMS of Yachmenev et al. (2013) was computed
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using coupled cluster theory CCSD(T) in conjunction with the
augmented correlation-consistent basis set aug-cc-pVQZ(+d for
S) (Dunning Jr 1989; Dunning Jr, Peterson & Wilson 2001). This
DMS has already been used in room temperature line list calculations
of H,CS and with the ab initio PES was able to accurately reproduce
complicated resonance effects, such as intensity borrowing, when
modelling several vibrational bands affected by strong Coriolis
coupling. The three dipole components making up the DMS were
represented analytically using a sum-of-products expansion in terms
of linear expansion variables for the six vibrational coordinates
(further details can be found in Yachmenev et al. 2013).

3 THE MOTY LINE LIST OF H,CS

The newly computed line list for H,CS, called MOTY, contains
4356116 660 transitions between 52 292 454 states and covers the
0-8000 cm™~! range for ro—vibrational states with rotational excita-
tion up to J = 120. The lower and upper state energy thresholds were
chosen to be 8000 and 18000 cm™!, respectively. The MOTY line list
is provided in the ExoMol data format (Tennyson, Hill & Yurchenko
2013) and an extract from one of the . t rans transition files and from
the . states states file is shown in Tables 1 and 2, respectively.
The .trans files are divided into 1000 cm~! wavenumber ranges
to make them more manageable and they contain upper and lower
state ID numbers along with the Einstein A coefficient (in s~!) of the
transition between the states. The .states file contains a list of
the ro—vibrational states of H,CS with state ID numbers, energies (in
cm™!), uncertainties (in cm™!), state lifetimes, and unique quantum
numbers. Both the standard spectroscopic normal mode quantum
numbers and TROVE quantum numbers are included in the . states
file and the mapping between the two sets is discussed in Section 4,
with ‘MARVELization’ of the MOTY line list detailed in Section 4.1.

As is standard now for ExoMol line lists, all molecular states
possess an uncertainty. The uncertainties were defined either as the
MARVEL uncertainty if available, or estimated via the expression
(incm™1):

unc = 0.4n, + 0.2(ny + n3 4+ n4 + ns + ng) +0.002J(J + 1),(11)

where n—ng are the TROVE quantum numbers. These uncertainties are
only approximate and grow steadily with increasing rotational and
vibrational excitation, where we tend to be conservative in estimating
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Table 2. Extract from the . states file of the HyCS MOTY line list.

2
3
4
5
6
7
8
9
10
11
12
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values for highly excited states. It is important for users of the
MOTY line list to be aware that transitions that are suitable for high-
resolution applications possess a defined (MARVEL) uncertainty,
and those have uncertainties devined by equation (11) are not for
high-resolution studies. States with an estimated uncertainty may
well be highly accurate, however, without experimental verification
this is difficult to verity.

The temperature-dependent partition function Q(7) of H,CS has
been computed on a 1 K grid in the 1-2000 K range and is available as
a .pf file from the ExoMol website. Partition function values were
computed by summing over all the computed ro—vibrational states of
the MOTY line list and used nuclear spin statistical weights of g, =
1, 1, 3, 3 for states of symmetry A, A, By, and B,, respectively. The
dependence of Q(T) on temperature is illustrated in Fig. 3, where we
also show the partition function values from the Cologne Database
for Molecular Spectroscopy (CDMS; Endres et al. 2016) data base.
The latter only contains ground vibrational transitions which explains
the lower value at 7 = 500 K.

As part of the ExoMol services, cross-sections of H,CS are
provided via the ExoMol cross-sections app. The app can be used,
for example, to generate absorption cross-sections of H,CS with
the Doppler broadening line profile for temperatures from 100 to
2000K covering the wavenumber range from 0 to 8000cm™' on
a grid with a resolution of up to 0.0l cm~! (Hill, Yurchenko &
Tennyson 2013). We also provide the H,CS spectroscopic
model used in TROVE calculations in the form of a TROVE in-
put file, containing the potential energy and DMS parameters as
well as the basis set specifications. This input file can be used
with the FORTRAN code TROVE freely available from GitHub via
www.github.org/exomol.

4 MAPPING BETWEEN TROVE AND NORMAL
MODE QUANTUM NUMBERS

To provide the line list with both the TROVE quantum numbers and
the normal mode vibrational quantum numbers, a mapping between
the two is necessary. The TROVE local mode quantum numbers v;
are related to the primitive basis functions ¢,, that are used to build
the full symmetry-adapted basis set in ro—vibrational calculations.
Here, vcs, ven, » and vep, correspond to the stretching dof, vy, cs and
vn,cs to the bending dof, and v, to the dihedral angle. The TROVE
local mode quantum numbers v-* are used to label the calculated ro—
vibrational states based on the highest contribution from the different
primitive basis functions. To be of use, they must be correlated to
the standard spectroscopic normal mode quantum numbers n;. The
following relations between the normal mode n; and TROVE local
mode quantum numbers v; apply:

n = vzc'“‘,

ny +ns = o5+ v§?,
ny +ng = v§* + v$?,
ny = v
these are also detailed in Table 3, which shows the mapping between
the local and normal modes for the vibrational modes in H,CS.

To correlate the TROVE rotational quantum numbers J, K, and
"¢ to the standard rotational quantum numbers for H,CS JXa:Ke|
we first note that the TROVE quantum number K coincides with K,,,
while K, is reconstructed using the standard spectroscopic rules as
described by Bunker & Jensen (1998), see their table 12-9. The
relationship between K, and K, with rotational symmetry is listed in
Table 4.

MNRAS 520, 1997-2008 (2023)
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Figure 3. Temperature dependence of the partition function Q(7) of HoCS computed using the MOTY line list (solid line) and compared to the CDMS values

(Endres et al. 2016; circles).

Table 3. Mapping between the TROVE local modes and the standard normal
mode notation v;. Here, I' is the symmetry of the fundamental mode in
Coy(M).

r Vibrations Normal mode, v TROVE modes
A C-H symm. stretch Vi 2and 3
Ay S—C-H symm. bend vy 4 and 5
Al S—C stretch V3 1

B Out-of-plane V4 6

B> C-H asymm. stretch Vs 2 and 3
B> S—C-H asymm. bend Ve 4 and 5

Table 4. Mapping between the rotational symmetry I'yo in Cpy(M) and
rotational quantum numbers K, K. used for HoCS (Bunker & Jensen 1998).

Kas Kc Frol Ka, Kzr l—‘rol
Even, even Ay Odd, even B
Even, odd Ay Odd, odd B

4.1 MARVELization of the line list

Following the ExoMolHD strategy (Yurchenko & Tennyson 2021),
in order to improve the accuracy of the MOTY line list and tailor
it to high-resolution applications, the calculated energy levels are
replaced with the empirically derived MARVEL values, if available.
To this end, the MARVEL and TROVE computed energies have to be
matched by correlating their quantum numbers.

Table 5 lists the previously described correlation for the eight
vibrational bands used in the MARVELization of the H,CS line list.
To be efficient, the correlation is built via the TROVE vibrational
quantum index iy, as indicated in Table 5, see also equation (6),
where iy, i8 used to identify the vibrational basis functions <I>I.JV:O’F“b.
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Table 5. Mapping between the TROVE local mode quantum numbers v;
and the standard normal mode notations nv; for the states used in the
MARVELization. Here, I' is the symmetry of the fundamental mode in
Coy(M) and iy, is a TROVE counting index identifying the vibrational (J/ = 0)
states, see equation (6).

State r V] v V3 V4 Vs Vg Ivib
g.s. Ap 0 0 0 0 0 0 1
Vg B 0 0 0 0 0 1 2
Ve B> 0 0 0 0 1 0 3
V3 Aq 1 0 0 0 0 0 4
V2 Aq 0 0 0 1 0 0 5
2vy Aq 0 0 0 1 1 0 15
Vi Aq 0 0 1 0 0 0 18
Vs B, 0 1 0 0 0 0 2

5 SPECTRA SIMULATIONS

All spectra simulations used the open source program
EXOCROSS (Yurchenko, Al-Refaie & Tennyson 2018; see
github.com/exomol). In Fig. 4, a general overview of the H,CS
spectrum at three different temperatures (296, 1000, and 2000 K)
is plotted. Absolute absorption cross-sections were computed at a
resolution of 1cm™" using a Gaussian line profile with a half width
at half-maximum (HWHM) of 1cm~!. As expected, the higher
temperature spectra exhibit spectral flattening as the previously
weaker features gain intensity.

A more detailed band-by-band illustration of the room temperature
spectrum of H,CS is shown in Fig. 5.

In Fig. 6 (left-hand panel), a comparison of a synthetic microwave
spectrum of H,CS between the MOTY ExoMol line list and the
CDMS (Miiller et al. 2001, 2005) is given. The good agreement of
the intensities indicate that the equilibrium dipole moments used in
CDMS and the MOTY line list agree well. The CDMS line list is
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Figure 5. Overview of the strongest bands of H,CS at T = 296 K.

based on a dipole moment value of 1.6491 D due to Fabricant et al.
(1977). Our ab initio dipole moment gives an expectation value of
1.648 72 D for the ground vibrational state. These values can also be
compared to an experimental laser-Stark value of 1.6483 D obtained
by Cox, Hubbard & Kato (1982).

The right-hand panel of Fig. 6 shows a comparison with a high-
resolution spectrum of H,CS by Flaud et al. (2008) for the v3/v4/ve
region, although the experimental data only give relative intensities.
The agreement is excellent. Further confirmation of the reliability

of the MOTY line list intensities can be seen when comparing
to recent theoretical calculations by Erfort, Tschope & Rauhut
(2020), which gave an intensity of 1.01 x 1072’ cm molecule™!
(Erfort et al. 2020; using coupled cluster theory, CCSD(T)/cc-
pVTZ) for the vy transition 3p; < 3,3, compared to our value of
1.02 x 10722 cm molecule™! at T = 296 K.

In Fig. 7, we illustrate the impact of the MARVELization
procedure for the MOTY line list of H,CS. Here, we compare
room temperature spectra of H,CS computed using the entire
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Figure 7. Room temperature (7" = 296 K) spectra of HyCS showing the coverage of the MARVELized transitions (red crosses) compared to the total MOTY

spectrum.

‘unMARVELized” MOTY line list and using the MARVELized
(upper and lower) states only. We obtained 81446 MARVELized
transitions of H,CS with T = 296 K intensities below the HITRAN
threshold of 1073°/cm~' molecule™!. The total number of H,CS
transitions at T = 296K above this threshold (0-8000cm™!) is
32094 935. For example, the weak transitions in the region of
2000 cm™! belong to the hot bands formed from v;/vs (upper) and
v4/ve (lower) states, which have not been experimentally charac-
terized. This figure provides some indication of the H,CS spectral
regions that are suitable for high-resolution applications.

6 CONCLUSION

A hot comprehensive ro—vibrational line list of H,CS has been
presented. The MOTY line list contains over 43.5 billion transitions
and covers the 0-8000cm™' range (wavelengths A > 1.3 um) for
states with rotational excitation up to J = 120. One of the major
improvements over previous H,CS line lists is the use of a new

MNRAS 520, 1997-2008 (2023)

empirically refined PES. The H,CS PES is the most accurate to
date and was determined by refining to 218 empirically derived
MARVEL energy levels up to J = 5, leading to orders-of-magnitude
improvements in the accuracy of the calculated energy levels, and
thus transition wavenumbers. Variational calculations also utilized
an exact KEO and a Hamiltonian operator expressed in valence
coordinates which greatly improved the convergence of computed
energy levels. This enabled a more accurate and extensive line list
to be computed as higher J states could be reliably considered.
Another significant feature of the MOTY line list is that it has been
MARVELized by replacing the calculated energy levels with more
accurate empirically derived MARVEL values therefore tailoring the
line list to high-resolution applications in certain spectral windows.
The prevalence of thioformaldehyde in a variety of astronomical
environments means the MOTY line list will be useful for future
detection of this molecule. Notably, we expect the MOTY line list
to be of relevance to exoplanet atmospheric studies concerned with
sulphur chemistry, since H,CS is a simple organosulphur molecule.

€20z Aieniga4 gz uo Jasn uopuoT abs|j0) Ausiaaiun Aq Z995869//661/2/0ZS/e1onie/Seiuw/woo dno-oiwspese//:sdny wolj papeojumoq


art/stad111_f6.eps
art/stad111_f7.eps

ACKNOWLEDGEMENTS

We thank Andrey Yachmenev for providing us with the potential en-
ergy and dipole moment functions of H,CS. This work was supported
by the STFC project nos. ST/M001334/1 and ST/R000476/1. The
authors acknowledge the use of the UCL Legion High Performance
Computing Facility (Legion@UCL) and associated support services
in the completion of this work, along with the Cambridge Service
for Data Driven Discovery (CSD3), part of which is operated by the
University of Cambridge Research Computing on behalf of the STFC
DiRAC HPC Facility (www.dirac.ac.uk). The DiRAC component of
CSD3 was funded by BEIS capital funding via STFC capital grant
nos. ST/P002307/1 and ST/R002452/1 and STFC operations grant
no. ST/R0O0689X/1. DiRAC is part of the National e-Infrastructure.
This work was also supported by the European Research Council
(ERC) under the European Union’s Horizon 2020 Research and
Innovation programme through advance grant no. 883 830.

DATA AVAILABILITY

The data underlying this article are available as part of the supporting
information, from the ExoMol data base at www.exomol.com and
the CDS data base. The MOTY line list (states, transition, partition
function files, and a TROVE input specifying the spectroscopic model
of H,CS) can be downloaded from www.exomol.com' and cdsarc.u-
strasbg.fr. The open access programmes EXOCROSS and TROVE are
available via github.com/exomol.

REFERENCES

Al-Refaie A. F., Yurchenko S. N., Tennyson J., 2017, Comput. Phys.
Commun., 214, 216

Bedwell D. J., Duxbury G., 1980, J. Mol. Spectrosc., 84, 531

Beers Y., Klein G. P., Kirchhoff W. H., Johnson D. R., 1972, J. Mol. Spectrosc.,
44, 553

Bielska K. et al., 2022, Phys. Rev. Lett., 129, 043002

Birkby J. L., 2018, Handbook of Exoplanets. Cambridge University Press,
Cambridge, UK, p. 1485

Bunker P. R., Jensen P., 1998, Molecular Symmetry and Spectroscopy, 2nd
edn. NRC Research Press, Ottawa

Clouthier D. J., Huang G., Adam A. G., Merer A. J., 1994, J. Chem. Phys.,
101, 7300

Cooley J. W., 1961, Math. Comput., 15, 363

Cox A. P, Hubbard S. D., Kato H., 1982, J. Mol. Spectrosc., 93, 196

Csaszar A. G., Czaké G., Furtenbacher T., Matyus E., 2007, Annu. Rep.
Comput. Chem., 3, 155

Doddipatla S., He C., Kaiser R. I., Luo Y., Sun R., Galimova G. R., Mebel
A. M., Millar T. J., 2020, Proc. Natl. Acad. Sci., 117, 22712

Dunning T. H., Jr, 1989, J. Chem. Phys., 90, 1007

Dunning T. H., Jr, Peterson K. A., Wilson A. K., 2001, J. Chem. Phys., 114,
9244

Endres C. P., Schlemmer S., Schilke P., Stutzki J., Miiller H. S. P., 2016, J.
Mol. Spectrosc., 327, 95

Erfort S., Tschope M., Rauhut G., 2020, J. Chem. Phys., 152, 244104

Esplugues G. et al., 2022, A&A, 662, A52

Fabricant B., Krieger D., Muenter J. S., 1977, J. Chem. Phys., 67, 1576

Flaud J.-M., Lafferty W., Perrin A., Kim Y., Beckers H., Willner H., 2008, J.
Quant. Spectrosc. Radiat. Transfer, 109, 995

Furtenbacher T., Csaszar A. G., 2012, J. Mol. Struct., 1009, 123

Furtenbacher T., Csaszar A. G., Tennyson J., 2007, J. Mol. Spectrosc., 245,
115

Gardner F. F., Whiteoak J. B., Hoglund B., 1980, MNRAS, 191, 19P

He C. et al., 2020, Nat. Astron., 4, 986

Heikkild A., Johansson L. E. B., Olofsson H., 1999, A&A, 344, 817

Thttps://exomol.com/data/molecules/H2CS/1H2- 12C-32S/MOTY/

ExoMol line lists — XLVIII. H,CS 2005

Hill C., Yurchenko S. N., Tennyson J., 2013, Icarus, 226, 1673

Hobbs R., Rimmer P. B., Shorttle O., Madhusudhan N., 2021, MNRAS, 506,
3186

Johns J. W. C., Olson W. B., 1971, J. Mol. Spectrosc., 39, 479

Johnson D. R., Powell F. X., 1970, Science, 169, 679

Mcnaughton D., Bruget D. N., 1993, J. Mol. Spectrosc., 159, 340

Maeda A. et al., 2008, ApJS, 176, 543

Martin S., Martin-Pintado J., Mauersberger R., Henkel C., Garcia-Burillo S.,
2005, Apl, 620, 210

Mellor T. M., Owens A., Tennyson J., Yurchenko S. N., 2023, J. Mol.
Spectrosc., 391, 111732

Miiller H. S. P., Thorwirth S., Roth D. A., Winnewisser G., 2001, A&A, 370,
L49

Miiller H. S. P., Schloder E., Stutzki J., Winnewisser G., 2005, J. Mol. Struct.,
742,215

Miiller H. S. P. et al., 2019, A&A, 621, A143

Muller S. et al., 2011, A&A, 535, A103

Noumerov B. V., 1924, MNRAS, 84, 592

Sinclair M. W., Fourikis N., Ribes J. C., Robinson B. J., Brown R. D., Godfrey
P. D., 1973, Aust. J. Phys., 26, 85

Snellen 1., 2014, Phil. Trans. R. Soc. A, 372, 20130075

Sgrensen G. O., 1979, Dewar M. J. S. eds, Topics in Current Chemistry, Vol.
82, Large Amplitude Motion in Molecules II. Springer, Berlin, p. 97

Tennyson J., 2014, J. Mol. Spectrosc., 298, 1

Tennyson J., Yurchenko S. N., 2017, Int. J. Quantum Chem., 117, 92

Tennyson J., Hill C., Yurchenko S. N., 2013, AIP Conf. Proc. Vol. 1545, in
6™ International Conference on Atomic and Molecular Data and Their
Applications ICAMDATA-2012. Am. Inst. Phys., New York, p. 186

Tennyson J. et al., 2020, J. Quant. Spectrosc. Radiat. Transfer, 255, 107228

Tébids R., Furtenbacher T., Tennyson J., Csaszar A. G., 2019, Phys. Chem.
Chem. Phys., 21, 3473

Turner P. H., Halonen L., Mills 1., 1981, J. Mol. Spectrosc., 88, 402

Woodney L. M., A’Hearn M. F., McMullin J., Samarasinha N., 1997, Earth
Moon Planets, 78, 69

Yachmenev A., Yurchenko S. N., 2015, J. Chem. Phys., 143, 014105

Yachmenev A., Yurchenko S. N., Ribeyre T., Thiel W., 2011, J. Chem. Phys.,
135, 074302

Yachmenev A., Polyak 1., Thiel W., 2013, J. Chem. Phys., 139, 204308

Yurchenko S. N., 2014, in Springborg M., Joswig J.-O., eds, Chemical
Modelling: Applications and Theory. The Royal Society of Chemistry,
Cambridge, UK, p. 183

Yurchenko S. N., Tennyson J., 2021, in Madhusudhan N., ed., ExoFrontiers:
Big questions in exoplanetary science. IOP Publishing, Bristol, p. 21

Yurchenko S. N., Thiel W., Jensen P., 2007, J. Mol. Spectrosc., 245, 126

Yurchenko S. N., Barber R. J., Yachmenev A., Thiel W., Jensen P., Tennyson
J., 2009, J. Phys. Chem. A, 113, 11845

Yurchenko S. N., Yachmenev A., Ovsyannikov R. I., 2017, J. Chem. Theory
Comput., 13,4368

Yurchenko S. N., Al-Refaie A. F.,, Tennyson J., 2018, A&A, 614, A131

SUPPORTING INFORMATION

A Mathematica script used to generate the KEO are the refined
PES of H,CS used to compute the line list and the refined PES are
provided.

Supplementary data are available at MNRAS online.

Please note: Oxford University Press is not responsible for the content
or functionality of any supporting materials supplied by the authors.
Any queries (other than missing material) should be directed to the
corresponding author for the article.

MNRAS 520, 1997-2008 (2023)

€20z Aieniga4 gz uo Jasn uopuoT abs)j0) Alsiaaiun Aq 2995869/.661/2/02S/81oN1B/SeIuW/Woo dno-olwspese//:sdny wolj papeojumoq


file:www.dirac.ac.uk
file:www.exomol.com
file:www.exomol.com
http://dx.doi.org/10.1016/j.cpc.2017.01.013
http://dx.doi.org/10.1016/0022-2852(80)90042-9
http://dx.doi.org/10.1016/0022-2852(72)90263-9
http://dx.doi.org/10.1103/PhysRevLett.129.043002
http://dx.doi.org/10.1063/1.468287
http://dx.doi.org/10.1090/S0025-5718-1961-0129566-X
http://dx.doi.org/10.1016/0022-2852(82)90283-1
http://dx.doi.org/10.1016/s1574-1400(07)03009-5
http://dx.doi.org/10.1073/pnas.2004881117
http://dx.doi.org/10.1063/1.456153
http://dx.doi.org/10.1063/1.1367373
http://dx.doi.org/10.1016/j.jms.2016.03.005
http://dx.doi.org/10.1063/5.0011832
http://dx.doi.org/10.1051/0004-6361/202142936
http://dx.doi.org/10.1063/1.434988
http://dx.doi.org/10.1016/j.jqsrt.2007.11.004
http://dx.doi.org/10.1016/j.molstruc.2011.10.057
http://dx.doi.org/10.1016/j.jms.2007.07.005
http://dx.doi.org/10.1093/mnras/191.1.19P
http://dx.doi.org/10.1038/s41550-020-1072-9
https://exomol.com/data/molecules/H2CS/1H2-12C-32S/MOTY/
http://dx.doi.org/10.1016/j.icarus.2012.07.028
http://dx.doi.org/10.1093/mnras/stab1839
http://dx.doi.org/10.1016/0022-2852(71)90219-0
http://dx.doi.org/10.1126/science.169.3946.679
http://dx.doi.org/10.1006/jmsp.1993.1132
http://dx.doi.org/10.1086/528684
http://dx.doi.org/10.1086/426888
http://dx.doi.org/https://doi.org/10.1016/j.jms.2022.111732
http://dx.doi.org/10.1051/0004-6361:20010367
http://dx.doi.org/10.1016/j.molstruc.2005.01.027
http://dx.doi.org/10.1051/0004-6361/201834517
http://dx.doi.org/10.1051/0004-6361/201117096
http://dx.doi.org/10.1093/mnras/84.8.592
http://dx.doi.org/10.1071/ph730085
http://dx.doi.org/10.1098/rsta.2013.0075
http://dx.doi.org/10.1016/j.jms.2014.01.012
http://dx.doi.org/10.1002/qua.25190
http://dx.doi.org/10.1016/j.jqsrt.2020.107228
http://dx.doi.org/10.1039/c8cp05169k
http://dx.doi.org/10.1016/0022-2852(81)90190-9
http://dx.doi.org/10.1023/a:1006275412491
http://dx.doi.org/10.1063/1.4923039
http://dx.doi.org/10.1063/1.3624570
http://dx.doi.org/10.1063/1.4832322
http://dx.doi.org/10.1016/j.jms.2007.07.009
http://dx.doi.org/10.1021/jp9029425
http://dx.doi.org/10.1021/acs.jctc.7b00506
http://dx.doi.org/10.1051/0004-6361/201732531
https://academic.oup.com/mnras/article-lookup/doi/10.1093/mnras/stad111#supplementary-data

2006 T. Mellor et al.

APPENDIX: KINETIC ENERGY OPERATOR

We use reduced masses
1 1 1
— =+ — (A1)
Hcs mc Mg
and similarly for the others. Translational components:

1

Gxx =Gyy =Gzz = P S—— (A2)
Rotational components:
1
Gxx =Gyy = —-,
Hcsrcs
Gy cotasch, cos(t/2)  cotasch, cos(t/2) _ cescasc, cos(t/2) _ cescasc, cos(t/2)
X 2pesrds 2pcsrds 2mcresren, 2mcresren,
Gy — cot asch, Sin(t/2) _ cotasc, sin(t/2) ~ cscascy, sin(t/2) _ CsCascH, sin(t/2)
e 2pucsrés 2pcsrs 2mcresrcn, 2mcresren,
Gy = cotascn, Cotasc, cos?(t/2) _ cotarscu cotdscr, sin’(t/2) N cot® asch,
2pcsrés 2pcsrés Apaesres
cot? asch,  CSCascH, COtasch, s> (T/2)  cscasch, cot sy, sin*(t/2) (A3)
dpucsrds a 2mcresren, N 2mcresrcH,

cot oscH, CSC ascH, cotoscH, CSC OSCH, cos2(1/2) cot oscH, CSC 'sCH,

2mcresren, 2mcresrcH, 2mcresicn,

cotascy, €SC asch, sin*(t/2)  csc® asch, | CSCdscH, CSC dsch, €0S2(T/2)

2
2mcresrcH, dpcnrep, 2mcrcH, I'cH,

CSC asCH, CSC OSCH, sinz(r/2) csc? OSCH,

R
2mcren, rew, dpcnrcy,
Coriolis components:

sin ascp, sin(t/2)

Cxran, = mcrcs
sin asc, sin(t/2)
(;Xr(;].[2 = - meres 5
G cos ascy, sin(r/2)  sin(t/2)
X = -
5CH McrcsrcH, pesrds
sin(t/2)  cosasch, sin(t/2)
GXOtSCH2 = 2
Hcsrcs mcrcs’cH,
G cotascn, €os(7/2)  cscasch, €os(t/2)  cscasch, cos(T/2)  cotasch, cos(T/2)
Xt — - -
Mcsrés mcresrc, mcres’'cH, Mcsrés
G sin agcp, cos(t/2)
YrCH1 - meres )
sin asc, cos(t/2)
GYrcH2 = T’
G cosascy, cos(t/2)  cos(t/2)
Y = - )
e mcrcsrcH, pesrds
G cos asch, €os(7/2)  cos(t/2)
Yascy, — - B
1 McresTcH, Kestes
G cotascn, sin(t/2)  cotascw, sin(t/2)  cscascy, sin(t/2)  cscoscn, sin(t/2)
Yr = - -
Mcsrés Mcsrés mcresrcH, mcrcs’cH,
G sin asch, cotasc, sin(t/2) cos(t/2)  sinasch, €SC Asch, Sin(t/2) cos(t/2)
z = -
o mcrcs mcrch, ’
G csc osch, Sin asc, sin(t/2) cos(t/2)  cotascu, Sin ascy, sin(t/2) cos(t/2)
Zren, = - s

mcrcy, mcrcs
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€OS ascH, COt ascH, sin(t/2) cos(t/2)

G rascn, = pesrds mMcresrcH,
i csc asch, Sin(t/2) cos(t/2)  cosasch, €SC dsch, Sin(T/2) cos(t/2)
mcres’cH, mcrcH, 'cH, '
G cotascy, sin(t/2)cos(t/2)  cscascy, sin(t/2) cos(t/2)
Zascu, = Hestés meresrcH,
cotasc, COS dsc, sin(t/2) csc(r/2) n CSC olscH, COS Usch, Sin(T/2) cos(z/2)
mcrcs’cH, mcrcH, 'cH,
G — co? ascy,  cot’ asch,  COtasc, CSC@scH,  COLAsCH, CSC AsCH,
o 2picsrds 2pcsrds mcrcsrcH, McrcsrcH,
CSC2 QSCH, CSC2 OSCH,
ZMCHréHl ZMCHréHz '

Vibrational components:

)

’

G 1
resres T /-LCS’
Gresren, = cosasen,
mc
Gresren, = %’
> e
Grcsotscn, = _MRSsa
mcrcy,
GVCSLYSCHZ = -5
mcrcH,
G 1
FCH{TCH; — MCH7
Gron o = — sin ascn, sin ascy, sin®(t/2)  sinasc, sindsch, c0s*(t/2)  €OS &scH, COS AscH,
17CHy me mc mc
GVCHIU‘SCH] = s
mcrcs
GrCHlaSCH, _ sin ascy, sin?(7/2) B sin ascy, cos*(r/2)  sin QSCH, COS U'SCH, cos*(7/2)
- mcrcs mcrcs mcrcH,
Sin ascH, COS scH, sin*(t/2)  cos asch, Sin ascH,
mcrcH, mcrcH, '
Grcgl o 2 sin agcy, cotasc, sin(t/2) cos(t/2) B 2 sin orgcy, €SC s, Sin(T/2) cos(r/Z)’
mcrcs mcrcH,
G 1
FCHyTCHy — MCH7
Gropponn, = sin ascp, sin*(t/2) _ sinascn, cos?(t/2) N 08 ascy, Sin ascy, os*(7/2)
mcrcs mcrcs mcrcH,
COS a'sc, Sin AscH, sin’(z/2)  sin QSCH, COS U'SCH,
mcrcu, mcrcy, ’
G"CHZO‘SCHZ = - Hhasan
mcrcs
GrCHZT _ 2 cotascy, Sin asc, sin(t/2) cos(t/2) B 2 cscorgcn, Sin s, sin(t/2) cos(r/Z)’
mcres mcrcy,
GaSCHlaSCH] _ 1 S 2 cos QO'SCH; 1 —
Kesrcs  Mcresicn, HCHT G,
sin?(t/2)  cos*(t/2)  cosasch, cos*(t/2)  cosasch, sin*(t/2)
G‘YSCHIWSCHZ =~ 2 2 +
HcsTcs McsTcs mcrcsrcy, mcrcsrcH,

2
COS ascH, cos™(T/2
B ScH, €08™(7/2) n

COS O'SCH, sin2(1/2) 4

sin OSCH, sin QSCH,

mcrcs’cH,

mcrcs’cH,

mcrcH, 'cH,

_ COS scH, COS UsCH, sin?(7/2) N COS @sCH, COS Usch, COs>(T/2)

mcrcH, ’'cH,

McrcH, r'cH,
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2 cotasch, sin(t/2) cos(t/2) N 2 cos asch, cot asch, sin(t/2) cos(t/2)

as T =
ScHh Uestes mcrcsrcH,
n 2 cscasch, sin(t/2)cos(t/2) 2 cos asch, €SCasch, Sin(t/2) cos(t/2)
mcrcs’cH, mcrcH, 'cH, '
1 2 cos asch, 1
GuSCHZOtSCHZ = 2 + 2
Hcsrcs mcresrcH, McHT ¢,
G 2 cotascy, sin(t/2) cos(t/2) + 2 cot agch, €OS atsch, sin(t/2) cos(t/2)
aSCH, T —
2 Uestes McresTcH,
2 ¢cscasc, €Os asc, Sin(t/2) cos(t/2) n 2 cscascy, sin(t/2) cos(t/2)
mcrcH, 'cH, mcresrcH, '
G 2 cotascn, Cot asch, cos2(T/2) N 2 cotascn, Cotasch, sin*(t/2)  cot® asch,
Tt —

2 2 2
Hcsrcs mcrcs Hcsres

cot? ascy, | 20SCasch, cotascy, cos*(t/2)  2cscascen, cotdscn, Sin*(t/2)

2
Mcsrcs mcresrcH, mcrcsrcH,

2 2

_ 2 cotorsch, CSCUsCH, n 2 cotasch, €SCasch, Cos~(T/2) n CSC” OSCH,
2

mcresrcH; mcrcsr'cH, HcHrcn,

2 cotarsch, €SC OscH, sinz(r/Z) 2 cotasch, CSC OsCH, csc? O'SCH,

2
HcsTesrcH, mcresrcu, HcHrcy,

2 cscasch, CSC oSCH, cosz(r/Z) n 2 ¢sC ascH, CSC OSCH, sin2(r/2)

mcrcH, 'cH, mcrcH, 'cH,

Pseudo-potential:

+

cotasch, Cot oscH, cos*(t/2)  cot QSCH, CSC OSCH, cos?(t/2)  cot QSCH, CSC USCH, cos*(7/2)

2
4MCS"CS 4mCrCSrCH1 4mCrCSrCH2

CSC &lscH, €SC dsc, 0s2(T/2)  cotasch, sin asch, cos>(t/2) _ cscasc, Sindsc, cos?(t/2)

dmereu, rew, dmcresren, dmcren, rew,
cot QSCH; sin Q'SCH, COSz(‘L'/Z) CSC OsCH, sin QSCH, COSZ(‘E/Z) sin QSCH; sin QSCH, COSZ(‘E/Z)

4mCrCSrCH2 4mCrCH1 'CH, 4mchH1 r'CH,
cot? ascH, cot? sCH, cot? OSCH, cot? OSCH, 5 csc? OSCH, csc? OSCH, 5csc? OSCH,
2 2 2 2 2 2 2
32/vLCS"'(jS 16#CH”CH1 32MCSVCS 16#/CH"CH2 32MCSrcs 16MCHrCHl 32MCSVCS

csc? OSCH, cot ascH, Cot UscH, sin’(z/2)  cot QSCH, CSC OSCH, sin?(7/2)

3 )
16/ucurcy, 4pcsrcs dmcresren,

cot ascH, CSC oscH, sin*(/2)  csc QSCH, CSC USCH, sin’(r/2)  cot asCH, SiN AscH, sin?(7/2)

dmcresren, 4mcren, ron, dmcresren,

csc arsc, Sinascp, Sin%(t/2)  cotascy, Sin asc, sin’(t/2) | escasan sin aescp, sin’(7/2)

4mcren, reu, 4dmceresren, 4mcren, reu,
sin ascy, Sin oscH, sin®(t/2) COS OsCH, COS QsCH, COS OSCH, COS ASCH,
4mcren, reu, 4dmcresren, dmcren, ren, 4mcresren,
cot ascH, CSC AscH, n cot oscH, CSC AsCH, 3 3 3
dmcresren, dmcresrem, 16ucsrés  16pcsrdy,  16pcnréy,

This paper has been typeset from a TgX/IATEX file prepared by the author.
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