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Abstract

Microresonators, with highly compact size, strong nonlinearity and the ability to tailor the
dispersion, have attracted great attention in the last decade. Microresonator-based frequency
combs (microcombs) have accelerated the progress in the next-generation applications,
including range sensing, quantum commutation, spectroscopy, etc. The ring structure limits
the light circulating in the cavity to the resonant frequencies. The microcombs, resulting
from the cascaded frequency conversions, are generated with the dual balances between
nonlinearity and dispersion, as well as the gain and loss. This thesis starts with an overview
of the frequency comb development and mechanism. We then report our theoretical studies
of the microcomb generation and manipulation under different setups and materials. The
first study focuses on the bidirectional Kerr microresonators under the high-finesse condition.
It gives an averaged model with the reshaped nonlinearity dominating the microresonator
detuning. Such impact on the effective detuning accounts for some interesting phenomena
such as bright-dark resonances and soliton blockade. In addition, we have extended the
Arnold tongue instability theory of unidirectional microresonator into the two-component
case.

Observations of the soliton crystals in the above study have raised our interest and we
report the topological band can be formed through the periodic sequence of dissipative
Kerr solitons rotating in a ring microresonator. The soliton arrangement is like the well-
known one-dimensional Su-Schrieffer-Heeger (SSH) lattice, where the relative positioning of
solitons forms the weak and strong bound pairs in a unit cell through dispersive waves. Using
the Bloch theorem, we report the soliton metacrystals band structure and its topological
properties. The non-trivial topology has been identified through the geometric phases flip
(7 step transition), the Wannier function distribution and the corresponding edge states by
introducing proper defects. The chirality, induced by breaking the mirror symmetry of the
crystal arrangements in the microresonator, leads to the optical frequency combs resembling
butterfly-wing-like patterns.

Aside from the discussions on microcomb generations in 1(3) medium, in the third topic,
we expand discussions for the ) (2) resonators whose merits include but are not limited to

the stronger nonlinear strength and the ability to convert lights from near-IR to mid-IR



viii

range. The phase-matched half-harmonic frequency comb at mid-IR is achieved through
optical parametric oscillations (OPO). We demonstrate the ordinary and staggered spectrum
patterns, where the latter spectra have been the first experimental evidence observed by
our collaborators. Another significant numerical observation obtained from our numerous
simulations is the soliton comb generation in the mid-IR range, with remarkable stability and
bandwidth spanning over 70 free spectral ranges (FSRs).
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Chapter 1

Introduction

1.1 Frequency comb

Optical frequency combs operate as spectral rulers for ultrafast-process measurements. A
significant application is to accurately define one second through measurements of the
optical transitions in atoms with well-defined energy levels. '33Cs microwave clock was
first developed by L. Essen and J. Parry in 1955 at National Physical Laboratory (UK) and
redefined the SI second as 9,192,631,770 oscillations between two hyperfine ground states of
caesium [1]. Since the higher frequency of the transitions has a finer structure in the time
discretization, the strontium-based atomic clock improved the time precision to 16 digits and
the recent optical clock network system presented the ultra-high precision measurements
serving as a state-of-the-art technique for probing the quantum systems [2, 3] . The challenges
arise from the extreme detections of optical transitions in the order of hundreds THz which
is largely beyond the most advanced detection range of electronic scope at the GHz level.
Using frequency chain [4] to link such regimes as considered in the last 70s is not convenient
due to the complexity until the emergence of frequency combs which serve as an optical gear
bridging the radio and optical frequencies elegantly and practically [5].

An optical frequency comb is well known as the train of pulses emitted from a mode-
locked laser. In the time domain, as displayed in Fig.1.1, the envelopes of each pulse are
propagating in the group velocity with time spacing 7 between two neighbouring pulses. It
defines the repetition rate:

o, = 2% (1.1)
Though the envelopes repeat in time, the actual fields are not due to the offset between the
phase and group velocities, resulting in the carrier-envelope phase offset ¢, (¢). The sketch
in Fig.1.1 shows the pulse on the right side has the phase accumulation A¢@. Globally, it leads
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E(t)

WA\
VAN
Al

Fig. 1.1 The sketch shows the carrier-envelope offset induced by the phase and group velocity
difference. The envelopes in the top row are reproduced over time, with phase difference Ag
between two adjacent fields shown at the bottom.

to the offset frequency @,:
dQceo(t)
L, =
’ dt
Fig.1.2 presents a typical comb structure in the spectral domain of the pulses emitted from

(1.2)

a mode-locked laser. The frequency of each mode is determined by the longitudinal mode
index n and the offset frequency ®,. The measurement of @, is usually achieved by self-
referencing for an octave-spanned spectrum [6—8]. The computation is based on the beatnote
between two selected modes in the spectrum: mode »n with frequency n®, + ®, is doubled in
a periodically poled lithium niobate crystal (PPLN) and beats with the mode 2#n at frequency
2nw, + w,. Similarly, the repetition rate @, can be measured from the beatnote between

adjacent modes n and n £ 1.
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Intensity
Wo Wy-
> “«—>
| L,
Mode index n Mode index 2n Frequency
nw, + w, 2nw, + w,
v
Frequency
Doubling

2nw, + 2w,

v
Beat note < /
Wy

Fig. 1.2 The sketch of self-referencing. The colourful frequency comb is the frequency
representation of the train of pulses emitted from a mode-locked laser. The spacing of two
adjacent modes is ®,. Mode index n and 2 at the left and right sides within the frequency
comb are selected. The mode from the red wing is doubled through a nonlinear crystal and
beating with the higher one to measure @,.

1.2 Microresonator-based Kerr optical frequency combs

Beyond the great merit in counting the frequencies in the challenging scope, the frequency
combs have been demonstrated to embrace a wide range of solid applications in highly inte-
grated circuits. Comb generation from the mode-locked laser is restricted to its comparatively
large footprint, namely, it is challenging for integration and portable applications. In 2007, P.
Del’Haye and colleagues demonstrated the frequency comb generation from the ultra-high-Q
monolithic microresonator [9]. The 75um-diameter silica toroidal microcavity on a silicon
chip pumped at 1550 nm can possess a long photon storage time with the quality factor

Q > 108. Due to the small spatial mode confined by the structure, such microresonators
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only require a low power threshold to trigger the nonlinear optical processes. Ref [10]
reported the threshold of 50 uW for the onset of the parametric frequency conversion. The
cascaded nonlinear process in a microresonator made of typical centre-symmetric material
(for example, silica) is illustrated in Fig.1.3. While the resonator is pumped by a CW source,
the third-order nonlinearity enables two photons at pump frequency to split into two sideband
photons with higher and lower energies in the course of degenerate four-wave mixing as
pictured in Fig.1.3 (b). The newly generated modes trigger the non-degenerate process,
which leads to the subsequent cascaded frequency conversions. One of the main ongoing
challenges of the chip-based microcombs is that the output comb power is relatively low.
As the soliton combs exist in the red-detuned regime, most pump powers pass through the
waveguide instead of coupling into the resonator. Recent studies shed light on overcoming
this challenge using different methods. For example, the group at EPFL demonstrated that a
photonic integrated circuit based on an erbium amplifier could increase 100-fold the output
power of soliton microcombs [11], and colleagues at Chalmers utilised an auxiliary ring
to improve the efficiency [12]. Besides, by pumping the resonator with dual sources, the
symmetry breaking of clockwise and counter-clockwise fields in a bidirectional resonator
contributes to the next-generation optical devices, like, the nonlinear optical gyroscope and
dual-comb spectroscopy, especially for the integrated photonic circuits owing to the high
sensitivity in nonlinear responses. Beyond the formation of frequency combs, the study
of positioning of Kerr solitons inside a microresonator has been an interesting topic, in
particular, the perfect soliton crystals provide an enhanced intensity of the excited modes
and a wider spectrum. We have conjectured and confirmed that the train of solitons arranged
with certain periodicities in a microresonator can be taken as a Spatio-temporal topological
metacrystal, and we intend to motivate the interdisciplinary topics of topological and ultrafast
physics [13].

Lugiato-Lefever equation (LLE) [14] was first developed in 1987 and the microresonator
system is an active topic where the longitudinal LLE formalism can be applied. It has been
demonstrated to be an experienced map for the dissipative solitons generation and Turing
pattern formation [15-24]. The general form of LLE in the unidirectional microresonator
can be written as [25]:

. . D .D K
i0,y = 8y +(—iD1dg — 2—,28§+l3—,383+---)w—ﬂwlzw—z§(w—%) (1.3)

where detuning § = wy — w), is the offset of pump frequency w,, to its nearest cavity resonance.

D /27 is the free spectral range, and D;, D3, ... are the dispersion coefficients. The nonlinear

112 (o
2S0n0

strength y ~ is calculated with the transverse mode area Sp and the nonlinear refractive
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a cw laser

>
a)p Frequency

Degenerate Non-degenerate

Microresonator

< <
e

“,v

a)p Frequency PD

Fig. 1.3 The sketch of the CW-pumped microresonator. (a,c) Spectrums for the laser and
detected from the photon detector (PD). (b) Degenerate four-wave mixing initiates with
two pump photons splitting into two sideband frequencies (modes) under the momentum
conservation. The non-degenerate process comes later and contributes to the cascaded
frequency conversion.

index n,. The total linewidth k = k; + k., where k; ., accounts for the intrinsic (light scattering;
material absorption; surface roughness) and extrinsic losses (coupling loss). The quality
factor (Q factor) measures the photon lifetime in the cavity, and mathematically it is defined
as the frequency-to-bandwidth ratio Q = @/k [26]. The intracavity power #2 ~ # .F is
proportional to laser power % and resonator finesse .% = D—Kl. The Kerr soliton comb (or
DKSs) is sustained by the dual balances of dispersion versus nonlinearity and gain versus

loss. The resonant frequencies counted from pump mode are (it = 0, where u is the relative
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longitudinal mode index):

wu:a)o+D1u+§,u +§,u + ... (1.4)
where D) /27 is the repetition rate and dispersion coefficients D, = ‘Zﬁ“. The residual
frequency for the mode u is:

Dyes(1t) = @y — (0 +D14) (1.5)

D,.s measures the deviation of the resonance from the equal-spaced grid. The decaying energy
of comb lines on the left and right sides from the pump mode is caused by dispersion which
moves the photon frequency away from the cavity resonance. If the high-order dispersions
(D3...) are negligible, it will be apparent that such deviation is proportional to u? with
coefficient D;. When D, > 0 (anomalous dispersion), the dispersion shifts the frequencies
away from the cavity resonances, which balances with the Kerr nonlinearity compensating
such shifts. For D, < 0 (normal dispersion), instead of observing DKSs (i.e., bright solitons
where the soliton amplitude is higher than the background), dark pulse (dark means the pulse
core is lower than the background level) [27, 28] and switching waves (which links the high-
and low-intensity of the bistable resonance) [29] may occur. The LLE is recognised as the
detuned, damped and driven nonlinear Schrodinger equation (NLSE), where the NLSE part
is solvable. When the system with the gain and loss, the DKS solutions are approximated
solved with the soliton solution plus a low-intensity background [30, 31]. In 2014, T. Herr
and colleagues found the temporal solitons generation and the step-like transitions to the
multiple soliton states in a low linewidth (k ~ 450kHz, Q ~ 4 x 10%) MgF, microresonator.
The solitons emerge in the scan from the blue- to red-detuned regimes, where the modulation
instability patterns, breather solitons and stable solitons have been demonstrated. The Bath’s
results regarding the pattern formations in the instability tongues provided new insights for
this topic; see [32] for x(z) and [33] for (3) microresonators.

In the presence of high-order dispersion, for instance, D3 reshapes the residual dispersion.
The sideband zero dispersion mode is estimated by setting the residual dispersion to 0:

D3 5 _

D,
Dyes = o2+ i =0 (1.6)

The zero-dispersion mode will be efficiently enhanced and create the dispersive wave emis-
sions, also known as Cherenkov radiations [34-37]. Such dispersive mode coupled with
the soliton core is critical in the formation of molecule-bound states [38, 39]. Meanwhile,
the enhanced mode will effectively extend the bandwidth of the combs, which raises great
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interest for dispersion engineering by the geometry design of microresonators that shifts the
material dispersion governed by the Sellmeier equation [40, 41].

The Kerr microcombs have been studied on various platforms owing to their merits in
the broadband spectra and long-last coherence. The polished crystalline resonators (such as
MgF,, CaF,, LiNbO3) can have ultra-high Q above 1019 [42] with tens of GHz repetition
rate. The SiN offers a much lower Q on the scale of 10°, but it has a high refractive index
and can be integrated with waveguides enabling a compact, and versatile chip [43]. Such
state-of-the-art on-chip combs inspire an increasing amount of high-tech applications. For
example, the equally spaced frequencies in the soliton comb serve as ideal sources for the
wavelength division multiplexing in coherent telecommunications [44—46] and for quantum
communications [47-49]. Meanwhile, two combs with slight frequency offset are taken for
the dual-comb spectroscopy (see Fig.1.4) [50, 51]. In particular, recent studies have targeted
the generation of two soliton combs in a single microresonator, which can further reduce
the footprint of the integrated device. The dual combs can also be utilised in the ultrafast

distance measurement (LIDAR-light detection and ranging) [52-54].

Comb1 Comb2
Wy Wr2
2 TS

L] » L] »

Reference

Fig. 1.4 The sketch of dual-comb spectroscopy. Two combs are sent to the sample and
reference detector, where the absorption rate can be obtained from the difference between
the beatnotes from the detectors.
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1.3 Brief outline

We divide the topics into three major chapters. Chapter 2 discusses the bidirectional mi-
croresonators with counterrotating pumps. The state-of-the-art modelling provides a new
approach to controlling counterrotating frequency combs in a high finesse microresonator
through the averaged form of cross-phase modulations.

Chapter 3 focuses on the multiple soliton states, also known as soliton crystals. The
periodic soliton crystals can be considered in a set of unit cells. We take the Bloch theorem for
the computation of such periodic structures. By tuning the relative position of solitons in each
unit cell, we confirm the nonlinear non-Hermitian system features a similar topological band
spectrum compared to the SSH counterpart. Our study surrounding the topology includes the
Berry phase, Wannier distribution, and the edge state formation in a defect crystal.

Chapter 4 considers the frequency comb generation in a X (2) resonator. Due to the
momentum conservation in the OPO process, we separate the discussion of signal comb
generation in terms of the parity of the pumping mode. We numerically observed the ordinary
and staggered comb spectra and importantly, with the selection of frequency offset between
the pump and signal combs, the soliton generation in the mid-IR range has been reported.

The last section summarises the thesis and forecasts future works.
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Chapter 2

Bi-directional Kerr microresonators

2.1 Background and motivation

Bi-directional (counterrotating) micro-ring resonators are driven by dual sources circulating in
the opposite, i.e., clockwise (CW) and counter-clockwise (CCW) directions, see Fig.2.1. Rich
symmetry-breaking behaviours with their potential applications in velocity measurements and
signal detections have been reported in recent years. One notable feature of microresonators
is their high finesse which provides hundreds to millions of boosts to the circulating powers
relative to the input level, making vastly enhanced nonlinear responses. The advanced
gyroscope using a silica microrod microresonator (with a diameter of 2.8 mm and Q =
2.9 x 108 coupled to a tapered optical fibre pumped with laser light at 1550 nm) has been
proved to provide ultra-high rotative sensitivity (with a responsivity enhanced by a factor
of around 10%) by setting the device near the symmetry breaking threshold (i.e. exceptional
points) [1].

The bright counterpropagating solitons (CP solitons) are found in a microresonator
pumped by bidirectional lasers. Such CP solitons advance the next-generation design of the
integrated dual-comb spectroscopy and laser ranging systems [2—7]. A variety of qualitative
models have been used to map bidirectional microresonators, see [8] for an overview. Unlike
the unidirectional regime, we notice the complexity brought by the opposite group velocities
of CW and CCW fields where the Lorentz transformation cannot help to simplify the model.
However, the high-finesse terms in the Lugiato-Lefever model can be considered in an
averaged form with a reshaped form of nonlinear cross-coupling between the bidirectional
fields shifting the detuning [8]. This treatment implies the manipulation of frequency combs
utilising the high sensitivity of the effective detuning which relies on the nonlinear response
between the bidirectional fields.
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clockwise

Fig. 2.1 Sketch of the bidirectional model. The microresonator is pumped by the clock-
wise/counter-clockwise fields with laser frequencies @,/ @-_.

Microcomb generation in two-component systems has been an active area due to some
unique benefits: the conversion efficiency can exceed 50% by inducing a controllable
frequency shift to a selected cavity resonance [9] from an auxiliary microring. Ref.[10]
reports the deterministic generation of a single soliton state in a wide spectral range spanning
over 1.5 octaves (near 200THz) with the auxiliary pump. Taking the idea of controlling the
resonance shift, in our model, we realised the manipulation of soliton combs through the
strength of cross-phase modulations.

In the following, we first introduce the bidirectional model, in particular, we show the
steps to average out the fast oscillating parts. Then, we discuss the excitation of sideband
modes, i.e., the families of the homogeneous states and their stability. The soliton blockade
has been observed by tuning the resonator into the ranges where no steady states exist.
The management of frequency combs is further considered by tuning laser frequencies and
powers. Lastly, the instability of homogeneous states has been investigated and revealed
tongue-like structures.
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2.2 Counterrotating waves and frequency combs in bidi-

rectional microresonators

2.2.1 Model derivation

We start with the general model of coupled LLEs for a bidirectional microresonator and then

derive the averaging form under the high finesse condition. The coupled LLEs are written as

[8]:

D
0,0+ =804 —iD19pQ+ — 5 050+ — i§<Q+ — ) —v(0+ P +2(0- oy 2.1

D
i0,0_ =8_Q_+iD19p0— — 7283Q_ - ig(Q— ) —v(Q-F+2(0: )0~ (22)

where Q. are the bidirectional wave envelopes, and .+ = wy — @ are the detunings between
the laser frequencies and their nearest resonant modes. D; /27 is the repetition rate, for
CW and CCW waves, they should have positive and negative signs due to opposite group
velocities. D, > 0/D, < 0 accounts for the anomalous/normal dispersion; k is the loaded
linewidth. y ~ % is the nonlinear factor inversely proportional to the transverse mode area

480cn% ’

following [11]:

So and ny = The intracavity powers |7 | and cavity finesse .% are defined in the

A = %Wiﬁ 2.3)

D,
F = ~ (2.4)
Here, n = k./k, where k. is the coupling loss, i.e.,n = 0.5 for critical coupling [12]. The
diagram displayed in Fig.2.2 shows the moving reference and static reference regimes. In the
former case, the Lorentz transformation can get rid of D in one component, but it will lead

to the double rate of 2D in the counterrotating field.

Single component in moving reference frame Bi-directional waves in static frame

Ve Ve

Fig. 2.2 Moving reference frame (left) and static reference frame (right) for propagating
waves in a microresonator.
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The transformation of the coupled-mode representation reveals the impact of high finesse
D1 /x. We define a set of auxiliary fields ij as:

o D
Q:(1,6) = Y Bye* MO & =8 +-Dip+ 1 (2.5)
u
We first deal with the CW part, and the same treatment can be applied to the CCW. The above
relation transfers the model into coupled-mode regime:

. K & a i _ _
i0,B), +l§(B:f +8u00) ==Y Y, Sy (Bl Bl By MO %m0 (2.6)
Hi,H2, 13
+2B;]*B;2B;36_it(_5ul +6ﬂ2+5ﬂ3_5ﬂ))

Note the two terms on the right side correspond to self-phase modulation (SPM) and cross-
phase modulation (XPM). The expansion of the nonlinearity kernels are subjected to the

Kronecker &, which returns 1 under the momentum conversion Uy — U+ Uz = U:

D
Oy — Oy + Oy — Oy = 72(“]2 — U5 45 — ) (2.7)
D
=8, 8y + 8y — 8 = 2D (b — ) + - (a3 + 43— 41?) (2.8)

The phase term with D is cancelled under the Kronecker relation in SPM, but D still
remains in the XPM part. The XPM term implies the following two scenarios: when u; = o,
the XPM can get rid of D;. Meanwhile, the terms inside the brackets of D, can be reduced
to (,u% — uz). When u; # up, Dy will keep in the exponential phase. The condition of a
high finesse microresonator allows the approximation: when the scale of D; is much larger
than other physical parameters (such as D», k, etc.) in the system, for instance, the silica
microresonator can have D, /(27) ~ 20GHz, D,/(2rn) ~ 10kHz, x/(27) ~ 1.5MH?z, the
fast and slow time scales can be effectively separated into the terms associated with and
without D;. The averaged model considers the time scale much larger than the roundtrip
circulating time and smaller than the photon lifetime, allowing to average out the phase term
oscillating at the level of D. Given the discussions above, we conclude that:

K

i8tB:[ +i 5

(B; +0u 07 ) = =Y Z 6#1—H2+M37NB;132;2*BZ3e_it(éﬂ] O+ s —0u) (2.9)
My, Mo, 13

+ -2
+2B,, ; B, |
1

To transfer the pair of coupled-mode equations into the spatial domain, notation Ay, is defined:
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. 1
Vi = Biie "W, 8y =8ut 5 Do’ (2.10)

) D K N i
latvf,fﬂw,%{ﬁwﬁ—g(wﬁ—%)—v Y Owmtu Vi Vi Vi, (2.11)
Hi, Mo, 13

27w Y 1wy, ?
H
The spatial form y satisfies:

yr(0,1) =Y yret O (2.12)
u

The integration of l//ff gives: (note that the transformation of the last term takes Parseval’s
theorem)

St + Doy Ko 120t Iy
iy =80yt = Ryt —iZ (v =)y Py~ [Ty P @)

The same process has been taken for the Q_ component, which finally returns the form:

oy _ D N P _ [ do
iy =6y =Ry —i (v =) vy Py~ [P @4

The pair of Eqgs.(2.13, 2.14) shows the nonlinear cross-coupling between the bidirectional
fields as detuning shifts. Note that the revised model compared to its original form reveals
the intuitive impact from the cross-phase modulation acting on the detuning. Meanwhile,
from the numerical aspect, the computational efficiency has been largely boosted by the
increase in discrete time steps.
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2.3 Steady states solutions

In this section, the resonances between the bi-directional fields are solved, including the
studies of symmetry breaking, dark-bright resonance formation, and the manipulation of

frequency combs.

2.3.1 Symmetry breaking and dark-bright resonances

The sketch of the bi-directionally pumped microresonator mapped by Eqs.(2.13, 2.14) is
illustrated in Fig.2.1. The clockwise (CW) and counter-clockwise (CCW) lights l//i are
printed in blue and red, respectively. Swapping of the two lasers with the same frequencies
and powers will not change the system, which implies a set of symmetric solutions. In the
single-mode regime, the homogeneous (cw) states can be tracked under the condition of
dr = 0,dy = 0. The typical symmetric family is presented by black branches in Fig.2.3(c1,
c2). The asymmetric solutions W # w~ will emerge at the exceptional (symmetry-breaking)
points with the laser powers above the threshold [13].

The emergence of asymmetric solutions should be associated with the stability of pump
mode, where the instability makes the small fluctuations between the bidirectional lights
amplified and lead to the symmetry-breaking states. The splitting of power will cause the CW
and CCW lights to go through different refractive indices, as the intensity-induced variations
in refractive index An for CW and CCW lights should be proportional to |y |> 42|y~ | and
lw~ |2+ 2|yt %, separately. It reveals the counterrotating lights in the cavity have different
resonant frequencies. Specifically, the maximal difference of the refractive indices is rough
An and 2An in two components. When the bifurcation happens, the counterrotating lights
with equal intensity will break into a pair of strong- and weak-intensity branches. The blue
pair in Fig.2.3(c1, c2) is a typical case for a strong CW and weak CCW case and vice versa,
displayed by the green pair. Such a strong- or weak-intensity state selection is random [14],
due to the unpredictable perturbations.

The model of counterrotating fields is derived in last subsection, see Eqs.(2.13, 2.14).

The integral intensity /4 are defined below:

27 do
+ + 2
I _/0 Iyt (0)] o (2.15)

LD
= [TvePrs (2.16)
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It solves the cw-cw states (homogeneous fields in both components) in the following:

art

1"+ (8 —21] 1) =y, (2.17)
_ 4l N2
I +7([6f—21+]—1 )" =y, (2.18)

We apply a set of parameters for a typical silica microresonator: D, /2m = 10kHz and
v/27 = 400kHz/W are the anomalous dispersion and nonlinear coefficients. k/27 = 1.5MHz
is the resonance linewidth. The intracavity pump powers are A2 = %f Wy, where n =0.5
accounts for the critical coupling. Resonator finesse .# = 13000 relates to the enhancement
of power in the cavity.

The study of the bidirectional system starts from the homogeneous states, providing
significant information on sideband excitations. The controlling parameters are the laser
powers.7Z and frequencies wy. In this section, the target is to keep equal power (the
discussions of power will be included in the next section) and figure out the strong and
weak nonlinear interactions between bidirectional fields during the detuning scans. Two
regimes should be considered: the offset frequency between two lasers and the exact detuning
between the laser and its nearest cavity resonance. For the convenience, we define the offset
between two lasers as € = @4 — @_, and the exact detuning between zero-mode resonance
and clockwise laser frequency as 0 = @y — @. The modified model can be written as:

. D K _
ioy" =8yt — Ryt iz (vt =)~y Pyt -2yt (2.19)

D2 +

K .

oy~ =6y — 793‘1/7 - ig(‘l’f — ) Ay Py —2¢Ty (2.20)
T B e

g =5 [ v*Pae (2.21)

g™ are the nonlinear couplings between the bidirectional lights, serving as the shifts in
detuning. Thus, the effective net detunings for 4+ components are § —2g~ and § + € —2g™.
Fig.2.3(a) presents a group of nonlinear resonances between CW and CCW fields under
small and large frequency offsets €. The horizontal axis shows the scan in laser frequency.
Due to the fixed €, both lasers scan at the same speed. For a relatively large offset, the
resonance in (al, a2) shows the case of weak cross-interactions because of the feeble g~

component. Specifically, it means such a large offset decouples the two components, i.e., the
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approximation g~ ~ 0 assumes that Y is roughly independent. The strong cross-interactions
will happen at a small offset €. With absent offset, the central panel (c1, c2) displays a pair
of typical symmetry-breaking states where two identical lasers are taken. (d1, d2) and (el,
e2) possess similar manner concerning the first two cases in (b1, b2) and (al, a2) if l//jE are
swapped. The only difference in the shift along the horizontal axis is the consequence of the
tilted resonance. To enhance the cross-coupling between bidirectional lights, the selection
of § within a well-pronounced range should be guaranteed, especially for identifying the
impacts of such nonlinear shifts.

Accordingly, we fix the laser-cavity offset in the '+’ component near the resonance, with
laser scanning along @_. In panels (f, g), the resonance loops are printed in different styles of
lines and colours for the convenience of catching the correspondence of g* from the cw states.
Starting from the efficient high @_, the weak interactions between CW and CCW waves solve
the upper (black), middle (dashed blue) and lower (solid blue) branches at € /27 ~ —TMHz.
Provided that the CCW light is far away from the resonance, the strong nonlinear shifts from
g¢" =5 and 0 cannot primarily affect the intensity in g~ (see the comparison between solid
blue and black line in panel (g)). When the laser is approaching the resonance by decreasing
-, the increasing intensity in g~ should apparently shift the detuning of CW light as per
the relation 6 —2g~. The closed blue loop in panel (f) suggests the effective detuning no
longer stays within the bistable range, and only the black upper branch survives. In the range
0 < €/2m < 3MHz, o_ is approaching the resonance and maximizing the integral power,
which shifts the CW component enormously, forming the dark-bright resonance, i.e., the
black anti-resonant curves. The further decreasing w_ will restore the net detuning for the
CW component and create roughly the same level intensities of the multiple resonances at
€/2m ~ 10MHz. Remember that the dissipative Kerr solitons seek stable low-intensity states
as a background (see discussions in Chapter 1), the interval between low-intensity states
on the left and right sides strictly forbids the existence of dissipative Kerr solitons. The
stability is also significant and we mark the instability threshold for ¢ = 0 in the green dot,
and sideband mode p # 0 in blue. According to the instability analysis, the destabilization
of solitons will emerge in the process of frequency scan.

2.3.2 Soliton states

Steady-state soliton families can be divided into three broad categories of the soliton-cw,
cw-soliton, and soliton-soliton states. The order of words indicates the state in CW and CCW

waves, respectively. In Fig.2.4, the solutions for soliton-cw and cw-soliton states are sought
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Fig. 2.3 (a-e) Strong (weak) interactions of bidirectional single-mode states with small (large)
pump frequency offset €. The colourful branches in the top and bottom panels present the
pair of g* solutions. (f, g) Dark-bright resonance formation with the scan in offset frequency
€ at fixed § = (27)4.5MHz. Green and blue points are associated with instability of pump
mode and sideband modes, respectively. Same powers are taken J7%4 = 74 = 4wz,

in pairs below:

D K _
0=8y" —opy" —iz(y" — )~y Pyt —2gy” (2.22)
YA P =g +4g (6+e—g —287) /K (2.23)
and
YA =gt +4gT (8 —g" —2¢7 )7 /K (2.24)
_ D _ K, _ _o _
0=(8+e)y — oy —iz(y —A)— v Py ~24"y (2.25)

The third-party, soliton-soliton state, should be solved with Eqgs.(2.22,2.25). To keep
consistency, same parameters in Fig.2.3 (f, g) are taken. We call ’soliton blockade’ for the
forbidden area of solitons, i.e., the grey carpet in Fig.2.4 (a). Such blockade effect can be
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Fig. 2.4 (a, b) Soliton components of the soliton-cw and of the cw-soliton states as computed
from the time-independent models. (c, d) is the soliton-soliton state. Panel (a) shows the
soliton blockade. The blue colour in (b) marks the € interval where the '—’ soliton is sustained
by the chaotic state in the '+’ wave, which provides a relatively large XPM induced resonance
shift, —2g™, compensating for € > 0 [15].

explained by the effective decreasing detuning in the soliton component when the @_ is
approaching the microresonator resonance where no stable background can be found for
solitons. It also accounts for the range of the grey carpet comparable to the interval of
low-intensity states in Fig.2.3 (f). The soliton profiles have determined the transition of net
effective detuning in the '+’ wave. Observation of sharper solitons near the two edges of the
3D box indicates the wider spectrum, showing increasing frequency conversion efficiency.
Panel(b) presents the soliton component in '—’' wave when cw state is taken in '+’'. When
the laser scans sweep from one side to the resonance, the growing intensity implies the
solitons are approaching the tilted-peak resonance. Both blue and grey carpets stand for
the non-existence region of the soliton family, but in the real-time dynamics, solitons can
emerge in the blue carpet area when the cw state in '+’ is replaced with a chaotic field, as
the chaotic W field provides much larger detuning shift than cw state to compensate the
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incremental detuning in '—’ component. The soliton-soliton state is only possible when @_
approaches the resonance in the '—' component. This condition requires €/21 > —1MHz
where the steady-state solutions are captured in panels (c, d).

The formation of dark-bright resonance, the mechanism of soliton blockade, as well as
the steady-state solitons have been discussed above. All these observations are in relation to
the fixed 6. It becomes intuitive to control the detuning between @, and @y for the shifts of
the resonance curves. The available detuning range is solved by setting g~ =0, i.e., switching
off the light in'—’. The increment of § /27 from 4.5M Hz to 6M Hz (near the peak resonance)
gives the shifted resonances in Fig.2.5. Panels(a, b) have similar contours of the dark-bright
resonance. However, the interval between blue and red loops is eliminated because the
increasing O gives rise to the extra tolerance of the detuning shift from the averaged form of
XPM. The purple dot marks the stability of 4 = 0 mode, and the round blue and red dots
are associated with the emergence of steady-state solitons in (c, d). Here, we focus on the
soliton-cw states, i.e. how the soliton families will react to the scan in the counterpart field.
The numbers '1,4,6’ indicate the structure periodicity within the ring. For example, the
number of '4,6" marks the period of 27t/4,27 /6 in the resonator as displayed in Fig.2.6 (a,
¢) and (b, d), respectively. The black dashed curves in Fig.2.5(c, d) exhibit the soliton-cw
state existence when € /27 < Et(hl) or /2w > 81(;), and the non-existence ranges are shaded in
grey. The blue and red loops are the zoomed parts associated with Fig.2.5 (a, b), which locate
the soliton-cw families. The blue and red dots marks the thresholds el(}} %) Note the ending
point of solutions at blue dot on the left blue loop in (d) indicates the maximal detuning
shift provided by g~ . It shows for the same soliton-cw state, the g~ on the right red loop
should end at the same energy level. The right-side soliton-cw state near the red curve will
go through the turning point (near the red dot) due to the tilted resonance in this nonlinear
system. In Fig.2.5 (e), we collect the maximal amplitude of the single-peak soliton family
with both stopping points at the same level around |y|2, .. ~ 20 Watts. The identification of
the stability for the cw-cw resonance solutions is crucial, as the frequency comb occurs in
the course of sideband excitations. In Fig.2.5 (f), the positive Re(A) presents the maximal
instability by selecting it = 0 or u # 0 modes (always choose the larger one). The sharp
turning curves, for example, the red dashed line at € /27 ~ 3MHz, is the consequence of the
switch between maximal instability of different mode numbers. The stable region Re(1) < 0
displays the detuning range of low-intensity cw-cw states which roughly estimate the range
for soliton combs.

The stability of the soliton-cw states should be considered in a more deterministic
approach by checking the MI eigenvalues where the positive number should associate with

the excitation of extra modes. In Fig.2.7, when the instability exists, i.e. the blue and green
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Fig. 2.5 (a, b) Nonlinear resonances are solved with fixed 6 at 6 MHz. The blue and red dots
are associated with the soliton threshold in (c, d). The purple square is the emergence of
instability in mode p = 0. (c, d) The existence of 1-, 4-, and 6-peak soliton families in the
'+" component. (e) The maximal intensity of 1-peak soliton solutions along the scan. (f) The
full eigenvalues of the cw-cw solutions are computed by Jacobian.

points, they will certainly lead to the formation of soliton breather states with different
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Fig. 2.6 Typical examples of 4-, 6-peak solitons are displayed in spatial profiles (a, b) and
corresponding spectrums (c, d).

periods (see (c2, d2)). A = 0 implies the self-stabilization of weakly perturbed systems (see
(b2)).
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Fig. 2.7 (a) The maximal growth rates are solved for single-peak soliton. (bl, cl, dl)
Dynamical simulations are checked for the yellow, green and blue dots separately. (b2, c2,
d2) The maximal amplitudes are recorded with respect to the dynamics on the left side. The
oscillations imply the breathers in the last two cases [16].

2.4 Soliton control by the counter-rotating field

In the previous section, we studied the soliton blockade effect impacted by nonlinear cross-

coupling between the bidirectional lights. The steady-state solutions should also be captured
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in real-time dynamics. In the following, the real-time scans will consolidate the observations
and provide extra informations on how the instability crashes the solitons and the realization
of the soliton blockade.

We start from the case with a wide blockade interval at § /2w = 4.5MHz. In Fig.2.8, the
dynamical scan is implemented by increasing € slowly from the negative to the positive side,
crossing through the resonance in the '’ field. Here, we capture the same range as in the
presentation for steady states above. The solitons are generated by seeding the laser in either
unstable high-intensity cw-cw states with tiny perturbations. The unstable modes will be
effectively excited in the process of the cascaded frequency conversions, creating frequency
combs. The solitons are generated and keep stable in Fig.2.8 (al) when £/2n < —5MH?.
Soon, the instability of p = 0 initiates background oscillations that do not clearly impact the
soliton cores. The frequency of the oscillations is measured in the order of 10 to 100kHz,
and it implies the bidirectional waves are becoming unlocked from the pump frequencies.
W # 0 instability is the deterministic factor leading to the destruction of solitons, turning the
solitons into chaotic states. In Fig.2.3 (f, g), the blockade interval indicates the solitons will
be forbidden due to the large nonlinear shift acts on the '+’ wave. In the real-time dynamics,
it indeed displays such a region but with a much wider range. This should be associated with
generating solitons in the '—' wave as per panel (c1). It presents how the solitons emerge
from cw states with the integral energy recorded in purple. Comparing the purple and blue
curves g* at €/21 < —4MH?z, it demonstrates the good match between steady soliton-cw
states (in Fig.2.6) and the dynamical counterpart. When € is approaching the resonance in’—’
wave, the instability crashes the soliton-cw states. Therefore, the initial soliton-cw states will
become chaos-soliton states, and such a regime will stop until the sweeping frequency in @w_
is beyond the peak of resonance where one can observe the sudden drop of the energy. The
sharply declined energy will restore the effective detuning for the '+’ wave, which constructs
the solitons at €/2m ~ 7MHz. The above scan is implemented by decreasing @_ with fixed
@, . Aside from this operation, the emergence of turbulences depends on the stability of
low-intensity cw states makes the opposite scans valuable. From the cw-cw states in Fig.2.3
(f, g), the low-intensity states in solid red can keep stable from € /27w =~ —1MHz, making a
narrower blockade interval from the hypothesis.

In Fig2.8(a2), the backward scan leads to the narrower blockade region due to the long
existence of stable background in the soliton component. It secures the resonant detuning
in soliton component from roughly €/27 ~ 0 and above. Similarly, the soliton blockade
will happen when the laser scans within the interval between left- and right-side resonant
states. Both components will stabilize themselves when € sweeps into the stable background

regime; see the green dot in Fig.2.3(f, g).
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Fig. 2.8 Dynamical scans regarding the steady states are presented in Fig2.3. (al-d1) shows
the forward scan with increasing €. The purple lines in (b1, d1) are the integral energy
calculated from dynamics. The cw-cw states are marked as the label for the comparison.
(a2-d2) shows the backward scan with a narrower blockade range.

The last subsection exhibits the steady cw-cw nonlinear responses when the fixed detuning
0 rises to 6MHz. The blockade interval is shrinking by the decline of power in the g~
component. Fig.2.9 presents the distinctive resonances in g with 7. = 2W1/2. The
relations € = w; — @_ and § = wy — @, give the detuning in '~ wave 6 +€ = @y — ©_.
To target each pair’s tip, we can focus on the net detuning & + € —2g™ where the three
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Fig. 2.9 The cw-cw states are solved under low laser power 7. = 2W'/2. The other
parameters are labelled in the panels.

pairs feature the same value close to 2M Hz. Lower-intensity states are almost stable (except
the short-range near €/2w ~ —SMH?z) without any interval for the soliton blockade with
corresponding frequency scan in Fig.2.10. The short instability excites the periodic waves and
cannot further transit into soliton states attributed to the insufficient laser power. Meanwhile,
such generations with increasing power act on the '+’ wave, making the fade background
carpet in panel(al) near € /27 ~ —4.5MHz.

Another non-trivial case is pumping the resonator with strong laser power of .77, as the
extended bistability resonance in'—' field will form the soliton-soliton states. The dynamical
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Fig. 2.10 The dynamical simulation corresponds to the case in Fig.2.9, where the soliton
blockade can be avoided with decreasing laser power in the '~ wave.

scan in Fig.2.11 (al) presents the process of soliton, soliton blockade, and soliton as predicted.
The CCW field displays the transition from cw states into solitons. The restoration of solitons
from chaos in (al) is achieved with the help of energy drop when solitons are formed in (a2).

(1)

The blockade point g° * ~ 1.2MHz in panel (d) is labelled. When the solitons are generated
from chaos area, g_ will decrease to 1M Hz, accounting for the solitons restoration in the '+’
field.

The idea of controlling frequency combs in the high finesse bidirectional system emerges
from the blockade effect, where the laser-cavity detuning and power are two main factors.
The tolerance of XPM shift for a frequency comb should depend on the fixed detuning, and
the laser power may directly control the strength of such shifts. In Fig.2.12 (a), the blockade
range with equal pump powers has been addressed. The blockade interval is shrinking with
growing fixed &, and the exact detuning for the scanning laser in '—’ component should be
0 + €. The blockade range can be justified by either of the criterion. The first path implements
the forward and backward scans simultaneously and records the overlapped blockade region
as the forbidden range shaded in grey. Alternatively, we can take the steady state formulas
and compute the soliton families as shown in Fig.2.4 (c¢). Both methods are identified to be
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Fig. 2.11 Enhanced power S = 6W /2 is taken for the extended soliton formation in the
(1)

CCW component. In panel(d), the intensity threshold g’ labels the critical level for the

2)

soliton blockade in the CW core. g
are generated. 8 = 6MHz is fixed.

shows the intensity in the CCW wave when solitons

equivalent and match the dynamical scans in Fig.2.8. Here, the limitation of § is from the
detuning for maximal resonance at 6 /27 ~ 6.4M Hz with the assumption g~ = 0. Fig.2.9 (b),
on the contrary, reflects the blockade interval controlled by the modulation of laser powers.
Observing the strengthened blockade effect with incremental energy coming into the '/

wave 1s more intuitive.
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Fig. 2.12 Soliton blockade management is controlled through different fixed detunings (a)
and the pump powers (b). Fixed parameters: (a) Same pumps are taken at 7% = 4W/2; (b)
0/2m = 6MHz.

2.5 Instability tongues

In the high Q microresonator, the finesse dispersion D, /x will split the instability areas into a
set of partially overlapped tongue-like structures [17], which is crucial for the understanding
of the formation of Turing patterns and crystals of light. In the following, we will extend the
theory to the two-component regime.

Take the similar model introduced above:
iyt =8, y" ——821;# Ry~ —z—(w — ) =Yy Pyt (2.26)

2 d6
2oy [T PSS

iy =8y~ ——89111 —Ry* —z—(w —A) =Yy Py (2.27)

do
N

Regarding the two new symbols, ¢ = 1 means the bidirectional waves in a single
resonator, and R is the backscattered coupling between the counter-rotating waves. The other
case, 0 = 0, accounts for the double-ring system, and R is the coupling rate between the two
rings. The MI assumes the slight perturbations adding to the zero modes with the substitution

yt = A(jf +p* (AE)—L and and p* are the stationary solutions and perturbations):
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A — ik —Y(A])? ~R—08,02YA7A)"  —00u02¥AG Ay
9 YAy AT IS oBuo2rAT Ay R OB02AT A, |
l - A A ’
T | R—0du02rAf" Ay —0bu02vAT A A, —i% —¥(Ap)?
00u02YAJTAy" R+ 06,02YA A" Y(Ay*)? —AZ, —i%
i0,p = MPp.p = poc"’ (2.28)
(M —irD)po=0 (2.29)

where the kernels are:

A= 6++%D2u2—2y(|Ag|2+G|A5|2) (2.30)
AT, = 6++%D2u2—2y(|Aar|2+G|A5|2) (2.31)
Ay =6+ %Dz,uz —2¥(clAS1* + 1A, 1) (2.32)
A, =68+ %Dzuz —2y(c|Af P +1A5 %) (2.33)

See pg expressions in Eqs.(A.30, A.31). u is the relative mode index which centralized for
pump mode (i.e., 4 = 0), and the sideband modes are counting from p = +1,4+2,£3,---.
Assuming symmetric case (8, = 5_,Aar = A, = Ap), the matrix will be factorized by

T

introducing eigenstates py = [w, —v,w, —v|" as in-phase eigenstates (where Aff have same

T

perturbations), and pp = [w, —v,—w,v]" as out-phase eigenstates (where Aﬁ have opposite

perturbations). They solve the eigenvalues A;, and A,,; below:

a K
[A— R+ 71A0’][A =R — (1+408,,0)7|40/*] = -5 + Ain)” (2.34)
N A K
[A+R+(1+2060,0)7|A0/2[A+R+ (—14+206,0)7l40/*] = -(5+ Aout)?  (2.35)
In the symmetric regime (Al = Ay), Ax = A. The Kronecker delta 3”70 returns 1

when 4 = 0. o =1 for the single ring with bidirectional fields; o = 0 for two coupled
rings with unidirectional waves in each ring. Open the capital delta term by defining
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A=Ay —2¥(|Ao)* + 6|A0|?), Ay = & + %Dzuz and g = y|Ao
written as:

2, Eqs.(2.34, 2.35) can be

Ay —R—(1+20)g][Ay —R— (3+20 +468,0)g] = —(g F 2in)? (2.36)

A A K
[Au+R— (1420 -2006,0)gl[Au+ R~ (3+20 —206,0)g] = —(5 + Aow)? (2.37)
Eqs.(2.36, 2.37) yield the two pairs of eigenvalues, and the set of the in-phase and out-
phase perturbations can be regarded as two eigenmodes of the system, each having its own

stability threshold.
Firstly, by taking o = 1, the in-phase eigenstates are:

Ain(Ain + 1) = (15+ 128, 0) (s — g (g1 — ¢) (2.38)

12 _ (4+28)a | \(4+328)a2, — (154 128)x2 o0
i T 51128 30+ 248 '

Gin = Ay — R (2.40)

and out-phase case is:

Aoul(lout + K) = (15 - IZSLLO) (g - gg}}t)(ggi)t - g) (241)

12 (4—28)dou \/ 4a2, — (15 —128)x2
8out  — — T = (242)
15—126 30— 246

o = Ay +R (2.43)

The maximal instability occurs under the condition of dy Ay, = 0,dsAy, = 0, which can
be reduced to aug,(}@) = O,aggﬁ’z) =0. Only 8“75g(2) returns meaningful solution (no
extremum exists in the other selection):

2 2
For d,, g§n7)u = 0,85g§n7)u =0

Au:(Z—S)K-f—R; g = X (2.44)




36 Bi-directional Kerr microresonators

2 2
For allggu)t,u = O’aﬁg((m)t,u =0

Ay=(2- S)K—R; ggi)t.,u -2 (2.45)

[\

The relation of Ay = (2 — S)KiR makes a set of critical pump frequencies (recall
Ay =8+ 5Dru?):

. 1 a
O = ey Doy — (2 B)K+ R 246
1 A
W = o+ §D2N2 —[(2-6)k—R] (2:47)
where w), Linfout .1 a pair of pump frequencies satisfying the threshold condition. Accord-

ingly, the thresholds of the intracavity power can be derived below.
The symmetric homogeneous solutions are obtained at y = 0:
4g

F(6—R—3g)2+g=y,%ﬂ2 (2.48)

For the in-phase case, we substitute g — gl(j ) and § — 61#:
K 4 3K

4+ (8 R

2446 2446

2 )] = Y%zL,in (2.49)

Sht = wy — whhin (2.50)

For the out-phase case, we substitute g — ggi), and 6 — 5(%:

K 4 I 3K
5[1 + F(S(ﬁu —R- 7)2] = Y‘%ﬂ[JZL,out (2.51)
Sh = @y — kLo (2.52)

Here, 771 in and 7,1 ou are the thresholds of the power for an excited mode p from
cw branch. The above critical relations show the instability structures are determined by
dispersion D5 and R in the panel of (6, gin,ou )-

In Fig.2.13, the instability threshold for dense and sparse cases are controlled by the
dispersion coefficient D,. Here, the black contour is the threshold for the pump mode 1 = 0.
The lower and upper edges in g;,, gour With fixed detuning are given by the two roots in
Eq.(2.40) and Eq.(2.43), respectively. The green and purple dashed lines are marked in line
with Eqs.(2.44,2.45). When R = 0, there is no splitting of the tongues in g;, and g,,; for
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._(}{J'u. i / K

Fig. 2.13 Instability tongue-like structures with low and high dispersion D, = 0.1,0.5,
separately. The green and purple dashed lines are the rulers for levels of 1/6,1/2. y=11s
fixed, and p = 0 is contoured by the black line.

u # 0. The tongue-like contours present the instability range. The order of tongue indices
marks the instability region for specific mode . For instance, the numbers p = 3 to 6 are
labelled. In either case, the crossings between two tongues will give rise to the multiple
mode instability and the Turing patterns whose periodicity of m can be found at the tip of
the corresponding tongue with the same index. In Fig.2.14, we demonstrate the effect of
tongue splitting with R 7 0. The top panel implies the introduction of R will linearly shift
the instability tongues, whereas the splitting of g;, and g,,s as given in the bottom panel
will be 2R (the spacing between the black tip and cyan tip from the same tongue). As the
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eigenstates of in-phase and out-phase mark the two boundaries of instability tongue, i.e.,
any perturbations which can be factorized into such eigenstates should sit between the two
extreme thresholds.

.
—
4t .
e
=
5 2 ’
D L L 1 1 1
-20 -15 -10 -5 0 5 10

d/kK

Fig. 2.14 Top panel compares g;, with R =0 (red) and R = 0.5 (cyan) with same D, = 0.5.
Bottom panel compares g;, (cyan) and g,,, (red) with R =0.5.

Following the same approach, the other case with ¢ = 0 can be treated in the similar

analysis:
Rin(in + ) = 3(g — ) (g — g) (2.53)
2 3.2
12 2a; iy — 3K
gn? = > T (2.54)
ain = Ay —R (2.55)

The out-phase regime will have similar form due to the symmetry of two rings:

Pout rows + ) = 3(g— g5 (852 — 2) (2.56)
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2 3.2
2 a — 3K
ghi) = T L (2.57)
o = Ay + R (2.58)

where kernels a;,, o, imply the coupling between them will break the degeneracy.

The maximal instability can be sought by a“gﬂ’” = o,aagﬂ’” = 0. Similarly, only
8u7 5g(2) returns extremuim:

For d,, gl(i)u = 0,85g§i)“ =0

2 K

Ay=K+R: g = > (2.59)
2 2

For aliggu)t.,u = O’a&ggu)t,u =0

2 K
Au=xK—R; gh) == (2.60)

[\S)

The relation of A, = kK &= R indicates a set of pump frequencies:

- 1
obbin = a)0+§D2,u2—(K+R), (2.61)
uL,out 1 2
@, = a)o+§D2u — (K —R) (2.62)
where a);,l Linfout 4 ve pump frequencies under instability threshold conditions.

By comparing the threshold conditions Eqgs.(2.39, 2.42) and Eqs.(2.54, 2.57), the zero
mode instability threshold affected by nonlinearity is different, see Fig.2.13. When ¢ = 0,

the nonlinearity in each ring is reduced to the self-phase modulation. From Eqs.(2.59, 2.60),
(2)

in/out,u
splitting is solely impacted by the coupling rate R. The complexity of the system can be

the minimal threshold g becomes uniform for all modes. In addition, the tongue
further reduced when R = 0 is taken, and it shows equivalence to the single component Kerr

resonator, which has been extensively discussed in our recent work [17].

2.6 Conclusion

In this chapter, we started with the model of a bidirectional microresonator under the high
finesse condition. The counterrotating group velocity terms are treated as the fast oscillating
phases and thus can be averaged out. The applied mode restrictions effectively shape the

cross-phase modulations into an integral form, serving as additional detuning shifts. We
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have studied the homogeneous solutions and the stability under two regimes: firstly, we have
discussed the cases under fixed offsets between two pump frequencies varying in the same
scanning rate where symmetric and symmetry-breaking states are captured. Secondly, the
resonances formed by scanning with one laser have been introduced. Under such a regime,
we found the blockade regions of soliton combs. Soliton blockade effect has been further
discussed in the dynamical simulations under various conditions and identified to match the
existing steady-state soliton families. Controlling the soliton frequency combs through the
frequency scans forwardly and backwardly is associated with the gap between low-intensity
states, as well as the stability of the cw background. At the end of this topic, we provided
the theory of the soliton blockade effect through either frequency or laser power scans. The
additional discussions about the stability thresholds in two-component resonators provided

significant insights into the frequency conversion conditions.
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Chapter 3

Topological soliton crystals

3.1 Introduction

In this chapter, we will focus on the periodic multiple soliton states, namely, the soliton
crystals. We report the observation of topology in soliton crystals where the topological chain
is fully constructed through the arrangement of dissipative Kerr solitons and their relative
positions are alike to the known Su-Schrieffer-Heeger (SSH) model. The geometric phase,

Wannier formalism, and edge states have been included.

3.1.1 Soliton crystals and topology

The formation of dissipative Kerr solitons has been discussed in the first two chapters. In
particular, we have observed the multi-soliton states (MSSs) in a bidirectional resonator.
The perfect soliton crystals (PSCs) can be regarded as a special multiple soliton state where
the solitons are evenly spaced in a ring resonator. Following the observation of the PSCs
in a silica resonator [1], in 2019, colleagues found a deterministic generation of PSCs
in a SiN microresonator. Distinguished from the disordered multiple soliton states, the
PSCs often emerge at low pump power. The crystal formation has been attributed to the
specific regions in the two-dimensional domain mapped by the detuning and the pump power
[2]. The formation of crystals is often associated with the avoid-mode crossing, where
one specific mode frequency has been shifted, thus leading to the modulation on the CW
background serving as potential sites for the regular spacings [3]. The other works have
demonstrated the on-demand positioning of soliton through pump modulation [4], dual-
pumps [5], optoacoustically mode-locked laser [6] and forward and backward detuning

control [7]. All these approaches and observations support our findings.
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Topology classifies objects by their geometric structures. One typical example is the
comparison between a mug and one doughnut, where both objects include a hole. The
computation by integrating the Gaussian curvature over the surfaces returns the same number,
indicating they belong to the same class, viz, one can be deformed to the other without
changing the integration number [8]. This concept is widely used in physics, where some
systems feature certain phases displaying unique properties as an analogy to their mathemat-
ical counterpart. The topological insulator, whose surface is metallic but the bulk portion
remains insulating [9], is one of the most intriguing subjects in the last decade. Beyond
the topology in the electronic condensed physics system, the recent emerging studies in the
topological photonics have demonstrated their relevance for the design of high-efficiency
optical devices [10], such as the waveguide arrays [11, 12], photonic crystals [13], and ring
resonators [14]. In the presence of loss and gain, optical systems become non-Hermitian,
leading to significant theoretical interests and new topological effects [15-17].

3.1.2 Su-Schrieffer-Heeger (SSH) model

The SSH model provides basic concepts for understanding a topological system. In Fig.3.1(a),
the one-dimensional chain is composed of particles shown in red and green with strong (blue
bond) and weak (orange bond) couplings with their neighbours. For the arrangement given

>0 00 00 090 -
b .—.C1 C2 .—. . .—. .—.

Fig. 3.1 The sketch of SSH model. The strong and weak couplings between particles are cy,
¢, respectively.

in Fig.3.1(b) and(c), where the edge particles on the sides have strong and weak couplings to
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the chain. The real-space tight-binding Hamiltonian matrix of the SSH lattice can be written
as [18, 19]:

[0 ¢, 0 0 ... O] [0 ¢ 0 0 ... O]
cit 0 ¢ O ... O ¢ 0 ¢g 0 ... 0

H,=10 ¢ 0 ¢ ... O] H. =10 ¢ 0 ¢ .. O (3.1)
_0 0 0 .. C1 0_ _0 0 0o .. ) 0_

The eigenvalues and eigenfunctions are solved with a set of coupling strengths of cy,c;
(c1 > ¢3). Fig.3.2 (a) shows the band spectrum of Hj,, H. with 60 different relative couplings.
The spectrum show that the edge states emerge when two edge particles have weak coupling
to the rest of the chain, coinciding with the arrangement in Fig.3.1 (c). The typical edge state
distribution in Fig.3.2 (d) is given. Such isolated eigenstates can exist when the system is in
the non-trivial topological status coloured by red carpet in Fig.3.2 (a).

Further discussion of geometric phase, etc., will be included in the main section. This
discussion makes a brief impression on the relation between the arrangement of lattice and
the edge states. Even though this model is linear, it still provides significant insights into the
following discussion about the topological soliton crystals sustained by nonlinearity.

3.2 Atomic and molecular soliton crystals

Soliton crystals can be divided into two categories, i.e., atomic soliton crystals (ASCs) and
molecular soliton crystals (MSCs), whose periods are /K (K is the number of solitons)
and 27 /K. In either case, the study of such periodic structures takes great benefits from the

Bloch theorem.

3.2.1 Unit cells and Bloch states

The atomic and molecular families diagrams are displayed in Fig.3.3. Panel (a) shows the
atomic crystal with the period of /K. For molecular case, such period is 27 /K and panels
(b,c) show two possible choices of unit cells named *Unit cell A’ and *Unit cell B’. The
soliton crystals envelope ¢ obeys the Lugiato-Lefever equation in the moving reference
frame:

3 d: ) :
9,9 = (00— )0+ Y. H(~id6)'0 ~ 1190 — 5x(0 — 1) (3:2)
L i

J
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Fig. 3.2 (a) Relative coupling strength is defined as the offset between ¢y, ¢, (¢ — ¢y in the
orange range; c; — ¢; in the blue range) given Fig.3.1 (b, c). The bands in blue and orange
carpets are solved separately with matrix Hj, H.. (b, c) Full band structures are presented
with eigenmode indices. (d, e) Eigenvector shows the edge and trivial states distribution,
corresponding to the eigenvalue marked with black circles in (b). The simulation contains 30
particles.

where d is the nonlinear repetition rate; d» 3 are the second and third order of dispersions; Kk

is the linewidth where the quality factor Q = @/k; 7 is the nonlinear factor and 4 is the gain.
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Atomic Crystal

JHHWE
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Fig. 3.3 A sketch of perfect/atomic soliton crystals and molecular soliton crystals. The
spacings in unit cells A and B satisfy Sy + Sp = 27/K. Panel(d, e) show the atomic and
molecular crystals composed of 48 solitons.

The dimensionless LLE is obtained with the substitution /y/x¢ = y:

, S Fy 5 i

0y =8y + ) —r(~ide) v~ [y['w—5(v—2) (3.3)
=17

Here, ¢ is dimensionless time, which equals physical time normalized to k. 6 = (@ — @,)/k

is normalized detuning of the pump laser frequency, and normalized dispersions are F;, =

d;/x. The pump is linked to the laser power % with the relation:

msV
KT

P = (3.4)
where 1 < 1 is the coupling factor and .% is the finesse of the resonator. In the following,
we will take the dimensionless model into consideration. Below, we derive the Bloch states
using the lattice periodicity:

¥(6) = y(6 +na) (3.5)
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where a =271 /K is the periodicity for both atomic and molecular cases. The Fourier series

dictates:
W(0) = L we' ™ G0
k

y(0 +na) = Z lllkeiG"(9+na) = Z Y10 Gune 3.7)

k k

. 2wk
'O — 1 — cos(Gyna) + isin(Gyna) = 14-0i — Gy = T kernt (3.8)
a

Note k varies from 1 to K = 27 /a (ring geometry) corresponding to the grids in first Brillouin
zone with unique vector of every k.

Due to the periodicity, the study can be conveniently restricted in the range of one period.
In the Fourier domain, the equivalent expression is 4 = [K, where u = 0,£K,+2K, ...
is the resonator mode index and [ = 0,4-1,42,... is the unit cell mode index. The direct
connection allows us to track soliton crystals in the unit cell with great advantages: the
computational efficiency can be largely boosted by confining the computational space to one
unit cell. For example, in the spectral domain, the soliton crystal composed of K unit cells
has the FSR spacing of K, and the equivalent solution can be computed by considering one
unit cell solution spaced by 1 FSR. This merit will be obvious for metacrystals. The single
crystal wave Y, in the range of [0,27/K) is defined as the summation of its Fourier series:

2%

ve(0) =Y g = ve(6+ ) (3.9)
)

The perturbation ¥ is written as the summation of periodic states X;(6,7) and Y;(6,¢) [20]:

=Y (X(0,)e* +Y(0,1)e ) (3.10)
k
_ —itBettd _ 2n
Xk(e,t) —Xk(e)e kT —Xk(9+?,t) 3.11)
_ —itBetth _ 2n
Yk(G,t)—Yk(Q)e k k—Yk(e—F?,t) (312)

The substitution of ¥ = y,. 4 ¥ into Eq.(3.3) returns:

1 . .
(ﬁk+i7tk+l§) luk) = J|uk) = 6H|uy) (3.13)
where
1 0| . D, —vy? X
6 — A= Y ey = [ (3.14)
0 —1 —l//: Dik Yy
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A Fy; : 27
—5_ 2 Y k—idp)’ ==
D=8 —2|y] +; 7y (k=ide)’,6 € [0, %) (3.15)
Xi(6,1) and Y;*(6,1) are the pair of eigenstates of the linearized system at the given index k
with the same periodicity as y,. The eigenvalue can be separated into real (A;) and imaginary
(By) parts, where k = 1,2,..., K is the Bloch momentum. The Bloch formalism enables the

study within the first Brillouin zone with the following translations:

M = Ak Br = Bk [uk) = [uge k) €X° (3.16)

Note, for each k, [uy) = [X;,Y;]” are cell-periodic functions along 6. Eq.(3.13) with index
k from 1 to K within one Brillouin zone depicts all Bloch states without redundancy. The

eigenfrequency P will be given below in the band structure discussion.

3.2.2 Band structures and Bloch functions

Cell A«

Fig. 3.4 A set of soliton crystal unit cells are solved with Eq.3.3. The spacings are set as a
variable for different cases. The fixed parameters are dp /K = 5 X 10’4, d3/Kk =5% 1077,
8/x =30, and &2 = 25. Unit cells in blue and red pair feature Sy + Sp = 27/K, where
K = 24. The green shows the atomic soliton crystals with S4 = Sp.

Periodic soliton crystals feature the periodicity of 27 /K. The SSH-like soliton crystals
are formed with small oscillatory tails along the microresonator. In Fig.3.4, the branch
of solutions are solved by applying the Bloch formalism, and the stationary solutions are
tracked by Newton’s method under the manipulation of spacing between solitons in each unit
cell. The difference of the interaction strengths between the left and right neighbours of a
given soliton, in other words, the imbalance of the intra-cell and inter-cell coupling rates, is
controlled by the separation distance. They are 20 pairs of crystals where each pair contains

one blue and one red combination featuring the relation S4 + Sp = 27/K. Here, we have
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demonstrated the stability of all solutions by seeding perturbations to the stationary soliton
solutions (see appendix). Given the unit cell solitons, the band structures in the panel of
(k, Bx) can be obtained by inserting y into Eq.3.14.

30 .
a b
29.95¢
& 29917
2985+ .o Tl
SA:TF/K SAF‘SI.IGTF/K
20.8 \ \ \ . . , \ .
5 10 15 20 5 10 15 20
30 .
c d
29.95¢
& 299
2985F el P el
29 8 SA.;: l'.QSTr/fK . S‘} ~ l'iTr/K .
5 10 15 20 5 10 15 20
k k

Fig. 3.5 Band structures are computed for atomic and molecular crystals with different S
labelled in each panel. The horizontal axis marks the k from 1 to 24, and the vertical axis
marks the frequency 3. Panel (a) shows the crossover of two bands for atomic crystals, and
such bands can be separated in the transition from atomic type to strong coupled molecular
ones, i.e., see the interval change from panel (b) to (d).
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Four typical band structures in Fig.3.5 show that the spacing between two neighbouring
solitons modifies the intervals between upper and lower frequency bands. When Sy = /K,
the atomic crystals have two bands touching each other, where the functions [X;, ¥;]” for the
lower band are given in Fig.3.6. Note that the profiles are divided into real and imaginary
parts. The non-trivial jumps happen in real and imaginary parts at k = 5. Interestingly, a
smooth connection along k can be achieved if one swaps the [X;,Y;]7 with the upper band in
the region of k € [1,5]. It indicates the mixture of two bands for the atomic crystal, i.e., the
continuity is broken in the discrete lattice.

O k O k

Fig. 3.6 Periodic functions Xg, Yx are computed for atomic crystals. The lower band profiles
are displayed in Fig.3.5(a).
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Fig. 3.8 Periodic functions Xk, Yx are computed with S4 = 1.57/K.
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Fig. 3.9 Photonic band structures displayed in two Brillouin zones k € [—24,24],K = 24.
Panel (b) shows the bandgap of atomic crystals at 8, ~ 30 in the yellow-shaded region.
Panel (c) shows the first bandgap in blue for molecular crystals. Sq +Sp = 27/K means the
same solution arranged in two unit cell setups. Panel (d) shows the whole bands with varying

distances of S4,Sp.
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Fig. 3.10 Bloch functions are computed with S4 = 1.57/K. The periodic functions Xk, Yx
are modulated by phases ¢*®. Panels (a-d) show the evolution of the Bloch functions along k.
The yellow and blue carpets relate to the high and low amplitudes, separately. Panels (e-h)
present the slide capture at each corresponding k.
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Fig. 3.11 Periodic functions Xk, Yx are captured with varying S for fixed k = 1,6. The
saw-edged tilted lines imply the molecule’s location, and the carpet density reveals the
localization of the periodic functions for two typical k£ examples.

The lower and upper bands will be distinguishable when the coupling between two
neighbouring solitons becomes stronger induced by the dispersive wave. A clear molecular
band transition can be seen from Fig. 3.5 (a-d). Meanwhile, the periodic functions in Fig.3.7
and Fig.3.8 also give the continuous transition along k, different from the flips in the atomic
case. The cases S4 = 1.5 /K and Sg = 0.57 /K are defined concerning unit cells A and B,
even though their band structure share the same distribution, but their Bloch functions do
not. In Fig.3.9 (a), the tilted straight lines are produced with non-zero d3. If the high-order
dispersion is switched off, such tilted pattern will no longer exist. We assume it should be
associated with the spectral recoil effect. Panels (b,c) show the band spectrum with the blue
carpet for the first gap and yellow carpet for the second. In Fig.3.9 (d), we mark the bandgap
between bands n = 0,1 and n = 1,2 with varying S4 . One notable feature in these plots
is the non-trivial (topological) bands at B , ~ 30. This value closes to the detuning scaled
by linewidth k in the Jacobian. Provided that the on-site energy in the SSH lattice shifts the
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band frequencies in the same scale, we should look for the non-trivial structure at B , =~ 8/ .
The Bloch functions in Fig.3.10 describe the distribution of the photonic waves subjected to
the periodic potentials created by the soliton crystals. The X; components are much more
dispersive than Y;, which are centralized around soliton positions, see Fig. 3.11.

3.2.3 Geometric phase and Wannier functions

The geometric phase in a one-dimensional lattice is known as the zak phase [21]. The

Hermitian Hamiltonian features the form:

T/a
Y= Xnn(k>dk (3.17)
—n/a
Xy (K) = 27” /O ’ u;k(x)ia“g’;{(” dx (3.18)

where 7, 1s the integration of the kernels X, in the reciprocal domain over the whole Brillouin
zone [—7/a,m/a] (a is the lattice constant). u, is the periodic function in band number n
with given index k. For non-Hermitian Hamiltonian, the complex geometric phase for band n
is defined by [22-24]:

Yo = iMiy /B (b Ol dk (3.19)

where |q),|p) are the eigenvectors of H,H", i.e., the right and left eigenvectors of the
Hamiltonian, separately. M, is the normalization factor. The discretization of points along k
leads to the summation of every accumulated phase within one Brillouin zone:

ffn _ l-Z <an| ak |unk> (3.20)

X (Cak|nk)

Here, the right-eigenvector |u,;) satisfies:

X 1
GH [ttne) = (B + iAok + 1) 1) (3.21)

The eigenvector |c,;) of the Hermitian conjugation (6H)7 is:

4 A : 1

Ho ’an> = (Bnk — llnk — ZE) ‘an> (322)
Bk is the RF spectrum of the crystals of light fulfilling the condition |B,| >> |A + %\, and
the left-eigenvector of 6H is given by (c,x| = (u,x| 6. This relation holds from the simple

linear algebra by neglecting trivial terms A, and % [25]. Inserting the left-eigenvector in
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Eq.3.20, we have:

(Unk| 6 O i)
“n = Z unk| o |unk> -2

Note the notation |u,;) composed of two eigenvectors due to the 2 x 2 matrix, it can be

readily defined as [X,,Y«]?, which gives the following:

2n/K % %
lZ SR (X X — Y O )d O
2E/K(’Xnk’2 - ’Ynk|2)d9

(3.24)

Eq.3.24 is the general form for computing the geometric phase in the discrete ring system.
Note that the gauge invariance is generally true in the k continuous system, but the discrete
system does not strictly obey the manner. Therefore, the geometric phases may fluctuate
under different gauge restrictions [26]. To overcome this issue and make a deterministic
computation of the geometric phase, we need to design an approach without the influence

from gauge selection. In the following, we rewrite Eq. 3.24 into discrete form [27]:

2 * *
~ ) E/K(Xnk(Xn k1 —Xn k) = V5 Ynkr1 — Yoi)dO
Pmiy T3] TV (3.25)
k Jo o' ([ Xkl * = Yok |*)d 0
21 /K [ *

_iy lo & (XX jor1 — [ Xuie|* = Y Yo i1 + Y] *)d 6 (3.26)
— . _

7 ST (X2 — Y20

2 * *
~i(Yy SR (X Xkt = Vi Yogs1)dO 1 (3.27)
f()zn/K(|Xnk|2 - |Ynk’2)d9

. <Z (ttn g 6Jun,k+l> B 1) (3.28)
k

<u”»k ‘ o ‘u”7k>

Consider the exponent form:
~—Mn]] (eAk _ 1) (3.29)
k

<Mn7k| 6 |un7k+1>
(ttn i 6 [t 1)

Using the Taylor expansion for an exponential function in the form of ¢* =1+4+x+---

Ax = (3.30)

(namely e ~ 1+ Ay ), the terms in the brackets can be reduced to:

iZ, ~ —InJ](Ax) (3.31)
k
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Then, the geometric phase can be written as:

iK9>

%t (m (.18 1012 (2] & 13~ (16 i) (] 1™
k Ck

(3.32)
where normalization factor ¢, = <unk} 6 |un7k>. The last bracket takes the relation in Eq.3.16.
The logarithm form gives gauge-invariant expression as the arbitrary phase in periodic
functions can be cancelled out through the multiplication of the bras and kets. Fig.3.12 shows
the geometric phase computed with such formula, and the 7 difference between the phases
%(A) — %,(B)| = 1 when S4 # Sp ) implies the non-trivial
topological band. Such 7 flip happens at the point S4 = Sp = /K, corresponding to the
atomic crystals where any single soliton has equal coupling strength from both neighbours.

from unit cells A and B (i.e.,

of ' 0000000000000000004
n=0 Cell A

Cell B

— T ge00000000000000000 -

T 3 s o 3T
2K 1K K 4K 2K
S B SA

Fig. 3.12 Geometric phase computed by Eq.3.32, the blue and orange markers are related
to the phases for unit cells A and B, respectively. The pair of solutions feature the relation
Sa+Sp =2n/K, which presents a phase jump of 7.

Next, we discuss the Wannier function, which can be mapped as the Fourier transform of
the Bloch functions in the following form:

| o
Wna) = 2 / |ty 1) e Pe™ %% dk (3.33)
k
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where the first part ‘unk> ¢'*® is the Bloch function and second part e k01 g, = w (Jis
the index of unit cell) is defined as per [28, 29]. It shows that for each index 'J’, there is a
corresponding function expressed as the summation of Bloch functions along the reciprocal
space, leading to the spatial function |w, j). As the Bloch functions computed from matrix
GH can possess an arbitrary phase (which has no physical meaning), we are free to select our
gauge for the Wannier functions. Here, our gauge is chosen for the Bloch functions under
the condition of Im(X;, x|g—37/2k) = 0. In fact, the spatial point can be either 8 = /2K or
0 =371 /2K. They are the mirror points for half of the unit cell, which reduce the numerical
impacts from the normalization of the unit cells in different S4,Sg. The Wannier to Bloch

functions can be readily obtained via inverse transformation in the following form:
|tn,1) = / Wiy PekOrqy (3.34)
J

Recall our definitions of ‘unk> = Xuk, You)T and |wys) = [Wy.7,V;s]7. The geometric phase
can be obtained from the Wannier function by substituting Eq.3.33 into Eq.3.19:

2 * *
/ K (X X — Y Y ) (335)
27T/K |Xnk|2 |Ynk|2)d9
/ 91* (X5 Xk — Y, Yo ) O 536
K GJ_HT ’Xnklz_ |Ynk|2)d6 .

9]7T

6]+7F W* lk 60— Qj)akW ke (9 9]) V* zk(9 Oj)akv ke (9 9]))d9
- _/dk/ 0+7 aJ
Joy—x (Was|* = Vs |?)d6

) (3.37)
f*”e—e Wn 2_\V,s1%)de

/f 9(+7r 1) (W g | = Vg |?) (3.38)
o Sol Wy 2 = Vg ?)d
(Wn 1| (6 —07)6 |wn, 1)

— ’ 3.39

; Wng| 6 |wn ) ( :

_ 5 Wng| (8 —65)6 |wny) (3.40)

Wns| 6 [wns)

In Eq.3.36, we use periodicity of the function ]un7k>, which accumulates the phase K times
larger than one unit cell, accounting for the ratio of 1/K. From Eq.3.38 to Eq.3.39, we adopt
the discrete form as per the periodicity in the crystal. The last step, from Eq.3.39 to Eq.3.40,
uses the properties of the Wannier function that the spatial profiles for different J indices

lead to the shift in the & domain. It means 6 — 0y is the shift of the coordinate domain for
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every Wannier function, which makes every J component in Eq.3.39 equal. Since J is the
index of the unit cells, it accounts for the K coefficient in Eq.3.40. The above connections
between Bloch and Wannier functions are developed in a quasi-continuum form, which has
been numerically identified.

a Sy~ 15317 /K

.1"
[

il
/ | ||||' | ||
(i

Fig. 3.13 Profiles of Wannier functions |W;|,|V;| are solved with J € [0,K — 1]. Panels (a, b)
present the spatial shift of these functions along J.
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Fig. 3.14 Wannier functions are centralized, i.e., @ — ;. The pair of unit cells Sy +Sp =27 /K

shows the shift of the centre of Wannier functions; see zooming comparison in panel (e).
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Cell type 1
Crystals

]_F' T r T r _JS‘:?L—/K
or d — S8 = 0.51/K
— S =15n/K
E _I_O 1

ToUU JUUC UL

‘b{f{i\‘b \X‘» \1’» Q \1’»

RS S
-7 - -7 0—6; 2

Fig. 3.15 Unit cells are defined in (a), with the corresponding Wannier functions in (b,c).
Blue dots in (c) shows the geometric phase that coincides with the Wannier centre. (d) gives
examples of centralized Wannier components. Bright/dark carpets show high/low intensities.
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Cell type 2
Wannier W

Cell type 2 ‘-ﬂ"
Wannier V ‘-‘
‘t

0—0; g

Fig. 3.16 (a) The crystals are centralized by locking one soliton at 8 = 0. (b,c) show the
geometric phase and corresponding Wannier functions.
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Fig.3.13 shows the Wannier function |w,) = [W;,V;]T shifting with J, and the spatial
profiles in both components for adjacent J are locked to the shift of one unit cell. When
coordinate 8 — 0, is taken, Wannier functions can be simplified in Fig.3.14 (a, ¢). The other
solution in its corresponding unit cell B (which satisfies Sy + Sp = 27/K) leads to Wannier
functions in panels (b, d). The Wannier centre for the S4 case is roughly O (see Fig.3.14
(e)), with the slight asymmetry induced by the high order dispersion. For the Sp case, such a
centre is at —7/K displayed in red solution. The Wannier centre is physically the averaged
coordinate of the photonic waves. As an outcome, the geometric phase will be approximated
by the K times the difference between the two Wannier centres, i.e., it equals an absolute
value of 7 as computed through the gauge invariant method given by Eq.3.32.

We present systematic studies of Wannier centres and their geometric phases as a function
of the separation in Fig.3.15. In panel(a), we show the region of two unit cell range 0 €
[-27/K,27 /K|, where the unit cell is defined in [0,27/K]. The Wannier components
|W|,|V| are displayed in Fig.3.15 (b, c), where the clear centres can be captured to be roughly
consistent with the blue dots obtained from the gauge invariant geometric phases in Fig.3.15
(c). The spacing between families of unit cells A and B is /K marked by the double arrow.
Nevertheless, in Fig.3.15 (d), when the well-localised component V is selected, the atomic
crystal of S = /K implies the Wannier centre of —%77: /K, which demonstrates the atomic
case (coloured in blue) as a critical one between 7 flip transition. The Wannier centre gives
the geometric phase without additional computations. However, in the previous discussion,
our unit cells (no matter families of A or B) are defined in the region of 6 € [0,27/K], and
the solitons are roughly symmetric along 6 = n/K. This treatment leads to the vertical
blue dots in Fig.3.15(c). One may raise a question that how the Wannier centre varies with
different definitions of the unit cell. Namely, except for the current unit cell definition, there
is no certain point for all the crystal cases featuring the fixed symmetric point (previously,
such a point is /K). The hypothesis assumes the Wannier centres should shift with the
symmetric point within the arbitrarily defined unit cells. A quick check is to arrange the
crystals in the form displayed in Fig.3.16 (a). In this regime, the unit cell ("Cell type 2’)
0 € [0,27/K] is defined by fixing one soliton within a molecule at 6 = 0, and the other
soliton in the molecule is the same relative spacing as per the case in ’Cell type 1°.

Here are some comments on the computation process: following the arrangement of
the crystals in Fig.3.16 (a), we obtained the eigenvectors by solving the non-Hermitian
matrix. The eigenvectors are gauged alike to the *Cell type 1°. The Wannier profiles from
the summation in Eq.3.33 are displayed in Fig.3.16 (b, c). Direct computation of geometric
phase with gauge invariant approach returns the tilted blue dot lines in panel(c). However,
it does not feature the relation | 25, — Z5,| = 7(Sa + Sp = 27/K), but the shortest spacing
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between the two tilted lines does. The Wannier centres, marked by the centre of two bright

dots at a given separation, coincide with the geometric phases.

3.3 Soliton crystals with defects and edge states

The above discussions identified the non-trivial 7 flips in both cases of *Cell type 1’ and
"Cell type 2°. In particular, the second type has been considered to extend the discussion
of the geometric phases and Wannier centres. This section aims to find the topological
states by introducing the defects in the crystals. Similar to the SSH model, one can cut
the one-dimensional lattice in different ways (see Fig.3.1(a)): (1) cut the strong coupling
bond (in blue) at two sides, leaving the two atoms with weak coupling bonds (in orange)
to the main chain (similar to the case given in Fig.3.1(c)); (2) cut the weak coupling bond
(in orange) at two sides, leaving the two atoms with strong coupling bonds (in blue) to the
main chain (similar to the case given in Fig.3.1(b)); (3) cut strong/weak bond at left side
and weak/strong bond at the right side, leaving the weak/strong atoms connected to the main
lattice. The first and second cases are similar since S goes through the strong and weak
couplings when it crosses S = /K. Thus, they are achieved by removing one unit cell in the
range from 6 € [1 — /K, + n/K]. Interestingly, the third case will introduce chirality by
breaking half (or N + 1/2) of the unit cell at the left or right side of the ring. The edge states,
similar to the profiles displayed in Fig.3.2 (d), in any of the above discussions will happen
near the defect where the weak coupling of one soliton to its nearest neighbour emerges. In
the following, the first and second cases are discussed together and the chirality crystals are
studied in a separate section.

Numerically, the approach to creating the defect is slightly different to the path of
generating periodic soliton crystals. Previously, we have solved the soliton crystals under a
set of relative separations within the unit cell space. However, the smallest periodicity for
defect crystals is 27. It requires a much higher volume of modes taken into account, i.e., we
have to consider the computational space for the whole microresonator. As a comparison, we
use 512 modes in the unit cell range of 6 € [0,27/K ), which converts to 512 x 24 = 12288
modes in the microresonator. In general, the spectrum intensity would decay regularly
down to the noise level around the boundaries of computational space, for example, -80dB.
Meanwhile, numerically, we will see the decaying intensity of modes when the computational
space is extended. Concerning the defect crystals, even though the computational space is
ultra-wide, it is still possible to assemble the crystals with desired defects by removing the
redundant solitons in the periodic ring. Then, the pre-made defect crystals can be further

converged through either the stationary solver or the dynamical LLE modelling.
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Fig. 3.17 Band structure and eigenstates for 2-soliton defect crystal are given. Edge states
emerge for the S family, with the distribution of eigenvectors [X,Y]” presented in panels
(b, ¢), respectively. All eigenvectors are related to the band in panel (a) between S , €
(29.87,29.9), with red dots showing the emergence of edge cases.

We start with the discussion of one unit cell taken out from the periodic crystals. In
order to be consistent with the cases discussed above, we keep the definitions of S4,Sp. The
difference in the defect ring is that one unit cell in the range of 0 € [t — /K, w4+ /K]
is removed. In Fig.3.17 (a), compared to the spectrum in Fig.3.9 (d), the non-trivial band
emerges at f3 , = 29.89, with the eigenvectors given in panels (b, ¢). By checking carefully
on the energy distribution of the bright carpets (the yellow columns on top of the blue
background), we found the edge states exist in the S4 range with the band marked by the red
dots. The corresponding eigenvectors (both X,Y) show the highest amplitudes at the edge
soliton locations. This observation shows the similarity to the known SSH model. The other
side of Sp presents an unique feature: the highest amplitude of the eigenstates emerge not at
the edge soliton locations but at their closest neighbours for the Y eigenstate (see panel(c)),
meanwhile, the X state shows the photonic wave is being trapped between two edge solitons
(see the thick bright column in panel(b) within Sp range).

Regarding N + % (N is an integer) pairs of solitons can be removed from the periodic
crystals to make the chiral crystal, a group of tests found that N = 3 would be enough to

figure out the band structure information, as well as the eigenstate distributions. Fig.3.18 (a,
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Fig. 3.18 The families of defect soliton crystals with three and a half unit cells are removed.
(a,b) shows the chiral symmetry of the left and right setups. (c,d) are two examples of
spectrums regarding the cases of defect atomic and molecular crystals, respectively.

b) present 7 solitons have been removed from the ring with their positions marked by yellow
dashed lines. In particular, panel (a) shows that half of the unit cell is taken from the left side
of the ring in the S4 range, whereas in panel (b), the right side includes the additional absence
of soliton. Panel (c) shows the defect crystals for the atomic case with S4 = Sp. The spectrum
should be equal on either left or right because of the coordinate shift along the ring. The
spectrum of one molecular defect crystal in panel (d) presents the distinction in the density
of modes compared to atomic case with sparse spectrum. In the discussion of band structure,
only one family is needed, and we adopt the ’left’ family. The ’right’ family can be readily
considered as the flip of S4 g along /K. Fig. 3.19 shows 4 bands inside the gap labelled
by the grey shaded numbers. Their corresponding eigenvectors are shown on the right. The
wave distribution of Y eigenvectors is comparable to the edge states. However, such edge
distribution emerges only at band number 4 for X component. The bright thick carpets of X
in band numbers 1,2, 3 show the phononic wave trapped within the potentials induced by
the soliton cores, similar to the bandgap guidance in photonic crystal fibres. Finally, only
'4 — X,4 —Y' have the localized energy shown at the locations of edge solitons.

An odd number of solitons taken out from the periodic crystals breaks the ring’s left-right
(mirror) symmetry. This is true for any arrangements with S4 # Sg. The chiral pairs of the

right and left defects have spectra which are hard to observe directly. However, such chiral
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Fig. 3.19 Band structure and eigenstates for the 7-soliton defect crystal are displayed. The
eigenvector pairs [X, Y] are displayed for four bands labelled from 1 to 4. The phononic
waves projected on both eigenvectors give the edge states solely emerging on band number
4, whereas other bands have the distribution of energy in X component sitting between two
edge solitons, see '1 —X’/2 — X'/3 — X', The geometry of the defect crystals is given in
Fig.3.18 (a).

crystals in the comparison of the symmetric case (achiral crystal) at S = /K present the
butterfly spectrum as shown in Fig.3.20. A group of modes are equally selected from u = 360
to i = 1200. The frequency @y, is defined as the nonlinearity induced group velocity shift
normalized by x (see Fy; in the modelling part). The spectrum marks the growth of frequency
offset with increasing mode number @, ~ tFy, and they are displayed with the subtraction

values from the achiral case S = m/K. Such spectral differences make the double-wings
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Fig. 3.20 The chirality spectrum presents the butterfly-wings pattern. The vertical axis is
defined as the frequency offset between the right, left @(%¢/!ef) at given mode number p
and the achiral frequency @) which is displayed in Fig.3.18(c).

pattern concerning the S4 = Sp case, which reveals the spatio-temporal chirality of the soliton
metacrystals.
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3.4 Conclusion

To conclude this chapter, we started by introducing the SSH model and applied a similar
concept to the soliton crystals in microresonators. Then, we applied the Bloch theorem to
study the band structures of the periodic soliton crystals and also for the convenience of
computations. The discrete band structure and eigenstates have been demonstrated to be
topological by applying the developed geometric phase formulas in the gauge invariant form.
The topological phase has been further checked through Wannier functions representation. In
particular, we have investigated the relationship between the geometric phase and the Wannier
centre under different unit cell selections. Lastly, the topological states were captured by
introducing two different defects. With an odd number of solitons’ absence, the chirality of
the topological soliton crystals and their spectral butterfly signature have been reported.

We point out that the formation of such a topology is fully sustained by the Kerr soliton
crystals, differing from the modulations on the materials and complex fabrication of waveg-
uides arrays. The previous reports of the microresonator solitons and topological photonics
[30, 31] forecast the applications of classical and quantum information processing based on
the soliton metacrystals.
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Chapter 4

Frequency combs in y % resonators

4.1 Introduction

In this chapter, we will consider the OPO frequency comb generations in ) (2) resonators.
The phase matching condition has been achieved for pump and signal fields at 1556nm and
3112nm in a CdSiP; resonator with a radius of 560um. The mid-infrared comb has been
observed experimentally by our colleagues at the University of Freiburg and demonstrated
in numerical simulations by us. Below, We will focus on the theoretical part including the
modelling, mathematical analyses and simulations. The experimental operations can be

found in our manuscript [1].

4.1.1 Background

While the Kerr frequency combs have proven significant in a wide range of applications,
there are still many merits of the %(2) medium to be a better choice. Two major advantages of
the x® nonlinear process are the low input power threshold and the immediate octave-wide
frequency conversion, where the former conduces to the thermal-controlled integrated circuit,
and the latter helps the comb generation in mid-IR and visible ranges. Mid-IR sources are
crucial and favoured in many applications, spanning from communications, spectroscopy,
biology sample analysis, material detection, environment monitoring, and so on [2-9]. All
these can be summarized as the spectrum identification in the given sample, resulting from
the energy absorption of chemical bonds in the materials covering most glasses, polymers,
and biological tissues with the fundamental vibration resonances located within the mid-IR
range. The octave-wide generation also brings convenience to the self-referencing process
compared to the Kerr combs [10]. Beside, various materials have been used, including

lithium niobate (LN), aluminium nitride (A/N), gallium phosphate (GaP), and cadmium
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silicon phosphide (CdSiP») etc.. The first realization of parametric down conversion in a
spherical phase-matched LN resonator shows the photon transition from the pump at 532nm
to the signal and idler pairs around 1064 nm with a low-threshold of 6.7 uW and narrow
linewidth below 10MHz [11], where the power threshold is mainly dominated by the losses
at the pump and harmonic fields as well as the nonlinearity strength [12]. Recent work
reports the first demonstration of OPO (780nm to 1560nm) in a waveguide integrated AIN
microring resonator with output power above 10mW. The demonstrated energy conversion
efficiency can reach up to 17% with reduced power threshold due to the significantly smaller
mode volume, which serves as an ideal platform for future integrated nano-photonic devices
[13]. Below, our study is based on the birefringence matching in a CdSiP, resonator. CdSiP;
exhibits attractive properties for the mid-IR generation due to its wide transparent range
(from 0.5 — 9um), high birefringence factor n, — n, = —0.05, large nonlinear coefficient
(d36 = 84.5pm/V), as well as its sensitive thermal response [14]. All these remarkable
features help and enable the mid-IR spectrum generation with the pump at 1.55um.
Different from the difference frequency generation (DFG) [15-18], the OPO process
is initialized with vacuum signal and idler photons. The process starts from one photon at
pump frequency splitting into the pair of signal and idler photons governed by the energy
conservation and the newly generated photons provide increasing combinations of the sum
and difference frequency conversions. Phase matching is critical in the whole cascaded
process and governs the frequency conversion efficiency. Usually, it can be satisfied either
through the quasi-phase-matching or using different polarizations in a birefringence material.
Photon excitation can be identified through the similar modulational instability approach

introduced in x(3) microresonators above.

4.1.2 Experimental method

The basic procedures concerning the fabrication and measurements are addressed below.
The phase matching condition in the CdSiP> resonator is fulfilled through the birefringence
between the ordinary and extraordinary polarizations, in relation to the signal and pump
fields, respectively. The resonator is cut using a femtosecond laser operating at 2kHz
repetition rate with wavelength of A = 388nm and the output power around 300mW. The
pre-made resonator with a radius of 560um is further polished by the diamond slurry for the
smoothness. The measurement platform is set up with a CW pump operating at 1556nm,
with the e-polarized source coupling into the resonator through a prism. At the output port,
the mixture of e-polarized and o-polarized fields will be separated through a dispersive prism
and recorded by two optical spectrum analyzers (OSAs). Temperature is stabilized and tuned
in the mK scale during the measurements. The initial temperature is around 360K, close to
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the degeneracy point where the corresponding refractive indices for e- and o-polarized lights
can be found in [19]. The measured and estimated parameters in the table [1] are taken in
our studies. The nonlinearity factors are obtained from COMSOL [20]. Dispersion factors

are calculated with the Sellmeier equations [21].

Pump (1556 nm) Signal (3112 nm)
Repetition rate Di,/2m =27.06 GHz Di;/2m =27.57 GHz
Dispersion D;,/2m = —378 kHz Dy /2w = —164 kHz
Linewidth K,/2m =55 MHz K;/2m =64 MHz
Nonlinearity ¥,/2m =1 GHz W~1/2 ¥%/2m =2 GHz W~ 1/2

Table 4.1 Resonator parameters.

4.2 Model and methods

In this section, we map the half harmonic generation as illustrated in Fig4.1.
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Fig. 4.1 The sketch shows half harmonic generation and the notation definitions.

We define the following notations: the pump and signal (half-harmonic) envelopes of
Yy, Wy, Tespectively; the optical cavity modes M and 2M shown by the dashed black lines
with frequencies of a)é‘ and a)é’ . Note that the exact frequency for mode number M can be
computed through its free-spectral range by multiplying the exact mode number, which is

governed by radius and the light speed. Assume the effective refractive indices nyy, noys for
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modes M and 2M, symbol c for light speed in vacuum and R for microresonator radius, the

resonances a)é’, 0067 can be written as:

h C
0 RnM ( )
ol =2M x —< 4.2)
0 Rn2M ’

The phase matching condition gives ny = nyyy, a){)‘ = %w{)’ . The mismatch is then € =
2(06’ — a)(’)’ . Experimentally, € is a controllable parameter highly dependent on temperature,
see [22]. The resonator frequencies for signal and pump fields are written as (note u is the

relative mode index, distinguished from the absolute mode index M):

o) = oy, + D+ Dip? (4.3)
o} = o, + D i+ Diu? (4.4)

where D}l“p / 2717,D§7p are the FSRs and dispersions for the signal and pump fields. The
detuning is defined for the pump component 6 = a)é’ — @y, and for the half harmonic field
is & = % Given the notations above, the OPO process can be mapped by the following
Lugiato-Lefever equations:

, o+e . 1 iK .
i0 Wy = (T —iD}dp — EDgag) Y — Th‘Vh — hV¥p V¥,
4.5)

) ) 1 iK
latll/p = (5 —lleae - EDlzgag) Yy — TP (‘Vp — ) — YPWI%

The scripts of &, p mark the half harmonic and pump fields. xj, , are the linewidth; ¥, , are

the strength of the nonlinearity. .77 is the pump parameter connected to the pump power #
through the relation [20]:

o DIV

21K,

(4.6)

The walk-off induced by the Df #+ D’f should be compensated by the nonlinearity for a steady
non-homogeneous state, leading to an extra physical parameter V = D}f — Dy, where D is
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defined as the locked repetition rate of the pump and signal fields. It transfers the model into:

. o0+¢€ ./ ~h 1 iK'h %
10,y = (T —i(D} —Dy)dp — EDS%) Vi — = Vi = WV
. . 1 IK, 4.7
latll/p = (5 - l(DllJ _Dl)ae - EDS%) Yp — TP (Wp - %) - ypll/lf “.7)
Dysp =DV — D
For the simplicity of the following expressions, we define the operators below:
~ s 1 r 52
Ly=o0- EDz 6
~ O04+e 1 4.
L,= —=D30
2 2% (4.8)
A Kp
A K
Gy =Vg+—
2
With the operators, we have:
iy, = (L, —iG,) v, +iﬁ<%”—y v?
p p p)¥rT S p¥h (4.9)

oy, = (fh - iéh) A

To determine the unknown locked repetition rate V, we can set the maximal peak in the
spatial form of solution at @ = 0, and add the constraint of d (Re(y;,)) |p—o. This condition
ensures the spatial location during the convergence iterations. Physically, the moving frame
with the locked velocity D shows the static waveforms.

Assume the stationary solutions with small perturbations are y, = (a+ib) + (p +igq),
Vv, = (c+id)+ (m+in) and V = Vy + s, where a, ¢ and b,d are the real and imaginary parts
of the stationary parts of pump and signal fields with the same definition for perturbations by
p,q,m,n. Vy is a solvable parameter with a slight deviation s. Substitute the ansatz into the

stationary model (d; = 0) and divide the model into real and imaginary parts:
Lya+Gpb—7y,(*—d*) =0
A A K
L,b+Gpa—y,(2cd) + 7”% =0
Lyc+ Grd — yu(ac+bd) =0 (4.10)

Lyd + Gye — yu(be —ad) =0
dalg—o =0
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The Jacobian .J for the above equations is:

L, G, —27,c 2y,d  gb |
-G, L, 2yd  —2yc —dpa
e —md  Ly—ma Gu—mb dod

Wd  —mc —Gp—mb Ly+ma —dgc

0 0 0 0 0

4.11)

<~

v I I QT
Il

v I I T

Define vector p = [p,q,m,n,s]’ and number of modes N, the vector size is 4N + 1. Thus, the
Jacobian matrix size is (4N + 1) x (4N + 1). Matrix kernels J; ; are the size of N x N when
i,j € [1,4], whereas the last column and last row are different. For example, the element
J 1,51sa N x 1 vector. And in the 5th row, the vector Ois a1 x N vector with all zeros. Q is
a row vector arranged for computing the derivative of vector p at index 8 = 0. Given 512
discrete points in the range of 6 € [, 1), the index of 256 corresponds to the point 6 = 0.
If the finite difference method is taken to deal with the derivative, such a vector is in form of
[0,0,---,—1/2,0,1/2,---,0,0], where the non-zero terms should act on the p element with
indices of 255,256,257. With the Jacobian, Eq.4.10 can be solved by Newton’s method as
introduced in the appendix.

4.3 OPO comb generation

We discuss two regimes of the OPO comb generations, whose main difference is caused by
the parity of the absolute pump mode index in the resonator. Both regimes present similar
ordinary and staggered spectra, but the degenerate conversion only happens when pumping

at even indices.

4.3.1 Pumping an even mode

In the last section, we have developed the model of resonators pumped at an even mode
indices. To simulate the sideband generations, we implement numerical simulation of Eq.4.5
with the input below:

—iP A

_ =0 4.12
Vp 5—l% Y ( )
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Fig. 4.2 (a) The signal component spectra carpet is displayed with resolution of IMHz on a
background (blue) level of -70dB. (b1, b2) show the ordinary spectra of the OPO comb, where
the spacing in either signal and pump component is Ayt = 1. (c1, ¢2) present staggered OPO
spectrum with Au = 4. The signal spectra are selected as marked by the white dashed lines in
panel(a) with 6 /2w = —216, —144MHz, respectively. (d) presents the ladder-step transition
of the sideband modes with highest intensity in the detuning range 6 /27 € [20,200] MHz.
Parameters: frequency mismatch € = 0; Pump power # = 4mW.
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Eq.4.12 is obtained by applying d, = 0, dy = 0 for the homogeneous pump field circulating
in the resonator. The excitation of sideband modes can be considered by adding slight
perturbations to the pump field and by means of the dynamical simulations, we will find
the output spectrum for each fixed detuning. In Fig.4.2 (a), we have collected hundreds of
such spectral outputs for each fixed detuning on the carpet of a noise level at -70dB. The
ordinary spectra in Fig.4.2 (b1,b2) show the spacing of the free spectral range Au = 1. As a
comparison, the staggered combs in Fig.4.2 (c1,c2) are quite unusual due to the absence of
the central mode 1 = 0 in the signal field. Besides, Fig.4.2 (a) indicates the occurrence of
the ordinary and staggered states is not deterministic. In the simulation, we found it depends
on the excitations, i.e., the strength and the distribution of perturbations. Although the
output spectrum for a fixed detuning is optional, the robustness of both combs is remarkable,
i.e., once the comb is formed, it will stay the same distribution with continuous change in
detuning for tens of MHz. Aside from the comb-like spectra, on the right side of the carpet, we
observed the splitting of the excited modes with incremental detuning 8 /27 € [20,200]MHz.
The distribution displays a ladder-like transition in panel (d). The formation of the two
excited wings is associated with the tongue-like instability as we mentioned in in chapter 2.
Specifically, the excitation of the mode numbers p are moving with the tongue indices along
the detuning.
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Fig. 4.3 The mode-locked dynamics relates to the case in Fig.4.2 (c1,c2). The reference
frame is rotating at D}{ and the locked repetition rates in two components reveal the locked
FSR deviate from D}f.
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In Fig.4.3, we have captured a short range of the dynamical simulation for staggered
combs in relation to Fig.4.2 (c1, c2). In the spatial domain of these staggered combs, both
fields are shown in the top view where the high intensity is shaded in bright yellow. Both
pump and signal fields are moving in the same tilted direction with the same angle of the
yellow columns, which implies their repetition rates are locked. From the modelling, we
mentioned the rotation velocity of the coordinate is chosen at Dﬁ’. Therefore, the locked

speed from the dynamics can be easily estimated by V = —A0 /At.

~100 0 100 200

-100 0 100 200
d /27 MHz

Fig. 4.4 Soliton spectra are obtained in the half harmonic field after the ladder step transition
range. Parameters: €/21 = —0.5GHz; Pump power # = 4mW .

Fig.4.4 presents the soliton combs with non-zero mismatch €. The staggered and ordinary
combs are similar to the above observations. After the ladder-step transition between
0/2m € (110,140)MHz, the soliton combs are emerging. The occurrence of solitons is
understood by distict modulation instability structures under different choices of € [23]. Here,
the spectral carpet for both pump and signal are displayed. From the pump component at
the bottom panel, the solid yellow line at u = 0 (compared to the weak blue wings t # 0)
indicates the zero mode is the most dominant one. Specifically, in Fig.4.5, two cases with
wide and narrow soliton profiles are given, in conjunction with the two white dashed lines in
Fig.4.4 (a). The soliton comb is typical in the signal field, whereas the spectrum of pump
field shows a much higher zero mode than its sidebands, implying the roughly CW-like
spatial distribution as presented in Fig.4.5 (a3, b3). The flat spatial distribution (CW-like
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Fig. 4.5 Typical examples of soliton spectrum and spatial profiles are captured. Panels (a)
and (b) show the sharp and fat soliton cases, respectively. They are related to the white line
marked in Fig.4.4.

profile) of the pump field may approximately ignore the spatial derivatives in Eq.4.5, which
directly links l;/% and v, in the form of v, = ¢ l//}% + ¢ (c1, o are constants). This relation
can effectively transform the dual-component model into one component system governed
by y;, with Kerr nonlinearity. This hypothesis provides an estimation of inputs that used
for the convergence. The triangle-shaped spectral carpet indicates the decaying sideband
intensity for both fields with incremental detuning. Different from the combs generated in
the negative detuning where ordinary comb and staggered comb are mixed, the soliton combs
are reproducible and deterministic. In Fig.4.6, we have captured the stationary solution
converged by Newton’s algorithm. The numerical approach is quite straightforward, we seed
any of the spectrums from the dynamical scans as well as its corresponding velocity 'V’.
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Then, the branch of stationary solutions is tracked by increasing and decreasing the detuning
until both sides end with no solutions. The soliton existence range is highly matched to the
dynamical outputs in Fig.4.4. Fig.4.6 (a) shows the decaying rate of mode p = 1 for both
fields. u =1 is the second largest intensity mode in the spectrum, therefore, it shows the
transition of the soliton gradually decaying to the CW state with increasing detuning 6 /27
reaching to 200MHz near the right boundary. In particular, when 6 /2w > 190MHz, the
pump field can be well approximated by a single mode which coincides with our hypothesis.
The width of the spectra is recorded in Fig.4.6 (b), with two background levels of -100dB
and -70dB. The former level presents the finer step transitions along detuning, whereas the

-70dB standard provides less resolution.
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Fig. 4.6 Steady soliton solutions are computed with Newton algorithm. Panel (a) shows the
decaying rate of mode u = 1. Panel (b) presents the comb widths at pump and signal fields
in (faint) blue and (faint) red, respectively. The FSRs are counted by selecting noise levels at
-100dB and -70dB, respectively.
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4.3.2 Pumping an odd mode

When the resonator is pumped at an odd longitudinal mode, the model is mapped by the pair

of equations:

) ) 1 iK N

i,y = (wé‘ —tw, —iD}dg — ED%) Vi — 7}1% A
. (4.13)

. : 1 iK ;

iohy, = (wg — @, —iD} g — EDgag) v, — 7” (wp —He ’9> A

where [/ defines the index of mode to be pumped. / = 1 means the pump is tuned to the
mode at an odd index u = 1. (05‘, (x)(‘;J are the cavity resonances at 4 = 0. The spectrum
coordinate is centralized at u = 0, with the residual dispersion subjected to the relation
of; = wp + D{ i+ 1D5u?. Therefore, if we keep the detuning defined with respect to @,
the actual detuning between the pump and a)f’ should be:

1
8 =8+DV+ EDI; (4.14)
where
5=l —w, (4.15)
§'= ol —w, (4.16)

This relation can also be derived from the exponential phase term in Eq.4.13. The momentum

conservation between pump and signal fields satisfies:
M4+ 1=M+u)+(M+1—u) (4.17)

where M, u are the absolute longitudinal mode index and relative mode index. Eq.4.17 shows
when the resonator is pumped in an odd mode, different from pumping the even mode, there
is no degenerate mode generation.

We have implemented the dynamical scans based on Eq.4.13 in the similar approach used
in the last section. In Fig.4.7, we collect the spectral outputs of six hundred independent
simulations at each fixed detuning 6. The numerical scans demonstrate the existence of
ordinary and staggered combs mixed in the range 6/2m € [—150,0] MHz. The typical
spectral distributions are displayed in panels (b1, b2) and (c1, c2). From the numerical
observation, both ordinary and staggered combs are robust in the millisecond simulations.
We should mention their stability has also been demonstrated in the experiment [1]. However,

we found quite noisy spectrums within the range 6 /27 € [50,270] MHz where one cannot
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find stable comb states. The typical dynamics is displayed in Fig.4.8 (a, b). Remember
the coordinate is rotating at D", which helps to track the motion in a relatively large time
scale. The dynamics present in both fields share a roughly locked repetition rate, but they are
weakly unstable with irregular oscillations. We track the oscillating frequency by computing

the integral energy changing with time with the formula:

1
foe. = 1016 (1L PO
(4.18)

Py = [ 1wi(0.0)Pd0

N 1is the normalization coefficient for discrete Fourier transformation, which equals the
number of discrete points used for the computation. .# is the Fourier transform operator.
fosc. computes the oscillation frequency of integral energy P(t). For the steady evolution,
P(t) should be a constant along time, thus the spectrum should be zero apart from the zero
frequency element. In panel(c), we have calculated 46 unstable cases with the selection of the
oscillating frequency in relation to the highest sideband peaks. Fig.4.8(d) presents a typical
spectrum for f,.., and it shows there are several competing frequencies below 0.25 GHz.

4.4 Conclusion

In this chapter, we first introduced the modelling for the OPO comb generations. Aside
from the ordinary spectral distribution, the staggered one is the first time demonstrated
both numerically and experimentally. Next, we reported different regimes of frequency
combs along the detuning, including the mixture of ordinary and staggered combs, the
ladder transition of sideband excitations and the soliton combs. In particular, the soliton
comb generation is deterministic and spans over 70 FSRs. The forecasting mechanism of
the soliton generation is associated with the mismatch € where it deforms the instability
structure for sideband modes. We point out the mechanism of the soliton formation is vital
for state-of-the-art () soliton combs and is worth further investigations in an independent
research. It would be crucial for efficient OPO conversions and being a steady source for
integrated mid-IR devices. In the last section, we include the discussion of pumping the
resonator at an odd mode index. The modified modelling has extended this topic, in particular,
we found a range where the combs are weakly unstable with the integral energy oscillating
in MHz to GHz level.
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Fig. 4.7 (a) The signal component spectra carpet is displayed with resolution of 1MHz
on a background (blue) level of -70dB. (b1, b2) show the ordinary spectra of the OPO
comb, where the spacing in either signal and pump component is Au = 1. (c1, c2) present
staggered OPO spectra with Ay = 3. The odd case will be asymmetric and distinct from the
spectra in Fig.4.2. The signal spectra are marked by the white dashed lines in panel (a) at
0/2n = —50,—44MHz, respectively. Parameters: frequency mismatch /27w = —0.75GHz;
Pump power # = 4mW.
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Fig. 4.8 Typical unstable combs at 6 /2w = 68MHz. Panels(a, b) show pump and signal
fields, respectively. Panel(c) selects 46 cases in the unstable region with the dots marking
the maximal oscillating frequency in each dynamics. Panel(d) is one typical spectrum of the
oscillating frequency obtained from panel(b).
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Chapter 5
Summary

In the above chapters, we have discussed three major cases and we put the bidirectional
microresonators as the first topic as this two-component system in its original form is directly
given by a pair of LLEs. The methodology introduced in this chapter, including derivations
as well as mathematical analyses, are serving as the bases for other works. Unlike the
unidirectional cavity, the dynamics of counter-rotating waves circulating in the high-finesse
microresonator are mapped in an averaged model. The rich features of symmetric and
asymmetric resonances have been observed. In particular, we found the discontinuity of
the low-intensity homogeneous states along the detuning scan, which strictly forbids the
existence of dissipative Kerr soliton. Further study of the blockade effect, i.e., the generation
and destruction of solitons, provides the clue for controlling the frequency comb through the
intracavity energy. In addition, the theory of instability mode excitations contoured by the
tongue-like structures has been demonstrated to be crucial in frequency comb generations.
In the second topic, we first expanded the Kerr frequency comb discussion to the perfect
soliton crystals whose spectral lines are separated by multiple integers of FSRs and spatially,
they are evenly located in the ring. The relative positions of the solitons with their two
neighbours can be equal and unequal, resulting in the atomic and molecular unit cells.
The on-demand positioning of solitons controls the coupling strengths between molecular
crystals supported by dispersive waves. We have numerically observed the topological bands
formation similar to the well-known one-dimensional SSH lattice. The band structures are
efficiently computed utilising the Bloch theorem. The non-trivial geometric phase has been
demonstrated by taking the Berry phase formula. Moreover, the geometric phase is further
confirmed in the Wannier representation. The edge states have been found by introducing
proper defects into the periodic ring. When we remove an odd number of solitons, it induces

the chirality between the left and right sides of the vacancy centre.
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Beyond the Kerr microresonators, the OPO frequency comb generated in @ resonator
has been studied numerically. This specific work aims to find the mid-IR combs in CdSiP;
medium. We first introduced the model for the x(z) resonator, and the subsequent analyses to
track the stationary solutions have been depicted in detail. The staggered spectra, distinctive
from the ordinary ones, have been confirmed widely exist in a large range of offset €, more-
over, this observation has been identified with the experimental results from our colleagues
for the first time. Lastly, we report the soliton combs whose spectra span over 70 FSRs with
purely x® nonlinearity. It raises our interest to figure out the mechanism, especially to

motivate further studies in experiments.



Appendix A

Numerical methods and stability analysis

The nonlinear partial differential equations (like LLE introduced above) are often very
challenging to be solved analytically, except some special conditions are applied, for example,
dg = 0,0, = 0. Numerical approaches introduced in this section are significant for modelling
simulations throughout this thesis. Stability analysis, on the other hand, can provide us
significant information of how the system will react to the perturbations.

A.0.1 Newton-Raphson method and Jacobian

Newton-Raphson method is a common numerical approach to searching stationary solutions

for differential equations. By truncating the Taylor expansion to the first derivative:

S Gong1) = f () + () (kg1 —X2) =0 (A.T)
the iteration seeking for convergence follows:

f(xn)

TR/ A2
700) (A.2)

Xn+1 = Xn —
The iterations will stop when root x,, satisfies f(x,) = 0. Sometimes the convergence is
challenging due to the inaccurate initial conditions. Estimation of the inputs should be
considered carefully and a good ansatz is required.

In the following, we give the example of finding the Jacobian of the model in Chapter 2.
Jacobian is important in numerical analysis, especially for the Newton-Raphson method [1]
and perturbation theory [2]. To find the Jacobian in this system, we assume a pair of solutions
in forms of y; =A+a,y_ = B+ b, where A and B are stationary solutions, a = a(6,t) and
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b = b(0,t) are perturbations depend on time ¢ and space 6. The following process presents
the substitution in Y component:

i0(A4+a) =8, (A+a)— %Dzag(AJra) —Y(A+a)]*(A+a) (A.3)

—%K((A ta)— ) - L(A+a) /OM|(B+b)|2d6’.

o
The nonlinear parts are given in detail:
(A+a)*(A+a)=|APA+ |APa+ A% + |APa=2|A)Pa+ A%a"

2n 2r 2n 2r 2n
(A+a)/ \(B+b)]2d9’:A/ |B\2d9’+A/ Bb*d6’+A/ B*bd6’+a/ B%d6’
0 0 0 0 0

The above equations are subjected to:

1 1 2
ida=38.a— 5Dzaga —2y|A2a — yA%a* — i Ka— j—r/a / |B|*d6’ (A.4)
0

Y
T

2r /y 2r
A | Bb*d0'—=A | B*bdb'.
0 T Jo
Note the conjugation sign in nonlinear part, in order to have the form in matrix, the

complex conjugation is applied to both sides:

1 1 2
ioa* = —8,a" + 5Dzaga* +27|A|%a* + yA* a — iK'+ %/a* / |B|?d6’  (A.5)
0

/y 2n Y 2m
+LA* B*bde’—i—EA* / Bb*de’.
0

T 0

Take the same approach, we have a pair of equations for y_ component:

1 1 21
id/b = 8-b— 5D>93b—211B[*b — Y8 —izxb— L / A6’ (A.6)
0
27 27
Vg [T aatae’—YB [ Ataae.
T Jo T Jo
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1 1 27
iob* = —6_b"+ 5Dzagb* +2y|B|*b* +yB*b — i Kb" + %’b* / |A|?d6’" (A7)
0
ry 2r »Y 2n
+—B*/ A*ad9'+—B*/ Aa*do’.
y[3 0 Y[ 0

The variables in the first raw can be easily extracted, and the discretization should be
applied to the second row of the nonlinear terms: for instance, we define subscript ’j” in order
to mark the index j for the variable spanning from index 1 to n (n is the total discretization

points). With this notation, we have the following:

2

r}/ 2r p r}/ 2r p
—ZA; | Bb'de'—ZLA; | B*bde’.
T 0 T 0

1 1 2
ida; =58 a;— EDzagaj —2Y|Aj|%a; — YA%d, —i=Kka; — %aj/o IB]*d6’  (A.8)

27 N
Aj/o Bb*d0' =A;d0 Y (Bib +Babi+ Bsbi+ ...+ Bjb'+ ..+ Bb)  (A9)
n=1

Arrange them into matrix:

a Aa—lg —’}/AZ —d@}—r/Mlg, —dQ%MM a
* A A -0 dOIMyy  doim *
o |“ 1= IR AR vl Il (A.10)
b —de%Mg,] —d65M32 Ab_lj —']/B
b* doIMy  doLmy, YB¥* A, —i5 | [V

where A, = 8, — D203 —2v|A]> — L [77|BP2dO’, Ay =8 — D235 —2y|B|>— L |7 |A]2d6'.

a,a*,b,b* are column N x 1 vector, thus, the size of M is 4N x 4N and each element
inside M is N x N matrix. M1 22,33 44 and Mi221.34 .43 should be N x N diagonal matrix
(apart from the second derivative). The expansion of M13 1423 24 31,32,41,42 Will be:
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AIBT AIBE AlBX, b1 AlBl Ale AlBN T
AQB* 14234< AzB>’< b2 AzB] A232 AzBN :
Mib= | " .2 B I I Y79V : : 2
ANBT ANBT ANBX, by ANB; AnB> AnBy b;;]
(A.11)
AiB] AiBj AiBy | | b1 AiB1 AiB AiBn | | b}
AXBT A3Bj A% B3 by AiB1 A3B; A%XBy 5
Myb= | 271 7272 PN sMaabt = | g g 2
ANB] ANB; ANBy | | by ANB1 ANB> ANBN | | by
(A.12)
BlAT BIAS BlA}kv aj BlAl BlAz BlAN aT
B>AT B)A; B>Ax a BA|1  BA» BAN | | &
Mya=| ' 7 N Mypa" = | . . oE
B]\[Ai< BNA; BNA;FV an BNA1 BNA2 BNAN aj‘v
(A.13)
BTAT BTA; BTA}kv aj BTAI BTAZ BTAN a’f
B3AT  B3Aj B} A% a B3A|, B3A» B3AN | | @
Myia = 2. : 2. ? 2. N | sMapa” = 2. 2. 2. .2 ;
ByAT  ByA3 ByAN | |an ByA1 ByA» ByAN | |an
(A.14)
Define ¢ = [a,a*,b,b*]T, the above matrices are arranged below:
9,6 = —iMa. (A.15)

The eigenvalue A of the matrix (—iM) should be discussed by real and imaginary parts.

The real part features the exponential growth of perturbations with time. Therefore the

positive real part is in relation to the instability growth rate in time, whereas the negative real

A implies the stabilization. The imaginary part of A shows the oscillating frequency of the



97

wave impacted by the perturbations when the dynamical wave propagation is considered in
the time domain.

A.0.2 Modulation instability

The modulation instability is crucial when considering the frequency comb generation
pumped by continuous wave lasers. The cascaded process starts with two photons at pump
frequency breaking into two sideband modes under momentum conservation. In the following,

we present the analysis in the coupled-mode representation for this process:

: o, D2 . A
(9 +i8 +iS2D)AG + ik (47— 8u02 ) (A.16)
* — 12
==Y Y OurmrnAnAnAy —27 Y SuulAp Ay,
Uit p3 Uyt
. : D _ . N
(9 +i8 ++iS 1A + ik (A — Su00. ) (A.17)

_ — A A + 24—
= =7 X SutmustuAnAnAn =27 Y SuulAi Ay,
HipaH3 Hilz
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Assume the pump mode 0 is perturbed by a pair of sideband photons at modes u, —u:

K

2

—Y(AGAGA  +AGALAL +AGAT AT HAJAT AT+ ALAGTALT
+ pAFAt + pATAt

+AT AGAT +AT AGAGT)

iA] = BAS —iSAS +i5 I, (A.18)

—2y(|Ag PAS + AL PAS + A2, A7)
S at ot Kar Lo oy
i0Af = 8A[ —iZ AL+ DaAj (A.19)

— V(A AG AL +AGALAYT FALATATT HAGAGALT FALAT AT AT ATAT)

—2¥(|Ag IPAfL + 1A, A + A7, [PA))
St _sat K 1o oy
i9AT, =8AT, — iz At S DapPAty (A.20)

—Y(AGAG AL +AGAL L AGT FASAT AT AT AGAGT AT AGALT AT AT AT

—2Y(|Ag IPAT, + A, PAT, + A, |PAT))
K K
i0Ag = 8Ag —izAg +iz A (A21)

—Y(AgAg Ay +AGA AT HAGAD AT HA AT AT HALAGATH
— — A% — — A%

AT AGAT, +AT L ALAYT)

—21(|A5 PAg + 4% PAg +1AT, A7)

P N S | _
i0A, = 8A, —igAy +§D2u2Au (A.22)
—A— A% —A— A% —A— A% —A— A% —A— A — A A
— YAy AgA s +Ag A Ay + AL AGAY +ALAL A HALAT AT AT ALATY)

—2¥(|AJ PA, + AL PA, + AT, PA,)

A N T _

i0AZy = 8AZ, —imAZ, + Do p*AT, (A.23)
—Y(AgAg Ay +AGAZ Ay HALAT AT H AT AGAY T HADALALT HAT AT AT
—2Y(|AJ PAZ, +|AfPAZ, + AT, A7)
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Keep only the first order of perturbation from side bands number +u:

K

i0Af = 6A; —i 5

K
A +iz
—Y(AgAGAG)

—2¥(|Ay IPAQ)

At _sat K oo
la[A‘u = 6A/J' — leu + EDQ‘LL AN
—Y(AGAGAT FAGALAS +ALAGASY)

—2¥(|Ay IPA))

St _sat Ky 1o o
la,A,“ = 5A*/~l — IEA*/J + EDZILL A*/J

—Y(AGAGA +AGAT AT + AT ATAT)
-2
- 27(|A0 | Ai_u)

K
2

K

2%”_

i0Ay = 8Ay —i~Ag +i
—1(AgAg A7)

—2¥(|Ag1?Ag)

i0A, =8A, — igA; + %DQ,LLZA;
—Y(AgAgAZ, +A A LAY +ALAGAYT)
—2¥(|Ag PAL)

ATt DA,
—Y(AgAg A" +AGAZ AT +AZAGAYT)
—2v(|Ag PA,)

i0A”, =8AZ, —i

(A.24)

(A.25)

(A.20)

(A.27)

(A.28)

(A.29)

The matrix for the MI of pump mode is shown below by substituting A§ = A§ +pi:
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P+ A—if  —Y(Ag)? —2vAgAT —2¥AGAq ] [P+
i Pil _ | YA —A-iE 27AJTAST 2¥AGTAq | |PE
p- —2YA$FA, 2vAgA,  A—iY —y(4))? | |p-
px VAAYT 2YAJAYT YAy —A—iS | [pr

(A.30)

where A = 8 + 1D, u% —2y(JA$ |> + |Ay *). MI for the sidebands modes (i # 0) are:

A A—i%5  —y(Af)? 0 0 Af

* *\2 . *

i) AL [vAg)? —A=is 0 0 AT}
Ay 0 0 A—i5  —y(A))?| | Ay
AT} 0 0 YA —A-i5] [AT]

(A.31)
The eigenvalues can be analytical obtained:

K K —
AAﬁ,Af; ) +£1/7lAg[*— A2 )LA;L,A:Z Y £/ VA [ - A

This section provides the essential way to find the Jacobian of the dual-component system
and also the way targeting at the stability. Similar approaches have been used in the whole

thesis.
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