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Pull-off bond strength of novel wide rounded ends fiber and 
impact of fiber stretching on fiber/matrix frictional-slip bond 
strength
Amjad Khabaz

Civil Engineering Department, Faculty of Engineering, Hasan Kalyoncu University, Gaziantep, Turkey

ABSTRACT
This paper presents a study about fiber slippage behavior under 
direct pull-out and assessment of fiber/matrix pull-off bond 
strength. This study was prepared through theoretical calculations 
validated by experimental tests. Theoretically, the study shows 
a general solution for the fiber-slip mechanism in a general matrix 
using a new frictional-shear-lag model and an analytical model for 
pull-off bond strength. Experimentally, pull-out tests were con-
ducted for selected types of single fiber in micro-level (glass, car-
bon, and short-steel fiber); and macro-level (straight steel fiber). The 
results showed significant improvements in the pull-off bond 
strength using novel shape of fiber with wide rounded ends- 
WESF. The pull-off bond strength in normal-weight concrete was 
found lower than in lightweight concrete, and the matrix with 
higher compressive strength improves the pull-off bond strength. 
Also, the steel fiber showed higher pull-off bond strength com-
pared to glass and carbon fiber; whereas the efficiency of short- 
steel fiber was higher than the long one. All types of fiber showed 
that the higher aspect ratio reduces the pull-off bond strength. 
Using the novel-WESF, the performance of fiber-slip improved 
52.65% in normal-weight concrete. Moreover, the fiber-slip perfor-
mance improved 61.79% in sand-lightweight concrete, and 70.20% 
in all other types of light-weight concrete.
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1. Introduction

Brittle cement-based composites, including concrete, can be strengthening with fibers as 
a reinforcement material which improves its toughness, strength and ductility [1]. Fiber 
bridging strength must be adequate and greater than the initial cracking strength of the 
matrix. Increasing the fiber bridging strength can be achieved by improving the bond 
strength of fiber bond to the surrounding cement-based matrix [2]. Fibers also can be 
used for flexural strengthening of existing beams, where the fiber is usually applied in 
different forms such as external sheets or bars at the critical shear and bending moment’s 
locations [3]. Furthermore, adding fibers to fresh concrete mix improves the perfor-
mance of hardened concrete beams and enhances its mechanical behavior against crack- 
propagation and torsion as well [4–6].

The behavior of reinforced concrete structures subjected to dynamic loads is usually 
affected by physical factors such as dynamic coefficient of elasticity (modulus of elasti-
city), absorption of vibration energy, damping coefficient, fatigue strength [7]. According 
to literature, there are a lot of techniques for evaluation of cracking, fracture and strength 
in cementitious composites under static, dynamic and fatigue loads besides pull out and 
pull off tests. There are also many new other nanomaterials used to improve resistance to 
cracking of construction materials besides fibers, e.g., C-S-H nanoseeds [8]. Furthermore, 
the type of matrix, as an organic or inorganic, should be considered as an important 
parameter to control the strength of debonding between the fiber and the matrix, where 
the strengthening of masonry structures is nowadays performed by means of high- 
strength fibers embedded in inorganic matrix, such as fiber reinforced concrete matrix, 
where lime or cement-based matrix is used instead of epoxy adhesive to reduce debond-
ing issues between substrate and matrix, as discussed in [9].

To analyze the mutual slip-movement at the interface between the fiber and the 
surrounding matrix, a frictional-shear-lag model would be helpful. In the literature, 
shear-lag models are usually used to analysis the fully bonded case of fiber/matrix system 
such as: the first shear-lag model developed by Cox [10]; and the shear-lag model 
developed by Khabaz [11], where the interfacial shear stresses can be found before the 
fiber slippage occurrence, as discussed by Landis and McMeeking [12]; and Curtin [13]. 
While these shear-lag models are not suitable to deal with the frictional-sliding stage and 
the current models in the literature deal with only particular cases of fiber-slip stage, 
a new frictional-shear-lag model is still required to analyze the frictional fiber-slip 
mechanism in general case.

The pull-out problem of fibers from different types of surrounding matrix has received 
considerable attention during the last years, and several worthy contributions have been 
made as discussed by Lawrence [14]; Freund [15]; and Fuller et al. [16] Shah and Ouyang 
have prepared an excellent analysis of the pull-out test as presented in [17]. Further light 
on the fiber-slip at the interface has been shed by investigations including relative slip of 
rough crack surface as discussed by [18–20].

According to the literature, most models of fiber to matrix interface consider the shear 
stress at the interface as a function of the fiber-slip displacement [21]. Also, many 
previous studies simplified the complex three-dimensional behavior at the interface as 
one-dimensional case [22]. In the solution of one-dimensional case, if the pressure of the 
surrounding matrix is known, it can be taken into account. Otherwise, a more general 
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solution is required to take into account the stretching at the interface and the normal 
relative displacement across the interfacial crack [23].

Recently, some researchers conducted valuable investigations to determine the inter-
facial shear stresses for specific types of fibers, by using pull out load-displacement 
models such as: Gopalaratnam and Shah’s model for steel fibers [24], and Khabaz’s 
model for steel fibers and glass fibers [25,26]; Wang, Li and Backer’s model [27] for 
nylon, polypropylene and steel fibers; and Redons et al. for PVA fibers [28].

The literature contains huge experimental data and results about the interfacial 
bonding performance of fiber to matrix [29–36]. These experimental studies have been 
conducted by using different types and shapes of fiber and matrix, that is, straight (steel, 
glass, carbon) fibers, fibers with hooked ends, fibers with corrugated shape [37–41]; 
cementitious and concrete composites, steel-polypropylene hybrid fiber reinforced 
cementitious composite, etc [11,42–44]. The results showed that the addition of hybrid 
fibers in the matrix contributes significantly to increasing the maximum and residual 
pull-out load as well as improving the pull-out energy dissipation capacity. Also, the 
results showed that for the straight steel fiber, the improving effect of hybrid fiber on the 
chemical bond is more pronounced than that on the sliding frictional bond [45].

An analytical model for the pullout behavior of single fibers embedded in a concrete 
matrix for various configurations of fiber type, matrix strength, and embedment condi-
tion was proposed by Zhan [46]. In this model, the bond stress-slip relation τ(s) proposed 
as in equation (1): 

τ sð Þ ¼ τ0 þ τmax � τ0ð Þexp s1 � sð Þ=sref
� �

(1) 

Where, (τ) is the interfacial shear stress, (s) is the relative slip defined as the displace-
ment at a point on the fiber axis with respect to the matrix boundary, (τmax) is the 
bonding strength of the interface, (τ0) is the asymptotic value of the frictional stress 
which stands for the limit value of the bonded interface (such as steel fiber to concrete 
matrix slippage system), (s1) is the slip at the fully debonding state, (sref ) denotes the 
parameter controlling the descending branch of the curve.

In the same study, the free-end load-displacement relation (P-s) in the pull-out sliding 
stage can be obtained by considering (τ � s) relation and solving the equations of force 
equilibrium and strain compatibility, as in equation (2): 

P ¼ πdτ L � sþ s1ð Þ (2) 

In case of constant friction or slip-softening behavior at the interface between the fiber 
and the matrix (such as straight steel fiber-SSF/concrete-matrix or glass fiber-GF/con-
crete-matrix), the pullout force (P) can be expressed in terms of fiber slip (u), using 
equation (3) as explained in Khabaz’s model [25]:  

P ¼ τsπdðlemb � uÞ (3) 

Where, ðlembÞ is the embedded length of the fiber in the matrix, (τs) is the frictional bond 
strength, and (d) is the fiber’s diameter. The frictional bond strength (τs) during fiber 
slippage can be found using equation (4): 
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τs ¼
P

πdðlemb � uÞ
(4) 

The maximum frictional bond strength (τs ¼ τsmax) can be obtained at the onset of fiber 
slippage, when (u ¼ 0andP ¼ Pdebond).

Furthermore, the surrounding matrix pressure (σx) on the fiber surface, in case of SSF/ 
concrete-matrix, can be predicted experimentally using equation (5), as explained in [23]: 

σx ¼
P0

πDf Ldf Fri f :cð Þ
(5) 

Where, ðDf ; Ldf Þ are the diameter and embedded length of the fiber in the matrix, 
respectively; (Fri f :cð Þ) is the friction coefficient between the fiber and the matrix at the 
interface, and (P0) is the pull-out load at the full debonding point.

Depending on the accompanying pressure of surrounding concrete (σx), the frictional- 
bond strength of fiber/matrix can be estimated for different values of friction coefficient 
Fri f :cð Þ and different values of fiber embedment length (Ldf ) as shown in Figure 1. 
According to this figure, and whatever the value of SSF embedment length Ldf , it can be 
noticed that the efficiency of frictional-bond strength was increased 50% in case of 
increasing the friction coefficient Fri f :cð Þ from 0.05 to 0.10 (what means increasing the 
friction coefficient by 100%), and the efficiency of frictional-bond strength was increased 
66.7% in case of increasing the friction coefficient Fri f :cð Þ from 0.05 to 0.15 (what means 
increasing the friction coefficient by 200%). Therefore, it can be concluded that the friction 
coefficient Fri f :cð Þ effects significantly on the efficiency of the frictional-bond strength.

As per in the literature, most researchers were dealing with the pull-out problem as 
one-dimensional case. Consequently, most previous models of fiber to matrix sliding 
stage consider the shear stress at the interface as a function of the fiber-slip displacement. 
While, to make the solution more precise and closer to the actual behavior, more 
parameters should be taken into account.
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Figure 1. Effect of the friction coefficient of SSF/concrete-matrix on the efficiency of frictional-bond 
strength.
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Furthermore, some missing parameters in previous fiber-slip analytical models can be 
summarized in these points:

● The effect of the chemical bond of fiber end anchorage (pull-off bond) on the fiber- 
slip behavior at the interface of fiber/matrix, which will appear directly after full 
debonding point and before the starting point of fiber sliding.

● Effect of fiber stretching at the interface of fiber/matrix during fiber sliding move-
ment, where most studies neglect this stretching without clear interpretation.

● According to shear stress-relative displacement law, most previous models are 
suitable to deal with the sliding behavior cases (constant friction, slip-hardening, 
and slip-softening) at the interface separately. Therefore, developing a new model 
that considers all these three cases together is still required.

● Effect of the friction coefficient at the interface of fiber/matrix. Where, this coeffi-
cient reflects the properties of surface morphology/topology at the interface on the 
sliding behavior.

● Effect of the accompanying pressure of the surrounding matrix on the frictional 
sliding behavior.

However, upon further reading, there appears to be a weakness in the recent proposed 
models of analysis that is the frictional stress as the main parameter of the system was not 
considered, which is important in the study to reflect the effect of the surface morphol-
ogy/topology of the fiber and the matrix. The frictional stress and modes are dominated 
by these parameters. Thus, most previous models studied the fiber-slip mechanism as 
specific to the fiber type used, but not the universal model. It therefore cannot be 
considered a fundamental understanding of the general system.

The main objectives of this study are:s

(1) To define the effective parameters such as: pull-off bond strength, the pressure of 
the surrounding matrix, the stretching at the interface, and the normal relative 
displacement across the interfacial crack.

(2) To determine the effect of each parameter on the fiber-slip mechanism.
(3) To find a general solution including all considerable parameters.

In this study, a new shear-lag model will be developed for the sliding stage at the interface 
of the fiber/matrix system. Where, the main effective parameters will be considered in 
this proposed model, and a general solution of the fiber-slip problem will be introduced. 
The results of this general solution will be verified through some numerical examples, 
and a validation will be conducted through experimental records.

2. Materials and methods

2.1. Fiber-slip categories

The fiber pullout test is often conducted to determine fundamental fiber/matrix interfacial 
properties, that is, slip-hardening coefficient (β), frictional bond strength (τ0), and chemical 
debonding energy (Gd). In turn, this allows us to determine the fundamental fiber-bridging 
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relation σ (δ) of the composite (by averaging the contribution from fibers with different 
embedment length and orientation across the crack plane), which govern the tensile 
properties of the fiber-reinforced composite [47,48]. As such, the determination of σ (δ) 
has been resolved in the literature, while including the impact of a fiber/matrix coefficient of 
friction is still required as proposed by the author of this study in [25]. In fact, the use of the 
slip-hardening coefficient (β) is implemented in the literature as the fiber slippage regime is 
often not a constant friction phenomenon, given that there is fiber and/or matrix damage 
during the slippage regime (depending on the hardness of the fiber relative to the matrix).

Fiber pull out behavior during sliding phase could be grouped into three categories 
namely:

(a) Constant friction, where the slip-hardening coefficient (β = 0). In this case, the 
pull-out load-slip relation is linear, and the shape of the fiber-slip energy zone is 
triangle, as shown in Figure 2.

(b) Slip-softening, where the slip-hardening coefficient (β<0). In this case, the pull- 
out load-slip relation is nonlinear, and the area of the fiber-slip energy zone is 
smaller compared to the constant friction behavior, as shown in Figure 3.

(c) Slip-hardening, where the slip-hardening coefficient (β>0). In this case, the pull- 
out load-slip relation is nonlinear as well, but the area of the fiber-slip energy zone 
is larger compared to the constant friction behavior, as shown in Figure 4.

Where, the fiber slippage movement starts at the point of full debonding with load (P0) 
and fiber displacement (S0). In Figures 2–4, it has to be known that the first part of the 
displacement (from 0 to S0) is very small (S0 ¼ 0:30 � 0:99mm) compared to the second 
part (from S0 to total pull-out).

As shown in Figures 2, 3, 4 the hatched area under the curve of pull-out load-fiber 
displacement, represents the energy absorption capacity (G) of fiber/matrix regime 

Figure 2. Schematic of single-fiber/matrix slippage regime with constant friction.
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during the frictional sliding stage. The energy absorption capacity can be calculated by 
equation (6): 

G ¼ ò

lemb

S0

P Sð ÞdS (6) 

Where, P Sð Þ is the pull-out load during sliding stage, dS is the relative fiber-slip 
displacement, and lemb is the embedment length of the fiber in the matrix. The energy 
absorption capability of a composite is attributed to two basic mechanisms:s

Figure 3. Schematic of slip-softening behavior at the interface of single-fiber/matrix slippage regime, 
where the friction is not constant.

Figure 4. Schematic of slip-hardening behavior at the interface of single-fiber/matrix slippage regime, 
where the friction is not constant as well.
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(1) material deformation (which occurs first), and
(2) the formation of new surfaces by cracking (which occurs second).

If the supplied energy is enough, a crack may initiate and propagate, thus actuating 
the second energy-absorbing mechanism. In case of brittle materials, such as cementi-
tious and ceramic matrices, low energy absorption or toughness is shown as a result of 
the small amount of deformation they can sustain, and their poor resistance to cracking. 
Thus the total energy absorption capability of fiber/matrix regime can be enhanced either 
by increasing the path of the cracks during separation or by increasing the fiber’s 
capability to deform. Fibers bridging a crack can absorb energy by deforming and/or 
pulling out, depending on their bond characteristics. Moreover, the fiber deformation 
and compliance during pull-out contributes directly to the total deformation of the 
composite. Thus, the fiber-slip regime, during the frictional sliding stage, can be classified 
into three categories according to the pull-out process and the energy absorbing mechan-
isms it generates as mentioned before in this section. Where, slip-hardening happens 
often with polymer fibers. This happens because the hardness of polymer fibers is usually 
less than the hardness of the surrounding matrix. Therefore, this type of fibers is 
damaged and a jamming effect can take place inside the matrix. This leads to an 
increasing load resisting fiber pullout as shown in Figure 4. This phenomenon is very 
beneficial as long as the fiber tensile strength is not exceeded. While, constant friction 
sliding behavior as shown in Figure 2 or slip-softening sliding behavior as shown in 
Figure 3 are often observed when the fiber hardness is higher than that of the surround-
ing matrix such as steel-fiber or glass-fiber.

2.2. Effect of fiber end anchorage and pull-off bond strength

When the fiber end slips, the effect of fiber end anchorage (F1 ¼ Poff ) is usually very 
small, which will be proved in this study, and it can be estimated from the experimental 
pull-out load versus crack separation curves in addition to fiber/matrix pull-off adhesive 
bond strength test. Whereas, (Poff ¼ 0) before complete debonding, see Figure 5. 
However, despite that the values of pull-off bond strength of traditional straight fibers 
are expected to be negligible, this study will show specific calculations for this pull-off 
bond strength. The importance of such calculations is to give a solution key of how the 
role of pull-off bond strength can be increased to improve the whole system of fiber/ 
matrix against pull-out loads.

Figure 5(a) shows the pull-off test method for in-place tensile bond strength between 
the fiber end anchorage and concrete surface as an assumed matrix. This method is 
usually used to conduct the pull-off test according to ASTM C1583. Since the failure of 
fiber/matrix system will happen because of a pull-off force (F1), and this force should be 
greater than the tensile bond strength between the fiber end anchorage and the concrete 
surface; and since the concrete is assumed the weakest material under tension compared 
to the tensile strength of fiber’s material, the pull-off bond strength (σP) can be assumed 
equals to the matrix direct tensile strength. In case of concrete, the tensile strength is 
usually estimated at about 10% of its compressive strength (f 0c ). Therefore, the pull-off 
force (F1) can be predicted theoretically according to equation (7) as follows: 
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F1 ¼ σP
πd2

4

� �

(7) 

Where, (σP) is pull-off fiber/matrix bond strength, and (d) is the fiber diameter.
Figure 5(b) shows a model of fiber/matrix slippage system. According to this model, 

when the fiber/matrix system is fully deboned, the pull-out force (P0) can be consid-
ered as the applied tensile force (F2 ¼ P0), where the chemical bond strength is fully 
failed. Since the value of the interfacial shear stress is usually small during fiber-slip 
stage, and to simplify the calculations, the fiber-stretch will be neglected, and then the 
interfacial shear stress can be assumed as uniform; consequently, the maximum 
interfacial shear stress (τP) can be calculated by dividing the applied pull-out force 
(F2) with the embedded surface of the fiber in the matrix (2πrlemb), as expressed in 
equation (8): 

τP ¼
F2

2πrlemb
(8) 

Where, (F2) is the applied pull-out force at the full-debonding point (F2 ¼ P0), and (r) is 
the fiber radius (d ¼ 2r).

Figure 5. Types of fiber/matrix adhesive-bond test: (a) pull-off bond strength; (b) frictional-slip bond 
strength.
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Since the fiber slippage starts directly when the fiber displacement exceeds the full- 
debonding point, the interfacial shear stress (τP) can be assumed as the flexural strength 
of the matrix or the modulus of rupture (fr). In case of concrete, the ACI Code prescribes 
the modulus of rupture (fr) in terms of concrete compressive strength () as in equa-
tion (9): 

fr ¼ 0:62λ
ffiffiffiffiffi

f 0c
q N

mm2

� �

(9) 

Where, λ is a modification factor for the type of concrete as follows:
λ ¼ 1:0 Normal-weight concrete
λ ¼ 0:85 Sand-lightweight concrete
λ ¼ 0:75 For all-lightweight concrete

2.3. Experimental program

The aim of this experimental program is to evaluate the frictional-slip bond character-
istics of different types of fibers in concrete matrix, as an inorganic matrix, using ordinary 
cement mortar. Furthermore, the effect of fiber and matrix properties on pull-out 
behavior will be examined. The tensile test load of pull-out machine is up to 100 KN. 
The test load was modernized for a small force range suitable for a single glass and carbon 
fiber. This machine can be operated with a standard commercial PC or laptop. Test 
speeds of this machine are available from 0.0005 to 1500 mm/min. The maximum 
crosshead return speed of the used machine is 2000 mm/min; the maximum deviation 
from the set drive speed is 0.05% of the actual velocity, and the drive travel resolution is 
0.0348 μm. The pull-out displacements of fiber during the tests were monitored and 
recorded by a camera with a vertical image resolution equals 1536 px.

Two categories of pull-out tests were conducted for single fiber embedded into 
concrete matrix as follows:

(a) Using embedment length of fiber equal to 50% from its total length.
(b) Using different ratios of embedment length ranges from 7.5% to 50% from the 

total length of fiber.

Also, four types of fiber were used:

● Straight steel fiber-SSF
● Glass fiber-GF
● Carbon fiber-CF
● Short-SSF

The main physical and mechanical properties of these fibers are shown in Table 1.
The matrix in this experimental program was prepared from normal weight concrete 

using ordinary cement mortar in addition to some chemical additives to improve the 
workability situation of the mixture. Three concrete mixtures were prepared using 
a laboratory trial method, M1 for the surrounding matrix of SSF and Short-SSF, M2 
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for GF, and M3 for CF. The cement amount was designed to obtain sufficient full-bond 
strength between all concrete mix components, and the content of water was calculated 
to conduct a well hydration process for the cement paste, and to obtain an acceptable 
workability, where the ratio of water to cement (w/c) was 44.4% in M1, 37% in M2, and 
424% in M3. Three types of sand aggregates were used; its sizes were ranged from 0 to 0.5  
mm, from 0.3 to 2.5 mm and from 2 to 4 mm, with quantities suitable for each type of 
fiber to obtain an acceptable morphology/topology surface of fiber/matrix, in addition to 
filler (dolomite powder) and microsilica, which are necessary to obtain an acceptable 
smoothness in the curve of graded aggregates. To improve the workability of fresh 
concrete and to reduce the air contents, and also to adjust the voids between the concrete 
particles after hardening; two types of chemical additives were used, SIKA EVO 26 and 
SIKA AER S. After mixing, where the concrete mixes were homogeneous with an 
acceptable workability; the settlement of the fresh concrete according to slump test 
between around 7 cm. The density of fresh concrete was 2196 kg/m3 for M1, 1955.3 kg/ 
m3 for M2, and 2004.71 kg/m3 for M3 (see Table 2). The Young’s modulus of hardened 
concrete after 28 days was about 30,000 MPa, and the compressive strength of all mixes 
was around 21 MPa. Poisson’s ratio was defined as 0.20 for all mixes as well.

Six groups of single fiber embedded into concrete matrix were prepared for pull-out 
test, and each group consists of various samples as the following:

In the first group, 3 samples were prepared using Straight Steel Fiber-SSF with 
embedded length equal to (0.5 L = 25 mm), where (L = 50 mm) is the total length of SSF.

In the second group, 3 samples were prepared using Glass Fiber-GF with embedded 
length equal to (0.5 L = 20 mm), where (L = 40 mm) is the total length of GF.

In the third group, 3 samples were prepared using Carbon Fiber-CF with embedded 
length equal to (0.5 L = 25 mm), where (L = 50 mm) is the total length of CF.

Table 1. Physical and mechanical properties of fibers.

Fiber 
type

Length  
(mm)

Diameter  
(µm)

Aspect ratio 
(L/r)

Density  
(Kg/m3)

Tensile 
strength  

(MPa)

Young’s 
Modulus 

(GPa)
Poisson’s 

ratio

Strain 
capacity 

(%)

SSF 50 800 125 7850 1200 200 0.28 2.3
GF 40 15 5333 1850 1500 70 0.20 2
CF 50 7.5 13,333 1750 1970 240 0.26 0.8
Short- 

SSF
6 160 75 7850 1200 200 0.28 2.3

Table 2. Proportions of concrete mixtures.

Concrete mix proportion

Portion vol.=1m3

M1 M2 M3

Cement II 42.5 A-V (kg) 556 575 615
Water (liter) 247 213 261
Microsilica (kg) 81 49 54
Dolomite powder filler (kg) 150 182 154
Sand 0–0.5 mm (kg) 288 427 283
Sand 0.3–2.5 mm (kg) 620 370 277
Sand 2–4 mm (kg) 243 129 349
Admixture SIKA EVO 26 (liter) 9 8.7 9.91
Admixture SIKA AER S (10%) (liter) 2 1.6 1.8
Density (kg/m3) 2196 1955.3 2004.71
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In the fourth group, 3 samples were prepared using Short-SSF with embedded length 
equal to (0.5 L = 3 mm), where (L = 6 mm) is the total length of Short-SSF.

In the fifth group, 5 samples were prepared using SSF with embedded length equal to 
(5 mm, 10 mm, 15 mm, 20 mm, and 25 mm).

In the sixth group, 4 samples were prepared using GF with embedded length equal to 
(3 mm, 5 mm, 10 mm, and 20 mm).

All samples were cured by the moist-curing method, with room temperature 25 � 30, 
and humidity ranges from 40% to 80%, where after casting a nylon cover was put over 
samples, in this case the moisture of concrete will evaporate slowly and stronger concrete 
can be obtained, see Figure 6.

After 28 days, a pull-out test was conducted for each sample. The pull out speed was 
maintained at 1 mm/min for SSF and 0.1 mm/min for GF, CF, and Short-SSF. Then 
records of force-displacement were taken to observe the mechanical behavior of fiber 
inside the concrete compared to the increment of pull-out tensile forces. Using these 
records, curves of force-displacement can be drawn, then bonding and debonding points 
can be found for each sample, where these two points are important to validate the 
theoretical analysis of pull-off bond strength capacity; and frictional-interfacial stage can 
be shown as well, which is important to validate the analytical shear-lag-model of this 
study in addition to the derived governing equations.

2.4. Frictional-Shear-Lag model and governing equations

As mentioned before in the introduction section of this study, to analyze the mutual slip- 
movement at the interface between the fiber and the surrounding matrix, a frictional- 
shear-lag model would be helpful. Figure 7 shows a new shear-lag model proposed by the 

Figure 6. Experimental procedure of pull-out test: (a) types of used f fiber; (b) carton chairs for 
microfiber protection; (c) casting and curing of samples; (d) plastic chairs to satisfy fiber level; (e) 
releasing samples from moulds; (f) pull-out test.
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author of this paper. Where the fiber/matrix system is prepared for theoretical analysis in 
two cases:

(1) Before fiber-slip, where the fiber-slip at point (A) assumed to be zero (u0 ¼ 0), in 
this case the fiber is not loaded in yð Þ direction, therefore the pull-out force P yð Þ ¼
0 and the pull-off strength force P0�0. The point (B) will be used as a reference for 
observing the fiber movement at the free end of fiber, whereas point (C) will be 
used as a reference point for the free end of matrix. The original length of fiber 
between (A) and (B) is ðLfrÞ, and the embedded length of fiber in the matrix 
between (A) and (C) is called (Lemb), while the free part of fiber out of the matrix is 
called (Lout). For analysis, a small strip from the fiber with initial length equal to 
(dy) will be studied. The fiber diameter will be called (d) as well. Axis (x) is 
a moveable axis and always located at the bottom of fiber. Axis (y) is vertically 
a moveable axis as well, where the origin (o) can move along (y) direction.

(2) During fiber-slip stage, the fiber will be loaded by pull-out load P yð Þ> 0. In this 
case the fiber will slide along (y) direction with displacement equal to u yð Þ, and 
then the pull-off strength will be failed and P0 ¼ 0. The displacement of point (A) 
will be called (u0), and always (y ¼ 0) at point (A). Because of fiber stretching the 
original length of fiber will be extended between (A) and (B), and the total length 
of fiber will be Lfr 1þ εy

� �
, where (εy) is the strain of fiber in (y) direction. During 

the frictional-sliding stage, the strip will be under normal stress (σfr) at the bottom 

Figure 7. Frictional-Shear-Lag model of single fiber slippage in a matrix under direct pull-out load.
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level, and (σfr þ dσfr) at the upper level. Therefore, the strip will be stretched, the 
stretching will be assumed (Δdy), then (εy ¼

Δdy
dy ), and the length of strip after 

stretching will equal to dy 1þ εy
� �

. Due to fiber sliding, the friction at the interface 
of fiber/matrix will convert the pressure (σx) of surrounding matrix to a frictional- 
shear stress (τs ¼ τfr) on the matrix and the fiber as shown in Figure 7.

The governing equations can be derived by taking the equilibrium in (y) direction of 
effective stresses on the fiber strip during fiber-slip stage as the following: 

σfr þ dσfr � σfrÞ
πd2

4
¼ πdτfr dyþ Δdyð Þ (10) 

Rearranging the left side without (σfr) and multiplying the right side by ( dy
dy ), equation 

(10) can be written in a new shape as the following: 

dσfr
πd2

4
¼ πdτfr 1þ

Δdy
dy

� �

dy (11) 

In equation (11), the left side represents the pull-out force which effects on the fiber strip 
dP yð Þ, and also in the right side Δdy

dy represents the strain of fiber strip (εy). Therefore, this 
equation can be written in a new shape once again as follows: 

dP yð Þ ¼ πdτfr 1þ εy
� �

dy (12) 

Conducting integration to both sides of equation (12) along the effective embedded 
length of fiber (Lemb � u0), with respect to (dy) as in equation (13), will lead to an initial 
shape of pull-out force formula (14) as follows: 

ò

Lemb� u0

0
dP yð Þ ¼ ò

Lemb� u0

0
πdτfr 1þ εy

� �
dy (13) 

P yð Þ ¼ ò

Lemb� u0

0
πdτfr 1þ εy

� �
dy (14) 

The pull-off bond strength (Poff ) can be considered in equation (14) and then the initial 
shape of pull-out force can be written as the following: 

P yð Þ ¼ Poff þ ò

Lemb� u0

0
πdτfr 1þ εy

� �
dy (15) 

In traditional shape of straight fiber, the value of pull-off bond is usually very small 
(Poff ffi 0), and it can be neglected. Therefore, in the next sections a novel shape of 
straight steel fiber with wide ends will be introduced under the name (WESF). These wide 
ends will support and improve the role of pull-off bond strength against pull-out loads by 
significant ratios.

Assuming the fiber under linear elastic behavior, in (y) direction the fiber strain (εy) in 
equation (15) can be found according to Hook’s law as follows: 

σfr ¼ εyEfr (16) 
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Where, (Efr) represents the elasticity modulus of fiber.
Also, since the value of pull-out load during the fiber slippage stage is small, the strain 

of fiber in (x) direction will be very small (εx ffi 0). Therefore, the effect of Poisson’s ratio 
(ν) can be neglected: 

ν ¼
εx

εy
ffi 0 (17) 

According to this, the fiber cross-sectional area (Afr) can be assumed as constant and 
equal to: 

Afr ¼
πd2

4
(18) 

On the other hand, the normal stress on the fiber because of pull-out load (σfr) can be 
found as follows: 

σfr ¼
P yð Þ
Afr

(19) 

According to the equations (16) and (19), taking into account that the strain of fiber is 
not constant, but a function of (y), we can write: 

εy yð ÞEfr ¼
P yð Þ
Afr

(20) 

Therefore, the fiber strain formula can be written as follows: 

εy yð Þ ¼
4P yð Þ
πd2Efr

(21) 

The slippage distance, u yð Þ, of an infinitesimal fiber segment at (y) is equal to the sum of 
the fiber embedded end slippage distance, u0, plus the elastic elongation of the fiber 
segment located between (y ¼ 0) and (y ¼ y), and the equation of, u yð Þ, can be written as 
follows: 

u yð Þ ¼ u0 þ ò

y

0
εy yð Þdy (22) 

Where, (ymax ¼ Lfr), and the total length of fiber after elastic elongation will be con-
sidered as, Lfr 1þ εy

� �
.

According to equation (22) and (15), it is clear that the shear stress (τfr) and the 
interfacial slip of fiber (u0) are functions of position along the interface, where the fiber 
slippage is non-uniform as in the case of a fiber bridging across a matrix crack. Therefore, 
we can write: 

τfr ¼ τfr u0ð Þ (23) 

Bao and Sang, as discussed in [49], proposed a model to describe a linear relationship 
between (τfr) and u yð Þ, as follows: 

τfr ¼ τ0 1þ β
u0

d

� �
(24) 
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Where, (τ0) is the frictional sliding shear stress at the full-debonding point where the 
fiber slippage equal to zero (u0 ¼ 0), and (β) is a non-dimensional hardening parameter, 
and (d) is the fiber diameter.

In the proposed frictional shear-lag model of this study, as shown in Figure 7, the fiber 
is assumed to be pulled out of the matrix without rupture in a rigid manner, this means 
that the elastic stretch of the fiber is negligible compared to the fiber end displacement 
during the pull-out stage. Therefore, we can write: 

εy ¼
Δdy
dy
¼ 0 (25) 

And then, according to equation (14), the pull-out force, P yð Þ, can be found as follows: 

P yð Þ ¼ ò

Lemb� u0

0
πdτfrdy (26) 

P yð Þ ¼ τfrπd Lemb � u0ð Þ (27) 

(τfr) in equation (27) can be replaced by (τ0) if (β ¼ 0), and this will be a special case of 
equation (24). Also, in case of constant friction during fiber-slip stage, (β) can be 
considered equal to zero and then (τfr ¼ τ0) as well.

Substituting (τfr) in equation (27) by the right side of equation (24) will lead to a new 
formula for the pull-out load, P yð Þ, in terms of fiber slippage, u yð Þ, as follows: 

P yð Þ ¼ τ0 1þ β
u0

d

� �
πd Lemb � u0ð Þ (28) 

Rearranging equation (28) will give: 

P yð Þ ¼ τ0πd Lemb � u0ð Þ þ τ0βu0π Lemb � u0ð Þ (29) 

Solving the brackets in equation (29) will give: 

P yð Þ ¼ τ0πdLemb � τ0πduo þ τ0βu0πLemb � τ0βπðu0Þ
2 (30) 

In equation (30), ignoring the second-order terms in ðu0Þ
2 is suitable because of small 

values of fiber slippage (u0), and the pull-out force, P yð Þ, can be expressed in terms of 
fiber slippage (u0) as follows: 

P yð Þ ¼ τ0πd½Lemb þ u0 β
Lemb

d
� 1

� �

� (31) 

equation (31) represent a general solution of fiber-slip behavior under direct pull-out 
loading, and according to the value of (β) the shape of load-displacement curve in the 
sliding stage will appear similar to one of these three categories as shown in Figure 8:

(I) Slip-hardening if (β> 0)
(II) Constant friction if (β ¼ 0)

(III) Slip-softening if (β< 0)
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Also, in equation (31) the stress (τ0) can be found from the force-displacement curve 
of pull-out test using equation (32) as follows: 

τ0 ¼
P0

πdLemb
(32) 

Where, (P0) is the pull-out load at the full-debonding point, see Figure 8.
In case of slip-softening or constant friction, as a special case, for fibers such as (steel, 

glass, carbon) where (β ¼ 0), the pull-out force, P yð Þ, in equation (31) will be written as 
follows: 

P yð Þ ¼ τ0πd Lemb � u0ð Þ (33) 

Equation (33) shows the same result which was obtained from equation (27) when 
replacing (τfr) by (τ0) in case of (β ¼ 0).

3. Results and Discussion

3.1. Assessment of pull-off bond strength capacity and novel-WESF

Depending on the analytical models of pull-off bond strength and frictional-slip bond 
strength as shown previously in Figure 5 section (2.2) in this study, and using the related 
equations (7,8,9); the effect of fiber end anchorage bond strength (pull-off) can be 
evaluated theoretically as shown in Table 3 with respect to different values of matrix 
compressive strength, different types of concrete matrix (normal weight concrete, sand- 
light weight concrete, all-light weight concrete), and a specific value of fiber aspect ratio 
(Lfr=r) according to the type of fiber.

According to the calculations of Table 3, the results show that the efficiency of pull-off 
bond strength, in case of normal-weight concrete, is lower than the case of lightweight 
concretes. While, the higher compressive strength of concrete improves the role of pull- 
off bond strength, see Figure 9. Also, the role of pull-off bond strength is more effective in 

Figure 8. Schematic of single fiber load-displacement curve under direct pull-out in general case 
including three categories of fiber-slip behavior.
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case of steel fiber compared to glass fiber and carbon fiber, see Figure 10. Accordingly, the 
role of pull-off bond strength in case of glass fiber and carbon fiber can be neglected. 
Moreover, despite that the results show a higher value of pull-off load capacity in case of 
long straight steel fiber-SSF compared to the short-SSF, the efficiency of pull-off bond 
strength in case of short-SSF is higher than the efficiency of pull-off bond strength of the 
long straight steel fiber-SSF, see Figure 11. Also, in all types of fiber, the results show that 
the higher aspect ratio of fiber (Lfr=r) effects negatively on the efficiency of pull-off bond 
strength, see Figure 12.

Furthermore, in case of straight steel fiber-SSF, the effect of fiber end anchorage bond 
strength (pull-off) can be evaluated theoretically as shown in Table 4, in particular with 
reference to values reported in Table 3, and with respect to different types of concrete 
matrix (normal weight, sand light-weight, and all other types of lightweight concretes) 
using different values of fiber end anchorage diameter (dend). The results show that 
increasing the diameter of the fiber end anchorage improves the pull-off bond strength 
and consequently a higher pull-out force will be required to obtain the same fiber-slip 

Table 3. Theoretical evaluation of the effect of pull-off bond strength compared to the frictional-slip 
bond strength on the capacity of frictional-slip load of fiber/concrete system.

Fiber type λ
f 0c 

(MPa)
Lfr 

(mm)
d 

(mm) Lfr=r
σP 

(MPa)
τP 

(MPa)
F1 
(N)

F2 
(N)

F1=F2ð Þ � 100 
%ð Þ

Straight steel fiber-SSF 1 21 50 0.8 125 2.1 2.84 1.06 178.44 0.59
35 3.5 3.67 1.76 230.59 0.76
50 5.0 4.38 2.51 275.20 0.91

0.85 21 2.1 2.42 1.06 152.05 0.70
35 3.5 3.12 1.76 196.04 0.90
50 5.0 3.73 2.51 234.36 1.07

0.75 21 2.1 2.13 1.06 133.83 0.79
35 3.5 2.75 1.76 172.79 1.02
50 5.0 3.29 2.51 206.72 1.21

Glass fiber-GF 1 21 40 0.015 5333 2.1 2.84 0.00037 2.68 0.014
35 3.5 3.67 0.00062 3.46 0.018
50 5.0 4.38 0.00084 4.13 0.020

0.85 21 2.1 2.42 0.00037 2.28 0.016
35 3.5 3.12 0.00062 2.94 0.021
50 5.0 3.73 0.00084 3.52 0.023

0.75 21 2.1 2.13 0.00037 2.01 0.018
35 3.5 2.75 0.00062 2.59 0.024
50 5.0 3.29 0.00084 3.10 0.027

Carbon fiber-CF 1 21 50 0.0075 13,333 2.1 2.84 0.000093 1.67 0.0056
35 3.5 3.67 0.000155 2.16 0.0072
50 5.0 4.38 0.000221 2.58 0.0086

0.85 21 2.1 2.42 0.000093 1.43 0.0065
35 3.5 3.12 0.000155 1.84 0.0084
50 5.0 3.73 0.000221 2.20 0.0100

0.75 21 2.1 2.13 0.000093 1.25 0.0074
35 3.5 2.75 0.000155 1.62 0.0096
50 5.0 3.29 0.000221 1.94 0.0114

Short-SSF 1 21 6 0.16 75 2.1 2.84 0.042 4.28 0.98
35 3.5 3.67 0.070 5.53 1.27
50 5.0 4.38 0.101 6.60 1.53

0.85 21 2.1 2.42 0.042 3.65 1.15
35 3.5 3.12 0.070 4.70 1.49
50 5.0 3.73 0.101 5.62 1.80

0.75 21 2.1 2.13 0.042 3.21 1.31
35 3.5 2.75 0.070 4.14 1.69
50 5.0 3.29 0.101 4.96 2.04
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displacement. On other hand, decreasing the fiber diameter of its embedment length 
improves the frictional-slip bond of the fiber as discussed by Khabaz in [25]. Therefore, it 
can be concluded that the efficiency of fiber/matrix system might be improved, in all 
types of concrete (normal and lightweight), by decreasing the fiber diameter along its 
embedment length, and by increasing the cross-sectional area of the fiber at its end 
anchorage as shown in Figure 13, where this figure shows a recommended shape of wide 
ends steel fiber-WESF. Also, it can be concluded that the use of steel fiber with wide ends- 
WESF leads to significant improvements against pull-out resistance in case of lightweight 
concrete compared to normal weight concrete.

Figure 9. Effect of concrete compressive strength (horizontal axis) and concrete type on the efficiency 
of pull-off bond strength (vertical axis) for different types of fiber.

21 MPa

35 MPa
50 MPa

0
0.5

1

1.5

2

SSF GF
CF

Short‐SSF

%

SSF GF CF Short‐SSF
21 MPa 0.59 0.014 0.0056 0.98

35 MPa 0.76 0.018 0.0072 1.27

50 MPa 0.91 0.02 0.0086 1.53

Figure 10. Effect of fiber type on the pull-off bond strength efficiency (%) for different types of fiber in 
case of normal-weight concrete with compressive strength 21, 35, 50 MPa.
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Figure 11. Pull-Off bond strength efficiency (%) of Short-SSF compared to SSF using different types of 
concrete with compressive strength equal to 21 MPa.
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0.0065
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0.014
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Lfr/r=75 (Short‐SSF)

Lfr/r=125 (SSF)

Lfr/r=5333 (GF)

Lfr/r=13333 (CF)

Figure 12. Effect of aspect ratio (Lfr=r) on the pull-off bond strength efficiency (%) using different 
types of concrete with compressive strength equal to 21 MPa.

Table 4. Effect of the cross-sectional area of the fiber end anchorage on the efficiency of pull-off bond 
strength, and on the capacity of frictional-slip load of fiber/concrete system.

Fiber type λ
f 0c 

(MPa)
Lfr 

(mm)
d 

(mm)
dend 

(mm)
σP 

(MPa)
τP 

(MPa)
F1 
(N)

F2 
(N)

F1=F2ð Þ � 100 
%ð Þ

Straight steel fiber-SSF 1 21 50 0.8 0.8 2.1 2.84 1.06 178.44 0.59
1.6 4.22 2.36
2.4 9.50 5.32

0.85 0.8 2.42 1.06 152.05 0.70
1.6 4.22 2.78
2.4 9.50 6.25

0.75 0.8 2.13 1.06 133.83 0.79
1.6 4.22 3.15
2.4 9.50 7.10
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Since the wide ends of WESF are extended perpendicularly inside the matrix, the 
matrix will produce reaction stresses (σend) over the internal side of these ends, and these 
stresses will be considered as compressive stresses which will work against the applied 
pull-out force (F3), see Figure 14.

The value of (F3) can be found according to equation (34) as follows: 

F3 ¼
π
4

d2
end � d2� �

f 0c (34) 

These compressive stresses will add a valuable contribution to the fiber against its pulling 
out of the matrix. The contribution of these compressive stresses might be estimated as 
prepared in Table 5, where the fiber-slip force (F2) is the reference. The results of 
calculations in Table 5 show significant improvements in the performance of fiber/matrix 
system because of adding the wide ends to the fiber shape. The performance was 
improved up to 52.65% in case of normal-weight concrete when adding wide ends with 
diameter (dend) greater than the fiber stem diameter (d) three times. Whereas, under the 
same conditions, the performance was improved up to 61.79% in case of sand- 
lightweight concrete and up to 70.20% in all other types of light-weight concrete, see 
Figure 15.

3.2. Assessment of frictional-slip bond strength performance and the 
accompanying pressure of surrounding matrix

During the sliding stage, the accompanying pressure of surrounding matrix (σx) will 
effect on the interface because of the friction between the fiber and the matrix, see 

Figure 13. Recommended shape for steel fiber with rounded wide ends-WESF.
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Figure 7. The pressure of surrounding matrix produces an instant interfacial shear stress 
(τs) in opposite direction of fiber sliding (fiber pull-out direction). This instant interfacial 
shear stress (τs) can be found from the proposed frictional-shear-lag model by satisfying 
the equilibrium in (y) direction as follows: 

τs ¼
P yð Þ

πd Lemb � u0ð Þ
(35) 

Figure 14. Resistance compressive stresses on the rounded wide ends of WESF against applied pull- 
out force produced by the matrix.

Table 5. Estimation of extra pull-out resistance which might be produced as opposite compressive 
stresses on the internal side of the fiber wide ends.

Fiber type λ
f 0c 

(MPa)
Lfr 

(mm)
d 

(mm)
dend 

(mm)
σP 

(MPa)
τP 

(MPa)
F1 
(N)

F2 
(N)

F3 
(N)

F1 þ F3=F2ð Þ � 100 
%ð Þ

Straight steel fiber-SSF 1 21 50 0.8 0.8 2.1 2.84 1.06 178.44 0.00 0.59
1.6 4.22 31.67 20.11
2.4 9.50 84.45 52.65

0.85 0.8 2.42 1.06 152.05 0.00 0.70
1.6 4.22 31.67 23.60
2.4 9.50 84.45 61.79

0.75 0.8 2.13 1.06 133.83 0.00 0.79
1.6 4.22 31.67 26.82
2.4 9.50 84.45 70.20
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On the other hand, (τs) can be written in terms of surrounding matrix pressure and 
friction coefficient, Fri f :cð Þ, at the interface as follows: 

τs ¼ σxFri f :cð Þ (36) 

Equating the right side of equations (35) and (36) will give: 

σx ¼
P yð Þ

πd Lemb � u0ð ÞFri f :cð Þ
(37) 

Substituting, P yð Þ, in equation (37) by its general solution from equation (31) will derive 
a formula (38), which can be used to find the accompanying pressure of surrounding 
matrix (σx) during fiber slippage stage as follows: 

σx ¼
τ0½Lemb þ u0 β Lemb

d � 1
� �

�

Lemb � u0ð ÞFri f :cð Þ
(38) 

According to equation (38), if the fiber sliding in the matrix is considered as slip- 
softening, then (β ¼ 0) and the formula of accompanying pressure (σx) can be simplified 
to be as follows: 

σx ¼
τ0

Lemb � u0ð ÞFri f :cð Þ
(39) 

According to equation (39), the distribution of accompanying pressure (σx) along the 
interface is linear. Therefore, it can be concluded that the fiber-slip mechanism is linear 
in case of fiber material stiffness is greater than the stiffness of matrix material such as 
(steel-glass-carbon)-fiber/concrete-matrix, and this result confirms the linear behavior of 
fiber-slip shown in case (II) Figure 8.

Whereas, if the friction coefficient, Fri f :cð Þ, is found in high ranges, the roughness of 
fiber surface will damage the matrix surface during the sliding movement; consequently, 
the collapsed particles will fill the interfacial spaces between the fiber and the matrix, and 
then the fiber will continue its movement with a smoother sliding. Therefore, it can be 
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Figure 15. Effect of fiber’s rounded wide end diameter on the performance of fiber/matrix system for 
WESF using different types of concrete matrix, with 5% value error bars.
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concluded that if the friction of fiber/matrix is high the relationship of pull-out load, 
P yð Þ, and fiber displacement, u yð Þ, is non-linear and the fiber-slip behavior will be 
similar to the (III) case in Figure 8 with curvature upward, and this behavior is confirmed 
according to equation (38) as well, where this behavior can be met in case of steel fiber 
with high relative roughness.

Moreover, if the matrix stiffness is higher than the fiber stiffness, such as polypropy-
lene fiber in concrete matrix, the fiber will stretch under the pull-out load and the 
roughness of matrix surface will affect the fiber which causes a partial abrasion in the 
surface of the fiber body. During the progress of fiber sliding and taking the fiber 
stretching into account, the collapsed pieces of fiber surface are collected between the 
fiber and the matrix and contribute gradually in resisting the fiber sliding movement. 
This behavior can be noticed in the (I) case of Figure 8, where the value of shear stress at 
the interface increases when increasing the applied pull-out load despite decreasing the 
remain part of embedded length in the matrix until a specific limit, after that the shear 
stress starts in decreasing because of shortening the remain part of fiber embedded length 
in the matrix. Therefore, in this case the (τ � u) relation is non-linear with curvature 
downward, and this behavior is confirmed according to equation (38) as well.

3.3. Pull-Out test results and experimental validation

The results of pull-out tests are important to evaluate the frictional-slip bond character-
istics of the four types of fibers (SSF, GF, CF, and Short-SSF) in concrete matrix. 
Furthermore, the effect of fiber and matrix properties on pull-out behavior can be 
examined using the experimental results. Moreover, the governing equations, which 
were derived theoretically, can be validated using the experimental results of this study.

The experimental results of pull-out tests are presented in two categories as follows:
(a) Using embedment length of fiber equal to 50% from its total length.
In this category force-displacement curves of 4 groups of successful samples are drawn 

as shown in Figure 16. Where, each group was devoted for different type of fiber (SSF, 
GF, CF, and Short-SSF, and consists of 3 successful samples. Also, observed values of 
(S0; Pmax;P0) can be seen in Table 6.

(b) Using different ratios of embedment length ranges from 7.5% to 50% from the total 
length of fiber (L).

In this category force-displacement curves of 2 groups of successful samples are 
drawn. Where, SSF fiber was used in the first group with different values of embedment 
length equal to (0.1 L = 5 mm, 0.2 L = 10 mm, 0.3 L = 15 mm, 0.4 L = 20 mm, 0.5 L = 25  
mm), and fiber length equal to (L = 50 mm), see Figure 17. Whereas, GF was used in 
the second group with different values of embedment length equal to (0.075 L = 3 mm, 
0.125 L = 5 mm, 0.25 L = 10 mm, 0.5 L = 20 mm), and fiber length equal to (L = 40 mm), 
see Figure 18.

According to the experimental results of the pull-out test as shown in Figure 16, the 
frictional sliding part of the force-displacement curve is linear in case of SSF, GF. This 
result validates the linear behavior which was predicted according to equations (27) and 
(33). Therefore, it can be concluded that the fiber-slip movement of SSF and GF in 
normal concrete matrix happens under constant friction and it can be classified in 
the second case (II) with (β ¼ 0) as what was shown in Figure 8. Furthermore, the 
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frictional sliding part of the force-displacement curve is approximately non-linear in case 
of CF. This result validates the predicted behavior according to equation (31). Therefore, 
it can be concluded that the fiber-slip movement of CF in a normal concrete matrix 
happens under non-constant friction and it can be classified in the third case (III) with 
(β< 0) as slip-softening behavior with upward curvature, see Figure 8. Finally, in case of 
Short-SSF, the sliding part in the experimental force-displacement curve looks non-linear 
with downward curvature; consequently, this behavior matches the first case (I) with 
(β> 0), as shown in Figure 8. This experimental result validates the predicted behavior 
according to equation (31). In case of short fibers such as Short-SSF in concrete matrix, 
even that fiber is harder than the matrix; the behavior can be classified as slip-hardening 
(case-I) because of the short embedment length, where shortening the embedment length 
means that the surrounding matrix will be thin and insufficient to resist the effective 
shear stresses at the interface, and then the matrix will collapse through strain hardening 
behavior.

Figure 17 shows that in case of long SSF, it can be noticed that increasing the 
embedment length of fiber leads to higher pull-out load capacity in a linear behavior as 

Figure 16. Experimental force-displacement curves of single (SSF, GF, CF, and Short-SSF) embedded in 
normal weight concrete matrix under direct pull-out loading, using same ratio of embedment length 
equal to 0.5L.

Table 6. Observed experimental results (values of S0; Pmax; P0).

Fiber type λ
f 0c 

(MPa)
Lfr 

(mm)
d 

(mm) Lfr=r
S0 

(mm)
Pmax 
(N)

P0 
(N)

Straight steel fiber-SSF 1 21 50 0.8 125 0.99 125.15 103.09
Glass fiber-GF 1 21 40 0.015 5333 0.43 0.06 0.018
Carbon fiber-CF 1 21 50 0.0075 13,333 0.39 0.05 0.01
Short-SSF 1 21 6 0.16 75 0.30 1.57 0.92
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shown in Figure 19. This result confirms that the fiber stretching is an important 
parameter in the pull-out mechanism and it should be taken into account. Also, this 
result validates and supports as well the assumptions of this study in the theoretical 
analysis section and governing equations. Furthermore, in case of long GF and CF, it was 
noticed that the fiber interrupted and cut inside the matrix during debonding stage, and 
this can be interpreted because of fiber elongation in the cracked part of chemical bond at 
the interface, in addition to the huge value of fiber aspect ratio (Lfr=r). Therefore, 
a sudden cut often happens as shown in Figure 18. This behavior confirms as well the 
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importance of taking the fiber stretching into account in the derivation of governing 
equations as what was done in this study. While, in case of Sort-SSF, the effect of fiber 
stretching can be neglected.

Figure 20 shows a comparison between theoretical results and experimental results 
about the pull-off efficiency for SSF, GF, CF. and Short-SSF. It is clear that the variations 
are small. Accordingly, it can be concluded that the derived equations are validated by the 
experimental results.

4. Conclusions

This study defined the main parameters which may effect on the fiber slippage behavior 
in a cementitious-based matrix through theoretical analysis and experimental program. 
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The theoretical analysis was conducted using a new frictional-shear-lag model. While, in 
the experimental program many pull-out tests were conducted for selected types of fiber 
such as (SSF, GF, CF, and Short-SSF). Both theoretical analysis and experimental results 
showed the importance of fiber-stretch and pull-off bond strength between the fiber and 
the matrix during fiber-slip movement. The fiber-stretch was included successfully as 
a main parameter in the derived equations, and the results of these equations were 
validated by the experimental results. Furthermore, to improve the role of pull-off 
bond strength, a novel shape of fiber with rounded wide ends-WESF was proposed. 
This novel-WESF may add good merits in the field of fiber manufacturing.

However, the main conclusions of this study can be summarized in these statements:

● In case of straight steel fiber-SSF, the capacity of pull-out load is increased when 
increasing the value of embedment length, where it was about 35 MPa and 
increased to about 121 MPa when increasing the embedded length from 5 mm 
to 25 mm; and this behavior raises the importance of fiber-stretch to be taken into 
account.

● In case of glass fiber-GF and CF, increasing the fiber embedment length causes an 
interruption on the fiber surface during debonding stage, and this leads to a sudden 
cut in the fiber under lower pull-out load, where theoretically the capacity of glass 
fiber under direct tension is around 0.26 MPa, but during the pull-out test the fiber 
cut at pull-out load ranged between (0.036-0.125 MPa). Therefore, it can be con-
cluded that the fiber elongation or fiber-stretch is an important parameter and it 
should be taken into account.

● In case of short-SSF, the effect of fiber-stretch is small and it can be neglected.
● Increasing the cross-sectional area at the ends of fiber similar to the novel-WESF 

improves the pull-off bond strength between the fiber and surrounding matrix, 
where in Novel-WESF the pull-off bond strength improved 52.65% in normal- 
weight concrete and 70.20% in light-weight concrete, when using the diameter of 
rounded wide ends 3 times greater than the diameter of fiber stem; and this leads to:
(a) Forming an effective transformed region between the full-debonding point and 

the start point of the frictional sliding stage.
(b) Producing additional supporting regions between the fiber and the matrix, 

which add new restrictions to fix the fiber ends before reaching the full- 
debonding point, and this activates the elongation property in the fiber (stretch-
ing); consequently, the fiber may reach its yield strength (fiber yielding).

(c) Improving the capacity of pull-out strength load because of fiber yielding, and 
this will postpone the start point of fiber slippage.

(d) Improving the capacity of frictional-sliding strength due to additional physical 
friction between the thin edges of wide ends and the matrix.

● The efficiency of pull-off bond strength, in case of normal-weight concrete, is lower 
than the case of lightweight concretes. While, the higher compressive strength of 
concrete improves the role of pull-off bond strength.

● The role of pull-off bond strength is more effective in case of steel fiber compared to 
glass fiber and carbon fiber. Accordingly, the role of pull-off bond strength in case of 
glass fiber and carbon fiber can be neglected.
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● Despite that the results show a higher value of pull-off load capacity in case of long 
straight steel fiber-SSF compared to the short-SSF, the efficiency of pull-off bond 
strength in case of short-SSF is higher than the efficiency of pull-off bond strength of 
the long straight steel fiber-SSF.

● In all types of fiber, the results show that the higher aspect ratio of fiber (Lfr=r) 
effects negatively on the efficiency of pull-off bond strength.

● The novel-WESF showed significant improvements in the performance of the 
fiber/matrix system because of adding rounded wide ends to the fiber shape. 
The performance was improved 52.65% in case of normal-weight concrete if the 
diameter of wide ends is provided three times greater than the fiber stem diameter. 
Whereas, under the same conditions, the performance was improved 61.79% in 
case of sand-lightweight concrete and 70.20% in all other types of light-weight 
concrete.

● Due to different morphology/topology properties of fiber to matrix, the fiber 
slippage behavior, of (SSF,GF, CF, and Short-SSF) can be classified as follows:

(i) Constant friction for SSF and GF/concrete-matrix.
(ii) Slip-hardening for short-SSF/concrete-matrix.

(iii) Slip-softening for CF/concrete-matrix.
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