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Mathematical optimization problems are prevalent across various disciplines in science
and engineering. Particularly in electrical engineering, convex and non-convex optimization
problems are well-known in signal processing, estimation, control, and machine learning research.
In many of these contemporary applications, the data points are dispersed over several sources.
Restrictions such as industrial competition, administrative regulations, and user privacy have
motivated significant research on distributed optimization algorithms for solving such data-driven
modeling problems. The traditional gradient-descent method can solve optimization problems
with differentiable cost functions. However, the speed of convergence of the gradient-descent
method and its accelerated variants is highly influenced by the conditioning of the optimization
problem being solved. Specifically, when the cost is ill-conditioned, these methods (i) require
many iterations to converge and (ii) are highly unstable against process noise. In this dissertation,

we propose novel optimization algorithms, inspired by control-theoretic tools, that can significantly



attenuate the influence of the problem’s conditioning.
First, we consider solving the linear regression problem in a distributed server-agent network.

We propose the Iteratively Pre-conditioned Gradient-Descent (IPG) algorithm to mitigate the
deleterious impact of the data points’ conditioning on the convergence rate. We show that
the IPG algorithm has an improved rate of convergence in comparison to both the classical
and the accelerated gradient-descent methods. We further study the robustness of IPG against
system noise and extend the idea of iterative pre-conditioning to stochastic settings, where the
server updates the estimate based on a randomly selected data point at every iteration. In the
same distributed environment, we present theoretical results on the local convergence of IPG for
solving convex optimization problems. Next, we consider solving a system of linear equations in
peer-to-peer multi-agent networks and propose a decentralized pre-conditioning technique. The
proposed algorithm converges linearly, with an improved convergence rate than the decentralized
gradient-descent. Considering the practical scenario where the computations performed by the
agents are corrupted, or a communication delay exists between them, we study the robustness
guarantee of the proposed algorithm and a variant of it. We apply the proposed algorithm
for solving decentralized state estimation problems. Further, we develop a generic framework
for adaptive gradient methods that solve non-convex optimization problems. Here, we model
the adaptive gradient methods in a state-space framework, which allows us to exploit control-
theoretic methodology in analyzing Adam and its prominent variants. We then utilize the classical
transfer function paradigm to propose new variants of a few existing adaptive gradient methods.
Applications on benchmark machine learning tasks demonstrate our proposed algorithms’ efficiency.
Our findings suggest further exploration of the existing tools from control theory in complex

machine learning problems.



The dissertation is concluded by showing that the potential in the previously mentioned
idea of IPG goes beyond solving generic optimization problems through the development of a
novel distributed beamforming algorithm and a novel observer for nonlinear dynamical systems,
where IPG’s robustness serves as a foundation in our designs. The proposed IPG for distributed
beamforming (IPG-DB) facilitates a rapid establishment of communication links with far-field
targets while jamming potential adversaries without assuming any feedback from the receivers,
subject to unknown multipath fading in realistic environments. The proposed IPG observer
utilizes a non-symmetric pre-conditioner, like IPG, as an approximation of the observability
mapping’s inverse Jacobian such that it asymptotically replicates the Newton observer with an
additional advantage of enhanced robustness against measurement noise. Empirical results are

presented, demonstrating both of these methods’ efficiency compared to the existing methodologies.
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Chapter 1: Introduction

Mathematical optimization is a common sub-problem in various disciplines, such as modeling,
estimation, control systems, wireless communication, data analysis, finance, and operations research.
Especially with the recent data-driven technological advancements, optimization is ubiquitous in
several applications. A simple optimization technique, known as least-squares, dates back to 1795
A.D. when it was invented by a young scientist Karl Friedrich Gauss [1] for studying planetary
motion using telescopic measurement data. Since then, several new optimization methodologies
have been developed. The most attractive feature of optimization lies in the constructive formulation
of a problem, followed by the availability of sophisticated and thoroughly studied tools to solve
the formulated problem in a reliable and efficient manner. Therefore, the focus of this dissertation
will be on developing novel tools for solving a class of optimization problems, aimed at balancing
the decisive triad of performance, efficiency, and reliability.

Specifically, this dissertation will consider solving unconstrained optimization problems,
where the objective is to minimize a smooth and differentiable cost function. The classical
gradient-descent algorithm, attributed to Cauchy (1847 A.D.), is the basic first-order optimization
algorithm to solve such problems. The gradient-descent algorithm is iterative, wherein the idea
is to repeatedly refine an estimate of the minimum point by taking steps in the opposite direction

of the gradient of the cost function at the current estimate [2]. In principle, the gradient-descent



method eventually converges to a minimum point of the cost. However, the speed of convergence
of the gradient-descent method is highly influenced by the conditioning of the optimization
problem being solved. Specifically, when the cost is ill-conditioned, this method (i) requires
many iterations to converge and (ii) is highly unstable against process noise. This dissertation
aims at developing novel optimization algorithms, inspired by classical tools from control theory,
that can significantly attenuate the fundamental influence of the problem’s conditioning.

In many contemporary applications, the data points are dispersed over several sources (or
agents). Due to industrial competition, administrative regulations, and user privacy, it is nearly
impossible to collect the individual data from the different agents at a single machine [3]. In
recent years, these restrictions have motivated a significant amount of research on distributed
algorithms for solving data-driven modeling problems. In most distributed algorithms, an individual
agent is not required to transmit its raw data points [3,4]. In the aforementioned cases, the
data itself is distributed over multiple sources or agents. With the availability of a large amount
of data, it is sometimes necessary to distribute the processing task over multiple machines or
agents due to the inherent complexity of the problem regarding computational and/or memory
requirements [5]. Therefore, apart from centralized optimization problems, this dissertation will
also consider solving optimization problems with a differentiable cost function in a distributed
manner. In Chapters 2-5, we propose our algorithms for solving specific optimization problems in
centralized settings and in distributed network of multiple agents. In Chapters 6-7, we go beyond
solving generic optimization problems by considering the distributed beamforming problem and
the nonlinear observer problem, wherein we develop new techniques for these two problems by
leveraging an idea from Chapter 4.

In Chapter 2, we consider the multi-agent linear least-squares problem in a server-agent

2



network architecture. The system comprises multiple agents, each with a set of local data points.
The agents are connected to a server, and there is no inter-agent communication. The agents’ goal
is to compute a linear model that optimally fits the collective data. The agents, however, cannot
share their data points. In principle, the agents can solve this problem by collaborating with the
server using the server-agent network variant of the classical gradient-descent method. However,
when the data points are ill-conditioned, the gradient-descent method requires a large number
of iterations to converge. We propose a novel iterative pre-conditioning technique to mitigate
the deleterious impact of the data points’ conditioning on the convergence rate of the gradient-
descent method. The idea of iterative pre-conditioning is inspired by adaptive control techniques.
We rigorously show that our proposed algorithm converges with an improved rate of convergence
in comparison to both the classical and the accelerated gradient-descent methods. In the presence
of system uncertainties, we characterize the proposed algorithm’s robustness against noise. We
further extend our algorithm to the stochastic settings, where the server updates the estimate of
a minimum point based on a single randomly selected data point at every iteration instead of the
full batch of data points. Through numerical experiments on benchmark least-squares problems,
we validate our theoretical findings. This work was carried out under the PSIM Project, supported
by the Petroleum Institute, Khalifa University of Science and Technology, Abu Dhabi, UAE. The
research works in this chapter have been published in [6-9].

In Chapter 3, we consider solving the linear least-squares problem in peer-to-peer multi-
agent networks. Again, each agent has a set of local data points, and its goal is to compute a linear
model that fits the collective data points. In principle, the agents can apply the decentralized
gradient-descent method. However, when the data matrix is ill-conditioned, gradient-descent

requires many iterations to converge and is unstable against system noise. We propose a decentralized



pre-conditioning technique to address these issues with the decentralized gradient-descent method.
We show that the proposed algorithm has an improved convergence rate than the decentralized
gradient-descent. Considering the practical scenario where the computations performed by the
agents are corrupted, we also study the robustness guarantee of the proposed algorithm. Additionally,
we apply the proposed algorithm for solving decentralized linear state estimation problems. The
empirical results show our proposed state predictor’s favorable convergence rate and robustness
against system noise compared to prominent decentralized algorithms. When the communication
links between agents are subject to potentially large but constant delays, we utilize a similar
decentralized pre-conditioning technique to propose a delay-tolerant algorithm that solves the
decentralized linear equations. Empirical results show that the accuracy of the solution obtained
by the proposed algorithm is better or comparable to the existing methods. This work was
partially supported by the USDA grant 2020-68012-31085 and partially carried out under the
PSIM Project, supported by the Petroleum Institute, Khalifa University of Science and Technology,
Abu Dhabi, UAE. The research works in this chapter have been published in [10, 11].

In Chapter 4, we study a distributed multi-agent convex optimization problem. The system
architecture is the same as Chapter 2. However, the cost function here is convex and not limited
to quadratic cost. The agents’ goal is to learn a parameter vector that optimizes the aggregate
of their local costs without revealing their local data points. We extend the idea of iterative
pre-conditioning, proposed in Chapter 2, to convex cost functions and a class of non-convex
functions. We present theoretical results on the local convergence of the proposed algorithm.
We demonstrate our algorithm’s superior performance to prominent distributed algorithms for
solving real logistic regression problems and emulating neural network training via a noisy
quadratic model, thereby signifying the proposed algorithm’s efficiency for distributively solving
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non-convex optimization. Further worth of the idea of IPG is investigated later in Chapter 6-7.
In Chapter 5, we consider solving smooth non-convex optimization problems, with a focus
on deep neural network models. We aim to develop a generic framework for adaptive gradient-
descent algorithms for solving non-convex problems in the continuous-time domain. Particularly,
we model the adaptive gradient methods in a state-space framework, which allows us to exploit
standard control-theoretic tools in analyzing existing prominent adaptive methods. We rigorously
show that few other algorithms that are not encompassed by the proposed generic framework,
can also be modeled and analyzed using a similar technique. The analyses of all all these fast
gradient algorithms are unified by a common underlying proof sketch, relying upon Barbalat’s
lemma. Control-theoretic tools can also aid in developing novel adaptive gradient algorithms,
as we show by proposing new variants of three existing adaptive gradient methods, using the
concept of transfer functions. Applications on benchmark machine learning tasks demonstrate
the proposed algorithms’ efficiency. The findings in this chapter suggest further exploration of
the existing tools from control theory in complex machine learning problems. Part of the research
works in this chapter have been published in [12] and accepted for presentation at [13, 14].
Distributed multi-agent beampattern matching inherently enables covert communication by
constructively combining the transmitted signals at target receivers and forming nulls towards the
adversaries. Most existing beamforming methodologies achieve this by relying on partial or full-
state real-time feedback from the receivers. Chapter 6 proposes a novel distributed beamforming
technique that does not assume any feedback from the receivers or channel parameters such as
multipath fading. The proposed algorithm works in a server-agent architecture of the beamforming
agents, eliminating the need for receivers’ feedback. Our algorithm is built on the classical

gradient-descent (GD) method. However, when the problem is ill-conditioned, GD requires



many iterations to converge and is unstable against system noise. We propose an iterative pre-
conditioning technique, founded upon the IPG algorithm proposed in Chapter 4, to mitigate the
deleterious effects of the data points’ conditioning on the convergence rate, facilitating a rapid
establishment of communication links with far-field targets. The empirical results demonstrate
the proposed beamforming algorithm’s favorable convergence rate and robustness against unknown
multipath fading in realistic environments. This work is part of an ArtIAMAS project! and is
being partially funded by ARL Grant No. W911NF2120076. The results in this chapter has been
accepted for presentation at [15].

Nonlinear observers are required for process monitoring, fault detection, signal reconstruction,
and control in various applications. The previously proposed Newton observer has fast exponential
convergence and applies to a wide class of problems. However, the Newton observer lacks
robustness against measurement noise due to the computation of a matrix inverse at each step. In
Chapter 7, we propose a novel observer for discrete-time plant dynamics with sampled measurements
to alleviate the impact of measurement noise. The key to the proposed observer is an iterative
pre-conditioning technique for the gradient-descent method, proposed in Chapter 4, for solving
general optimization problems. The proposed observer utilizes a non-symmetric pre-conditioner
to approximate the observability mapping’s inverse Jacobian so that it asymptotically replicates
the Newton observer with an additional advantage of enhanced robustness against measurement
noise. Our observer applies to a wide class of nonlinear systems, as it is not contingent upon
linearization or any specific structure in the plant nonlinearity and the measurement mapping.
Its improved robustness against measurement noise than the prominent nonlinear observers is

demonstrated through empirical results. Its relation with extended Kalman filter is also discussed.

"https://artiamas.umd.edu/



Finally, Chapter 8 summarizes the completed work and presents the future research directions
resulting from this dissertation. Detailed proof of the theoretical results in this dissertation is

presented in Appendix A.



Chapter 2: Distributed Linear Regression in Server-Agent Network

2.1 Introduction

In this chapter, we consider the multi-agent
distributed linear least-squares problem. The nomenclature

N

distributed here refers to the data being distributed /

(s (@

across multiple agents. Specifically, we consider a E E E

system comprising multiple agents, each agent havinga (A%, b') (4% b?) A2 5™y

set of local data points. The agents can communicate Figure 2.1: Distributed ~ system
architecture.

bidirectionally with a central server, as shown in
Fig. 2.1. However, there is no inter-agent communication, and the agents cannot share their
local data points with the server. The agents’ goal is to generate a linear mathematical model
that optimally fits the data points held by all the agents. To solve this problem, as an individual
agent cannot access the collective data points, the agents collaborate with the central server.
Henceforth, we will refer to the above-described system architecture as server-agent network.
Also, throughout this chapter, the system is assumed synchronous.

To be precise, we consider m agents in the system. Each agent ¢ has a set of n; data points
represented by the rows of a (n; x d)-dimensional real-valued local data matrix A?, and the

elements of a n;-dimensional real-valued local observation vector b'. Typically, n; > d for each



i. The goal for the agents is to compute a parameter vector z* € R? such that

m

1 2
" € X = arg min — , 2.1)
z€R4 1 2

HAix—b@'

where||-|| denotes the Euclidean norm. For each agent i, we define a local cost function

. 1 . 112
Fi(z) = §HAlx |, vrerd 2.2)

Note that solving for the optimization problem (2.1) is equivalent to computing a minimum point
of the aggregate cost function ) ;" | F'(x). An algorithm that enables the agents to jointly solve
the above problem in the architecture of Fig. 2.1 without sharing their data points is defined as a
distributed algorithm.

Common applications of the above linear least-squares problem include linear regression,
state estimation, and hypothesis testing [16], [17]. Also, a wide range of supervised machine
learning problems can be modeled as a linear least-squares problem, such as the supply chain
demand forecasting [ 18], prediction of online user input actions [19], and the problem of selecting
sparse linear solvers [20]. In many contemporary applications, the data points exist as dispersed
over several sources (or agents). Due to industrial competition, administrative regulations, and
user privacy, it is nearly impossible to collect the individual data from different agents at a single
machine (or server) [3]. These restrictions have motivated a significant amount of research in
recent years on distributed server-agent algorithms for solving data-driven modeling problems,
such as (2.1) above [3], [4]. Herein lies our motivation to improve upon the state-of-the-art

methods for solving (2.1) in a server-agent network.



To be able to present our key contributions, we review below the server-agent version of

the traditional gradient-descent method [2].

2.1.1 Background on gradient-descent method

The gradient-descent (GD) method is an iterative algorithm wherein the server maintains
an estimate of a minimum point, defined by (2.1), and updates it iteratively using the gradients
of individual agents’ local cost functions. To be precise, for each iteration ¢t = 0, 1,..., let
x(t) € R? denote the estimate maintained by the server. The initial estimate z(0) may be chosen
arbitrarily from R¢. For each iteration ¢, the server broadcasts x(t) to all the agents. Each agent i
computes the gradient, denoted by ¢*(¢), of its local cost function F"(z) at z(t). Specifically, for

alli € {1,..., m}andforall t € {0, 1,...},
gi(t) = VFi(z(t)) = (AZ‘)T (Az‘x(t) - bi> . (2.3)

Here, (-)T denotes the transpose. The agents send their computed gradients {¢g*(t), i = 1,..., m}

to the server. Upon receiving the gradients, the server updates x(t) to 2 (¢ 4+ 1) according to

z(t+1) :x(t)—éigi(t),te {0, 1,...}, (2.4)

where ¢ is a positive scalar real value commonly referred as the step-size. Let g(t) denote the sum
of all the agents’ gradients, that is, g(t) = >_.", ¢*(t). So, g(t) is the gradient of the aggregate
cost defined in (2.1). Substituting from above in (2.4), we obtain that convergence of the above

server-agent version of the GD method is identical to its centralized counterpart with cost function
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S Fia).

It is known that for small enough step-size ¢, the gradients {g(¢), t = 0, 1,...} converge
linearly to 04, the d-dimensional zero vector. Specifically, for 6 small enough, there exists u €
[0, 1) such that ||g(t)|| < p!||g(0)]|, V¢ > 0[21]. Commonly, the value 1 is referred as the
convergence rate [22]. The smaller the value of j faster is the convergence, and vice-versa.

We propose an iterative pre-conditioning technique that improves upon the GD method’s
convergence rate in a server-agent network. Specifically, in each iteration, the server multiplies
the aggregate of the agents’ gradients g(t) by a pre-conditioner matrix K before updating the
local estimates. However, unlike the classical pre-conditioning techniques [21], the server iteratively

updates the pre-conditioner matrix /. Hence, the name iterative pre-conditioning.

2.1.2 Related work

In his seminal work, Nesterov showed that the use of momentum could significantly accelerate
the GD method [23]. Recently, there has been work on the applicability of the NAG method to the
server-agent network, such as [5] and references therein. Azizan-Ruhi et al. [5] have proposed the
APC method, a combination of the NAG method with a projection operation. Azizan-Ruhi et al.
have shown through experiments that their APC method converges faster compared to the variants
of the NAG and HBM [24]. However, they do not provide any theoretical guarantee for the
improvement in the convergence speed. Also, Azizan-Rubhi et al. only consider a degenerate case
of the optimization problem (2.1) where the set of linear equations A’z = b’, i = 1,..., m,hasa
unique solution. We consider a more general setting wherein the minimum value of the aggregate

cost function y ;" | F"*(x) may not be zero, and the solution of the optimization problem (2.1) may
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not be unique.

The HBM is another momentum-based accelerated variant of the GD method [24]. For the
case when the optimization problem (2.1) has a unique solution, both these accelerated methods,
namely HBM and GD, are known to converge linearly with a rate of convergence smaller than
the above traditional GD method [25], [26].

Newton’s method converges quadratically, hence superlinearly [22]. However, Newton’s
method does not apply to the server-agent networked system unless the agents share their local
data points with the server. A quasi-Newton method, on the other hand, such as BFGS applies to
the server-agent networks [22]. However, similar to Newton’s method, BFGS also requires the
solution of the optimization problem (2.1) to be unique. We consider a setting where the solution

of the problem (2.1) may not be unique.

2.1.3 System noise

These distributed algorithms are iterative wherein the server maintains an estimate of a
solution defined by (2.1), which is updated iteratively using the gradients of the individual agents’
local cost functions defined in (2.2). In an ideal scenario with no noise, these algorithms converge
to an optimal regression parameter defined in (2.1). Practical systems, however, inevitably suffers
from uncertainties or noise [27,28]. Specifically, we consider two types of additive system noises,
1) observation noise, and 2) process noise. The observation noise, as the name suggests, models
the uncertainties in the local data points observed by the agents [29]. The process noise models
the uncertainties or jitters in the computation process due to hardware failures, quantization

errors, or noisy communication links [28].
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In this dissertation, we empirically show that the approximation error, or the robustness,
of our method in the presence of the above system noises compares favorably to all the other
aforementioned prominent distributed algorithms. Besides empirical results, we also present
formal analyses on the proposed method’s robustness when negatively impacted by additive
system noises. Robustness analyses of some of the other aforementioned distributed algorithms

are in [30,31].

2.1.4 Stochastic settings

We also consider solving the distributed linear least-squares problem using stochastic algorithms.
In particular, each agent 7 has n local data points, represented by a local data matrix A’ and a local
observation vector b* of dimensions n x d and n x 1, respectively. Thus, for all i € {1,..., m},
Al € R4 and b’ € R". For each agent i, we define a local cost function F; : RY — R such that

for a given parameter vector x € R?,

. 1 . 12
Fi(a) = || Az ~ ¥ 25
(0) = 5[4’ 25)
The agents’ objective is to compute an optimal parameter vector 2* € R? such that
teargmin - im ) (2.6)
x" € argmin — x). .
= i=1

There are several theoretical and practical reasons for solving the distributed problem (2.6)
using stochastic methods rather than batched optimization methods, particularly when the number

of data-points is abundant [32]. The basic prototype of the stochastic optimization methods that
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solve (2.1) is the traditional stochastic gradient (SGD) [32]. Several accelerated variants of the
stochastic gradient descent algorithm have been proposed in the past decade [33-38]. A few of
such well-known methods are the adaptive gradient descent (AdaGrad) [33], adaptive momentum
estimation (Adam) [34], AMSGrad [37]. These algorithms are stochastic, wherein the server
maintains an estimate of a solution defined by (2.6), which is refined iteratively by the server
using the stochastic gradients computed by a randomly chosen agent.

In particular, Adam has been demonstrated to compare favorably with other stochastic
optimization algorithms for a wide range of optimization problems. However, Adam updates the
current estimate effectively based on only a window of the past gradients due to the exponentially
decaying term present in its estimate updating equation, which leads to poor convergence in many
problems [37]. A recently proposed variant of Adam is the AMSGrad algorithm, which proposes
to fix Adam’s convergence issue by incorporating “long-term memory” of the past gradients.

In this dissertation, we propose a stochastic iterative pre-conditioning technique for improving
the rate of convergence of the distributed stochastic gradient descent method when solving the
linear least-squares problem (2.6) in distributed networks. The idea of iterative pre-conditioning
in the deterministic (batched data) case has been mentioned in Section 2.1.1 wherein the server
updates the estimate using the sum of the agents’ gradient multiplied with a suitable iterative pre-
conditioning matrix. Updating the pre-conditioning matrix depends on the entire dataset at each
iteration. We extend that idea to the stochastic settings, where the server updates both the estimate
and the iterative pre-conditioning matrix based on a randomly chosen agents’ stochastic gradient
at every iteration. Each agent computes its stochastic gradient based on a single randomly chosen
data point from its local set of data points. Using real-world datasets, we empirically show that
the proposed algorithm converges in fewer iterations compared to the aforementioned state-of-
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the-art distributed methods. Besides empirical results, we also present a formal analysis of the

proposed algorithm’s convergence in stochastic settings.

2.1.5 Summary of our contributions

In this chapter, we propose an iterative pre-conditioning technique for improving the rate
of convergence of the traditional gradient-descent method when solving the linear least-squares
problem in a server-agent network. We present below a summary of our key contributions and

comparisons with other prominent algorithms applicable to the server-agent network architecture.

2.1.5.1 In deterministic settings

* We show that our algorithm, in general, converges linearly. For the special case when the
solution of (2.1) is unique, the convergence of our algorithm is superlinear. Please refer

Section 2.2.4 for details.

* We show that our algorithm has a favorable rate of convergence compared to the prominent
distributed linear least-squares algorithms applicable to the server-agent network; the gradient-
descent (GD) method, Nesterov’s accelerated gradient-descent (NAG) method, the heavy-
ball method (HBM), and the accelerated projection-consensus method (APC) [5]. These

comparisons are summarized in Table 2.1. Please refer Section 2.3 for details.

- In the particular case when the solution (2.1) is unique, our algorithm converges
superlinearly which is only comparable to the BEFGS method [22]. The convergence

of the other aforementioned algorithms, on the other hand, is only linear [5], [25].

- For the general case when the least-squares problem has multiple solutions (2.1),
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both our algorithm and the GD method converge linearly. In this case, our algorithm
provably improves upon the explicit rate of convergence of GD. Specifically, our
algorithm converges exponentially faster compared to the GD method. The explicit
linear rate of convergence of the NAG and HBM method relies on the uniqueness
of the solution [25], [26]. For multiple solutions, these methods’ convergence rate
is available only in terms of the order of iteration numbers [26], [39]. However, not
only the order of number of iterations but also the coefficient associated with the order
contribute to characterizing the convergence rate of an algorithm. Hence, we provide
the explicit convergence rate of our algorithm. Among the other aforementioned
algorithms, convergence of the APC method and BFGS method requires uniqueness

of the solution [22], [5].

* We validate our obtained theoretical results through numerical experiments, presented in

Section 2.6, on benchmark real-world datasets.

Table 2.1: Comparisons between the theoretical convergence rate of different algorithms for
distributed linear regression.

Algorithm | Algorithm1| GD | NAG | HBM | APC | BFGS |
Condition for any number of optimal solutions unique optimal
convergence solution

unique superlinear linear [5], [25] superlinear [22]
Explicit solution
convergence| multiple || linear, faster | linear| not known [26], [39] | need not converge [22]
rate solutions || than GD
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2.1.5.2 In presence of system noise
Here, we make two key contributions, summarized as follows.

* In Section 2.4, we theoretically characterize the robustness guarantees of the IPG method

against both the observation and the process noises.

* In Section 2.6, we empirically show the improved robustness of the IPG method, in comparison

to the state-of-the-art algorithms.

2.1.5.3 In stochastic settings

* We present a formal convergence analysis of our proposed stochastic algorithm. Our
convergence result can be informally summarized as follows. Suppose the solution of
problem (2.6) is unique, and the variances of the stochastic gradients computed by the
agents are bounded. In that case, our proposed algorithm, i.e., Algorithm 2, converges
linearly in expectation to a proximity of the solution of the problem (2.6). The approximation
error is proportional to the algorithm’s stepsize and the variances of the stochastic gradients.
Note that, as in the deterministic settings, our algorithm converges superlinearly to the
exact solution when the gradient noise is zero. Formal details are presented in Theorem 2.5

in Section 2.5.3.

* Using real-world datasets, we empirically show that our proposed stochastic algorithm’s
convergence rate is superior to that of the state-of-the-art stochastic methods when distributively

solving linear least-squares problems. These datasets comprise

- four benchmark datasets from the SuiteSparse Matrix Collection;
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- a subset of the “cleveland” dataset from the UCI Machine Learning Repository,
which contains binary classification data of whether the patient has heart failure or

not based on 13 features;

- a subset of the “MNIST” dataset for classification of handwritten digits one and five.

Please refer to Section 2.6 for further details.

2.2 Proposed algorithm: Iteratively Pre-Conditioned Gradient-Descent (IPG)

In this section, we present our algorithm, its computational complexity, and its convergence
properties in the deterministic settings, i.e., with full-batch data and when there is no noise in the

system.

2.2.1 Motivation for IPG

The proposed algorithm is similar to the gradient-descent method described in Section 2.1.1.
However, a notable difference is that in our algorithm, the server multiplies the aggregate of
the gradients received from the agents by a pre-conditioner matrix. The server uses the pre-
conditioned aggregates of the agents’ gradients to update its current estimates. In literature, this
technique is commonly referred as pre-conditioning [40]. When the matrix A A is non-singular,
the best pre-conditioner matrix for the gradient-descent method is the inverse Hessian matrix
(ATA)_l, resulting in Newton’s method which converges superlinearly. However, (ATA)_l
cannot be computed directly in a distributed setting as it requires the agents to send their local
data points to the server. Thus, instead of a constant pre-conditioner matrix (ATA) _1, we propose

a distributed scheme where the server iteratively updates the pre-conditioning matrix in such a
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way that it converges to (ATA)_1 (ref. Lemma A.1). This specific iterative update rule of the
pre-conditioning matrix is described later in Step 4 of the next subsection. Thus, our algorithm
eventually converges to Newton’s method and has superlinear convergence rate, as shown later
in Section 2.2.4. Herein lies the motivation of our proposed algorithm.

The idea of iterative pre-conditioning is inspired by simple adaptive control techniques [41].
In adaptive control theory, the goal is to design a feedback control law, when the system parameters
are unknown, so that the system state is driven to an equilibrium point. Analogous to such
techniques, the proposed algorithm “adapts” to the unknown inverse Hessian matrix (ATA) !
by tuning the iterative pre-conditioner matrix (the “feedback gain”) which drives the estimate
(system state) to a solution of (2.1). At the same time, the pre-conditioner matrix, which is an
estimate of the unknown parameter (ATA)fl, also converges to the true parameter (ATA)fl.
Thus, in the language of adaptive control theory, we have both the parameter convergence and
the state convergence.

In each iteration t € {0, 1,...}, the server maintains an estimate z(¢) of a minimum
point (2.1), and a pre-conditioner matrix K (t) € R?*9. The initial estimate z(0) and the pre-
conditioner matrix /& (0) are chosen arbitrarily from R¢ and R?*?, respectively. For each iteration

t > 0, the algorithm steps are presented below.

2.2.2 Steps in each iteration ¢

In each iteration ¢, the algorithm comprises four steps, executed collaboratively by the
server and the agents. Before initiating the iterative process, the server chooses three non-

negative scalar real-valued parameters «, 9, and 5 whose specific values are presented later in
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Section 2.2.4. The parameter (3 is broadcast to all the agents.

* Step 1: The server sends the estimate x(¢) and the matrix K (¢) to each agent i.
e Step 2.1: Each agent i computes the gradient ¢g*(), as defined in (2.3).

» Step 2.2: Each agent i computes a set of vectors {R;(t) cg=1,..., d} such that for each

j=1,...,d,

Ri(t) = ((Ai)TAi + <%) I> k;(t) — <%> ej, (.7)

where I denote the (d x d)-dimensional identity matrix, e; and k;(¢) denote the j-th

columns of matrices I and K (t), respectively.

e Step 3: Each agent i sends gradient ¢(¢) and the set of vectors {R; t),j=1,..., d} to

the server.

* Step 4: The server updates the matrix K (t) as
ki(t+1) :kj(t)—aif;}z;(t), j=1,...d. (2.8)
Finally, the server updates the estimate z(t) to (¢ + 1) such that
(t+1)=a(t) — 0K (t+1) Zgi(t). (2.9)

Parameter J is a non-negative real value, commonly referred as the step-size.

Our algorithm is summarized below in Algorithm 1.
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Algorithm 1 [lrerative pre-conditioning for the gradient-descent method in a server-agent
network.
1: The server initializes z(0) € R?, K(0) € R?*? and selects the parameters a > 0, § > 0 and

B =>0.
2: fort=0,1, 2,...do
3: The server sends x(t) and K (t) to each agenti € {1,..., m}.

4: Each agent 7 computes the gradient ¢'(¢) as defined by (2.3), and a set of vectors
{R;l(t), =1, d} as defined by (2.7).

Each agent i sends ¢'(t) and the set {Rj-(t), j=1,..., d} to the server.

5

6: The server updates K (¢) to K (t + 1) as defined by (2.8).

7 The server updates the estimate x(t) to (¢ + 1) as defined by (2.9).
8: end for

2.2.3  Algorithm complexity

We now present the computational complexity of Algorithm 1, in terms of the total number
of floating-point operations (flops) required per iteration.

For each iteration ¢, each agent ¢ computes the gradient gi(t), defined in (2.3), and d
vectors {R(t) : j = 1,...,d}, defined in (2.7). Computation of g’(t) requires two matrix-
vector multiplications, namely A’z(t) and (A")T (A’z(t) —b'), in that order. As A’ is an
(n; x d)-dimensional matrix and z(¢) is a d-dimensional vector, computation of gradient ¢*(¢)
requires O(n;d) flops. From (2.7), computation of each vector R; (t) requires two matrix-vector
multiplications, namely A’ k;(t) and (A")"(A'k;(t)), in that order. As A’ is an (n; X d)-dimensional
matrix, and both vectors k;(t) and A’ k;(t) are of dimensions d, computation of each R(t)
requires O(n;d) flops. Thus, net computation of d vectors {R}(t) : j = 1,...,d} requires
O(n;d?) flops. Therefore, the computational complexity of Algorithm 1 for each agent i is d
numbers of O(n;d) parallel flops, for each iteration. Note that, the computation of each member
in the set {R}(t) : j = 1,...,d} is independent of each other. Hence, agent i can compute the d
vectors {R}(t) : j =1,...,d} in parallel.
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For each iteration ¢, the server computes the matrix K (¢ + 1), defined in (2.8), and vector
x(t + 1), defined in (2.9). Computing K (¢ + 1) only requires O(d) floating-point additions,
and can be ignored. In (2.9), the computation of K (¢t + 1) Y_.", ¢*(¢) requires only one matrix-
vector multiplication between the d x d dimensional matrix K (¢ 4+ 1) and the d-dimensional
vector ", g'(t). Therefore, the computational complexity for the server is O(d?) flops, for
each iteration.

Communication complexity: For each iteration ¢, each agent sends a vector g'(t) € R?
and d vectors R’ (t) € R?, which means (d* + d) real scalar values are send to the server by each
agent. Thus, the communication complexity of Algorithm 1 for each agent is O(d?), compared
to O(d) of the GD method, which is a drawback of Algorithm 1.

Next, we present convergence results for Algorithm 1.

2.2.4 Convergence guarantees

To be able to present the formal convergence guarantees of Algorithm 1, we note below

some elementary facts and introduce some notation.

* We define the collective data matrix and the collective observation vector respectively to

be A= [(ANT,..., (AMT]" b= [(0")7,..., ™)) .

* Note that matrix product A A is positive semi-definite. Thus, if 5 > 0 then (ATA + pI )
is positive definite, and therefore, invertible. Let K3 = (ATA + 61 ) 71, andlet A\, ..., \g

denote the eigenvalues of matrix A7 A such that \; > ... > \; > 0.

e The rank of matrix AT A is denoted by 7. Note that 7 = d if and only if the matrix AT A
is full rank. In general, when AT A is not the trivial zero matrix, 1 < r < d. Note that if
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'r’<dthen)\12...2)\r>)\7,+1:...:)\d:0.

* For amatrix M € R%*4 || M|| . denotes its Frobenius norm [42]. Specifically, if m;; denote

the (7, j)-th element of matrix M, then||M ||, = \/2le Z?Zl m;.

For each agent ¢, recall from (2.2), the cost function F’(x) is convex and differentiable.
Thus, the aggregate cost function Y )", F*(x) is also convex. Therefore, z* € X* if and only
if [43] VY.I' | F'(z*) = 04, where 0, denotes the d-dimensional zero vector. Recall, from

Section 2.1.1,

m

g(t) = vai(x(t)) = vai(x(t)) => 4. (2.10)

=1

We now define below parameters that determine the convergence rate of Algorithm 1. Let,

)\l_)\r
. 2.11
a Mt A+ 2000 /B) @11
Al — A
- A 2.12
¢ A+ A+ 208 (12

Since A\, A\, 8 > 0, (2.11)-(2.12) implies that u*, 0 < 1. We define the optimal step-size

parameter

. S— (2.13)

A1 )\r
)\1+ﬁ + )\’I‘+B

The key result on the convergence of Algorithm 1 is presented next.

Theorem 2.1. Consider Algorithm 1. Suppose, 0 < o < ﬁ and 0 < <2 (’\1/\—’1L> Then,

1. there exists non-negative real values 1 and p with * < p <1 and o < p < 1 such that
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for each iterationt > 0,
gt + DIl < (1 + ]| K0) = K5 ) 9O (2.14)

2. limtﬁong(t)H =0y
3. If § = 6" then (2.14) holds with 1 = p*.

As p < 1, (2.14) of Theorem 2.1 implies that lim”g(tH)H

< : t+1
e S @ < 1, since p'™ — 0 as

t — oo. Thus, Theorem 2.1 implies that the sequence of gradients {g(t) };>o converges linearly
to 04 with convergence rate no worse than . Since ¢(t) is linearly related to x(t) as presented
in (2.10), linear convergence of {g(t)}:+>o to 0, implies linear convergence of the sequence of
estimators {x () };>o to a point in X*.

Superlinear convergence: Consider the special case when z* is the unique solution for
the least-squares problem (2.1), i.e., the unique minimum point of the aggregate cost function
Z’;l F(x). In this particular case, the matrix AT A is full-rank, and therefore, r = d. Here, we
show below that Algorithm 1 with parameter 3 = 0 converges superlinearly to x*. Specifically,
we obtain the following corollary of Theorem 2.1. Recall, from (2.12), that when 5 = 0 then

_ M=\
0= N < 1.

Corollary 2.1. Consider Algorithm 1 with § = 0. If x* defined by (2.1) is unique, and the
parameter « satisfies the condition stated in Theorem 2.1, then for § = 1 there exists a non-

negative real value p € |o, 1) such that,

1. for each iteration t > 0,

g(t+ D] < MK (0) = Kpl| . o {|g(t)

)

. z(t+1)—z*
2. hmt_mo HHJU(T

= 0.
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Remarks: Since the number of data points n; held by each agent 7 is not necessarily the
same across the agents, it may be of interest to minimize the weighted aggregate cost function

Atz — b||, where each local cost function I is weighted by the fraction of the

m n;
Zi=1 2 Z;ﬂ;l n;
number of data points of the corresponding agent 7 relative to the total number of data points of

all the agents combined. We note that the results in this section are still valid for this weighted

cost function.

2.3 Comparisons with the existing methods

In this section, we present comparisons between the rates of convergence of Algorithm 1
and other prominent server-agent algorithms reviewed in Section 2.1. The algorithms are elaborated
in [44].

Unique optimal solution: For the special case when the solution of the distributed least-
squares problem (2.1) is unique, as shown in Section 2.2.4, Algorithm 1 converges superlinearly,
which is comparable only to the BFGS method. The rest of the algorithms, namely GD, NAG,
HBM, and APC, only converge linearly [5].

Multiple optimal solutions: In general when the solution for the distributed least-squares
problem (2.1) is not unique, we show below that Algorithm 1 converges exponentially faster than
the GD method. It should be noted that the convergence of BFGS and APC, and the explicit
convergence rate of NAG and HBM can only be guaranteed for the special when the solution
of (2.1) is unique; see [5], [25], [26] and references therein. Otherwise, the convergence rate of
NAG and HBM is known only in terms of the order of iteration numbers [26], [39]. However,

in practice the constant factor that is often ignored in order convergence analysis can be quite
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critical. Thus, we provided an explicit convergence rate of Algorithm 1 in Theorem 2.1.
The above comparisons are succinctly summarized in Table 2.1 (ref. Page 16). Detailed

comparison with the classical GD method is presented below.

2.3.1 The gradient-descent method

Consider the GD algorithm in server-agent networks, described in Section 2.1.1. To the best
of our knowledge, in the open literature, the explicit rate of convergence for GD is mentioned only

when the solution for (2.1) is unique [2], [25], [26]. We present below, formally in Lemma 2.1,

AL — Ay

the explicit convergence rate of GD for the general case. We define a parameter pgp = N o
1 T

where \; and )\, are respectively the largest and the smallest non-zero eigenvalue of AT A.

Lemma 2.1. Consider the gradient-descent algorithm in a server-agent network as presented in
Section 2.1.1. In (2.4), if § € (0, /\2—1> then there exists p with pgp < p < 1 such that, for each

iteration t > 0,[|g(t + 1)|| < wllg(t)||-

We show formally below, in Theorem 2.2, that Algorithm 1 converges faster than GD
method. Note that, in the special case when all the non-zero eigenvalues of the matrix AT A
are equal, i.e. ATA = kI for some k& > 0, both the GD algorithm and Algorithm 1 solve the
optimization problem (2.1) in just one iteration. Now, Theorem 2.2 below presents the case when

AL > A,

Theorem 2.2. Consider Algorithm 1. Suppose that Ay > \.. If B > 0 then there exists a positive

finite integer T, and two positive finite real values c and r with r < 1, such that H g(t + 1)H <

c(r MGD)tJrl Hg(O)H , Vit > 7.

Consider the best possible rate of convergence for the GD algorithm. That is, substitute
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i = pgp in Lemma 2.1. In that case, the gradients for the GD algorithm in a server-agent

network satisfy ||g(t + 1)” < (uep)™ Hg(()) , Vt > 0. From Theorem 2.2, the gradients’

, Vt > 7. Thus, assuming

norm for Algorithm 1 are given by Hg(t + 1)H < c(rpep)™! Hg(O)
that both the algorithms are identically initialized with some x(0), there exists a finite integer T’
such that the ratio between the upper bounds on the gradients of Algorithm 1 and GD in server-
agent network is given by c ! for iteration ¢ > T, where » < 1. This statement implies
that, after a finite number of iterations, Algorithm 1 is guaranteed to have a smaller error bound
compared to GD with identical initialization of x(0) and arbitrary initialization of the iterative
pre-conditioning matrix /& (0). More importantly, this error bound of Algorithm 1 decreases to

zero at an exponentially faster rate compared to the latter one.

2.4 Robustness of the IPG method

In this section, we present our key results on the robustness of the IPG method [6], described
in Algorithm 1 for the noise-free case, in the presence of additive system noises; the observation
noise and the process noise.

We introduce below some notation, our main assumption, and review a pivotal prior result.

2.4.1 Notation, assumption, and prior results

Assumption 2.1. Assume that the matrix AT A is full rank.

Note that Assumption 2.1 holds true if and only if the matrix AT A is positive definite with
Ag > 0. Under Assumption 1, AT A is invertible, and we let K* = (ATA)_I. Note, from (2.2),

that the Hessian of the aggregate cost function > " F'(x) is equal to ATA for all z € R<.
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Thus, under Assumption 1 when AT A is positive definite, the aggregate cost function has a
unique minimum point. Equivalently, the solution of the least squares problem defined by (2.1)
is unique.

We review below in Lemma 2.2 a prior result that is pivotal for our key results presented

later in this section. We let
0= (M —Aa)/ (M + Aa). (2.15)
For each iteration ¢, recall the pre-conditioner matrix K (t) in Algorithm 1, and define
K(t)=K(t)— K", Vvt>0. (2.16)

Let Ej(t) denote the j-th column of K (t) and let K} denote the j-th column of the matrix K.
Lemma 2.2 below states sufficient conditions under which the sequence of the pre-conditioner

matrices { K (t), t =0, 1,...}, in Algorithm 1, converges linearly to K™*.

Lemma 2.2. Consider Algorithm I with o € (0, /\2—1) If Assumption 1 holds true then there exists

a real value p € [p, 1) such that, forall j € {1,..., d},

Byt + 1) < ||

} V> 0. 2.17)

We first present in Section 2.4.2 below the robustness of the IPG method against observation

noise, followed by the robustness against process noise in Section 2.4.3.
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2.4.2 Robustness against observation noise

Based upon the literature [29], we model observation noise as follows. Each agent

observes a corrupted observation vector b, instead of the true observation vector b’. Specifically,

b =b +wp, i€{l,...,m}, (2.18)

where w} € R™ is a random vector. Let E [-] denote the expectation of a function of the random

vectors {wj, i = 1,...,m}. Let||-||, denote the {;-norm [45].

Assumption 2.2. Assume that there exists n < oo such that

E mwg ] <nie{l,...,m},. (2.19)
1

In the presence of the above observation noise, in each iteration ¢ of Algorithm 1, each
agent 7 sends to the server a corrupted gradient g'(¢) defined by (2.20) below, instead of (2.3).

Specifically, for all ¢ and ¢,
. AT . .
gi(t) = (A’) <AZ () — b“’) . (2.20)

Due to the above corruption in gradient computation, Algorithm 1 no longer converges to an
exact solution, defined by (2.1), but rather to an approximation.

Theorem 2.3 below presents a key result on the robustness of Algorithm 1 against the above
additive observation noise. Recall from Section 2.4.1 that under Assumption 1 the solution,
denoted by z*, of the regression problem (2.1) is unique. For each iteration ¢, we define the
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estimation error
2(t) = x(t) — . (2.21)

For a matrix M, with columns Mj, ..., My, its Frobenius norm [45] is defined to be || M|, =

ZL | M; Hz. Recall the definition of p from (2.15).

Theorem 2.3. Let {z(t)}zgo be constructed by Algorithm I with parameters o < )\% and § <
1, in the presence of additive observation noise defined in (2.18) and the gradients for each
iterationt, {g'(t),i = 1,..., m}, defined by (2.20). If Assumptions 2.1-2.2 hold then there exists

p € lo, 1) such that, for all t > 0,

E [Hz(t—l—l)M < (1 —5+5A1HI~((O)HFpt+1)||z(t)|| —|—5nm\//\_1Hl~((0)HFpt+l + onma/1/ M.

(2.22)

Additionally, lim;_,., E [Hz(t)H] < onm/1/ Mg

Since p € [0,1) and 6 € (0, 1], Theorem 2.3 implies that the IPG method under the
influence of additive observation noise (2.18) converges in expectation within a distance of
5nm\/m from the true solution x* of the regression problem defined in (2.1). Since the
gradient-descent (GD) method (with constant step-sizes) is a special case of the IPG method
with K (t) = I for all ¢, from the proof of Theorem 2.3 we obtain that the final error of GD is

bounded by dnm+/\;.

30



2.4.3 Robustness against process noise

In the presence of process noise [27,28], in each iteration ¢ of Algorithm 1 (the IPG method
in the noise-free case), the server computes corrupted values for both the pre-conditioner matrix
K (t) and the current estimate z(t), described formally as follows. Specifically, in each iteration
t, and for each j € {1,..., d}, instead of computing k;(¢) (the j-th column of K (¢)) accurately,

the server computes
k(1) = ki(t) + wh(t), (2.23)

where w#(t) € R<. Similarly, instead of computing z(t) accurately, the server computes a

J

corrupted estimate
z°(t) = x(t) + w*(t), (2.24)

where w”(t) € R? Together, the vectors ((t) = {w”(t),w}(t),j = 1,...,d} are referred as

additive process noise. For each iteration ¢, let E., [-] denote the expectation of a function of the

random vectors ((t). Let E, [-] denote the total expectation of a function of the random vectors

{¢(0),....¢(B)}

Assumption 2.3. Assume that the random vectors {w”(t),w}(t),j = 1,...,d} are mutually

independent for all t, and there exists w < oo such that for all t, j,

E, {

b0 | <. andg L)) < @.25)
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In the presence of above process noise, Algorithm 1 is modified as follows. In each iteration
t, each agent i sends to the server a gradient ¢'(¢) and d vectors R (), ..., R(t) defined by (2.26)

and (2.27) below, respectively, instead of (2.3) and (2.7). Specifically, for all 7 and ¢,
, \NT , .
gi(t) = (A’) (AZ 2°(t) — bl) , (2.26)
and, forj =1,...,d,

R;(t)

J

(2.27)

I
—~
=
N—

N
=
N
=
|
A~
3=
~
o

Similarly, in each iteration ¢, the server now computes K (¢ + 1) whose j-th column is defined as

follows, instead of (2.8), forall j € {1,..., d},

ki(t+1) = k() — > R; (t). (2.28)

Recall that k(t + 1), defined by (2.23), is the corrupted value of k;(t + 1). Instead of (2.9), the

updated estimate x(t + 1) is defined by

z(t+1) =a%(t) — 0K°(t +1) >, ¢'(t), V. (2.29)

Recall that z°(t + 1), defined by (2.23), is the corrupted value of z(t + 1).
To present our key result on the robustness of the IPG method, in Theorem 2.4 below,

against the above process noise, we introduce some notation. From Lemma 2.2, recall that p €
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[0,1). For each iteration ¢, we define

Ro(t) = [%f(t),..., '/I:g(t)] — K°(t) — K*, and (2.30)
u(t) =1—30+ 6\ <pt I?(O)H +wVd Y, pi) : (2.31)
Additionally, we let
|z -y
Povd = HIN((O)H N w\/a, and wyy = )\1\/& ) (2.32)

Theorem 2.4 below characterizes the convergence of Algorithm 1 with modifications (2.26)-
(2.29) in presence of process noise. Recall from definition (2.21) that z(t) = xz(t) — x* for
all t. Upon substituting x(¢) from (2.24), we obtain that z(t) = x°(t) — w*(t) — x*. We let

20(t) = 2°(t) — x*. Thus, for each iteration ¢,
2°(t) = 2(t) + w(¢). (2.33)

Theorem 2.4. Let {zo(t)}zgo be constructed by Algorithm I with parameter o < /\% and § <
1, in the presence of additive process noise defined in (2.23)-(2.24), and modifications defined

in (2.26)-(2.29). If Assumptions 2.1 and 2.3 hold then there exists p € |o, 1) such that

E, [”z"(t)ﬂ < Miyu(k)||2(0)]] + (1 +u(®) + ... + T _yu(k)) w, Vi. (2.34)
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Moreover; if
p < Pvd, and w < wyq, (2.35)

then hmt%oo Et [”ZO(t)H} < m'

Note that, from the proof of Theorem 2.4 when K (t) = I, Vt, the asymptotic estimation

error of the traditional GD method under the above process noise is bounded by m.

2.5 SGD with iterative pre-conditioning

In this section, we present our algorithm for solving (2.6) in stochastic settings. Our
algorithm follows the basic prototype of the stochastic gradient descent method in distributed
settings. However, unlike the traditional distributed stochastic gradient descent, the server in
our algorithm multiplies the stochastic gradients received from the agents by a stochastic pre-
conditioner matrix. These pre-conditioned stochastic gradients are then used by the server to
update the current estimate.

In order to present the algorithm, we introduce some notation. The individual data points of
the agents are represented by an data row vector a of dimensions 1 X d and a scalar observation
b. Thus, a € R4 and b € R. For each data point (a,b), we define individual cost function

f : R? — R such that for a given z € R,

f(z;a,b) = % (ax—b)?, (2.36)
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and the gradient of the individual cost function f as

g(z;a,b) =V, f(r;a,b) = a’ (ax—1b). (2.37)

In each iteration ¢ € {0, 1,...}, the server maintains an estimate x(¢) of a minimum
point (2.6), and a stochastic pre-conditioner matrix K (¢) € R%*¢, The initial estimate x(0)
and the pre-conditioner matrix K (0) are chosen arbitrarily from R? and R?*?, respectively. For

each iteration ¢ = 0, 1, .. ., the algorithm steps are presented below.

2.5.1 Steps in each iteration ¢

Before initiating the iterations, the server chooses a positive scalar real-valued parameter (3
and broadcast it to all the agents. We number the agents in order from 1 to m. In each iteration
t, the proposed algorithm comprises of four steps described below. These steps are executed
collaboratively by the server and the agents, without requiring any agent to share its local data
points. For each iteration ¢, the server also chooses two positive scalar real-valued parameters o

and ¢.

e Step 1: The server sends the estimate z(¢) and the pre-conditioner matrix K (¢) to each

agenti € {1,...,m}.

s Step 2: Each agenti € {1,...,m} chooses a data point (a*, b"*) uniformly at random from
its local data points (A’, b"). Note that, a’* and b* are respectively a row in the input matrix
A and the output vector b’ of agent 7. Each data point is independently and identically

distributed (i.i.d.). Based on the selected data point (a’, b'), each agent i then computes a
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stochastic gradient, denoted by ¢ (), which is defined as

g (t) = g(z(t);a™, b"). (2.38)
In the same step, each agenti € {1,..., m} computes a set of vectors {h;t t)y: j=1,..., d}:
i (t) = hy(k;(t); a™, b"), (2.39)

where the function h; : RY — R? is defined below. Let I denote the (d x d)-dimensional
identity matrix. Let e; and k;(¢) denote the j-th columns of matrices / and K (t), respectively.

For each column j € {1,...,d} of K(t) and each individual data point (a, ), we define
hy(k;;a,b) = <aTa + 51) ki —e;. (2.40)

Step 3: Each agent i € {1,...,m} sends the stochastic gradient g*(¢) and the set of

stochastic vectors {h;f t), j=1,..., d} to the server.

Step 4: The server draws an i.i.d. sample (; uniformly at random from the set of agents

{1,...,m} and updates the matrix K (¢) to K (¢ + 1) such that, for each j € {1,...,d},

ki(t+1) = ky(t) — ahS (1) (2.41)
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Finally, the server updates the estimate =(t) to (¢ + 1) such that

r(t+1) =a(t) — 6K (t +1)g%(t). (2.42)

Parameter 0 is a non-negative real value, commonly referred as the stepsize.

These steps of our algorithm are summarized in Algorithm 2.

Algorithm 2 Iteratively Pre-Conditioned Stochastic Gradient-descent (IPSG).

1: The server initializes z(0) € R%, K(0) € R¥4, 8 > 0 and chooses {a > 0,6 > 0: t =
0,1,...}.

2: Steps in each iteration ¢ € {0, 1, 2,...}:

3: The server sends z(¢) and K (t) to all the agents.

4: Bach agent: € {1,..., m} uniformly selects an i.i.d. data point (a', b'"*) from its local data
points (A%, b%).

5. Bach agenti € {1,..., m} sends to the server a stochastic gradient ¢g*(¢), defined in (2.38),
and d stochastic vectors h{'(t),..., h%(t), defined in (2.39).

6: The server uniformly draws an i.i.d. sample (; from the set of agents {1,...,m}.

7: The server updates K (t) to K (t + 1) as defined by (2.41).

8: The server updates the estimate x(t) to z(¢ + 1) as defined by (2.42).

Next, we present the formal convergence guarantees of Algorithm 2. We begin by introducing

some notation and our main assumptions.

2.5.2 Notation and assumptions

For each iteration ¢ > 0 we define the following.

* Let E, [-] and for each agent i € {1,...,m} E;, [:] denote the conditional expectation of
a function the random variables (; and i, respectively, given the current estimate x(t) and

the current pre-conditioner K (t).

e [et -[t = {Z't, 1= 1, . ,m} U {Ct} and EIt [] = Elt,mmt,Ct(')'
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Table 2.2: Additional notation for analysis of IPSG.

T
A= [(al)T, . (aN)T-‘ Ky= (LATA+81)"
Oy = max; (ai)Ta"—%ATAH p:%Zz‘]\; I—a((ai)Tai+5]>
51 > ... > sq > 0: eigenvalues of the positive semi-definite matrix AT A
A; and )\;: the largest and the | L =+ max;—1  nA;
smallest eigenvalue of (ai)T at
1 & T ’
_ 2as 2 __ i i

u-(l—ﬁ(l—aL)) o —jg?fdﬁg ((a) a+ﬁI)ngj—ej

aNg?2 o N T i
Cs = sd(lj\iaL) Co=§2ixt (a) a = %ATA HKﬁH
o=||7 - a(Fama+ 1) Cs(t) = 201 By (HK,3|| +||E©) gt>

Oﬁ(t) = sdsz}iVﬁ - 2%

f{(o)’

ot | O7(t) = 2C1 By (HKﬂH +Hl~( (©) ’

o

Calt) = (Vo + 1FHAC + [ 1]+ 2Cul| 5| iy o1 + [ K CO)|
+2||K5HHK Hpt+l>+05

Ry(t) = 02ViN(dCy + || K5 +2CQHK5HZ] o +) H
w2 K| [ KO 1) + Ja2Cr 002

* Let E; [] denote the total expectation of a function of the random variables {Iy, ..., I}

given the initial estimate x(0) and initial pre-conditioner matrix K (0). Specifically,

Ei || =E..1,(-), t >0. (2.43)

* Define the conditional variance of the stochastic gradient g (t), which is a function of the

random variable i;, given the current estimate x(¢) and the current pre-conditioner K (t) as

Vi, [9"(0)] = E.
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Additional notation are listed in Table 2.2. Among these notation, Kz is an approximation of
the inverse Hessian matrix, to which the sequence of the pre-conditioner matrices converges
in expectation. R;(t) and R.(t) characterize the estimation error after ¢ iterations. The other
notation in Table 2.2 are required to define R;(¢) and Ry (t).

We make the following assumption on the rank of the matrix A7 A.
Assumption 2.4. Assume that the matrix AT A is full rank.

Note that Assumption 2.4 holds true if and only if the matrix AT A is positive definite
with s; > 0. As the Hessian of the aggregate cost function ", F*(z) is equal to A" A for all
x (see (2.5), under Assumption 2.4, the aggregate cost function has a unique minimum point.
Equivalently, the solution of the distributed least squares problem defined by (2.6) is unique.

We also assume, as formally stated in Assumption 2.5 below, that the variance of the
stochastic gradient for each agent is bounded. This is a standard assumption for the analysis

of stochastic algorithms [32].

Assumption 2.5. Assume that there exist two non-negative real scalar values Vi and V, such

that, for each iterationt = 0,1, ... and each agent i € {1,...,m},
it m 4 2
Vi, [94(0)] < Vi + 1Rl S VF () /m]”.

Next, we present our key result on the convergence of Algorithm 2.
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2.5.3 Convergence guarantees

Theorem 2.5. Consider Algorithm 2 with parameters > 0, @ < min {%, %, m} and

0 > 0. If Assumptions 2.4 and 2.5 are satisfied, then there exist two non-negative real scalar

values 1 > /ViN and FEy > \/V5N such that the following statements hold true.

1. If the stepsize ¢ is sufficiently small, then there exists a non-negative integer I’ < oo such

that for any iterationt > T, R1(t) is positive and less than 1.

2. For an arbitrary time step t > 0, given the estimate x(t) and the matrix K (t),

E (|2t + D[] < Bao)]]20)]° + Ratt (2.45)

3. Given arbitrary choices of the initial estimate x(0) € R and the pre-conditioner matrix

K(0) € Réxd,

205 || K,
o e ] s (s + 2L ) o cumpc)

The implications of Theorem 2.5 are as follows.

* According to Part (1) and (2) of Theorem 2.5, for small enough values of the parameters
« and stepsize 6, as Ry(t) € (0,1) after some finite iterations, Algorithm 2 converges
linearly in expectation to a neighborhood of the minimum point x* of the least-squares

problem (2.6).

* According to Part (3) of Theorem 2.5, the neighborhood of x*, to which the estimates of
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Algorithm 2 converges in expectation, is O(V}). In other words, the sequence of expected
“distance” between the minima x* of (2.6) and the final estimated value of Algorithm 2 is

proportional to the variance of the stochastic gradients at the minimum point.

2.6 Experimental results

In this section, first, we present experimental results comparing Algorithm 1 with other

state-of-the-art methods. We consider five benchmark

) ) " Fixo); = 0. KOy, = 0
collective data matrices A, namely “ash608”, “bcsstm07”, ol ™| 0}, - unit3.3), (KO}, =0
? [X(0)], ~ Unif(-3,3), [K(0)]; ~ Unif(0,0.01)
“can_229”, “gr30_30”, and “qc324”, from the X9}
SuiteSparse Matrix Collection (http://sparse.tamu.edu/). 2 4 ® eration. 10 12
Iteration
The true value of the collective observation is b = Ax* Figure 2.2: Hx(t) —2*|l  under
Algorithm 1 with different
where z* is a d-dimensional vector with all entries equal jpitialization on “ash608”.

a=01,6=18=0.
to 1. The rows of (A, b) are distributed among m = 10

agents. As AT A is positive definite except for “can_229”, the problem (2.1) has a unique solution
x* for the datasets except “can_229” which has multiple solutions.

We simulate Algorithm 1 with several initialization, for the datasets “ash608” and “gr_30_30".
For either of these datasets we consider three sets of initialization (x(0), K(0)): each entry of
x(0) and K(0) is zero; each entry of x(0) is selected uniformly at random within (—3,3) and
each entry of K(0) is zero; each entry of x(0) and K(0) is selected uniformly at random within
(—3,3) and (0, 0.01) respectively. We observe that, Algorithm 2.2.2 converges to =* irrespective

of the initial choice z(0) and K (0) (ref. Fig. 2.2-2.3).
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The experimental results have been compared 102

; - oy =0 Koy =0
_ - [X(O)], ~ Unif(-33), [K(O)}, = 0
with the other distributed algorithms mentioned in % [(0)} ~ Unif(-3,3). [K(O)}; ~ Unif(0.0.01)
Z400
Section 2.3. The parameters for all of these algorithms : : . ;
0 500 1000 1500 2000

1 : . iteration t
are chosen such that the respective algorithms achieve reraten

Figure 2.3: Hx(t) —x*|| under
their optimal (smallest worst-case) convergence rate Algorithm 1 with different
initialization on “gr 30_.30".

(ref. Table 2.3). For Algorithm 1 these optimal , _ 3 1038 = 04,8 = 0.

parameter values are given by a = and 0*

AT
in (2.13). The optimal parameter expressions for the algorithms GD, NAG, HBM, and APC can
be found in [5], [25]. The stepsize parameter for BFGS is selected using backtracking [22]. Note
that evaluating the optimal tuning parameters for any of these algorithms requires knowledge

about the smallest and largest eigenvalues of AT A.

We compare the number of iterations needed by

these algorithms to reach a relative estimation error o} , y
= —Algorithm 1
% GD
defined as ¢, = ||z(t) — 2*|| ||2*| for unique solution = —EZ\% \
—BFGS
or €, = HAJZ(t) _bH/HAx(O) _bH for multiple 0 2000 4000 6000 8000 10000 12000

iteration t
solutions.  Clearly, Algorithm 1 performs fastest Figyre 2.4: || z(t) — x*H in absence
of noise for different algorithms on

among the algorithms except BFGS, significantly for «p copm07”.
the datasets “bcsstm07” and “gr_30_30” (Table 2.4).
Thus, our theoretical claim on improvements over these methods is corroborated by the above
experimental results.

Observation Noise: We add uniformly distributed random noise vectors from (—0.25, 0.25)

and (—0.15,0.15), respectively, to the true output vectors of datasets “ash608” and “gr_30_30".

The algorithm parameters are chosen such that each algorithm achieves its minimum convergence
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rate [5,44] (ref. Table 2.3). Each iterative algorithm is run until the changes in its subsequent

estimates is less than 10~* over 20 consecutive

. . . . "Faigo 1, 5=0.001
iterations. We note the final estimation errors of the ‘2:3"1“2:3-?1

T go 1, 5=0.

% 1 00 o =:‘:.:t:§2G _
different algorithms in Table 2.5. We observe that < HBM
the final estimation error of the IPG method is either 0 50 rorat 130 150

Iteration

comparable or favourable to all the other algorithms, for  Fjgure 2.5: ||a:(t) — 2*|l in absence

of noise for different algorithms on

each dataset. “can.229”.

Process noise: We simulate the algorithms by adding noise to the iterated variables. For the
algorithms GD, NAG, HBM, and IPG, the process noise has been generated by rounding-oft each
entries of all the iterated variables in the respective algorithms to four decimal places. However,
the rounding-off does not generate same values of noise w for the APC and BFGS algorithms.
Therefore, for APC, we add uniformly distributed random numbers in the range (0,5 x 107°) for
both the datasets, and similarly, for BFGS, we add uniformly distributed random numbers in the
range (0,9 x 107°) and (0, 2 x 107°) respectively for the datasets “ash608” and “gr_30_30”. The
final estimation errors of different algorithms are noted in Table 2.5. We observe that the final
error for IPG is less than all the other algorithms. Also, we observe that the estimation error for
the BFGS algorithm on dataset “ash608” grows unbounded after 360 iterations. The cause for
this instability is the violation of the non-singularity of the approximated Hessian matrix, which

is a necessary condition for the convergence of BFGS [22].
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Figure 2.6: ||z (t) — 2

in presence of observation noise for different algorithms on “ash608”.

2.6.1 Stochastic settings

We conduct experiments for different collective data points (A, b). Four of these datasets
are from the the benchmark datasets available in SuiteSparse Matrix Collection. Particularly
these four datasets are “abtahal”, “abtahal”, “gre 3437, and “illc1850”. The fifth dataset,
“cleveland”, is from the UCI Machine Learning Repository [46]. The sixth and final dataset is
the “MNIST” [47] dataset.

In the case of the first four aforementioned

15
datasets, the problem is set up as follows. Consider a oo
=10} —APC |
310 —NAG
. s . = s HBM
particular dataset “abtahal”. Here, the matrix A has X s} —sras|
. 0
14596 rows and d = 209 columns. The collective 0 5 10 15

iteration t

output vector b is such that b = Az™ where z* is a 209 Figyre 2.7: Hx(t) _

in presence of

process noise for different algorithms
dimensional vector, all of whose entries are unity. The o “45h608”.

data points represented by the rows of the matrix A and

the corresponding observations represented by the elements of the vector b are divided amongst
m = 4 agents numbered from 1 to 4. Since the matrix A for this particular dataset has 14596 rows
and 209 columns, each of the four agents 1, ..., 4 has a data matrix A° of dimension 3649 x 209

and a observation vector b* of dimension 3649. The data points for the other three datasets,
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“abtahal”, “gre 3437, and “illc1850”, are similarly distributed among m = 4, m = 7 and
m = 10 agents, respectively.

For the fifth dataset, 212 arbitrary instances from

the “cleveland” dataset have been selected. This dataset

[1x(t)-x*

has 13 numeric attributes, each corresponding to a

200 400 600 800 1000
iteration t

column in the matrix A, and a target class (whether the

patient has heart disease or not), which corresponds to  Figure 2.8: ||x(t) —*

in presence

of observation noise for different
the output vector b. Since the attributes in the matrix algorithms on “gr_30_30".

A has different units, its each column is shifted by the

mean value of the corresponding column and then divided by the standard deviation of that
column. Finally, a 212-dimensional column vector of unity is appended to this pre-processed
matrix. This is our final input matrix A of dimension (212 x 14). The collective data points
(A, B) are then distributed among m = 4 agents, in the manner described earlier.

From the training examples of the “MNIST”

dataset, we select 1500 arbitrary instances labeled

as either the digit one or the digit five. For each  Z1o

DN

instance, we calculate two quantities, namely the 0 200 49? ; 6t00 800 1000
Iteration

in presence of

process noise for different algorithms
of an image [48]. Let the column vectors a; and op “gr 30.30".

average intensity of an image and the average symmetry Fjgyre 2.9: H x(t) — a*

as respectively denote the average intensity and the

average symmetry of those 1500.  Then, our input matrix before pre-processing is
a1 ay a1 aj.ka,; ap?|- Here, (x) represents element-wise multiplication and (.*)

represents element-wise squares. This raw input matrix is then pre-processed as described earlier
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for the “cleveland” dataset. Finally, a 1500-dimensional column vector of unity is appended
to this pre-processed matrix. This is our final input matrix A of dimension (1500 x 6). The
collective data points (A, B) are then distributed among m = 10 agents, in the manner already
described for the other datasets. As the matrix AT A is positive definite in each of these cases, the
optimization problem (2.6) has a unique solution x* for all of these datasets.

We compare the performance of our proposed

—IPSG

IPSG method (Algorithm 1) on the aforementioned 3o —sGD

= —AdaGrad
datasets, with the other stochastic algorithms mentioned =, | &
e — |

0
1 1 1 1 0 2 4 6 8 10
in Section 2.1.4. Specifically, these algorithms iteration t x10°

for different
stochastic algorithms on “MNIST”.

are stochastic gradient descent (SGD) [32], adaptive Fjgyre 2.10: H z(t) — z*

gradient descent (AdaGrad) [33], adaptive momentum
estimation (Adam) [34], and AMSGrad [37] in the distributed network architecture of Fig. 2.1.
These algorithms are implemented with different combinations of the respective algorithm
parameters on the individual datasets. The parameter combinations are described below.

IPSG: The optimal (smallest) convergence rate of the deterministic version of the proposed

IPSG method is obtained when o« = ﬁ [44]. For each of the six datasets, we find that the

2

IPSG method converges fastest when the parameter « is set similarly as o = prpry

. The stepsize
parameter 9 of the IPSG algorithm is chosen from the set {0.1,0.5, 1,2, 2.5}. The parameter (3 is
chosen from the set {0.1,0.5,1, 5,10, 30, 50}.

SGD: The SGD algorithm has only one parameter: the stepsize, denoted as a [32]. The
deterministic version of the SGD method is the gradient-descent method, which has the optimal

rate of convergence when o = SliSd. We find that the SGD method converges fastest when the

stepsize parameter is similarly set as o =

2_ 5, and sy depends on the collective data matrix
s1+8d
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A, and their values may not be known to the server. When the actual values or estimates of s; and
54 are not known, the parameter « in both the IPSG and the SGD algorithm can be experimentally
set by trying several values of different orders, as done for the parameters ¢ and [ in the IPSG
method.

AdaGrad: The stepsize parameter « of the AdaGrad algorithm [33] is selected from the
set {1,0.1, 1}. The parameter € is set at its usual value of 107"

Adam and AMSGrad: The stepsize « [34,37] is selected from the set {c, \/%} where c is
from the set {1,0.5,0.1,0.2,0.05,0.01}. The parameter (3, is set at its usual value of 0.9. The
parameter [3; is selected from their usual values of {0.99,0.999}. The parameter € is set at 107".
The best parameter combinations from above, for which the respective algorithms converge in a
fewer number of iterations, are reported for each dataset in Table 2.6.

The initial estimate =(0) for all of these algorithms is chosen as the d-dimensional zero
vector for each dataset except the “cleveland” dataset. For “cleveland” dataset, x(0) is chosen
as the d-dimensional vector whose each entry is 10. The initial pre-conditioner matrix K (0) for
the IPSG algorithm is the zero matrix of dimension (d x d).

We compare the number of iterations needed by

30
[

—IPSG

these algorithms to reach a relative estimation error —sGD z[
& 20~ |—AdaGrad 1 1
|| (t) * i AMSGrad| LtV A
z(t)—x . . . = Ad
defined as ¢,,; = i———r. Each iterative algorithm — Z10: === 3 nf 1
||=(0)—=* — )
0 - e o
is run (ref. Fig. 2.10-2.11) until its relative estimation 0 ! 2 3 4 >
iteration t x10*

for different

stochastic algorithms on “illc1850”.
iterations, and the smallest such iteration is reported in

error does not exceed ;o over a period of 10 consecutive  Fjgyre 2.11: H z(t) — x*

Table 2.7. The second column of Table 2.7 indicates the condition number (AT A) for each
dataset. From Table 2.7, we see that the IPSG algorithm converges fastest among the algorithms

47



on four out of the six datasets, except for “cleveland” and “abtaha2”. Note that these two
datasets have small condition number of order 10 and 10%. Even for these two datasets, only the
AMSGrad algorithm requires fewer iterations than IPSG. Moreover, from the datasets “MNIST”,
“gre 3437, and “illc1850”, we observe that the differences between the proposed IPSG method
and the other methods are significant when the condition number of the matrix A” A is of order
103 or more. Thus, our claim on improvements over the prominent stochastic algorithms for
solving the distributed least-squares problem (2.6) is corroborated by the above experimental

results.

Table 2.3: The parameters used in different algorithms for their minimum convergence rate on
distributed linear regression experiments.

Dataset GD (0) | NAG HBM APC Algorithm 1
(a, B) [25] (a, B) [25] (v, n) [5] (8, a, )

ash608 || 0.1163 | (0.08, 0.5) (0.15, 0.29) (1.02, 5.27) (0, 0.1163, 1)

besstm07( 3 x | (2 x | (10~ 7 ,0.99) | (1.09, 12.8) (0,3 x 1077, 1)
1077 1077, 0.99)

can229 || 0.024 | (0.012,0.98) | (0.012,0.87) | N/A (0.001, 0.022, 1.08)

er 3030 || 0.014 | (0.009, 0.99) | (0.03, 0.98) (1.09, 12.8) (0, 0.014, 1)

qc324 0.85 (0.57, 0.99) (0.03, 0.98) (1.05, 18.9) (0, 0.85, 1)

Table 2.4: The number of iterations required by different algorithms to attain relative estimation
error €, on distributed linear regression experiments.

Dataset | A\;/\. | €1 || GD NAG HBM APC | BFGS Algo. 1

ash608 | 11.38 | 1074| 37 23 21 15 15 9

besstm07 | 5.8 x | 1074 > 10° 564 x | 487 x | 4.85x | 877 1.19x 10*
107 10% 10% 104

can?229 |14 x | 1079125 x [4.88 x [298 x |[N/A |NA 1.6 x 102
10* 10* 102 10°

er3030 | 3.79x | 1074 >10° |1.94 x |[1.13 x |1.11x| 85 7.42 x 102
10* 103 10° 10°

qc324 2.15x [ 0.1 || > 10° 283 x | 441 x|> 1.74 x 103 1.94x 103
10° 104 104 10°
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Table 2.5: Comparisons between the final estimation errors limHooH:c(t) — z*|| for different

algorithms on distributed linear regression experiments.

Noise | Dataset | Noise level IPG | GD NAG HBM APC BFGS

type

Obsrv, ash608 | n = 8.23 0.86 0.86 0.86 0.86 13.71 0.86

noise | gr 3030, n = 7.21 1.35 2.05 1.35 1.35 1.82 2.25

Prcs. | ash608 | w = 93 x || O 3.46 x | 921 x | 1074 49 x| oo
1073 1074 1074 1074

noise | gr3030| w = 45 x| 0 7.68 1.86 85 x| 3.72 1.49 x
102 1073 1072

2.7  Summary

We have considered the multi-agent linear least-squares problem in a distributed server-
agent network. Although several algorithms are available for solving this problem without requiring
the agents to share their local data, their convergence speed is fundamentally limited by the
condition number of the collective data. We have proposed an iterative pre-conditioning technique
that is robust to the condition number. Thus, we can reach a satisfactory neighborhood of
the desired solution in a provably fewer number of iterations than the existing state-of-the-art
algorithms. The convergence analysis of our proposed Iteratively Pre-Conditioned Gradient-
descent (IPG) algorithm and its comparison with related methods have been supported through
experiments on real datasets.

We have considered practical settings with additive system noises: either observation noise
or process noise. In this settings, our contribution has been analyzing the proposed IPG algorithm’s
robustness against such independent system noises whose magnitudes are bounded in expectation.
The experimental results have reinforced our claim on the IPG method’s superior accuracy compared

to other state-of-the-art distributed algorithms when subjected to system noises.
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Table 2.6: The parameters used in different stochastic algorithms on distributed linear regression
experiments.

Dataset || IPSG SGD [32] | AdaGrad AMSGrad [37] | Adam [34]
[33]
cleveland|| o =| « =la=1,e=|a = 005 |a = 0.05
0.0031, 0.0031 10~ 6 = 09,5 = 09,
0 = 0.5, by = 0.999, | B = 0.999,
5 =30 e=10"7 e=10""
abtahal || « = |« =la=1le=|a = \/Lp oy = %,
0.0052, 0.0052 1077 6 = 09,5 = 09,
o = 2, By =0.99,¢e=1| By = 0.999,
b= 1077 e=10""
abtaha? || o = | « =la=1l,e=]a = 1, | oy = Li,
0.0033, 0.0033 1077 6, = 09,5 = 09,
o = 2, By = 099, | [ = 0.999,
=5 e=10"7 e=10"7
MNIST || « =« =la=1l,e=|a = 1, « = 0.1,
0.0003, 0.0003 1077 6 = 09,5 = 09,
0 = 0.1, By = 0.999, | B = 0.999,
g = e=10"" e=10""
gre343 ||a=12,|a=19 |a=1l,e= |0 = %, o = 07%,
0 = 2.5, 1077 Bl = 0.9, 61 = 0.9,
6=0.5 By = 0.999, | B = 0.999,
e=10"" e=10""
illc1850 || « = | « =la=1l,e=|a = 0;‘?, o = %,
0.4436, 0.4436 1077 6 = 09,5 = 09,
o = 2, by =0.99,¢e=| Py = 0.999,
g=1 1077 e=10""

We have further extended the idea of iterative pre-conditioning to the stochastic settings
where, instead of full-batch data, only random data points are utilized in each iteration of the
algorithms. We have presented convergence guarantee of the proposed Iteratively Pre-Conditioned
Stochastic Gradient-descent (IPSG) and empirically show that the proposed IPSG method’s convergence
rate compares favorably to prominent stochastic algorithms for solving the distributed linear least-

squares problem.
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Table 2.7: Comparisons between the number of iterations required by different stochastic

algorithms to attain the specified values for the relative estimation errors ey

|z(t) — *|| /||z(0) — 2*|| on distributed linear regression experiments.
| Dataset | k(ATA) ey || IPSG | SGD [ AdaGrad | AMSGrad | Adam |
cleveland| 7.34 1.5 x || 4.11x10°% | 4.71 x [ 6.04 x | 3.63 x 10% 4.11 x
1073 103 103 103

abtahal | 1.5 x [ 1073 7.35 x 104 > 10° 9.75 x| >10° > 10°
102 10*

abtaha2 | 1.5 x [2 x| 9.86 x 10* | > 10° > 10° 7.6 x10% | > 10°
102 1073

MNIST | 259 x | 2.6 x || 341 x10% > 5 x | > 5 x | >5x10" | 441 x
103 1073 10 10* 10

gre 343 | 1.25 x |4 x| 3.88 x 104 443 x | > 10° > 10° > 10°
10* 1073 10°

illc1850 | 1.93 x | 0.2 8.06 x 104 3.31 x [ 281 x |>5x10°|1.63 x
10° 10° 10° 10°
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Chapter 3: Decentralized Linear Regression in Peer-to-Peer Network

3.1 Introduction

In this chapter, we consider solving a system of linear algebraic equations having at least
one exact solution over a peer-to-peer network of agents. Specifically, we consider a network of
m agents and the overall system is assumed to be synchronous. Each agent ¢ € {1,..., m} has
n; local data points, represented by a data matrix A* € R">*? and an observation vector b* € R™.
In this network architecture, each agent ¢ € {1,..., m} can communicate with a set of certain
other agents called its neighbors, represented by N'*. We assume that the communication between
the agents is bidirectional. This communication topology between the agents is represented by
an undirected graph G = ({1, ..., m}, &), where an edge (i, ) € € or (j,i) € £ if agent i and
agent j are neighbors, for any i,j € {1,...,m}, i # j. Later, in Section 3.5, we consider the
case of directed graph. The aim of the agents is to compute a common solution vector z* € R?

such that

Alz* = b, foralli € {1,...,m}. (3.1)

Since each agent only partially knows the collective data points, they collaborate with their

own neighbors for solving the problem (3.1). However, the agents do not share their local data
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points. An algorithm that prescribes instructions for the agents to jointly solve the above problem
without sharing their data points is defined as a decentralized algorithm.
If G is connected, the solution vector z* in (3.1) is a minima of the following least-squares

problem [49]

m

T € argmn -
rER? —1 2

1=

. 112
Jate v

(3.2)

The above optimization problem can be solved using the decentralized gradient-descent algorithm

(DGD) [50]. To present our key contributions, we review below the DGD method.

3.1.1 Background on decentralized gradient-descent

The decentralized gradient-descent method is an iterative algorithm, wherein each agent
maintains an estimate of a solution defined by (3.1) and updates it iteratively using its individual
local cost function and its neighbors’ estimates. To be precise, for each iterationt =0, 1,..., let
2%(t) € R? denote the estimate maintained by each agent i € {1,...,m}. The initial estimates
2%(0) may be chosen arbitrarily from R?. For each iteration ¢, each agent broadcasts z*(¢) to its
neighbors j € A, Each agent i computes the gradient, denoted by ¢ (), of its local cost function

at z(t). Specifically, forall i € {1,..., m} and forall t € {0, 1,...},

T

gi(t) = (Ai) (Ai 7(t) — bi> . (3.3)
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Having received the estimates z7(¢) from its neighbors, each agent i updates x*(t) to z*(t + 1)

defined below. For all ¢ > 0,

P41 = () —adsg () +5 Y (xj(t) . xi(t)) . (3.4)

JEN?

Here, 0 is a positive scalar value commonly referred as the step-size and « is another positive
scalar value attributing a relative weight to the local gradient ¢’(¢) compared to the consensus
terms Y.y (27 (1) — 2°(1)).

For small enough step-size J, the DGD algorithm has a linear convergence rate. However,
its convergence rate is limited by the ratio between the largest eigenvalue and the smallest non-
zero eigenvalue of the set of input matrices {(Ai)T A’ i = 1,...,m} and that of the graph
Laplacian, as we will show later in Section 3.3. We propose a decentralized pre-conditioning
technique that works on top of the DGD algorithm. Specifically, each agent ¢ computes a fixed
pre-conditioning matrix K* based only on its local input matrix. Before updating the local
estimate, each agent multiplies its local gradient g’ (t) and the consensus terms (27 (t) — 2(1))
by the matrix K. The classical pre-conditioning techniques require access to all the input
matrices, and therefore, cannot be implemented in a decentralized network. Unlike these methods,
in our case, each agent computes its pre-conditioning matrix based only on its local data. Hence,

the name decentralized pre-conditioning.

3.1.2 Related Work

Several decentralized iterative algorithms have been proposed in the past decade for solving

the system of linear equations (3.1). The notable ones among them can be found in [49,51-59].
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The projection-based algorithms in [51, 52] require each local input matrix A° to have full row-
rank. Otherwise, a set of linearly independent rows in each input matrix A° needs to be obtained,
which is computationally expensive, especially when the number of data points is large. Our
proposed algorithm does not have such a requirement. Explicit linear convergence rates of
these two algorithms have been provided [51, 52]. Explicit linear convergence rate has been
provided also for the least-squares based solution in [53]. Linear convergence rates of the
consensus-innovation and the consensus-residual algorithms proposed in [54] have been proved.
The explicit expression of the convergence rate of the algorithm in [55] has been provided only
under specific conditions, such as the collective input matrix [(A*)T, ..., (A™)T] " is orthogonal,
or the communication graph is complete. The consensus flow-based algorithm in [56], the least-
squares solver in [49], and the gradient-based algorithm in [57] require each agent to have a single
data point, which is not the general case. A continuous-time finite-time solver has been proposed
in [58]. However, no expression of its convergence time has been provided. The decentralized
convex optimization algorithm DIGing in [60] solves (3.1). However, the convergence guarantee
of the DIGing algorithm assumes the degenerate case of at least one input matrix A° being full-
rank. We consider a more general problem where none of the input matrices may be full-rank.
Additionally, the convergence rate of DIGing increases with the number of agents in the network.
The DADAM algorithm in [61] is a decentralized adaptive gradient algorithm for solving convex
or non-convex optimization problems. The learning rate in DADAM is adaptively updated based
on the past gradients. The theoretical regret of DADAM converges sublinearly for generic convex

problems [61].
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3.1.3 Communication delay

We consider a major practical challenge in solving (3.1): delay in the communication links
between the agents. The communication delay from an agent i to agent j is modeled as 7%/, where
79 = 73% > () is constant for any edge (i, j) € £. Other approaches to study the delay robustness
problem can be found in [51], [62], [63].

The considered problem has also been addressed in prior works [64], [51], [62], [65], [66].
Initially [64] and later on [51] consider directed time-varying networks. [51] proves the global
convergence of a projection-based asynchronous algorithm, with the assumption of extended
neighbour graphs being repeatedly jointly strongly connected and bounded delays, and provides
an upper bound on the convergence rate. Random communications have been considered in [62], [66]
and algorithms have been provided with almost sure convergence to a solution of (3.1). [65]
proves convergence of a communication-efficient extension of the algorithm in [64]. In the
algorithm proposed in [65], each agent also needs to share the number of their neighbours. We
guarantee convergence in case of a deterministic network topology, without assuming a bound on
the constant delays and by the agents sharing only their estimates with neighbors.

The solution of (3.1) can also be obtained by solving a least-squares problem, such as
in [51], [67], [59], [68]. When (3.1) is not solvable, the least-squares formulation has an advantage
of finding the solution that best fits (3.1). The least-squares problem can also be solved by general
distributed optimization algorithms that have been discussed in the literature. However, ill-
conditioning of collective input matrix poses an additional challenge when there are communication
delays between the agents. Existing distributed optimization algorithms [63], [69], [70], [71], [72]

fare poorly if collective input matrix is ill-conditioned. The algorithms in [69], [70], [71] require
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decreasing stepsize, which leads to slower convergence. [63] needs additional variables to be
shared with neighbouring agents. [71] requires prior information on the delays. The algorithm
proposed in [72] globally converges under strict convexity of each agent’s cost function. Moreover,
when collective input matrix is ill-conditioned, these gradient-based optimization approaches
suffer from poor convergence rate or may even converge to an undesired point. We follow
the same distributed optimization approach, however, our algorithm converges faster without
requiring strict convexity of the local costs and shares only the estimates between neighbours.
The key ingredient of our proposed approach is local pre-conditioning, which is obtained by
solving an appropriate Lyapunov equation. Additionally, the proposed algorithm does not require

any information about the heterogeneous communication delays, albeit that they are constant.

3.1.4 Summary of our contributions

In this dissertation, we propose a pre-conditioning technique that works on top of the
aforementioned decentralized gradient-descent method when solving the system of linear algebraic
equations in (3.1) over an undirected and connected peer-to-peer network. We rigorously analyze

the convergence of our algorithm, and our key findings are summarized below.

3.1.4.1 In absence of communication delay

Rate of Convergence: We show that our algorithm converges linearly, when the system
of linear equations (3.1) has at least one solution. Moreover, we provide an explicit convergence
rate of our algorithm, detailed in Section 3.2.1 for unique solution and in Section 3.4 for multiple

solutions. In Section 3.3, we show that our algorithm has a favorable convergence rate compared
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to the decentralized gradient-descent algorithm, especially if the problem (3.1) is ill-conditioned.

Robustness: We analyse our algorithm’s robustness against computational process noise
when (3.1) has a unique solution. Please refer Section 3.2.2 for details. We demonstrate enhanced
robustness when compared to the classical decentralized gradient-descent algorithm, and the
difference between the robustness of the two algorithms is further accentuated when the linear
system is ill-conditioned, as detailed in Section 3.3.

Empirical Study: In Section 3.8, we demonstrate the applicability of our algorithm to
decentralized linear state estimation and propose a state predictor. In this context, we present
empirical evidence of our algorithm’s improved convergence rate and robustness when compared
to most state-of-the-art decentralized algorithms mentioned in Section 3.1.2. The empirical
results suggest the decentralized Kalman-consensus filter’s (DKF) [73] faster convergence rate
and smaller estimation error than our proposed state predictor. However, our algorithm has a
smaller computational and communication cost than the DKF method. Please refer Section 3.8.1
for more details.

Finally, in Section 3.5, we extend our algorithm to strongly connected directed graphs, and

show that our algorithm converges linearly, when (3.1) has a unique solution.

3.1.4.2 In presence of communication delay

Compared to the existing works that address communication delays in solving (3.1), our

major contributions are follows:
* higher robustness to ill-conditioning of problem (3.1), unlike [69], [70], [71], [72].

* the communication delays are apriori unknown, unlike [71].
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* addressing communication delays in solving least-squares formulation, unlike [64], [51].

3.2 Proposed algorithm

In this section, we present our algorithm, its computational complexity, its convergence,
and its robustness properties, when there is no communication delay in the network.

We make the following assumptions about the problem.
Assumption 3.1. z* € R? is the unique solution of (3.1).
Assumption 3.2. The graph G is undirected and connected.

The proposed algorithm is similar to the decentralized gradient-descent method described
in Section 3.1.1. However, a notable difference is that in our algorithm, each agent multiplies
its local gradient and consensus terms by a local pre-conditioning matrix. In literature, pre-
multiplication of gradients by a matrix is commonly referred as pre-conditioning [40]. It should
be noted that the conventional pre-conditioning techniques would require access to the agents’
combined data points. However, each agent in our algorithm computes its pre-conditioning
matrix based only on local data. The algorithm is iterative wherein each iteration t € {0, 1,...},
eachagenti € {1,..., m} maintains a local estimate x*(t) of the solution of linear equations (3.1).
Each agent updates its local estimate using the steps presented below in Algorithm 3.

Initialization: Recall from Section 2.1 that, for each agenti € {1,...,m}, N i denotes the
set of its neighbors. Let |N ’| denote the cardinality of the set N/*. Before starting the iterative
process, each agent chooses two non-negative scalar real-valued parameters «, . The specific

values of these parameters are presented later in Section 3.2.1. Further, each agenti € {1,...,m}
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chooses an initial local estimate °(0) € R? and computes a local pre-conditioning matrix

1
1> , (3.5)

where I denote the (d x d)-dimensional identity matrix. Since the matrix (A?)" A is positive

K' = (a (AZ)TAi + ’N’

semi-definite, if a > 0, (a (Ai)T A+ {/\/’ ’{ I ) is positive definite and invertible.

Algorithm 3 Pre-conditioning for the decentralized gradient-descent method.
1: Bach agenti € {1,...,m} initializes 2*(0) € R% a > 0 and § > 0.
2: Eachagenti € {1,..., m} computes its local pre-conditioning matrix K as defined by (3.5).
3: for eachiterationt =0, 1, 2,... do
4: Each agent i € {1,..., m} receives the current estimates 7 (¢) from its neighbors j €
N
5. Eachagenti € {1,...,m} updates its current local estimate z*(¢) to z*(¢ + 1) such that

2t + 1) = (1) — adK' (AZ> (AZ 2i(t) — b’) +6K°Y (:cﬂ (t) x’(t)) . (3.6
JEN
6: Each agent i € {1,...,m} sends its updated local estimate z’(¢ + 1) to all its neighbors
je N

7: end for

Computational complexity: We now present the computational complexity of the proposed
algorithm and compare it with related methods in terms of the total number of floating-point
operations (flops). As floating-point multiplication is significantly costlier than additions [74],
we ignore the additions while counting the total number of flops. Algorithm 3 requires O(n;d)
flops for each agent per iteration, which is the same as the DGD method. However, during
initialization, each agent computes the pre-conditioning matrix K, which requires O(n;d* + d*)
flops. Note that, initialization of the existing methods mentioned in Section 3.1.2 also has
significant computational costs. The initialization of the projection-based algorithms in [51,52]

involves O(n;d min{n;, d} + r?d +r?) flops for each agent, where r; is the rank of the matrix A°.
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The initialization of the least-squares solution in [53] requires O(n?d + n;d*> + n3 + d*) for each
agent.

Next, we formally analyze the convergence of Algorithm 3.

3.2.1 Convergence guarantee

Notation: To formally state our convergence result, we note below some elementary facts

and introduce some notation.

* For any pair of agents ¢, j € {1,...,m}, i # j, we define

1, if(i,j) €€
Cij = (37)

0, otherwise.

* We define the matrix that represents all the agents’ estimate update equation in Algorithm 3.

Let,
T
M= [(hT (Mm)T] , (3.8)
whose i-th block-row M is defined as

) . NT )
M = Kz[_Cil.[, ce _Ci(i—l)]7 (Oé (Az> A+ ‘NZ

I) s _Ci(i—i-l)la cvey —sz]] (39)

* Foreachi € {1,...,m}, the matrix (A?)" A’is positive semi-definite, and therefore, has

non-negative eigenvalues. In general, when (A’) A" is not the trivial zero matrix, at least
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one of its eigenvalue is positive. We let X and X' respectively denote the largest and the

. . T
smallest non-zero eigenvalue of the matrix (A")" A’.

* We let L denote the Laplacian matrix of the graph G [75]. It is known that the Laplacian
L is positive semi-definite, and therefore, has non-negative eigenvalues. We let Ay and )\,

respectively denote the largest and the smallest non-zero eigenvalue of the matrix L.

* Welet A0, (+) and A, (+), respectively denote the largest and smallest non-zero eigenvalue

of a matrix.

* For each iteration ¢ > 0, we let x(¢) denote the md-dimensional vector obtained by vertical

concatenation of all the agents’ estimate at iteration ¢:
T
2(t) = [, a0 (3.10)

Similarly, we let X* denote the md-dimensional vector obtained by vertical concatenation

of the unique solution z* for all the agents:

X* = [(a;*)T,...,(:c*)T . G.11)

Lemma 3.1 below states a preliminary result on the convergence of Algorithm 3 and is

important for our key results presented afterward.

Lemma 3.1. Consider Algorithm 3 with parameter o > 0. Then, under Assumptions 3.1-3.2, all

the eigenvalues of the matrix M are positive.

Note that, under the conditions assumed in Lemma 3.1, A, (M) > 0. We now define
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below a parameter that determines the convergence rate of Algorithm 3. Let,

A
MaXj=1,.,m Ta] T MaAXi=1_m = o
ERREE] ‘Nz’ [RRRE) a

(3.12)

Ry =

min ¢ min. AL in. o)
i=1,...m aXZ+|Ni|’ i=1,....,m aXi+| N

The key result on the convergence of Algorithm 3 is presented below in the form of Theorem 3.1.

Theorem 3.1. Consider Algorithm 3 with parameters o > 0 and § < % Suppose each

AInax

agent i € {1,...,m} initializes '(0) € R If Assumptions 3.1-3.2 hold, then there exists

non-negative real values p with % < p < 1 such that, for each iteration t > 0 we have

|t +1) — X~

< pHx(t) — X"

) (3.13)

Since 0 < p < 1,(3.13) in Theorem 3.1 implies that the sequence of estimates {z(t),t > 0}
converges to X * with a linear convergence rate p. From the definitions (3.10)-(3.11), we conclude

that the local estimates {z*(t),t > 0} of each agent i € {1,..., m} converges to the solution z*

of (3.1).

Remark 3.1. The explicit convergence rate of the projection-based algorithms in [51, 52] do
not directly relate to the singular values of the local input matrices {A*, i = 1,...,m} or
parameters of the graph G that are well-known. On the other hand, the explicit convergence rate
of Algorithm 3 directly relates to the eigenvalues of the set of matrices {(Ai)T Al i=1,...,m}
and eigenvalues of the graph Laplacian (ref. (3.12)). Thus, the convergence rate of Algorithm 3

is easier to perceive than the algorithms in [51, 52].

Next, we formally analyze the robustness of Algorithm 3 against computational process
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noise.

3.2.2 Robustness against computational process noise

The convergence result in Theorem 3.1 considers an ideal setting where the system is free
from noise. However, practical systems inevitably suffers from uncertainties or noise. The
computational process noise, as the name suggests, models the uncertainties or jitters in the
computation process due to hardware failures, quantization errors, or noisy communication links [28].
In the presence of computational process noise [27, 28], in each iteration ¢ of Algorithm 3, each
agent computes corrupted values for the current estimate z(t), described formally as follows.
Specifically, in each iteration ¢, and for each i € {1, ..., m}, instead of computing z*(t) accurately,

each agent ¢ computes a corrupted estimate

2y (t) = 2'(t) + ¢'(b), (3.14)

where ('(t) € R% The vector ((t) = [¢'(t)T,...,¢m(t)T] " is referred as additive computational
process noise. For each iteration ¢, we let E, [-] denote the expectation of a function of the

random vector ((t). We let E, [-] denote the total expectation of a function of the random vectors

{¢(0),....¢()}-

In the presence of above computational process noise, Algorithm 3 is modified as follows.

In each iteration ¢, each agent i € {1, ..., m} receives corrupted estimates x? () from its neighbors
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j € N Instead of (3.6), the updated estimate is

P4 1) =2 (1) — 0K (Ai)T (Aain) =) 40K 3 (o)~ 24() . B19)

jENT

Recall that 2 (t + 1), defined by (3.14), is the corrupted value of z°(¢ + 1).
To present our result, in Theorem 3.2 below, on the robustness of Algorithm 3 against the

above computational process noise, we make the following assumption.

Assumption 3.3. There exists w < oo such that forallt > 0 andi € {1,...,m},

Ee, [C"(t)‘u <w. (3.16)

For each iteration ¢ > 0, we let x,(¢) denote the corrupted md-dimensional vector obtained

by vertical concatenation of all the agents’ corrupted estimates at iteration ¢:
() = [xl(t)T, O (3.17)

Recall the definition of X™* in (3.11) and x,, in (3.12).

Theorem 3.2. Consider Algorithm 3 with parameters o > 0 and § < ﬁ

an in the presence of

computational process noise in (3.14), and modifications defined in (3.15). Suppose each agent
i € {1,...,m} initializes '(0) € R%. If Assumptions 3.1-3.3 hold, then there exists non-negative

real values p with ru=l < p < 1 such that, for each iterationt > 1 we have
Ky +1

E, [on(t) _ X

} < p'||x(0) — X*

t
+mw) p (3.18)
=0
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Additionally, lim;_, ., E; [Hmo(t) — X*H} < 1m_w
P
Remark 3.2. Since 0 < p < 1, Theorem 3.2 implies that Algorithm 3 under the influence of

additive computational process noise (3.14) converges linearly in expectation within a distance

of {”T‘; from the true solution x* of the linear equations defined in (3.1).

3.3 Comparison with decentralized gradient-descent

In this section, we present a discussion, theoretically comparing our proposed algorithm
with the decentralized gradient-descent (DGD) method [50].

Convergence rate: First, we compare the smallest worst-case or optimal convergence rate
of these two algorithms. From Theorem 3.1, the optimal convergence rate of Algorithm 3 is
given by % Thus, the optimal convergence rate is determined by the condition number bound
ko of the matrix M, as defined by (3.12). The smaller is the value of k), the faster is the
convergence, and vice-versa. Note that, the DGD algorithm, as discussed in Section 3.1.1, is a

special case of Algorithm 3 where the pre-conditioning matrix of each agent i € {1,...,m} is

the d-dimensional identity matrix, i.e., K = I. Thus, the optimal convergence rate of DGD is

i

AL+ Mmaxi—1,m, A

min {Au ming—i,..m OéX}

(3.19)

RKDGD =

For a comparison between «);, defined by (3.12), and xkpgp, defined by (3.19), we consider the

following case of problem (3.1). Suppose all the agents ¢ € {1,...,m} have the same number

N?| = N for some positive integer N. We denote, I = max;—1 X and
p g M -

of neighbors, 1.e.,
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o= milj—y \’. From the definitions (3.12) and (3.19) then we have

>\L ap
+
Ko = - “““i — (3.20)
min {a,u-iL-N’ a,u-i—N}
\; +an
kpap = — LT (3.21)
min {AL, aﬁ}

If we choose the parameter « in Algorithm 3 such that =~ + =L > such as small enough value

+N’

ap+N
ap+N

>‘L+ ap _
of a, then from (3.20) we have k), = S+ = <i_j) <
aﬁ+N =

) + 3_/6« + % Since Gershgorin

) (350) k2

I= =

circle theorem [76] implies that A < 2N, from above we have that x,; < ( P

>
[~
_|_
o
=
=
)
V
= |2

From (3.21), we have kpgp =

v
|

AL
5 T

= =

Since t > pand a > 0,

BHik ifa<

= |

ap+N
ap+N

we have ( > < 1. From the above two equations we conclude that, if the ratio £ >> 1,

==l

then x); < Kpep. Hence, when (3.1) is ill-conditioned, Algorithm 3 provably improves upon
the condition number x pgp, and therefore, the optimal convergence rate of DGD.

Robustness against computational process noise: Next, we compare the smallest worst-

case or optimal final estimation error lim;_, ., [, [”xo(t) — X* } of these two algorithms in the
presence of computational process noise, as defined in Section 3.2.2. From Theorem 3.2, the
optimal final estimation error is given by mw*M* for Algorithm 3, and similarly, m w*Pep*l
for the DGD method. From the earlier discussion in this section it follows that, when the

problem (3.1) is ill-conditioned, Algorithm 3 provably improves upon the optimal final estimation

error of the DGD method.
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3.4 Multiple-solutions case

In this section, we consider the case when the linear equations in (3.1) have multiple exact

solutions, defined as

X:={r"eRY: Alg* =v'Viec{l,... m}}. (3.22)

Below, we present convergence analysis of the proposed algorithm in this case. Assumption 3.1
is not required.

To present our key result in this section, we define the matrix

1 1
J Ap—
[N N

M* = Diag( N(LeI). (3.23)

Then, the ratio between the largest and the smallest non-zero eigenvalue of M is

AL maXi=1,..m ‘NZ‘
KN = - —
N Apming—q, o [N
The main result on the convergence of Algorithm 3, when the set X, in (3.22) is not a

singleton, is presented below in the form of Theorem 3.3.

Theorem 3.3. Consider Algorithm 3 with parameters o > 0 and 0 < W Suppose each

agent i € {1,...,m} initializes '(0) € R® If Assumption 3.2 holds, then there exists non-

max{rpr,mn }—1

e P < p < 1 such that, each x'(t) converges to the same

negative real values p with

solution in X, at a linear convergence rate p.
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3.5 Directed-graph case

In this section, we consider the communication graph G to be directed. We make the

following assumption.
Assumption 3.4. The graph G is strongly connected.

Since the graph is directed, we make two modifications to Algorithm 3 as follows. Instead

of (3.5), each agent i € {1,...,m} computes its local pre-conditioning matrix

- 1
K= (a (47) 4+ ‘Njn I> , (3.24)

where the V}, represents the set of neighbors from which agent i receives information. Accordingly,

each agent i € {1,..., m} updates its current estimate to

Pt +1) =2'(t) — adK’ (Ai)T (Ai 2i(t) — bi) +6KT Y (xj(t) —xi(t)>. (3.25)

JEN?

mn

Also, instead of (3.7), we define ¢;; = 1if (j,4) € £ and zero otherwise. We have the following

result on the convergence of Algorithm 3 in the case of directed graph.

Theorem 3.4. Consider Algorithm 3, with the modifications defined in (3.24)-(3.25) and the
parameter o > 0. Suppose each agenti € {1,... ,m} initializes v°(0) € RY. If Assumption 3.1
and Assumption 3.4 hold and the step-size 6 > 0 is small enough, then each z*(t) converges to

the unique solution x* of (3.1) at a linear rate.

69



3.6 Application: decentralized state estimation

In this section, we formulate the decentralized state estimation problem for linear time-
invariant (LTI) systems [77] in the framework of problem (3.1). Consider an LTI system having

the discrete-time dynamics

2t +1) = Az(t), t € {0, 1,...}, (3.26)

where z(t) € R?is the system-state at time-instant ¢ and the state matrix of the LTI system (3.26),
denoted by A, is a (d x d)-dimensional real matrix. Each agenti € {1,...,m} in the system

observes d scalar local outputs, defined by

7(t)=C%(@t),te{0,1,...,d—1}. (3.27)

Here, C' is a d-dimensional real row vector. The agents’ task is to estimate the state z(t), without
sharing their local outputs 7*(¢). Since an agent cannot access the collective output vectors
{y'(t),....,y™(t), t = 0,...,d — 1}, they collaborate with their neighbors to estimate z(t).
The aforementioned problem is referred as decentralized state estimation [77].

We define the following notation.

* Define the (d x d)-dimensional local observability matrix of each agent i € {1,...,m} as

Ot = (CHT (CAT ... (CTAHT] . (3.28)
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* Define the (m x d)-dimensional global output matrix

T
C = (CcHT ... (C™7T (3.29)
* Define (md x d)-dimensional global observability matrix
T
O=|cT (CAT ... (CAYH)T (3.30)
e For each agenti € {1,...,m}, we let y* denote the d-dimensional column vector obtained
upon stacking the local outputs {7'(t) € R, t =0,...,d — 1} as
T
y' = [yi(o) L T(d— 1)] : (3.31)

» We let Y denote the md-dimensional column vector obtained upon stacking the local

outputs of all the agents:

74 0)...y™0)...y"(d—1)...y™(d — 1)] : (3.32)

Assumption 3.5. The global system (A, C') is jointly observable, i.e., the global observability

matrix O is full-rank.

First, we estimate the initial state z(0) of the system (3.26)-(3.27) as follows. Upon
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substituting from (3.29) in (3.30) we have

0= (cl)T...<cm)T...(clAdl)T...(cmAdl)T] : (3.33)

Upon substituting from (3.27) and (3.26) in (3.32) we obtain that

v =

(0). (3.34)

(CHT .. (C™T .. (CT AT .. (CmAdl)T] z(0)

We define the following vector Y, which is a rearrangement of the rows in Y (ref. (3.32)) so that

the measurements of each agenti € {1,...,m} are stacked together as follows:

7'0) ...y d—1)...7™(0)...7™(d — 1)] : (3.35)

Similarly, we define the following matrix O as a rearrangement of the rows in the global observability

matrix O (ref (3.33)):

0= (ol)T...(olAd1)T...(0m)T...(cmAd1)T] : (3.36)

Upon substituting from (3.28) in (3.36) we have

0O = (Ol)T (Om)T (3.37)
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Upon substituting from (3.27) and (3.26) in (3.35) we obtain that

Y=1onHr.. (' AT (o™ (cmAHT | 2(0) C29 0-(0). (3.38)

From (3.35) and (3.36), it follows that Y = Oz(0) in (3.34) is a rearrangement of the equations
Y = 0z(0) in (3.38). So, (3.34) and (3.38) are equivalent. Upon substituting from (3.31)

T
in (3.35),Y = (yHT .. (ym)T] . From (3.37) and above, (3.38) is equivalent to

y'=02(0),i=1,...,m. (3.39)

Under Assumption 3.5, the matrix O is full-rank. Since O is a rearrangement of the rows in O,
O is full-rank. From (3.37), then it follows that the problem (3.39) has a unique solution z(0)
which is the true initial state of (3.26)-(3.27).

Upon iterating (3.26) from ¢ to 0,

z(t) = A'2(0). (3.40)

Thus, each agent estimates z(¢) at any instant ¢ > 0 from the decentralized solution of the
equations (3.39) and using (3.40).

Comparison with related work: The hybrid observer proposed in [78] partially uses a
decentralized solution to linear algebraic equations. However, a major advantage of our aforementioned
approach is its scalability. Since the per-iteration computational complexity is comparable to our

algorithm and the required minimum number of iterations in each estimation loop is O(m?), the
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total minimum computational cost of the hybrid observer in [78] increases quadratically with
the number of agents. The per-iteration computational cost of the continuous-time decentralized
observer in [79] is O(n;d? + (Z;Zl d;)?) for agent i, where {d;, i = 1,...,m} is any partition
of the dimension of the state vector such that 27:1 d; = d. Thus, the computational cost of
our algorithm is less than the observer in [79]. Additionally, the explicit linear convergence
of the observer in [79] is known only after a finite time. Moreover, unlike the aforementioned

observers in [78]- [79], we have rigorously analyzed the robustness of our method in the presence

of computational process noise and characterized the worst-case estimation error.

3.7 Proposed algorithm in presence of communication delay

In this section, we propose a distributed optimization algorithm for solving (3.1) that is
robust to communication delays. The proposed algorithm is a modification of proportional-
integral (PI) consensus-based gradient descent method [72], wherein we (a) remove the integral
terms from the algorithm and (b) introduce pre-conditioning at every node. It is evident from the
analysis of the proposed method, that integral terms are not required for linear problems. The
pre-conditioning matrices have been introduced in the algorithm to take care of ill-conditioning
of (3.1). Even in the synchronous setting without any communication delay, ill-conditioning
of (3.1) slows down convergence or, even worse, can make the agents converge to an undesired
solution. Proper choice of conditioning matrices can tolerate ill-conditioning.

For each agent i € [m], we denote the local gradients as

¢'(z") = (AHT(A'z" — 1), (3.41)

74



Table 3.1: Required notations for solving decentralized linear equations subject to
communication delay.

’ Symbol \ Meaning ‘

N* neighbor set of node ¢

T first derivative of x w.r.t time ¢

|S] cardinality of a set S

A=0 matrix A is positive definite

1 identity matrix of order n

L set of bounded functions

S set of symmetric positive semi-definite matrices of order d
sS4 set of symmetric positive definite matrices of order d

[m] {1,...,m}

Define local preconditioner matrix K which is the solution of the Lyapunov equation [80]

~N'K' — K'N* = —2kI, (3.42)

with & > 0 and N* = (A)TA" + |N?|I. Since N* = 0 and k£ > 0, (3.42) has a unique
symmetrical solution that is specified later in the convergence analysis of the algorithm. Using

the above definitions, we describe Algorithm 4 below.

Algorithm 4
1: fort > 0do
2: for each agent i € [m] do
3 receive 7 (t — 77%),Vj € N
4: update estimate
() = K'n(nl + K)7' Y (@ (t = 77) = a'(t) = ¢'(«'())]. (3.43)
jENT
5: transmit updated estimate to all j € N*
6: end for
7: end for

In step 3 of Algorithm 4, each z7(t — 77%) can be set to any value for t < 77°.
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3.7.1 Convergence guarantee
Lemma 3.2. For every i € [m], K = (K" +nl)" (K" —nl) is Schur for any n > 0.

In order to establish convergence of Algorithm 4, we develop a framework based on [72]
and pre-conditioning. The analysis of our algorithm then easily follows from this framework.
Note that, the following framework is solely for analysis purposes.

Define consensus terms for each agent:
vt = Z v 0 = K (ry; — o). (3.44)
JEN?

In this framework, r;; is an external input to agent ¢ from its neighbor j € N". In order to evaluate

these 7;;’s, we define the following transformations [72]:

Sp; = —(—U” + 777“1']'), Eij = —<UU —+ 777"1']‘), (345)

Sii
T2 V27

Sji = =" +nrji), Sji =

N (=" +nry), (3.46)

1
V21
where > 0. Information about agent j’s estimate is contained in v’/* which is sent to neighbor

agent i € N7 in the form of §j;. Considering the delay model defined in Section 3.1.3, these

communication variables are related as
Upon receiving 5;;, which is the variable §;; sent by agent j but delayed in time by 77%, agent i
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then recovers 7;; from it using (3.45). Hence, r;; contains information about delayed estimates
of its neighbor j. These transformations are commonly known as scattering transformation [72].
We assume, §;;(t) = §j;(t) =0Vt < 0.

Using the above definitions, we propose the following lemma which will be useful in

proving convergence of Algorithm 4.

Lemma 3.3. Consider the following dynamics for each agent i € [m)|:

it =" — K'¢'(z"), (3.48)

the transformation (3.45)-(3.46) and delays (3.47) for j € N*, Vi. If Assumptions 3.1-3.2 hold,
then ' — x* Vi € [m] as t — oo.

The following theorem shows global convergence of Algorithm 4.

Theorem 3.5. Consider Algorithm 4. If Assumptions 3.1-3.2 hold, then ' — x* Vi € [m] as

t — oo.

3.8 Experimental results

First, we present experimental results for solving the decentralized state estimation problem

described in Section 3.6. We consider an LTI system with m = 5 agents, as described in (3.26)-
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(3.27), given by

3 01 0 0 0
01 1 —01 0 0
A=10 01 -3 01 0 Cl=010—10702=00100],
0 0 01 1 -01
0 0 0 01 -3
03—00010,C4=01000,C5=00—101]-

T
The graph G is considered to be a ring. The true initial state is z(0) = [1 11 1 1] .
We denote the combined true initial state of the LTI system by Zy = [2(0)7,...,2(0)7] ", For
this system, Assumption 3.5 is satisfied. The agents estimate z(0) by solving (3.39) using a
decentralized algorithm. To solve (3.39), we apply Algorithm 3 and compare the experimental
results with the prominent decentralized algorithms in [50-53,55,58,60,61].

We simulate each algorithm in the presence of computational process noise defined by (3.14).
This noise is generated by rounding off each entry of all the iterated variables in the respective
algorithms to three decimal places. For an unbiased comparison, the parameters of the respective
algorithms are selected such that each algorithm converges in a fewer number of iterations.

Specifically, these parameters are selected as follows. Algorithm 3: The optimal convergence

2

rate of Algorithm 3 is obtained when the step-size 6 = WO VoNSw——e VY

[21]. The parameter

« is chosen from the set {10” : p = —4,—3,...,4}. DGD: The optimal convergence rate of

2

SO v an: Where K © = I for each agent

the DGD algorithm is similarly given by § =
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i € {1,...,m}. The other parameter « is chosen from the set {107 : p = —4,—-3,...,4}.
Algorithm in [53]: The parameter c is chosen from the set {0.1,1,3,5,10,100}. Algorithm
in [52]: The step-size ~; is chosen from the set {0.25,0.5,0.75,0.9} for each agent i. Algorithm
in [55]: The parameter ~; is chosen from the set {0.25,0.5,0.75,0.99} for each agent i. Algorithm
in [58]: The parameter k(t) = HLI + J, where 0 is chosen from the set {0,0.001,0.01,0.1}.
DIGing: The step-size « is chosen from the set {0.01,0.02...,0.09} for each agent. DADAM:
The parameters 31, 32, B3 are set to their default values 0.9, 0.999, 0.9, respectively. The step-size
oy is chosen from the set {c x 107 : ¢ = 1, \/Li’ %,p = 0, —1,—2}. The best parameter choice
for each of the aforementioned algorithms is tabulated in Table 3.2. The algorithm in [58] is
initialized as per instructions. All the other algorithms are initialized with *(0) = 04 for each
agenti € {1,...,m}.

First, we compare the number of iterations needed

5
by these algorithms to reach a relative estimation 4f
> I—Algorithm 3~ Algo. in [56]]
|| (-7 || §3 DGD —Algo. in [59]
z(t)—2%o . . =51 Algo. in [52] —DIGing
error defined as ¢, = HW———1  Each iterative  X? | Algo. in [54] —DADAM
Hm(O)—ZoH 1 —Algo. in [53]
0
0 200 400 600 800 1000

algorithm is simulated (ref. Fig. 3.1) until its relative 0 o,

estimation error does not exceed €, over a period of Rjoure 3.1: Error in estimating the

true initial state z(0) in presence
10 consecutive iterations. We observe that the proposed of computational process noise, for

different algorithms.
Algorithm 3 requires the least number of iterations
among all algorithms. Next, we compare the final estimation error lim; ., Hx(t) — 7y H of these
algorithms in Table 3.2. We observe that the final estimation error of Algorithm 3 is either
favourable or comparable to the other algorithms.
Next, we compare the aforementioned state predictor with the decentralized Kalman-consensus

filter proposed in [73].
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3.8.1 Comparison with decentralized Kalman filter

We consider the LTI system described above in this section but in the presence of process
noise and measurement noise. Specifically, at each sampling instant of the state dynamics (3.26),
we add Gaussian zero-mean process noise of standard deviation 10~3. We add Gaussian zero-
mean measurement noise of standard deviation 10~ to each local output in (3.27).

We simulate the decentralized Kalman-consensus

. Algorithm 1
. . gorithm
filter (DKF) [73] with parameters € = 0.1, process noise _4 EDKF l
N° '
covariance Q = 1073, measurement noise variance 2
0
. .. ) 0
R = 1073, and initial estimation error covariance 0 700 200 300 400 500

iteration t

Fo = 51. We simulate Algorithm 3 with the parameters Fjgyre 3.2: Error in estimating the

system states z(f) in presence of
listed in Table 3.2. For both algorithms, each entry process noise and measurement noise,

for Algorithm 3 and DKF.
of each agent’s initial estimate is randomly selected
from Gaussian distribution of zero mean and 0.1 standard deviation. We let Z(t) =
[2(0)T, ..., 2(t)] " denote the combined true states.

From Figure 3.2, DKF converges in fewer iterations than Algorithm 3. However, in DKF,
each agent computes inverses of two (d x d)-dimensional matrices at each iteration. So, the
per-iteration computational complexity of each agent in the DKF algorithm is O(d?), compared
to O(n;d) of Algorithm 3. Besides, the communication complexity of DKF per-agent is O(d?),
compared to O(d) of Algorithm 3. Next, we compare the final estimation error limy_, ||z (t) — Zi||
of both algorithms. Each algorithm is simulated until the changes in its subsequent estimates are

less than 0.005 over 10 consecutive iterations. We note the final estimation error of Algorithm 3

and DKF respectively are 0.03 and 0.009. The better estimation error of the DKF can be attributed
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to it being a filtering technique, i.e., the estimate is based on the current outputs. In contrast, our
proposed estimation technique involving Algorithm 3 is a predictor, i.e., its estimates are based

only on the outputs from sampling instant 0 to d — 1.

Table 3.2: Comparisons between the performance of different algorithms on decentralized state
prediction experiments.

Algorithm| Algo.3 | DGD | Algo. | Algo. | Algo. | Algo. | Algo. | DIGing | DADAM
in[51]] in[53]| in[52]] in[55]] in [58]| [60] [61]
Para- a,d) a,0) | N/A | c= Yi= |v= |0= a= (B1, B2, Ps
meters = = 102 0.5 099 |0 0.00005| ;) = (0.9,
(103, (0.001,
1.07) | 0.12) 0.999,0.9, %4
Iterations || 67 > 105 | 133 | > 113 | 181 >10% | > 103
(€11 = 103 103
0.01)
Final 0.01 3.89 10.03 |0.02 |0.11 |0.04 |0.005 | 0 4.42
error

3.8.2 In presence of delay

Consider the following numerical example. The matrix A is a real symmetric positive
definite matrix from the benchmark dataset' “bcsstm19” which is part of a suspension bridge
problem. The dimension of A is (817 x 817) and its condition number is 2 x 10°. The rows of A
and the corresponding rows of b are distributed among m = 5 agents, so that four of them know
163 such rows and the remaining 165 rows are known by the fifth agent. The network is of ring

T
topology and 7% = 5. We set b = Az* where z* = [1 1 ... 1] is the unique solution.
We implement Algorithm 4 on this numerical example. The differential equations governing

2%’s are solved numerically with small stepsizes h = 1073. Each agent converge to the desired

Thttps://sparse.tamu.edu
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Figure 3.3: ||:1:Z(t) — 2*|| under (a) Algorithm 4 and projection-based algorithm [51], (b)
Algorithm 4, (c) PI consensus algorithm [72]. (a) z(0) = [0,...,0]” Vi in each of the cases.
(b) n = 300, k = 990, z*(0) are randomly initialized within [—20, 20]. (c) 2*(0) = [3, ..., 3] Vi.
solution x* irrespective of their initial choice of estimate (ref. Fig. 3.3) and convergence rate can
be changed by tuning the algorithm parameters (ref. Fig. 3.3a). We compare this result with that
of two other algorithms in [72] and [51]. The algorithm in [72] has slower convergence rate (ref.

Fig. 3.3c) due of ill-conditioning, and the projection-based algorithm in [51] is comparable with

the proposed Algorithm 4 (ref. Fig. 3.3a).

3.9 Summary

We have proposed a locally pre-conditioned decentralized gradient-descent algorithm for
solving systems of linear algebraic equations over peer-to-peer networks. First, we have assumed
the communication graph is synchronous. We have presented explicit linear convergence rate
of the proposed algorithm and characterized its robustness against process noise. The theoretical
analyses have been supported through experiments by applying the proposed algorithm to develop
a linear state predictor. Our results show that the proposed algorithm requires fewer iterations to
reach a satisfactory neighborhood of the true solution than the existing decentralized methods
except for the decentralized Kalman filter. However, the decentralized Kalman filter has a larger

computational and communication cost. Future works include extending the proposed pre-conditioning
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scheme to time-varying networks and when the equations have no exact solution.

Additionally, we have proposed a continuous time algorithm for solving the systems of
linear algebraic equations when there are delays in the communication links between the agents.
In this case also, our algorithm utilizes local pre-conditioners in conjunction with the classical
decentralized gradient method. Global convergence and consensus of the proposed algorithm
have been proved, assuming undirected network and constant delay. To illustrate the effectiveness
of the proposed algorithm, we have applied it to solving a numerical example. The results show
that the rate of convergence can be controlled by tuning the algorithm parameters, although
convergence rate has not been analyzed. From simulations, we have seen that the proposed

algorithm’s convergence speed is either favorable or comparable to existing prominent methods.
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Chapter 4: Distributed Convex Optimization in Server-Agent Network

4.1 Introduction

In this chapter, we consider solving multi-agent distributed convex optimization problems.
Precisely, we consider m agents in the system, as shown in Fig. 2.1. The agents can only interact
with a common server and the overall system is assumed to be synchronous. Each agent i €
{1,...,m} has a set of n’ number of local data points and a local cost function f' : R? — R
associated with its local data points. The aim of the agents is to compute a minimum point of
the aggregate cost function f : RY — R, taking values f(z) = Y.7" fi(z) for each z € R,
across all the agents in the system. Formally, the goal of the agents is to distributively compute a

common parameter vector 2* € R? such that
z* € X* = argmin Z fi(x). 4.1)

Since each agent only partially knows the collective data points, they collaborate with the server
for solving the distributed problem (4.1). However, the agents cannot share their local data points
to the server. An algorithm that enables the agents to jointly solve the above problem in the
aforementioned settings is defined as a distributed algorithm.

In principle, the optimization problem (4.1) can be solved using the distributed gradient-
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descent (GD) algorithm [2]. Built upon the prototypical gradient-descent method, several adaptive
gradient algorithms have been proposed, which distributively solve (4.1) [22-24, 33-35, 38].
Amongst them, some notable distributed algorithms are Nesterov’s accelerated gradient-descent
(NAG) [23], heavy-ball method (HBM) [24], and Adabelief [81]. All these methods are iterative
in nature, wherein the server maintains an estimate of a solution defined in (4.1) and iteratively
refines it using the sum of local gradients computed by the agents. The per-iteration computational
cost of these algorithms at each agent is O(n'd). The above momentum-based methods improve
upon the convergence rate of GD. In particular, the recent Adabelief method has been demonstrated
to compare favorably for machine learning problems [81]. If the aggregate cost function f is
convex, these algorithms converge at a sublinear rate [82, 83]. For the special case of strongly
convex cost f, the aforementioned methods converge linearly [21, 82, 83].

Newton’s method [22] explores second-order information of f. Specifically, when f is
strongly convex, Newton’s method pre-multiplies the aggregate gradient with the inverse Hessian
matrix of f at every iteration, resulting in local guadratic convergence rate [22]. Despite of
faster convergence rate, there are several issues in Newton’s method. (i) For empirical risk
minimization, the per-iteration computational cost of Newton’s is O(n‘d?) at each agent ¢ and
O(d?) at the server. (ii) Secondly, convergence of Newton’s method is guaranteed only if f is
strongly convex and the convergence is local. (iii) Additionally, it involves computing a matrix
inverse at every iteration, which is highly unstable against process noise, such as hardware
failures and quantization errors. Here, we propose a novel algorithm, addressing the lack of
robustness against noise of Newton’s method.

There is a vast literature of Newton-like methods which address the aforementioned first

and second issues [22, 84, 85]. For least-squares problems, the Gauss-Newton (GN) and the
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damped Levenberg—Marquardt (LM) methods have been proposed, which discard the second
order terms in Hessian. The GN method converges locally to a minima at quadratic rate if the
residual at the minimum point is zero, i.e., f(z*) = 0, and the Jacobian matrix is invertible [22].
The damped LM methods converges globally to a minima at a local quadratic rate if f(z*) = 0
and the Jacobian is bounded [22]. However, f(z*) = 0 is not the general case. Moreover,
the per-iteration cost of damped LM method is the same as Newton during the initial guess
of damping parameter, and O(n'd) at each agent and O(d?) at the server during the updated
damping parameter phase [84]. Cost-efficient variants of the classical LM method have been
proposed in [84,85], but without convergence guarantee. The Armijo-Newton method is globally
convergent with a local quadratic rate, if the cost is strongly convex [86]. Although, our proposed
algorithm is guaranteed to converge locally, f(z*) need not be zero.

Unlike the aforementioned variations of Newton’s method, the quasi-Newton methods
approximate the full Hessian matrix [22]. The most popular quasi-Newton method is the BFGS
algorithm. The per-iteration computational cost of the BFGS method is O(n’d) at each agent
7 and (’)(dQ) at the server. If the Hessian at a minimum point z, is positive definite, then the
BFGS method locally converges to z* at a superlinear rate [22]. The Armijo-BFGS method
is globally convergent at a superlinear rate if the cost is strongly convex [22]. Another class
of algorithms are the nonlinear conjugate gradient (CG) methods [87, 88]. Their per-iteration
computational cost is same as GD or BFGS, depending on the particular update parameter. The
Polyak-Ribiere CG method with periodic resetting converges globally with d-step quadratic rate
if f is strongly convex [86]. If f is convex and the Hessian at a minimum point is positive definite,
then the above convergence result holds locally. However, these algorithms also suffer from poor

robustness against noise.
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The aforementioned works on the formal convergence of Newton-like methods only consider
a Utopian setting wherein the system is free from noise. The algorithms in [89-95] consider a
mini-batch of data points at every iteration. However, process noise is generic and not limited to
any particular source. Specifically, process noise models the uncertainties in the computation due
to hardware failures, quantization errors, adversarial perturbations, or finite difference approximations [28,
96]. While the literature of quasi-Newton methods is vast, only a few of them have addressed
robustness against process noise [97-101]. Sufficient conditions for local quadratic convergence
of Newton’s method executed on finite precision machines and local linear convergence of a class
of quasi-Newton method satisfying a certain deterioration condition have been presented in [97]
and [98]. The analysis of BFGS in [99] assumes progressively diminishing noise. [100] and the
most recent work [101] have proposed noise-tolerant variations of the BFGS method, assuming
that an estimate of the noise is known. In comparison, our proposed algorithm is the same in
deterministic and in noisy settings. Our algorithm does not require any noise estimate.

We propose an adaptive gradient algorithm for improving the convergence rate of the
distributed gradient-descent method when solving the convex optimization problem (4.1). The
key concept in our proposed method is iterative pre-conditioning. The idea of iterative pre-
conditioning has been proposed in Chapter 2, wherein the server updates the estimate using the
sum of the agents’ gradient multiplied with a suitable iterative pre-conditioning matrix. However,
Chapter 2 considers only quadratic cost functions. Note that the iterative pre-conditioning in
Chapter 2 does not trivially extend to general cost functions due to non-linearity in the gradients.
The proposed algorithm in this chapter rigorously extends that idea of iterative pre-conditioning
to general convex optimization problems (4.1). Using real-world datasets, we empirically show
that the proposed algorithm converges in fewer iterations compared to the aforementioned methods
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Table 4.1: Comparison between convergence rate and per-iteration computational complexity of
different algorithms, for solving distributed convex optimization problems. ¢ is the number of
iterations.

| Algorithm || Strongly Convex | Convex | Per-iteration complexity |
| | global | local | global | local | agent i \ server |
IPG X superlinear | X linear O(n'd*+d?)
(Proposed)
| NAG,HBM || linear | linear | O(%) | O(%) | O(n'd) ‘ o(d |
Armijo- unknown | quadratic | X X O(n'd?)
Newton
| Damped LM || unknown | quadratic® | unknown | quadratic’ | O(n'd?) | O(d?) |
| Armijo-BFGS || unknown | superlinear | X | X | O(n'd) | O(d?) |
CG unknown | d-step X d-step same as GD or BFGS
quadratic quadratic

¢ X indicates “need not converge”
bif squared cost, f(x*) = 0, Jacobian uniformly bounded, and Jacobian non-singular at z*

for solving the distributed convex optimization problem (4.1). Besides empirical results, we also
present a formal analysis of the proposed algorithm’s convergence.

Several research works have used quadratic models for approximating the loss functions of
neural networks [102-106]. Quadratic model-based analyses of neural networks have produced
vital insights, including learning rate scheduling [103], and the Bayesian viewpoint of SGD
with fixed stepsize [107]. The noisy quadratic model (NQM) with carefully chosen model
parameters is a proxy for neural network training. The NQM parameters proposed in [108]
make predictions that are aligned with deep neural networks in realistic experimental settings.
The results in [108] are supported by further evidence from [109], which rigorously show that
quadratic loss function model governs infinite width neural network of arbitrary depth. The
theoretical NQM in [105] correctly captures the short-horizon bias of learning rates in neural

network training. Thus, although the general optimization model of neural networks is non-
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convex, noisy convex quadratic models such as [108] trim away inessentials features while
capturing the key aspects of real neural network training, including generalization performance [106]
and the effects of pre-conditioning on gradients. This motivates us to implement our proposed
iterative pre-conditioning scheme on the noisy quadratic model [108] of neural networks and
empirically validating it for solving general non-convex optimization problems, including neural

network training.

4.1.1 Summary of our contributions
Our key contributions can be summarized as follows.

* We formally show that our algorithm converges locally at linear rate for a general class
of convex cost functions when the Hessian is non-singular at a solution of (4.1). In the
special case when the solution of (4.1) is unique, the convergence of our algorithm is locally

superlinear. Formal details are presented in Theorem 4.1 and Theorem 4.2 in Section 4.2.2.

* We rigorously show that the local convergence rate of our algorithm compares favorably
to prominent distributed algorithms, namely the GD, NAG, HBM, and AdaBelief methods.
So, compared to the first order methods for general convex problems, the total number of
computations required to reach an optimality gap of € is eventually smaller for the proposed
algorithm, i.e., for small-enough € > 0. This improvement is further accentuated when the

dimension d is small.

- When the solution (4.1) is unique, our algorithm converges locally at superlinear
rate. The convergence of GD, NAG, HBM, and AdaBelief, on the other hand, is only
linear [21,82,83].
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- Moreover, in the general case, our algorithm converges locally at linear rate. On the
other hand, the convergence of GD, NAG, HBM, and AdaBelief is sublinear [21, 82,

83].

* Though numerical experiments on real-world data analysis problems, we demonstrate the

improved computation time and robustness of our algorithm.

- The noisy quadratic model in [108] has been claimed to emulate neural network
training. Our empirical study shows that the proposed algorithm converges faster than
the aforementioned distributed methods on this model, thereby demonstrating the
proposed algorithm’s efficiency for distributed solution of non-convex optimization

problems. Please refer to Section 4.3.1 for further details.

- Our empirical results for distributed binary logistic regression problem on the “MNIST”
datasets validate the proposed algorithm’s superior convergence rate and comparable
test accuracy, under the influence of process noise. Please refer to Section 4.3.2 for

further details.

4.2 Proposed algorithm: Iteratively Pre-conditioned Gradient-descent (IPG)

In this section, we present our algorithm. Our algorithm is an extension of the IPG algorithm
proposed in Chapter 2 for linear regression problems, as described below. The algorithm is
iterative when in each iteration ¢t € {0, 1,...}, the server maintains an estimate x(t) of a
minimum point (4.1), and a pre-conditioner matrix K (t) € R, Both the estimate and the

pre-conditioner matrix are updated using steps presented below.
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Initialization: Before starting the iterative process, the server chooses an initial estimate
7(0) and a pre-conditioner matrix K (0) from R? and R%*?, respectively. Further, the server
chooses a sequence of non-negative scalar parameters {«(¢),¢ > 0} and two non-negative scalar
real-valued parameters §, (5. The server broadcasts parameter [ to all the agents. The specific

values of these parameters are presented later in Section 4.2.2.

4.2.1 Steps in each iteration ¢

In each iteration ¢, the algorithm comprises four steps that are executed collaboratively by

the server and the agents.

* Step I: The server sends the estimate x(t) and the matrix K (t) to eachagent: € {1,...,m}.

o Step 2: Bach agenti € {1,...,m} computes the gradient g’(¢) of its local cost function,

defined as
g'(t) = Vfi(a(t)). (4.2)

Let I denote the (d x d)-dimensional identity matrix. Let e; and k;(¢) denote the j-th

g e ooy

columns of matrices [ and K (t), respectively, so that K (t) = [kl (t) L d(t)] .

In the same step, each agent © computes a set of vectors {R; t)y: 5=1,..., d} such that

for each j,
Ri(t) = (v? Fila(t) + (%) 1) (1) — (%) ‘. 3)
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* Step 3: Bach agent 7 sends gradient g'(¢) and the set of vectors {Ré»(t), j=1..., d} to

the server.

* Step 4: The server updates the estimate z(¢) to (¢t + 1) such that

m

p(t+ 1) = z(t) — 6K (1) Y _g'(t). (4.4)

i=1

The server updates the pre-conditioner matrix K (¢) to K (¢ + 1) such that
ki(t+1) = ki(t) —a(t) Y Ri(t), j=1,..d (4.5)
i=1
Next, we formally analyze convergence of the proposed IPG algorithm.

4.2.2 Convergence guarantees

We make the following assumptions for our theoretical results. Recall that f denotes the

aggregate cost function, i.e., f = >_", f*, and z* denotes a minimum point of f, defined in (4.1).

Assumption 4.1. Assume that the minimum of function f exists and is finite, i.e., |min,cpa f(x) } <

Q.

Assumption 4.2. Assume that each local cost function f' is convex and twice continuously
differentiable over a convex domain D C R? containing the set of minimum points X*, defined

in (4.1).

Assumption 4.3. Assume that the gradient V f is Lipschitz continuous over the domain D with
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respect to the 2-norm with Lipschitz constant . Specifically, for any x,y € D,

|V f(x) = V)| < llz—yl. (4.6)

Assumption 4.4. Assume that the Hessian NV f is Lipschitz continuous over the domain D with

respect to the 2-norm with Lipschitz constant y. Specifically, for any x,y € D,

[V2f(2) = V2 ()| <Alla -yl

Assumption 4.5. Assume that the Hessian V? f is non-singular at any minimum point x* € X*.
Notation: To formally state our convergence result we introduce some notation below.

e For 8 > 0, we define

1

K* = (V2 f(z") + BI) "

Under Assumption 4.2; the function f is convex, thus (V2f(z*) + BI) is positive definite

when § > 0, and hence K* is well-defined.
* We let 1) denote the induced 2-norm of K*, i.e., n = || K™*||.

e For each iteration ¢t > 0, we define
p(t) =||7 = ) (V2 (a(t) + 81)].

o We let Aoz [-] and A, [-], respectively denote the largest and smallest eigenvalue of a

matrix.
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Lemma 4.1 below states a preliminary result about the convergence of the sequence of pre-
conditioner matrices { K'(t),t > 0} to K*. This lemma is important for our key results presented

afterward.

Lemma 4.1. Consider the IPG algorithm with parameters 3 > 0 and a(t) subject to

1
Amaz [V2f(z(2)] + B

0<at) < vt > 0. 4.7)

Then, under Assumptions 4.1 and 4.2, p(t) € [0, 1) for all t > 0.

Note that under the conditions assumed in Lemma 4.1,

p = sup p(t) exists, and is less than 1.
>0

We now present below in Theorem 4.1 a key convergence result of our proposed IPG method.

Recall that z* denotes a minimum point of f, defined in (4.1).

Theorem 4.1. Suppose that Assumptions 4.1-4.5 hold true. Consider the IPG algorithm with
parameters 3 > 0, § = 1 and a(t) satisfying (4.7) for all t > 0. Let the parameter [3, the initial

estimate x©(0) € D and pre-conditioner matrix K(0) be chosen such that

+np < i 4.8)

ny *
7“1‘(0)—3& <%

+1||K(0) - K*

where |1 € (1, %) andn =||K*|. If fort > 0,

. 1 pt (1 = pp)
alt) < min { Soer (V)] - B 21— (ap)') } / @9

94



then we obtain that, for all t > 0,

et +1) — 2| < in(t)—x*H. (4.10)

Since 1 > 1, Theorem 4.1 implies that the sequence of estimates {z(t),t > 0} locally
converges to a solution z* € X™* with a linear convergence rate i To obtain a simpler condition
on «(t), compared to (4.9), we can use a more conservative upper bound. Specifically, let A be
an upper bound of A, [V2f(z(t))] that holds true for each iteration ¢. From condition (4.8) in

Theorem 4.1, we have 0 < pp < 1 and p > 1. Thus,

(1 = pp) pt(1 = pp)
20(1 = (up)) 2l

Ultimately, from above we infer that if

1 p'(1 = pp)
+ 0’ 21

a(t) < min {A

then condition (4.9) is implied, and Theorem 4.1 holds true. Since p > 1, there exists 1" < oo

such that for all ¢ > T' the above condition is equivalent to the simpler condition

The case of strong convexity: We further show that our algorithm attains superlinear
convergence when the aggregate cost function f is strongly convex (however, the local costs may

only be convex), as stated in the assumption below.
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Assumption 4.6. Assume that the aggregate cost function f is strongly convex over the domain

D.

In this case, the Hessian V2 f is positive definite over the entire domain D. Thus, solution
to problem (4.1) is unique, which we denote by x*. Under Assumption 4.6, we show that IPG

method with parameter 5 = 0 converges superlinearly.

Theorem 4.2. Consider the IPG algorithm presented in Section 4.2.1, with parameters § = 0,
d = 1, and «(t) for each iteration t > 0. If Assumptions 4.1-4.4, Assumption 4.6, and the
conditions (4.8)-(4.9) are satisfied, then the following statement holds true:

i |t +1) — 2

oo Hx(t) — x*

=0. (4.11)

The case of non-convexity: Finally, we consider a general class of non-convex cost functions

when the Hessian is non-singular at a solution of (4.1) and make the following assumption.

Assumption 4.7. Assume that the smallest eigenvalue of the Hessian V* f is uniformly bounded

below over domain D, i.e., \in [sz(x)} > 7 for any x € D. Moreover, Apn [sz(x*)} > 0.

Assumption 4.7 implies that, for 8 > ‘ gl

, (VQf(x) + ﬁ]) is positive definite for = € D.
AlS0, A [V2f(2*)] > 0 in Assumption 4.7 implies that 7 < 1. So, under Assumption 4.7,

with the algorithm parameter 5 > ‘ 7/|» the result in Theorem 4.1 still holds for a class of non-

convex aggregate cost.
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for different algorithms on the noisy quadratic model.

4.3 Experimental results

This section presents our results on two experiments, validating the convergence of our
proposed algorithm on real-world problems and its comparison with related methods, namely
the distributed versions of GD [2], NAG [23], HBM [24], Adabelief [34], Armijo-Newton [86],
damped LM [22], Armijo-BFGS [22], Polyak-Ribiere CG (PR CG) [87], and the recent noise-

tolerant BEFGS (nBFGS) [101], on two different experiments.

4.3.1 Distributed noisy quadratic model

In the first experiment, we implement our proposed algorithm for distributively solving (4.1)
in the case of the noisy quadratic model (NQM) [108], which has been shown to agree with the
results of training real neural networks.

The noisy quadratic model of neural networks consists of a quadratic aggregate cost function
f(z) = %xTH x, x € R? where H is a (d x d)-dimensional diagonal matrix whose i-th element

%, and each gradient query is corrupted with independent and identically

in the diagonal is
distributed noise of zero mean and the diagonal covariance matrix H. In the experiments,

we choose d = 10%, which is also the condition number of the Hessian H. The distributed

implementation of the aforementioned noisy quadratic model is set up as follows. The data
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points represented by the rows of the matrix H are divided amongst m = 10 agents. Thus, each
agent 1,...,10 has a data matrix of dimension 10® x 10*. Since the Hessian matrix H in the
noisy quadratic model is positive definite, the optimization problem (4.1) has a unique solution
¥ = 04.

The parameters of the respective distributed algorithms are selected such that each of
these methods converges in a fewer number of iterations. Specifically, these parameters are
selected as described below. For the GD, NAG, and HBM methods, the definition of optimal
parameters can be found in [25]. Since the Hessian of the noisy quadratic model is positive
definite, Assumption 4.6 holds. So, we set the parameter 5 = 0 for the IPG method. The
optimal convergence rate of the linear version of the proposed IPG method is obtained when

2

o= 55 [44]. Here, \; = 1 and \; = % respectively denote the largest and the smallest

eigenvalue of /7. We find that the [IPG method implemented for the NQM converges fastest when

the parameter o is set similarly as «(t) = =

5o+ The step-size parameter c(t) of AdaBelief

is selected from the set {c, o ¢} where c is from the set {0.01,0.05,0.1,0.5,1,2}. The other
parameters of Adabelief are set at their usual values of 3; = 0.9, 8, = 0.999, and € = 1078, The
step-size for Armijo-Newton and Armijo-BFGS is either obtained following the backtrack routine
or chosen from the set {ce—p : ¢ = 1,2,5,p = 2, 3,4, 5}. The best parameter combinations from
above are reported in Table 4.2.

The initial estimate 2(0) for these algorithms is randomly drawn from the standard normal
distribution. The initial pre-conditioner matrix K (0) for the IPG algorithm is the zero matrix of
dimension (d x d). The initial approximation of the Hessian matrix B(0) for the Armijo-BFGS
and nBFGS algorithm is the identity matrix of dimension (d x d).

We compare the number of iterations and total floating point operations ( flops) needed by
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these algorithms to reach an estimation error||x(t) — x*|| = 0.05. Each iterative algorithm is
run until it does not exceed this specified tolerance over 15 consecutive iterations. The results

are recorded in Table 4.3 and Figure 4.1. We observe that the proposed IPG algorithm converges

faster than the other algorithms.

4.3.2 Distributed logistic regression

In the second experiment, we implement the proposed algorithm for distributively solving
the logistic regression problem on the “MNIST” [47] dataset.

From the training examples of the “MNIST”

15000 1 t —IPG(Propdsed)
dataset, we select 10* arbitrary instances labeled as 0.5 | o
— 10000 0'3 _LA s i —HBM
g‘ 250 300 —Adabelief
either the digit one or the digit five. For each so00||| e
—PR CG
. . ol it 2 L --=RBEGS. .
instance, we calculate two quantities, namely the 0 50 100 150 200 250 300

iteration t

average intensity and the average symmetry of the Figure 4.2: H g(t)H for different

algorithms on MNIST.
image [48]. Let the column vectors a; and as

respectively denote the average intensity and the average symmetry of those 10* instances.
These two features are then mapped to a second-order polynomial space. Then, our input data
matrix before pre-processing is |4, a, a;.2 ay. *as ay.?|- Here, (.x) represents element-
wise multiplication and (.2) represents element-wise squares. This raw data matrix is then pre-
processed as follows. Each column is shifted by the mean value of the corresponding column and
then divided by the standard deviation of that column. Finally, a 10*-dimensional column vector
of unity is appended to this pre-processed matrix. This is our final input matrix A of dimension

(10 x 6). The collective data points (A, B) are then distributed among m = 10 agents, in the
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manner already described in Section 4.3.1.

Table 4.2: The parameters used in different algorithms on distributed convex optimization
experiments.

‘ Algorithm ‘ Parameters ‘ Algorithm‘ Parameters ‘
| |NQM | MNIST I | NQM | MNIST |
IPG (1.99,1,0) | (5e—4,1,0) GD (o) | (1.99) (5e — 4)

(a(t), 6, 5)
NAG (o, §) (1.33,0.97)| (5e —4,0.97) HBM (3.92,0.96) | (le  —
(a, B) 3,0.94)
Adabelief (1/¢,0.9.0.999, 1le — 8) Armijo- | backtrack | (be — 2)
(a(t), By, B2, €) BFGS | [22]
()

Table 4.3: Comparisons between the number of iterations and total floating point operations

(flops) required by different algorithms to attain estimation error Hx(t) —z*|| = 0.05 for the
NQM.
Algorithm| iterations | total Algorithm| iterations | total
flops/(nd) flops/(nd)
| IPG | 32 | 3¢6 | GD | >5e6 | > 5e6 |
| NAG | >5e6 | > 5e6 | HBM | >5e6 | > 5e6 |
Adabelief | > 5e6 > 5eb Armijo- > 3eb > 3el0
Newton
damped > led > le8 Armijo- | unstable | N/A
LM BFGS after 245
PR CG unstable | N/A nBFGS unstable | N/A
after 787 after 197

For the MNIST dataset, the parameter o, in IPG, GD, NAG, and HBM is selected from
{ce—3,ce—4 : ¢ = 1,2,5}. In IPG, the other parameters ¢ is chosen from {1,0.1,0.05} and

g from {0,0.1,1}. For NAG and HBM, § is from {0.91,0.92,...,0.99}. The parameters of
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Table 4.4: Comparisons between the number of iterations and total floating point operations
(flops) required by different algorithms to attain H g(t)|| = 0.02 for binary classification on
MNIST data, subject to process noise.

Algorithm| iterations | total Algorithm| iterations | total
flops/(nd) flops/(nd)

| IPG | 3e2 | 2e3 | GD | >5e3 | >5e3 |
| NAG | >5e3 | > 5e3 | HBM | >5e3 | >5e3 |

Adabelief | > 5e3 > 5e3 Armijo- | > 1e3 > 6e3

Newton

damped | N/A N/A Armijo- | > be3 > el

LM BFGS
|PRCG | >5e3 | > 5e3 | nBFGS | >5e3 | > 5e3 |

Adabelief. Armijo-Newton, and Armijo-BFGS are set following the steps mentioned in Section 4.3.1.
at their usual values of 5; = 0.9, 3> = 0.999, and € = 10~8. The initial estimate z for these
algorithms is randomly drawn from the standard normal distribution. The initial pre-conditioner
matrix K for IPG is Oy. The initial approximation of the Hessian matrix for Armijo-BFGS and
nBFGS is I;. We note that the damped LM algorithm is not applicable to logistic regression
problems. The algorithms are initialized as described in Section 4.3.1. The best parameter
combinations, for which the respective algorithms converge in a fewer number of iterations, are
then reported for each dataset in Table 4.2.

We compare the performance of the proposed IPG method with other distributed algorithms
for solving the logistic regression problem on the “MNIST” and “CIFAR-10" datasets. The
algorithm parameters are selected such that each of these methods converges in a fewer number of
iterations. Specifically, the parameter selection is described below. The best parameter combinations,

for which the respective algorithms converge in a fewer number of iterations, are then reported
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for each dataset in Table 4.2. The algorithms are initialized as described in Section 4.3.1.

We add random process noise to each iterated variable of the respective algorithms. Specifically,
the additive noise is generated from normal distribution with zero mean and 5e — 3 standard
deviation. We compare the number of iterations and total floating point operations ( flops) needed
by these algorithms to reach the norm of the gradient||¢g;|| = 0.02. Each iterative algorithm is
run until it does not exceed this specified tolerance over 15 consecutive iterations. The results
are recorded in Table 4.4 and Figure 4.2. We observe that the proposed IPG algorithm converges

faster than the other algorithms.

4.4 Summary and future work

We have extended the idea of iterative pre-conditioning for solving convex optimization in
distributed server-agent network architecture. We have presented some preliminary theoretical
results on the local convergence of the proposed IPG algorithm. Our theoretical results have been
derived for the full-batch settings, convex cost functions, and a class of non-convex cost. Through
experiments we have also shown the efficacy of our algorithm in a binary classification task and
in training of non-convex neural network via a noisy quadratic model.

There is a significant amount of future research scope on the IPG algorithm. First, the
IPG algorithm’s global convergence rate will be rigorously analyzed. There are a few more
classes of other distributed methods which solves the problem (4.1). One such notable class
is stochastic quasi-Newton methods, which include recent optimization methods [22, 84, 85,
89-94,94,95,110]. Detailed theoretical comparison with the aforementioned algorithms will

be investigated, in terms of the per-iteration computational complexity and global convergence
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rate. The experimental results in Section 4.3 suggests improved robustness of the IPG algorithm
than the existing optimizers. Therefore, IPG’s robustness against process noise will be formally
characterized and compared with the Newton and quasi-Newton methods which have addressed
robustness against noise [97-101].

As indicated, the IPG algorithm has the potential to be applicable to non-convex optimization.
Specifically, ongoing research includes applying the iterative pre-conditioning technique in distributed
beamforming problems and nonlinear observer problem. This direction of research is explored

later in this dissertation.
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Chapter 5: Non-Convex Optimization

5.1 Introduction

In this chapter, we consider the problem of minimizing a non-convex function. The objective
function f : R? — R is smooth and, without loss of generality, positive-valued. Formally, the
problem is defined as

min f(z). 5.1

rER4

Prominent machine learning models aim to learn a hypothesis parameterized by a vector z € R,
when provided with n numbers of input-output training data pairs {a;, b; }'_;. The learning task is
typically formulated as minimization of the empirical risk function f(z) = X 37" | I(x; ay, by),
where [(x;a,b) is the loss function measuring the discrepancy between the prediction by the
learnt model characterized by = on the input data a and the true output b. The most successful
machine learning models used by practitioners, such as neural networks, are non-convex. Instead
of searching a global optimal solution, a more meaningful and attainable goal for such models is
to train the model for finding a critical point of the objective function f.

First-order optimization algorithms are widely used for training complex machine learning

models. The classical gradient-descent (GD) is the simplest first-order optimization method [2].
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Its stochastic counterpart, known as the stochastic gradient-descent (SGD) has achieved tremendous
success in training deep neural networks, despite its simplicity [32]. The momentum-based
accelerated variants of SGD, such as SGD with momentum [111], Nesterov’s accelerated gradient-
descent (NAG) [23], are popular algorithms for image classification and language modeling
problems [112,113]. The aforementioned algorithms iteratively update all the model parameters
using a global learning rate, and are classified as accelerated gradient algorithms.

To achieve faster convergence, several adaptive gradient algorithms have been proposed
recently. These methods update each of the model parameters with an individual learning rate,
resulting in faster training than accelerated gradient methods. AdaGrad [33] is the first prominent
adaptive gradient method that significantly improved upon SGD, especially for sparse-gradients
problems [114]. We propose a more general AdaGrad algorithm, referred as G-AdaGrad. G-
AdaGrad can improve upon the convergence rate of AdaGrad by tuning an additional scalar
parameter. We review the AdaGrad algorithm below.

AdaGrad is a prominent optimization method that achieves significant performance gains
compared to SGD. As the name suggests, AdaGrad adaptively updates the learning rate based on
the information of all the previous gradients. Specifically [33], for each iteration k& € {0,1,...},
let oy, = [zpq, - -, xk,d]T denote the estimate of a local minima in (5.1) maintained by AdaGrad.
In addition, AdaGrad maintains a set of real valued scalar parameters denoted by {by, : ¢ =
1,...,d}. The algorithm is initialized with arbitrarily chosen initial estimate x, € R? and {b; >
0:7=1,...,d}. Let the gradient of the objective function evaluated at x € R? be denoted as
V f(x) € R% and its i-th element in be denoted as V, f () for each dimensioni € {1,...,d}. At
each iteration k& € {0, 1,...}, each of the parameters {by; : i = 1,...,d} are updated according

2 o . .
to by, = b7, + HV,f(xk)H . At the same iteration k, the estimate is updated to x4, =
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Tpi — n%(l’if) for each @ € {1,...,d}. The real valued scalar parameter > 0 is called the

step-size. Thus, the learning rate in AdaGrad is adaptively weighted along each dimension by
the sum of squares of the past gradients. AdaGrad has been shown to particularly effective for
sparse gradients [115], but has under-performed for some applications [116].

The Adam algorithm has been observed to compare favorably with other optimization
methods for a wide range of optimization problems, including deep learning [117-119]. Like
AdaGrad, Adam also updates the learning rate based on the information of past gradients.
However, unlike AdaGrad, Adam effectively updates the learning rate based on only a moving
window of the past gradients. Specifically [34], Adam maintains two sets of d-dimensional
vectors, respectively denoted by g, = [tk.1, - - -, pra)’ and vg = [k, ..., Vka)’. i and vy, are
respectively known as the biased first moment estimate and biased second raw moment estimate.
These vectors are initialized with g = 04 and {vx; > 0 : ¢ = 1,...,d}. Three parameters
n >0, €[0,1), and By € [0,1) are chosen before the iterations begin. At each iteration k €
{0,1, ...}, the vectors 1 and vy are updated according to jix11,; = Bipg; + (1 —51)V,f(xx) and

Vgy1i = Povgs + (1 — ﬁg)“vif(xk){IQ along each dimension ¢ € {1,...,d}. Next, the estimate

. \/1—8k ) . /1_gFk .
x) is updated to 41, = Tp; — 1 1—6;32 \‘/L% for each i € {1,...,d}. The factor 1——6?2 is

responsible for the initial bias correction, as proposed in the original Adam algorithm [34]. Thus,
the learning rate in Adam is weighted by the exponentially moving averages of the past gradients.

Despite its widespread use, the poor generalization ability of Adam has led to several
variants of Adam. The notable ones among them include AdaBelief [81], AdaBound [120],
AdamW [121], AMSGrad [114], Fromage [122], MSVAG [123], RAdam [124], Nadam [38] and
Yogi [125]. Among these modifications of Adam, AdaBelief has been proposed most recently.

Through extensive empirical studies, AdaBelief has been shown to reduce the generalization gap
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between SGD and adaptive gradient methods, by improving upon the generalization performance
of the aforementioned algorithms including SGD. However, in these experiments, few other
existing methods such as Yogi, MSAVG, AdamW, RAdam, and Fromage have achieved faster
convergence of the training cost than AdaBelief [81]. We review the AdaBelief algorithm below.

The AdaBelief algorithm is similar to Adam, except that ||V, f (x(k:))H2 is replaced by

|Vif (z(k)) — (k) ||2 so that ——— represents the belief in the observed gradient [81]. In other

\/ l/,L(k)

words, the following set of equations represents the AdaBelief algorithm. Foreachi € {1,...,d}

and each iteration k € {0,1,...},

Piot1,i = Pipuwi + (1= B1)Vif(xx),

2

)

Vgt1,i = BoUk,i + (1- 52)Hvz‘f($k) - Mz(k)‘

1-— 55 Mk+1,i

1—BY /Uriti

Tht1i = Tk — 7

Another adaptive gradient method is AdaBound [120]. AdaBound imposes a dynamic
bound on the learning rates, enabling a smooth transition throughout iterations from adaptive
gradient to the classical stochastic gradient-descent (SGD) method, which is known to have
better generalization ability. We briefly review the AdaBound algorithm below. AdaBound is
an iterative algorithm. For each iteration k € {0,1,...}, let &, = [z41,..., 24" denote the
estimate of a local minima in (2.1) maintained by AdaBound. In addition, AdaBound maintains
three d-dimensional vectors, respectively denoted by s, = [tk - - - k]’ > Ve = Wity -« - Vi) s
and 7, = [T1,- - 7lkql” - ik and vy are respectively known as the biased first moment estimate
and biased second raw moment estimate. 7), is the learning rate, which is bounded below by

a predefined non-decreasing function 7; : Ry — R and upper bounded by another non-
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increasing function 7, : R>o — R.o. Moreover, n; and 7, asymptotically converge to some
positive-valued scalar o*. We define an operator Clip (x,y, z) = max (min (z,2) ,y), forx,y,z €
R. The vectors are initialized with y1p = 04 and {v}; > 0 : ¢ = 1,...,d}. Three parameters
a > 0,5 €[0,1), and 55 € [0,1) are chosen before the iterations begin. At each iteration
k, the vectors py, v, and 7, are updated as pyy1; = B + (1 — B1)Vif(xk), vey1s =

0]

, and My, ,; = Clip (m,m,k,nu,k) along each dimension

Bty + (1 — ﬁ2)||vif($k)‘ ’

i € {1,...,d}. Next, the estimate zy, is updated to zy11; = T),; — ﬁﬁkﬂ,i/ﬁkﬂ’i,w. In
this way, AdaBound restricts the dimension-wise learning rates 7, ; to be within (1, 7,.t]. As a
result, AdaBound replicates Adam at the initial stage of iterations as the bounds have very little
impact on learning rates, and it gradually transforms to SGD as the bounds become progressively
restricted.

Recently, the MAdam algorithm [126] has been proposed to improve the stability of adaptive
learning. Unlike AdaBound, MAdam updates 1 based on dynamic values of /5 so that the
estimated variance of gradients is maximized. MAdam has been shown to improve over existing
adaptive gradient algorithms on several machine learning experiments. We briefly review the
MAdam algorithm below. For each iteration k& € {0, 1, ...}, MAdam maintains four d-dimensional
vectors, denoted by jiy, Uy 7, and wy. The zeroth moment estimate w;, of the gradients is used
for the initial bias correction. These vectors are initialized with iy = 1y = wy = 04 and
Ui > 0 Vi. Three parameters o € (0,1), 3, and 3 are chosen such that 0 < B8 < B < 1. At
each iteration k, first fi;, is updated as fix1; = ajfig; + (1 — @)V, f(zg). Next, the dynamic
coefficient for updating the moment estimates are computed as 3 ; = Clip (51“, B, 3), where
Bk,i = argmaxg vg;(8) — ur(8)%. Here, up = Z—’Z and v, = 7’:}—’; are the bias corrected
estimate of the first and the second moment, respectively. Using the computed /3y ;, the vectors

108



Uy Uy, and wy, are updated respectively as Ugi1; = Sritns + (1 — Bei)Vif(xr), Dpyrs =

) 2, and wyy1; = Briwk,; + (1 — Bi,). Finally, j is updated to

Brilii + (1 — Bry)|

W i . . .
Thili = Thyi — Mey— anall Z Lt " where 1), is the step-size. The closed-form expression of [y, ;
’ -« \/ Vk+1,i ’

can be found in the original paper [126].

Two more variants of Adam are the Nadam [38] and the RAdam [124]. By incorporating
Nesterov’s momentum into Adam, Nadam enables faster convergence and smaller generalization
errors on several problems, including natural language processing (NLP) [127], image analysis [128,
129], and automated path planning [130]. RAdam rectifies the variance of dynamic learning rate
in Adam by introducing a constructive warmup (learning rate scheduling). RAdam is being
applied for training transformers [131], general adversarial networks [132], for NLP [133] and
medical imaging tasks [134]. We briefly review the Nadam and RAdam algorithms below.

Nadam and RAdam are iterative methods. For each iteration & € {0,1,...}, let z;, =
[Zk1,-..,Tra)’ denote the estimate of a local minima in (2.1) maintained by the algorithms. In
addition, they maintain two d-dimensional vectors, respectively denoted by p, = [y, - - -, fr.d)”
and v, = [Vka,. .., Vk’d]T. (i and vy are respectively known as the first moment estimate and
biased second raw moment estimate, initialized with iy = 04 and {v}; > 0 : i = 1,...,d}.
Three parameters 1 > 0 (step-size), 1 € (0,1), and 55 € (0, 1) are chosen before the iterations

begin. At each iteration £ € {0, 1, ...}, Nadam updates the iterables as p+1; = Sy + (1 —

L VIBETY _
7]\/ B2 1— Bk+2 VVk+1,i

2
) . and Th+1,i =

ﬁl)viﬂxk)’ Vi1 = Bzvkﬂ- + (1 —

7]1\;/%1 vli;?i . w for each dimension ¢ € {1,...,d}. RAdam updates i, and v, in exactly

the same way as Nadam. The difference lies in updating the estimate ;. Specifically, let p,, =

-
— 1, prg1 = poo — 2(k + )1 s and 7 = \/ pea Vot 20 \When py < 4, 1

2
1—PB2 (Poo—4) (Poc—2) pr+1
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Hrk+1,i
k1
1-85+

is updated as Ty41;, = Tk — 7

Fr1
V 1-857F Pk+1,i

T = kA1 T s

. Otherwise, when py1 > 4, xj, is updated as zj41,;, =

5.1.1 Related work

We aim to present simplified proofs of convergence of the aforementioned prominent adaptive
gradient algorithms to a critical point for non-convex objective functions in the deterministic
settings. The first convergence guarantee of a generalized AdaGrad method for non-convex
functions has been presented recently in [135], where the additional parameter € > 0 generalizes
the AdaGrad method. However, the parameter € in [135] has been assumed to be strictly positive
for the convergence guarantee, which excludes the case of the original AdaGrad method [33]
where € = 0. We propose a more general AdaGrad model, coined G-AdaGrad, that subsumes
the work in [135]. Our model and corresponding convergence proof allow the parameter € to
be negative, as well as the case of the original AdaGrad. Besides, our proof provides intuition
behind how this generalization of AdaGrad impacts its convergence. The analysis for AdaGrad
in [136] assumes the gradients to be uniformly bounded. We do not make such an assumption.
Other works also analyze the convergence of AdaGrad-like algorithms for non-convex objective
functions, notable among them being WNGrad [137] and AdaGrad-Norm [138]. Note that all of
the aforementioned analyses of AdaGrad and AdaGrad-like algorithms are in discrete-time. We
analyze AdaGrad in the continuous-time domain.

Previous works that prove convergence of Adam for non-convex problems include [82,
125,139-142]. In [125], the proof for Adam considers the algorithm parameter 5; = 0, which is

essentially the RMSProp algorithm. We consider the general parameter settings where 3; > 0.
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An Adam-like algorithm has been proposed and analyzed in [136]. The proofs in [82, 125, 139—
141] do not consider the initial bias correction steps in the original Adam [34]. Our analysis
of Adam considers the bias correction steps. The analyses in [82, 125, 136, 139, 141] assume
uniformly bounded gradients. We do not make such an assumption. The aforementioned analyses
of Adam are in discrete-time. A continuous-time model of Adam has been proposed in [142],
which includes the bias correction steps. However, compared to the convergence proof in [142],
our proof for Adam is simpler. In addition, [142] assumes that the parameters 3, and [, in the
Adam algorithm are functions of the step-size 1) such that 5; and S, tends to one as the step-size
17 — 0. We do not make such an assumption in our analysis.

The convergence guarantee of the AdaBelief algorithm has been provided by the authors in
discrete-time [81]. Here, we present a simpler proof for AdaBelief in continuous-time.

There is substantial literature on analysis of iterative optimization algorithms in discrete-
time [143]. However, there has been a recent surge in utilizing tools from control theory for
that purpose. Convergence of the classical gradient-descent algorithm and accelerated gradient
algorithms were characterized in [25] using integral quadratic constraints. Standard control
theoretic tools have been used to gain new insights into the aforementioned accelerated gradient
methods [144—-146]. Differential equation-based modeling of these algorithms in the continuous-
time limit has been used for their convergence analysis [83,147-149]. Appropriate discretization
of these continuous-time models has led to the design of new optimization algorithms [83, 147,
148,150]. Recently, a unified model, refered as accelerated gradient flow, for several accelerated
proximal gradient methods and momentum-based methods such as heavy-ball and Nesterov’s
method have been proposed [148]. Driven by this theme, we view adaptive gradient algorithms as
dynamical systems, which we use for the purpose of convergence analysis and also for proposing
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anovel adaptive gradient algorithm. However, most of the existing research works on continuous-
time modeling of optimization methods have only considered accelerated gradient methods.
Here, we focus specifically on adaptive gradient methods. It must be noted that the convergence
results of continuous-time optimization algorithms or gradient flow not necessarily extend to their
discrete-time counterparts. In fact, different discretization schemes of the same continuous-time

algorithm can result in different algorithms in discrete-time [148].

5.1.2  Our contributions

First, we propose a more general AdaGrad algorithm, which we refer to as Generalized
AdaGrad (G-AdaGrad). The proposed optimizer improves upon the convergence rate of the
original AdaGrad algorithm. The original AdaGrad, discussed in Section 5.1, is a special case
of the proposed G-AdaGrad algorithm. We propose a state-space models for the G-AdaGrad
algorithm in continuous time-domain. The proposed state-space model of G-AdaGrad is an
autonomous system of ordinary differential equations. Using a simple analysis of the proposed
state-space model, we prove the convergence of the G-AdaGrad algorithm to a critical point of
the possibly non-convex optimization problem (5.1) in the deterministic settings. Our analysis
requires minimal assumptions about the optimization problem (5.1).

Next, we propose a general class of adaptive gradient algorithms for solving non-convex
optimization problems. We represent the proposed algorithm in the state-space form. This state-
model of adaptive gradient algorithms is a non-autonomous system of ODEs, and includes the
aforementioned AdaGrad, G-AdaGrad, Adam, and AdaBelief algorithms as special cases. We

formally analyze the proposed adaptive gradient algorithm framework from state-space perspective,
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which enables us in presenting simplified convergence proofs of AdaGrad, G-AdaGrad, Adam,
and AdaBelief in continuous-time for non-convex optimization problems.

However, this generic framework does not include the AdaBound, Nadam, and RAdam
algorithms. We analyze these four algorithms in a state-space model, which shows that the
aforementioned intuitive and unifying proof sketch can be applied to other adaptive gradient
algorithms.

Convergence of AdaBound for convex objective function has been analyzed in the AdaBound
paper [120] and later in [151]. Its convergence in the non-convex case has been recently presented
in [152]. Although the monotonicity requirement on the bound functions 7; and 7, has been
removed in [152], we assume 7, to be monotonous and a dynamic bound on the derivative of 7;.
Unlike the aforementioned discrete-time analyses of AdaBound, our continuous-time analysis has
the following advantages. The aforementioned works assume a diminishing step-size sequence
of AdaBound, which slows down the convergence rate when closer to a minimum point. Instead,
we employ a constant step-size in our AdaBound model. The existing analyses do not include
the initial bias correction steps in AdaBound. Consistent with the practical implementation of
AdaBound [120] and other adaptive gradient algorithms [34, 81], our analysis considers the bias
correction steps. Moreover, instead of specifying the exact expression for bias correction, we use
a generic expression satisfying a certain condition which includes the bias correction term used
in practice.

To the best of our knowledge, the theoretical convergence guarantee of the aforementioned
Nadam and RAdam algorithms is not available. We prove the convergence of these two algorithms
for non-convex optimization problems in continuous-time. We note that the Nadam and RAdam

algorithms are not included in our generic framework of adaptive gradient methods. Specifically,
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the two different bias correction terms Fik and Fa prohibits Nadam to be included in

this generic framework. Similarly, the additional time-varying factor r;; and a separate estimate
update law in case of pp; 1 < 4 prohibits RAdam to be included in the generic framework.
Recently, an alternate perspective for the warmup of Adam and a few “rule-of-thumb” warmup
schedules have been presented in [153]. However, no convergence analysis of RAdam or the
proposed warmup schedules has been presented in [153].

Furthermore, we show that our technique for proving convergence of optimizers for non-
convex functions is not limited to adaptive gradient methods. Specifically, we present a convergence
proof of the rescaled gradient flow [154] for smooth non-convex problems by invoking Barbalat’s
lemma. The fixed-time convergence guarantee of the gradient flow algorithm [154] assumes a
unique minimum point of (5.1) and quadratic growth of the objective function f, i.e., f(z) —
fl@*) > Bz — 2*||*Vz € R? and for some 1 > 0. When f is non-convex, it can be easily
shown that the rescaled gradient flow [154] is a descent method, i.e., ‘é{( (t)) < 0, as in [147].
However, it is a known fact that f being smooth, lower bounded, and decreasing not necessarily
imply that ; converges to zero in the limit £ — oo. Convergence of a discrete-time variation of
the rescaled gradient flow has been analyzed in [155] under the assumption of strongly smooth f,
a stronger assumption than mere smoothness. In continuous-time, we show that the convergence
of gradient V f(z(t)) to zero in the rescaled gradient flow can be proved by Barbalat’s lemma for
smooth non-convex problem (5.1).

Finally, motivated by the issues in training neural network models as mentioned above,

we propose novel adaptive gradient algorithms for solving (5.1), aimed at balancing improved

generalization and faster convergence of machine learning models. Facilitated by our aforementioned
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state-space framework for adaptive gradient methods, the proposed algorithms are built on top
of Adam, MAdam, and Nadam, respectively. Our proposed algorithms add a specific pole-zero
pair to the dynamics of the second raw moment estimate 7 in MAdam, thereby improving its
convergence speed and steady-state behavior.

Our key findings are summarized below.

* We propose the Generalized AdaGrad (G-AdaGrad) algorithm, which improves upon the
convergence rate of the original AdaGrad. From a state-space perspective, we present a
simple yet intuitive convergence analysis of the proposed G-AdaGrad algorithm. Please

refer Section 5.2 for the details.

* We develop a state-space framework for a general adaptive gradient algorithms that solves
the optimization problem defined in (5.1). Using a simple analysis of the proposed state-
space model, we prove the convergence of the proposed adaptive gradient algorithm to
a critical point of the possibly non-convex optimization problem (5.1) in the deterministic
settings. Since our framework is inclusive of the AdaGrad, G-AdaGrad, Adam, and AdaBelief
optimizers, an intuitive and simple convergence proof for each of these methods follows as

a special case of our analysis. Please refer Section 5.4 for the details.

* Compared to existing works, our continuous-time model of AdaBound in Section 5.5 better
resembles the practical implementation of AdaBound and enables a simpler analysis. We
model the aforementioned AdaBound algorithm in the state-space framework. Our model
of AdaBound is in continuous-time and represented by a set of non-autonomous ordinary
differential equations (ODE). We rigorously analyze the proposed state model using tools
from adaptive control theory and present a simple convergence proof of AdaBound to a
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critical point of the non-convex objective function (5.1) in the deterministic settings.

We propose two state-space models, each for the Nadam and the RAdam algorithm, in
continuous-time. By utilizing Barbalat’s lemma [156], we present a simple analysis of the
proposed state-space models, proving convergence of Nadam and RAdam to a critical point
of the non-convex optimization problem (5.1) in the deterministic settings for the first time.
Our analysis requires minimal assumptions about the optimization problem (5.1). Further

details are in Section 5.6-5.7.

In Section 5.8, we further extend the applicability of our proof technique, relying on
Barbalat’s lemma, by proving convergence of the rescaled gradient flow [154] for non-

convex problem.

We propose new variants of Adam, MAdam, and Nadam, which we refer as AdamSSM,
MAdamSSM, and NadamSSM, respectively, for solving the general non-convex optimization
problem defined in (5.1). The proposed algorithm adds a specific pole-zero pair to the
dynamics of the second raw moment estimate v in Adam, thereby improving its convergence.
Utilizing the aforementioned framework, we guarantee convergence of the proposed AdamSSM

algorithm to a critical point of (5.1). Please refer Section 5.9 for the details.

Finally, in Section 5.12, we demonstrate the applicability of the proposed AdamSSM,
MAdamSSM, and NadamSSM algorithms to benchmark machine learning problems. In
this context, we conduct image classification experiments with convolutional neural network
(CNN) models on CIFAR10 and CIFAR100 datasets and language modeling experiments

with long short-term memory (LSTM) models. These results present empirical evidence of
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the proposed algorithms’ capability in balancing better generalization and faster convergence

than the existing state-of-the-art optimizers.

5.2 Proposed algorithm: Generalized AdaGrad (G-AdaGrad)

In this section, we propose a set of autonomous ordinary differential equations. Using
first-order Euler discretization, we show that the proposed set of differential equations coincides
with a general version of the AdaGrad algorithm, which we refer to as the Generalized AdaGrad
(G-AdaGrad). The proposed differential equations include the original AdaGrad as a special
case.

We make the following assumptions in order to present our algorithms and their convergence

results.

Assumption 5.1. Assume that the minimum of function f exists and is finite. In other words,

}minmeRd f(x)‘ < Q.

Assumption 5.2. Assume that f is twice differentiable over its domain R? and the entries in the

Hessian matrix V2 f () are bounded above for all x € R

5.2.1 Description of G-AdaGrad

We propose the Generalized AdaGrad (G-AdaGrad) method which is parameterized by a

positive real scalar c. For each dimension i € {1,...,d} and ¢ > 0, consider the following pair
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of differential equations

Falt) = || Vaf ()], (5.2)

(5.3)

with initial conditions z.(0) € R? and 2(0) € RY. We assume that the initial condition {z;(0) >
0:i=1,...,d}. The variable z;, Vi can be abstracted as dynamic controller state.

The above pair of differential equations (5.2)-(5.3) can be seen as a continuous-time variation
of the following algorithm, when (5.2)-(5.3) are discretized with a fixed sampling time 6 > 0.

Foreachi € {1,...,d} and k € {0,1,...},

zei((k +1)8) = zei(k6) + ||V f (2 (ko)) |, (5.4)
Vif(m(kd))

zi((k + 1)0) = z;(kd) — 5W

(5.5

This can be seen from the following argument. Since 6 > 0, (5.4)-(5.5) can be rewritten as

d = ||Vt (ko))

zi((k+1)0) —xi(k6)  Vif(x(kd))

) (xci<k5))c .

2

Defining t = k¢, in the limit § — 0, the above equations coincide with (5.2)-(5.3). Note
that, (5.4)-(5.5) represents the AdaGrad algorithm in discrete-time [33] with step-size n = 9.
Note that, (5.4)-(5.5) represents a generalization of the AdaGrad algorithm discussed in

Section 5.1 with step-size n = 0 and an additional parameter c¢. The controller states x.(t)
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in continuous-time corresponds to the variable b in discrete-time of the AdaGrad algorithm.
When we set ¢ = 0.5, (5.4)-(5.5) correspond to the original AdaGrad algorithm. Introducing the

parameter c can further improve its convergence. This is discussed in the following subsection.

5.2.2 Convergence of G-AdaGrad

Define the set of critical points of the objective function f as
X*={z e R Vf(z) =04} (5.6)

Theorem 5.1 below presents a key result on the convergence of the G-AdaGrad algorithm (5.2)-

(5.3) in continuous-time to a critical point in X*.

Theorem 5.1. Consider the pair of differential equations (5.2)-(5.3) with initial conditions x.(0) €
R? and 2(0) € R? such that {x;(0) > 0 : i = 1,...,d}. Let the parameter c € (0,1). If

Assumptions 5.1-5.2 hold, then
lim V f(z(t)) = 04. 5.7
t—o0

Moreover, for all t > 0, we have

£a(0)'7° = (2a(0) + [|Vif @) ds)
fatt) = s + 3 2 < A o) s
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Proof. The time-derivative of f along the trajectories x(t) of (5.3) is given by

d

() = (V) a(t) = Y Vif ((t))d:(0).

i=1

Substituting (5.3) yields,

B LTS

Further utilizing (5.2) we get,

— Zd: Tei(?) | (5.9)

i=1 (xcl(t))

Integrating both sides above with respect to (w.r.t) ¢ from 0O to ¢, we get

Fa(t)) - Z / (5.10)

Since ¢ < 1, upon evaluating the integral we have

(5.11)

Integrating both sides of (5.2) w.r.t ¢ from O to ¢, we have

Tei(t) = x4(0 /HVf ‘ ds, i€ {l,...,d}.

Using the above equation in (5.11) proves (5.8).
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Since z.;(0) > 0, we have z.(t) > 0. The above equation implies that z.;(t) is non-
decreasing w.r.t t, which combined with (5.8) and ¢ € (0, 1) implies that f(z(¢)) in non-increasing
w.r.t. t. From Assumption 5.1, f is bounded below. Thus, lim,_,., f(z(t)) is finite. From (5.11)
then it follows that, lim,_,« .(t) is finite. Thus, the above equation implies that |V f(z(t))|| is
square-integrable w.r.t t. Hence, V f(z(t)) is bounded above.

Since V f(x(t)) is bounded and x;(t) > 0, from (5.3) we have that 2(¢) is bounded above.

Now, the time-derivative of |V f||* along the trajectories x(t) is given by

SNV I = 29 (0) F(a(0)i(0)

We have shown that V f(z(t)) and #(t) are bounded above. From Assumption 5.2, we have all
d
the entries in V2 f(z(¢)) bounded above. Then, from the above equation we have 7 HV f(z(t)) H2

Vf(x(t)) H2 is uniformly continuous.

bounded above. Thus,

We have shown that, ||V f(x(t)) H is square-integrable and|| V f (z(t)) H2 is uniformly continuous.

From Barbalat’s lemma [157] it follows that lim; ||V f(2(t)) H2 = 0. This proves (5.7). O

Theorem 5.1 implies that the G-AdaGrad algorithm, proposed in (5.2)-(5.3), converges to a
critical point in X* of the non-convex optimization problem (5.1). Furthermore, (5.8) implies that
the convergence of G-AdaGrad is affected by the algorithm parameter c. As we will show through
simulations in Section 2.6, ¢ = 0.5, which corresponds to the original AdaGrad method [33], is
not the optimal value of c.

Another significance of the above proof is that, it explains why the exponent ¢ of z.(t)
(equivalently, by, in discrete-time) in the update equation of the estimate x(t) is limited to ¢ < 1.

If ¢ > 1, (5.8) implies that f(z(t)) will be increasing in ¢. If ¢ = 1, evaluating the integral
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in (5.10) we have

Fa) = fa(0) + Y tog (22

=1 t)

Thus, f decreases at a slower rate for ¢ = 1 compared to ¢ < 1, because of logarithmic
decrements in case of ¢ = 1 compared to exponential decrements.

Note that, the parameter € in [135] plays the same role as c. However, the convergence
results in [135] is only for € € (0, 0.5] which corresponds to ¢ € (0.5, 1]. Thus, our analysis is
more general compared to [135]. In addition, our analysis in Theorem 5.1 explains the significance

of the parameter c, as discussed in the previous paragraph.

5.3 State-model of Adam and AdaBelief

In continuous-time domain, the Adam algorithm can be modeled using a set of non-autonomous
ODE:s as follows. We define two real-valued scalar parameters by, by € (0,1). We further define

a positive-valued function « : [0,00) — R by

B 1— (1 _ bl)t+1
aft) = Vi t>0

(5.12)
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Foreach: € {1,...,d} and t > 0, we consider the following set of ODEs

f1i(t) = =bipi(t) + b1 Vi f(2(t)), (5.13)
Di(t) = —bavi(t) + bo|| Vi f (x(t))]|” (5.14)
N pi(t)

;(t) o) o (5.15)

with initial conditions ;(0) € R%, {1;(0) > 0:4 = 1,...,d}, and (0) € R?. The variables y
and v are estimates of, respectively, the biased first moment and the biased second raw moment
of the gradients. These variables ;. and v can be abstracted as dynamic controller states. The term
a(t) in (5.15) is responsible for the initial bias corrections in Adam [34]. Note that, the algorithm
parameters b; and by in the continuous-time representation above are related to the parameters
p1 and [y in discrete-time implementation of Adam [34], according to 5; = (1 — 0b;) and
Pa = (1 — dby) where ¢ is the sampling-time for first-order Euler discretization of (5.13)-(5.15).
The AdaBelief algorithm is similar to Adam, except that||V/; f (z(t)) ||2 in (5.14) is replaced
by HVZ flz(t) — mi(t) H2 In other words, the following set of ODEs represents the AdaBelief

algorithm. Foreachi € {1,...,d} and ¢t > 0,

f1i(t) = =bipi(t) + b1 Vi f(2(t)), (5.16)
5i() = —bovi(t) + bo|| Vaf (2(8) — (@) (5.17)
L) _L ()

i(t) NONZOk (5.18)

with initial conditions x(0) € RY, {1;(0) > 0:i=1,...,d}, and z(0) € R
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5.4 A general adaptive gradient algorithm

In this section, we propose a class of adaptive gradient algorithms, creating a state-space
framework that encompasses Adam-like adaptive gradient algorithms. We follow by presenting
convergence proofs of some existing adaptive gradient optimizers from a state-space perspective.
These optimizers are G-AdaGrad, Adam, and AdaBelief.

Our framework of adaptive gradient algorithms hinges on their state-space representation
in terms of ODEs. The proposed class of adaptive gradient algorithms is similar to the Adam

method described in Section 5.3. However, there are two notable differences.

* Firstly, we replace the squared-gradient term ||V, f (z(t)) H2 in the evolution of second raw
moment estimate in (5.14) with ¢)(V, f (z(¢)), i (t)), where we define ¢ as an well-behaved
and non-negative valued function ¢ : R* — R>. The sufficient conditions on the general
function v which guarantees convergence of the proposed algorithm are specified later in
this section. Needless to say, the proposed setup includes the original Adam algorithm, i.e.,

2 .
,as a spemal case.

O(Vif (1), ma(t) = || Vif (2(t))

* The other difference is that, in our algorithm, the ODE governing the second raw moment
estimate of the gradients has a higher order. From simulations, we observed an issue with
the Adam algorithm that the ODEs (5.13)-(5.14) for the first and second moments can
converge slowly, especially if the optimization problem (5.1) is ill-conditioned, leading to
a slower convergence of the estimate. A similar transient property of momentum-based
algorithms have been theoretically proved in [158]. Now, each of the ODEs (5.13)-(5.14)

can be seen as a controlled dynamical system. The controlled input for (5.13) and (5.14)
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is, respectively, V; f(x(t)) and ||V, f(x(t)) H2 The controlled output for (5.13) and (5.14)
is, respectively, p;(t) and v;(t). It is known that addition of a zero improves the transient
response of a linear time-invariant (LTI) system. Note that, the Adam algorithm does not
have any zero in the dynamics (5.14). So, in our algorithm, we add a left-half plane zero
to the dynamics in (5.14) for improving the convergence rate. However, in the Adam
algorithm, the dynamics in (5.14) is strictly proper. Thus, we also add an additional left
half-plane pole in (5.14). Hence, for each dimension ¢ € {1,...,d}, the transfer function
from ¢ (V, f(z(t)), 1i(t)) to the second raw moment estimate v;(¢) in our general setup has
an additional pole-zero pair in the left-half plane, as compared to only one pole and no zero

for its counterpart in the Adam method. Herein lies the intuition behind our algorithm.

Our general adaptive gradient algorithm is iterative in nature where, at each time ¢ > 0, it
maintains four d-dimensional vectors: an estimate z(¢) of a minimum point of (5.1), an estimate
u(t) of the first moment of gradients, an estimate v(¢) of the second raw moment of gradients,
and an additional ((¢) due to higher order of the transfer functions from (V, f(z(t)), pi(t)) to
v;(t). The initial estimate x(0) is chosen arbitrarily from R?. The real-valued vector variables
w and ¢ are initialized at ¢ = 0 as the d-dimensional zero vector, denoted by 0,. The remaining
variable v is initialized according to {v;(0) > 0 : i = 1,...,d}. Before initiating the iterative
process, the algorithm chooses nine non-negative real-valued scalar parameters Aq, ..., A\g and c.

Their specific conditions are presented later in this section. Given the parameters Ay € (0, 1) and
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X6 € (0, 1), we define a positive-valued function «, : [0,00) — R by

1 — (1 _ )\2)t+1
(1= (1= X))

if Az >0
(5.19)

L, if \7 = 0.

\

For time ¢ > 0, the proposed adaptive gradient optimizer in continuous-time domain are governed

by the set of ODEs

f1i(t) = =Api(t) + A Vi f (2(2)), (5.20)
Gi(t) = =AsGi(t) + Aawi(t), (5.21)
Ui(t) = MGi(t) — Asvi(t) + Ae (Vi f (z(t)), pi(t)), (5.22)
o L dqp(t) + AsVif(2())

ii(t) = -0 O (5.23)

The d-dimensional vectors u, ¢, and v can be abstracted as dynamic controller states. Here,
a,(t) represents the initial bias correction. When the moment estimate is not used in updating
x(t), there is no bias correction needed in the algorithm, e.g. AdaGrad [33]. Such cases are

represented by Az = 0 and a,(t) = 1 because of no bias correction.
Assumption 5.3. We assume that the function 1) satisfies the following properties.

A: ) is differentiable over R%. Moreover, 1)(x,vy) and its gradient V(x,y) are bounded if

both x and y are bounded, for any z,y € R.
B: (z,.) is bounded only if x is bounded, for x € R.

C: limy oo Y(Vif(2(t)), pi(t)) = 0 only if limy_,o V; f(2(t)) = 0.
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The following theorem guarantees convergence of the proposed adaptive gradient optimizer,

presented above in (5.20)-(5.23), to a critical point of problem (5.1).

Theorem 5.2. Consider the set of differential equations (5.20)-(5.23) with initial conditions

1(0) = ¢(0) = 04, 2(0) € RY, and {v;(0) > 0:49=1,...,d}. Let the parameters satisfy

2\
0<e<l,Ad>0, >0, >0 M<As< 22 XNg>0, A >0, Ag >0, A7 + g > 0.
C

(5.24)

Additionally, let 0 < Mg < Ay < 1if Ay > 0. If Assumptions 5.1-5.3 hold, lim,_,., V f(z(t)) = 0g4.

Now we are ready to show that the AdaGrad, G-AdaGrad, Adam, and AdaBelief algorithms
are included in our proposed adaptive gradient algorithm (5.20)-(5.23). Therefore, simple convergence
proofs of the aforementioned algorithms for non-convex problems follow from Theorem 5.2.
The following results present these convergence guarantees in continuous-time. Specifically, we
obtain the following corollaries of Theorem 5.2. Recall the G-AdaGrad, the Adam, and the

AdaBelief algorithms from Section 5.2 and Section 5.3.

Corollary 5.1 (G-AdaGrad). Consider the set of differential equations (5.2)-(5.3) with initial
conditions x(0) € R% and {z.;(0) > 0:i=1,...,d}. Let the parameter c satisfy 0 < ¢ < 1. If

Assumptions 5.1-5.2 hold, then lim;_,, V f(x(t)) = 0.

Proof. The set of equations (5.2)-(5.3) is a special case of (5.20)-(5.23) with v = z,, \y = A5 =

0.3 = 1 Ar = 0. As = L and U(Vf(a(t)), ps(8)) =|| V. (a(8))|. Clearly, (Y, f((8)). p(t)) =
Hvi f(z(t)) H2 satisfies Assumption 5.3. Thus, Theorem 5.2 is applicable, and the proof follows.

]
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Since the AdaGrad algorithm, represented by (5.2)-(5.3), is a special case of AdaGrad with

¢ = 0.5, the convergence of AdaGrad is included in Corollary 5.1 above.

Corollary 5.2 (Adam). Consider the set of differential equations (5.13)-(5.15) with initial conditions
w(0) = 04 z(0) € RY and {v;(0) > 0 : i = 1,...,d}. Let the parameters by and by satisfy

0 < by < by < 1. If Assumptions 5.1-5.2 hold, then lim,_,., V f(z(t)) = 0g4.

Proof. The set of equations (5.13)-(5.15) is a special case of (5.20)-(5.23) with ¢ = 0.5, \; =
/\2 = bl, )\4 = 0, /\6 = bg, )\7 = 1, )\8 = 0, and 77Z)(V1f($(t)),ﬂz<t)) = HV,f(x(t))Hz Clearly,
W(Vif(z(t)), ui(t)) = Hsz(a:(t)) ||2 satisfies Assumption 5.3. Thus, Theorem 5.2 is applicable,

and the proof follows. [

Corollary 5.3 (AdaBelief). Consider the set of differential equations (5.16)-(5.18) with initial
conditions 11(0) = 04, (0) € RY, and {v;(0) > 0:i=1,...,d}. Let the parameters b, and by

satisfy 0 < by < by < 1. If Assumptions 5.1-5.2 hold, then lim;_,o, V f(x(t)) = 0q4.

Proof. The set of equations (5.17)-(5.18) is a special case of (5.20)-(5.23) with ¢ = 0.5, A\; =
Ao = b1, A = 0, X = ba, Ay = 1, s = 0, and (Vi f(a(t)), (1)) = | Vif (2(8)) — ms(t)]||".
Clearly, Y(V, f(x(t)), ui(t)) = HVZf(:v(t)) — pi(t) H2 satisfies Assumption 5.3.A-5.3.B. We will
show that it also satisfies Assumption 5.3.C.

Suppose that limy .||V f (2(£)) — ps(t)||* = 0. Then, lim o0 Vi f((t)) = limy o0 11;(t).
Then, from (5.17), lim;_, f1;(f) = 0. We define the notation p] = lim; o i () = limy_,0o Vif(2(2)).
We claim that 7 = 0. Otherwise, suppose that p # 0. Then, there exists 7' < oo such that
p1:(t) and V, f(z(t)) have the same sign for all ¢ > T Then, from (A.151), f(z(t)) < 0 for all

t > T Since f is bounded below, due to Assumption (5.1), and decreasing for all t > T', f(x(t))
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converges to its minimum value as ¢ — co. Upon differentiating both sides of (A.151) w.r.t. ¢,

d d

Fla(t) =D Vif(@@)a(t) + Y [V2f(x(t)], #()d:(t). (5.25)

i=1 =1

Upon differentiating both sides of (5.18) w.r.r. ¢ and substituting from (5.17),

) — )l

(t) b |Vif @) = @O bapu(t)
a(t)v ()% a(t)?v,(t)°

B 200(t)w; ()15  2a(t)y(t)0

(t
t)
From the definition of « in Section 2.1, «(t) > 0 and &(t) is bounded. Also, v;(t) > 0.
Since limt_,ooHVif(x(t)) — ui(t)HZ = limy o f1;(t) = 0 and limy_,o pi(t) = pf, we have
IV, ((t)) — ()|, f1:(t), and ps;(t) bounded. Then, #;(¢) is bounded. Since lim; . Vif (z(t)) =

pf, Vi f (x(t)) is bounded. Hence, under Assumption 5.2, (5.25) implies that f(z(t)) is bounded.

Since we have lim,_,, f(z(t)) finite and f(z(t)) bounded, Barbalat’s lemma [157] implies that
limy_,o0 f(x(t)) = 0. But we also shown that f(z(t)) < 0 for all ¢ > T'. This is a contradiction.

So, Assumption 5.3.C holds and the proof is complete following Theorem 5.2. 0

5.5 Continuous-time AdaBound

5.5.1 State-space model of AdaBound

In order to present our state-model of AdaBound, we define four real valued positive scalar
parameters « > 0,y > 0, \; € (0,1) and Ay € (0,1). Recall from Section 2.1 that 7, and 7,
are, respectively, the time-varying lower bound and the upper bound on the learning rate. In the

original paper [120], these bounds 7, and 7, are defined as positive valued functions 7; : [0, 00) —
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R-gandn, : [0,00) — R~ such that 7, is non-decreasing and 7, is non-increasing. Additionally,
both the functions 7; and 7, are assumed to asymptotically converge to some positive scalar o,
i.e., limy,oo mi(t) = limy_,o My (t) = . Note that, 7; and 7, are defined by the user before the
algorithm proceeds. We define a positive valued function i : [0,00) — R, which signifies
the initial bias correction term, as is used in the practice while implementing AdaBound or any
other adaptive gradient algorithms [81, 120]. However, our model does not require an explicit

expression of h. The constraints on h and the bound functions 7;, 7, are presented below.

Assumption 5.4. Assume that there exists T} € [0, 00) such that the function h is non-increasing

forallt > Th.

Assumption 5.5. Assume that n; and n, are differentiable. Moreover, there exists T € [0, 00)

such that n,, is non-increasing and n; satisfies m,(t) < 2a i (t) fort > Ts.

Assumption 5.6. Assume that there exists two positive constants L and R such that [n;(t), n.(t)] C

(L, R] fort > 0.

. . . —(1— t+1
The conventional bias correction h(t) = —=2=2)___

11— a)tH

as a special case, when the parameters satisfy 0 < Ay < Ay < 1. The bound functions

is included in Assumption 5.4

m(t) = o* (1 - m> and n,(t) = o (1 + (1——13)1:> with § € (0, 1) proposed in the original
AdaBound paper [120] satisfy Assumption 5.5. Assumption 5.6 is the standard boundedness

assumption of 7; and 7, [120, 151].
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Foreach: € {1,...,d} and t > 0, we consider the following set of equations

fri(t) = =Apa(t) + MV f (x()), (5.26)

Di(t) = —Aaui(t) + No|| Vif (x(8))||” (5.27)
o (L m® m(

n;(t) = Clip ( l/i<lf)’ i ) , (5.28)

ii(t) = —%m(t)m(t% (5.29)

with initial conditions p(0) € RY, 1;(0) > 0 Vi, and x(0) € R? Equations (5.26)-(5.29)
represents a dynamical system: z is the state-vector and the variables p, v, and 7 can be abstracted
as dynamic controller states. We assume that the functions 7; and 7, are smooth so that 7 is
differentiable.

When (5.26)-(5.29) are explicitly discretized as t = ko with a fixed sampling time § >
0, (5.26)-(5.29) is a continuous-time equivalent in the limit 6 — 0, of the following algorithm.

Foreachi € {1,...,d} and sampling instant & € {0,1,...}, 1;((k + 1)) = (1 — 6 ;)i (k) +

2 ' . . 1
,mi(kd) = Clip( =

OMVif (@(kd)), vi((k +1)8) = (1 — OXo)vi(kd) + 0Xo|[Vif (2(k9))|

@7 nu&kis) ), xi((k+1)d) = x;(kd) — %ui(ké)m(ké). The above set of equations represents
the AdaBound algorithm in discrete-time, as reviewed in Section 5.1, with the parameters 5, =
1 — )My, o = 1 — 0Xg, @ = 6, and the controller state 77(t) = an(t). Note that, the step-size

v in our state-update equation (5.29) is constant, unlike the original AdaBound algorithm which

employs a decreasing step-size \/LE (ref. Section 5.1).
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5.5.2 Convergence of AdaBound

The following theorem guarantees convergence of the state-model of AdaBound, presented
above in (5.26)-(5.29), to a critical point in X*. The initial states of u,x are the same as

AdaBound paper [120], and v is assumed positive to avoid division by zero.

Theorem 5.3. Consider the set of equations (5.26)-(5.29) with initial conditions 1(0) = 0g,
z(0) € RY and {v;(0) > 0 : @ = 1,...,d}. Let the model parameters satisfy o > 0,
v > 0,and 0 < Ny < 4Ny < 1. If Assumptions 5.1-5.2 and Assumptions 5.4-5.6 hold, then

limy o Vf(2(t)) = 04

5.6 Convergence analysis of Nadam

To present our state-model of Nadam, we define four real valued positive scalar parameters

1,72 > 0, A1, Ay € (0, 1), and two positive-valued functions a, s : [0, 00) — R as

1 — (1 _ )\1)7&+1

ay(t) = , >0, 5.30
1(t) N W (5.30)
1—1(1—=\ t+2
as(t) = ( ) >0 (5.31)
\/1 _ (1 _ )\2)t+1
Foreachi € {1,...,d} andt > 0, we consider the following set of ordinary differential equations
f1:(t) = =Ap(t) + MV f(z(1)), (5.32)
7i(t) = =Aavi(t) + Xa| Vit ((0) (5.33)
it i t
it = — D) Vislalt) (5.34)

S () V) alt) u)
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with initial conditions 1(0), z(0) € R? and {v;(0) > 0:4 = 1,...,d}. The above ODEs (5.32)-

(5.34) are continuous-time equivalent of the discrete-time Nadam algorithm, as reviewed in

Section 2.1, with the parameters 5; = 1 =090\, By = 1—08Ag, 71 = g\}%, Yo = g\/% It can

be easily seen by explicitly discretizing (5.32)-(5.34) with ¢ = k¢ and taking the limit at ) — 0,
where 0 > 0 is the sampling time. The ODEs (5.32)-(5.34) represent a closed-loop system: x is
the state-vector and p, v are dynamic controller states. The terms « (), as(t) in (5.34) capture
the initial bias corrections in Nadam.

The following theorem proves convergence of the state-model (5.32)-(5.34) of Nadam to a

critical point in X*.

Theorem 5.4. Consider the ODEs (5.32)-(5.34) with initialization 1(0) = 04, 2(0) € RY, and
{vi(0) > 0:4i=1,...,d}. Let the model parameters satisfy y1,72 > 0and 0 < Ay < Ay < 1. If
Assumptions 5.1-5.2 hold, then lim;_,., V f(x(t)) = 0.

5.7 Convergence analysis of RAdam

To present our state-model of RAdam, we define a scalar parameter v > (0. The update

law for the dynamic controllers ;2 and v in RAdam is same as Nadam in (5.32)-(5.33). The state
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dynamics of RAdam is described by

plt) = po =2t + 1)7 £1<I igit;ﬂ’ -
() = 4)(p(t) = 2)pos
= \/ (Poo —4)(Poo — 2)p(t) (5.36)
v r(t)p(t) ”
N ik 1 (t) >4
) =4 M0 V) P .
1-(1 j Ap )t pwi(t), ifp(t) <4,

with initial conditions y(0), z(0) € R? and {1;(0) > 0:i =1,...,d}. The ODEs (5.32), (5.33),
and (5.37) are continuous-time equivalent of the discrete-time RAdam algorithm, as reviewed in
Section 2.1, with the parameters 53 =1 — 0\, fo =1 — 0, v = g

The following theorem proves convergence of the state-model of RAdam to a critical point

in X*.

Theorem 5.5. Consider the ODEs (5.32), (5.33), and (5.37) with initialization 11(0) = 04, (0) €
R% and {v;(0) > 0:i=1,...,d}. Let the model parameters satisfy y > 0 and 0 < Ay < \; <

1. If Assumptions 5.1-5.2 hold, then lim,_,o, V f(x(t)) = 0q4.

5.8 Convergence of rescaled gradient flow

The rescaled gradient flow proposed in [154] is governed by the state-dynamics

i) = aVft)  aVfd) (5.38)

9 F s
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paremeterized by ¢1,co > 0, p1 > 2, and p, € (1,2). The following theorem proves convergence

of (5.38) for non-convex objective function f to a critical point in X*.

Theorem 5.6. Consider the ODE (5.38) with initial condition x(0) € RY. Let the model parameters

satisfy c1,co > 0, p1 > 2, and py € (1,2). If Assumptions 5.1-5.2 hold, lim,_,, V f(x(t)) = 04.

5.9 Proposed algorithm: AdamSSM

In this section, we present the novel AdamSSM algorithm and its convergence guarantee.
The proposed AdamSSM algorithm is in the form of the generic adaptive gradient setup, presented
in Section 5.4, where the function ¢ in (5.22) is defined as 1(V; f (z(1)), 1:(t)) =||Vif (z(2)) ||2.
Specifically, the AdamSSM algorithm in continuous-time is described by the following set of

ODEs, parameterized by by, by, and bs. For each dimensioni € {1,...,d} andt > 0,

fui(t) = —bipa(t) + b1V f(x()), G(t) = —baGi(t) + bavi(t), (5.39)

Di(t) = bsCo(t) — (b + bg)ui() + bo| | Vi f(@(®)||7 ) da(t) = ———

The function ¢ and the parameters 3; = (1 — 0by) and 5 = (1 — dby) in the proposed
AdamSSM algorithm is same as Adam. However, unlike Adam, b3 in AdamSSM is strictly
positive. As aresult, for each dimension i € {1,...,d}, the transfer function [80] from ||V, f (z(t)) ||2

to v;(t) in AdamSSM is % where s denotes the Laplace variable. On the other hand,

bo
(s+b2)°

for Adam we have bs = 0, and the above transfer function due to cancellation of a pole-
zero pair at s = —b,. The addition of a pole and a zero in AdamSSM is due to introduction of the

positive-valued parameter b3 which improves the convergence of the estimated objective function
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Algorithm 5 AdamSSM: Adaptive momentum estimation with Second-order dynamics of
Second Moment

1: Initialize z(0) € RY, u(0) = ¢(0) = v(0) = 04, b1, by, b3 > 0, € > 0, and the learning rate

schedule 7(t).

2: for each iterationt =0, 1, 2,... do

3 Compute gradient V f(x(t)) at the current estimate.

4: Update biased first moment estimate j(t + 1) = (1 — dby)pu(t) + 601V f(x(t)).

5

6

Update the vector ((t) to ((t + 1) = (1 — 0b2)((t) + dbav(1).
Update biased second raw moment estimate v;(t + 1) = 6b3(;(t) + (1 — 6by — 5bs)v;i(t) +

(562Hvif(:c(t)) ? foreachi=1,....d.
7: Compute bias corrected first moment estimate /i(t + 1) = f—zlltﬂ
8: Compute bias corrected second raw moment estimate 7(t + 1) = %
9: Updates the current estimate x(t) to z;(t + 1) = x;(t) — n(t)% i=1,...,d.

10: end for

values f(z(t)). This can be seen from (A.155) in the proof of Theorem 5.2, presented later in
Appendix A.19. The additional parameter b3 > 0 in the AdamSSM algorithm corresponds to
A4 > 0 in the generic adaptive gradient algorithm (5.20)-(5.23). But in case of Adam we have
Ay = b3 = 0. Thus, for AdamSSM, there is an additional negative term on the R.H.S. of (A.155),
contributing to faster decrements of f(x(¢)). Note that the order of computational cost of the
AdamSSM algorithm is same as Adam.

The formal convergence guarantee of the proposed AdamSSM algorithm in continuous-

time is presented below in the form of Corollary 5.4 of Theorem 5.2.

Corollary 5.4. Consider the set of differential equations (5.39)-(5.40) with initial conditions
w(0) = ¢(0) = 04 2(0) € RY, and {v;(0) > 0 : i = 1,...,d}. Let the parameters by, by
and by satisfy 0 < by < by < 1,b3 > 0, by + b3 < 4by. If Assumptions 3.1-3.2 hold, then

limy 0o Vf(z(t)) = 04

The AdamSSM algorithm in discrete-time is summarized above in Algorithm 5. Specifically,
we use first-order explicit Euler discretization with a fixed sampling rate to discretize the set of
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ODEs (5.39)-(5.40). To be consistent with the format of the existing algorithms, we replace the
condition ;(0) > 0Vi with an additional parameter € > 0, as it is in the existing algorithms. The
purpose of either of these conditions is the same: to avoid division by zero in (5.40). Additionally,
we denote the learning rate parameter for updating the estimate z(¢) for each iterationt = 0, 1, . ..

in discrete-time by 7(t).

5.10 Proposed Algorithm: NadamSSM

Recall the state-space model of Nadam in (5.32)-(5.34), particularly the dynamic update
of the controller state v in (5.33) which is the second raw moment estimate of the gradients. It
has been proved that the transient dynamics of a momentum-based algorithm, such as Nadam,
is negatively impacted by the condition number of f, leading to slower convergence [158].
Therefore, the motivation behind our proposed algorithm is to improve upon the convergence rate
of Nadam. We note that the transfer function from input ||V, f (z(t)) H2 to output v;(t) in (5.33)
of Nadam has no zero and one pole. In the above transfer function of our algorithm, therefore,
we add (i) an LHP zero for faster transient response of controller state v, and (i1) an LHP pole for
improving stability of v.

The proposed Nadam with Second-order Dynamics of Second Moment (NadamSSM) algorithm
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is governed by the following state-space model. Fori € {1,...,d} and ¢t > 0,

f1i(t) = =Api(t) + MVif (2(t)), (5.41)
Cilt) = —XaGi(t) + Aawy(1), (5.42)
5i(1) = AsGi(t) — (ha + A1) + X |V f () (5.43)
xl(t) _ 4! Mi(t) e Vz‘f(iﬂ(t)) (5.44)

as(t) /vi(t) + e ar(t) \Jui(t) +¢

with z(0) € R?, u(0) = ¢(0) = v(0) = 04. The algorithm parameters A;, Ao, V1, V2 are the
same as Nadam. The additional parameter A3 > 0. To be consistent with the format of the
existing algorithms, we replace v;(0) > 0 with an additional parameter ¢ > 0. The purpose
of either of these conditions is to avoid division by zero in (5.44). From (5.42)-(5.43), the
transfer function from Hvlf(x(t))H2 to v;(t) in NadamSSM is H(s) = %, where
s denotes the Laplace variable. As described above, H(s) in NadamSSM has a LHP zero at
s = —A\o and two real valued LHP poles, as compared to no zero and one LHP pole s = — A\,

(ref. (5.33)) in Nadam. In our experiments, we implement the proposed NadamSSM algorithm

by discretizing (5.41)-(5.44) by explicit Euler discretization with a sampling rate 6 = 0.15.

5.11 Proposed Algorithm: MAdamSSM

We utilize the transfer function-based modification of Adam and Nadam algorithms on the
MAdam algorithm as well. To provide the intuition of our proposed algorithm, we begin with a
state-space model of the MAdam algorithm, reviewed in Section 5.1, as follows. The MAdam

algorithm is a discrete-time feedback control system, with = being the state-vector and the
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Algorithm 6 MAdamSSM: Maximum variation averaging Adaptive momentum estimation with
Second-order dynamics of Second Moment
1: Initialize #(0) € R?, 1(0) = @(0) = ¢(0) = #(0) = w(0) = 04, @ € (0,1),0 < B8 < B <1,
B3 € (0,1), B3 < ﬁz, e > 0, and the step-size schedule 7(t).
2: for each iteration £k =0, 1, 2,... do

3 Compute gradient V f(x(t)) at the current estimate.

4 for each dimension: =1,...,d do

5: Update fip11,; = ovfig; + (1 — )V f ().

6: Compute 5 ; = arg maxg vg;(3) — pui(3)%

7 Compute i = Clip (B 6, 5)

8 Update 41, = Brtg; + (1 — Bi)Vif (zk).

9: Update Cri1i = Br,iCri + (1 — Bri) Vi ,
10: Update 415 = B3Cki + (Bri — B3)via + (1 — Br) || Vif () |
11: Update W1 = 5k~wk,z + (1 — 6k)

. o Uk+1,
12: Compute uy11; = Dhris
13: Compute vy, 1; = Zﬁ

p— VWkt1,i P41
k ~ .
o 1—ak+t \/Vk+1,i+e

14: Update zj41,;, = @

15: end for
16: end for

variables ji, U, 7, w being dynamic controller states. From simulations, we observed an issue with
adaptive gradient algorithms, including Adam and MAdam, that the first and second moments of
gradients can converge slowly, especially if the optimization problem is ill-conditioned. This
property of momentum-based algorithms have been theoretically proved in [158]. Specifically,
the peak overshoot and the rise time of these methods are directly influenced by the condition
number [158]. Now, the difference equation 1, = B, + (1 — ﬁk)HVif(xk)Hz Vi can
be viewed as a controlled dynamical system. Specifically, the controlled input for updating the
controller state 7 ; is HVZ f (xk)HQ and the controlled output is 744,. From classical control
theory, we know that the addition of a zero improves the transient response of a linear system.
Now, the MAdam algorithm does not have any zero in its dynamics of 7 ;. So, in our algorithm,

we add a zero inside the unit circle |z| < 1 to the dynamics of 7 ; for improving the convergence
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rate. However, in the MAdam algorithm, the dynamics of 7 ; is strictly proper. Thus, we also
add a pole inside the unit circle to the dynamics of 7 ;. Hence, for each dimension ¢, the transfer
function from HVl f (%)HQ to 7 ; in our proposed algorithm has an additional pole-zero pair
inside the unit circle, as compared to only one pole and no zero for its counterpart in the MAdam
method. Herein lies the intuition behind our algorithm.

The proposed MAdamSSM algorithm is summarized above in Algorithm 1. To avoid
division by zero at the first iteration of Algorithm 1, we define @;,;, = (1 — 1)V, f(z1) and

;= (1-— Bl)HV,-f(xl) 2, and wy; = (1 — (1), as done in the MAdam algorithm [126]. The

major difference between MAdam and MAdamSSM is the addition of an appropriate pole-zero
pair to the dynamics from HVZ f(zx) H2 to U41,4. Specifically, unlike MAdam, the parameter 35
in our algorithm is a strictly positive scalar. If the coefficient 3 is a constant (35, as in Adam or

AdaBound algorithm, then for each each dimension 7, the transfer function from HVZ f(zy) H2 to

Uk, in the MAdamSSM algorithm is T'(2) = - (2(;2__5 Z,Z();f;)g_ AL where z denotes the operator
2

in Z-transform. The hyperparameter (33 controls the placement of both the zero and the additional

pole, balancing stability and acceleration. For MAdam, 53 = 0 and the above transfer function

isT'(z) = Eiigzi, due to cancellation of a pole-zero pair at z = (3,. The parametric conditions

B2 € (0,1), B3 € (0,1) and B3 < 32 ensure that the poles and zeros of T'(z) are within unit circle.

5.12 Experimental results

In this section, we present our experimental results validating the efficiency of the proposed

G-AdaGrad and AdamSSM algorithms.
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Figure 5.1: Decision boundary in the a; — as plane, obtained from training a linear regression
model for classification of digit-1 and digit-5 using G-AdaGrad. The data points from MNIST
training set are plotted in a; — a9 plane.

o

[—Decision boundar
> Digit-1

_Digit-5
0

avg. symmetry a,
(2]
= }

N
o
S

20 40 60 80
avg. intensity a,

Figure 5.2: Decision boundary in the a; — a9 plane, obtained from training a linear regression

model for classification of digit-1 and digit-5 using G-AdaGrad. The data points from MNIST
test set are plotted in a; — a9 plane.

5.12.1 G-AdaGrad

We consider the problem of recognizing handwritten digit one and digit five. Although it is

a binary classification problem between the digits one

4
25 x 10
and five, we solve it as a regression problem first. The & | — |
31 sk c=0.5] |
= —c = 0.8
obtained linear regression model can be a good initial £ ==
205
) [
0 1 2 3 4 5

decision boundary (ref. Fig. 5.1-5.2) for classification et

algorithms. We conduct experiments for minimizing the Figure 5.3: % H Ax(t) — bH2 — f* of
— : L ) ~ linear regression for classifying digit-
objective function f(x) = 3||Az —b||". The training | and digit-5 from the MNIST dataset

with G-AdaGrad.
data points (A, b) are obtained from the “MNIST” [47]

dataset as follows. We select 5000 arbitrary training instances labeled as either the digit one or

the digit five. For each instance, we calculate two quantities, namely the average intensity of an
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image and the average symmetry of an image [48]. Let the column vectors a; and a; respectively
denote the average intensity and the average symmetry of those 5000 instances. We perform a
quadratic feature transform of the data (a1, as). Then, our input matrix before pre-processing
is A = a, ay ap.? ay.*ay ay?|- Here, (.x) represents element-wise multiplication and
(.%) represents element-wise squares. This raw input matrix A is then pre-processed as follows.
Each column of A is shifted by the mean value of the corresponding column and then divided
by the standard deviation of that column. Finally, a 5000-dimensional column vector of unity is
appended to this pre-processed matrix. This is our final input matrix A of dimension (5000 x
6). Next we consider the logistic regression model and conduct experiments for minimizing the
cross-entropy error on the raw training data.

We train both of these models with the G-

AdaGrad algorithm (5.2)-(5.3). We initialize the '} —

10°f c=05 1

—c =028
algorithm according to the conditions in Theorem 5.1. = 1o°g e=1] 1

(x(®)

Specifically, we set z.(0) = z(0) = [0.01,...,0.01]7. o o0z ¢ 05 08

time t

G-AdaGrad converges for different values of ¢ (ref. Fjgure 5.4: Training loss of logistic

regression model for classifying digit-
Fig. 5.3 and Fig. 5.4). We observe that the convergence | apd digit-5 from the MNIST dataset

with G-AdaGrad.
is faster when c is smaller. Thus, the coefficient ¢ = 0.5,

which corresponds to the original AdaGrad method, is not the optimal choice. In addition, ¢ = 1

leads to poor convergence, as we have theoretically explained in Section 5.2.2.

5.12.2 AdamSSM
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We present experimental results on benchmark
machine learning problems, comparing the convergence
rate and test-set accuracy [48] of the proposed
AdamSSM algorithm with several other adaptive
gradient methods. These methods are AdaBelief [81],
AdaBound [120], Adam [34], AdamW [121], Fromage
[122], MSVAG [123], RAdam [124], SGD [32], and
Yogi [125].

In the experiments, we consider two machine

Test accuracy ~ Training epoch

---- AdaBelief
95 AdaBound
---- Adam
---- AdamW
931 ---- Fromage

Accuracy

Training Epoch

Figure 5.5: Test set accuracy for
image classification task on CIFAR-
10 dataset with ResNet34 architecture
trained with different algorithms.

learning tasks: image classification on CIFAR-10 dataset [159] and language modeling on Penn

TreeBank (PTB) dataset [160]. The CIFAR-10 dataset consists of 60k tiny colour images with

32 x 32 pixels in 10 mutually exclusive classes, with 6k images per class. There are 50k training

images and 10k test images. The PTB dataset consists of 929k training words, 73k validation

words, and 82k test words.

For image classification task, we use two CNN
architectures: ResNet34 [161] and VGG11 [162]. The
numeral after the keyword signifies the number of
weighted layers in that architecture. ResNet34 and
VGGI11 has approximately d = 21 million and d = 133
million parameters, respectively. These are the state-of-
the-art architectures for image classification. ResNet,
in particular, solves the famous vanishing gradient
problem, where the computed gradients get truncated to
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Figure 5.6: Test set accuracy for
image classification task on CIFAR-
10 dataset with VGGI11 architecture
trained with different algorithms.



zero due to repeated application of chain rule across deep layers during back-propagation and

due to finite precision.

For language modeling task, we use the long
short-term memory (LSTM) [163] architecture with
respectively 1-layer, 2-layers, and 3-layers. LSTM is
a widely used language model in different applications,
including text generation and speech recognition. It
is a recurrent neural network with ‘gates’ which are
neural network that learns the important information
from the training data corpus. Perplexity [164] is
a metric for measuring performance of a language

model. Technically, a language model computes the

o Test set perplexity ~ training epoch

110 “:ﬂa Y
- A A(:JaBeIief
ﬂ 100 SGD AN, Ay
o -~ AdaBound | 7|
ey -- Adam L “'l
o - AdamW i
o MSVAG s
80 RAdam
-- Yogi
AdamSSM
70 0 25 50 75 100 125 150 175 200
Training Epoch
Figure 5.7:  Test set perplexity
for language modeling task on

PTB dataset with 1-layer LSTM
architecture trained with different
algorithms.

joint probability of a word sequence from product of conditional probabilities of each word.

Perplexity is defined as the inverse probability of the test set, as predicted by a trained model,

normalised by the number of words. Perplexity can also be interpreted as the number of words

that can be encoded with the cross-entropy. Thus, lower the perplexity, more confident the model

is in predicting the next word in a sequence. So, a lower perplexity is preferred.

To conduct these experiments, we adapt the experimental setup used in the recent AdaBelief

paper [81] and the AdaBound paper [120]. The estimate z(#) is initialized randomly from R? for

all the algorithms. The hyperparameters of the respective algorithms are tuned such that the

individual algorithms achieves a better generalization on the test dataset. Following [81], these

hyperparameters are selected as described below.

AdaBelief: The standard parameter values 3; = 0.9, S = 0.999 are used. The parameter
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¢ is set to 1078 for image classification tasks, 10716 for 1-layer LSTM and 10~'2 for 2-layer and
3-layer LSTM. The learning rate 7 is set to 102 for 2-layer and 3-layer LSTM, and 103 for all
other models. These parameter values are set according to the implementation of AdaBelief in
GitHub '.

AdaBound, Adam, MSVAG, RAdam, Yogi: The parameter 3, is selected from the set
{0.5,0.6,0.7,0.8,0.9}. The learning rate 7 is selected from the set {10” : p = 1,0, —1, —2, —3}.
Standard values are used for the other parameters.

AdamW: The weight decay parameter is chosen from the set {1072, 1073, 5 x 1074,107*}.
The other parameters are selected in the same way as Adam.

Fromage, SGD: The learning rate is selected as described above for Adam. The momentum
is chosen as the default value of 0.9.

AdamSSM: The parameters 3; = (1 — db;) and 52 = (1 — dby) are similar to Adam. The
standard choices for /5; and 35 in Adam are respectively 0.9 and 0.999 [34]. With a sampling
time o = 0.15, therefore we set b; = 0.67 and b, = 0.0067. The parameter b3 is chosen from the
set {# :c=1,2,3,4,5}. The parameter € and the learning rate 7 are selected in the same
way as AdaBelief.

In our experiments, we have considered the cross-entropy loss function [48]. To avoid
overfitting, we have used [o-regularization [48] while training the architectures. Following [81],
the regularization hyperparameter is set to 5 x 10~ for the image classification tasks and 1.2 x
107 for the language modeling task, for each of the aforementioned algorithms.

For the image classification tasks, the model is trained for 200 epochs; the learning rate

is multiplied by 0.1 at epoch 150; and a mini-batch size of 128 is used [81, 120]. We compare

"https://github.com/juntang-zhuang/Adabelief-Optimizer
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the training-set and test-set accuracy of different training algorithms in Table 5.1 and Table 5.2.

We observe that the proposed AdamSSM algorithm has the best test-set accuracy among all the

algorithms, on both the architectures ResNet34 and VGGI11. Some other algorithms achieve a

better training-set accuracy than the proposed method. However, the test-set accuracy of those

algorithms is less than AdamSSM.

For the language modeling tasks, the model is
trained for 200 epochs; the learning rate is multiplied
by 0.1 at epoch 100 and 145; and a mini-batch size of
20 is used [81]. We compare the training-set and test-set
perplexity of different training algorithms in Table 5.3-
5.5. Note that a lower perplexity means better accuracy.
For 1-layer LSTM, only the Adam method generates
lower test set perplexity than the proposed method. For
2-layer LSTM, only the AdaBelief method generates

lower test set perplexity than the proposed method. For

% Test set perplexity ~ training epoch
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>
=275 SGD N
x -- AdaBound i, | S
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Figure 5.8:  Test set perplexity
for language modeling task on
PTB dataset with 3-layer LSTM
architecture trained with different
algorithms.

the more complex 3-layer LSTM, the proposed method achieves both the least test set and the

least training set perplexity.

5.12.3 NadamSSM

We implement our NadamSSM algorithm in discrete-time and compare its performance

with AdaBelief [81], AdamSSM, and Nadam [38] algorithms for solving the following machine

learning tasks: image classification on CIFAR-10 dataset [159], with ResNet34 [161] and VGG11
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Figure 5.9: Test set perplexity for language modeling task on PTB dataset with 2-layer LSTM
architecture trained with different algorithms.

[162] models, and language modeling on Penn TreeBank (PTB) dataset [160], with 3-layer long
short-term memory (LSTM) [163] model. AdaBelief has been shown to be more efficient than
the popular optimizers [81] on benchmark machine learning tasks. However, the experimental
results in [81] have not compared AdaBelief with Nadam.

We use the experimental setup as in the recent AdaBelief paper [81]. Following [81], the
l-regularization hyperparameter is set to 5 x 104 for image classification and 1.2 x 107 for
language modeling. The hyperparameters are tuned such that the individual algorithms achieves
a better generalization on the test set. Specifically, all the parameter values of AdaBelief and
AdamSSM are set as per the implementation in the AdaBelief paper [81] and Section 5.12.2. For
Nadam and NadamSSM, \; = 0.67, Ay = 0.0067 are such that 3; = (1—9A;) and 5 = (1—35)\)
are same as AdaBelief. A3 is chosen from {c x 1072/§ : ¢ = 1,2,3,4,5}. The parameter ¢ and
the learning rate 7) are same as AdaBelief and AdamSSM.

All the models are trained for 200 epochs. At each training epoch, we evaluate the performance
of the models, trained with different optimizers, on the test data and compare the smallest error
of individual optimizers. For image classification, the learning rate is multiplied by 0.1 at epoch

150; the mini-batch size is 128 [81]. For language modeling, the learning rate is multiplied by 0.1
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at epochs 100 and 145; the mini-batch size is 20 [81]. From Table 5.1 and Table 5.2, the proposed
NadamSSM algorithm has the highest test set and training set accuracy on the VGG11 model, but
AdaBelief and AdamSSM perform better on ResNet34. From Table 5.5, NadamSSM achieves
the least test set perplexity (smaller perplexity is better) on 3-layer LSTM. Since each optimizer
is run for 200 epochs and NadamSSM obtains a smaller test error on VGGI11 and LSTM over
the same number (200) of epochs, NadamSSM is faster among the algorithms on VGGI11 and
LSTM. We note that when Nadam is better than AdaBelief/AdamSSM, NadamSSM significantly
improves on Nadam. Similarly, on ResNet34, when Nadam is poorer than AdaBelief/AdamSSM,
so is NadamSSM but with better performance than Nadam. This behavior can be attributed to

our transfer function-based modification of Nadam.

5.12.4 MAdamSSM

We present experimental results on a benchmark machine learning problem, comparing the
proposed MAdamSSM algorithm and the MAdam algorithm. MAdam has been demonstrated
to be more efficient than the AdaBelief optimizer [126], which in turn is superior to the other
existing optimizers [81], on several machine learning tasks.

In the experiments, we consider the machine learning task of image classification on the
CIFAR-10 and CIFAR-100 datasets [159] using two CNN architectures: ResNet18 and ResNet34
[161]. We adapt the experimental setup used in the MAdam paper [126]. The objective function
f is cross-entropy. The estimate x(t) is initialized randomly from R¢ for both the algorithms.
Following [126], the hyperparameters of the respective algorithms are tuned such that the individual

algorithms achieve better accuracy on the test set, as described below. The step-size schedule is
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cosine [165], which starts with a large value and rapidly decreases to a minimum value before
being increased rapidly again. This minimum value is set to 2e—6. MAdam: The L, regularization
parameter is selected from {0.025,0.05,0.1,0.2,0.4, 0.8, 1}, the best value being 0.05 for CIFAR-
10 and 0.2 for CIFAR-100. The learning rate is selected from {ce — 3 : ¢ = 0.5, 1,2, 3,4, 6,8},
the best value being 8e — 3 for CIFAR-10 and 4e — 3 for CIFAR-100. The other parameters are
a=09,8= 0.5,8 = 0.999,¢ = le — 8 [126]. MAdamSSM: The regularization parameter,
learning rate, o, 3, 3 and € are same as MAdam. s is selected from {ce =3: ¢=1,2,3,4,5}
and the best value is observed to be 2e — 3 for CIFAR-10 and le — 3 for CIFAR-100. The
ResNet models are trained over 200 epochs with a mini-batch size of 128 [126]. We compare the
training-set and test-set accuracy of MAdamSSM with MAdam over five runs. From Table 5.6-
5.7, we observe that the proposed MAdamSSM algorithm has better test-set accuracy on both

architectures. Additionally, MAdamSSM achieves this accuracy in fewer training epochs.

Table 5.1: Comparisons between best training accuracy, best test accuracy, and number of training
epochs required to achieve these accuracies for different algorithms on image classification task
with ResNet34.

] Training algorithm H Test accuracy \ Epoch H Train accuracy \ Epoch ‘
AdaBelief 95.44 194 99.988 193
AdaBound 94.85 190 99.998 191

Adam 93.02 189 99.308 190
AdamW 94.59 164 100.0 169
Fromage 94.51 165 99.992 165
MSVAG 94.44 199 99.996 185
RAdam 94.33 182 100.0 179

SGD 94.64 155 99.272 169

Yogi 94.71 182 99.972 192

AdamSSM (Proposed) 95.61 174 99.99 188
Nadam 95.31 189 99.99 182
NadamSSM (Proposed) 95.38 178 99.98 193
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Table 5.2: Comparisons between best training accuracy, best test accuracy, and number of training
epochs required to achieve these accuracies for different algorithms on image classification task
with VGG11.

| Training algorithm || Test accuracy | Epoch || Train accuracy | Epoch |
AdaBelief 91.41 193 99.784 197
AdaBound 90.62 176 99.914 193
Adam 88.40 197 94.028 199
AdamW 89.39 166 99.312 198
Fromage 89.77 162 99.730 170
MSVAG 90.24 187 99.948 192
RAdam 89.30 195 98.984 196
SGD 90.11 188 96.436 195
Yogi 90.67 192 99.868 196
AdamSSM (Proposed) 91.49 185 99.792 187
Nadam 91.52 191 99.82 185
NadamSSM (Proposed) 91.81 173 99.84 197

Table 5.3: Comparisons between best training set perplexity, best test set perplexity, and number
of training epochs required to achieve these perplexities for different algorithms on language
modeling task with 1-layer LSTM.

Training algorithm || Test accuracy | Epoch || Train accuracy | Epoch |
AdaBelief 84.63 199 58.25 192
AdaBound 84.78 199 62.36 155

Adam 84.28 196 58.26 155
AdamW 87.80 194 55.33 155
MSVAG 84.68 199 63.59 167
RAdam 88.57 196 55.81 155

SGD 85.07 199 63.64 155

Yogi 86.59 199 69.22 155
AdamSSM (Proposed) 84.61 199 58.93 192

5.13 Summary and discussions

We have proposed a fast optimizer, named Generalized AdaGrad (G-AdaGrad), a generalization

of the prototypical AdaGrad algorithm. We have acquired state-space framework of the G-
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Table 5.4: Comparisons between best training set perplexity, best test set perplexity, and number
of training epochs required to achieve these perplexities for different algorithms on language
modeling task 2-layer LSTM.

Training algorithm || Test accuracy | Epoch || Train accuracy | Epoch |

AdaBelief 66.29 199 45.48 184
AdaBound 67.53 199 43.65 165
Adam 67.27 199 46.86 184
AdamW 94.86 186 67.51 184
MSVAG 68.84 199 45.90 184
RAdam 90.00 199 61.48 184

SGD 67.42 197 44.79 165

Yogi 71.33 199 54.53 143
AdamSSM (Proposed) 66.75 198 44.92 190

Table 5.5: Comparisons between best training set perplexity, best test set perplexity, and number
of training epochs required to achieve these perplexities for different algorithms on language
modeling task 3-layer LSTM.

’ Training algorithm H Test accuracy \ Epoch H Train accuracy \ Epoch ‘
AdaBelief 61.24 194 37.06 197
AdaBound 63.58 195 37.85 193

Adam 64.28 199 43.11 197
AdamW 104.49 159 104.94 155
MSVAG 65.04 192 39.64 185
RAdam 93.11 199 90.75 185

SGD 63.77 146 38.11 146

Yogi 67.51 196 51.46 164

AdamSSM (Proposed) 61.18 188 36.82 197
Nadam 61.10 181 35.95 197
NadamSSM (Proposed) 60.85 187 36.44 197

AdaGrad algorithm, governed by a set of ordinary differential equations. From the proposed
state-space viewpoint, we have presented simple convergence proof of G-AdaGrad for non-
convex optimization problems. Our analysis of G-AdaGrad has provided further insights into
the AdaGrad method. The theoretical results have been validated empirically on MNIST dataset.

Most importantly, we have proposed a generic adaptive gradient-descent optimizer to accelerate
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Table 5.6: Comparisons between mean (and std.) of the best training and test accuracies, and the
number of training epochs required to achieve them for the MAdamSSM (proposed) and MAdam
algorithms over five runs.

MAdamSSM (Proposed) MAdam
Model, Test Epoch | Train Epoch || Test Epoch | Train Epoch
Dataset accuracy accuracy accuracy accuracy

ResNetl8, || 95.36 189.8 100.0 191.2 95.29 194.6 100.0 187.2

A 09 (@3 [ @y o) l@n |0 @)

ResNet34, || 95.46 187.0 100.0 195.4 95.37 188.0 100.0 190.8

%FAR- (0.14) | (6.3) | (0) (2.9) || (0.14) | (32) | (0) (3.6)

ResNetl8, || 78.95 187.8 99.98 194.8 78.83 192.6 99.98 193.2

oo | 028) @5 00) @9 | 02) | @2 |00 |29

Table 5.7: Comparisons between the best training and test accuracies, and the number of training
epochs required to achieve them for the MAdamSSM (proposed) and MAdam algorithms applied
to train ResNet34 with CIFAR-10 data over five runs.

MAdamSSM (Proposed) MAdam

Test Epoch | Train Epoch || Test Epoch | Train Epoch

acC curacy accur acy acC curacy accur acy
101)1111 Poeed=1l o530 1179 1000 | 192 || 9549 |185 |100.0 | 191
1;(‘)1)‘1 2Geed= | ge 3 1189 | 1000 | 199 | 9518 |189 | 100.0 | 196
Ifél(% 3seed= | or a0 1187 1000 | 196 | 9547 | 193 | 1000 | 192
1;(‘)10“)4 (seed=1l ge 51 106 |100.0 |197 | 9543 |186 | 1000 | 188
lf(;lélof (seed=1l 9= 63 | 184 |100.0 |193 | 9527 | 187 |100.0 | 187

* seed initializes the random number generator of Python’s NumPy package

gradient-based optimization of non-convex optimization problems. Adaptive gradient optimizers

are an integral component of modern-day machine learning pipelines. We have presented a

152



state-space framework for such optimizers, facilitating a dynamical system perspective of some
prominent adaptive gradient optimizers and their potential variations. Specifically, the estimate of
the true minima is the system state, and updating the learning rate of the state can be described as
a control input. When the learning rates are updated adaptively, the control input is dynamically
evolving. Hence, the dynamic controller states are governed by feedback inputs that are a function
of the current estimate (the current system state). The existing optimizers specify the feedback
input to update the dynamic controller states. We have proposed a general class of feedback
inputs to the controller states and specified sufficient conditions for the feedback to guarantee
convergence of our general algorithm for adaptive optimization. Another salient feature of
our generic algorithm is the addition of a suitable pole and zero in the transfer function to the
controller state from its corresponding input. By rigorously analyzing this state-space model
of the proposed algorithm, we have developed a framework from which simplified proofs of
existing algorithms, such as G-AdaGrad, Adam, and AdaBelief, follow. This framework can yield
constructive insights to design new optimizers, as we have shown by developing the AdamSSM
algorithm. AdamSSM is a variant of Adam, where adding a pole-zero pair in the second-moment
estimate of gradients improves the convergence through a re-balance of transient and steady
state. We proposed such transfer function-based variants of Nadam and MAdam algorithms also.
Through extensive experiments on complex machine learning problems, we have demonstrated
that these proposed algorithms reduces the gap between better accuracy on unseen data and faster
convergence than the state-of-the-art algorithms.
Notable fast gradient optimizers AdaBound, Nadam, RAdam, and the recent rescaled gradient

flow are not included in our proposed framework of generic adaptive gradient methods. However,

we presented convergence proofs of these methods from a state-space analysis in continuous time

153



using Barbalat’s lemma for non-convex optimization problems, similar to our unifying approach
for other adaptive gradient methods. These theoretical results suggest that investigating the
convergence analysis of other fast gradient-based optimizers in the mold of the simple proof
sketch presented in this chapter may be fruitful.

A new optimizer can also be developed by modifying the AdaBelief algorithm similarly.
Formally speaking, this new variant can be described by our generic state-space framework (5.20)-

(5.23) as follows:

f1i(t) = —bipi(t) + biVif(x(t)), G(t) = —baGi(t) + bovy(t),

Di(t) = bsGi(t) — (bs + by)vi(t) + bo| Vi f (2(8) — (@[, d(t) = =~

Convergence of the above algorithm directly

. 0.0030 —— AdamssM
follows from Theorem 5.2. However, further studies Adam
0.0025
. . L. 0.0020
are needed to validate the efficacy of this optimizer 5o
=3
. . . . . 0.0010
compared to the existing optimizers. In this work,
0.0005
. . 00000 M&
we modified the transfer function only for the second 6 5 o B W0 1S B0 15 20

Training Epoch
moment estimate of the gradients. The idea can be Figure 5.10: Second raw moment
estimate of gradient along dimension
1 = 811, for image classification task
on CIFAR-10 dataset with VGGI11
architecture trained with Adam and the
proposed AdamSSM algorithms.

extended to modifying the transfer function for the first
moment estimate as well. Additionally, other input
functions v that satisfy Assumption 3.3 can be explored
for developing potentially better optimizers. In this work, we have analyzed asymptotic

convergence. Another direction of work is characterizing the (finite-time) rate of convergence.
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Recall that the transfer function from the squared 00035
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—— AdamSsM
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for the proposed 00025

0.0020
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0.0000

function depend on the parameter values b, bs, where Training Epoch
Figure 5.11: Second raw moment
estimate of gradient along dimension
1 = 1728, for image classification task
on CIFAR-10 dataset with VGGI11
architecture trained with Adam and the
proposed AdamSSM algorithms.

bs is an additional parameter compared to Adam. By
tuning the hyperparameters bs, b3 we create a signal v;(t)
that is less impacted by the noise than the input signal of
the squared gradient. The transfer functions for both the
Adam and AdamSSM methods act as a low-pass filter on the squared gradient input to the output
v;(t). So, in other words, by properly tuning the hyperparameters by, b3, the AdamSSM algorithm
attenuates frequency-specific noise in the squared gradient during the training better than Adam,
which leads to improved generalization. We numerically validate our above hypothesis on the
image classification task with VGGI11. In Figure 5.10-5.11, we have plotted the curves of v;(t)
when the VGGI11 model is trained with Adam and AdamSSM algorithms, along two different
dimensions ¢ = 811, 1728. The output signal v;(¢) increases initially, albeit with larger damping
for AdamSSM due to the addition of an LHP pole compared to Adam. After the initial rise, v;(t)
in the Adam method fluctuates much more throughout the stable part of the signal. It implies
that the output v;(t) of Adam is significantly more impacted by the noise, which supports our
hypothesis that the AdamSSM algorithm supports better generalization by being more robust to

noisy signals.
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Chapter 6: Distributed Beamforming

6.1 Introduction

Distributed beamforming involves coordination among a group of autonomous transmitting
antennas, referred to as beamforming agents, in such a manner that constructive interference
of the transmitted signals occurs at the desired receiver locations while ensuring destructive
interference at the unintended receivers. The major research trends in distributed beamforming
problem over the past two decades has been classified in the survey [166]. In this chapter, we
consider the problem of beampattern matching, where the beamforming agents aim to optimize
the phase and amplitude of the transmitted signals to achieve the desired beampattern at the
target receivers. The desired beampattern comprises target beams and nulls at specific locations,

enabling directed communication links.

6.1.1 Related works

The majority of research works in optimizing beampattern aims at forming nulls at unintended
directions [167—169] or maximizing the beampattern directivity [170—172]. An extensive literature
of related works can be found in [166]. Another class of works consider simultaneous beamforming

and nullforming [173—177] which utilize the periodic feedback from the beam and null receivers.
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However, most of the aforementioned works aim to maximize the gain or steering nulls at specific
locations rather than match the radiation pattern. The problem of matching the radiation pattern
is more general than the above objectives, since it offers precise control over the desired power
level at multiple directions and inherently includes simultaneous beamforming and nullforming at
specified locations in a constructive manner. Moreover, formulation of the beampattern matching
problem as an optimization problem offers ability to include additional constraints, such as
limited transmit power of the agents, or derivative constraints [178] when the receiver locations
are not precisely known.

Recent methodologies in [179-183] have considered distributively matching the desired
beampattern. The algorithms in [179-181] use feedback from the receivers. The beamforming
techniques in [182, 183] focus on selecting a subset of active transmitters, also known as sparse
beamforming. In this chapter, we consider the number of transmitting agents to be fixed, and that
the agents are stationary. However, our proposed algorithm can potentially be combined with the
optimal antenna placement and the sparse beamforming approach in [182] and will be explored
in our future work. The existing algorithms in [181, 184] do not assume a channel model for
beamforming. A probabilistic channel prediction and its integration technique with path planning
for mobile beamforming agents have been proposed in [184]. However, the objective in [184]
is energy efficiency in transmitting power and movement of the agents, rather than matching the
desired beampattern. Unlike [181], our proposed algorithm does not require feedback from any
of the receivers. Most recently, a receiver-feedback free approach has been proposed in [185].
Unlike [185], we do not assume line-of-sight channels between receivers and the beamforming

agents.
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6.1.2 Summary of our contributions

To distributively solve the problem of beampattern matching at a set of desired receiver
locations, we propose a novel algorithm, coined Iteratively Pre-Conditioned Gradient-descent
for Distributed Beamforming (IPG-DB). The proposed IPG-DB algorithm works in a distributed
server-agent architecture and is built on top of the classical gradient-descent algorithm. The
server can be an auxiliary node, acting as a coordinator between the agents. Our key findings are

summarized below.

* Our proposed algorithm achieves significant acceleration over the recently proposed gradient-
based distributed beamforming algorithm in [180]. This feature enables the proposed
algorithm to be potentially incorporated in the alternate optimization framework [180, 182]

for the joint optimization of position, sparsity, and transmitted signal.

* Unlike most of the existing works on distributed beampattern matching with a fixed set of
transmitting agents [179-181], our algorithm does not require feedback from any of the

receivers.

* Unlike the existing works [179—-181], our algorithm does not require information on channel

fading parameters, thereby demonstrating robustness.

* Through simulations on a synthetic problem and a simulated urban environment of Los

Angeles, we validate the aforementioned claims of our proposed beamforming algorithm.
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6.2 Problem formulation

Given a fixed number n of beamforming agents, the objective is to match the desired
beampattern at certain locations in space. Each agent is equipped with a transmitting antenna.
Let there be s number of samples, where each sample i € {1,..., s} represents the location of
the receiver in two-dimensional polar coordinates (p;, 6;) and the amplitude of the desired array
factor f; at that receiver. Note that f; can be a null, and therefore, the considered problem includes
simultaneous beamforming and nullforming. We assume that the agents’ locations are fixed, and
each agent m € {1,...,n} is located at (x,,,¥,,) € R? in Cartesian co-ordinates. We let the

Euclidean distance between an agent m and the receiver ¢ be denoted by

T cos 0,
dim = — pi . 6.1)

Ym sin 6;

Throughout this chapter, the system is assumed synchronous. Carrier frequency and phase
synchronization of the agents can be done prior to deploying the optimization algorithm for
solving the beamforming problem [166], and is not in the scope of this work. We let £ denote the
synchronized carrier wave number. Then, the array factor constructed by the agents at receiver

i €{1,...,s}is given by [180]

AF, = Z B dm €xp jk (2, cos 0; + Yy, sin 6;), (6.2)

m=1

where [, € C is a complex number that represents the excitation signal of the agent m and

him € C is a complex number that represents the channel gain from agent m to receiver ¢. The
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excitation signal of agent m with amplitude a,,, and phase «, is given by

Ly, = G €Xp Q. (6.3)
We model the channel gain as
_ Yim .
hz’,m =4 eijkdi,ma (6.4)

where 7; ,,, € C represents the unknown multipath fading between agent m and receiver i. Upon
substituting from (6.3)-(6.4) into (6.2) we obtain that

AF; = Z az;%’m exp J (am + kx,, cos0; + ky,, sin6; + k:d@m). (6.5)

i,m

m=1
We have assumed there is no mutual coupling between the agents. The agents collaborate to
construct the desired beampattern at all the receivers i € {1, ..., s}. Specifically, each agent m €
{1,...,n} controls their excitation amplitude a,, and phase «,, with the aim that the combined
array factor | AF;| at the receiver ¢ is as close as possible to f;. The aforementioned beamforming

task of the agents can be formulated as the following optimization problem [180]

S
(@ 0ty = . w;
am, Oém m=1 — arg IIllIln 2
(anuam)mzl i—1

2
)

fi — |AF}]

(6.6)

so that the sum-of-squares error between the desired and constructed array factor amplitude at
all the receivers is minimized. Here, w; is a penalty weight assigned to the cost at receiver ¢ €
{1,..., s}, which characterize the relative importance of receiver i. Note that the cost function

in (6.6) is non-convex with respect to the optimization variables (a;,, oZ,)" _,. We assume that
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each agent knows the synchronized carrier frequency, its own location (z,,, ¥,,), the location of
the receivers {(p;,0;), ¢ € {1,...,s}}, and the desired amplitudes { f;, i € {1,...,s}}.

Recently proposed approaches in [179-181] utilize the gradient-descent (GD) method for
solving the beamforming problem (6.6). However, It is known that convergence rate of classical
gradient-descent method is fundamentally limited by the conditioning of the problem (6.6) [22].
The larger the condition number of the Hessian of the cost function in (6.6), slower is the
convergence, and vice-versa. Additionally, these algorithms in [179-181] depend on feedback
from the receivers. Even if feedback from the intended receivers are available, it is not likely to
be available from the unwanted receivers where the nulls are formed.

In the next section, we propose our IPG-DB algorithm for addressing the above challenges
in distributively solving the beamforming problem defined by (6.6). Specifically, the proposed
algorithm is significantly robust to the condition number of (6.6) and does not require feedback

from the receivers.

6.3 Proposed algorithm: Iteratively Pre-conditioned Gradient-descent for

Distributed Beamforming

We consider a network architecture among the beamforming agents where the agents can
communicate bidirectionally with a central server, as shown in Fig. 2.1. However, there is no
inter-agent communication. The server can be an auxiliary node and it acts as a coordinator
between the agents. Specifically, the agents collaborate with the server and exchange certain
information with it to solve the optimization problem (6.6) using our proposed algorithm. However,

the agents never share its excitation amplitude and phase, thereby maintaining autonomy. Solving
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the problem (6.6) in the above architecture eliminates the necessity of feedback from the receivers,
which will be evident from the algorithm described below. Henceforth, we will refer to the above-
described system architecture as server-agent network.

We propose the following algorithm, coined Iteratively Pre-conditioned Gradient-descent
for Distributed Beamforming (IPG-DB), for solving (6.6). Note that the idea of iterative pre-
conditioning was proposed in Section 4.2 for solving convex empirical risk optimization problem
in server-agent framework. However, the algorithm in Section 4.2 does not trivially apply to (6.6)
due to the following reasons. First, as opposed to the data points being distributed in Section 4.2,
the estimates are distributed in our problem (6.6). The proposed algorithm is built on top of
the classical gradient-descent (GD) method. In GD, each agent updates its amplitude and phase
estimates using the corresponding row of the gradient vector [180]. The iterative pre-conditioning
technique in Section 4.2 pre-multiplies the gradient vector with an iterative matrix. The beamforming
agents, in this case, update its estimates using the corresponding row of the product of pre-
conditioning matrix and the gradient vector. However, computing any row of this matrix-vector
product requires access to the full gradient vector, unlike the GD method. Thus, the algorithm in
Section 4.2 does not trivially apply to (6.6) in distributed settings. Second, the problem (6.6) is
non-convex, unlike Section 4.2.

To provide the motivation behind using the idea of iterative pre-conditioning in solving
the beamforming problem, first, we consider the special case of strongly convex cost functions.
Then, we generalize it to our problem (6.6), where the cost is non-convex. The well-known
Newton’s method [22] can be restated as a pre-conditioned gradient-descent method x(t + 1) =
x(t) — 5(t) K (t)g(t) wherein the pre-conditioner matrix K (¢) is the inverse Hessian H (¢)~!, and
hence, iteration-dependent. Here, z(t) denotes the estimate of a minimum point at iteration ¢
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and g(t) denotes the cost’s gradient evaluated at x(¢). Although Newton’s method converges fast
at a quadratic rate, matrix inversion is vulnerable to process noise. We note that, practically,
the beamforming problem is always impacted by channel noise. Now, to mitigate the effect
of process noise, instead of computing H(¢)~! at each iteration ¢, we proposed a scheme in
Section 4.2 wherein the pre-conditioner matrix K (t) is updated in such a way that it eventually
converges to H(t)~!. Specifically, it used a fixed-point iteration on the pre-conditioning matrix
K(t+1)=K(t)—€(t) (H(t)K(t) — I), where I denotes the identity matrix. For small enough
step-size a/(t), the pre-conditioner matrix K (t) in the above equation converges to the fixed point
K, which satisfies H, K, = I,i.e., K, = H_ L. As aresult, the algorithm eventually converges to
Newton’s method and has superlinear convergence rate. However, the cost in (6.6) is non-convex.
Therefore, the Hessian matrix in the beamforming problem is not necessarily invertible. Thus, in
our proposed IPG-DB algorithm to solve the beamforming problem, we introduce a stabilization
parameter 3(t) > — A0 (H (t)), where A, () denotes the smallest eigenvalue of a matrix. The
idea is to drive the sequence of the iterative pre-conditioning matrices towards an “approximate
inverse Hessian™ (H (t) + (¢t)I) ~'. In other words, for the non-convex beamforming problem,
the fixed point K, in the iteration of the pre-conditioning matrices satisfies H, K, + 0. K, = I.
Herein lies the intuition behind the idea of iterative pre-conditioning and our extension of it to
solve the non-convex beamforming problem (6.6).

Below, we elaborate on how our aforementioned extension of the original iterative pre-
conditioning scheme is applied to solve the beamforming problem in (6.6). The proposed IPG-
DB algorithm is iterative, wherein each agent maintains an estimate of its own optimum amplitude
and phase defined by (6.6) and updates it iteratively using the gradient of the cost function. To be
precise, for each iterationt = 0, 1,.. ., let a,,(t) € R and «,,(t) € R denote the estimate of a;,

163



and o, respectively, maintained by agent m € {1,...,n}. Each of the initial estimates a,,(0)
and «,,(0) may be chosen arbitrarily from the search space R. In each iteration ¢ € {0, 1,...},
the server maintains a pre-conditioner matrix K (¢) € R***?", The initial pre-conditioner matrix
K (0) is chosen arbitrarily from R*"*?". Let, z(t) = [ai(t), ..., an(t),oq(t),. .. ,ozn(t)}T denote
the combined 2n-dimensional estimate of a minimum point in (6.6). Let, ¢(¢) and H ((¢) respectively
denote the gradient and the Hessian of the cost function defined in (6.6), evaluated at the current
estimate x(t). Then, in the centralized settings, the extension of the iterative pre-conditioning
scheme in solving (6.6) results in the following two updates at each iteration ¢. First, the current

estimate x(t) is updated to

o(t + 1) = 2(t) — K ()g(t), 6.7)

where § > 0 is the step-size. Next, the current pre-conditioning matrix K (¢) is updated to

K(t+1)=K(t)—e(HH)K@) + BK(t) 1), (6.8)

where € > 0 is an algorithm parameter. In order to implement the steps (6.7)-(6.8) in a distributed
manner, each agent m € {1,...,n} requires the product of its corresponding m-th row of the
matrix /(¢) and the full gradient vector ¢g(t). However, in the distributed settings, an agent does
not have access to the full gradient vector, as the full gradient vector depends on the estimated
amplitude and phase of all n agents. So, implementation of the centralized steps (6.7)-(6.8) in the
distributed settings is not trivial. In the next subsection, we present the distributed counterpart

of our proposed solution in (6.7)-(6.8), which is the IPG-DB algorithm. Specifically, for each
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iteration ¢, the IPG-DB algorithm steps are as follows.

6.3.1 Steps in each iteration ¢ > 0

In each iteration ¢, the IPG-DB algorithm comprises of five steps, executed collaboratively
by the server and the agents. Before initiating the iterative process, the server chooses three non-
negative scalar real-valued parameters e, 9, $ and broadcasts them along with the matrix K (0) to

all the agents.

* Step 1 (local to each agent): For each agent m € {1,...,n} and each receiver i €

{1,...,s}, we define

Gim = kxp, cos0; + kyp, sin; + kd; . (6.9)

For each receiver i € {1,...,s}, each agent m € {1,...,n} computes two real-valued

scalars u; ,,(t) and v; ,,, () such that

coS (am(t) + Ci,m), (6.10)

sin (aum (t) + i), (6.11)

and a complex-valued scalar y; ,,,(t) such that

Yim (£) = @ (t) (wim(t) + joim (1)) - (6.12)
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* Step 2 (agents — server): Each agent m € {1,...,n} sends the set of scalars

{ui,m(t>7Ui,m(t>7yi,m(t)7 (S {17 ce 78}}

to the server. We let k;(t) denote the j-th row of the matrix K (¢), for j € {1,...,2n}. If
t > 0, then each agent m € {1,...,n} also sends the updated m-th and the (m + n)-th

row of the matrix K (t), i.e., k,,(t) and k., () to the server.

n

* Step 3 (at the server): The server computes the complex-valued scalar y, () = > _| y; m (1),
for each i € {1,...,s}. Note that, y,(¢) is the constructed array factor at receiver 7 in

absence of multipath fading.

* Step 4 (server — agents): Foreachi € {1,..., s}, let

wit) = [tma (), o U (D] 0:(8) = [0ma (), 0] 5:(E) = [Yma (), - - Y ()] -

The server sends the set of scalars {ys(t), ¢ € {1,...,s}}, the set of n-dimensional vectors

{u;(t),v;(t),y:(t), i € {1,...,s}}, and the matrix K (¢) to each agent m € {1,...,n}.

o Step 5 (local to each agent): We let () and ' (-) respectively denote the real and

imaginary component of a complex number. Each agent m € {1,...,n} updates its
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amplitude and phase estimates, a,,(t) and «,,(t), according to

(4 1) = ap () =0k (t) Z wi—ws‘(;)(‘ t)_| &
x (R () wt) + S (1) wi®)) (6.13)
A (t+ 1) = am(t)—0kmin(t) Z wi%

X (—3‘% (vs() S (1) + 3 (ys(1) R (yi(t))) . (614

The above two equations, combined for all agents n, is the distributed implementation of
the estimate update equation (6.7) at each agent. Specifically, the summation terms on the
R.H.S. above is equal to the gradient of the aggregate cost (6.6) with respect to the current

estimates a,,(t) and «,,(t) of each agent m.

In the same step, each agent m € {1,...,n} updates the m-th and the (m + n)-th row of
the matrix K (t) as follows. We let I, denote the (2n x 2n)-dimensional identity matrix.

We let H;(t) denote the j-th row of the Hessian matrix of the cost defined in (6.6). Then,
ki(t+ 1) = kj(t) — e (H; () K (t) + Bk;(t) — Iony) (6.15)

for each column j € {m,m + n}. Here, I5,; denote the j-th row of the (2n x 2n)-
dimensional identity matrix. Note that, H,,(¢) and H,,,(t) can be locally computed by
each agent m. Thus, (6.15) above, combined for all agents n, is the distributed implementation

of the pre-conditioner update (6.8).
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6.4 Experimental results

In this section, we present simulation results comparing the proposed IPG-DB algorithm
with the existing gradient-descent (GD) method, such as in [180].
Synthetic environment: First, we consider a synthetic environment. There are n = 19

beamforming agents, with fixed positions in two-

£ 10
dimensional space as shown in Figure 6.1. s = 49 5
©
5
c 0
receivers are located at a radial distance p = 10\ £ |
g
210 i i i : -
-15 10 -5 0 5 10 15

from the origin, uniformly spaced along the angular

x-position of agents

direction ¢ from 0 to 27 radians. The desired array Fjoure 6.1: Cartesian coordinates of
n = 19 beamforming agents in the

factor amplitudes at these 49 receivers are shown by gynthetic problem.

the dashed line in Figure 6.2 in decibels (dB). The

carrier frequency i1s 40 MHz. We apply the classical GD and the proposed IPG-DB algorithm

for solving this beamforming problem. The agents’ amplitude and phase estimates in both of

these algorithms are identically initialized as a,,(0) = 10 and «,,,(0) = 10 for each agent m.

For an unbiased comparison, the parameters in both algorithms are set at their optimum values

so that the individual algorithms attains its best convergence rate. Specifically, the step-size

1

pw— () for GD method, where \,,,.(-) denotes the largest eigenvalue of a

parameter 6(t) =

square matrix. For IPG-DB, we set the parameters €(t) = = 0.1,and 6 = 1.

1
Amam (H(t))"!‘ﬂ, /B
We artificially add narrow-band fading in each of the channels. The fading parameter 7, ; is

generated independently at each iteration of the algorithm from the Rayleigh distribution. Note

that the algorithms do not use the value of ,, ;.
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The beampatterns generated by the GD and

%-12_/& A= L >
the IPG-DB algorithms are compared in Figure 6.2- %-20' \“ :' ‘.,” \‘ln :joooo\‘l,'/
5% R st U
6.3. We observe that the IPG-Db algorithm converges é:z T ] ' . ".'des"ef’ i
0 1 2 3 4 5 6

i ; 1 theta (radian)
to a neighborhood of the desired pattern within a el fradan

Figure 6.2: Array factors constructed
by the GD algorithm for solving the
synthetic beamforming problem, after
different number of iterations .

significantly smaller number of iterations ¢ than the GD
method.

Los Angeles urban environment: Next, we consider a realistic urban environment in a
section of Los Angeles (ref. Fig. 6.4). There are n = 5 agents and s = 3 receivers, each with
their fixed positions in two-dimensional space as shown in Figure 6.6. The desired array factor
amplitudes at these 3 receivers are shown by the blue colored bars in Figure 6.7. Two of them are
client receivers, indicated in brown, and the third is a null receiver, indicated in red. The carrier
frequency is 40 MHz. We apply the proposed IPG-DB algorithm for solving this problem.

The agents’ amplitude and phase estimates are

o

o
initialized randomly from the uniform distribution in  S-1of

2 20} t=1

R t = 1000}
(0,10). The parameters €(¢) and 0 are chosen as before. 5§ =25

% -40r - desired

. . . ., . 8_50 : : y . "
The third parameter (3 is set initially at 0 and reduced o2 ?Z i ‘)‘ 5 6
ela (radian

to 0.1 after 3000 iterations. To test the performance of ~Figure 6.3: Array factors {|AF}|, i =

1,...,49} constructed by the IPG-
DB algorithm for solving the synthetic
beamforming problem, after different
number of iterations ?.

IPG in this problem, we use a dataset generated from
physics-based simulations using EM.CUBE, provided
by the U.S. Army Research Laboratory (ref. Fig. 6.5).
After 25000 iterations of the proposed IPG-DB algorithm, the array factors at each of the three
receivers are shown in Fig. 6.7. We observe that the obtained array factors using IPG-DB are

close to the desired array factor values.
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Figure 6.5: CAD model of the section of Los Angeles from Figure 6.4.

6.5 Summary

We have considered the multi-agent beamforming
problem with the agents’ objective being able to match
the desired beampattern, which includes target beams
at intended receivers and nulls at unintended receivers.

Majority of the existing beamforming approaches rely

on feedback from the receivers. We have proposed a

Figure 6.4: A section of Los
Angeles used as the environment
for beamforming problem.

distributed iterative pre-conditioning technique in the
server-agent architecture of the beamforming agents.
The proposed algorithm is robust to the condition
number of the problem and noisy channels, and hence, can reach a satisfactory neighborhood of
the desired pattern in a fewer number of iterations. Future work involves incorporating channel
estimates or feedback in the proposed algorithm to further improve its robustness against fading
and utilize the proposed algorithm in the joint optimization framework of position and excitation

of the agents.
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Figure 6.6: Cartesian coordinates of n = 5 beamforming agents in the LA urban environment
problem.

0
. l
S -10 .
c — Target
- — Initial (t=0)
w20 J{+ Obtained (t=25k)|
l
1 2 3

RX samples

Figure 6.7: Array factors for the electric field along the z-direction constructed by the IPG-DB
algorithm for solving the beamforming problem in LA urban environment, initially (¢ = 0) and
after t = 25000 iterations.

171



Chapter 7:  Nonlinear Observer

7.1 Introduction

We consider the classical observer design problem for a nonlinear discrete-time system
with sampled noisy measurements. Specifically, let z;, € R", up € R™, y, € RP, and n, € R?
respectively denote the state of the dynamical system, the input to the system, the observed
measurement or output of the system, and the measurement noise vector at the k" sampling

instant. Then, for each & € N, the dynamical system is described in the state-space form

Tpp1 = F(ap, ug), (7.1)

Ye = h(xk) + M, (7.2)

where the state-dynamics function F' : (R",R™) — R™ and the output function i : R™ — RP are
nonlinear. Foreach k > N, welet Yy, = [yp_n+1,- - - ,yk]T € R¥?and Uy, = [up_ny1, - - - ,uk,ﬂT €
RM=Um denote the column vectors of the past N € N consecutive measurements and inputs,
respectively, at the k" sampling instant. In general, the number p of measured variables or
sensors is less than the state dimension (n), due to limited budget or physical constraints, leading

to the natural question of estimating the full state vector from the limited dimension of measurements,
which is essentially the observer design problem. In other words, our aim is to design a discrete-
time dynamical system to estimate the sampled system trajectory using a moving window of the

past NV measurements and inputs so that the output 2, of the designed system is an estimate of the

172



system states xy in the sense that limy_,||zx — Zx|| = 0. We assume that the functions F' and
h are known. Such an observer is required in several applications including control, monitoring,
reconstruction, and modeling. While observers are essential in various applications, constructing

a nonlinear observer is in general challenging.

7.1.1 Prior works

Generally speaking, the existing nonlinear observers belongs to the class of extended Luenberger
observers with state-dependent gains [186]. Depending on the mathematical technique used in
observer formulation, the existing observers can be categorized into several classes. We briefly
review the classes and the notable works in each class below.

The exact linearization-based observers [187—190] use an invertible functional to transform
the observer into linear coordinates. The advantage of this approach is that the coefficient of
exponential rate in the error can be tuned constructively. However, a key step in this approach
is solving linear functional equations in discrete-time or linear partial differential equations in
continuous-time. The proposed observers in this category approximately solve such equations
using a power-series solution, truncating upto certain order of terms. Thus, the computational
complexity of these observers increases with the dimension n and the truncation order. Our
proposed observer does not rely on the Taylor series approximation.

A majority of the existing observers [191-201] are built for the system (7.1)-(7.2) having
some special structure in F' and h. For example, the observers proposed in [194, 199-201]
require (7.1)-(7.2) in the observer canonical form. While this form does not lose generality in
the case of observable linear systems, for nonlinear systems only input-affine systems have been

shown to be only the locally equivalent to observer canonical form by a change of coordinates [202].
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The observers in [ 197] require the output mapping h to be linear and assume the nonlinearity in F'
to be either quadratically bounded or one-sided Lipschitz. The observers in [191,192,198] require
the output mapping A to be linear. The observers in [189, 193,195, 196] require the linearity in F'
to be upper-triangular and £ to be linear. Compared to these vast literature, we do not restrict our
observer to any particular structures in F, h.

Another class is the high-gain observers [200,203-206] which involves computing a robust
inverse of the nonlinear observability matrix. The observer in [200] requires (7.1)-(7.2) to be in
the observer canonical form. The observers in [206] combine the high-gain formulation in [203]
with a robust inversion strategy, without explicitly computing the inverse observability matrix.
However, [206] requires continuous-time measurements of the system. A unified framework
of high-gain observers for uncertain systems with continuous-time measurements is presented
in [205]. We use only sampled measurements (7.2), which is more practical. The gDES observer
framework developed in [207] in presence of measurement noise includes the aforementioned
exact linearization-based and high-gain observers among others. However, constructing a qDES
observer relies on choosing suitable storage and class X functions so that certain conditions are
satisfied [207].

Moving horizon estimation (MHE) techniques have also been used in constructing nonlinear
observers [208-211]. This class of observers minimizes a cost function at each step, where the
cost comprises an weighted error in estimating the measurements, an weighted error in state
estimation, and an approximate arrival cost summarizing the past history. However, for general
nonlinear dynamics, no constructive method for choosing the arrival cost is known [208]. A
quadratic arrival cost is proposed in [210], in which case the stability of the observer depends

on the choice of the corresponding weight matrix. The sufficient condition in [210] on choosing
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the weight matrix to guarantee stability is not constructive. The one-step ahead MHE algorithm
in [210] requires computing the inverse of the Hessian at each sampling instant, which is prone
to instability in presence of measurement noise. We do not compute any matrix inverse in our
algorithm. Additionally, the MHE observers in [209,210] solve a nonlinear programming (NLP)
at each step, and hence, the efficiency and computational effort of the observer depends on the
chosen NLP solver. Thus, instead of solving the full NLP at each step, three solvers based on
gradient-descent (GMHE), conjugate gradient (CGMHE), and Newton’s method (NMHE) are
proposed in [211], and shown to have much less computational cost than a full NLP optimizer, at
the price of slight decay in performance.

Our proposed observer belongs to the class of Newton and approximate Newton observers
[212-215]. Based on the Newton observer in [212], the finite-difference approximation-based
observer in [213] and the GMRES-based observer in [214] are proposed for the case when,
instead of (7.1), the continuous-time dynamics is known. A Broyden’s method-based quasi-
Newton observer has been proposed in [212]. However, these Newton-type observers result in
large steady-state error, even instability, when subjected to measurement noise. We propose an
approximate Newton observer which is more robust to measurement noise than these methods.

When, instead of (7.1), the continuous-time dynamics is known, an observer based on
Carleman linearization-based discretization of the continuous time-dynamics is proposed in [216].
As shown in [216], the performance of the observer improves with the order of truncation in
the discretization, but at the expense of computing higher order coefficients which adds to the
computational cost. In our method, when the continuous-time dynamics is known, we use the
simple first-order Euler discretization.

Among other related works, the observer in [217] is a partial state observer. The differential-
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algebraic equation-based observer in [218], the observability function-based observer in [219],
and the observer in [220] require continuous-time measurements of the system. We use only
sampled measurements, which is more practical. An observer for nonlinear discrete-time dynamics
based on linear parameter varying optimization is proposed in [221]. The extended Kalman
filter (EKF) [222] has also been implemented in practice for nonlinear state estimation in several
applications. However, being reliant on linearization, the EKF has serious difficulties when the

dynamics F' is strongly nonlinear [186].

7.1.2  Summary of our contributions

While there exists a vast literature on nonlinear observers for (7.1)-(7.2), the majority of
them consider an Utopian setting where the system is noise-free. The performance of most of the
aforementioned observers in presence of measurement noise has not been investigated. Process
and measurement noise in the system (7.1)-(7.2) have been considered in the observers in [197,
209]. However, the observer in [197] is only applicable to a certain structure in (7.1)-(7.2), as
mentioned earlier, and the limitation of MHE observer in [209] is discussed in Section 7.1.1.

We propose an observer for estimating the full states of the discrete-time nonlinear system
defined by (7.1)-(7.2), from a moving window of the past N measurements and inputs. Our
observer is built upon the centralized counterpart of the iteratively pre-conditioned gradient-
descent (IPG) algorithm that was proposed for solving distributed optimization problems in
Section 4.2. The proposed observer leverages the robustness of the general-purpose IPG optimizer
towards system noise, leading to a Newton-type nonlinear observer that is robust to measurement
noise wy in (7.2). This observer does not require any specific structure in the nonlinear functions

F', h. Our observer is developed in Section 7.3. The relationship between the proposed observer
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and EKF is discussed in Section 7.3.3. The empirical results, in Section 7.4, support our hypothesis
that the proposed observer has an improved robustness against measurement noise than the well-

known nonlinear observers that are applicable to general nonlinear functions F h.

7.2 Problem formulation

To mathematically formulate the observer problem in [212], we introduce the following
notation. For simplicity, we define F"*(zy) = F(xg,u) for each & € N and let o denote
the composition of functions. Recall the definition of the past N measurement vector Y, =

[Yk—Nt1s--- ,yk]T € R™? from Section 2.1. Then, from (7.1)-(7.2), for each k > N,

h<xk7N+1) Ne—N+1

hoF'=1o.. . o F"%N+l(x; niq) Tk

We let HUYx (xp_n+1) and Wy, respectively denote the first and the second vector on the R.H.S.

above, and obtain that

Yi = HY(z3_n41) + Wi, k> N. (7.3)

Here, HV* : R*® — RM? is known as the observability function of (7.1)-(7.2). The observer
problem involves solving for x;_x,1 from the above set of nonlinear equations online, followed
by propagating the obtained solution of z;_ 1 forward by N sampling instants using the state-
dynamics F, defined in (7.1), to obtain an estimate of x; for each £ > N.

Newton observer [212] solves the above problem by solving the nonlinear equations (7.3)
at each sampling instant £ > N using the well-known Newton optimizer [22]. For each k > N,
it computes d + 1 estimates {w}, € R" : ¢ = 0,...,d} of zx_n41. Specifically, the iterative
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Newton optimizer is applied d times, ¢ = 0, ..., d — 1, for solving (7.3) at each k:

t
. . OHUr . .
wi™ =wi‘< dw <wz>) (H(wh) = Y4) | (7:4)

where (-) denotes the pseudo-inverse. From w¢, after the end of the above d Newton iterations,

the estimate 7, of the true state z;, is obtained by forward propagating w¢ as
B = F%-10 .. o FU=N+1(yd), (7.5)

The initial condition w? 4 for the Newton iterations in the next sampling period & + 1 is set by

propagating w¢ forward by one sampling instant as
0 _ puk—N+1(,,,d
Wiy = FU N1 (wy). (7.6)

Under certain assumptions, if the parameter d is large enough and the initial estimate w9 is
chosen close enough to the true initial state =1, then the Newton observer (7.4)-(7.6) exponentially
converges to x;, when the measurement noise 7, = 0, [212]. However, in presence of measurement
noise, the Newton observer can display instability due to inverse computation in (7.4). In the next
section, we propose an observer based on the IPG method (ref. Section 4.2) to alleviate the impact

of measurement noise.

7.3 Proposed observer
First, we provide the intuition behind using the idea of iterative pre-conditioning (ref.
Section 4.2) in solving the observer problem. The well-known Newton’s method [22] solves the

minimization problem z* = arg min,cgn~ f(z) of a strongly convex cost function f : R” — R.

We let w' denote the estimate of a minimum point of f, maintained by Newton’s method at
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iteration i € N. We let ¢* and H' respectively denote the cost’s gradient and Hessian evaluated
at w'. The, Newton’s method can be restated as a pre-conditioned gradient-descent method
w = w' — §°K'g" wherein the pre-conditioner matrix K is the inverse Hessian (H?)~!, and
hence, iteration-dependent. Although Newton’s method converges fast at a guadratic rate, matrix
inversion is vulnerable to system noise. Now, to mitigate the effect of noise, instead of computing
(H")~! at each iteration 4, the IPG algorithm updates the pre-conditioner matrix K in such a way
that it eventually converges to (H*)~'. Specifically, IPG uses a fixed-point iteration on the pre-
conditioning matrix K'*! = K’ — o/ (H'K* — I), where I denotes the identity matrix. For
small enough step-size o', the pre-conditioner matrix K* in the above equation converges to the
fixed point K* which satisfies H*K* = I, i.e., K* = (H*)"'. As a result, the IPG algorithm
eventually converges to the Newton’s method and has superlinear convergence rate. IPG does not
involve any inverse computation, and also the pre-conditioning matrix is not required to preserve
symmetric positive definiteness, unlike the quasi-Newton methods. Thus, IPG is robust against
system noise when compared with other general-purpose optimizers, as shown by simulation
in Section 4.3. Consequently, our proposed observer relies on the IPG algorithm to utilize its
robustness.

We propose to solve the noisy nonlinear equations (7.3) at each sampling instant k& > N
in the observer problem using an algorithm similar to the aforementioned IPG algorithm. In
other words, we replace the step (7.4) in Newton observer with an IPG-like iteration as presented
below.

The proposed observer is iterative, wherein at each sampling instant £ > N, it applies d
iterations indexed by ¢ = 0, ...,d — 1. At each iteration 7 and sampling instant £, it maintains an

n-dimensional estimate w,i of the state x;_n1, and an n-dimensional estimate 7, of the actual
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state x;, and an n X n-dimensional matrix K,i“. Before initiating the observer, it chooses an
initial estimate w% € R" and an initial pre-conditioning matrix K% € R"*". The algorithm

parameter d € N is also chosen. At each k& > N, the observer comprises the following three

steps.

7.3.1 Steps in each sampling instant £ > N

Step-I: The observer executes d iterations to update the current estimate w? and the pre-
conditioner K. Before initiating these iterations, two step-size sequences {a’, ' : i = 0,...,d—
1} are chosen. Their specific values are described in Section 7.3.2. At each iteration i =
0,...,d—1, the pre-conditioning matrix K} and the estimate w, are updated according to whether

the set of equations (7.3) is square. If n = Np, then in the same iteration 1,

i i i OH " iy i
Kt =K —a < 5 (wy) K} — I) , (7.7)
witl = wi — Sk (HUk(w;) - Yk> , (7.8)
and, if n # Np, then in the same iteration 7,
OHV "oHY
T
. . . OHUE . ,
witl=wi — 5K} (a—w(“’@) (HUk(w,g) . Yk) . (7.10)

Here I denotes the n x n-dimensional identity matrix.
Step-II: Using w{, after the end of the above d IPG iterations in Step-, the estimate 7, of
the true state zy, is obtained by forward propagating (N — 1) times the vector w{ , as described

in (7.5).
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Step-III: The final step involves setting the initial estimate and the initial pre-conditioning
matrix for the next sampling instant, based on w{ and K obtained after the d-th IPG iteration in

Step-I. Specifically, w},, is obtained according to (7.6) and K7, is set as
K., = Kj{. (7.11)

Note that the computational complexity of each iteration within the proposed observer is

same as the Newton observer.

7.3.2 Step-size selection

Now, we present our argument for choosing the step-sizes o', §" in (7.9)-(7.10). Since
the proposed observer applies IPG iterations at each sampling instant £ > N, the observer’s
convergence depends on the convergence result of the IPG algorithm which we review below.
We again consider the minimization problem x* = arg min,cg~ f(x) of an [-strongly convex cost
function f : R™ — R. Note that the Hessian of f is then full-rank and invertible. We let ) denote
the induced 2-norm 1 = H (H*)™! || Assume that the gradient and Hessian of f are Lipschitz
continuous with Lipschitz coefficient L and ~ respectively. We define p = max;>o 1 — o'l. If the

*

+

initial estimate w° and initial pre-conditioning matrix K are chosen such that 2! ||w® — x

L||KO — (H*)*lH < 5, where r € <1, %), al < min{%7 T“)(QlL—Tp)}’ and §° = 1, then the IPG

algorithm has a guaranteed local superlinear convergence 4.1. Here, () denotes the i-th power.

rO0-rp) o .G6) 5 _2

5T . Since r > 1, there exists 7' < oo such
s

We further note that % <

that above condition is necessarily satisfied for all ¢ > T'. So, for all 7 > T', the aforementioned
condition on o is equivalent to o’ < %

Hence, to ensure that the IPG iterations (7.7)-(7.10) nested within each sampling instant
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k > N is a contraction, we select the step-size parameters as follows. Assume that the standard

uniform N-observability and the N-observability rank conditions hold true, as in the Newton

OH

observer paper [212]. These conditions imply that the Jacobian 2 5. 1s full-rank, which is

assumed in [213, 214]. Note that, this is similar to the Hessian of f being full-rank in the

minimization problem of strongly convex cost f. As in [212-214], we assume that the Jacobian

OHYk

is uniformly bounded, i.e., yom

< L when the system of equations (7.3) is square, and

< L otherwise. Owing to the mean value theorem, the Jacobian being bounded

OHYk T OHYk
ow ow

by L implies that HYr is L-Lipschitz continuous. Again, this is similar to the the gradient of f
being Lipschitz in the minimization problem of f. Thus, following the convergence result of IPG

iterations as mentioned earlier, we set

. 1 .
o' < -oand§ =1,0=0,....d-1, (7.12)

in (7.7)-(7.10) of our proposed observer’s Step-I.

The convergence of the proposed observer can be proved following the proof sketch of
Newton observer [212, Theorem 3.2]. Following 4.1, at each k, the IPG iterations (7.7)-(7.10)
with the above step-size choices and local initialization as described above, solves the underlying
nonlinear equations (7.3) with superlinear convergence as d — oo. So, the idea is to find a

minimum number of nested IPG iterations d,,;, within each k, so that F' applied to the final

estimate w{ after d iterations (ref. (7.6)) andHK,ff — 8?5’“ (Tp_ny1) "t H = HK,S+1 — %(i‘k_zvﬂ)_l H
. U
(ref. (7.11)) are such that ngﬂ — Th_N42 H andHKlg+1 — %(ik_mrg)*l H are small enough,

satisfying the local initial condition required to invoke 4.1 at the next instant (k+ 1). The detailed

proof based on this outline is left for a future work.
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7.3.3 Relation with extended Kalman filter

As mentioned in Section 7.3.2, the IPG iteration for minimizing a strongly convex cost
function locally converges to the Newton’s method [22], when the initial estimate and the initial
pre-conditioning matrix are chosen close enough to the true mimimum point and the inverse
Hessian at the true minimum point 4.1. Similarly, the proposed observer (7.5)-(7.11) with stepsize
(7.12) is expected to converge to Newton observer as the sampling instant & — oo and the

iterations ¢ — oo within each k, if w% and K, are suitably initialized, in the sense that limy, ; ,., K} =

U -1 . . U A\T U T
<8gwk (%—NH)) ,if n = Np, else limy, ;o K, (m;—w’“(wz)> — <81;wk (xk_NH)) .
Now, the Newton observer with d = 1 iteration within each sampling instant has been

shown to be exactly the extended Kalman filter for the extended dynamical system

Trpy1 = F(ar) + qCr, Uy, = HY (z1) + €,

in the limit of measurement noise covariance ¢ — 0 [212]. The extended output mapping
HVk is defined in (7.3). So, we hypothesize that the proposed observer (7.5)-(7.11) with the
stepsize (7.12) and suitable range of w?\, and KJOV for the dynamical system (7.1)-(7.2) would
converge to the EKF with measurement noise covariance ¢ — 0 for the above extended dynamical
system in the limit k£,7 — oo. However, this relation with EKF will be confirmed by a rigorous

convergence analysis of the proposed observer, which is left for a future work.

7.4  Experimental results

In this section, we present empirical results, comparing robustness of the proposed IPG
observer against measurement noise with prominent observers that are applicable to general

nonlinear plant (7.1) with sampled measurements (7.2). Specifically, these observers are: Newton
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observer [212], Broyden observer [212], Levenberg-Marquardt (LM) [22] optimizer-based observer,

GMRES observer [214], extended Kalman filter

2000 T T T
. . . . . I —Newton
(EKF) [222], gradient-descent moving horizon estimation — 45| f u Mg
= LM
] ] : % 1000 oT% 0] [ caares
(GMHE) [211], conjugate gradient-descent moving . _ |

horizon estimation (CGMHE) [211], Newton moving % 20 40 60 8

sampling instant k

of different observers for bio-
observer [215], and linear parameter varying observer reactor system  (7.13)-(7.16) with

measurement noise’s standard
(LPV) [221]. We consider two example systems where deviation 0.01.
we compare with all the aforementioned observers
except LPV. Then, in the third example, we compare our IPG observer with LPV observer only.

First, we consider the mixed-culture bio-reactor system from [212]. The system dynamics

in discrete-time is

0.45(33(1) ks .73(2) k)
= h ’ ’ —0.3 7.13
T(1)k+1 = Ty, T (0.05 T Smmaan) O Tk | (7.13)
0.015(33(1) ks $(2) k)x(g) k

= h ’ . : - 0.3 7.14

T@ht1 = @k + (0.05 + 8@y 22 0) (0.02+ 23)1) rak ) 7.14)
T@) k41 = T, + b (—0.520) k)5 — 0.323), + 0.3 X 0.0067) (7.15)
Yr = Tk T T(2)k + Mks (7.16)

where S(z1,15) = 2 — bry — 6.667x, sampling period h = 1, and the true initial state
[0.2,0.02,0.005]7. The measurement noise 7y, is generated from zero mean Gaussian distribution
with two cases of standard deviation: 0.01 and 0.001. The Newton, IPG, LM, Broyden, GMRES,

GMHE, CGMHE, NMHE, and pseudo-Newton observers are implemented with the window
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length N = 3 and initial state estimate [0.02,0.2,0.015]7

, following the implementation in [212].

The number of nested iterations for Newton, IPG, LM, GMRES, NMHE, and pseudo-Newton is

d = 2 within each sampling instant. Since Broyden, GMHE, and CGMHE have per-iteration

complexity n times smaller than the other algorithms above, for Broyden, GMHE and CGMHE

we set d = 6 for a fair amount of computational
effort at each sampling instant across all algorithms.
The initial pre-conditioner for IPG observer is set at
10713, tuned from {10PI; : p = —4,-3,...,4} and
the parameter o' is set at a constant value 0.01, tuned
from {0.1,0.01,0.001}. The initial approximate of the
Hessian in Broyden observer is set at 0.1/3. In GMRES,

the parameters are set at p = 10~ and = 0.01. The

e
o

—EKF
= —GMHE
w 04 CGMHE
L N\
<
o2l
B
0 : x e——
0 1000 2000 3000 4000

sampling instant k

Figure 7.2: State estimation error
of different observers for bio-
reactor system (7.13)-(7.16) with
measurement noise’s standard
deviation 0.01.

parameter « in GMHE and CGMHE is set at 0.001, tuned from {0.1,0.01,0.001}, for their

fastest convergence. The initial state estimate in EKF is same as the other algorithms above. The

initial error covariance and the process noise covariance matrix are both set at 0.1/3, tuned from

{10713 : p = —3,...,3}. The measurement noise variance in EKF is set at 100, tuned from

{100, 10,0.1,0.01, 0.001}.

Next, we consider the inverted pendulum-cart system from [223]. The system dynamics in
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discrete-time is

Ty e1 = T()k + RT(2) ks

T©@) k1 = T(2)k + h (

T(3) k1 = T(3)k T PT(a) ks

T(a) o1 = Tk — h (

Y = [Tk @)kl + Ty

(7.17)

100x%4)7,C sin(@(s)x) — 25gsin(2 ) ) + 5 (1.18)
24 50(1 — cos(z(z) x)? ’ '

(7.19)

5():10%4)7,C sin(2x3) 1) — 52gsin(x(s)x) + 5 cos(x(3) k) 7.20)
4 4+ 100(1 — cos(z(3)x)? ’ '

(7.21)

where ¢ = 9.8, h = 1073, and the true initial state [0, 1,7, 1]7. The measurement noise 7y,

is generated from zero mean Gaussian distribution with two cases of diagonal covariance with

standard deviation: 0.1 and 0.01. Since the system
of equations (7.3) is not square in this case, the
Broyden, GMRES, and pseudo-Newton observers are
not applicable here. We implement Newton, IPG, LM,
GMHE, CGMHE, and NMHE with the window length
N = 4 and initial state estimate [5,5,5,5]7. For

Newton, IPG, LM, and NMHE we set d = 2 within each

sampling instant. Since GMHE and CGMHE have per-

||xk - xhatk||

% 20 40 60 80 100
sampling instant k

Figure 7.3: State estimation error

of different observers for bio-

reactor system (7.13)-(7.16) with

measurement noise’s standard

deviation 0.001.

iteration complexity n times smaller than the other algorithms above, for GMHE and CGMHE

we set d = 8 for a fair amount of computational effort across all algorithms. The initial pre-

conditioner for IPG observer is set at 10, tuned from {10PI, : p = —4,-3,...,4} and the

parameter ' is set at a constant value 0.1, tuned from {0.1,0.01,0.001}. The parameter « in
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GMHE and CGMHE is set at 0.1, tuned from {0.1,0.01,0.001}, for their fastest convergence.
The initial state estimate in EKF is same as the other algorithms above. The initial error covariance
and the process noise covariance matrix are both set at 0.1/, tuned from {1071, : p = —3,...,3}.
The measurement noise covariance matrix in EKF is set at 0.1/, tuned from {10?] : p =
—3,...,3}

We define the steady-state estimation error as the

o
[}

—EKF

—GMHE
CGMHE]

steady-state. For the bio-reactor system, the steady-state 0 1000 2000 3000 4000
sampling instant k

mean of ||z, — || over a period of 20 consecutive

o
~

||xk - xhatk||

sampling instants % after the observer has reached

2
N

o

estimation errors of IPG observer are approximately Fjgure 7.4: State estimation error

of different observers for bio-
0.03 and 0.002, respectively for standard deviation 0.01 reactor system (7.13)-(7.16) with

measurement noise’s standard

and 0.001 in the measurement noise, which are smaller {eviation 0.001.
than the other observers except for GMHE and CGMHE
(ref. Fig. 7.1-7.4). The steady-state estimation errors of GMHE and CGMHE are approximately
0.001 and 0.0004, respectively for standard deviation 0.01 and 0.001 in the measurement noise.
However, with the identical computational load per sampling instant, GMHE and CGMHE attain
these steady-state errors much slower than the IPG observer (ref. Fig. 7.1-7.4). From Fig. 7.1 and
Fig. 7.3, the Newton, Broyden, and GMRES observers are highly unstable. We further report that
the NMHE and the pseudo-Newton observer diverge from the first sampling instant, and hence,
are not shown in the plots.

For the inverted pendulum-cart system, the steady-state estimation errors of IPG observer
are approximately 4 and 0.75, respectively for standard deviation 0.1 and 0.01 in the measurement

noise, which are smaller than the other observers except for GMHE and CGMHE (ref. Fig. 7.5-
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7.8). The steady-state estimation errors of GMHE and CGMHE are approximately 2, for standard

deviation 0.1 and 0.01 in the measurement noise.

600 T T T T
Thus, IPG has a smaller steady-state error than all other — 10 Newton)
For| O )
observers for standard deviation 0.01. For standard gzoo o % ]
A AA A
40 60 80 1

o
o

20 00

deviation 0.1, only GMHE and CGMHE have a smaller

sampling instant k

steady-state error than IPG observer. However, with Fjgure 7.5: State estimation error

of different observers for inverted
the identical computational load per sampling instant, pendulum-cart system (7.17)-(7.21)

with measurement noise’s standard
GMHE and CGMHE attain these steady-state errors deviation 0.1.
much slower than IPG (ref. Fig. 7.5-7.8). Also, NMHE
diverges from the first sampling instant, and hence, not shown in the plots.

Finally, to compare the IPG observer with LPV, we consider the system from the LPV

observer paper [221]:

. sin(x
i) = exp(—xfy) log(1 + 2fy) + 0.5%, (7.22)
3
: T T T 3
T(2) = — - —0.1y7, 7.23
@) 1+ x%z) 41+ :17%2) y (7.23)
y =x)+ 0.58inwq) + 17, (7.24)

with initial state [0.5,0.5]7. The measurement noise 7 is generated from zero mean Gaussian
distribution with standard deviation 0.1. The LPV observer for this system has been designed in
(48) of [221] in continuous-time, which we solve using ode45. To implement the IPG observer,
we discretize (7.22)-(7.24) with sampling period h = 1 and the IPG observer is built upon this

discretized model. Both the observers are initialized with the state estimate [3,2]”. For IPG,
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Figure 7.6: State estimation error of different observers for inverted pendulum-cart system (7.17)-
(7.21) with measurement noise’s standard deviation 0.01.

we choose N = 2 and d = 2. The initial pre-conditioner for IPG observer is set at 107415,
tuned from {10P1, : p = —4,-3,...,4} and o’ = 0.01, tuned from {0.1,0.01,0.001}. From
Fig. 7.10, the steady-state estimation error of LPV observer is approximately 0.13. From Fig. 7.9,

the steady-state estimation error of IPG observer is approximately 0.02, smaller than LPV.

7.5 Summary

We proposed a Newton-type observer to address

the lack of robustness of Newton observer and its j L GMHE
il CGMHE]

existing variants for discrete-time systems with sampled

||xk - xhatk||

R
TARIA
AAAANAA o~ hn

' g . . .
outputs. The proposed observer is based upon a non- 0 1000 2000 3000 4000
sampling instant k

symmetric iteratively pre-conditioned gradient-descent Fjgyre 7.7: State estimation error

of different observers for inverted
(IPG) technique, used for solving a set of nonlinear pepdulum-cart system (7.17)-(7.21)

with measurement noise’s standard
equations at each sampling instant, leading to improved deviation 0.1.
robustness against measurement noise. The proposed
IPG observer applies to a wide class of nonlinear systems. We presented extensive empirical

results comparing the accuracy of our IPG observer with the prominent observers. Future work

involves rigorously obtaining an upper bound on the estimation error of IPG observer in presence
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Figure 7.8: State estimation error of different observers for inverted pendulum-cart system (7.17)-
(7.21) with measurement noise’s standard deviation 0.01.
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Figure 7.9: True system trajectory and its estimate for the system (7.22)-(7.24) obtained by IPG
observer.

of measurement noise and demonstrating the error’s convergence to zero in absence of noise.
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Figure 7.10: True system trajectory and its estimate for the system (7.22)-(7.24) obtained by LPV
observer.
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Chapter 8: Summary and Future Work

This dissertation aims to propose robust and efficient optimization algorithms for unconstrained
problems in centralized and distributed settings. The specific optimization problems that have
been considered can be classified into distributed optimization in server-agent architecture, decentralized
linear regression in peer-to-peer network architecture, and centralized non-convex optimization
with an emphasis on deep neural networks. Novel optimization schemes have been developed to
solve each of these three classes of problems. Additionally, a distributed beamforming algorithm

and a nonlinear observer have been proposed, built upon one of these proposed schemes.

8.1 Completed work

First, the Iteratively Pre-Conditioned Gradient-descent (IPG) algorithm has been proposed
for solving distributed convex optimization. The key to the IPG method is a particular iterative
pre-conditioning scheme, inspired by classical adaptive control laws, facilitating the IPG method
to be executed in distributed settings. For the class of distributed linear regression problems,
thorough theoretical and empirical studies have been presented, which entail comparing IPG with
existing distributed methods. Rigorous characterization of IPG’s robustness against system noise
of arbitrary sources and IPG’s extension (IPSG) to the stochastic settings have been presented,

along with the relevant empirical comparison with existing methods. Theoretical results have
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been presented for a class of distributed convex cost functions, involving IPG’s local convergence
analysis and comparison with some of the existing distributed optimization methods. Empirical
results indicate IPG’s improved convergence rate and robustness against system noise compared
to some of the existing methods for distributed logistic regression.

Next, two locally pre-conditioned decentralized gradient-descent algorithms have been
proposed for solving systems of linear algebraic equations over peer-to-peer networks, respectively,
in the absence and presence of communication delay. The key to the proposed methods is
a particular decentralized pre-conditioning scheme. The presented theoretical results include
the proposed algorithms convergence guarantee and its robustness against system noise. The
theoretical analyses have been supported through experiments by applying the proposed algorithm
to develop a linear state predictor and comparing it with existing decentralized methods, including
the decentralized Kalman filter.

Finally, solving the centralized non-convex optimization problems has been addressed from
a state-space perspective. The contributions towards this class of problems are motivated by
the recent flourish of considering optimization algorithms as dynamical systems. The eventual
aim is to develop a generic framework encompassing the adaptive gradient-descent algorithms
used in machine learning. To reach this goal, a class of adaptive gradient-descent methods has
been proposed in a state-space framework. A well-known tool from adaptive control, Barbalat’s
lemma, is then utilized to analyze the proposed class of methods, leading to simple and intuitive
proofs of some prominent adaptive gradient-descent optimizers in the continuous-time domain.
It has been shown that the proof sketch build upon Barbalat’s lemma can also be applied for
analyzing other adaptive and accelerated gradient methods that are not included in the proposed

generic framework. The advantage of the state-space perspective for optimization algorithms is
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not limited to analysis, which we show by proposing variants of some of the prominent adaptive
gradient methods in machine learning, by utilizing the concept of transfer functions. Benchmark
deep neural network experiments suggest that the proposed transfer function-based modification
contributes towards balancing smaller generalization errors and faster training, a dilemma in
applying adaptive methods to train machine learning models.

In addition to the aforementioned generic optimization problems, the distributed beamforming
problem and the nonlinear observer design problem have been considered, which can be formulated
as specific optimization problems. Built upon the aforementioned IPG optimizer, the IPG for
distributed beamforming (IPG-DB) and the IPG observer have been proposed, respectively to
solve these two problems, which leverages the iterative pre-conditioning technique’s robustness
against system noise. Experimental results have been presented, demonstrating the efficiency
of IPG-DB in contested uncertain environments and the robustness of IPG observer against

measurement noise.

8.2 Future work

For general convex cost functions, although the IPG method has been proved to have a
locally superior convergence rate than the existing first-order methods, it lacks a global “picture”.
Hence, the global convergence of the proposed IPG method will be addressed in future. This will
help in a complete comparison with the existing methods, including the classes of nonlinear
conjugate gradient, Newton and quasi-Newton methods with line-search, Levenberg—Marquardt
methods, and the recent stochastic quasi-Newton methods. While the literature on quasi-Newton

methods is vast, only a few have formally addressed robustness against process noise. Most
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importantly, Newton’s method and the quasi-Newton methods are not reliable in the presence of
uncertainties, as shown in Section 4.3. Sufficient conditions for local quadratic convergence of
Newton’s method executed on finite precision machines and local linear convergence of a class
of quasi-Newton method satisfying a certain deterioration condition have been presented in [97]
and [98]. The analysis of BFGS in [99] assumes progressively diminishing noise. [100], and the
most recent work [101] has proposed noise-tolerant variations of the BFGS method, assuming
that an estimate of the noise is known. In comparison, the IPG algorithm will be the same in
deterministic and noisy settings, and would not require any noise estimate. Instead of presenting
sufficient condition for convergence in the presence of noise, IPG’s robustness against bounded
noise will be characterized.

An immediate research direction from the distributed optimization in server-agent settings
is the federated optimization [224]. The challenge in federated settings is the heterogeneity of
the agents’ data, system-level heterogeneity, the asynchronous nature of the agents in updating
the local gradients, limited and delayed communication between the agents and the server. It is
expected that the robustness of IPG will be useful in addressing these challenges in federated
optimization, possibly resulting in an algorithm superior to the existing federated optimization
techniques [225,226].

Regarding non-convex optimization, this dissertation hypothesized that by adding poles
and zeros in the transfer function, and by tuning these hyper parameters, we create a signal,
representing the second raw moment estimate of gradients, that is less impacted by the noise
as compared to the squared gradient input. Attenuation of the frequency specific noise may
help by not leading the learning astray and consequently lead to better generalization. Although,

numerical evidence have been presented for this hypothesis, it needs to be rigorously evaluated in
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a subsequent study. This study will help in understanding whether the idea of transfer functions
can be exploited to improve any existing adaptive gradient optimizer in long-term.

Finally, the ongoing work in distributed beamforming includes integrating feedback from
an auxiliary node into the proposed IPG-DB algorithm to address the additional objective of
suppressing the minor lobes in generated radiation pattern, and covert communication with the
client when the precise locations of the adversaries are unknown. Performance of the IPG-DB
algorithm with higher carrier frequency (2.4 GHz) is being tested using channel data generated

from EM.CUBE simulations.
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Appendix A: Proofs of the Theoretical Results

A.1 Proof of Theorem 2.1

In this section, we present a proof of Theorem 2.1. Throughout this section we assume

2

that AT A is not the trivial zero matrix, 3 > 0, and 0 < o < pven T

The proof relies on the
following lemma, Lemma A.1, which shows the linear convergence of the sequence of matrices

{K(t), t=0,1,...} to Kg. Let k;3 denote the j-th column of matrix K3 where j = 1,..., d,

and recall the definition of p from (2.12).

Lemma A.1. Consider Algorithm 1. If o € <07 /\12_+B> then there exists p with o < p < 1 such

that for each j € {1,..., d},

ki(t+1) — kg < p||k;(£) = kjsl|, vt > 0.

Proof. From (2.7) we have )" R'(t) = [(ATA + BI) k;(t) — ej}. Upon substituting from

above in (2.8), for j = 1,...,d,
ki(t+1) =ki(t) — o (ATA+ BI) k;i(t) + ae;. (A.1)
Recall the definition Kz = (ATA + 51 ) ~'. Then for each column j=1,...,dof Kgwe obtain

that (ATA + 51 ) k;s = e;. For each iteration ¢, let K (t) denote the matrix obtained by stacking
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the column vectors ki (t), . .., kq(t):
K(t) = [El(w, o ’iéd(t)] — K(t) — K5, ¥t>0. (A.2)

Upon substituting from above in (A.1), and using the definition of %j (t) in (A.2), we have %j(t +

1) = [] —a (ATA+ 61)} k;(t). Since (AT A + BI) is positive definite for 3 > 0, there exists

S (0, ﬁ) for which there is a positive p < 1 such that ||k; (¢ + 1)H <p E(t)” for j =
1,...,d and V¢ > 0 [21]. Note that [21] p > 811?;18312; = /\I)J‘rl/\_dfw @12) 0. Hence, the
proof. 0

Now, for each 7 and ¢, upon substituting ¢*(¢) from (2.3) in (2.10) we obtain that g(t) =
(S0 (ANT AT a(t) — (S0, (AD)TH). As ATA = 3 (A))T Ai and ATb = Y (AD)TH, the

above implies that

g(t) =270 g'(t) = AT(Ax(t) — b). (A.3)

From (A.3) and the definition of X* in (2.1), X* = {:c eR? . AT(Az —b) = Od}. Consider an
arbitrary point z* € X*. Define 2(t) = x(t) — x*. As AT (Az* — b) = 04, upon substituting from
above in (A.3) we obtain that g(t) = AT A z(t). Let N (AT A) denote the nullspace of matrix
AT A, and V(AT A)* denote the orthogonal vector space of (AT A). Due to the fundamental
theorem of linear algebra [45], R? = N (AT A) & N(AT A)*. Therefore, for each ¢t > 0, we can
decompose vector z(t) into two orthogonal vectors z(t)* and z(¢)V, such that z(t)* € N (AT A)*

and z(t)V € N(AT A). Specifically, for each t > 0, z(t) = z(t)V + z(t)*. As ATAz(t)N = 04,
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we have
g(t) = ATAz(t)*, vt>0. (A.4)

The remainder of the proof is divided into three steps.
Step I: Upon substituting from (A.3) in (2.9), using the definitions of z(¢) and X*, we

obtain that
At+1) = (1 _SK(t + 1)ATA) 2(t). (A.5)

Recall that Ay > ... > A\; > 0 denote the eigenvalues of the positive semi-definite matrix
AT A. We denote by Diag(.) a diagonal matrix of appropriate dimensions, with the arguments
denoting the diagonal entries in the same order. Let S = Diag(\y, ..., \s), and let the matrix
V consists of the corresponding orthonormal eigenvectors [V;, ..., Vy]. Note that VIV = I, and

AT A = VSVT. Recall that r denotes the rank of matrix A7 A. In general, 1 <r < d. Ifr < d

then \y > ... > A\, > A1 = ... = A\g = 0. Thus, S = Diag(Ay,..., A, 0,...,0). Let
d
span{Vi, ..., V.} denote the vector space spanned by the orthonormal eigenvectors Vi, ..., V,,

defined as span {Vi,..., V,} = {22:1 w; Vi u; € R, Vi}. As the eigenvectors Vq, ..., V; are
orthogonal [45], N(ATA)* = span{Vi,...,V,} and N(ATA) = span{V,,1,...,Vy4}. Let,

S+ = Diag(1,...,1,0,...,0). Define a projection matrix
——— N —

T d—r

Q=Vsv" (A.6)
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Note that for a vector v € R?, due to the fundamental theorem of linear algebra, the vectors
Qu and (v — Qu) belong to the orthogonal vector spaces N (AT A)+ and N/(AT A), respectively.

Thus, from the definition of 2(¢)*, z(¢)* = Qz(t). This implies that, for all ¢ > 0,

At D) =Qat+1) R

Q (1 K (t+ 1)ATA) 2(1)
= 2(t) — 0QK (t + 1)ATA 2(t)

— (D) — 6QK(t +1)ATA (z(t)N + z(t)i) . (A7)

As z(t)N € N(ATA), ATAz(t)N = 04. Upon substituting this in (A.7) we obtain that z(t +
Dt = 2(t)F — QK (t + 1)ATAz(t)*, Vt. Substituting above from (A.4) we obtain that
2(t+ 1)t = 2(t)* — QK (t + 1) g(t). Multiplying both sides above with AT A, and substituting
again from (A.4), we obtain that g(t + 1) = g(t) — § ATAQ K(t + 1) g(t). Upon substituting
above from (A.2), we have g(t + 1) = (I — §ATAQ Kj) g(t) — SATAQK (t + 1) g(t).

Step II: Using triangle inequality above, we obtain that
gt +1)|| < H (I — §ATAQ K5> g(t)H + H(SATAQ}N((t + 1)g(t)H : (A.8)

First, we will derive an upper bound on the second term in (A.8). Recall the definition of K (1)

2

~ 2 ~
from (A.2). Due to Lemma A.1, for each j € {1, ..., d} we obtain that k](t)H < p?|k;(0)

= | ki)

square matrix ), let ||M/|| denote the induced 2-norm of the matrix. Since ||M|| < ||M]| . [45],

KtH <
()F_p

K(0) HF For any

- 2
Since HK (1) H , from above, we obtain that,

2
F

from above we get, for all ¢ > 0, K(0)|| . Recall that V' is a unitary matrix.

K| <o

HF

Thus, ATAQ =V (S5*) V. Note that||ATAQ|| = A; [45]. From the definition of induced
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2-norm [45], and substituting from above,

H(SATA QK (t + 1)g(t)H <X

RO o flg)]- (A9)

Next, we will upper bound the first term in (A.8). As ATA = V.SVT where VVT = I, from the

definition of K5 we obtain that Kz = V Diag ( #> VT, Also, from the definition

1
NFB T XatB

of S and S+ we have ATAQ =V Diag()\1,..., Ay, 0,...,0) VT, Thus,
——

d—r
<I—6ATAQK )g(t) - VDiag((l— oA > 1., O)VT g(t). (A.10)
/8 Az _'_/8 ) 7d_ )

Now, note that from (A.4), g(t) € Im (ATA) where I'm(-) denotes the image of a matrix
operator. Owing to the fundamental theorem of linear algebra [45], Im (ATA) = N (ATA)l.
Thus, g(t) € N(ATA)L = span{Vy,..., V,}. Recall that the vectors Vi, ..., V,, constituting

the matrix V/, are orthonormal. Therefore,

, O\ - oM\ S\,
— < — — .
VDzag((l >\¢+B)’1’ VT g(t) _max{l W] Rt AHrB’} Hg(t)ﬂAll)
i=1,...,r

where |-| denotes the absolute value. As Ay > ... >\, > 0and § > 0,if0 < 6 < 2 (’\1/\?3> =

2 (1 + %), then

oA\ O\ oA oA,
1-— R = 1-— 1-— A.12
max{‘ ] M@‘} max{' B Awﬂ}’( :
X |
dil-— 1,i=1,...,r. (A.13
an )\Z—i—ﬁ < y 2 5 y T ( )
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Substituting from (A.12) and (A.11) in (A.10) we obtain that,

I\
A+ B

‘ P

H(I—éATAQK5> g(t)H < max {‘1 — % +B'} 9(t)]] - (A.14)

Finally, upon substitution from (A.9) and (A.14) in (A.8),

I\
A+ B

|g(t + 1)|| < max {’1 —

7'1_ 2y

A, +5'} Hg(t)H + 0\ [N((())HF ptHHg(t)H Vi S@5)

8
1 Ar+8

Then, with 1 = max {’1 — /\‘iﬁ‘:ﬁ

}, (A.15) and (A.13) prove (2.14). Recall the

?

definition of p* from (2.11). Note that [21]

A A
NAB  Mo+B BA—A) \
p= = W =, (A.16)
Tt MM S (A 4+ Ar)
where the equality - = ;* holds true, if the value of ¢ is given by (2.13), whichis § = ﬁ
A+B T A48
Note that as (Aﬁﬁ) >0, st < - =2 (AA—+> Thus, the value of § in (2.13) satisfies
A +B8 " A48 A1+8

the condition of Theorem 2.1.

Step III: In this step, using the following fact, we prove that lim;_, ., || g(t) H = 0.

Fact A.1. Consider an infinite sequence of non-negative values {s;, t = 0, 1,...} with s; <
Si—1, Vt > 1, and lim;_,, s; < L where L is a positive finite real number. Then, there exists

0 <T'< oo suchthat sy < L, ¥t > T".

In (2.14), let ay = (j1+ 0| K (0) = K|, o). Note that o, > 0 for all ¢ > 0. Since
p < 1, the sequence {«;};>¢ is strictly decreasing, and lim; ,,,a; = p < 1. Thus, due to

Fact A.1, there exists a positive integer 7 such that oy < 1, V¢ > 7. From the recursion (2.14),
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we have

V> T (A.17)

ot + Dl < (Mer iy ) l9(7 + 1)

As {oy}zo is strictly decreasing, (2.14) implies that ||g(7 + 1)|| < a-||g(7)]| < aol|g(7)]-

Upon iterating this 7 times we get Hg(T + 1)“ < aptt Hg H Combining (A.17) and the above

T+1
we get[lg(t + 1)]| < (I, o) ™ [|g(0 H<a::11( 0) 19(0)| for all ¢ > 7. Since
Arqq

a1 < 1, limt_,ong(t) || = (0 follows from above.

A.2  Proof of Corollary 2.1

Note that the solution z*, defined by (2.1), is unique if and only if the matrix AT A is
full-rank, which means, r = d. Thus, AT A is symmetric positive definite and has positive real
eigenvalues. In other words, we have \; > ... > \; > 0. Moreover, (ATA)_1 exists, and is also
symmetric positive definite. As r = d, substituting 5 = 0 in (2.11) and (2.12), respectively, we

obtain that ©* = 0 and o = ii;ij Now, (2.14) of Theorem 2.1 implies that, for 6 = 1 obtained

by substituting § = D[ < M||K(0) K5||F P g(t)

, Vt > 0. Since

p < 1, the above inequality implies that lim;_, Hﬂ t+1|)|H 0.

From the proof of Theorem 2.1, g(t) = AT Az(t) for each ¢t > 0. Since (ATA)_1 exists,
we have z(t) = (ATA)fl g(t) for each t > 0. From the definition of induced norm, then we

have [|2(¢ + 1) < | (474)"

‘g (t+1)|| and||g(t)|| < [|ATA]|||z(t)||- The latter implies that

t+1>|| lot+n]| _

sl

‘ATAH Hg(t“ [ . Since lim;_, o,

< (ama)”

H H = HATAHHQ H Then

0, from above it follows that lim;_, ., H TG Hlﬁ’
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A.3 Proof of Lemma 2.1

Comparing the GD update in (2.4), and that of Algorithm 1 in (2.9), we see that Algorithm 1
with K (t) = I Vt > 0 is the GD method. Thus, for GD we define K3 = [ to which the
sequence of matrices {K(¢)} converges. Now recall the definition of K (t) from (A.2). For
GD, we then have K (t) =0 ¥Vt > 0. Now we proceed exactly as the proof of Theorem 2.1,

and arrive at (A.8) with [?(t) =0 Vt > 0and Kz = I. In other words,

g(t+1)|| <

H (] —0ATAQ ) g(t)||, Vt > 0. Substituting above from eigen-expansion of A7 AQ in Section A.1,

|g(t+ 1)|| <||VDiag((1 —6X)1,...,1) VTg(t)||. Following the argument after (A.10), if § €
—_———

i=1,...,r d—r

<0, %), from above we have ||g(t 4+ 1)|| < max {|1 — 6A1[,[1 — 6\ |} ||g9(?)], and |1 — 6X;| <

1,i=1,...,r. We define max {|1 — 6A;|,|1 — 6),|} = p. The smallest possible . is given by

w> iiz\\r, which is ugp. Hence, the proof.

A.4 Proof of Theorem 2.2

We define oy = p* + 5)\1HK(0) — K5||F Pt As 8> 0and \; > A, from (2.11) and the
definition of pp we obtain that u* < pep. Since p < 1, the sequence {a; > 0} is strictly
decreasing and lim;_, ., oy = p* < pep. Thus, from Fact A.1, there exists a positive integer 7
such that oy < pugp, vVt > 7. From (2.14), for some § > 0 we haveHg(t + 1)H < atHg(t)H. Upon

iterating the above,

gt +1)|| < (Mg o) [[g(m + D[, VE > 7. (A.18)
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Since {a; > 0}iso i (r+ D < arllg(m)]| < aollg(n)]| < agtt{|g(0)]]-

9(t+1)“ < (Hk T+1O‘k %HHQ

Upon

define r;, = g+ 1)|| < (W, renep) o™ g9(0)||. Upon defining 7 =

maxr, we have||g(t + 1)|| < (If_,,1 Tuep) of™||9(0)]|. We define ¢ = (JXO )TH. Since

THGD

= max r; < 1. Hence, the proof.

"t = uc
t>1

A.5 Proof of Theorem 2.3

From (2.18) we have 0° = b + wy, where

From (2.19), we obtain that

[HwbH] < ]E |wbH ZE [Hwb } < nm. (A.19)
Upon substituting from (2.20) in (2.9) we obtain that
w(t+1) =a2(t) — 6Kt + 1)AT(Az(t) — b —wy). (A.20)

Now, consider a point z* € argmin, Y .-, F*(x) defined by (2.1). AsV > | Fi(z) = AT (Az—

b),

AT(Ax* —b) = 0. (A.21)
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Recall from (2.21) that z(t) = z(t) — «* for all ¢£. Subtracting z* on both sides of (A.20), and

using (A.21), we have

At+1) = (I K (t+ 1)ATA) 2(t) + 0K (t + 1) ATw,

(2.16) (1= 0K ATAY 2(t) — 6K (¢ + 1) AT Ax(t) + 0K ATw, + 3K (t+ 1) ATw,. (A22)

Upon using triangle inequality above and the definition K*ATA = I (ref. Section 2.4.1), we

obtain that

|2t + 1) < (1= 8)|]=(0)]| + 5Hf((t + 1)ATAz(t)H + 5HK*AwaH + 5“?{@ + 1)ATw,,H |

(A.23)

From the definition of induced 2-norm of a matrix [45] and expectation, (A.23) implies that

E |2+ 1] < (1 — 3+ || R(t+ 1)HHATAH> [EG

a7 [ Q] + oo+ 0 47| o]
Upon substituting above from (A.19) we obtain that

& [ete+ 0] < (1 -5+ o e+ o 7] et

+5HK*ATHnm+5Hf<(t+1) HATHnm. (A24)

2
, From basic Linear

~ 2
From Lemma 2.2, we have for all j € {1,..., d}, ||k; (t)H < p*||k;(0)

Algebra [45], we know that ||ATAH = )\ and HAT” = /1. Upon substituting these in (A.24)
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we have

—~

E [Hz(t + I)H] <§p'tt

RO, (ull=0l +mmv/A) + (= o)z

O + (5HK*ATH nm.

(A.25)

From Singular Value Decomposition [45], A = USVT where

_ P%ag(vﬁl.. vf_) O ( .ﬂni@]a

and the matrices U, V, respectively, constitutes of left and right orthonormal singular vectors of

A. From above, (ATA)71AT = V(STS)~1STUT.

(ATA)TAT|| = 1/v/ . As
K* = (ATA)_1 (see Section 2.4.1), the above implies that || K* A" || = 1/y/A,. As discussed in

Section 2.4.1, Assumption 2.1 is equivalent to A\; > 0. Upon substituting this in (A.25),

o) 1t0

As t is an arbitrary iteration, the above proves (2.22).As p € [0,1) and § € (0, 1], there exists

O)HF P+ dnpma/1/ A

Eﬂp@+1m}§(1—5+5MK

T < oo such that (1 -0+ 5)\1HI?(O)H pt“) < 1forall t > T. Thus, upon retracing (2.22)
F

from ¢ to 0, we have lim; ,., E [Hz(t)!” < onm /1) A
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A.6 Proof of Theorem 2.4

Similar to (A.22) in Section A.5 above, for Algorithm 1 with modifications (2.26)-(2.29),

we obtain that
At+1) = (I KOt + 1)ATA) (1), Vi, (A.26)
Substituting from (2.30) and (2.33) in (A.26), since K*ATA = I,
At+1) = (1 — 5~ SRt + 1)ATA> (2() + w"(1)) .
The above implies that

|+ 1) < (1—5+5)\1

Ro(t+ 1)H) (=) + @)

From Assumption 2.3, since the random variables {w”(t),w%(t),j = 1,...,d} are mutually

independent for all ¢, the above implies that

E, |+ 1)]]] < (1 5+ OME, {

[Rott+ 1)‘”) (Hz(t)H +E, [Hw”“"(t)”]) C(A27)

Define Wk(t) = [w’f, o ws]. From (2.30) then we have K°(t) = K(t) + W*(t), which

implies that

’W’“(t) M . (A.28)

|

o] <o) 5|
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By definition of matrix norms [45], E; [HW"“(t)H] < VdE, [”Wk H } < ) wvV/d. Then,

from (A.28) we get

e ||

Instead of each column Ej(t) in Lemma 2.2 if we consider K (¢) then following the proof of

(t)‘” < Hf{(t)H +wVd. (A.29)

Lemma 2.2 for I?j (t), we have a similar result as (2.17): Hf?(t +1) H < p”l?(t) H , Vt > 0. Upon

substituting from above in (A.29) we get

AOE

Upon substituting from above in (A.27) we get

|IK 0)” +w\/c_ini 231 (u(t) — 1+6) /(6M).

B Jete-+ ) < ate-+ 1) (0] + B [wa)H])
<ute+1) (o] + B @] ]) 2 wte ) (o] +)

< IGEu(k)|[2(0)|| + (u(t+ 1) +ult + Dut) + ... + I u(k) w. (A.30)

From (2.33) and (2.25), By | 2°(¢ + 1)]|| < By [[[2(¢ + 1)||| +. Substituting from (A.30) in the

R.H.S. above proves (2.34).
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As p < 1, by definition of u(¢) in (2.31), we obtain that

lim u(t) =1 -6+ ‘ﬁi‘) 232 54 5wibd( Dy (A31)
u(t) —u(t —1) = SA, ! (p (W\/ZHH%(())H) —HMO)H)

(2. 32) At

U)H ((p/pea) — 1), ¥Vt > 1.

The above, in conjunction with (2.35), implies that u(t) < u(t — 1), ¥t > 1. The limit in (A.31),
in conjunction with the fact that u(t) is non-negative for all ¢, implies that there exists 7 < 0o

such that 0 < wu(¢) < 1 forall ¢ > 7. Thus,

tlg?o I} _,u(k) = 0, and (A.32)
. 1
Substituting from (A.32) and (A.33) into (2.34), we obtain that
lim E, [HzO(t)H] < w/(1—u(r)). (A.34)
t—o00

Since {u(t)} is a strictly decreasing sequence, if (A.34) holds true for some 7 satisfying u(7) < 1

then it also holds true for 7+1, ..., co. Thus, (A.34) implies that lim; . E, [”z"(t) H} <w/(1-

u(o0)). Substituting u(co) from (A.31) we obtain that lim; .., E; [Hz M m
w Whd

Hence, the proof.
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A.7 Proof of Theorem 2.5

A.7.1 Preliminary results

The results below are used in the proof of Theorem 2.5.
(a) Consider an arbitrary iteration ¢ > 0. Upon taking conditional expectation E;, [-] on

both sides of (A.60), given the current matrix K (t) and estimate x(t), we have

E; [f{(t + 1)] —|I-a <E1t {(aCtt>Ta<tt] + 51) K(t)
— (Eh {(aCtt)TaCtt} _ %ATA) K. (A.35)

Upon subtracting both sides of (A.60) from that of (A.35) we get

E,, [I?(t%— 1)} _ [?(t—l— 1) =« <<a<tt)TaCtt —E,, {(aCtt>TaCtt}> ([?(t) + KB)

@2, ((actt)%cn K, [(aQt)Ta@tD K(t).  (A36)

(b) Now, consider a minimum point z* € argmin,ega — » . ; F*(x) defined by (2.6).
From the definition (2.5), the local cost function F"(x) is convex for each agent i € {1,...,m}.
Thus, the aggregate cost function Y ;" F*(x) is also convex. Therefore, z* € X* if and only
if[431V Y I" | F'(a*) = 04, where 0, denotes the d-dimensional zero vector. As V Y _" | F'(z) =

AT(Axz —b), 2* is the minimum point if and only if it satisfies

AT(Ax* —b) = 0. (A.37)
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From the definition of the each agent’s stochastic gradient ¢’ () in (2.38) and the definition of

individual cost function’s gradient g in (2.37) we get

E;, [g‘”ft (t)} ~E, {(aCtt>TaQt} 2(t) — Ep, {(&w)Ttht] — % (ATAx(t) - ATb> . (A38)

where the last inequality follows from the definition of the uniform random variable (;,. Upon

substituting from above and (A.37) in (A.38) we get

1

E, [gctt (t)] = AT AAt). (A.39)

The R.H.S. above is the gradient of the objective cost % > F'evaluated at the current estimate

x(t) of (2.6), which we denote by V F'(¢). Thus,
VE(t) =E, [gCtt (t)} - %ATAz(t). (A.40)

The above equation means that, the stochastic gradient g (t) at every iteration ¢ > 0 is an
unbiased estimate of the true gradient V F'(¢) given the current estimate z(t). Noting that|| AT A|| =

s1 [45], the above implies that
IVE®] < S0 (A41)

(c) Assumption 2.5, combined with (A.40) and the definition (2.44), implies that the conditional
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second moment of the stochastic gradients satisfies, for each iterationt = 0,1, . . .,

Ey, mg@t (t)m < Vi + Ve|[VF@)|, (A.42)
where Vi = V5 + 1. Since
Ey, [\g@t(t) } - %i( ol
(A.42) implies that, for each ¢ € {1,..., N},
‘ g@'(wt)H2 <ViN + VoN||VF@)|”. (A.43)

Thus, there exist two non-negative real scalar values £; > +/V| N and E5 > /VsN such that,

foreachi € {1,..., N},

|

g (0)|| < B+ B[ V()] (A44)
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A.7.2 Notations

For the positive valued parameters «, §, and 3, let

Cy = max (a)TaZ — %ATA , (A.45)
= (1 - zojifd(l - aL)) , (A.46)
o= —a (%ATA + 51) ' , (A.47)

Cult) = (Vo + 1)%% (d03 (| K| + 20 K| zt:pj +Hf«(o>Hiut+l + 2\\}(5“”;?(0) wl) ,
pa
(A.48)
Cs(t) = 201y (HK/gH +| & gt) , (A.49)
Colt) = — isf]lv G 2%”}?(0) as (A.50)
Co(t) = 204 B (HKBH +||E©) gt> , (A51)
Cs(t) = Cy(t) + 0.5, (A.52)
Rs(t) = 62ViN <d03 +[ Ks||” + 265 K| iy‘ +Hi€<o>Hiut+l +2|| || K 0) ptH) ,
po
(A.53)
Ro(t) = Rs(t) + %a207(t)2, (A.54)
5(t) = min{—, Col) = aCs(t), (A.55)

Co(t)’ Cs(t)
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A.7.3 Convergence of the pre-conditioner matrix

We present below a result regarding the convergence of the iterative pre-conditioner matrix
in Algorithm 2. To present the convergence result of the pre-conditioner matrix K (t), we recall

some notation from Section 2.5.3.

e Recall that ' € R™? and b' € R respectively denote each row i € {1,..., N} of the

collective input matrix A and the collective output vector B.

* For the positive valued parameters « and /3, recall from Table 2.2 that

N

CQZQ%Z

=1

(ai>T al — %ATA

[

* For positive values of the parameters « and 3, recall from Table 2.2 that

N

1
P:NZ

i=1

I—a ((ai)Tai +5I> H

¢ For each iteration ¢t > 0, let

K(t) = K(t) — Kp. (A.56)

* Recall that for each i € {1,..., N}, A; and ); respectively denote the largest and the

smallest eigenvalue of the positive semi-definite matrix (a’)" a’. Thus, A;, A; > 0.

Lemma A.2. Consider Algorithm 2 with parameter 5 > 0. For each iterationt > 0, if 0 < o <
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min;—; { Aii‘ 6} then p < 1 and

g

Proof. Consider an arbitrary iteration ¢ > 0.

\fﬂtﬂ)((] < oK) +02§ijﬂ. (A.57)

¢ Recall from Section 2.5.2 that
I, = {1t, cee mt} U {Ct}

* Recall from Section 2.5.2 that for each iteration ¢ > 0 and agent i € {1,...,m}, E;, []
denotes the conditional expectation of a function the random variable ¢; given the current
estimate x(t) and the current pre-conditioner K'(t). Similarly, for each iteration ¢ > 0,
E, [] denotes the conditional expectation of a function the random variable (; given the

current estimate z(¢) and the current pre-conditioner K (¢). Recall from Section 2.5.2 that
Er, H = ]Elt,~~mt7<t<.)‘

* Recall from (2.43) that E; [-] denotes the total expectation of a function of the collection of
the random variables { Iy, ..., I;} given the initial estimate x(0) and initial pre-conditioner

matrix K (0). Specifically,
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From Step 2 and Step 4 of Algorithm 2, the random variable (;, is uniformly distributed in the set
{1,..., N} that denotes the total number of data points in (A, b). Moreover, (a,b% ) is a data
point uniformly and independently drawn at random from (A, b).

For each iteration ¢ = 0, 1, .. ., upon substituting from (2.39) and (2.40) in (2.41) we have,

for each column index j = 1,. .., d of the matrix K (¢),

kit +1) = k() — (((aé‘tt)T oSt + 51) k(1) — ej> . (A.58)

Recall the definition of Kz in Table 2.2. Let, k;g denote the j-th column of K 3. Then for each

column j = 1,...,d of Kz we obtain that

( ;ATA - ﬁ[) i = €j. (A.59)

Recall the definition (A.56),
K(t)=K(t)— Kz, Vt>0.

Let %j(t) denote the j-th column of K (¢). Subtracting k;jz from both sides of (A.58), from the

definition of Ej (t) we have foreach j = 1,...,d,

Tyt + 1) = k(¢ (( Ctt>T <ft+[a’1>( ()+km)+aej
(A9 7 ((aCtt> <tr+61)( ()+km)+a(%ATA+BI)k‘

- (1 S (( <ff) aS 4 BI)) k(t) — o ((aCtt>TaCtt . %ATA) kis
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Upon horizontally concatenating the columns {Ej(t), j=1,...,d}, from above we get

~ T - T 1
K(t+1)= ([ —a ( <a<tt> S + 51)) K(t) —a ((a@t) S — NATA) Ks. (A.60)
Using triangle inequality on the R.H.S. of (A.60) we get

[ ] <] (- ()" 01) ) 0] o

Gt TCt 1 T
(a t> at—NAA Kp

From the definition of induced 2-norm of matrix [45],

~ T 1
HK(t—i—l)H < <a<tt> a/Ctt _NATA

I —« <(a<tt)Ta<tt —i—ﬁ])

).

'HP?@H ‘o

Upon taking conditional expectation E;, [-] on both sides, given the current matrix K (¢) and the

estimate z(t), we get

5|

(i%(t + 1)]” <E,

I—a ((a@z)Ta@t +ﬂf> ‘ Hi%(t)H

+ oy, | K5l - (A.61)

T 1
Cty G — — AT A
<“ > TN ‘

| S

Since the random variable (;, is uniformly distributed in {1, ..., N}, we have

Ef

1
t :NZ

1=1

I —« ((aCtt)TaCti +BI)

T
()" |
n

| N

I -« ((ai>Tai +51> ,
N

:%Z

=1

E,

t

<ai)Tai — %ATA )
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Upon substituting from above in (A.61) we obtain that

- 1 & NT -
E, [’K(tJrl)H] <> |i-a (<a> az+ﬁl) ‘HK(t)H
=1
—l—a%i (ai>Tai—%ATAHHK5”. (A.62)
=1

Recall from Section A.7.3 that A; and \; respectively denote the largest and the smallest eigenvalue

of each (ai)Tai. Since <(ai)Tai + BI ) is positive definite for 3 > 0, for each value of «

satisfying 0 < o < min,_;__y {A%B} we have [21]

1—a(Ai+ﬁ)|}<1,i:1,...,N.

I—a((a")Ta"Jrﬁl)H :maX{|1—a(Ai+ﬁ)|7

Using the definitions of C'5 and p in (A.62) we then have p < 1 such that

5|

Iterating the above from ¢ to 0, by the law of total expectation we have

<

Hence, the proof. O

‘f((t + 1)M < pr((t)H IeN (A.63)

‘f((tJrl)M < ot f?(O)H +02ipf. (A.64)

Lemma A.2 implies that, for sufficiently small value of the parameter « at every iteration,

the iterative pre-conditioner matrix K (¢) in Algorithm 2 converges linearly in expectation to a
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neighborhood of the matrix K 3. Since p € (0, 1), this neighborhood is characterized from (A.57):

o] <%,

IL—p

t—o00

From (A.57), smaller value of the parameter p implies faster convergence of the pre-conditioner
matrix. However, the final error in K (¢) is large if p is small. Thus, there is a trade-off between
the rate of convergence and the final error regarding the convergence of the pre-conditioner matrix
in Algorithm 2. From Table 2.2, in the deterministic case, the value of Cy = 0, which means that

the sequence of pre-conditioner { K'(¢), ¢t =0, 1, ...} converges exactly to /g in this case.

A.7.4 Proof of the theorem

Here, we formally prove Theorem 2.5.

A.7.4.1 Proof of Part (ii) of Theorem 2.5

Step I: Upon subtracting z* from both sides of (2.42) and using the definition of z(¢)

in (2.21), we have
2(t+1) =2(t) — 6 K(t+ 1) g*(t).
The above implies that
ot + DI =llo0) ]+ 825t + 1)g (t)”2 — 255 (BTK (t + 1) (1),
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Upon taking conditional expectation [E;, [-] on both sides above, given the current pre-conditioner

matrix K (¢) and estimate x(¢), we have

E;, [Hz(t—i— 1)}|2] =||2(0)|]” + 6°E,, {

(K(tﬂ)g%(t)m —252(t) Ry, [K(t + 1)g% (1)) .

(A.65)

Consider the expression z(¢)E;, [K (t+ 1)g (t)] above. Upon substituting from (A.56),

207 Ey, |[K(t+ 1)g% (8)] = 2(0) By, [K(t+ 1)ge (8)] + 2() 5By, |g%(1)]

AA0 R, [R(t+1)g% ()] + (0 KsVF(E).  (A66)

Consider the following equation

2(0)TE,, {Eh [IN((t + 1)] (VF(t) g (t))] — 2(1)TE, [f((t + 1)] E, {(vm) g (t))}

(A40)
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Owing to the above, we have the first expression in the R.H.S. of (A.66) as

() By, | K (¢ + 1)g% (1)

—=(0)"E, [K(t 4+ 1)] VF() - ()", {K(t #1) (VF0) - 50
()T, {EI Rt +1)] _ g (t)>]

== ()", [R(t+1)] V)~ 2(0)7E [K(Hl)—lah &+ 0] | vre

- Z(t)TE]t

<]E1t [f((t + 1)] — K(t+ 1)) gt (t)]

—(1)TE,, [[N((t + 1)} VE(t) — 2(t)TE, (A.67)

(E;t [f{(t + 1)} — K(t+ 1)) g (t)] .

From (A.36) we have the second expression in the R.H.S. above as

Z(t)TE[t

(Eh [f{(t + 1)] — K(t+ 1)) gt (t)]
= az(t)TE,, [((agtt>TaQt —E,, [(aCtt)TaCtt}> K(t)g% (t)] .

Applying Cauchy-Schwartz inequality above we have

Z(t)TE[t

(E;t [f{(t + 1)] — K(t+ 1)) gt (t)]

((aCtt>T a%t — Iy, [(agt>T va}) K(t)g“t (t)] :

< o=@ | Ex
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Using Jensen’s inequality on the convex function || ||, from above we have

z (t)TEIt

(Eh :[N((t + 1)] Kt + 1)) e (t)]

T T
< a0 ., H (et )" ] ) oo A
From the definition of induced 2-norm of matrix we have
T -
T T (A.45)
<||(a) " asn ~ [(a%) <} ‘nmu] || < ok
From the definition of expectation and substituting from above in (A.68) we get
()R, (Eh R+ 1)] - R+ 1)) g ()| < aC||=0)|||| K ®)]| Ex { g (t)”]
(A.44)
< a0 KO (B + Bl vFO). (A.69)

Upon substituting from (A.66), (A.67) and (A.69) in (A.65) we obtain that

B Jate + D] <[l + %, |

K(t+ 1)gt (t)m 262t K,V (1)

= 20:() By, [K(t+1)| VF@) + 200G 20| KO (B + B[ VE@) . a70)

In the following Steps II-V, we bound the expressions in the R.H.S. above.
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Step II: In this step, we bound the second expression §°E;, [HK (t+ 1)gS (t)‘ﬂ in the
R.H.S. of (A.70). Consider the expression Ej, [”K (t+ 1)g (t)”?] Using the definition of

induced 2-norm and expectation we have

e+ g | <1l vl oo

(A.43)
< (WN+VeN||[ VRO ) By e+ D) AT

Using triangle inequality on induced 2-norm in (A.56) we get
k@] <|[E@ +[1s] ve 0. (A.72)

From (A.72) and the definition of expectation,

E;, [HK(tﬂ)”?] <E, “f((tﬂ)m +|K5]* + 2| Ks]| Ex, “E(H 1)”] . (AT3)

In the rest of this step, we bound the first expression above, which in turn bounds the R.H.S.

of (A.71). Note that, the third expression above has already been bounded in (A.63).

Foreachi € {1,...,N}andeach j € {1,...,d}, define a function h} : R? — R such that

i L 1 A T
hj(a:):§x ((a) a —i—ﬁ])x—x e;. (A.74)
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The gradient of ! is given by
. AT
Vhi(z) = <(a> a + 51) z—ej, Vo € RY. (A.75)
Note that,
Gty W\ G L7
K, [th (1:)] - (&, (a ) a| + 81| —e; = (L ATA+BI) 2= ;Yo (AT6)

Hence, (A.58) is a stochastic gradient descent update with stepsize o on the objective cost
function H; : R? — R defined by H;(z) = 227 (+ AT A+ BI) z — 2"¢;. Under Assumption 1,

the matrix A” A is symmetric positive definite. Equivalently, H; is S¢-strongly convex. Also note

that, each V1 is Lipschitz with a Lipschitz constant L; = ‘ (ai)T a' + pI H =A; + 0.
Upon substituting from (A.59) into (A.76) we have E;, [Vh?”(kjﬁ)] = 04, where 0y

denotes the origin of R?. For each j = 1, ..., d, we define a quantity

Gty
VIS ()

2
1 (A7)

2 _
o; = max [y, [
>0

Upon substituting above from (A.75) and (A.59) we get

2 2

= %i ((ai>Ta" +B[) Kge; — ¢
i=1

T
0'32 = I?;QOXEQ H ((a@t) (lctt —+ BI) Kﬁ@j — €

Foreach j = 1,...,d, let %j(t) = k;(t) — kjz. Then, if & < min {%, %} we have for each
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j=1,...,d [227]

j(t+1) 2+Ck (A.78)

&{~

where 1 € (0, 1) (see (A.46)). Then,

%;(0)

2 t+1
| <u

2

which implies that

EQ{K@2}§§}%[E@)1.

Taking the total expectation above and substituting from (A.78) we obtain that

gy

Upon substituting from (A.57) and (A.79) in (A.73) we have

,%m)i+da} (A.79)

‘I?(t—i— 1)”2] < pttt

2
B 5+ DIF] < w | RO +ds +[| Ks]* + 2] 5| | o+

RO+ 62
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Upon substituting from above in (A.71) we obtain that

“|

K+ 1)g M (VAN + VeN||[VF@)|P) (!

K(0) H +dCs + || K5

+ 2| Ko | P

H +C2pr . (A.80)

Step III: In this step, we bound the the third expression —z(t)" Kz VF(t) in the R.H.S.
of (A.70). From eigen value decomposition [45], ATA = VSVT where S = Diag (s, ..., 5q),

and the matrix V' constitutes of orthonormal eigen vectors of A7 A. From above,

Lot ar) ATA— v o vi75)"
(NA A+ﬁf) A A‘VDZ@((sl/N)w"“’(sd/N>+ﬁ)V |

Since K = (+ ATA + ﬂ[)_l, the eigenvalues of K3 AT A are given by {m]z =1,... ,d}.

Thus, from the bound on Rayleigh quotient [45]

—2()T K5 AT A2(t) < —Amin(KgATA)||2(t) || (A.81)
where A\, (KgATA) = o /‘ﬁ) 7 is the minimum eigen value of K 3AT A, Upon substituting

from (A.40) in the expression —z(t)? Kz V F(t), we obtain that
(A8D) 1

—z(t)TKBVF(t):—%z(t)TKBATAz(t) < —NAmin(KﬁATA)}}z(t)||2. (A.82)

Step I'V: In this step, we bound HI? (1) H which appears in the fifth expression in the R.H.S.
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of (A.70). Recall the definition of the uniform random variable (;,. Then,

Gt r Gt _ 1 T
E, [(a ) a } = ATA

Upon substituting from above in (A.35) we have

E, [f?(t + 1)] S I (E,t [(aCtt)T aCtt] + 51) RK(t) = (1 —a (%ATA + ﬁ])) K().

Again using the definition of induced matrix 2-norm above, we obtain that

i

Since (%ATA + 51 ) is positive definite for § > 0, for each value of « satisfying 0 < o <

Ey, [f{(t + 1)} H <|lr-a (%ATA + 51)

‘H[N((t)H . (A.83)

SN
we haveHI—a(%ATA%—BI)H = max{‘l—a(%—kﬂ)‘,ll—a(sﬁd—i—ﬁ))} < 1 (Fessler,

2020). Using the definition of ¢ (see (A.47)) in (A.83) we then have ¢ < 1 such that

i

Iterating the above from ¢ to 0, the total expectation is given by

E;, [f((t—i— 1)} H < ng((t)H .

&, [f((t+ 1)} H < M

f((())H . (A.84)

From the definition of conditional expectation E,[-], we have E, [IM( (t)} = K(t). Thus, (A.84)
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implies that

|Rw)| <

: ~(O)H . (A.85)

Step V: In this step, we bound the the fourth expression —z(¢)TE;, [I? (t+ 1)} VE(t) in

the R.H.S. of (A.70). Using Cauchy-Schwartz inequality,

(1) By, [R(t+1)] F() < ||z(t)||HVF(t)H‘
(A.84)

< t+1

Ey [f{(t+1)”'

O||[[VF@)] - (A.86)

Step VI: In this step, we combine the upper bounds obtained in Step-II to Step-V above to
get abound on the R.H.S. of (A.70) in Step-1. Upon substituting from (A.40), (A.72), (A.80), (A.82),

(A.86), (A.85) in (A.70) we obtain that

Et[||z(t+1)u2}g(1+5204<)+a505 ) — 8Cs(1))||2(6)||* + adCr(t)||2(1)|| + Rs(2)

(A.87)

where Cy_7(t) and R3(t) have been defined in (A.48)-(A.53). We apply the AM-GM inequality

2ab < (a® + b*) with a = 6||2(t)|| and b = aC7(t), which results in

E, [Hz(tJr 1)||2] < (14 0%(Cu(t) + 0.5) + adCs(t) — 3Cs(1)) ||2(1)||” + Ra(t) + %a2C7(t)2.
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From the definitions of Cg(t) in (A.52) and Ry () in (A.54), the above can be rewritten as

E, [Hz(t+1)H2] < (14 82Cs(t) + adCs(t) — 6Cs(1)) ||2(1)||” + Ralt

O]|2@®)||” + Rt (A.88)

From (A.63), (A.78), and (A.84), we have shown that (A.87), and hence (A.88), hold for any

0 > 0 and « satisfying

N 1 2 2
0<oz<m1n{8 (Sl/N)+5A+5| 1,...,]\7}.

By definition, L = max;—;_n{A; + 8}. Thus, the above implies that (A.88) holds for

.....

N 1 2
D<ca<mind ~ ~ — = L 550 A.89
{Sd L (Sl/N)Jrﬁ} (A59)

Then, (A.88) completes the first part of the proof.

A.7.4.2 Proof of Part (i) of Theorem 2.5

Next, we show that the value of R;(t) is between 0 and 1 after some finite iteration if
the parameter J satisfies an additional criterion. Note that, the values of C5(t), Cs(t) and Cs(t)
implicitly depend on «, but independent of ¢. For any o > 0 consider the functionr, : ZT — R

defined as

S1

() = Co(t) _ v N
aCs(t) aCy Byt (HKBH +HI~((0))

t+1
0

f?(o)(

#)
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From the definition, r,, is a strictly increasing function. As p € (0, 1), we have the limit of r,, as

t +
lim . (1) — Cs(t) _ sd+SNB > 0,
toroo aCs(t)  aCi B3| Ks|

where the last inequality holds under Assumption 1. Since () is strictly increasing with ¢ with
a positive limit as ¢ — oo, there exists 0 < 7" < oo such that 7,(t) > 0 for all t > T. Since
the above holds for any o > 0, it also holds for the values of « satisfying (A.89). Hence, for any

value of the parameter « in (A.89) there exists 1" < oo such that

Cﬁ(t) — OéC5(t) > 0, Vet >T.

)—aCs(t)

Now consider any iterationt > T. If 0 < § < Ce( O, then we have

6Cs(t) + aCs(t) < Cg(t) = 1+ 6°Cy(t) + 5aCs(t) — 6Cs(t) < 1.
Additionally, if 0 < § < %(t) then

We combine the above two results to conclude the proof. If « satisfies (A.89) then there exists

T < oo such that for any iteration t > T, if 6 < min{ 061( 7 06(%;3?5(”} then

(1 + 5208(t) + 50&05(t) — 506(1;)) € (0, 1)
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From (A.55), note that the bound on § above is 6. Thus, the proof of the second part of the

theorem is complete.

A.7.4.3 Proof of Part (ii1) of Theorem 2.5

From Part (ii) of Theorem 2.5, we have 0 < R;(t) < 1 for all ¢ > T. Thus, upon

retracing (2.45) from ¢ to 0, we obtain
lim E, [Hz(t + 1“2} < Ry(00).
t—00
Upon substituting from (A.51) in the definition of Ry(t) in (A.54), we get

t+1

Ry(00) = lim §*ViN dCs + || Ks||* +202\K5H2p7+HK H ut“+2HK5HHK ‘p

o)

From the proof of Part (i) of Theorem 2.5, the values of p, i, o are within the range (0, 1). Then,

3o (2eum (ool |10

2 2
Ry(00) = 6°ViN <d03+||K I” + prﬁ” ) + 20 <ClE1||K5H) .

Hence, the proof.

A.8 Proof of Lemma 3.1

Consider the linear dynamics 3(s) = —My(s) with initialization y(0) € R™¢ and s > 0. If

Oma 1s the exponentially stable equilibrium point of the above dynamics, then all eigenvalues of
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M must have positive real parts. Next, we prove that the above dynamics is exponentially stable.
We let yi(s) € R? denote the i-th block-row of a vector y € R™¢, such that y(s) =
[y ()T, y™(s)T] " Recall the definition of the matrix K in (3.5). We define the Lyapunov

function candidate V : R™¢ — R such that

i(yi)T (Kz)_l y', y e R™. (A.90)

i=1

Vi) =

Clearly, V(y) > 0 forany y € R™ such that y # 0,4, and V' (0,,4) = 0. Also, limyy e V (y) —
oo. Upon differentiating both sides of (A.90) with respect to s, along the trajectory of y(s) =

—My(s),y(0) € R™ we have

Upon substituting above from (3.9),

V(s = -6 (0 () o+ V| Dyt = 3 )

i=1 JEN

Since the graph G is undirected, from above we obtain that

2
<0. (A.91)

y'(s) =y (s)

Viy(s)) = —a >4 -1 3|
i=1 (i.))€E

Let NV(P) denote the nullspace of a matrix P: N'(P) = {v€R™ : Pv=0,,4}. Define
the matrix A = [(A")T,. .., (Am)T]T. Assumption 3.1 implies that the matrix A is full-rank.

Then, N(A) = 04 Under Assumption 3.2, (A.91) implies that V(y(s)) = 0 <= 3Jy. €
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R? such that y(s) = y., y'(s) € N(A), Vi € {1,...,m}. So, V(y(s)) = 0 <= yi(s) =
04, Vi € {1,...,m} <= 5(s) = O,ng. Hence, we have that V (y(s)) < 0 for y(s) # Opq. Then,
according to Lyapunov’s stability theorem [228], 0,,,4 is the exponentially stable equilibrium point
of the system ¢/(s) = —My(s), y(0) € R™, and therefore, the eigenvalues of M have positive
real parts. Now we consider the expression of M in (A.96). From the argument following (A.97),

the eigenvalues of M are real. Thus, M has positive real eigenvalues.

A.9 Proof of Theorem 3.1

Throughout this proof, we assume that, for any i € {1,...,m}, (Al) A is not the trivial
zero matrix, and «, 9 > 0. Consider an arbitrary iteration ¢ > (. Define the estimation error at

iteration ¢ as
(1) = [0 zm(t)T]T = @)~ ) - x*)T}T | (A.92)

Upon substituting above from (3.6) we have 2! (t+1) = 2¢(t)—ad K (Ai)T (A2 (t) + Al — b))+

SK" Y cni (2(t) — 2(t)). Upon substituting above from the definition of 2* in (3.1),

Z(t+1) =2i(t) — adK’ (AZ)T A2 () + 6K Y <zj (t) — zi(t)) . (A.93)
JEN?

Recall the definition of M from (3.8)-(3.9). Upon substituting from above in (A.92), the estimation

error at iteration (¢ + 1) is

2t +1) = (I — M) z(t). (A.94)
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We denote by Diag(.) a block-diagonal matrix of appropriate dimensions, with the arguments
denoting the block-diagonal entries in the same order. Recall that L is the Laplacian matrix of
graph G. We let ® denote the Kronecker product of two matrices. For simplicity of notations,
we define

K = Diag <{K}:) T = Diag ({ <Ai)TAi}é ) . (A.95)

=1

Upon substituting from (A.95) in the definition of M in (3.8),
M=aKl'+K(L®1I). (A.96)
For an md-dimensional arbitrary vector v # 0,,,4, consider the quadratic form of M:
d(v) =v"'Mv =av' KTv +v' K (L® I)w. (A.97)

Since L is symmetric positive semi-definite [75], L ® I is also symmetric positive semi-definite.
From the definition of K in (3.5) and K in (A.95), we have that K is symmetric positive definite.
Thus, the matrix product K (L ® I) has non-negative eigenvalues, and v' K (L® I)v > 0.
Similarly, since K is symmetric positive definite and I' is symmetric positive semi-definite, KT'
has non-negative eigenvalues, and v? KT'v > 0. From Lemma 3.1, the eigenvalues of M are

positive. Thus, ¢(v) > 0. Therefore, the following three cases are possible.
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Case-I: vI' KT'v = 0. Since ¢(v) > 0, we have

VIK(L@Dv>0 <= vTK(L®I)v> )\, (K (LeI))|v|?

Q2D 6(0) 2 A K (L@ 1) 0]

Case-1I: v K (L ® I)v = 0. Since ¢(v) > 0, we have

vIKTv >0 <= v"KTv > )\, (KT)|v| 497) D(v) > a X, (KT)|v]*.
Case-1II: vI KTv > 0, vI' K (L ® I)v > 0. From (A.97),
O(v) 2 (@ Ay (KT) + Apin (K (L@ 1)) [0l

Thus, for any v # 0,,,4, we obtain that ¢(v) > min { ;. (K (L ® 1)), a Ay (KT) }|v?]], which
implies

Amin(M) = min { Ay (K (L ® 1)), & Ay (KT) } (A.98)
From (A.97), we further have that

Amax (M) < Amax(K (L ® 1)) + & Aax (KT). (A.99)

Next, we compute the eigenvalues in the R.H.S. of (A.98)-(A.99).

Let A} > ... > A} > 0 denote the eigenvalues of (Ai)TAi. Let S° = Diag(\, ..., \}),
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and let the matrix U" consists of the orthonormal eigenvectors [U7, .. ., U] such that (AZ) AU} =

A5 Ul Note that (U")"U" = I, and (Ai)T Al = U'SY(UY)T. From (3.5), then we obtain

. . 1 .
K'=U'Di — v N (UHT A.100
tag <{(I)\;+|NZ| ]1>< ) ) ( )

s NT ‘ \E .
K (AY) A'=U'Di -7 __d HT, A.101
(47) A" =U'Diag <{axg+ww ) (v') (A.101)

From (A.95), KT = Diag [KlATAl, o, K™ (Am)T Am} . So, the smallest non-zero eigenvalue

of KT is min;_;__, Ay (K7 (A1) A%). From (A.101),

77777 m Zmin

)\i
Apin (KT) = min ————. A.102
_mln( ) i=1,..., m OéAl _'_ ‘./\/’Zl ( )
Similarly, the largest eigenvalue of KT'is
X
Amax(KT) = max ——. (A.103)

Since K is block diagonal with positive eigenvalues and (L ® I) is symmetric positive semi-

definite, we have [229, 230]

A

Zmin

(K (L®1)) 2 Anin(K) Ay (LS T) (A.104)

Amax(EK (L @ 1)) < Amax (K) Ammax (L & 1) (A.105)

From (A.95) and the decomposition of K* in (A.100), A\pin (K) = ming—;__, m, Amax(K) =

1

=L TN Recall that, A, and \ ; respectively denote the largest and the smallest non-zero
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eigenvalues of L. Then, ;. (L ® I) = A}, Amax (L ® I) = Az. Upon substituting from above

in (A.104)-(A.105), we get

1
i=1,....m al + |NZ|
1 —
Amax (K (L® 1)) < A AL (A.107)

Upon substituting from (A.102)-(A.103) and (A.106)-(A.107) in (A.98)-(A.99), we obtain that

the condition number of M is bounded as

AL A
max;— Tyvi] T vmaxi— i
k(M) = Amax(M) _ Them v T N
Amln(M) min < min,;_— 71-AL aIMIN;—1 .. .m Al
i=1m ST |’ T a4 ./V’l|

Substituting above from (3.12), k(M) < kys. Since ¢(v) = vIMv > 0, M has at least one

positive eigenvalue. Under the condition of the theorem, § < m Then, from (A.94) it

follows that there exists p such that (3.13) holds and r(M)—1 < p < 1[21]. Since k(M) < Ky,
p R(M)+1

the proof is complete.

A.10 Proof of Theorem 3.2

Consider an arbitrary iteration ¢ > 0. Define the estimation error at iteration ¢ as z,(t) =

(o ()7, ... ,zm(t)T}T = [(zt(@t) —2")T,. .., (a(t) — x*)T]T. Upon substituting above from (3.14)

o

2(t) = 2(8) + [T, 0T] = 20+ (1), (A.108)
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Proceeding in the same way as (A.94) in Section A.9, from the estimate update equation (3.15)
we have z(t + 1) = (I —dM) z,(t). Upon substituting above from (A.108), z(t + 1) =
(I —0M) z(t) + (I — M) ((t). Using triangle inequality and the definition of induced 2-norm

of matrix, from above we get
|2(t+ D] <1 = M|l||z(t)|| +I11 = sM|||<(®)| - (A.109)

Define, p = || — 0M]||. Under Assumption 3.1 and o > 0, from Lemma 3.1 we have that

Amin(M) > 0. Since 0 < § < %

0TI and Apin (M) > 0, we have :f—’l < p < 1[21]. Under

1+1

Assumption 3.3, from the definition of {(¢) in Section 3.2.2,

B [lcol] < flo] = S [

11 < muw. (A.110)

Upon taking expectation with respect to ((¢) on (A.109) and substituting from above, we obtain
that E, [Hz(t + 1)H] < pl[z(t)|| + pmw. Upon iterating the above from ¢ to 0, the total
expectation is obtained as E; [Hz(t + 1)H] < p*|2(0)]| + mw 371 p'. Upon substituting
above from (A.108) and (A.110) proves (3.18). Since 0 < p < 1, taking limit as £ — oo on both

sides of (3.18) proves the theorem.

A.11 Proof of Theorem 3.3

Consider any solution x* of (3.22) and an arbitrary iteration ¢ > (. Recall the definition
of estimation error at iteration ¢ from (A.92). We define the matrix A = [(A")T, ..., (A™)T] r.

When (3.22) has multiple solutions, the matrix A (equivalently A” A) has a non-zero nullspace.

238



Let V(AT A) denote the nullspace of matrix AT A and V(AT A)* denote the orthogonal vector
space of N (AT A). Due to the fundamental theorem of linear algebra [45], R = N (ATA) @
N (AT A)*. Therefore, for each t > 0, we can decompose vector z*(#) into two orthogonal vectors
2(t)t € N(ATA) and 27(t)N € N(ATA). Specifically, 2'(t) = z*(t)Y + 2°(t)*. Below, we
separately analyze the convergence z(t)* and 2*(¢)"V, and combine them subsequently.

Consider the eigen-decomposition of AT A =V .SVT, where V consists of the orthonormal
eigenvectors [Vi, ..., V] and S is the diagonal matrix of the eigenvalues of AT A. Let the rank
of AT A be denoted by r. We define S* = Diag(1,...,1,0,...,0). Let span{Vi,..., V,} =

—— ——

r d—r

{Z;l u; Vi u; € R, Vi}. As Vi,..., Vy are orthogonal,

N(AT A = span {Vi,...,V,}, (A.111)

N(ATA) = span {V,,1,..., Vi}. (A.112)

Define a projection matrix Q = V. S+V7T. Note that for a vector v € R?, due to the fundamental
lemma of linear algebra, the vectors Qv and (v — Q) belong to the orthogonal vector spaces

N (AT A)L and N (AT A), respectively. Thus, 2(¢)* = Qz(t). Similarly, the projection matrix to
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N(ATA)is P=1—Q =V Diag(0,...,0, 1,...,1)VT. Therefore,
——

A1)t =i+ 1) P2V it~ asoKe (Ai)T Aizi(#)
+6QKT Y (zj (t) — zi(t)) , (A.113)
JEN?
A+ )N =P+ 1) B LN —aspic (Al)T AL ()
+PKTY (zj (1) — z@'(t)) . (A.114)
JENI

Consider a vector w € N (ATA). Since N'(ATA) = N N (Ai)T A, w e N( (Ai)TAi)Vz’.
Recall the eigen-decomposition of K* (Ai)T A’ from (A.101). Let the eigenvalues of K (A?) T Al

be denoted by 3, i.e., 5; = . Let the rank of (AZ) A’ be denoted by ;. From (A.101)

A
and definition of P, PK® (AZ) = . ViViT S 5;UIUIT. Since N((A’) APyt =
span {Ui,... Ul } and N(ATA) = ﬂ?’;l/\/’((Ai)TA"), we have that span {U},... Ul } C

N(ATA)L. So, from (A.112), V'U! = 0 foreach j = 1,...,r;and each | = r+1,...,d,
and hence, PK* (Ai)TAi = Og4xq. Since P = I — (, we have QK' (Ai)TAi =K' (Ai)TAi.
UiUT. Now, X = 0

From (A.100) and definition of P, PK' = Y1 ViV 335, ——t=

for each j = r; +1,...,d. From above, PK' = Zzi:r+1 A% ijnﬂ UUIT. Since

1
N

S UUST is the projection matrix to AV( (Ai)T A and N (AT A) C N( (Ai)T A, from (A.112)

Jj=ri+1

we have PK' = m S, ViVl = 1-P. Then, for any vector v € N(ATA)* we have

=

PK'v = 1 Pv = 04. And, QK*v = (I — P)K'v = K'v. Consider any vector w € N(ATA).

V=
g

Then, QK'w = K'w — PK'w = K'w — %Pw = (K" — -2:Dw. So, from (A.100),

[

UiUTw. Now, w € N((A ) A?) = span {U: ,,...,Ui}. Thus,

; — )\
1 J—
QK w = Z] 1 (a)\’ Nz| |N1’
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QK'w = 04. Above we have shown that

T

PK (Ai)T A = Oyra, QK (Ai)T A= K (Ai) A

)

) ) ) ) ) P
QKl’U:KZ’U,PKZ’U:QKZU):Od,PKZ:W. (A.115)

Upon substituting from (A.115) in (A.113)-(A.114),

F(t+ 1)t = (1) — adQK (Ai)TAizi(t)i +OQK" Y (St - )

jENT

ZtH1DN = 2N + f\i Sient (FON =2 (0)NV) = zi(t)NjL% Sient (AN =2 (B)N).

Define

Q = Diag(Qs..-, Q) 2(0)* = [0, ... (0T] 20 = [P0V

Upon substituting from above in (A.92), z(t+ 1)+ = (I — 6@M) 2(t)t = (I —dM)2(t)*, and

2(t+1)N = (I — 6M™) z(t). Considering the Lyapunov function V(y) = 1 >, (v')" |N'| i

fory € R™, if § < 5—2xy, it follows that 2*(t)V reaches consensus to some vector z*(¢)V.

Moreover [21], there exists p; > 0 such that % <p<l1 ande(t + 1)NH < ,ole(t)N

K

B

for all ¢ > 0. Without Assumption 3.1, from the argument following (A.97) we have ¢(v) >
0, and hence, the eigenvalues of M are non-negative. From (A.115) and the definition of M®
in (3.9), if w € N(ATA) then w € N(QM?). Thus, using (A.115), the quadratic form of QM
is vT Mv* for any v € R™. Moreover, since v € N(QM) and v" is orthogonal to vV, we

have vt ¢ N (QM). Then, the quadratic form of QM is non-zero. So, the quadratic form of
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QM is positive. In the proof of Theorem 3.1, Assumption 3.1 has only been used to show that

¢(v) > 0. Thus, without Assumption 3.1, we follow the rest of the proof of Theorem 3.1 exactly,

Kk(M)—1
Kk(M)+1

and obtain the following. If § < , then there exists py such that < p2 < 1and

2
>\max(M)

|2(t + 1) < pal|2(¢)*]|, V& = 0. We define p = max{p1, po}. Since 2(t) = z(t)N +z(t)* and

2 } — 2
M) ’ Amax(MN) >\111ax(1\/[) :

2(EPNVT2(t)E = 0, we get||z(t + 1)||* < p2||2(t)

2 . :
,if 6 < min{ 2(

k(MN)—1 k(M)—1 _ max{rpr,cn}—1
Moreover, p > max{ FOTEAESE H(M)-i—l} = max{ﬁxﬁx}ﬂ and p < 1.
Finally, we find the limit point of 2*(). Since {z*(t)", i = 1,...,m} reach consensus
in N(ATA), {2(t)V, i = 1,...,m} also reach consensus to some vector in N'(A” A), which

we denote by z},. Since z'(t)* converges to 0g, z'(t)* converges to z**. Therefore, z'(t) =
2t (t)L + 2 ()N converges to z*4 + x%. Since z}, € N(ATA), we have A (2 + z}) = Ax*t.
Since Az*N = 0, we get A ("t + aj) = Aot + Ax*N = Az* = b. So, each z*(t) converges

to the same solution of (3.22). Hence, the proof.

A.12 Proof of Theorem 3.4

We follow the proof of Lemma 3.1 presented in Appendix A.8: below, we show that 0,,,4
is the exponentially stable equilibrium point of ¢(s) = —My(s), y(0) € R™9, and therefore, the
eigenvalues of M have positive real parts. Then, for small enough step-size 6 > 0, the estimation
error z(t) in (A.94) linearly converges to 0,,.

Under Assumption 3.4, there exists a vector 0 = [0y,...,0,]" € R™ with 3.7 0, =
1 and o; > 0 such that 6L = 0,4 [54]. Define & = Diag(oy,...,0,). Consider the
Lyapunov function candidate V' : R™ — R such that V(y) = 1y"(® ® I)K~'y for any

y € R™. Since ® ® I is diagonal matrix, V' is positive definite. Moreover, V (y) = —y7(® ®
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I)K~'My. Upon substituting above from (3.8) and using properties of Kronecker product,

s m i ill2
Viy) = —aX " ol |[A||” — y"(®L ® I)y. Now,
1 1
y(@Ley=y' (@LeD+@LeD”)y=y (@L+L"0) 1)y,

Since 7L = 0%, we have 17(®L + LT®) = 07 and (®L + LT®)1; = 04. So, (PL + LT ®)
is a symmetric Laplacian associated with an undirected graph [54]. Then, V(y) < 0. Since
(®L + LT®) is Laplacian associated with an undirected graph, under Assumption 3.1, V(y) =
0 < 9y ¢ N((Ai)TAi), Jy. € R? such that 4(s) = y, Vi <= y = Opng. Thus, V(y) < 0

for y # 0,,4. Hence, the proof.

A.13 Proof of Lemma 3.2

For any i € [m],

(A, v) is an Eigen-pair of K = (K'+nI) (K" —nl)v = \v

< (K" —nl)v = (K" +nI)\v[So\ # 1, otherwise v = (is an Eigenvector of K]

1+A I+ A

— K'v = T = (ﬁn,v) is an Eigen-pair of K.

We have K' = k(N?)~!, which can easily be verified by substituting this expression in the

Lyapunov equation (3.42) which has a unique solution. Then,

. k k 14+ A
MK = — = ‘ ‘ _ >0 <= —n>0 << |\« 1.
K] AN A[(ADT A + [N 1—)\77 A
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Therefore, i 1s Schur and the claim follows.

A.14 Proof of Lemma 3.3

We begin with the necessary definitions (ref. [72]):

',

?:(1/2)‘

y 1 [ 1
VH(t) :§/t Sij(y)_ﬁmc
v=>5+ Y vi

i1€[m] (4,5)€E

*

2 t
1
d +—/
Y 2 t—rJt

Sji(y) - ﬁm?

As the proof is long, we outline the steps as follows:

(A.116)

(A.117)

(A.118)

(A.119)

(A.120)

1. Define a suitable time-dependent Lyapunov function candidate V' (ref. (A.120)) for the

combined agent dynamics, where the overall Lyapunov function is contributed by storage

functionals S' for individual agents and V¥ for their links.

2. The time derivative of V' is shown to be non-positive, and consensus is established between

the agents using extension on LaSalle’s principle.

3. Finally, asymptotic convergence is established by showing that the solution set of the time

derivative of the Lyapunov function V' being identically zero only consists of each agent

asymptotically reaching the desired solution x*.
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From (3.48) and (A.117),

From (A.118), 5" is “positive definite” and

- 4

From (3.44), (A.116) and (A.117),

v = K (r” vt = Z K (Tij —
JENT

Substituting them into (A.122),

gl :(Ti>T Z Ki(ﬁj . fz) o (fl)TKl(AZ)TAZTl
JEN

=Y ()"0 = (@ —7y) K (@ - Ty)] - (@) KA AT

We use the following facts (ref. proof of Lemma 5 in [72]):

VA(t) >0 Wt

and 0 (t) = —(v") "7 — (V1)1 7,.
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(A.121)

(A.122)

(A.123)

(A.124)

(A.125)



From (A.123) and (A.125) it follows that,
V==Y > @ -7) K@ -7y) Y @) K(A) AT <0 (A.126)
i€[m] jEN i€[m]
So, ' € L, Vi. From (3.44)-(3.47),

rij(t) = (K )ry(t — 77 — 777 + g (1), (A.127)

where 3% (t) are linear functions of z* and 27 at times ¢, t — 7, ¢t — 77', t — 7% — 79" (ref. [72]).
Also 3% (t) are bounded linear, because * € L... Lemma 3.2 states that Eigenvalues of K Vi
are within unit circle, if 7 > 0. Then, (A.127) is a stable difference equation with bounded inputs,
which means r;; € L. So, extension of LaSalle’s principle for time delay systems is applicable.

Now,
V=0 <=7 =7;Vi, jeN', Y (@)K (A) AT =0. (A.128)
1€[m]
Thus, LaSalle’s principle implies that
Vi, ' — ri;ast — coVj € N (A.129)
From (3.44)-(3.47) one can see that,
i (t) =/ 2085t — 17°) — K'(ri;(t) — 2'(t))
= — K (rj(t — 77" — 27 (t — 7)) + rji(t — 77°) — K'(ri;(t) — 2°(t)).  (A.130)

From (A.129) and (A.130), for every i,Vj € N?,

i (1) = i Lt — 7 = [ y i ) = 1 J
tliglonj(t) tlg?orﬂ<Z€ ™) tlggoT”(t) — tlg(r)lox(t) tlggm (®)-
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Thus consensus is achieved asymptotically. Then, from (A.128) we have

V=0—= lim 2(t) = lim a(#) i, lim > (@)K (AN AT(t) = 0. (A.131)
i€[m]

for some z : R — R% and T := & — 2*. So, the only thing left to be shown is

lim Y () K(AY'AZ(t) =0 = lim z(t) = 0.
t—o00 icim] t—o0

So it is sufficient to show that,

D K(A)TA - 0. (A.132)

1€[m]

We have

K'e S (A A €8{Vi = Y K(A)A =0

1€[m)|
For each 7, consider the Eigen decomposition (A")T A" = U'AY(U*)T, where U is the Eigenvector

matrix of (A%)T A® and A® is a diagonal matrix with the Eigenvalues of (A")” A’ in the diagonal.

Then,
N = [N|T + (AT AT = U(IN|T + AU

We have K' = k(N%)~!, which can easily be verified by substituting in the Lyapunov equation (3.42)

which has a unique solution. Then,
Ki(A) A = KU diag{ -}, (U7,
|Nl‘+)\ik -

where \;;, are the Eigenvalues of (A")” A" € S¢, and A\, = 0 if the k™ column of U is in N(A?).
This also means K'(A")T A € ST.

Consider any z € R,z # 0. Now 35* € [m] s.t. * ¢ N(A7"). Otherwise, z € N(A?) Vi
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which implies © € A (A). From Assumption 3.1, N'(A) = 0 which is a contradiction. Now,

‘ 2

d
3 s £ )\*
SR (AT A =k e 'k ‘xTuj*,c (A.133)
k=1

— R
We consider the nontrivial case where for each i, A’ is not the zero matrix. Then, a positive
eigenvalue exists, because (A7")7A7" € S¢ and all of its eigenvalues cannot be zero. Define
l=n—N((A7)TA7"). Then I > 1 such that \j=;, > 0, k = 1, ..., [ (possibly by rearrangement
of indices) and the eigenvectors {w;- },_; & N((A7)T A7) and {u;sp }i_,. = N((AT7)TAT).
Then,
g" KAV A s =0 <= z L span{uju}i_, <= z € span{uju}i_i

= e N((A)TAT)

Therefore, z7 K7 (A7")T A7 > 0 and the claim follows from (A.132).

A.15 Proof of Theorem 3.5

For every i € [m], consider the system (3.48) with the definitions (3.45)-(3.47). Then,
Lemma 3.3 implies that z* — z* Vi as t — oo. So it is enough to show that, there exists S;;
Vj € N satisfying definitions (3.45)-(3.47) such that the dynamics in (3.43) is same as the

dynamics (3.48). Let

5, (t) = \/gxi(t) Vj e N (A.134)

From (3.47) and the scattering variables chosen as above,

5ult) = 55— ) = [ Lot = 7). (A1)
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From (3.44), (3.45) and (A.135) it can be seen that,
! (t —77) = K'(ry(t) — 2'(t)) + nrij(t) == ryg(t) = (K" +nI) " (2 (¢ = 77) + K'a'(t)).
By the above equation and (3.44),
V(t) KK+ )™ (= 77) + K (1)) — (1)
=K (K" +nl)~ Y27 (t — 77%) — 2'(¢)), (A.136)
where the last equality follow from the fact
(K4 D) 'K — T = (K '+ ) 'K — (K" +nI) N (K" +nl) = —n(K' +nI)~".

Equation (A.136) substituted in (3.48) leads to (3.43), and the choice of variables in (A.134)

satisfy definitions (3.45)-(3.47). Therefore, the proof is complete, following Lemma 3.3.

A.16 Proof of Lemma 4.1

Recall the definition of K™ from Section 4.2.2. For each iteration ¢ > 0, define the matrix
K(t)=K(t)— K*. (A.137)

Consider an arbitrary iteration ¢ > 0. Upon substituting from (4.3) and (4.5) in the definition (A.137),

R(t+1) =K(t) — a(t) ((VQf(x(t)) +BI) K(t) — 1) ~ K
=K ()~ K — a(t) (VF((0) + BT) K (1) = (V2 (a(t)) + BT) K°)
—a(t) ((V2f(e() + BI) K* = (V2f(a*) + BI) (V2f (") + B1) )

Upon substituting above from (A.137) and the definition of K™,

K(t+1) = (1= a(t) (T2 () + BI) ) K(t) = a(t) (Vf(2(t) = V2f(2)) K",
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Applying Cauchy-Schwartz inequality above,

Hf{(t + 1)” SHI — a(t) (V2f(x(t) + BI) H Hf((t)” +a(t)||V2f(x(t) — V2f(z")

K-
(A.138)

Under Assumption 4.2, each local cost function f is convex, implying that the aggregate cost

function f = Y1, f is convex. Thus, (V2f(z(t)) + 1) is positive definite for 5 > 0. It

. 1 o . 2 .
follows that, if a(t) < S [ IO then p(t) = HI a(t) (V2 f(z(t) + BI)H < 1. This

proves the lemma.

A.17 Proof of Theorem 4.1

Before presenting the proof, we define the following notation. Recall the definition of the
minimum points X* in (4.1). For a minimum points z* € X™* and each iteration ¢ > 0, define the

estimation error
2(t) = x(t) — 2. (A.139)

Step 1: In this step, we derive an upper bound of HI? (t+1)

, provided with the iterations
from O to ¢. In this step, we use (A.138) from the proof of Lemma 4.1. Consider an arbitrary
iteration ¢ > 0. From Section 4.2.2, recall that 1 denotes the induced 2-norm of the matrix K*.
Then,

n =l = (vs) + 51)7 = — [Vz}(l‘*ﬂ ot (A.140)

Under Assumption 4.2 and 4.5, V2 f(z*) is positive definite. Then, A, [V*f(2*)] > 0, and

1

n < 5. From Section 4.2.2, recall the definition p = sup,, p(t). From Lemma 4.1 we have

»
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0 < p < 1. Upon substituting from (A.140) and the definition of p in (A.138),

Hf((t + 1)” ngf((t)H + 0 a®)| V2 (t) - V2F@)| . (A.141)

V2 f(x(t) — V2 f(a")

from the definition (A.139),

Under Assumption 4.4, < 7“1‘(1&) — 2*||. Upon substituting above

V2f(x(t)) — VAf(z%)|| < 7||z(t)||- Upon substituting from above

in (A.141),
| R+ 1) <o &) +mr a0
Iterating the above from ¢ to 0 we have

Hf((t v 1)H <pit!

RO +my a@ (|20 + ol =Dl + ...+ 2 20)]) . (A142)

Step 2: In this step, we derive an upper bound on the estimation error ||z(t + 1)||, provided

iteration ¢. Upon substituting from (4.4) in (A.139), with the parameter 6 = 1,

m

2(t+1) =2(t) - K(t)> _ g'(t).

i=1

Upon substituting above from (4.2) and the definition of aggregate cost function f = >, f*,
2(t+1) =z(t) — K(t)V f(x(t)).
Upon substituting above from the definition of K (¢) in (A.137),
2t +1) =2(t) = K*V f(2(t) = K()V (1)

=~ K" (Vf((0) — (K) 7 2(1)) = KV (a(t).

Since x* is a minimum point of the aggregate cost function f in (4.1), the first order necessary

condition states that V f(z*) = 04. Here, 0, denotes the d-dimensional zero vector. Thus, the
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above equation can be rewritten as
A1) =— K* (Vf(w(t)) ~ V(") — (K" z(t)) — KOV f(z(1)). (A.143)
Using the fundamental theorem of calculus [22],
Vel - V5) = (0 ) [ 9 Hlar) + (0 e
From above and the definition of K* = (V2f(x*) + BI) " (see Section 4.2.2), we have
VI0) - V) — (K 50
= o)~ 2 [ VS rlt) + (=) )y ~ (V1) + 51 20
= )~ ) [ (VF0r(0) + (1)) — V5) dy — 5200,
From (A.139), recall that 2(¢) = &(f) — «*. Thus, from above we obtain that
|V @) = Vi) = )7 20
<[l [ 19 5Gwrte) + (1 = v)a") = V51a)

Under Assumption 4.4, ||V?f (yz(t) + (1 — y)z*) — V*f(z*) y)||z()||- Thus,

[Vrtee) = Vi) = (57 =0 < a0 [ 1(1 —y)dy + B2(1)]
= 2@l + 8ll=®)]
Upon using Cauchy-Schwartz inequality in (A.156), and then substituting from above, we obtain
|+ 1)) <ng ]|z +nll=@| +| K@ |1V £l
Since V f(2*) = 04, the above can be rewritten as

=+ | <03 =0+ nsll=) | +|E oIV @) - vra].
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Upon using the Lipschitz property (4.6) in above,

(¢ + DIl <ng @] +n8ll=0) ]| + 1| K@) |1z (A.144)

Upon substituting above from (A.142) in Step 1, we have

=t + ]| < ng =) + 8] =)

=) (pt

KO +myatt=1) (|2 = Dl + o=t =2 + .. + ,Ot_1||z(0)||>) .

(A.145)

Step 3: In this final step of the proof, we prove (4.10) which is a direct result of the

following claim.

Claim A.1. Given the conditions of Theorem 4.1, for each iteration t > 0 the following statement
holds true:

1 1
|20t +1)|| < sz(t)H and ||2(t)|| < e (A.146)

Proof. We proof the aforementioned claim by the principle of induction. First, we show that the

claim is true for iteration ¢ = 0. Att = 0, from (A.144) we have

=l <l (w30 + 5 + o &0)]).

Upon substituting above from the condition (4.8),

Since 1 > 1, from above we have

1
Il < 2=

Moreover, (4.8) implies that Hz(O) H < ﬁ Thus, the claim holds for ¢ = 0. Now, we assume
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that the claim is true for the iterations from O to t. We need to show that the claim is also true for
the iteration ¢ + 1. From the above assumption we have

11
<— (A.147)

1 1
o+l < el < Gl -l << 20 < s

Since p > 1, the above implies that Hz(t +1) || < u_iw Now, consider the expression

(=@l + ell=@f + ..+ ol 0)]])
in the R.H.S. of (A.145) for iteration ¢ 4+ 1. Upon substituting from (A.147),

_ — (up)™"
) = H pHL = pp)

1
Izl + ol + - + |2 < [=(O)]] (; +
From the condition of Theorem 4.1 we have that up < 1. Upon substituting from above

in (A.145) for iteration ¢ + 1,

5 . 1— (pp)™
e+ 2] <=6t + D) <77§||Z(f+ ) 18+ 154 [ RO+t a@)00 ”m)'
(A.148)

From Step 1 we have p < 1. Thus, [p'!|| K A= (ap) 7T

H < ZHK H Additionally, if a(t) < 541=42)

then nyl a(t) H H IM E’f”;l <ni HZ(O) H Using condition (4.8) then we have
1—(up)™t 1
+ipt| & H+ l R o A.149
nB + lp myla(t)]|z(0 ”M%1——pp)<<2ﬂ ( )
We have shown above that Hz(t +1 H , which implies that 73 ||z H (t+1) || 1u Upon

substituting from above and (A.149) in (A.148),
1
\ku+mH§;H4ﬁ+Uw
Thus, the claim holds for iteration ¢ 4+ 1. Due to the principle of induction, the proof of the claim

is complete. L
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Equation (4.10) directly follows from the aforementioned claim, and concludes the proof

of Theorem 4.1.

A.18 Proof of Theorem 4.2

For this proof, we borrow the results (A.142) and (A.144) from the proof of Theorem 4.1.

Under Assumption 4.6, V2 f(z(t)) is positive definite for z(¢) € D. So, Assumption 4.6 is
a special case of Assumption 4.5. Moreover, since V2 f(z(t)) is positive definite for z(t) € D,
Theorem 4.1 is applicable with 5 = 0 in this case. To prove (4.11), consider (A.144) from the

proof of Theorem 4.1. Upon taking limits on both sides as t — oo and substituting g = 0, we get

. Hz(t+ 1)H ) v ~
i ST < <n§}|z(t)|| +lHK(t)H) . (A.150)
Since p > 1, from (4.10) of Theorem 4.1 we have that limt_,oo”z(t)” = 0. Since p < 1

and limy . ||2(t)|| = 0, from (A.142) we have hmt_mHI? (t)H = 0. Upon substituting them

in (A.150) above, we obtain (4.11). Hence, the proof.

A.19 Proof of Theorem 5.2

The time-derivative of f along the trajectories x(t) of (5.23) is given by

fa®) = 3 Vif(a®)ist) = -3 al AV f () i(t) + Xs|| Vi f (2(2))] |

i=1 i—1 g(t> Vz‘(t)c

(A.151)
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Upon multiplying both sides above with a(t), followed by integrating both sides w.r.t. time from

0 to ¢ and substituting from (5.20) we have
t
)‘7/~Lz S :U’ 8
))ds =
/o % () °T Z/ Covi(s)e
Ar A pi(8)? t)\s‘vf z(s) )H
— Z/ AR ZEERY) s — Z/ X ds.  (A.152)

Integrating by parts we have the first term on R.H.S. as

114(5) () ni(s)? |’
/0 vi(s)e ds = [21/1-(3)c 0+

Upon substituting above from (5.22), and using that ;(0) = 0y,

C

5/0 i (8)2vi(s) " i(s)ds.

/0 Ml(ujzg)l( )ds_;/‘z(f% + 024 ,uz( ) 1(5)7071@'(8)&9
=0 [ ety + 58 [ o)) AT o), ).

Upon substituting above in (A.152) we obtain that

/O%<S>f<x<s>>d8=—2§2m ORAQ Z(M“ / pi(s)2i(s) 7 Gi(s)ds

—Z (—i> / ()20 (s) 7 ds
;A [ ) T
—Z/O Ns[| Vi f (2 (9)) | vi(s) ~“ds. (A.153)

We consider the possible cases A; = 0 and A\; > 0. First we consider \; > 0. We

define, 77 = 1 — Ay and 75 = 1 — Ag. Upon differentiating both sides of (5.19) w.r.t t we get

1 — A log e — A (1 — A5 ) log

(1 —A4thLs

t+1 t+1

1 - 11

dy(t) <0 = (2 n, 298 (A.154)
71 1— 72+ Clog 2

. So we have

ay(t) =
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t+1 t+1
1-—
From the condition Ay > A4, we have 1 > ~, > 7; > 0. Then, (—72) and n

o 1 -5t

are, respectively, increasing and decreasing functions of . Since 1 > v, > ~; > 0, we have

t t
1—~t 1—~t
limy oo (E) — oo and limy_,o, —fyi = 1. Thus, (E) —71 is increasing in ¢t > T for
M L= N/ 1=

some 7" < oo. Then, there exists 7' € [1”, c0) such that (A.154) holds for all ¢ > T'. Integrating

by parts we rewrite the L.H.S. in (A.153),

/0 ag(s)f(x(s))dSZ [ag(s)f(x(s))]g—/o ay(s)f(z(s))ds.

Upon substituting from above in (A.153), fort > T,
T
)+ Z (0707 = O @(O) + [ () a(s)ds + [ iys)als)ds
d A7\ . d Ar As ¢ , .
Z: 2\ 5 /0 /Lz Ci(s)dS—Z— ()\1 — 7)/0 [LZ(S) Vi(S) ds

i=1 =1

ZC;\;?G/O pi(s T 1¢(Vif(x(5)),m(5))ds—2/o )\SHVif(x(s))HQui(s)’cds.

i=1 i=1
(A.155)

For each i € {1,...,d}, consider the state-space system described by (5.21)-(5.22), with

the state vector [, Vi]T € R2. From (5.24), Ay > 0. Here, we consider the possible cases: Ay > 0

and A\, = 0.

—A3 A3
* \; > 0: Define the state matrix A = . Since ((0) = 0g4, the states are given

by the solution
G(t) a0 oA 0
~c d [ | T ats) ) s
0
Upon computing the state-transition matrix ¢(t) = e and substituting above, we obtain
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that

Gi(t) = 1ot — Dy (1) + )\2/1 P12t — $)V(Vif(x(s)), ni(s))ds, (A.156)

vi(t) = ¢a2(t — 1)wi(1) + >\2/1 Pa(t — )U(Vif(2(s)), pi(s))ds, (A.157)

3+/\5t % 7% ¢22< ) o )‘3;)‘5te%t(pf)\erA[;)“rEi%t(p+)\57>‘3)

where ¢12(t) = )\3 2p

, and

p = \/(/\3 — /\5)2 + 4)\3)\4. Since )\3, )\6 >0 (I'Cf. (524)), IJZ(O) > 0, ¢ > 0, and p > 0,

from (A.156) we have ¢;(t) > 0. Since A3, Ay > 0, we have p = /(A3 — A5)% + 4\3)\y >

| A5 — As|, which implies that ¢95(¢) > 0. From above and v;(0) > 0, we have v;(t) > 0.

e Ay = 0: From (5.22), v;(t) = —Asvi(t) + A6 (Vi f (x(t)), 1:(t)). The solution of this ODE

is vi(t) = e ';(0) + X6 fy e (Y, f(2(s)), 1i(s))ds, which implies that v;(t) > 0.

Since (;(t) > 0 and ¢» > 0, due to (5.24) and (A.154), the R.H.S. in (A.155) is decreasing
int > T. Then, the L.H.S. in (A.155) is also decreasing in t > 7. Since p;(t) and v;(t) are
continuous and v;(t) > 0, 2/\/\7 wi(t)?v;(t)~¢ is continuous. Also, ag(t)f(x(t)) is continuous.
Thus, considering the compact interval [0, T, a,(T) f(x(T)) + 3¢, 2)\ L8 (T2, (T) ¢ =: My
is finite. Since the L.H.S. in (A.155) is decreasing in ¢ > 7', we have the L.H.S. in (A.155)
bounded above by My forall t > T'.

From the R.H.S. of (A.155) then we have that s;(t)%v;(t) "< 1(V,f(x(t)), pi(t)) and
11:(t)?v;(t) ¢ are integrable w.r.t. ¢ and bounded. Moreover, if As > 0, we also have||V; f (z(t)) H2
v;(t)~¢ integrable and bounded. It implies that, ©)(V, f(z(t)), 1:(t)) is bounded unless p;(t) = 0

or v;(t) = oo. To show that ¢(V, f(z(t)), pi(t)) is bounded even if y;(t) = 0 or v;(t) = oo, we

consider the possible cases: \g = 0 and \g > 0.

* A\ = 0: From (5.23), either of the conditions y;(t) = 0 and v;(t) = oo implies that
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i;(t) = 0 and, hence, £V, f(x(t)) = 0. Due to continuity of V; f, we then have V; f (z(t))
is bounded. Upon solving (5.20), p;(t) = Ay fot e~ M=)V, f(x(s)ds, and hence, j;(t)
is bounded. From Assumption 5.3.A, V, f(x(t)) and ;(t) being bounded implies that

W(Vif(xz(t)), us(t)) is bounded.

* A\s > 0: In this case, Vif(x(t))HQVi(t)_c is bounded. Thus, V,f(x(t)) is bounded

unless v;(t) = oo, in which case 4;(¢) = 0. Following the argument in the previous case,

W(Vif(x(t)), ui(t)) is bounded.

Thus, (V. f(z(t)), pi(t)) is bounded, and therefore, Assumption 5.3.B implies that V, f(x(¢))
is bounded.

To show that ;(t) is bounded, we consider the possible cases: A\, > 0 and Ay = 0.

_A3+A5—p _A3+A5+p
e Z '(p=Ast+As)+te . (pHrs—A3)

2p

e \; > 0: We can rewrite ¢99 as ¢oo(t) = . Since

p= \/()\5 — X5)2 F4AX3Ay < A3+ A5 for A5 > Ay (see (5.24)) and (V, f(x(t)), () is

bounded, it follows from (A.157) that v;(¢) is bounded.

« A\ = 0: In this case, vi(t) = e ;(0) + Xg [y e (Y, f(a(s)), i(s))ds. The

above implies that v;(t) is bounded as (V, f(z(t)), :(t)) is bounded.

Earlier, we have shown that z;(¢) is bounded and v;(t) > 0. From (5.23) then we have, i;(t)
is bounded. From (5.20), p;(t) = 0 implies that fi;(t) = A\ V,;f(x(t)). Thus, p;(t) can be zero
only at isolated points ¢. Otherwise, for some ~ > 0 there exists an interval (t — h,¢ + h) such
that y;(s) = Oforall s € (t — h,t + h). In that case, /1;(s) = 0 forall s € (t — h,t + h).
Since f1;(s) = MVf(z(s)) forall s € (t — h,t + h), we then have V,f(z(s)) = 0 for all

s € (t — h,t+ h), which proves the theorem.
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We have shown above that p;(t) = 0 only at isolated points and v;(t) is bounded. So,

1 1
— is bounded except at isolated points. Since y;(t)?v;(t) ¢ is integrable and

pi(t)?vi(t)~ , pi(t)?vi(t) =
is bounded except at isolated points, we have W is integrable. Since v;(t) is bounded
(L) =v(t) ¢
1
and ————— 1is integrable, we have integrable. Now, we apply Cauchy-

pi(t)?vi(t)—° pi(t)?vi(t) e

1
Schwartz inequality on the functions y; (t)v;(t)(=¢=D/2(V, f (x(t)), us(t))* and

pi(t)v(t) e D72
integrable, the Cauchy-

1
Si h SO ()" (Vi f(x(t)), it d
ince we have (¢ 2(6) (V4 (a(0). (1) and e
Schwartz inequality implies that o) (V; f (z(t)), 15 (t))*? is integrable. Since )(V; f(z(t)), pi(¢))°?
is bounded and integrable, it is also square-integrable. Thus, ¢(V; f(x(t)), u;(t)) is integrable.

Now, the time-derivative of ) along the trajectory x;(t) is

[V2f(2(®))],2(t)

fii(t)

SUTHF ), (1)) = VIV (0), i)

We have shown that V; f(z(t)) and p;(t) are bounded. Then, according to Assumption 5.3.A,
Vo (Vi f(x(t)), ui(t)) is bounded. From Assumption 3.2, [V2f(xz(t))]; is bounded. We have
shown that &;(¢) is bounded. Since V,f(xz(t)) and p;(t) are bounded, (5.20) implies that f;(¢)
is bounded. Then, from the above equation we have %w(vi f(z(t)), 1i(t)) is bounded. Thus,
(Vif(x(t)), u;(t)) is uniformly continuous w.r.t ¢.
We have shown that, foreach: € {1,...,d}, ¥(V,f(x(t)), u;(t)) is integrable and uniformly

continuous. From Barbalat’s lemma [157] it follows that lim; . ¥(V; f(x(t)), :(t)) = 0. Then,
according to Assumption 5.3.C, lim; ., V; f(z(t)) = 0.

Next, we consider the case A\; = 0. In this case, a,(t) = 1 (see (5.19)). Also, from (5.24),

Ag > 0. For \; = 0, the argument in the paragraph following (A.155) still holds, and we obtain
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that v;(¢) > 0. Upon substituting A7 = 0 and o, (t) = 1 in (A.153),

Flalt) = £@O) = 3 [ W[ Vaf (s P vts) s

Then, f(x(t)) is decreasing in ¢. From Assumption 3.1, f is bounded below. Thus, lim; ., f(z(t))
is finite. So, the above equation implies that ||V f (x(t))“2 v;(t)~¢ is integrable. So, from the
previous argument for the case \g > 0, V; f(z(t)) is bounded. From (5.23) then we have, ;(t) is
bounded. Upon solving (5.20), 1;(t) = Ay f(f e~ M=)V, f(x(s)ds, and hence, y1;(t) is bounded.

Now,

d 2 e
EHsz(x(t))” Vi(t)

= — ||V f(@(@)|]” vat) = (t) + 2V, f () [V2f(x(t)], &(t)vi(t) . (A.158)

From Assumption 3.2, [V2f(z(t))]; is bounded. From Assumption 5.3.A, V; f(z(t)) and p;(t)
being bounded implies that )(V; f (x(t)), 1;(t)) is bounded. From the previous arguments for the
cases Ay, = 0 and A\, > 0, it follows that v;(¢) and 7;(¢) are bounded. So, (A.158) implies that

LIV f(x(t)) H2 v;(t)~¢is bounded. Then, ||V, f(x(t)) H2 v;(t)~¢ is uniformly continuous. Again,

we apply Barbalat’s lemma [157] and obtain 1imt_>ooHVif(x(t))H2 vi(t)~¢ = 0. Since v;(t) is

bounded, we get lim;_, ||V f(z(t)) H = 0. The proof is complete.

A.20 Proof of Theorem 5.3

The time-derivative of f along the trajectories of (5.29) is

Fa(t) = = 3 Vil @) 5 mltni).
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Upon substituting above from (5.26), f(z(t)) = _Alz(t) PO (fa(t) + Mpu(t)) pa()ma(t).

Integrating with respect to (w.r.t.) time s from 0 to ¢,

t ) d t d t
/0 h(s)f(x(s))ds = — )\11 Z/o f1:(8) i (s)mi(s)ds — 72/0 wi(s)?ni(s)ds.  (A.159)

Integrating by parts we have the first term on RH.S. as [ u;(s) i (s)nmi(s)ds = [311i(s)?n(s)] [t) —

f (s s)ds Upon substituting from above in (A.159) and using 1(0) = 04, fot h(s)f(z(s))ds =

— z;; pa()20:(t) + 5= Sy fy ma(s)?i(s)ds — v Sy [y pi(s)*ni(s)ds. For each t > 0,

we partition the set {s : 0 < s < t}into L;i(t) = {s : 0 < s < t,m(s) = 22},
Ui(t) = {s : Ogsgt,m(s):"“ N oand Mi(t) = {s: 0 < s < t,mi(s) = —~

Upon rewriting the above equation and substituting from (5.27),

TR IeS oRCECR S oy M- st oy gt
Z/)\\j ;/Mi(t) ui(s)%(s)*”||Vif(x(s))H2

d

+ 2011 Z (/w) 11i(s)?u(s)ds + /Ui(t) m(s)Qﬁu(s)ds>
- ( 4)‘1> Z/ () nb d _W,Xd;/L © pi(s)? <77z‘(5) - %?1) ds
—72/ 1a(s)2:(s d5+2/ WMMU V()" (s)

A2 2 —1. 2
i Z/M.u) ey ) Vsl (A.160)

We let r(t) denote the R.H.S. in (A.160). By (5.28) and Assumption 5.5, we have 0 < £ <

[0}

n;(t) < £ fort > 0. Under Assumption 5.4, 7, is non-increasing and 7,(t) < 2a\n(t) for
t > T5. So, under the condition A\ < 4\, r(¢) is decreasing for ¢ > T5. Integrating by parts

we rewrite the L.H.S. in (A.160) as [ h(s) f(x(s))ds = [h(s)f(z(s))], — Jo h(s)f(x(s))ds.

262



Under Assumption 5.3, we define 7' = max(7}, 72). Upon substituting from above in (A.160),

fort > T,

B () + gy D e )

t

:h(O)f(x(O))+/0 h(s)f(x(s))ds+/ h(s)f(x(s))ds + r(t). (A.161)

T

From (A.161), since r(t) is decreasing and h(t) non-increasing in ¢t > T, we have h(t) f(z(t)) +
e SO0 pa(t)?n;(t) is decreasing for t > T'. Since h(t) f(z(t))+5 SO0 pa(t)?n;(t) is continuous,
considering the compact interval [0, T, h(T) f(x(T)) + 33~ S wa(T)?n;(T) is finite. Then,
h(t)f(z(t)) + &ZL pi(t)*n;(t) is bounded for t > T. So, h(t)f(x(t)) is bounded for
t > T. From (A.159) and (A.161), it follows that f;(t)u;(t)n;(t) and p;(t)*n;(t) are bounded
and integrable. So, their superposition (f1;(¢)s;(t)n:(t) + A1pi(t)*ni(t)) is integrable. Upon
substituting /1;(¢) above from (5.26), A\; V; f (x(t))u;(t)n;(¢) is integrable.

From (5.26) and (5.29), u;(t) = 0 implies /1;(t) = AV, f(z(t)) and ;(t) = 0. So,
(;(t) can be zero only at isolated points t. Otherwise, for some h > 0 there exists an interval
(t — h,t + h) such that y;(s) = 0 for all s € (¢t — h,t + h). In that case, f,;(s) = 0 for
all s € (t — h,t + h). Since [1;(s) = MV, f(xz(s)) forall s € (t — h,t + h), we then have
Vif(x(s)) = 0 forall s € (t — h,t + h), which proves the theorem. We also have 7;(¢) > 0.

Thus, 1;(t)*n;(t) can be zero only at isolated points. Since V; f(x(¢))p;(t)n;(t) and p;(t)*n;(t)

Vife@pi®)m@®) _ Vif(z(t))

are integrable and y;(t)?n;(t) can be zero only at isolated points, PROLTRG) = =00 is
integrable. Since %ﬁgt» is integrable and p;(¢) can be zero only at isolated points, %

is integrable. Similarly, since y;(¢)?n;(¢) is integrable and 7;(¢) > 0, p;(t)? is integrable. Since

0.5

Vif(z(t) |
| (®)]

Vif(z(t)) ||2 is integrable for each i € {1,...,d}. Thus,

Vif(x(t))

OL and y;(t)? are integrable, Cauchy-Schwartz inequality on

and |4;(t)| implies

that !Vif(x(t))|0'5 is integrable. So,
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|V f(x(t) H2 is integrable.
Since HVf(x(t)H2 is integrable, V f(z(t) is bounded. Since s;(t)?n;(t) is bounded and
0 <L <nt) < E p(t) and n;(t) are bounded. From (5.29), then i(t) is bounded. Now,

I

%HVf(x(t)) = 2V f(x(t))T'V2f(x(t))z(t). We have shown that V f(x(t)) and z(t) are

bounded. From Assumption 5.2, we have all the entries in V2 f(z(¢)) bounded. Then, from the

d
above equation we have 7 HV f(x H bounded, and so, H is uniformly continuous.

(x(t)) H2 is integrable and uniformly continuous. From Barbalat’s

lemma [156] it follows that lim;_, . HV fz(t)) ||2 = 0. The proof is complete.

A.21 Proof of Theorem 5.4
The time-derivative of f along the trajectories x(t) of (5.34) is

d d 2
e Vife®)u(t) el Vil @)
0= Zl ay(t)\/wi(t) 2 vi(t)

o ol

Upon integrating both sides above with respect to (w.r.t.) time s from 0 to ¢ and substituting

V.if(z(s)) from (5.32),

/t J(5) f((s))ds = — i/ Yara(s i(S))Hst
Z/ 71#@ i Z/ 71#1

Since \; € (0, 1), from the definitions (5.30)-(5.31) we get a2(t) > a4 (t). From above then we

have

[ wotsoni= Z/Wf o,

Vz

Z/ ’Yle i Z/ %uz (A162)
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Integrating by parts the second term on R.H.S. above and substituting 7;(s) from (5.33),

/Ot 2(s) f(x(s))ds < — 271(1—4—/\) \“/ll
- 211“% =30 [ o

N Z 11;\12 / 5)? i(s)_lf)Hvif(if(S))W ds. (A.163)

We define, a = 1 — A\; and b = 1 — \,. Upon differentiating both sides of (5.31) w.r.t ¢ we

get

b\ 1 — att? loga
Vo (1 - —_— > 2 ) A.164
as(t) < 0 — <a> 1—bt+1> alogb ( )

t+1
From the condition Ay > X9, we have 1 > b > a > 0. Then, (2) ’ and % are,
b tJrl
respectively, increasing and decreasing functions. Since 1 > b > a > 0, we have lim;_, <—) —
1 — git2 p\ I 1 — gtt2 ¢
oo and lim;_, o T = 1. Thus, (5) 1Tt is an increasing function of ¢. Then, there

exists 7' < oo such that (A.164) holds for all £ > T'. Integrating by parts the L.H.S. in (A.163),

for ¢t > T we have

)+ Z 2%’?/_ | als)fa(s))ds

+2/ ( ) Y-t
D RO R

< ax(0)f(2(0)) + / () f(2(5))ds. (A.165)

Since do(t) < 0 for t > T and Ay < A;, from above we have the L.H.S. in (A.165) is

bounded. Then, 4;(t)%; ()| Vi f(x ()", wi(t)>i(1)0%, and ||Vif(x(t))||” vi(t)"0° are
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integrable w.r.t. ¢ and bounded. It implies that,

Vif(z(t))| is bounded unless v;(t) = oo.
From (5.34), v;(t) = oo implies that i;(t) = 0 and, hence, £V, f(z(t)) = 0. Due to continuity of
Vi f and||V f(2(0))|| < oo, we then have||V; f(x(t))|| is bounded for all ¢. Integrating both sides
0f (5.32)-(5.33), jui(t) = A1 [ e MU=V, f(w(s))ds and v (t) = Xg fif e 29|V, f (w(s)) || ds+
vi(0)e™*2'. Since ||V f(x(t))]|| is bounded and Ay, A2 > 0, the above equations imply that 4, (t)
and v;(t) are bounded. Moreover, v;(t) > 0 as 1;(0) > 0. From (5.34), then &(t) is bounded.

2 2
e f@@®)[V2f@@)] 2 || Vif )] () :
Now. PANZICION| _ i — . From Assumption 5.2
Cd NE 2B ’

[V2f(x(t))]; is bounded. Since HVf(x(t))H and v;(t) are bounded, (5.33) implies that v;(?)

is bounded. We have also shown that v;(t) > 0 and #;(¢) is bounded. So, the above equation

Vif ()|

Vif(a(t)]|”

implies that i| is bounded. Then, “———="- is uniformly continuous. We appl
p dt Jo(t) D) y pply
2
Barbalat’s lemma [156] and obtain lim; NGO = 0. Since y;(t) is bounded, we get

V; (t)

limy_o0|| Vi f (2(t))|| = 0. The proof is complete.

A.22  Proof of Theorem 5.5

We utilize the proof of Theorem 5.2. Note that, instead of specifying the expression of bias
correction «,(t), Theorem 5.2 also holds under the additional condition that there exists 7' < oo
such that o, (¢) in (5.19) is decreasing for t > T

We define b = 1 — \,. From (5.35), the time-derivative of p(t) is

1 — 01 — log(1/b) — tlog(1/b)
(1 _ bt+1)2

/)(t) — _th—H

Since b € (0,1), the above implies that there exists 77 < oo such that p(t) > 0 for t > T;.

From the definition (5.36) then 7(¢) > 0 for t > T). Since p(t) > 0 for ¢t > T}, from (5.37)
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r(t) lt)
OGO

differentiating (5.30) w.r.t. ¢ and following the argument after (A.154), we have that there exists

we have that there exists 75 € [T, 00) such that #;(t) = —

for ¢ > T5. Upon

T3 < oo such that &(t) < 0 for ¢t > T3. Thus, there exists 7' = max{7T», T3} such that ‘:}(g)

is decreasing for ¢ > T. Due to continuity, considering the finite interval [0, 7], we have that
V f(x(t)), u(t), v(t), and z(t) are bounded for t € [0, T].
Upon comparing with the state-space model (5.13)-(5.15), the argument in the above paragraph

implies that, for all ¢ > T, the ODEs (5.32), (5.33), and (5.37) are similar to Adam if we

al (t)
r(t)

replace «(t) in (5.12) with a1 - Now, we have shown that

D) is decreasing for ¢t > T,

{Vf(z(t), n(t),v(t),z(t) : 0 <t < T} is bounded, and Theorem 5.2 holds under the additional
condition that there exists 7' < oo such that () in (5.19) is decreasing for ¢ > 7. Thus,

following the proof of Theorem 5.2 we have that lim;_,., V f(z(¢)) = 04. The proof is complete.

A.23 Proof of Theorem 5.6

We consider the non-trivial case V f(z(t)) # 04. We define, g1 = -5 and ¢o = 5.
The time-derivative of f along the trajectories x(t) of (5.38) is f(z(t)) = Vf(z(t))Ti(t) =
—ar||Vf(@(0)]|" = c2||[Vf(x(t)]|™. Upon integrating both sides above w.r.t. time s from 0
tot, f(z(t)) + ¢ ‘[’OtHVf(x(s))Hq1 ds + ¢ fg”Vf(x(s))Hq2 ds = f(x(0)). Since f(z(t)) > 0
and ¢1,c; > 0, the above implies that ||V f (31:(15))Hq2 is integrable and bounded. Since p, €
(1,2), from the definition of g, we obtain g, > 2. Since ||V f(z(t))||™ is bounded and go > 2,

IV f£((t))|| and ||V £ (x(t))||**~ are bounded.

From triangle inequality on the R.H.S. of (5.38),
1£0)]] < ||V A @) + e V(e |7
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Since ||V f(x(t))|| is bounded and py, p2 > 1, we have i(t) is bounded.
The time-derivative of |V f (z(¢))||* along the trajectories z(¢) of (5.38) is £ ||V f(z(1))||* =

9

@||V f(x(t)) ||q2—2 V f(a(t))"V2 f((t))&(t). We have shown that||V f (z(t)) |||V f (z(t)) quQ,

and 2 (t) are bounded. From Assumption 5.2, V2 f(z(t)) is bounded. Then, the above equation

implies that 4 ||V f((t))||* is bounded. So,

Vf(z(t)) ||q2 is uniformly continuous.
Since ||V f((t))||* is integrable and uniformly continuous, from Barbalat’s lemma [156]

limyoo ||V f (2(£))||" = 0. Since g, > 0, the proof is complete.
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