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Abstract

This thesis contains the results of seven research papers on various types of harmonic
and locally harmonic Maafl forms. To this end, this thesis is divided into two parts. The
first part deals with harmonic Maafl forms and variants thereof, while the second part is
devoted to constructions of new locally harmonic Maafl forms.

The first chapter is divided into three parts. The first part provides an overall
introduction to holomorphic and nonholomorphic modular forms, and summarizes some
previous results in the theory of both classes of forms. The second part collects and
presents the main results of this thesis, while the content of the third part is a brief
discussion of some of the results from the second half of this thesis.

The second chapter introduces the basic theory of harmonic Maafl forms, constructs a
new example of a polar harmonic Maaf} form of weight % on the level of Fourier expansions,
and presents a connection to Hurwitz class numbers as well as a p-adic property (p > 2
prime) of our new polar form. The construction is based on a technique by Zagier and
Zwegers, and adapts a paper by Mertens, Ono, and Rolen.

The third chapter generalizes the construction from the second chapter producing
polar harmonic Maaf3 forms of non-positive integral weights. The Fourier coefficients
of the holomorphic part of these forms are given by certain twisted divisor sums. As
outlined in the introduction of the second chapter, these new examples thus are certain
nonholomorphic “Eisenstein series”, whose holomorphic parts resemble the Fourier
expansion of the usual holomorphic Eisenstein series in a rough sense.

The fourth chapter explores the connection of (higher depth) harmonic Maa8 forms
to the area of hypergeometric g-series and their combinatorial interpretation. This goes
back to Ramanujan’s mock theta functions and Zwegers’ modular completions of them in
depth 1. We define mock theta functions of depth 2, and provide three natural examples.
This chapter concludes the first part of this thesis.

The fifth chapter is the first one of the second part of this thesis. It introduces
the language of integral binary quadratic forms, and utilizes them to construct elliptic,
parabolic and hyperbolic nonholomorphic Eisenstein series of even weights k > 2. This
combines Zagier’s fj, p-function with a modular integral by Parson and Hecke’s trick to
include weight 2. We summarize the analytic continuation in weight £ = 2 to the spectral
parameter s = 0, in the parabolic and elliptic case, which is known to yield a harmonic
Maaf form resp. polar harmonic Maafl form. We then complete the picture by proving
the existence of the analytic continuation to s = 0 (with k£ = 2) in the hyperbolic case by
calculating the Fourier expansion. This yields an explicit formula of the continuation as
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well, and we infer that the continuation coincides with a locally harmonic Maafl form if
the imaginary part of the input variable in the complex upper half plane is sufficiently
large.

The sixth chapter continues the work of the fifth chapter by connecting the hyperbolic
Eisenstein series of positive even weights defined there to a locally harmonic Maafl form
on all of H except an explicit exceptional set of measure zero intrinsic to such forms. This
leads to the new concept of local cusp forms. In addition, we provide a second independent
perspective on our locally harmonic Maaf} form of positive weight by rewriting them as
twisted traces of cycle integrals of one of Petersson’s two-variable Poincaré series Pogo.
Lobrich and Schwagenscheidt obtained the archetypal example Fi_; p of a negative
weight locally harmonic Maafl form introduced by Bringmann, Kane, and Kohnen by
investigating the very same twisted trace of Py, with respect to the other variable.

The seventh chapter constructs bimodular completions of 30 year old functions defined
by Knopp, which he obtained as lifts of Zagier’s f;, p-function under the Bol operator.
In the course of inspecting some properties of our completions, we rediscover the local
cusp forms of positive even weights from the sixth chapter. We define a negative weight
lift of these forms under both the Bol operator and the shadow operator along the
lines of Fi_ p. Our new negative weight form is a locally harmonic Maafl form with
continuously, but not differentially removable singularities. Lastly, we show that this
negative weight locally harmonic Maaf§ form is an output of a certain scalar valued theta
lift by modifying a theta lift yielding F1_ p.

The eight chapter utilizes the machinery of regularized theta lifts to establish so called
Eichler—Selberg type relations for a wide class of weakly holomorphic modular forms,
as well as demonstrating an alternative approach to local weak (and locally harmonic)
Maafl forms via theta lifts. This idea goes back to the PhD thesis by Hével in weight
0, who utilized a Siegel theta kernel in a vector valued setting. We modify his theta
liftt by including a Maaf} raising operator yielding other weights than 0. The weight
now is determined by the parameters of the lattice and the degrees of a homogeneous
polynomial inside the theta kernel. The overall construction relies on foundational work
by Borcherds and by Bruinier, and the evaluation of the theta lift follows a method by
Bruinier, Ehlen, and Yang.
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Chapter 1

Introduction and Statement of
Objectives

This thesis consists of seven research articles [MMR22, Mon21, MMR21, Mon22a|,
Mon22b, BM22, MM21|, whose unifying theme is the construction of various new Maaf}
forms in different frameworks. We recall the basic definitions and results of the theory,
collect the main results of this thesis, and discuss some of them at the end of this chapter.

I.1 Definitions and previous results

In this preliminary section, we summarize some background with a focus on motivating
and contextualizing the constructions in the main chapters of this thesis. A good
exposition on modular forms can be found in [BvdGHZ08,Iwa97, Kob93\|Ser73|, and we
follow |[BFOR17] to present the theory of harmonic Maafl forms. The subsection on
locally harmonic Maaf} forms is mainly based on the paper [BKK15].

1.1.1 Holomorphic modular forms

Holomorphic modular forms are ubiquitous objects in (analytic) number theory and
in many other areas of pure mathematics, as they are equipped with a lot of internal
symmetries and therefore offer a rich theory with many applications. To motivate their
structure, we let

H={r=u+iveC:v>0}

be the complex upper half plane, and T" := SLa(Z) be the modular group. The group I is

generated by (1), (97') and acts on H by fractional linear transformations

ar +b a b
’)/T.—m, T € H, fy-(c d>€F,
because

_det(y)v v

B ]w—i—d\z B |c¢+d\2

Im (v7)



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

Now, one might ask for functions f: H — C “respecting” the group action of I', namely

fOyr) =j(v,7)f(7)

for every 7 € H and some function j(y, 7). To motivate a choice for j(v,7), we consider
Y1, ¥2 € I'. Our condition on f becomes

J(ny2, T)f(7) = f (n727) = f(n(027)) = (v, v27) f(27) = (v, v27)i (e, ) f(7)-

In other words, the function j(v,7) has to satisfy the cocycle condition

Jny2, ) = 3(1,727)i(v2, 7),

j ((Z Z) ,T) =cr+d (I.1)

is indeed such a cocycle. Clearly, we have the freedom to introduce powers k € Z of j(~, )
without changing the previous discussion. We further impose an analytic condition and
a growth condition on f as follows.

and one can verify that

Definition I.1.1.

(1) A modular form of weight k € Z is a function f: H — C, which satisfies the
following three conditions:

(i) We have f(y7) = (er + d)¥ f(r) for every 7 € H and every v = (ab) el.
(ii) The function f is holomorphic on H.
(iii) The function f is holomorphic at ico.

(2) We call f a cusp form if f is a modular form that vanishes at ioco.

Condition (iii) requires some explanation. Firstly, one requires that ico is at most an
isolated and non-essential singularity of f. Secondly, conditions (i) and (ii) imply that
every modular form f has a Fourier expansion of the shape

fr)y= > aim)q" = Y ap(n)d",  q=e,

n>>>—o00 n>ng

for some ny € Z. Thirdly, condition (iii) now translates to ny > 0, so that f is regular
“at ¢ = 0”. We note that f is a cusp form if and only if ny > 0.

2



[.1. DEFINITIONS AND PREVIOUS RESULTS

The notion of modular forms has been generalized in various directions in the literature.
One may consider half integral weights k € %Z, or congruence subgroups of I', such as
the Hecke congruence subgroup

To(N) = {(Z Z) e€l: c=0(mod N)},

where N € N is called the level of a modular form. Both is motivated by the properties
of Jacobi’s theta function

1) = Z q"2 =142 Zq"z,
nez n>1

and its transformation law is captured by invariance with respect to the slash operator

{(C’mﬁk if k € Z, {1 it d =1 (mod 4),

Ed =
(G e dom itkel+z, T i ifd=3(mod4),

(fle (2Q)) (7) = (1.2)

where (fl) denotes the extended Legendre symbol, and we stipulate to take the principal
branch of the complex square root throughout. In this notation, we have

(9127) () = 9(7)
1

for every v € I'g(4). Equivalently, the space of modular forms of weight x + 3, x € Z,

and level 4 may be defined as the space of functions being holomorphic on H as well as

at the cusps of T'g(4), and transforming under the action of T'g(4) like 9(7)? 1.
Further generalizations are

o weakly holomorphic modular forms, namely modular forms, which are permitted to
have poles at the cusps,

o meromorphic modular forms (permitting poles on H and possibly at ico),

o quasimodular forms (relaxing the transformation law in a prescribed manner to
include derivatives of modular forms),

 or Jacobi forms (introducing a second “elliptic” variable)

for instance.

The fruitfulness of modular forms stems from the fact that their Fourier coefficients
often encode arithmetic, geometric, or combinatorial quantities. A classical example
is a short proof of Lagrange’s four squares theorem by producing exact formulas for
representations of natural number as sums of four squares in terms of simple divisor sums.
Additionally, (weighted) traces of non-zero discriminants are the Fourier coefficients of
a modular form, and the generating function of the number of partitions of n € Ny is
a modular form of weight —% up to the factor qi. Consequently, modular objects are
often investigated via their Fourier expansions.
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1.1.2 Harmonic Maaf} forms

Another direction of generalizing modular forms is to replace complex analyticity
(holomorphicity) by real analyticity, but retaining the modular transformation law. This
leads to the notion of weak Maafl forms. To describe them, we define the weight k
hyperbolic Laplace operator by

0? 0? 0 0 o 0 0
29 o - 9 O\ _ 4,209 0 .
A= —v <8u2 + 82}2) ikv <8u +Z@v> dv oT 0T * 2““)(3?’

which reduces to the usual hyperbolic Laplace operator in weight £ = 0. We note that
an eigenfunction of Ay is real-analytic, because Ay is an elliptic differential operator
(see [Rud91, Theorem 8.12] and the paragraph afterwards for example). Moreover, we
relax the growth condition of modular forms to include weakly holomorphic modular
forms into the theory of Maafl forms, and to permit a power of v in the constant term
of the Fourier expansion later. We alert the reader to the fact that there exist various
conventions regarding the terminology of Maafl forms in the literature, and we deviate
from the convention used in [BFOR17] here.

Definition I.1.2. Let k € %Z, and choose N € N such that 4 | N whenever k ¢ Z. Let
f: H — C be smooth.

(1) The function f is a weight k weak Maaf$ form for I'o(N) if it satisfies the following
three properties:

(i) We have (f|xv)(7) = f(7) for all v € To(N) and all 7 € H.
(ii) The function f is an eigenfunction of Ay.
(iii) There exists some € > 0 such that f € O(e®) as v — oo. An analogous
condition is required at the other cusps of T'g(V).

(2) A harmonic Maafl form is a weak Maafl form with eigenvalue 0 under A.

(3) A weak (resp. harmonic) Maaf$ form with cuspidal shadow is a weak (resp. harmonic)
Maaf form f such that there exists a polynomial Py € (C[q_l] (the principal part
of f) satisfying f(7) — Py(7) = O(e™") as v — oo for some & > 0. We require an
analogous condition at all other cusps of T'g(V).

Harmonic Maaf forms are often inspected via their behaviour under certain differential
operators. Bruinier and Funke [BF04] defined the shadow operator

B SR
ok .k .
S = 2007 52 = v (au“av>’



[.1. DEFINITIONS AND PREVIOUS RESULTS

which yields the splitting Ay = —&;_f 0&. In turn, this splitting implies that the Fourier
expansion of a harmonic Maafl form f of weight 2 — k # 1 splits into a holomorphic and
a nonholomorpic part

A= 30 fmd®, f(r)=cp (0 + 37 ¢ (m(1 — k, —4mnv)g",
n=>>—oo n<oo (13)

n#0
fF)y =)+ ().

Here,
[e.e]
(s, z) = / t5~ e tdt, Re(s) > 0,
z

is the incomplete Gamma function. The function s — I'(s, z) is multi-valued, but
restricting to principal values yields the single-valued principal branch of this function.
Provided that z # 0, each branch of s — I'(s,z) admits an analytic continuation to
all s € C with removable singularities at non-positive integers (see Section for the
functional equation). We refer the reader to [BDE17, Section 2.2] for more details on this,
and to |[GRO7, item 8.3357] (or [BCLO10, §8.11]) for the asymptotic expansion of I'(s, ).

One can verify that the shadow operator intertwines with the slash operator by
changing the weight from 2 — k to k. In other words, if f is a harmonic Maafl form of
weight 2 — k then g; = & _(f) is a weakly holomorphic modular form of weight k. In
addition, Bruinier and Funke [BF04] proved that the shadow operator is surjective onto
the space of weakly holomorphic modular forms of weight k.

If we are in the situation of integral weight & > 2 then the shadow operator has a
holomorphic companion given by the Bol operator [BOROS|

Dk_l _ (16)]47—1 _ < a>k—l
"\ 2mi 07 B q(“)q '

For such k, the Bol operator intertwines with the slash operator by changing the weight
from 2 — k to k as well, and hence go := D*~1(f) is a weakly holomorphic modular form
of weight k& whenever f is a harmonic Maafl form of weight 2 — k. Moreover, the Bol
operator is surjective onto the space of weakly holomorphic modular forms of weight &
as well.

An inverse of &_j, (resp. DF~1) is given by the nonholomorphic (resp. holomorphic)
Eichler [Eic57] integral of g1 (resp. g2). Both Eichler integrals can be defined on the level
of Fourier expansions straightforwardly. However, each preimage is not unique, since we
may add any weakly holomorphic modular form of weight 2 — k to the nonholomorphic
Eichler integral of g; for instance. If g; (resp. g2) is a cusp form then its holomorphic

)
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and nonholomorphic Eichler integral have a representation given by

(2mi)k—1

£ ()= gy | () —w)dw, (M)

gi(r) = (20)+F Z(jo g1 (=) (w + 7)*2dw.

-7

Conversely, two cusp forms determine a harmonic Maafl form with cuspidal shadow.
However, both cusp forms have to be different, otherwise the resulting harmonic Maafl
form with cuspidal shadow vanishes identicallyﬂ This leads to the “lifting problem”:
Given either g; or go, find the other cusp form such that both together give rise to
a non-trivial harmonic Maafl form with cuspidal shadow via their respective Eichler
integrals.

I1.1.3 Locally harmonic Maaf} forms

In 2012, Bringmann, Kane, and Kohnen [BKK15| attacked the aforementioned lifting
problem from a different perspective. They investigated the highly influential weight 2k
cusp form

fep(r) =Y !

k
aheel (at? + b7 + )
b2—4ac=D

(1.5)

defined by Zagier |Zag75], where k > 2 is an even integer and D > 0 is a discriminant.
For example, the f; p-function generates the theta kernel function of the Shimura
[Shi73] and Shintani [Shi75] lifts by work of Kohnen [Koh85| and of Kohnen and Zagier
[KZ81], see Remark as well. Additionally, the even periods of f; p are rational by
further work of Kohnen and Zagier [KZ84]. As shown by Katok [Kat85], the fj p-function
is a hyperbolic Poincaré series, namely an infinite sum of terms of the shape 77|97y
with v running over an explicit (shifted) set of hyperbolic cosets, see [IO09] for more
details on such constructions, and [BKK15, Section 3] for a summary of Katok’s work.
Hence certain collections of fi p with respect to D span the space of weight 2k cusp
forms, because 7% is the constant term in the hyperbolic expansion of a cusp form.
Bringmann, Kane, and Kohnen now asked for a lift of f; p under both differential
operators £s_op and D=1 in a local sense, which imitates the construction of fx,p- This
question translated to a differential equation in terms of 7%, because both operators

! An example of a harmonic MaaB form with non-cuspidal shadow, which maps to the same non-trivial
function under both differential operators up to normalization is given in [BFOR17, Theorem 6.15].

6
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intertwine with the slash operator as discussed above. Assuming that D is not a square,
they solved this differential equation, and the solution is given by the function

Fik,p(T) = % > sen (a|7’|2 + bu + c) (m? +br + c)k_l

a,b,ceZ
Dv? 11
x <” k ) . (L6)

b2—4ac=D
lat2 + b1 + ¢|?’ 22

which indeed has a representation as a certain hyperbolic Poincaré series like fi p. Here,

x
Blx;r,s) = / (1 —t)*tdt, z € (0,1], r,s >0,
0

denotes the incomplete [B-function. Due to the presence of the sign-function and for

convergence reasons, JFj_j p has jumping singularities (certain discontinuities, see Section
VII.2 for a definition) on the exceptional set

Ep = {r € H : Ja,b,c € Z such that b — 4ac = D and a|r[* + bu+c=0}  (L7)

of measure zero. Geometrically, Ep is the union of all Heegner geodesics
1 2
Sipa = {r €H:fa.bdr =0}, [abdr =" (alrf +bute), (1)

namely all semicircles in H centered on R and indexed by integral binary quadratic forms
[a, b, ¢] of some non-square discriminant D > 0.

The function Fi_j p is modular of weight 2 — 2k, is harmonic with respect to Ay_o
outside Ep, satisfies a limit condition on Ep, and is of at most polynomial growth as
v — 00. Altogether, this suggests that F;_j p is a new type of automorphic form called a
locally harmonic Maajf$ form with exceptional seﬂ Ep. Returning to the lifting problem,
Bringmann, Kane, and Kohnen proved that

Dk_% k—2)! 1
Fiokon) = Per) = - G ey 04 DA g, 9

where

2k — 2 k—1
Pe(T) = coo + (—1)k23_2k<k 1>7r Z (a72+bT—|—c)
B a,b,cEZ
b2—4ac=D
a<0<al|T|?+bu+ec

20ther exceptional sets of measure 0 are possible as well, but are not studied in the literature yet. A
full definition of a locally harmonic Maaf} form can be found in |[BKK15| Section 2], and is recalled in

Subsections
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is a so-called local polynomial, whose shape depends on the connected component C of
H \ Ep in which 7 is located. More precisely, it captures the jumping singularities of
Fi—k,D, and the sum selects precisely those quadratic forms for which 7 is in the bounded
component of the associated Heegner geodesic. Note that there are finitely many such
quadratic forms, and there are none if v > @ (see |BKK15, Lemma 5.1 (1), (7.6)]).
The term cy is an explicit global constant defined in equation (renormalizing
[BKK15, (4.2), (7.3)]). One may view equation as a local generalization of the
Fourier expansion with the local polynomial Pp serving as a “constant term of higher
degree”.

Zagier’s fi p-function as well as the local polynomials ¢ are connected to central
L-values of cusp forms of certain levels N. The former is due to Kohnen and Zagier
[KZ81] for odd and squarefree level, while the latter is understood only in the special
case of a one-dimensional space of cusp forms. In this special case, the idea of Ehlen,
Guerzhoy, Kane, and Rolen [EGKR20] is to generalize work of Kohnen [Koh85| to other
levels, and the splitting to weight 0. In essence, the authors of [EGKR20] translate
the vanishing of a central L-value to the modularity of Pz, and we refer to their paper
for more details.

1.2 Statement of objectives

We conclude this chapter by collecting the main results of this thesis grouped by the
chapters in which they appear. We omit intermediate results and corollaries.

I1.2.1 Polar harmonic Maaf} forms and holomorphic projection
In this first main chapter, we construct a family of harmonic Maaf} forms of weight %,
which are permitted to have poles on H. To describe them, we require some notation.

Let 1, x be two Dirichlet characters of moduli My, M, , and define

Dn:—{d\n:1§d§2andd:3(mod2)},

= Y x (450 ) e (130

deDy,

Letting 0y be Shimura’s theta-function associated to v (see Sections I11.1)), and 1
be the trivial character, we further define the functions

1 an1 o5™(n)g" if x # 1,
b , '
s s V(n)n2g" + 35 05 (n)g" if x =1,
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and

i oo ‘9x (w)

= dw.
™2 JF (—i(w+ 1))

F(7):

3
2

Then, we have the following result.

Theorem 1.2.1 (Theorems [II.1.1} [IT.1.3]). Suppose that 1 is odd and x is even. Then the
function F+ 4+ F~ is a polar harmonic Maaf3 form of weight % on I'y (4M§) N (4Mi)

with Nebentypus X - (¢ - X,4)71.

The proof works on the level of Fourier expansions, and utilizes a method by Zagier
and Zwegers based on the technique of holomorphic projection. The construction adapts
the paper [MOR21], and offers a connection to Hurwitz class numbers in a special case
(see Corollary . Moreover, we inspect the iterated action of the U-operator

(Z a(n)qn>]U<p> = > alpm)d",
n>>>—oo n>>>—oo

and find the following p-adic property.

Theorem 1.2.2 (Theorem [I1.1.8). Let a, b, p € N and suppose that p is an odd prime.
Then we have

(Gw (pgaT) F+<T)> ‘ U (pb) =0 (mod pmin(“7b)) .

This parallels [MOR21, Theorem 1.4]. It would be interesting to relate other special-
izations of g§™ to arithmetic or combinatorial quantities.

1.2.2 Multidimensional small divisor functions

This second main chapter extends the work of the first chapter obtaining polar
harmonic Maaf3 forms of non-positive integral weight. Let £ € N, and v, x be two
Dirichlet characters of moduli My, M, as in the previous chapter. Let Ay = %(71),

and Py € Q(X,Y). We define

Dn::{deNe 2 dj | nj, lgdjggj,anddj::;j(mod2)forevery1§j§£},
J J
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the generalized coefficients,

. . A ) A
"—J—d LEN P d N g\
o (n) = ) HX S B S 3
XPg <nj>
4 ) <j<e

dl* |

and the functions

é Ax 2(1@(—1) I - v —|lm|?
fer) = <1—kfe>m§ex<m!> () 265 DD = ey, A [Pu) I,
fﬁ = K Z Inl ff(’r) = (f; +fg_)(7'), kfe =2 — g
neN¢

Then, we have the following result.

Theorem 1.2.3 (Theorem. Let 1) be an odd Dirichlet character, x be an even and
non-trivial Dirichlet character. Let £ € 2N+ 2. Define Py as indicated in Corollay[IIT.3.9,
obtaining the corresponding small divisor function oj™. Then the resulting function fy is a
polar harmonic Maaf form of weight ks, € —Ng on F0(4M§) N F0(4Mi) with Nebentypus

X (- X—4)_1~ Its shadow is given by a non-zero constant multiple of 9%.

The proof is along the same lines as the proof of Theorem We offer some
numerical examples of polynomials P in Section [T[.4.2]

I1.2.3 Higher depth mock theta functions and ¢-hypergeometric series

The third main chapter is devoted to the interplay between the theory of harmonic
Maaf} forms and so called ¢-hypergeometric series extending foundational work by Zwegers
[Zwe02] and Bringmann and Ono |[BO06,BO10a]. For n € NU {0, 00}, we let

n—1
(@)n = (a:q)n = ] (1~ ag’)
j=0
be the usual g-Pochhammer symbol. Zwegers investigated Ramanujan’s mock theta
functions, which are certain holomorphic but non-modular hypergeometric g¢-series.
Three examples of them are given by

n(n+1) n? n?

(
vig) =Y —L L =Y

n>0 (_Q7 q2)n+1 n>0 (_q 5 q2)n’ o n>0 (Q7 q2)n ‘

10
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Their modular properties remained mysterious for 80 years until Zwegers [Zwe02] dis-
covered their nonholomorphic modular completions in 2002. In today’s terminology,
Ramanujan’s mock theta functions are holomorphic parts of weight % harmonic Maaf}
forms. In other words, mock modular forms such as Ramanujan’s mock theta functions
are preimages of (weakly) holomorphic modular forms under the shadow operator £ 1.
Following unpublished work by Zagier and Zwegers, work of Alexandrov, Banerjee, Man-
schot and Pioline [ABMP18], and of Nazaroglu |Naz18]|, the idea is to extend the search
for preimages under the shadow operator inductively, which leads to the notion of higher
depth (mixed) mock modular forms (see Section and |[BFOR17, Definition 13.2]).
Many of the (depth one) mock theta functions are specializations of

) (aB)"q"
Rle, B q) = go (aq; @) (B @)n”

up to the additon of a modular form. We let ¢ := €™ with z € C, and let

[m} . (G Dm

nly " (@G Dmn(GDn

be the g-binomial coefficient. We define the functions

¢
filem) = (o) (1+ geggraR (G- ).
fo(z,7) = ¢(q) (1 + M%*‘QZ)R (C’ —q2;q2)) ;

¢
f3(z,7) = p(q) (1 + mR <C7Q; q2)> ’

and refer to Definition [V.2:4] for the notion of higher depth mock theta functions.

Theorem 1.2.4 (Theorems [IV.1.1} [IV.1.2)). Let ¢ be a root of unity. Then the functions
fj for j € {1,2,3} are each mock theta functions of depth two with a natural modular

completion provided in Section[IV.2.5 Furthermore, we have the following representations
as double-sum q-series:

(1) The function fi can be written as

(),

@ 1+ ) (=66 pion

m

fem=(1+a) ¥ (teie|

m,n>0

m—l—n}

11
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(2) The function fa can be written as

n (_q22+1.q2)
2 m n bl
falzr) =2 3 (- gtngrm [T m
Py m e OF @) @ Do

(3) The function fs3 can be written as
2n+1. ) _
m—i—n] (—qT,q )m(l -q ")
m q? (1 - q2n_1) (q7 q2)m+2n

O e

m,n>0

The proof uses the known modular completions of v, ¢, p, and R as well as a product
formula by Srivastava [Sri&7].

1.2.4 Eisenstein series of even weight k£ > 2 and integral binary quadratic
forms

The fourth main chapter introduces the language of integral binary quadratic forms,
which enables us to construct and inspect new modular objects. We let Qp be the set of
integral binary quadratic forms

Q(z,y) = [a,b,c|(z,y) = ax® + bry + cy?

of discriminant D := b? — 4ac € Z. The modular group I' = SLy(Z) acts on Qp by linear
subsitution, that is

(Qo (a3 a33)) (z,y) = Q (12 + 2y, a1z + ay) .
If we evaluate at (z,y) = (7, 1), we obtain (recall equation (L.1)))
(Qo)(r1) =j(v,7)°Q(y7. 1)

for every v € I'. Using the usual averaging technique and assuming absolute convergence
hence yields modular objects such as Zagier’s fj, p-function (see equation ([.5)).
Suppose that D is not a square, and let

sgn([a, b, c]) = sgn(a), Re(s) > 1 — g, k € 2N,

d be a fundamental discriminant dividing D, and x4 be the extend level 1 genus character
[GKZ8T7, Proposition 1]. Utilizing Hecke’s trick and an idea of Parson [Par93|, Zagier’s
construction from equation (I.5]) extends to the function

Ek,p(T,8) = Xa(Q)
P Qép ’ Q(r,1

12
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Depending on the sign of D, & p(7,s) is an elliptic (D < 0), parabolic (D = 0),
or hyperbolic (D > 0) Eisenstein series with respect to 7. It is natural to investigate
wether £ p posseses an analytic continuation to s = 0 in weight k = 2. If D < 0 then
the continuation of £ p to s = 0 exists and is given by a harmonic (D = 0) resp. polar
harmonic (D < 0) Maaf form essentiallyﬂ The main result of Chapter [V| completes the
picture by adding the hyperbolic case. We recall equations , , and let I'g be the
stabilizer of () giving rise to the projection rg\Se of Sg into a fundamental domain for I'.
Additionally, we let

Ey(t)=1-24) > dq" _E

n>1 djn

be the completed Eisenstein series of weight 2 (see [BFOR17, Section 6.1.1] for example),
let j be the Hauptmodul for T', and j,, be the Duke—Jenkins [DJ08] basis of weight 0
(see Section |VIII.1| for their description as well).

Theorem 1.2.5 (Theorem [V.1.1)). Suppose that D > 0 is not a square, and k = 2. Then,
the function & p(7,s) can be analytically continued to s = 0 and the continuation is
given by

li Eap(r) =2 3 % @) [ (G - E3le)) s o

2 m>0Qe2p/r

for any T € H. Furthermore, if v is sufficiently large, that is T is located above the net of
geodesics Ep, then we have

D(5)(r) \ |dw|
hm & p(T,s) D Z Xd(Q /FQ\SQ <( — E5 (7')) fm(w)’

Qcan)e j(w) = (1)

This result follows calculating the Fourier expansion of & p using work of Zagier
[Zag75] as well as of Duke, Imamoglu, and Téth [DIT11]. As a byproduct, we obtain the
Fourier expansion of £ p for any even weight k > 4 at s = 0.

Theorem 1.2.6 (Theorem [V.1.2 m Suppose that D > 0 is not a square, and k > 4 is
even. Moreover, let Gy, (7, s) be Niebur’s Poincaré semeﬁ Then, we have

kork - kY dw| o,
Er,p(7,0) = Dk sy m > xa@) /I‘Q\SQ G (w’ 2) Im(w) “

4 (1) m>1 Qelp/r

These results are connected to further work by Duke, Imamoglu, and T6th as well,
compare |[DIT10, (8), (16)].

3We summarize the elliptic case, and a slightly more special variant of the elliptic case in Chapter
“See equation (V.1)), Definition [VI.2.4l Up to normalization, also see [BFOR17, equation (13.4)].

13
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1.2.5 Locally harmonic Maafl forms of positive even weight

This fifth main chapter continues the work of Chapter [Vl We observe that the analytic
continuation of & p(7,s) to s = 0 from Chapter |V| coincides with a locally harmonic
Maafl form whenever 7 is located above the net of geodesics Ep. Being more precise,
this form is given by

v 2 @ [ GRDO )
Qedn/r ro\Se \Jj(w) — j(7) Im(w)
and its locality is caused by the I'-orbits of the integration variable inside the cycle
integral. Consequently, this twisted trace of cycle integrals has the exceptional set Fp as
a function of 7 again.

A natural question now is to ask for the obstructions of lims_,0 € p(7, s) and &, p(7,0)
(k > 2) to coincide with these twisted traces of cycle integrals in the other connected
components of H'\ Ep. We show that this question boils down to relate the sign functions
sgn(Q), sgn (Q-), and 1g(7) to each other. Here, 1 is the characteristic function of
the connected component enclosed by the Heegner geodesic Sg and the real interval
with endpoints given by the two zeros of @ (see [Sch18, Corollary 5.3.5], [Mat20a, p. 8],

Section [VI.2)). Explicity, we find that (recall equation (L.8)), compare Lemma [VI.2.1)
sgn (Q7) = sgn(@Q) (1 — 21(7)),
and consequently define

Eep(T,s) Xd( “eh (kQTPUS (I.10)
kot QgéD St 0 r

under the same assumptions on D, k, d and s as in the previous section. We further
recall a Poincaré series of Petersson [Pet50] (recall equation (I.2]))

Pp(21, 22) = Im(zg)* z:r ( : = 1)

(Zl — 22)(2’1 — ZQ) k,z1

_ k—1 1
= Im(22) ; < ) ‘2_k7z2'y.

(21 — 22)(z1 — Z)P !

(L11)

Here, the second subscript of the slash-operator indicates on which variable it acts. By
work of Bringmann and Kane [BK20|, Py (z1,-) is a polar harmonic Maa$ form of weight
2 — k, while Petersson proved in [Pet50] that P(+, z2) is a meromorphic modular form of
weight k£ without a pole at the cusp.

We call a function f: H — C a local cusp form of weight k if it behaves like a cusp
form of weight k outside Ep, but has jumping singularities on Ep additionally, compare
Sections [VI.2] [VILI] Then, we offer the following result.

14
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Theorem 1.2.7 (Theorem [VI.1.1). Let 0 < k=2 (mod 4), and 1 € H\ Ep. Let D >0

be a non-square discriminant, and d be a positive fundamental discriminant dividing D.

(1) The function 52713(7',0) is a locally harmonic Maafl form of weight 2 for T' with
exceptional set Ep as a function of T.

(2) If 2 < k=2 (mod 4) then gk,D(T, 0) is a local cusp form of weight k for I' with
exceptional set Ep as a function of 7.

(3) Moreover, we have the alternative representation

Ee.p(T,0)

2 oo (G — B5(M) Q=) 7Nz ifk=2,

Z Xd(Q) k k .
Qep/r ( )21;5(2?2(’3 2(k) fFQ\SQ Pi(1,2)Q(2,1)"2dz  if k > 2,

where C1(k) and Ca(k) are explicit constants provided in Section |VI.4)

As discussed at the end of the previos section (and proven in [BKK15, Lemma 5.1
(1)]), we have 1g(7) # 0 for only finitely many quadratic forms @ and for any fixed
7 € H\ Ep. In other words, the part of é\k’D(T, 0) containing 1 yields the local part of
our local cusp forms, which is now a local rational function instead of a local polynomial
due to the opposite sign of the weight. This parallels Knopp’s [Kno78||Kno81| extension
of period polynomials to rational period functions. And indeed, local polynomials and
period polynomials are closely related (see [BKK15| Section 8]).

1.2.6 A modular framework of functions of Knopp and indefinite binary
quadratic forms

In the sixth main chapter, we inspect a 30-year old function introduced by Knopp
[Kno90| in the course of constructing a term-by-term lift of Zagier’s fj, p-function (recall
equation (L.5)) under the Bol operator, which is made precise in Proposition
However, averaging his result over Q € Qp would yield a divergent series, and hence
Knopp changed the sign of k£ in his lift to enforce convergence. This leads to the function

Log (T_a§> bi /D
T—a —b =+
Vr41,0(T) = ———2r . ap, = €R,
QgD Q(7-7 1)k+1 [a,b,c] 2a
where k£ € 2N, D > 0 is a non-square discriminant, and Log denotes the principal
branch of the complex logarithm. Although the Bol operator intertwines with the slash
operator, the function 9,1 p is not modular due to Knopp’s sign change of k. Instead,

15
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the obstruction towards modularity of ¢441,p (see Proposition (3), correcting a
typo in [Kno90, (4.6)]) satisfies the so-called period relations, which characterize period
polynomials in the space C[X], see [Kno90, (2.2), p. 334]. However, this obstruction is
neither a polynomial nor a rational function.

The first main result of this chapter provides a completion of 1341 p to a bimodular

forrrﬁ, which is explicitly given by
Log (T_af) — Log (w_af) + misgn(Q) + 2i arctan ( )
Z T—QQ w—aQ

QeQp Q(T’ 1)k+1 7

S

Qk+1,D(Ta w) =

where w € H™ = {z € C: Im(z) < 0}. We prove the following properties of Q11 p.
Theorem 1.2.8 (Theorem |VII.1.1). Let 7 € H, w € H™.
(1) The function Qiy1,p is bimodular of weight (2k + 2,0) that is

1 1

Q1,p(T+1Lw+1) = Qi1 p(r,w), Qyip <—T, —w> = 7201 p(T,w).

(2) We have limy—s—joo Qpt1,p(7, w) = Yp41,0(7).
(3) We have lim;_jo0 Qpy1,p(7,w) = 0.
(4) The functions Qy41,p are holomorphic with respect to T and antiholomorphic with

respect to w.
(5) We have that Q41 p(7,7) = 0.

In the course of proving part (5), we encounter the local cusp forms (see equations

(VIL.7), (VII.20])

sgn (Q-)
g1,0(7) = Eapan(1,0) = D QD) ,;1 (1.12)
Q€Qp

from Chapter where we choose d = 1 in equation (L.10). We observe that gi11 p
is an “odd analogue” of f; p, which motivates to investigate gi41,p along the lines of
[BKK15]. To this end, we define the “even analogue” (see Section [VIIL.1))

G_kp(T) = ;QEZQ:D Q(r,1)" (Q?U )|27k‘ + %, ;) : (L.13)

5This terminology was introduced by Stienstra and Zagier [SZ06]. A definition can be found in
[BKMN21}, Footnote 7].
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of Fi_k,p from equation . Like Fi_,p, the function G_j p is well-defined for
7 € H\ Ep (see Proposition [VIL.5.1)). We show that both Eichler integrals (recall

equation ([.4) of gry1,p exist on its exceptional set Ep (recall equation ([I.7)), compare
Proposition |VII.4.4). Then, we offer the following properties of G_j, p.

Theorem 1.2.9 (Theorem [VII.1.2).

(1) The function G_j, p is a locally harmonic Maaf form of weight —2k with continu-
ously (however not differentially) removable singularities on Ep.

(2) If T € H\ Ep, then we have, with ¢, defined in equation (VIL.23)),

DF+3(2k)! L,
G k,p(T) = Coo — “AmE ges1.p(T) + Dk+29k+1,D(T)'

The last main result of Chapter [VII realizes G_; p as an output of a scalar-valued
theta lift by modifying a construction of Bringmann, Kane, and Viazovska [BKV13|. We
define our theta lift £, as in Section [VIL.1, and the Maafl—Poincaré series P%_ fo,m, @8 1

equation (VIL.13])). Then, we have the following result.
Theorem 1.2.10 (Theorem |VII.1.3). Let 7 € H\ Ep. We have

Di 3kl
3T (k+ 1) (4m)3*7

£ (Poyp) (1) = G,n (7).

We describe and discuss the picture arising from some of the results from Chapters [V]

to [VII] in Section [[3]

1.2.7 Local weak Maaf} forms and Eichler—Selberg type relations for
negative weight vector-valued mock modular forms

The content of the seventh and last main chapter is twofold. On one hand, we
prove the existence of so called Eichler—Selberg type relations in a broader context.
More precisely, we extend earlier results by Mertens [Merl6| in weights %, % and for
scalar-valued functions to weights greater than two and for vector-valued functions. On
the other hand, we inspect the connection of local weak Maafl forms (see Definition
to theta lifts. This is motivated by work of Hovel [Hov12|, who constructed
such forms in weight 0 using regularized theta lifts in a vector-valued framework. His
approach is independent from the scalar-valued and negative weight case of Bringmann,
Kane, and Kohnen [BKK15|. Both results appeared around the same time as well.

Let L be an even lattice of signature (r, s) with quadratic form @ and dual lattice

L’. We denote by Gr(L) the Grassmannian of r-dimensional subspaces of L ® R, and by

17
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Az, A, 1 the orthogonal projections of A € L + p onto the linear subspaces spanned by
z, 2+ (the orthogonal complement of z with respect to (,-)g) respectively. To obtain
different weights while preserving modularity of the theta kernel, we let p,: R™? — C,
and p,: R%® — C be spherical polynomials, which are assumed to be homogeneous of
degree d*, d- € Ny respectively. Put pg = p, ® ps, and let ¢: L ® R — R™* be an
isometry. We take the “points” z = ¢~ 1(R™) € Z, 2+ = ¢y~ }(R%*), where Z C Gr(L)
is the set of all such subspaces on which @ is positive definite. Letting e,, u € L'/L, be
the standard basis of C[L'/L], we are now in position to define the theta kernel by

OL (ru,pe) =3 3T 3 pe (B(N) ORI,
pel’/L AeL+p

Following Borcherds [Bor98|, ©f, is modular of weight &k := 5* + d™ — d~ with respect to
the Weil representation pr, for Mpy(Z) (see Section . If R® denotes the usual Maa8
raising operator (see Subsections [VI.2.5] [VI1.2.2] [VIIL.2.3]), and f is a weight k —2j < 0
harmonic Maaf} form with cuspidal shadow, j € Ny, for SLy(Z), then we consider the
theta lift

~—

reg . .
W (1 2) = [ (B (1)), 8L (mbpe)) vhdu(r).

Here, F is a fundamental domain for SLy(Z), [*® indicates Borcherds’ regularization
of the integral (see Section , dp(7) is the usual hyperbolic measure, and the
dependence of the right hand side on z is captured by .

Following Bruinier and Schwagenscheidt [BS21], we say that w € Gr(L) is a special
point if w € L ®Q. Moreover, we let 95, AL (1, pg,j) be as in Subsection On-
be as in Subsection and refer to Subsection for further notation.

Theorem 1.2.11 (Theorem [VIIL.3.4). Let L be an even lattice of signature (r,s), w be a
special point defined by the isometry v, and pg be as before. Let j € N and k be such that
2j +2 —k > 2. Then the function |94 (1), Oy (T, ps)]f — AL (¥, pw, j) is a holomorphic
vector-valued modular form of weight 25 + 2 — k for pr.

Moving to vector-valued local weak Maafl forms (see Defintion , we let
Fin —2j.s be the vector-valued Maafi-Poincaré series of weight k—2j, index m € N\{Q(u)},

and spectral parameter s (see Subsection [VIIIL.2.5).

Theorem 1.2.12 (Theorem [VIII.1.2). Suppose that L is an even isotropic lattice of
signature (2,s). Then the lift \IJ;eg(Fm’k_gjﬁ,z) is a local weak Maafl form on Gr(L)

with eigenvalue (s — %) (1-s— g) under the Laplace—Beltrami operator on Gr(L) (see

Subsection |VIII.2.9).
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1.3. SYNOPSIS OF CHAPTERS [V [VI, [VI] AND A BRIEF DISCUSSION

The last main result of this chapter deals with an explicit scalar-valued example of the
previous theorem. Namely, we restrict ourselves to signature (1,2), in which case there
is a correspondence between the vector-valued framework and the usual scalar-valued
setting on H by virtue of a result of Eichler and Zagier |[EZ85, Theorem 5.4]. We choose
Hf-2¢,n as input, where H, refers to the usual Cohen-Eisenstein series, and f_g n is
the N-th Duke-Jenkins [DJO08] basis form of weight —2¢ (both recalled in Section [VIILI].

Theorem 1.2.13 (Theorem |[VIII.1.3)). The function \If;-eg (f=20NHy, 2) is a local weak
Maaf form on H for every j € N, £ € N\{1}, and —m < N € N with exceptional set given
by the net of Heegner geodesics ngl Ep, and eigenvalue (1 —k+ j)(—j) = j(j — € — %)
under A_, 1.

2

At the very end of Chapter [VIII, we sketch the steps to obtain Eichler-Selberg type
relations for the function f_ o, nHy. This concludes Chapter [VIIT, and this thesis.

1.3 Synopsis of Chapters [V], [VI, [VII| and a brief discussion

Let k € 2N, and D > 0 be a non-square discriminant We recall the definitions of

fr,0s Fi—k.D, 9k+1,D, and G_j, p from equations ([ ), (I.12)), and (I.13]). We further
recall Petersson’s Poincaré series P from equation , and the MaaB—Poincaré series

771 —kom from equation (VIL.13)).

Note that 773 _km 1s of negative weight, and becomes the (weakly) holomorphic

Poincaré series of exponential typeﬁ after mapping k — 2 — k. According t(ﬂ [BKV13,
(2.12)], both Poincaré series are related by

1
fg—k (P%—k,D) = (k - 2) Pk—f—%,D'

Furthermore, Bringmann, Kane and Viazovska [BKV13| constructed certain (scalar-
valued) theta lifts, which lift the Poincaré series Ps_1p (resp. Py, 1 p) to the functions
Fi—k,p (resp. fr.p) after specializing to a certain spectral parameter there. As discussed
above, Theorem follows by a modification of their theta lift with a slightly modified
theta kernel.

In addition, Lobrich and Schwagenscheidt [LS22c, Theorem 4.2] connected Py from
equation and Fi_j p from equation . Explicitly, their result implies that

./t’l,k,D(T) = (—1 <2k - 2) Z /1“ ng zZ, T Q(Z, 1)k71d2

Qeep/r o\%e

6See Definition [V1.2.4]and Remark
"A proof can be found in [BFOR17, Theorem 6.11] up to normalization and sign convention of m (see

Remark |VI.2.6)).
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CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

after summing over () € @p/r there. This should be compared with Theorem noting
that we exchanged z and 7 inside Petersson’s Poincaré series and switched between 2k
and 2k + 2.

We collect these results as well as [BKK15, Theorem 7.1] (which is equation ),
and some results from Chapters [V] to [VII|in the following diagram:

P%_kyD resp. P%_kﬂ

[BKV13] Thm,
Thm. 1.3 [2.10
" twist summands T———
F1-k,D by sgn(Q-) Gk,p
[LS22¢|
Thm. 4.2
[BKK15) Thm.
Thm. 7.1 Pok resp. Pogro Thms. [2.9
———  twist summands T——
fka by sgn(Q-) 9k+1,D
[BKV13)
Thm. 1.1

7DkJr%,D

Figure 1.1: Synopsis of Chapters

On one hand, it would be interesting to realize gi41,p as a theta lift of some Poincaré
series as well. However, one can not simply twist the theta kernel used in [BKV13]
Theorem 1.1] by sgn (Q-), because this would yield a function with singularities in a
dense subset of H.

On the other hand, the diagram suggests that there might exist a connection between
fr,p and G_j, p evolving from a two variable automorphic form &, where &, parallels
the role of Py (see Remark as well). This connection could be realized as a twisted
trace of cycle integrals again, which is motivated by [Koh85, Proposition 7], or in terms
of some other “bridging concept”. If such a connection exists, one could ask naturally
for the interplay between P and &, which would shed some light on a theory behind
locally harmonic Maafl forms from a more general perspective.
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Chapter 11

Polar harmonic Maaf} forms and
holomorphic projection

This chapter is based on a paper [MMR22] of the same title published in The
International Journal of Number Theory. This is joint work with Dr. Joshua Males and
Prof. Dr. Larry Rolen.

II.1 Introduction and statement of results

A recent paper by Mertens, Ono, and Rolen [MOR21]| defined and investigated a new
type of mock modular form. Their construction is motivated by work of Hecke [Hec27],

whose results imply that the functions
Z¢( )dk—l) qn

1—k¢+z(2¢ dk_1>q”, Z(
dln

n>1 n>1

are holomorphic weight & modular forms on I'g(N) with Nebentypus ¢ if k > 2, where ¢
is any primitive Dirichlet character of modulus N satisfying ¢(—1) = (—1)*. Here and
throughout, we let 7 = u + iv € H and q := ¢*™7. The notation L(s, ¢) refers to the
Dirichlet L-function of ¢. Mertens, Ono, and Rolen focussed on the case k = 2, and to
this end defined a different class of twisted and restricted versions of classical divisor
sums

op—1(n) = Z di1L,

din

Since ok_1(n) is a Fourier coefficient of the classical holomorphic Eisenstein series Fj, for
even k > 2, they called these “mock modular Eisenstein series”. Following the setting of
[MOR21], let ¢ be any non-trivial Dirichlet character of modulus My, > 1, define the set
of admissible “small” divisors

n:_{d\n: <d< andd—d(mod2)},
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CHAPTER II. POLAR HARMONIC MAASS FORMS

and the small divisor function

otun) = 3 v <( )4_d )d.

deDn,

a3

In addition, let

Ay = 1_12(_1) € {0,1},

depending on the parity of v, let x_4 be the unique odd character of modulus 4, and we
recall Shimura’s theta function

u(r) = 5 3wl

nez
Then the main result of [MOR21] states that the function

1
EX(r) = 8,(7) (Q¢E2(T) + Uiﬁ(n)qn)

n>1
can be completed to a polar harmonic Maaf§ form of weight % — Ay on I'g (4Mi) with

Nebentypus @-Xi’fl, where ay, is an implicit constant to ensure a certain growth condition.
That is, it has the transformation and analytic properties of a harmonic Maaf} form, but
it may have poles on the upper half plane arising from 6,,(7) in the denominator. Similar
ideas have been utilized for specific examples before by Andrews, Rhoades, and Zwegers
[ARZ13], and by Bringmann, Kane, and Zwegers [BKZ14] for instance. Additionally,
the authors of [MOR21] presented some special choices of ¢ where their polar harmonic
Maaf$ forms happen to have no poles on H, and offer a p-adic property of €T for primes
p> 3.

A natural question is whether there are more classes of small divisor functions for
which a similar phenomenon to the setting of [MOR21| appears. Our two main results
give such generalizations. We let x be a second Dirichlet character of modulus M, and
define our small divisor function by

o= 3 x(A50)u (40

deDny

We stipulate that ¢ is odd and fixed throughout, and thus omit the dependency of o357}
on 1. We moreover define F(7) := F (1) + F (1), where

1 _ i [ 0y (w)

FHO = s o, F ()= :

6y (7) nzz:l X ™2 )7 (—i (w+ 7-))%

We obtain the following result.

dw.
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Theorem I1.1.1. If x is even and non-trivial then the function F is a polar harmonic
Maap form of weight 3 on T'o(lem (4M§,4Mi)) with Nebentypus X - (1 - x—4) . Its
shadow is given by %9;.

Including the possibility of y = 1, where a constant term arises, requires adjustments
either in the holomorphic part F* or in the nonholomorphic part F~. On one hand, we
may subtract the arising constant term from F~ again. The shadow of F would be given
by the partial theta function

1 n2 1 1
— =—0 -
2 Zq 2 1(7) 4

n>1

In [BR16], it is proved that all one-dimensional partial theta functions are (strong)
quantum modular forms, which were first introduced by Zagier |[Zagl0|. Furthermore,
such partial theta functions are related to Appell-Lerch sums of level 2, to meromorphic
Jacobi forms, and closely to false theta functions as well. An exposition on the former
two connections was given by Bringmann, Zwegers, and Rolen in [BRZ16|. To state their
results, let ¢ := e?™*, and

D) = a5 ¢ = —ic I (1- ) (1= ) (1- ¢ g™
nez §j=0

be the standard Jacobi theta function of index and weight % The second equality is
the Jacobi triple product identity, from which we deduce that ¥(z; ) has zeros precisely
in ZT + Z as a function of z and all zeros are simple. Moreover, letting ¢ € N, the
Appell-Lerch sum of level ¢ is defined by

)éan@ e271'inz

Ag(w, z;7) = ™ Z (=1

_ p2mw an
ne”L 1 € q

The results of [BRZ16] can be specialized to our setting and read as follows.

Proposition I1.1.2 ([BRZ16, Corollaries 1.2 and 1.5]).

(1) We have
1
Z q”2 = — /21 e2mi(2t) 4, (t - %,O; 7') dt.
n>1 2
(2) Let fn(7) be defined by the expansion [BRZ16| equation (2.5)]
1
= n(7)(2miz)™.
e = I e
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CHAPTER II. POLAR HARMONIC MAASS FORMS

Then it holds that

) 5 % 2mi(2t)
fo1(1) Z q" +2f_o(7) Z ng" = /_ eidt,

2
n>1 n>1 s0(t—5:7)

and the functions f_1(7), f—2(7) both are known to be quasimodular forms (compare
[EZ85|, Theorem 3.2], [BFOR17, Corollary 2.36], [BRZ16| p. 8] ).

Zwegers provided the nonholomorphic completion of A, to a two-variable Jacobi
form of weight 1 and matrix index (*15 (1)), see [Zwel9, Theorem 4]. Moreover, a third
perspective arises from the close relation between partial and false theta functions.
Bringmann and Nazaroglu described the completion of false theta functions to functions
with certain Jacobi transformation properties in a recent paper |[BN19]. In particular,
their result includes the completion for

n2

Z sgn(n)qTeQ”mZ,
nez

where sgn(0) :== 0.
On the other hand, we may compensate for the additional constant term by adjusting
the holomorphic part F*. Being more precise, we define G(7) := G (1) + G~ (7), where

1 1 n2 Sm n
GH(r) = 8,(7) (21§w(n)n2q +nzz:1‘72,11(n)q ) ;
G ()= [Ty,

T2 (i)

It turns out that the strategy of the proof of Theorem [[I.1.1] still applies, enabling us to
complete the picture (regarding even y) by the following result.

Theorem 11.1.3. The function G is a polar harmonic Maaf$ form of weight % on Ty (4M£)
with Nebentypus (1 - X—4)71' Its shadow is given by 5-01.

Rouse and Webb showed in [RW15] that the only modular forms on I'o(N) with
integer Fourier coefficients and no zeros on H are eta quotients. In addition, Mersmann
and Lemke-Oliver completed the classification of theta functions which may be written as
such an eta quotient. We cite their results in the formulation of [MOR21, Theorem 1.2].

Theorem I1.1.4 ([LO13,Mer91]). The only nontrivial primitive characters v for which
0y is an eta quotient are contained in the set of Kronecker characters

U= {(D> :D e {-8,-4,-3,2, 12,24}}.
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Combining Theorems[[I.1.1} [[T.1.3] and [[T.1.4]immediately yields the following corollary.
(Recall that there is no odd character of modulus 2.)

Corollary I1.1.5. If € U\ {(2)} is odd then F* and G are mock theta functions.

The result of Theorem [[I.1.4/ motivates us to investigate the odd choices ¢ € ¥\ { (2) }
in greater detail. To this end, let H(n) be the Hurwitz class number, counting the weighted
number of classes of positive definite binary quadratic forms of discriminant —n. Phrased
in todays terminology, Zagier discovered in [Zag75| that

HT (1) = —% + Z H(n)q".

n>1

can be completed to a harmonic Maa§ form H(7) = HT (1) — 1G (1) of weight 3
on I'g(4). To see this, one may rewrite G~ as in Lemma [[I.4.1{ below, and compare

[BFOR17, Theorem 6.3] for instance. The function H is then often called Zagier’s weight

% nonholomorphic Eisenstein series. A standard computation using the Sturm bound

yields the following.

Corollary I1.1.6. Let ©p = x_4. Then we have

Z o5 (8n)¢®" = —40,(7) Z H(8n — 1) 1.

n>1 n>1

Or in other words, by definition of 1 = x—4 and 0y,

o3i(sn) =4 > (=1)(2j - DH (8n - (2 - 1)?).
i>1
(2j—jl_)2<8n

In addition, we note that both the coefficients of 6,H™* and the values of 057 grow at
most polynomially. Based on the observations from the preceeding discussion we inquire
the following.

Question. For every v € W\ {(2)}, do there ewist numbers 0 # C,t € Q, such that
C-GT(tr)
generates a linear combination of Hurwitz class numbers on some arithmetic progression?

In the course of proving Theorem and Theorem we compute the holo-
morphic projection of a product similar to the structure of mixed harmonic Maaf} forms.
However, we just rely on translation invariance and impose suitable growth conditions
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CHAPTER II. POLAR HARMONIC MAASS FORMS

on the coefficients to ensure convergence. The resulting expression can be written in

terms of a particular class of Jacobi polynomials P,(a’b) (sometimes also referred to as
hypergeometric polynomials.). For r € Ny, these polynomials are defined by

Pad) () = Fa+r+1) i(r)l‘(a+b+r+j+1) (2_1>j

ol T(a+b+r+1) 4 ] I'Na+47+1 2
( ) = \J (a+j+1) (IL1)
Fla+r+1) 1—=2
= L F |- b 1 1
T!F(a—l—l)Q 1( r,a—i— +r+ ,a+ 5 D) ),

which can be found in |[GRO7, item 8.962] for example. Here, o F denotes the usual Gauf}
hypergeometric function. Then we have the following result.

Proposition II.1.7. Let ky € R\ N, k; € R\ (=N), such that x := ks + kg € N>. Let
a(m), B(n) be two complex sequences, and deﬁncﬂ

f(r) = Z a(m)m® IT(1 — ky, dmmu)g™™, g(1) = Z B(n)q".
m>1 n>1

Suppose that

(i) the function (fg)(r +iv) grows at most polynomially as v \, 0, where r € Q, and
that
(ii) the function (fg)(iv) grows at most polynomially as v /* co.

Then the weight k holomorphic projection of fg is given by

T (fg) (1)
=-TI'(1—ky) Z Z a(m)B(n) <nkf_173,(_€1_2kf’1n) <1 - 277:) - mkf—1> q ™.

We provide two proofs of this result, which correspond to either definition of the
Jacobi polynomials. The first one relies on identities of the Gaufl hypergeometric function,
while the second one relies on two Lemmas from [Merl6).

Remarks.
(1) Assuming the framework of mixed harmonic Maafl forms, some variants of this
result appear in |[IRR14, Theorem 3.5], and [Merl6, Theorem 4.6]. Moreover, if

kg = 2 — ky, then Py b(z) = 1. Therefore, working with regularized holomorphic
projection, our result includes [MOR21, Proposition 2.1].

!The function T'(s, z) denotes the incomplete Gamma function, which will be introduced in Section
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(2) Note that the summation conditions imply —1 < 1 — 2™ < 1. The asymptotic
behavior of the Jacobi polynomials inside (—1,1) is well known and can be found
in |[GRO7, item 8.965] for instance.

(3) One may choose various other special values of half integral k¢, kg, which simplify
the Jacobi polynomial and then the whole factor

n’“f‘lp,gl_;kf’l_”) (1 - 2:) —mkr=t,

This idea leads to other choices of polynomials P (%,d) € Q[X,Y] than d* in the
definition of 5" such that

(S5 () (5 (o)

+ Z Z « <m2> 154 <n2) mQ(kf_l)F(l — kf,47rm2v)q”2_m2) = 0.

n>1m>1

We demonstrate during the proofs of Theorem [[T.1.1] and [[T.1.3] how to rewrite the
corresponding generating function

2 2 (550 (5) P ()

n>1deD,

to obtain a choice of P (%, d) € Q[X,Y], which matches the factor involving the
Jacobi polynomial.

A second application of Proposition arises from p-adic properties of F* and
G*. Mertens, Ono and Rolen proved such a property for their mock modular Eisenstein
series £T, see [MOR21), Theorem 1.4]. More precisely, the idea is to inspect the iterated
action of the U-operator

( > a(n)qn>\U<p> = > alpn)g"

n>—oo n>—oo

on Oy, (p**7) E7(7) for every a € N and p > 3 prime. (The notation Y, . is explained
in Lemma [[.2.7) Then they showed that this is congruent to some meromorphic
modular form of weight 2. In our case Theorems [[I.1.1] and [[T.1.3] imply that the
products 0y (7)F(7) and 6, (7)G(7) are modular of weight 3 with Nebentypus X or trivial
Nebentypus respectively. Therefore, we find a different result.
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Theorem I1.1.8. Let a, b, p € N and suppose that p is an odd prime. Then we have
(00 (7)) | 0 () =0 (moa o).

and
(30 (7)) [ 0 4) =0 (ot poen).

The third remark on page 3 in [MOR21] states that “the generating function of o7
can be given in terms of Appell-Lerch sums as studied by Zwegers” in |[Zwe02,|Zwel9]
(see also [Merl4b, Lemma 2]). This remark applies verbatim to the generating function

of 03 as well, and we present a strategy which applies to both generating functions. Let
D, = %m%, giving

(_ 1)an€n(nf+1) e27rinz

. iy .
(DLA)(w,z,7) =™ Z n’ 1 — e2miwgn
neL

for every integer 5 > 0. Then we have the following result.

Proposition I11.1.9. Suppose that x is non-trivial and even. Additionally assume
My | M. Then we have that

My —1

sm n 1
Yo =5 3 x)
n>1 b=1
My—1
% b+ )T MI) (ML D, + ¢)* Ay (2Myer, 2, 2M? .
sz:o b(b+c)g (M ) 1( Xer XT) 2= (2(btc)— My) My r+1

Lastly, it is also likely that the function 057 can be viewed as a Siegel theta lift in the

following way. A recent paper of Bruinier and Schwagenscheidt [BS20] investigated the
Siegel theta lift on Lorentzian lattices, and its connection to coefficients of mock theta
functions. In an isotropic lattice of signature (1,1), for example, they obtained a formula
for the Siegel theta lift of a particular weakly holomorphic modular form evaluated at a
certain point in the Grassmanian in terms of the sum

Z H (4m — 7"2) .
reZ
r=1 (mod 2)
Furthermore, in [ANBMS21], Alfes-Neumann, Bringmann, Males, and Schwagenscheidt
considered the same lift on a lattice of signature (1,2), but with the inclusion of an
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iterated Maaf} raising operator acting on the weakly holomorphic modular form. There,
we obtained an expression of the form (see [ANBMS21, Example 1.2])

> (4D =100 = 10m?) H (D - n? - m?).
n=D (mod 2)

The quadratic form in the Hurwitz class number is explained by the signature being (1, 2)
in this case, and the addition of the polynomial is a consequence of the iterated Maaf3
raising operators.

In view of Corollary our smallest divisor function seems to lie at the interface
of these two situations, i.e. it is natural to expect that it can be realized as a theta
lift in signature (1,1) where the lift includes iterated Maaf raising operators. Perhaps
this phenomenon can also be extended to further classes of small divisor functions - the
theta lift construction allows one to choose many examples of mock theta functions of
appropriate weight, not just the generating function for Hurwitz class numbers.

I1.2 Preliminaries

I1.2.1 Growth conditions and modular forms

To describe our various modular objects, we first require some terminology on growth
conditions, which can be phrased at all other cusps via suitable scaling matrices.

Definition I1.2.1. Let

1) =3 es(m)g”

nez
with some complex coefficients cf(n). Then we say that

(1) the function f is holomorphic at ioco if cf(n) = 0 for every n < 0,

(2) the function f is of moderate growth at ico if f € O (v"™) as v — oo for some m € N.
In other words f grows at most polynomially,

(3) the function f is of governable growth at ico if there exists Py € C[¢g~!] such that
for some ¢ > 0 we have

f(r) = Ps(t) € O (6_6”> , U — 00.

The polynomial Py is called the principal part of f. Equivalently, f is permitted to
have a pole at ioc.

(4) The function f is of linear exponential growth if f(r) € O(e
0> 0.

6”) as v — oo for some
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To define the slash-operator, we take the principal branch of the holomorphic square
root throughout.

Definition I1.2.2. Let k € %Z, ¢ be a Dirichlet character, and v = (29) € SLy(Z).
Then the slash operator is defined as

d(d)"Her +d)Ff(yT) ifkeZ,

(i) (r) = {¢(d)1 (§)edf(er+d)f(yr) ifke;+Z,

where (§) denotes the extended Legendre symbol, and

1 ifd=1(mod 4),
€4 =
¢ i if d =3 (mod 4)

for odd integers d.

For the sake of completeness, we define the variants of modular forms appearing in
this chapter.

Definition I1.2.3. Let f: H — C be a function, I' < SLo(Z) be a subgroup, ¢ be a
Dirichlet character, and k € %Z. Then we say that
(1) The function f is a modular form of weight k on I" with Nebentypus ¢ if

(i) for every v € I' and every 7 € H we have (f|xy)(7) = f(7),
(ii) f is holomorphic on H,
(iii) f is holomorphic at every cusp.
We denote the vector space of functions satisfying these conditions by My (T, ¢).
(2) If in addition f vanishes at every cusp, then we call f a cusp form. The subspace
of cusp forms is denoted by Si (L', ¢).
(3) If f satisfies the conditions (i) and (ii) from (1) and is allowed to have a pole at one
or more cusps, then we call f a weakly holomorphic modular form of weight k on I
with Nebentypus ¢. The vector space of such functions is denoted by M, ,i(F, ?).

Furthermore, we recall the following fact which we require throughout.
Lemma 1I1.2.4. The following are true
2
YT S (To(aM2), 0 xa) i Ay =1.

A proof can be found in [Iwa97, Theorem 10.10] for instance. Finally, Corollary [II.1.6
follows directly from the following result.
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Lemma II.2.5 (Sturm bound). Let f,g € M(To(N),¢), k > 1, and

_ . _ 1
m = [SLa(Z): To(N)] = N ];[V (1 + p) :

Define B = {%’LJ, and denote by cr(n), cqg(n) the coefficients of the g-expansions of f
and g respectively. If cg(n) = cg(n) for alln < B then f = g.

A proof can be found in [Ste07, Corollary 9.20].

I1.2.2 Harmonic Maaf} forms and shadows
We define our main objects of interest.

Definition I1.2.6. Let k € 3Z, and choose N € N such that 4 | N whenever k ¢ Z. Let
¢ be a Dirichlet character of modulus V.

(1) A weight k& harmonic Maafl form on a subgroup I'g(/N) with Nebentypus ¢ is any
smooth function f: H — C satisfying the following three properties:

(i) For all v € I'o(N) and all 7 € H we have (f[xy)(7) = f(7).
(ii) The function f is harmonic with respect to the weight k hyperbolic Laplacian
on H, explicitly

0? 0? , o .0
0= Ak(f) = (—1)2 (8’&2 + 8’02> + ikv (8’& +Z8’0>> (f)

(iii) The function f has at most linear exponential growth at all cusps.

We denote the vector space of such functions by H}(To(N), ¢).

(2) If we restrict the growth condition (iii) to governable growth then the vector space
of such forms is denoted by H,"P(T'o(N), ¢).

(3) A polar harmonic Maaf$ form is a harmonic Maaf} form with isolated poles on the
upper half plane.

Remark. If we restrict the growth condition (iii) to moderate growth at all cusps, and
allow arbitrary eigenvalues in (ii), then f is a classical Maafl wave form.

During the following summary, we may assume that ¢ is trivial for simplicity, since
the generalization to a nontrivial Nebentypus is immediate.

Bruinier and Funke observed in [BF04] that the Fourier expansion of a harmonic
Maafl fornﬂ naturally splits into two parts. One of them involves the incomplete Gamma

2Be aware that their terminology refers to our harmonic Maa8 forms as “harmonic weak MaaB forms”
instead.
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function
o0
I'(s,z) ::/ t5~ e tdt,
z

defined for Re(s) > 0 and z € C. Specializing to principal values as a function of s, which
yields the single-valued principal branch, it can be analytically continued in s via the
functional equation

[(s+1,2) =sl(s,z) + 2% %,

provided that z % 0. As a function of the second argument, it has the asymptotic
behavior

L(s,v) ~v*le ™, |v] = o0

for v € R (see the paragraph following equation (I.3|) for more details and some references).
We state their result in the formulation of [BFOR17, Lemma 4.3].

Lemma I1.2.7. Let k € 3Z\ {1} and f € H;(Lo(N)). Then f has a Fourier expansion
of the shape

f(r) = Z c;?(n)q” +cp (0)o'F + Z ¢; (M1 -k, —4mnv)q".
n>=>—oo nn<§éc(>)o

In particular, if f € H,"P(To(N)) then f has a Fourier expansion of the shape

f(r) = Z c}r(n)q" + Z ¢; (M1 =k, —dmnv)q".

n>>>—oo n<0

The notation >, ., abbreviates > ., for some my € Z. The notation ), o, s
defined analogously, and similar expansions hold at the other cusps.

We follow the following terminology from [BFOR17, Definition 4.4].

Definition I1.2.8. We refer to the functions

frm) =Y ¢fmg",  f(r) = 00+ Y ¢ (mD(1 -k, —4mno)g"
n>>—oo n<oo
n#0

as the holomorphic part of f and to f~ as its nonholomorphic part.
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In the same paper, Bruinier and Funke introduced the operator

0 0 0
T (20D
& w oT w ou + ZE)U
We summarize its relevant properties, see [BFOR17, Section 5] for example.

Lemma I1.2.9. Let f be a smooth function on H. Then the £-operator satisfies the
following properties.

(1) We have & (f) =0 if and only if f is holomorphic.
(2) The slash operator intertwines with &, that is we have

§e (fley) = ((f)) |2

for every v € SLa(Z) if k € Z or vy € To(4) if k € %Z \ Z respectively.
(3) The kernel of & restricted to Hy"P(To(N)) or Hi(To(N)) is precisely the space
M} (To(N)) in both cases.
(4) Let f € Hi(Io(N)). Assuming the notation of Lemma we have
E(f)(T) =& (f7) (1)

= (1= k) (0) = (4m)'™* 30 7 (mpn~Hq" € My, (T (),
n>=>>—oo

and in particular if f € H."P(To(N)) then

() (T) = =(4m)' 73 e (=n)n' " € oy (To (N)).
n>1
In addition, we have & : H(To(N)) - Mj_, (T (N)).

The first item is simply a reformulation of the Cauchy-Riemann equations and the
second one is induced by the corresponding well known property for the Maaf} lowering

operator
0o 1 0 0
2 _ 1,2 .
Ly=w or 2" (8u Zav) '

We fix some more terminology, following [BFOR17, Definition 5.16] and the second
remark afterwards.

Definition I1.2.10.

(1) A function f is called a mock modular form if f is the holomorphic part of a
harmonic Maaf3 form for which f~ is nontrivial.
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(2) If f € H{(To(N)) then we refer to the form & (f) as the shadow of f7.
(3) In particular, f is called a mock theta function if f is a mock modular form of
weight % or %, whose shadow is a linear combination of unary theta functions.

Moreover, we study the following objects, which were introduced first in [DMZ12,
Section 7.3]. However, we follow the definition given in [BFOR17, Section 13.2].

Definition I1.2.11.

(1) A mized harmonic Maaf$ form of weight (ki, ko) is a function h of the shape
h(r) = fi(7)g;(7),
j=1

where f; € H}ﬂ and g; € M;CQ for every j.
(2) Analogously, a mized mock modular form of weight (k1, ke) is a function h of the
shape

hr) = Z £i(7)i(7),

where each f; is a mock modular form of weight k1 and g; € M, ,!62 for every j.

We extend the last result of Lemma [1.2.9] to mixed harmonic Maa$l forms. It suffices
to consider products involving the nonholomorphic part of a mixed harmonic Maaf3 form.

Lemma I1.2.12. Let ky, kg € R, s = ky + kg, and let a(m), B(n) be two complex
sequences such that

F(r) =3 alm)mM I~ ky dmmo)g™™, g(r) =Y B(n)g"

m>1 n>1

both converge absolutely. Then

& (f9) (1) = —(dm)!=*0h 3 T a(m)g™ Y Bln)g™.

m>1 n>1

Proof. We have
(f9)(m) = D> > alm)m™ (1 = ky, 4wmo) (n)g" ™

and
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We compute that

& (T(1 — kg, dmmu)g"™™) = iv"® {F(l — kg, 4mmu)2mi(n — m)gn—m

—3 {—(47rmv)_kfe_4”m”47rmq"—m +T'(1 — ky, 4mmo)(—27(n — m))q"—m} }
— _,ng (47Tm)17kf€747rqunfm

— _ng (47Tm)1_kf qme—2m’7ﬁ7
and infer that

& (fg) (1) = —(4m) Fruhs 3~ N " a(m)B(n)g™ ",

m>1n>1

as claimed. O

11.2.3 Holomorphic projection

We introduce the holomorphic projection operator. Its origin lies in the search for
an operator which preserves the (regularized) Petersson inner product. Although this
can be derived implicitly from the Riesz representation theorem, an explicit description
comes in handy quite often.

Definition II1.2.13. Let f: H — C be a translation invariant function and k € Nx>».
If f has at most moderate growth towards the cusps, then the weight k& holomorphic
projection of f is defined by (see [BFOR17, equation (10.3)])

_ (k=1)@2)* 1 f(z+iy)y* dady
T (f)(7) = An H (T — I_H.y)k Y2

whenever the integral converges absolutely.

Furthermore, we require the following result.
Lemma I1.2.14 (Lipschitz summation formula). For any r € N> we have that
Z 1 = (=2mi)" er—lezmjw

(w+j)"  (r=1)!

JEZL g

A short proof is due to Zagier and can be found in [BvdGHZ08| p. 16]. We summarize
two further properties of the holomorphic projection operator, both of which are proven
in [BKZ14, Section 3] for instance.
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Lemma I1.2.15. Let f: H — C be a translation invariant function of moderate growth
such that the integral defining mf converges absolutely, and k € N>o. Then mj, enjoys
the following properties.

(1) If f is holomorphic then mi(f) = f.
(2) If f is modular with some Nebentypus ¢ (but not necessarily holomorphic), then

My, (Do (N), ¢) if k € N>3,

T (f) € {MQ(FO(N),QS)@MO(FO(N)’@'E2 if k=2

Therefore, the slash operator and m, commute if k > 3.

I1.3 Two proofs of Proposition

During the first proof of Proposition [I.1.7], we appeal to the following results.
Lemma II.3.1.
(1) If Re(b),Re(a+b) > 0 and Re(c+ s) > 0 then

_ cT'(a +b)
1 sz
/ I'(a,cz)z dz —71)( ot 2F1<1 a+b,b+1; —|—c>'

(2) The hypergeometric function oFy satisfies
2F1(a7 ba & Z) = (]‘ - Z)c_a_b 2F1(C —a,C— ba & Z)a
and

I'(e)T'(c—a—b)

I'(c—a)l'(c—b)

cfafbr(c)r(a +b— C)
I'(a)T'(b)

oF1(a,b,c;2) = oF(a,bya+b—c+1;1—2)

+(1-2) oFi(c—a,c—bc—a—-b+1;1—2z).

The first identity is [GRO7, item 6.455]. Both hypergeometric transformations can be
found in [GRO7), page 1008].

First proof of Proposition[II.1.7. The g-expansion of (fg)(7) is given by
Z Z mFITID (1 — kg, dmmu) g™ ™.

m>1n>1
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We see that fg is translation invariant, and recall that it has moderate growth towards
all cusps by assumption, so 7. (fg) exists. Hence, we need to calculate

(s =1)(29)" [ (fg) (x+iy)y" dedy
me(fg) (7) = e [ SR,

The integral converges since kK — 2 > 0, and converges absolutely if x > 2. Using the
translation invariance of fg, we rewrite the integral over H as

(f9) (x +iy) y*" dxdy / / 5 1
= k= dad
/H (1 — o +1y)" (F9) (@ +iy)y Z (T—x+iy+j)~ v,

and consequently

rn (£9) (r) = DT S~ S b5

m>1n>1

oo rl 1
X / / T(1 — kg, dmrmy)y™ 2 Z
o Jo i

27ri(n—m)(z+iy)d dw.
Z(T—m—i-iy—i-j)”e vy

By the Lipschitz summation formula and then Lemma [I1.3.1] (1), we infer that

1)(2¢)" _
i (f) (r) = U LT S S gm0
"m>1n>1
/ F 1_ kf,47rmy K— 2/ Z]n 1 27r7,j(7' J:—Hy) 2mi(n— m)(m+zy)d$dy
j>1
_ ("i — 1)<22 ' Z Z kf_lﬁ(n)(n _ m)f{—l
dm " m>1n-m>1

X / - kf,47rmy)y“_26_4”("_m)ydy g

_ k—1
' Z Z w 2F1 (1,]€g,/€;1 _ 7;:) qn—m_

kg
‘m>1n>m+1 n

Finally, we apply the hypergeometric transformations from Lemma [[1.3.1] (2). Explicitly,
-1
o F1 (Lkg?/i;l—m) = (x=1) o (17k972—kf;m>
n

n kp—1
X W (1 - T:) 1-k (Zl>kf_1 |
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and

11—k
o (1,k9,2—kf;7:) - (1-2‘) o F (1—kf,2—n,2—kf;:’;>.

Thus, we arrive at

I'(kg) (n— m)r—! . m
(/4;—1)! nkg 2F1 <1,k‘g,/€,1—n)

" (w _91)! (nk‘f 1 P o F1 <1 —kp,2—K,2—ky; n> + kaf 1)

_ ['(ky) m _
kp—1 9 ky—1
=-T'(1—-ky) (n CED T o F) (2 k1 —kg, 2 — kg, n) m )

_ _1‘\(1 _ k:f) <nkf—17)lg1__2kf,1—li) (1 . 2m> o mkf—l) ,
n

and ultimately obtain

T (f9) (1)
— —P(l _ kf) Z Z a(m),@’(n) (nkflfplil—Qkf,l—H) (1 . 2":) B mkf1> qnfm7
m>1n—m>1
as desired. ]

The second proof of Proposition emphasizes that the hypergeometric function
specializes to some polynomial (the Jacobi polynomial), and it requires the following
identities.

Lemma I1.3.2 ([Merl6, Lemmas 4.7, 5.1]). Define the homogeneous polynomial

2 li+b-2\ . ,
Pop(X,Y) =" (J ; )XJ (X +Y) 772 € C[X,Y].
j=0

of degree a — 2.

(1) Then we have

oo
/ I'(1— Ky, drmy)y™2e 1Y dy
0

1 kp)(k — 2)!

r !
= —(4m)trmrRs ( ((r + m)l’kgP,i,g,kf(r, m) — mkf’l) .

rn—l
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(2) If b # 1,2, then

Pop(X,Y) i <a+b 3) <j+§_2>(X+Y)“—2—f(—Y)J’.

\a—-2-

The first relies on the fact that x = ky + kg is an integer. Full proofs of both items
can be found in Mertens’ thesis [Merl4a, Lemmas V.1.7, V.1.8].

Second proof of Proposition[II.1.7]. One copies the first proof until the application of the
Lipschitz summation formula, which produced the expression

e (7) (1) = EE PO S S atmymtr () - )

m "m>1n—m>1

X / I'(1— Ky, 47Tmy)y“72674”(”7m)ydy q ™.
0
Next, one proceeds by writing

Tk (fg) (7-)
= —T(1=kp) > Y a(m)Bn) (n' NP g (n—m,m) —mh =) g,

m>1n—m2>1

according to the first item of the previous lemma, and then writing

2 k-1 i — k . .
nl—kgpm_kf(n —m,m) = Z ( 9 > (J ; f) nkf—l—y(_m)a

o \F— 2—3
~ D(kg)nksrt “z_:Q K—2 1 (_m)j _ phi—1p(hrln) (1 B Qm)
T ITA k) \ G )itk U - e n)’

by virtue of the second item of the previous lemma. Summing up, one obtains

as claimed. O
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I1.4 Proof of Theorem [II.1.1] and Theorem [I1.1.3

We collect the results needed to prove Theorem and Theorem [[T.T.3] We begin
by rewriting the definitions of 7~ and G™.

Lemma I1.4.1. We have

F(r)= 2 N > x(m)mT ( 47rm211) g™,
qEp>
and
G (r)= 2 mI’ (— 47Tm21}> g™ - ! .
T (—%> m>1 2mv2

Proof. We compute

100 700 27Tim2(Z—T)
b [Tty [T,
9 3

v (—iz)z

Njw

7 (—i(w+7)) m>1
ZX (/ zT e "”dx) —m?
m>1
> 11
:Zx(m)m/ t72 e 'dt | q
m>1 4mm?2v
and the first claim follows directly, since F(% = —ﬁ. To prove the second claim, it

2

remains to separate the constant term of 61, and next to calculate

P 2 d LI At SV
w:
™27 (Ci(w+T))? 21v/2 Jau onus

Y

as asserted. O
In addition, we have the following immediate corollary of Proposition [T.1.7]

Corollary 11.4.2. Let f(7) :== fT(7) + f~(7) be the splitting of f into its holomorphic
and nonholomorphic part. Assume the notation and hypotheses as in Proposition [IL1.7.
Then

T (f9) (r) = (f*9) (7)
-k > Y a ( k=1 p(iks1=n) <1 B 27:) mkf—1> o

m>1n—m2>1
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Moreover, we combine the properties of the slash-operator, the shadow operator, and
of the holomorphic projection operator. This yields a third preparatory result.

Proposition I1.4.3 ([MOR21, Proposition 2.3]). Let f: H — C be a translation invariant
function such that | f(7)|v° is bounded on H for some § > 0. If the weight k holomorphic
projection of f vanishes identically for some k> 6 + 1 and & (f) is modular of weight
2 — k for some subgroup I' < SLa(Z), then f is modular of weight k for T.

Proof. This is a straightforward adaption of [BKZ14, Proposition 3.5]. Let v € I'. Then
the modularity of & f implies that

&k (fly — f) = & (f)lo—ry — &(f) = 0.
Hence, f|ry — f is holomorphic. This yields

Fley = =7 (fley = F) = 7 (F) [y = 7 (),

and by assumption the right hand side vanishes. This proves the claim. O

Remark. The subtle growth conditions are required to include the case ms, and are clearly
satisfied if we deal with higher weight holomorphic projections, in which case the integral
defining 7, converges absolutely.

Proof of Theorem [IT.1.1. We need to check the three conditions required by the definition
of a harmonic Maaf} form.

(1) Growth conditions: Recall that 6y is a cusp form, namely it decays exponentially
towards all cusps. In turn, the function F admits at most linear exponential
growth towards all cusps. Note that in particular ico is a removable singularity of
F, since ico is a simple zero of both 6, and 6, F 1. To inspect the nonholomorphic
part, we have (see [GRO7, item 8.3357])

1 _3
r (—2,47rm2y> q_m2 ~ (47rm21)) 2 6_27””2”, v — 00,

and hence the function F~ decays exponentially towards the cusp ico. By the
transformation properties of 6, under the full modular group SLa(Z), we deduce
that F~ is of moderate growth towards all cusps. This establishes the growth
condition required by Definition

As pointed out after Corollary the Fourier coefficients of 0, F T at ico are of
moderate growth, wherefore the growth of the function 6, F* towards any cusp is
moderate. One may see this by choosing suitable scaling matrices, whose action
yields additional polynomial factors in 7. Consequently, the growth of 6,F is
moderate. This justifies the existence of 73 (6,,F) as well as the application of
Proposition to 0 F " during the upcoming item.
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(2) The transformation law: First, we compute
b4y’
népl(_%’ﬂ) (1 - 2:) —m2 =n2 (; + ;:;) —m2 = 7(7” 2;; ) :
Comparing our initial setting with Proposition [I.I.7 and Lemma we need

to switch to squares above. By virtue of Lemma, and the definition of 6y, we
have the coefficients

NI

o (m?) = F(_)x(m), B (n*) = w(m)n.

1
2

We rewrite the generating function of 037 as

(Fro) )= ot =% Y x(450) v (47 e

n>1 n>1deDy,

i —d i+ d :
DY x<‘72 Jo (1)
d>1 j>d
j=d (mod 2)

=3 3 xtm)gn) (n—m)? ¢,

m>1n—m>1

and apply Corollary [[1.4.2) to obtain
n27m
73 (FOy) (1) = (FF0u) (1) = > > x(m —n)? g =0,

m>1n—m>1

Furthermore, we apply Lemma obtaining

& (Fy) (1) = ‘(‘W%r w2 3 Xm)g™ S b(n)ng™®

( %) m>1 n>1
_1osn [y
= 5,027 0,(r)

We observe that &3 (F6y) (1) is modular of weight —1 for o(4M32) N F0(4M3)) =
Lo (lem (4M3,4M7)) with Nebentypus X - ¢~ - X1 Indeed, for any v = (1) €
Lo (lem (4M3,4M7)) we have

3 2
T L e@x-a@er +d)36,(n)]
&3 (Fby) (1) = %WX( )(eT + d)20%(7) D 4(d)(07+d)%<9¢(7-)

= x(d)¥(d) ™ xZy(d)(er + d) T &5 (FOy) (7).
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Finally, Proposition applies directly, because the growth conditions are met
thanks to absolute convergence. We deduce that F6y, is modular of weight 3 with
respect to the same data, as desired.

(3) Harmonicity: Clearly, F is holomorphic away from the zeros of 6. Hence, the
Cauchy—Riemann equations imply A 3 (F*) = 0 directly. The computation for F~
is standard, so we only sketch its results. It holds that

B o 1 :—27mm? (iutv)
< + z> r < 2747Tm27)) ¢ = —16173,

9 2 rIinmwi

R (_1 s mzv) e _ BeTm )
ou? = ov? 9 q B
A

T 5
4 gimoz

) 3 6727rm2(iu+v) 3 i 6727rm2(iu+v)
) ( ) —v Zﬁ + EU 7§ﬁ =Y
mT2Mmuv2 T2MV2

and thus As (F) = 0 away from the zeros of 0,.
2

Njw

Altogether, this completes the proof, since the shadow is a byproduct of the second
item. 0

We move to the proof of Theorem

Proof of Theorem[II.1.3. The proof of Theorem uses the same ideas as the proof
of Theorem [[I.T.T} so we just emphasize the differences. Recall from Lemma [[T.4.1] that

2 1 1
G (1)= —F——~ Z mI’ (—,47rm2v> ™ - -
T (—l> m>1 2 2mv2

2

Therefore, to compute m3(0,G ), it suffices to deal with the second term. We see that

—01"—(? is translation invariant, vanishes at ¢0o0, and has a removable singularity at all

2TV ?2
other cusps inspecting the order of vanishing as v N\, 0. Hence the integral defining its
weight 3 holomorphic projection exists and converges absolutely. The computation begins
exactly as in the proof of Proposition and we employ the Lipschitz summation

formula. This yields

- (_91/;(7)) :_2(2 Z/ / e2min? (z-+iy) dody
I :):—I—zy—i—])

n>1
— _&1 Z w Z.] / / y262m n?(z+iy)+j(T— x—}—zy))dxdy
n>1 j>1
et ([ ) - L
n>1 n>1
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which also appeared in [Merl6, Lemma 4.4] in the framework of mixed harmonic Maa8
forms. Furthermore, it follows by Corollary |I1.4.2] (with identical parameters of the Jacobi
polynomial as in the proof of Theorem [I1.1.1]) that

73 (G00) (1) = (676,) (1) = 3 3 ) (m—n g~ 03" ()

m>1n—m>1 n>l

In addition, we note that

EHOTED DD S G EEED DD IO GRS i

n>1 d>1 j=>d m>1n>m+1
j=d (mod 2)

where we substituted d = n — m, j = n + m in the last equation. Collecting these
observations and inserting the definition of G+, we obtain

73 (GOy) (1) = 0.

Moreover,

£3(G0y) (1) = 5—v

which is modular of weight —1 on I'(4M7) NTo(4) = To(lem (4,4M)) = To(4M;) with

Nebentypus (¢ - X—4)_1 by the same argument as in the proof of Theorem [[I.1.3] This
establishes weight 3 modularity of G6,, via Proposition again.
Additionally, we clearly have
(“3mt)
- 1 = 07
2mv2

and hence harmonicity is preserved. Finally, the growth properties of G towards all
cusps agree verbatim with 7. Summing up, this establishes the Theorem. O

A

N

I1.5 Proof of Theorem II1.1.8

We move to the proof of Theorem To this end, we adapt the proof of
[MOR21}, Theorem 1.4].
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Proof of Theorem[II.1.8 We prove the first claim. On one hand, by the same computa-
tion as during the proof of Theorem [[I.1.1] we infer

w3 (04 (p27) F(7)) = 0 (Pr) Fr + X | > xm)u(n) (m—pn)* | ¢
r>1 m,n>1
(pon)2—m?=r

=: g(7).

Invoking Theorem [[I.1.T] and the properties of holomorphic projection we deduce that g
is a modular form of weight 3 on I'g(lem (4Mjp2a, 4M§)) with Nebentypus Y. However,
clearly —I € T'o(N) for every level N and hence g vanishes identically (recall that y is
assumed to be even throughout).

On the other hand, the inner sum can be rewritten as a sum over small divisors of r.
To this end, the set of admissible small divisors is given by

D, (p) = {d!r : 1§d§2, dzg (mod 2), d—i—SEO (mod2pa)},
and exactly as in the proof of Theorem we see that
“ 2—d 24+d
S xmpu) m—prt = 3 () (500

mn>1 de Dy (p)
(p*n)?—m?=r

If we apply the operator U(pb) to g then we need to replace r by p’r everywhere above.
This produces the condition

b
d+ % = 0 (mod 2p“)

in the set of admissible small divisors, which eventually forces

since d is a divisor of r. Combining, we arrive at
0=g(r) = g(T)‘ U (pb) = (0¢ (p2“7) .7-"+(T)) ‘ U (pb) (mod pmin(a’b)) ,

as claimed.

The proof of the second claim is completely analogous. The character x is trivial,
M, =1, and one can remove the condition d = 5 (mod 2) from the definition of the set
of admissible small divisors. However, this does not affect the rest of the proof and we

provided the necessary computations during the proof of Theorem essentially. [

47



CHAPTER II. POLAR HARMONIC MAASS FORMS

11.6 Proof of Proposition

We conclude this chapter with the proof of Proposition [I.1.9]

Proof of Proposition[II.1.9: The first step is to apply the geometric series. We compute

Sommd' =Y Y xmn) (-

n>1 m>1n—m>1
=33 x(m)y(m + s)s2¢ T2
m>1s>1
My—1
=303 T x®)(s + b)sPqT TR 5 (0)(s + b)sg"
s>1a>0 b=0
My —1 2+2bs
Z Z w s+ b 2st7
b=1 s>1

where we have used the assumption My | M, after the substitution m = aM, + b and
the assumption that y is non-trivial in the last equation.
The second step is to convert the sum in s to a sum over Z instead of N. Note that

5 qs 24 92bs s 24 92bs q32—2bs
2Z¢S+b) QMstzws—i_b 2Ms+ Zw 8+b) —2Mys
s>1 —4a s>1 s<—1 —4a
2+2bs q° 242M, s—2bs
:Z¢S+b QMXs Zw‘s_b 2Mys
s>1 s<—1 -4

using that ¢ is odd. The key observation is

My —1 ¢° 24 9M, s—2bs  Mx—1 ¢° 24 9bs
2 X0) 3 s =0 = 2 xB) 2 v+ T v
b=1 s<—1 s<—1
by mapping b — M, — b and using that x is even. Thus, we have
Mx_l s 242bs
> o3 (n) Z X(0) ) (s + )8 T awrs
n>1 SEL

since the constant term in s vanishes as well.
The third step is to substitute s = nM, + ¢ to isolate ¢ from its s-dependency (recall
My | M), getting

Mx—l Mx—1 ) q(nMX+c)2+2b(nMX+c)
Z Ugm Z X Z w(b + C) Z (nMX + C) 1 — 2My(nMx+c) '
n>1 =0 nez q
from which we read off the claim. O
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Chapter 111

Multidimensional small divisor
functions

This chapter is based on a paper [Mon21| of the same title published in Integers.

I11.1 Introduction - One-dimensional case

In a recent paper [MOR21], Mertens, Ono, and Rolen defined and investigated a
new type of mock modular form, whose coefficients are given by a small divisor function.
We summarize their approach. As usual, we let 7 = v 4+ v € H and ¢ := e*™". Let
Py(%,d) € Q[X,Y], and ), x be Dirichlet characters of moduli My, M, respectively. We
denote by x_4 the unique odd Dirichlet character of modulus 4, and we define

Dn::{dln :1§d§ZanddEZ(mod2)},
2—d T4d n
sm e d d o
o) = Y (455w (40 e (5.a).
deDn
Additionally, we require Shimura’s theta-function
1 2 1— (-1
Oy(1) = 5 Z Q,Z)(n)n)‘wq , Ay = 2()7

nez

and recall that (see Lemma [I1.2.4] including a reference)

M. (T (4M2) if Ay =0,

0, € {S (0o <M;"> v) . ; (IIL1)
%(Fo(4 w)ﬂ/J‘X—4> it Ay = 1.

Furthermore, we recall the definition of a harmonic Maaf} form[ﬂ An exposition on the

theory of harmonic Maafl forms can be found in [BFOR17|, and the required facts for
this chapter are summarized in Section [[I.2]

!Be aware that there is no overall convention which terminology encodes which growth condition.
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CHAPTER III. MULTIDIMENSIONAL SMALL DIVISOR FUNCTIONS

Definition III.1.1. Let k € 1Z, and choose N € N such that 4 | N whenever k ¢ Z.
Let ¢ be a Dirichlet character of modulus N.

(1) A weight k harmonic MaafS form on a subgroup I'o(N) with Nebentypus ¢ is any
smooth function f: H — C satisfying the following three properties:

(i) Forall y = (¢%) € To(N) and all 7 € H we have

o(d)"Her +d)F f(yr) if ke Z,

f(r) = ) () = {¢>(d)—1 (§) 3 (er+d)Ff(yr) if ke j+72,

where (5) denotes the extended Legendre symbol, and
1 ifd=1(mod 4),
€4 =
i ifd=3(mod 4).

(ii) The function f satisfies

2 2
0=Ak(f) = (—v2 ((982 +882> —i—ikv(;—l—zg))) (f)-

(iii) The function f has at most linear exponential growth at all cusps.

(2) A polar harmonic Maafl form is a harmonic Maa$ form with isolated poles on H.
Let 1 be the trivial character. Then the main result of [MOR21| reads as follows.

Theorem IIL.1.2 ([MOR21, Theorem 1.1]). Suppose that = x # 1, and that Py (%, d) =
d. Denote the corresponding small divisor function by o™, and by Eo the Eisenstein
series

Ey(1):=1-—24 Z qu".

n>1 dn

Define

_ (2m) =34 fico b5(w)
£ (r) = (- —dw,
>/_, (<i(w+ 7))

where oy, is an implicit constant depending only on v to ensure a certain growth condition.
Then the function £T +E~ is a polar harmonic Maaf form of weight % — Ay on T (4M3))

with Nebentypus @ . X/}Z
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III.1. INTRODUCTION - ONE-DIMENSIONAL CASE

In analogy to the classical divisor sums oj(n), Mertens, Ono, and Rolen called their
function £1 a mock modular Eisenstein series with Nebentypus. Furthermore, they related
their result to partition functions for special choices of v, and proved a p-adic property
of £T, compare [MOR21} Corollary 1.3, Theorem 1.4].

In Theorem and Theorem of Chapter [T} we discovered the polar harmonic
Maafl forms F and G adapting the construction from [MOR21|. Moreover, if ¢ = y_4,
x = 1, then we related the holomorphic part G+ of G to Hurwitz class numbers, and
proved a p-adic property of F, G as well, compare Corollary and Theorem

The proof of Theorems and Theorem is performed in three main

steps. To describe them, we let

o0
['(s,z2) ::/ t5=tetdt,
z

be the incomplete Gamma function, which is defined for Re(s) > 0 and z € C. We refer
to the paragraph following equation (I.3|) (and to Section [II.2)) for more details and some
references. As in Chapter [T, we let

A R B AN
& == 20 %—w <8u+18v>

be the Bruinier—Funke operator of weight k, and

_ (k=1)@2)" [ f(z+iy)y* dady
mlf)(r) = e [ SRS,

be the weight k holomorphic projection operator, whenever f is translation invariant, and
the integral converges absolutely. Moreover, we let

om) = B ) = Y e )",
n>1 g(T) n>1
F () =3 am)mfr 0 (1 — kp, drmw) g™, f(r) = (fT + f7)(7).
m>1

Then we proceed as follows.

(I) Show that

Tk (fg) (T) = 0.

To this end, we rewrite the definition of the given nonholomorphic part (see Lemma
I1.4.1| for instance). Next, we recall the Jacobi polynomial Pﬁa’b) of degree r
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CHAPTER III. MULTIDIMENSIONAL SMALL DIVISOR FUNCTIONS

and parameter a, b from equation (see Section [II1.4.1| as well), and utilize

Proposition [I1.1.7 (resp. Corollary [I1.4.2)) from the previous chapter. In addition,
the holomorphic part f*g¢ has to be rewritten as well, see the proof of Theorem

[Tl in Section [L4l
(IT) We compute

& (fg) (1) = —(4m) Frofs (Z a(m)qm) g(7),

m>1

and choose the coefficients « (m), 8 (n), such that this function is modular of weight
2 — K.

(ITI) Conclude that fg is modular of weight x by [MOR21, Proposition 2.3] (which is
provided in Proposition [I1.4.3| as well). Lastly, verify harmonicity and the growth
property towards the cusps required by the definition of a harmonic Maaf} form.

Finally, we mention one remark following Proposition which states that there
are more choices of half integral parameters k¢, ks, which lead to other choices of
polynomials P;(%,d) in the definition of ¢§™, such that step (I) above works.

We refer to the first two sections of Chapter [[I] for more details, and for overall
preliminaries introducing the aforementioned objects together with their key properties.

II1.2 Statement of the result

We arrive at the following result by combining the lemmas from the Section as
outlined during Section The functions 3™ and f; are defined at the beginning of
Section MIL3l

Theorem II1.2.1. Let v be an odd Dirichlet character, x be an even and non-trivial
Dirichlet character. Let £ € 2N + 2. Define Py as indicated in Corollay [III.5.3, obtaining
the corresponding small divisor function oj™. Then the resulting function f; is a polar
harmonic Maafs form of weight 2 — % € —Ngy on Ty (4M§) N Ty (4M3)) with Nebentypus

X (- X,4)71. Its shadow &, ¢ (fe) is given by a non-zero constant multiple of 9%.
2

In other words, the technique presented in Chapter [MOR21] applies straightforward
in higher even dimensions, except for dimension two. We plan to find and investigate
applications of f, to other areas of number theory, such as combinatorics, as in the
one-dimensional case [MOR21, Corollary 1.3].
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I11.3. MULTIDIMENSIONAL CASE

I11.3 Multidimensional Case

We fix £ € N throughout. Let n = (ny,...,ns) € N. We recall the usual multi-index
conventions

nli=nng---ng, [n|=n1+...+n, |[n|:=/nf+.. . +nl
We let 1) # 1, and consider
= 3 () () g

neN¢

Moreover, we relax our assumption to P, € Q(X,Y), and we let

:{dGNezd”nj, 1§dj§:;j,anddjzzj(mod2)forevery1§j§£},
J J

as well as

. . . A . A
4 %o d. %i4ds DA\ g\
d; J d; J d; J d; J
OSSN N : :
deDn \ j=1 2 2 2 2

2

N
cn () | g
7/ 1<4<e
Consequently,
fh(r) = ek Z g™,
(1)
neNt
1 - m
fo (1) = > x(ml) (m)™ [m|*E5 00 = ky,, drl|mlPo)g I

I1- kfz) meN?
fe(r) = (f + f)(r).

We insert this setting into the constructive method described in the first section, and
devote a subsection to each step.

I1I1.3.1 First step

We verify that the first step continues to hold due to exactly the same proofs as
in Section We have to be careful regarding the summation conditions, which are
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CHAPTER III. MULTIDIMENSIONAL SMALL DIVISOR FUNCTIONS

determined one step after the application of the Lipschitz summantion formula. Explicitly,
we obtain

e (f705) (7) == X X (el (i)
r> m,neN?
[[n]|?~[lm]]>=r

2
’ (lln\|2<’“fe”PSE'C’”I_K) (1 s ) ) ”m”Z(kM) v

To match this expression with ff g, we rewrite the small divisor function. We substitute

NIT ST SXARNE SN
2 ) 9 2 ) 2 Y ) 2 Y

from which we deduce

o
dma-b avo= (M) =l -
1<5<¢e
Thus,
a27 2
(700) )= 5 X YO v la) @) Fila+ b, la— bl I

beN? a—beN!

We transform the summation condition.

Lemma II1.3.1. We have
(fre) =3 > xm)m)ym)@m) P (m+n,m - n])q

r>1 m,neN¢
[n]|? ~[lm|>=r

Proof. Note that if @ — b € N¢, then
¢

lall* = [1b]* = (aj +b;)(a; — bj) > 1
j=1
Conversely, suppose ||a||? — ||b]|? > 1. Recall that nj = (a; + b;)(a; — b;) € N for every
1 < j < ¢ by definition of f*, and a; +b; is always positive. Thus, (a; —b;) > 1 for every
1 < j < ¢, which proves the lemma. O

Hence, we achieve the following result by virtue of Proposition
Corollary II1.3.2. If P, is defined by the condition

_ (1-ks,,1—kK) |a 2 _
ol (1_2”%”\2) ~ a4 = P, (Ja+ b, la - b]).

then we have W,ﬂ(ngf;)(T) =0.
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I11.3. MULTIDIMENSIONAL CASE

I11.3.2 Second step
We summarize the result of a standard calculation.
Lemma II1.3.3. We have

(4m) e e ()

¢ - _ _
gfﬁ (ffgw) (T) - T (1 — kfe)v X(T) 91/)(7_)(
away from the zeros of 0y.

Proof. By definition and linearity of &, it holds that
& (£05) (1) =& (£7) (1) - 0 () + f; (7) - & (04) (7)
=& (f7) (1) -0y (7),

where the last step used that % is holomorphic. Next, one compute

1-kp, gy, - ]
6 (5) )= —F gyt X KGR g

meN?

from which we infer the claim. O

Combining the previous result with the modularity of Shimura’s theta function (see
equation (III.1))), and the fact that

Im (v7) Y

er +df?
for every v = (2Y) € SLy(Z) and every T € H, we obtain the following corollary.

Corollary II1.3.4. If x # 1 then &, (fg%) is modular of weight

1 1
£(2+)\X> —£(2+)\¢)
on Io(4M?) N T (4Mi) with Nebentypus X - (¢ - x—4) .

Thus, we stipulate ¥ to be odd, and x to be even and non-trivial, getting

14

k=2-(-0) €Ny,  kfp=2-g3,

as desired.

2Compare the proof of Lemma [[1.2.12| for some intermediate steps.
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CHAPTER III. MULTIDIMENSIONAL SMALL DIVISOR FUNCTIONS

111.3.3 Third step
We verify the two remaining conditions of a polar harmonic Maaf} form.

Lemma II1.3.5. Let 7 € H with 0,(7) # 0. Then, the function f, = f + f, satisfies
0= Akfe (ff)(7)7

and has the required growth property of a polar harmonic Maafl form.

Proof. The first assertion follows by construction of f,;. Since Hf; is of exponential decay
towards all cusps, the function f; admits at most linear exponential growth towards
all cusps. In particular, the cusp iocc is a removable singularity of f*, because both
numerator and denominator vanish at ioo of order £. In addition, the function f,” decays
exponentially towards oo, since the incomplete Gamma function does (and it dominates
the powers of ¢). The transformation behaviour of 6, under the full modular group
SLy(Z) implies that f, is of at most moderate growth towards all cusps. Indeed, choosing
suitable scaling matrices yields additional factors of polynomial growth inside the Fourier
expansion of f,”. This establishes the second assertion. O

II1.3.4 Conclusion
We justify the application of Proposition which proves Theorem [[T.2.1]

Proof of Theorem [III.2.1. By definition, the Fourier coefficients of % f; expanded at
100 are of moderate growth, whence the growth of 05 fj towards any cusp has to be
moderate. Consequently, the growth of % fe¢ towards any cusp is moderate according to
the proof of Lemma Thus, the assumptions in Proposition are satisfied by
% fe. Performing the outlined steps concludes the proof of Theorem O

II1.4 Numerical examples

I1I1.4.1 An interlude on Jacobi polynomials

The Jacobi polynomials PT(a’b) admit a representation in terms of of Gaufy’ hyperge-

ometric function 9 F, see equation (lI.1)). This yields many identities between Jacobi
polynomials of “neighboring” degree r and parameters a, b, that is r € {r — 1,r,r + 1}
and analogously for a,b. For instance, one could use Gauf3 contiguous relations, to obtain
such identities. In particular, this leads to a recursive characterization of the Jacobi
polynomials. More precisely, we have

a a 1
P =1, P = (a—bt(a+b+2)2),

o8
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and
. a,b . . a,b . a,b
AP (2) = (e2(h) + es()2) Py () = ca(PL2Y (=),

where

a(j)=20+1)(G+a+b+1)(2j +a+b), @Uy:@j+a+b+n(ﬁ—mﬁ,

e3(j)=2j+a+b)(2j+a+b+1)(2+a+b+2),

ca(j) =2(j +a)(j +b)(2] +a+b+2).
111.4.2 Explicit examples

Note that the parallelogram law and the fact |n| = ||a + b||||a — b]| yield

2 _ lla+bl”+la—b|* |a+blla—b|
lall” = + )
4 2
HmF:Ha+HP+Ha—MF_Ha+bMa—H
4 2 '

Higher even dimensions

The case £ = 2 has to be excluded since ky, # 1. On one hand, if £ = 4 for instance,
we have

(1,-5) (1 _ gllal? ;
S M ) B SO ke
I 5] [l = JlalPlb[o

and thus, we choose the function Py as

Py([la+ b, [la—bl)
_ la —b]°]la+b|°
+b][2+|la—b]|2 +b|la—b +b|[2+|la—b]|2 +b||[|a—b|| \°
(Ila I 4|Ia I +Ha Igla II) (Ila I 4Ha > _ lle Ig\a II)

Similarly, we compute (with z == ||lal|, y == ||b]|)
2 2 2\7
-4 p(2,-7) x 4 (=97 2, .2
P 1-20 | —at=2 Y ) (7 ,
Yy 6 ( y2> z 2iy16 (x +y)

2 2 2\9
_6 (3,—9) x -6 __ (l‘ -y ) 4 2,2 4
9 2 2311
_ X - —
v Pl (1 ) 2y2> —as = E (om0 o+ 1127 +47).
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CHAPTER III. MULTIDIMENSIONAL SMALL DIVISOR FUNCTIONS

from which we read off the corresponding definitions of F;.
Because of the aforementioned recursive nature of the Jacobi polynomials, the indi-
cated pattern continues to hold for every even dimension ¢ € 2N + 2 by induction.

Higher odd dimensions

On the other hand, the case of dimension ¢ € 2N>5 — 1 produces more complicated
functions P. For example, if £/ = 3 we have k =5, ky, = %, and

P (1 2f)
1] lall
(lall = 11B1)* (5]lal® +20]la|*[b] + 29||all]|b]* + 16]/6]*)
16/al|[|b]|7 '

If£=5,wehave k =7, kp, = —%, and

(3.-6) al|?
P (1-25k) 4 1
- = —693|al|'® + 4095 a|'!||b]?
6] lal®  256al3b]*3 (

—~10010]la|°[[b][* + 12870]|al|" [B]|® — 9009]|al|”|[B]|* + 3003] al*|[B]"® - 256]|5]*)

We observe that we are left with odd powers of ||a||, ||b|| in both odd-dimensional cases.
If we keep the dependence of P; on |la £ b|, which ultimately justifies the terminology
“divisor function”, then odd powers obstruct a definition of P, via the parallelogram law
in these cases of £. Once more, an inductive argument via the recursive characterization
of the Jacobi polynomials extends this phenomenon to all odd dimensions ¢ € 2N + 1.

I11.5 References
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Chapter IV

Higher depth mock theta
functions and ¢g-hypergeometric
series

This chapter is based on a paper [MMR21] of the same title published in Forum
Mathematicum. This is joint work with Dr. Joshua Males and Prof. Dr. Larry Rolen.

IV.1 Introduction and statement of results

The study of mock theta functions goes back to Ramanujan, who gave the first
examples in his enigmatic last letter to Hardy one hundred years ago. In 2002, Zwegers
[Zwe02] achieved a major breakthrough by providing nonholomorphic completions of
Ramanujan’s classical mock theta functions to modular objects. More precisely and in
todays terminology, he recognized Ramanujan’s mock theta functions as holomorphic
parts of so-called harmonic Maafl forms of weight % with shadow given by weight % unary
theta functions. More generally, his thesis provides a “Maafi—Jacobi form”, which is
roughly speaking a nonholomorphic generalization of classical Jacobi forms. We refer to
[BFOR17, Chapter 8| for a discussion of this perspective.

Since then, there has been an enormous amount of interest in, and new results related
to, mock theta functions and harmonic Maaf3 formsﬂ For example, the landmark paper of
Bringmann and Ono [BO10a] showed a deep connection between the ranks of partitions,
mock theta functions, and harmonic Maafl forms. To describe this, we define

s (B
RlesS50) = 2. g o

where for n € NU {0, 00}

n—1

(@)n = (a;0)n =[] (1 - aqj)

J=0

LA definition can be found in each Chapter or in [BFOR17, Chapter 4].
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CHAPTER IV. HIGHER DEPTH MOCK THETA FUNCTIONS

is the usual g-Pochhammer symbol and q := e*>™" with 7 € H throughout. The function R
is the three-variable generalization of the partition rank generating function R (w, wh q)
and was studied by Folsom [Fol16]. In particular, R is in essence a universal mock theta
function in the sense of Gordon and McIntosh |[GM12|. That is, many of Ramanujan’s
original mock theta functions may be written as specializations of R, up to the addition
of a modular form - see [Foll6, p. 490], and also [BFR12, Theorem 3.1].

Returning to the discussion of the results by Bringmann and Ono [BO10a], they
showed that R(¢, ¢ -1 q) evaluated at an odd order root of unity ¢ # 1 is a mock modular
form of weight % with a certain shadow. The knowledge of the modularity behaviour
then allows one to obtain deep arithmetical information on ranks of partitions, including
on their asymptotics and exact formulae |[Bri09,BO06|, as well as congruences that are
satisfied, in analogy to the famed Ramanujan congruences. Afterwards, Zagier |Zag09]
provided a new proof of Bringmann and Ono’s result on the rank generating function in
an expository paper, and his proof applies to an even order root of unity ¢ # 1 as well.

Consequently, the investigation of g-hypergeometric series became a leitmotif in the
area of combinatorics as well as in the area of mock modular forms. In many cases, the
focus of active research in both of these fields originates in the investigation of some
peculiar explicit examples, which shed the first light on a new phenomenon or object. To
name one such example, Lovejoy and Osburn [LO13a,[LO17] offered a new perspective
on some of the classical mock theta functions. In short, they discovered four examples of
double sum g¢-series which are also mock theta functions. In other words, their work can
be regarded as the observation that some (if not all) mock theta functions are double
sum g-series, which happen to collapse to single sums. Two such functions are Mg and
M7 in [LO17|, explicitly given by

]+]+n
DD DI A

n>1n>5>1 (4% ¢%),,- J( ) 1 (1=g72)

(—

)

1) j2—j+n
I P (L

n>1n>j>1 (4% 6%), ]( )J— (1 —g¥72)

(IV.1)

Both are expressible in terms of Zwegers’ u-function (defined below) and ratios of classical
theta functions, see [LO17, Theorems 1.6, 1.7], and consequently are mock theta functions.

A second example of a new phenomenon or object is the notion of higher depth mock
modular forms, which arose parallel to the work of Lovejoy and Osburn. Roughly speaking,
classical mock modular forms can be viewed as preimages of (weakly) holomorphic modular
forms under the differential operator

9
& = 200" —, T =u+iv,

oT
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introduced by Bruinier and Funke [BF04], and which is surjective on the space of weight
k harmonic Maafl forms. Since the kernel of & contains precisely the holomorphic
functions, this idea generalizes directly to mixed mock modular forms, which were first
defined in [DMZ12] (see [BFOR17, Definition 13.2] for a definition as well). Consequently,
weakly holomorphic modular forms can be regarded as mock modular forms of depth
zero. Now, one can define mixed mock modular forms of depth d inductively as preimages
of mixed mock modular forms of depth d — 1 under & (see Section for a precise
definition). In other words, resembling the extension of holomorphic modular forms to
holomorphic quasimodular forms, higher depth mock modular forms extend the scope of
admissible images under £ in a natural fashion. Recently, such forms were connected to
black holes by Alexandrov and Pioline [AP20], to the Gromov—Witten theory of elliptic
orbifolds [BKR18|, and to indefinite theta functions on arbitrary lattices of signature
(r,m —r) - see ]JABMP18]| for the r = 2 case and [Nazl8|] for general r, each of which are
generalizations of Zwegers’ groundbreaking thesis |[Zwe02| where r = 1. There are also
further applications after relaxing to the notion of higher depth quantum modular forms
[BKM19a,BKM19b, Mal20].

The ¢g-hypergeometric structure of examples of mock theta functions is also crucial to
applications in geometry and topology. For instance, Nahm’s Conjecture asserts that
certain g-hypergeometric series are modular if and only if some associated elements of
a K-theoretic group (the Bloch group) is torsion. Zagier brilliantly proved this in the
case of rank 1 [Zag07]. While it turned out to not be true in higher rank cases (as
shown by Vlasenko and Zwegers [VZ11]), Calegari, Garoufalidis, and Zagier [CGZ17|
later showed that one direction of it was true in general. Their proof was closely related
to objects in knot theory. Indeed, there are procedures whereby knot diagrams produce
g-hypergeometric series of a similar shape as Ramanujan’s mock theta functions (see,
e.g., |GL15]). The proofs of the above cases of Nahm’s Conjecture relied on the same
sort of asymptotic analysis near roots of unity that Ramanujan employed to discover
the mock theta functions. It could have been in families like the one Zagier studied in
[Zag07] that some examples were mock modular, and not just modular, but they didn’t
happen to turn up there. However, such series in more general contexts may play a role in
more exotic modular constructions, motivating studies such as that in this chaptei?} The
asymptotics of these knot g-series are closely connected to quantum modular forms and
the important Volume Conjecture which now seems to be heavily tied to modularity-type
properties [Zagl0].

To our knowledge, all higher depth mock modular forms beyond the original sorts
considered in Zwegers’ thesis are constructed as indefinite theta functions, but not via
other means which were historically important in the development of the original mock

2Further related examples are discussed in a recent preprint by Wang [Wan22].
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modular forms. In light of these observations from combinatorics and topology, it is
natural to ask the following.

Question. Are there interesting q-hypergeometric depth > 2 mock modular forms?

This chapter aims to answer this question and to propose a new structure inductively
extending Ramanujan’s original mock theta functions to a set of spaces of distinguished
higher depth mock modular forms.

Classical mock theta functions are special mock modular forms of depth one, whose
image under the £-operator is a linear combination of unary theta functions, wherefore
their weight is either % or % In this chapter, we focus on a new class of objects closely
related to higher depth mixed mock modular forms, which we call higher depth mock
theta functions. We define them explicitly in Section and we construct the first
examples of depth two mock theta functions. Being more precise, we focus on three of

Ramanujan’s order three mock theta functions throughout, given by

n(n+1) n? 2

( n
v(q) = Z d ) #(q) = Z (_qqg;qg)nv p(q) = 2;6 : n -

=0 (66011 = (4:4%),,

Note that we also cover the cases of the order three mock theta functions w and
implicitlyﬂ by virtue of their simple relationships to those that appear here. Next, we
multiply each of the three mock theta functions by a certain specialization of R.

Our main result shows that these first examples of higher depth mock theta functions
arise as double-sum ¢-hypergeometric functions. Throughout we let ¢ := e?™* with z € C,
and let

nly " (& Qmen(GDn

[m} , (4 Dm

be the g-binomial coefficient. We define

¢

fiem) = 0 +v() (1+ g=g R (¢ -ue)).
¢

Rl = 600) (1+ =g R (G —ahe)).

¢
f3(z,7) = p(q) (1 + mR <CaQ; q2)> ,

and have the following result.

3See [BFOR17, Appendix A.2], for instance
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Theorem IV.1.1. Let ¢ be a root of unity. Then the functions f; for j € {1,2,3} are each
mock theta functions of depth two. Furthermore, we have the following representations
as double-sum q-series:

(1) The function f1 can be written as

m+n} (-:2),

. -1 1\ . 2n? sn+m
f1(z,T)—<1+q ) Y (=1D"¢"¢ [ m Je A+ (=46%) m4on

m,n>0

(2) The function fa can be written as

ZT _2 Z n 2n +nCn+m
m,n>0

m+n} : <_ ZHH’ )

c
m 14+6*") (0% @) myan

(3) The function f3 can be written as

m+n] (—=a?) (1-a7)
m

f3(z,7) = Z (-=1)" q2n2+n<—n+m { 2 (1= (4:6%)n10m '

m,n>0
Remarks.

(1) We emphasize that the g-series on the right-hand side of Theorem may be
viewed combinatorially as counting certain families of partitions, in analogy with
the depth one case. For succinctness, we do not provide explicit details here.

(2) We highlight that our results and the examples of Lovejoy, Osburn have a
similar shape. Further evidence of this connection is found in the fact that Zwegers’
p-function essentially provides the completion of both the double-sum g-series in

equation (IV.1]) and in Theorem [IV.1.1

Theorem IV.1.2. Each of the functions f; has a natural modular completion (see

Section .

Invoking different product formulae for single-sum ¢-hypergeometric functions may
yield a broader set of higher depth mock theta functions, as studied by Lovejoy and
Osburn [LO13b] and by Lovejoy [Lov14.|Lov22|. In analogy to the depth one case, it is
clear that there is a combinatorial interpretation of the g-hypergeometric series described
in Theorem Furthermore, the modularity properties yield asymptotics for the
coefficients using standard techniques, and we offer the following general question.

Question. What are the applications of higher depth mock theta functions?
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IV.2 Preliminaries

In this section we collect some preliminary results and definitions pertinent to the
rest of the chapter.

IV.2.1 g¢-hypergeometric series

We utilize the g-hypergeometric series

(a139), - (ar;q), =" nn-1)\ *"+1
T'st (al,...7ar;bl,...,b5;q;2) = . n (—1)nq 2 ,
,;0 (b159),, -+~ (bs; )y, (g59),,

where r, s € Ng, and ay,...,a,, b1,...,bs, and ¢ are complex parameters, and z is a
complex variable. Assuming that no factor (a;;q) , (bs;q), vanishes, convergence of
r¢s as a function of z is discussed by Oshima |Osh17]. Summarizing his exposition, if
0 < |g| < 1, its radius of convergence equals

oo ifr<s,

1 ifr=s+1.
If |g| > 1 and ag - --azby ---bs # 0, then its radius of convergence equals l;ll”bgq The
case that |g| = 1 is discussed in [Osh17, Theorem 1.1].

The function ,¢s enables us to state a central formula in our work.
Lemma IV.2.1 (|Sri87, equation (2.10)]). We have
161 (A5 13 @3 —2) 201 (A, 03 145,65 )
. _gnZ- L.
3 gD Ci@min (~0"E50), (K10, ¢ (A" 1y 9

e (1 D20 (1 D (@ Dm (@ Dn

In addition, we use Fine’s function [Fin88|

a b)
F(a,b;t; q) = 261(aq, q;bg; g5 t) = Y bq , o ld <1
= (bg; @)n

Due to its representation as a specialization of ¢, we see that I’ converges inside the unit
disc as a function of {. However, the function F' as a function of ¢ admits a meromorphic
extension outside the unit disc with simple poles at most at ¢ = ¢=", n > 0, provided
that b # ¢~¢, £ > 1, according to [Fin88, p. 2].

The function F' has the following transformation properties (among others).
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Lemma IV.2.2 (|Fin88| equations (4.4), (6.3), (12.3)]). It holds that

Fla.bitiq) = 5 _bat + a _(Zq_)(z)i at)F(m bg; t; q), (IV.3)
F(a,b;t;q) = %F <(Z,t;b; q> . (IV.4)
(1= t)F(0,b;t;q) = > (r)"q'” (IV.5)

250 (0¢; On (15 )

IV.2.2 Higher depth mock modular forms

Higher depth (mixed) mock modular forms arose from talks of Zagier and Zwegers,
work of Alexandrov, Banerjee, Manschot and Pioline [ABMP18], and of Nazaroglu [Naz1§].
In the following, we specialize [BFOR17, Definition 13.2] to our framework.

Let I' C SLg(Z) be a congruence subgroup, and let M (I") be the space of holomorphic
modular forms of weight k£ on I'. We say that a function f: H — C transforms like a
modular form of weight k£ on I, if for all v € I" and all 7 € H we have

) = {(c7+d)kf(’yr) if k eZ,
(@) eFer+d) () kel +z,

where (£) denotes the extended Legendre symbol, and

1 ifd=1(mod 4),
Eq —
i ifd=3 (mod 4),

for odd integers d.

Definition IV.2.3. A modular completion of a function f: H — C on I' is a function
g: H — C, such that f 4 ¢ transforms like a modular form of some weight on T'.

Note that a modular completion is not unique. Indeed, one may add a modular form
of suitable weight (or a more general automorphic function) to such a completion. Thus,
we emphasize that a natural modular completion g should provide new insight on the
obstruction towards modularity of the initial function f.

We observe that mock modular forms of depth one are precisely the mixed mock
modular forms. In a similar fashion, we now define higher depth mock theta functions.

Definition IV.2.4. Let ©1(T), ©3 (') be the space of unary theta functions of weight 3
2 2

or 3 on I, respectively. In addition, let M{(T') := M;,(T'). For d > 0, the space M (T") of
mock theta functions of depth d and weight k on I is the space of real-analytic functions
on H that

67



CHAPTER IV. HIGHER DEPTH MOCK THETA FUNCTIONS

(1) that admit a modular completion of weight k on T,
(2) have images under & that are contained in the spaceﬁ

O:M oMM e (6 oMi-L(1)),
2 k-3 2 k—35
(3) are of at most linear exponential growth towards the cusps of I'.
Following Zagier |Zag09], we observe once more that mock theta functions of depth
one are precisely the classical mock theta functions multiplied by modular forms.

IV.2.3 Modular completions

In this section we collect the modular completions of v, ¢, p, and R. Suppose that
21,29 € C\ (Z7 + Z). Zwegers |[Zwe02| defined his u-function by

2miz 2mizo . .
" (e e 2,7) =

. 1 .
eTiz1 (_1)nqn<n2+ )627rzn22

—igSeT2(q; @)oo (2722, q) (e~ 2MiR2q ) Loy L —ePmRgn

where we used the Jacobi triple product identity. To describe a natural modular comple-
tion of u, we recall the error function

E(z) = 2/ e ™ dt
0
for z € R, along with
I . ,
Reim)= Y. (sgn(n> _E ((n . m<Zs>) ﬁ» (1)t g-rintearines
v
nez+7Z

Following Choi |Choll|, we additionally consider

U, B:0) =Y (a0) (8754) o™

n>1

and
M(z1,22,7T)

— iqé (1 o e?ﬂizl) ewi(zg—zl) (627r7$(7'—z1); q)oo (6—27ri22; q)oo M (eQﬂizl’eQWizg;T> )

4The symbol ® refers to the usual tensor product of vector spaces.
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Lemma IV.2.5. The function R(e%izl,e%m; q) admits a completion given by
5
C(€2ﬂiz1’ e2miz2. q) = _% (1 . e2m’z1) omi(z2—21)
« (627ri(7'—21); q)oo <6—2mz2; )oo R(z1 — 20:7) + U (627riz1’627riz2; ) .
Proof. We follow an idea of Folsom, Ono, and Rhoades [FOR13| Section 3], which we

recall here for convenience. Ramanujan’s identity [AB09, p. 67, entry 3.4.7] can be
rewritten as

2Tz 2mizs . 2Tz 2mizy .,
M(Zl,ZQ,’T):R(€ le 2,q)+7/{(e 1 oesmE2, ),

compare [Choll, Theorem 4] as well. By Zwegers’ thesis [Zwe02, Theorem 1.11], the
modular completion of M(z1, z2; 7) is given by

1
0(217 29; 7-) — _% (1 o 62m‘z1> eTfi(ZQ—Zl) <€27ri(7'—21); q)(x) (6_2m22; )Oo R(Zl _ z2;7_).

This in turn produces the modular completion of R as C'(z1, z2; 7)+U (62”21 ,e2miz2, q). O

The modular completions of Ramanujan’s mock theta functions are known by Zwegers’
thesis [Zwe02], and their representations in terms of u (see [BFOR17]Appendix A.2, for
example). For convenience, we recall the modular completions here without proof.
Lemma IV.2.6. We have the following modular completions.

(1) The mock theta function v(q) admits a completion given by

—q_%R (27;127).

(2) The mock theta function ¢(q) admits a completion given by

mio_ 1 1
—esq 8R<—7’;37‘+2).

(3) The mock theta function p(q) admits a completion given by

1 .
—iquR(T; 67) .
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IV.3 Proof of Theorems IV.1.1] and IV.1.2]

We prepare the application of equation (IV.2) with a lemma. First note that it is
easy to show that

L4 u(g) =101 (% —a:¢% 1), (IV.6)
o) =161 (0% —a% ¢% —q) (IV.7)
pla) = 101 (% a:¢% —q) - (IV.8)

Then we prove the following.

Lemma IV.3.1. We have the identities

¢
2 0 e 2. —

201 (qQ,O; —q*; ¢% C) =1+

R (¢, ~a:%),
¢
icaaear(G-did).
¢
i—oa=grGed):

Proof. To verify the first equation, we first rewrite the left hand side in terms of Fine’s
function F', namely

201 (¢%,0: 3% ¢) = 1+

201 (62,0, —g: 4% ¢) = F (0,—47 G ).
Then by equation (IV.3]) we find that

P06 =1 (0.
Next, by equation , we obtain
F (O,C; —q;q2> = 1;21? (0, —q;C;qQ) .

Thus,

F0n6) =1+ por 0.gne)

Using equation (IV.5)), we arrive at

L 2) 1 (—(JC)HQM o1 2
(06 -00) = o (5 ety ) - TR (6 mo)

n>0
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Hence,

201 (¢%,0:=g;0%¢) = 1+ U—C)C(lJFQ)R (¢-a:a?),

as claimed.
To verify the second equation, we proceed analogously. Explicitly, we begin with

201 (02,0~ 4% ¢) = F (0,-1;¢;%)
Then, by equation (IV.3|) we find that

Poms) -1 s P (i)

Next, by equation (IV.4), we obtain

F(0,¢-¢%¢%) = .y (0.-¢% ¢ a?).

1+g¢
Thus,
F(0,-1:¢¢%) =1+ 1E<F (0,¢:—a% %)
Using equation (IV.5)) to inspect
1 (—¢*O) > 1
F(0,(-¢%4%) = = R (¢, —¢%¢?).
(0.6 -¢50?) 1+¢° (,;0 (€% a®)n(—a4*n )]  1+4° (¢ %)

This proves the second equation.
For the final equality in the lemma, we see that

201 (%, 0:0:0%¢) = F (0,075 ¢ ).
By equation (IV.3)) this is
—1. -2\ _ ¢ )
F(O7q 7C7Q)_1+1_QF(07q7<7Q)
Using equation (IV.4)), we then have that

F(O,C;q;(f) =

SF (O,Q;C;(f)-
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We obtain
—1. - 2\ _ ¢ L2
F(O,q G g ) =l or (O,C,q,q )
Inspecting the final term more closely with equation (IV.5]), we find that

o2\ 1 (CC])nq2n2 o 1 )
F(O’C’q’q ) 1-—gq (Z (CqQ;QZ)n(q?’;qz)n) 1 —qR <C’q’q )

n>0

Combining these yields the third equation, and thus the lemma is proven. O

We now are able to prove our main theorems.

Proof of Theorem[IV.1.1. We utilize equation (IV.2)) to prove the representations of fi,
f2, and f3 as double-sum g-series. We begin with the first case. By Lemma and

equation (IV.6) the left-hand side is 1¢; (q2; —q:¢% —1)2¢1 (q2, 0; —q: ¢%; ¢). We compute
by equation (IV.2)) that
161 (¢%—4:¢% —1) 261 (0%, 0; —q; 4% C)
2. .2 ", 2 -1 .2
s P (), O o gy
o (=% @) myan (=4 0%, (@* ¢ (a%0%),

2n

min] (@), (—ahd),
I,

— Z (_l)nq2n2<-n+m

a0 m (=40, (=@ 6%) 420
_n. 2 -1
m,n>0 m q> (1 + q2n—1) (_q’ qz)m+2n

Next, consider the second case. By Lemma [[V.3.1] and equation (IV.7)), the left-hand
side is 191 (¢% —¢%; 4% —q) 201 (4%, 0; —¢?; ¢%; €). Utilizing equation (IV.2)), we obtain

161 (%~ 0% —a) 201 (0%, 0; — % 4% C)

2. 2 _gtt 2 1.2 )
N R
0 (—0% @%) ppon (=% 4%), (% 6%), (656%),

(_ q2z+1 ; q2>m (—1; q2)n

- Sy [

m,n=0 m (_q2; q2)n (_q2; q2)m+2n
+ (_ q2n+1 . q2)
m+n -
=2 Y (-1t ] m
m’z";() m gz (L4 6) (=6% %) pion

72



IV.4. REFERENCES

Finally, we prove the third case. By Lemma [IV.3.1|and equation (IV.8) the left-hand
side is 1¢1(¢% ¢; 4% —q) 261 (4%, 0; ¢; ¢%; €). Utilizing equation (IV.2)), we obtain

161 (% 6:4% —a) 201 (6%, 0,0 4%: )

2. 2 _ntt 9 —1. .2
_ y ey @i (), 5, om ey
a0 (4 4%) 20 (4 4%) (0% @)y (%56,
2n+1 _
m+n (—QT;(f)m(q L),

= X (g

m,n>0

m e (663, (66 mion

— Z (_1)nq2n2+ncn+m

m,n>0

This proves Theorem O
Finally, we conclude with the proof of Theorem

2n+1 _
m+n} (‘qg ;q2)m(1—q 1)
q? (1 - q2n—1) (Q7 q2)m+2n

m

Proof of Theorem[IV.1.3. Combining Lemmas [[V.2.5] and [[V.2.6] immediately yields
modular completions of fi, fo, and f3 in the obvious fashion. For instance, since

¢ ¢
mR (C’ - q2) + ’/(Q)mn (Ca -4 92) :

a natural modular completion of f; is given by

filt)=14v(q) +

1 ' ¢ 2
~ 1= ERQr 1) + gl (G o)
¢

(1=¢0+4q)

The cases of f and f3 are completely analogous. This proves that these functions are
indeed mock theta functions of depth two. ]

— q_%R(2T; 127) C (C, —q; q2) )
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Locally harmonic Maafl forms






Chapter V

Eisenstein series of even weight
k > 2 and integral binary
quadratic forms

This chapter is based on a paper [Mon22a| of the same title published in Proceedings
of the American Mathematical Society.

V.1 Introduction and statement of results

Integral binary quadratic forms play a decisive role in the construction of many
modular objects, mainly to investigate various classes of theta functions. However,
they can also be utilized to construct another prominent class of modular objects,
namely families of Eisenstein series. We will define Eisenstein series associated to
some v € SLo(Z) \ {£1}, and call them elliptic, parabolic or hyperbolic respectively
corresponding to the motion v induces on the upper half plane H. Although such
constructions go back to Petersson [Pet44] essentially, and the analytic continuation of
the classical parabolic Eisenstein series was established by Selberg [Sel56] and Roelcke
[Roe66L|Roe67] some years later, similar results remained elusive in the other two cases.

A first breakthrough was made in weight 0 some years ago, which completes the picture
regarding analytic continuation to s = 1, and was established by Jorgenson, Kramer, von
Pippich, Schwagenscheidt, and Vélz, compare |[JKvP10, Theorem 4.2], [vP16, Section 4],
[vPSV21, Theorem 1.2], [Mat20, Appendix B]. Hence, it seems natural to ask whether
similar results hold in weight 2 or higher, overleaping the “point of symmetry” k = 1.
In a recent preprint [Mat20], Matsusaka investigated parabolic, elliptic, and hyperbolic
Eisenstein series in weight 2. In a second breakthrough, Bringmann and Kane [BK16|
provided the analytic continuation of Petersson’s weight 2 elliptic Poincaré series to s = 0,
which enabled Matsusaka [Mat20, Theorem 2.3] to extend this result to the weight 2
elliptic Eisenstein series.

Consequently, we focus on the case of hyperbolic Eisenstein series. If kK = 2, Schwa-
genscheidt [Sch18, Remark 5.4.6] argued towards existence of the analytic continuation
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CHAPTER V. EISENSTEIN SERIES OF EVEN WEIGHT K > 2

to s = 0, and Matsusaka [Mat20, equation (2.12)] conjectured its shape. We extend
Matsusaka’s setting to general even weight k£ > 2, and embed his Eisenstein series into a
framework based on discriminants of integral binary quadratic forms. This enables us to
prove Matsusaka’s conjecture for any positive non-square discriminant in weight 2 by
computing the Fourier expansion of our hyperbolic Eisenstein series. To this end, we
adapt Zagier’s method [Zag75, Section 2|, and appeal to results of Duke, Imamoglu, and
Téth [DIT11].

We stipulate 7 = u + 1v € H throughout, and introduce all involved objects and
terminology during sections to[V.4]in detail.

Theorem V.1.1. Lety € SLa(Z) be hyperbolic and primitive. Then the function E (T, s)
can be analytically continued to s = 0 and the continuation is given by

ll—I}(l] 52,7(Ta 5)
|dw| -2

-2
= 1 'm mo - t 1 E*
Alv)z ”;UQEQ;A(V)/FM(Q) FQ\SQJ v Im(w) ! A(y)z team (LD E2(T)

for any T € H. Here, trga)(1) is a twisted trace of cycle integrals given by

s = Y @ [ Ao

QEQA(y)/T ro\5e Im(w) .

Furthermore, if v is sufficiently large, that is T is located above the net of geodesics
UQEQAW Sq, then we have

-2

2. xilQ /FQ\SQ (j@f}af i 5“”) T {uw)

lim & ~(7,s) =
50 A(fy) QEQA()/T

I

Remarks.

(1) The function & ~(7,s) is a twisted trace of individual hyperbolic Eisenstein series,
which we denote by Es (7, s).

(2) We will indicate below that the analytic continuation of the weight 2 parabolic /
elliptic Eisenstein series to s = 0 is a harmonic / polar harmonic Maa$l form. Such
forms generalize the notion of classical holomorphic modular forms by relaxing
analytical and growth conditions to a nonholomorphic setting. Theorem [V.1.]]
completes the picture in the sense that the resulting cycle integral is a locally
harmonic Maaf} form of weight 2 in 7 with Im(7) sufficiently large. These objects
were introduced by Bringmann, Kane, and Kohnen in [BKK15| for weights 2 — 2¢,
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¢ € N>, (see also [BFOR17, Section 13.4]), and independently by Hével [Hov12|
for weight 0 in his PhD. thesis. Roughly speaking, such a form is a harmonic Maaf
form that is permitted to have singularities on the net of geodesics Ugeg,, S¢. The
singularities occur due to the presence of a sign-function in [BKK15|, and are called
“jumping singularities” (see Section for a definition).

As a byproduct of our approach, we obtain the expansion of & ,(7,0) for every even
weight k& > 4. This was known by Parson [Par93, Theorem 3.1] without the twisting. In
particular, if £ > 4 satisfies k = 0 (mod 4), then the hyperbolic Eisenstein series Ej, (7,0)
is a holomorphic cusp form. In this case, the Fourier expansion of the twisted traces of
hyperbolic Eisenstein series of weight 4 | k£ > 2 was already established by Gross, Kohnen,
and Zagier |GKZ87, p. 517].

Theorem V.1.2. Let v € SLy(Z) be hyperbolic and primitive, and suppose k > 4 is
even. Moreover, let Gy, (7, s) be the Niebur Poincaré series defined in equation (V.1|) and
Definition [VI.2.]] below. Then, we have

&m(r,o):% ng_l Z xa(Q) /FQ\SQ G_m (w, I;) d’wl) qm.

k
A(y)l (%) m>1 QEa(y)/r

We devote Section to the development of both theorems.

V.2 Preliminaries

Let us summarize some general framework first, more details can be found for example
in [Iwa97, Chapter 2] regarding hyperbolic geometry, and in [Zag81, § 8] regarding integral
binary quadratic forms.

V.2.1 Fractional linear transformations

Let v = (24) € SLy(Z) = T'. The group I' acts on HU R U {ico} by Mébius
transformations. We write j(v,7) = ¢ + d for the usual modular multiplier, and
summarize some standard facts on the classification of motions.

(1) An element v € T'\ {£1} is called parabolic if [tr (7)| = 2. We have a unique fixed
point a., of 7, called a cusp, and located in Q U {ico}. The stabilizer of each cusp
is conjugate to the stabilizer of ico, which is generated by T := (1) up to sign. In
other words v = %0q, T"0 ! for some n € Z\ {0}, where o, is a scaling matrix of
the cusp, namely it satisfies 0,00 = a,. Points are moved by 7 along horocycles,

that are circles in H tangent to R.
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(2) An element v € T is called elliptic if |tr ()] < 2. Recall that any elliptic fixed point
w,, is T-equivalent to either 7 or w == e% . Letting S = O, U=1S=(13"),
we see that I'; = {1, 5,5%, 8%}, I, = {1,U,...,U°}. Points are moved by v along
circles centered at w,.

(3) An element v € T is called hyperbolic if |tr ()| > 2. Recall that v has precisely two
different fixed points w., wﬁy, located on the real axis. Writing wa,w; = i<77wmw’7>7
there exists a scaling matrix Own it € SLa(R) such that o*w%w/VO = Wy, Ot 00 =

0y !
along hypercycles, that are lines and circle arcs intersecting R at non-perpendicular
angles.

! -1 _ y O .
w;,, and O iyt T !, Oty = +( ) for some y € R+¢. Points are moved by ~y

V.2.2 Integral binary quadratic forms

Let @ be an integral binary quadratic form, and the terminology “quadratic form”

abbreviates such forms throughout. The group I' acts on the set of quadratic forms
by (Qo (2%))(z,y) = Q(ax + by, cx + dy), and this induces an equivalence relation,
which we denote by ~. Moreover, the actions of I' on H and on quadratic forms are
compatible, in the sense that (Q o~) (1,1) = j(v, 7)2Q(y7,1). Sometimes, we abbreviate
[a,b,c] == ax® + bry + cy?, and we denote its discriminant > — 4ac by A([a,b,]).
One can check that the discriminant is invariant under ~. For every D € Z, we let
Qp ={Q: A(Q) = D} be the set of all quadratic forms with discriminant D. If D # 0
the set @p/r is finite, and its cardinality is called the class number h(D). If D = 0 (mod 4)
or D =1 (mod 4), then @p/r is non-empty.

V.2.3 Heegner geodesics

Let @ # 0 be a quadratic form. If A(Q) > 0 then we associate to () the Heegner
geodesic Sg = {r € H : a|r|> + bRe(7) 4+ ¢ = 0}, which joins the two distinct zeros of
Q(7,1). If a = 0, then the second point is given by —%.

V.2.4 Quadratic forms associated to v € I’

In addition, we define @~ (, y) to be the quadratic form cz?+(d—a)zy—by? associated
toy = (25) € I. Weset A(y) == A(Q,) = tr(7)” — 4, and observe that the sign of
A(y) depends precisely on hyperbolicity, parabolicity, or ellipticity of v respectively.
Futhermore, we note that Q_(z,y) = Q,-1(z,y) = —Q4(x,y). Hence, we invoke a
sign-function on quadratic forms. Namely, we define

_ Sgn(a) lf a ?é 07
sgn ([a, b, c]) = {sgn(c) ifa=0.
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This will cause a difference in the case of positive discriminant only.
Lemma V.2.1. Suppose A(Q) < 0. Then Q ~ —Q implies Q = 0.

See |Vol18, p. 21] (final paragraph) as well.

V.2.5 Genus characters

This subsection follows the exposition given by Gross, Kohnen, and Zagier in |[GKZ87,
p. 508]. Let @ = [a, b, c] be a quadratic form. We observe that ~ preserves ged (a, b, ¢)
as well. We would like to define a I'-invariant function on Qp (assume D = 0 (mod 4) or
D =1 (mod 4)). If D # 0, let d be a fundamental discriminant dividing D, and let ()
be the Kronecker symbol. In addition, an integer n is represented by @ if there exist x,
y € Z, such that Q(z,y) = n. This established, we define

(4) if ged (a,b,c,d) =1, a,b, c| represents n, ged (d,n) = 1,

n

a,b,cl) =
Xa ([ 1) {0 if ged (a,b,¢,d) > 1.

One can verify that such an integer n always exists, and the definition is independent from
its choice. Since equivalent quadratic forms represent the same integers, this function is
indeed invariant under ~. The choice d = 1 yields the trivial character. The definition
of xa([a,b,c]) extends to D = 0 by choosing d = 0 in this case, compare the proof of
Lemma Additional properties of x4 are summarized in |[GKZ87, Propositions 1, 2].

V.3 Construction of Eisenstein series

V.3.1 Eisenstein series associated to a quadratic form

This construction is based on the following two observations, and follows [Mat20].
Lemma V.3.1. Let v € I'\ {£1}, and Q be the associated quadratic form to ~y.

(1) The zeros of Q~(7,1) are precisely the fized points of v in HUR.
(2) The equivalence class of Q(7,1) is precisely the set {Qpr-1,p(7,1): M € T'}.

We observe that division by @,(-,1) and averaging over equivalence classes of @ (-, 1)

modulo its zeros provides a function of weight 2. Consequently, we define the following
functions.
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Definition V.3.2. Let v € '\ {£1}, k € 2N, 7 € H, Re(s) > 1 — g, and w(vy) be the
set of fixed points of v. Then we define

Q)7 v
B qy(1,8) = Sgn,g ,
o & 0 T
Epq(7,8) = Epq,(1,5) = Z sgn (Qar-14)20°

‘s.

%
MEFw(,Y)\F QM?l'YM(T7 1) 2 QMﬁl’yM(T7 1)

We establish convergence.

Lemma V.3.3. For every k € 2N the series defining Ey, (7, s) converges absolutely and
locally uniformly for 7 € H and Re(s) > 1 — %

Proof. This follows by results of Petersson [Pet48| Satz 1, Satz 4, Satz 6]. O

However, E}, - is not modular yet, because the sign-function is not invariant under
equivalence of quadratic forms. The circumvention of this obstruction depends on the
motion v induces.

V.3.2 Eisenstein series associated to a given discriminant

Let D =0 (mod 4) or D =1 (mod 4). If D # 0, we let d be the positive fundamental
discriminant dividing D, else we set d = 0. We average over Qp. Henceforth, we twist
the average by a genus character, and split the sum into equivalence classes (recall that
such a character descends to 2p/r).

Definition V.3.4. Let v € T'\ {£1}, k € 2N, 7 € H, Re(s) > 1 — £. Then we define

Eep(tos) = Y. xa(Q)Ero(r,s),
0#Q€e8p/T

Een(T.8) =Eam(Ts) = Y. xa(Q) Ero(r,s).
0#£QEQA (/T

We establish convergence again.

Lemma V.3.5. For every k € 2N, 7 € H, and Re(s) > 1 —g the series defining & p(, s)
converges absolutely and locally uniformly.

Proof. If D = 0, then xo(Q) = 0 except if @) is primitive, and represents +1. Thus, we
reduce to the quadratic forms [+ 2, 2cd, £d?] for any coprime pair (c,d) € Z2. But such
a quadratic form is equivalent to either [—1,0,0] or [1,0,0]. If D # 0 the class number
h(D) is finite. This proves the claim. O
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V.4 Parabolic and elliptic Eisenstein series

V.4.1 Parabolic case
It suffices to study the case vy =T", n # 0. Let M = (} }) € I's\['. We compute

_ 1+ cdn d’n
M7 M = ( 5

—2n 1 — cdn > ) QM*lT"M(Tv 1) - _nj(777)2'

n

Hence, using sgn(n) = ]

we recover the usual real-analytic Eisenstein series

1 Tm(M7)*
> (M)

s+§ '(M,T)k '

Ey(1,8) = Epqn(T,5) =
MeT oo\l J

Id

For any parabolic motion v # 1, we infer that
Im(MT)*

Epry(T,8) =2 Z —_—
3 M k
MGFOO\F ]( 77_)

Modularity

Clearly & - is modular of weight k according to the cocycle property of the modular
multiplier, that is j(M; My, 7) = j(My, Ma1)j(Ma, ) for every My, Mo € T' and every
T e H.

Analytic continuation

It is a classical fact that &, can be continued meromorphically to the whole s-plane,
see [Sel56, p. 76-79], [Roe67, p. 293]. Be aware of the fact that Roelcke [Roe66, equation
(1.6)] uses the automorphy factor (ég:g')_k, whence his initial domain of convergence is
Re(s) > 1 for every k € R.

If £ > 2, then we may simply insert s = 0, and obtain the classical holomorphic

modular Eisenstein series

1

Ekny(7,0) = PEm——
7 oy (o7 + d)*

ged

If k£ = 2, then we utilize Hecke’s trick (see Zagier [BvdGHZ08, p. 19-20]) and the
Fourier expansion of Ey p+1(7,s) (see Iwaniec [Iwa97, p. 51]), to achieve

lsy € (r,5) = 25(r) == 2 (Ea(r) = = ) =2 (1 —24)° > dg" - f) .

v n>1 dn
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This is the holomorphic Eisenstein series of weight 2 completed by adding —7%, and thus
a harmonic Maaf} form of weight 2. A good exposition on the theory as well as on the
applications of harmonic Maafl forms can be found in [BFOR17].

V.4.2 Elliptic case

Recall that any elliptic motion is conjugate to either S or U, so it suffices to deal with
those two cases, up to a change of sign and class numbers. Those cases correspond to
discriminants —4 and —3 respectively, and both class numbers are equal to 1. Reduced
primitive representatives are [1,0,1], [1,1,1], and the genus character of both forms
equals 1. Hence, it suffices to investigateﬂ Ey.s and Ej, 7. To this end, we define the
following function.

Definition V.4.1. Let 7,z € H be I'-inequivalent, and Re(s) > 1 — %, k € 2N. Then, let

By (7,2, 5) = Z IIZl(Z)S+]; Im(EMT)S .
mer j(M,T)k (M1 — 2)2 (M1 —2)2 |(MT — 2) (M1 —%)|*
Modularity
The function Fj enjoys the following properties.
Lemma V.4.2.
(1) If y =S ory=U, then sgn(Qp-1yp) =1 for any M €T, and

k

Im(w,) ™% 2

Ek,’y(Ta 5) = |F |
Wy

Ej (1,wy,5).
in both cases.
(2) For any M € TI' we have
Ek: (MTv 2 S) = ](Ma T)kEk (Ta 2 8) ’ Ek‘ (7-7 MZ, S) = Ek (7-5 2 S) .
Proof. Both items can be checked by computation, and we provide the main steps.

(1) Suppose v =S (resp. v =U) and wy =i (resp. wy = w). Letting M = (2Y) €T,
we compute

Q150 (1,1) = (a2 + 02) 2+ 2(ab + cd) T + b + d2,
Qu-um(1,1) = <a2 + - ac) 7% 4 (2ab + 2¢d — ad — be) T + b* + d* — bd,

!Note that the two cases do not cover the more general case of Ex o(7,s) with A(Q) < 0. However,
one may reuse the function Ey(7, 2, s) to deal with this case.
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which implies the first claim, and additionally
.j(MvT)Q (MT - w’Y) (MT - W’Y) - QM*lfyM(Ta 1)

in both cases. The second claim follows directly.
(2) One checks the following two identities. For every Mj, My € " and every 7,z € H
we have

J(My, 1) (M, 7) = |G(My, )P, (M, 2)(r = Mp2) = j (Mg, 7) (Mg 'r = 2)

Modularity in 7 follows directly by the cocycle property of the modular multiplier.
To show modularity in z we substitute M; = M3sM>, and see that

(15(Ms, 2) 2451 (M, Mar)[** (M3 Ma, 7)*

JOME MM\ 1
J(Ms3, 2)j(Ms, Z) J(Ma, )k

This proves the second item. O

o JMy ", MyMoyr)*
j(M37 Z)%j(Miaaz)%

Analytic continuation in weight 2
To describe the analytic continuation we recall one of Petersson’s Poincaré series.
Definition V.4.3. Let 7,z € H be I'-inequivalent, and Re(s) > 1 — %, k € 2N. Then, let

k
Im(z)%*2
Pk(T,Z,S)Z:Z ) iy %8 k N _2s5 "
mer j(M, ) [j(M, 7)™ (M7 = 2)2 (MT — %)% [MT - Z|

The series P, enjoys the following transformation properties.

Lemma V.4.4. Let M €T'. Then
Im(M7)* Py (MT,2,5) = j(M,7)*0° Py (1,2,5), Pip(1,Mz,s) =Py (r,2,5).
Proof. This follows by the same argument as in the case of Ej (1, z, s). O]

The analytic continuation of P» to s = 0 was established by Petersson [Pet44], and
to Re(s) > —3 by Bringmann and Kane [BK16, Theorem 3.1]. To describe it, let j(7)
be Klein’s modular invariant for I'. Then Asai, Kaneko, and Ninomiya discovered in
[AKNO7, Theorem 3] the Fourier expansion

1 8)

7ﬁ87(ﬂ = im (w)g™ m(T m(w
BT T = Snd"s () > ),
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where jp,(w) is the unique element in C[j(w)] of the shape
]m('w) — 6727rimw +0 <627riw) .

In [BKLORIS], the authors proved that the functions j,,(w) form a Hecke system, namely
if T, denotes the normalized Hecke operator, then

jO(w) =1, jl(w) = ](w) — 744, ]m(w) =Tm (]1) (w)

Afterwards, they simplified the expressions from [BK16, Theorem 3.1], based on earlier
work of Duke, Imamoglu, and Téth [DIT11, Theorem 5], and proved that

| 253 57 (7)
ll\I‘I(l) Py(1,2,8) = =27 (](Z)—j(T) - E; (7')) .

Matsusaka |[Mat20, Theorem 2.3] extended the latter result to Ea(T, 2, s), especially

19
lim Es (7, 2,8) = —2m ( 2t 9 (7)
s\0

o) - EW) ’

which in turn provides the analytic continuation of Fs (7, s) in the elliptic case.

Remark. Note that the analytic continuation is a polar harmonic Maafl form of weight 2
on I' in 7. The poles are located on I'z. Such forms satisfy all conditions of an ordinary
harmonic Maaf} form, but are permitted to have poles in H. See [BFOR17, Section 13.3]
for more details.

V.5 Hyperbolic Eisenstein series

Let v € T be hyperbolic. Thus A(y) > 0, and A(7y) is not a square. The two fixed
points w-, wfy of v are real quadratic irrationals, which are Galois conjugate to each
other. The geodesic Sg., is an arc in H connecting w, and w’7 (equivalently, the two zeros
of @Q+(7,1)), which is perpendicular to R.

V.5.1 Fourier expansion in general

We suppose in addition that ~ is primitive throughout, that is the stabilizer va,wg
is infinite cyclic, and generated by .
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Fourier expansion of Ej

We appeal to Zagier’s method [Zag75, Section 2]. We recall the double coset decom-
position Ty, \I'/T' s, and unfold

k
- 2 Tm(M; MyT)*
Epo(1,8) = S - Sgn(Q(Aile) lw(MlMQ))E m (M MsT) )
Mi€T,, s \I/Too M2E(T) J(MiMa, 7)FQ~ (M MaT,1)2 |Q~y (M1 MaT, 1)]

We observe that the innermost sum is one-periodic, and hence has a Fourier expansion

Ep~(u+iv,s) = Z Z Z cm (v, 5)e2mime

a€Z\{0} b (mod 2a) meZ
v2-A
a6, =20 ]~q,

with coeflicients

cm (v, 5)

_ / 8 sgn (a)kg e—27rima: de.
2__ 5 2 _ s
a(z + iv)2 + b(z + iv) + 4%(7))2 a(x+iv)2+b(x+iv)+b47%m

We abbreviate

A
A= YAO) g
2|al
and substitute x + iv =: it — 5~. We infer
“)5627"“”( aJFiU) v+i00 e27rmt
cm(v,s - k / A dt
(_1)5 [zt Jo—ico (t2 4 A2)2 |12 + \2|°

Splitting the integral at v & i\ and majorizing each, we obtain the following result.

Lemma V.5.1. IfRe(s) > 1— %, then the integral expression defining ¢y, (v, s) converges
absolutely.
Fourier expansion of & ,

Now, we turn our interest to the Fourier expansion of &, ,. We let d be the positive
fundamental discriminant dividing A(+y), and in addition, we let

WQ(m, a) = Z em’m%} acZ \ {0}7 m € Z, Q < QA(W)’
b(mod 2a)
[ab A('Y)] Q
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which is a so called quadratic Weyl sum. Now, the additional averaging over 2a(y)/T
comes in handy.

Lemma V.5.2. Let m € Z. Then we have

2 Z xd(Q) Z WQ(mv a’) = Z xd(Q) Z WQ(mﬂ a)

QGQA(V)/F a>1 QGQA(.Y)/F ac€Z\{0}
S Y W@ Y Woloma)
QReQa(m/T acZ\{0}

Proof. We prove the first equality, and observe that a — —a yields
Z ewim_ia — Z eﬂ-im%b — Z eﬂimg
b (mod —2a) b (mod 2a) b (mod 2a)

(
[0, 252 0 [ab=500]q [~a,-b, 22200 g

by reordering summands. We compute

A(%%—@w:iﬁﬂ>=«wf—4—@wjﬁf°=Awy

Furthermore, we have x4(—Q) = sgn (d)x4(Q). Indeed, suppose that @) represents some
n, and ged (d,n) = 1. Then —@Q represents —n, and ged (d, —n) = 1. This enables us to
write (-4) = (-4)(£), and (-4) = sgn(d) = 1. In other words, changing the sign of Q
permutes quadratic forms of discriminant A(y) up to equivalence. The second equality
follows analogously. O

We deduce that (A = A(7))

pr
Eky(T)5)
— _2“’; Y w@Y WQim,a) /”J.”'OO 62;””'5 it g
(=1)2 ez Qedngy)/r as1 a2t Ju—ico (2 4 \2)2 2 4 N2
We re-establish convergence.
Lemma V.5.3. Suppose Re(s) > 1 — % Then the Fourier expansion of E~(T,s)

converges absolutely.

Before the proof, we rewrite the Fourier expansion of & 4. To this end, we define d’
by 0 < A(y) = dd' with d fundamental, and recall the Sali¢ sum

¢ B2 —dd|\ gy 2m
Tm(d7 dlvc) = Z Xd <l4vb7 c ‘|> € ( ¢ )

b (mod c)
b2=dd’ (mod c)
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We observe that

T(d,d  4a)

b2 — dd’ . (mb
=2 Z Xd <la, b, 4(11) em( ) -9 Z xa(Q)Wo(m,a).
b (mod 2a) QELAm/T
b2=dd’ (mod 4a)

Thus, we arrive at

m(d,d 4a) [vtico e2mmi m
Ekny(T,8) = ZZ kﬂ )/ . dt g™

2 mez a>1 —ico ($2 4 A2)2 |12 4+ \2|°
Proof of Lemma . We utilize the Weil bound
1
Tpn(d, d', 4a) < ged (d’, m2d, 4a) 2 (4a)°

for any € > 0, compare [AD20| p. 1545] for instance. Hence, we have

Z Tin(d,d', 4a)
a>1 G%JFS

£

a
< Z %+Re(s)

a>10

by bounding ged (', m2d, 4a) < 1 (see [DIT11} p. 965] as well), which converges absolutely
for any s € C with Re(s) > 1 — % We conclude by Lemma O]

V.5.2 Evaluation at s =0

Let
x\* (1) z\%
0= () et )
g 2 JZZ;)J!F(uﬂJrl) 2
be the usual J-Bessel function. We compute the inverse Laplace transform from above.

Lemma V.5.4. Let p >0, m € Z. Then

) ™ m™m -1 .
1 /v+zoo e2mmt 4 — % (Z2)Pz J,_1(2mAm) if m >0,
270 Jy—ico (t2 4+ A2)P 0 if m <0.

Proof. The case m > 0 follows directly by item |[AS72) item 29.3.57]. If m < 0, we see
that the poles of the integrand are on the imaginary axis, to the left of the contour of
integration. Hence, we may deform the contour to the right up to ico without including
any poles, see [Koh85, p. 249]. Since m < 0, the integrand is holomorphic at ‘oo as well,
and the claim follows by Cauchy’s Theorem. 0
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Next, we invoke the I-Bessel function I,(x) := i "J,(ix) to define the auxiliary
function

s if m=0,

Om(ys5) = 4 0
T \enyimly Iy (2npmly) ifme 2\ {0},

Averaging this function gives rise to the Niebur Poincaré series [Neu73|,Nie73]

Gu(T,8) = Y ¢ (Im(Mr),s) ™M BT - Re(s) > 1. (V.1)
MeTo\I

The analytic properties of G),, can be easily derived from its Fourier expansion, see
[DIT11, pp. 969-970] for instance. In particular, Gy, (-, s) is invariant under the action of
I on H. Moreover, recall the notation I'g for the stabilizer of the two zeros of (). The
main ingredient is the following result due to Duke, Imamoglu, and Téth.

Lemma V.5.5 ([DIT11} Proposititon 4F}). Let Re(p) > 1, m € Z, A(y) = dd’' > 0 with
d > 0 fundamental, and d # d'. Then, we have

L'(p |dwl
s Y @ [ Galwp)
2°T (g) QECA(y)/T FQ\SQ Im(w)
1 1 ! e 4my/m2A .
_ V2r |m? A(’Y)‘l* 20<c=0 (mod 4) Tm(j;’ )Jp_% ( - m) if m # 0,
20~ 1A (v)8 20<c=0 (mod 4) L(ibdl’c) if m = 0.

Remark. Note that Duke, Imamoglu, and T6th [DIT11], and Matsusaka [Mat20, p. 10]
use different notations regarding the cycle integral. This is caused by a different choice of
generators of I'g. Let @ = [a, b, ¢] be a given primitive quadratic form, and let ¢, u € N be
the smallest solutions to Pell’s equation t> — A(Q)u? = 4. Then, the authors of [DIT11]

t+bu cu

employed the generator ng = + ( jm =t ), while Matsusaka works with I'q = £(v).

The associated quadratic form @, to nq is given by [~au, —bu, —cu] = —uQ.

Recall that T;,(d, d',c) = T_,(d,d’, c) by Lemma [V.5.2, We deduce from Lemma
[V.5.4) and [V.5.5]| that the Fourier coefficients corresponding to m # 0 are all regular at
s = 0, and vanish for every m < 0. To inspect the coefficient corresponding to m = 0, we
separate the cases kK > 4 even and k = 2.

2See also [DIT16, Lemma 4], [AD20, equation (2-7)]
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The case k£ > 4 even

If k > 4 is even, then Gy(T,p) is regular at p = g Hence, the Fourier coefficient
corresponding to m = 0 vanishes at s = 0 by Lemma In other words, & ~(7,0) is

holomorphic and vanishes at the cusp. Thus,

k _k+3 k
—1)227 % g2t k=1 Tn(d,d', 4a mm+/ Ay
i (r.0) = > m's Y T, ( a(d

qm

k-1

A()FT (%) m>1 =1 Ve ’

7> m3 ! > xaQ) Gom <w7 I;) ’dw‘) qm.

S
A(y)al (%) m>1 QEQA (/T ro\%e
This proves Theorem

The case k =2
We first suppose that m > 1. Then we define for Re(s) > 1

2m' =509 1(m)
_g—1 1
T 2F(s+§)g(28—1)

Jm(7,8) == G (1, 8) — Go(r,s),

which has an analytic continuation up to Re(s) > 3 (see [DIT11, p. 970]). On one hand,
the left hand side specializes at s = 1 to (see [DIT11} equation (4.11)])

Jm(7,1) = jm(7) = ¢ " + O(q),

which we encountered during the weight 2 elliptic case already. On the other hand,
li -G _3 li —1)((2s—1) = L
lim(s — DGo(r,s) = =, lim(s— 1)¢(2s—1) = ,

from which we infer (see [AD20, p. 1545] as well)

. 2m' a1 (m)
lim T .
sl =873 (s + 5) ¢(2s—1)

Go(T,s) = 2401 (m).

Combining, we arrive at the Fourier coefficients

SN alQ g Gl + 2403(m)

1
A(ﬁ)/) 2 m>1 QGQA(.Y)/F

-2 |dw| ,,
Im(w) T
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Secondly, we consider the case m = 0, namely the Fourier coefficient

. T()(d, d/, 4(1) /v+ioo 8
—_— dt.
LT e EFOENT

By Lemma [V.5.5 the pole of

TO(d7 dl: 4(1) 2r (P) ’dw|
= Go (w .
(%:1 ar A(y)er (5)° Qec%w/er(Q) ro\%a 0 :#0) Im(w)

at p =1 is simple, while

) v+100 Z'vp—l d
= t
I /v—z'oo (£2 + A2) [£2 4 2271

has a zero at p = 1 by Lemma We perform a Taylor expansion of f around 1, and
note that only the term (p — l)j—p| survives in the limit p — 1. We compute

p=1
df ./erz'oo ’Up—l log (FQ}F}V‘) ; ‘/erioo log(v) _ log (‘tQ + )\2‘) &
=1 =1
dplo=1  Jocico [24 X277 (2 4+ N2) v—ico £2 4 N2

p=1
_ /”“OO log (|t* + /\2|)dt _ /OO log (|(v +it)? + )\2|)dt
v—ico 2 4+ A2 oo (v4it)2 4+ N2 '

We expand the integrand around A = 0, which yields

df :<_1arctan<t>+log(v2+t2)+1>

dp lp=1 v v t—iv

t=00

+O(/\2)=—%+O()\2).

t=—00

Recalling the definition of A, we express the error as O(a—g) Thus, the additional sums
over a caused by the expansion with respect to A are all regular at p = 1 due to the proof
of Lemma Hence, letting p — 1 annihilates all error terms. Invoking Lemma
and the residue of Go(w, p) at p = 1 once more, we obtain

3 Jdul
A(y) QGQ;A@)/F @ /FQ\SQ o Im(w)’

-2

=

In conclusion, we have shown that the analytic continuation of £ ,(7,s) to s =0
exists, and indeed equals the shape which Matsusaka conjectured in [Mat20, equation
(2.12)] for an individual hyperbolic Eisenstein series Ej, ,(7,s). This proves Theorem

V11l
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Remark. In [DIT10} equation (16)], Duke, Imamoglu, and Téth related Parson’s Poincaré
series [Par93| with the generating function F'(z, Q) of cycle integrals of functions fy ,,,
where the functions f,, generalize the functions j,, to any even weight k (compare
[DIT10, Theorem 1, equation (8)]. Since we realized the Fourier coefficients as cycle
integrals of G_,, (w, &), there might be a relation between them.
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Chapter VI

Locally harmonic Maaf} forms of
positive even weight

This chapter is based on a paper [Mon22b| of the same title accepted for publication
in Israel Journal of Mathematics.

VI.1 Introduction and statement of results
In 1975, Zagier [Zag75| defined the function

fr.p(T Z T=u+iveH:={z€C: Im(z) > 0},
0o, Q(, 1)

to investigate the Doi-Naganuma lift. Here and troughout, Qp is the set of all integral
binary quadratic forms of discriminant D € Z, and £ > 2. On one hand, if D > 0,
Zagier proved that they define holomorphic cusp forms of weight 2k for T' := SLy(Z), and
computed their Fourier expansions. On the other hand, if D < 0, Bengoechea [Benl13|
proved that these are meromorphic cusp forms with respect to the same data, namely
meromorphic modular forms which decay like cusp forms towards ico. The poles are
precisely the CM points (sometimes called Heegner points instead) of discriminant D,
and of order k.

Parson [Par93, Theorem 3.1] investigated Zagier’s fj, p-function based on an individual
equivalence class [QO]N € 2p/r of indefinite integral binary quadratic forms, and twisted
it by a sign function. More precisely, she defined

o n if
L T

Due to the presence of the sign function, we have a non-zero error to modularity, which
is a finite sum, and explicitly given by (see Lemma [VII.3.3|as well)

- 1 sgn (Q
Fie@o(T) = frQo(T) = 7 2kfk,Qo <_T> =2 Z Q(T(l)26
[a’buc]:QNQ ’
sgn(ac)<0 ’
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In other words, the function f; g, is a modular integral of weight 2k for the rational
period function Fj, g, (7). We refer the reader to the work of Knopp [Kno90] for more
details.

In Chapter [V} we investigated a certain class of Eisenstein series

Ep(rs) =Y xa(Qo) > (VL.1)

0#£Qo€<p/T Q~Qo Q(T, 1)

for any k € 2N, which arises by applying Hecke’s trick to Parson’s construction. The
function x4 is a genus character (defined in Section [VL.2)). By results of Petersson
[Petd8, Satz 1, Satz 4, Satz 6], the sum converges absolutely for any s € C with
Re(s) > 1—%. Like in the case of fi p, the behaviour of & p(r, s) is dictated by the sign
of D, and consequently we distinguish between hyperbolic (D > 0), parabolic (D = 0),
and elliptic (D < 0) Eisenstein series. This terminology comes from the fact that one
can associate a quadratic form to any v € I \ {j:]l}m, and the sign of its discriminant
depends precisely on hyperbolicity, parabolicity, or ellipticity of 7. Although we focus
on the case of weights & € 2N, one may also consider different weights. For instance,
all three types of Eisenstein series were studied by Jorgenson, Kramer, von Pippich,
Schwagenscheidt, and Volz for weight k& = 0, see [JKvP10, Theorem 4.2], [vP16] Section
4], [vPSV21, Theorem 1.2].

Chapter[V]as well as the present one are devoted to the hyperbolic case. Letting D > 0
be a non-square discriminant, and d be a positive fundamental discriminant dividing D,
we computed the Fourier expansion of hyperbolic Eisenstein series for any integral weight
k € 2N at s = 0 to prove a conjecture of Matsusaka |[Mat20b, equation (2.12)] about
their analytic continuation in weight 2. This computation extends earlier work by Gross,
Kohnen, and Zagier [GKZS87,, p. 517], who dealt with weights 4|k > 2 not involving the
sign function. In turn, the computation for weights k& € 2N relies mainly on results of
Duke, Imamoglu, and Téth [DIT11] after appealing to Zagiers work |Zag75, Appendix 2]
on the Fourier expansion of his aforementioned function. Furthermore, we computed the
analytic continuation & p(7,0) explicitly. Up to the addition of the completed Eisenstein
series 25 and some constants, it agrees with another modular integral with rational
period function, which was studied by Duke, Imamoglu, and Té6th in [DIT10].

In addition, one can inspect the automorphic object arising from the analytic con-
tinuation to s = 0. On one hand, the parabolic and elliptic (twisted) Eisenstein series
extend to an ordinary and a polar harmonic Maafl form respectively in weight 2. (We
define all occuring types of Maafl forms in Section [VI.2]) While the parabolic case is
known by Roelcke [Roe66, Roe67| and Selberg [Sel56], the elliptic case was proven by
Matsusaka in [Mat20b, Theorem 2.3] by combining results of Bringmann and Kane

'Explicitly given by Q- (z,y) = cz® + (d — a)zy — by® for y = (2 4) € I.
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[BK16| and of Bringmann, Kane, Lébrich, Ono, and Rolen [BKLORI18|]. On the other
hand, the hyperbolic Eisenstein series & p(7,0) (with D, d as above) coincides with
a locally harmonic Maafl form for any 7 with sufficiently large imaginary part. This
raises the natural question towards the obstruction of £ p(7,s) to coincide with a local
automorphic form, whenever the imaginary part of 7 is not sufficiently large. To this
end, we relate & p(7,s) to the completed hyperbolic Eisenstein series

. Qr)? Tm(r)’
Erp(T,s) = xa (Qo) sgn ( - , (VL2)
v 0¢Q§QD/F 1@ 2 oD Qm T
Qr =la,b,c]; = % (a\7’|2 + bu + c) ,

outside the net of Heegner geodesics

Ep = U {TGH:@]T|2+bu+c:O}
[a,b,c]=Q€Qp

by adding a correction term to & p(7) (see equation (VI.4)). A possible connection of
our correction term to quantum modular forms (introduced by Zagier |[Zagl0]) is stated
in Section [VI.3

In particular, the function é\k p(7,s) is modular of weight k& outside Ep. To describe
the result, we let Cx(h, Q) be the weight k cycle integral of h associated to @ (defined
in equation ), where h is modular of weight k. Moreover, we let Py (21, 22) be a
Poincaré series due to Petersson [Pet48] (see Definition , whose properties are
collected in Lemma, below. We refer the reader to Subsection for definitions
of our local automorphic forms.

Theorem VI.1.1. Let 0 < k=2 (mod 4), and 7 € H\ Ep. Let D > 0 be a non-square
discriminant, and d be a positive fundamental discriminant dividing D.

(1) The function (E;\Q’D(T,O) is a locally harmonic Maaf$ form of weight 2 for T' with
exceptional set Ep as a function of T.

(2) If 2 < k=2 (mod 4) then é\k,D(T, 0) is a local cusp form of weight k for T' with
exceptional set Ep as a function of T.

(3) Moreover, we have the alternative representation

1 9j
. =2C (waf,“)—E*T,Q) if k=2,
Eo(r,0)= > xa(@3 P O \I0=m) 3
Qelp/r C(ka D)Cka (Pk<’r7 ')7 Q) Zf k> 27

where C'(k, D) is an explicit constant provided in equation (VI.8).
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Remarks.

(1) The cycle integral Co(Pox(-,7),Q) was computed by Lobrich, Schwagenscheidt
[LS22c]. Let Qo € Qp, and Fi_j g, be the locally harmonic Maafl form introduced
by Bringmann, Kane, and Kohnen [BKK15| (see Section with summation
restricted to quadratic forms equivalent to Qo under I'. Then [LS22¢, Theorem 4.2]
states that

Flfk,QO(T) = (_l)k <2kk__12> Dg_%CQk (PQk('aT)7 QO) :

In other words, a cycle integral of P, in either of its arguments yields a local
automorphic form in the other argument.

(2) A natural splitting of z9 +— Pg(z1, 22) into meromorphic and non-meromorphic
parts is due to Bringmann and Kane [BK20, equation (3.6)].

(3) Choosing d = 1, the function §2H+27D(T, 0), k € 2N, also appears in equation ,
and further properties of it are stated in Section In particular, EQH_FQ’ p(7,0)
can be “lifted” to a locally harmonic Maaf} form of weight —2x, whose properties
are discussed in Theorem [VIT.1.2l

As an application of Theorem we would like to highlight a possible connection
to twisted central L-values. This goes back to Kohnen [Koh85, Proposition 7, Corollary
3], who established an identity between the Petersson inner product of a cusp form
with Zagiers fj p-function, and such L-values for positive even weights. More recently,
Kohnen’s work was utilized by Ehlen, Guerzhoy, Kane, and Rolen [EGKR20, Theorem
1.1] to prove a criterion on the vanishing of certain twisted L-values under some technical
conditions. Their argument relies on the theory of locally harmonic Maafl forms, and
in particular on the connection of the fj p-function to the locally harmonic Maafl form
Fi—k,D, see Section (In addition, the theory of theta lifts comes in handy to
ensure existence of an analytic continuation of Fi_; p to the case k = 1.) Being more
precise, the form F_j, p splits into three components (see [BKK15, Theorem 7.1]). Two
of them are a holomorphic and a nonholomorphic Eichler integral of the fj p-function,
while the third component is a so called local polynomial, which captures the behaviour
of Fi_j. p between different connected components of H\ Ep. The idea in [EGKR20] now
is to formulate a condition on the local polynomial of F;_j p, evaluated at two special
points on the real axis, and relate this conditions to the twisted central L-values via the
work of Kohnen, and of Bringmann, Kane, and Kohnen. Since the function SAk p(1,0) is
a twisted version of the function f k and since we found a connection of EAk p(7,0) to a

locally harmonic Maaf} form (resp. local cusp form), we expect that ffk p(1,0) may serve
as a “building block” to detect the vanishing of suitable twisted L-values as well. This
inspection is motivated by our remarks following Theorem
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V1.2 Preliminaries

We let g := 2™ troughout.

VI.2.1 Integral binary quadratic forms

Let @ be an integral binary quadratic form, and we abbreviate such forms by the
terminology “quadratic form” throughout. We call a quadratic form primitive if its
coefficients are coprime. The full modular group I' acts on the set of quadratic forms by
letting

Qo (2Y)) (z,y) = Qax + by, cx + dy),

and this action induces an equivalence relation, which we denote by ~. Moreover, the
action of I' on H by fractional linear transformations is compatible with the action of I'
on the set of quadratic forms, in the sense that

(Qo(25)) (1) = (cr +d)*Q(y7,1).

A quadratic form ) may be written as [a,b,c|, and we denote its discriminant by
D = b? —4ac. One can check that equivalent quadratic forms have the same discriminant.
The set Qp/r is finite, whenever D # 0, and its cardinality is called the class number
h(D). If D =0 (mod 4) or D =1 (mod 4), then 2p/r is non-empty. To simplify notation,
we identify an equivalence class in @p/r with any representative of it throughout. A good
reference on this is Zagier’s book [Zag81].

VI1.2.2 Genus characters

We follow the exposition given by Gross, Kohnen, and Zagier in [GKZ87, p. 508]. Let
Q = [a, b, c] be a quadratic form, and observe that gcd (a, b, ¢) is invariant under ~ as
well. For any D # 0, let d be a fundamental discriminant dividing D, and stipulate d = 0
if D = 0. We say that an integer n is represented by @ if there exist x, y € Z, such that
Q(z,y) = n, and recall the the Kronecker symbol (4) This established, an extended
genus character associated to D is given by

(é) if ged (a,b,c,d) =1, ]a,b, ¢| represents n, ged (d,n) = 1,

n

a,b, c]) =
Xa ([ 1) {0 if ged (a,b,¢,d) > 1.

One can check that such an integer n always exists, and that the definition is independent
from its choice. Since equivalent quadratic forms represent the same integers, a genus
character descends to @o/r. If d = 1, the character is trivial, and if d = 0, we have
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X0(Q) = 0 except @ is primitive, and represents £1. In the latter case, we note that such
a quadratic form is equivalent to either [—1,0,0] or [1,0,0]. Lastly, we have

Xd(—Q) = sgn(d)xa(Q)

for every d # 0, linking the two choices +d. We refer the reader to |[GKZ87, Proposition
1 and 2] regarding additional properties of yg .

VI1.2.3 Heegner geodesics

Once more, let Q = [a,b,c] € @p, and suppose that D > 0. Hence, @ is indefinite,
and Q(7,1) has the two distinct zeros

—b—D? —b+ D3
2a 2a

If @ = 0, then the second zero is given by —7. We associate to @@ the Heegner geodesic

€ RU{oo}.

Sq = {TEH:CL[T\Q—Fbu—i—c:O},

which connects the two zeros of Q(7,1). On one hand, if D is a square and a # 0, then
both zeros are rational. In other words, one zero of Q(7,1) is I'-equivalent to oo, and
Sq is a straight line in H, perpendicular to R, based on the second zero. Moreover, the
stabilizer

Fg={yel:Qoy=Q}

is trivial in this case. On the other hand, if D > 0 is not a square and a # 0, then both
zeros of Q(7,1) are real quadratic irrationals, which are Galois conjugate to each other.
The geodesic Sg is an arc in H, which is perpendicular to R, and Sg is preserved by I'g.

We stipulate that D is a positive non-square discriminant. We obtain infinitely many
connected components on H, and finitely many such components in a fundamental domain
for I', because the class number of D is finite. Since D is not a square, each geodesic Sg
divides H into a bounded and an unbounded component, and we denote the bounded
component (“interior”) of H\ Sg by Ag. Moreover, there is precisely one unbounded
connected component in a fundamental domain for I', to which we refer as the region
“above” the net of geodesics.

Furthermore, we introduce the characteristic funtion

1 if 7 € Ag,

lo(r) = {o it 7 ¢ Ag,

whenever 7 € H\ Ep. Variants of 1g appear in [Sch18, Corollary 5.3.5], and in [Mat20a, p.
8]. We collect the properties of our sign functions.
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Lemma VI.2.1.

(1) For every v € I', we have
Qyr = (Qo7),-
(2) We have that T € Aq if and only if
sgn(Q) sgn (Qr) < 0.
(3) If T € H\ Ep then the sign functions sgn(Q), sgn (Q-), and 1o(7) are related by
sgn (Qr) = sgn(Q) (1 — 21g(7)) .

Proof. Tt suffices to check the first item for the two generators

s=(13 ) (0 1)

of I'. Indeed, we calculate that

2
1 U
0 _a|ST\2—|—bRe(ST)+c_a’_? _bW"’_c_cMQ—bu—Fa_[ b.al
ST = Im (ST) - # a v T
:(QOS)T7
and

alr+1P+bRe(t4+1)+¢  a((u4+1)?2+v?) +bu+1)+ec

Qrr = Im(7 + 1) - v

=la,2a+b,a+b+c; =(QoT)_.

The second item is stated as a sentence directly in front of [LS22¢, Lemma 4.4], and
follows by |[BKK15, equations (5.1), (7.12)]. The third item follows by a case by case
analysis using the second item. Indeed, suppose that sgn(Q) = 1. Then the second item
implies that

-1 if 7 € Ag,
Sgn(Qr):{ 9

+1 if 7 € Ag,

and this coincides with sgn(Q)(1 — 21g(7)). The case sgn(Q) = —1 follows in the same
manner. Ul
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VI1.2.4 Cycle integrals

Let Q = [a,b,c] € Qp with D > 0 not a square. If @) is primitive, and ¢, r € N are
the smallest solutions to Pell’s equation t?> — Dr? = 4, the stabilizer I'g is generated by

t+br
2 5 .
—ar t—%

If @ is not primitive, one may divide its coefficients by ged(a, b, ¢) to obtain a generator.
The weight k£ cycle integral of a smooth function h, which transforms like a modular
form of weight k, is defined ad’]

Ci(h, Q) = D%—%/ h(2)Q(z,1)5 2. (V1.3)

ro\Se

The integral is oriented counterclockwise if sgn(@) > 0, and clockwise if sgn(Q) < 0.
We collect the properties of cycle integrals in the following lemma, which can be
proven by calculation, and the fact that I'g only depends on the equivalence class of Q.

Lemma VI1.2.2. Let f: H— C be smooth, and suppose that f is modular of weight k.
Let Q be a quadratic form of positive, non-square discriminant. Then the weight k cycle
integral Ci(f, Q) is a class invariant, namely it depends only on the equivalence class of
Q under ~. Additionally, the weight k cycle integral Cy(f, Q) is invariant under modular
substitutions of the integration variable.

Hence, 1o\S@ projects to a circle in a fundamental domain of I'. The beautiful article
[DIT11] due to Duke, Imamoglu, and Téth provides a good reference on Heegner geodesics
as well as on cycle integrals.

VI1.2.5 Maal} forms and modular forms

We recall the definition of various classes of Maafl forms appearing in this chapter.
The slash operator is given by

(et +d)Ff(y7) if ke?Z,
(%) 8(2119(07' +d)Ff(yr) ifk e % +Z,

(i (28)) () = {

where ($) denotes the Kronecker symbol, and

1 ifd=1(mod 4),
Ed =
“7 i ifd=3(mod 4),

for odd integers d.

2The normalization by D2~ % is ommitted by some authors.
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Definition VI.2.3. Let k € %Z, choose N € N such that 4 | N whenever k ¢ Z, and let
f: H — C be smooth.

(1) We say that f is a weight k harmonic Maaf form for T'g(N), if f satisfies the
following three properties:

(i) For all vy € To(N) and all 7 € H we have (f|xy)(7) = f(7).
(ii) The function f is harmonic with respect to the weight k& hyperbolic Laplacian
on H, that is

2 92 o 0
0=Ay(f) = <_v2 <W+W> +ikv (auﬂ'(%)) (f).

(iii) The function f is of at most linear exponential growth towards all cusps of
To(N).
(2) A polar harmonic Maafl form is a harmonic Maaf§ form, which is permitted to
posses isolated poles on the upper half plane.
(3) A weak Maaj$ form satisfies conditions (i) and (iii) of a harmonic Maafl form, but
is allowed to have an arbitrary eigenvalue under Ap.

To study his forms [Maa49|, Hans Maafl introduced the Maaf lowering and raising
opemtorsﬂ [Maa52]

0 0 0 o k
L:_—2'2_‘2< ) Rp=2il %
k W' =i au—i-zav ) k 187+v’
which decreases or increases the weight of a weak Maafl form by 2, and increases the
eigenvalue under the hyperbolic Laplace operator by 2 — k or k respectively. A proof can
be found in [BFOR17, Lemma 5.2] for instance. For any n € Ny, we let

Lg = ld, Lt = Ln72n+2 c...0 Ln72 9] Ln,

K

0._: )
R, =id, R = Ryion-—20...0 R100 Ry

be the iterated Maaf} lowering and raising operators respectively.
Bruinier and Funke [BF04] introduced the shadow operator

0 0 0
= ) ki = ) k —_— ) —
& = 2iv = w (au—i-z(%)

to study harmonic Maafl forms. They proved that the Fourier expansion of a harmonic
Maaf form splits naturally into a holomorphic and a nonholomorphic part.

3Be aware that some authors shift their dependence on k, such as Maaf himself.

105



CHAPTER VI. LOCALLY HARMONIC MAASS FORMS

We define M, ,L as the space of weakly holomorphic modular forms of weight k, and it
turns out that M, ;C is precisely kernel of & restricted to weight k harmonic Maaf3 forms.
Analogously, a meromorphic modular form of weight k£ can be regarded as an element
of the kernel of & restricted to weight k£ polar harmonic Maafl forms. The space of
holomorphic modular forms of weight k is denoted by My C M, ,L More details on various
Maaf} forms and their properties can be found in [BFOR17] for instance.

VI1.2.6 Poincaré series

A first class of examples of (weakly) holomorphic modular forms, and of Maafl forms
is given by constructing suitable Poincaré series. Such functions arise by averaging
a specific auxiliary function (“seed”). Various seeds then lead to various examples of
Poincaré series.

Definition VI1.2.4.

(1) For any m € Z, and any k € Nyo, let

Py (1) = Z qmln'y.
'yEFOO\F

be the weight k Poincaré series of exponential type.
(2) Let M, , be the usual M-Whittaker function, m € Z \ {0}, and define the seed

I'(s)
I'(2s)

M(] )627rimu )

gm (T, 8) = (47 |m|y

1
,8—5

Then the Niebur Poincaré series [Nie73,Neu73| is given by

Gn(T,s) = Z gm (T, s)]O% Re(s) > 1.
WEFOO\F

(3) More generally, define the seed

17&(

_ 4 -5
( Sgn(m)) 4 ‘m’ U) 2 M o (47_[_ |m| ,U)EQWSgn(n)mu

Prom(T) = (2 — k) sgn(mk) §, 5"

for any m € Z\ {0}, and k € —3N. We require the Maafi-Poincaré series of
negative integral weight x € —N, which are defined as

‘I)ﬁ,m(T) = Z ‘Pn,m(TMR'Y-

7€ oo\l
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(4) We encounter one of Petersson’s Poincaré series [Pet50], namely let -|j ., be the
weight k-operator acting on z1, and let k € Nss5. Then we define

Puler,) = I Y (o)

Ser (21 — 22) (21 — 22

= Im(29)" ! ;E:F (( 1 ) ‘H,zﬂ'

k,z1

21— 22) (21 — 7)1

Remarks.

(1) Note that the functions ® ., (taken from [BFOR17, Definition 6.10]) and P, ,, from
equation (taken from [BKV13| Section 2]) are normalized differently, and
use opposite signs of the index m € Z. Up to these conventions, the Maaf3—Poincaré
series @, ,, becomes the Poincaré series of exponential type P ,, in the case of
weight x > 2 (by [BCLO10, item 13.18.2] for example).

(2) Following Hecke’s trick, the function ®, ,, admits an analytic continuation to x =0
by introducing a spectral parameter s in the summation, and this continuation
coincides with Gy, (7, s). We refer the reader to [FOO08] (and [BFOR17, p. 97]) for
more details.

We summarize their properties.
Lemma VI.2.5.

(1) The function Py, is a holomorphic cusp form for any m > 0, and a weakly
holomorphic modular form for any m < 0.

(2) The function Gp(T,s) is a weak Maaf$ form of weight 0 and eigenvalue s(1 — s)
with respect to T.

(3) The function @ ,,(7) is a harmonic Maaf$ form of weight k. It decays like a cusp
form towards all cusps inequivalent to ico, and the principal part at the cusp 0o is
given by @um(T)q™.

(4) The function Pg(z1, z2) is a polar harmonic Maafl form of weight 2 —k in za, and a
meromorphic modular form of weight k without a pole at the cusp in z1. Moreover,
the singularities of Pr(z1, 22) as a function of either argument are the T'-orbits of
the other argument.

Proof. To check the claimed growth conditions, one has to compute the Fourier expansions
and investigate the constant term in each expansion. We provide references for each item.

(1) This can be found in [BFOR17, Theorems 6.8, 6.9] for example.
(2) This is computed in [Fay77, Theorem 3.4] (see [Gol79, equation (1.13)], [DIT11, p.
19] as well).
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(3) This can be found in [BFOR17, pp. 97]. The projection to Kohnen’s plus space
was calculated in [BO07, Theorem 2.1].

(4) The statement in z; is due to Petersson [Pet50], see [BK20|, Proposition 3.3] as well.
The statement in z, is proven in [BK20, Proposition 3.2]. The claim dealing with
the singularities of Py, follows by its definition.

Modularity is obvious, and the analycicity condition is straightforward to check due to
absolute convergence of each series. O

We refer the reader to the exposition in [BK20] for more details on Py and related
functions.

VI1.2.7 Locally harmonic Maafl forms and local cusp forms

In [BKK15|, Bringmann, Kane, and Kohnen introduced locally harmonic Maaf} forms
for k > 1, which were independently investigated for £k = 1 (i. e. weight 0) by Hovel
[Hov12] in his PhD thesis as well. We follow [BKK15| here.

Definition VI.2.6. A locally harmonic Maafl form of weight k for I" with exceptional
set X C H is a function f: H — C, which satisfies the following properties:

(1) For all v € " and all 7 € H we have (f|x)(7) = f(7).

(2) For every 7 € H\ X, there exists a neighborhood of 7, in which f is real-analytic
and Ak(f) =0.

(3) For every 7 € X, we have

f(r)= 1lim (f(r +ie) + f(r —ig)).

2 e\0

(4) The function f exhibits at most polynomial growth towards the cusp ico, namely
f € O(v?) for some § > 0.

The points in the exceptional set X are called jump singularities due to a wall-crosing
behaviour between any two connected components of H \ X (see Section [VII.2| for a
definition as well). This definition is motivated by the peculiar first example

1 b1 Dv* 11
fl*k,D(T) = 2Q§D sgn (Q’T) Q(T7 1) /8 <W7k 27 2) ’

where D > 0 is a non-square discriminant, and S(z;r,s) refers to the incomplete (-
function (see [BCLO10, item 8.17.1] for example). We observe that “locality” is caused
precisely by the presence of the sign function in the definition of F;_j p, and indeed
Bringmann, Kane, and Kohnen proved that Fi_j p satisfies their definition with weight
2 — 2k € —2N and exeptional set Ep.
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Definition VI.2.7. A local cusp form of weight k for I' with exceptional set X C H is a
function f: H — C, which satisfies the following properties:

(1) For all ¥ € " and all 7 € H we have (f|xy)(7) = f(7).

(2) For every 7 € H\ X, there exists a neighborhood of 7, in which f is holomorphic.
(3) For every 7 € X, we have f(7) = 3 limo g (f(7 + ic) + f(1 — i€)).

(4) The function f vanishes as 7 — iocc.

Altogether, this motivates the definition and inspection of SAk p(T,8).

VI1.2.8 The functions Ej, j, and j,,

The holomorphic Eisenstein series are given by

where By, is the k-th Bernoulli number. If k£ > 4 is even then Ej € My(I"), and Ej is
quasimodular. We define

3
E5(1) =FE - —
$(7) = Ba(r) — =
and observe that E3 is a harmonic Maaf} form of weight 2 for I' (see [BFOR17, Lemma
6.2]). The modular invariant for T' is the function

T 3 1
i) = 20 € MY
where
V3 B ()2
A =g [T (- gy = PO B gy
n>1

is the normalized modular discriminant function. We have

1 9j Ey(7)?Eg(7) |
2mi OT (7) A(T) € My(T),
which can be verified by Ramanujan’s differential system [BvdGHZ08, Proposition 15|

1 0B, E3—E4 1 0By EyE,— FEg 1 0Es  EyE — Ej}
2ri O 12 2mi Ot 3 2mi Ot 2
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As an intermediate result, one can check that

For every m > 0, let j,,(7) be the unique function in the space M}(T') having a Fourier
expansion of the form ¢~™ 4 O(q). For instance, we have

Jo(1) =1, G1(7) = j(7) — 744, G2(7) = j(7)? — 14883 (1) + 159768,

and the set {jn,,: m > 0} is a basis for M(!). This was proven by Asai, Kaneko, and
Ninomiya |[AKNO97], and they additionally established the expansion

Lo (7)

amior\ — () g™ m(7 m(w).
) - () A ) > It

Alternatively, the functions j,, can be constructed following [BKLOR18|. More precisely,
the authors proved that the functions j,, form a Hecke system, that is if T}, denotes the
normalized Hecke operator, then define jg, 71 as above, and extend inductively by

jm =Tn (.71) .

VI.3 Hyperbolic Eisenstein series

Let D > 0 be a non-square discriminant, d be a positive fundamental discriminant
dividing D, and k € 2N. We recall the definition of our two hyperbolic Eisenstein series
from equations , , and the fact that both converge absolutely for any s € C
with Re(s) > 1 — 3.

Remark. Let dyyp be the hyperbolic distance (see [Iwa02, p. 7] for example), and Q € Qp.
Then, we have

Q7. 1)

v
A proof of this idendity can be found in [V6118, Lemma 2.5.4]. Note that z € Sq if and
only if dyyp (2,59¢9) = 0.

By Theorem the function & p possesses an analytic continuation to s = 0.
Along the lines of Lemma [VI.2.1] (3), we define

= D2 cosh (dnyp(7,50))-

S

: Q)2 10(7)v
Enrns) = Y @y Y @ -
Lo Y S e E e P
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Remark. In [Zagl0|, Zagier introduced the notion of quantum modular forms, and discusses
various examples. In addition to his paper, we refer the reader to [BFOR17, Chapter
21] for a discussion and more recent connections of such forms to the theory of modular
forms as well as of Maafl forms. In particular, Zagier’s second example involves the
quantum modular form

Yo max{Qz,1),01°= Y Qx1)° zeQ
Q=la,b,c]l€eQp Q=la,b,c]l€eQp
a<0 a<0<Q(x,1)
which appears also in his earlier paper [Zag99]. Recall that we have 1g(7) = 1 if and
only if sgn(Q)sgn(v@,) = —1. As the zeros of Q(,1) are quadratic irrationals, the limit
lim,_,, ﬁ exists for every z € Q. Furthermore, we note that

: o 2 _
Th_rg:(vQT) = lim (a|7[ + bu + c) =Q(z,1).

Altogether, this suggests that there might be a connection of the rational function (letting
d =1 here)

L sgn(Q)F! 1
1 — = _— —2 -
x> lim Eak—2,0(T,0) QEXQ:D Qz, 1)F1 Q:[a%;]egp Q(z, 1)k1
sen(Q) sgn(Q(z,1))=—1 1<0<Q(z,1)

to quantum modular forms for certain weights k.
We combine Lemma [VI.2.1] with Theorem [V.1.1]

Proposition VI.3.1. Assume that 0 < k=2 (mod 4), 7 € H\ Ep, and Re(s) > 1 — g
(1) The function EAk,D(T, s) is modular of weight k, and we have
Erp(7,8) = Erp(T,5) — 28,p(1, 5). (VL4)

(2) The function 5271)(7, s) has an analytic continuation to s = 0.
(3) The identity (V1.4)) holds in the case that k =2 and s = 0 as well.

Proof. The first item is a direct consequence of Lemma [VI.2.1] Thus, it suffices to
show that 52’ p(7,s) has an analytic continuation to s = 0 to prove the second item.
To this end, we observe that gk p(7,s) vanishes above the net of geodesics Ep, and
coincides locally with &, p(7, s) up to some non-zero constant in any bounded connected
component of H\ Ep. Hence, one may obtain a Fourier expansion of €~27 p locally by
Theorem (The computation was presented in Chapter [V]). This establishes the
existence of & p(7,0) via the identity from the first item, and in addition proves
the third item by uniqueness of the limit. O
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Moreover, we recall the Fourier expansion of & p(7,0) for higher weights from
Theorem [V.1.2} Since & p converges absolutely on H at s = 0 for any k > 4 even, we
may rearrange its Fourier expansion, and study the integrand

k
flw, 1) = Z mgflG_m (w, 2) q", we€FEp, T€H,

m>1

inside the cycle integral. In other words, we may rewrite the Fourier expansion from
Theorem [V.1.2] as

k k
(—1)22rm2
Ek,p(1,0) = k2 02 Z Xa(Q)Co(f(+,7),Q).
DT <Z> Qe<p/r
We obtained an alternative representation of the Fourier expansion of & p(7,0) already
if 7 is located in the unbounded component of a fundamental domain for I'. The main
ingredient to prove the second claim of Theorem is to find such an representation

in the case of higher weights under the same assumption on 7.

Proposition VI.3.2. Let 2 < k=2 (mod 4), let D > 0 be a non-square discriminant,
and d be a positive fundamental discriminant dividing D. Suppose that v is sufficiently
large, that is T is located above the net of geodesics Ep. Then &, p(T,0) coincides with
the function

> xa(Q)Cok (Pi(7,), Q)

QESp/r
up to an explicit non-zero constant, which is provided in equation (VI.8)).

Remark. Let W, be the usual W-Whittaker function. Inserting the Fourier expansion
of G_p,, next comparing with the Fourier expansion of P, (see the proof of Lemma
V1.2.5| for a list of references), and rearranging further, one obtains

(47_‘_ |m| Im(w))e—QmmRe(w)qm

i >—F@) 27,
w.T) = T mzzzlm 0,k

1

2

22-kr=5T(k) | <7r

————S1n | —

(k=1)r (%) 2

+ih S T W,
n#0

However, we may not split the final sum involving Py ,(7)—¢" into two separate sums over
n, since the resulting expressions would not converge with respect to 7. This emphasizes
the error to modularity of £, p from a different viewpoint.

(1)) Tmw)! = (Bu(r) - 1)

(4r || Tm(w)) (Ppn(7) = g") e 27 R,

E_1
272
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VI.4 Proof of Theorem [VI.1.1]

We begin with the proof of Proposition|VI.3.2l To this end, we write w = x+iy € g\
for the integration variable of the cycle integral, and collect three intermediate results
first. In case of ambiguity, we specify the variable a Maafl operator shall act on by an

additional subscript next to the weight. The first step is the following relation between
G_y and Po_p .

Lemma VI1.4.1. We have

L8 G (w5) = ((W) s (), [[ E+2)).

2 8 |m|)z !

Proof. By absolute convergence of the series defining G_,,, we may differentiate the seed
directly. We calculate that

4
5 £
L02 (Mo,g_%(élﬂ- |m|y 27rzmz> I | k—|—2] ( > M%—H,g—

(471' ‘m| y)e—27rim:v

1
2

for every ¢ € 2Ny. We compare this with the definition of the seed ¢ ,,, and choose
{ =k — 4. This yields the claim. O

The second step is to connect this result to the Fourier expansion of & p(7,0). Thus,
we need an identity involving (iterated) Maafl operators and cycle integrals. This was
performed by Alfes-Neumann and Schwagenscheidt [ANS20], generalizing earlier results
of Bringmann, Guerzhoy, and Kane [BGK14, BGK15|. To simplify the notation, we omit
the weights of the cycle integrals temporarily.

Lemma VI.4.2 (JANS20, Theorem 1.1]). Let h: H — C be a smooth function, which
transforms like a modular form of weight 2 — 2k € 27 for I'. Then we have the identity

C(La-o(h), Q) = C(Ro-2x(h), Q) = C(&—an(h), Q).
Moreover, if h is a weak Maaf form of weight 2 — 2k with eigenvalue X, then we have
C (B5=5(1),Q) = (5 + (5 — L= 1) = N C (RE52(), Q) , if €<k —2, (VL)
C (Lo (h),Q) = (5 +0)(k — £ = 1) =N C (L35 h), Q) if £ < k. (VL6)

Note that the conditions on ¢ in equations (VL5]), include the cases RY_,, and
LY_,,.. Thus, we may insert a suitable chain of raising or lowering operators in our cycle
integrals and compensate for that by factors in &, £ from equations , .

The third step is to utilize an identity due to Bringmann and Kane [BK20].
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Lemma VI.4.3 (|[BK20, equations (3.10), (3.11)]). We have

T ke

E (prk,fm(w)qm = 2 (22)k 1Pk(7_7w)a
T

m2>1

whenever

1
Im(7) > max (Im(w), Im(w)) .
Remark. By work of Kohnen [Koh85| and of Kohnen and Zagier [KZ81], the Shimura
[Shi73] and Shintani [Shi75] lifts between integral and half integral weight cusp forms
both admit a representation as a (scalar-valued) theta lift with kernel function (k € Ns9)

Qz,7) = 3 D*3 fi p(2)g”. (VL7)
D>0

In particular, 2 is a weight 2k cusp form of level 1 with respect to z, and a weight k + %
cusp form of level 4 in the so-called Kohnen’s plus space (see Section with respect
to 7 by virtue of a result of Vignéras [Vig77]. Moreover, Katok [Kat85] proved that
fr,p can be written as a hyperbolic Poincaré seriesﬁ The cited result by Bringmann
and Kane from Lemma now can be viewed as a natural “parabolic analogue” of
the “hyperbolic summation formula” provided that Im(7) > max (Im(w), m),
because ®3_j _,, is constructed as a certain parabolic Poincaré series.

Now, we are in position to prove Proposition

Proof of Proposition[VI.3.2 Since 7 is assumed to be located above the net of geodesics,
the assumption from Lemma is satisfied for every w € Ep. (Im(w) is bounded
from below and above.) In addition, P; has no poles for such 7 and w.

We invoke Lemma and employ equation backwards and iteratively to
the integrand

k
f(w)T) = mg_lG—m (wa > qmv
2
m>1
from the Fourier expansion of &, p. Here, we keep 7 fixed, and take k=1, A = &(1 — &),
and { = —1,-3,..., —% + 2 using that & = 2 (mod 4). This produces the constant

Ca(k) = .
2 z=g+2 (1+6)(—¢) — g (1 _ %)
¢ odd

“Her result is summarized in [BKK15| equation (3.6)] as well. An excellent exposition on various types
of Poincaré series, including the hyperbolic ones, can be found in a paper by Imamoglu and O’Sullivan
[IO09).
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To indicate the steps, we keep the constants until the last equation. Combining, we have

( 2271-2

Ee,p(7,0) = > xa(Q)Co (Lg,.f('ﬂ'),@)
D4F( ) Qeep/r
272 Co( k_
- 1) 2’ Cof Z Xd(Q)Ca— (LOZ,. 1f(',7),Q)
DZF(’“) Qeep/r
k k
—1)2272C: Ci(
= >k d 22( ) Al Z Xd(@Q)Ca— | D Potmm(-)d™, Q
Dir (%) (87T) Qéap/r m=1
k k
—1)22712C5(k) C1(K)T (k) & . p_
- U A L_( L L0k S xa(Q)Cak (Pu( ), Q).
b (k 1 27
Dir (1) (8)> Qegp/r
The constant in front of the final sum simplifies to
DFT(k
C(k,D) = ( )k (k) 5C1(k)Ca (k). (VL)
2272pDal (%)
This establishes the propostition. ]

We conclude this section and the chapter with the proof of Theorem

Proof of Theorem [VI.1.1].

(1) The case k = 2 was shown in Chapter [V|in the unbounded component of H\ Ep for
E2.p(7,0). Since é\k’D(T, 0) = &,p(7,0) in the unbounded component by definition
of 1, the result of Chapter |V|extends to fk p(7,0) in the unbounded component
of H\ Ep directly. Now, we can use modularity of ffk p(7,0) to obtain the claim in
the other connected components of H '\ Ep.

(2) Suppose that 2 < k =2 (mod 4). Modularity follows by Lemma (1), and
EA;.C, p(7,0) is holomorphic outside Fp. The limit condition on Ep can be verified as
in the proof of Proposition which adapts [BKK15, Proposition 5.2]. The
vanishing at ioo either follows by sgn(Q,) = sgn(Q) in the unbounded component
and cuspidality of fy p, or by the Fourier expansions of & p(7,0) and gk p(7,0).

(3) We prove the explicit representation of (‘fk, p(7,0) outside Ep. If 7 is located above
the net of geodesics Ep, we have é\k’D(T, 0) = & p(1,0). We apply Propostion
and obtain the claimed representation of fk p above the net of geodesics.
Finally, the representation extends to every connected component of H\ Ep by
virtue of weight k modularity of both sides of the claimed identity.

O
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Chapter VII

A modular framework of functions
of Knopp and indefinite binary
quadratic forms

This chapter is based on a preprint [BM22] of the same title submitted for publication.
This is joint work with Prof. Dr. Kathrin Bringmann.

VII.1 Introduction and statement of results

Throughout the chapter D > 0 is a non-square discriminant, k£ € 2N, Q,; denotes the
set of integral binary quadratic forms @ = [a, b, ¢] of discriminant d € Z, and H is the
complex upper half-plane. In 1975, Zagier [Zag75] introduced the functionsE]

ffeD Z QTlH’ TEIHL
Qelp

and proved that they are cusp forms if k > 1 (if K = 1, one may use Hecke’s trick, see
[Koh85| p. 239]). To name a few prominent applications of the f, p’s, they are coefficients
of the holomorphic kernel function of the Shimura [Shi73| and Shintani [Shi75] lifts due
to [Koh85] (see Remark as well), and they are closely related to central L-values by
[KZ81]. Their even periods are rational according to |[KZ84].

Over 30 years ago, Knopp [Kno90, equation (4.5)] found a term—by—term preimage of
each f,{ p under the Bol operator D?*~1 [BOR0S|, where D := 57 597 (compare Proposition
11 (2)). To ensure convergence after summing over ) € Qp, he changed the sign of
k in his result afterwards, which lead to (here and throughout Log denotes the prinicpal

branch of the complex logarithm)

Log <Ta$)
T—a ~b++D
o + —
Ury1.0(1) = ) o0 1)kf1 o Oapg = g ER (VIL1)

We define f. p in Zagier’s original normalization, which differs from the normalization used in
[BKK15| for instance.

119



CHAPTER VII. FUNCTIONS OF KNOPP

He furthermore stated that ¢,41 p(7 + 1) = ¥p41,p(7), and the behaviour of ¥y41 p
under modular inversionﬂ (see [Kno90, equation (4.6)]). Correcting a typo there, we find

that (see Proposition [VII.3.1] (3))
ok 1
Tk 27;Z)k+1,D (—T) — Yk41,0(7)

+
log |-£
= i SrmET o > ﬁ (VI1.2)
e, @ 1) o—labdeap, Q1)
a<0<c

On the one hand, we observe that 911 p is holomorphic and vanishes at ioco (this
follows by Proposition (1) and ) On the other hand, ¥4 p itself is
not modular. Hence, it is natural to “complete” ;41 p. Setting H™ = —H throughout,
completions of 11 p are bimodular formsE| Qp41,p of weight (2k + 2,0) defined on
H x H™ such that

lim Qui1.p(7,w) = Ypq1,0(7). (VIL.3)

wW—r—100

Here we construct such completions explicitly. Firstly, we note that the final sum
appearing in is finite, because b? 4 4 |ac| = D > 0 has only finitely many integral
solutions. This leads to Knopp’s modular integrals with rational period functions [Kno78|.
Roughly speaking, period polynomials describe the obstruction of modularity of Eichler
integrals [Eic57] (defined in (VIL8)) of cusp forms, and Knopp generalized this notion to
rational functions instead of polynomials. Such functions are called modular integrals.
Parson [Par93] defined such modular integrals by

1

sgn(Q
Pr+1,0(T k == ) A (VIL4)
2 geg, A 1) o=tandee, 1)
a>0
sen ([a, b, ]) = sgn(a)
and we recall her result on the ¢;11 p’s in Lemma Secondly, we define

Qw =

) (a!w|2+bRe(w)+C), Sq={reH:Q. =0}, Ep:= |J Sq.

QeQp
for w e C\R, Q € Qp, as well as the functions

Pr+1,0(T, W) =

Log =2 arctan | -2
S T \wmay) <“’ "‘Q> =2 Y aretan\ V) ()fl). (VIL5)

Metr1.p(T,w) =

Kl DT

DT s Q0
0 -1

*We alert the reader to the fact that Knopp used the older convention 7'= (9 7 !).
3We slightly modify the initial definition by Stienstra and Zagier [SZ06] to include the domain H x H~.
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for w € H~. We refer to Propositions [VII.3.2| and [VII.3.4| for some of their properties.
Thirdly, we define

Qpot1,0(7, w) = Vi41,0(T) = pr41,0(T, W) + 2Ti011,D(T) + Aey1,p(T,w),  (VIL6)
on H x H™ and have the following results.
Theorem VIIL.1.1. Let T € H, w € H™.

(1) The functions Qp11.p are bimodular of weight (2k + 2,0) that is

1 1

Qer1,p(T+Lw+1) = Q1 p(T,w), Qey1p (_T’ —w) = 72F20, 1 (1, w).

(2) Condition (VIL.3|) holds.
(3) We have

lim Q1 p(7,w) =0.
T—r100

(4) The functions Q1,p are holomorphic with respect to T and antiholomorphic with

respect to w.

(5) We have that
Qpt1,0(7,7) = 0.
Remark. During the proof of Theorem [VII.1.1| (5), we show that

Log % — Log T % —|—7risgn(Q)+2iarctan<QT>:0.
7’—045 ?—azg \/T)

This implies that the 21 p’s have representations on H x H as well, and these repre-
sentations coincide with the functions

Wk+1,D(77 z) = ¢k+1,D(7') - Z W7 (1,2) € H x H.
Q€EeQp ’
The wi11,p’s satisfy
1 1
Wet1,p(T + 1,2+ 1) = wiy1,p(7, 2), WE+1,D (_T’ —Z> = 7—2k+2wk+17D(7—a z),

lim Wk+1,D (T, Z) - ¢k+1,D(T)'
Z—+100
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In the course of proving Theorem [VIIL.1.1| (5), we encounter the functions (see (VII.20]))

sgn(Qr)
grap(T) = Y =Z—r (VILT)
ocop Q(r,1)

which are local cusp forms. That is, they behave like cusp forms of weight 2k + 2 outside
FEp, however, in addition, have jumping singularitiesﬁ on Ep; see Definition and
Proposition [VIT.4.1] for details. By Theorem [VL.I.T} the functions giy1,p can be written
in terms of traces of cycle integrals.

Next, we construct negative weight analogues G_j p of the gi41,p’s along the lines of
[BKK15]. This is natural, because the gi41,p’s are “odd” positive weight analogues of
the fx p’s, and the f,; p’s recently motivated the definition of new automorphic objects
by Bringmann, Kane, and Kohnen [BKK15|. To be more precise, we let (z;s,w) =
Jo A =t)v~1dt, x € (0,1], Re(s), Re(w) > 0, be the incomplete 3-function, T = u+iv
throughout, and we define

._1 k Dv 11
g—k,D(T) '_2Q§DQ(T 1) /8<|Q( )|27k+2,2>, TEH\ED.

In the spirit of Knopp’s initial preimage of fi p under the Bol operator (without an
additional sign change of k), it turns out that G_j p is a preimage of g1 p under the

Bol operator as well as the shadow operator &, = 22’1)”% due to Bruinier and Funke
[BF04] (up to constants). Such a behaviour is impossible in the situation of a (globally
defined) non-trivial harmonic Maafl form with cuspidal shadowﬂ If f is a cusp form of
weight 2k + 2, then preimages under D%+ and ¢_y, respectively, are provided by the
holomorphic and nonholomorphic Fichler integrals (see (VII.24))

£(r) = = ET I i — )
(1) = = w) (T — w)**dw,
DA
. (VILS)
) = 22 [ FCm)w + 7).

-7

To be able to insert the local cusp forms gr11 p into each integral in , we work in
a fundamental domain of SLy(Z), in which we have just finitely many equivalence classes
of geodesics Sg. Integrating piecewise, both Eichler integrals of gi41,p are well-defined
on H\ Ep. In addition we ensure in Proposition that both Eichler integrals of
gk+1,p exist on Ep. This established, we prove the following properties of G_; p. We
refer the reader to Subsection for definitions.

4We explain this terminology in Section

50One may overcome this by weakening the growth condition in Definition [VIL.2.6|to linear exponential
growth. See [BFOR17, Theorem 6.15] for an example of such a harmonic Maafl form.
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Theorem VII.1.2.

(1) The functions G_i.p are locally harmonic Maaf forms of weight —2k with continu-
ously (however not differentially) removable singularities on Ep.

(2) If T € H\ Ep, then we have, with cs defined in equation (VII1.23),

DF3(2k)! 1,
gik,D(T) T (47‘(’)2<k—|—1)89k+1,D (1) + Dk+29k+1,D(7—)'

The functions G_j p are outputs of a theta lift. To motivate this, we parallel a
construction of Bringmann, Kane, and Viazovska [BKV13]. We employ Borcherds
[Bor9g| regularization of the Petersson inner product (-, )" for I'g(4) (see Section [VII.2),
and define the theta kernel| (2 = z + iy, w € H™)

47| Q(r,1)|? .
0717, 2) =S ST Qe Qr 1)ke T e (VILY)

dEZ QEQy

The function 0* . transform like modular forms of weight % —k in z, and of weight —2k in
7, see Lemma |VI1.2.8, Thus, they give rise to the theta lift (F' a weight % — k harmonic
Maaf form with cuspidal shadow)

S5 (F)(7) = (F, 024 (=7,))™.

It suffices to compute £*; on the Maafi-Poincaré series P1_, . (defined in equation
5=k,
(VII.13)) as they generate the space of harmonic Maa$l forms with cuspidal shadows.

Theorem VII.1.3. Let 7 € H\ Ep. We have, with T' the usual T-function

1k
Di72k!
1 g—hD(T)'

s (Pyosn) () = 3T (k + 1) (4m) 544

VII.2 Preliminaries

VII.2.1 Integral binary quadratic forms and Heegner geodesics

The modular group SLy(Z) acts on Qg4 by ((¢5) € SL2(Z))

Qo (Z 2) (x,y) == Q(ax + by, cx + dy).

SWe use the variable 7 for integral weight, and z for half-integral weight. This is opposite to the
notation in [BKV13|.
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The action of SLy(Z) on H is compatible with the action of SLo(Z) on Qg, in the sense

thatl’]
Qo) (r,1) =j(v,7)’Q(y 1),  j ((i 2) ,r) =cr+d (VIL.10)

Since D > 0 is not a square, the two roots ag of Q € Qp are real-quadratic and
connected by the Heegner geodesic Sg. We orientate Sg counterclockwise (resp. clockwise)
if sgn(Q) > 0 (resp. sgn(Q) < 0). The orientation of Sg in turn determines the sign one
catches if 7 jumps across Sg. More precisely, one has sgn(Q) sgn(Q-) < 0 if and only
if 7 lies in the bounded component of H \ Sg. The unbounded connected component
of H\ Ep is the unique such component containing ico on its boundary. We refer the
reader to the beautiful article by Duke, Imamoglu, and Téth [DIT11} Section 4] for more
on Heegner geodesics.

We next collect some results, which we utilize throughout. The following lemma is
straightforward.

Lemma VIIL.2.1. For Q € Qq, d € Z, we have
dv? + Q3 = 1Q(7, 1)[*.
To determine the weights of our functions, the following lemma is useful.
Lemma VII.2.2. For every Q € Qp and v € SLy(Z), we have

. B Im(yr) v
Qe =Qr o5 T @ m )

We also require the following elementary lemma.

Lemma VII.2.3. Let U C C be open. Assume that f: U — C is real-differentiable and

satisfies f(T) = f(1). Then

o ., 0
o7 (T):E (7).

The following differentiation rules are obtained by a direct calculation.

Lemma VII.2.4. Let Q € Op.

(1) We have
0 i _ 0 (A 0 Q(r,1) |
v 8TQ_T 2Q( 7_7]‘)7 v 87_@7' 2Q(T71>7 v 87— 1}2 ZQ’T'

"A good reference is for example Zagier’s book |Zag81l § 8.

124



VII.2. PRELIMINARIES

(2) We have
o 2 ?Q, .9 0 B 5,0 Q(F1)
oTQ(T,1)  Q(T,1)¥ 25 Qr = Q1 1), e =0

Letting Q'(7,1) == 8%@(7, 1), the following lemma can be verified by direct calculation.
Lemma VII.2.5. Let Q € Qp and 7 € H. We have

Qv+ Q' (1,1) =Q(r,1),  Q'(r,1)* =2Q"(r,1)Q(r,1) = D.

VII.2.2 Maafl forms and modular forms

We collect the definitions of various automorphic objects appearing in this chapter;
see [BFOR17| for more details on various types of harmonic Maaf} forms. Let x € %Z, and
N:=1ifk € Zand N :=4if k ¢ Z. The slash operator is defined as ((2Y) € T'o(N))

£ (a b) _ {(CT +d)" " f(y7) if kK eZ,
#\e d) | (§)eX(er+d)Tmf(yT) ifk e +Z,

where () is the extended Legendre symbol, and for d odd 4 := 1 if d = 1 (mod 4) and
eq =1 if d = 3 (mod 4). The weight k hyperbolic Laplace operator is given as

A, = —v? 8—2+8—2 + ik <6+¢8>
m ou? = ov? ou v/’

We require various classes of modular objects.
Definition VII.2.6. Let f : H — C be a real-analytic function.

(1) We call f a (holomorphic) modular form of weight k for I'g(N), if f satisfies the
following;:
(i) We have f|,y = f for all v € Tg(N).
(ii) The function f is holomorphic on H.
(iii) The function f is holomorphic at the cusps of I'o(NV).

(2) We call f a cusp form of weight k for T'g(N), if f is a modular form that vanishes
at all cusps of I'o(N).

(3) We call f a weight k harmonic Maafl form with cuspidal shadow for T'o(N), if f
satisfies the following:

(i) For every v € I'g(IV) and every 7 € H we have that f|.,y = f.
(ii) The function f has eigenvalue 0 under A,.
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(iii) There exists a polynomial Py € C[¢™!] (the principal part of f) such that

() = Pe(r) = O (e7)

as v — oo for some § > 0, and we require analogous conditions at all other
cusps of T'o(N).

Forms in Kohnen’s plus space have the addi‘lcional property that their Fourier expansion
is supported on indices n satisfying (—1)""2n =0, 1 (mod 4) with k € Z + %

We remark that A, splits as
A, = €9, 0&,, (VIL11)

which in turn implies that a harmonic Maafl form with cuspidal shadow naturally
splits into a holomorphic and a nonholomorphic part. The operator £, annihilates the
holomorphic part, while the Bol operator D!=*, x € —Ng, annihilates the nonholomorphic
part (since our growth condition rules out a nonholomorphic constant term in the Fourier
expansion). Letting ¢ € N, the Bol operator can be written in terms of the iterated Maaf§
raising operator

(—4m) D = RS =Ry 90...0 Ry 4190 Ry y, (VIL12)
0 K
0 . .
=1id o = 21— + —.
Ry_,:=1id, R o + .

This identity is called Bol’s identity, a proof can for example be found in [BFOR17, Lemma
5.3].

VII.2.3 Locally harmonic Maafl forms

In [BKK15|, so-called locally harmonic Maafl forms, were introduced (for negative
weights). See also [Hov12| for the case of weight 0.

Definition VII.2.7 (|[BKK15, Section 2]). A function f : H — C is called a locally
harmonic Maaf form of weight k with exceptional set Ep, if it obeys the following four
conditions:

(1) For every 7 € SLa(Z) we have fl.y = f.

(2) For all 7 € H\ Ep, there exists a neighborhood of 7, in which f is real-analytic
and in which we have A.(f) = 0.

(3) For every 7 € Ep, we have that f(7) = $lim__,o+ (f(7 + i) + f(r — ie)).

(4) The function f exhibits at most polynomial growth towards iocc.
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We say that a function f : H\ Ep — C has jumping singularities on Ep if
lim (f(r +ie) — f(r —ie)) € C\ {0}

e—0t

for 7 € Ep. Note that this limit depends on the geodesic Sg on which 7 is located. If
lim (f(7+ie) — f(r —ie)) =0
e—07t

for all 7 € Ep, then we say that f has continuously removable singularities on Ep.

VII.2.4 A theta lift and Poincaré series
A fundamental domain of T'y(4) truncated at height 7" > 0 is given by

FT(4) = U ’)/FT,
7€l (4)\SL2(Z)

where
Fr = {zEH: || S%,|z|21,y§T}.

Let f and g satisfy weight x modularity for I'g(4) and let du(7) = dg#. Borcherds
regularization of the Petersson inner product of f and g is given by

reg - -

(fr9)"® = / fw)g(w) Im(w)"dp(w) == lim f(w)g(w) Im(w)"dp(w),
To(4)\H T—00 JFp(4)

whenever the limit exists. Although the definition of F7(4) depends on a set of represen-

tatives of ry(4)\SL2(2), the inner product is independent of this choice.

We next define the Poincaré series appearing in Theorem and follow the
exposition from [BKV13, Section 2]@ We let | pr denote the projection operator into
Kohnen’s plus space (see e.g. [BFOR17, equation (6.12)]). We furthermore let M, , be
the usual M-Whittaker function, and define

Mies(t) = [8]72 Mgy o 1([1])-

We then define the Maafi—Poincaré series of weights kK € —N + % and indices m € N
projected into Kohnen’s plus space as (see [BKV13, equation (2.12)]), with 'y, =
{£(§1) :neZ},

v|pr. (VIL.13)

K

(47””)% —27i
Prem(2) = = g M, 1— s (—4mmy)e” =TT
I'2-—k) T To(4) ( 2 )

8We remind the reader of Remark
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The functions P, ,, converge absolutely and are harmonic Maafl forms with cuspidal
shadow, see [BFOR17, Theorem 6.11].
We lastly summarize the transformation behaviour of the theta kernel from equation

(VIL.9)).
Lemma VII.2.8.

(1) The function z — 0% (7,z) is modular of weight & — k and is in Kohnen’s plus
space.
(2) The function T — 0* (T, 2) is modular of weight —2k.

Proof.

(1) This follows by a result of Vignéras [Vig77]. The application of her result in this case
can be found in [BKZ14} Section 2]. This part is also contained in [BKV13, Section
2] (up to a local sign factor).

(2) This follows by Lemma [VII.2.2| and equation (VIIL.10]).

VII.3 Proof of Theorem VIL.1.1l

VII.3.1 Knopp’s claims on ¢y p

We now discuss the initial claims of Knopp on 9;41,p-
Proposition VII.3.1.

(1) The functions V¥y41,p converge absolutely on H and uniformly towards ico.
(2) Forn € N, we have

T — 0N 1
D21 [ Log 2)Q(r, 1)) = —i2m) Y- )P0
T —ap Q(r,1)n

(3) The functions Y41 p satisfy Yu1,0(T7 + 1) = Ypq1,p(7) and (VIL.2)).
Proof.

(1) Let @ = [a, b, c] and suppose that v > 1. Since aé € R are the zeros of @), we have

Q(T, 1) =a(r — aé)(T —ag) and v > 1 implies that ‘T - ag‘ > 1. Using |a| > 1
gives

T — Qp 1
Log( §>‘s1og QT W < ogl@er, 1)+,
T Qg \a|’(7'foz25>’

and (1) thus follows by the properties of fi. p for K > 1 (see [Zag75|).
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VIL.3. PROOF OF THEOREM |VIIL.1.1

(2) We proceed by induction on n. The claims for n = 1 and n = 2 follow by computing

o T—aé B VD
o7 Los <T_a5> = o0 VIL1)

o3 T — aé D%

— | L )| = ——

973 ( 8 <T — a5> Q. )> O(r, )2’
utilizing Lemma [VIL.2.5] for n = 2. To proceed with the induction step, we define
formeN

fn(7) == Log (T — a%) Q(r, )" 1, cn = (=1)"(n — 1)1
T—agh

Since @ is a polynomal of degree 2, we have, using the Leibniz rule,

8277,—}—1 2n+1
mel(ﬂ = 5ol (fn(1)Q(7,1))

=17 (MR 1) + (2n + DIFY(MQ'(7,1) + (20 + Dnf "~V Q" (7, 1).

To apply the induction hypothesis, we write fgn) (1) = %fgn_l)(ﬂ. Combining

with the second identity of Lemma [VII.2.5| then yields

8271—}—1 nQCnDn+%
Tﬂfnﬂ(ﬂ = T v+l
or2n Q(r,1)nt

Simplifying gives the claim.
(3) Translation invariance of 111 p follows immediately from equation (VII.10|) and
the fact that

-1
[a,b,c] o (é i) =la,—2a+b,a—b+c|.

Again using (VII.10|) and the fact that

-1
[a,b,c|o (? _01> = [c,—b,a],

we obtain that

T D (—i) — Yp41,0(7) =
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Next, we recall that for z,w € C\ R

Log(2) — Log(w) = Log( ) +i <A o(2) — Arg(w) — Arg (;)) . (VIL15)

_1_b-VD s_=b=vD
Choosing z = ﬁ, w= ﬁ yields
T 2c 2a
1 __b=VD _ —b+VD + +
z ( T % ) (T 2 ) ) aQ
w  (_1_t+vD 5 vD\  a- sgn(ac) a=
(_; T 2 ) (T - 2a ) Q Q

Hence Arg(z) = Arg(sgn(ac)w) and thus Arg(z) — Arg(w) — Arg(Z) vanishes
whenever sgn(ac) = 1. Therefore the corresponding terms do not contribute to
Arg(z) — Arg(w) — Arg(Z2). If sgn(ac) = —1, we extend Log by its principal value
Log(z) = log |x| + mi for x € R™. Then we use that

Arg(—w) — Arg(w) = —sgn(Im(w))m, (VIL.16)

and Arg(Z) = 7. Hence, Arg(z) — Arg(w) — Arg(Z) vanishes if sgn(ac) = —1 and

Im(w) < 0. To determine the sign of Im(w), we calculate that

T—ag a&aé—(a{é—kaé)u—i—zﬂ—i—zﬂ i(aé—aé)v
T—ah -

R _ At
I —af] T —af]

-1 2(”627—@\/5@). (VIL17)
T - ag)

Consequently, we have Im(w) > 0 if and only if a < 0. We conclude by (VII.15))

and (VII.16) that

=21 ifa<0<c,

Are() — Ara(u) — Arg (2) = {

0 otherwise.

Thus

+
1 Log ( >
A A (—T> Ves1,0(T) = Y O )i+ —2mi Y
9p Op
Qe dQ<€O<c

Qle‘H'
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By mapping @ — —@Q, we arrive at

ot +
Log (aﬁ?) log a—? 1
Q Q
> R+l > 1 T > k1
QEQp Q(T’ 1) QeLQp Q(T’ 1) Q=la,b,c]€Qp Q(T7 1)
sgn(ac)=—1
+
log | 22
_ Z & el
Qlr, 1)+

O]

Remark. By (VII.17)) the branch cut of LOg(Z—Zg) is the interval [y, ozzg] or [ozzg, ag).

VIIL.3.2 The functions py+1 p, Yr+1,0, and A1 p
Adapting the proof of Proposition [VIL.3.1| (1), (3) we deduce the following results.

Proposition VII.3.2. Let 7 € H, w € H™.

(1) The functions px+1,p converge absolutely on H x H™ and uniformly as 7 — ioco

TeSp. W — —100.
(2) We have

lim  pgi1,p(T,w) =0, lim pri1,p(7,w) = 0.
w——100 T—100

(3) The functions py11,p satisfy

Pre+1,0(T + 1w+ 1) = ppp1,p(T,w),

and
_op_ 1 1
T 2 1D <—T,—w) — Pk+1,0(T, W)
+
log| -2 1

Q .

= > — 2 _42mi > I —
k1 k1

a<0<c

We next cite Parson’s [Par93] result on her modular integral i1 p.
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Lemma VII.3.3 ([Par93, Theorem 3.1]). The functions ¢ii1,p satisfy

©r+1,p(T + 1) = @ry1,0(7),

and
—2k—2 1
T Pk+1,D B 90k+1,D(T)
1
-- ¥ QS(ngl()karl =2 Y oG T
Q:[a,b,C}EQD ’ Q:[a7b7c]€QD !
ac<0 a<0<c

Furthermore, we have

lim ¢py1.p(7) =0.
T—100

We continue with some properties of A\r11 p.

Proposition VII1.3.4. Let 7 € H, w € H™.

(1) The functions A\ry1,p converge absolutely on H x H™, and uniformly as 7 — ioco
resp. w — —1i00.

(2) The funtions Agt1,p are bimodular of weight (2k + 2,0), that is

1 1
Me1,0 (T+Lw+1) = N1 p (T,w), Ajr1,p <—, —w> =2\ (Tyw)
(3) We have
lim  Apy1,p(7,w) = =2mipr41,p(7), lim Agq1,p(7,w) = 0.
w——100 T—+100
(4) We have

TO(- 1)k1 T O(+ 1)1
s, QT T & Qi)
Proof.
(1) By the definition of Ag41 p in (VIL5), we have
Qu
arctan | = 1
Mol <2 prtan (35 _, >

k+1 = E+1°
QeQp 1Q(,1)] - Qelp 1Q(7,1)] *

The claim follows by the absolute convergence of the f; p’s on H.
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(2) Bimodularity is a direct consequence of Lemma and equation (VII.10)).

(3) The assumption that D is not a square guarantees that the sum defining A;41 p
runs over quadratic forms Q = [a, b, ¢] with ac # 0. To prove the first assertion, we
observe that

Qu

= alm(w
vD (w)
as Im(w) — —oo, and hence

lim arctan (3%) = —g sgn(Q).

wW——100

The first claim follows by the definition of ;41 p in (VIL4). As a # 0, we have

W — 0 for 7 — i00. The second claim follows by (1).

(4) The claim follows by rewriting the arctangent in (VIL.5)).

VIL.3.3 Proof of Theorem [VILI.T]
We conclude this section with the proof of Theorem
Proof of Theorem |VII.1.1|

(1) This follows by combining Propositions [VIL.3.1] (3), [VIL.3.2] (3), and (2)
with Lemma [VIL3.3l

(2) This follows by combining with Propositions (2) and (2).

(3) Proposition (1) along with

) T - Qg
lim Log T =0 (VIL.18)
T—100 T — g

implies that ¢x11 p is cuspidal. By Propositions [VIL.3.2] (2), [VIL.3.4] (3), and
Lemma |VIL.3.3| every function defining Q4 p in (VIL6) is cuspidal (with respect

to 7).

(4) As each function defining Q41 p in (VIL6) is holomorphic as a function of 7,
we obtain the assertion with respect to 7 directly. To verify that ;1 p is anti-
holomorphic as a function of w, we compute by Lemmas [VIL.2.1 and [VIL.2.4] (1)
that

Qw>:_ VD

2@'i arctan (
9 vD Q(w, 1)

w
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By (VII.14)), we deduce that

.0
21— arctan

ow

(%) - 2o (29)

By (VIL5)) and (VIL.6f), we conclude that

0
7Qk+1,D (7’, w) =0.

ow
(5) We first inspect the functions 9,11 p — pg+1,p. By definitions (VIL1)) and (VIL5)
we have
T—o T—o
G )
Yry1,0(T) — pr41,0(7,7) = .
+ ( ) + ( ) QéD Q(ﬂ 1)l~c+1

We note that

)t () i

Log (T_aé> — Log (T_aé
7_045 ?_045 (7’—045) (?—aé)

and we determine the multiple of 27 now. From (VII.17)), we deduce that

(T—Qé) (?—az?) B %—z’
R

(r=ay)(t-0g) %

We use (VII.15)) and hence need to compute

(e R e R E:zfz{)
(o) () e (225 6))

Note that for z € C\ R
Arg(z) — Arg (z) — Arg (i) =7 (1 —sgn (Re(z))) sgn (Im(z2)) .
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We use this for z = :_zé . By (VIL.17), (VIL.19)) thus becomes 7i(sgn(Q,)—sgn(Q)).
%
We infer that

Lz
o (@) sn (Q-) —sen(Q)
Vk+1,0(T) = Pk41,0(7,7) = QéD CQ(r, 1)k +m Qgp Q(r, 1)k+1 :

Combining with (VIL.4)) gives

VYr41,0(T) = pr41,0(7,T) + Pry1,0(7,7)

[z
Log \/B-H Q
VD sgn (&Jr
= > Y (VIL.20)
TO(~ 1kt k+1’
0o, Q(,1) 0o Q(1,1)

which is modular of weight 2k + 2 by (VII.10)) and Lemma [VII.2.2] To finish the
proof, we inspect A\py1 p(7,7). Combining Q7 = —Q~ with Proposition |VII.3.4{ (4)

yields
%f —i
VD
Log I+

MNe1,p(T,7) = = D~

By (VII.16]), we obtain

from which we conclude the claim using (VII.6)).

VII.4 The function g1 p

VII.4.1 Local cusp forms

Recall the definition of gi41,p in (VIL.7)) and Definition [VI.2.7]

Remark. Let d(z,w) denote the hyperbolic distance between z,w € C with y Im(w) > 0.
Since D > 0, we have (with 7j, ¢ = —% + ﬁ\/ﬁ) 9z — cosh(d(r, 7¢)). This yields

VD

an alternative representation of gi41,p as well as of A\jy1 p.
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We next prove our claim for gi41,p.
Proposition VIL.4.1. The functions gi4+1,p are local cusp forms.

Proof. We observe that the gi1,p’s converge absolutely on H utilizing absolute con-
vergence of the f, p’s. We directly deduce that the g1 p’s are holomorphic. Using
Lemma |VII.2.2|and (VII.10)) shows that the gi41,p’s are modular of weight 2k + 2. If

v > \F , then sgn(Q;) = 1. Thus, cuspidality of the gi41,p’s follows by cuspidality of
the f,.gy p’s for k > 1. The local behaviour and the jumping singularities are dictated by

sgn(Qr). O

VII.4.2 The local behaviour of g1 p

We next provide the behaviour of gr11,p on Ep.

Proposition VII.4.2. If 7 € Ep, then we have that

‘ . sgn(Q

1 € =2

8_1>%1+(9k+1,D(7' +i€) = gk+1,0(T QEZQ: Q1) k+1
@-=0

Remark. The sum on the right-hand side is finite by [BKK15, Lemma 5.1 (1)].

Proof of Proposition [VII.7.3. We adapt the proof of [BKK15, Proposition 5.2]. We write

. Sgn(QT:I:ia)
Gk+1,p(T £ig) = Z + Z SR
QeQp Q€Qp Q(T + i€, 1)

Q‘r:O QT?éO

Absolute convergence of Zagier’s fi p function implies that g1 p converges absolutely
on H and uniformly towards ioo, which permits us to interchange the sums with the limit,
and argue termwise in the following. If Q) # 0, then 7 + ic are in the same connected
component of H\ Ep for e > 0 sufficiently small. Combining with [BKK15| equation
(5.4)], we deduce that for £ > 0 sufficiently small

sgn([a, b, ¢|ryic) = sgn(la, b, c];—ic) = dsgn(a),
where

b

T—1€+ —
2a

2] ~ 2la

\/E> = =+£1.

0= sgn<

T+ e+ b‘ \/5> —Sgn<
2a
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Thus
. Sgn(QT—Ha) Sgn(QT—ia)
slg(l)l+ (Q(T +ie, )T Q(r — e, 1)’““)
o sgn(Q) sgn(Q) _
=m0 (Q(T +ie, L QT — e, 1)"“+1) -0

If @, = 0, then 7 + ie are in different connected components of H '\ Ep for all £ > 0.

This is justified by [BKK15, equation (5.6)], namely

vD ‘ b ‘ vD
<|T

> = ~- Y= —o0<
21al 21al

b’_\/ﬁ
2a| 2|al

2a

b
T—iE-i—‘- T +1€ +
2a

for every € > 0. Combining with [BKK15, equation (5.4)] implies that sgn(Qri:) =
+sgn(Q), and consequently

lim
e—0t

(20 s0@e) ), se0(Q)

Q(r + ie, 1)k+1 N Q(1 — e, 1)k+1 W

We next inspect the sum appearing in Proposition

Lemma VII1.4.3. The sum

sgn(Q)
Qép Q (T’ 1)k+1
Qr=0

does not vanish identically on Ep.

Proof. Let 7 € Ep. Then we have 7 € Sy for some Q € Qp. On the one hand, the sum
in the lemma has a pole of order k£ + 1 > 0 at ag, and hence both limits

i sgn(Q)

IIH:t 1 Trl
Toray QeQp Q (7’, )
TESH Qr=0

tend towards co. On the other hand, the sum is continuous on Sg, and the contribution
from the terms corresponding to @ # 9 is finite at ag. O
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VII1.4.3 The local behaviour of &, ., , and g;,; p

We next prove that the Eichler integrals of gi41,p exist on Ep.
Proposition VII1.4.4. Let 7 € Ep. Then we have

i (Egy,, (7 + i) = Egyy (7 — i)

e—0t
_2(2mi) / sen(@Q) ok,
@ b g QU w, 1)FT ’
Qrw=0
and
i <9k+1 p(T+ig) = giqp1,p(T — ig))
2 /ioo sgn(Q) 2% .
(2i)2k+1 % Geop Q(T—’w,l)k+1
—w=0

Remark. As remarked after Proposition [VII.4.2] the sums inside the integrals on the
right-hand sides of Propostion [VII.4.4] are finite. They can be written as integrals over a
bounded domain, because the integrands vanish as soon aﬁ Im(7 4+ w) > @ or 7 —w
moves out of H. If 7 +w ¢ Ep, then the sums are in fact empty. Hence, the integrals on

the right-hand side of Propostion [VII.4.4] exist.

Proof of Proposition|[VII.Z.J]. Ast+ic ¢ Ep for every € > 0, we utilize (VIL.7). Changing
variables gives
EE%& <€gk+1 D (T + iE) - ggk+1,D (T - 15))

(27TZ 2k+1 /7,00 Z ( Sgn QT+ZE+1U) _ Sgn(QT—i&—‘rw) )kadw’
Q€lp

Q(T +ie+w, 1)L Q(1 —ie +w,1)kt]

a—)O+ 0

and

lim (g11,0(7 +i€) = g1, (7 i)

e—0
1 ioo T—w—+1
lim (_/ Z sgn (Q tie) w*dw
2

= (20)2k+1 o+ i(v+e) GES, QT — w +1ig, 1)k

+ /;OO Z sSgn (QT—w—is) kadw) ,

i(v—2) oo Q1 —w —ig, 1)k+1

If Tm(7 + w) > @, then 7 + w lies in the unbounded component of H\ Ep.
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where we use that @z = —Q in the case of g;; p.

We consider the holomorphic Eichler integral first, and justify interchanging the
limits € — 0™ with the holomorphic Eichler integral. By , 9k+1,p vanishes at 700,
and converges uniformly towards oo as the sign-function is bounded (using that f. p
converges uniformly towards ico for £ > 1). By virtue of modularity of gxy1,p, both
assertions hold towards 0 as well. In other words, the integral converges uniformly, and
this permits the exchange of the limit ¢ — 0T with the integral. We infer that

El_igl+ (gngrl,D (T + z'g) - gngrl D (T - ZE))
(27”)%-1-1

- W /0 al_ifég (Gk+1,0(T +w +i€) — gr41,0(T + w —ic)) w2 dw.

If T+w ¢ Ep, then the limit inside the integral vanishes, because 7+w+ic and 74w —ie
are in the same connected component for ¢ sufficiently small. If 7 +w € Ep, then we

apply Proposition [VIT.4.2] to obtain
lim (ggk+1,D (T + ia‘) - ggk+1,D(T - ZE))

e—=0t
_ 27.” 2k+1 /zoo Z sgn ) dew
A Qi pw

Q7+w—0

Now, we treat the nonholomorphic Eichler integrals, and first split one of them as

sgn (QT—w—ia) 2k
- w dw
/22 (v—e) QGQ Q(t —w —ig, 1)k+1

2i(v+e) 100 sgn (QT—w—ia) 2%k
= + / - dw.
<~/27,’(v—5) Zi(v—i-a)) Z Q(T —w — 1€, 1)k+1 v

Q€eQp

We note that

2i(v+e) )
- e (@)

2k
dw = 0,
e0t 27;(1)_5) Q(T —w — ’i€, 1)k+1w v

because the integrand is bounded in the domain of integration, which has measure 0 as
e — 0T. Hence, it remains to consider the integral from 2i(v + €) to ico. If T —w ¢ Ep,
then we have

lim
=0T J2i(v+e)

i00 sgn (QT*’LU+7;6) sgn (Qwafia) > 2%k
_ dw =
( Q(T — w +ig, 1)k+1 * QT —w —ig, 1)k+1 wrdw =0,
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as in the previous case, because 7 — w =+ i¢ are in the same connected component for
sufficiently small. If 7 —w € Ep, then we obtain

lim
e—0t

ico g0 (Qrwiic) sgn (Qr—w—ic) 2%k
Z ( ot >w dw

T—w+ig, 1) Q1 —w —ig, 1)k

o0 sgn(Q) 2%k
[Ty @y,
2iv Qcop Q(T —w, 1)

‘rf'w:O

2i(v+e) Qep

by Proposition exactly as in the previous case. O

VIL.5 The function §_; p and the proof of Thm.

VIL.5.1 Convergence of G_; p

We first establish convergence of G_j, p.

Proposition VIIL.5.1. The sum defining G_i, p converges compactly for every T € H\ Ep,
and does not converge on Ep.

Proof. If 7 € H\ Ep, then sgn(Q,;) = %1 and thus the claim follows directly by
[BKK15, Proposition 4.1] after summing over all narrow equivalence classes there. (The
class number of positive discriminants is finite.) If 7 € Ep, then the incomplete S-function
reduces to a constant depending only on k according to Lemma [VII.2.1] Hence, the sum

defining G_j p does not converge on Ep as the sum is infinite and B(1; k + %, %) #0. O

VIL.5.2 Behaviour of §_; p under differentiation

We inspect the behaviour of G_ p under differential operators.
Proposition VIL.5.2. Let 7 € H\ Ep.

(1) We have
€ ok(G_k.D) = Dk+%gk+1,p.
(2) We have

DF 3 (2k)!

k
D**(G_r.p) = W!]k-‘rl,D-
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(3) We have

A_9k(G_k.p) =0.
Define

2
gii(r) = Q(T,l)”ﬁ‘(@(DU) +; ;) n € N.

The proof of Proposition [VIL.5.2]is based on the following three technical lemmas.
Lemma VIIL.5.3. We have for n € Ny

Dt 202 Q|
n+1Q(r1)"

gl (r) = 2@( 1)l (7) -

Proof. By [BCLO10, item 8.17.20], we have that

Blzya,b)  Blzsa+1,0)  z%(l—x)°
B(l;a,b)  B(Lia+1,0) ' aB(lia,b)’

This gives that

1
2

D’U2 ’I’L+% o DvQ
DU2 n -+ 11 - (|Q(7'71)|2) (1 \Q(T,l)\Q)
9279 I

|QKT71H 2 2 n—%g

Using Lemma [VIL.2.T] we compute

Divz nt3 . D2 %_ Dn+%02n+2|QT|
Q(r, 1) QD) QP

o BUmtS S +3
and since BEI;ZJr;é; = ZH , we obtain the claim. ]
Lemma, motivates to define the auxiliary function
D3 2n
97[3]( )= &
Q1"

(2]

The second technical lemma treats the image of g, under differentiation.
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Lemma VIIL.5.4. We have for n € N

a2n+1

Or2n+l g(r) = 0.

Proof. We prove the claim by induction. If n = 1, then the claim follows by applying

Lemma |VII.2.4] (1) three times.
For the induction step, Lemma [VIL.2.4] (1) yields that

9 ( 42 NS bogn =
5o (v72Qr) = —5 0@ + V' Q (7 )
for every ¢ € Ny. Noting that %(’UKQ(?, 1)) = 0, we obtain

s (10) = =50+ 17 (V).

Consequently, we find that

o*n+3 D(2n+2)(2n +1) 9> o

(2] _
87’2n+3 gn—i—l(T) - 4Q (?’ 1) 8T2n+1 9n (7-)

The right-hand side vanishes by the induction hypothesis, as desired. O
The third lemma contains the main technical claim.
Lemma VIL.5.5. We have for n € Ny

92n+1 i(—l)”+lD”+%(2n)!sgn(Q7)

I —
or2n+19n (1) 221 (7, 1)n+1

Proof. We prove the lemma by induction.

Step 1: The case n =0

We apply the Fundamental Theorem of Calculus, Lemma [VII.2.1] and Lemma [VI[.2.4]
yielding

Q(r, D" Q(r,1)

for every n € Ny. In particular, this proves the desired identity for n = 0.
Step 2: The case n =1

Using (VII.21)) and the first identity of Lemma |[VII.2.5] we compute that
(1] (1) 9 Pt 20 sgn(Q-)

gn
R (gi(r)) = oy T eE DT

2 cyn4-L o on,
Qg Do, L1 1) _ i sen(Qn) (VIL21)
ot \1Q(7,1)] 272
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Lemma with n — n — 1 gives
1
97[11](7') _n _% (1] (1) — D"z v*"sgn(Qr)Qr

Qnl) ~ n T T T QFE ) Q( )
Plugging into the previous equation and applying Lemma [VIT.2.7] yields

2D" 3202 sgn(Qr)
Q1"

Ry, (9(7)) = =(2n = 1)Qrg,) 1 (7) +
We compute

n—2% on—2
o, (28 ) o,
Q(7,1)

Ra—on (Q'rgy[ll}_l(T)) =Q:R2—2n (97[11]_1(7')) - 97[3]_1(7')
by Lemma [VII.2.4] (1). We infer that

Ry 9,0 R 9, (97[11} (T)) =—(2n—1) (Q7R2—2n (97[11]71(7'» - 97[11]71(7')

Q1)

V2

)}

02
Now, we suppose that n = 1. Then the previous equation gives

Roo B (7)) = ~@oRa () + ol 252

We then compute, using (VII.21))
Dv? 1 1) B 2D3 sgn(Qr)

1) — 9.9 .
Ro(gol(T))—m(?Tﬂ(WyzyQ = Q(r 1)

Combining this with the previous equation we obtain

Disgn(@r) o Do 11)Q(T1)
Q(r,1) Q(r,1))*'272) v )’

By Lemma |VII.2.4] (1) and (VII.21)), we calculate that

O o, Drsen(Q) [ Dv* 1 1\Q(T1)
87( 2Q- Q(7,1) +ﬁ<|@(7,1)l2’2’2> v? )

RyoRoo R (g1'(7)) = Ry (—2QT

QT 1) D32 sgn(Qr) D3 sgn(Qr) -, iD3 sgn(Qr) Q (7,1)
=T oy %gmne 0Ny e
i Dv? 11 _
+ ﬁﬁ <|Q(T, 1)|2§ 3’ 2) Q (7, 1)
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Hence, by Lemma and the first identity of Lemma
_4D3 sgn(Qr)

o Qn1)?
We can directly conclude the claim using Bol’s identity (VII.12)).

Step 3: Application of Lemmas [VIL.5.3| and [VIL.5.4] and reducing to 2n + 2
derivatives

Employing Lemma, and Lemma [VIL.5.4] with n — n + 1 yields

H2n+3 (] n_}_% 92n+3
pranradnin(T) = 3o s

By equation (VII.21]), we compute that

R2 o RO e} R,Q (ggl] (’7’))

(@ 1gll(n). (VIL22)

2 (@ nal))

— (4 1)Q(r1)"Q (1, 1)8 <02n 1 1) ) D+Q(2T ﬁ?m

) + 57 0
Q(r.yIF 272
We observe that the final term gets annihilated by differentiating 2n + 1 times and thus

n 4+ % o3
n+ 1 or2n+3

(@, ngll(r))

1\ 9%n+2 Dv? 11
= — ) = D"Q'(t,1 — —=1]1.
(n+3) g (@ Q08 (5 a5
Step 4: Reducing to 2n + 1 derivatives
By equation (VII.21]), we furthermore calculate that

9 o Dv* 11
g (0@ (2mn 33

_ 1 9 Dv? 11
=nQ(r, )" Q(1,1)°8 (WJH' > 2)
D 2 11 Dn+% 2n -
+ Q(Tv 1)%@//(7_’ 1)/6 <’62(7_U1)|27 n—+ 57 2) - iQ(Tv 1)71@/(7_7 1) ‘Q(T f)|2:gc;((521§ :

By the first identity of Lemma the final term may be rewritten as

D" 3u™sgn(Q,) Do lsgn(Q,) | DT |Q]

SREV D S ey T em)t T ememy)”
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Again the final term gets annihilated upon differentiating 2n + 1 times. Consequently,
we obtain, by the second identity of Lemma

n+ % H2n+3
n+ 1 or2n+3

(Q(r.1gll(r))

2n+1
:<n+1)§2:+1<DnQ71 15( ;é)
" Dv? 11 Dn+%v2n |QT|
+2n+1)Q(r, 1)"Q"(7,1)5 (,Q(T’mz’”* 2’ 2) Q1" Q(T,1)>

2n+1 [, (2]
= (n—l— 1> 8872”“ (DngETE 1)) +(2n+1)Q"(r,1)g [1}(7') + IZQQ(T,(l))> .

Step 5: Application of the induction hypothesis
We use Lemma |[VII.5.3| with n — n — 1, to obtain

[1] 1 [2]
gn (1)  n—35 [ gn (T)
Q(r,1)  n 2g”*1(7> B nQ(r,1)’

and hence, using step 4,

n + % 82n+3
n+109r2nt3

(@ Dgll(m)
_ (n n 1) ;:::1 (D (n _ 2) o (7 + @2n+ 1)Q" (7, 1)gl! (T)) :

The induction hypothesis for n and n — 1, and the fact that Q" (7, 1) is independent of T,
then gives

n+ i 9¥nts
nt i Hr2n+3 (Q(Tv 1)97[11] (T))

(—1)"1’D”+% (n + %) (2n)!'sgn(Qr) (1 §2 1 Q"(r,1)
- 4n (n or2 Q(r,1)n (2n+ 1)Q(T, 1)”“)

Step 6: Simplifying the expressions
Using the second identity of Lemma we compute

1 62 1 Q"(r,1) _ D(n+1)
w2 Q1 TG e = Qe 1y
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Inserting this into the result from step 5 yields

(=1)% (n+3) (n+1) (2n)ID"*2 sgn(Q,)
(Q(T, 1)91[11} (7')> = ( 2>4nQ(7-7 1)n+2 -

By equation (VIL.22), we ultimately arrive at the claim of the lemma (with n — n+1). O

n+ % 62n+3
n+10r2nt3

We are now ready to prove Proposition [VIL.5.2]
Proof of Proposition [VIL.5.3.
(1) By Lemma [VII.2.3| and equation (VIL.21)), we obtain

9 ( Dv? ‘k_i_ll)_ka*év%sgn(QT)
oo \Q(r, P 2°2)  Q(n )P Q1)

This implies the claim.

(2) Lemma [VIL.5.5 implies that

! 1) = DFFEER)! san(@s)
511)2“1 <9k (7')) T (Am)2 Q(r, 1)FHD

from which we deduce the claim by (VIL.7).
(3) The claim follows directly from (VII.11)) along with part (1) and (VIL.T7).

O

VIL.5.3 Further properties of G_; p and the proof of Theorem

We prove the local behaviour of G_j, p first. Similar as in the proof of Proposition

we obtain.
Proposition VII.5.6. Let 7 € Ep.

(1) We have
lir&(g,k,D(T +ig) — gfk,D(T —ig)) = 0.
(2) We have
3 lim (Gy,p(7 +ie) + G p(r = ig) = Gk p(7).
(3) We have
. 0 . 0 . okl sgn(Q)
i (G9klr +10) = oty = i)) =D 25, Q.

Q‘r:O
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Secondly, we require the constant from [BKK15| equation (4.2), (7.3)] (using a different
normalization)

aDF3
Coo =g > Y. —, (VIL23)
22k(2k + 1) a>1 0<b<2a aktl

b%2=D (mod 4a)

which can be evaluated using a result of Zagier [Zag77, Proposition 3].
As a third ingredient, we have, for every 7 € H\ Ep,

&k (0841.0(T) =gkean(r),  D*F(giy; p(n) =0,

§—2k (5gk+1,p(7)) =0, D2k+1 ((‘:ng’D(T)) — gerin(r). (VIL.24)

The third claim follows by holomorphicity of &, ., ,,, while the second claim holds as
95 41D (as a function of 7) is a polynomial of degree at most 2k by (VIL.8). The first
and fourth claim follow by a standard calculation using the integral representations from

(VIL8)) directly. Now, we are ready to prove Theorem [VII.1.2
Proof of Theorem [VII.1.2. We prove part (2) first, and use it to prove part (1) afterwards.

(2) We define

DFF3(2k)!

k+L o«
W 9k+1,D(7—) - D +29k+1,D(7—)‘

f(1) =G kp(T)+

Combining Proposition [VIL.5.2[ with (VII.24]), we deduce that

Eon(f) =D¥*H(f) =0.

Hence, f is a polynomial in 7 of degree at most 2k. By Proposition (1),
G_,p has no jumps on Ep. Thus, we may freely select an arbitrary connected
component of H\ Ep to compute f. Choosing the connected component of H\ Ep
containing 700, we are in the same situation as in the induction start during the
proof of [BKK15, Theorem 7.1]. In other words, the function f is in fact constant,
and this constant was computed in [BKK15, Lemma 7.3]. We infer that f coincides
with ¢xo.

(1) We verify the four conditions in Definition [VIL.2.

(i) Modularity of weight —2k follows by Lemma [VII.2.2| and equation (VII.10)).
(ii) Local harmonicity with respect to A_oi outside Ep is Proposition [VIL.5.2| (3).
(iii) The required behaviour on Ep is given in Proposition [VIL.5.6/ (2).

147



CHAPTER VII. FUNCTIONS OF KNOPP

(iv) The function G_j p is of at most polynomial growth towards ico by virtue
of its splitting in Theorem (2). Being more precise, gr+1,p admits a
Fourier expansion of the shape Y,~; ¢(n)e?™™7 where the Fourier coefficients
¢(n) depend on the connected component of H \ Ep in which 7 is located.
Letting I'(s,y) denote the incomplete I'-function, we obtain for v > 1

c(n) on
Egrir,p (1) = Z n2k+1€ R

n>1

c(n) —omi
ghp(m) =Y WF(% + 1, dmnv)e” >
n>1

We observe that the holomorphic Eichler integral vanishes as 7 — ico, and
the same holds for the nonholomorphic Eichler integral due to [BCLO10, §
8.11 (i)]. This proves that

lim G_j p(7) = 0.

T—r100
Proposition [VIL5.6 (1) yields that the singularities of G_j, p on Ep are continuously
removable. Combining Proposition [VIL.5.6| (3) with Lemmas [VII.2.3|and [VII.4.3|
shows that G_j p has no differentiable continuation to Ep. This completes the
proof.

O]

VIL.6 Proof of Theorem [VII.1.3
We finish this chapter with the proof of Theorem

Proof of Theorem [VIL.1.3 We follow [BKV13, Sections 4, 5] and shift k — k+ 1 in
the calculations there. The treatment of Borcherds regularization can be adapted from
[BKV13, Section 4] to our case straightforwardly. This implies that the integral over the
unbounded region of Fp(4) vanishes as T" — oo, while the truncated integral over the
bounded region converges to the usual Petersson inner product as T'— oco. We may use
the usual unfolding argument and the computation of the integral over the real part both
exactly as in [BKV13| Section 4]. Combining, this yields

byl Z |QT|Q(Tal)kI< 7Dv2 >7

2
4 Qeop |Q(7,1)]

1
6T (k+3) (47D)

£y (P%—k,D) (1) =
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where (compare [BKV13, equation (5.2)])

o z_z _ 1
I(t) == A M%_k7§+%(—x)e2 txr 2dz.
The evaluation is permitted, since 7 ¢ Ep gives ﬁ < 1 by Lemma |VII.2.1| so the

series on the right-hand side converges. This can be seen directly after rewriting I in
the upcoming sentence, and comparing with Proposition [VIL5.1] The integral I can be
evaluated mutans mutandis as in [BKV13|, giving

I(t) = k! <k+ ;) (1—t)"2t2 (t;k+ % ;) :

We conclude the theorem by Lemma O
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Chapter VIII

Local weak Maaf} forms and
Eichler—Selberg type relations for
negative weight vector-valued
mock modular forms

This chapter is based on a preprint [MM21] recommended for publication in Pacific
Journal of Mathematics. This is joint work with Dr. Joshua Males.

VIII.1 Introduction and statement of results

Theta lifts have a storied history in the literature, receiving a vast amount of attention
in the past few decades with applications throughout mathematics. In this chapter, we
are concerned with generalizations of the Siegel theta lift originally studied by Borcherds
in the celebrated paper [Bor98|. The classical Siegel lift maps half-integral weight modular
forms to those of integral weight, and has seen a wide number of important applications.
For example, in arithmetic geometry [BZ22,[ES18]|, deep results in number theory [BO10b],
fundamental work of Bruinier and Funke [BF04], among many others.

More recently, Bruinier and Schwagenscheidt [BS21] investigated the Siegel theta lift
on Lorentzian lattices (that is, even lattices of signature (1,n)), and in doing so provided
a construction of recurrence relations for mock modular forms of weight %, as well as
commenting as to how one could provide a similar structure for those of weight %, thereby
including Ramanujan’s classical mock theta functions.

In the last few years, several authors have also considered so-called “higher” Siegel
theta lifts of the shape (k := 352, j € Ny)

[ 08037t

where R} == R,,_20 R,_40---0 R, is an iterated version of the Maaf raising operator
R, = 21’8% + =, f is weight k — 2j harmonic Maa8} form with cuspidal shadow, and Oy, is
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the standard Siegel theta function associated to an even lattice L of signature (1,n). Here
and throughout, 7 = u 4+ iv € H and z € Gr(L), the Grassmanian of L. Furthermore,
(-,-) denotes the natural bilinear pairing. For example, they were considered by Bruinier
and Ono (for £ =0, j = 1) in the influential work [BO13|, by Bruinier, Ehlen, and Yang
in in the breakthrough paper [BEY21] in relation to the Gross—Zagier conjecture, and by
Alfes-Neumann, Bringmann, Males, and Schwagenscheidt in [ANBMS21] for n = 2 and
generic j.

In |[Merl4], Mertens investigated the classical Hurwitz class numbers, denoted by
H(n) for n € N. Using techniques in (scalar-valued) mock modular forms, he gave an
infinite family of class number relations for odd n, two of which are

Z H (n - 32> + Ai(n) = %Ul(n), Z (432 - n) H (n - s2> + A3(n) =0, (VIIL1)

SEZL SEZL

where A\ (n) = 3 > djn min(d, )% and oy, is the usual k-th power divisor function. Because
of their close similarity to the classical formula of Kronecker [Kro60] and Hurwitz [Hur85|

ZH (n - 52> —2X1(n) = 201(n),

SEZ

and those arising from the Eichler—Selberg trace formula, Mertens referred to the rela-
tionships as Fichler—Selberg type relations. More generally, let [-, -], denote the
v-th Rankin—Cohen bracket (see Section [VIIL2). In general, the Rankin-Cohen bracket
[f, 9] is a mixed mock modular form of degree v. It is of inherent interest to determine
its natural completion, say A, to a holomorphic modular form. Then following Mertens
[Mer16], we say that a (mock-) modular form f satisfies an Eichler—Selberg type relation
if there exists some holomorphic modular form g and some form A such that

[f, 9], + A

is a holomorphic modular form. In the influential paper [Mer16|, Mertens showed the
beautiful result that all mock-modular forms of weight % with holomorphic shadow satisfy
Eichler—Selberg type relations, using the powerful theory of holomorphic projection and
the Serre-Stark theorem stating that unary theta series form a basis for the spaces of
holomorphic modular forms of the dual Weightﬂ % In particular, Mertens explicitly
describes the form A which completes the Rankin—Cohen brackets.

Following previous examples, to demonstrate the statement, let { denote the gen-
erating function of Hurwitz class numbers, let (1) = >, o7 q”z, where ¢" = e2minT

"Mertens also provided results for mock theta functions in weight %, but since there is no analogue of
Serre—Stark in the dual weight % this is a real restriction.

152



VIII.1. INTRODUCTION AND STATEMENT OF RESULTS

throughout. Then Mertens’ results show that [Merl6, pp. 377]

2
[/H, 19]” + 2—21/—1 ( V) 9 Z Z (m _ n)2u—1 q'r + Z T2V+1q'r
v r>1 22—y r>1
m,n>1

is a holomorphic modular form of weight 2v + 2 for all ¥ > 1, and a quasimodular form
of weight 2 if v = 0.

In [Mal22], Males combined techniques of [ANBMS21, BS21| during a further in-
vestigation of the higher Siegel lift on Lorentzian lattices. This lift was shown to be
central in producing certain Eichler—Selberg type relations in the vector-valued case,
providing an analogue of the scalar-valued weight % case of Mertens. We remark that the
shape of the form A in the case of signature (1,1) is very close to that of Mertens (see
[Mal22, Theorem 1.1]), though we do not recall it here to save on complicated definitions
in the introduction.

In the current chapter, we develop the theory for even generic signature (r, s) lattices
L and more general modified Siegel theta functions as in Borcherds [Bor98|, and consider
the lift

W (1.2) = [ (B ()0 805700 ().

where Oy, is a modified Siegel theta function as in Borcherds |[Bor98], essentially obtained
by including a certain polynomial pg in the summand of the usual vector-valued Siegel
theta function. We require pg to be homogenous and spherical of degree d™ € Ny
in the first r variables, and d~ € Ny in the last s variables (see Section for
precise definitions). Here, v is an isometry which in turn defines z - see Section
Modifying the theta function in this way preserves modular properties of O, while
allowing us to obtain different weights of output functions. Furthermore, since the case
j = 0 is well-understood in the literature, we assume throughout that j > 0. We remark
that the signature (1,2) with j = 0 case has also been studied in [Cral5}/CF21].

In particular, we evaluate the higher lift in the now-standard ways of unfolding in
Theorem [VIII:3:2] as well as recognizing it as a constant term in the Fourier expansion
of the Rankin—Cohen bracket of a holomorphic modular form and a theta function (up
to a boundary integral that vanishes for a certain class of input functions) in Theorem
For the second of these theorems, we use that at special points w, one may
define positve- and negative-definite sublattices P := L Nw and N := L Nw™. In the
simplest case, which we assume for the introduction, we have that L = P @ N. Then the
theta series splits as O = Op ® O, where Op is a positive definite theta series, and
On a negative definite one. Then we let glt be the holomorphic part of a preimage of ©p
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under &, = 22’1)"“%. For the sake of simplicity, we assume that gj; + ¢ in the statement
of Theorem is bounded at oo in the introduction; we overcome this assumption
in Theorem and offer a precise relation there. Following the ideas of [Mal22],
by comparing these two evaluations of our lift and invoking Serre duality, we obtain the
following theorem.

Theorem VIIL.1.1. Let L be an even lattice of signature (r,s), with associated Weil
representation pr. Let g be any holomorphic vector-valued modular form of weight
2 — (5 +d"%) for pr. Suppose that G5 + g is bounded at ico. Then G} + g satisfies an
explicit Eichler—Selberg type relation. In particular, the form A is explicitly determined.

The concept of so-called locally harmonic Maaf} forms was introduced by Bringmann,
Kane, and Kohnen in [BKK15|. These are functions that behave like classical harmonic
Maafl forms, except for an exceptional set of density zero, where they have jump
singularities. Since their inception, locally harmonic Maafl forms have seen applications
throughout number theory, for example in relation to central values of L-functions of
elliptic curves [EGKR20], as well as traces of cycle integrals and periods of meromorphic
modular forms [ANBMS21,.S22b| among many others. Examples of such locally harmonic
Maaf} forms are usually achieved in the literature via a similar theta lift machinery to
that studied here. In addition to the direction of Theorem we also discuss the
action of the Laplace-Beltrami operator on the lift \I/;-eg in Theorem In doing
so, we prove the following theorem, thereby providing an infinite family of local weak
Maaf forms (and locally harmonic Maaf forms) in signatures (2, s). To state the result,
we let Fy, p—2js be a Maai-Poincaré series as defined in Section [VIIT.2.5

Theorem VIII.1.2. Let L be an even isotropic lattice of signature (2,s). Then the lift

\IJ;eg(Fm,k_gjﬁ, z) is a local weak Maaf form on Gr(L) with eigenvalue (s — %)(1 —5— %)

under the Laplace—Beltrami operator.

We provide an example of an input function to our lift. To this end, we specialize our
setting to signature (1,2), in which case vector-valued modular forms can be identified
with the usual scalar-valued framework on the complex upper half plane, and in particular
Gr(L) = H. (We explain the required choices in Section |[VIIL.5) In 1975, Cohen |CohT75]
defined the generalized class numbers

0 if D # 0,1 (mod 4),
H({—1,|D]) =1¢(3—2¢) it D=0,
L (2 -, (&)) >l #(d) (%) d* 2093 (%) else,

where D = Dyj2, as well as their generating functions

He(r) = Z H(¢,n)q", (e N\ {1}.

n>0
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Here, ¢ refers to the Riemann zeta function, L(s, x) to the Dirichlet L-function twisted
by a Dirichlet character y, and p is the M&bius function. The functions H, are known
as Cohen—FEisenstein series today, and can be viewed as half integral weight analogues
of the classical integral weight Eisenstein series. Note that the numbers H(2,n) are
precisely the Hurwitz class numbers introduced above, and Hy = H. Cohen proved that
He e M, 1 (T'o(4)), the space of scalar-valued modular forms of weight 1 on the usual
congruence subgroup I'g(4), and the coefficients satisfy Kohnen’s plus space condition by
definition. We refer the reader to [BFOR17, equations (2.13), (2.14), (2.15), Corollary
2.25] for more details on the Cohen—Eisenstein series.

However, evaluating our lift requires negative weight, and a non-constant principal
part of the input function. To overcome both obstructions, we let

f—QK,N(T) = q_N + Z C—QE(N7 n)qn7 N Z —m,

n>m
| 7%] —1 if —2¢0=2(mod 12),
m =
| 52 else,

be the unique weakly holomorphic modular form of weight —2¢ for SLy(Z) with such
a Fourier expansion. An explicit description of f_g, y was given by Duke and Jenkins
[DJO§|, and by Duke, Imamoglu, and T6th [DIT10, Theorem 1]. Our machinery now
enables us to obtain Eichler—Selberg type relations for the weakly holomorphic function
f—20,n(T)He(T) along the lines of [Coh75, Section 6], as well as the following variant of
Theorem

Theorem VIIIL.1.3. The lift Wi (f oo nHy, 2) is a local weak Maaf form on H for
every j € N, £ € N\ {1}, and —m < N € N with exceptional set given by the net of
Heegner geodesics

N
U {z:x—i—iyeH:Ela,b,ceZ, b2 —dac =D, a]z\Q—i-bx—i-c:O},
D=1

and eigenvalue (1 —k + j)(—j) = j(j — € — 2) under A_E_%.
Remarks.

(1) Theorem generalizes immediately to any weakly holomorphic modular form
g. The exceptional set is given by the union of geodesics of discriminant D > 0, for
which the coefficient of ¢ at ¢~ is non-zero.

(2) Recently, Wagner [Wagl8| constructed a pullback of H, under the &-operator,
namely a harmonic Maafi form % of weight —¢ + I on To(4) that satisfies
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£ 1 () = Hyyo. An explicit definition of 7 can be found in [Wagl8, equations
(1.5), (1.6)]. However, ¢ is a harmonic Maaf} form with non-cuspidal shadow,
and we restrict ourselves to a more restricitve growth condition in Section
to ensure convergence of our lift. It would be interesting to investigate different
regularizations of our lift, and in particular lift the function .747.

VIII.2 Preliminaries

We summarize some facts, which we require throughout.

VIII.2.1 The Weil representation

We recall that j((¢54),7) = ¢r + d, and define the metaplectic double cover
[= Mpy(Z) = {(’y,qﬁ): v € SLy(Z), ¢: H — C holomorphic, ¢?(7) = j(’y,T)},

of SLo(Z), which is generated by the pairs

() ()

where we fix a suitable branch of the complex square root throughout. Furthermore, we
define T'og as the subgroup generated by T.

We let L be an even lattice of signature (r, s), and @ be a quadratic form on L with
associated bilinear form (-,-)g. Moreover, we denote the dual lattice of L by L', and
the group ring of Z'/L by C[L'/r]. The group ring C[L'/z] has a standard basis, whose
elements will be called ¢, for € L’/L. We recall that there is a natural bilinear form
(-,+) on C[L'/L] defined by (e, e,) = 6,0

Equipped with this structure, the Weil representation py of I associated to L is
defined on the generators by

e (%(s — 7“))

|1/t

o1 (T) () = QW) pr (S) () = > el=wmo)es,

vel/L

where we stipulate e(x) = e?™@ throughout. We let L™ := (L, —Q), and call p;- the
dual Weil representation of L.
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VIII.2.2 The generalized upper half plane and the invariant Laplacian

We follow the exposition in |[Bru02, Subsections 3.2, 4.1], and let the signature of L
be (2, s) here. We assume that L is isotropic, i.e., that it contains a non-trivial vector x
of norm 0, and by rescaling we may assume that it is primitive, that is if @ = cy for some
y € L and ¢ € Z then ¢ = +1. Note that for s > 3 all lattices contain such an isotropic
vector (see [Bor98, Section 8]).

Let z € L be a primitive norm 0 vector, and z’ € L' with (2,2")g = 1. Let
K = LNnz-nz'" Let d € K be a primitive norm 0 vector, and d’ € K’ with
(d,d")g = 1. Tt follows that D :== K Nd*Nd’ 1 is a negative definite lattice, and we write

Z = (d/—Q(d’)d)Zl+22d+Z3d3+...+ngg = (21,22,...,25) e K®C,

since z3d3 + ...+ zdy € D ® C. Each z; has a real part z; and a imaginary part y;, and
we note that

QYY) = Qy1,--,y0) = y1y2 — Y3 — Y5 — ... — 47-
This gives rise to the generalized upper half plane
Hy ={Z e K®C:y1 >0,Q(Y) >0} = Gr(L).

Letting

9 0 1({ 0 .0 3 0 1( 0 w 0

= —= = _— _ —= = _— 11—

M0z, 2\ 0z, Oy,)’ oz, 2\ 0x, oy )’

it can be shown that the invariant Laplacian on H, has the coordinate representation
[Nak82]

¢ ‘
_ _ o 1 .
Q= Z Yuyv 00, — Q(Y) (8132 + 0102 — 3 Z 8,ﬁu> )

=1 pn=3

VIII.2.3 Maal} forms

Let k € %Z, (v,¢) € T, and consider a function f: H — C[t/L]. The modular
transformation in this setting is captured by the slash-operator

Flipr (1, 0)(7) = o(7) 2 p (v, 8) f(7),

which leads to vector-valued Maafl forms as follows [BF04].
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Definition VIIL.2.1. Let f: H — C[Z//L] be smooth. Then f is a weight k weak Maafs
form with cuspidal shadow with respect to py if it satisfies the following three conditions.

(1) We have f |. . (7,0)(7) = f(7) for every 7 € H and every (v,¢) € T.
(2) The function f is an eigenfunction of the weight x hyperbolic Laplace operator,
which is explicitly given by

A, = —0? o + — o +ikv <a+18>
. du? 0 Ov

(3) There exists a polynomialﬂ in ¢ denoted by Py: {0 < |w| < 1} — C[L’/L] such that
f(1) = Ps(q) € O (e ) as v — oo for some € > 0.

We call f a harmonic Maaf$ form with cuspidal shadow if the eigenvalue equals 0.

We write H, 7" for the vector space of weight # harmonic MaaB forms with cuspidal
shadows with respect to pr, and M} 1 € H,T? for the subspace of weakly holomorphic
vector-valued modular forms. The subspace S ol © M 1, collects all forms that vanish at
all cusps, and such forms are referred to as weakly holomorphlc cusp forms.

Bruinier and Funke [BF04] proved that a weight x # 1 harmonic Maaf form with cusp-
idal shadow f decomposes as a sum f = f* + f~ of a holomorphic and a nonholomorphic
part, whose Fourier expansions are of the shape

=Y Y G = Y Y Gl (1 -k dr [l v) ",
pel’/ neQ pel’ /L neQ
n>>—oo n<0
where I'(t,z) == [°u'"te “du, z > 0, denotes the incomplete Gamma function (see the
paragraph following equation and Section for more details and references).
Harmonic Maafl forms with cuspidal shadow can be inspected via the action of various
differential operators. We require the antiholomorphic operator

= 290" —
5'{ (4% 8?7
as well as the Maaf§ raising and lowering operators
0 .9 0
R, = 225 —|— - L, = —2202%.

The operator &, defines a surjective map from Hy ;" to Sy, [BF04]. In particular, it

intertwines with the slash operator introduced above, and the space M, ,L 1, is precisely the
kernel of &, when restricted to H,'/".

2Such a polynomial is called the principal part of f.
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The operators R, and L, increase and decrease the weight x by 2 respectively, but
do not preserve the eigenvalue under A,. For any n € Ny, we let

RY:=id, R"

K

L :=id, L":= L, _oni20...0L._90L,

K

= Reqon—20...0Rey90 Ry,

be the iterated Maaf$ raising and lowering operators, which increase or decrease the
weight k by 2n.

Remark. If one relaxes the growth condition (3) to linear exponential growth, that is
f(7) € O(e?¥) as v — oo for some ¢ > 0, then f~ is permitted to have an additional
(constant) term of the form c;(u, 0)v!~"e,. In this case, &, maps such a form to a weakly
holomorphic modular form instead of a weakly holomorphic cusp form.

VIII.2.4 Local Maafi forms

Locally harmonic Maafl forms were introduced by Bringmann, Kane, and Kohnen
[BKK15| for negative weights, and independently by Hovel [Hov12| for weight 0. We
generalize the exposition by Bringmann, Kane, and Kohnen here, and provide a definition
in our setting on Grassmannians and for arbitrary eigenvalues.

Definition VIII.2.2. A local weak Maaf$ form of weight k with closed exceptional set
X C Hp of measure zero is a function f: H, — C[L//L], which satisfies the following four
properties:

(1) For all (y,¢) € T and all Z € Hy it holds that f |, ,, (v,9)(Z) = f(Z).

(2) For every Z € Hy \ X, there exists a neighborhood of Z, in which f is real-analytic
and an eigenfunction of €.

(3) We have

1

£(2) = 5 lim (£ (2 + (2.0.....0)7) + £ (2= (ie.0....0)7))

for every Z € X.
(4) The function f is of at most polynomial growth towards all cusps.

Paralleling the definition of harmonic Maaf} forms, we call a local weak Maaf} form locally
harmonic if the eigenvalue from the second condition is 0.
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VIIIL.2.5 Poincaré series
Weakly holomorphic Poincaré series

Following Knopp and Mason [KMO04) Section 3], we let m € Z, k € %N satisfying
k> 2, u€ L/ and define

1
Fu,m,n(T) = 5 Z (e((m =+ 1)7')%) ’H,PL ('77?15)-
(71,6)€T\T

The authors of [KMO04] proved that F, ,,, . converges absolutely, and that it defines a
weakly holomorphic modular form of weight x for py. In addition, they computed the
Fourier expansion of F, ,, », which is of the shape

Fme(T) = Z 6u,qu+1 + Z c(n)q"+1 L.
]/EL//L n>0

The Fourier coefficients ¢(n) can be found in [KMO04, Theorem 3.2] explicitly.

Maaf3—Poincaré series

We recall an important example of harmonic Maafl forms with cuspidal shadows. To
this end, let k € —%N, let M, , be the usual M-Whittaker function (see [BCLO10, §
13.14]), and define the auxiliary function

Mis(y) = lyI"2 Mygyye 1 (ly),  y €R\{0}.

We average M, over I as usual with respect to the parameters p € L'/, m € N\ {Q(u)},
and «, 5. This yields the vector-valued Maafl-Poincaré series [Bru02]

1
F,u,m,n,g (T) = 2F(25)

Z (M s(dmmov)e(—mu)ey) |rpp, (7, 6)-
(7,6) €T\

By our choice of parameters and taking cosets, the series converges absolutely. The
eigenvalue under A is given by (s — §)(1 —s — §). Hence if s = § or s = 1 — §, then
we have F, s € Hy 7". The principal part of F), ,, x5 is given by e(—m7)(e, +¢—,) in
this case, and §H(FM,_;,L7,€,5) is a weight 2 — x cusp form.

Furthermore, the Maaf3—Poincaré series have the following useful property thanks to

their simple principal part.
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Lemma VIIL.2.3. Let f € HE,HLSP with k € —%N, and principal part

Pr(r)= > > cf(nn)e(nr)e, € CL/1][e(~T)].

MEL//L n<0

Then, we have

F =5 3 e ) Fyna (7).

MELI/L m>0

Additionally, we require the following computational lemma, which is taken from
[ANBMS21, Lemma 2.1], and follows inductively from [BEY21, Proposition 3.4].

Lemma VIIIL.2.4. For any n € Ny it holds that

F(5+n+g)

Ry (Fumps) (1) = (4mm)"™ T (5 + ﬁ) Fymon+2n,s(T)-
2

VIII.2.6 Restriction, trace maps, and Rankin—Cohen brackets

As before, we fix an even lattice L. We let A, 1, be the space of smooth functions
f: H — C[Z/1], which are invariant under the weight x slash operator with respect to
the representation pr. Moreover, let K C L be a finite index sublattice. Hence, we have
L’ C K', and thus I/k C L'/k C K'/k. This induces a map L'/k — L'/L, given by u — [i.
If pe XK'/, fe A, g € Ax i, and p is a fixed preimage of g in L'/k, we define

o fa if pel'/k, AN
(fK)u = {0 i K, (9 >ﬁ = a§K9a+u7

The following lemma may be found in [BY09, Section 3].
Lemma VIIIL.2.5. In the notation above, there are two natural maps

resp/p AH,L — A,Q,K, I A,Q,K — A,Q,L,
o= fx g =g"

satisfying
(£.3") = (fx,9)
forany f € Axr, g€ Ax k.
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Let k, £ € %Z, feAsk, g€ Ayr. Writing
f:que;u gzzgl/em
I v

and letting n € Ny, we define the tensor product of f and g as well as the n-th Rankin—
Cohen bracket of f and g as

f®g= quguequu € Am—f—E,K@L»

v
1 (=)' (k+n)T(£ +n) () & ¢®
19l = (2mi)n g;o s+ D0k +n—s)l(r+ 10l +n—7) Frea
r+s=n

where f(") and ¢(®) are usual higher derivatives of f and g. Then we have the following
vector-valued analogue of [BEY21, Proposition 3.6].

Lemma VIIL.2.6. Let f € H.' (" and g € H,'[>. Forn € Ny it holds that

I'(k +n)
n! I'(k)

L) ® R2(a) + (1" 2 oy 6 1),

(—=47)" Lycroq2n ([f- 9ln) = n! T(0)

Finally, we have the following lemma, which can be verified straightforwardly (see

[ANBMS21, Proof of Theorem 4.1]).

Lemma VIIIL.2.7. Let h be a smooth function, g be holomorphic, and k, £ € R. Then it
holds that

Ri_.(v"g ® h) = v*g @ Re(h).

VII1.2.7 Theta functions and special points

We fix an even lattice L of signature (r, s), and extend the quadratic form on L to
L ® R in the natural way. We denote the orthogonal projection of A € L + p onto the
linear subspaces spanned by z and its orthogonal complement with respect to (-,-)g by
Az and A,1 respectively. In other words, we have

LOR=z®z", A=A+

Let Gr(L) be the Grassmannian of r-dimensional subspaces of L ® R. Let Z C Gr(L) be
the set of all such subspaces on which () is positive definite. One can endow Z with the
structure of a smooth manifold.
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Let p,: R™ — C, and p,: R%* — C be spherical polynomials, which are homogeneous
of degree d*, d~ € Ny respectively. Define

P = Dr @ Ds;
and let ¥: L ® R — R™® be an isometry. We set
z=y 'R ez, 2z =y '(R").

For a positive-definite lattice (K, Q) of rank n, and a homogeneous spherical polyno-
mial p of degree d, we define the usual theta function

Ok (1. vi,pe) = Y Pa(r(N)e (QN)T),

AEK'

where ¥ is the isometry associated to K. It is a holomorphic modular form of weight
5 +d for pg. If the isometry is trivial, we write O (7, pg).

Following Borcherds |[Bor98| and Hével [Hov12|, we define the general Siegel theta
function as followsF]

Definition VIII.2.8. Let 7 € H and assume the notation above. Then we put

OL(1, %, pe) =02 3 3 pe(W(N)e (QA)T + Q(A,1)T) ¢

#GL’/L AeL+p

One can check that the function O, converges absolutely on H x Z. The following
result is [Hov12, Satz 1.55], which follows directly from [Bor98, Theorem 4.1].

Lemma VIIL2.9. Let (v,$) € . Then we have

OL(Y7, 1, pe) = ¢(T) 2 T2 b (4, 9O L (7,9, pey).-
Thus, we define

Tr—S

2

k= +dt—d.

The following terminology is borrowed from [BS21].

Definition VIII.2.10. An element w € Gr(L) is called a special point if it is defined
over Q that is w € L ® Q.

3In fact, Borcherds considered a slightly more general theta function, where the polynomial p does
not necessarily vanish under A,. For us however, this more general case would not yield spherical theta
functions as we desire.
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We observe that if w is a special point, then w=

the splitting

is a special point as well. This yields

LeQ=wo 'wL,
which in turn yields the positive and negative definite lattices
P=LNw, N :=LNnw'.

Clearly, P @ N is a sublattice of L of finite index, and according to Lemma the
theta functions associated to both lattices are related by

@L - (@PEBN)L-

We identify C[(PeN)'/(poN)| with C[P'/pP] ® C[N'/N], and let ¢p, ¢ be the restrictions
of ¢ onto P, N, respectively. Consequently, we have the splitting

GP@N(T71/}7P®) = @P(T7 ¢P7p7“) ® U%+d_@N— (7—7 ¢N,Ps)

at a special point w, which can be verified straightforwardly. Furthermore, we ob-
serve that ©p(7,vp,p,) is holomorphic and of weight § + d* as a function of 7, while

03T O N— (7, 9N, ps) is of weight —5 — d~ with respect to 7.

VIII.2.8 Serre duality

The following result can be found in [LS22a), Proposition 2.5] for instance.

Proposition VIIL.2.11 (Serre duality). Let L be an even lattice, and k € 1Z. Assume
that

g(t) = Z ch(h,n)e(m')eh

heL!/Ln>0

is bounded at the cusp ico. Then g is a holomorphic modular form of weight k for the
Weil representation pr, if and only if we have

Z Z cg(h,n)cg(h,—n) =0

heLl’/Ln>0

for every weakly holomorphic modular form f of weight 2 — K for p; .

VIII.3 The theta lift

We consider the theta lift \I/;eg( f,z) and evaluate it in two different ways. Using
Serre duality goes back to Borcherds [Bor99).
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VII1.3.1 Evaluation in terms of 5 F}

We begin by evaluating the higher modified lift as a series involving Gauss hypergeo-
metric functions as follows.

Evaluating the theta lift of Maafl—Poincaré series for general spectral param-
eters

Let s € C be such that

Fes(T) = Z Flmo,s(T)
pel’/r

converges absolutely, that is Re(s) > 1 — §.

Theorem VIII.3.1. We have

VS (P pgje 2) = (dmm)/ 1 h=a—d

I‘(s—i—%)l“(k;rs—kd*—l—i—s) S oy

W2~k +2)0 (s+5—5) &0, ATt

QA)=—m
. %—i—d*—l—s—s
<0 (o) o (ks 50 1 2O,

Remark. Choosing the homogeneous polynomial in the theta kernel function to be the
constant function 1 and computing the action of RJ_, ; on Fp, k—2js by Lemma |VIII.2.4
this result becomes [Bru02, Theorem 2.14].

Proof. We summarize the argument from [Bru02, Theorem 2.14] for convenience of the
reader. We need to evaluate

‘I/§eg (Fink—2j5,2) = /

[ (R (Fin28) (), OL(T, 0. p) ) v (7).

Consequently, we compute the action of the raising operator first, and have

CI(s+ % re -
‘I/;'eg (Fm k—2j,8: 2) = (47Tm)JF<5(+§2)j) /]-' g <<Fm’k’5)(7)’ OLlm, w,p®)> ot du(r)
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by Lemma [VIIT.2.4] Secondly, we insert the definitions of both functions, and unfold the
integral, obtaining

(4mm)’T (s + %
U5 (Fink—2j,5, 2) = ( ) p
2

02—k +2)0 (s+ %

) > Y )

peL! /L AEL+p

X /1 /00(47rmv)*§M7E o1 (dmmu)e(—mu)e (Q(A)T + QN )Tt TE2qudu.
0 Jo 2772

Third, we compute the integral over u using that e(w) = e(—w), and that

' i z L1l ) = —mn,
/0 e(—mu)e (—Q(A)u — QA1 )u) du = {; eflsgﬁ )+ QA1)

Hence, we obtain

(47rm)j_§f‘ (5
20(2 &+ 2))T (s

U3 (Fone—2j: 2) =

Ty
2,) < > Y @)
T2 J) peL'/r Q?SLJ_M

X - M k 1 (47‘1’7’)’1,”(})6727“)(@(}%)7Q(}\ZJ_))U&QHC +di_2d’U.
0 2573

The integral is a Laplace transform. Using that 5~ + Q(Az);n?(AzL) = Qg\(ﬁ) along with

[BCLO10| item 13.23.1], it evaluates

0 2

29

(4mm)' =D (B2 p dm — 14 6)

k+s —
Q)-QA\ 1) | 1) 2z T4 1Hs
( 2m + 5)

k+s _ 1
X2F1(’“+5’ p 4 ‘1+5’25’1+62<Az>—cw)'
2

2m

We recall Q(A) = Q(Az)+Q(A,1) = —m, and rewrite the argument of the hypergeometric
function to
m Q()‘Z) — Q(Azl) Q (Azl)

om " 2m ~ o
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Thus, we arrive at

LD (s+5)T (B4 d —1+5) >

W3 (Fn k-2js, 2) = (dmm)7H 74737 ; P
2I'(2 — k4 2j5)T (5 +35— J) pel!/L AEL+p

J

QN)=—m
- Q()\) kJ2r5+d_—1+5 kE+s 3 . Q(}\)
Xp®(w()‘))(Q(>\zl)> oF (k:+5,2+d _1+5’25’Q(>\ZL))7
as claimed. -

Combining the previous result with Lemma [VIII.2.3| yields the following consequence.

Corollary VIIIL.3.2. Let j € Ny, and f € H;ESQPJ.’L. Assume that k — 25 < 0. Then we
have

(4m)IHI=k=5=d7 50 T (5 4 d + )

pree = TN, QA A
Q(\)<0
QU+ (esied s Com
X I 72F1 1+j,*+d +j;2—k+2];7
Q(A,L) [z 17+ 2 QA1)
Proof. Since the weight of f is negative, we have
Z Zcf (hy=m)F} ke 2],1_7+]( 7)
hEL '/ m20
according to Lemma and we observe that the term corresponding to m = 0

will vanish due to cjf(h, 0) = 0 by our more restrictive growth condition on Maaf§ forms.
Consequently, we have

reg reg
(f,2) Z > o v; (Fu,m,kfzj,lf—ﬂ’ )

,U4€L /L m>0

We insert the spectral parameter s = 1 — 522 into Theorem [VIIL.3.1| which yields the
claim. O

VIIL.3.2 Evaluation in terms of the constant term in a Fourier expansion

We let

CT< Z a(n)q") = a(0),

n>>>—00
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and determine the lift as such a constant term in a Fourier expansion plus a certain
boundary integral that vanishes for a certain class of input function.

Theorem VIIL.3.3. Let f € H,?isg’j 1, and w be a special point, and G be the holomorphic

part of a preimage of Op under 52,(%+d+). Then we have

WIE (f,w) = j!g;)ir gz_dé - ;{)*) <CT << fran(n), [G5(), Ox5-(7)] >>

B /Jjeg <Lk2j (fron) (7), [gj_g(f), On- (7)} > U_2d7') .

J

Remark. In general, the coefficients of Q;F are expected to be transcendental. However, in
weight % and % the function Q; may be chosen to have rational coefficients - a situation
which is expected to also hold for &-preimages of CM modular forms. It is therefore
expected that one obtains rationality (up to powers of 7) of the modified higher lift
only in these cases, and stipulating that f is weakly holomorphic meaning that the final
integral vanishes.

By a slight abuse of notation, we write O (7, w, pg) for the theta function evaluated

at an isometry v that produces a special point w.

Proof of Theorem [VIII.3.3 We restrict to special points w € Gr(L). This enables us to
write

<R£72j(f)(7)7@L(T’w7p®)> = <Ri72j(fPEBN)(T)7@P®N(77wup®)>'

Next, we use that the raising and lowering operator are adjoint to each other (see
[Bru02, Lemma 4.2]), which gives

Vi (fow) = [ " (fron (o). L (Opan(mw.ps) ) ) ohdr.

We observe that the boundary terms disappear in the same fashion as during the proof
of [Bru02, Lemma 4.4]. Next, we rewrite

VS (fw) = (1) [ (fran(r). Ry (Oren(row,pe)ot) ) v,

and recall that

@PGBN(vaap@) = @P(Tvpr) ® fU%er_@N‘ (Tvps) = U%+d_@P(TaPr) ® @N_ (T’ps)'
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Consequently, we obtain
R, (@ran(rw.pe)o’) = RL, (54 6p(r,pr) @ Oy~ (7.p2))
= O ) ® (R, (On-) ()

by Lemma|VIIL.2.7 In particular we note that v*+27¢ ©p(7, p,) has weight —k—5—d” =
_r _Jqt.
2
We choose a preimage Gp of ©p(7,p,) under 52,(%+d+), namely

Op(T,pr) = &z g+ (Gp) (1) = v 5" Ly 54 (Gp) (7)),
which yields
Rj_k, (@P@N(T,w,p®)vk) — LQ_%_d+ (Gp) (1) ® Réer_ (@Nf)(T,ps).

We apply the computation of the Rankin—Cohen brackets given in Lemma noting
that Ly(©x-) = 0, and that it suffices to deal with the holomorphic part G5 of Gp (both
by virtue of holomorphicity in computing the Rankin—Cohen bracket). Thus,

R{k (@PGBN(vaap@)Uk)

_ 31(1:(4127r)_]2(i ;)k)y;sz_k+;+d+2j ([QF(T), On- (T,PS)L) .

Hence, the theta lift becomes

VI (fow)
- J!§4(7;)1F;2_—d§ 1;1;) /:g <fP€BN(7—)’L2k+2j ([gjg(T)’ On-(1, pS)L>> o=2dr.

The last step is to apply Stokes’ Theorem, compare the proof of [Bru02, Lemma 4.2] for
example, which yields

e (f, w)

_ 4yl (2 -5 —d7)
- T(2-5—-dt+)) (

. /i1+iT <fP®N(T)7 [g}g(T), On- (T,ps)L> v 2dr

T—oo JiT

- /;eg <Lk_2j (fran) (7), [g;g(T),@N— (T’pS)L‘> v_2d7') )

utilizing again that boundary terms vanish. We observe that the left integral can be
regarded as the Fourier coefficient of index 0 in the Fourier expansion of the integrand,
see the bottom of page 14 in [BS21|. This proves the claim. O
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We end this section by noting that to obtain recurrence relations, as in [BS21], one
would need to compute the Fourier expansion of the lift. In general, this is a lengthy
but straightforward process, and since we do not require it in this chapter we omit the
details. In essence, one follows the calculations of Borcherds [Bor98] by using Lemma
A resulting technicality is to then take care of the different spectral parameter.
One may overcome this by relating the coefficients of Maal—Poincaré series to those with
other spectral parameters, again using the action of the iterated Maaf} raising operator

as in Lemma [VIT[.2.4]
VIIL.3.3 Proof of Theorem [VIIL.I.1]
We now prove a refined version of Theorem To this end, we define the
function
m)' T (54 +d )T (25 —dt +)
AT2—k+2j)T (2— L —d¥)

AL(wap®aj) =

e [Q s o QN Y L,
x mzzjl p®(¢(A))|Q(AZL)§“+d2F1<1+‘7’2+‘7+d ;2 k+2‘7’Q(>\zl))q
AN

for j > 0. We write

g;(T): Z Z a(n)q”eu,

pel’ /L n>—00
and furthermore define

GE(T)=Gp(m)— D Y an)Fun-12jr2-k(1).

MGL//L n<0

Since one may add any weakly holomorphic modular form of appropriate weight for
pr to Q;S, Theorem [VIII.1.1| follows directly from the following result (noting that the
linear combination of Maaf3—Poincaré series may change).

Theorem VIIL.3.4. Let L be an even lattice of signature (r,s), let p be as before, and w
be a special point defined by the isometry 1. Let j > 0 and k be such that 2j +2 — k > 2.
Then the function

L .
[g;(T)v@N*(Taps)}j _AL(¢7P®7.7)
is a holomorphic vector-valued modular form of weight 25 + 2 — k for pr.
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Remarks.

(1) This provides the general vector-valued analogue, assuming that the lattice is
chosen such that 2j +2 — k > 2, of Mertens’ scalar-valued results in weight % and
3 [Merl6).

(2) Note that the slight correction of G by Poincaré series was missing in [Mal22].

(3) In certain cases the hypergeometric function may be simplified (for example, the
n =1 case as in [BS21,Mal22|, which yields a form very similar to Mertens’ scalar-
valued result). It appears to be possible that one should be able to prove the
same results via holomorphic projection acting on vector-valued modular forms
(see [IRR14]) in much the same way as Mertens’ original scalar-valued proofs in
[Mer16.

Proof of Theorem[VIII.3.. Let f be a weakly holomorphic form of weight k& — 25 with

Fourier coefficients ¢}. By construction, the form %ﬁ is holomorphic at ic0, and hence

~

N L

CT (( fren(n). |95 (). On-(r.p3)]
contains only the Fourier coefficients of non-positive index of f. We note that Ly_o;(f) =
0, and subtract the resulting expressions of the lift from Corollary and Theorem

[VIIT.3.3l We obtain
0=CT <<fP€BN(T)7 [g;(T)’@N_ (T’p“")]%>>

J
(47)'-3=d'T (5+j+d)T(2-5—dt+))

- T2 —k+2))L (2— % —d¥) ngl cf (A, —m)pg (¥ (X))
Ael’
QN)=-m
QP

Q) )
QUL Q1)

The Rankin—-Cohen bracket is bilinear, and a linear combination of vector-valued Poincaré
series is modular itself. We apply Proposition [VIII.2.11] and the claim follows. O

o <1+j,;+j+d;2—k+2j;

In a similar way to [Mer16, Corollary 5.4], we obtain the following structural corollary
by rewriting Theorem keeping the same notation as throughout this chapter.

Corollary VIIIL.3.5. Let 0 denote the space generated by all © - functions of weight
5+ d™ for py-. Then the equivalence classes Ar(vY,pg,J) + Méj+2—k,L generate the
C-vector space

L
mock
[M2j+2fk,P’ 9]]'

1
M2j+27k,L
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VIII.4 The action of the Laplace—Beltrami operator

In this section, we prove Theorem To this end, we compute the action of
the Laplace—Beltrami operator on the lift, and show that for certain spectral parameters,
we obtain a local weak Maafl form. We recall that the signature of L is assumed to be
(2, s) here. Moreover, we observe that our Siegel theta function Oy and the Siegel theta
function inspected by Bruinier depend in the same way on Z, and thus the following
result applies.

Proposition VIII.4.1 ([Bru02, Proposition 4.5]). The Siegel theta function ©r(T, Z, pg)
considered as a function on H x Hy satisfies the differential equation

Q (91:(7, Z,p®)vg> = _%Ak (G)L(Tv Z»I?@)U%) :

Our next step is to inspect the action of €2 on our theta lift. By Lemma [VIII.2.3|it
suffices to investigate
reg

OB (Fnk—2js Z) = /

[ (Rl (P2 (), O1(7. Z.ps) ) o*du(r).

Let
Hm)= |J U ArcaGr),

,UEL/ L AEp+L
/ (A)=—m

which collects the singularities of \Ilz-eg (Fmk—2j,6, Z) as a function of Z. We apply the
previous proposition to our theta lift, which yields a variant of [Bru02, Theorem 4.6].

Theorem VIIL4.2. Let Z € Hy \ H(m), and Re(s) > 1 — £ Then it holds that

k k
Q (W) (B s, Z) = (5 - 2) <1 —5— 2) VB (Fry hsjs, Z)-
Proof. First, we note that
Q (‘I’;'eg) (Fnk—2j5 Z) = /

f

reg

(R}_5;(Fn i2j) (1), 2 (O1(7, Z,pe)v? ) ) o*~ 2du(r),

because all partial derivatives with respect to Z converge locally uniformly in Z as
T — oo (see [Bru02, p. 99]). By the previous proposition, we infer that

Q0 (\IJ;-eg> (Fmk—2j.50 Z)

1 reg . -
T2 /f <R§€,2j(Fm7,€_2j75)(T), Ay, (GL(T, Z, psa)v

) > vk_gd,u(T).
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By the splitting Ay = Rj_2 Ly, and the adjointness of both operators (see [Bru02, Lemmas
4.2 to 4.4]), we obtain

Q (\Ii;eg> (Fonk—2js, Z)

1 reg . ., .,
:_2/f (A (R (F-2js)) (7),OL(T, Z,pa)v ) v*2dp(r).

Lastly, we observe that Ay and R{C_Qj commute by virtue of Lemma [VII1.2.4 Namely,

we have

B (R gy Fnpie)) ()= (=5 ) (155 ) By (Fuszso) (1),

and this establishes the claim by rewriting
. T ,
(R]_g;(Frk20) (1), OL(7. Z,pe)v? ) o5 = (R{_y;(Fn p-25) (1), OL(T, Z.pg) ) o
again. O
We end this section by proving Theorem
Proof of Theorem[VIII.1.2. By Theorem the lift is an eigenfunction of the

Laplace Beltrami operator with the quoted eigenvalue. Since W (F, x—9j, Z) is an
eigenfunction of an elliptic differential operator, it is real-analytic in Gr(L) outside of
H(m). The other conditions for the lift to be a vector-valued local weak Maaf form can

be easily seen by applying the proof of [BKV13| Theorem 1.1] mutatis mutandis. When

5= % or s = % — 1 we obtain locally harmonic Maafl forms. O

VIII.5 Cohen—Eisenstein series

VIIL.5.1 Proof of Theorem [VIII.1.3

We specialize the framework from Section |VIII.2| following |[BS21|, Section 4.4] (or
[Sch18, Section 2.2]). We fix the signature (1,2) and the rational quadratic space

Vi={X = (2 4,) eQ¥?},

with quadratic form Q(X) = det(X). The Grassmannian of positive lines in V ® R can
be identified with H via

Az + iy) = \/;y (:‘”f 352;92) .

173



CHAPTER VIII. EICHLER-SELBERG TYPE RELATIONS

We choose the lattice

with dual lattice

b
L’z{(2 cb>:a,b,cEZ}.
@3

We observe that L’ can be identified with the set of integral binary quadratic forms
b
of discriminant det ( 2 ©, ) = —1(b% — 4ac). Furthermore, L'/ = Z/2z7 with quadratic
—a -t 1
form x — —%:CQ.
According to [BS21}, p. 22], it holds that

b 1 2
o(15),,,) - geloc st
41y

b, 1 2
2 Y 7b7 +71
o((49),) =l in)

We remark that both are invariant under modular substutions. By a result from Eichler
and Zagier [EZ85, Theorem 5.4], the space of vector-valued modular forms of weight k
for py, is isomorphic to the space M;" (T'o(4)) of scalar-valued modular forms satisfying
the Kohnen plus space condition via the map

fo(m)eo + fi(r)er = fo(47) + f1(47).

This enables us to use scalar-valued forms as inputs for our theta lift.

Proof of Theorem [VIIT.1.3 As outlined between Theorems [VIIL.1.2] and [VIII.1.3] the
function f = f_op NH¢ is of weight —¢ — % < 0 for T'y(4), has non-constant principal
part at the cusp 00, and its image under £ is trivial, hence in particular cuspidal. This

enables us to apply Corollary to f. To this end, we have the parameters
1 1 (+dT +d-
k:—§+d++d*, k—2j=—l-3, j:%,

and the hypergeometric function from Theorem [VIII.3.1] becomes

(4+2+dt4+d (+2+d"+3d" 5 Amy?
2 F ) gt —————= -
2 2 2 |la, b, c](2,1)]|
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Inspecting the parameters, we have the condition £+ d* +d~ € 2N by j € N, and
combining with d*, d= € Ny, £ € N\ {1}, the smallest possible values are (¢,d*,d”) =
(2,0,0), (2,2,0), (2,1,1), (2,0,2). For example, the corresponding hypergeometric
functions for the cases (¢,d*,d™) = (2,0,0), (2,1,1) are

9 35(11z — 15) 35 (22% — 7z + 5) arcsin (/2)
oF1(2,2,5,2) =— 3 - 7
2 122 15 T=2
9 35(82% — 26z +15) 105 (822 — 12z + 5) arcsin (v/2)
2F1 37 47 SR == 3 2 + 7
2 12823(z — 1) 12822/1 — 2(z — 1)2
and the other cases are of similar shape. Analogous expressions can be obtained for
higher integer parameters via Gauf’ contiguous relations for the hypergeometric function,
which can be found in [BCLO10, § 15.5 (ii)] for instance.

We infer a local behaviour as sketched between Theorems [VIII.1.1] and [VIIT.1.2] by
virtue of (4m = D = b? — 4ac)

. vV Dy
arcsin | ————— | = arctan
laz? + bz + |

)

_ VDy
alz|® + bz + ¢

which in turn follows by

(62—4ac)y2+(a\z|2+bx+c)2:‘a22+bz+02,

compare [BKK15, Section 3] for both identities. The denominator a |z|* + bz + ¢ vanishes
if and only if z is located on the Heegner geodesic associated to @ = [a, b, c]. Since the
principal part of f is given by

N —2¢ . _

== -1 if —20=2(mod 12
2 :H(f,n)qn_N—kO(qu), m = {t_lggj 1 ( 0] )7
n=0

5 else,

we conclude that f has the exceptional set

N
U {z:x+iyeH:E|a,b,ceZ, b2 — dac = D, ayz\2+bx+c=0}.
D=1

In other words, the exceptional set of f is a finite union of nets of Heegner geodesics.
Furthermore, we recall that the spectral parameter in Corollary [VII[.3.2|is s =1 — k_T%,
and hence the eigenvalue under A_,_ 1 is

(s-5) (1-s-3) =a-k+i =i (i-t-3).

This proves the Theorem. O
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VIIL.5.2 Eichler—Selberg type relations for Cohen—Eisenstein series

FEichler—Selberg type relations for Cohen—Eisenstein series could be obtained as follows.
On one hand, the input function f(7) = f_o¢ n(7)H¢(7) is weakly holomorphic, thus we
do not need to deal with the additional term

/;g < Lios; (fpen) (7). [G3(r). O~ (T)]j> o2dr

arising from Theorem [VIII.3.3] On the other hand, the function Ay, from Section [VIII.3.3
simplifies to

Bz (j+14+d7)T (3 - d* +5)

AL(¢>p®aj) = Z Z p®(¢(Q))
r (Z + %) r (% - d+) D>1QeQp
DY 3242424 (4+24dt+d (+2+dt+3d 5., Dy? e
Qz, 122 2 | 2 27 Qe P )

where Qp denotes the set of integral binary quadratic forms of discriminant D. After
evaluating the hypergeometric function as in the previous proof, one may follow our proof
of Theorem namely subtract the two evaluations of W™(f, z) from each other,
and apply Serre duality to the resulting expression. Computing the principal part of g,t
in addition, this yields the desired result. However, we do not pursue this here explicitly
as the resulting expression is rather lengthy.
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