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To appear in Stochastic Process. Appl.

Detecting the Presence of a Random
Drift in Brownian Motion

P. Johnson, J. L. Pedersen, G. Peskir & C. Zucca

Consider a standard Brownian motion in one dimension, having either a zero drift,
or a non-zero drift that is randomly distributed according to a known probability law.
Following the motion in real time, the problem is to detect as soon as possible and
with minimal probabilities of the wrong terminal decisions, whether a non-zero drift
is present in the observed motion. We solve this problem for a class of admissible laws
in the Bayesian formulation, under any prior probability of the non-zero drift being
present in the motion, when the passage of time is penalised linearly.

1. Introduction

Imagine the motion of a Brownian particle in one dimension, having either a zero drift, or
a non-zero drift p that is randomly distributed according to a known probability law. Given
that the position X of the Brownian particle is being observed in real time, the problem is
to detect as soon as possible and with minimal probabilities of the wrong terminal decisions,
whether a non-zero drift is present in the observed motion. The purpose of the present paper is
to derive the solution to this problem in the Bayesian formulation, under any prior probability
of the non-zero drift being present in the motion, when the passage of time is penalised linearly.

The loss to be minimised over sequential decision rules is expressed as a linear combination of
the expected running time and the probabilities of the wrong terminal decisions. This problem
formulation of sequential testing dates back to [26] (see [27], [15], [30]) and has been extensively
studied to date (see [11] and the references therein). The linear combination represents the
Lagrangian and once the optimisation problem has been solved in this form it will also lead to
the solution of the constrained problem where upper bounds are imposed on the probabilities
of the wrong terminal decisions. The constrained problem itself will not be considered in the
present paper as this extension is somewhat lengthy and more routine.

Standard arguments show that the initial optimisation problem can be reduced to an optimal
stopping problem for the posterior probability process II of the drift being non-zero given X .
A classic example of X is obtained when the non-zero drift p is deterministic (see [16] and
[23]). This problem has also been solved in finite horizon (see [10]). Books [24, Section 4.2] and
[20, Section 21] contain expositions of these results and provide further details and references.
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Signal-to-noise ratio (i.e. the non-zero drift divided by the diffusion coefficient) is both constant
and deterministic in these problems. Sequential testing problems for X in one dimension where
the deterministic signal-to-noise ratio is not constant were studied more recently in [11] and
[13]. In these problems II is no longer Markovian, however, the process (I1,X) is a two-
dimensional Markov/diffusion process. We will see below that the Markov/diffusion process
(I1,X) is no longer time-homogeneous when the constant signal-to-noise ratio is random.

Another classic example of X is obtained when the non-zero drift p takes either of the two
specified values with strictly positive probabilities (see [25] for a discrete time analogue). One
can then ask which of the three possible values for the drift (the third one being zero) is present
in the observed process X . This problem has been studied more recently in [32] (see also [5]
for a Poisson process analogue and [9] for a closely related problem in three dimensions). The
Markov /diffusion process IT is two-dimensional in this case. Allowing further values for the
non-zero drift p to enter the scene, and asking the analogous question, increases the dimension
of II further and makes the problem closer to intractable. The problem under consideration in
the present paper may be viewed as a finite/infinite-dimensional analogue of the latter problem
(when the range of p # 0 is finite/infinite) where the complicated question of detecting the
exact value of the drift p is replaced by the simpler question of detecting whether a non-zero
drift p is present at all.

A closely related problem of detecting the sign of a random drift p dates back to [3]. The
wrong terminal decisions in that problem formulation are multiplied by the modulus of u to
account for its size. The probability law of p in this problem formulation can also be one-sided
(i.e. concentrated on either IR_ or IR, )in which case the opposite sign is assigned to the zero
value of g . When g is normally distributed this problem has been solved in [31]. The paper
[8] studies the analogous problem for a general probability law of p in the canonical formu-
lation where the wrong terminal decisions are no longer multiplied by the modulus of . The
method of proof in [8] makes an essential use of the innovation process associated with X .

In the present paper we abandon the innovation process and apply a measure change instead.
Among other things this enables us to settle the uniqueness question which was left open in [§]
(see Remark 13 below). We focus on the laws of g for which IT itself is a time-inhomogeneous
Markov process. A simple time change then reduces the posterior probability ratio process
¢ := II/(1-II) to astandard Brownian motion process whose initial points are thus expressible
explicitly. Exploiting the latter fact we show that the optimal stopping boundaries for @ are
monotone functions of time whenever the ratio between the first and second spatial derivative of
the likelihood ratio function is a monotone function of space. The monotone optimal stopping
boundaries then make the optimal stopping problem tractable using established techniques. We
show that the sufficient condition on the ratio between the first and second spatial derivative is
satisfied whenever the probability law of g is either (i) one-sided (i.e. concentrated on either
IR_ or IR,) or (ii) two-point spatially symmetric (i.e. concentrated on —m and m for m
in (0,00)) among other possibilities. More general two-sided probability laws of p can fail to
satisfy the sufficient condition and their closer examination is left for future research.

2. Formulation of the problem

In this section we formulate the sequential testing problem under consideration. The initial
formulation of the problem will be revaluated under a change of measure in the next section.



1. We consider a Bayesian formulation of the problem where it is assumed that one observes
a sample path of the standard Brownian motion X , having either a zero drift with the prior
probability 1—m, or a non-zero random drift p with the prior probability 7 in [0,1]. The
problem is to detect, as soon as possible and with minimal probabilities of the wrong terminal
decisions, whether a non-zero drift is present in the observed motion. This problem belongs to
the class of sequential testing problems as discussed in Section 1 above.

2. Standard arguments imply that the previous setting can be realised on a probability space
(Q, F,P;) with the probability measure P, decomposed as follows

(2.1) Pr=(1—-m)Py+ 7P

for m € [0,1], where P, is the probability measure under which the observed process X
has a zero drift, and P; is the probability measure under which the observed process X has
a non-zero random drift . This can be formally achieved by introducing an unobservable
random variable p taking value zero with probability 1—7 and taking non-zero values with
probabilities determined by 7F),, where F, : IR — IR is a probability distribution function
that is continuous at 0, and assuming that X solves the stochastic differential equation

driven by a standard Brownian motion B that is independent from p under P, for = € [0,1] .
Note that without loss of generality we may assume that X starts at zero in (2.2).

3. Being based upon the continued observation of X | the problem is to test sequentially
the hypotheses Hy : =0 and H; : p # 0 with a minimal loss. For this, we are given a
sequential decision rule (7,d,), where 7 is a stopping time of X (i.e. a stopping time with
respect to the natural filtration FX = o(X,[0 < s <1t) of X for t > 0), and d, is an
FX -measurable random variable taking values 0 and 1. After stopping the observation of X
at time 7, the terminal decision function d, takes value i if and only if the hypothesis H;
is to be accepted for ¢ = 0,1 . With constants a >0 and b > 0 given and fixed, the problem
then becomes to compute the risk function

(2.3) V(r) = (iréf) Er[r+al(d, =0,u#0)+bl(d; =1, =0)]

for m € [0,1] and find the optimal decision rule (7,,d% ) at which the infimum in (2.3) is
attained. Note that E.(7) in (2.3) is the expected waiting time until the terminal decision is
made, and P.(d; =0, # 0) and P,(d, = 1, u = 0) in (2.3) are probabilities of the wrong
terminal decisions respectively.

4. To tackle the sequential testing problem (2.3) we consider the posterior probability process
II = (II})¢>0 of Hy given X that is defined by

(2.4) I, = Pr(u # 0| F)

for £ > 0. Noting that P:(d. =0,u#0) = Ez[(1—d,)Il;] and Py(d, =1,4=0) = E,[d,
(1-11,)] , and defining d, = I(all, > b(1—11,)) for any given (7,d,), it is easily seen that
the initial problem (2.3) is equivalent to the optimal stopping problem

(2.5) V(r) = inf Er[7+ M(IL,) ]
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where the infimum is taken over all stopping times 7 of X and M(w) = amr Ab(1—m) for
7w € [0,1] . Letting 7. denote the optimal stopping time in (2.5), and setting ¢ = b/(a+b) ,
these arguments also show that the optimal decision function in (2.3) is given by di = 0 if
II;, <c and df =1 if II,, > c¢. Thus to solve the initial problem (2.3) it is sufficient to solve
the optimal stopping problem (2.5) and this is what we do in the sequel.

3. Measure change

In this section we show that changing the probability measure P, to Py for = € (0,1)
provides important simplifications of the setting which make the subsequent analysis of the
optimal stopping problem (2.5) more transparent. The change of measure argument is presented
in Lemma 1 below. This is then followed by a reformulation of the optimal stopping problem
(2.5) under the new probability measure P, in Proposition 2 below.

1. To connect the process II to the observed process X , we see from (2.2) that the
Kallianpur-Striebel formula (see Theorem 3 and its Corollary in [14]) yields

(1—m)G(0) + W/OO G(m) eth_mTZtFu(dm)
(3.1) E-(G(w) | 7)) = 55 —
(1—7) + 7T/ "X 2 F (dm)

whenever G : IR — IR is a measurable function such that E.|G(u)| < oo for 7 € [0,1].
Taking G = 1p\(oy in (3.1) we see from (2.4) that

oo m2
7T/ ™2 E, (dm)
(32> II; = — o0 m2
(1—-7)+ 7T/ "X R, (dm)

—00

for t >0 and 7 € [0,1] . Embedded in the right-hand side of (3.2) we recognise the likelihood
ratio process L = (L)i>o given by

dP o
(3.3) Luim ot = 4, 0) = / X R ()

—00

where Py; and P;; denote the restrictions of the probability measures Py and P; to .7-"tX
for ¢t >0, and the function ¢: (0,00)x IR — IR is defined by

(3.4) ot,z) = / T eme B p (dm)

o0

for (t,z) € (0,00)x IR with ¢(0,0) = 1. Note that ¢ is a general non-negative solution to
the backward heat equation, i.e. we have

(3.5) U+ 30ps =0



on [0,00)x R (cf. [29], [21]). From (3.2) and (3.3) we thus see that

I, @,
3.6 = —" — =
(3.6) I+ =L 1+

where @ = (@;);>0 is the posterior probability ratio process given by

1,

. D, =
(3.7) . 10,

=Py Ly

for t >0 with ¢y =n/(1—m) for 7 €[0,1).

2. To derive a stochastic differential equation for the process @ , we may apply [t0’s formula
n (3.3) and use (3.5) to find that

gm (ta Xt)

(38) d@t - (PO Ex(t, Xt) dXt - g(t’ Xt)

b, dX;

with &y = n/(1—m) for m € [0,1). From (3.1) and (3.4) above we recognise the ratio on the
right-hand side of (3.8) as the mean-square predictor of p given X under P; defined by

(3.9) Ea(p| 7)) = lt, Xo)

for t > 0 where the function /i : [0,00)x R — IR is given by

/me 5 (dm)

(3.10) a(t,x) =
/_ emz*T F,(dm)

for (t,z) € [0,00)x IR . Recalling that ¢ solves the backward heat equation (3.5) we see that
i coincides with the Hopf-Cole solution (cf. [12], [4]) to the backward Burgers equation

(3'11) /lt‘i‘/l/lx"'_%ﬂxz =0

on [0,00)x R (cf. [1], [2]). Using (3.9)4+(3.10) in (3.8) we see that & solves the following
stochastic differential equation

(3.12) dd, = j(t, Xy) Py d X,
with @g=n/(1—m) for m € [0,1).

3. Recalling that the innovation process defined by

t
(3.13) B =X, _/ E(u| F¥) ds
0

is a standard Brownian motion under P, (which is easily verified using Lévy’s characterisation
theorem), substituting (3.13) in (3.8) and making use of (3.1), we see that the resulting (time-
dependent) system of stochastic differential equations for ¢ and X driven by B has a unique
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weak solution (cf. [22, pp 166-173]). Hence we can conclude that ((¢,?:, Xt))i>0 is a (strong)
Markov process under P, for 7 € [0,1) (cf. [22, pp 158-163])). We will see below that
although ((¢,9;))i>0 can be a Markov process on its own for a large class of distribution
functions F), , this is not true in general without some knowledge of X . The probability
measure Py, appears to be especially appealing in this context because X itself is a standard
Brownian motion (with no drift) under P, . This motivates us to change the probability measure
P to Py for m € (0,1) in the setting of the optimal stopping problem (2.5).

4. In the sequel we let P, denote the restriction of the measure P, to ]:TX for m € [0,1]
where 7 is a stopping time of X .

Lemma 1. The following identity holds

dP; ; 1—7
14 =
(3:14) dPy, 1-1II;

for all stopping times T of X and all 7€ 1[0,1) .

Proof. A standard rule for the Radon-Nikodym derivatives based on (2.1) gives

(3.15) 1—1I1, = P, (u=0| FX)
dP,., dP; ,
= (1=m) Po(p=0| F) 22" + w Py (=0 FX) 5~
Py, ’ ’
= (1— :
e,

for all 7 and 7 as above due to Py(u=0) =1 and P;(u=0) = 0. This shows that (3.14) is
satisfied as claimed. U

Similarly to (3.14) and (3.15) we find that
dPr,

dPl,T B HT

(3.16)

which together with (3.14) implies that
o dPl,T 1—7m HT

CdPy, T 11,

(3.17) L,:

for all stopping times 7 of X and all 7 € [0,1). Note that the second identity in (3.17) is
equivalent to the first identity in (3.6) above.

5. We now show that the optimal stopping problem (2.5) admits a transparent reformulation
under the measure Py in terms of the process @ defined by (3.7) and solving (3.12) above.
Recall that @ starts at &y = 7/(1 —m) and this dependence on the initial point will be
indicated by a superscript to @ when needed.

Proposition 2. The value function V' from (2.5) satisfies the identity

~

(3.18) V(m)=(1—m) V()
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where the value function V s given by
(3.19) V(r) = inf Eg[ 7 (1+&7/ ) + M (¢7/0)) ]
for e [0,1) with M(¢) =apAb for ¢ € Ry and the infimum in (3.19) is taken over all
stopping times T of X .
Proof. With 7= and 7 as above, we find by (3.14) in Lemma 1 that

T M(I1,)
1-1I,  1-II;

(320)  Ex[r+M(IL)] = (1—-7) EO[ = (1-7)Eo[r(1+&,) + M(®,)]
where in the final equality we use (3.7) above. Taking the infimum over all 7 on both sides of
(3.20), we obtain (3.19) as claimed and the proof is complete. O

4. Admissible laws

In the previous section we have reduced the initial sequential testing problem (2.3) to
the optimal stopping problem (3.19). In this section we will describe the class of admissible
probability laws of p for which the latter optimal stopping problem is solvable using a simple
time change technique.

1. To tackle the optimal stopping problem (3.19) we need to enable the underlying Markov
process to start at arbitrary points in its state space under Py . We could consider (3.19) as an
optimal stopping problem for the two-dimensional Markov process ((¢, X;)):>0 upon recalling
that X coincides with the standard Brownian motion B under P, but this would only give
a solution for a single prior 7 in [0,1) . Instead, to exploit the natural grouping of the time
and space variables, we will consider (3.19) as an optimal stopping problem for the three-
dimensional Markov process ((t,®:, X;))i>0 which is reducible to a two-dimensional Markov
process ((t,9:))i>0 under Py when the probability law of u satisfies additional conditions.
For this, recall from (3.3)+(3.7) that

(41) @t - @0 f(t,Xt)
for t > 0 where X is a standard Brownian motion under P, . Noting that
(4.2) x — ((t,z) is strictly convex on IR

for all ¢ > 0, it is well known (cf. [28, p. 516]) that @ of the form (4.1) defines a (time-
inhomogeneous) Markov process if and only if either

(4.3) x +— L(t,x) is strictly increasing or decreasing on IR
for all t > 0, or the following identity holds
(4.4) Ut x) = k(t, |x—2z])

for all (t,z) € [0,00) x IRy with some continuous function k : [0,00)x R, — IR and z € R
such that y +— k(t,y) is strictly increasing on IR, for all ¢ > 0. From (4.2) we see that z
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in (4.4) is the (unique) point at which the infimum of x — £(¢,x) is attained on IR and the
function x — ((t,x) is symmetric around z for every ¢ > 0 given and fixed. Note that (4.3) is
satisfied if and only if the probability law of x is one-sided (i.e. concentrated on either IR_ or
IR, ) and (4.4) is satisfied (with z = 0) if the probability law of p is two-sided and symmetric
(around zero). More generally, it is easily verified that (4.4) is satisfied if the probability density
function f, of p is expressible as f,(m) =e*"g,(m) for m € IR and some z € IR where
gy : R — IR is an even function. For example, this is true if u ~ N(v,0?) with v € IR and
02 > 0. Thus, if either (4.3) or (4.4) holds, then ((¢,9;));>0 is a two-dimensional Markov
process under Py and the optimal stopping problem (3.19) extends as follows

(4.5) V(t,¢) = inf E) [ 7(1+Pesr) + M(Prr) ]

for (t,¢) € [0,00)x Ry with PP (®; = ¢) =1, where the infimum in (4.5) is taken over all
stopping times 7 of @, and we move 0 from the subscript to a superscript for notational
reasons. In this way we have reduced the initial sequential testing problem (2.3) to the optimal
stopping problem (4.5) for the time-inhomogeneous Markov process @ defined in (3.7) and

solving (3.12) under P, for (t,¢) € [0,00) x IR, .

2. In addition to either (4.3) or (4.4) being satisfied, we will also assume throughout that
one of the following two conditions is satisfied

. ly(t, )
Cpr(t, )
Lt
Cor(t, )

for all ¢t > 0. We now show that these conditions are equivalent to the fact that the diffusion
coefficient squared in the stochastic differential equation (3.12) for @ is a monotone function
of time. This in turn will imply that the optimal stopping boundaries in (4.5) are monotone
functions of time as it will be shown below.

Let us focus on the first identity in (3.8), which is equivalent to (3.12), and let us assume that
(4.3) is satisfied. Note that focusing on the second identity in (3.8) instead, or assuming that
(4.4) is satisfied, would lead to exactly the same conclusions and only the notation would be
somewhat more complicated. Note that if @ solves (3.8)/(3.12) with &y =1 then &% := p®
solves (3.8)/(3.12) with @, = ¢ for ¢ € IR, . Hence there is no loss of generality in assuming
that @, = 1 in what follows. Denoting the inverse function of z +— £(t,x) by ¢ — £71(t, )
for t > 0 given and fixed, we see that the diffusion coefficient in the stochastic differential
equation (3.8) is given by

(4.8) o(t,p) == L (t, L7 (L, )

for (t,p) € [0,00)x IR, . Note that when (4.4) is satisfied then ¢ — ¢7'(¢,) denotes the
inverse function of x +— ((t,x) = k(t,x—z) for = > z. Since the arguments used in the proofs
are analogous we will only focus on the case when (4.3) is satisfied in the sequel.

(4.6) x

is decreasing on IR

(4.7)

is increasing on IR

Proposition 3. The mapping t — o2(t, ) is decreasing or increasing on [0,00) for every
v € Ry if and only if (4.6) or (4.7) holds respectively.
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Proof. Omitting the function arguments for simplicity we see from (4.8) that
(4.9) (0?), = 20(&% + éwx<£_1)t) .

Since L(t, 07 (t,¢)) = ¢ we see by differentiating with respect to ¢ that ¢ + £,(¢(71); =0
from where we find that (¢7'); = —¢;/¢, upon recalling that ¢, > 0 (strictly above z when
(4.4) holds). Inserting this expression back into (4.9) we obtain

(4.10) (0?); =20 (Exéxt — Emﬁt) [l .

Noticing that the right-hand side of (4.10) has a familiar differential form, this shows that

(4.11) sign((aQ)t) = —sign((ﬁx/ét)x) = sign((fx/ém)x)
where in the final identity we use that ¢, = —%Em by (3.5) above. Both equivalence claims
now follow directly from (4.11) and the proof is complete. O

Definition 4 (Admissible laws). The probability law of a random drift p is said to be
admissible, if (i) either of the conditions (4.3) and (4.4) holds and (ii) either of the conditions
(4.6) and (4.7) holds.

If the probability law associated with the probability distribution function F), of a random
drift p is admissible, we will also say that F), or p itself is admissible. The following
proposition shows that the family of admissible laws is sufficiently large to be of theoretical
and practical interest.

Proposition 5.

(4.12)  If p is one-sided (i.e. concentrated on either IR_ or IR,), then p is admissible.

(4.13)  If u takes values —m and m with probabilities 1—p and p respectively for
some m >0 and p € (0,1), then pu is admissible.

Proof. (4.12): If p is one-sided, then clearly (4.3) is satisfied. Moreover, we claim that
(4.6) holds when g is one-sided. For this, with (¢,2) € [0,00)x IR given and fixed, note that

| atmy e )
. (A e B(R))

/ eyt F,(dm)

o0

(4.14) Q(A) =

defines a probability measure on the Borel o-algebra of IR. Note also that the identity
mapping M defined by M(m) = m for m € IR is a random variable on the probability
space (IR,B(IR),Q) and we will denote the expectation of MP? with respect to @ by EM?
for p > 0. From (4.10) and (4.11) we see that

(4.15) sign((ﬁx/fm)x) = sign (ﬁx&vt - émét)



where the function argument is omitted for simplicity. Differentiating under the integral sign
in (3.4), which is justifiable by standard means, we find that

(4.16) Ul — logly = —S EM EM® + 1 (EM?)?.
From (4.15) and (4.16) we see that establishing (4.6) is equivalent to showing that
(4.17) (EM?)> <EMEM?®.

To show that (4.17) holds, let us first assume that p is concentrated on IR, . Then M >0
and we can therefore define a probability measure P,; by setting

(4.18) Pr(A) = ﬁ /A M dP

for A € F . Hence by Jensen’s inequality we find that

EM?
EM

En(M) < (En(02) " = (- Ear?)

(4.19) o

where Ej; denotes the expectation with respect to P, . Squaring both sides in (4.19) we
see that (4.17) holds and hence we can conclude that (4.6) is satisfied as claimed. If p is
concentrated on IR_ then M < 0 and replacing M by —M in (4.17) with the inequality
unchanged, we see that the first part of the proof above when —M > 0 implies that (4.6) is
satisfied in this case as well.

(4.13): Firstly, we claim that (4.4) is satisfied in this case. Indeed, using (3.4) we find that

(4.20) 0t 2) = e~ Ft[(1—p)e ™ +pe™]

for (t,z) € [0,00)xIR . 1t is easily verified that the function z — (1—p)e ™ +pe™* attains its
infimum at z = (1/2m)log((1—p)/p) on IR and that ((t,z2+x) = ((t,z—x) for all z € IR,
with ¢ > 0 given and fixed. Setting k(t,x) := {(t,z+x) for x € IR, with ¢t > 0 given and
fixed, this shows that (4.4) holds as claimed. Secondly, we claim that (4.7) holds in this case.
For this, differentiating in (4.20) we find that

lo(t,x) —(1—p)me ™ + pme™®

421 _
( ) £m(t,x) (1—p)m2 e—ma +pm2 ema

L (pe*™ —(1-p)\ _ 1 2(1—p)
= — —_ 1 _
m\pe*™ +(1-p)) m pe™ + (1-p)
which clearly is increasing in = belonging to IR for ¢t > 0 so that (4.7) holds as claimed and
the proof is complete. O

5. Lagrange formulation

The optimal stopping problem (4.5) is Mayer formulated. In this section we derive its La-
grange reformulation (see [20, Section 6] for the terminology) which is helpful in the subsequent
analysis of the problem.
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Proposition 6. The value function V from (4.5) can be expressed as

(5.1) V(t, ) = inf Eg{w{ / (14+Pys) ds — g Er@) | + M(p)
T 0
for (t,p) € [0,00)x IRy where Eg/a(di) is the local time of ® at b/a and T given by
1 T
(5.2) 0 (p) = P-hgl 2—/ I(l—e <Py < 2te) d(D, D),
£ E 0

and the infimum in (5.1) is taken over all stopping times T of @ .

Proof. Integration by parts gives

(53) S@t+3 = / @tJrr dr + / r d@prr
0 0

for s > 0 where the final term defines a continuous local martingale under P&, in view of
(3.12) above for (t,¢) € [0,00) x IR, given and fixed. Making use of a localising sequence of
stopping times for this local martingale if needed, and applying the optional sampling theorem,
we find from (5.3) that

(5.4) D, [r ] = ED, | /O Doy

for any (bounded) stopping time 7 of & . Moreover, noting that ¢ M(p) = ap Ab is
a concave function on IR, with M'(dy) = —ady/a(dyp) where 8, is the Dirac measure at
b/a , we find by the It6-Tanaka formula using (3.12) that

~ 1 o0 ~
63 M(@uw) = N1()+ [ V@) b, +3 [ @) i

a
/ M:t ¢t+7“ t—l—’l“ Xt—i-r) ¢t+r dXt+r _ 562/(1(@)

for s > 0 where the second term on the right-hand side defines a continuous local martingale
under Pt(ip . Making use of a localising sequence of stopping times for this local martingale if
needed, and applying the optional sampling theorem, we find from (5.5) that

(5.6) EY, (M (@1,)] = NI(0) = 5 ED, [/°(@)]

for any (bounded) stopping time 7 of @ . Inserting the right-hand sides of (5.4) and (5.6) into
(4.5) we obtain (5.1) as claimed and the proof is complete. O

The Lagrange reformulation (5.1) of the optimal stopping problem (4.5) reveals the under-
lying rationale for contmumg vs stopping in a clearer manner. Indeed, recalling that the local
time process s +— £, +S( ) strictly increases only when &, is at b/a , and that 6?4/&( )~ /s
is strictly larger than [ (14®,) dr ~ s for small s, we see from (5.1) that it should never be
optimal to stop at ¢ = b/a and the incentive for stopping should increase the further away @,
gets from b/a for s > 0. We will see in the next section that these informal conjectures can be
formalised and this will give a proof of the fact the straight line { (¢,¢) € [0,00)x R} | ¢ =b/a }

is contained in the continuation set of the optimal stopping problem (4.5).
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6. Properties of the optimal stopping boundaries

In this section we establish the existence of an optimal stopping time in (4.5) and derive
basic properties of the optimal stopping boundaries for admissible laws (cf. Definition 4).

1. Looking at (4.5) we may conclude that the (candidate) continuation and stopping sets in
this problem need to be defined as follows

(6.1) C={(t,p) €[0,00)x Ry | V(t,p) < M(p) }

~

(6.2) D= {(t,p) € [0,00) xRy | V(t,0) = M(g) }

respectively. The process @ can be realised (semi-explicitly) as a stochastic flow under Py
using (3.3) and (3.7) above. This gives

' 7 o m? m?
(6.3) Qyf = —— e e X TS B (dim)

-7 J)_o

for s >0 so that Py(®}¥ = ¢) =1 where

™ > mzfm—2t
(6.4) o=— e F(dm)

Cl-7 oo

for = € IR standing in one-to-one correspondence with ¢ € IR, when ¢t > 0 is fixed (with
x > z when (4.4) holds). Recall that 7 € [0, 1] is a prior probability (cf. Section 2) and X is
a standard Brownian motion under P, . Yet another (semi-explicit) stochastic flow realisation
of @ under Py can be obtained by solving the stochastic differential equation (3.12). One can
verify by [t0’s formula that this leads to the following expression

(6.5) Pyf = ¢ exp (/ a(t+r,c+X,)dX, — %/ @+, e+ X,) dr)
0 0

for s > 0 so that Py(®/¥ =¢) = 1 where ¢ € IR, is given by (6.4) above for = € IR
and ¢ > 0. From (6.5) we see that the time-space flow of @ is continuous as a (Markovian)
functional of the initial point (¢,¢) in [0, 00)x IR, . This implies that the expectation in (4.5)
defines a continuous function of the initial point (¢,¢) in [0,00) x IR, for every (bounded)
stopping time 7 given and fixed. Taking the infimum over all (bounded) stopping times 7 we
can thus conclude that the value function V' is upper semicontinuous on [0,00)x IRy . The
loss function (t, @) — t(14+¢)+M(t, @) in (4.5) is continuous on [0, 00)x R, and hence lower
semicontinuous as well. It follows therefore by [20, Corollary 2.9] that the first entry time of
the time-space process ((t+5,P:1s))s>0 into the closed set D defined by

(6.6) p=inf{s>0] (t+s,Prys) €D}

is optimal in (4.5) whenever P (7p < c0) =1 for all (t,¢) € [0,00)x R, . In the sequel we

will establish this and other properties of 7p by analysing the boundary of D .

2. We first show that the horizontal line ¢ = b/a is contained in C'. Motivated by the
Lagrange reformulation (5.1) of (4.5) we now give a proof of this fact based on the local time
as discussed following the proof of Proposition 6 above.
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Lemma 7. The set {(t,¢) € [0,00)x IR, | p =b/a } is contained in the continuation set
C' of the optimal stopping problem (4.5).

Proof. From (5.1) we see that

(6.7) Vit) =it Eo [ (Lrats) ds - § &e(@)] 4 i)
T 0

for (t,¢) € [0,00)x IR, where the infimum is taken over all stopping times 7 of & . By the
It6-Tanaka formula we find using (3.12) that

(6.8) ‘@iﬁéa_ b/a| = M, _i_gg/a(@t,b/a)

for s > 0 where (M;)s>0 is a continuous martingale. Recalling (3.3) and (3.7) we see that
the left-hand side in (6.8) equals

b/a T > mx—m—Q m —m—25 b
(6.9)  |@L—b/a| = ‘E/ e N (dm) — ‘
™ > mz—m—zt me—m—Zs
= E e 2 (6 27— 1) Fu(dm) ‘
@ > mm—m - me—*S)"
- / (3D T () |
- n=1
m > mo—m> m = mefm—Qs n-l
=K ”<me‘73><;+> Fu(am)|

for s >0 where x € IR is chosen so that (6.4) above holds with ¢ = b/a as needed. Taking
Eo on both sides of (6.8)+(6.9) and using that X, ~ /s X; under Py we get

(6.10)  Eq[eX/*(@")]

m? 2 = m+/s —m—zs"_l
:—Eo‘/ T Xy = e (Y0 ) (dm) |
n=1

for s > 0. Dividing both sides of (6.10) by +/s and letting s | 0 this shows that

1 )
6.11 lim —= Eo[(%/*("Y/")] = ‘/ “tE(d }EX € (0,00).
(6.11) 51{51\[[( me™* 2 F,(dm) | BolXa| € (0, 00)
It means that EO[Eg/a(@t’b/a)] ~ /s as s | 0. On the other hand, it is clear from (6.3) and
(6.4) that Eo[fos(l—i—@?ﬁ) dr] = [;(1+b/a)dr = (1+b/a)s ~ s as s | 0. Combining these
two facts it is evident that the expectation in (6.7) is strictly negative when ¢ =b/a if 7 =5

is taken sufficiently small in (0,00) . This shows that each point (¢,b/a) belongs to C for
t > 0 and the proof is complete. O

3. Moving from the vertical line ¢ = b/a downwards and upwards let us formally define
the (least) boundaries between C' and D by setting

(6.12)  bo(t) =sup{p € [0,b/a] [ (t,p) € D} & bi(t) =inf{p € [b/a,00) | (t,) € D}
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for every ¢ > 0 given and fixed. Clearly by(t) < b/a < by(t) for all ¢ >0 and the supremum
and infimum in (6.12) are attained since D is closed. We now show that admissible laws from
Definition 4 above imply that by and b; are monotone functions of time that separate C' and
D entirely. The key fact in this direction will be presented first.

Proposition 8. The mapping t — V(t, @) s increasing or decreasing on [0,00) for every
v € Ry if and only if (4.6) or (4.7) holds respectively.

Proof. 1. Recall from (3.8) and (4.8) that & solves
(6.13) dd, = o(t, P;) dX,
where X is a standard Brownian motion under P, . Recall also from Proposition 3 that
(6.14) t > a?(t, ) is decreasing or increasing on [0, 00)

for every ¢ € IR, if and only if (4.6) or (4.7) holds respectively. Passing to a stochastic flow
of the process @ we see that the optimal stopping problem (4.5) reads

(6.15) V(t, ) = inf Eo[ 7 (14+057,) + M (2}7,) ]

for (t,¢) € [0,00)x IR, where the infimum is taken over all stopping times 7 of @ .

2. Motivated by (6.13) consider the additive functional A defined by
(6.16) A, = AP = / o (t+r, &pF) dr
0

for s >0 and (t,¢) € [0,00) xRy given and fixed. Note that s — A, is continuous and
strictly increasing with Ay =0 and A, T A, as s 1 oo. Hence the same properties hold for
the inverse T" of A defined by

(6.17) T, =T = AT

S S

for s € [0,As) with T, T 0o as s | Ay . Since A is adapted to (F7)i>o it follows that
each T, is a stopping time with respect to (F?);>o so that T defines a time change relative

A

to (F?)i>o0 - Define the time-changed process @ by setting
(6.18) bf = D, = Dy
for s € [0, A) . Time changing the stochastic differential equation (6.13) we find that

Ts s ~
(6.19) P =g +/ o(t+r,®pf)dX, = ¢ +/ o(t+T,, ®pf) dXr, =: ¢ + B,
0 0

for ¢ € IR, where B is a continuous local martingale with (B, B), = Jo o+, P ) dr =
Ap, = s for s €[0,As) . Hence by Lévy’s characterisation theorem we can conclude that B
is a standard Brownian motion (starting at zero). Note that by changing the initial standard

Brownian motion in (6.13) we can achieve that B does not depend on t. It follows therefore
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that &% is a standard Brownian motion starting at ¢ in IR, . From (6.16) it is easily seen
using (6.17) that

6200  memo - [ [ L
0 02(t+Tr,@t+T) 0 0'2(t+Tr ’w,go—i—BT)

for s €[0,Ay) . From (6.20) combined with (6.14) we see that

3 p(tiyp) < 8 plta,e)
(6.21) aTsW >8ST 2e

whenever T\ = T{*%) for some s and t; <, in [0,00) (with the same B as above) if
and only if (4.6) or (4.7) holds respectively. From (6.21) combined with T."?) =0 we see that

(6.22) t— T®9) is increasing or decreasing on [0, 00)

for every s € [0, Ay) if and only if (4.6) or (4.7) holds respectively. Returning to (6.15) and
applying the time change from (6.17) hence we see that

(6.23) V(tl, mf Eo ( L Pt ) + M(@tl P )]

t1+Ta, t1+Ta,
0

[ T4
Z;
£ Eol
[

(109) (14+0%) + M (%) ]

qjﬂﬂ

20) (1482) + M ($%)]

1nf EO

~

(L0, ) + M2, )]
= V(tQa ()0)

for t; <ty in [0,00) and ¢ € IR, if and only if (4.6) or (4.7) holds respectively. This
completes the proof of the initial equivalence claim. 0

Corollary 9. We have 0 < by(t) < b/a < by(t) < oo for all t >0 with

(6.24) C={(t,p) €[0,00) xRy | bo(t) < v < by(t) }
(6.25) D={(t,p) €[0,00)xR; |0< ¢ <by(t) or by(t) <p <o0}.

Moreover, the following implications are satisfied (see Figure 1 below):

(6.26) If (4.6) holds then the mapping t — by(t) is increasing and the mapping t — by(t)
is decreasing on [0,00) .

(6.27) If (4.7) holds then the mapping t — bo(t) is decreasing and the mapping t — by (t)
is increasing on [0, 00) .

Proof. 1. From (6.5) and (6.15) we see that
(6.28) @ +— V(t, ) is increasing and concave on [0, c0)

for every ¢ > 0 given and fixed. Concavity of ¢ — V(t, ¢) combined with non-negativity and
piecewise linearity of ¢ — M(p) in (4.5) implies that if (¢,¢) € D with ¢ <b/a and ¢; < ¢
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Figure 1. The optimal stopping boundaries by and b; when (i) p ~ Exp(1)
and (4.6) holds along a = b =20 (upper figure) and (ii) p takes values +1 with
probability 1/2 and (4.7) holds along a =b =10 (lower figure).

then (t,¢1) € D as well as that if (¢,¢) € D with ¢ > b/a and ¢y > ¢ then (t,¢9) € D .
This shows that by and b; from (6.12) alone separate C' and D fully and hence (6.24) and
(6.25) are valid as claimed. Moreover, we know from Proposition 8 that

(6.29) t— V(t,)—M(p) is increasing or decreasing on [0, 00)
for every ¢ € IR, if and only if (4.6) or (4.7) holds respectively. In the former case (i.e.

when (4.6) holds) we see that if (t,¢) € D and ty > t; then 0 = V(t1,¢)—M(p) <
V(ty, ) —M(p) < 0 so that V(ty, ) —M(¢) = 0 and hence (ty,¢) € D as well. This
shows that (6.26) holds as claimed. Similarly, in the latter case (i.e. when (4.7) holds) we see
that if (t1,¢) € D and t, < t; then 0 = V(t;,0)—M(p) < V(to,)—M(p) < 0 so that

~ ~

V(to, o) —M(p) = 0 and hence (%o, ) € D as well. This shows that (6.27) holds as claimed.

2. We show that by(t) > 0 for all £ > 0. Clearly, if by is increasing then it is sufficient to
disprove the existence of ¢y > 0 such that [0,¢)x[0,b/a] C C', and similarly, if by is decreasing
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then it is sufficient to disprove the existence of ¢; > 0 such that (¢;,00)x[0,b/a] C C'. Suppose
first that [0,t0)x[0,b/a] C C' for some ¢y, > 0. Consider the stopping time

(6.30) T = inf { s € [0,%)) | 82° > b/a}
under Py for ¢ € (0,b/a) given and fixed. Then Tb/ 0:0) < 7-(0 #) where Tp = Tg)’“’) =inf{s >
0|®%° € D} is an optimal stopping time, so that from (6.15) we find that

(6.31) V(0,¢) = Eo[ 7p (1+0%¢) + M (2%¢)] > Eo(7,7).

Letting ¢ | 0 and using that lim, g Tb(o’ °) = to we see from (6.31) using Fatou’s lemma
that liminf, 0V (0,¢) > to > 0. It fo'l/lows that taking ¢ > 0 sufficiently small we get
V(0,9) > ap = M(p) which is a contradiction since V < M . This shows that by(t) > 0
for all ¢ > 0 when by is increasing as claimed. Next suppose that (¢;,00)x[0,b/a] C C
for some t; > 0. Consider the same stopping time as in (6.30) with ¢; in place of 0 and
to = oo when ¢ € (0,b/a) is given and fixed. Using the same arguments as above we obtain
the inequality (6.31) with ¢; in place of 0 for all ¢ € (0,b/a) . Letting ¢ | 0 and using that
Tb(;; #) s 50 we see from the previous inequality that V(tl, ) — oo which is a contradiction

since V < M . This shows that by(t) >0 for all £ >0 when by is decreasing as claimed.

3. We show that b;(f) < oo for all ¢ > 0. Clearly, if b; is decreasing then it is sufficient
to disprove the existence of ¢, > 0 such that [0,ty) x[b/a,00) C C', and similarly, if b; is
increasing then it is sufficient to disprove the existence of ¢; > 0 such that (¢;,00)x[b/a,o0) C
C'. Suppose first that [0, ) x [b/a,00) C C' for some ty > 0. Consider the stopping time

(6.32) T = inf { s € [0,1y) | 2% < b/a}
under Py for ¢ € (b/a,00) given and fixed. Then Tb(;);p) < 799 where 7p = 709 =

inf{s>0|®% € D} is an optimal stopping time, so that by (5.4) and (6.15) we find that

(0,)
b/a

N TD R T,
(6.33) V(0, ) = Eg V (1+8°9) ds + M(@E}j’)} > EOV (1+¢@%") ds
0 0

where in the final term we use (6.5) above. Letting ¢ — oo and using that lim ,1o, Tb(;)f) =1y
we see from (6.33) using Fatou’s lemma that V(0,¢) — oo which is a contradiction since
V < M . This shows that b () < oo forall £t >0 when b is decreasing as claimed. Next
suppose that (t;,00) % [b/a,00) C C for some t; > 0. Consider the same stopping time
as in (6.32) with ¢; in place of 0 and ¢y, = oo when ¢ € (b/a,00) is given and fixed.
Using the same arguments as above we obtain the inequality (6.33) with ¢; in place of 0 for
all ¢ € (b/a,00). Letting ¢ — oo and using that Tb(/l %) 50 we see from the previous
inequality that V(tl,go) — 00 which is a contradiction since V < M . This shows that

bi(t) < oo for all t >0 when b; is increasing as claimed and the proof is complete. U

7. Free-boundary problem

In this section we derive a free-boundary problem that stands in one-to-one correspondence
with the optimal stopping problem (4.5). Using the results derived in the previous sections
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we show that the value function V from (4.5) and the optimal stopping boundaries by &
by from (6.12) solve the free-boundary problem. This establishes the existence of a solution
to the free-boundary problem. Its uniqueness in a natural class of functions will follow from
a more general uniqueness that will be established in Section 8 below. This will also yield
a double-integral representation of the value function 1% expressed in terms of the optimal
stopping boundaries by & by .

1. Consider the optimal stopping problem (4.5) where the (time-inhomogeneous) Markov
process @ solves the stochastic differential equation (6.13) where X is a standard Brownian
motion under Py . From (6.13) we see that the infinitesimal generator of @ is given by

1
(7.1) Lo = 502(75, ) Oy
where o(t, ) is given explicitly by (4.8) for (¢,¢) € [0,00)x IR, . Looking at (4.5), and relying
on other properties of V' and by & b; established above, we are naturally led to formulate
the following free-boundary problem for finding V' and by & by :

(7.2) V,+LsV =—L in C
(7.3) V(t,p) = M(p) for (t,¢) € D (instantaneous stopping)
(7.4) V,(t,0) = M'(p) for ¢ =bo(t) & o =by(t) with t> 0 (smooth fit)

where we set L(p) = 1+¢ for ¢ € IR, and the (continuation) set C' and the (stopping)
set D are given by (6.24) and (6.25) respectively. Clearly the global condition (7.3) can be
replaced by the local condition V(t,¢) = M(p) for ¢ = by(t) & ¢ = by(t) with ¢ >0 so
that the free-boundary problem (7.2)-(7.4) needs to be considered on the closure of C' only
(extending V' to the rest of D as M being then evident).

2. To formulate the existence and uniqueness result for the free-boundary problem (7.2)-(7.4)
we let C denote the class of functions (F';cy,c1) such that

(7.5) F belongs to C'(Cey o) N C*(Cppyey) and is bounded on [0, 00) x IR,
(7.6) co is continuous and increasing/decreasing on (0,00) with 0 < c¢o < b/a
(7.7) ¢1 is continuous and decreasing/increasing on (0,00) with b/a < ¢; < 00

when (4.6)/(4.7) holds respectively in (7.6) and (7.7), where we set C, ., = { (¢, ¢) € [0,00)x
Ry [cot) <y <at) } and Cge, ={(t,¢) €[0,00) xRy [ cot) < <cuft) }.

Theorem 10. The free-boundary problem (7.2)-(7.4) has a unique solution (V, bo,b1) in
the class C where V is given by (4.5) and by & by are defined in (6.12).

Proof. We first show that the triple (V, bo,b1) belongs to the class C . For this, if (4.6)
holds then by (6.26) we know that by is increasing and b; is decreasing. Using the fact
visible from (6.13) that & is a time-changed Brownian motion, hence we can conclude that
each boundary point between C' and D is probabilistically regular for the interior of D .
Similarly, if (4.7) holds then by (6.27) we know that by is decreasing and b; is increasing. In
this case we can use arguments similar to those in the second part of Example 17 in [6] to show
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that by and b; are locally Lipschitz. Hence by the same time-change arguments as above we
can again conclude that each boundary point between C' and D is probabilistically regular
for the interior of D . The method of proof outlined in Example 12 and Example 17 of [6] then
enables us to infer the global C! regularity of the value function V in the sense that

(7.8) (t, ) — Vi(t, ) is continuous on [0, c0)x R,
(7.9) (t, ) — V¢(t, ) is continuous on [0,00)x IR, .

Moreover, since the (horizontal) smooth fit holds at each boundary point between C' and D
we can apply the general result of Theorem 3 in [19] and conclude that

(7.10) t+— bo(t) & ¢+ by(t) are continuous on [0,00).

Combined with properties derived in Section 6 above, this shows that the triple (V, bo, b1)
belongs to the class C as claimed. The Lagrange reformulation (5.1) of the optimal stopping
problem (4.5) combined with standard arguments (see e.g. the final paragraph of Section 2 in
[6]) shows that V satisfies (7.2). This fact combined with (7.8) implies that

(7.11) V., admits a continuous extension from C' to C

where C' is the continuation set and C' is its closure as defined following (7.7) above (omitting
subscripts for simplicity). Clearly V also satisfies (7.3) while (7.4) follows from the arguments
yielding (7.8) and (7.9) above. This shows that the triple (V;bo,b;) is a solution to the free-
boundary problem (7.2)-(7.4) in the class C . To derive uniqueness of the solution we will first
see in the next section that any solution (F’;cg,c1) to (7.2)-(7.4) in the class C admits a closed
double-integral representation for F' in terms of ¢y and c¢;, which in turn solve a coupled
system of nonlinear Volterra integral equations, and we will see that this system cannot have
other solutions satisfying the required properties. From these facts we can conclude that the
free-boundary problem (7.2)-(7.4) cannot have other solutions as claimed. O

8. Nonlinear integral equations

In this section we show that the optimal stopping boundaries by and b; from (6.25) can
be characterised as the unique solution to a coupled system of nonlinear Volterra integral
equations. This also yields a closed double-integral representation of the value function from
(4.5) in terms of the optimal stopping boundaries by and b; . As a consequence of the existence
and uniqueness result for the coupled system of nonlinear Volterra integral equations we also
obtain uniqueness of the solution to the free-boundary problem (7.2)-(7.4) as explained in the
proof of Theorem 10 above. Finally, collecting the results derived throughout the paper we
conclude our exposition by disclosing the solution to the initial problem.

1. Recalling that X is a standard Brownian motion under Py we readily find from (4.1)
that the probability density function of @ifs under P, is given by

1 1
P/ 2ms Lo(t+s, 0 (t+s,9/Py))

(" (t 45,9 /Po) — L' (t, 0/ o))?
X exp (— o5 )

(8.1) flt+s, 45t 0)
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for 0 <t <t+s and ¢ & 1 in IR, where the inverse function ¢! is defined following (4.8)
above. Having f we can evaluate the expression of interest in the theorem below as follows

1
82)  Klt+sonpitio) =Eo[L@OE) oo <tlf <o) = [ L) f(t+svst, o) dv
©

0

for 0 <t<t+s and ¢ & @o < ¢y in IRy where we recall that L(y) = 144 for ¢ € R, .

Theorem 11 (Existence and uniqueness). The optimal stopping boundaries by and
by in the problem (4.5) can be characterised as the unique solution to the coupled system of
nonlinear Volterra integral equations

(8.3) aby(t) = /OOK(t—l—S,bo(t—i-s),bl(t+s);t, bo(t)) ds
(8.4) b:/OOK(H—S,bo(t—i—s),bl(t—l—s);t,bl(t))ds

in the class of continuous functions by and by on [0,00) where t +— by(t) is increas-
ing/decreasing and t — by(t) is decreasing/increasing with 0 < by(t) < b/a < by(t) < o0
for t > 0 when (4.6)/(4.7) holds respectively. The value function V in the problem (4.5)
admits the following representation

(8.5) Vit o) = /0 T K (45, bo(t4-5), b (t4-5): £, ) ds

for (t,¢) € [0,00)x IR, . The optimal stopping time in the problem (4.5) is given by
(8.6) Tooy = inf {5 > 0| D4F, & (bo(t+5),bi(t+s)) }
under Py with (t,¢) € [0,00)x Ry given and fized (see Figure 1 above).

Proof. 1. Ezistence. We first show that the optimal stopping boundaries by and b; in the
problem (4.5) solve the system (8.3)4(8.4). Recalling that by and b, satisfy the properties
stated following (8.3)4(8.4) as established above, this will prove the existence of the solution
to (8.3)+(8.4). For this, we will first note that Ito’s formula is applicable to V' composed with
(t+s,®7) for s >0 with (t,9) € [0,00)x R, given and fixed. Indeed, recalling that V'
is C'2 on the closure of C' and equals M on D (which also is C'? since the singularity
line p =b/a of M is contained in C' as established in Lemma 7 above) we see that the local
time-space formula from [18] is applicable to V composed with (t+s,@§fs) for s > 0 and
moreover this formula reduces to Itd’s formula due to the smooth fit condition (7.4). Using

(7.1) and (7.2) this yields

7)) Vitts#iE)

V(o) + [ (Vi Lol a0, 005 dr + 01,
0

Ut ) — /0 LB I (bo(t-+7) <BLF, <by (t-+7)) dr + M,
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where M, = [J V,(t+r, &%) o(t+r &%) dX, is a continuous local martingale for s > 0.
Taking a localisation sequence of stopping times (7,),>1 for M , replacing s on both sides
of (8.7) by s AT, , applying the optional sampling theorem and letting n — oo , we obtain

(8.8) Eo[V(t+s,91%.)] = V(t,0) — Eo {/OSL(@fT)I(bo(HT)<¢§fr<bl(t+7‘))d7“}

for s > 0. Letting s — oo and noting that 0 < V(t4s, &%) < M(PL7,) = adr?, Ab — 0
Po-a.s. by (8.11) below, we see that the dominated and monotone convergence theorems yield

(8.9) V(t, @) = Eg UOOO L(DyE) I(bo(t+s) <Ppf, <by(t+s)) ds]

which establishes the representation (8.5) upon recalling (8.2) above. Recalling that V (¢, by(t))
= M(bo(t)) = abo(t) and V(t,by(t)) = M(by(t)) = b for all + > 0 we see that (8.5) implies
(8.3) and (8.4) as claimed.

2. Uniqueness. To show that by and b; are a unique solution to the system (8.3)-+(8.4)
one can adopt the four-step procedure from the proof of uniqueness given in [7, Theorem 4.1]
extending and further refining the original arguments from [17, Theorem 3.1] in the case of a
single boundary. Note that although the present horizon is infinite and any stopping time 7
among the four stopping times used in the four-step procedure can take infinite values as well
in certain situations, the optional sampling theorem is still applicable to 7An for n > 1 given
and fixed, and then letting n — oo one obtains the desired conclusions as when the horizon
is finite. The key argument which makes this possible (in the first step) is obtained by noting
that 0 < M < b so that the monotone and dominated convergence theorems yield

(8.10)  lim Eo[M(®}f,)I(r <n)] = Eo[M(Pf)I(r<00)] = lim Eo[M(P}f,,,) (T <0)]
= lim Eo[M(®}¥, )] — lim Eo[M(Pp7,)I(T=00)]
= M(yp)

for (t,) € [0,00)x IR, , where in the final equality we use (5.6) given that &% spends no
time at b/a up to t+7 (as in the first step), and more crucially the fact that &;f, — 0
Po-a.s. as n — oo due to (8.11) below combined with the fact that M(0) = 0. Given that the
present setting creates no additional difficulties we will omit further details of this verification
and this completes the proof. U

2. We single out the following important consequence of the measure change in Section 3
for establishing the representation (8.9) above.

Proposition 12. We have
(8.11) Oyf — 0 Py-as.
as s — oo for (t,¢) € [0,00)x R, given and fixed.

Proof. Recall from (6.3) and (6.13) that (®}7,).>0 is a positive local martingale under P, .
Since a positive local martingale is a supermartingale and a positive supermartingale converges
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almost surely, it is enough to show that the convergence relation (8.11) holds in Py-probability.
For this, note from (6.3) with (6.4) that

(812) Po (éifs > 8) = PQ( T / emrT ot emXS_TS Fu<dm) > g)
— PO / M m\/gxl_(m\f) Fu(dm) > 6)

for ¢ >0 due to X, ~ /sX; for s >0 because X is a standard Brownian motion under
P, and where we set M(m) := (x/(1—n))e™ (/2 for m € R with = =0 if t =0. Fix
w € €2 and note that

m S 2
(8.13) N,y(m) := M(m) emVsXi@=-=g= g

as s — oo for every m € IR . Moreover, we have

(8.14)  sup Ny(m) := M(m) sup e™VsX1()= g < M(m) sup !5 = M(m)Z(w)
5>0 s>0 s>0

for all m € IR where Z(w) is a constant which does not depend on m € IR. Since

m +— M(m)Z(w) is integrable on the probability space ([R,B(R),F,(dm)) it follows by

the dominated convergence theorem using (8.13) that

(8.15) lim [ M(m)em™sa@- " b gy

§—00
—0o0

for all w € . Using this fact in (8.12) we see that Py(®yf, > ¢) — 0 as s — oo for every
e > 0. Thus (8.11) holds in Py-probability as sufficient and the proof is complete. U

Remark 13. The question of uniqueness addressed in Theorem 11 above was left open
in [8, Section 5]. The method of proof in [8] makes an essential use of the innovation process
associated with X under the measure P, for m € [0,1]. Abandoning the innovation process
and changing the measure P, to Py for 7 € (0,1) as done in Section 3 above yields the
convergence relation (8.11) which in turn settles the question of uniqueness as explained in the
second part of the proof above (cf. [8, Remark 5.4]).

Remark 14. The coupled system of nonlinear Volterra integral equations (8.3)+(8.4) can
be used to find the optimal stopping boundaries by and b; numerically. Note that the identity
(8.8) can be used to produce a finite horizon approximation to the system obtained by replacing
s with T'—t in (8.8) which yields the following extension of (8.9) above

(8.16) V(t,¢) = Eo[M(94%)] + Eo {/OT_tL(@HS)I(bO(t—FS) <@pf, <bi(t+s))ds

for (t,¢) € [0,T]x Ry . Recalling that V(t,bo(t)) = M(bo(t)) = abo(t) and V(t,bi(t)) =
M(bi(t)) = b for all ¢ >0 we see that (8.16) implies validity of the following extension of the
system (8.3)+(8.4) above

T—t
(8.17)  abolt /M FTbst, b)) do+ [ K (t-4s,bo(t45), bi(t45): £, bo(1)) ds
0
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00 T—t
(818) b= / M) F(T, st b () i+ | K (s, bo(t+5), b (t+5);t,bi(1)) ds

0 0
for ¢ € [0,7] . Collecting the results derived throughout the paper we now disclose the solution
to the initial problem for admissible laws (cf. Definition 4).

Corollary 15. The value function in the initial problem (2.3) is given by

(8.19) V(r)=(1-m)V(0, %)
for e (0,1) where the function V s given by (8.5) above. The optimal stopping time in the
initial problem (2.3) is given by

o0 m2

s20)  r=int {rz0] T [ e R dm) ¢ ((0).0(0) )
—TT oo

where by and by are a unique solution to the coupled system of nonlinear Volterra integral

equations (8.3)+(8.4). The optimal decision function d., equals 0 or 1 and we conclude that

a non-zero drift is not present or is present in the observed motion if the stopping in (8.20)

happens at by or by respectively.

Proof. The identity (8.19) follows by combining (3.18)4(3.19) in Proposition 2 with (4.5)
and the result of Theorem 11. The explicit form (8.20) follows from (8.6) in Theorem 11
combined with (3.4) and (4.1). The final claim on the optimal decision function follows from
the general argument invoked following (2.5) above. This completes the proof. O

Acknowledgements. The authors are grateful to Patrizia Tavella for insightful discussions
on the problem studied in the paper in relation to the global navigation satellite system Galileo.
This work was supported by a research grant (17617) from Villum Fonden.

References

[1] BATEMAN, H. (1915). Some recent researches on the motion of fluids. Monthly Waether
Review 43 (163-170).

2] BURGERS, J. M. (1948). A mathematical model illustrating the theory of turbulence.
Advances in Applied Mechanics, Academic Press (171-199).

[3] CHERNOFF, H. (1961). Sequential tests for the mean of a normal distribution. Proc. 4th
Berkeley Sympos. Math. Statist. Probab. (Vol I) Univ. California Press (79-91).

[4] CoLE, J. D. (1951). On a quasi-linear parabolic equation occurring in aerodynamics.
Quart. Appl. Math. 9 (225-236).

[5] DAYANIK, S. POOR, H. V. and SEZER, S. O. (2008). Sequential multi-hypothesis testing
for compound Poisson processes. Stochastics 80 (19-50).

(6] DE ANGELIS, T. and PESKIR, G. (2020). Global C' regularity of the value function in
optimal stopping problems. Ann. Appl. Probab. 30 (1007-1031).

23



[10]

[11]

[12]

[13]

[14]

Du Torr, J. and PESKIR, G. (2009). Selling a stock at the ultimate maximum. Ann.
Appl. Probab. 19 (983-1014).

EKSTROM, E. and VAICENAvICIUS, J. (2015). Bayesian sequential testing of the drift of
a Brownian motion. ESAIM Probab. Stat. 19 (626-648).

ERNST, P. A. PESKIR, G. and ZHOU, Q. (2020). Optimal real-time detection of a drifting
Brownian coordinate. Ann. Appl. Probab. 30 (1032-1065).

GAPEEV, P. V. and PESKIR, G. (2004). The Wiener sequential testing problem with
finite horizon. Stoch. Stoch. Rep. 76 (59-75).

GAPEEV, P. V. and SHIRYAEV, A. N. (2011). On the sequential testing problem for
some diffusion processes. Stochastics 83 (519-535).

Hopr, E. (1950). The partial differential equation w; + uu, = puy, . Comm. Pure Appl.
Math. 3 (201-230).

JOHNSON, P. and PESKIR, G. (2018). Sequential testing problems for Bessel processes.
Trans. Amer. Math. Soc. 370 (2085-2113).

KALLIANPUR, G. and STRIEBEL, C. (1968). Estimation of stochastic systems: Arbitrary

system process with additive white noise observation errors. Ann. Math. Statist. 39 (785
801).

MatTHES, T. K. (1963). On the optimality of sequential probability ratio tests. Ann.
Math. Statist. 34 (18-21).

MIKHALEVICH, V. S. (1958). A Bayes test of two hypotheses concerning the mean of a
normal process. Visn. Kiiv. Univ. 1 (254-264).

PESKIR, G. (2005). On the American option problem. Math. Finance 15 (169-181).

PESKIR, G. (2005). A change-of-variable formula with local time on curves. J. Theoret.
Probab. 18 (499-535).

PESKIR, G. (2019). Continuity of the optimal stopping boundary for two-dimensional
diffusions. Ann. Appl. Probab. 29 (505-530).

PESKIR, G. and SHIRYAEV, A. N. (2006). Optimal Stopping and Free-Boundary Problems.
Lectures in Mathematics, ETH Ziirich, Birkhauser.

RoBBINS, H. and SIEGMUND, D. (1973). Statistical tests of power one and the integral

representation of solutions of certain partial differential equations. Bull. Inst. Math. Acad.
Sinica 1 (93-120).

RoGERs, L. C. G. and WiLLiaAMS, D. (2000). Diffusions, Markov Processes and Mar-
tingales: Ité Calculus (Vol 2). Cambridge University Press.

SHIRYAEV, A. N. (1967). Two problems of sequential analysis. Cybernetics 3 (63-69).
SHIRYAEV, A. N. (1978). Optimal Stopping Rules. Springer-Verlag.

24



[25] SOBEL, M. and WALD, A. (1949). A sequential decision procedure for choosing one of
three hypotheses concerning the unknown mean of a normal distribution. Ann. Math.
Statistics 20 (502-522).

[26] WALD, A. (1947). Sequential Analysis. Chapman & Hall.

[27] WALD, A. and WOLFOWITZ, J. (1948). Optimum character of the sequential probability
ratio test. Ann. Math. Statist. 19 (326-339).

[28] WaANG, A. T. (1979). Time-dependent functions of Brownian motion that are Markovian.
Ann. Probab. 7 (515-525).

[29] WIDDER, D. V. (1944). Positive temperatures on an infinite rod. Trans. Amer. Math.
Soc. 55 (85-95).

[30] WoLrowITz, J. (1966). Remark on the optimum character of the sequential probability
ratio test. Ann. Math. Statist. 37 (726-727).

[31] ZHITLUKHIN, M. V. and MURAVLEV, A. A. (2013). On Chernoff’s hypothesis testing
problem for the drift of a Brownian motion. Theory Probab. Appl. 57 (708-717).

[32] ZHITLUKHIN, M. V. and SHIRYAEV, A. N. (2011). A Bayesian sequential testing problem
of three hypotheses for Brownian motion. Stat. Risk Model. 28 (227-249).

Peter Johnson Jesper Lund Pedersen
Department of Mathematical Sciences Department of Mathematical Sciences
University of Copenhagen University of Copenhagen
Universitetsparken 5 Universitetsparken 5
DK-2100 Copenhagen DK-2100 Copenhagen
Denmark Denmark

peter. johnson@math.ku.dk jesper@math.ku.dk

Goran Peskir Cristina Zucca

School of Mathematics Department of Mathematics
The University of Manchester University of Torino

Oxford Road Via Carlo Alberto 10
Manchester M13 9PL 10123 Torino

United Kingdom Italy
goran@maths.man.ac.uk cristina.zucca@unito.it

25



