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Abstract. Dimensionally-regulated Feynman integrals are a cornerstone of all
perturbative computationsmin_ quantum field theory. They are known to exhibit
a rich mathematical structure, which has led to the development of powerful new
techniques for their computations, We review some of the most recent advances in our
understanding of theranalytic structure of multiloop Feynman integrals in dimensional
regularisation. In particular, we give an overview of modern approaches to computing
Feynman integrals‘using differential equations, and we discuss some of the properties
of the functions that appear in the solutions. We then review how dimensional
regularisation/has a natural mathematical interpretation in terms of the theory of
twisted cohomology groups, and how many of the well-known ideas about Feynman
integrals arise maturally in this context. This is Chapter 3 of a series of review articles
on scattering amplitudes, of which Chapter 0 [1] presents an overview and Chapter
4 [2] comtains closely related topics.
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1. Background and definitions

An L-loop Feynman integral is an integral of the form:

L
APk \ N(k; - ko ;- prbs D
f(pl,..-,pE;m?,--',mi;V;D)=/(He” mD/]2> ({h; - b L r}; Dy (1)
j=1

H?:l(m? — 47 ig)uj

Here v = —I"(1) is the Euler-Mascheroni constant, v = (v, ..., v4) € ZP, and we work

in dimensional regularisation with D = Dy — 2¢ dimensions andsfg.€ N.' Depending
on the context, we will use D or e interchangeably to denote quamfities that depend
on the dimensional regulator. The factors 1/(m3 — ¢} — ie) are €alled propagators, and
we use the usual Feynman ie-prescription to deform the integration eontour away from
the propagator poles. Hence note the distinction between the dimensional regularisation
parameter € and the infinitesimal € for the Feynman préseriptionfor the propagator. The
integral is a function of the propagator masses m?, ., m; androf the external momenta
Pi,--.,DE, constrained by momentum conservation Z]E:I p; = 0 (we assume without loss
of generality that all external momenta are incoming). The squared propagator masses
are assumed to be positive, and the external momenta are real Minkowski momenta
which we also assume to be D-dimensionali(we assume that, aside from momentum
conservation, they are all linearly independent).’The numerator A is a polynomial in
the dot products involving at least onewof the loop momenta k;. The momenta ¢; flowing
through the propagators have the form

L BE-1
4 :Zaijkj+z/8ijpj, a;j, Bij € {—1,0,+1}. (2)
J=1 J=1
We define |v| as the sum of the\exponents of the denominators,
P
= v (3)
j=1

The Feynman.integralin/eq. is invariant under Lorentz transformations A in D

dimensions:
I(Apts  dpgsms, ... ,mv; D) = I(py, ..., pg;mi, ..., m;v; D). (4)
As a consequence, the integral only depends on the external scales
r = ({pi - pih<igem {3 hi<j<p) - (5)
We will often write I(z;v; D) instead of I(p1,...,pg;m3,. .. ,mg; v; D), in order to make

the Lorentz invariance manifest. We note that because of momentum conservation not
all {p; - p; }1<ij<e are independent, so it should be understood that z contains only an
independent set of such dot products.

Remark 1. It is possible to relax the condition v; € Z. This leads to the notion of
generic Feynman integrals considered in ref. [3,/4]. In particular, for certain classes of
Feynman integrals, an L-loop Feynman integral can be written as an (L—1)-loop generic
Feynman integral.
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1.1. Some properties of Feynman integrals

Feynman graphs. Feynman integrals as presented in eq. are associated to Feynman
graphs with L loops, where for every propagator there is an internal edge é;labelled by
(g5, m?, v;), and momentum must be conserved at every vertex. The external edges are
labelled by the inflowing external momenta.

Mass dimension of a Feynman integral. Consider the action on Eeynman integrals of a
rescaling of the external momenta and the propagator masses/ (p;, mp=> (Ap;, Am;),
A € R* =R\ {0}. It is straightforward to check that all externaliséales in eq. (5] rescale
like z — A?z. Assuming that the numerator is homogeneous (as issalways the case in
physics applications),

NN {kj - ki kj - piys D) = XN N({k; - kiskg ook D) (6)
where a = [N] is the mass dimension of the numerator,.we have
I(N2z;v; D)= N 1(23v; D) (7)
where the mass dimension of the integral is
[1(w;v; DI AP+ LD — 2| (®)

Note that [I(z;v; D)] = m —2Le for some iateger m € Z, which implies that the mass
dimension of an integral is neverzere in dimensional regularisation.

Symmetries. The behaviour under Liorentz transformations and rescalings, see egs.
and (7)), can be recast in termsof the infinitesimal action of the generators of the Lorentz
transformations andydilatations:

LW](pl,...,pE;m%,...,mg;y;D) =0, 9)
DI(ph...,pE;m%,...,mi;V;D) :og](pl,...,pE;m%,...,mi;V;D), (10)

with

Scaleless integrals. A Feynman integral is said to be scaleless if x = 0. This means
that the integral does not depend on any external scale.

Proposition 1. In dimensional reqularisation, all scaleless integrals vanish.

Page 4 of 62
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Proof. Since there is no external scale, the integral is a constant. On the other hand,
we must have

I(N?z;v; D) = A" I(z;v; D), for all A € R*. (12)

Since a; # 0 in dimensional regularisation—see eq. —the previous equation ¢an only
be consistent if I(x;v; D) = 0. O

Corollary 1. If v; < 0 for all 1 < j < p, then I(x;v;D) = 0 inddimensional

reqularisation.
~

Proof. If v; < 0 for all 1 < 7 < p, then the integrand is a,polynomial. We can then
write the integral as a linear combination of scaleless integrals. O

1.2. Parametric representations

The representation of Feynman integrals in eq. is the one that is the most
straightforwardly associated with Feynman graphs and Feynman rules. However, it is
not the most convenient to evaluate the integrals and it abscures some of their properties.
In this subsection we present alternative répresentationsthat can be helpful in addressing
these questions, mostly focusing on the Feynman integrals with unit numerator, N’ = 1.
The parametric representations of the integrals that will be discussed here can also be
used as the definition of a Feynman integral in dimensional regularisation, where D
is simply another parameter the integrals depend on, instead of having the physical
interpretation of being the nonzinteger dimensional space in which the momenta live.

We will not discuss all existingsparametric representations for Feynman integrals,
but instead restrict ourselves to the ones that will feature in the rest of this review. We
refer the reader to other reférences for a more detailed discussion, e.g., refs. [5-7].

Schwinger parametrisation. . Thé Schwinger-parameter representation is obtained by
using:

1 1 >
= m/0 daa temX for X >0, Re(v)>0, (13)

to rewrite eafh”of thesfactors in the denominator of eq. (IJ). Through standard

manipulations (including Wick rotation of the energy component of the loop momenta),
we can then integrate over the loop momenta and obtain:

p 00 vi—1
o
Hz;v; D) = errle | | / da; =2—U(a) P2 e~ Flam/ule) (14)
i=170 I'(v;)

Here, the'er; are called Schwinger parameters, and U(«) and F(«;x) are polynomials
that.are associated with the corresponding Feynman graph (i.e., they can be determined
directly from the Feynman graph associated with the Feynman integral). Their precise
form is not important for us here, but we highlight some of their properties that will be
used later:
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e U(w) is the determinant of an L x L matrix whose entries only dependfon the
Schwinger parameters «;. It is an homogeneous polynomial of degree L in the «;.

e F(o;x) depends on both the Schwinger parameters a; and the external scales:z.
It is an homogeneous polynomial of degree L + 1 in the a; of mass dimension 2. It
has the form:

Fla;z) =U(a) ng aj 4 Fla; ), (15)

2 ~

where F (o; ) is independent of all internal masses m;.

The polynomials U and F are also known as the first and secotid Symanzik polynomials.

Feynman parametrisation. This is perhaps the _most wwell known parametric
representation, and can be derived either directly from eq. , or from the Schwinger-
parameter representation. Starting from eq. , we insert

0o D L
1:/ dué(u—Zog) (16)

and after some manipulation we obtain

LD P 0 O/'/jfl p u(a)hj‘_%
I(x;v; D :€7EL€F(V ——) / doa; 2—6(1— o | ——5,
( ) I 2 H 0 T T(vy) Z ’ f(a;ac)"’"%

Jj=1 J=1

(17)

where the «; are now called Feymman parameters. The Feynman-parameter
representation in eq. is not as general as it could be. Indeed, it can be shown that
it is in fact a projectiye intégral over a simplex in real projective space of dimension
p—1, and eq. is only a particular realisation of such an integral. Other realisations
can, for instance, berobtainedr by restricting the sum in the delta function to be over
only a subset of the Feynman parameters (usually referred to as the Cheng- Wu theorem
in physics [8]),.or even amy other linear combination thereof [6].

The Feynman-parameter representation has been widely used to compute Feynman
integrals by direct integration, both numerically and analytically. It also allows us
to maké an observation on Feynman integrals that is completely obscured in the
momentum-spage representation of eq. and not as clear in the Schwinger parameter
representation’ of eq. : we see that the powers of the denominators v; and the
dimension D appear in a very similar way in the integrand of eq. , namely they are
both inythe exponents of the U(a) and F(a;x) polynomials. We will see later that we
can find relations between integrals with different values of the v;, but also with different
values of D.

Page 6 of 62
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Cutkosky-Baikov parametrisation. The final parametric representation we discuss is the
Cutkosky-Baikov representation. We start by noting that the integrand of the/Feynman
integral in eq. depends on K = L+ F — 1 momenta: the L loop momenta ki, . usky
and the F — 1 independent external momenta, say pi,...,pr_1. Let us denete these
momenta as t,...,tx, in the order specified above. We then considerdall dot preducts
Tij =t;i-tjfor 1 <i < L and 1 <j < K that involve at least one loop'momentum. It is
straightforward to check that there are N = L(L +1)/2 + L(E — 1) such d6t products.
We can change variables from the components of the loop momenta to\ the'r;; to find:

= E-D L K
. (_1)L W%evELE [G(pla s 7pE71)] 2
I(z;v; D) = T (D—K—H) T (D—K+2) T (D—E+1) A]:[I_IdTij
2 2 2 i=1 j=1i (18)
p-x=t N({mwz)iD)
G(ty,...,t 2
e il o~ e
where G(ay,...,a,) is the Gram determinant of'the momenta a; through a,. The

integration domain A is bounded by the surface G(#,. % tx) = 0. We next note that
the inverse propagators z, = (m?2 —g2) arelinear inl the 7;, see eq. (2)). Provided there is
an invertible transformation from the z, to the.;;, we'can then trivially change variables
from the 7;; to the z,. It is very common that there are fewer propagators than the
number N of 7;;. This situation can bendealt with simply by considering a larger class
of integrals with extra propagators, sothat the transformation from the z, to the 7;; is
invertible (this defines a complete family ofiFeynman integrals, see section below),
and then set the power v; associated.with the extra propagators to zero. Assuming there
is an invertible transformation betweenithe z, and the 7;;, we can write:

(—1)t e o e (G ) T o Ml{ i} D)
I(z;v; D) = Lo PE1) /Hd B(z AR )

— F(D—§+1)F(D—§+2) F(D E—H IC? lzgc

)

(19)

where B(z) is the Baikovipolynomial associated with the Feynman integral I(z;v; D)
(strictly speaking, with the complete family of Feynman integrals defined by I(x;v; D)):

B(z) = G(t,. .. tx). (20)

Remark 2. (Cut Feynman Integrals) The Cutkosky-Baikov representation in eq. is
often.not the most practical for computing I(x;v; D). However, this representation is
well suitedafor studying certain properties of Feynman integrals. For instance, it is a
natural starting point for defining and studying so-called cut Feynman integrals, where
a subset of the inverse propagators are set to zero. (The representation in eq. was
in factyfirst introduced in ref. [9] precisely to study the Landau singularities of Feynman
integrals |10], which are closely related to their cuts; see also refs. [11-13] for discussions
about computing cut integrals from the Cutkosky-Baikov representation.) In the
representation of eq. , this cut condition can be imposed by taking residues where the
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corresponding z, are zero. We note that there is a close connection between evaluating
residues and choosing a contour that encircles the associated poles, so that cuttFeynman
integrals correspond to Feynman integrals evaluated on modified integration conteurs
(see e.g. ref. [14] for a discussion in the context of one-loop integrals).o Of particular
interest are contours that encircle the poles associated with all active propagators (those
whose v; are positive), corresponding to a mazimal cut of the integrale®Beyond one loop,
maximal cuts might not be unique, and there may be inequivalent choicés of how to

integrate over the variables that are not localised by the maximal-cuticonditions.
~

Given the relation between cut Feynman integrals and residues, it follows that:
Proposition 2. Ifv; < 0 for any of the cut propagators of a cutseymman integral, then
the cut integral vanishes.

2. Linear relations among Feynman integrals

Instead of seeing the Feynman integral as a function of the external scales = for fixed
values of the propagator exponents v and the space-time dimension D, we can also
interpret it as a function of U = (v, v1, L. 3u,) € ZPHY with vy = Dy/2, for fixed z. In
other words, if we fix the external scales %, weican associate to every point 7 on the
lattice ZP™! the Feynman integral £(x; v; D).\In this way we obtain an infinite family
of Feynman integrals labelled by thelattice points. Note that Corollary [1| implies that
the integral vanishes unless at least one ofithe 14, ..., v, is strictly positive. The point
of this section is to show that these integrals are not independent, but there are linear
relations among integrals for differentilattice points, and one can always identify a finite
basis of integrals that generates this mfinite family. We start by discussing the linear
relations relating integrals with diffefent values of v € ZP but for the same space-time
dimension v, and we comment on relations between integrals in different dimensions at
the end of this section.

2.1. Total derivatives tn dimensional reqularisation

We start by présenting.& theorem first used in refs. |15,/16] to study linear relations
among integrals./In order.to state the theorem, it is useful to introduce the notation

L
dPk;
I(pl,...,pE;mf,...,mi;y;D):/(He”EemT/Q) Fi(ky,....kp;p1,...,pe;v; D),

(21)
"I N({k; - ko, k; - pi}: D)
Fl(kla"'7kL;p17'"apE;V;D): D 2 21, 32pl .’ vt (22)
j1(mj — qj —ig)'s
Proposition 3. In dimensional reqularisation, we have
p, 9 .
d kiw[UMFI(kla'-~>kL§pla~-apE;V§D)]:07 1<i<L, (23)

Page 8 of 62
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for every D-dimensional vector v*.

Proof. We follow the argument given in ref. [17] and use the simplified motation

I= /d% Fi(k;). (24)

We expect the integral to be invariant under general linear changes of wariables,
k' — XEF + o#) with A a non-zero real number and v* a D-dimensional vector

independent of k*: ~
I=M\P /d% Fr(\k; +v). (25)
e Under an infinitesimal translation, k! — kI 4+ cv”, we have
I= /d% Fr(ki +ev) =1+ 51}“/de 82MF (ki) + O(£?). (26)
Hence, we must have: I8
/de % [v* Fr(k;)] = 0y, with@*independent of k!'. (27)

e Under an infinitesimal rescalingmks — €%k!’, we have

0 ——Fr(k)| +0(%) . (28)

I—eDs/deiFI(eski) =1+e¢ [DI+/de Kt —— o

Hence, we must have

/ APk, W [kl Fr(k;)]) = 0. (29)

[]

Remark 3. We have stated Proposition [3| for a specific loop momentum k;, but it clearly
also holds for any/of the ether loop momenta. Note that the regularisation scheme plays
an important role, and Proposition [3] may be false in another scheme. For example, if
we use a cut-off as awegulator, dPk; — dPk; 0(A? — |k?|), the integral is not invariant
under shifts k! < k!« vfpand Proposition |3 does not necessarily hold as it might need
to be corrected by boundary terms.

2.2. dntegration-by-parts relations

We now show that the vanishing of the surface terms in Proposition [3| implies that
Feynmansintegrals satisfy linear recursion relations in the propagator exponents v. We
first note that, when the differential operator %v“ acts on the propagator (m? — q?)"’f,
it shifts the value of the exponent. For example, if v # k; and ¢; = k; + p1, we have:

o) {( ot = }:zyj((kmLm)-v _ (30)

Ok [ (m? — ¢ mZ —q;)vitt
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We see that we recover the same propagator, with the power raised by one unit. However,
we have also introduced a numerator, which may not be present in our originallFeynman
integral. If v is chosen to be a loop or external momentum (or any linear combination
thereof), then the numerator is a polynomial in the dot products involving leop and /or
external momenta. We may then express these dot products as inverse propagators: For
example, if we choose v = p; in the above example, we have

0 [ vt ]:2y- ki - p1 + pi _ .qu'_kz'QWLp%
e e T R T e P
[ 1 . 1 pr—mi 4 m?]
=U.| —
Lomi =) (mi—qt) Mg —mi)tt o (gfem)t

We see that we have indeed obtained a linear combimation ef propagators raised to
different powers (we assume without loss of generality that there is a propagator with
momentum ¢; = k; and mass mq). In general, the coefficients of the linear combination
are polynomial functions in the external scales (and, the dimensional regulator e).
Numerator factors involving loop momenta appear as propagators raised to negative
integer powers. However, we had to assume that we can write all scalar products in
terms of inverse propagators. This may not always be the case, and we say that a family
of Feynman integrals is complete ifyit_contains enough propagators to express all dot
products involving at least one loop moementum in terms of inverse propagators (we also
use the word topology to refer to a completefamily of Feynman integrals, while elsewhere
in the literature it is sometimes used for families that may not be complete). Note that
this is the same assumption sve made in section when discussing the Cutkosky-
Baikov representation and, as we argued there, every family of Feynman integrals can
be completed by adding énough propagators. We therefore always assume from now
on that our families of Feyniman integrals are complete. This discussion can then be
summarised as follows:

Proposition 4. Bvery,complete family of Feynman integrals (that is, every topology)
satisfies linear recursion relations in the propagator exponents v € ZP, called integration-
by-parts (IBP)srelations415,/16]. The coefficients of the linear combinations are rational
functions in/the externalscales x and the dimensional requlator e.

IBP.relations.allow one to relate different Feynman integrals from the same family
to each other, and therefore to reduce considerably the number of Feynman integrals
to beseomputed. These relations involve only rational functions of the scales and e. It
is possibletto solve the recursion relations and to express every member of a given
(complete)’ family in terms of a basis of integrals. Elements of such a basis are
conventionally called master integrals.

Proposition 5. The number of master integrals is always finite.

The proof of this result can be found in refs. [18,[19]. It is also possible to predict
the dimension of the basis (up to some caveats) via the number of critical points [20]

Page 10 of 62
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or a certain Euler characteristic [19]. We stress nevertheless that there is considerable
freedom in how one can choose a basis of integrals for the complete family (the dimension
of the basis, however, is fixed). In fact, different choices may lead to improved nmethods
for their evaluation, as will be discussed in section [3|

To close this subsection, let us introduce some concepts that will béuseful later on.
We define a map

0:20 = {0,1}"; v 9w) = (0(h),....0(um), (32)
~
where () denotes the Heaviside step function:

e(x):{l’ if 2> 0, (33)

0, else.

We say that two Feynman integrals I(x;v; D) and 4&(x; v'; D) belong to the same sector
if ¥(v) = 9¥(v'). Roughly speaking, a sector is the'eollection of all Feynman integrals of
a family that share the same set of active propagators (Wﬁere we qualify a propagator
as active if it is raised to a strictly positive power v;,/i.e., 0(v;) = 1). Integrals from
the same sector may, however, differ by theichoice of the numerator factors. There
is a natural partial order on sectors, and we say that J(v) > J(v) if v; > v, for all
1 < i < p. If we derive IBP relations starting. from Proposition [3| for a given integral
I(z;v; D), then these relations will onlyninvolve integrals from the sector ¥(v) or from
lower sectors. It can also happen that a Feynman integral can be expressed as a linear
combination of integrals from lewer,sectors only. We call such an integral reducible. If
all integrals from a given sector are reducible, we call the sector reducible/f]

Remark 4. In applications”it is. often not necessary to solve the IBP relations in all
sectors. Indeed, one often enéounters the situation that certain propagators only enter
with negative exponents (e.g., because they were added to obtain a complete family of
integrals). In such a‘scenario it is then only necessary to solve the IBP relations in the
subsectors that déscribesthe active propagators needed for the application one has in
mind (with a ca¥eat discussed in section [2.6).

Remark 5. IBP relations for cut Feynman integrals (see Remark [2)) follow from those
for uncut integrals. In an IBP relation, the ‘cut’ only acts on Feynman integrals and not
on the rational funétions. According to Proposition 2, some of the Feynman integrals
in the IBP relation might be set to 0. In particular, this implies that the maximal cut
of axeducible integral always vanishes.

Remark 6 (Lorentz-invariance identities). At the heart of the existence of linear relations
among, Feynman integrals is the fact that first-order differential operators act via
shifting the propagator exponents. This is of course not restricted to derivatives with

1 While we are of course free to choose reducible integrals as basis elements, we will from now on
assume that this is not done. In particular, we will always choose master integrals that cannot be
written as a linear combination of integrals with fewer propagators, that is no master integral belongs
to a reducible sector.
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respect to loop momenta, as considered in Proposition [3| but it is easy to see that
the same conclusion holds for derivatives with respect to external momentan(or even
propagator masses). In particular, this means that the fact that thé generator ef«a
Lorentz transformation annihilates a Feynman integral (cf. eq. (9)) translatesyalso into
a linear relation among Feynman integrals with shifted exponents. 4These so-c¢alled
Lorentz-invariance identities are not independent from the IBP relations generated by
Proposition [3] [17].

2.3. Solving IBP relations

In all but the simplest cases, it is not known how to find a solutien te'the IBP relations
in closed form. That is, we do not know how to findfan expression for an integral
I(x;v; D) for generic v in terms of a basis of master integrals.\lnpractical applications,
however, we are only interested in solving the relations for afinite set of v (e.g., the ones
appearing in the calculation of an amplitude). As.noted in ref. [21], instead of solving
a recursion problem, this can be formulated as @ linearalgebra problem: one explicitly
writes down all IBP relations satisfying some criterion (typically one puts a bound on
the sum of the negative and positive exponents v; ;iwe note that care must be taken
when choosing this bound, as if it is too constraining one might miss some relations
and find a number of master integrals.that islarger than it should be), which includes
all the integrals one wishes to rewritey and then solves for the ‘complicated’ integrals
in terms of the ‘simple’ integrals. The notion of ‘complicated’ and ‘simple’ integrals
requires introducing an orderingheriterion, and it is natural to favour integrals with
fewer propagators (see footnote . The approach to solving the IBP relations proposed
in ref. [21], commonly called the Laporta algorithm, has since been implemented in a
number of public programs such as'AIR |22, REDUZE2 [23], LiteRed [24], FIRE [25], and
Kira [26] (we only refer to the latest releases of each code).

For integrals with severaliloops and many scales, solving the IBP relations is still
a very challenging preblem.and often poses a bottleneck in their evaluation. The main
difficulty comes from the fact that the number of IBP relations to solve grows very fast,
and the complexity,of the rational functions involved can become unmanageable when
the number of scales increases. Many approaches have been proposed to overcome these
challenges, starfing with the implementation of sophisticated algorithms to solve such
systems/of equations in the programs mentioned above. Aside from these algorithms,
there have also been new developments which are more specifically targeted to IBP
relations. First, one can try to construct simpler IBP relations by choosing vectors v*
in ‘eq. with certain properties. For instance, one might choose v* so that the IBP
relations do not involve integrals with propagators raised to higher powers (this would
be natural for reducing amplitudes to a basis of master integrals, since in that case one
is in general trying to reduce numerator factors) [27]. It is not trivial to find such vectors
v*, but it is a question that can be answered with tools from computational algebraic
geometry, namely by solving syzygy equations [28-31], which have had a strong impact
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in modern approaches to the calculation of scattering amplitudes [32-35]. Second, one
might try to choose a basis for which the coefficients in the IBP relations will be simpler:
It has been observed that working with a so-called canonical basis (se¢ Proposition
below) can be very beneficial as the singularity structure of the coefficients, greatly
simplifies [36-38], and in particular the dependence on D and on x completely facterises.
Combined with multivariate partial-fractioning techniques [37,[39-42jg%6ne obtains much
more compact solutions to the IBP relations. Finally, and closely connécted to the
point above about the simplicity of the coefficients, one can solve the IBPrelations for
numerical values of x and D, and use this numerical data to detérmine the analytic
expressions [43-47]. This approach is particularly powerful i when combined with the
second point mentioned above: using numerical evaluations bypasses the intermediate
analytic complexity generated in the solution of the IBP,system, and one directly
reconstructs the much simpler rational expressions/appearing in the solution of the
IBP relations. The numerical evaluations are mest commonly done in finite-field
arithmetic [43,/44], for which there exist very efficient linear algebra algorithms and
where all numerical calculations are exact, thus removing aﬁy questions about numerical
precision and stability.

Let us conclude by mentioning that an alternative approach is being developed to
achieve the reduction to master integrals without the need to solve the IBP relations.
We will review this new approach in section ol Currently, however, this new approach is
still in its infancy, and solving the IBP zelations using the techniques described in this
section remains the method of ehoice for all'applications.

2.4. Example: The one-loop bubble integral

As an example of the applicati(}l of TBP relations, we will consider the one-loop bubble
integral:

dPEk 1

itP/2 (m3 — k2 —ig) (m3 — (k + p)?2 —ig)»2

I(p*;m3,mp; v b)) = 6”6/ (34)

Note that any.pelynomial N'({k? p; - k}; D) can always be written as a polynomial in
the propagators and in the variables in z = (p? m?,m2), so without loss of generality
we consider the integral with a trivial numerator.

Theé TBP relations can be constructed from

9 1
dPk p _
/ Okt {U (m? — k2 — ie)" (m2 — (k + p)2 — ie)” 0, (35)
Wlth ’U‘u — k/" and ’UH’ e pu‘ FOI‘ fUN — ku7 we Obtain

(D= 20, — 1p) I(vy,15) — 1 I(v1 — L,y + 1) — 1u(p? —mi —m3) (v, vy + 1)

2 (36)
+2vymi (1 +1,1) =0,
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and for v* = p* we obtain

(1 — ) I(v1, 1) — v I(vy + 1,5 — 1) — v (p? +m3 —m3) I(v1 +4al, 1)

37
+ v l(vy — 1Ly + 1) —p(mi — p* —m3) I(, v, + 1) =0, &Y

where we simplified the notation to only keep the dependence of the integrals on the v;,

i.e., we set I(vy, 1) = I(pQ;m%,mz; v, ve; D).

To simplify the discussion, let us first consider the case where m? = m2 = 0. Before
exploring the IBP relations, we note that in this limit I(v1,14) = Ouif.either v; < 0
or 15 < 0, as under those conditions the integrals become scaleless. The IBP relations

above can be rewritten as:

_1/1—|—V2—1—D 1

This means that any integral (v, 1) is either 0 orf camsbe related to (1, 1), which is
trivial to compute (e.g., using Feynman parameters):

o WE(2 — D/2)T(D/2 ~ 1)’

1(p%0,0;1,1; D) = 5(—p”) T(D—2)

(39)

We then find that this family of Feynman integrals contains a single master integral. We
also note that for this particular case it is'not hard to compute the Feynman integral
for arbitrary powers of the propagators:

I(p%0,0; vy, v9; D) =B (—p?y 12 +D/2

D@+ v, — D/2)T(D/2 — 1) T(D/2 — 1) (40)
I'(D — vy — 1) (1) INZY

From this representation, we recognize the IBP relations in eq. as consequences of
the well-known recuirrence relations between I'-functions, I'(1 + z) = 2 I'(2).

If instead m3 # 0 and m3 = 0, then (v, 15) = 0 if v; < 0. The IBP relations for
this case are obtained from eqs. and evaluated at m2 = 0, and we find that
there are two masterdntegrals, which we can choose to be 1(1,0) and /(1,1), to which
any I (v, 115) €an bexelated. The tadpole integral I(1,0) is

I(m%1; D) = T (1 — D/2) (m*)~'+P/2 (41)

while the bubble integral 7(1,1) is

insD(2— D/2) D D p?
I(p%m3,0;1,1; D) = 7 (m}) PP 2R (1,2 — — 2 42
(pamla 3 Ly Ly ) € (ml) D/2—1 2471 ) 272a % ) ( )

where o F7 is Gauss’ hypergeometric function:

2Pl 8ii0) = s [ty e
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Just as for the bubble with massless propagators, the IBP relations for this case follow
from the recurrence relations (known in this case as contiguous relations) satisfied by
the o F} hypergeometric function [48].

In the case where m?, m2 # 0, I(v1,v,) = 0 only if both v; < 0 andav, <00. Using
the IBP relations in eqs. and , we would find that we can relate any integral
of the form (v, 1) to three master integrals, which can be chosen te'be I(140), 7(0,1)
and I(1,1). The expression for the tadpoles I(1,0) and (0, 1) is given in éq. (41)), and

the bubble integral can be written as:
~

[L(2—D/2) (=p*) "2
D/2 -1 w—w

(—ww)D/2_1 2F1 (1 —2+ "

I(p*;m3,m3;1,1; D) = €@
D

, w) (44

2
D w-—1
—(—(1—w) (1 =) (1, = + D
(1= w)(1 @) , Do),
- 4
where w and w can be implicitly defined through
2 2 2 2
_ mj _ My _ my My
(1—w)(1—w):F, Wi = -3 w_w:\/)\(LF’F)’ (45)

with A(a,b,c) = a® + b? + ¢ — 2ab — 2ae.— 2bc.

2.5. Dimension-shift relations

So far we have only considered linear relations connecting Feynman integrals with
different propagator exponen’% vy but with the same values for the space-time
dimension D and external scales x. The Feynman-parameter representation of Feynman
integrals in eq. , howeverpmakes it manifest that there is no substantial difference
between the dimension D, and the exponents 1;: they both appear as exponents of
the polynomials in the integrand. More precisely, the space-time dimension enters the
exponents of the Feynman parameter integral only through the combination vy = Dy/2.
It is therefore natural to.expect that there are linear relations relating Feynman integrals
with different, values of v4."This was worked out in detail in refs. [49}50].

Proposition 6. For Feynman integrals depending on generic and non-zero propagator
masses, we have:

I(z;v;D —2) = (-1)*U (afﬂ""’a;) I(z;v; D). (46)

1 P

Before we give a derivation of this relation, let us make some comments. The differential
operator in the right-hand side involves the U/-polynomial that appears in the Feynman
and Schwinger parametrisations, but with the Feynman/Schwinger parameters c«;
replaced by the differential operators 5. For this reason we need to consider integrals
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with generic propagator masses. The action of this differential operator prodiices on
the right-hand side a linear combination of Feynman integrals in D dimensions with
shifted propagator exponents. Proposition [0] asserts that this linear combination equals
the Feynman integral in (D — 2) dimensions (up to an overall factor). Moreover, onee
all derivatives have been carried out, we can set the masses to non-generic (possibly
zero) values, and we obtain a relation between integrals in different dinfiensions also for
non-generic masses.

Proof. We start from the Schwinger parametrisation in eq. . The«dependence of the
integrand in eq. on the space-time dimension and the massesis particularly simple:
the space-time dimension only enters through the exponent of the/@f-polynomial, and
the masses only appear in the exponent in the integrand{see in particular eq. . We
then have

0 0 Flo .

—F(asz)/U(a) _ (__1\L —F(ojz) /U(ex)

Z/{(am%""’am%)e =(—-D)"U(e,...,op)€ : (47)
L

We see that the application of the differential ‘operator amounts to multiplication by

U(a) in the integrand, changing the exponent from =y to —(1vp — 1). O

Proposition 7. An integral in D+ 2 dimensions ean be written as a linear combination
of integrals in D dimensions as:

2" G(pi,. .- Spe—1)
I(x;v; D+ 2) = — B(by,...,bg)I(x;v; D 48
(.Z‘,V, + ) (D—K+1)L (17 7K) ((L’,V, )7 ( )
where (x)r, is the Pochhammer,symbol, B is the Baikov polynomial defined in eq. ,
and the b; are operators thiat lowerthe value of the exponent v;, that is

b Nayv;: D) = I(x;v, ..., —a,...; D).

Proof. We start fromithe Qutkosky-Baikov parametrisation in eq. (19)), and note that
the space-time dimension appears in a very simple way. In particular, in the integrand it
only appears insthe exponent of the Baikov polynomial. The dimension-shifting relation
of eq. then follows simply by noting that a polynomial on the inverse-propagator
variables in_thé numerator gives a linear combination of integrals with shifted powers
of the propagators. n

Example 17(Dimension-shift relations for the one-loop bubble). Let us return to the
example of section the one-loop bubble integral I(p*; m3,m3;1,1; D). Using eq. ,
we campwrite the (D — 2)-dimensional integral as a linear combination of integrals in
Dydimensions. Then, using the IBP relations of egs. and , the latter can be
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4

5 rewritten in terms of a set of master integrals. Using the basis of section we get

6

7 I(p*ymi,my;1,1; D = 2) = 1(2,1; D) + I(1,2; D)

8 1 2 2 2

0 | -IEP I 91010, D)

10 A(p?, mi, m3) 2my

11 m2 + 2 _m2

12 - TP (D~ 2)1(0, 15 D) + 20 (D 3) T{igl; D)|

m

13 2

14 (49)
15 o

16 where we used the same compact notation as in eqs. and , but this time keeping
17 the dependence on D explicit. The factor of A(p*, m3,m3) is'im. thistase a singularity
12 related to the integral on the left-hand side; however, slBP relations can generically
20 introduce spurious poles as well. We can also relate the (D #.2)<dimensional bubble to
21 the master integrals in D dimensions with eq. . Using the same basis as above, we
22 .

23 find:

- 2.2 2 1 y

25 I(psmi,ms;1,1;,D+2) = ———— [[(=1,1; D)+ 1(1,—1;D

s (s )= 5= " DT, 1)

i +A(p*, mi, ma)I(L, 1; DY + (p* +mi — m3)I(1,0; D)

> + (P A2+ m (0, 1; D)]

31 2 2 2 2 2 _ 02

3 _ _MEPRE o, py — T2 T Mg g, )

33 2p*(D —1) 2p*(D — 1)

> A(p* a3, m3)

35 —moq (1,1 D). (50)
36 2p*(D=1)

7 . . . ! .

28 The dimension-shift relationsfor the cases where m3 = 0 and/or m3 = 0 are obtained
39 from the above by simply setting the masses and the scaleless integrals to zero. As for
2(1) the IBP relations, thesdimension-shift relations correspond to recurrence relations of
) the special functionsithe mtegrals evaluate to, either gamma functions or (generalised)
43 hypergeometric functions \(see eq. for an explicit example). These recurrence
44 relations are new with respect to the parameter vy = D/2, but, as already pointed out,
45 . . .

46 there is no substantial difference between the exponents v and vy.

47

ZS 2.6. Other relations among Feynman integrals

5(1) Let uspconelude this section with some comments about to what extent the IBP and
gz dimensional-shift relations capture all relations between Feynman integrals. Since IBP
53 and dimensional-shift relations are linear, we need to discuss linear and non-linear
>4 relations separately.

gg Let us start by discussing linear relations among Feynman integrals. Currently,
57 there is no indication of homogeneous linear relations among Feynman integrals in
58 the same family, in dimensional regularisation, that do not follow from the IBP and
59

dimensional-shift relations, and conjecturally we have
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Conjecture 1. All linear relations among Feynman integrals from a given complete
family follow from IBP and dimension-shift relations.

As an example, we already pointed out in Remark [6] that the Lorentz-invariance
identities follow from the IBP relations. In applications, however, there may bewarious
caveats:

e We have already mentioned that it is useful to separate Feynmman imtegrals into
sectors, and in concrete applications one only needs to consider those sectors where
a certain subset of propagators is active. Consequently,/one only needs to solve
the IBP identities in those sectors. It can happen, however, that certain relations
among integrals from lower sectors are only found if IBP relations involving integrals
in higher sectors are considered. Hence, if IBP relations from higher sectors are
neglected, it may appear that there are relations among Feynman integrals in lower
sectors that seem not to follow from IBP relations (while in fact they do follow
from IBP relations in higher sectors).

e It can also happen that certain new relations’arise’ In limits where the external
scales take degenerate values. Thoséiadditional relations arise from IBP relations
once the degeneracy among the scales is,resolved, cf., e.g., ref. [51,52]. Similar
types of relations were derived in ref. [53] from functional equations, although the
examples shown there relate integrals, of different families and so fall outside the
scope of the conjecture above.

e [BP relations detect linear,relations of Feynman integrals in generic space-time
dimensions D. In applications one is usually interested in external momenta that
lie in 4 space-time dimensions. Sinee at most 4 vectors can be linearly independent
in 4 dimensions, it may happen that certain combinations of scales vanish when
the external momenta are chosen four-dimensional. This may lead to new relations
for four-dimensional external momenta, which were not present for D-dimensional
external momenta. *We note that, due to momentum conservation, this situation
arises for theffirst fime for 6 external momenta in 4 space-time dimensions.

Finally, let us\comment on non-linear relations among Feynman integrals. Much
less is known‘about such relations, though over the last couple of years several instances
of nontrivial quadratic relations between Feynman integrals (or their maximal cuts)
have been discovered [54-59]. By nontrivial, we mean both that it is not possible to
obtain these relations as a consequence of linear relations, and that some of the loop
integrationgyde not trivially factorise. As we will mention in section [5] the existence of
nontrivial ‘quadratic relations seems to be very general, and it would be interesting to
explore. them more generally in the future. Currently, there is no example of nontrivial
relations of higher degree (cubic or higher).
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3. The method of differential equations

The IBP relations reviewed in the previous section allow one to reduee the problem
of computing a given family of Feynman integrals to the computation ofya (finite)
set of basis integrals, usually called master integrals. The master integrals must be
evaluated by other means, and there are various well-established methodsito compute
them (cf., e.g., ref. [5] and references therein for a review). Some of these methods
rely on direct integration of parametric representations such assthé,ones in eqs. (14)
and (17), using various methods to perform the integrals (seq; e.ggrefs. [60-68]), but
over the last decades the method of differential equations |[69-74] has established itself
as one of the most powerful. There are several good reviews and lecture series on how to
use differential equations to compute Feynman integrals, ‘see, e.g., refs. [75,76]. Here, we
attempt to give an overview of the general strategy in‘a broaderimathematical context.

3.1. Differential equations satisfied by Feynman integrals

N .4
In the following we denote by Z(z,€¢) = (Il(x,e),...,IN(x,e))T a vector of basis
integrals depending on the scales * ={(&,...,7s)yand we assume that the entries
of Z(x,€) are ordered in a way that is compatible with the natural order on the sectors.

Let us consider the derivative of f(x, €) with tespect to an external scale x;. We
o
Oz
derivative on the loop integrand. If z;isya propagator mass, x; = mjz, the action on

can exchange the derivative 0,, = andithe loop integration, and we act with the

the integrand is easy to compute. If x; is a scalar product between external momenta,

x; = p; - Pk, then we can use ghe chain rule to express d,, in terms of the differential
n_o

J apf
to the calculation done ingq. @), see also Remark @ The expression one obtains after

operators p whose action on the loop integrand is straightforward and very similar
acting with the differential operators can then be rewritten in terms of master integrals
using the IBP identities describéd in section 2] In summary, the derivative of master
integrals with respect to an external scale z; can be expressed as a linear combination
of master integrals. Thatiis, we can write:

O, L(x,€) = Ay, (z,€) L(z,¢€), (51)

where the Ag(z,€) /are N x N matrices. Since IBP relations involve only rational
coefficients, the.entries of A, (x,¢) are rational functions in = and e. Moreover, if the
entries of f(x,e) are ordered such that they respect the natural partial order on the
sectors (as we are assuming), then the matrices are block upper-triangular.

Example 2 (The differential equations for the one-loop bubble). Let us return once
more to the example of the one-loop bubble integral with two massive propagators. We
alreadyy established in section that there are three master integrals associated with
this topology. We set

T(p?,m?,m3; D) = (I(1,1),1(1,0),1(0,1))", (52)
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where we use the propagator powers in eq. to distinguish the three different master
integrals.  From now on we will drop the dependence on all other quantities. The
derivatives with respect to p?, m? and m3 are given by

1(072) _ 1(1;21) + (p2—m%+m%)l(1,2)

. 2p? 2 2p?
apz 1= 0
I(-1,2)  1(0,1) + (p?2—m32+m2)1(0,2)
2p? 2p? 2p?
(D—4)p*+2(mi4+m3)p*>—(D—-2)(mi—m3)*>  (D=2)(p°’+m3—m3) (D=2)(p>+mi=m3)
2p2A(p2,m7,m3) 2p?X(p?,m7,m3) 2p° N(p2m7,m3) -
= 0 0 0 7,
0 0 0
(53)
(D=3)(mi—p*-m3) (D—2)(miFm3—p?) D—2
N e D) @l W Pl |
Ope L = | —1(2,0) | = 0 s 0 Z, (54)
0 0 0 4 0
(D=38)(m3—p*—m7) D=2 (D—2)(m3+m3—p?)
., _I(L 2) A(p{fn%,m%) : o 2p2\(p?,m3,m3) Qm%)\(pé,mffmg) .
3mg 7= 0 = 0 0 0 AR
D—2
(55)

where A(a, b, c) was defined below eq. . In the equations above, we first present the
action of the differential operator on theintegrand of eq. , and then what one obtains
after using IBP relations to.rewrite the expressions in terms of master integrals. Note
in particular that 0,2Z(0,4) isconly explicitly zero after accounting for IBP relations.

It is convenienty, to,package the different partial derivatives into a total differential
with respect to all external scales, d = Y7 | d;0,,:

— —

dZ(x,€) = A(z,€) I(x,¢€), (56)

where A(z,e) =) "wdai A, (z,€) is a matrix whose entries are rational one-forms.

Remark 7. The anatrices 4, are in fact not independent. Indeed, the total differential
must satisfy d2 = 0,and we have

0 =d>Z(zie) = d|A(z, ) L(x,€)| = [dA(z,€) — Az, €) A A(z,€)] Z(z,€).  (57)
It follows that A(x,€) must satisfy the integrability condition
dA(z,e) — A(x,e) N A(z,e) =0, (58)

where “A\’ denotes the wedge product between differential forms. Equation gives
a set of differential relations between the matrices A, (z,€) that can serve as a useful
check of the correctness of the differential equations. It is straightforward to verify, for
instance, that the matrices in eqs. (53)) to (55]) satisfy these relations.
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Remark 8. The differential operators 0,, are not all independent, even if the scales u;
are. Indeed, for every integral I(x,v, €) (basis integral or not) we have the relation:

in Op I(x,v,€) = % I(x,v,€), (59)
i=1

where ay = [I (x,v, e)] was defined in eq. . To see why eq. holds, 'we note
that the differential operator on the left-hand side is the infinitesimal generator of the
dilatations = — A\, ~

> 1
}:%amzéb, (60)
=1

where D was defined in eq. . The eigenvalues of the dilatation operator are the
mass dimensions (the additional factor of 1/2 comes/from the fact that a; is the mass
dimension of the integral, and the scales x; themselves have mass dimension equal to 2).

Equation implies that the nontrivial funetional dependence of I(z,v,€) can
only be in the ratios y; = z;/xs, 1 < i < s —[1. Indeed,’ if we change variables from
(X1, ..., Ts) to (Y1,...,Ys) = (T1/Ts, ... a1/ Ts, Ts), We can easily check that we have
the relation:

D0, 2.0y, (61)
=1

so that eq. implies
I(z,v,€) = yo12 I(yy, aoe Y, v, €) = 222 (21 )2s, ... Xg1/Ts, v, €) . (62)

It is therefore sufficient tomcemsider/the derivatives with respect to the ratios y;,
1 < i < s — 1, rather/thag in-the individual scales z; (or, equivalently, we may
put s = 1 during the computation). We note that this implies that the differential
equation satisfied by.a one-scale integral (s = 1) is trivial, and the method of differential
equations is not suitable for.¢omputing such integrals. These integrals must then either
be computed by,other means, e.g., direct integration or the dimensional recurrence and
analyticity method [50.77]. If one still wishes to use differential equations, it is often
possible to introduce-anradditional scale x5. The method of differential equations may
then be applied to the ratio y; = x1/x2, and we recover the original integral in the limit
y1 — od. We refer to ref. [78] for details.

Equation leads to the following differential relation between the master
integrals

Z ; 0y, L(x,€) = % [f(x, €)] Z(z,e€), (63)
i=1
where [f(x, €)] = diag([Zi(z,¢€)],..., [Zn(z,€)]) is the diagonal matrix whose entries

are the mass dimensions of the basis elements. Equation provides another nontrivial
check of the correctness of the differential equations. For instance, using the matrices



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-117499.R1

Feynman integrals 22

in egs. (B3)) to (55)), we verify that
— 1 s
(10 +miop +mios) I=5| 0 D=2 o | T (64)

in the case where Z denotes the master integrals for the two-mass/bubble discussed in
section 2.4
~

3.1.1. Change of basis The differential equation can bewery hard to solve in closed
form, including the full dependence on the dimensional regulator.cIn applications we
are only interested in the Laurent expansion of 7 (x,€) upito some finite order in €, and
this order is typically relatively low. The basis 7 (x, €) #8 not, unique, and we may use this
freedom to change basis to a new basis J (x,€¢) which bringsithe differential equation
into a form that can be more easily solved. We arestherefore interested in determining
how the differential equation behaves under a ¢hangeof basis.

Since Z(z,¢) and J(z,€) are bases for the same yector space, there must be an
invertible matrix M (z,€) such that

—

Tz ye)z M (24€) T (). (65)
The new basis J (, €) satisfies the differéntial equation
df(iye) = A'(w,€) T (z¢) (66)
where the matrix A’(z, €) isgelated to the matrix A(z, €) from eq. by
Az, A () (A, )M (2, €) — dM (s, )] (67)

At this point we have fo.make an important comment: we have already mentioned
that, due to the frational nature of the IBP relations, the original matrix A(x,¢) in
eq. (56) is a matrix of rational one-forms. However, we have not specified what the
functional dependencerof the matrix M(x,¢€) is, and no-one forces us to choose M(x,¢)
to have rationaléntries. On the other hand, if the entries of M(x, €) are not rational, the
new basis®@ (7, e)will not consist of Feynman integrals of the form I(z, v, €) multiplied
by rational fun€tions of z and e. In the following, we will refer to a basis related to
one_consisting of integrals of the form I(x,v,¢€) via a rational transformation matrix
M(x,€) as¢gan IBP-basis. We will only consider changes of bases M (z,¢) that depend
rationally on e, and we will call the transformation in eq. rational (or algebraic, or
transcendental) if the entries of M (z,€) are rational (or algebraic, or transcendental)
funetions of = [g

§ In the case of a transcendental transformation, we actually allow the entries of M(z,¢€) to be
also rational or algebraic, i.e., there is a strict inclusive hierarchy among rational, algebraic and
transcendental transformations.
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Example 3 (Change of basis for the one-loop bubble). Let us return to the @rample
of the one-loop bubble with two massive propagators, for which we chose thedbasis (see

section and example @)
T(p?, m?,m3; D) = (I(1,1), 1(1,0),1(0,1))" . (68)

We will later see that it is particularly convenient to consider the c¢hange of basis

1
5 G > 2) 0 0 ~
> pT,mi,m =z
I(p27m%>m§;D) = m 0 ! 2 1 0 j(pz,m%,mg;D), (69)
0 0 1

with A(a,b,c) as defined below eq. . This 4s “an example of an algebraic
transformation.

For the case where one of the propagators ismmassless, say m3 = 0, the basis is
two-dimensional. In section 2.4 we chose the basis 4

Z(p*, m?; D) £ ({1, 1) Ts0)) " (70)
For this example, the change of basis equivalent to that of eq. 18

1

ﬁ 2 Y 0) -

W' mi D 5—p | P mi | T, mi; D). (71)
0 1

This is an example of a rational transformation.
In both cases above, wé canseompute the matrices A'(x, D) associated with the bases

J(z; D) using eq. , and we find that

Az, D) = % Aw). (72)

That is, the D-dependence completely factorises from A'(x, D), and for D = 2 — 2¢ the
matriz is proportionabto’c. As we will later see, such bases have particularly interesting
properties.

3.2. Solving the differential equations

In this section we discuss a strategy for solving the differential equations satisfied by
the master integrals (for an alternative strategy in the case of one-variables problems,
see, e.gmaef. [79]). We focus here on analytic approaches, though we point out that it
is,also possible to solve the differential equations numerically, cf., e.g., refs. [80-88].
We are interested in the first few terms in the Laurent series around ¢ = 0 of

7 (x,€). Typically, some basis integrals will have poles at e = 0, but it is generally easy
to determine the first non-zero order in the Laurent expansion. More generally, we have:
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Proposition 8. For every IBP-basis, there is a rational transformation to an IBP-basis
whose elements are finite and non-zero at € = 0.

A basis with the property that every basis element is finite and non-zerérat ¢ = 0.is
called e-reqular [89] (see also ref. [90,91] for the closely related notions(of e-fimite and
quasi-finite basis). The proof of this statement is constructive and providesian algorithm
to determine the e-regular basis [89]. Note that, since the transformation obtained from
this algorithm is rational, the e-regular basis will also be an IBP-basis. In the following
we therefore assume without loss of generality that the starting 1BP-basis f(:v, €) is e-
regular. This implies that the matrix A(zx,¢) in the differential.equation is finite
for e = 0, and we define

Az, e) = Ao(z) + Ay (z,€), with ll_I)I(l] Az, €)= 0. (73)

Let us now return to the discussion of howito solve he differential equation.
We recall that we assumed that the ordering among the basis elements in Z(z,€) is
compatible with the natural order on the sectors. We cail then write

—

> > T
L(z,€) = (Zp, (x €) 0, Loy (z,€)) " . (74)
The 0; € {0,1}? label the Ny, irreducible sectors, and the irreducible basis integrals
in the sector 6; are collected in Zy, (@pe) = (I(x, vie),... ,I(x,yfvgi,e))T, where u;: =
(Vi1,...,v5,). The irreducible basis integrals in Zy,(x,€) have all the propagators of
the sector (9(v}) = 6;), and no linear combination of them can be reduced to a lower
sector via IBP relations. Sincg the matrix A(z,€) is block upper-triangular, we can split
the homogeneous system of di@rential equations in eq. into Ny inhomogeneous
systems for the basis in a‘given sector:

dfgi (@pe)’= Ay, (z, G)fgi (x,€) —1—/\7@(95, €), (75)

where /\79 (x,€) collectsicontributions from lower sectors. Written in this form, the
equations can be solved sector by sector. The procedure involves two steps, which we
describe separately.

The asse€iated vhomogeneous equation. We start by considering the homogenous
equation for € =0 associated to eq. :

ALy, 1 (x) = Ag,o(x)Ly, n(x), where Ay o(x) = lim Ay, (x, €). (76)

Since this'is a linear system of Ny, homogeneous first-order differential equations, the
general solution takes the form:

Ty n(x) =Y ey (x), (77)
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where the ¢, are unknown complex constants and the fe(f)h(x) form a basisfor the
solution space of eq. . We can then form a matrix where the columnséare these
vectors, called the Wronskian matriz of eq. (sometimes also called the fundamental
solution matriz):

2 =(Np,)
Wo, (@) = (Zih(@),. - Ty (@) (78)
The general solution in eq. can then be cast in the form
fQi,h('r> = ng (l’) 57 ~ (79)
where ¢ = (cq,... ,cNgi)T is determined by the initial condition, and the Wronskian
matrix satisfies the equation

We see that the entire information about the general solution to the homogeneous
equation is encoded into the Wronskian matrixy which can be interpreted as a
matrix solution to the homogeneous equation at ¢ = 0. Since the columns of Wy, (z)
form a basis for the solution space, the déterminant of Wy, () must be non-zero (at least
for generic values of z). The determinant satisfies the differential equation

d det Wy, (%) =[TrAg, o(x)] det Wy, (x) . (81)

Although the determinant is often an algebraic function, the individual entries of Wy, (z),
are in general not algebraic, but rather transcendental functions.

Determining the entries of the Wrenskian matrix is often a very complicated task
and no closed form for the solu\ons is known, especially if Ny, > 2. In that case it can
be useful to turn the system of Np first-order equations for the vector I@ n(z) into a
system of differential equations of higher order for an individual entry of I@hh( x). It may
then be possible to obtain local power-series solutions from the Frobenius method using
standard techniques;"which,may be continued to multi-valued solutions for all values
of x. For recent applications in this direction in the context of Feynman integrals, see
refs. [5992-94]-In the following we will assume that we know the expression for Wy, (z),
which is typically the ease for Ny, < 2.

Remark 9..The entries of the Wronskian matrix W, (z) have an interpretation in terms
of maximal cuts. Indeed, the cuts of a Feynman integral satisfy the same differential
equations.as the full, uncut, integral, where we have to put to zero all cut integrals where
we/would need to cut propagators raised to non-positive powers (cf., e.g., refs. [95,96]).
It then follows that if we cut all propagators in the sector 6;, the resulting maximal
cuts of Zy/(x, €), denoted f},ﬁ‘a"'cm(m, €), satisfy the homogeneous equation associated to

eq. [11}13][07,08]:
ATyt () €) = Ag, (x, €) T2z, €) (82)

Note that eq. holds in D = Dy — 2¢ dimensions, not just for € = 0.
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The number of independent maximal cuts in the sector 6; always agrees with the
number Ny, of irreducible basis elements in that sector. We can then inteérpret the
Wronskian matrix W, (z) as the matrix of all independent maximal“cuts at €1=«0
in the sector ;. This implies that we can also obtain the entries of ghe Wy, (x) by
evaluating maximal cuts [11413,/97,98]. Tt is in fact possible to say agbit more @about
the homogeneous equation in eq. , at least at a conjectural leveledIn refi[58] it was
conjectured that it is always possible to find an algebraic transformation M (z,e€) such
that Ay, (x,€) has the form

~

Ay, (z,€) = (e + pg,) Sp,(x), pg, =0 or 1/2 and S@i(l')T = 9, (2), (83)

for every irreducible sector 6;.

Iterative solution of the inhomogeneous equation. We have, established that we can
associate the Wronskian matrix Wy, (z) to equationy(75). Let us now consider the
change of basis Zy, (z, €) = W, (2) Ty, (x, €) (we récall that Wy, (z) is invertible, so this is
a valid change of basis). We obtain:

—

Ao, (w, €) = Ay, 1 (x,€) Tngdx, €) + N, (w,€) (84)
with
Alﬁi,l(x7 6) i~ ng (x)_l [A@z (l’, 6) - Aei,O(x)] Wei (.I') )

i b (85)
Néi<x7€) = WQi(x)il-/\/’@i(xv 6) :

Note that, since the entries of Wy, (z) will generally be transcendental functions, this
change of basis will in gemeral béra transcendental transformation, and the new basis
will no longer be an IBP-basis. Sifice our basis is e-regular, all quantities admit a Taylor
series expansion clo§e4o ¢ = 0:

Jo(x,6) = TP (x),
k=0

Ny (x,6) =3 NP (@), (86)
k=0

k
hoalze) = At ().
k=1

Equation can now easily be solved order by order in €. At O(e’) we find:

ATy () = N3O () . (87)

This equation is solved by quadrature:

To () = Tgn, + / NoO (), (88)
o
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where ﬂf;o is a constant vector of initial conditions and the integration runs overia
(fixed) path from an initial point 2y to a generic point x. Note that the integrability;
condition in eq. ensures that the solution only depends on the choice of therend
points zy and x, but it does not depend on the details of the path. We will diseuss how
to fix the initial conditions in section [3.3.1][[] At O(e!) we find the equation:

475 () = Ni"(@) + 4513 (@) [zi?io [ A w] . (89)

~
The solution is

x x Z1
Z(1 Z(1 (1 /(1 Z(0 /(1 /(1
@ =T+ [ (R0 + 4w A0+ [ Al A ). (o0
o o o
We can of course continue in this way and write down thesolution at every order in e.
We see that at every order we have one extra intégration compared to the previous
order, which naturally leads us to a class of functions calleg iterated integrals. They can
be defined as follows: consider a path v : [to, f] =X in'some space X, and wy,...w,

differential one-forms on X. We define their iterated integral along ~ by [99]

[ = / it Fult) / dts Foa(P21) / . / anfilt). (o)

where f; : C — C are complex functions which are the pull-backs of the w; along
v, Yiw; = dt; f;(t;). We will study iterated integrals and their properties in detail in
section [4] Our arguments leaddto thefollowing conclusion:

Proposition 9. At every order\m €, the basis integrals f(x, €) involve rational functions
in x, the maximal cuts for e =0, and iterated integrals of these functions.

3.3. Differential equations in eanonical form

The strategy spelled outhin the previous section is very general, but it is often not the
most efficient approach to find an explicit expression for the Feynman integrals. It
has been suggested imref. [73] that there is a class of distinguished bases in which the
differential equations take a particularly simple form. The existence of this form for the
differential'equation’is still conjectural, though the conjecture is supported by all existing
computations of multi-loop Feynman integrals. The idea is to find a transformation
matrixy M (a, €)/such that the matrix A’(x,€) in eq. (67) is as simple as possible. The
main conjecture is the following, first formulated in ref. [73] (in the slightly restricted
setting discussed below):

|[»The initial condition j;(:)zco can be thought of as the value of jg(io) (z) at = xg. It is often useful to

choose as initial point zy a point where ja(o)(ac) is singular, in which case the situation requires special
attention, because in that case the value at x = x(, as well as the integral in eq. , are ill-defined.
We will discuss this in more detail in section For now, it suffices to assume that je(io) (x) is regular
at r = xg.
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Conjecture 2. For every IBP-basis f(a:, €) satisfying the differential equation

—

AZ(x,€) = Az, €) Z(z,¢€), (92)

there is a (possibly transcendental) transformation to a new basis f(:c,e) =

M(xz,€) T (x,€) such that
AT (z,€) = Az, €) T (x,€) = e A(z) T (x,€), (93)

where g(m) 15 a matriz of one-forms with at most logarithmic singaularities.

If the new basis satisfies eq. we say that the differential equations are in canonical
form, and we call the basis a canonical basis. Hereg a differential one-form with
logarithmic singularities should be thought of as a differential,one-form w; such that, in

some appropriate choice of local coordinates £ = (1, .. ., &), all singularities take the
form
° Ok.
wi ~ dlogp(€) +--- = > [ %M (94)
j=1

where p is an algebraic function of ¢ and the,dots denote power-suppressed terms that
are regular at p(§) = 0.
The simplest examples of canohieal differential equations are then those with

A(r) = D0 dlogpi(), (95)

where the A; are constant matrices and p;(x) are algebraic functions of the external
scales. We refer to this case as a canonical dlog-form. This is the setup originally
discussed in ref. [73]. It is’known that there are Feynman integrals for which one cannot
obtain a system of differential equations in canonical dlog-form as in eq. . To see
this, we start by arguing that, if there is a canonical dlog-form, it can necessarily be
reached by an algebraie transformation. Indeed, there must be a transformation M (x, €)
such that

eA(z) = M(z,e) ' [A(z, )M (z,€) — dM (z,¢€)] . (96)

We know that A(z, €) is @matrix of rational one-forms. The matrix A(z) in eq. (95) is
a matrix ofralgebrai¢ one-forms, i.e., its entries are of the form >;_, dzy ay(z), with the
ai(z) algebraicdunctions (simply take ax(x) = d,p(z)/p(x)). This shows that M(x,e)
must_itself be algebraic (unless there are some really unnatural cancellations). Since we
know that the solutions to the homogeneous differential equations for the maximal cuts
(cfeqg. (82) generically involve transcendental functions already for e = 0, it follows
that the differential equations cannot always be cast in the form . A necessary
condition for a canonical dlog-form to exist is thus that the maximal cuts for ¢ = 0
(which are the solutions to the homogeneous equations (82))) are all algebraic functions.

Remark 10. It is an interesting question if the previous condition is also sufficient and
not only necessary. For all known examples for which the homogeneous equations can be
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solved in terms of algebraic functions, a canonical dlog-form also exists. From a purely
mathematical standpoint, however, this is not automatic, because the matrix g(x) may.
involve one-forms without any singularities. It would be interesting to understand if;for
Feynman integrals, the fact that all maximal cuts for € = 0 are algebraie 15 €gquivalent
to the existence of a canonical dlog-form.

Example 4 (Canonical basis for one-loop bubble). J(p%, m2; D) and J (p*,mi, m2; D),
as defined in egs. (69) and , are canonical bases for D = 2 — 2¢ ‘dimensions as noted
n eq. . We will in fact later show that they are canonical dlog basessFurthermore,
the factor of 2/(2 — D) ensures that the bases are reqular (see Proposition[d). Canonical
dlog bases for the one-loop bubble can also be obtained in Dyn= 4« 2¢ by squaring
propagators, as is clear from eq. which relates the bubble in 20— 2¢ dimensions to
the one in 4 — 2e dimensions. More generally, it is kmown howdo find canonical dlog
bases for any one-loop integral (100-104).

3.3.1.  Solving canonical differential equations Onenof ghe main advantages when
working with differential equations in canonical form is that they are particularly easy
to solve as a Laurent expansion in €. To'see this, consider the differential equation

AT (z,€) = e A(x) Flz, €) (97)

and assume that we know the value ofaJo(e) = J (o, €) at some point z = zo. For
simplicity, we assume that 7. (x,¢) is regular at x = xy. We will return later to the
situation where J (x,€) develops singularities at this point. In order to get the value
at some other point x, consider a pathyy from zy to . The value of j(w, €) is then
obtained by parallel transperting,thesolution from z( to = along ~:

T, €) = W(v, ) Tole), (98)

where W(~, €) is given by the path-ordered exponential:

W(~,€) = Pexp [e /7 Z(:c’)} . (99)

Note that W(yy€) is actually a Wronskian matrix for the differential equation (that is,
a matrix built out’of a basis of general solutions to the differential equation like Wy, ()
in eq. ; unlike Wy, (z), however, W(~, €) solves the full differential equation and not
just'the homogeneous part). In particular, it satisfies eq. :

AW(7y, €) = € A(z) W(v, ). (100)

Ituis straightforward to obtain the e-expansion of the path-ordered exponential. As
an example, consider the case where A(z) = A; w; + Ay we, with w; one-forms and A;
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constant matrices. We have:

W(~, €) :1+6(ZI /Wl‘i‘A/Q/WQ)
v v

+62 (;{% /Wlwl +AV1_2{2 /w2w1 *|>A/22{1 /Cdﬂx)gﬁ*/z{g /Wzbdz) (101)
Y Y v Y

+ 63 (AV? /wlwlwl +AV%:4VQ /szlwl + Ale“2A“1 /W1WQ(J.J1 + 1’4"21’4’% /wch)lCL)Q
Y Y Y Y
™~

+g§g1 /w1w2w2 + Zgglgg /wgwlwz + Zlgg Woldowy =+ Eg w2w2w2>
v

Y v Y

+ O(e").

We see that at every order in e the Laurent coefficients are'iterated integrals, in
agreement with the observation made in Proposition [9]

We can actually say a bit more if we work with,a ¢anonical basis: since the matrix
Z(m) has at most logarithmic singularities, the iterated integrals arising from the path-
ordered exponential W(+y, €) will diverge at most logarithmically, and in particular they
have no poles or power-like singularities.  Mere preeisely, if the differential one-forms
w; diverge at most like in eq. , then their iterated integrals will behave in the limit
p(§) — 0 like

/w1-~wn~20klogkp(§)+~-, (102)
v k=0

where the ¢, are constants, .and the dots indicate contributions that are power-
suppressed in the limit. Iterated integrals of this type are often called pure functions in
the physics literature [105]¢"Westhus conclude

Proposition 10. FEvery‘order in the e-expansion of a canonical basis involves iterated
integrals that are pure functions.

Let us point eut amajor difference between Propositions [9] and [I0] The fact that
only pure functiens arise in the e-expansion is tightly linked to a canonical basis, whose
existence is stillieonjectural in the general case. Proposition [9]is not conjectural, but it
follows from' dire¢t censiderations of how to solve the system of differential equations.
By itself, however, Proposition [0 does not allow us to conclude that the iterated integrals
are purg.

Remark 11. If a system of differential equations is in canonical form, then the
integrability condition in eq. takes the form:

edA(z) — @ A(z) N A(z) = 0. (103)

Since this equation must hold for all values of €, the integrability condition takes a
simpler form for systems in canonical from:

dA(z) =0 and A(z)AA(z) =0. (104)
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In particular, this shows that for a system of differential equations in canonical form,
the matrix g(x) must be a matrix of closed one-forms. This is manifestly the case for
systems in canonical dlog-form (because all dlog-forms are closed). It was also observed
to hold for non-dlog cases, see refs. [64],106,(107].

Remark 12. If the matrix g(a:) satisfies the condition (104)), the value of the path-
ordered exponential does not depend on the choice of the path v (fiote thatythis is in
fact true for any basis: the integrability condition of eq. is sufficient to guarantee
path-independence of the solutions). More precisely, if v and~" aréytwo paths that
can be continuously deformed into one another without crossing any singularities, then
W(v,€) = W(v/,€). We may then choose a path which makesthe iterated integrals easy
to evaluate in terms of known classes of special functions, In particular, we may write ~
as a composition of segments where all but one variable are eonstant. We refer to such
a path as piecewise-constant. On each segment the iteratedrintegrals may be evaluated
in terms of iterated integrals in one variable, whichi"are easier to evaluate. The value of
W(~, €) can be recovered as follows: If 71 and ~yfare two paths such that the end-point
of v5 coincides with the initial point of 71, we denote by %172 the path obtained by first
traversing v, and then ;. We then have the relation:

W(7v172, €) = Wy, )W(72, €) . (105)

Let us conclude this discussion by, briefly mentioning how we can fix the initial
conditions. Clearly, one way isito know the walue of the integral in one point. It is often
useful to consider the value of the,integral at some singular point, for instance where
some scales vanish and the integral is expected to simplify. If the differential equation
is in canonical form, then all singularities are logarithmic. For example, close to the
singularity described by eq. , the differential equation takes the form

dT(Gue)~ € dlogp(€) A, T (€, €) + -+, (106)

where A, is a constant matrix and the dots indicate terms that are power-suppressed in
the limit p(£) —0. The solution to this equation is simply

J(E,€) ~p(6) Tp(€) + -+ = Rp(&) R Tple) + -+, (107)

where i the last step we have inserted the Jordan decomposition for the matrix
A, = RIR™" and J,(e) is related to the value of J(&,€) in the limit p(¢) — 0. The
matrix J is block diagonal:

J 0 -+ 0 A1 0 - 0
0 J --- 0 o X 1 --- 0
0 0 J. 0 0 O A
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where the ); are the eigenvalues of the matrix A, and r; is the size of the i*Jordan
block. The matrix exponential is then easy to carry out for each Jordan block J;:

L filogp(6) slog’p() -+ oylog™ ' p()
£ cee o T T2
p(é)eJi — p(g))\z 0 1 1! 1ng(§) . (ri—2)! log p(f) (109)
0 0 0 e 1

We see that in a canonical basis we can easily predict the leading-power logarithmic
behaviour close to the singularities. The asymptotic behaviourfof Feynman integrals
can also be analysed with independent techniques, like Mellin-Barnies integrals or the
Strategy of Regions [108-111]. By matching the two per§pectives, we can fix the initial
condition at the singular point. We will not say moré about this approach here, and
refer instead to the literature (cf., e.g., refs. [78|112]), because,in many cases the initial
condition can be fixed purely from physics input, without the need to explicitly evaluate
the integrals in a limit. The idea is that the differential equation exposes all the
singularities that its solutions may have. The Feynman integrals, however, are very
special solutions, and the structure of their singularitieésis very constrained from physical
principles such as unitarity. In particular, a Feynman integral can only be singular if we
go to a kinematic configuration where intermediate particles go on-shell. This implies
that several singularities, present in the differential equation and therefore also in the
general solution, must be absent in the partieular solution we are looking for. It has been
observed in many cases that by imposing this condition we are in fact able to determine
all the initial conditions (up t@ some simple one-scale integrals, that are simply a choice
of normalisation of the solutiorQ.

Example 5 (One-loop bubbleg'with a single massive propagator). As an ezample of how
to solve a differential equation in/canonical form, we return to the example of the one-
loop bubble integral. < Fox. simplicity, we fir m3 = 0 and we will consider the canonical
dlog basis j(pQ, mi; e)obtained by setting D = 2 — 2¢ in eq. . We start by changing
variables from (p*,m?) to (u = p?/m3,m?) and defining:

T(p*mie) = (md) T (use). (110)

The differéntial-equation satisfied by J (u;€) is found to be

O (u;€) = € [<_02 8) dlog(1 — u) + <(1) _01> dlogu] T (ue), (111)

where we have made it explicit that it is in canonical dlog form. Since the single-
scale tadpole integral only depends on m?, this differential equation does not constrain
Jo(uy€). This integral is considered trivial compared to the bubble, and was already
quoted in eq. . Adjusting the normalisation according to the basis in eq. , it 1s:

Jo(u;e) =T (1 +e). (112)
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Let us now focus our attention on solving the differential equation (111) order by order
in €, and let J; ., (€) be the initial condition for J;(u;€) at u = ug. Equation (112)) then
implies Jau,(€) = €72T(1 + €), for all values of ug. We define

Tiuo(€) =D T (113)

k=0

The first two orders of Jy(u;e€) are:

“dt L dt
Ji(use) = j1(,?20+€ {\71(,20 + <\71(,(7)J4)0 - jz(,(330> / P 2j1(,?L)0/ E:I\‘"O (62) - (114)

0

Let us now note that eq. is singular at u = 0, corresponding.to p* = 0, hence any
general solution to eq. should have a logarithmic divergence lat that point. This is
clearly the case in eq. . The one-loop bubble, however,yshould only have singularities
at the thresholds m? = 0 and p* = m? (see, e.g., refs [113] for a textbook discussion of
the singularities of Feynman integrals, and refs. [1d43.115].for a more modern perspective
that applies to Feynman integrals with massive propdgators). It is clear that this implies
that \71(2)0 = ‘72(220, that is the leading term of the bubble integral should be equal to the
leading term of the tadpole integral, which weshave already computed above. It is in fact
particularly convenient to choose uy = 0, andwe will now use the strategy outlined above
to determine the boundary condition tonall orders in € (since this is a singular point of
the differential equation, we refer the reader to section in particular eq. , for a
discussion on the reqularisation, of the integrals). In the neighbourhood of u =0 we can
expand the differential equation_aswn eq. .'

—

O T (g eho dlog u ((1) _01> J(us;e) + ... . (115)
The solution is of the formyof eq./(107), that is

Z(u: €) ~ Ruc’ Jrafe) _ (Jr0(€) — Fa0(€)) u + Ta0(€)
F(u; €) ~ Rus' R <j270(6)>+... ( s >+ (116)

11 0 0
(1) (). .

The requirement that j(u, €) should be reqular at uw = 0 order by order in the e-expansion

where

mplies
Jio(€) = Taple) =T (1 +¢). (118)
The solution for the bubble integral is then:

Ji;e) =1 —2¢€log(l —u) + € (71r_; +2log?(1 — u) + 2Lig(u)) +0O (). (119)

After accounting for the different normalisation, this expression is found to agree with
the expansion of the all-order solution in eq. .
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3.3.2. Finding a canonical form The discussion of the previous sections makes'it clear
that it is of great advantage to bring a system of differential equations intodeanonical
form. The existence of a canonical basis is however conjectural, and there is no general
algorithm to find a transformation that brings a given system into canemicalxform. Tn
fact, it is only known how to find a canonical basis for an arbitrary number of external
legs and for arbitrary propagator masses in the case of one-loop integrals {100-104].

Over the last couple of years substantial progress has been made in understanding
how to find a canonical dlog-form, if it exists. We have already arguedithat a necessary
condition for a canonical dlog-form to exist is that all maximal cuts ate = 0 evaluate
to algebraic functions. This is usually equivalent to requiring, that the loop integrand
can be completely localised via a sequence of residues. The algebraic functions obtained
in this way are closely related to the maximal cuts of the integral at ¢ = 0, and they
are often referred to as leading singularities [116]./ Tt ‘was eonjectured in ref. [105]
that an integral evaluates to a pure function if @m only if'it can be normalised in
such a way that all its non-vanishing leading singularities are +1. This observation
was at the heart of the original conjecture of refl |73]; Which states that a basis is
canonical if and only if it has unit leading,singularities. A very important strategy for
finding a canonical dlog-form therefore consists in finding a basis of master integrals
with unit leading singularity. Closely related, to integrals with unit leading singularity
are Feynman integrals whose intégralstean be written in terms of dlog-forms with
algebraic arguments, cf. ref. [117]. Sinceileading singularities are also closely related to
maximal cuts, which themselves,solve the associated homogeneous system of differential
equations (cf. section , many-strategies to finding a canonical basis start by solving
these homogeneous equations((cf., e.g., [118]). There are several public computer codes
that can be used to find a.canonical basis, for example Fuchsia [119], Canonica [120],
Libra [121] and Initial [122); all@f which are tailored to slightly different situations. A
method to find a canonical basis based on the computation of intersection numbers (see
section [5)) has also beemyproposed [104,|123]. For large systems of integrals depending
on many scales, we findsthat’a combination of all approaches is often necessary to find
a canonical basigy see e.g. refs. [124-12§].

In cases where the maximal cuts cannot be evaluated in terms of algebraic functions
for ¢ = 0, /no canonical,dlog-form can exist. While several examples exist where
it was possible to find a canonical form nonetheless [106,/107,129-H131], there is no
systematic understanding of how to do so. In the future, it would be interesting to
clarify_the connection between generalisations of the concept of leading singularity to
such cases [132] and the existence of the canonical basis.

4. Iterated integrals

It follows from Propositions [ and [I0] that the natural class of functions that arise
from the Laurent-expansion of dimensionally-regulated Feynman integrals are iterated
integrals. In this section we present this class of functions in detail.
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4.1. General definitions

In the following we consider a geometric space X, and we always fix a set of local
coordinates £ = (&,...,&). If v is a path in X, and wy,...,w, are oneforms on X,
we have already defined the iterated integral of w;---w, along v in eq. . In the
following it will be useful to refer to the one-forms w; as letters and to wy ---w, as a
word of length n. The set of all (independent) letters is called the alphabet: It will
be useful to consider linear combinations of words (unless stated otherwise, we always
consider linear combinations with rational numbers as coefficiénts) and¥integration is
linear:

/(awl---wn+ﬁwi-~-w1’n) :a/wl---wn—l—ﬁ/wi---wﬁn. (120)

gl gl gl
By convention, it is useful to define the integral of thecempty»word to be fv() =1.
Iterated integrals satisfy several general properties [99):

(i) Shuffle product:

/wl...wn./wi...w;n:/(wl...wn)u_,(wi...w;n)’ (121)
Y v 2

where in the right-hand side we have introduced the shuffle product on words,

defined recursively by

(Wl"'wn)m(wi‘“wl)

and (wy -+ -wy) W () = O l(wy -« rwy) = (wy - wy).

(ii) Path composition:

n

/ wl--wn:Z/wl--~wk-/wk+1---wn- (123)
Y1772 st 72

k=0

(iii) Path reversal:

/7_1w1"'wn:(_1)n[Ywn'”w1’ (124)

whete v~ ''denotes the path v traversed in the opposite direction.

4.24 Homotopy invariance

We have seen in section [3[that whenever the matrix A satisfies the integrability condition
in eq. , then the solution does not depend on the details of the path ~, but only
on itssendpoints (as long as we do not cross any singularity). As a consequence, the
iterated integrals that arise in the e-expansion should have the same property. The
iterated integrals defined in section however, will in general depend on the details
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of the path ~, and not just on its endpoints. For example, consider the case X = C?
with coordinates £ = (£1,&;) and w; = dlog ;. We consider the line segments

() =1+ (§o— Dt 1), 72(t) = (S0, 1+ (20 — 1)1),
Y3(t) = (1, 1+ (S0 — 1)t),  7a(t) = (14 (&0 — 1)1, $20)4

with 0 < ¢ < 1. Then 75 = 7172 and 734 = 374 are two paths from the pomt,(1,1) to

(125)

the point (&£10,&20). These two paths clearly have the same endpoints, but the iterated
integrals of the word wjws depend on the details of the paths./Indeed, wsing the path
composition formula (123)), one finds:

/ Wiwo = IOg 510 lOg §20 and / Wilwo = 0. (126)
Y12 Y34

If instead we consider the linear combination of word§ w = wyws + wow; = w1 L ws, then
we have

/ w= / w = log &0, 10g &y (127)
Y12 Y34

This illustrates the fact that the e-expaunsion of the ,path-ordered exponential can only
furnish special linear combinations of words,such that the iterated integrals only depend
on the endpoints of the path, provided that, the differential-equation matrix satisfies
the integrability condition in eq. . Inithe remainder of this section we describe a
necessary and sufficient condition that these special linear combinations need to satisfy.

Two paths +; and ~, thatican be continuously deformed into each other while
keeping the endpoints fixed are called homotopic. Homotopy defines an equivalence
relation on paths, and the equivalence classes are called homotopy classes. An (iterated)
integral that does not depénd om the'details of the path, but only on its endpoints, is
called homotopy invariant. The iterated integrals that arise from the e-expansion of
the path-ordered exponential aré homotopy invariant, provided that the differential-
equation matrix satisfiesithe integrability condition ([58]).

In order to amderstand the criteria for homotopy invariance, let us start by
understanding the case of length n = 1. Consider a one-form w; and two homotopic
paths v, and 4 with the same endpoints. It is easy to see that the integrals of w; along
the two paths agree if andvonly if

/ w1 =0. (128)
st

It s clear ghat 7, ' is a closed curve. Consider now a surface D whose boundary is
OD'= 175" Stokes’ Theorem implies

O:/ w1 :/ w1 :/ dwl. (129)
175" oD D

If we want this identity to hold for all paths, we see that the integral of w; along a
path is homotopy invariant if and only if w; is closed, dw; = 0. Hence, for n = 1,
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the criterion for homotopy invariance reduces to requiring that the form is closed, i.e.,
it is annihilated by the total differential. This criterion can in fact be generalised to
higher length [99]: if w is a linear combination of words, then the iterated integrals-of
w are homotopy invariant, and thus independent of the details of the path, ifrand only
if Dw = 0, where D is the differential that acts on words of one-formsawy - - - w,, via

n n—1
D(wl...wn) = Zwl...(dwi)...wn+2w1...(wi/\wi_i_l)...wn. (130)
=1 1=1

~
A linear combination of words w that is annihilated by, this®differential is called
integrable. We note that this is just another incarnation of thesintegrability condition
of eq. (58). This discussion leads us to the following con€lusion [99]:

Proposition 11. An iterated integral is homotopy invariant if and only if the linear
combination of words is integrable.

Remark 13. In the case where all one-forms infan integrable word w are dlog-forms,
w; = dloga;(§) for some algebraic functions a;(¢), then this integrable word can be
identified with the symbol of the iterated{integral f7 w,Which has prominently appeared
in the context of Feynman integrals and seattering amplitudes, cf. refs. [99,(133H136].
In that context the word w; - - - w,, is usually written a;(§) ® - - - ® a,(&).

Remark 14. If all the one-forms w; are.closedydw; = 0, then eq. (130)) takes the simpler
form:

n—1
=1

This is in particular the case\when all one-forms are dlog-form, in which case the
condition Dw = 0 reducgs tohe well-known integrability condition for the symbol w,
see for example ref, [L14].,More /generally, this is the case for iterated integrals that
arise from differential equations in canonical from, cf. eq. . A special case is when
X is one-dimensionalvandall’ one-forms w; are holomorphic. Then not only are all
one-forms on X, automatically closed, but we also have w; A w;11 = 0. Hence, if X is
one-dimensionaly-all, words are integrable, and so all iterated integrals are homotopy
invariant.

4.3. Regularisalion

We have argued that in applications it might be useful to choose a singular point to
fix the initial condition of a system of (canonical) differential equations for Feynman
integrals. / However, if an endpoint of the path v is a singular point, then the
iterated integrals arising from the expansion of the path-ordered exponential will
typically be divergent. In this scenario, we need to replace the integrals that arise
from expanding the path-ordered exponentials by a suitably regularised version. The
regularisation should satisfy certain conditions. For example, it should agree with the
naive definition of iterated integrals in section whenever the integral converges,
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and all algebraic properties (like the shuffle product, path composition formula, etes)
should apply also to the regularised version. In the remainder of this section we present
such a regularisation, sometimes called shuffle-reqularisation or tangential base-point
reqularisation (cf., e.g., ref. [137]).

We restrict the discussion to the case where all singularities are logarithmic (which
is automatically the case for systems of differential equations in caménicalysform) and
where the space X is one-dimensional. This case is typically sufficient for applications,
as we may always choose a path that is piecewise constant, and on each/segment we
can reduce the problem to a one-dimensional case. We therefore agStme from now on,
without loss of generality, that the path v goes from the origin¢ = 0 tothe point £ = =z,
and some of the one-forms w; have a logarithmic singularity at the origin,

w; = a; dlog§ +..., ay€Cu (132)

We also assume that there is no other singularity ‘on, the integration contour. The
regularised value of foz W1 Wy = f7 wy - - - wy g then defined as follows:

(i) We introduce a small cut-off e, ie., we replage the integral foz wy W, by
f: w1+ - - wy. This integral is convergent for all =~ 0.

(ii) Since all singularities are logarithmic, the intégral behaves in the limit ¢ — 0 as
/ Wy, = Zlk(x) loghe + O(e). (133)
& k=0

(iii) The regularised value of fox Wy - ~2w, is then defined to be the constant term Iy(z).
It is easy to check that thisstegularisation satisfies all our requirements:

e [f the original integral is'convergent, then it agrees with the regularised version:

x x
/ wiwp =1lm [ owyow, = Lo(2) . (134)
0 e—0 c
e The regularisation is consistent with the shuffle product, etc. We can perform
all algebraic manipulations in a naive way, without having to worry about the
regularisation. Indeed, ff wy - -wy, is convergent for € # 0, and so all naive
manipulationss@apply. Moreover, the projection onto the constant term Iy(x) is
comsistent With multiplication (the constant term of a product is the product of the
constant_terms), and so the regularisation and multiplication operations commute.

Example 6. Let us illustrate this on the example of the integral fox%.

this integral is divergent. We introduce a cut-off, and consider the integral ff % =

Clearly,

logw.— loge. The regularised value of the integral is then logx = ff %.

There is one important issue we need to address: The regularised value obtained in
this way depends on a ‘choice of regularisation scheme’. Indeed, we are free to rescale
the cut-off by some non zero constant, ¢ — ve, and the regularised value will depend
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on the choice of v. This rescaling factor can be interpreted as the angle and speed of
approach to the singularity. It is therefore natural to identify v with a tangentiwector of
7 at the point xy = 0 (called a tangential base-point), and we will denote it by vy, =p.
The regularised value fox w1 - - - wy, with the tangential base-point vy at the origin is then
denoted by fl;z w1 - - - wy. Note that, if fo‘r wq - - - Wy, converges, its value i§independent of
the choice of tangent vector.

Example 7. Let us return to Example [0 If we choose as a_eut-off ve, we have
ffa % = logx — logv — loge. Hence, the shuffle-reqularised value with=respect to the
tangent vector vy is

“d
/ leog:c—logv. (135)
Uo

Remark 15. The previous discussion implies that whenever we avant to fix the initial
condition of a system of differential equations at a singular point, then we have to
interpret the iterated integrals that arise from the eexpansion of the path-ordered
exponential as their regularised versions. This regularisatiop then depends on a ‘scheme-
choice’, namely the choice of the tangent vector #,, at the initial point zy, and the
Laurent coefficients of the path-ordered éxpoenential will depend explicitly on logv. The
final result for the integral can of course not depend on the scheme choice: the initial
condition fo(e) will also depend on,the choice of v in such a way that the dependence
cancels. It is customary to choose v'=,1, so'that no explicit logarithms of v appear.

The regularisation we just.described seems to be very hard to implement in practice,
because it requires one to introduce a cut-off, expand in the regulator € and then project
onto the constant term. It is actually possible to obtain a closed formula for the shuffle-
regularised version. We only present here the result, and refer to ref. [138], section 4,
for details. It is useful tofdefine W™= a; dlog¢, so that w; = w® + -+ (cf. eq. (132))).
We then have [13§]

T n T T
§ [e%S) [e'S)
/ wl...wn: / wl wk / R[wk_’_lwn}
00 k=0 o 0

- ) (136)
a PRI a :L’
:Zl—’f log* = / Rlwis1 - wnl
k! v Jo
k=0
where the map Riis defined by
Rlwr - wn] =) (—1)" (Wi -+ w0f®) W (W1 -~ wp) - (137)

k=0
The map R replaces the word ws - --w, by a linear combination of words so that their
iterated integral is convergent over the whole range [0, z].

Remark 16. Equation (136]) takes a very simple form if there is a single one-form that
diverges at £ = 0. In that case eq. (136 is equivalent to unshuffling all the occurences of
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this one-form. For example, for w; = dlog ¢ and wy = dlog(1—¢), eq. (136) is equiivalént
to the well known shuffle-regularisation formula:

X X X X
/ Wiz :/ wl/ w2—/ Waldy
’170 ’Tfo ?70 770

zlogz/ wl—/ Walq (138)
v Jo 0

= log E log(1 — z) + Lis(z),
v

~
where Liy(z) is the dilogarithm function, defined for |z| < Lsby
, o “d
Lia(r) = Y 25 = —/ flogu ). (139)
n=1 0

Remark 17. The discussion in this section only applies to logarithmic singularities, which
is sufficient to cover systems of differential equationsim.canenical form. If also one-forms
with higher-order poles are present, the regularisation becomes more involved. For a
discussion of this more general case, seeef. [139)].

4.4. Linear independence of iterated_integrals

In applications one is often interested mknowing that the special functions introduced to
express the answer are (linearly) independent, Indeed, working with an independent set
of objects often leads to shorter analytic expressions that are free of hidden cancellations.
The goal of this section is to'state a linear independence result for iterated integrals
(in particular those from systems of/differential equations in canonical form). The
mathematical background canbe found in refs. [99}140].

Let us consider a systend with A(z, ¢) = € A(z) = ¢ > Auw; (we follow the notation
of section [3| but we do not explieitly require the w; to have only logarithmic singularities
for the purpose ofsthis, section). At every order of the e-expansion, the path-ordered
exponential will involve iterated integrals of words in the one-forms w;. Clearly, if
we work with_arbitrary ome-forms w;, these iterated integrals will not be independent.
For example; every linear relation between the w; will induce linear relations among the
iterated integrals. Moreover, if a one-form is a total derivative, w; = d f for some function
f, thenawe can integrate out w;, again leading to relations among the iterated integrals.
Here we have to make an important comment: of course, we can always locally find a
primitive ffor every one-form w, and this f will in general be a transcendental function.
In‘applications, however, we are typically interested only in primitives taken from some
restrictedssubalgebra C of functions such that in local coordinates w; = >, ¢;i(§) d¢;
with c;;(£) € C. For example, in the case of dlog-forms w; = dloga;(§) with algebraic
d;(€), we would take C to be the field of algebraic functions in & (in the case of non-dlog-
forms non-algebraic functions may also appear, such as modular forms). More generally,
we will then say that the w; are linearly dependent with respect to C if there exists a
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function f € C and constants a; not all zero such that
D ajw =df. (140)

Linear independence with respect to C is defined in the obvious way,{such that every
identity of the form (140) implies o; = 0 for all 7. It turns out“thatithis linear
independence of the one-forms is sufficient to guarantee that iterated imtegrals are

independent as functions.
~

Proposition 12. The iterated integrals arising from the path-erdered exponential are
linearly independent over C as functions if and only if the ome-forms w; are linearly
independent with respect to C.

The proof of this statement can be found in ref. JT40}/q]

Remark 18. It is important to understand that wedeonsider the linear independence of
the iterated integrals as functions. If we considér eévaluations at special values, there
may be additional relations. For example, if w;/= dlog & and woy = dlog(1 — &), then the
iterated integrals ffi wiwy and fﬁ wowy are linearly independent as functions of z. If we
evaluate these integrals at x = 1, we find

1 71_2 1
[ Wi, = F = —/: Wo1 . (141)
].0 1o

4.5. Iterated integrals and Feynman integrals

We have already seen that Propositions|d] and [I0]imply that iterated integrals naturally
arise from differential equations.satisfied by dimensionally-regulated Feynman integrals.
In applications it is often desirable to relate the results of a computation to known
definitions of special functions which have been studied independently in the literature,
e.g., there may be computer codes and algorithms for their manipulation and evaluation.
There are several glasses of iterated integrals that are well studied in mathematics and
physics, which we briefly review in this section. Before doing so, however, we note that in
some applications it is.beneficial to consider classes of iterated integrals that are specific
to a given kinem@aticsconfiguration, such as pentagon functions for five-point Feynman
integrals [141-143] or hexagon functions for specific six-point integrals [144,/145], even if
these very specialised iterated integrals can be related to more general classes of iterated
integrals.

The arguably most prominent class of iterated integrals that arise from Feynman
integral computations are multiple polylogarithms (MPLs). They have appeared in
mathematics a few hundred years ago (cf., e.g., refs. [146-149]). Over the last decades,
theysresurfaced in both pure mathematics [133-135,/150,|151] and physics [152H156].

9 Note that ref. [140] strictly only considers the case of a single variable. It is not difficult to adjust
the proof to more variables.
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MPLs can be defined as the iterated integrals

Todt
G(ay,...,an; ) :/ . G(ag,...,an;t), with G(;z) =1. (142)
0o t—am

Note that if a, = 0, this integral is divergent, and we need to regularise it. »This
is typically done by introducing a tangential base-point 1y for thedower integration
boundary. This is equivalent to the special definition (see eq. (136]))

ol

1
G(0,...,0;x) = — log" x. h (143)
———

n

MPLs contain the ordinary logarithm and the classical polylogarithms as special cases,
e.g.,if a # 0,

G(a; x) = log (1 - f) and G(0,...40, a;x) ==Li, (f) . (144)

a —— a
el
L

It is easy to check that MPLs are in fact thel prime examples of pure functions (see
section . The properties of MPLs, in particular their algebraic structure and the
relations they satisfy, are well understood.. An,important tool in the study of MPLs
is their so-called symbol and their coaction/eoproduct, cf. refs. [99,/133-136,(157H161].
Moreover, there are several publicly availableccomputer tools to manipulate and evaluate
MPLs [63}/162-172].

It has been known from the early days of quantum field theory that not all
Feynman integrals can be expressediin terms of MPLs. Indeed, A. Sabry discovered
new functions of elliptic type.in the ealculation of the two-loop corrections to the
electron propagator in QED" Wwith-dnassive electrons already in 1962 [173]. Since
then, many other Feynman /dntegrals have been identified that cannot be expressed
in terms of MPLs480, 81, 129131, 174-198]. There is a natural class of iterated
integrals that generalisesMPLs to functions of elliptic type, called elliptic multiple
polylogarithms (eMPLs)1[199,200]. eMPLs have first appeared in physics in the context
of one-loop scattering amplitudes in string theory [201-204], but they have also been
used to express several multi-loop Feynman integrals that cannot be expressed in
terms of eMPLs [68,205-209] (see refs. [189-192,210,211] for alternative definitions of
elliptic geméralisations of polylogarithmic functions that are closely related to eMPLs).
Closely related{to eMPLs are iterated integrals of modular forms [138]212], including
meromorphic modular forms |139], which have also appeared in the context of Feynman
integrals |107,213-217]. Iterated integrals of holomorphic modular forms and eMPLs
are examples of pure functions [205], and the corresponding Feynman integrals satisfy
differential equations in canonical form [106,|107,/131] (though it is not possible to
bring ‘them into canonical dlog-form). The properties of these functions are not yet
as well understood as in the case of MPLs, although substantial progress was made
in recent years to understand their algebraic properties and numerical evaluation,
see, e.g., refs. [218-221].

Page 42 of 62



Page 43 of 62

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-117499.R1

Feynman integrals 43

MPLs, eMPLs and iterated integrals of modular forms are not the only classes of
iterated integrals that have been observed to arise from Feynman integral computations:
Other classes of special functions have been discovered [89}/129,130,(167, 196,206,210,
222233, even though for some of them it is known by now that they arerelated to the
classes of functions discussed above. A completely new class of special functions has
recently been discovered that is related to higher-dimensional generalisations,of elliptic
curves known as Calabi-Yau manifolds [9394}194,234-237], with new classés of iterated
integrals which generalise the iterated integrals of modular forms#o Calabi-Yau varieties

~

of higher dimension [59].

MPLs and systems in canonical dlog-forms. Let us conclude this'discussion of iterated
integrals that arise from Feynman integrals by commenting on iterated integrals of
dlog-forms, i.e., iterated integrals of words of letters‘of the form dlog a;(¢), with a;(€)
an algebraic function. So far in all cases relevant torEeynman integrals these algebraic
functions only involve square roots|T]

It is clear that iterated integrals of dlog-forms are Closery related to MPLs. Indeed, if
the a;(&) are linear functions, then we immediately reproduce the definition in eq. .
In many cases it is still possible to evaluate the resulting iterated integrals in terms of
MPLs, even if the a;(£) are more general rational functions or even involve square roots.

e If all the a;(§) are rational functions of € we can evaluate the iterated integrals in
terms of MPLs in an algorithmic fashion. Indeed, we can assume without loss of
generality that the a;(§) are;polynomials. We can choose a piecewise constant path
to evaluate the path-ordered exponential (cf. section . On the segment ;,
where all elements of £ but &;, are constant, we can factor each polynomial a;(§)
into linear factors in&;,, a?(&) =¢; [[.(&y — &o.k), and we obtain only dlog-forms
depending on linear argduments:

v dlog a;(€) =~ dlog(&, — &ipi) - (145)
k

o If the a;(&) involve square roots, the situation is different. We have to distinguish
two caseés. First, if. we can find a change of variables £ = () that rationalises
all square roots, them the functions a;(¢(x)) are rational in x, and we reduce
thedproblemito the previous case. In some cases it is possible to find such a
change of variables in an algorithmic manner, or to show that is does not exist
ef.] c.gipuefs. [238-244]. If not all square roots can be rationalised, then one cannot
conclude a priori if a representation in terms of MPLs (with algebraic arguments)
existst Indeed, in ref. [245] an explicit example of a double-iterated integral of
dlog-forms with a square root was constructed that cannot be expressed in terms
of MPLs. So far, however, all instances of systems in canonical dlog-form with

+ It is interesting to ask if algebraic functions not involving square roots can also arise in Feynman
integral computations.
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non-rationalisable square roots in the context of Feynman integrals can/still be
evaluated in terms MPLs, cf. refs. [246-24§].

5. Intersection theory for Feynman integrals

The previous sections have discussed the evaluation of Feynman imtegrals by fairly
direct approaches. Recently there has been some interest in ‘applications of the
mathematics going by the name of intersection theory, which deals with certain
multivalued integrals. One area of application is an alternativé approach to computing
IBP reduction coefficients, which might help to overcome séme of the/shortcomings of
current approaches. Others involve an algebraic operation called, the coaction, which
can expose the behaviour of functions under differentiation or operations computing
discontinuities.

In this section, we review the formalism of intersection theory for a class of integrals
that includes Feynman integrals in dimensional regularisation, as well as the Euler-type
hypergeometric integrals that arise upon their evaldation.¥A principal classic reference
for the mathematics is ref. [249]. For recent treatments including applications to physics,
see refs. [7,250-252].

An integral is a pairing between two ‘objeets, the integrand and the contour of
integration. Denoting these objects respectively by w and ~, the integral is represented

/ w. (146)

We will consider cases where fthe differential form w is a holomorphic differential form

as

of degree n, and the real dimen@ion of the integration contour is n, within the complex
projective space P"(C).

The integral remains unichanged if we add a surface term to the integrand, and
w is properly understoed as a eohomology class, or cocycle. Likewise, the integration
contour v is a homology class, or cycle. In the types of integrals with which we are
concerned, the integrand,involves multivalued functions. This can be seen in the
parametric representations of section For instance, let us consider the Baikov

representation of'a Feymman integral in eq. . The Baikov polynomial is raised

DEK—1
2

integrands of Feynman integrals in dimensional regularisation are always multivalued

to the power = n+ 5 — ¢, where n is an integer and p € {0,1}. Thus the
functions. Because of this multivaluedness, we need to work in the frameworks of twisted
cohomology ‘@and homology, which we review below.

An example that we will keep in mind and follow through this section is the
integralrepresentation of the hypergeometric function 5 F defined in eq. . While this
function is not a Feynman integral by itself, some simple Feynman integrals such as the
bubble studied in the previous sections are naturally expressed in terms of o F} functions
(see egs. and ), and the additional prefactors do not affect the main points of
intersection theory. Feynman integrals, as presented in eq. and eq. , can be
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viewed in terms of generalisations of this integral, i.e., polynomials in the kifhematic
invariants raised to complex powers. For the purpose of the present discussion, we
will simplify this integral even further by dividing through by the gamma funetions.
Furthermore, we relabel the exponents to make their independence manifest.»Thus we
write our basic reference integral as

1
/ u® (1 —u)* (1 — zu)*/» du. (147)
0

5.1. Twisted cohomology and twisted homology

Twisted cohomology. We begin by considering the integrand w, which we take to be a
holomorphic n-form

w= duH Pr(u) (148)

where u = (uy, ug, ..., u,) and du = duy A ... Aduy, where the P; are polynomials in
the integration variables u; and additional kinematic varfables x;, and with complex
exponents, ay € C. In the case of Feynman integrals in dimensional regularisation, we
would assume that the exponents take the form oy =n; + aye, with ny € Z, aye € C*,
Y. ;ar # 0, and where € can be taken to be infinitesimally small. We restrict ourselves
to the case where the coefficients in the Laurent expansion of the integral fvw can be
given in terms of multiple polylogarithms, which requires the integer values of n; and
some further restrictions on the form of thexpolynomials Py(u).

We decompose the integrand as w = ®p, where ® is a multi-valued function and ¢
is a single-valued differential form,

o = 1_IP>(U)‘”€ and ¢ = duH Pr(u)™ . (149)

We define the twist dlog @ and consider the covariant differential
Vo =d+dlogd® A . (150)

We then havesd(®E)h=.P Vs, where { can be any smooth differential form. Stokes’
Theorem implieg'that foran arbitrary smooth (n — 1)-form & we have

/7 Dy = / B(p + Vak). (151)

Thus the integrand is only defined up to adding a total covariant derivative, and we are
therefore considering elements of the (twisted) cohomology groups

H™(X,Vae) = {¢|Vep = 0}/{Val}. (152)

One might consider the twisted cohomology group with the differential of eq. (150))
acting on differential forms of different degrees, but a theorem of Aomoto [253] states
that n is the only dimension with nonvanishing twisted cohomology.
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Equation provides an alternative way to generate the IBP identities discussed
in section [2] The expansion of these covariant derivatives in terms of the original
polynomials Pr(u) has the effect of shifting the integer parts n; of the exponents-in
eq. , while leaving the complex part a;e unchanged. The space generated by the
integrands with different values of n; gives the full space of twisted coliemology:.

Example 8. Let us return to our example of the integral in eq. . Comparing
eq. with eq. (148), we see that n = 1, |I| = 3, and the set of polynomials can be
taken to be {Py = u, P, =1 —wu, Py =1 —xu}. We have sgt uy =aufor simplicity,
not to be confused with the multi-index u in general formulas such as eq. . Then
o =u"(1—u)"(1—zu)"/=du, & = u® (1 —u)" (1 — zu) 7 anddhe twist 1-form is
du x.du

1—u — Qyyz€

dlog® = aoe—u — aj€ (153)
u

1—zu’
The space of integrands modulo the IBP relations is known to be two-dimensional. We
will discuss this fact along with a choice of basis shortly. 3

Twisted homology. The integration confour v is a m-dimensional (relative) cycle in
X(C) = P"(C) \\WJ{Piw) = 0}, (154)
I

Strictly speaking, {Pr(u) = Pr(uq,...,us)h= 0} is an affine variety in C". We use the
same notation for the affine variety and its lift to projective space. In other words,
v is a domain whose boundary is ¢entained in the union of the varieties defined by
Pr(u) = 0 (or equivalently ® = 0). 'Note that this is in particular the case for the
Baikov representation in &£q. @D, where the integration cycle A is bounded by the
variety where the Baikov polynomial vanishes.

Since a; # 0, then & wvanishes on the boundary of ~, at least for some ranges of
values of €, and thus for all values by analytic continuation. Therefore, if a; # 0, there
are no boundary ¢ontributions when performing integration by parts.

The concept of a twisted cycle, as an element of twisted homology, is essentially
a version of the equivalence class of v that is taken together with a specific choice of
branch of ®to deal with the multi-valuedness. The ordinary Stokes” Theorem holds on
the branehand eorresponds to the version with the covariant derivative given above.

The effectof the twist is to replace the boundary of the cycle by a contour that
encireles the singularity. The simplest twisted cycle is a loop around a singular point.
Precise definitions and explanations may be found in section 2.3 of ref. [249]. When used
as amintegration contour, the result is the same as the physicists’ notion of the so-called
‘plus-prescription’ that regularises the integral in the € expansion (see e.g. [254]).

Tinthe case of the integral in eq. (147), we are given the contour v = [0, 1], which is
consistent with the description in eq. . We will not write the twist explicitly, but
it can be constructed with the knowledge of ®, and its use is implicit in regularising
divergences if we perform a series expansion in € before evaluating the integral. We note
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that there are various other cycles that can be constructed with boundaries contained
in the union of varieties defined by ® = 0, namely cycles whose endpoints beléng to the
set {0,1,1/z,00}. It turns out that at most two of them can be linearly independent
(up to boundaries), as we discuss below in the context of a basis choice.

Bases of twisted cohomology and twisted homology. It will be usefuldtoridentify explicit
bases for the twisted cohomology and homology groups associated to @ particular
integral. The problem of constructing bases algorithmically appears io be difficult to
solve. In practice, it is helpful to first identify the dimension of'these groups, then
select a set of elements of that cardinality, and finally test 4or linear independence. It
is not obvious that the dimension of twisted cohomology should equal the dimension of
twisted homology, but in the case where a universal coefficient theorem holds, there is
a natural isomorphism between these groups, leading to the bilinear pairing expressed
by integration (see Lemma 2.3 of ref. [249]). For allicases of interest in this review, the
dimensions of the two groups coincide. Even infsuch. cases, however, determining the
dimension of the groups is not straightforward in generaT. There is an upper bound
given by the number of critical points of the function ®;i.e., the number of independent

solutions to the equation
dlog & = 0 (155)

and in many cases this bound is saturated,for example under conditions outlined in
ref. [249] (see also refs. [20,255,1256]).

Example 9. In the example of the.integral in eq. , we see from eq. that the
equation dlog ® = 0 has two Solutions generically, since we can factor out a quadratic
polynomial in u after multz’plyinq the denominators through. Accordingly, the dimension
of co/homology in this case i 2.. To choose a basis of cohomology, we can try two
different sets of integers {mg, n1, M1z} in @ = u™(1 —u)™ (1 — zu)™/*du and check
their linear independence as eohomology classes. To choose a basis of homology, we
can choose two setstofsendpoints among {0,1,1/x,00}. In order to follow this example
through the following sections, let us make a concrete choice and take

v =1[0,1] and v =10,1/2], (156)

and
U

p1 = dlog , e = dlog (157)

u—1 u—1/x’
Hege we have chosen differential forms that have logarithmic singularities exactly at
the endpoints of the cycles. This type of differential form is called a canonical form

associated to the cycle [257][

Iny the following subsection, we use pairings of bases of twisted co/homology
to construct the period matrix and matrices of intersection numbers in twisted

* The notion of canonical form used here is a differential form and should not be confused with the
differential equations in canonical form introduced in section
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co/homology. The linear independence of a putative basis can be confirmed by ¢hecking
the rank of these matrices.

Remark 19. One of the assumptions made in the mathematical treatment of.intersection
theory is that none of the exponents «; is an integer, and moreover that their total sum is
also not an integer. This assumption is not valid for typical Feynman integrals and their
associated hypergeometric functions, but it is found in practice that physical results can
be obtained by taking suitable limits of the generic case.

5.2. Pairings

Now that we have introduced the twisted cohomology and homelogy groups associated
to an integral f,yw, we consider functions that pair their,elements through complex-
valued bilinear maps. The first pairing is the familiar integral’map, with a possible
physical interpretation of a Feynman integral or a cut Feynman integral. Other pairings
can be constructed between elements of the samesgroup; giving intersection numbers of
the twisted cohomology or twisted homology. 4

Integral pairings. The integral pairing brings.us back to our starting point, namely the
integral fvw obtained from the pairing of Y and w. Now that we have identified these
objects as elements of twisted homelogy.and eohomology groups, respectively, we can
consider the full space obtained from this pairing, giving integrals related to the original
one.

Let 4 denote a basis of the (twisted) homology group, and let & denote a basis of
the (twisted) cohomology group. Thenintegral pairings of the cycles v, € 5 with the
forms ¢, € ¢ give entries oftheso-called period matriz,

Pu(257) = (nlex] :/ Pox, (158)
"
where each row is@ssociatedto a differential form, and each column is associated to a
cycle. Here we have also introduced the bra-ket notation of ref. [258], which will also be
used for the other types of pairings. This notation should properly be accompanied by a
subscript ® o keep track.of the twist, but since the twist remains constant throughout
our discussiony'we will suppress it.

In the context of Feynman integrals, each column of the period matrix comes from
a basis of contours associated to generalised cuts, while each row of the period matrix
comes from a basis of integrands associated to master integrals. The period matrix can
in fact be interpreted as (the transpose of) a fundamental solution matrix for the system
of differential equations satisfied by the master integrals, and is thus closely related to
the,Wronskian that was extensively used in section [3]

The period matrix P is a square matrix whose dimension is given by the dimension
of the (co)homology group. It follows that any integral pairing of elements of the
twisted homology and cohomology groups (with the same twist) can be written as a
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linear combination of the elements of the period matrix,

/ w=Y_cuPulB7). (159)
v k,l

The algebraic properties of any integral of this type can then be studied from the entries
of the period matrix.

Example 10. For the bases given in eqs. (156]) and (157)), we findsthe following entries

of the period matrix: -

Pi(.7 [ (age) T (aqe)

)= e oy 2P (06, s o + ;)

Tz~ cse (mage) I' (1 + a1 )4€) 1
Pis(@,7) = Fi | age, T'=a16,14 age + aq/.6;— |
12(F,7) T(1—age)T (1 ¥ age + al/xG) 241 | Qg 1 0 1/26 7
o o I'(age) T (1 + aqe)
P = E 1 — ayj- €1 )
51(5, 7) T (1 + age + age) 2! (aoe, 1 — ayfre +a(f+a16 x)
T~ csc (rage) T (aq/4€) 1)
Py (5,7) = F) | age, —aq€; ape + ay €, — | .
22 (5, 7) T (1—age)T (aoe n al/xe) o111 | Qg 1€; Qo 126~

Cohomology intersection numbers. fsless obyious pairing can be constructed between
two differential forms. Consider two bases ¢ and 1/7, not necessarily distinct, of the same
twisted cohomology group. MWe can thenicompute cohomology intersection numbers
(pil1j) between these forms. To be more precise, we must first construct a dual twisted
cohomology group, which is also generated by J but for which the covariant differential
is Vg-1. For dimensionally rQ&ularised integrals, this dual operation corresponds to
taking € — —e in ®. We ¢an then pair generators (¢;| of the cohomology with elements
|;) of the dual cohomology/[249,258],

1
) = o /X piniali), (160)

where X (C) issas defined/in eq. , and g is the map that associates to a form ; a
form g (1)) in thé same ¢ehomology class but with compact support, so that the integral
is well defined(|258,,259|. That is, the form ¢4 (1);) vanishes in a neighborhood of the
space ® = 0 in.P"(C). Unlike integral pairings, the cohomology intersection numbers
are single-valued. The intersection numbers of basis elements can be arranged in the
matrix

Cr( @, 9) = (rlvr) (161)
which has the same dimensions as the period matrix P, and they similarly form a basis
of alllimtersection numbers in the twisted cohomology.

The definition of the intersection numbers in eq. is not always the most
convenient for practical calculations, even though it has recently been used in
refs. |103}260], so alternative formulations have been found. One version pertains to
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the case where n = 1, and the ¢; and ©; are dlog-forms, i.e. wedge produgts of 1-
forms dlog oy, where the singularities of these forms are contained within thedboundary
variety ® = 0. In this case, a more explicit formula for the intersection numbers is given
by [250,258,261]

Resy—u, ¢i Resy—y, ¥;
) = P P 7 162
(pilt) Z Res,—,, dlog ® 162)
upEP(P) v

where P(®) is the set of poles of dlog ®. This formula has been generalised to the case
where n > 1 in ref. [262]. ~

When the ¢; and 9; are not necessarily dlog-forms, other alternatiye formulas were
proposed in ref. [258]. For n =1, and setting u; = u,

Plogd\ "~
(pilty;) = Z (%) s

where the sum is over the critical points, i.e., the points,u* satisfying dlog ®(u*) = 0,

: (163)

u=u*

and ¢; = @; du and similarly for ;. In the case n =2, with (uy,u2) = (u,v),

9%1log® " 92log ® 4 R

b\ = Ju? Ju o oy

(pily;) = E det | 29000 00 ond Di V;
(u* v*) Au v Ov?

where the sum extends over the criticalipoints (u*, v*) satisfying
Oy log O(w*, v*) = 0, log ®(u*,v*) =0,

and these formulas generalise naturally to higher values of n. Reference [263] presents a
different algorithm using a Grobneribasis for generating a basis of twisted cohomology,
with the feature that algebraic extensions such as square roots are avoided.

Cohomology intersection'muimbers are algebraic functions of the kinematic variables
x; and exponents aq.. For asdlog basis, the leading order in € of the period matrix
agrees with the matrix of intersection numbers [261], which gives yet another method
of computing these.numbers.

Example 11. In'thesezample of the integral in eq. (147)), and the basis of eq. (157)), it is
straightforward to see from eq. (162)) that the matriz of cohomology intersection numbers
18

1 1 1
ae Tare ae
- = —=| = 1
C(8,9) = (dl@) = ’ 1 1 ’ 1 : (165)

Homology intersection numbers. For completeness, we comment briefly on homology
intersection numbers, although these have not yet been applied as widely in the context
of physics. In the definition of cohomology intersection numbers above, we saw that one
of the differential forms needed to be given a compact support. The dual construction
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for twisted cycles is to use a locally finite chain group. Then the intersection numbers
(Y]] can be computed directly as geometric intersections of the cycles 7, and.y,. We
refer to section 2.3.3 of ref. [249] for a fuller explanation and an illustrative examplé.
Given a pair of bases 7, § of twisted homology, the intersection numbers can becollected
in matrix form,

Hy = [v|d1] - (166)

Here the bra elements [7;| are the twisted cycles described above, while the ket elements
|0;] are generators of a locally finite version of twisted homology. ~

Twisted period relations. The pairings expressed in the period matrix co/homology
intersection numbers give rise to the following quadraticrelations [264]:

P (HY) P =0

(PY'Cc'P. = H. (167)

The subscripts on the period matrix refer to two possible Bairings: P_1(3,7) = (i)
is the usual integral fw Oy, while Pritg,7) =wl@r|v) is a pairing between the
corresponding compactified cocycles and loeally finite cycles, which can simply be
evaluated as the integral fw ®~1p,. For dimensionally regularised Feynman integrals,
this duality is simply the transformagion €= —¢.

As applied to the Gauss hypergeometric function, the twisted period relation can
be expressed as the following quadratic relation:

2F1(0475;’7§$)2F1(1 —ajl —3;2= ’Y?ﬂf') =
2B =A, 0+ 1— 72— 2)Fi (v —a,y — Bsv;2).

Since twisted period relations are & generic feature of twisted cohomology and homology
theories, they imply that there are generically quadratic relations among dimensionally-
regulated Feynman integrals: [t would be interesting to explore these relations more
systematically, and to relate them to the quadratic relations among Feynman integrals
discussed in seetion 2.6,

5.8. Applications offintersection theory

This section presents a brief review of a few different applications of the intersection
theoryrintroduced above to the computation of Feynman integrals. We would also like
to/mention that intersection theory has found physical applications in the context of
amplitudes in string theory and related theories, as initiated in ref. [258,265], but we
will not discuss those ideas here.

5.3.1. Reduction and differential equations Intersection theory was applied to compute
the coefficients in a reduction to master integrals in refs. [103}256,260,261]. Suppose
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that the integral of interest can be represented as

(ply] = /<I><p. (168)

The reduction to master integrals can be represented as

/VCIDQO = Zc,»/ycb% (169)

~
where (; is a basis of twisted cohomology, and the reduction coefficients are denoted by

¢;. This equation is fundamentally an operation on the cocycles, which we can write as
(ol = Z ci (il - (170)

By projecting this equation onto the basis of cocyeles, one finds that the reduction
coefficients can be computed by cohomology intérsection Qumbers:

Thus the computation of cohomology interseetion numbers can be substituted for
reduction techniques. In particular, this,approach avoids having to solve large systems
of equations, addressing one of the bottlenecks identified in section 2.3 However, and
despite much progress in theslast few years, the difficulty associated with computing
intersection numbers still makes the Laporta algorithm the method of choice in practical
calculations.

When applied to the exaIQple of the o F; integral, we find a version of the Gauss
contiguous relations, which express the property that the space generated by integer
shifts of the parameters ay8,~ in o Fi(a, 5, 7;x) is two-dimensional. In this case, it is
equivalent to the statement that the twisted cohomology group is two-dimensional.

Intersection theory. cam.also provide the coefficients of the differential equations of
eq. [261]. If'the differential operator is applied to the integral pairing, and if the
integration conteur doesmot depend on the kinematic variables, then we obtain

i Y

with the, covariant derivative Vg ,, = 0, + 0y, log ®A, where here we take ¢ =
D—K-1

B(#)" 2 . The right-hand side can be expanded in master integrals as in eq. 1} and

the same reasoning followed to obtain the coefficients in terms of intersection numbers.

Thuswerc¢an identify the matrix of coefficients as
Ami (l’,E) = <V<I>,zi90j‘90l> (Cil)lk : (173>

In the Baikov representation, uncut (or less than maximally cut) Feynman integrals
have singularities that are not regulated by the parameter €. These singularities can be

Page 52 of 62



Page 53 of 62

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-117499.R1

Feynman integrals 53

treated with analytic regularisation [3], which then allows the application of intersection
theory [262,266]. A complementary approach is given in refs. |[103}260], whichfocus on
the cohomology that is dual to the cohomology of Feynman integrands, for,the purpese
of constructing intersection numbers as above. These papers find that the correet
mathematical framework is that of relative twisted co/homology as intteduced recently
in [267], which extends the scope of intersection theory to allow relative boundaries.

Remark 20. The decomposition into a basis of master integrals with ‘the help of
intersection numbers has a dual application for integration cycles.” Assumethat we have
fixed a basis of cut integrals, i.e., we have fixed a basis of integration cycles ¥. Then
every other integration cycle |y] can be decomposed into thisibasis using the approach
we have just described, but using the intersection numbers among cycles instead of
intersections numbers among differential forms:

o= S bl he, with e =B, B (174)

L
In this way we can decompose a given cut integral (y|w| into the basis of cut integrals
(vilw].

5.3.2. Coaction MPLs are well known to,be equipped with a coaction [150} /157,
158,[160], a mathematical operation that ismmaturally compatible with the actions of
differential operators and taking discontimuities across branch cuts. As such, it can be
employed as a computational tool.

There is also a natural mathematical coaction on Feynman integrals [268-270].
Motivated by these observations, it was conjectured that there exists a diagrammatic
coaction on Feynman integrals™which, for the class of integrals admitting a Laurent
expansion in € in terms of MPLs, corresponds precisely to the coaction on MPLs. This
conjecture was expressed in wefst [100,/101},1271], which proposed a general form for a

A(Lw)zgcijlwi®ij, (175)

where the ¢;j areational or algebraic coefficients, the {w;} are a basis of the (twisted)

coaction on integralsi]

cohomology ‘group associated with the integral on the left-hand side, and the {~,} are
are a basis of the eorresponding homology group|f{] It is straightforward to check that
eq. satisfies the algebraic properties of a coaction, such as coassociativity. For one-
loop integrals; the diagrammatic coaction was made fully explicit by providing bases of
forms and contours for arbitrary one-loop integrals [100}/101].

Tthwas further conjectured in refs. [276]277] that eq. can be applied to
generalized hypergeometric functions in their integral representations, of the type

i This form of a coaction is also believed to apply to the disk integrals in string tree-level amplitudes
[272,/273], as well as the more general genus-zero integrals in ref. [274].
1§ See also ref. [275] for a separate proposal of a diagrammatic coaction.
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considered in this section, of which the prototypical example is the function o Fi#hat we
have been following. The coaction operation proposed for hypergeometric functions is
claimed to be compatible with the diagrammatic coaction, as well as to commute with
taking the Laurent expansion in ¢, at least in the case where there is an expansion in
terms of MPLs. For this class of functions, a rigorous (motivic) mathematical treatment
has been developed in ref. [278] and applied specifically to Laurigella Fpyfunctions.
It is hoped that compatible coactions could be formulated for more general Feynman
integrals, but this is more speculative, as it requires formulating eoagtions on the new
classes of functions arising in the € expansion. This has been done for @iptic eMPLs in
ref. [214], and an example of a corresponding diagrammatic céaction is given in ref. [279].

In the case where canonical forms §2(7) can be constructed eorresponding to the
basis 4, the coaction on the period matrix is simply obtained by matrix multiplication:

APu(7,¢) =) [C7HQH), §)],; Bsl T, &) @ba(7, &) - (176)
1,J
If one can choose generators of the (co)homology such that C'(2(¥), F) = d;;, then the
coaction takes a particularly simple formu

APy =Y, P Py (177)

Example 12. Throughout this seetion, “we have followed the example of the
hypergeometric function o . Any choice ofbases will give an expression for the coaction
using the general formula eq. . But let us see how to arrive at a particularly elegant
ETPTeSSIOn.

For the basis of contours, let us take v, = [0,1] from the usual Euler integral, and
Y2 = [1/x,00). One benefit of using#s is that its pairing with the general integrand can
be recognised as a oFy fumction of w after a simple change of integration variable from
u tov=1/(zu).

It may be desirable torchoose a second basis of differential forms ¢;, such that the
matriz of intersection numbers C(7, @Zj) has a minimum number of nonvanishing off-
diagonal elements., Indeed, C' will be diagonal if each p; is taken to be a dlog-form
whose singularities overlap with the boundary components of vy; if and only if i = j.

In this case, our chosen cycles v; and 7, have no common boundaries. The choice
F = (pylps) with

apaq du (ap + a; + al/at)al/a: . x du

Y1 = Y2 =

y 9 y 178
ao—l—aleu(l—u) ap + a; 1—au (178)

uses dlog forms normalised so that the matriz of cohomology intersection numbers is the
identity.

With the bases of cycles ¥ and forms g, where C’(Q(’?); &, CD) 18 the identity matriz,
the coaction takes the form

A(/ q>90)=/®901®/®<p+/¢902®/%, (179)
At 71 71 7 2
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4
5 If we evaluate the integrals explicitly, and also include the coaction on the beta-function
6 prefactors in eq. (43)), we find
7
g A<2F1(Cv, B ﬂf)) =2 F(ae, be; ce; x) ® 2 F1 (v, B 73 7)
10 be(ce — be
11 —x¥2F1(1+ae,1+be;2+ce;x)
1 ce(1 + ce)
s o 1 B(1—=0,14p5—
14 B(Oé, Y= Oé)
15 o
16 where o = ngo + ae, B = ng + be and v = n, + ce, and thescoaction has also been
1; applied to the beta function prefactors. The hypergeometric funmetions in the last entry,
19 oFi (v, B;v; 1) and 27 F (14+a —~,1+ 8 —7;2 — @), may be recognised as two
20 independent solutions of Euler’s hypergeometric differential equation.
21
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