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The mesoscale heterogeneity of rock determines its macroscale mechanical

performance to a large extent. In this paper, a sub-block element discontinuous

deformation analysis (DDA) method coupled with a statistic heterogeneity

model was used to simulate the fracturing failure of pre-notched rock

specimens. The simulation recreated the macroscale whole-process

nonlinear deformation and fracturing failure of pre-notched disc and

rectangular specimens with some important features explored in

experiments or other numerical simulations. Combing intact heterogeneous

rock specimen simulations in previous work, the effect of the heterogeneity on

the reproducibility of macroscale strength and failure patterns of the specimens

were investigated. Results indicate that the influence degree of the

heterogeneity on the macroscale equivalent strength and fracturing failure

pattern reproducibility varies with the specimen particularities (disc or

rectangular, pre-notched or intact, and inclination of the pre-existing flaw),

and the reason behind was discussed from the point view of stress

concentration. This work is meaningful for the understanding of the result

discreteness of rock specimen experiments, and assures the importance to

consider the rock heterogeneity in practical rock engineering.
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Introduction

Rock masses are composed of rock bulks and discontinuities such as joints and faults,

while the rock bulk is a typical heterogeneous material consists of mineral grains, grain

boundaries and defects like voids and microcracks, etc., at the mesoscale. The mesoscale

mechanical heterogeneity of rock is charactered by the variation of the deformation and

strength properties with the mesoscopic spatial locations, which consequently leads to the

uncertain and statistic characters of the macroscale deformation and fracturing failure of

rock (Tang et al., 1998; Li et al., 2022; Yang et al., 2022). An acknowledged phenomenon

that could largely attributed to the heterogeneity of rock is that rock experiments of
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specimens generally show poor reproducibility of the macroscale

strength and fracturing failure patterns (Alzaki et al., 2020;

Shirole et al., 2020; Sun et al., 2022). For engineering

practices, e.g., in the prediction of geological disasters and the

design of rock engineering structures, the heterogeneity of rock is

an important issue that should be carefully considered

(Manouchehrian and Cai, 2016; He et al., 2019).

The mesoscale material components and distributions of

rock could be well captured by high precision instruments

and handled by the measure of image processing etc., which

then could be correlated to the rock mechanical properties

(Zheng et al., 2020; Wang and Sun, 2021). From the

theoretical aspect, Bai et al. (2019) and Bai et al. (2021)

developed thermo-hydro-mechanical models for geomaterials

based on the tenet of particle rearrangement in porous

granular materials. Regarding the study of the mesoscale

mechanical behaviors of rock, therefore the macroscale

equivalent mechanical performances could also be

investigated, numerical simulation is an effective and favorable

approach. For example, Gui et al. (2016) conducted a

comprehensive investigation of grain effect (size and

distribution) in discrete element modelling of intact rock

through Brazilian disc and uniaxial compressive tests using

Universal Distinct Element Code. Gao et al. (2016) developed

a distinct element grain-based method to simulate the

microstructure of rock-like materials, which allows the

assignment of specific properties to both the grains and grain

boundaries. Peng et al. (2021) investigated the effect of grain size

on the strength of polymineralic crystalline rock using the grain-

based modeling approach in discrete element method by

interpreting micro-cracking process in response to loading.

Rasmussen (2022) proposed a breakable grain scheme and a

method to achieve bi-modular elastic material behavior in grain-

based models of rocks using the hybrid lattice/discrete element

method. Wu et al. (2017) and Zhou et al. (2022) developed

Voronoi grain-based numerical manifold methods to investigate

deformation and damage of intact rock at the mesoscale.

The above works simulated rock mechanical behaviors by

explicitly representing the mesoscale structure of rock on the

grain level, which may suffer high computational cost for large

scale simulations.Alternatively, themesoscaleheterogeneitycould

be equivalently described by heterogeneity index of statistic

models. For example, Liu et al. (2018) presented a heterogeneity

index to describe mesoscale heterogeneity induced by grain size

variation in intact rock. Li et al. (2022) used a random discrete

element method to model rock heterogeneity. Yang et al. (2022)

simulated the effect of heterogeneity on the characteristics of

ubiquitiformal cracks in the Brazilian splitting test of rock by

ABAQUS, in which thematerial heterogeneity is characterized by

theWeibull distribution. In fact, theWeibull distribution has been

widely applied to describe the mesoscale heterogeneity of

materials, e.g., in the widely used rock mechanics software

Rock/Realistic Failure Process Analysis (RFPA) (Tang et al.,

1998; Tang et al., 2000; Tang et al., 2000). To understand the

physical mechanism for the discrepancy of rock tension, Xu et al.

(2020) carried out RFPA simulations of direct tension and semi-

circular bending tests of intact heterogeneous rock. Tang and

Zhang (2009) also presented a spatial correlation length factor

into the traditional Weibull distribution to investigate the

heterogeneity character of concrete failure. Combining linear

elastic material constitutive relations and statistic heterogeneous

models at the mesoscale, the macroscale nonlinear deformation

and failure behaviors of rock could be well predicted (Tang et al.,

1998).

Regarding the numerical methods to simulate the mesoscale

deformation and fracturing failure of rock, discontinuous

deformation analysis (DDA) (Shi and Goodman, 1985; Shi,

1992) could be a good choice among those widely used

discontinuum-based methods like distinct element method

(DEM) (Cundall and Hart, 1992). DDA has been widely used

FIGURE 1
Illustration of the sub-block element DDA fracturing simulation method.
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in various static and dynamic rock mechanics and engineering

problems (Ning et al., 2017; Ning and Lv, 2022), in which rock

fracturing could be successfully simulated by the sub-block

element approach (Ning et al., 2011; Jiao et al., 2012; Ni et al.,

2020). Ning et al. (2021) also have introduced a mesoscale

statistic heterogeneity model for rock based on the Weibull

distribution introduced into DDA. In that work, the fracturing

failure of intact heterogeneous disc and rectangular specimens

under compression were comprehensively simulated to

investigate the influence of heterogeneity on the fracturing

failure pattern and macroscale equivalent response of intact rock.

In the present work, the DDA method enhanced with the

sub-block fracturing modeling algorithm and the Weibull

distribution heterogeneity model is applied to simulate pre-

notched rock specimens, and combing intact heterogeneous

rock specimen simulations in previous work, the effect of the

heterogeneity on the reproducibility of macroscale strength and

failure patterns of the specimens are investigated. The

arrangement of the rest sections of the paper is as follows. In

Section 2, the applied sub-block element DDA method for

fracturing simulation and the mesoscale statistic heterogeneity

model for rock are briefly introduced. In Section 3, the radial

compression of center-notched disc rock specimens and uniaxial

compression of center-notched rectangular rock specimens are

simulated with an emphasis to investigate the fracturing failure

reproducibility, along with the comparison with intact

heterogeneous disc and rectangular specimens. Finally,

conclusion are dawn in Section 4.

Numerical methods

The applied sub-block element DDA
method for fracturing simulation

DDA (Shi, 1992) is a block-based discontinuous numerical

method that takes six variables as (u0 ]0 r0 εx εy γxy) with clear

FIGURE 3
Fracturing failure patterns of the center-notched disc specimen
with different β under the same heterogeneity degree (m = 5).

FIGURE 2
Geometrical model of the center-notched disc specimen.
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physical meanings for each block in two-dimension, where the first

three are the translatory and rotary motions at the block center,

and the last three are the normal and shear strains of the block,

respectively. These variables represent a full first order

approximation of the block deformation and lead to very

simple form of energy formulas of elasticity, loading, constraint,

inertia and contact penalty, etc. By the minimization of these

energies, the corresponding sub-matrices are added to construct

the global equilibrium equations of a block system through a time-

marching schedule, and then the system equations are implicitly

solved. Combing a strict open-close iteration to achieve the contact

status convergence between blocks, DDA could be well used to

solve the deformation and displacement problems of rock.

The sub-block approach is usually adopted to simulate

material fracturing by DDA. As shown in Figure 1, sub-block

elements are glued by artificial joints to represent continuum,

and the fracturing is allowed to take place along artificial joint

surfaces. In the present work, the sub-block element DDA

fracturing simulation method which judges the tensile/shear

fracturing along artificial joints based on the adjacent sub-

block stress levels is adopted. The tensile and shear fracturing

follows the maximum tensile strength criterion and the Mohr-

Coulomb criterion, respectively. Compared with judging the

fracturing based on the contact stresses on the artificial joint

surface (Ning et al., 2011; Jiao et al., 2012), the adopted method

greatly reduces the influence of sub-block divisions and especially

the artificial joint orientations on the simulation results of

fracturing path and failure strength, and it was also proved

that triangular elements are effective for fracturing simulation

with the sub-block element DDA (Ni et al., 2020).

Heterogeneity model

An element-level mesoscale heterogeneity model is applied in

DDA based on the Weibull distribution function. By introducing

the mesoscale heterogeneity, the macroscale nonlinear behaviors

of rock could be well represented based on the linear-elastic

constitutive relation of DDA (Ning et al., 2021). From the

Weibull distribution formula,

p x( ) �
mxm−1

xm
0

exp − x

x0
( )m[ ], x≥ 0

0, x< 0

⎧⎪⎪⎨⎪⎪⎩
⎫⎪⎪⎬⎪⎪⎭ (1)

the cumulative distribution function can be obtained by

integration as

Q x( ) � ∫x

0
p x( )dx � 1 − exp − x

x0
( )m[ ] (2)

Let Q (x) = y and simplify, it is derived that

FIGURE 4
Typical experimental results of center-notched rock disc without (A) and (B), Huang et al., 2022) and with secondary cracks (C) and (D), Ou,
2020).

TABLE 1 Peak strength discreteness of disc specimens (m = 5).

Peak strength (MPa) Center-notched specimen Intact specimen (Ning et al., 2021)

β = 30° β = 45° β = 60°

maximum, σ p
max 1.33 1.12 1.25 4.26

minimum, σ p
min 0.97 0.91 0.96 3.65

discreteness,
σ p
max −σ p

min

(σ p
max +σ p

min )/2 × 100% 31.3% 20.7% 26.2% 15.4%
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x � x0 −ln 1 − y( )[ ] 1
m (3)

where y is a random number between 0 and 1 m is the

heterogeneous index that controls the heterodonty degree, x0
is the homogeneous material property, and x is the

heterogeneous material property corresponding to the random

number y. By replacing x0with the homogeneous elastic modulus

E, Poisson’s ratio μ, friction angle θ, cohesion c, and tensile

strength σt, respectively, the corresponding heterogeneous rock

properties related to the random number y and the

heterogeneous index m can be obtained. For each DDA sub-

block element, the random heterogeneous material properties are

generated by a random number created by the computer, thus a

heterogeneous DDA model for a problem to be simulated is

constructed. Compared with the widely used finite element code

RFPA for heterogeneous rock simulation, DDA gets the

advantage to simulate the contacts and possible large

displacements of rock.
It is worthy to be noted that most previous studies generally

only considered the heterogeneity of the elasticity (modulus and

Poisson’s ratio) and ignored the strength (tensile strength,

cohesion, and friction angle) heterogeneity. However, it is a

fact that the strength varies with locations like that of the

elasticity in real rock at the mesoscale, which means that the

heterogeneity of strength should be considered as well. It was

proved that rock is more prone to be destructed accompanied by

more dispersing cracks when considering the heterogeneity of

elasticity and strength simultaneously (Ning et al., 2021).

Therefore, in the present study the elasticity and strength

heterogeneities are both considered.

Reproducibility investigation

Radial compression of disc specimens and uniaxial

compression of rectangular specimens are widely applied

experiments to test the deformation and fracturing failure

behaviors of rock materials. Here, the fracturing failures of

center-notched disc specimens and center-notched

rectangular specimens are simulated to investigate the

reproducibility of the radial compression test and the

uniaxial compression test of rock, respectively, under the

same heterogeneity degree. For the disc specimen, three

different inclination angles of the pre-existing flaw are

considered, and for each condition of the pre-existing flaw

inclination, eight times of simulations are carried out under

the same heterogeneity degree. Comparatively, to control the

computational cost, for the rectangular specimen, two

different inclination angles of the pre-existing flaw are

considered, and for each condition of the pre-existing flaw

inclination, five times of simulations are carried out under the

same heterogeneity degree.

FIGURE 5
Diametral equivalent response curves of the center-notched
disc specimen with different β under the same heterogeneity
degree (m = 5).
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In the previous work (Ning et al., 2021), the influence of the

heterogeneity degree on the fracturing failure of intact disc and

rectangular specimens was investigated by considering five

different values of the heterogeneity index m, namely, 1.5, 2.5,

5, 20, and 200. In the present work, a middle level heterogeneity,

namely, m = 5, is considered for all the simulations. Moreover,

the maximum displacement ratio, step time and the contact

penalty spring stiffness in the DDA simulation are 5×10–4, 1×10–6

FIGURE 6
Fracturing failure patterns of the intact disc specimen with m = 5 (Ning et al., 2021).

FIGURE 7
Geometrical model and RFPA simulation of a center-notched rectangular specimen.
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s, and 100 GPa, respectively, the same as those used in the

previous work (Ning et al., 2021).

Radial compression of center-notched
disc specimen

The geometrical model of the disc is shown in Figure 2. The

radius of the disc is 50 mm, and there are two platforms with a

central angle of 10° at the upper and lower ends. The radial

compression is applied by two rigid loading plates at a velocity

of 2 mm/s. A measuring plate is placed between the upper

loading plate and the disc to capture the diametral macroscale

equivalent mechanical response of the disc under the

compression (note that each DDA block is in a constant

stress state in each time step because of the first order

assumption). The pre-existing flaw has dimensions of 29 ×

0.25 mm (Al-Shayea, 2005) and an inclination angle β. The two

ends of the flaw are arced like, that is, normally conducted in

physical experiments.

Three different β values, namely, 30°, 45° and 60°, are

considered and the corresponding sub-block element number of

the model is 5511, 5469 and 5607, respectively. The mesh size is

determined based on trial calculations considering the result

convergency and the computational cost simultaneously. The

homogeneous material properties of the disc are elastic

modulus E = 20 GPa, Poisson’s ratio μ = 0.2, friction angle θ =

30°, cohesion c = 20MPa and tensile strength σt = 5MPa,

respectively. The upper and lower platforms of the disc are set

frictionless like that in the physical experiment to avoid the lateral

FIGURE 8
Fracturing failure patterns of the center-notched rectangular specimen with different β under the same heterogeneity degree (m = 5).
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constraint of the disc. For each disc model of the same inclination

of the pre-existing flaw, eight times of simulations are carried out.

Figure 3 shows the fracturing failure pattern of the center-

notched disc with three different inclination angles of the pre-

existing flaw, respectively. Under each inclination of the pre-

existing flaw, it can be found that the main crack paths are nearly

the same in the eight simulations, which start from the two ends

of the pre-existing flaw and grow to the two loading ends of the

disc, similar to that in the typical experimental results in Figure 4.

However, the secondary cracks differ obviously in the eight

simulations under each inclination of the pre-existing flaw.

When there are secondary cracks, they generally start from

the disc edge and propagate to the end of the pre-existing

flaw. This phenomenon also agrees with the experimental

results. Therefore, for the center-notched discs, the

discreteness of the fracturing failure pattern due to the

heterogeneity is mainly reflected by the secondary cracks.

Figure 5 shows diametral equivalent stress-loading

displacement curves of the disc simulations. These curves

reflect the energy accumulation and dissipation characteristics

of the specimens during the deformation and fracturing process

under the diametral compression. It can be found that the curves

are nearly linear at the initial stage and almost duplicate for the

eight simulations under each inclination of the pre-existing flaw,

which indicates that the heterogeneity does not influence the

reproducibility of the macroscale equivalent modulus of rock

evidently. The curves quickly drop after reaching the peak, and

show occasional obvious rise thereafter during the falling stage.

These phenomena are in good agreement with the reported

experimental results (e.g., Zhang and Wang, 2009) of radial

compression of center-notched rock discs. Each rising and

falling of the curves represent the rest of the old cracks and

the initiation and growth of new cracks.

Table 1 lists the maximum and minimum peak values of the

curves. It can be found that, in general, the disc gets relatively

lower peak strength when β = 45°, and the corresponding

discreteness of the peak strength (20.7%) is the smallest

among the three different conditions of the pre-existing flaw

inclination. The three discreteness values for the center-notched

specimens are all obvious larger than that of the intact rock disc

(15.4%) with the same disc size, loading condition, material

properties and heterogeneity degree (m = 5), indicating poorer

strength reproducibility of the center-notched rock discs under

heterogeneity, which could be attributed to the local stress

concentration because of the pre-existing flaw. Figure 6 shows

the fracturing failure results of the intact disc specimen for eight

times of simulations. Compared with that in Figure 3, it can be

FIGURE 9
Axial equivalent response curves of the center-notched
rectangular specimen with different β under the same
heterogeneity degree (m = 5).

TABLE 2 Peak strength discreteness of rectangular specimens (m = 5).

Peak strength (MPa) Center-notched specimen Intact specimen (Ning et al., 2021)

β = 30° β = 45°

maximum, σ p
max 6.38 5.70 7.11

minimum, σ p
min 5.84 5.20 6.76

discreteness,
σ p
max −σ p

min

(σ p
max +σ p

min )/2 × 100% 8.8% 9.2% 5.0%
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found that the intact specimen gets relatively better

reproducibility of the fracturing failure pattern. This could be

attributed to that the intact disc gets ideal tensile stress

concentration along the loading diameter.

Uniaxial compression of center-notched
rectangular specimen

The geometrical model of the rectangular specimen is shown

in Figure 7A. The specimen has dimensions of 150 × 75 mm. The

uniaxial compression is applied by two rigid loading plates at a

velocity of 2 mm/s. A measuring plate is placed between the

upper loading plate and the specimen to capture the axial

macroscale equivalent mechanical response of the specimen

under the compression. The pre-existing flaw has dimensions

of 20 × 0.4 mm (Wong et al., 2002) and an inclination angle β.

The two ends of the flaw are arced like, that is, normally

conducted in physical experiments. Two different β values,

namely, 30° and 45°, are considered and the corresponding

sub-block element number of the model is 13515 and 14415,

respectively. The homogeneous material properties of the

specimen are elastic modulus E = 20 GPa, Poisson’s ratio μ =

0.2, friction angle θ = 30°, cohesion c = 5 MPa and tensile strength

σt = 2.5 MPa, respectively. The upper and lower ends of the

specimen are set frictionless like that in the physical experiment

to avoid the lateral constraint of the specimen. For each

rectangular specimen model of the same inclination of the

pre-existing flaw, five times of simulations are carried out.

Figure 8 shows the fracturing failure pattern of the center-

notched rectangular specimen with two different inclination

angles of the pre-existing flaw, respectively. Under each

inclination of the pre-existing flaw, it can be found that the

main crack paths are nearly the same in the five simulations,

which start from the two ends of the pre-existing flaw and grow

to the two opposite corners of the specimen. However, similar to

that in the above disc specimen simulations, the secondary cracks

differ obviously. The secondary cracks, especially when β = 45°,

generally start from the pre-existing flaw ends and propagate

nearly parallel to the uniaxial loading direction. Figure 7B is the

RFPA simulation result of a center-notched rectangular rock

specimen that has close geometry with the specimen in Figure 8B.

It can be found that the fracturing patterns obtained by DDA and

RFPA agree well. Generally, for the center-notched rectangular

specimens, the discreteness of the fracturing failure pattern due

to the heterogeneity is also mainly reflected by the secondary

cracks.

Figure 9 shows the axial equivalent stress-loading

displacement curves of the rectangular specimen simulations.

These curves reflect the energy accumulation and dissipation

characteristics of the specimens during the deformation and

fracturing process under the uniaxial compression. It can be

found that the curves are nearly linear at the initial stage and

almost duplicate for the five simulations under each inclination

of the pre-existing flaw. Similar to that in the above disc

simulations, it indicates that the heterogeneity does not

influence the reproducibility of the macroscale equivalent

modulus evidently. However, different from that of the disc

specimens, the curves do not show the obvious occasional rise

phenomenon during the falling stage after the peak for the

rectangular specimens, which are also in good agreement with

that of wide experiments.

Table 2 lists the maximum and minimum peak values of the

curves. It can be found that, in general, the specimen gets larger

FIGURE 10
Fracturing failure patterns of the intact rectangular specimen with m = 5 (Ning et al., 2021).
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peak strength when β = 30°, and the corresponding discreteness

of the peak strength (8.8%) is relatively smaller than that when

β = 45° (9.2%). The two discreteness values for the center-

notched specimens both are obvious larger than that of the

intact rectangular specimen (5.0%) (Ning et al., 2021) with the

same specimen size, loading condition, material properties and

heterogeneity degree (m = 5), indicating poorer strength

reproducibility of the center-notched specimens under

heterogeneity again. Figure 10 shows the fracturing failure

results of the intact rectangular specimen for five times of

simulations. Compared with that in Figure 8, it can be found

that the center-notched specimen gets much better

reproducibility of the fracturing failure pattern. The poorer

strength reproducibility and better fracturing pattern

reproducibility of the pre-notched rectangular specimen

relative to the intact rectangular specimen both could be

attributed to the local stress concentration because of the pre-

existing flaw. Moreover, compared with that in Table 1, it also

can be concluded that the rectangular specimens, center-notched

or intact, have better strength reproducibility than the disc

specimens under the same heterogeneity degree.

Conclusion

In this work, by employing the sub-block element DDA

method coupled with a statistic heterogeneity model based on the

Weibull distribution, the fracturing failure of center-notched disc

and rectangular rock specimens under the same heterogeneity

degree is simulated. The simulations successfully recreate some

important features of the macroscale whole-process nonlinear

deformation and fracturing failure of pre-notched rock

specimens that are explored in experiments or other

numerical simulations. Regarding the reproducibility under

the same heterogeneity degree, by combining previous work

on intact heterogenous specimen simulations, it is mainly

concluded that:

1) The influence of the heterogeneity on the fracturing failure

pattern reproducibility is mainly reflected by the secondary

cracks for the pre-notched specimens and the intact disc

specimen. The pre-notched disc specimen has poorer

fracturing failure pattern reproducibility than the intact disc

specimen because of the ideal tensile stress concentration

along the loading diameter in the intact disc. Comparatively,

the pre-notched rectangular specimen has much better fracturing

failure pattern reproducibility than the intact rectangular

specimen because of the stress concentration induced by the

pre-existing flaw.

2) The heterogeneity does not influence the reproducibility of the

macroscale equivalent modulus of the specimens evidently, but

its influence on the reproducibility of the macroscale equivalent

strength is obvious. Generally, the pre-notched specimens have

poorer macroscale strength reproducibility than the intact

specimens, and the rectangular specimens have better

macroscale strength reproducibility than the disc specimens.

Moreover, for the pre-notched specimens, the macroscale

strength reproducibility also varies with the inclination of the

pre-existing flaw remarkably.

The exact microstructures of rock including the mineral

grain shapes and microcracks etc., will be considered in the

future work on DDA simulations of rock heterogeneities.
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