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Introduction: Surface integral methods based on the acoustic analogy and Kirchhoff
formulation are widely employed in computational aeroacoustics. The
computational accuracy is usually highly dependent on the selections of the
acoustic prediction method and of the integral surfaces.

Methods: This paper analyzes the pros and cons of each aeroacoustic prediction
method and studies numerically sound generated from flow past a circular cylinder
by employing different surface integral methods. The acoustic analogy based on the
impermeable solid surfaces either ignores the quadrupole contribution or needs high
computational cost to calculate the quadrupole contribution, and the acoustic
analogy based on the permeable integral surfaces usually suffers from the
spurious source issue.

Results: Both the pressure-based or density-based Kirchhoff formulations can be
used in aeroacoustic prediction, however, the numerical results indicate that the
pressure-based Kirchhoff formulation also suffers from the issue of the spurious
sound because the pressure fluctuations at the permeable integral surfaces are
contaminated by hydrodynamic component.

Discussion: It seems that only the density-based Kirchhoff formulation does not
suffer from the issue of the spurious sound, but this formulation requires the acoustic
sources should be extracted from compressible flow simulations.
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1 Introduction

Sound generated from turbulence and its interaction with solid boundaries can be predicted
with either integral methods or differential methods [1, 2]. Compared with differential methods,
integral methods cannot consider the effect of shear mean flow on sound propagation outside
the integral surfaces [3]. However, the integral methods usually need less computational cost
than the differential methods because the integral methods do not need to discretize the entire
domain of acoustic propagation. Therefore, the integral methods are more widely employed in
various engineering applications [4].

All integral methods can be classified into the following two types. The first method is based
on the acoustic analogy proposed by Lighthill [5] and developed by Ffowcs Williams and
Hawkings (FW-H) [6]. In numerical calculations, the integral solutions of FW-H equation, such
as time-domain formulations developed by Farassat [7–10], are utilized to predict sound
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radiated from sources located on and outside the integral surfaces.
Since calculation of sound radiated from the quadupole sources
located outside the integral surfaces usually costs much more time
than calculations of monopole and dipole sources on the integral
surfaces do, permeable integral surfaces are widely employed in order
to reduce or avoid the time consumed at quadrupole calculation.

The second method is based on the Kirchhoff formulation [11, 12],
which is derived from the linearized acoustic theory. Therefore, the integral
surfaces of the Kirchhoff formulation should enclose all non-linear sources
for predicting aerodynamic noise. Detailed reviews of Kirchhoff
formulation in computational aeroacoustics can be found in [13].

Both methods have been widely used in computational
aeroacoustics, such as jet noise [14–16] and rotor noise [17–19].
Analytical comparison of these two methods have been performed
by Brentener and Farassat [20], and they concluded the integral
method based on the FW-H equation is superior to that based on
the Kirchhoff formulation because the acoustic results based on the
FW-H equation is less sensitive than the Kirchhoff formulation to
placement of integral surfaces.

However, this conclusion is not supported by all numerical results.
For examples, studies of some investigators, such as Wang et al. [21],
Sinayoko et al. [22] and Zhong and Zhang [23], have revealed that the
FW-H equation with permeable surfaces suffer from the issue of
spurious sound owing to vortical disturbances passing through the
permeable integral surfaces. Therefore, the acoustic calculation result
based on the FW-H equation is still highly dependent on the position
of the permeable integral surfaces. In order to reduce the acoustic
contamination caused by the spurious sources located at permeable
surfaces, various methods, such as, open integral surfaces [24],
outflow-disk-averaging technique [25–27], have been developed to
supress the spurious sound radiated from the permeable surfaces over
past decades. Detailed reviews can be found in [28].

On the other hand, the input variables of the Kirchhoff formulation
do not include the velocity disturbances, thus the Kirchhoff formulation is
thought to do not suffer the issue of spurious sound. The static pressure
and its gradient are usually used as the input variables of the Kirchhoff
formulation in previous numerical studies, such as [20, 29, 30]. However,
wemust emphasize that the Kirchhoff formulation is derived based on the
linearized acoustic theory, thus both the input and output variables should
be only acoustic components. In prediction of aerodynamic sound
generated from turbulence, the static pressure extracted from the flow
simulation results includes not only acoustic but also hydrodynamic
(vortical) components [31–33]. Therefore, the pressure-based Kirchhoff
formulation is actually also contaminated by the vortical component
which is similar to that encountered by the FW-H formulation with
permeable integral surfaces. The density fluctuation and its gradient are
only relevant to acoustic process in turbulence without external heat
sources. Therefore, the density-based Kirchhoff formulation can avoid the
issue of spurious sound, to the best knowledge of authors, but no
comparative studies on this topic have been performed so far.

This paper aims to perform comparative studies on surface
integral methods in aeroacoustic prediction. Aerodynamic sound
generated from compressible flow past a circular cylinder is studied
numerically using different surface integral methods. The
remainder of this paper is structured as follows. Section 2
describes the numerical case. In Section 3, simulation and
validation of unsteady flow are performed through comparing
the numerical results with previous numerical and experimental
data. Acoustic results calculated from different aeroacoustic

prediction methods are compared in Section 4. Conclusion are
drawn in Section 5.

2 Description of numerical case

Sound generated from compressible flow past a circular
cylinder is predicted, where the free stream Mach number and
Reynolds number are 0.75 and 2*105, respectively.

Flow physics at this operating condition has been studied
numerically and experimentally by some investigators, such as
Rodriguez [34], Murthy et al. [35], Xu et al. [36] and Hong
et al. [37]. Thus abundant experimental database and numerical
results can be used to validate the numerical method used in this
paper. The computational domain is 40D*20D*πD as shown in
Figure 1, where D represents the diameter of the circular cylinder.
The upstream and downstream boundaries are 10D and 30D away
from the center of the cylinder surface, respectively. A spanwise
length of πD is chosen according to recommendation of numerical
studies performed by Breuer [38] and Lysenko [39].

3 Simulation and validation of
unsteady flow

3.1 Flow simulation setup

Large eddy simulation (LES) technique is employed to solve
three-dimensional unsteady compressible Navier-Stokes
equations. The well-known Smagorinsky model [40] is used to
consider the influence of small scale eddies and to calculate the
subgrid scale tensor. All computations are carried out with a
Smagroinsky constant of Cs = 0.1 [41], which is an empirical
value mostly used for practical applications.

Different spatial and temporal discretization schemes are used
for the governing equations, in which spatial discretization is
achieved by using the bounded central differencing scheme for
the convection terms and second-order central difference for the
diffusion terms, and an implicit second-order scheme is utilized for
the temporal discretization. The SIMPLE algorithm is used for
pressure-velocity coupling.

In present study, the initial and boundary conditions are
presented as follows. The constant free-stream quantities,
i.e., the mass flow and static temperature, are imposed at the

FIGURE 1
Global view of the computational domain for flow simulation.
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inlet boundary without any perturbation. The non-reflecting
boundary condition is used at the downstream boundary of the
computational domain to avoid acoustic reflection at this surface.
No-slip and adiabatic boundary conditions are applied on the solid
wall of the cylinder and periodic boundary conditions are used at
the rest pairs of surfaces of the computational domain.

The computational domain is discretized with hexahedral
meshes and the total number of mesh cells is around
5.8 million, as shown in Figure 2. To avoid any kind of wall
functions, the detailed flow inside boundary layer is solved
directly using fine grids in the vicinity of the cylinder surface,
and the normal distance between the first layer mesh nodes and
the cylinder surface is set to be 0.002 mm, with a stretching factor
of 1.08.64 and 320 nodes are distributed uniformly along the
spanwise and circumferential directions, respectively, which are
similar to the grid numbers and distributions utilized in previous
simulations [38, 39, 42, 43]. The above grid distribution ensures
that the non-dimensional nearest wall distance y+ is smaller than
1. Figure 3 illustrates the distribution of y+, which satisfies the
requirement of the LES. Time step Δt � 4.7 × 10−6 s is used to
ensure temporal resolution of the numerical result, which
corresponds to the non-dimensional parameter U∞Δt/D � 0.006.

3.2 Validation of flow simulation results

Based on numerical simulation results, distribution features of the
normalized wall pressure, i.e., time-averaged and root-mean-square
(RMS) values, are compared with experimental data from Rodriguez
[34] as well as the numerical data from Xu et al; [36] and Hong et al;
[37]; Figures 4A, B compare time-averaged and root-mean-square

FIGURE 2
Computational mesh for the circular cylinder: (A) entire domain; (B) near-wall region.

FIGURE 3
y+distribution of the circular cylinder.

FIGURE 4
Comparison of the calculated results with experimental data: (A)
time-averaged wall pressure; (B) RMS of pressure fluctuation.
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(RMS) values from different sources, where θ � 0 and θ � 180+

represent the stagnation point and rear point of the cylinder wall,
respectively.

In Figure 4A, the time-averaged pressure obtained from
present numerical simulation has a good agreement with
experimental data of Rodriguez [34], but has a little deviation
from the numerical results from Xu et al; [36] and Hong et al [37];
Figure 4B shows that the RMS values from different sources have a
disperse feature, but all the numerical results can reach a fair
consistency.

To further assess reliability of present numerical results, some
quantities together with previous experimental [34, 35] and numerical
studies [36, 37] have conducted at the same Reynolds number,
including the time-averaged and root-mean square values of lift
and drag coefficients based on spanwise length of the cylinder, as
well as the Strouhal number, are summarized in Table 1. It can be seen
that both the time-average drag coefficient �Cd and RMS value of the
lift coefficient Clrms fall in the range of the existing experimental and
numerical results. As is well known, the pressure fluctuation on a
cylinder is associated with the alternating vortex shedding. To identify
the frequency of the vortex shedding, the power spectral density (PSD)
of the instantaneous lift coefficient is shown in Figure 5. The
characteristic Strouhal number is defined based on the free stream
velocity of U∞ and the diameter of the cylinder D. As exhibited in
Figure 5, an obviously frequency peak value is about 233 Hz

corresponding to the highest peak value St ≈ 0.183, which is
consistent with experimental data in the range from 0.18 to 0.2.
Moreover, The time histories of the lift and drag coefficients from
the present study are given in Figure 6, and features are consistent with
the previous literatures [36, 37].

4 Comparative study of aeroacoustic
prediction

4.1 Acoustic formulations

The convective wave equation of the acoustic analogy,
developed independently by Najafi-Yazdi et al. [44] and
Ghorbaniasl et al. [45] based on the equation of Ffowcs
Williams and Hawkings [6], is used to describe sound,
generated by turbulence and its interaction with solid
boundaries, propagation in a uniform mean flow, which is
expressed by

D2

Dt2
− c20∇

2( ) H f( )ρ′[ ] � D

Dt
Qδ f( )[ ] − ∇ · Lδ f( )[ ] + ∇

· ∇ · H f( )T[ ]{ } (1)
where three terms at right hand side of Eq. 1 are named as monopole,
dipole and quadrupole sources, respectively. These sources are
expressed by

Q � ρ0 vn − U∞n( ) + ρ un + U∞n − vn( ) (2)
L � p − p0( )I − σ( ) · n + ρu un + U∞n − vn( ) (3)

T � p − p0( ) − c20 ρ − ρ0( )[ ]I − σ + ρuu (4)
where f � 0 can be either the solid surface or the permeable surface
enclosing all solid surfaces, H(·) and δ(·) respectively represent the
Heaviside and Dirac Delta functions, U∞ is the velocity of uniform
mean flow, u denotes the fluctuation of the local flow velocity, v
represents the velocity of the surface f � 0, n is the unit vector normal
to surface f � 0, σ is the viscous stress tensor, c0 and ρ0 are
respectively the speed of sound and density of undisturbed fluid.

By following the derivation method of the time-domain acoustic
pressure integral formulations 1 and 1A of Farassat [46], the acoustic
pressure integral formulations corresponding to the convective FW-H
equations have been derived in [44, 45]. Especially, when the integral
surfaces are stationary, the frequency-domain acoustic pressure
formulations of the monopole and dipole surface sources can be
expressed by:

4π~p′T x,ω( ) � − ∫
f�0

ikc0 ~Q 1 −M∞R( )
R*

eikRdS − ∫
f�0

c0 ~QM∞R*

R*2
eikRdS

(5)
4π~p′L x,ω( ) � − ∫

f�0

ik~LR

R*
eikRdS + ∫

f�0

~LR*

R*2
eikRdS (6)

where subscripts T and L, respectively, represent the monopole and
dipole source, and R, which means the acoustic distance between the
source and observer in the mean flow, is expressed by

R � γ2 R* − rM∞r( ) (7)

TABLE 1 Comparison of main flow quantities at Re = 2 × 105.

U∞Δt/D �Cd Clrms St

Present results 0.006 1.611 0.264 0.183

[37] 0.02 1.598 0.282 0.187

[36] 0.006 1.572 0.25 0.18

[34] — 1.618 0.253 0.2

[35] — 1.50 - 0.18

FIGURE 5
Power spectral density of unsteady lift coefficient.
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with γ � ����������
1/(1 −M2∞)√

, M∞r � M∞ir̂i, M∞i � U∞i/c0, and
LR � LjRj, LR* � LjR*

j, MR � MjRj, MR* � MjR*
j and

R* �
��������������
r2 + γ2 M∞ · r( )2

√
γ

� r
���������
1 + γ2M2∞r

√
γ

(8)

where r � x − y is the position vector from the source to the observer,
and r � |r| is the geometrical distance between the source and the
observer. Usually, a permeable surface enclosing all solid surfaces can
be used to calculate far-field sound in order to reduce the
computational time consumed at the volume integral over the
quadrupole sources. However, the issue of the spurious sound must
be treated carefully in this situation due to vortical disturbances
passing through the permeable surface.

Alternative acoustic prediction method is based on the
following convective formulation of Kirchhoff formulation [28]:

4πp̃′ x,ω( ) � − ∫
f�0

zp̃′
zn

+ ikp̃′Rn( ) eikR

R*
dS + ∫

f�0
p̃′R*

n

eikR

R*2 dS

+M∞n ∫
f�0

−2ikp̃′ + ikM∞Rp̃′ +M∞ · ∇p̃′( ) eikR
R*

dS
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

− ∫
f�0

p̃′M∞R*
eikR

R*2 dS] (9)

with Rn � R̂jn̂j and R*
n � R̂

*
jn̂j . From Eq. 9 we can find that once

variables, including the pressure and its spatial derivative in the flow
field are known, the acoustic pressure in the far field can be calculated.
The pressure fluctuation in the terms at the right hand side of Eq. 9
should be strictly acoustic component, but the pressure fluctuation
obtained from the unsteady flow simulation includes both the acoustic
and vortical components, thus aeroacoustic prediction results based on
Eq. 9 is also prone to be contaminated by the vortical component of the
pressure fluctuation. In order to avoid this issue, the following density-
based version of the convective Kirchhoff formulation is recommended

4πp̃′ x,ω( )
c20

� − ∫
f�0

zρ̃′
zn

+ ikρ̃′Rn( ) eikR

R*
dS + ∫

f�0
ρ̃′R*

n

eikR

R*2 dS

+M∞n ∫
f�0

−2ikρ̃′ + ikM∞Rρ̃′ +M∞ · ∇ρ̃′( ) eikR
R*

dS
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

− ∫
f�0

ρ̃′M∞R*
eikR

R*2 dS] (10)

Eq. 9 is mathematically equivalent to Eq. 10 as the acoustic pressure
and density fluctuation has the relationship of p̃′ � ρ̃′c20. Compared
Eq. 9 with Eq. 10, density fluctuation in Eq. 10 can be extracted directly
from simulation of the unsteady compressible flow but the acoustic
pressure component in Eq. 9 could be contaminated by the
hydrodynamic component.

4.2 Computational methods

Sound radiated from flow past a circular cylinder is predicted
using five numerical methods to compare their pros and cons. Details
on these five methods are described below.

In the first method, sound radiated from a stationary solid surface
is calculated by means of the convective FW-H equation, where the

integral surface f is the stationary cylinder surface. Thereby, the
monopole source disappears and acoustic contribution from only
the dipole source is calculated using Eq. 6 when the quadrupole
contribution is ignored to save the computational cost.

In the second method, sound is still calculated with the convective
FW-H equation but the integral surfaces f corresponds to six
permeable surfaces of the computational domain. Aeroacoustic
prediction is performed based on formulations (5) and (6), which
is capable of reducing the computational time consumed at the volume
integral over the quadrupole sources. However, this method is prone
to cause the issue of spurious sound owing to vortical velocity
disturbances passing through the downstream permeable surface, as
discussed by previous investigators, such as [21].

In the present case, the acoustic prediction result is mainly
contaminated by the spurious sources located at the downstream
permeable surface. Therefore, acoustic computations over the
upstream permeable surface and four side permeable surfaces can
be calculated based on the formulations (5) and (6). In the third
method, the acoustic contribution from the downstream permeable
surface is ignored directly, thus this method is usually named open-
surface FW-H method.

In the fourth and fifth methods, the acoustic contribution from the
closed permeable surfaces is calculated with the pressure-based
Kirchhoff formulation (9) and the density-based Kirchhoff
formulation (10). As mentioned above, the pressure fluctuation is
still contaminated by the hydrodynamic component but the density
fluctuation is only related to acoustic process.

All surface integral methods in aeroacoustic prediction are
compared and summarized in Table 2.

4.3 Comparison of computational results

Aeroacoustic prediction is performed by means of five
methods mentioned above, where the prediction results should
be independent of the length of sampling time used in the
calculation. Therefore, the effect of the sampling time on the
acoustic prediction results should be investigated in advance.

FIGURE 6
Time histories of lift and drag coefficients.
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The flow simulation results shown in Figure 5 indicate that the
period of vortex shedding is about 430 time steps, thus unsteady
flow simulation results based on 5, 10, 15 and 20 periods are,
respectively, used as the input data to predict the acoustic

pressure. 36 acoustic sampling points are uniformly distributed
at a circle with a radius of R = 1 m in the XY plane and its center is
the same as that circular cylinder.

TABLE 2 Comparison of surface integral methods in computational aeroacoustics.

No. Method Formulations Integral surfaces

1 FW-H equation with impermeable surface (6) Cylinder wall surface

2 FW-H equation with closed permeable surface (5, 6) Closed permeable surfaces

3 FW-H equation with open permeable surface (5, 6) Open permeable surfaces

4 Pressure-based Kirchhoff equation (9) Closed permeable surfaces

5 Density-based Kirchhoff equation (10) Closed permeable surfaces

FIGURE 7
Acoustic results for the FW-H equation with impermeable wall
surface.

FIGURE 8
Acoustic results for the FW-H equation with closed permeable
integral surfaces.

FIGURE 9
Acoustic results for the FW-H equation with open permeable
integral surfaces.

FIGURE 10
Acoustic results for the pressure-based Kirchhoff formulation.
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Figure 7 illustrates the directivity pattern of the acoustic pressure
calculated from the first acoustic prediction method, i.e., the FW-H
equation with the cylinder wall surface. The results indicate that the
computational results can reach a converged solution when the sampling
times is not smaller than 10 periods of vortex shedding. Therefore, in the
following analysis, the aeroacoustic prediction results are performed by
extracting sources from 10 periods of vortex shedding.

The FW-H equation with the solid surface does not suffer from the
issue of spurious sources but ignores the contribution from the
quadrupole sources. The acoustic prediction result is very similar
to sound radiated from a compact dipole source immersed in a
uniform mean flow, where acoustic pressure at the upstream
sampling point is usually higher than that at the downstream
sampling point owing to the connective amplification.

Figures 8, 9 illustrate the acoustic results calculated from the FW-
H equation with closed and open permeable surfaces, respectively. The
results presented in these two figures show a great deviation, implying
that the acoustic prediction results are very sensitive to the sources
located at the downstream permeable integral surface. It should be
noted that the results in both Figures 8, 9 have an obvious difference
from that in Figure 7, implying that the FW-H equation with either
closed permeable integral surfaces or open permeable integral surfaces
cannot output an accurate acoustic prediction result.

Figures 10, 11 display the acoustic pressure prediction results
based on the pressure-based Kirchhoff formulation and the density-
based Kirchhoff formulation, respectively. The results show that the
directivity patterns calculated from two methods are very similar, but
the amplitudes of the acoustic pressure have a distinct difference. The
reason causing this difference is that the pressure fluctuations at the
permeable integral surface are contaminated by the hydrodynamic
component, therefore, the acoustic pressure calculated from the
pressure-based Kirchhoff formulation is much higher than that
from the density-based Kirchhoff formulation.

Moreover, compared Figure 7 with Figure 11, the directivity
pattern calculated from these two methods has a distinct
difference, which implies that the acoustic contribution from
quadrupole sources has a great impact on the acoustic radiation.

5 Conclusion

Sound radiated from flow past a circular cylinder is studied
numerically to investigate the effect of different surface integral
methods on the prediction results. Conclusions are drawn as follows.

(1) Acoustic calculation results are highly dependent on selections of the
aeroacoustic prediction method and the integral surfaces. The FW-H
equation combined with the impermeable wall surface is a suitable
choice if the acoustic contribution from the quadrupole sources can be
ignored. However, the permeable integral surfaces are recommended
in a high-Mach number flow because the acoustic contribution from
quadrupole sources has a great impact on acoustic radiation.

(2) Compared with the FW-H equation with the impermeable wall
surfaces, the FW-H equation with the permeable integral surfaces is
computationally efficient to predict sound generated from turbulence
and its interaction with wall surfaces. However, numerical simulations
validate that the acoustic result predicted from the later method has
visible computational errors owing to that the monopole and dipole
sources are contaminated by vortical velocity at the permeable integral
surfaces.

(3) Acoustic results calculated from the pressure-based Kirchhoff
formulation with the permeable integral surfaces also suffers from
the issue of spurious sound, but the mechanics of the spurious sound
is different from the FW-H equation with the permeable integral
surfaces. In the pressure-based Kirchhoff formulation, the spurious
sound is caused by the hydrodynamic pressure fluctuations located at
the permeable integral surfaces, but the spurious sources in the FW-H
equation is caused by the vortical velocity fluctuations located at the
permeable integral surfaces.

(4) Density fluctuation is contributed only from acoustic waves in
turbulence without heat transfer. Therefore, the density-based
Kirchhoff formulation with the permeable integral surfaces does
not suffer from the issue of spurious sound. Difference of acoustic
results between the density-based Kirchhoff formulation and the
FW-H equation with impermeable wall integral surface can be
regarded as the contribution from the quadrupole located in the
region between the impermeable wall integral surface and
permeable integral surfaces.

However, the density-based Kirchhoff formulation requires that
the acoustic sources should be obtained from the compressible flow
simulation. Therefore, this method is not suitable for low-Mach-
number flows, in which aeroacoustic sources are usually obtained
by solving incompressible Navier-Stokes equations.
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FIGURE 11
Acoustic results for the density-based Kirchhoff formulation.
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