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A B S T R A C T

This work presents the model of an ejecta cloud distribution to characterise the plume generated by the impact
of a projectile onto asteroids surfaces. A continuum distribution based on the combination of probability density
functions is developed to describe the size, ejection speed, and ejection angles of the fragments. The ejecta
distribution is used to statistically analyse the fate of the ejecta. By combining the ejecta distribution with
a space-filling sampling technique, we draw samples from the distribution and assigned them a number of
representative fragments so that the evolution in time of a single sample is representative of an ensemble of
fragments. Using this methodology, we analyse the fate of the ejecta as a function of different modelling
techniques and assumptions. We evaluate the effect of different types of distributions, ejection speed models,
coefficients, etc. The results show that some modelling assumptions are more influential than others and, in
some cases, they influence different aspects of the ejecta evolution such as the share of impacting and escaping
fragments or the distribution of impacting fragments on the asteroid surface.
1. Introduction

The study of impact cratering and ejecta generation has been at
the forefront of recent exploration missions toward small bodies of
the Solar System. In 2005, NASA’s mission Deep Impact collided with
comet Tempel1 at a speed of more than 6 km/s (Blume, 2003); in
2019, JAXA’s mission Hayabusa2 carried out an impact experiment
on asteroid Ryugu (Tsuda et al., 2013, 2019, 2020), obtaining images
and videos of the impact event and the subsequent crater formation.
In 2021, the NASA Double Asteroid Redirection Test (DART) mis-
sion (Cheng et al., 2018) has been launched toward the Didymos
binary system as the first part of the Asteroid Impact and Deflection
Assessment (AIDA) joint mission between ESA and NASA (Cheng et al.,
2015; Rivkin et al., 2021). DART has impacted Dimorphos on the 26th
of September 2022, while the CubeSat LICIACube (Tortora and Di Tana,
2019) has recorded the event, sending back to Earth the first images of
the impact. The ESA HERA mission (Michel and Kueppers, 2020; Michel
et al., 2018) will follow DART as the second part of the AIDA mission
to investigate in depth the effects of the impact event, analysing the
crater formation, the deflection, and the fate of the ejecta.

Ejecta models are of utmost importance in studying impact phenom-
ena such as the ones associated with these missions. They are used
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to predict the size of the crater, the number of generated fragments,
and the initial conditions of the ejected particles. This information is
exploited to predict the fate of ejecta in time and estimate the share
of particles re-impacting and escaping the target body. Most of the
ejecta models currently available are based on scaling relationships that
have been observed in experimental impacts. These relationships are
based on point-source solutions, which link impacts of different sizes,
velocities, and gravitational accelerations. These scaling relationships
are based upon the Buckingham 𝜋 theorem (Buckingham, 1914) of
dimensional analysis and have had an extensive development over
the years (Holsapple and Housen, 2007, 2012; Housen and Holsapple,
2011). Also based on scaling relationships and on principles derived
by the Maxwell Z-model of crater excavation (Maxwell and Seifert,
1975; Maxwell, 1977), Richardson developed a further set of scaling
relationships (Richardson et al., 2007; Richardson, 2009, 2011) for the
analysis of the Deep Impact mission to comet Tempel1. In his work,
Richardson also derived relationships to describe the in-plane and out-
of-plane components of the ejection angles and how they vary with the
impact angle. The work of Housen and Holsapple has been extensively
used in recent years to model impact craters. Several works have been
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dedicated to predict the dynamical fate of the ejecta resulting from
the impact of the DART spacecraft with Dimorphos. Yu et al. (2017),
Yu and Michel (2018) performed full-scale simulations of the DART
impact, modelling the shape of Didymos as a combination of tetrahedral
simplices and Dimorphos as an ellipsoid. In their work, the fate of
the ejected particles is studied drawing a few hundred of thousand of
samples, assuming a normal impact and studying two possible types
of materials for the target asteroid. Rossi et al. (2022) also analyse
the evolution of the ejecta plume after the DART impact focusing on
the fate of the particles at different time scales, in order to assess the
possibility of the future ESA Hera mission (Michel and Kueppers, 2020)
to find particles at its arrival. Fahnestock et al. (2022), simulate the
ejecta plume to obtain synthetic images, representative of the camera
view of LICIACube and an Earth-orbiting telescope. Ejecta models have
also been used to analyse the effects on the safety and operations of a
mission scenarios, as it was the case for Hayabusa2 (Soldini and Tsuda,
2017). Additionally, when the impact event can be observed, such as
for Hayabusa2, ejecta models can help characterise the properties of
the target body like the type and strength of the material by com-
paring the predicted and observed effects (Arakawa et al., 2020). The
ejecta models are also fundamental to understanding and analysing the
momentum transfer associated with an impact event, which can then
characterise the deflection capabilities of the impact (Holsapple and
Housen, 2012; Rossi et al., 2022).

In this work, we present the development of an ejecta cloud
distribution-based model used to describe the ejecta parameters (i.e.,
size, launch position, ejection speed, and ejection direction) via Proba-
bility Density Functions (PDFs). The formulation we present starts with
a review of existing modelling techniques based on experimental cor-
relations (Holsapple and Housen, 2007, 2012; Housen and Holsapple,
2011; Richardson et al., 2007; Richardson, 2009, 2011; Sachse et al.,
2015). After the review process, we identified common aspects and
differences between the various modelling techniques. The work of
Housen and Holsapple (Holsapple and Housen, 2007, 2012; Housen and
Holsapple, 2011) is mainly dedicated to scaling relationships describing
normal impacts. As we are interested in a generic model, also valid
for oblique impacts, we integrated the work of Richardson (Richardson
et al., 2007; Richardson, 2009, 2011) to extend the distribution-based
model to a generic oblique impact. In addition, following the work
of Sachse et al. (2015), we introduce a correlation between the particle
size and the ejection speed, which consider larger particles more likely
to be ejected at lower speeds.

The work of synthesis we have performed on previous experimen-
tal correlations has resulted in a modular formulation in which the
ejecta cloud distribution is a combination of probability distribution
functions and conditional distributions that describe the parameters
characterising the ejecta (Trisolini et al., 2022a). By introducing such
a modularity, we allow different models to be plugged-in, as long
as they can be described as PDFs. In this work, we present three
different formulations of the ejecta model and assess how they affect
the prediction of the ejecta fate. To do so, the ejecta correlations have
been reformulated into probability distribution functions and analyti-
cal solutions for the corresponding Cumulative Distribution Functions
(CDFs) have been obtained. Leveraging the knowledge of the CDFs
of the ejecta cloud distribution, we can directly generate sample that
follow the cloud distribution. In addition, we can exploit the CDF to
analytically integrate the ejecta distribution to estimate the number
and mass of particles within specific initial conditions. This feature is
exploited in this work to introduce a sampling methodology based on
representative fragments. With this methodology, each sample represents
an ensemble of fragments, to better characterise the overall behaviour
of the ejecta cloud. The associated fragments are estimated integrating
the distribution in a neighbourhood of the selected sample.

The ability to predict the fate of the ejecta generated by an impact
relies on the knowledge of the impactor and target properties, and
2

the impact scenario; however, it also depends on the selection of the
ejecta model and the definition of its parameters. Previous works have
considered impacts on specific target asteroids and comets (e.g., comet
Tempel1, asteroid Ryugu, and the Didymos system) and focused on
the effect of the target material and equivalent strength (Richardson
et al., 2007; Holsapple and Housen, 2007), the impact location (Yu
et al., 2017; Yu and Michel, 2018), or the asteroid environment. Petit
and Farinella (1993) combined different scaling laws to model the
outcome of the impact between asteroids or other small bodies in the
solar system. In this work, instead, we focus on the ejecta modelling
decisions and study how they can affect the overall evolution of the
ejecta (Trisolini et al., 2022b). In fact, as several formulations are
available in literature for the initialisation of the initial conditions of
the ejecta, it is interesting to compare the different modelling tech-
niques available, integrated within the distribution-based formulation
we developed. Specifically, we investigate, among others, the effect of
the particle size range, different models for the ejection speed, and
different distributions for the in-plane and out-of-plane components of
the ejection angles. As the study of the motion and fate of the ejecta
relies on the models used for their initialisation, it is important to
understand to what extent different modelling techniques and different
assumptions can affect our predictions.

Section 2 describes the developed distribution-based formulation
for the ejecta model and its mathematical derivation. Section 3 in-
troduces the sampling methodology based on the representative frag-
ments, while Section 4 describes the dynamical environment for the
simulations. Section 5 shows the results of the sensitivity analysis on
the modelling techniques and Section 6 summarises the conclusions of
the study.

2. Ejecta field distribution

This section provides the description of the modelling technique
used to represent the characteristics of an ejecta field after a hyperve-
locity impact onto celestial bodies. Specifically, we focus the attention
on the impact of small-kinetic impactor onto small-bodies surfaces.
The proposed modelling principles is based on the scaling relations
experimentally derived by Housen and Holsapple (2011), Holsapple
and Housen (2007), Richardson et al. (2007) and leverages their work
to build a continuous model, where the ejecta field is described using
a combination of probability density functions so that the particle
number density is recovered as a function of the ejection variables.
In addition, the relevant cumulative distributions are derived, which
can be used to directly sample the distribution and obtain the relevant
initial conditions after the impact event. Finally, the distribution can be
integrated to estimate the number of particles having specified ejection
conditions, allowing a better understanding of the overall fate of the
ejected particles.

The most general expression of the ejecta distribution is a function
𝑝(𝐱) that represents the particles number density as a function of the
ejection parameters, 𝐱. The ejection parameters considered in this work
are the particle radius, 𝑠, the particle launch position (i.e., the radial
istance from the centre of the crater to the ejection location), 𝑟, the
article speed, 𝑢, and the in-plane and out-of-plane components of the

ejection angle, 𝜉 and 𝜓 , respectively. Fig. 1 shows the physical meaning
of the ejection parameters in a local horizontal reference frame, tangent
to the asteroid surface at the impact point. In general, the size and
ejection angles are always present in the models; speed and position
are instead mutually exclusive as they can be related according to
experimental correlations (Housen and Holsapple, 2011; Richardson
et al., 2007). Both cases have been analysed: Section 2.1 describes a
model that considers the particle’s launch position, 𝑟, while Sections 2.2
and 2.3 both describe a model based on the ejection speed, 𝑢.

The following sections describes the different formulations devel-
oped for the ejecta distributions. Three main types of formulations have
been considered. A first formulation, identified as position-based where

the distribution variables are 𝐱 = {𝑠, 𝑟, 𝜉, 𝜓} and the speed is then
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Fig. 1. Schematics of the ejection parameters used for the ejecta distributions. The
eference frame xyz is a local horizontal frame tangent to the asteroid surface.

btained from the particle’s launch position, 𝑟. A second formulation,
identified as speed-based, which instead drops the dependency on 𝑟
and for which the distribution variables are 𝐱 = {𝑠, 𝑢, 𝜉, 𝜓}. A last
formulation that is a correlated version of the speed-based formulation
in which the size and speed of the ejected particles are correlated. In
fact, it is reasonable to expect that, on average, smaller particles have
higher velocities and vice versa (Sachse et al., 2015). In the other two
formulations, size and speed are not correlated and all particle sizes
can assume any ejection velocity in the distribution range. Section 5
will present a comparison between the different formulations.

2.1. Position-based distribution

The position-based distribution formulation, derives the particle
number density as a function of 𝑠, 𝑟, 𝜉, and 𝜓 . As previously mentioned
the model is based on experimental correlations, which have been
mainly developed for normal impacts. In this work, we wish to derive
a general distribution for oblique impacts by combining the results
from Housen and Holsapple (2011) and Richardson et al. (2007). For a
normal impact, we consider the distribution in 𝐱 to have the following
expression:

𝑝(𝐱) = 𝑝(𝑠, 𝑟, 𝜉𝑛, 𝜓𝑛) = 𝑝𝑠(𝑠) ⋅ 𝑝𝜉𝑛 (𝜉𝑛) ⋅ 𝑝𝜓𝑛|𝑟(𝜓𝑛|𝑟) ⋅ 𝑝𝑟(𝑟), (1)

where 𝜉𝑛 and 𝜓𝑛 are the in-plane and out-of-plane ejection angles
relative to a normal impact (i.e., an impact perpendicular to the surface
of the target). We observe that, even for a normal impact, the out-of-
plane ejection angle, 𝜓𝑛, depends on the launch position, 𝑟 (Richardson
et al., 2007; Richardson, 2011); therefore, we represent it with a
conditional distribution.

However, to increase the generality of our formulation, we derive
the distribution for a generic oblique impact; therefore we introduce the
following transformation (Richardson et al., 2007; Richardson, 2011):

 ∶

⎧

⎪

⎨

⎪

⎩

𝜉 = 𝜉𝑛

𝜓 = 𝜓𝑛 −
𝜋
6 cos𝜙

(

1−cos 𝜉
2

)(

1 − 𝑟
𝑟max

)2 , (2)

here 𝜙 is the impact angle, measured from a plane tangent to the
arget surface, and 𝑟max is the maximum launch position, which does
ot necessarily coincide with the transient crater radius (Housen and
olsapple, 2011). The variable 𝜉 is measured from the 𝑥-axis (as

hown in Fig. 1), which is defined as the projection of the impactor’s
ncoming surface-relative velocity vector onto the plane tangent to
he target surface. The expression of 𝜓 of Eq. (2) is derived from the
ork of Richardson et al. (2007), Richardson (2011) and expresses the
ariation of the out-of-plane ejection angle as function of the distance
rom the crater’s centre and the in-plane ejection angle, 𝜉. By using
3

this transformation, we can obtain the ejecta distribution for an oblique
impact, starting from a normal impact as follows:

𝑝(𝑠, 𝑟, 𝜉, 𝜓) =
𝑝(𝑠, 𝑟, 𝜉𝑛, 𝜓𝑛)

|𝐽 ( )|
, (3)

here |𝐽 ( )| is the determinant of the Jacobian of the transformation
f Eq. (2), which, in this case, equals to one. Alongside the transforma-
ion of variables, we need to take into account the dependency of the
istributions from other variables. Sections 2.1.3 and 2.1.4 will show
hat the in-plane and out-of-plane ejection angles depend on a subset of
he ejection variables so that the expression for the ejecta distribution
an be re-written as:

(𝑠, 𝑟, 𝜉, 𝜓) = 𝑝𝑠(𝑠) ⋅ 𝑝𝜓|𝜉,𝑟(𝜓|𝜉, 𝑟;𝜙) ⋅ 𝑝𝜉|𝑟(𝜉|𝑟;𝜙) ⋅ 𝑝𝑟(𝑟), (4)

here 𝑝𝜓|𝜉,𝑟(𝜓|𝜉, 𝑟;𝜙) is the conditional distribution of 𝜓 given 𝜉 and
, and having fixed the impact angle 𝜙; 𝑝𝜉|𝑟(𝜉|𝑟;𝜙) is the conditional
istribution of 𝜉 given 𝑟 and fixing 𝜙. Therefore, we have a combination
f probability distributions in 𝑠 and 𝑟, and conditional distributions in
and 𝜉. We will now describe in detail all these contributions to the

verall ejecta distribution.

.1.1. Particle size
In this formulation, the size distribution is considered to be inde-

endent from all the other variables. The distribution derives from
he power law expression of the reverse cumulative distribution of the
umber of particles as a function of their size (Krivov et al., 2003).

(> 𝑠) = 𝑁𝑟 ⋅ 𝑠
−�̄� . (5)

Here, 𝑁𝑟 is a multiplicative factor that can be determined from mass
onservation. Following the notation of Sachse (Sachse et al., 2015), �̄�
s the exponent defining the slope of the power law.

Differentiating Eq. (5), we obtain the differential density distribu-
ion function, which has the following expression:

𝑠(𝑠) =
𝑑𝐺(< 𝑠)
𝑑𝑠

=
𝑑
(

𝑁tot − 𝐺(> 𝑠)
)

𝑑𝑠
= �̄�𝑁𝑟𝑠

−1−�̄� , (6)

with 𝑠min ≤ 𝑠 ≤ 𝑠max. We can then obtain 𝑁𝑟 from mass conservation as
follows:

𝑀tot =
4
3
𝜋𝜌∫

𝑠max

𝑠min

𝑠3𝑝𝑠(𝑠) 𝑑𝑠 → 𝑁𝑟 =
3(3 − �̄�)𝑀tot

4�̄�
(

𝑠3−�̄�max − 𝑠
3−�̄�
min

)

𝜋𝜌
, (7)

here 𝑀tot is the total mass ejected from the crater, 𝜌 is the density
f the asteroid, and 𝑠min and 𝑠max are the minimum and maximum
article radii, respectively. The minimum and maximum radii are free
arameters of the model that can be selected by the user. Commonly
sed values are 10–100 μm for the minimum diameter and 1–10 cm for

the maximum one (Yu and Michel, 2018). The total mass ejected can
instead be derived from experimental correlations as follows (Housen
and Holsapple, 2011):

𝑀tot = 𝑘𝜌
[

(𝑛2𝑅𝑐 )3 − (𝑛1𝑎)3
]

, (8)

where 𝑎 is the impactor diameter, and 𝑘, 𝑛1, and 𝑛2 are coefficients
depending on the type of material and impact derived from experimen-
tal correlations. The works of Housen and Holsapple contain extensive
coverage for the derivation and usage of these parameters. The inter-
ested reader is referred to their work (Housen and Holsapple, 2011;
Holsapple and Housen, 2007, 2012).

2.1.2. Launch position
The probability distribution of the launch position can be derived

from the expression of the mass ejected within a distance 𝑟 from the
crater origin. This expression has been derived by Housen (Housen and
Holsapple, 2011) and has the following form:

𝑀(< 𝑟) = 𝑘𝜌
[

𝑟3 − (𝑛 𝑎)3
]

with 𝑛 𝑎 ≤ 𝑟 ≤ 𝑛 𝑅 . (9)
1 1 2 𝑐
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Fig. 2. Image of the ejecta field resulting from an oblique impact on the Moon for a
crater of about 0.5 km in diameter (Richardson, 2011).

We can thus obtain the CDF in 𝑟 by simply dividing by the total
mass (Eq. (8)).

𝑃𝑟(< 𝑟) =
𝑘𝜌
𝑀tot

(

𝑟3 − 𝑟3min
)

, (10)

where 𝑟min = 𝑛1𝑎. Analogously, we identify 𝑟max = 𝑛2𝑅𝑐 as the
maximum launch position (i.e., the maximum radial distance from the
centre of the crater). By differentiating the CDF, we get the probability
distribution of Eq. (11) (Pishro-Nik, 2016).

𝑝𝑟(𝑟) =
3𝑘𝜌
𝑀tot

𝑟2 with 𝑟min ≤ 𝑟 ≤ 𝑟max. (11)

2.1.3. In-plane ejection angle
The distribution of the in-plane ejection angle expresses the az-

imuthal variation of the ejected samples. For normal impacts, this
distribution is uniform and the fragments are ejected with the same
probability within the range 0◦–360◦. For oblique impacts, instead, the
uniformity is lost and the distribution starts to assume more complex
patterns such as the one of Fig. 2.

Richardson proposed an expression for the distribution of such
patterns (Richardson, 2011). However, it was considered too complex
for the implementation in the proposed framework as it is not inte-
grable. Therefore, starting from the work of Richardson, we propose
the following expression:

𝑝𝜉|𝑟(𝜉|𝑟;𝜙)

= 1
2𝜋

[

1 − cos𝜙
(

cos 2𝜉 ⋅ cos3 𝜉 − 1
5
cos 𝜉 ⋅ cos4 2𝜉

)

(

1 − 𝑟8

𝑟8max

)]

.

(12)

In addition, differently from Richardson, we have introduced 𝑟max,
instead of the crater radius, to maintain the generality of the model
among both Richardson (Richardson, 2011), and Housen and Holsap-
ple (Housen and Holsapple, 2011) correlations. As it is possible to
observe, Eq. (12) is a conditional distribution of 𝜉 given 𝑟. The angle
𝜉 is measured from the direction of the incoming projectile; therefore,
𝜉 = 180◦ is downstream to the incoming projectile. An example of the
distribution as function of the impact angle is shown in Fig. 3, where
we see the peak of the distribution along the projectile direction and
two other smaller peaks on the sizes representing symmetrical lobes.
For a 90° impact angle, the distribution degenerates to uniform.

As discussed in Richardson (2011), a distribution of the type of
Eq. (12) cannot fully describe the complexity of the cratering and
4

Fig. 3. Variation of the in-plane ejection angle lobed probability distribution function
with respect to the impact angle. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

ejection phenomenon; however, it can be used for a first analysis of
the behaviour of the ejected particles after the impact.

Alongside the distribution of Eq. (12), we can also introduce a
simpler and more manageable description, where only the main lobe
is taken into account and the dependency on the launch position, 𝑟,
is dropped. In this case, we model the in-plane ejection angle with a
Gaussian distribution:

𝑝𝜉 (𝜉) =  (𝜇𝜉 , 𝜎𝜉 ), (13)

where 𝜇𝜉 and 𝜎𝜉 are the mean and standard deviation of the distribution
respectively. As the main lobe is in the downstream direction with
respect to the incoming projectile, we have 𝜇𝜉 = 180◦. For the standard
deviation, instead, we assume it varies linearly with the impact angle
as follows:

𝜎𝜉 =
2
5
𝜋 ⋅

𝜙 − 𝜙min
𝜙max − 𝜙min

with 𝜙min ≤ 𝜙 < 𝜙max, (14)

where 𝜙min and 𝜙min are the minimum and maximum impact angles,
respectively. For the presented model, 𝜙max = 90◦, while 𝜙min = 20◦

as the experimental models on which the distribution formulation is
based are valid only down to an impact angle of 20◦ (Fig. 4). The
variation fo the standard deviation in Eq. (14) was extrapolated from
the work of Yamamoto (2002). In addition, care must be taken for
normal impacts; in this case, the distribution is not Gaussian anymore
and we fall back to a uniform distribution.

Eq. (12) and (13) describe two options for the characterisation of the
in-plane component of the ejection angle after an oblique impact. These
distributions can be seen as a starting point for the characterisation
of the ejecta field. For example, by using images of the impact event
these distributions may be tuned to better describe the event in exam.
A different formulation may also be used; for example, a Gaussian
mixture model may better be fitted to image data. Given the modularity
of the presented formulation, such options can be explored in future
works.

2.1.4. Out-of-plane ejection angle
The out-of-plane component of the ejection angle, 𝜓 , defines how

steep the launch angle of the particles is with respect to the body
surface. In several studies, this angle is assumed constant and equal
to 45◦ for all the ejected particles. However, as also shown by experi-
mental results, different particles will possess different ejection angles.
According to Richardson et al. (2007), the ejection angle is typically
within 27° and 63°.

We consider two different options for the distribution in 𝜓 . For the
distribution in exam, we first derive the distribution for normal impacts
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Fig. 4. Variation of the in-plane ejection angle Gaussian probability distribution
unction with respect to the impact angle. (For interpretation of the references to colour
n this figure legend, the reader is referred to the web version of this article.)

nd then apply the transformation of Eq. (2) to obtain the oblique
ormulation. The first option is a spherically uniform distribution as
ollows:

𝜓𝑛 (𝜓𝑛) =
cos𝜓𝑛

sin𝜓𝑛,max − sin𝜓𝑛,min
with 𝜓𝑛,min ≤ 𝜓𝑛 ≤ 𝜓𝑛,max, (15)

which is defined within the aforementioned limits of 𝜓𝑛,min = 27° and
𝜓𝑛,max = 63° (Richardson et al., 2007). Inverting the transformation
of Eq. (2) and substituting into Eq. (15), we obtain the distribution in
𝜓 :

𝑝𝜓|𝜉,𝑟(𝜓|𝜉, 𝑟;𝜙) =
cos

(

𝜓 +𝐾𝜓 (𝜉, 𝑟;𝜙)
)

sin𝜓𝑛,max − sin𝜓𝑛,min
with 𝜓min ≤ 𝜓 ≤ 𝜓max, (16)

where 𝐾𝜓 (𝜉, 𝑟;𝜙) = 𝜋
6 cos𝜙

(

1−cos 𝜉
2

)(

1 − 𝑟
𝑟max

)2
. Note that now we

ave a conditional distribution in 𝜓 , given 𝑟 and 𝜉. In addition, 𝜓min =
𝜓𝑛,min − 𝐾𝜓 (𝜉, 𝑟;𝜙) and 𝜓max = 𝜓𝑛,max − 𝐾𝜓 (𝜉, 𝑟;𝜙); therefore, also the
limits depend on 𝜉 and 𝑟.

For the second option, we start from the work of Richardson et al.
(2007). Here, it is observed that the ejection angle tends to decrease
with the distance from the impact point, 𝑟. A simple linear scaling is
considered as follows:

𝜓𝑛(𝑟) = 𝜓0 − 𝜓𝑑 ⋅
𝑟

𝑟max
, (17)

here 𝜓0 = 52.4◦±6.1◦ is the starting angle and 𝜓𝑑 = 18.4◦±8.2◦ is the
otal drop angle, using 2𝜎 errors (Richardson et al., 2007). The values of
0 and 𝜓𝑑 have been derived by laboratory shots performed by Cintala
t al. (1999). These values can be used as starting points; however, they
an be changed and tailored to the specific impact, using for example,
irect imaging of the impact event. As the expression of Eq. (17) is
xpressed as a combination of means and standard deviations, we can
ssume they can be treated as Gaussian distributions and combine them
o have:

𝜓𝑛|𝑟(𝜓𝑛|𝑟) =  (𝜇𝑛, 𝜎𝑛), (18)

here 𝑝𝜓𝑛|𝑟(𝜓𝑛|𝑟) is a conditional probability distribution of 𝜓𝑛, given
he position, 𝑟. The mean and standard deviation derive from the
ombination of the characteristics of the distribution of 𝜓0 and 𝜓𝑑 , as
ollows:

𝜇𝑛 = 𝜇0 − 𝜇𝑑 ⋅
𝑟

𝑟max

𝜎2𝑛 = 𝜎20 + 𝜎
2
𝑑 ⋅

(

𝑟
𝑟max

)2 , (19)

nd 𝜇0 = 52.4◦, 𝜎0 = 3.05◦, 𝜇𝑑 = 18.4◦, 𝜎𝑑 = 4.1◦. Similarly to Eq. (16),
e obtain the distribution for an oblique impact as follows:

(𝜓|𝜉, 𝑟;𝜙) =  (𝜇 −𝐾 (𝜉, 𝑟;𝜙), 𝜎 ). (20)
5

𝜓|𝜉,𝑟 𝑛 𝜓 𝑛 H
Fig. 5. Example of the comparison between the ejection speed obtained with Eq. (22)
(orange) and Eq. (23) (blue). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

2.1.5. Ejection speed
In this position-based formulation, the ejection speed is a derived

uantity that depends on the other variables, which are sampled from
he distribution described in Sections 2.1.1 to 2.1.4. The expression for
he ejection speed for oblique impacts has the following form Richard-
on et al. (2007):

ej =

√

(

𝑢𝑛 sin𝜓𝑛
)2 +

(

𝑢𝑛 sin𝜓𝑛
tan𝜓

)2
= 𝑢𝑛 ⋅

sin𝜓𝑛
sin𝜓

, (21)

where 𝑢𝑛 is the ejection speed associated to an equivalent normal
impact. In principle, Eq. (21) expresses the variation of the ejection
speed as a function of the impact angle. This expression is a function
of 𝑟, 𝜉, and 𝜓 .

The normal ejection speed, 𝑢𝑛 can have different expressions; in
this work, we selected two commonly used experimentally derived
expressions. The first one has been derived by Housen and Holsapple
(2011) and Holsapple and Housen (2007) and has the following form:

𝑢𝑛(𝑟) = 𝐶1 ⋅ 𝑈 ⋅
[ 𝑟
𝑎
⋅
(𝜌
𝛿

)𝜈]− 1
𝜇
⋅
(

1 − 𝑟
𝑟max

)𝑝
, (22)

where 𝐶1, 𝜇, 𝜈, 𝑝, and 𝑛2 are coefficients depending on the target
material, 𝛿 is the density of the impactor and 𝑈 is the impactor speed.
As Eq. (22) refers to normal impacts, 𝑈 is the impactor velocity normal
to the impact surface. Therefore, for an oblique impact, 𝑈 = 𝑈imp ⋅sin𝜙,
where 𝑈imp is the absolute magnitude of the impactor speed. The second
expression, instead, has been derived by Richardson et al. (2007) and
is the following:

⎧

⎪

⎨

⎪

⎩

𝑢𝑛(𝑟) =
√

𝑢2𝑒 − 𝐶2
𝑣𝑝𝑔 ⋅ 𝑔 ⋅ 𝑟 − 𝐶2

𝑣𝑝𝑠 ⋅
𝑌
𝜌

𝑢𝑒 = 𝐶𝑣𝑝𝑔 ⋅
√

𝑔 ⋅ 𝑅𝑐,𝑔 ⋅
(

𝑟
𝑛2𝑅𝑐,𝑔

)− 1
𝜇 , (23)

where 𝐶𝑣𝑝𝑔 and 𝐶𝑣𝑝𝑠 are proportionality constants in the gravity and
strength regime, respectively, 𝑔 is the net acceleration at the impact
point on the surface of the small body accounting for both the small
body’s gravitation and its rotation, 𝑅𝑐,𝑔 is the crater radius in the
gravity regime, and 𝑌 is the strength of the small body material. Fig. 5
compares the two velocity expression of Eq. (22) and Eq. (23) for
the same normal impact. The most noticeable feature is the different
magnitude of the speed in the high-velocity region, where the model
derived by Richardson returns higher speed up to about 200 ms−1 .

.2. Speed-based distribution

The second formulation we propose is identified as speed-based.
ere, we remove the dependency on the launch position, 𝑟; therefore,
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the ejection location on the target surface is the same for all the
particles, thus assuming that the crater size is small with respect to the
target radius. The consequence of this assumption is the substitution
of the position distribution, 𝑝𝑟(𝑟), with a speed distribution, 𝑝𝑢(𝑢). In
addition, for the in-plane and out-of-plane ejection angles, we average
out the contribution of the launch position (Sections 2.2.1 and 2.2.2).
In this case the transformation from normal to oblique impact is thus:

 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢 =
√

(

𝑢𝑛 sin𝜓𝑛
)2 +

(

𝑢𝑛 sin𝜓𝑛
tan𝜓

)2
= 𝑢𝑛 ⋅

sin𝜓𝑛
sin𝜓

𝜉 = 𝜉𝑛

𝜓 = 𝜓𝑛 −
𝜋
18 cos𝜙

(

1−cos 𝜉
2

)(

1 − 𝑟min
𝑟max

)2
= 𝜓𝑛 − �̄�𝜓 (𝜉;𝜙)

, (24)

where the first equation derives from Eq. (21), observing that sin𝜓 and
sin𝜓𝑛 are always between zero and 1, because the out-of-plane ejection
angle belongs to the interval [0◦, 90◦]. The third equation derives from
the averaging over 𝑟 of the corresponding expression of Eq. (2). We
will see in the following sections that introducing the transformation
of Eq. (24), the distribution can then be expressed as follows:

𝑝(𝑠, 𝑢, 𝜉, 𝜓) = 𝑝𝑠(𝑠) ⋅ 𝑝𝑢|𝜉,𝜓 (𝑢|𝜉, 𝜓 ;𝜙) ⋅ 𝑝𝜓|𝜉 (𝜓|𝜉;𝜙) ⋅ 𝑝𝜉 (𝜉). (25)

In the following sections, the building blocks of Eq. (25) will be
described, except for the size distribution, which is equivalent to Sec-
tion 2.1.1.

2.2.1. In-plane ejection angle
In Section 2.1.3, we introduced two different expressions for the in-

plane ejection angle distribution. For the expression based on a single
lobe and modelled by a Normal distribution, no further modification
is needed as the expression is already independent from the launch
position, 𝑟. The expression of Eq. (12), instead, depends on 𝑟; therefore,
we remove this contribution by averaging out in 𝑟 as follows:

𝑝𝜉 (𝜉) =
1

𝑟max − 𝑟min ∫

𝑟max

𝑟min

𝑝𝜉|𝑟(𝜉|𝑟) 𝑑𝑟 =

= 1
2𝜋

[

1 − �̄�𝜉𝑟 ⋅ cos𝜙
(

cos 2𝜉 ⋅ cos3 𝜉 − 1
5
cos 𝜉 ⋅ cos4 2𝜉

)]

,
(26)

where �̄�𝜉𝑟 =
[

8 − 9 𝑟min
𝑟max

+
(

𝑟min
𝑟max

)9
]

∕
[

9
(

𝑟max − 𝑟min
)]

.

.2.2. Out-of-plane ejection angle
In a similar fashion, we can obtain the out-of-plane ejection angle

istribution by averaging over 𝑟 the equations of Section 2.1.4. For
he spherically uniform formulation, the contribution of the launch
osition is limited to the transformation of Eq. (2). Therefore, to remove
he dependency, we simply use the averaged expression of Eq. (24).
he resulting distribution is analogous to Eq. (16), with the only
ubstitution of 𝐾𝜓 (𝜉, 𝑟;𝜙) with �̄�𝜓 (𝜉;𝜙).

For the Gaussian distribution formulation, we proceed in a similar
ashion by averaging out Eq. (17) as follows:

̄ = 1
𝑟max − 𝑟min ∫

𝑟max

𝑟min

(

𝜓0 − 𝜓𝑑
𝑟

𝑟max

)

𝑑𝑟

= 𝜓0 −
𝑟max + 𝑟min
2 ⋅ 𝑟max

⋅ 𝜓𝑑

. (27)

Therefore, following the same procedure of Section 2.1.4, we obtain
he distribution of the out-of-plane ejection angle for a normal impact,
veraged over the launch position:

𝜓𝑛 (𝜓𝑛) =  (�̄�𝑛, �̄�𝑛), (28)

ith modified values of the mean and standard deviations as follows:

�̄�𝑛 = 𝜇0 −
𝑟max+𝑟min
2⋅𝑟max

⋅ 𝜇𝑑

�̄�2𝑛 = 𝜎20 +
(

𝑟max+𝑟min
)2

⋅ 𝜎2𝑑
. (29)
6

2⋅𝑟max
Finally, the Gaussian model of the out-of-plane ejection angle, 𝜓 ,
distribution of the speed-based formulation for oblique impacts has the
following expression:

𝑝𝜓|𝜉 (𝜓|𝜉;𝜙) =  (�̄�𝑛 − �̄�𝜓 (𝜉;𝜙), �̄�𝑛). (30)

.2.3. Ejection speed
The ejection speed distribution is the main difference between the

osition-based and the speed-based formulations. To derive the speed
istribution, we assume the distribution is of the form 𝑝𝑢𝑛 (𝑢𝑛) = 𝐶𝑢 ⋅
−1−�̄�
𝑛 , where 𝑢𝑛 is the ejection speed after a normal impact (Sachse

et al., 2015) and �̄� is an exponent that determines the slope of the
speed distribution. The value of �̄� depends on the characteristics of the
target material. Comparing the speed distribution with experimental
correlations, we derive that �̄� = 3𝜇 (Trisolini et al., 2022a). To compute
the constant 𝐶𝑢, we simply impose that the integral of the probability
density function is equal to unity, so that the final expression of the
distribution is:

𝑝𝑢𝑛 (𝑢𝑛) =
�̄�

𝑢−�̄�𝑛,𝑚𝑖𝑛 − 𝑢
−�̄�
𝑛,𝑚𝑎𝑥

𝑢−1−�̄�𝑛 . (31)

The values of the minimum and maximum ejection speeds can be
provided by the user. Possible values can be derived from Eq. (22).
Values for the minimum speed can also be derived from the sim-
plified expressions for the knee velocity, 𝑣∗ that is the approximate
value of the slowest ejecta velocity, which is found from laboratory
experiment (Holsapple and Housen, 2012). The knee velocity has two
expressions depending whether the impact is in the strength (𝑣∗𝑔) or in
the gravity (𝑣∗𝑠 ) regime:

⎧

⎪

⎨

⎪

⎩

𝑣∗𝑔 = 𝐾vs

√

𝑌
𝜌

𝑣∗𝑠 = 𝐾vg𝑈
(

𝑔
𝑎𝑈2

)
1

2+𝜇
. (32)

It is interesting to note here the main difference between the speed-
based and position-based formulation. The speed distribution of the
position-based formulation (Eq. (23), Eq. (22)), has a minimum ejection
speed, at the crater rim, equal to zero. The speed-based formulation, in-
stead, has a minimum speed, which cannot be equal to zero as Eq. (31)
becomes indefinite. The speed distribution is thus characterised by a
power-law with a presence of a low-speed cut-off, which eliminates the
low-velocity transition after the knee velocity (Fig. 29).

The expression of Eq. (31) is for a normal impact. We need now to
transform it to an oblique impact. The procedure is similar to the one
of the ejection angles, so that we have:

𝑝𝑢(𝑢) =
𝑝𝑢𝑛 (𝑢𝑛)
|𝐽 ( )|

, (33)

where 𝐽 ( ) = sin𝜓𝑛
sin𝜓 is the Jacobian of the transformation of Eq. (24).

Therefore, we have:

𝑝𝑢|𝜓𝜉 (𝑢|𝜓, 𝜉;𝜙) = 𝑝𝑢𝑛 (𝑢𝑛) ⋅
sin𝜓
sin𝜓𝑛

=

= 𝑝𝑢𝑛

(

𝑢 sin𝜓
sin

(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

)

⋅
sin𝜓

sin
(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

, (34)

where we have inverted the expressions of 𝑢𝑛 and 𝜓𝑛 as functions of 𝑢
and 𝜓 to complete the transformation. As in the previous cases, passing
from a normal impact to an oblique impact, the distribution becomes
conditioned, so that we now have a distribution in 𝑢, given 𝜓 and 𝜉.

2.3. Correlated speed-based distribution

This third formulation directly derives form Section 2.2; therefore,
they share several characteristics. Specifically, they share the same dis-
tributions of the in-plane and out-of-plane ejection angle components so
that, also for this formulation, we can refer to Sections 2.2.1 and 2.2.2.
The main difference, instead, resides in the size and speed distribution,
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Fig. 6. Example of the correlated distribution in size and speed for a normal impact.

which in this case is correlated. Therefore, we can write the generic
expression for our distribution as follows:

𝑝(𝑠, 𝑢, 𝜉, 𝜓) = 𝑝𝑠𝑢|𝜉,𝜓 (𝑠, 𝑢|𝜉, 𝜓 ;𝜙) ⋅ 𝑝𝜓|𝜉 (𝜓|𝜉;𝜙) ⋅ 𝑝𝜉 (𝜉). (35)

In Section 2.3.1, we focus on describing in detail the expression for
the correlated size vs. speed distribution.

2.3.1. Size vs. speed
The size-speed correlated distribution is derived from the work

of Sachse et al. (2015) and has the following expression:

𝑝𝑠,𝑢𝑛 (𝑠, 𝑢𝑛) = 𝐴𝑠−1−�̄�𝑢−1−�̄�𝑛 ⋅ 𝛩
[

𝑏𝑠−𝛽 − 𝑢𝑛
]

, (36)

where 𝛩 is the Heaviside step function, and 𝐴, 𝑏, �̄�, 𝛽, and �̄� are
parameters that characterise the shape of the distribution function.
Fig. 6 shows an example of the correlated distribution in size and speed
for a normal impact. As we can notice, the maximum possible ejection
speed decreases with increasing particle size. A detailed description of
the procedure to select and derive these parameters for the correlated
distribution is presented in Appendix A.

Similarly to Section 2.2.3, the starting expression for the distri-
bution only refers to normal impact. As we are interested in generic
impacts, we must perform a transformation to obtain a distribution
that is valid also for oblique impacts. The transformation is analogous
to Eq. (33) of Section 2.2.3 so that we have the following expression
for the correlated distribution:

𝑝𝑠,𝑢|𝜓,𝜉 (𝑠, 𝑢|𝜓, 𝜉) = 𝐴 ⋅ 𝑠−1−�̄� ⋅ 𝑢−1−�̄� ⋅

(

sin𝜓
sin

(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

)−�̄�

⋅

⋅ 𝛩

[

𝑏𝑠−𝛽 −
𝑢 sin𝜓

sin
(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

]
(37)

2.4. Summary

At this point, it is useful to summarise the different formulations
and their relevant models. As we have seen in Sections 2.1 to 2.3, we
have three distributions formulations (i.e., position-based, speed-based,
and correlated). For each of these formulations, we have derived the
particle density distribution in the form of a combination of conditional
distributions as function of size, 𝑠, position, 𝑟, speed, 𝑢, and ejection
angles, 𝜉 and 𝜓 . For some of these variables, namely the speed and
the ejection angles, we have identified different modelling techniques
based on the type of formulation and on past literature. Table 1 presents
a summary of the models used for the different formulations, along with
the relevant equations, in order to increase the understanding of the
structure of the different models proposed. In addition, this highlights
7

the modular nature of the proposed distribution-based formulations,
which can accommodate different types of models as long as they are
expressed in terms of density distributions.

3. Sampling methodology

The sampling methodology is a key ingredient to the understanding
of the fate of the ejecta after an impact with a small body. Having
defined our ejecta models via continuous distributions, we can exploit
this formulation to sample the ejecta distribution. Because we have
expressed the distributions as the product of either independent or
conditional probability distributions (Eq. (4), (25) and (35)), we can
follow the order of these distributions to perform a random sampling
of each of the presented formulations. As an example, let us consider
the position-based distribution of Eq. (4). In this case, we can directly
sample the distribution in size and position using the cumulative distri-
butions derived from Eqs. (6) and (11), because they are independent
from the other variables. Then we can obtain the samples of the ejection
angles. First, we perform the sampling of the in-plane distribution
that is a conditional distribution in 𝑟. To do so, we use the already
obtained launch positions and we draw samples from the distribution
in 𝜉 inverting its cumulative distribution. Now that we have both the
samples in 𝑟 and 𝜉, we can use the CDF of the conditional distribution in
𝜓 to sample the out-of-plane component of the ejection angle. Finally,
we have the full set of random samples from the ejecta distribution.
Fig. 7(a) shows an example of ten thousand samples drawn from a size-
speed distribution. We can observe that most of the samples concentrate
in the region of small diameters and small speeds. This is an expected
behaviour as both the size and speed distributions are power laws. It
is clear that, to fully characterise an impact, it is necessary to draw a
large amount of samples, particularly if we are also interested in the
dynamical fate of larger particles.

To address this drawback, different sampling strategies can be
assessed. Specifically, in this work, a space-filling strategy is adopted
so that the entire domain defined by the ejecta distribution is covered.
Fig. 7(b) shows an example of such strategy, using a latin-hypercube
algorithm (Bouhlel et al., 2019; Jin et al., 2003) for the sample gener-
ation and a log–log filling technique. That is, the samples are created
to best fill a space in log–log coordinates. A space-filling strategy in
both logarithmic and linear coordinates can be performed. In this work.
the logarithmic strategy is used for the ejecta size and speed, while
a linear strategy for the ejection angles and ejection position. The
idea behind this type of sampling is that we can have samples that
better characterise the ejecta field and, therefore, a more representative
prediction of the ejecta fate around asteroids and other small bodies.
In addition, we can exploit the ejecta distribution to assign to each
sample a number of representative fragments. That is, the single sample
we have drawn carries the information of an ensemble of fragments
that we associate to it. In this way, also during the propagation we can
understand the behaviour of the whole field of fragments generated by
the impact. The computation of the number of representative fragments
comprise the following steps:

• Subdivide the ejecta domain into a grid. The grid can be as fine
as needed but such that at least few samples are in each bin. The
grid can be specified either in a linear or in a logarithmic space.

• For each bin, we can integrate the ejecta distribution to compute
the number of fragments associated to the bin (this procedure
can be performed analytically using the cumulative distribution
functions (Appendix B)).

• Assign to each sample inside the bin a number of representative
fragments by equally subdividing the total fragment associated to
the bin by the number of samples in the bin:

�̃�𝑖𝑗𝑟 =
𝑁 𝑗
𝑓
𝑗 , (38)
𝑁𝑠
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Table 1
Summary of the ejecta distribution formulations and the of the available models.

Var. Model Position-based Speed-based Correlated
(Section 2.1) (Section 2.2) (Section 2.3)

𝑠 Eq. (6) Eq. (6) Eq. (37)

𝑟 Eq. (11) – –

𝑢 Richardson
Housen

Eqs. (21) and (23)
Eqs. (21) and (22)

Eq. (34) Eq. (37)

𝜉 Lobed
Gaussian

Eq. (12)
Eq. (13)

Eq. (26)
Eq. (13)

Eq. (26)
Eq. (13)

𝜓 Uniform
Gaussian

Eq. (16)
Eq. (20)

Eq. (16)
Eq. (30)

Eq. (16)
Eq. (30)
Fig. 7. Examples of sampling strategies of the size-speed distribution. (a) random variates (b) space-filling.
where �̃�𝑖𝑗𝑟 are the representative fragments associated to the 𝑖th
sample belonging to the 𝑗th bin, and 𝑁 𝑗

𝑓 and 𝑁 𝑗
𝑠 are the total

fragments and samples of the 𝑗th bin.

Fig. 8 shows an example of the results of the aforementioned proce-
dure for a two-dimensional size-speed distribution. Fig. 8(a) shows the
particle density distribution (it is possible to observe the grid in which
the distribution is subdivided), while Fig. 8(b) shows ten thousand
samples drawn in a space-filling log–log space and the associated
number of representative fragments that is proportional to the integral
of the distribution of Fig. 8(a) and the number of samples within each
bin.

4. Dynamics

The adopted dynamical model is the Photo-gravitational Hill Prob-
lem that is the extension of the classical Hill problem to a radiating
primary (Soldini and Tsuda, 2017). The equations of motion are ex-
pressed in non-dimensional form in a synodic reference frame centred
in the asteroid. The x-axis is along the Sun-asteroid direction, pointing
outwards, the 𝑧-axis is along the direction of the angular momentum of
the asteroid orbit, and the y-axis completes the right-hand system.

⎧

⎪

⎨

⎪

⎩

�̈� − 2�̇� = − 𝑥
𝑟3

+ 3𝑥 + 𝛽
�̈� + 2�̇� = − 𝑦

𝑟3

�̈� = − 𝑧
𝑟3

− 𝑧

(39)

where 𝑥, 𝑦, and 𝑧 are the non-dimensional particle positions with
respect to the centre of the asteroid in the synodic frame, and 𝑟 =
√

𝑥2 + 𝑦2 + 𝑧2 is the particle’s distance from the centre of the asteroid.
8

The lightness parameter 𝛽 can be expressed as follows (Pinto et al.,
2020):

𝛽 =
𝑃0
𝑐

𝐴𝑈2

𝜇1∕3𝑎 𝜇2∕3Sun

3(1 + 𝑐R)
2𝜌p𝑑p

, (40)

where 𝑃0 = 1367 Wm−2 is the solar flux at 1 AU, 𝑐 is the speed
of light, AU is the astronomical unit, 𝜇Sun and 𝜇𝑎 are the gravitational
parameter of the Sun and the asteroid, respectively, 𝜌p is the particle
density and 𝑑p the particle diameter. The reflectivity coefficient, 𝑐R,
is a number between 0 and 1, where 1 is for fully reflective surfaces.
Eclipses are taken into account using a cylindrical shadow model via a
modified lightness parameter, 𝛽∗:

𝛽∗ =

{

𝛽 if 𝑥 ≤ 0
𝛽 ⋅ 𝑓 (𝜎) otherwise

, (41)

where 𝑓 (𝜎) = (1 + 𝑒−𝑠⋅𝜎 )−1 is a sigmoid function with steepness parame-
ter 𝑠, which, in this work is equal to 8 (Pinto et al., 2020). The variable
𝜎 = 𝑟𝑥 − 𝑅𝑎, with 𝑟𝑥 =

√

𝑦2 + 𝑧2 distance to the 𝑥-axis, and 𝑅𝑎 mean
radius of the asteroid.

The Photo-gravitational Hill Problem has been selected as the dy-
namical model for the study because it is a relatively simple model
that allows taking into account the main forces acting on the ejected
fragments, such as the gravity of the asteroid and the solar radiation
pressure. At the same time, it allows maintaining the dynamics suffi-
ciently simple to focus our analysis on the ejecta distribution models
and the effects that different modelling choices have on the fate of the
ejecta.

5. Sensitivity analysis

The objective of this work is to assess how the modelling decisions
concerning the ejecta models affect the overall evolution of the particles
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Fig. 8. (a) Example of a size-speed distribution with highlighted the integration grid for the representative fragments. (b) Corresponding set of space-filling samples with associated
representative fragments.
around the asteroid. As the initial ejection conditions and the size of
the particles are fundamental in shaping the trajectory evolution of the
samples, we want to understand what is the impact of specific mod-
elling choices. Specifically, in this work we focus on the characteristics
of the ejecta model, while we neglect (and leave to a future study) the
effect of the impact location, the size, shape, and orbit of the asteroid.
The parameters of the ejecta distributions considered in the sensitivity
analysis are:

• the minimum particle size, 𝑠min;
• the slope coefficient of the particle size distribution, �̄�;
• the speed distribution formulation: Housen (Eq. (21) and (22)) or

Richardson (Eq. (21) and (23));
• the distribution formulation: position-based (Section 2.1) or speed-
based (Section 2.2);

• the correlation between fragment size and ejection speed (Sec-
tions 2.2 and 2.3);

• the out-of-plane ejection angle distribution: Uniform or Gaussian;
• the value of the impact angle, 𝜙.
• the effect of the asteroid rotation;

The selection of these parameters is based on their influence on the
ejecta models and on the level of uncertainty associated to them. In the
following sections, each of these points is analysed and their effects on
the overall ejecta fate is discussed.

Target and impactor properties. For a better comparison among the dif-
ferent parameters, we define common characteristics for the target and
the impactor. In addition, we fix some of the parameters of the ejecta
models. For the asteroid, we select a spherical body with a diameter of
1 km, a density of 2.6 g cm−3, an albedo of 0.1, and a rotational period
of 16 h. The semimajor axis of the asteroid’s orbit is 1.755 AU. The
rotational axis of the asteroid is perpendicular to its orbital plane. The
characteristics of the asteroid are average values from the NASA Small
Bodies Database (NASA, 2021), except the asteroid radius for which
a larger radius has been selected. For the impactor, we select a mass
of 2 kg, a diameter of 0.15 m, and an impact speed of 2 km s−1 that
is a geometry equivalent to the small carry-on impactor used by the
Hayabusa2 mission (Tsuda et al., 2019, 2020). The decision of fixing
these parameters is here taken to focus the analysis on the modelling
decisions relative to the ejecta model and understand the effect they
can have in the prediction of the fate of the ejecta and particularly to
identify the most influential modelling choices.

Simulation setup. The simulations have a time span of 2 months. At
the end of the simulation, we refer to the particles as escaping if
9

Table 2
Material properties (Housen and Holsapple, 2011).

Sand WCB

𝜇 0.41 0.46
𝐶1 0.55 0.18
𝑘 0.3 0.3
𝑛1 1.2 1.2
𝑛2 1.3 1
𝑌ref (MPa) 0 0.45

their distance is greater than the Hill sphere, as impacting if they re-
impact the asteroid’s surface, and orbiting if they have not impacted
nor escaped the asteroid. The impact characteristics are kept constant,
with a normal impact (𝜙 = 90°) on the North pole of the asteroid, for
all the simulations except for Section 5.8. A polar impact is specifically
selected to remove the dependency on the asteroid rotation in the
sensitivity analysis of the other parameters.

Asteroid material and strength. Two types of materials are used in the
analysis, a sand-like very low-strength material and the moderate-
strength Weakly Cemented Basalt (WCB). Table 2 shows the reference
properties of these materials.

The coefficients 𝜇, 𝐶1, 𝑘, 𝑛1, and 𝑛2 are characteristics of the
material and determine the shape of the ejecta distributions described
in Section 2. 𝑌ref is the reference strength of the material. These values
are typically varied to perform sensitivity analyses with respect to the
asteroid’s strength. However, as we are focusing on the influence of
the ejecta models, the strength values have been fixed to a value of 0
MPa for the sand-like material and 5 kPa for the WCB. In this last case,
we reduced the value with respect to the reference in Table 2 to more
closely model weakly cohesive soils similar to regolith (Holsapple and
Housen, 2012; Richardson et al., 2007). Finally, we also select default
parameters for the ejecta distribution. Specifically, the default particle
size range is between 𝑠min = 5e−6 m and 𝑠max = 5e−3 m (i.e., particle
diameters between 10 μm and 1 cm). In addition, we always assume
the �̄� coefficient is equal to 3𝜇 (Section 2.1.5); therefore, it is only
dependent on the material.

Sampling and statistical analysis. Given the statistical nature of the
sampling procedure described in Section 3 and that we associate to each
sample a number of representative fragments, for each analysis, we
perform multiple runs. Specifically, we perform 20 runs and in each run
we draw 100 000 samples. In this way, we can assess the robustness and
variability of the obtained results, particularly concerning the estimate
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Table 3
Samples fractions and corresponding percent relative standard deviations for the three �̄� coefficients and two materials in exam.

Material �̄� ⟨𝑁imp⟩ RSDimp ⟨𝑁esc⟩ RSDesc ⟨𝑁orb⟩ RSDorb

Sand
2.40 98.48% 0.028% 1.51% 1.87% 0.006% 49.36%
2.55 98.48% 0.028% 1.51% 1.85% 0.007% 37.25%
2.70 98.48% 0.039% 1.51% 2.58% 0.006% 44.83%

WCB
2.40 91.07% 0.031% 8.89% 0.31% 0.039% 9.80%
2.55 91.07% 0.055% 8.89% 0.54% 0.038% 14.08%
2.70 91.07% 0.060% 8.89% 0.63% 0.038% 16.97%
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of the number of fragments (via the representative fragments). Addi-
tionally, it is necessary to define the sampling of the distribution. We
adopt the procedure described in Section 3. Because we are interested
in the fate of the ejecta in the neighbourhood of the asteroid, we limit
the sampling to the fragments with an ejection speed below the escape
speed of the asteroid. Therefore, the ejection speed is sampled between
𝑢min and 𝑢esc. Similarly, as the launch position is connected to the
jection speed, even the sampling in 𝑟 must be limited. Specifically,

we sample between 𝑟esc and 𝑟max, where 𝑟esc is the launch position
corresponding to the escape speed. All the ejection location closer than
the ‘‘escape radius’’ have ejection speed greater than the escape speed.
For both the escape speed and launch location we use a 16 bins grid
with a log-scaling subdivision. In a similar fashion, the size distribution
is sampled between the minimum and maximum provided particle sizes
(𝑠min, 𝑠max) on a 20 bins grid with a log-scaling subdivision. The in-plane
component of the ejection angle, 𝜉 is sampled between 0° and 360° on a
linear grid with 36 bins. The out-of-plane component, 𝜓 , is sampled on
a linear grid with 8 subdivisions. The sampling range depends on the
model adopted. Between a 𝜓min and 𝜓max for a Uniform distribution
(see Eq. (16) in Section 2.1.4) and in the range 𝜇±3𝜎 for the Gaussian
model (see Eq. (20) in Section 2.1.4).

5.1. Slope coefficient (�̄�) of the size distribution

The coefficient �̄� of the size distribution (Section 2.1.1) defines the
slope of the distribution that is the number of particles ejected as a
function of their size. Larger �̄� coefficients produce distributions with
a higher portion of small fragments. Because the size distribution is
a power law, it can change significantly with the value of the slope
coefficient. According to Krivov et al. (2003), typical value of the �̄�
coefficient for basalt and granite targets is between 2.4 and 2.7, and
a good choice in many applications is a value between 2.4 and 2.6.
Following the results of Krivov, we test the sensitivity of the ejecta
fate as function of three values of �̄� ∈ {2.40, 2.55, 2.70}. For this test
case, the position-based formulation has been used (Section 2.1) with a
uniform distribution in the in-plane ejection angle, 𝜉 (normal impact),
and a Gaussian distribution for the out-of-plane ejection angle, 𝜓
(Section 2.1.4). Both target materials of Table 2 have been considered.

First, we compare the fraction of particles orbiting, escaping, and
impacting after two months, for the three �̄� values considered. Tables 3
and 4 shows the results for the samples and the estimated fragments,
respectively, for the three �̄� values and the two materials considered.
Because we are have twenty runs for each simulation, we present the
results for the average percentage of samples and fragments (⟨⋅⟩) and
ercent Relative Standard Deviation (RSD) (i.e., the standard deviation
ivided by the mean). Table 3 shows the statistics for the samples.
e can observe that for both materials most of the samples (more

han 90%) re-impact the asteroid. Most of the other samples escape,
hile only a very small percentage is still orbiting after two months.
he results on the Relative Standard Deviation show stable results for
oth the impacting and escaping samples, while a larger variability
s associated with the orbiting samples as they are far fewer. It is
nteresting to observe that the results are very stable for the different
alues of �̄�. Therefore, the influence of the scaling coefficient, �̄�, on the
amples fate appears to be limited.

Table 4 shows equivalent results for the number of fragments es-
10

imated via the representative fragments. Comparing Table 4 with
Table 3 we observe few interesting features. First, the percentage of
samples impacting, escaping and orbiting differs from their correspond-
ing samples, in particular for the WCB case. This is a consequence
of the representative fragments methodology as a different weight is
associated to each sample. The orbiting fragments are a very small
percentage in both cases and corresponds to few hundreds or thousands
of samples, although their variability is higher as highlighted by the
percent RSD. The combination of a distribution-based ejecta model
(Section 2) with the representative fragments sampling methodology
(Section 3) is thus able to characterise the fate of the impacting and
escaping ejecta with a small variability. As for the samples of Table 3,
the fate of the ejecta is stable with respect to the change in �̄�; the main
ifference resides in the total number of fragments generated by the
mpact (see Table 4). In fact, larger �̄� generates more fragments. We can
hus infer that the selection of the slope coefficient, �̄�, only minimally
nfluences the ultimate fate of the ejecta; however, it scales the total
mount of particles generated.

Finally, we also look at the fate of the ejecta as a function of time.
ig. 9 shows the results for the WCB material for both the impacting
nd escaping fragments. Specifically, Fig. 9(a) shows the differential
istributions of the impacting and escaping particles in time for the
hree analysed values of �̄�. At each time instant, we appreciate how
any particles escape and impact the asteroid. Fig. 9(b) instead shows

he corresponding cumulative distribution that is the percentage of
articles escaping and impacting within a given time, 𝑡. From Fig. 9(b)
e can observe that the behaviour of the normalised distribution is
lmost identical in all the three cases. The only difference is the
bsolute number of particles involved, which can be appreciated from
ig. 9(a) and Table 4. Therefore, a variation of �̄� within the studied
nterval does not result in a corresponding variation in the overall
ehaviour of the fragments.

.2. Minimum particle size (𝑠min)

As described in Section 2.1.1, the size distribution requires defini-
ion of the particles size range to be considered. The selection of the
pper threshold of the range, 𝑠max, is usually selected arbitrarily or
s a fraction of the total excavated mass (Sachse et al., 2015). The
election of the lower threshold, 𝑠min is somewhat arbitrary; in Yu et al.
2017) a value of 50 μm is used, in Yu and Michel (2018) a value of 5
m is used instead, while in Sachse et al. (2015) the lower threshold
s selected based on the sensitivity of the instrument used to detect
he particles. Given that the highest particle density correspond to the
ower end of the size range, we decided to focus our attention on the
election of 𝑠min. Taking as reference the work of Yu and Michel (Yu
t al., 2017; Yu and Michel, 2018), we perform the comparison as a
unction of two values of 𝑠min ∈ {5 μm, 50 μm}. The selection of the
inimum particle size threshold influences the definition and sampling

f the ejecta distribution. Because the integral of the size distribution
ust satisfy the mass conservation, changing 𝑠min does not only change

he minimum fragment size but also the total amount of fragments
nd the relative percentage of fragments of a given size. For this test
ase, the position-based formulation is used (Section 2.1) with a uniform
istribution for the 𝜉 angle and a Gaussian distribution for the 𝜓 angle
Section 2.1.4). The results are presented for the WCB material; a
imilar behaviour can be observed also for sand-like materials.
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Table 4
Fragments fractions and corresponding percent relative standard deviations for the three �̄� coefficients and two materials in exam.

Material �̄� 𝑁tot ⟨𝑁imp⟩ RSDimp ⟨𝑁esc⟩ RSDesc ⟨𝑁orb⟩ RSDorb

Sand
2.40 3.94e13 99.74% 1.23% 0.26% 6.80% 8.8e−10% 67.17%
2.55 8.11e13 99.75% 1.03% 0.25% 8.56% 1.2e−9% 148.84%
2.70 1.57e14 99.73% 1.59% 0.27% 5.67% 9.5e−10% 224.87%

WCB
2.40 6.38e10 76.63% 1.04% 23.37% 2.55% 4.52e−7% 46.14%
2.55 1.31e11 76.44% 1.02% 23.56% 1.68% 3.65e−5% 297.92%
2.70 2.54e11 75.96% 0.57% 24.04% 1.87% 7.68e−8% 54.32%
Table 5
Fragments fractions and corresponding percent relative standard deviations for the Housen and Richardson ejecta speed formulations and the
two materials in exam.

Material Model ⟨𝑁imp⟩ RSDimp ⟨𝑁esc⟩ RSDesc ⟨𝑁orb⟩ RSDorb

Sand Housen 99.80% 1.30% 0.19% 4.43% 2.11e−9% 140.18%
Richardson 98.59% 1.32% 1.41% 1.98% 2.12e−9% 93.72%

WCB Housen 97.63% 0.95% 2.37% 4.86% 3.20e−7% 260.48%
Richardson 55.90% 1.75% 44.10% 0.66% 1.11e−7% 76.03%
Fig. 9. Fragments evolution in time. (a) Number of fragments impacting (blue) and escaping (orange) at time 𝑡 for the three �̄� cases. (b) Corresponding normalised cumulative
istribution of the fragments in time. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 10 shows the normalised cumulative distributions of the aver-
ge impacting and escaping fragments for the two 𝑠min values consid-
red. We can observe that the behaviour of the 0.05 mm case shows
less steep curve for the impacting fragments and a delay to higher

imes for the escaping fragments.
The first behaviour is representative of particles that take longer

mpact the asteroid and this is because they have, on average, larger
iameters. The percentage of impacting particles over the total gener-
ted fragments is about 98% for the 0.05 mm case and about 94% for
he 0.005 mm case. This latter case, has a higher percentage of escaping
articles because their average smaller size causes the fragments to be
ore easily swept away by the solar radiation pressure. This is also the

eason behind the ‘‘delayed’’ behaviour of the cumulative distribution
f the escaping particles. In fact, larger particles will take on average
onger to escape the neighbourhood of the asteroid. Fig. 11 shows
nstead the percentage of samples (a) and the number of fragments
b) still orbiting the asteroid at specified snapshots in time. Similarly
o what observed in Section 5.1, the behaviour of the samples differs
rom the evolution of the fragments. While the percentage of sam-
les follows a similar behaviour for both cases, the fragments have
distinct behaviour. Specifically, while the trend is similar, the total

umber of fragments associated to the samples differs. As expected, a
ower number of fragments characterises the 0.05 mm case, because a
maller number of particles is required to satisfy the mass conservation
quation (Eq. (7)).

From the analysis we can observe that changing the lower threshold
f the size range, 𝑠 has two main effects on the generation of the
11

min
Fig. 10. Normalised cumulative distributions of impacting (blue) and escaping (orange)
fragments as function of two values of 𝑠min (line style) for the WCB material case. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

ejecta curtain and its fate around the asteroid. First, the total number
of generated fragments varies and decreases as the lower threshold
increases. Second, the evolution of the particles results in a lower
accretion rate of the impacting fragments and a delayed escape from
the sphere of influence of the asteroid of the escaping fragments.



Icarus 394 (2023) 115432M. Trisolini et al.
Fig. 11. Number of samples (a) and fragments (b) at selected snapshot times for 𝑠min = 5 μm (solid line with dots) and 𝑠min = 50 μm (dashed line with triangles).
5.3. Ejecta speed model

As shown in Section 2.1.5, the presented ejecta model allows the se-
lection of two different ejecta speed formulations; specifically, Eq. (22)
developed by Housen (Housen and Holsapple, 2011) and Eq. (23)
developed by Richardson (Richardson et al., 2007). To understand the
effect of the choice of the ejecta speed formulation, we perform two
sets of simulations, changing only the speed model. For this test case,
the position-based formulation is used (Section 2.1) with a uniform
distribution for the 𝜉 angle and a Gaussian distribution for the 𝜓 angle
(Section 2.1.4).

Because the fate of an ejected fragment is strongly influenced by
its initial velocity, it is interesting to study the effect that a modelling
choice can have on the outcome of an impact simulation. In addi-
tion, it is interesting to understand if the effects of the ejecta speed
model change as a function of the target material. For this reason
both materials of Table 2 have been considered. Table 5 shows the
percentage of fragments impacting, escaping and still orbiting after the
simulation period of two months, together with the RDS to measure
the relative robustness of the prediction. The total number of fragments
does not depend on the speed model used; however, it is function of the
target material. Specifically, we have a total of approximately 2.65e13
fragments for the sand-like material and of 1.35e12 fragments for the
WCB material.

The results of Table 5 shows some interesting features. If we first
focus on the sand-like material, similarly to Section 5.1, we observe that
almost the entirety of the fragments eventually re-impact the asteroid.
Both the Housen and Richardson models show similar percentages for
impacting, escaping, and orbiting fragments with a marginally higher
share of escaping fragments for the Richardson case. However, if we
look at the WCB row, we observe a substantial difference between the
two models. In fact, with the Housen velocity profile we have about
97% of re-impacting particles, while using the Richardson model, only
about 56% re-impact and almost all the remaining fragments escape.
Despite the two speed models differing the most at high speeds (Fig. 5),
the low-gravity environment of asteroids makes the modelling of low
velocity regions of utmost importance. In fact, a minor difference in
these small ejection speeds (around tens of centimetres per second) can
lead to a substantial difference in the overall fate of the ejecta. Table 5
shows that this behaviour is also connected to the material type. For
very low strength materials (such as Sand), this effect is limited because
both models flatten to very low ejections speeds, considerably lower
than the escape velocity of the asteroid.

If we now focus on the WCB case, we can compare the nor-
malised cumulative distributions of the impacting and escaping frag-
ments (Fig. 12). We observe a more pronounced difference for the
12

impacting particles with respect to the escaping ones. As expected,
Fig. 12. Normalised cumulative distributions of impacting (blue) and escaping (orange)
fragments as function of the two ejecta speed models (line style) for the WCB material
case. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

using the Richardson model, we have particles starting to escape the
system before the Housen case. On the other hand, the impacting
particles show a less steep cumulative distribution; therefore, they tend
to re-impact more gradually and in longer times.

Fig. 13 shows the distribution of the number of fragments re-
impacting the asteroid surface in a 10 deg × 10 deg grid in right
ascension (𝛼) and declination (𝛿) for the Housen speed model. For
each grid cell, we compute the total number of representative targets
‘‘falling’’ into the cell and average this value over the 20 impact
simulations we perform. This plot is used as a reference to show the
distribution of the ejecta blanket for the reference impact scenario to
give a better understanding of the following comparisons. In addition,
Fig. 14 shows equivalent plots for the, subdividing the fragments’
distribution as a function of their size. Specifically, we consider three
different size ranges: 𝑑𝑝 ∈

[

10 μm, 100 μm
]

, 𝑑𝑝 ∈
[

100 μm − 1mm
]

, and
𝑑𝑝 ∈ [1mm − 1 cm]. As expected, we can observe how the global distri-
bution of Fig. 13 tends to follow the distribution of smaller particles as
they are in greater quantity. As the particle size increases, the fragments
tend to distribute more uniformly on the asteroid’s surface as they are
less influenced by the effect of solar radiation pressure.

To better understand the difference between the two ejecta speed
model, we can perform the difference between these distributions for
the two cases. Fig. 15 shows the relative percent difference between a

distribution of impacting particles such as Fig. 13 for the Richardson
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Fig. 13. Average number of representative fragments impacting on the asteroid surface
represented with a Hammer projection. Each 10°×10° bin in right ascension and
declination shows the sum of the representative fragments impacting in it, averaged
over the set of 20 simulations performed.

and Housen models: the difference between the representative frag-
ments computed for the Richardson case (⟨�̃�imp

𝑟,𝑟 ⟩
𝑖𝑗) and the Housen case

(⟨�̃�imp
𝑟,ℎ ⟩

𝑖𝑗) is normalised by the total number of fragments, which are
identical for both simulations. The light yellow regions correspond to
areas where the number of impacting fragments is almost identical for
the two models. These are the regions at negative declinations and on
the Sun-facing hemisphere of the asteroid. These are also the regions
where fewer fragments land as the effect of SRP tends to blow the
fragments in direction opposite to the Sun. The red regions identify
areas where the Housen model generates more impacts. These are
located in the neighbourhood of the impact crater because of the lower
ejection speeds predicted by this model. The blue regions instead are
characterised by a larger amount of impacts for the Richardson model.
The maximum and minimum percent difference are of the order of
1%. This may seem a small value; however, 1% of the total number
of fragments is in the order of 1e9 particles.

The choice of the ejecta speed model can thus influence the overall
fate of the ejecta, especially for higher strengths materials such as the
WCB. The differences between the ejecta fates is mainly due to the
difference in the low-velocity region of the two models. This causes
the share of ejecta belonging to the impacting and escaping categories;
it also influences the rate of accretion and the distribution of the
impacting particles onto the asteroid’s surface.

5.4. Position-based vs. speed-based formulation

As described in Section 2, we have introduced two formulation for
the developed distribution-based ejecta model; one formulation based
on sampling the ejection location, 𝑟, and identified as position-based,
and another formulation based on sampling directly the ejection speed,
𝑢, and identified as speed-based. The main difference between the two
formulations resides in the presence of a cut-off speed, the knee-velocity
(Eq. (32)), in the speed-based formulation, below which no mass is
ejected. The knee-velocity is always larger than the minimum ejection
speed of the position-based formulation; therefore, a difference between
the two formulations is expected. To quantify this difference, we per-
form two sets of simulations. One set uses the position-based formulation
(Section 2.1) with a uniform distribution for the 𝜉 angle and a Gaussian
distribution for the 𝜓 angle (Section 2.1.4). The other set uses the speed-
based formulation with the corresponding distributions for the 𝜉 and 𝜓
angles (i.e., Sections 2.2.1 and 2.2.2, respectively). For this test case
only the results for the WCB material are presented.

Similar to the previous section, we show the normalised cumula-
tive distributions of impacting and escaping fragments in Fig. 16. We
can clearly observe the effect of the knee velocity in the cumulative
13
distribution of the impacting particles. The speed-based distribution,
in fact, shows a significant ‘‘delay’’ in the average impact time of the
fragments. After one hour, almost 90% of the fragments generated with
the position-based formulation have re-impacted, while only about 5%
of the fragments generated with the speed-based formulation. However,
it is important to note that the total amount of generated fragments is
different for the two formulations, that is, 3.816e11 for the position-based
and 2.217e11 for the speed-based, which corresponds to about 42% fewer
fragments. In addition, the share of fragments re-impacting the asteroid
is different for the two formulations. On one side we have 93.36% of the
total number of fragments for the position-based formulation vs. 54.51%
for the speed-based.

Analogously to Fig. 13, we show in Fig. 17 the relative percent
difference between the distribution of impacting particles onto a Ham-
mer projection of the asteroid surface obtained with the speed-based
and position-based formulations. In this case, because the total number
of fragments is different for the two formulations, we normalise with
respect to the total fragments of the position-based formulation. The
results show how the distribution of impacting fragments is influenced
by the choice of the model. We observe a clear pattern in the im-
pact distribution. A first red region closer to the impact location that
identifies an area with a larger amount of impacts predicted by the
position-based model. A second region, highlighted by the blue shades,
identifies regions with a higher predicted amount of impacts of speed-
based model. These area are further away from the impact location
because a larger amount of faster particles is generated.

Similarly to Section 5.3, also the comparison between the speed-
based and position-based formulations is influenced by the magnitude
between the knee velocity and its difference with respect to the mini-
mum speed of the position-based formulation. This in turn is influenced
by the type and strength of the target material and its density. Specifi-
cally, the higher the strength of the material the higher is the difference
in the fate of the ejecta. As mentioned at the beginning of Section 5,
the previous results have been obtained for a WCB material with
an equivalent strength of 5 kPa. To understand the influence of the
strength on this analysis, Fig. 18 shows the difference in the evolution
of the fragments at selected snapshots for a WCB target with equivalent
strength of (a) 1 kPa and (b) of 5 kPa. We can observe that in the lower
strength case the fragment evolution of the two formulations shows a
comparable behaviour. Instead, we observe a greater discrepancy once
the strength is increased to 5 kPa.

5.5. Correlated vs. Uncorrelated distribution

This section presents the comparison between the speed-averaged
formulations with and without the correlation between the particle
size and the ejection speed (Sections 2.2 and 2.3). As mentioned in
Section 2, the difference between these two formulations resides in the
speed limitation the correlated distribution has for increasing particle
size: the larger the particle the lower the maximum admissible ejection
speed is. This test case compares the two formulations in terms of
the overall ejecta behaviour. Alongside the correlated and uncorrelated
size-speed distributions, we use a uniform distribution for the 𝜉 an-
gle and a Gaussian distribution for the 𝜓 angle (Section 2.2.2). The
material selected for this test case is a strengthless sand-like material.

Some of the results for the overall ejecta evolution can by ob-
served in Figs. 19 and 20. Here we observe the normalised cumulative
distribution for the impacting and escaping fragments and the total
number of fragments still orbiting the asteroid as selected snapshots
in time. Fig. 19 shows that the escaping particles have almost an
identical behaviour over time, while a difference can be observed
for the impacting fragments. Specifically, the cumulative distribution
associated to the correlated formulation is less steep; therefore, we have
a larger percentage of fragments surviving longer around the asteroid,
at least in the first stages after the impact.
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Fig. 14. Average number of representative fragments impacting on the asteroid surface represented with a Hammer projection. The different plots represent particles belonging
to different size ranges. (a) 𝑑𝑝 ∈

[

10 μm, 100 μm
]

. (b) 𝑑𝑝 ∈
[

100 μm − 1mm
]

. (c) 𝑑𝑝 ∈ [1mm − 1 cm].
Fig. 15. Relative percent difference between the distribution of the average number
of impacting representative fragments obtained with the Richardson and the Housen
models.

Fig. 16. Normalised cumulative distributions of impacting (blue) and escaping (orange)
fragments as function of the two ejecta model formulations (line style) for the WCB
material case. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Other features can be observed in Fig. 20. First, the total number of
fragments is higher for the correlated case: given that larger particles
with higher velocities are not admissible, a larger number of smaller
fragments is necessary to satisfy the mass conservation constraint.
Second, in the latest stages of the propagation (after about 100 h),
the number of fragments for the correlated case decrease more rapidly
and no more fragments are present after approximately 700 h, while
fragments are still present for the uncorrelated case. Because in the
correlated formulation larger fragments have lower ejection velocities,
14
Fig. 17. Relative percent difference between the distribution of the average number
of impacting representative fragments obtained with the speed-based and position-based
formulations.

there is also a smaller probability that they keep orbiting the asteroid
for longer timescales.

This feature can be better observed in Fig. 21, which shows the
average number of representative fragments re-impacting the asteroid
as function of the impact time (on the x-axis) and particle diameter
(on the y-axis). Fig. 21(b) clearly shows the effect of the size-speed
correlation on larger particles as they present a decreasing upper limit
of the impact time as their diameter increases.

Overall, introducing the size-speed correlation seems to have a
limited influence on the overall fate of the ejecta. It has to be noted,
however, that we are focusing on outcome of a cratering event on small
bodies and limited to ejection velocities within the escape speed of the
considered target. As this velocity is small, the correlation effect has a
more limited influence. In case a wider range of ejection velocities is
considered a greater impact may be expected.

5.6. Out-of-plane ejection angle (𝜓) distribution

In this section, we consider the possible difference caused by the
selection of different models for the out-of-plane component of the
ejection angle, 𝜓 . As described in Section 2, we consider two types
of distributions, Uniform and a Gaussian. Again, for the test case,
the position-based formulation is used (Section 2.1) with a uniform
distribution for the 𝜉 angle and the Housen formulation for the ejection
speed (Section 2.1.5). The considered material is the WCB ( Table 2)
Following the previous examples, Fig. 22 shows the normalised cumu-
lative distribution of the impacting and escaping fragments as function
of the out-of-plane ejection angle model. From the figure we can
observe only a marginal difference in the overall ejecta fate due to the
modelling assumption concerning the ejection angle. The evolution of
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Fig. 18. Number of fragments at selected snapshots for the two distribution formulation. (a) WCB material with strength 𝑌 = 1 kPa (b) WCB material with strength 𝑌 = 5 kPa.
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Fig. 19. Normalised cumulative distributions of impacting (blue) and escaping (orange)
ragments for the correlated and uncorrelated formulations (line style) for the sand-like
aterial case. (For interpretation of the references to colour in this figure legend, the

eader is referred to the web version of this article.)

Fig. 20. Number of fragments at selected snapshots for the correlated and uncorrelated
formulation.

the escaping fragments is superimposed for the two models, while a
small difference can be observed for the impacting fragments.

Fig. 23 shows instead the difference between the distribution on the
surface of the asteroid of the average impacting particles in a grid of
right ascension and declination between the Gaussian models (⟨�̃�imp

𝑟,𝑔 ⟩
𝑖𝑗)

nd the Uniform model (⟨�̃�imp
⟩

𝑖𝑗). The difference is again expressed
15

𝑟,𝑢 p
as a relative percentage that is the difference between the number of
impact per cell in the Gaussian case minus the one in the Uniform
case, divided by the total averaged number of fragments generated
in the Uniform case. The obtained distribution shows that there is a
central region along the Sun-asteroid direction that tends to have a
predominance of fragments generated by the Uniform model. However,
we also observe a non-smooth behaviour with few cells that shows
a majority of impacts for the Gaussian case. The regions around this
central area, instead, shows a majority of fragments generated in the
Gaussian case. Nonetheless, we should note that the relative difference
is below 1% of the total amount of fragments (peaks of the order of ±
0.3%) that correspond to a number of fragments in the order of 1e8.

Therefore, when looking at the overall fate of the ejecta, the selec-
tion of the ejection angle model does not substantially influence the
percentage of impacting and escaping particles nor their rate of accre-
tion and escape. On the other hand, it can influence the distribution of
the impact location on the asteroid as shown in Fig. 23.

5.7. Impact angle

In this section, we consider the sensitivity to the impact angle,
𝜙, which defines the inclination of the impactor velocity vector with
respect to a plane tangent to the asteroid’s surface at the impact point.
Therefore, a 90 degrees impact angle corresponds to a normal impact.
The effect of the impact angle is twofold. On one hand, the shallower
the impact angle is the smaller the normal component of the impact
velocity is, which in turn affects the effectiveness of the cratering
process. In fact, lower normal components of the impact velocity result
in smaller impact craters. On the other hand, the presence of an impact
angle different from 90 degrees changes the shape of the ejecta plume,
as shown in Section 2. In this section, we analyse the effects of changing
impact angle; specifically, we vary the impact angle from 30◦ to 90◦

with increments of 15◦. The impact location is the North pole of the
asteroid. The incoming direction of the projectile is along the 𝑥-axis of
he synodic frame and in the same direction; therefore, moving away
rom the Sun. The remaining configuration is as follows: the position-
ased formulation is used (Section 2.1) with a Lobed distribution for the
angle (Eq. (12)), a Gaussian distribution for the 𝜓 angle (Eq. (20)),

nd the Housen formulation for the ejection speed (Section 2.1.5). The
onsidered material is the WCB ( Table 2) with an equivalent strength
f 5 kPa.

Fig. 24 shows the fate of the ejecta as a function of time for both
he impacting and escaping fragments. Specifically, Fig. 24(a) shows
he differential distributions of the impacting and escaping particles
n time for the five analysed values of impact angle, 𝜙. Fig. 24(b)
nstead shows the corresponding cumulative distribution that is the

ercentage of particles escaping and impacting within a given time, 𝑡.
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Fig. 21. Average number of representative fragments re-impacting the asteroid as function of the impact time and the particle diameter. (a) Uncorrelated distribution. (b) Correlated
distribution.
Fig. 22. Normalised cumulative distributions of impacting (blue) and escaping (orange)
fragments as function of the two ejecta model formulations (line style) for the WCB
material case. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 23. Relative percent difference between the distribution of the average number
of impacting representative fragments obtained with the Gaussian and Uniform models
of out-of-plane ejection angle (𝜓) distribution.
16
From Fig. 24(b) we can observe that the behaviour of the normalised
distribution is almost identical in all the cases. A behaviour that is also
corroborated by the similar differential trends that can be observed in
Fig. 24(a). The only difference we can observe is the absolute number
of particles involved. Therefore, we observe that a variation of the
impact angle does not substantially change the overall behaviour of the
fragments, but it is most probably a cause of local changes in the spatial
distribution of the fragments.

Fig. 25 shows instead the percentage of samples (a) and the number
of fragments (b) still orbiting the asteroid at specified snapshots in
time. In this case, we observe a difference in the samples evolution
in the central portion of the analysed time frame (between about 10
and 200 h), with a steeper decrease of samples as the impact angle
increases. This behaviour, however, does not directly translate into a
significant change in the evolution of the number of fragments. As
shown in Fig. 25(b), the overall trend is similar among the different
impact angles. However, we again observe the difference in the total
number of fragments produced by the varying impact angle. In fact,
the total number of ejected fragments is a function of the normal com-
ponent of the impact velocity, which changes as the sine of the impact
angle. Consequently, we observe a reduction of generated fragments as
the impact angle decreases.

5.8. Asteroid rotation

In this section, we consider the sensitivity to the asteroid rotation.
While it is not strictly related to the ejecta modelling, including the
contribution of the asteroid rotation can be regarded as a modelling
assumption. The effect of the asteroid rotation is an additional velocity
change that must be added to the ejection speed vector defined by the
quantities sampled from the ejecta model distribution. To evaluate the
effect of the rotational speed, we change the impact conditions with
respect to the previous test cases. In this case, we adopt an equatorial
impact (instead of a polar impact), to maximise the effect of the rotation
(still assuming the rotational axis of the asteroid is perpendicular to the
orbital plane). The impact location has therefore a latitude of 0° and
a longitude of 90° (measured from the x-axis of the synodic system).
As in the previous cases, the ejecta model formulation is the position-
based one with a uniform distribution for the 𝜉 angle and a Gaussian
distribution for the 𝜓 angle (Section 2.1.4). The ejection speed model is
the Housen formulation (Eq. (22)). The considered material is again the
WCB with an equivalent strength of 5 kPa. Three different rotational
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Fig. 24. Fragments evolution in time. (a) Number of fragments impacting (blue) and escaping (orange) at time 𝑡 for the analysed impact angles. (b) Corresponding normalised
cumulative distribution of the fragments in time. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 25. Number of samples (a) and fragments (b) at selected snapshot times for the different impact angles analysed. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
states have been considered: no-rotation, a rotational period of 16 h
(average over the asteroid database), and a rotational period of 2.5 h
(lower end of the admissible rotational period for rubble pile asteroids,
before the family of very fast rotating asteroids (Pravec et al., 2002)).

The results of the simulations shows that the share of impacting
and escaping fragments is almost identical when we compare the slow
rotational period of 16 h with the case without rotation, corresponding
to approximately 94.5% of impacting and 5.5% of escaping fragments,
respectively. When we consider the fast-rotating case with a period of
2.5 h, the partition changes to an 87.6% of impacting fragments and a
12.4% of escaping ones. If we look at the velocity contribution due to
the asteroid rotation for a point at the equator, we have an addition of
approximately 0.17 ms−1 for a period of 2.5 h and of approximately
.027 ms−1 for the 16 h period. These contributions correspond to
he 29% and 4.5% of the asteroid escape velocity, respectively. We
an thus expect an increasing effect of the rotational period on the
ehaviour of the ejecta as the period decreases. If we look at the
ifferent behaviours in time, Fig. 26 shows the normalised cumulative
istributions for the impacting and escaping fragments. Also from this
lot, we observe that differences are visible only for the fast rotating
ase, whose contribution, in this case, is to change the frequency at
hich the particles re-impact the asteroid and escape the system.

Similarly to Fig. 23, Figs. 27 and 28 show the relative difference
17

etween the distribution of impacting fragments onto the asteroid’s
Fig. 26. Normalised cumulative distributions of impacting (blue) and escaping (orange)
fragments as function of the rotational state (line style). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 27. Relative percent difference between the distribution of the average number
of impacting representative fragments obtained with the 16 h period case and the
no-rotation case.

Fig. 28. Relative percent difference between the distribution of the average number
of impacting representative fragments obtained with the 2.5 h period case and the
no-rotation case.

surface, normalised with respect to the total number of ejected frag-
ments. Fig. 27 shows the difference between the 16 h period and
the no-rotation case, while Fig. 28 shows the difference between the
2.5 h period and the no-rotation case. We first notice that even the
16 h produces differences in the distribution of fragments despite the
effect on the overall fate of the ejecta being limited. We observe a
neat separation between to regions in correspondence of the impact
point (𝛼 = 90◦, 𝛿 = 0◦). Along the Eastward direction we have a
predominance of fragments for the case that includes the rotational
period, while the opposite is observed Westwards.

Fig. 28 shows that as the rotational speed increases, the shift is
more pronounced and the difference between the distributions becomes
higher. In fact, we pass from a maximum difference of 2%–3% of
the total fragments in Fig. 27 to about 10% in Fig. 28. This in turn
corresponds to an order of magnitude difference between the number
of fragments, from 1e9 to 1e10.

6. Conclusions and discussion

In this work, the development of a modular distribution-based
ejecta model is presented. The model is a combination of probability
distribution functions that characterise the main parameters governing
the ejection phenomenon, i.e., the particle size, the ejection posi-
tion and speed, and the ejection direction (in-plane and out-of-plane
18
angles). Combining the single distributions, a full four-dimensional
characterisation of the ejecta cloud can be obtained as a function of
the target and the impactor properties. From the probability density
functions, we obtain analytical expressions of the corresponding cu-
mulative distribution functions, which are the base for sampling the
distribution and determining the associated representative fragments.
Three different formulations of the ejecta model have been presented
in this work; however, the modularity of the presented model can
be leveraged to introduce new and improved correlations, as long as
they can be expressed as PDFs or conditional distributions. In addition,
the presented analytical formulation can be exploited to estimate the
number of particles satisfying specific conditions: by finding the ranges
of conditions that satisfy a given scenario (e.g., particles trapped in
quasi-stable orbits), the ejecta distribution can be integrated to find the
number of particles associated to it.

The developed ejecta distributions are used to compare different
modelling techniques and assumptions and assess the sensitivity of the
overall ejecta fate. In this work, we focus on few aspects of the ejecta
modelling and analyse the contribution of some relevant parameters:
the minimum particle size that defines the range of the distribution,
the slope coefficient of the size distribution, the type of model used
for the ejection speed and the ejection angle, the type of distribution
formulation used and the possible correlation between the size and
speed of the fragments. We perform the sensitivity analysis focusing on
the overall behaviour of the ejecta cloud. This translated to the analysis
of the share of particles escaping, re-impacting, and still orbiting the
asteroid after a two-months period and in understanding the particles’
behaviour in time as a whole. The analysis thus took into account
the cumulative distribution in time of the impacting and escaping
particles. In addition, an interesting aspect was the distribution of the
re-impacting particles onto the asteroid surface.

From the analyses, we observed interesting results that can better
inform our future choices about modelling impact crater events and
the resulting ejecta clouds. First, we observed that the selection of
the slope coefficient, �̄�, the type of distribution of the out-of-plane
ejection angle, 𝜓 , and the size-speed correlation do not significantly
influence the overall fate of the ejecta in terms of fragment evolution in
time; although, a minor influence of the size-speed correlation can be
observed for re-impacting fragments. The correlated formulation also
generates a higher number of generated fragments and a lower presence
of surviving fragments in the latest stages of the simulation. It must
be noted that the difference introduced by the size-speed correlation
may be higher when the considered speed range is larger that is when
the considered asteroid has a bigger gravitational parameter. in fact,
the greater the gravitational parameter, the higher is the escape speed,
which is the upper limit chosen for the ejection speed in this study. The
asteroid rotation has also a marginal influence on the ejecta evolution,
as long as the rotational speed is limited. Section 5.8, in fact, showed
that for faster rotations the contribution can be relevant in influencing
both the rate of impact and escape of the fragments and their distribu-
tion on the asteroid surface when they re-impact. Similarly, the type of
distribution of the out-of-plane ejection can have an influence on the
impacting particles distribution (Fig. 23). Our analyses also showed a
limited effect of the impact angle on the overall ejecta fate as the main
contribution was the variation of the total number off ejected fragments
as a consequence of a smaller normal component of the impact speed
as the impact angle decreases. However, further analyses on the effect
of the impact angle should be performed to assess the effect it may
have on the local distribution of the ejecta plume, especially in the
instants right after the impact event. Changing the minimum size of
the particles, 𝑠min, affected the overall number of generated fragments
and their behaviour in time. The effect was more pronounced for
escaping particles that reached escape condition in double the time
and decreased their rate of escape. As the particles were on average
bigger, also the rate of re-impact resulted reduced. Finally, both the
selection of the distribution formulation (from the position-based and
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the speed-based models) and the type of model of the ejecta speed had
the greatest influence on the behaviour of the ejecta, particularly on
the impacting particles. A strong difference in the rate of accretion has
been observed (Figs. 12 and 16) and in the distribution of the impacting
particles on the asteroid surface (Figs. 15 and 17). Additionally, the
difference between the position-based and the speed-based formulations
showed to be dependent on the target material Fig. 18. This is mainly
due to the difference in the cut-off speed of the speed-based formulation;
in fact, the position-based formulation showed lower influence form the
arget strength. In the end, regardless of the type of analysis performed,
n effective and robust analysis of the fate of the ejecta cannot ignore
he intrinsic uncertainties introduced by the modelling assumptions.

From a perspective of initial conditions generation, the position-
based ejecta formulation guarantees the highest flexibility as it allows
generating samples from the entirety of the ejection speed spectrum.
This characteristics allows the analysis also of low velocity particles,
which is of particular importance when considering low-gravity en-
vironments such as the ones of asteroids. Given the small escape
velocities, a large number of small and slow particles may be generated
by an hypervelocity impact and is thus important to be able to generate
initial conditions also for these particles. In the case of the position-based
formulation, we can also select the ejection speed model we want to
adopt. As we have seen in the sensitivity analysis, this choice indeed
influences the fate of the particles. However, it is not trivial to decide
which model should be preferred among the ones proposed by Housen
and Richardson. Additional tests and real mission data is probably
required to make a more informed decision and, possibly, better tune
the parameters defining these models. When looking at the speed-based
formulations, instead, we incur in the risk of neglecting parts of the
low-velocity portion of the ejecta cloud. Therefore, this formulation
is less suitable to analyse the fate of the ejecta in the neighbourhood
of asteroids, especially when considering smaller asteroids and higher
strength materials. However, the model can still capture the bulk of
the ejecta cloud, by modelling most of the ejected mass. In addition,
it can be useful when only the information on the ejection speed is
required or of interest, without passing through the ejection location
inside the crater. In fact, most of the time, the ejection location can be
approximated with a point on the asteroid’s surface. Finally, the idea of
using a combination of distributions to model the overall ejecta cloud in
a modular fashion can be leveraged to plug-in new and more accurate
models, but also to tailor the parameters of the models given new inputs
from actual impacts; for example, by comparing the simulated results
to images of impact cratering events such as the ones of Hayabusa2 and
DART.
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Appendix A. Coefficients derivation for the correlated distribution

The correlated distribution of Eq. (36) has two additional param-
eters with respect to the uncorrelated one, specifically, 𝑏 and 𝛽. The
computation of the parameters is thus more complex, also given the
different codependencies between them. For the correlated distribution
we follow the approach of Sachse et al. (2015), which introduces three
additional coefficients (𝛼, 𝛽, 𝛾) with the following meaning:

𝑝𝑠(𝑠) = ∫

𝑢max

𝑢min

𝑝𝑠𝑢(𝑠, 𝑢) 𝑑𝑢 ∼ 𝑠−1−𝛼 (42)

𝑝�̄�(𝑠) =
1

𝑝𝑠(𝑠) ∫

𝑢max

𝑢min

𝑢 𝑝𝑠𝑢(𝑠, 𝑢) 𝑑𝑢 ∼ 𝑠−𝛽 (43)

𝑚(𝑢) = 4
3
𝜋𝜌∫

𝑠max

𝑠min

𝑠3𝑝𝑠𝑢(𝑠, 𝑢) 𝑑𝑠 ∼ 𝑢−1−𝛾 (44)

Therefore, 𝛼 regulates the amount of ejected particles, 𝛽 the slope
of the size-averaged ejection speed, and 𝛾 the amount of ejected mass
as a function of the speed. The parameter 𝛼 depends on the target
material and must be greater than 0; typically 𝛼 ranges from 1.5 for
loose to 3 for solid targets. The parameter 𝛽 is always greater than
zero and, usually smaller than 1, while 𝛾 depends on the target material
and ranges between 1 for porous to 2 for non-porous materials (Sachse
et al., 2015). Sachse also shows that 𝛼, 𝛽 and 𝛾 are related to �̄�, 𝛽 and
�̄� as follows:

�̄� = 𝛼 (45)

𝛽 =
3 − 𝛼 − 𝛽
𝛾 − 1

(46)

�̄� = 𝛾 + 𝛼 − 3
𝛽

(47)

Given the limits in 𝛼, 𝛽 and 𝛾, we also have range limitations for �̄�,
𝛽 and �̄� that need to be taken into account. Specifically, we impose that
�̄� and �̄� must satisfy the following mathematical limitations: 0 < �̄� < 3
and 0 < �̄� < 1 (Sachse et al., 2015).

In general, to fully specify Eq. (36), we can start by defining a
value for the maximum ejection speed and the minimum particle size.
Both these quantities can be reasonably assumed or computed. For
the maximum ejection speed, we can refer to Eq. (22) or Eq. (23),
while for the minimum size, this can be reasonably assumed (10–
100 μm) or assumed equal to the minimum size detectable by an
instrument (Sachse et al., 2015). We can then select the values for �̄� and
�̄� as they depend on the target material. To fully define the distribution
we are left with 𝐴, 𝛽, and 𝑏, which must be selected to satisfy the mass
conservation equation.

In addition, 𝑏 is related to 𝛽 by the Heaviside function because
the Heaviside function returns one only if its argument is greater than
zero. Practically, this expression limits the maximum ejection speed as a
function of the particle size. We thus have: 𝑏 = 𝑢⋅𝑠𝛽 . As we have already
selected the minimum particle size, 𝑠min, and the maximum speed, 𝑢max,
we can substitute them into this expression to find a relation between 𝑏
and 𝛽. As discussed in Section 2.2.3, we can also specify the minimum
ejection speed. By doing so and using the aforementioned expression
for 𝑏 with the values of 𝑠max and 𝑢min, we can obtain the desired value
for 𝛽. In fact, we have:
(

𝑠max
𝑠min

)𝛽
=
(

𝑢max
𝑢min

)

. (48)

As we are fixing the size range (𝑠min, 𝑠max) and the ejection speed
ange (𝑢min and 𝑢max), we can invert Eq. (48) to obtain 𝛽 as follows:

̄ = log𝜁 𝜂, (49)

here 𝜁 = 𝑠max
𝑠min

and 𝜂 = 𝑢max
𝑢min

. At this point it is important to verify the
validity of this solution. In fact, following Eq. (46), 𝛽 is a function of
𝛼, 𝛽, and 𝛾. The limitations in ranges of 𝛼 and 𝛾 impose limits also on
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Fig. 29. Comparison of cumulative ejection mass vs particle speed. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 30. Comparison between the mean ejection speed for correlated and uncorrelated
distributions. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

𝛽 and, as a consequence, on 𝛽. Therefore, the value of 𝛽 must be such
that 𝛽 satisfies the following expression: 0 < 𝛽 < 𝛽max, where:

𝛽max = (3 − 𝛼) ⋅
(

1 −
𝛾 − 1
𝛾

)

. (50)

At this point, we can obtain the value of the last parameter, 𝐴, by
using the mass conservation equation as follows:

𝑀tot =
4
3
𝜋𝜌∫

𝑠max

𝑠min

𝑠3𝑝𝑠(𝑠) 𝑑𝑠 = ∫

𝑢max

𝑢min

𝑚(𝑢) 𝑑𝑢. (51)

An example of the characteristics of the distribution is given in
Fig. 29, where we show the cumulative mass distribution as function
of the ejection speed. In red, the two experimentally derived expres-
sions (Housen and Holsapple, 2011), one considering the material
porosity (solid line) and the other without (dashed line) (Eq. (22) with
𝑝 ≠ 0 and 𝑝 = 0, respectively). It is possible to observe that the cumula-
tive distribution derived from the uncorrelated case (blue line) closely
matches this experimental correlation. The correlated case, instead,
shows a steeper behaviour that is consistent with the limitations on the
maximum velocity vs particle size.
20
In addition, Fig. 30 shows the average speed vs. particle size for the
ejecta. We clearly see the different behaviour of the two distributions
for which larger particles have, on average, smaller ejection speeds.

Appendix B. Cumulative distributions

The sampling of the ejecta distribution is based on the continuous
description of the presented ejecta formulation. As we are expressing
the ejecta distribution as a combination of probability density functions
and conditional probability density functions (e.g., Eqs. (4), (25) and
(35)), we can use the corresponding Cumulative Distribution Functions
(CDFs) to sample the distributions. In fact, by inverting the CDF we can
directly sample the distribution. For example, let us have the PDF of the
generic variable 𝜃, 𝑝𝜃(𝜃). Obtaining the relevant CDF and inverting it
we have:

CDF−1𝜃 (𝜃) = 𝛩 with 0 ≤ 𝛩 ≤ 1. (52)

By randomly sampling 𝛩 between 0 and 1 we obtain the samples
corresponding to 𝑝𝜃(𝜃). We use this procedure for all the distribution
presented in this work, paying attention to the sampling order when
conditional distributions are combined. For example, to sample Eq. (4),
we can first sample the size, 𝑠, and the launch position, 𝑟, distributions
as they are independent from all the others. We then use the sampled
values of 𝑟 to draw samples from the conditional distribution of the
in-plane ejection angle, 𝜉. Finally, we perform an analogous procedure
for the conditional distribution of the out-of-plane ejection angle, 𝜓 ,
which depends on the samples of 𝑟 and 𝜉.

The cumulative distributions are also used for the sampling proce-
dure of Section 3 and the computation of the representative fragments.
As an example, let us consider Eq. (4), in the variables 𝑠, 𝑟, 𝜉, 𝜓 . We
want to compute the number of fragments in a generic four-dimensional
cell of the state space, whose limits can be expressed as:  =

[

𝑠0, 𝑠1
]

∩
[

𝑟0, 𝑟1
]

∩
[

𝜉0, 𝜉1
]

∩
[

𝜓0, 𝜓1
]

. To do so, we can exploit the cumulative
distribution functions as follows:

𝑛𝑓 () =
(

𝑃𝑠(𝑠1) − 𝑃𝑠(𝑠0)
)

⋅
(

𝑃𝑟(𝑟1) − 𝑃𝑟(𝑟0)
)

⋅
(

𝑃𝜉|𝑟(𝜉1|�̄�) − 𝑃𝜉|𝑟(𝜉0|�̄�)
)

⋅

⋅
(

𝑃𝜓|𝜉,𝑟(𝜓1|𝜉, �̄�) − 𝑃𝜓|𝜉,𝑟(𝜓0|𝜉, �̄�)
)

, (53)

where 𝑃𝑠, 𝑃𝑟, 𝑃𝜉|𝑟, and 𝑃𝜓|𝜉,𝑟 are the conditional distributions in size,
launch position, in-plane and out-of-plane ejection angles, respectively.
Because the conditional distribution in 𝜉 requires the values of 𝑟 and the
one in 𝜓 the values of both 𝑟 and 𝜉, we need to specify their values.
In this work, the values are assumed as the mean of the corresponding
interval (e.g., �̄� =

(

𝑟0 + 𝑟1
)

∕2).
The following sections contain a review of all the CDF derived for

the models presented in Section 2, except for the equations based on
Normal distributions (i.e., Eqs. (13), (20) and (30)), whose sampling
can be performed relying on algorithms available in most scientific
programming languages (in this work the Python package scipy is
used (Virtanen et al., 2020).)

B.1. Position-based formulation

In this section, the CDF relative to the position-based formulation are
reported.

Size distribution
Eq. (54) is the CDF of the particle size distribution. Inverting the
distribution to obtain 𝑠, we can sample the particle size according to
the power law.

𝑃𝑠(𝑠) =
𝑁𝑟 ⋅

(

𝑠−�̄�min − 𝑠
−�̄�) . (54)
𝑁tot
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Launch position distribution
Eq. (55) is the CDF of the launch position distribution. Inverting the
distribution for 𝑟 and drawing random samples between 0 and 1 for 𝑃𝑟
allows sampling the corresponding distribution.

𝑃𝑟(𝑟) = 𝑘 ⋅
𝜌

𝑀tot
⋅ (𝑟3 − 𝑟3min). (55)

In-plane ejection angle distribution
Eq. (56) is the CDF of the in-plane ejection angle distribution of
Eq. (12). Unfortunately, inverting this equation is not possible; how-
ever, the variable 𝜉 can still be sampled by first drawing a random
sample for 𝑃𝜉|𝑟 between 0 and 1, and then solving the equation nu-
merically for 𝜉. As this is a conditional distribution, we first need to
sample the launch position 𝑟.

𝜉|𝑟(𝜉|𝑟;𝜙) =
1
2𝜋

⋅
[

𝜉 +
cos𝜙
𝐶0

(

𝐶1 sin 𝜉 − 𝐶2 sin 3𝜉+

− 𝐶3 sin 5𝜉 + 𝐶4 sin 7𝜉 + 𝐶5 sin 9𝜉
)

⋅

(

1 − 𝑟8

𝑟8max

)

]

,

(56)

where 𝐶0 = 25200, 𝐶1 = −10710, 𝐶2 = −2730, 𝐶3 = −378, 𝐶4 = 45, and
𝐶5 = 35.

Out-of-plane ejection angle distribution
Eq. (57) is the CDF of the uniform model of the out-of-plane ejection
angle distribution (Eq. (16)). This expression can be easily inverted and
solved for 𝜓 to sample the distribution, provided we first sample of 𝑟
and 𝜉 as this is a conditional distribution.

𝑃𝜓|𝜉,𝑟(𝜓|𝜉, 𝑟;𝜙) =
sin

(

𝜓 +𝐾𝜓 (𝜉, 𝑟;𝜙)
)

− sin
(

𝜓min +𝐾𝜓 (𝜉, 𝑟;𝜙)
)

sin𝜓𝑛,max − sin𝜓𝑛,min
(57)

B.2. Speed-based distribution

In this section, we present the analogous CDF for the speed-based
formulation (Section 2.2).

In-plane ejection angle distribution
Eq. (58) is the CDF for the 𝜉 distribution described by Eq. (26).
Analogously to Eq. (56), the sampling of 𝜉 requires solving numerically
the equation. In this case, however, the distribution is not conditioned.

𝑃𝜉 (𝜉) =
1
𝐶6𝜋

⋅
[

𝐶7𝜉 + 𝜙 ⋅
(

𝐶1 sin 𝜉 − 𝐶2 sin 3𝜉

−𝐶3 sin 5𝜉 + 𝐶4 sin 7𝜉 + 𝐶5 sin 9𝜉
)]

, (58)

where 𝐶1 = −10710, 𝐶2 = −2730, 𝐶3 = −378, 𝐶4 = 45, 𝐶5 = 35,
𝐶6 = 56700, and 𝐶7 = 28350.

Out-of-plane ejection angle distribution
Eq. (59) is the CDF of the 𝜓 distribution for the uniform model. Solving
the expression for 𝜓 allows sampling the distribution in a spherically
uniform fashion inside the specified range.

𝑃𝜓|𝜉 (𝜓|𝜉;𝜙) =
sin

(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

− sin
(

𝜓𝑛,min
)

sin𝜓𝑛,max − sin𝜓𝑛,min
(59)

peed distribution
q. (60) is the CDF for the speed distribution. This is a conditional dis-
ribution; provided 𝜉 and 𝜓 are sampled before, inverting the following
xpression for 𝑢 allows the sampling of the speed distribution.

𝑢|𝜓,𝜉 (𝑢|𝜓, 𝜉;𝜙) =
𝐾𝑢
�̄�

⋅
sin

(

𝜓 − �̄�𝜓 (𝜉;𝜙)
)

sin𝜓
⋅
(

𝑢−�̄�min − 𝑢
−�̄�
)

, (60)

where 𝐾𝑢 =
�̄�

−�̄� −�̄� as for Eq. (31).
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𝑢𝑛,min−𝑢𝑛,max
B.3. Correlated speed-based distribution

For the case of the correlated distribution, the sampling of the
ejection angles, 𝜉 and 𝜓 are analogous to B.2. The main difference
resides in the sampling of the size-speed distribution (Eq. (37)). To
sample this distribution, we rearrange it as:

𝑝𝑠𝑢|𝜉,𝜓 (𝑠, 𝑢|𝜉, 𝜓) = 𝑝𝑢|𝑠,𝜉,𝜓 (𝑢|𝑠, 𝜉, 𝜓) ⋅ 𝑝𝑠|𝜉,𝜓 (𝑠|𝜉, 𝜓), (61)

and find the CDF of the two conditional distributions as follows:

𝑃𝑠|𝜉,𝜓 (𝑠|𝜉, 𝜓) =
𝐴
�̄�
⋅
⎡

⎢

⎢

⎣

(

𝑢min
|𝐽 |

)−�̄�
⋅
1
�̄�
(

𝑠−�̄�min − 𝑠
−�̄�) + 𝑏−�̄� ⋅

𝑠−�̄�+𝛽�̄� − 𝑠−�̄�+𝛽�̄�min

�̄� − 𝛽�̄�

⎤

⎥

⎥

⎦

,

(62)

𝑢|𝑠,𝜉,𝜓 (𝑢|𝑠, 𝜉, 𝜓) =

(

𝑢𝑛,min𝑏𝑠−𝛽𝑢
)−�̄�

(

𝑢−�̄�𝑛,min − 𝑏
−�̄�𝑠𝛽�̄�

)

|𝐽 |−�̄�
⋅

{

(

𝑢
|𝐽 |

𝑏𝑠−𝛽
)�̄�

−
(

𝑢min
|𝐽 |

𝑢
)�̄�

+

[

(

𝑢min
|𝐽 |

𝑢
)�̄�

−
(

𝑢min𝑏𝑠
−𝛽
)�̄�

]

⋅ 𝛩
[

𝑏𝑠−𝛽 − 𝑢
|𝐽 |

]

}

, (63)

here |𝐽 | = sin
(

𝜓−�̄�𝜓 (𝜉;𝜙)
)

sin𝜓 as in Eq. (33). Both Eq. (62) and (63) cannot
be inverted and must be solved numerically to sample them. Again, as
we have a combination of conditional probability distributions, we first
sample 𝜉, then 𝜓 , then 𝑠, and, finally, 𝑢.
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