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Quadratic exponential vectors

Luigi Accardi® and Ameur Dhahri®
Volterra Center, University of Roma Tor Vergata, Via Columbia 2, 00133 Roma, Italy

(Received 1 October 2009; accepted 24 October 2009; published online 22 December 2009)

We give a necessary and sufficient condition for the existence of a quadratic expo-
nential vector with test function in L*(R¢) N L*(R¢). We prove the linear indepen-
dence and totality, in the quadratic Fock space, of these vectors. Using a technique
different from the one used by Accardi et al. [Quantum Probability and Infinite
Dimensional Analysis, Vol. 25, p. 262, (2009)], we also extend, to a more general
class of test functions, the explicit form of the scalar product between two such
vectors. © 2009 American Institute of Physics.

[doi:10.1063/1.3266166]

I. INTRODUCTION

Exponential vectors play a fundamental role in first order quantization. It is therefore natural
to expect that their quadratic analogues, first introduced in Ref. 3(b), will play such a role in the
only example, up to now, of nonlinear renormalized quantization whose structure is explicitly
known: the quadratic Fock functor.

The canonical nature of the objects involved justifies a detailed study of their structure.

Let us emphasize that the nonlinearity introduces substantially new features with respect to
the linear case so that, contrarily to what happens in the usual deformations of the commutation
relations, quadratic quantization is not a simple variant of the first order one, but interesting new
phenomena arise.

For example, usual exponential vectors can be defined for any square integrable test function,
but this is by far not true for quadratic ones. This poses the problem to characterize those test
functions for which quadratic exponential vectors can be defined. This is the first problem solved
in the present paper (see Theorem 3).

Another problem is the linear independence of the quadratic exponential vectors. This very
useful property, in the first order case, is a simple consequence of the linear independence of the
complex exponential functions. In the quadratic case the proof is more subtle. This is the second
main result of the present paper (see Theorem 5).

For notations and terminology we refer to the papers cited in the bibliography. We simply
recall that the algebra of the renormalized square of white noise with test function algebra,

A= L*RY) N L*(RY),
is the *-Lie-algebra, with self-adjoint central element denoted 1, generators,
{B}.Bj,N,.1:f.g.h € L*(RY) N L*(R’)},
involution
* _
(Bp)*=B;. N =Ny,

and commutation relations,

YBlectronic mail: accardi @volterra.uniroma2.it.
YElectronic addresses: ameur@volterra.uniroma2.it and adhahri @uc.cl.
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[B/.B;1=2c(f,g) +4Ns,, [N,B;]1=2B,, c¢>0,

[B;aB;] = [Bf’Bg] = [Na’Na'] =0

for all a,a’,f,g € L*(RY)NL*(R9). Such algebra admits a unique, up to unitary isomorphism,
*-representation (in the sense defined in Ref. 2) characterized by the existence of a cyclic vector
O satisfying

Bd=ND=0:ghel*(R)N L*(R)}

(see Ref. 4 for more detailed properties of this representation).

Il. FACTORIZATION PROPERTIES OF THE QUADRATIC EXPONENTIAL VECTORS

Recall from Ref. 3(b) that, if a quadratic exponential vector with test function f
e LX(RY) N L*(RY) exists, it is given by

where by definition

W(0) := B}'® := ®

(notice the absence of the square root in the denominator).

In this section, after proving some simple consequences of the commutation relations, we give
a direct proof for the factorization property of the exponential vectors.

Lemma 1: For all f,g € L*(RY) NL*(RY), we have

[N.B" =2nB""VB},, (1)

[B/.B}"]=2nc(f,g)BL" ™" +4nB:""VN7, + 4n(n - I)B;(”‘Z)B%gz. 2)
Proof: The mutual commutativity of the creators implies that

n—1 n—1

+n7 _ +i +1p+(n—i-1) _ +i +\ pt+(n—-i-1) _ +(n—1) p+
[N.B;"]= 2(‘,) BY[N.B{1B;" " = EO B!'(2B})B;"""" =2nB;""VB},
= =l

which is (1). To prove (2) consider the identity
n—-1

LA AN A
1=l

n—1

_ i _ (n—i-1)
= 20 BY'(2c(f.g) +4N7,)B},

n—1

= 2nC(f,g)B;("‘1) + 42 B;iN?gB;(n—i-l)'
i=0
From (1) it follows that
— p+(n—i-1) _ p+(n—i-1)p- . Hn=i=2) p*
NyB, =B," "IN +2(n—i- BB .

Therefore, one obtains
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[B.B:"]=2nc(f.g)BL""" + 4nB;" VN7,
n—1

+i . +(n-i-1) pt
+4§ BY'(2(n-i-1))B} By,
=2nc(f.9)B;"" + 4nBI "N,

n-1
. +(n-2) pt
+8(2 (n—i- 1))19g B,

i=0

= ZnC(f,g)B;("_l) + 4nB;("_1)N}g

n—1
+8 ( > n-i- 1))3?”‘”3?}{2

i=0
= 2nc(f,g)B;("_l) + 4nB;("_l)Nj7g

-1
+ 8(n(n -1)- %)B;("_Z)B}rgz

= 2nc(f,g)B;("_l) + 4nB;("_1)NJ?g
+(n-2) pt
+4n(n—-1)B, Bfg2.

Lemma 2: Let f,....fi.&1: -8y € L (RY) N L*(RY). Then, we have

Bfk'”Ble --B;@:O forallk>h=0.

+ .
8h
Proof: 1t is sufficient to prove that
+ +
By, ~ByBy B ®=0, VheN
Suppose by induction that, for A=0, (3) is satisfied. Then, one has
+ + —_— ) + ) +
By, BBy, By =By - Bp[By.By - By 1P
1
+ + -
= th+1 o szg B!s’h o Bgi+1(2c<fl’gi> + 4Nf1gi)
=n
+ +
B .- Bg]CD

8i-1

1
= 2C2 <fl’gi>(th+l : "sz)(BZ,h : é;l : “B;I)(b
i=h
1
+42 By, oo Br)(By o N By o By )®.
i=h
By the induction assumption,

1
+ p+ + _
Eh (f1.8)(By,,, By, (By -+ B} -+ By )®=0.

Therefore, one gets

3)
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.. + e +
th+] By th BgICD

1
- 4% (By,, ***By)(By By Nj By <+ By)®

1

+ + + - + +
—42 (th 1 )(th “Bgm E.]Bgi—l”'[Nflgi’Bgm].”Bgl)qD
m

1 1
— +...gt + L..pt + ..t
- 4% th+1 Bf2th Bgi+1<2m:2i_] Bgi—l BflgigmBgm-l Bgl P

- B,B* ---B* ---B* --.B" B
82 Z B, BBy By By -BiB, @,

81 .
b oo f18i8m

which is equal to 0 by the induction assumption.
Lemma 3: Let I,JCRY, such that INJ=¢, and let fy,....fn f{, ,f,;,, Glseees8hos
8ls-- ,g,;, e L2(RYH) N L*(RY), such that

supp(f;) C 1, supp(f;) C1, supp(g) CJ, supp(g/)CJ.
Then, for h#h' or k#k’, we have

+ + + _
(Bf --*B} B, By <I>BI,1 . B,B B ®)=0.

1 iy

Proof: Lemma 1 and the polarization identity imply that [B 1, By, ,B;, . 'B;,]=0. Therefore,
h Y 1

it is sufficient to prove the result for 4 # h’. Taking eventually the complex conjugate, we can
suppose that 2> h’'. Under this assumption

+ + .o +
(B} --"B} B} -~ B chf/ Bf{ng,, B, ®)

— +... + + . .o +
=(B,, B, DB - By (B, B, Bl)®),

and the statement follows because, from Lemma 2, one has

.
By, BpBy - B;.i(D =0.

For 1C R, denote H, the closed linear span of the set {B+"(I> nel, fe L*(RY) N L*(RY) such
that supp(f) C I} and H="Hgya. The space H, denoted I’ Z(LZ(R") ﬂLm(Rd)) is called the quadratic
Fock space with test function algebra L?(R?) N L*(RY).

Lemma 4: Let I1,JCRY, such that INJ=¢, and let f1,...,fu f1s-- oS 81r+-s8ks &1» -84
e LX(RY) NL*(RY), such that supp(f;) C1, supp(f;) C1, supp(g;) CJ, and supp(g;) CJ. Then, we
have

+ +
<th"'BfB

+ ot +
By B} ®,B}, - ‘ByB, -+ By ®)

h
— + .o + + .o + + DY + + .o +
= (B} -+ B} ®.Bj, -+ BL® By - B} @B}, - By, ®,). (4)

Proof: By induction on h. For h=1, one has
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(BjB, B} ®.B} B, - B)
=(By - Bglqn,B;k, o B;i(Ble;i)q)>
= 2¢{/1f1XBy, By ®,B, - B, ®)
= <B;1cb,,B;],,<1>,)<B;k fe BL(IDJ,B;L fee B;{qy).

Let h=1 and suppose that (4) holds true. Then, one has

+ + ...t pt. + +*pt ... pt
(B, Br, B} B+ By @By Bl BB, B®)

+ .o + + CEY + . . +
(B, BjBy, By @By By By BuBLBy - Bd)

1
+ .o + + .o + + .o + + ) + ) +
2, (Bj B} By By ®.(By - BBy -[By, Byl B)®)

m=h+1

1
=2c 2 <fh+1,f,'n>

m=h+1

+--- + +--- + +--. + + )
><<th BBy - B, ®.(By, - By)(B) Bf ‘B, )

m

+ + .. pt + +
+4 E <Bf Bfl Bg1©’(Bg,£ Bg')(Bf' B thJrlfB

’
m=h+1 1 h+ m+ mn fm—l

+
“Bfi)(I)).

By the induction assumption

. + + ---A+ .o +
m%lmm,f XBj - Bj B, By @B, B]th+1 By, - By, ®)

= 2 Fuerof )} BS - B @B, - By, - B] By By @By B @),

m=h+1 f’”
Moreover,
+ LIRS + + DY + + ... +
<th By B, BgICD,Bg, ‘B’ ithH ‘B m+leh+1f B L Bf{CI)>
1
+ . + + e “ee pt “ee - ’ + “ee +
3 (Bj, B} By - By By, BB Bl - [Nj_p B Bj,®)
... B + BT ... Bt ...BtRT
=2 E (Bf -~ B} By Bg]CD,BgL Bg{Bgith+1 By - By Bf]thHf,f_,CD).
i=m—1 mi
Again by the induction assumption, this term is equal to
+ . + + .o A+ .o A+ .. . + + . +
2;:m2_1 (B} - B ®.Bj, --Bj --Bj, BB} OB o By @By e BD)).

Hence, one obtains
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. +- + ..
(B} B} BjBy BCIDBfMth Ble BcI>>

1
f— ! + DY + + .o A+ LRI +
=1 > | 2¢(finrs fu)Bj -+ B} ®1,B i By By D))

m=h+1 mn

+8 B --B:®.B, --B,-B.,--B.B. , @
z§l< L Tt T fi I ol )
+ .. + + DEY +
><<ng Bgld)J,Bgli Bg;q)J).
Since the term between square brackets is equal to

+ .o + + .. +
(Bj, B ®uB], - B,

This completes the proof of the lemma. O
Lemma 5: Let I,J CRY, such that INJ=¢. Then, the operator

UniHis— Hi®H,y
defined by

UI,J(B}—” e B}—IB+

g, B;-lq)IUJ) = (B;n o B;I(I)I) ® (Bgm e B;‘DJ),

where supp(f;) CI, supp(g;) CJ, is unitary.
Proof: 1t is sufficient to prove that for all f,,....f1, fis--sf1 EHE Gmsee 281> &hs--+8]
(S H],

+ + + + + ot +
<Bf Bf B .Bg]CDIUJ’BfIQ o BffBg;', ) “Bgi(I)IUJ>

— (Rt ...Rpt + ... pt + ... pt + .. pt

- <Bfn BfICDI’BfIL Bf{q)l><Bgm Bglq)J’Bg}’l Bgl’q)J> (5)

Note that Lemma 3 implies that (5) holds if n# h or m # h. Moreover, if n=k and m=h, then from
Lemma 4, the identity (5) is also satisfied. This ends the proof. O
Theorem 1: Let Iy, ...,1,CRY, such that I,NI;=¢ for all i #j. Let

UllUmUlk—l’lk:HUi;l’i - HUi‘:llli ®H,,
be the operator defined by Lemma 5. Then, the operator
UI]""’In:HU?:]Ii — Hli ® ++ ® Hln
given by
Ull""’ln: (UII’IZ ® 1]3 R ® 1[}1) o (U11U12,13 [ 114 R ® 1[n)
° (UIIU“.UIn—Z’In—l ® lln) ° UIlU“'U[ I

n=1""n

is unitary.
Proof: For all ke{2,...,n} (I, U---UIL_) NI,=D. Therefore, the operator

Hok g, — k-1
Unu-un_ i Hok = Hokl, @ ’y,

is unitary because of Lemma 5. In particular, U I, is a unitary operator.1 O

Theorem 2: (Factorization property of the quadratic exponential vectors) Let I, ...,I,CR¢,
such that I;\[;=¢, for all i#j, and let U, ... 7In:HU?=IIi*> ®?:1H1i® - @M, Dbe the unitary
operator defined by Theorem 1.
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Then, for all f e L* (UL, 1) NL*(U'L 1)), such that V(f) exists, we have

Un.a YO =¥({)® - 0¥(f;)

where f,i==f)(1i.
Proof: Denote Jk=Uf=11,~. Then, Unu--ur_ 0, =Us_ o, is a unitary operator from H,k to
Hj_ ®@H,. Let fe LA(UL,I) N L*(U,I;) be such that W(f) exists. Since

f=2h=0  +f
i=1

it follows that

m
+m _ (p+ + \m _ k p+k +(m—k)
Bi"=(B], +Bj V"= 2 CuBj, B
where

|
k m.

C=——".
" (m—-k)k!
Therefore, one obtains

m
U B+ 0= S CB 0, )0 B
B k=0 - \

I

This gives

U, 1 ¥N=Y{; )e¥().

Now, one has

(U,

n—ZJn—l

® 11") ° (an_l,ln)‘l’(f) = (an_an_l‘I’(fJn_l)) ® ‘I’(fln)-

In the same way, we prove that

Uy 0 Y5 )= )W ).

n=2""n-1

Hence, the following identity holds:

( UJn—Z’I n—1

® 1)U, )Y =Y )V )oW().

Iterating this procedure one finds

(U‘/k' B 1’k+2 ® @ l,n)o (U‘/k+l ® 11k+3 AR lln)

o

ooy W=V @W(f )@ @ W(f)

i1

or equivalently

U Y=, 1,0 ®1;)e Uy ,©1;,® 1)
ool V() =V(f)® - @V(f;).
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lll. CONDITION FOR THE EXISTENCE OF THE QUADRATIC EXPONENTIAL VECTORS

When both W(f) and W(g) exist, the explicit form of their scalar product was determined in
Ref. 3(b), for step functions in R with bounded supports. We further prove that the sufficient
condition for the existence of a quadratic exponential vector with a preassigned test function,
given in Ref. 3(b), is also a necessary condition. Finally, using the factorization property of the
quadratic exponential vectors and an approximation argument, we extend the formula for the
scalar product to exponential vectors with arbitrary step functions. Due to the nonlinearity in-
volved in this form of the scalar product, the approximation argument is not as straightforward as
in the first order case. A different proof of this result was obtained in Ref. 3.

Proposition 1: For all f,g € L*(RY) N L*(RY), we have

n—1

(n—1)!
B+n(D,B+n(D — 22k+] n 7
(BB 0) =2 P T

Proof: From Lemma | one knows that

<fk+1,gk+1><B;(n_k_l)q),B;(n_k_l)(I)>.

BB =20l Al B
This gives
(BI"®, B D) = 2nc(f, g)(BL" VD, B VD) + dn(n - 1)(BID, B, B D)
f g - 8 g Dy j , fgz :
= 2nc(f,g)<B;("—l)(I),B;(n—ﬁq)) + 4n(n - 1)(Bj;ng}'(n—l)(D’B;(n—Z)(I».
But, one has
BB} "0 =201 = Dl OB 440 = )0 = 2) BB,
Therefore,

+n +n }’l'(}’l—l)' +(n— +(n— I’l'(}’l—l)'
(B;"®.B, <I>>=2mc<f,g><3f( D, B 1>q>>+23m

+2*n(n— 1)2(n - 2)(Bp B} "' ®,B}" D).

(.7} "D, B )

In the same way, we prove that

(BB}, B D) = (B0, BB )
=2(n = 2)(f%.g* /B ", B;" D)
+4(n-2)(n=3)(B;" 0, B}, B, VD).
This yields
, , n!(n—-1)! - -
(B; (D,B; d) = 2mc<f,g><3}r( I)CI),B;( UCD)
'(n—1)!
31 2 2\ /pt(n-2) p+n-2)
((I”l—z)')zcg 8 ><Bf (I)aBg (I)>
'(n—1)!
sh 3 3y ptn-3)g p+(n-3)
((n_3)')2c<f ’g ><Bf (I)’Bg ®>

+2%n(n = 1)X(n = 2)X(n = 3)(BjsysB} "D, B} " VD).

We repeat this argument until to obtain the formula given in the above proposition. O
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As a consequence of the Proposition 1, we give a necessary and sufficient condition for the
existence of an exponential vector with a given test function.

Theorem 3: Let feLXRd)NL*(RY). Then, the quadratic exponential vector WV (f) exists if
and only if |fil.<3.

Proof: Suﬁ‘iczency Let f e L2(R%) N L2(RY) be such that [|f]..< 5. From the above proposition,
one has

n—1

n n: (n n—
|1Bf <1>||2=62 22"”Wlllf‘”llzllf3}( D)2
n. n-— n—i n— n—
—CE 22"+'—1),)2||lf*“||2||3f “DD|P + 2ncl|A]BF DI + 2ne| ARIB; " DI
n-2 n (n
=3 R BV = Gt D)
n}‘? ke (=D n=2)! |4+ 2 gHn=D-k=1) |2
X 2 BV . 6
S (- n—kmnp TR ” )
Note that
2 )!(n-2)!

- (n- 1)—k-1)
”B*j(n I)CDHZ:cE 92k+1 Hl]dm” ||B+((n P2
! = (n=D—k-12T P
This proves that

1B ®IF < [4n(n ~ DIAE + 20l AZ]IB; "D (7)

Finally, one gets

|B;"®|? - 4n(n = D|f2 + 2nlAG |87 ®|?
(n!)? n? (n=11)*"

Hence, it is clear that if 4||f|]> <1, then the series E,,>0||B+”CI>||2/ (n!)? converges.
Necessity. Let f e L>(R%) ﬂLz(]Rd) be such that ||f|.=5. Put

1
= 5}.
It is clear that |J|>0. In fact, if [J|=0, this implies that a.e x € R?,
our hypothesis. It follows that

1 and |[f]l.. <3, against

@) = x, 0l = 3x0() (8)
for almost all x € RY. Note that from Proposition 1, it is easy to show by induction that if
|h(x)| = a.e,
then
|B;" @[> = [1B;" PP ©)
Hence, the identities (8) and (9) imply that
PE e o= - BT B

But, from Proposition 1, one has
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1B{T)2),, @I B (M n— 1>||B<+1(7{)'X?,¢>||2 _n-1 IIB?f/’ZSQfDII2 _
@2 \2n n J((m-DND " n (n=-DH*
n—-1n-2

n n-—1

= 2

1 ! 1
Bl O = Bl PIP =

which proves that the series X,—o(1/(n!)?)|[B({},), @|* diverges. It follows that also the series
3,=0(1/(n!)?)|Bf"®|]* diverges. ! O

Theorem 3 implies that, whenever the quadratic exponential vectors are well defined, their
scalar product

(W(f).¥(g)

exists. More precisely the following results hold.
Theorem 4: For all f,g e L*(R%) NL*(RY), such that |fl|..<3 and ||g||..< 3, then the integral

f In(1 - 4f(5)g(s))ds
R4
exists. Moreover, one has

<‘I’(f),\l,(g)> — e—(c/Z)f‘Hd 1n(1—4}(x)g(s))dx ) (10)

Proof: Proposition 1 implies that, for any pair of step functions f=py,, g=ox; where |p|
o]<3, and ICRY, such that its Lebesgue measure |I| <, one has

1
< 2
n—2

g e i3 n!(n—1)!
(B ®.B) = e 2 2T

+ 2nc(f,g>(B;§("_l)<I),B;("_l)(1>>

5 Od(+2’ gk+2>< B}r((n—l)—k—l)q)’ B;—((n—l)—k—l)q)>

n-2

= s ey (n=Dl(n=2)!
=4n(n l)pa[cgoz (=D k=D

(fk”,gk”)

X<B}-((n—1)—k—l)(I)’B;((n—l)—k—l)q)>]

+ 2ncﬁ(1'|1|(B;(”_I)CI),B;("_U(I))
= [4n(n - 1)po + 2ncpll| KBf" @, B " VD).

This gives
B+n¢,B+n¢ Ji -1 B+(n—1)q)’B+(n—1)¢
(B/"®.B®) , >:4—U{M+” }< f - ) (11)
(n!) 2n n (n=1)"H

On the other hand, if 7,JCRY such that |I] <,
property (see Theorem 1), one has

J|<e and INJ={, then by factorization

<\IIPXIUJ’\I’UXIUJ> = <\PPX1’\II‘TX1><\I,PXJ"I,‘TXJ>’ (12)

Therefore, if we put

F(p,o,|I

) = <‘PPX1’\I,U'X1>

then from (11), it follows that
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F(p,o,|I PX1u1’lPUX1u1>
for all 1,JCRY, =. Moreover, identity (12) implies that
F(p,a.)l| + |J)) = F(p,o.|I)) F(p,o,
Thus, there must exists & € R, such that
F(p,o,|l]) = elllé,

Put ¢=|I|. The number ¢ is obtained by differentiating at t=0. Using relation (11) one finds

d BY'®,B!"® d t -1 t 4po)”
- <_;28_>= — <4ﬁo(c_+n ) 4p0.<c +O>>:£ﬂ.
dt|,_ (n) dt |, 2n  n 2n 2 n
Hence, we get
d c (4p(r)
&= — F(p,O’,t=|I|)=—E ln(1—4p0')
dt =0 n=1

This proves that the identity (10) holds true for any step functions f,g € L*(R¢) N L*(R9), such
that | < % and gl <.

By the factorization property (see Theorem 2), it is easy to show that, if f Eapa)(, ,
_EﬁpBXIBeLZ(Rd)ﬂL (RY), where I,N 1= for all a+a' and |p,|<3,
then the equality (10) is also satisfied. 5

Note that the set v of functions f=2,p,x;_is a dense subset in L*(RY) N L* (Rd) equipped with
the norm I-I=)lIle+|-|l,- Consider now two' functions f, g in L2(R%)NL
llgll < . Then, there exist (f;);, (g;);C v and j, € N, such that

lim[f;— f] =0, lim|g;—g]=0
J—®

Jj—e

1 1 L.
Ifille <3, llgfle<3 forall j=jo.
First step. Let us prove that, under the assumptions of the theorem, the integral
o~/ gd In(1-4£(s)g(s))ds
exists and

lim e~ (€2 rd I(1=41(5)g;(s))ds _ ,=(c/2)[a In(1-4f(s)g(s))ds_ (13)

j—s

For z,z’ € C, such that |z| <3, |z'| <3, we put

h(t)=In(1 —4(1z+ (1 -1)7')), re][0,1].

It is clear that 4 is a derivable function on [0, 1]. Hence, one has

1
h(1) = h(0) = f h'(t)dt.
0

This gives

’ : —4 4
In(1 —4z) - In(1 — 4z ):UO 1_4(tz+(1_t)z,)dt)(z—z ).

It follows that
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4
[In(1 —4z) —In(1 —4z")| < sup lz-2z'|

refoa]| 1 =4z + (1 =-0z")
4
<
1 =4 sup,[o.qltz+ (1 - 1)z’
4

S—
1 -4 sup(|z],|z'])

Note that if we take z=f(s)g(s) and z' =0, it is clear that |z{ <} and |z'| <. Hence, identity
(14) implies that

|lz—2'|

lz—z2']. (14)

_ 4 _ _
|In(1 - 4£(s)g(s))| < [£(s)g(s)| < [£(s)g(s)].

4
1 -4 sup(|f(s)g(s)],0) 1= 4|Alle]l--

This yields

- 4 _ 4
In(1 -4 ds| = —————— ds< —————— .
JRd Il( f(S)g(S)) s 1 _4|m|m”g”ijd |f(S)g(S)| S 1 _4|m|w”g”w|m|2”g”2

Then, under the assumptions of the above theorem, the right hand side term of equality (10) exists.
Now, take z=f(s)g(s) and z'=J_‘j(s)gj(s)j for j= ji. Then, it is easy to show that |z| <% and
lz'| < }‘. Moreover, from (14), one has

_ _ 4 _ _
lIn(1 = 47(5)g(s)) = In(1 = 4f;(s)g;(s))| < - - | f($)g(s)) = f(s)g,(s)]
1 —4 sup(|f(s)g(s)[.f(s)g;(s)])
= sl e T8N =189

| f(9)g(s)) = F(s)g,(s)]

<
1 =4 sup([[Allcllg]lcs [lllg 1)
4

osupy, ()

00y

| f(5)g(5)

=
1 =4 sup(|fll-llg

—£i(9)g(s)] < K| f(5)g(s)) = f;(5)g;(s)]
for all j=j,, where

4
s SUP;=j (Ifllllg =)

K=
1= 4 sup(|fll-llg

Therefore, for all j= j,, one obtains

[In(1 - 47(s)g(s)) = In(1 = 47,(s)g(s))| < K| f(s)g(s) = F(s)g;(s)) + F(s)8;(s)) = f(s)g;(s)]|
=< K(f(5)]|(g(s)) = g;()| + F(s) = f(s)lg;(s)])

This implies that
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f Rd (In(1 = 4£(5)g(s)) = In(1 = 4f;(s)g;(s)))ds

<[ ol - glas k[ [~ s
Rd R4

< K(Iflllg — gl + lglallF = £112) (15)

for all j= j,. Note that it is clear that the term on the right hand side of (15) converges to 0, when
J tends to . Thus, one gets

lim f In(1 - 4]7j(s)gj(s))ds =f In(1 - 4£(s)g(s))ds.
]Rd d

j—ee R
This proves that
lim e~ (€/2) ke IN(1=47;()g(s)ds _ ,~(c/2) e In(1-4f(s)g(s))ds
j—oo

Second step. The following identity holds:

lim(W(f)), ¥(g;) = (V(f),¥(g)). (16)
j—*
In fact,
1
(W(f). ¥(g) = > m(B}."CD,B?@
n=0 n) / /

for all j= j,. Therefore, in order to prove (16) it suffices to prove that

lim(B;"®,B}"®) = (B;"®,B}®) (17)

j—o*

for all n e N. Let us prove (17) by induction.
For n=1, one has

This implies that
(B} 0.5, ) — (BB = cl£2) -~ (£.9)

= c|({fj.8) = {f.80) + ({fugjy = (f.8))]
< clf = filllgl2 + cllg = g {l2l

2

which converges to 0, when j tends to .
Let n=1, suppose that
}Lﬂ(BE?@,BQ}_"@) = <B}"(I),B;”<I>).

From Proposition 1, one has
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n n n n k. (I’l+ l) n! - n—
<B+( +1)(I) B+( +1)(I)> <B+( +1)(I) B+( +1)<I)> E 92 +1W[<ﬁ+l,g1f+l><8}j k)q),B;; k)(I)>

_ <}‘k+l,gk+1><B}'(”_k)(I),B;(”_k)(‘b)],
Note that
|<}¢j§+1,gl§+1><B;Fn—k)q),B;fn—k)(D> _ <fk+l,gk+1><B;(n_k)(b,B;("_k)(D>|
Tj j
— |<f§+l’ jﬁl>[<B}L_(n_k)(b,B;(_”_k)(b> _ <B}-(n—k)q)’B;(n—k)q)>]
J J

+ <B;(”—k)(I),B;(n—k)q)>[<f§+l’g§+l> _ (f"+1,gk+1)]|
= |<ff+l’gf+l>||<B‘J,§j("_k)q),3:”_k)q)> — <B+(n—k)q)’B+(n—k)(I)>|

+ |<B}-(n—k)(1)’B;(n—k)(I)>||<fj§+l’gj+]> <]d<+l’g (18)
and from the induction assumption it follows that
11m<B+(" N, B+<” o) = (B, gt ) (19)
= /
for all k=0,1,...,n. Now, let us prove that
hm<fk+l’g;§+l> — Oak+l’gk+l> (20)
J—*
One has
Odf ’gj+l> <]d(+1’gk+1> O{k+l fk+1’gj+l>+<]d(+l’gf+l k+1>.
This gives

gy = g O = Nl Il =l + Al = 8-

Notice that

A= = (- ;.

where v; € L*(R9) is a function on R¢, which depends on f and f;, such that
suplv, .. <.
J

It follows that

bl

MJA _fk+1||2 < sup||vj||w“fj _ﬂ 2
J

which converges to 0, when j goes to «. Thus, the relation (20) holds true. Using all together
(18)—(20), we have proven that

1im<B;Tf’CI>,B;f‘<I>> = (B;’-"CI),B;”CM
jo0 ‘
for all n e N. This implies that there exists j; € IN, such that for all n e N,

1

(871, B71®) — (87", B' )| = -

Vj=j,. Hence, for all j=max(j,,j,), one obtains
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T ()W) — (T (D W ()| = S ——

n=0 (n ')4

which converges to 0, when j tends to c°.
In conclusion, from (13) and (16), we deduce that

1 1
|<B;/_ (I),B;j o) - <B; (I),B; d>)| < ;go W,

lim e~ (@D rd (1478 (s)ds = o=(c/2)[gd In(1-47(s)g(s)ds

Jj—e

lim(W(f)), ¥(g;)) = (¥ (), ¥(g)).
j—e
But, for all j=

<‘I’(f]),‘1’(g])> — e—(C/Z)fHd 1n(1—4j_"_/(s)gj(s))dx )

This implies that

(‘I’(f),‘l’(g)) — e—(c/Z)f‘Hd 1n(1—4}(x)g(x))d‘v.

IV. LINEAR INDEPENDENCE OF THE QUADRATIC EXPONENTIAL VECTORS

The following lemma is an immediate consequence of the Schur lemma.

Lemma 6: If A=(a; ;),<; j<n be a positive matrix. Then, for all n € N, the matrix ((a;;)")1<; j<n
is also positive. In particular, (e“),<; j<y is a positive matrix.

Now, we prove the following.

Lemma 7: Let f,....fy be functions in L>(RY) NL*(RY). Suppose that for all i,j=1,...,N,
there exists a subset I;; of R such that |I,;|>0 and f,(x)# fi(x) for all x €1;;. Suppose that
|supp(f;)| >0 for all i=1,...,N. Then, the identity

N (1)) + -+ M(fv(x)" =0 (21)

for all n € N and for almost any x € R? implies that \;=---=\y=0.
Proof: By induction. If N=2, then one has

M)+ M(f(x)"=0, a.ex e R (22)

Suppose that \; # 0. We can assume that there exists x, € R¢, such that |f,(xo)| > |f>(xo)|. From
(22), it is clear that A, #0 and f,(x,) # 0. Hence, one gets

M——lim<f2(x0)>n—0
- =\ f1(xo) o

)\2 n—
This yields that A;=0, which is impossible by assumption.
Let N=2. Let f,,....fy in L2 (RY) NL*(RY), which satisfy the hypotheses of the lemma.

Suppose that if identity (21) holds, then \;=---=Ay=0. Now, consider fi,...,fy, fys1 ID
L*(RY) N L*(R?), which satisfy the hypotheses of the lemma and assume that

NG+ =+ Ay v0))" + Mgy (v (1) = 0 (23)
for all n € N and for almost any x € R%. Because the hypotheses satisfied by £/, ..., fy, fxs1, there
exists x, € RY, such that for some iy {l,...,N+1}, one has

i, > |filxo)|

for all i e{l,...,N+1} and i # i;. Without loss of generality suppose that i,=N+1. So, identity
(23) implies that
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)\N+1=— 111’1’1|:)\1< fl(XO) )n+ "'+)\N( fN(XO) )n:| =0

n— Fe1(x0) Fe1(x0)

Hence, one gets Ay,;=0 and, by the induction assumption, one can conclude that A;=---=\y
=0. O

As a consequence of Lemmas 6 and 7, we prove the following theorem.

Theorem 5: Let f|,....fy be functions in L*(RY)NL*(RY), such that |[fi||m<% Sor all i
=1,...,N. Suppose that for all i,j=1, ... ,N, there exists a subset I of]Rd, such that |I,»’j| >0 and
fix) #f;(x) for all x € 1, ;. Then, the quadratic exponential vectors V(f), ..., V(fy) are linearly
independents.

Proof: Let A=(q, j)?fj:,, where

aw=—f In(1 = £,(x)f;(x))dx.
“d

Then, one has

N N | N
2 Xi)\jai,jz_ 2 Xi)\jfﬁd In(1 —]?i(x)fj(x))dX=£ 2 _|: E Xi)\j (]_Ci(x))”(fj(x)))" dx
ij=1 : :

ij=1 R n=1 1| ij=1
= | S I s G =o. (4)

Thus A is positive definite. Now, let \{, ...,y be scalars such that
MWL)+ -+ NP (fy) = 0. (25)

Then, identity (25) holds if and only if

[Ny(fy) + oo+ ANW(fN)||2 =0.
That is,

N N
> MNP (), W (f)) = 2 AN =0, (26)

ij=1 ij=1

where

= e = TR MO = (p(£) T (F)).

Note that identity (26) implies that

b

ij

N
Z l|: E xi)\j(ai,j)n] =0. (27)

n=0 1! ij=1

Recall that A is a positive matrix. Then, Lemma 6 implies that for all neN, the matrix
((@; )")1<i j<n is also positive. So, from (27), one has

N
E Xi)\j(ai,j)n =0

ij=1

for all n € N. In particular,
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N
> NAja;;=0
ij=1
Therefore, from (24), one gets
N (f1(0))"+ -+ My(fn(x)" =0 (28)

for all n e N and for almost everywhere x e R¢.
First case. For all i,j=1,...,N, there exists a subset I;; of R% such that [I;;|>0, f(x)
)|>0 for all i=1,...,N. Then, identity (28) and Lemma 7 imply

#fi
that \y=-- )\N—O

Second case. There exists iy e{l,...,N}, such that f, =0, a.e. From the assumptions of the
above theorem, it is clear that |supp(f;) |>O for all i # i,. Wlthout loss of generality, suppose that
io=N. Then, identity (28) becomes

N (F1G0))" + -+ Nyo (fy (0)" =0

for all ne N and for almost everywhere x € R%. Moreover, the functions f,...,fy_; satisfy the
hypotheses of Lemma 7, which implies that A;=---\y_;=0. Now, taking account of (25), one
obtains that N;=---Ay=0. This ends the proof. O

V. PROPERTY OF THE FAMILY SET OF QUADRATIC EXPONENTIAL VECTORS

In this section, we prove that the set of the quadratic exponential vectors is a total set in the
quadratic Fock space.

Theorem 6: The set of the quadratic exponential vectors is a total set in the quadratic Fock
space. Moreover, one has

dn
B'"d= —| Y(t 29
i a| (tf) (29)
for all fe L>(RY)NL*(RY).
Proof: 1If ||fl.=0 then (29) is clearly verified. Therefore, we can assume that f
e L>(RY) N L*(RY), such that ||f]]..>0. Consider 0=<¢< & with

- 1
2lIflk-
Recall that for all 0=<¢<J, one has
V(if) = >, —B;"cb
m=0 m
Then, for all m >n one has
dn l_l‘ﬂ lm—n
£ ) P
dr'"\m! (m—-n)!
It is obvious that for all 0 <7< ¢ the quadratic exponential exists and one has

(m—n)! |37l = U

[l =
(m—=n)! Br
But, from identity (7), one has

1B} ®|* < [4m(m = DIAE + 2ml|ARNIBF " |-

This proves
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f 2 2
dm(m - AR +2
< Y4m(m = DI +2milAl o

m m—1-

m-n

This yields

U
lim —2 <2|f|.o<1.

m—o YUm—]

Then, the series 2,,U,, converges. Therefore, one gets

di'l m dll m m-n
G2 )3 S are)- 3

dr'\ =, m! =p A"\ m! =y (M —n)!

Finally, by taking #=0 the result of the above theorem holds. O
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