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Abstract

The present paper is a continuation of our previous work (Hoshino et al., J Evol Equ
21:339-375,2021) on the stochastic quantization of the exp(®),-quantum field model
on the two-dimensional torus. Making use of key properties of Gaussian multiplicative
chaos and refining the method for singular SPDEs introduced in the previous work,
we construct a unique time-global solution to the corresponding parabolic stochastic
quantization equation in the full “L'-regime” |o| < /87 of the charge parameter c.
We also identify the solution with an infinite-dimensional diffusion process constructed
by the Dirichlet form approach.

Keywords Stochastic quantization - Hgegh-Krohn model - Gaussian multiplicative
chaos - Singular SPDE - Dirichlet form

Mathematics Subject Classification 81520 - 60H17 - 35R60 - 60J46 - 81TO8 - 81T40

Dedicated to Professor Shigeki Aida on the occasion of his 60th birthday.

B4 Seiichiro Kusuoka
kusuoka@math.kyoto-u.ac.jp

Masato Hoshino
hoshino @sigmath.es.osaka-u.ac.jp

Hiroshi Kawabi
kawabi @keio.jp
Graduate School of Engineering Science, Osaka University, 1-3 Machikaneyama, Toyonaka,

Osaka 560-8531, Japan

Department of Mathematics, Hiyoshi Campus, Keio University, 4-1-1 Hiyoshi, Kohoku-ku,
Yokohama 223-8521, Japan

Department of Mathematics, Graduate School of Science, Kyoto University, Kitashirakawa
Oiwakecho, Sakyo-ku, Kyoto 606-8502, Japan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00440-022-01126-z&domain=pdf
http://orcid.org/0000-0001-6961-5036

. N A Self-archived copy in ) RIBAFEHARY K LY
J #B j( ? Kyoto University Research Information Repository KKP RENA' I{[

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

niversity Research Information Repository.

392 M. Hoshino et al.

1 Introduction
1.1 Background

In the present paper, we study stochastic quantization associated with space-time
quantum fields with interactions of exponential type, called the exp(®),-quantum
field model in the Euclidean quantum field theory, in finite volume. The exp(®),-
quantum field (or the exp(®),-measure) w® isa probability measure on D’(A), the
space of distributions on the two-dimensional torus A = T? = (R/2x7Z)?, which is
given by |

(@) —

exp (= [ exo® @)y ar) o),

where the massive Gaussian free field 1 is the Gaussian measure on D’ (A) with zero
mean and the covariance operator (1 — AL A being the Laplacian in L%(A) with
the periodic boundary conditions, «(€ R) is called the charge parameter, the Wick
exponential exp®(a¢)(x) is formally introduced by the expression

© o 2
exp° (@) (x) = exp (@ (1) = SE[9()']).  x € A,

and

20~ [ exp (= [ exw@orodn)uodo) > 0
D'(N) A

is the normalizing constant. We remark that the diverging term E0[¢ (x)?] plays a
role of the Wick renormalization. Since this quantum field model was first introduced
by Hgegh-Krohn [32] in the “L?-regime”

|| < V4,

it is also called the Hgegh-Krohn model. For a physical background and related early
works of this model, see e.g., [2, 3, 47] and references therein. Kahane [35] constructed
a random measure

véa)(dx) =exp’(ad)(x)dx, x €A,

called the Gaussian multiplicative chaos, in the “L'-regime”
|| < /8.

It implies the existence of the exp(®),-measure M(“) under || < /87, which gives
a generalization of the early works mentioned above. After that, the relevance of both
the Gaussian multiplicative chaos and the exp(®);-quantum field model has been
received much attention by many people in connection with topics like the Liouville
conformal field theory and the stochastic Ricci flow. See e.g., [12-14, 21, 22, 34, 35,

@ Springer



. N A Self-archived copy in ) RIBAFEHARY K LY
J #B j( ? Kyoto University Research Information Repository KKP RENA' I{[

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

niversity Research Information Repository.

exp(®);-model in L -regime 393

45] and references therein. We should also mention that Kusuoka [38] independently
studied the exp(®);-quantum field model under |«| < V8.

By heuristic calculations, we observe that the exp(®),-measure pc(“) is an invariant
measure of the following two-dimensional parabolic stochastic partial differential
equation (SPDE in short) involving exponential nonlinearity:

0:P;(x) = %(A —1DD(x) — %exp<> (a@t)(x) + Wt(x), t>0, x €A,
(1.1)

where (Wt),zo is an R-valued Gaussian space-time white noise, that is, the time
derivative of a standard LZ(A)—cylindrical Brownian motion {W; = (W;(x))xea}r>0-
We call (1.1) the exp(®),-stochastic quantization equation associated with ,u(“). Due
to the singularity of the nonlinear drift term, the interpretation and construction of a
solution to this singular-SPDE have been a challenging problem over the past years.
For a concise overview on stochastic quantization equations, we refer to [1, 5-7] and
references therein. Albeverio and Rockner [9] first solved (1.1) (in the case where A is
replaced by R?) weakly under || < +/47 by using the Dirichlet form theory. Inspired
by recent quick developments of singular SPDEs based on Hairer’s groundbreaking
work on regularity structures [29] and the related work, called paracontrolled calculus,
due to Gubinelli et al. [28], Garban [26] constructed a unique strong solution to (1.1)
(for the case where (A — 1) is replaced by A, i.e., massless case) in a more restrictive
condition than |&r| < +/47. In our previous paper [33], we constructed the time-global
and pathwise-unique solution to the SPDE (1.1) under |a| < +/47 by splitting the
original equation (1.1) into the Ornstein—Uhlenbeck process

1 .
0 X (x) = E(A — DX (x) + Wi (x),
and the shifted equation
1
Y (x) = S (A = DYi(x) - %eXp(aYz(X))eXpo(aXr)(X)- (1.2)

This split is based on the idea of Da Prato and Debussche [17], which is now called the
Da Prato-Debussche trick. By the uniqueness of the solution, we also obtained the
identification with the limit of the solutions to the stochastic quantization equations
generated by the approximating measures to the exp(®),-measure (%), and with the
process obtained by the Dirichlet form approach. Our construction of the solution to
the shifted equation (1.2) is different from the standard fixed-point argument applied
in [17, 26]. To be more precise, we proved convergence of solutions to approximating
equations of (1.1) by using compact embedding, and then identified the limit as the
solution. We should mention that, after Hoshino et al. [33], Oh et al. [43] independently
constructed the time-global unique solution to (1.1) in the same regime in [33]. Later
in [42], together with Tzvetkov, they studied the massless case on two-dimensional
compact Riemannian manifolds in the L>-regime. Besides, elliptic SPDEs, which also
realize the exp(®);-quantum field model have been studied in e.g., [1].
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The main purpose of the present paper is to construct the time-global and pathwise-
unique solution to the parabolic SPDE (1.1) in the full “L'-regime” |a| < V8.
Although the present paper builds on our previous work [33], we significantly improve
the arguments of [33] in several ways. To apply the Da Prato—Debussche trick, we need
to construct the Wick exponential of the Ornstein—Uhlenbeck process {exp® (¢ X;)};>0
as a driving noise of the shifted equation (1.2). Since the Gaussian free field g is
the stationary measure of the Ornstein—Uhlenbeck process {X;};>0, this problem is
reduced to the construction of the Wick exponential exp®(a¢). In [33, Theorem 2.2],
we constructed it under |a| < +/47 by combining the Wick calculus of the Gaussian
free field 1o with the standard Fourier expansion on a negative order L2-Sobolev space
H*(A) (s < 0). However, this kind of argument does not work beyond the Lz-regime.
Refining existing results on the convergence of the Gaussian multiplicative chaos
ué“)(dx) in [12, 22, 45], we construct the Wick exponential exp®(a¢) on a suitable

Besov space under |o| < V87 (see Theorem 2.1). This is one of the important
contributions of the present paper. On the other hand, in this case, since the Wick
exponential exp®(a¢) does not have L>-integrability with respect to 1 unlike the
case of |a| < /4w, we need to modify our arguments mentioned above into LP-
setting for the construction of the time-global and pathwise-unique solution to (1.1).
Besides, due to the lack of the L2-integrability, we cannot follow the argument as in
[5, 8,9, 33] to show the closability of the associated Dirichlet form. To overcome this
difficulty, in Corollary 2.4, we prove that the Wick exponential exp®(a¢) has the L2-
integrability with respect not to g, but to 1(*). This key property plays a significant
role not only for the closability of the Dirichlet form, but also for the identication of
the diffusion process obtained by the Dirichlet form approach with the solution to the
SPDE (1.1).

We should mention here that our model is closely connected with the sine-Gordon
model (or cos(®P);-quantum field model), which has been studied for a long period by
many authors. See e.g., [4, 23-25] for the early works. Since the sine-Gordon model is
formally obtained by replacing the nonlinearity e*? by eV~19% it has some similarities
with the exp(®),-model. Indeed, it can be constructed rigorously in the same way as the
exp(®)>-model in the case |a| < /4. On the other hand, for large values of || up to
/87, further renormalization by counter-terms is required (see [11, 20] for details). To
make a rigorous meaning to stochastic quantization equations associated with both the
<I>§-mode1 and the sine-Gordon model, we require further renormalization procedures
beyond the Wick renormalization, and recent developments of regularity structure and
paracontrolled calculus enable us to study such singular SPDEs rigorously. In [15,
31], Hairer, Shen and Chandra proved local well-posedness of (the massless version
of) the sine-Gordon stochastic quantization equation by applying regularity structure.
Hence, at first sight, one might guess that regularity structure or paracontrolled cal-
culus is applicable to the exp(®),-stochastic quantization equation (1.1) beyond the
L?-regime. To apply such general theories, we usually assume that the inputs of the
solution map to the shifted equation of a given singular SPDE take values in a Besov
space Bgo,OO (A) with some s < 0. (We mention here that the reconstruction theorem
in By, , (R) was also studied by Hairer and Labbé [30], but they considered only the
models with B, ,-type bounds.) In contrast, the Wick exponential of the Ornstein—
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Uhlenbeck process {exp®(«X;)}:>0, which plays a role of an input in our case, belongs
to B;’p(A) for some p € [1, 2), but does not to B, ., (A) (see Theorem 3.2). More-
over, since the nonlinear term of the SPDE (1.1) has exponential growth, it is out of
results by these general theories. Alternatively, by making use of the nonnegativity
of exp®(aX;), we may define a product between two rough objects exp(aY;) and
exp®(aX,) on the right-hand side of the shifted equation (1.2) (see Theorem 4.3). This
is the most crucial point in our argument. We remark that the nonnegativity of the
Wick exponential is a remarkable and useful property, and is also applied in proofs of
previous results (see e.g [3, 26, 33, 42, 43]).

The organization of the rest of the present paper is as follows: In Sect. 1.2, we
present the framework and state the main theorems (Theorems 1.1, 1.5 and 1.7). In
Sect. 1.3, we fix some notations and summarize several basic properties on Besov
spaces. In Sect. 2, we introduce an approximation of the Wick exponentials of the
Gaussian free fields and show its almost-sure convergence in an appropriate Besov
space (see Theorem 2.1). For later use, we modify the argument of Berestycki [12]
to obtain a stronger estimate than existing results. Moreover, we also prove that the
exp(d),-measure 1@ is well-defined and the Wick exponential exp®(«¢) has the L2-
integrability with respect to 1(*) (see Corollaries 2.3 and 2.4). In Sect. 3, we prove the
almost-sure convergence of the Wick exponential of the infinite-dimensional Ornstein—
Uhlenbeck process (see Theorem 3.2). In Sect. 4, we prove Theorem 1.1 using the
result of Sect. 3. In Sects. 5 and 6, we prove Theorems 1.5 and 1.7, respectively. Since
some parts of Sects. 4—6 go in very similar ways to the arguments of the previous paper
[33], we sometimes omit the details in the present paper. Finally, in Appendix, we give
several estimates on the approximation of the Green function of (1 — A), which are
used in Sect. 2.

1.2 Statement of the main theorems

We begin with introducing some notations and objects. Let A = T? = (R/2n7Z)?
be the two-dimensional torus equipped with the Lebesgue measure dx. Let L7 (A)
(p € [1,00]) be the usual real-valued Lebesgue space. In particular, L2(A) is a
Hilbert space equipped with the usual inner product

(f.g) = /A Fg@)dx,  f.ge LA,

Let C*°(A) be the space of real-valued smooth functions on A equipped with the
topology given by the convergence f,, — f in C*°(A):

n
l. j(X1,X2)— 5
dx|0x; dx|0x;

sup (x1,x) —> 0 asn — o0

‘ 8i+j ai+j
(x1,x2)€A

for all i, j € N U {0}. We denote by D’(A) the topological dual space of C*(A).
We have LP(A) C D'(A) for all p € [1, oo] by identification of f € LP(A) with
the map C°(A) > ¢ +— fA f(xX)e(x)dx € R. Since C®(A) C L%(A) C D'(A),
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the L2-inner product (-, -) is naturally extended to the pairing of C°*°(A) and its dual
space D'(A).

For k = (ki,k2) € Z? and x = (x1, x2) € A, we write |k| = (ki + k3)!/? and
k-x = kix1 +kax>. Although we work in the framework of real-valued functions, it is
sometimes easier to do computations by using a system of complex-valued functions
{ex}rcz2 defined by

1 =
er(x) = —e —lex keZ? xeA.
2
For f € D'(A), we define the k-th Fourier coefficient f (k) (k € Z2) by

7 = (f.ep) = /A Fetdx.

Note that, since f is real-valued, f (—k) = f (k) for k € Z2.
For s € R, we define the real L2-Sobolev space of order s with periodic boundary
condition by

H(A) = {ueD'(A): llullFy =Y (1+ k) |ak)|* < oo
keZ?

This space is a Hilbert space equipped with the inner product

V)= Y (L+ kP ak)dk), u,veH(A).
kez?

Note that H?(A) coincides with LZ(A) and we regard H°(A) as the dual space of
H®(A) through the standard chain H*(A) C L2(A) C H5(A) fors > 0.

We now define the massive Gaussian free field measure 11 by the centered Gaussian
measure on D’'(A) with covariance (1 — A)~!, that is, determined by the formula

/ (b, e) (P, e) no(dg) = (1 + k1D Mgy, k, £ € 72, (1.3)
D'(N)

where A is the Laplacian acting on L?(A) with periodic boundary condition. This
formula implies

f p112,— o(dg) < oo
D'(A)

for any ¢ > 0, and thus the Gaussian free field measure p¢ has a full support on
H~¢(A). For a charge parameter & € (—+/8m, +/87), we then define the exp(®P);-
quantum field (or the exp(®)s-measure) 1@ on D'(A) by
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. 3
n(dg) = 5 exp (— / exp® (c) (x) dx) po(dg).
A

where Z(® > 0 is the normalizing constant and exp®(a¢) is the Wick exponential
which will be rigorously constructed in Sect. 2. We prove in Theorem 2.1 that the
function ¢ +— f A €xp°(a¢)(x) dx is a positive measurable function forall || < v/87.

Hence, we may also regard (%) as a probability measure on D’'(A) (see Corollary
2.3).

In the present paper, we consider the stochastic quantization equation (1.1) associ-
ated with exp(®);-measure 1@ thatis a parabolic SPDE

0, P (x) = %(A —1)d;(x) — %expo(oed%)(x) + W,(x), t>0, x €A,

where W = {W,(x); t > 0, x € A}is an L%(A)-cylindrical Brownian motion defined
on a filtered probability space (€2, F, (F;)s>0, P) and (W;);>0 is its time derivative in
weak sense. This driving noise has a convenient Fourier series representation

W) = wlex), 120, xeA,
keZ?

where {ey};c72 is a real-valued complete orthonormal system (CONS) of L2(A)
defined by e(,0)(x) = (271)’1 and

1 [ costk-x), keZ?,

— (1.4)
V2 | sink - x), ke 7,

er(x) =

with Z2 = {(ki,k2) € Z?; ki > 0} U {(0,k2);k» > 0} and Z2 = —Z2, and
{w(k)}kezz is a family of independent one-dimensional (F;);>o-Brownian motions
starting at origin. See [18, Chapter 4] for the precise definition of cylindrical Brownian
motions. For later use, we note here that

2
g(ek(x) te(x), keZi,
ex(x) =

2
2—://___1(ek(x) —e(v), keZ’.

The exponential term of the SPDE (1.1) is difficult to treat as it is, because the
solution @, is expected to take values in D'(A) \ C(A). For this reason, we need
to give a rigorous meaning of this SPDE by the renormalization. We assume some
properties for the multiplier function.

Hypothesis 1 v : R? — [0, 1] is a function satisfying the following properties:

(i) ¥ (0) = 1 and ¥ (x) = ¥ (—x) for any x € R>.
(i) sup,epe [x|>T* 1Y (x)| < oo for some Kk > 0.
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(iii) sup,cp2 [x|75 ¥ (x) — 1] < oo for some ¢ > 0.

Note that ¥ does not need to be continuous except the origin. For a function v
satisfying Hypothesis 1, we define the Fourier cut-off operator Py on D’(A) by

Pyfx)=> v Vo fke(x), NeN, xeA. (1.5)

keZ?

From Hypothesis 1, we have the following.

e Py maps H™'7¢(A) to H'*¢(A) for small ¢ > 0. Since H'7¢(A) C C(A),
the regularized cylindrical Brownian motion (Py W;);>¢ is a continuous function
almost surely.

o limy_ oo |Pvf — fllus =0forany s € Rand f € H'(A).

By introducing approximating equations driven by the regularized white noise
(PyW;);>0, we obtain the following theorem in the full L'-regime of the charge
parameter o See Sect. 1.3 below for the definition of the Besov space B, (A).

Theorem 1.1 Assume that v satisfies Hypothesis 1. Let |a| < +/87, p € (1, i—’; N 2),
and ¢ > 0. For any N € N, consider the initial value problem

N 1 N o« N o? .
0; P, :E(A_l)‘bt —Eexp<a<b, —TCN>+PNW“ t >0, (16)

o) = Pyg,
where ¢ € D'(A) and

1 Y2 Nk)?

472 14|k
keZ?

Then for po-almost every ¢ € D'(A), the unique time-global classical solution
®N converges as N — oo to a B;sp (A)-valued stochastic process ® in the space
c(o, 1], B;gp (A)) for any T > 0, P-almost surely. Moreover, the limit ® is inde-
pendent of the choice of .

In this paper we call this ® the strong solution of the SPDE (1.1), because in view
of Theorem 1.1 we have the mapping from the initial value ¢ and the driving noise
W; to the process ©.

Remark 1.2 The key ingredient of the proof is Theorem 2.1 below, which is the almost-
sure convergence of Gaussian multiplicative chaos (GMC in short). The law of GMC
was first constructed by Kahane [35], and Robert and Vargas [46] extended it for
general convolution approximations of the covariance kernel. Although these results
give only convergence in law, some stronger convergence results were also obtained:
almost-sure convergence for the circle average and standard Fourier projection [22]
and the convergence in probability for general convolution approximations [12]. See
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[13, 45] for the reviews of these theories. Our proof of Theorem 2.1 is a modification
of [12]. We remark that Hypothesis 1 is prepared for the main theorems on singular
SPDE:s (for e.g. Theorem 1.1), and the circle average approximation contained in [12]
does not satisfy Hypothesis 1. However, our construction of Wick exponentials of the
Gaussian free field in Sect. 2 includes the case of the approximations by averaging
treated in [12], in particular the circle average approximation, because the estimates
(2.5) and (2.6) below hold also for the approximations by averaging (see Sect. A.3).
See Sect. 2 for our construction of Wick exponentials (GMC).

Remark 1.3 Since the exp(®);-measure 1@ is absolutely continuous with respect
to wo (see Corollary 2.3), “uo-almost every ¢” can be replaced by “u(®-almost

every ¢”.

Remark 1.4 We can refine the state space of the strong solution obtained in Theorem
1.1. Precisely, the strong solutionis in C ([0, T']; H —¢(A)) almost surely (see Corollary
1.6 for detail).

To introduce another approach to the SPDE (1.1), we define the regularized
exp(P),-measure

2
exp {—/ exp (aPNqb(x) - %CN> dx} wo(dg), N eN,
A
(1.7)

() -
K 49) =

where Zg\‘;‘) > 0 is the normalizing constant, and consider the SPDE associated with
this measure. The sequence { /,ng)} NeN of probability measures weakly converges to
w@ (see Corollary 2.3).

Hypothesis 2 The operators Py defined by (1.5) satisfy the following properties.

(1) Py is nonnegative, thatis, Py f > 0if f > 0.

(i1) Forany p € (1,2), s € R, there exists a constant C > 0 such that

P s < C s, li P - s =0
sup P sy, < Ul o Jim P S = Fl,

forany f € By, ,(A).

If ¢ is a Schwartz function and the inverse Fourier transform of ¢ is a nonnegative
function, then Hypothesis 2 holds. See e.g., [10, Proposition 2.78].

Theorem 1.5 Assume that { satisfies Hypotheses 1 and 2. Let |a| < «/87 and ¢ > 0.
For any N € N, consider the solution ®" = ®V (¢) of the SPDE

=y _ 1 TN« N o’ ;
88 = (8= D&Y — S Pyexp(aPydY — —Cy | + Wi, t>0,(1 .

dY =¢ e D(A).
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Let &n be a random variable with the law ,ug;) independent of W. Then PN stat —
N (En) is a stationary process and converges in law as N — o0 to the strong solution
O3 of (1.1) with an initial law u'®, on the space C([0, T1; H¢(A)) forany T > 0.
Moreover, the law of the random variable O is w® foranyt > 0.

Corollary 1.6 The strong solution ® of the SPDE (1.1) belongs to the space
C ([0, T1; H¢(A)), P-almost surely, for pwo-almost every (or 1'®-almost every) ini-
tial value ¢ € D'(A).

Finally, we discuss a connection between the SPDE (1.1) and the Dirichlet form
theory. Lets € (0, 1) be an exponent fixed later (see Corollary 2.4) and set H = L2(A)
and E = H™*(A). Recall that {e; }; 72 is a real-valued CONS of H defined by (1.4).
We then denote by §C,° the space of all smooth cylinder functions F' : E — R having
the form

F(p) = fU¢.l1),....(#. 1), P EE,

withn € N, f € C;°(R"; R) and [y, ..., 1, € Span{ey; k € 7). Since supp(u @) =
E, two different functions in §C;° are also different in LP(12(®))-sense. Moreover,

§Cp° is dense in LP(u®) forall p > 1. For F € FC°, we define the H-derivative
DyF : E — Hby

DuF (@)=Y 9if((¢. 1), ... (&, 1), ¢ €E.

j=1

We then consider a pre-Dirichlet form (€, FC;°) which is given by

1
E(F,G) =3 /E (DuF (). DuG (@) ,1n' ' d¢).  F.GeFCr, (1.9

where (-, -) g is the inner product of H. Applying the integration by parts formula for
1@ we obtain that (£, FC ") is closable on L?(u'®)) (see Proposition 6.1 below for
detail), so we can define D(£) as the completion of FCp° with respect to £ 11 /2 norm.
Thus, by directly applying the general methods in the theory of Dirichlet forms (cf.
[16, 40]), we can prove quasi-regularity of (£, D(€)) and the existence of a diffusion
process M = (0, G, (Gi)r>0, (W1)r>0, (Qg)pcE) properly associated with (£, D(E)).

The following theorem says that the diffusion process ¥ = (¥,);>o coincides with
the strong solution @ obtained in Theorem 1.1.

Theorem 1.7 Let || < ~/87. Then for n'“)-almost every ¢, the diffusion process W
coincides Qg-almost surely with the strong solution ® of the SPDE (1.1) with the initial
value ¢, driven by some L*(A)-cylindrical (G1)1=0-Brownian motion W = (W)s>o.
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1.3 Notations and preliminaries

Throughout this paper, we use the notation A < B for two functions A = A(A) and
B = B()) of a variable 1, if there exists a constant ¢ > 0 independent of A such that
A(X) < cB(A) forany A. We write A < Bif A S Band B S A. We write A S, B
if we want to emphasize that the constant ¢ depends on another variable p.

For a measure space (!J1, m) and a Banach space B, denote by L” (9T, m; B) the
usual LP-space, where 9T or m may be omitted if they are obvious in the context. If
B = R, then we write it by L” (91, m) simply. If 91 is a compact topological space,
denote by C(91; B) the space of continuous functions with the supremum norm.

We collect several basic facts on function spaces used through this paper. Below
we usually denote L? (A), H*(A) and B‘f,,q (A) by L?, H® and B[S,’q, respectively, for
the sake of brevity. Denote by S(R?) for the space of real-valued Schwartz functions
on R? and denote its dual by S’ (R?), which is the space of tempered distributions.
The Fourier transform F is defined by

(Ff)E) = L / fe V" Edy,  feSM®Y), £ R
27T R2

and so the inverse Fourier transform is given by F~! f(z) = F f(—z) (z € R?). Also
for the distribution f € S’(R?), the usual generalization of the Fourier transform is
considered.

Let (x, p) be a dyadic partition of unity, that is, they satisfy the following:

e x,p:R? — [0, 1] are smooth radial functions,
e supp(x) C B(0,4/3), supp(p) C B(0,8/3) \ B(0,3/4),
o0

o X&)+ ) pQ775) =1forany§ € R,
j=0

where B(x, r) stands for the open ball in R? centered at x and with radius r. We then
set p_1 := x and p; := p(27/-) for j > 0. We define the Littlewood—Paley blocks
(or the Littlewood—Paley operator) {A ; }?‘;_1 by

(A HE) =Y pik) fer(x),  feD(A), x €A.

keZ?

We then define the inhomogeneous Besov norm || - || B, and the Besov space B‘;’ (D)
(s R, p,q €1, 00]) by

e isq NV
(X 2 a018,) " g eltioo,
Ifllsy, =14 =1
sup (27°1A; fllzr), q = oo,

j=—1
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and
B}, =B} (A :=1{f € D'(A):||flgy, < oo}

respectively. The Besov space B, , is a Banach space. Moreover, B), , is separable if
g < oo (see [10, Lemma 2.73]).

We recall mainly from Bahouri et al. [10] some basic properties of Besov spaces. We
remark that the setting in [10] is not on a torus but on the Euclidean spaces. However, it
is known that most results in [10] also follow in the case of function spaces on a torus,
and are proved by a parallel argument or by extending functions on a torus to those
on the Euclidean spaces periodically (see e.g. [28, Appendix A]). In view of this fact
we refer associate results in [10] below, though there is a difference between a torus
and the Euclidean spaces. The following embeddings are immediate consequences of
the definition.

e If s; < sy, then B)}, C B},.
e If p; < p», then B CBY

P2.4 p1.q-
N N §—&
e If g1 < g2, then By, ,, D By, ... However, B, . C B,/ forany ¢ > 0.

Itis important to note that B; , coincides with the Sobolev space H* forany s € R, and
B}, . coincides with the Holder space C¥(A) for any s € R \ N with the equivalent
norms [10, Page 99]. The second and third properties above implies that H* B;, zf
forany p € [1,2]and ¢ > 0.

The following is an immediate consequence of the interpolations of L”-spaces and
of £P-spaces.

Proposition 1.8 Ler s1,s520 € R and p1, p2,q1,q2 € [1,00]. Let 6 € [0, 1] and set

s=(1—9)s1+OS2,%=1p;19+%,and$=1q;19+q%.Thenonehas

p.q =

16 0
I, < ||f|| ”fHBSZ
P2-.92

Proposition 1.9 [10, Proposition 2.71] For any s € R, p1, p2,q1,q2 € [1, 00] such
that p1 < py and q1 < q2, one has the embedding

s s— 2(1/171—1/172)
Bm a = By,

In particular, the space B, , is embedded into C(A) if s > %.
The following equivalence of norms plays an important role in Corollary 2.4.

Proposition 1.10 [49, Theorem 9 and Remark 26] Foranys > 0and p, g € [1, o0],

s/2 A
28 |1 |

A
-5 X |le Lr + s
1811555, < le®él I

where e'® denotes the heat semigroup of the Laplacian A\ on A.
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A distribution & € D'(A) is said to be nonnegative if £(p) = (£, ¢) > 0 for
any nonnegative ¢ € C%(A). Let Bf,’,;’ be the set of all nonnegative elements in
B;) ¢+ Thanks to the following theorem, a nonnegative distribution is regarded as a
nonnegative Borel measure. This fact plays a crucial role in Sect. 4.

Theorem 1.11 [39, Theorem 6.22] For any nonnegative & € D'(A), there exists a
unique nonnegative Borel measure g such that

E(p) = fA puex), ¢ € CO(A).

Consequently, the domain of & can be extended to whole C(A).

2 Wick exponentials of GFFs

In this section, we construct the Wick exponentials of Gaussian free fields (GFFs in
short) on A, that is, the so-called Gaussian multiplicative chaos (see [12-14, 21, 22,
34,35, 45]). For some specific approximations for Gaussian multiplicative chaos (e.g.,
usual Fourier cut-off and circle average), the almost-sure convergence was obtained
in [13, 22]. In the present paper, we consider the approximation with general Fourier
multiplier operators as in (1.5). Since we need a stronger convergence for our purpose,
we give a self-contained proof of the construction in this section.

As mentioned in Remark 2.6 below, our arguments work on more general approx-
imations than previous results.

2.1 GFFs and Wick exponentials

Recall that yg is the centered Gaussian measure on D’ (A) with covariance (1 — A)~!L.
On the probability space (2, F, P), a D'(A)-valued random variable X with the law
o is called a (massive) Gaussian free field. Recalling (1.3), we have the covariance
formula of the random field X:

1
E[X@X(0)] =5 )

T ek(x_)’)ZGA(xa}’), -xayEAﬂ (21)
kez?

1
1+ k]2
where G 5 stands for the Green function of 1 — A on A. Since G depends on only

the difference x — y, the law of X is shift invariant, that is, X 4 X(- 4+ h) for any fixed
h e A.
The aim of this section is to define the formal exponential

exp(aX)
for any GFF X and any o with |a| < +/8x. Since X is D'(A)-valued, we need a

renormalization procedure to give a rigorous meaning to it. Recall that i satisfies
Hypothesis 1, and the Fourier cut-off operator Py on D’(A) is defined by (1.5):
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Pyf(x) =) ¥nk) fk)e(x),

keZ?

where Yy 1= 1/;(2_N-). Since Py maps H~'"?to C(A) for small ¢ > 0 as mentioned
before (after Hypothesis 1), the approximation Xy := PyX is a continuous function,
so the exponential exp(aXy) is well-defined. However, to take a limit as N — oo,
we need an approximation with renormalization

2
exp, (@X) (x) 1= exp <aXN (x) — %CN) , NeN, 2.2)
where
1 Yy (k)
Cy :=E[Xyx)?] = — .
v = EXy ()] = kXij g
€

The following is the main theorem of this section.

Theorem 2.1 Assume that \ satisfies Hypothesis 1. Let || < ~/ 81 and choose param-
eters p, B such that

8 o? 2
pPE <1,—2/\2>, B € <—(P—1),—(P—1)>- (2.3)
o 47 p

Then the sequence {expfV (aX)} nen converges in the space B;g, P-almost surely and
in L? (IP). Moreover, by regarding expy, (aX) as the random nonnegative Borel measure
expy (@X)(x) dx on A for N € N, one has the weak convergence of {expy, (@X)}yen
almost surely. The limits obtained by different \r’s coincide with each other almost
surely.

Remark 2.2 The conclusion of Theorem 2.1 holds under the estimates (2.5) and (2.6)
in Proposition 2.5 below, even without Hypothesis 1. See Remark 2.6 below for details.
In most references, approximations with continuous parameter are used for the con-
vergence in probability and in L? (P). It is associated to adopt ¥, := ¥ (e-) instead
of Yy for the approximation. For almost-sure convergence we need discretization of
the approximation parameter and sufficiently high speed of the approximation with
respect to the parameter in order to control the P-null sets. This is the reason why we
choose approximations with discrete parameter as appeared in the definition of Yy
in Theorem 2.1. Here, we remark that for the convergence in L? (IP) (in particular the
convergence in probability), we do not need to discretize the approximation parameter.
Furthermore we remark that we choose the exponential speed 2~ for the definition
¥ because of the simplicity of the proof, and N~ with sufficiently large r > 0
instead of 27V is also sufficient for the almost-sure convergence. See the proof of
Theorem 2.1 in the last part of Sect. 2.4.

We denote the (IP-almost-sure) unique limit by

exp® (aX).
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When the probability space (2, P) is (D/(A), wo), the canonical map ¢ +—> ¢ is
obviously a GFF. We denote by exp®(a¢) the associated Wick exponential. Since
the approximation (2.2) is nonnegative, we can define the exp(®),-measure ;(*) as
follows.

Corollary 2.3 On the Borel probability space (D' (A), o), the probability measure

1@ (dg) =

— M d d
~@ exp( /A exp® (@) () x) Ho(de)

is defined as the limit of the approximating measures { uﬁg) }nen given by (1.7) in weak
topology. Moreover, the following holds.

@
(1) The Radon-Nikodym derivatives {ddu }N N are uniformly bounded.
€

(11) is bounded and strictly positive [1o-almost everywhere. Hence u("‘) and Lo
are absolutely continuous with respect to each other.

Proof Denote M gxl)\, = exp$, (a¢p) and M, (;a) = exp®(a¢) in short, and regard them as
the corresponding random nonnegative Borel measures on A, according to Theorem
1.11.

Although the proof of (i) is completely the same as Hoshino et al. [33, Corollary
2.3], we note the fact on the uniform positivity of the normalizing constants

zy) = f exp (— My (M)uo(dg), N €N,

which is used in the next corollary. By Jensen’s inequality,
le) > exp ( — f M(al)\,(A),uo(dq))) = exp( / dx) > 0.
D'(N) A

Here we used the fact that fD’ ) M q(;x;\, (x)uo(d¢) = 1 for any x € A, which follows
from the definition.
Next we show (ii). Let p and B be as in Theorem 2.1. For any n € N, we have

(@ ! (@
po (M7 zn) < 5 (M) 0(d)
1 o
S | MG o),
Dr(n)

since 1 € C*(A) C Bﬁ, » (1/p+1/p’'=1)and Bp’g, p, is a dual space of B;fi (see
e.g., [10, Proposition 2.76]). Letting n — oo, we have /Lo(ng)(A) = 00) = 0. Since
Z@ .= fD’(A) exp ( — Mq(;x) (A)),uo (dg) is positive by the above estimate of Zﬁ) and

. C @ . . .
the dominated convergence theorem, this implies % is bounded and strictly positive
Ho-almost everywhere. O
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Even though Theorem 2.1 and Corollary 2.3 imply that the random variable
¢ — exp®(a¢) belongs to LP (u(“); B;’?,), the state space can be chosen smaller.
The following fact plays a crucial role in Sects. 5 and 6.

Corollary 2.4 [f |a| < ~/8m, then there exists an exponent s € (0, 1) such that

sup / Il expy (@) 13 1efy (d) < oc. 2.4)
NeNJD'(A)

Moreover, the random variable ¢ +— exp®(a¢) belongs to Lz(,u(“); H™%).

Proof Recall that H™* = B, 5 for s € R. By the interpolation between Besov spaces
(Proposition 1.8),

() (@) p/2 (@) 1-p/2
1M s < WM M4

for p, Bin (2.3), and —s := —BL —2(1 — §) > —1. Since Mq(;x;\, is nonnegative, we
have

le® Mg\ s S 7 M (A), 1€ (0, 1]
by the bound of the heat kernel in spacial component. By Proposition 1.10 we have

(a
10

,1)\/“3;2_00 S Md(ffz)v(A)-

Since the function x2~?¢~* is bounded on x € 0, 00),

—M (A 2-p —M@ (A
f M N D uoag) < / 1M INE_y (M ()77 on g (dg)
D/(A) D'(A) pp

S / MG 1o(dg).
D'(A) P.p

Since {M(;O"I)V} NeN are bounded in the space L” (uo; B;fi) as in Theorem 2.1, and

{Z](\‘;‘)} ~eN are uniformly positive as stated in the proof of Corollary 2.3, we have
the uniform bound (2.4). Since (Md()ofj)v, er) — (Méa), ey) for any k € Z? almost

everywhere, by using Fatou’s lemma we have

/D,(A) | pg 12 @ dg) < 13vnii§offp M, 1.1 (dg) < o0,

"(N)
Thus we complete the proof. O

Below, we give a self-contained proof of Theorem 2.1. For the proof we prepare a
lot of technical results, and in the end of Sect. 2, Theorem 2.1 is proved.
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2.2 Approximation of the Green function

By definition, the random field Xy = Py X has the covariance function

Yu (k) Yy (k)

5 kP er(x —y)

1
Gun(x,y) =EXyx)XyO)] = - Z
k

72

for any M, N € N. Recall that Yy = w(Z_N~). By definition, Cy = ]E[X%V x)] =
Gy N(x,x). The function G n approximates the Green function G defined by
(2.1). In the following proposition, we summarize the properties of the function Gy y
used in the proof of Theorem 2.1. We regard Gy, y as a periodic function on R? x R?,
rather than a function on A x A.

Proposition 2.5 Assume that \ satisfies Hypothesis 1. Then for any x,y € R? with
[x —y| < landany M, N € N,

1
Guwxy) = —5-log (lx =y V2™ V2N )+ Rywry).  @29)

where the remainder term Ry y(x,y) is uniformly bounded over x,y, M, andN.
Moreover, there exist constants C > 0 and 6 > 0 such that, forany M, N € N,

/ / |Gatna1 (x ¥) — Gagn (e, )| dxdy < €270V 2.6)
AxA

Since the proof of Proposition 2.5 is long and technical, we provide it in Appendix
A. We remark that (2.6) can be improved by L”-estimate for all p € [1, c0) (see
Proposition A.5).

Remark 2.6 Theorem 2.1 holds true for any multiplier ¢ such that the function Gy n
defined from v satisfies the estimates (2.5) and (2.6). Indeed, in the proof of Theorem
2.1 after Proposition 2.5, we use only (2.5) and (2.6), but do not use Hypothesis 1.
The class of approximations satisfying (2.5) and (2.6) is quite large, and includes the
approximations by averaging, treated in [12], in particular the circle average approx-
imation (see Sect. A.3). Moreover, our proofs would go similarly even if we replace
the torus A with the Lebesgue measure dx and the Gaussian field X generated by
free field measure, by a two-dimensional compact Riemannian manifold M with its
volume measure o and a Gaussian random field X! on M with covariance function
G p satisfying (2.5) and (2.6) with replacement of |x — y| by the metric d (x, y) in M,
respectively. However, in the case of M and Xﬁl, Cy(x) = E[Xﬁ’l (x)?] appeared
in (2.2) for renormalization, which is a constant in the case of the torus with the
Lebesgue measure dx, will depend on x € M generally. We are also able to extend
it to compact Riemannian manifold with other dimensions. In the case the range of
the charge constant « should be changed according to the dimension. Even though we
have such extensions, for simplicity, we discuss our problem only on the torus A with
the Lebesgue measure dx in the present paper.
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2.3 Uniform integrability

Using the first property (2.5) of Proposition 2.5, we first prove the uniform bound of
{expfV (xX)}nen in LP (P B;’i). Below, we usually denote

Mg\‘f) = expyy (@X)

in short. At the beginning, we present Kahane’s convexity inequality (cf. [35]), which
plays a significant role in the proof.

Lemma 2.7 (See [14, Proposition 5.6]) Let D be an open and bounded subset of
R2. Let @1, ¢ be continuous Gaussian random fields on D with mean zero and with
covariance functions C1,Cy : D x D — R, respectively. If C1(x, y) < Ca(x,y) for
any x,y € D, then one has

p p
E [{/ exp (gol(x) — lCl(x,x)> dx} :| <E H/ exp (cpz(x) — 1Cz()c,x)) dx} ]
D 2 D 2

forany p € [1, 00).

The following estimate is useful to determine the regularity of ME\‘;). The estimate
is called a multifractal property and is proved also in previous results (see e.g. [13,
Theorem 3.23], [26, Proposition 3.9] and [45, Theorem 2.14]). As mentioned in
Remark 2.6, our arguments work in the case of more general approximations than
those treated in the previous results.

Proposition 2.8 For any « € R and p € [1, 00) there exists a constant C > 0 such
that, for any N € N and A € (0, 1],

p ) p
]E[(/ Mgg‘)(x)dx) } <A ”(”_”/4”]142[(/ Mgg‘)(x)dx) }
B(0,1/2) A

Proof Consider the random field x — Xy (Ax). The inequality
log (|kx| \Y, 2_N) > log <|x| \Y, 2_N) + log A
is easily checked by considering the three cases separately; Alx| < |x| < 27N,

x|l <27V < |x|,and 27V < A|x| < |x|. By the estimate (2.5), for x, y € R? with
lx| vyl <1/2,

1
E[Xy (:0)Xy ()] = =3~ log (1 = »I v2™") + 0(1)
1 a1
< —Elog(lx—y| v2 )— 5 logh+ 0(1)

1
= BIXy )Xy ()] = 57— logh +c
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for some constant ¢ > 0 independent of A, x, y, and N. Hence by introducing a
centered Gaussian random variable Y with variance —(1/2m) log A + ¢, independent
of X, we have

EXy(x)Xy )] < E[Xy(x) + V) X () + Yl
Then Lemma 2.7 yields

p
E [( / Mﬁ‘v’)(,\x)dx> }
Ix|<1/2
2 P
<E [exp (apr — QE[Y%])} E [(/ Mg\';‘)(x)dx) i|
2 Ix|<1/2
2 _ p
= Cexp <—w log )\) E |:<[ Mﬁ)(x)dx) i|
4 Ix]<1/2

for some constant C > 0. By changing the variable y = Ax we obtain the assertion. O

The following lemmas are useful to show the uniform integrability of f A Mg\‘;) (x)dx.

Lemma 2.9 Fora € Rand p € [1,2] there exists a constant C > 0 such that, for any
N eNandé € (0, 1/4],

p/2
E [(// M ()M (y) dxdy) }
I IVIyl<1/2, [x—y| <8
< C5@—p/Am(P-D [( / M (x)dx)p} .
A

Proof For any § € (0, 1/4] we can choose {x;;i = 1,2, ..., ng} such that
ng

B(O.1/2) c | JB(x:i.8).  ns <87,
i=1

where c is an absolute constant. Since

/f M )M (v) dxdy
e VIyl<1/2, [x—y| <5

< / M (x) ( / M}@”(y)dy) dx
lx|<1/2 B(x,8)
ns
=3[ uPe ( / M(ﬁ)(y)dy) dx
= JBio) B(x.9)
ns
Z( / ME@”(x)dx) ( f M;;”(y)dy)
= \JB(.6) B(x;,26)
ng 2
Z(/ Mﬁkx)dx) ,
= \B(x;.26)

=
=
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we have by the elementary inequality (a + b)?/? < a?/? + b?/? for a, b > 0 and the
shift invariance of the law of Mgg),

@ ) 2
E ( / / M ()M (y)dxdy)
IxIVIyl<1/2, [x—y] <8
p
<8R [( / MY (x) dx) }
B(0,26)

Hence Proposition 2.8 yields the conclusion. O

Lemma 2.10 For any a € R there exists a constant C > 0 such that, for any N € N
and § € (0, 1/4],

. [// Mgg)(x)Mﬁ)(y)dde] < C(1 4§22y,
[x|V]yl<1/2, |[x—=y|>8

Proof By the estimate (2.5),

E [ / / M@ ()M (y) dxdy}
[x|V]yl<1/2, [x—y|=6

= f f E[exp ((Xn (x) + Xn (»))) | dxdy
[x[VIyl<1/2, |x—y|>8

= // e ONN ) dxdy
[x|VIyl<1/2, |[x—y|=é

5/./ |x—y|7°‘2/2”dxdy§ 1 4 8292/
[x[VIyl<1/2, |x—y|=$

O

By using above estimates, we prove L”-boundedness, in particular the uniform
integrability, of | A Mg\?)(x)dx. It has also proved in previous results (see e.g. [13,
Theorem 3.26] and [46, Proposition 3.5]). As mentioned in Remark 2.6, our arguments
work in the case of more general approximations than those treated in the previous
results.

Proposition 2.11 For any |a| < ~/87 and p € (1, 87w /a?) N (1, 2],

P
sup E |:</ Mﬁ)(x)dx> i| < 00.
NeN A

Proof Choosing finite points {x;} such that A = [—, ) C U; B(xi, 1/2) and using
the shift invariance of the law of Mg\‘;‘) s

p p
E[(/ Mj&>(x)dx> }§C”E[</ Mﬁ)(x)dx) ]
A B(0,1/2)
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for an absolute constant C > 0. Let § € (0, 1/4] and we decompose

p
([, )]
B(0,1/2)
r/2
<E ( I/ Mﬁ&’(x)M%”(y)dxdy)
[xIVIyl<1/2, [x—y| <8
@ @ e
+E MY (MY (y)dxdy
[xIVIyl<1/2, |x—y|=é
r/2
<E ( f / M§3>(x)M§3>(y>dxdy>
[xIVIyl<1/2, |x—y|<d

p/2
+E [ / / M(A‘;”(x)M;j‘)(y)dxdy] .
e VIyl<1/2, [x—y|=5

In the second inequality, we use p < 2 and the nonnegativity of ME\‘}‘). Applying
Lemmas 2.9 and 2.10, we have

p P
E[( f My (x)dx> }50’5<2*"21’/4”><!’*”E[< / Mﬁé”(x)@) ]+c’5!’<1*°‘2/4”>,
A A

where the constant C’ is independent of N and 8. Since a?p < 87, by choosing
sufficiently small §, we complete the proof. O

Corollary 2.12 For any parameters p and B as in (2.3), one has
sup E |:HM§3) ”;ﬁ:| < 00.
NeN p.p

Proof By definition of the Besov norm,

o0
B[P, | = 3 e |am17,]

(0.¢]
=y 27ifr / E [|AjM§\°,‘)(x)|”] dx.
j= A
By the shift invariance of the law of M ,itis sufficient to consider E[| Aj Mg\‘f) 0)|? ]
The bounds for j = —1, 0 are obvious in view of Proposition 2.11. For j > 1, by
using Mikowski’s inequality, rapid decay of the Schwartz function ! p, and the shift

invariance of the law of My’ ),

E [|AjM§‘V")(0)|”]l/p = "Az(f‘p)(x)Mﬁ)(ZjX)dx

LP(P)

SY U+

keZ?

/ MY (277 x) dx
B(k,1)

LP(P)
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<

f M (277 x) dx
B(0,1) LP(P)

Hence by Proposition 2.8,
1/p ,
E[|amy o] s @y e
Therefore, we obtain E[[M{|” ;] < 1 for p > o?(p — 1) /4. O
p.p

2.4 Almost-sure convergence

In this subsection, we show the almost-sure weak convergence of Mg\‘;‘) as N — oo
in the space of positive Borel measures on A, and we finally complete the proof of
Theorem 2.1. We apply the following proposition several times, which follows from
direct computation.

Proposition 2.13 Let X be an n-dimensional centered Gaussian random vector with
a covariance matrix V. Then, for a € R" and a Borel function f on R",

E[e" (0] = e"VOPE[f(X + Va)l.

The following theorem plays a crucial role to prove Theorem 2.1.

Theorem 2.14 Let |a| < «/87. Then, there exist positive constants ¢ and C such that

E[|(f, ML) = (£, MY)] = Cll fllea 2™ @7)
forany N € Nand f € C(A).

Proof Our proof is based on the same spirit as [12, Sects. 3 and 4]. It is well-known
that the limiting measure M@ must be supported on the points x such that

. Xn(x)
lim =
N—oo Cpn

)

called a-thick points. An essential point of [12] is to decompose Mﬁ) into two parts:

My =My ) [ Ixw=easnc).  My@) =My () — My @),

no<n<N

for some fixed ngp € N and § > 0. Then, L! contribution of MX, can be eliminated,
while M5 has a good control in L? depending on the choice of no and 8. However,
we need the following modifications to obtain the stronger estimate (2.7).

e Let ng = 83N be a variable depending on § and N.
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e Replace the indicator function 1 with some Lipschitz function.

Now we start the proof of this theorem. Denote by B(x, r) the open ball in A
centered at x and with radius r under the canonical metric of A. It is sufficient to
show (2.7) for f € C(A) with suppf C B(O, 1/2). Indeed, we obtain the assertion
for general f € C(A), once we apply the finite decomposition f = Y, fr with fi
supported in some ball B(x, 1 /2) and the shift invariance of the law of ME\‘;‘). Hence
we assume |x| V |y| < 1/2 throughout this proof.

Asintroduced in Sect. 2.2, weset Gy v (x, y) = E[Xp (x)Xn(y)]andsetCyy v =
Gu.n(x,x)for M, N € N. By the estimate (2.5), forany x, y € R? with |x| V |y| <
1/2 and any M, N € N with M < N, we have

1 M
Gun(.y) = —5—log (Ilr =y V2 ™M) + 0. Cun = 3—log2+ O().

These yield the following: for any sufficiently small § > 0, there exists an integer N
depending on § such that, forany Ny < M < N and |x| V |y| < 1/2

Gun,y) —Gu(x,y)
Cu

Cun—Cu

: <8
Cu

= ’

<8, (28)

. M 8 1 M
Cy = -—log2, Guy(x,y):=—-—log (Ix —-ylv2 )
21 21

The parameter § is to be chosen later, as a sufficiently small number compared with
1 —a? /87 and the exponent 6 in the estimate (2.6).
Furthermore, let x5 be a function on R such that

1, T <6,
xs(t) =1 — /8 +2, § <t <28,
0, T > 28.

Then we define for each N,i € N such that N < i (actually we will leti = N or
N+ 1),

My, ) =M@ ] m(w),

83N <n<i aCy

My ; (x) := M (x) — M ; (x).

Let Ns be an integer such that Ny > N é / 83. From (2.8) we have that, if N > Njs, then
for any integers m, n with 83N < m < n and |x| Vv |y| < 1/2,

LS(S?,,

Cm

Cm,n - CN‘m
Cn

Gmn(x,y) — G(x,y)
Cm

3

)

<3$ <8. 9
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We assume N > Ns throughout this proof, and decompose

ME\?—)&-l My = My y+1 =My ) + My v — My y)-
(1) The terms I\\/JI]T,J\,Jrl and M;’N. For any fixed i € {N,N + 1} and x € A,

we apply Proposition 2.13 to the (i — [6°N] + 1)-dimensional random vector
X = (Xu(x))s3n<n<; and a fixed vector a = (0,...,0,@). Then, since Va =
(aChr i) g3 N <n<i> We have

E[Mj;(x)] =E

1

ea.x_a.va/z{l _ 1—[ X5 <Xn(x) t OlCn,,'> }i|

83N<n<i aCh

o I e ()]

83N<n<i

> ()]

83N<n<i

= Y P(Xu = 8aCy),

83N<n<i

A

where we used the elementary inequality

K K
I=JJan=> (0=an, ai,....ak €10, 1].
n=1 n=1

Since X,,(x) has a variance C, , and (2.9) implies C,, , = (1 + 0(8))C’n, we have by
the tail estimate of the normal distribution,

MG, 0l Y P(XL(’” > (5 + 0(8)) én)
83N <n<i Chn

< C; Z e—a2(5+o<5))26,,/2 < Céz—a2(6+a(6))263N/4n'

§3N<n<i

for some positive constants Cs and Cj depending on 8. Therefore, we obtain the

exponential decay (2.7) for E [|<f, M3 y) = M;,NH].

(2) The difference Mf\,’ vi1 — My y- We actually show the stronger estimate

E[ |1 M5 van) = (£ M5 )] = Coll P a2~
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than (2.7) with replacement of Mﬁll and M(O‘) by My v and My, respectively.
We write the expectation as the form [, f(x) f () y (x, y) dxdy, where

My (x,y) =E [(M;,N+l(x) - MITI,N(x)) (MITI,N—H(y) - M;’,N(y))] J

and consider the integral

/f DMy (x, y)| dxdy. (2.10)
[x[VIyl<1/2

Moreover, we decompose the integrand by

My (x,y) =INpi N1 (6, Y) — Ingi v (x, y) — Inve1(x, y) + In N (x, y),

where [; j(x, y) := E[My ; (x)My (y)] (i, j = N, N+ 1).Forany fixed x, y € A,
we apply Proposition 2.13 to the multldlmensmnal Gaussian random variable

2 = (O psznsis FnNgsnzms; )

and a fixed vector a € ROIENHD+GENIHD guch thata - X = a(X; (x) + X;(»)-
Since the covariance matrix V of X is given by

Va = Ol((Cn,i +Gnj (0, Y)ssn<n<i> (Gm,i(x, ) + Cm,j)53N§m§j)’
a-Va= Oéz(Ci,i +Cj.j+2G; j(x,y)),

Proposition 2.13 yields

Lij(x,y)
— eazG,-_j(x.y)E|:ea-.’£7u»Va/2 l_[

S N<n<i

X (x) — aCy i
© ( aC, ) [

<Xm(x) —aCp,j ) j|
X\ ——=—
BN<m<j aCm

X, Gp,jx, Xm Gm,i
Xa( (X)+aé g y)) 1—[ Xa( ) +a (, y)>i|
aly

aC,
S3N<m<j m

— eazG;,/(X,y)E[ l_[

B N<n<i

We decompose the integral (2.10) into the two regions
-yl <27V, 2PN <oy <

(2-1) The integral over |x — y| < 28N We estimate each LijG,j=N,N+1
separately. Assume i < j withoutloss of generality. We further decompose the integral
into two regions

x—yl <27, 27 <|x—yl< 28N
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(2-1-1) The integral over |x — y| < 27, Since x5 < 1,

X;(x) +aG; j(x, )’)ﬂ
Olé,' .

I j(x, y) < e GiiGVE [Xa (

Since |x — y| < 271,(2.9) implies that
Gij(x,y) = Gi(x,y) +0(8)Ci = (1+0(8)C:;.

Hence we have

Xi(x) +9Gy,j (v,
]E[X5< z(x)+o<[xé G y)

)} <P (Xi(x) < (=1425+ 0(6))0{@)

< e~ (1H+03)a’C;/2 < 7~ (1+0(8)a* N /4n

. 26, 2 2 . .
Since ¢ Ci.i% ) < |y — y|7¢7/27 < 29¢°N/2T by the estimate (2.5), we obtain

// I, j(x, y)dxdy // 2+0@NN/4m 4. g,
[xIvIyl<1/2, |x—y|<2~f Ix|V]yl<1/2, |x—y| <2~

< N (& /4m—2+0))

This decays exponentially if «> < 87 and § is chosen sufficiently small.

(2-1-2) The integral over 271 < |x — y| < 275N, The argument is similar to
(2-1-1). For any x, y in this region, there exists an integer ny , € [83N, i] satisfy-
ing 27"y < |x —y| < 2-"xy ! For such ny,y, we have

X, G, . i(x,
I jx,y) < e i CDR [XS( el ”)]

aC

Nx,y

Since (2.9) implies
Gyyj 6 3) = G, (6, 3) +08)Cr, , = (1 +0(8)C,
similarly to the argument in (2-1-1) we have

Xy ) +aGp, i (x,y)
E| xs z
o

)} < P (X, (0 = (<1425 + 0(®)aCy, )

Nx,y

< ef(1+0<a))a26nx,y/2

< 9= (10N nyy/4n Ix — y|(1+0(8))a2/4n.

On the other hand, by the estimate (2.5), ¢ Gij(x.y) < lx—yl —?/27 Hence we have

// I; j(x, y)dxdy
lxIVIyl<1/2, 27 <lx—y|<2=3*N
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S f / b — [T HATEO® gy
e VIyl<1/2,27i <jr—y| <28V

< / |x|—a2/4n+0(8) dx
2-i <|x|<2=9N

283N

< / p /AT HIHO0G) 4,

—i

< 283N (o? /41 —2+0(3))

if ? < 8. This decays exponentially if § is chosen sufficiently small.

(2-2) Theintegral over |x —y| > 2-3°N ' We have to consider combinations of / terms.
We consider only Iy41 v — Iy N, since the other difference Iny41, nv+1 — IN, N1 1S
estimated by a similar way. For simplicity, we write

Xl () = x5 (Xn(X) oG 6. ))

( m(y) +aGpy i(x, )’))
= X8
aCy,

), Xm(Y) = oC.

Now we decompose

Inyin(,y) — Inn(x, y)

2
e GN+1.N(x,y)E|: l_[ X,{V(x) 1_[ X,£,V+1()’):|

S3N<n<N+1 8$3N<m<N
2
e GN*N("’”E[ [T x¥eo I Xm(y)i|
83N<n<N S3N<m<N
2 2
= (e Onnnen g GN.N(x,w)E[ M <o T[] any+1(y)]
3N<n<N+1 S$3N<m<N
2
+ e GNvW*”E[(xﬁH(x)—l) [T @ TI N*‘@)}
BN<n<N S3N<m<N

+e“20~»~<X~y>E[ >{(TT ') (e o = )

83N<mog<N 83N<n<N

< [ o 1 X;ﬁ’“(y)}]

83N<m<myg mo<m=<N

=:Ji(x,y) + J2(x, y) + J3(x, y).

. 3 .
In the region |x — y| > 275V we have no choice but to do

[] o=t

83N<n<N
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However, we can use the estimate (2.6). Indeed,
|ea20N+1,N(x,y> _ ea2GN,N<x,y>|
2 2
SIGN+1LN(E, ¥) = G (x, )] (€2 ONIN )y Gt

2
SIGN+ NG, Y) = Gy, Y| - |x — y| 74 /27

and
‘xﬁ’o“(y) - anl’o(y)(

B ‘ <Xmo<y> + &Gy N1 (X, y)) (Xmo<y> + G, v (X, y))‘
= |Xs = — X

aChy

aCpy,

S5 |GmoN+1(x. ¥) = Gmg N (x, )] -

Hence by the estimate (2.6) we have

// o (1 I+ 13(x, y) ) dxdy
x[vIyl<1/2, [x=y|220N

— )
5 E [/ 5 |Gmo,N+l(x, y) Gmo,N(x, y)| |x — )’I a” /2w dxdy
83N<mo<N [x[VIyl<1/2, [x—y|=275N

3 N2
528 No? /21 Z f] [Grg,N+1(x, ) = G N (x, y)| dxdy
$N<mo<N I KIVIYI<1/2

< N2N(63a2/2n—0)

Since 6 > 0, this decays exponentially if § is chosen sufficiently small.
Finally we consider J,. The estimate (2.5) implies that for 28N <|lx—yl <1,

Grnrinx | _ 1 (

1
——log|x — y| + 0(1))

éN-H - éN-H 27
1 8N
< = (— log2 + 0(1))
Cny1 \ 27
= 0(5).

Hence we have

E[ ‘XIIVV-&-l(x) _ 1‘] _ E[ ‘XS <sz+1(x) +aGyy1 N (X, y)> B lu

aCyy1

<P (XN+1(X) +aGyiin(x,y) > S(XC'N+1>
<P

(w4100 = 6 +0@)aCi)
<5 e~ O+0@)’a’Cri1/2

< 2—(a+o(a))2Na2/4n_
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Therefore,

// ; |Jo(x, y)|dxdy
IxX|VIyl<1/2, [x—y|z2=N

< // lx — y| @2 /2m )= (0@ N fam g g
S Jixivivi<iy2, p-ylz2-8N

< 2—6‘5N

with c5 = (8 + 0(8))?a? /4m — 83 /2. Since c; is positive for sufficiently small §,
this completes the proof. O
Corollary 2.15 For any f € C(A), the sequence {(f, M }NeN converges almost
surely and in L' (P). This limit is independent to the chozce of .

Proof Almost-sure convergence follows from Theorem 2.14. Denote by (f, Mgf)))

the limit. The uniqueness follows completely in the same way as the argument in
[12, Sect. 5], but we provide a sketch of the proof for readers’ convenience. Let

w = 1p0,1), the indicator function of the ball B(0, 1), and define Py and M( @
a similarly way to Py and M, respectively, by 1 instead of . Since v satisfies

Hypothesis 1, there exists an almost-sure and L Llimit (f, Mé‘?). Denote by F;, the
filtration generated by {X(k)}xj<2n. Since (1 — P,)Xy is independent of F,,, we have

E[(f, M) Fal = (f. M),

where

_ _ az _ _ _
M), := exp (aPnXN - TCN,,,> . Gy =B Xy ()],

Since P, Xy converges as N — o0 to P,X uniformly in x € A almost surely for each
n, we have

(F M) = lim (f M) = lim E[(f,My)|F] = E(f, M) |,

Letting n — oo, we have (f, Mffo‘)) =(f, I\\/[[((fo‘)) almost surely. O

Corollary 2.16 Regard Mg\‘;) as a measure as in Theorem 2.1. Then, the sequence

{MS\?)} NeN converges in the weak topology, almost surely.

Proof Let D be a countable dense set in C(A) which includes the constant function
1. Then, by Corollary 2.15 we have

IP’( lim (f, M) exists forall f € D) =1.
N—oo

@ Springer



. N A Self-archived copy in ) RIBAFEHARY K LY
J #B j( ? Kyoto University Research Information Repository KKP RENA' I{[

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

niversity Research Information Repository.

420 M. Hoshino et al.

From now, in order to clarify the dependence of the randomness w € €2, we denote Mg\‘f)

with a sample » € Q by M (). Let N € F be the event that limy oo ( £, M (@))

does not exists for some f € D. For each w € Q \ NV, define an operator Mg’é) (w) on
C(A) with domain D by

VL @)(f) = lim (f,My @), f €D.

Then, for v € Q\ N, itis easy to see that I\\ZL()%) (w) can be extended to a linear operator
on the space linearly spanned by D. Moreover, since D includes the constant function
L,

sup/ M () dx < o0, 2.11)
NeNJA

and hence, for f € D

FQ @] = Jim (7M@) = 1 Fllecn) sup fA M @ dx S 1 F e
- €

In view of these facts, forw € Q\WN, I\OAL(,%) (w) is extended to a bounded linear operator
M((fé) (w) on C(A). By the denseness of D in C(A) and (2.11), we have forw € Q\ N,
Méoé) (w)(f) =limy_oo(f, Mgg)(a))) for f € C(A). Nonnegativity of Mé%) follows
from that of {Mﬁ)}NGN. O

Proof of Theorem 2.1 Since convergence of the corresponding measures follows from
Corollary 2.16, we prove convergence in the Besov space and independence of the
limit in .

First we show the convergence of MX}‘) in B;'f, By Theorem 2.14, for small § > 0
and any N > N,

(18— Am 1] = [ B = 9,150, — ) Jax
5 C822j27c5N’
where §; = Y72 (F ' pj)(- + 27k). This means

B e

(@) —csN
Ny1 — My HB[{] S G227

for any y > 2. On the other hand, by Corollary 2.12, for any parameters p’, 8’
satisfying (2.3),

_g!
NeN N+ Bp/‘:/

supE|:||M(“) —Mg\?)le i|<oo.
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Fix parameters p and g satisfying (2.3). Forany ¢ € (0, 1), let p. and 3, be parameters
definedby 1/p =e¢+(1—¢)/p.and B = ey + (1 —¢)B;. Since p. — pand B — B
as ¢ — 0, p and B, satisfy (2.3) for small ¢ > 0. For such ¢, by the interpolation
(Proposition 1.8), we have

| i, - M1 |

/
< c5aN

N+1 N+1

ep (a-eese
S e i [ A

for some constants Cg, ¢5 > 0 depending on p, B, and ¢. This implies the L” (P)-
convergence of {Mgg)} in B,;’?,(A). Moreover, since

o0
Z ]E[”ME\?)H _ME\?) HB;fj,] < 0%,
N=N;

by the Borel-Cantelli lemma we obtain the almost-sure convergence of {Mg\‘;) }NeN-
Finally we show the uniqueness of the limit. Consider two multipliers ¥ and v
satisfying Hypothesis 1 and define the limits Mgé) and I\_/Jlgé) , respectively. By Corollary
2.15, (M), er) = (M, e;) for any k € Z* almost surely, so A; M = A; M)
for any j > —1 almost surely. Hence Mgé) = Mf;é) in B;’Z almost surely. O

3 Wick exponentials of Ornstein—-Uhlenbeck processes

For ¢ € D/'(A) and an L2(A)-cylindrical Brownian motion W, let X = X (¢) be the
unique solution of the initial value problem

1 .
8[Xt = E(A—I)X,—FWI, t >0,

Xo = ¢.

3.1

In this section, we consider the Wick exponential of the infinite-dimensional Ornstein—
Uhlenbeck (OU in short) process X. First we recall the basic estimate of X in [33].

Proposition3.1 Fore > 0,6 € (0,1), m € N, and T > O, there exists a constant
C > 0 such that one has the a priori estimate

IEI:||X(¢)”rg([O,T];H*S)OC‘S/Z([O,T];H*E*S)] E C(l + ”d)”’[r.l[fs) (32)
Moreover, for any ¢ > 0 and ¢, ¢ € H™¢,

1X (1) — X(@)llcqo,r1,m-5) = ld1 — P2llg—. (3.3)
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Proof See [33, Proposition 2.1] for the proof of (3.2). The estimate (3.3) is obtained
by writing down the mild form of (3.1). O

It is known that the GFF measure 11 is the invariant measure of the process X (see
e.g., [19, Theorem 6.2.1]). Therefore, the random variable

QxD'(A) 3 (0, 9) = Xi($)(@) € D'(A)

is also a GFF under the probability measure P ® 1 for any r > 0. Thus the existence
of the Wick exponential of X is an immediate consequence of Theorem 2.1.

Theorem 3.2 Assume that \ satisfies Hypothesis 1. Let || < ~/ 87 and choose param-
eters p and 8 as in (2.3). Then the functions

2

XN (9)(x) 1= exp (a(PNXt(qb))(x) - %m) . NeN

are uniformly bounded in the space L (P ® uo; LP ([0, T]; B;f;},)) forany T > 0.

Moreover, the function X N converges as N — o0 in the space L ([0, T, B;f;),
P® o-almost surely and in LP (P Q o). The limits obtained by different s coincide
with each other, P ® wo-almost surely.

Proof Using the invariance of 11 with respect to X; and using Theorems 2.1 and 2.14,
we have the exponential decay

RP®o HXN+1 _ XN‘ P
LP([0,T1;B,5)

T
[ [ e[| -
"(A) JO

—TE [||exp;>V+1 (@X) — exp}y (@X) II’;-ﬁ]
p.p

<TC2~N

:| dr no(de)

p
—B
Bpp

for some positive constants ¢ and C, where X is a GFF under the probability IP. Then
the assertion is obtained by a similar way to the proof of Theorem 2.1. O

Denote by X := limy_, oo X'V the P® j10-almost-sure limit. The following result
is an immediate consequence of the P ® po-almost-sure convergence in Theorem 3.2.

Corollary 3.3 For pp-almost every ¢ € D' (A), the random function X N (@) converges
to X°°(¢) in the space LP ([0, T, B;’?,) almost surely.

In Sect. 5, the following “stability” result of X'°°(¢) with respect to ¢ makes an
important role.

@ Springer



A Self-archived copy in

_xa > R A X RIBAFFHERY K Y
» #B j( ? Kyoto University Research Information Repository KU RENAI I{[

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp sty Research Information Repository

exp(®),-model in L'-regime 423

Lemma3.4 Let e > 0, and let {§n}neNUjoo) be H ™ -valued random variables inde-

pendent of W. Assume that the law vy of &y is absolutely continuous with respect
to o for any N € N U {oo}, and Radon—Nikodym derivatives {gﬂ}
H0 ) N eNU{oo}

uniformly bounded. If limy o0 Ey = Exo in H ¢ almost surely, then for any T > 0,

are

im XPEN) = X7 (Ex0)

in LP([0, T1; B,%) in probability.

Proof The proof is very similar to [33, Lemma 2.5] and done by a slight modification.
For any fixed M € N, by the estimate (3.3),

| PuX(ENn) — PuX(E)llcqo.ricny Sm 1XEN) — X(Eso)llco, m1: )

N—o0
S EN —éxcllg— —— 0,

almost surely. In the first inequality, we use the fact that Py, sends H~° to C(A), as
mentioned after Hypothesis 1. Hence for any fixed M € N,

Jim Y @) = XM Gl cqo ey =0

almost surely, from the definition of the Wick exponential X M On the other hand,
since Radon—-Nikodym derivatives g are uniformly bounded, by using Theorem 3.2,

]E XM XOO P
S Bl 6 = AN, ]
< sp E f 12 () — X)) (d¢)} M=o,
NGNUIIOO} |: D'(A) LP(0.T1:B), ”) W

Hence, by using the inequality (¢ +b) A1 <a + (b A 1) fora, b > 0, we have

00 _ poo
E[1*eEm -4 Gl 0.7y, " 1]
=2 sup E[IAYE) - X%EW] gm0
N eNU{oo} LP([0,T];Bp,p)
M M
+ E[12Ew) = X €l o 7179 A1
Letting N — oo first and then M — oo, we have
. o\ oo -
Jim B 1) = X% €l g 7y A 1] =0

Thus we have the assertion. O
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4 Global well-posedness of the strong solution

In this section, we consider the approximating equation (1.6):

1 2 .
0o =58 - Do) - %‘exp (mf’ — %CN> +PyW,, >0,
@y = Pyo,

and prove Theorem 1.1. The proof goes in a similar way to Hoshino et al. [33, Sect. 3]
with a slight modification. Similarly to the previous paper, we use the Da Prato—

Debussche trick, that is, we decompose the solution of (1.6) by ®V = XV + yV,
where XV and Y¥ solve

1 .
3 XN = E(A —DXN 4 PyW,, >0,

4.1)
X = Py¢,

avN = Lo _pyy ¢ YN XV _%c t>0
tt—z( _)z_zexp(a;)expaz_TN s >V, (42)
Yy =o.

Note that XV = Py X (¢), where X (¢) is the solution of (3.1) with the initial value
¢. Hence the renormalized exponential of XV in (4.2) is equal to

2

exp (aXtN - %CN) =XV @).

Since XN converges to X*°in L7 ([0, T1; B;’f,) as stated in Corollary 3.3, we consider
the solution map of the deterministic equation

1 a v
B,Tt = E(A — I)T; — 56 t.)([, t e [0, T]
for any generic nonnegative X' € L? ([0, T']; B,))).

4.1 Products of continuous functions and nonnegative distributions

Since any nonnegative distribution is regarded as a nonnegative Borel measure by
Theorem 1.11, the product of a function f € C(A) and a nonnegative distribution
& € D'(A) is well-defined as a Borel measure.

Definition 4.1 For any /' € C(A) and any nonnegative & € D’(A), we define the
signed Borel measure

M(f,8)(dx) == f(x)pe(dx),

where jg (dx) is the Borel measure associated with £, as in Theorem 1.11.
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We recall some properties of the product map M from [33, Sect. 3.1]. Recall that
B;’,;’(A) denotes the set of nonnegative elements in B;’ q (A).

Theorem 4.2 [33, Theorems 3.4 and 3.5] Let s > 0 and p, q € [1, o). The map
M C(A) x B;jﬁ - B,"

is continuous, and bounded in the sense that

IMCF s S N lcanllElps

—s,+
forany f € C(A)and & € B,y .
Theorem 4.3 [33, Theorem 3.6] Let s > 0, p,q € [1,00], and r € (1, 00]. For
any space-time functions (Y, X) € L'([0, T1; C(A)) x L"([0, T; B;jf‘) and any
function f € C g (R), consider the time-dependent distribution
M(f X)), X)) == M(f(Yr), Xp).

Then the correspondence (Y, X) — M(f(Y), X) is well-defined as a map

LY([0, T]; C(A)) x L™ ([0, TT; B[;Sq’+) — Lr/([O, TI; B;jl .
forany r' € [1, r]. Moreover, if r' < r, this map is continuous.

4.2 Global well-posedness of Y

In this part, we can consider more general parameters

2
pe(l,00), Be (0, ;(p - 1)) ; (4.3)

than those in (2.3). We fix such parameters p, 8 and the time interval [0, T']. We
consider the initial value problem

{am =2(A = DY — M@, X)), te(0,T],

o _2 (4.4)

for any given X € L?([0, T]; B;f?ﬁ) andv € B,z,;,’s . To solve the equation (4.4), we
introduce the space

@ = {Y € LP([0. T1: C(A)) N C([0, TT; LP) : T € L®([0, T]; C(A))}
as a solution space. The purpose of this section is showing the following theorem:
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Theorem44 Assume that p and B satisfy (4.3). Let X € LP([0,T]; B_ﬁ +) and

v € B ﬂ . Then there exists the unique mild solution Y € %7 of (4.4), that is, Y
sansﬁes the equation

t
Y, = B2y — 5/ U= B=D2 A (4T | Xy) ds 4.5)
2 0 9 )

foranyt € (0, T]. Moreover; this solution belongs to the space
LP([0,TY: B/;*) ncqo. T1; B, )
forany § € (0, %(p — 1) — B), and the mapping
S:BXP x LP(0,T1: BBY) 5 (. X) = T € LP(10. T): B/ S ) n € (0. T1; BY, )
is continuous.

Recall the following Schauder estimates for the heat semigroup.

Proposition 4.5 [37, Lemma 2.2] and [41, Proposition 6] Let s € R and p,q €
[1, c0].

(i) Foreverys >0, |le!®~ 1)/214|| BB S <t~ 8||u||3v uniformly overt > 0.
(ii) For every 8 € [0, 1], ||(e!A~=D/2 — 1)u||B3 25 < t3||u||3s uniformly over t > 0.
Remark 4.6 We remark that, if A — 1 is replaced by A, then

102

s < -8
lle ullgﬁzaw(lﬂ Mullss,

is the right f-uniform estimate ([37, Lemma 2.2]). The constant 1 comes from the
bound of ¢'2/2 A_ju. In the above proposition, we can omit this constant by using the
factor e™".

Proposition 4.7 [33, Proposition A.3] Let6 € R, p,q € [1, 00], andr € (1, 0o]. Let
U be an element of L" ([0, T]; Bf,yq), and let u be the mild solution of the equation

1
B,MZE(A—l)u—}—U, t >0,

with initial value ug € Bi:zz. Then for any ¢ > 0 and § € (0, 2/r"), one has

flael

S lluoll go+> + ||U||Lr(|0,T];Bg_q),

H+2/r —& 9+2/r —&—68

L7 ([0,T1; BY7~5)NC([0.T1; B, )NCY/2([0,T1; B, )

where r' € [1, 00) is such that 1/r + 1/r" = 1.
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We first show the uniqueness of the solution, by following Hoshino et al. [33,
Lemma 3.8]. Since the function x +— |x|? is not twice differentiable if p < 2, we
need to modify the previous argument.

Lemma4.8 Forany X € LP([0,T]; B, B +) andv € Bp, pﬁ, there is at most one mild
solution Y € %7 of (4.4).

Proof Let Y, Y/ € % be two solutions of (4.4) with the same X" and v. Then Z =
T — Y’ solves the equation

1 /
{8r — 5= 1>} Zi = —%M(e'”f — T, X)) = Dy,

where D € LP([0, T]; B;g), because of definition of %7 and Theorem 4.2. Lete > 0
and define Z¢ = ¢~ Z. Then Z¢ solves the equation

1
{a, - E(A — 1)} Zf =2 D.

By the regularizing effect of the heat semigroup (Proposition 4.5), ¢~ D belongs to
LP([0, T]; C°°(A)). Then by the Schauder estimate (Proposition 4.7), we have that
Z¢ belongs to C ([0, T]; C*°(A)). Hence for any f € C*(R), we have

/ F(ZE () dx
A
t
— FO)A] + f / FI(ZE ()8, 25 (x) dds
— FO)IA] + /ff(ze<x>><A—1>Zf<x>dxds
t
+ / / FU(ZE(x))e® Dy(x) dxds
0 A
1 t
= fO)IAl =5 f / FI(ZE @)V ZE (x)[* dxds
0 JA

1 t t
- = / / FI(ZE(x))ZE (x) dxds + / / F(ZE (x))et > Dy(x) dxds,
2Jo Ja 0 Ja
where the first equality is justified as a Riemann—Stieltjes integral, because
1
0,2° = E(A —1)ZE + 2D e LP([0, T]; C®(A)).
For A > 0, let

H@) =02 +xHP xeR,
and for R > 0, let g € C°°(R) be a nonnegative even smooth function such that
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@) I, |x|] <R,
PrX) =
0, |x|>R+1.

Then we define f; g € C*(R) by the function determined by

R = f/()er(x),  x€eR,

£ x(0) =0,
f1,r(0) = AP.
Since we easily have the properties
e fir=0,

° f)\ g is bounded and xf)\ r(x) >0,
® fLr(x) T fr(x)as R — oo,
we have the inequality

t
/fA,R(Zf(x))dxfk”IAlJr/ /fk’,R(Zf(x))emDs(x)dde-
A 0 JA

Once we lete — 0, 2D — D in LP([0, T1; B, ~*) for any « > 0 by Proposition

4.5,and hence Z¢ — Zin L?([0, T, 32 p- 2K)byProposmon47 Since B2 f=2

C(A) for small k¥ > 0, by using Theorem 4.3 we have

t
/I\fk,R(Zt(x))dx EM’IAIJr/O /Af{,R(Zs(X))Ds(X)dxds (4.6)

for almost every 7. Here, we used the boundedness of fx/  and that ef2 D is a difference
of two nonnegative functions, for the convergence of the second term of the right-hand
side. We can deduce the term as

fA £ R (Zs () Dy (x)dx
-2 fA (00 — M) £ R (Z5 () Xy () dx
012

== [ MOz, 0 ] o)t <0
A

where A(x, y) is a continuous function on R? defined by

X #Y,

log £=¢*
A(x, y) ——: e
J'

Hence letting R — oo in (4.6), we have
/ fi(Zi(x))dx < AP|A|
A
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for almost every ¢. Letting 2 — 0, we have || Z;||Lra) = 0, which implies T = Y’
for almost every (¢, x), thus Y = Y’ in %7. O

Next we show the existence of the solution, by following Hoshino et al. [33, Lemma
3.10]. Since the only difference is that we use Besov spaces instead of Sobolev spaces,
we omit some details in this part. The following embedding theorem is frequently used
below.

Lemma 4.9 [48, Corollary 5] Let A C B C C be Banach spaces such that the inclusion
A — B is compact. Then for any p € [1, oo] and s > 0, the embeddings

LP([0, TT; A NC (0, TT; ) — LP(10, T1; B),
C(0,T]; AHNC*(0,T];C) = C([0, T1; B)

are compact.

Lemma4.10 For any X € LP([0,T]; B;’?,’+) and v € Blz,;,ﬂ, there is at least one
mild solution Y € %r. Moreover, forany § € (0, %(p —1)—B), there exists a constant
C > 0 independent of X and v such that one has the a priori estimate

”T”LP([O 1B,/ )NC((0.71: B3, ,)NC¥2([0,T]; L)

< C [l g + eVIew ¥ (47

Lr([0,T]; B_ﬁ)}

Proof As discussed in [33, Lemma 3.10], for any X € L?([0,T]; B, b +) there
exists a family { X'V} yen of nonnegative continuous functions on [0, 7] x A such that

XN 5 Xin LP([0, T]; B;’f,’Jr) as N — oo. For such X'V, we consider the classical
global solutions of the approximating equations

1
o1 =20 - D - %eanNXtN,

N _
Ty =v.

Note that ozTN < le|llvlic(a) follows from the comparison principle. By applying the
Schauder estimate (Proposition 4.7) and Theorem 4.2, for any §" € (8, —( p—1)—p)
we have

(e i s
LP([0,T]; By 5" )NCY'/2([0,TT; L)

S vl s + IMET™ 200018

117)

S vl s + 1™ | Lo, rrcan XY oo 0,715

N
S R L s
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By Lemma 4.9, the embeddings

LP([0, T); BY2Yy n c¥72([0, T); LP) — LP([0, T]; BYD™),
(0. T1; By ) N C*/2(10, T}; L?) < C(10, T1; B )

are compact. Here, recall that the embedding B;, , — B;, p is compact for any s'<s

(see [10, Corollary 2.96]). Hence there exists a subsequence { Ny} such that
TN~ in LP([0,T): BT N0, TI; BS ).

This yields the bound (4.7) for T, thus in particular Y € %7.

We have that Y solves the mild equation (4.5) by a similar argument to Hoshino et
al. [33, Lemma 3.10]. Since YV is uniformly bounded from above, we can apply
Theorem 4.3 to the function f € C g (R) such that f(x) = ¢* on some half line
x € (—00, a] and obtain

M aNy 5 M@ Y, X)  in L9([0, T]; B,

forany g < p.Then letting Ny — oo on both sides of (4.5) and applying the Schauder
estimate (Proposition 4.7), we have that (T, X') solves the same equation in the space
C(0,T1; B ). O

By Lemmas 4.8 and 4.10, the solution map S : (v, X) — 7Y is well-defined. The
continuity of the map

S:BXP x LP(0,T1: ByBH) 5 (. X) = T € LP(10. T): B/ Sy n (0. T1: BY, )

follows from a similar compactness argument as above, and from uniqueness of
the solution. Indeed, by the a priori estimate (4.7), any convergent sequence of

32 b« LP([0,T]; By, ) is sent to a bounded sequence of L” ([0, T']; Bz/p+3 )n
C([O T]; B‘S ) by the map S, for any §” € (6, ;(p — 1) — B). This sequence is pre-

compactin L? ([0, TT; Bz/"H) NC (0, T, Bg,p). By the same argument as before, we
see that any accumulation point solves (4.5), which is unique. Hence this precompact
sequence converges. This completes the proof of Theorem 4.4.

4.3 Proof of Theorem 1.1

From Theorem 4.4, the first main result of this paper (Theorem 1.1) immediately
follows.

Proof of Theorem 1.1 By the Da Prato—Debussche decomposition (4.1)—(4.2), the solu-
tion @ (¢) of (1.6) satisfies
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dN(p) = Py X () + SO, XN (9)).

For pp-almost every ¢, X(¢) € C([0, T]; H™?) for any ¢ > 0, in view of Proposi-
tion 3.1. Hence the first term Py X (¢) of the right-hand side converges almost surely
to X(¢) in C([0, T]; H™?) for any ¢ > 0, under Hypothesis 1. The second term
S(0, XN (¢)) converges almost surely to S(0, XY (¢)) in C([0, T]; Bf,’p) (see The-

orems 3.2 and 4.4). Hence ®V (¢) converges to

D(¢) = X(¢) + S0, X*(¢))

in the space C ([0, T'; B;f;,) for any ¢ > 0 almost surely, for pg-almost every ¢p. O

5 Stationary solution

In this section, we prove Theorem 1.5 and Corollary 1.6 by assuming that v satisfies
Hypotheses 1 and 2. Recall that @V = ®" (¢) is a unique solution of the SPDE (1.8):

~ 1 ~ ~ 2 .
@¢§=5@3—n¢?—%PprGﬂw®ﬁ—%{w>+wm t>0,
o) =¢ e D'(A),

and ® = P(¢) is the strong solution obtained by Theorem 1.1. Since the nonlinear

term of (1.8) is given by the log-derivative of the approximating measure ,ugff) defined

by (1.7), it is easy to show that ,ugg) is an invariant measure of the process OV (see

[33, Sect. 4] for details). Therefore, if £y is a random variable with the law /1,53) and
independent of W, then

EISN,SIat = EISN(EN)

is a stationary process. Let & be a D’(A)-valued random variable with the law w@
and independent of W, and define

DY = B (§).

The proof of Theorem 1.5 consists of showing the following two facts:

(1) L&N’S‘at}NeN is tight in the space C ([0, T]; H~¢) for any & > 0.
(i) ®N-s@t converges in law to &% in the space C ([0, T1; B¢, forany e > 0.

Once they are proved, Theorem 1.5 is obtained as follows: (i) implies that there exists
a subsequence {®Nk-saty, converging in law to a stochastic process W in the space
C([0, T]; H~¢).Onthe other hand, {®Ne-512}, . converges to 2 in C ([0, T']; BS,
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by (ii). Since C ([0, T]; H~?) is continuously embedded into C([0, T]; Bljﬁ;) for any
g’ > ¢, the laws of W and ®%? in C([0, T]; B;‘;) coincide. Since H ¢ and B;i,, are
separable, by Lusin—Souslin’s theorem (cf. [36, Theorem 15.1]), C([0, T]; H™?) is
a measurable subset of C([0, T']; B),?,). Therefore,

P(cpstat c C([O, T]; Hfg)) =S P(\I’ € C([O, T]; Hﬁg)) =1

and hence W £ @t in C([0, T]; H™?). This implies that the accumulation point of
the laws of {®V 541}y .y in C([0, T1; H~*) is unique, therefore V5 converges in
law to @5 in the space C([0, T']; H?). For any bounded continuous function f on
H~¢, by Corollary 2.3,

E[f((b?tat)] = lim ]E[f(a’);\’k,smt)]

= lim f f@uy) ([dg) = / F( @)@ (de)

for any # > 0. This means that ®$@ has a law ® for any ¢ > 0.
Corollary 1.6 is obtained as follows. Since

f P(®($) € C([0, TT; H)) @ (dgp) = P (@ € C([0, T]; H5)) = 1
D'(A)

we have
P(®(¢) € C(0,T; H)) =1

for (@ -almost every ¢ € D'(A). Since w® and g are absolutely continuous with
respect to each other (Corollary 2.3), “1(®-almost every ¢” can be replaced by “uo-
almost every ¢”.

We now turn to proofs of (i) and (ii). The proofs go in very similar ways to Hoshino
et al. [33, Sect. 4].

Proof of (i) By the definition (3.1) of the OU process X, we can decompose DN stat —
X(En) + YV, where YV solves

YN = (A — YN - > 2 Py expS (@@,

Y{)V=o.

For X (&y), it is easy to check that

sup E [ Xo(6n)ll <] + sup E

NeN NeN s,t€[0,T]

1 X:(En) — XsGN) e
sup s < 00
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for sufficiently small §, & > 0, by the a priori estimate of the OU process (Proposition

(@)
3.1) and the uniform bound of Radon—-Nikodym derivatives d:ﬂ"g (Corollary 2.3). For

YV, by the Schauder estimate (Proposition 4.7), the invariance of Mg]x) under N ,and
Corollary 2.4, for any small § > 0 we have

B B o7y 2] S E[ | Py {exof @ S‘a‘)}

L2([0,T);H— V)]

[ HexpN (@d Stat)

L2([0,T7; 3)]

Z/D’(A) Mgg)(d@/o E Hexpfv(aa’)?’(@)”zﬂ]dr

=7 [ ekl @) 5 1

Then by asimilar argumentto [33, Theorem 4.2], we have the tightness of { PN -stat }NeN
in C([0, T]); H™?). O

Proof of (ii) By a similar argument to the proof of [33, Theorem 1.3], we can assume
that &y converges to & in H ¢ almost surely. Then we can complete the proof of (ii)
by showing that

d)N’ stat — (Dstat

in C([0, T'1; B,,), in probability. To do this, we decompose PN st — x(gn) + YV,

as in the proof of (i), and decompose @ = X (¢) + Y, where Y = S(0, XY (§)).
Since

X(EN) = X&), inC([0,T]; H™®) almsot surely,
XV (Ey) > X)), in LP([0.T]; B,#) in probability,

by (3.3) of Proposition 3.1 and Lemma 3.4, we consider the solution TV = Sy (0, XV)
of the deterministic initial value problem

1
ar) =S -r) - %PN (e“PNYtNX,N) ,
1) =0

for any nonnegative functions { X} yeny € C([0, T]x A). Then, the proof completes,
once we show that; if

XN > x  in LP(O, T B—f‘)
then

Sn(0, XY) - S©,X) in C([0,T]; B ).
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This is obtained by a similar way to Lemma 4.10. Indeed, the a priori estimate (4.7)
holds for YV uniformly over N, since { Py} are nonnegative and uniformly bounded as
operators on B;f;, in view of Hypothesis 2. If { T}, cy is a convergent subsequence,
then the limit Y solves (4.5) as a consequence of the continuity of Py as N — oo,
which is assumed by Hypothesis 2. O

6 Relation with Dirichlet form theory
In this section, we prove Theorem 1.7. Although the proof goes in a very similar way
to one in [33], we provide a sketch of the proof for readers’ convenience.

We fix the parameter s € (0,1) appearing in Corollary 2.4 and set D =
Span{ex; k € Z?}, H = L?> and E = H~*. In what follows, (-, -) stands for the
pairing of E and its dual space E* = H*. By Corollary 2.4, the map ¢ > exp®(a¢)

can be regarded as a B(E)/B(E)-measurable map. Let (€, FC;°) be the pre-Dirichlet
form defined by (1.9), that is,

1
E(F.G) =3 /E (DuF($). DuG@)) ,n ).  F.G € FC°.

Then we obtain the following:

Proposition 6.1 It holds that
E(F,G) = — / LF@G@)pn@dp), F,GeFCr, 6.1)
E

where LF € L>(u@) is given by

1 n
LF($) = 3 D00 f U1, (b L L)

i,j=l1

l n
= 5 20 Ue ) ) - ({1 = 20 1) + e exp® (@), 1)}

j=1
for F(¢) = f({p. 1), ....{(p.1n) with f € C;°(R™), Iy, ...l, € D.

Proof Letyr = 1;_; 2, which satisfies Hypothesis 1. Applying the Gaussian integra-
tion by parts formula with respect to o (see [27, page 207]), we have

[ Pur@).n),exp (= [ ewi@p)nar) wots)
E A
— [ F@) (16,0 = 200) — atexpfy @y, Py exp (= [ expi(ao)o) dx) o)
E A
forall F € §C;°,h € Dand N € N.
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Now we recall Theorem 2.1, Corollary 2.4 and limy_ Zl(\‘,x) = Z@ > 0. Taking
the limit N — oo on both sides of the above equality, we obtain

[ ur@. 0,1 @0 = [ F@) (16,0 - 2 - alexs® @y, 1) )u )
E E

and this leads us to the desired integration by parts formula (6.1). Besides, applying
Corollary 2.4 again, we obtain LF € L?(u(®). This completes the proof. O

Proposition 6.1 implies that (£, §C.°) is closable on L?(u®). We denote the
closure by (£, D(E)). As mentioned in Sect. 1.2, (£, D(£)) is a quasi-regular Dirich-
let form on L?(u@), and thus we obtain an E-valued diffusion process M =
(©,3, (G)i=0, (¥)i>0, (Qg)peck) properly associated with (£, D(£)). By recalling
Corollary 2.4 and applying [9, Lemma 4.2], we have

T
E@¢[/ I eXPo(a‘pr)HE dt] <00, T>0, p@-ae. ¢.
0

In particular,

T
Q¢(/O | exp®(@¥))] , di < oo) =1, T>0, u®-ae.¢.

Thus we are able to apply [9, Lemma 6.1 and Theorem 6.2] and [44, Theorem 13] as
in [33]. As aresult, there exists an H -cylindrical (G;)-Brownian motion WW = (W, );>0
defined on (®, G, Q) such that

t
W, = et(A—l)/2¢ _ ﬁ/ eU=9)(A=D)/2 exp® (W) ds
2 Jo ‘

t
+ / IIA=D2 g >0, Qp-a.s., w@-ae. ¢.
0

Now we are going to prove Theorem 1.7. Precisely, we prove that the process W
coincides with the strong solution & driven by the cylindrical Brownian motion W.
We decompose ¥ = X(¢) + ), where

t
X(g) =BV +/ LA=D/2 gy
0

t
9, = _%f ™A exp® (W) ds, 1> 0. (6.2)
0

From the Da Prato—Debussche trick as used in Sect. 4, it is sufficient to show that
(D = SO exp°@X@)) =1, u@-ae.g.
We prepare the following lemma.
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Lemma 6.2 Assume that the mollifier  satisfies Hypothesis 1. Let Eq be the set of all
¢ € E such that the convergence

exp”(a) = lim_expf ()

holds in B, " Then, for an € H' and ¢ € Ey such that f + ¢ € Ep, one has
p.p y

exp®(a(f +¢)) = exp(a f) exp®(ag).
Proof Let f € H'™® and ¢ € Ej. Py f converges to f in H'*® by Hypothesis

1. Since H'** < C(A), exp(a Py f) converges to exp(c f) in C(A). Therefore, by
Theorem 4.2,

exp$y (@ (f + @) = exp(a Py f) expl (ad) =23 exp(af) exp® ()

in B;f,. If f+¢ € Eo, exp?\, (a(f + ¢)) converges to exp®(a(f + ¢)). From these
convergences the assertion follows. O

Proof of Theorem 1.7 1Itis sufficient to check that ) belongs to the space %7 and solves
the mild equation (4.5). By the invariance of 1) under ¥ and Corollary 2.4,

[ =l @ B J @) = [t [ e @l a9 < o
In particular,
Qp(exp° @) € L2(0, T H)) =1, p@-ac.¢.
By the Schauder estimate (Proposition 4.7),
Qp (93 e L2([0, T]; H'™) n C([0, T]: H")) =1, u®-ae ¢ (6.3)

for small ¥ > 0. Since «¥) is nonpositive, we have

QW@e?)=1, u®-ae.é.

Finally we show that ) solves the mild equation (4.5) with (v, X) = (0, X). By
the definition (6.2) of %), it is sufficient to show that

Q¢(exp°(a‘llt) = eV . exp®(aXy), ae. t) =1, pp-ae. ¢. (6.4)
Recall the definition of the subset E in Lemma 6.2. Then j0(Eg) = 1, s0 @ (Eg) =

1 by the absolute continuity (see Corollary 2.3). By using the invariance of ;®) under
w’
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T T
[ e [ [ 1E6-(\I/,)dti| wOws = [ ar [ 1@ a0
E 0 0 E

= Tu“(ES) = 0.

Similarly, by the invariance of o under X,

T T
/ EQ [ / IES(%,)dt:| 1o(d) = / di / 1 ()120(d)
E 0 0 E

= Tuo(E§) = 0.
From these equalities and (6.3), we have
Q¢(\IJ, € Eo, X € Eo, O, € H™, ae. t) -1

for po-almost every ¢. Therefore, Lemma 6.2 implies (6.4). O
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A Green functions and their approximation

In this appendix, we provide some properties of Green functions and their approxi-
mation on the whole space and the torus. In the end, we prove a proposition, which
yields Proposition 2.5.

A.1 Green function on the whole plane

Recall that v is a function satisfying Hypothesis 1, ¥y = ¥ (27""), and

1 wa—w M,N eN.

Gun(x.y) = —
MmN Y) = o 1+ k2
kez?
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We regard Gy as a periodic function on R? x R?, rather than a function on A x
A. Then by the Poisson summation formula, we can write it as an infinite sum of
decreasing functions

1 ( Ym¥nN
GunG ) = 3 Kyw(x—y+27k), Ky = ——F " (V)
M.N (X, Y) Z M N —y+2mk) MN = o <1+|'|2>
€

Hence we need to observe the behavior of K, y for our purpose. Setting pyy v =
%]—"1 (Ym¥n), we can write Ky y as a convolution

Kun@) =1 —2g) " oy n(x) = /Rz K(x —y)pm.n(y)dy,

where Aga is the Laplacian on R?, and K is the Green function of 1 — Apa.

Proposition A.1 The function K : R?\ {0} — R is positive and has the estimates

|
=——1 + 0(1), 1,
K (x) o gl + O, lal < (A1)

Se M2 x| > 1.

Proof By the relation between the heat semigroup and the resolvent kernel, we have

K 1 /Ooe . [x|2\ dr
X) = — X _f — —— | —
4 Jo P 4t t

for x # 0. Since the integral over (0, [x|/2) and (]x]/2, c0) are equal in view of the
change of variables by s = |x|>/4t, we have

K() 1 /00 . x>\ dr 1 [ x| Z+1 dr
X) = — exp|\—t——— | —=— exp|—— - —.
27 Ix1/2 P 4t t 27 )y P 2 t t

Hence we observe the behavior of the function

g(r)=/;ooexp (—% (s—}—%)) (l_s’ r € (0, 00).

Since the integrand is bounded by e "/2ons > 1, we have gr) < e "2 forr > 1,

so the latter part of (A.1) follows. To consider the estimate on r < 1, we decompose

1/r ds 1/r r 1 ds o0 r 1 ds
=[S D) Lo )
1 K 1 2 K s 1/r 2 s K

The first term is equal to — log r. The other terms are O(1), since

/‘/V rfoL ] lds</1/’r L yds 1
expl—=(s+-))—1|— —|s+-)—=<=

1 P 2 s s —J1 2 s) s T2
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and
o r 1 ds *© r _12
expl—=([s+-))— = r exp (——s) ds < 2e .
1/r 2 s s 1/r 2
Thus we have the former part of (A.1). O

Next we consider the convolution of K and a function with sufficient decay.

LemmaA.2 [46, Lemma 4.1] For any function p on R? such that
lp(0)] < C(1+ x>
for some C > 0 and y > 0, one has

N
/ (] log dy| < oo.
- =]

sup
|x]>1

LemmaA.3 Let p be a function on R* such that fRZ p(x)dx = 1 and
lp(0)] < C(1+ [x)~*% (A2)

for some C > 0andy > 0. Set py = 2*Np(2N.) for N € N. Then for any |x| < 1
and N € N,

1
K % py(x) = =3 log (|x|v2—N)+0(1). (A3)
T
Moreover, for any x € R and N € N,
K % pn ()] S x| 7277 (A4)
Proof First we prove (A.3). By Proposition A.1, we can decompose
1
K(x) = —>—log(lx| A 1) + R(x),
2

where R is a bounded function with rapid decay as |[x| — oo. Since R * py is bounded,
it is sufficient to show that

(pn #log( -1 A D) () = log (Ix| v27) + 0(1).

We decompose

(on xlog(] - [ A1) (x) = /Rz on(y)log|x —yldy—/| | le(y)IOg [x — yldy.
x—y|>
(A.5)
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Since |x| < 1, the second term of the right-hand side is bounded. Indeed, since
I<fx—yl<1+]yl

/ PN(y)loglx—YIdyS/ low () log(1 + [y dy
[x—y|>1 R2
=/ lp(2)log(1 +27Vz]) dz
RZ

< fz lp(2)|log(1 + |z]) dz < oo.
R

Consider the first term of the right-hand side of (A.5). When |x| > 27", by Lemma
A2,

/]RZ on(y)log|x — y|dy =10g2’N+/Rzp(y)10gl2Nx — yldy

=1log2 N +log|2Vx| + O(1) = log x| + O(1).
When |x| < 27V, by the calculation

[ poroe2s = y1ay]

<

1/2 1/2
< (/ pz(y)dy> (/ (log |y])? dy) +/ p(y) log(1 + |yhdy < oo,
R2 lyl<1 R2

we have

/ p(y)10g|2Nx—y|dy’+‘/ p(y) log 2V x — y|dy
2N x—y|<1 [2Nx—y|>1

/IRZ pn () log|x — y|dy =1log2™" + O(1).

Thus, we have (A.3).
Next we prove (A.4). By Proposition A.1, K € LP(R?) for any p € [1, 0o) and

sup |x)*T7 K (x) < oo.
xeR2

Hence we have

X7 1K % py (x)]

S /R YK Mlon (x = )l dy + /R v = YK )lon (x = y)l dy

=[ |y|2+VK<y)|pN(x—y>|dy+/ Kx — Iy on ()] dy
R2 R2
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5 q /g
5/ |pN(y)|dy+</ (vP*7 1o 1) dy)
R2 R2

for any g € (1, 0o). By the condition (A.2),

q _ q
f (vP*7 1oy 1) dy =27N@ro) / (1P 101)” dy
R2 R2

S /2<1 +1yN T dy < 0.
R

Thus we have (A.4). O

A.2 Green function on the torus

We return to the proof of Proposition 2.5.

LemmaA.4 Let y be a function satisfying Hypothesis 1. Then there exists a smooth
function r with the following properties:

o Y satisfies Hypothesis 1.
e 0 <V < v onR2
e For any k € N? there exists a constant Cy. such that

1059 (x)| < Cr(1 4 |x[)~27* kI (A.6)

forany x € R2, where k is a constant as in Hypothesis 1(ii) and |k|1 := k1| + |k2|
for each k = (ki, k») € N2,

Proof By Hypothesis 1(ii),
V@)l = C+ 7>

for some constants Q ,k > 0. Then, there exists a radial smooth function 1} such that
0<vy <y on R2, Y(x) =1onx € B(0,r) for some r > 0, and

Y(x) = C(l+ |x])~>7*

onx € B(0, R)¢ for some R > r. Obviously, ¥ satisfies all the required properties. 0

Now we prove the following proposition, which yields Proposition 2.5. The estimate
(A.8) in the following proposition is better than (2.6), because (A.8) is L?”-estimate
for all p € [1, 00).

Proposition A.5 Assume that \r satisfies Hypothesis 1. Then for any x,y € R? with
[x =yl <landany M, N € N,

1
Guvxoy) = —5—log (Ix =y V2™ V2N ) £ Rywry). (AT
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where the remainder term Ry n(x,y) is uniformly bounded over x,y, M, andN.
Moreover, for any p € [1, 00), there exist constants C > 0 and 0 > 0 such that, for
any M, N € N,

// |Ga.v+1(x, y) — Gar v (x, y)IP dxdy < €277V, (A.8)
AxXA

Proof First, we prove (A.7). Let M < N without loss of generality. First we assume
that i satisfies (A.6) in addition to Hypothesis 1. By (A.6), the function pg = %]—' Ly
satisfies that for alln € N

(14 1x1)" oo (x)]

—|F - o

IA

1
7 |1 = 2"y (®)] dE < oo.
T JR2

Recall that pps y = %f‘l(waN).LetpN = %f‘le.Since PN = 22Np0(2N~),
we have

— 22M

PM,N = PM * PN (po * pn—m)(2M).

Let pyr.N = po * pN—um- Then from the above estimate of pp, we have the uniform
estimates

1PN )] < (1 + Jx~8.

Indeed, for |x| < 1, since pys n is uniformly bounded, this estimate is obvious. For
x| > 1,

%1150, v ()]

S /R Yo (lon—p (x = )l dy + /R v = yloo)llon—m (x = y)I dy
< [ vy + [ lox-umldy
R?2 R2

< [ (1m0 + 5110301 dy < o,
R2

Since fRZ pm.N(x)dx = 1, ppy n satisfies the conditions of Lemma A.3 with y = 1.
Therefore, the estimates (A.3) and (A.4) yield

1
Gun (6, 3) = Y (K 5 )& =y +27k) = = log (v = ¥ v27™) + 0(1)
keZ? 2m

for [x —y| < 1.
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Nextlet ¢ be an arbitrary function satisfying Hypothesis 1. Let ¥ be a smooth func-
tion in_Lemma A.4,and deﬁpe the function G 7,y similarly to Gy, ; with replacement
¥ by ¥. As shown above, Gy y satisfies the estimate

i | B
G (x.y) = =5 log (lx —ylv2 M) + o).

Since 0 < ¥ < 1,

- 1 I (k)Y (k) — g (k) ¥y (k
Gy () = G (e Dl = 75 it |k‘|”2M( W)
keZ?; |k|<2M
1 Ym (k) (k) — Y (k)Y (k)
t iz 2 1+ [k '

keZ?; |k|>2M
(A.9)

Hypothesis 1(iii) and the property of ¥ imply that for sufficiently small ¢ > 0,
W) =1+ ¥ x) =1 <Clx[*,  xeR?
with a positive constant C. Hence, by the boundedness of ¥y and gﬁ

YU PN (k) — Y (k) (k)
2

2
keZ?; [k|<2M 14 k]
< Z v My 2Nk =11+ [y @ Moy 2 Nk) — 1]
~ 2

keZ?; [k|<2M I+ Ikl

—M¢ ¢

S Sl
~ 1+ |k|2

keZ?; [k|<2M
< 1.

Besides, since 0 < ¢ < ¥ and ¥ (x) < (1 + |x])727F,

Um (YN (k) — Y ()Y () Y (k)
> < )

1+ |k|? - 1+ k|2
keZ?; |k|>2M Ikl keZ?; |k|>2M Ikl

1
S
~ 1 k12)(1 =M [ 2+k
keZZ;\k\>2M( + [k[5)(1 + | D

2(2+K)M

< -

~ Z (1 + |k|)4+K
keZ?; |k|>2M

< 2(2+K)M/ L x

~ =2 x|+

<.

~
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These inequalities and (A.9) yield the estimate (A.7) for Gy n.
Finally, we prove (A.8).Let p € [1, 00). In view of the shiftinvariance of Gy n (-, -)
and the compactness of A, it is sufficient to show

/A |Gun+1(x,0) = Gy (x,0)|” dx <278 (A.10)
for some 6 > 0. Hypothesis 1(iii) implies that for sufficiently small { > 0,
W)~ 1 <Clxl’,  xeR%
with another positive constant C. Then, by Plancherel’s formula we have

[Yn41 (k) — Yy (k)12
(1 + |k[2)20-0

2
|Gunt1G.0) = GG O e S
keZ?
<y e N 1P+ v N — 17

~ (1 + [k[2)20=0)

keZ?

)—2N¢ Z |k |
(1 + [k[2)20-0)
kez?

1
< 7—2N¢ I
1 2\2-3¢
kzzz( + [kP)
< 2—2N§

for sufficiently small ¢. Since the Sobolev embedding theorem implies H'~¢ ¢ L?
for ¢ < 2/p, by talking ¢ sufficiently small we have the estimate (A.10). O

A.3 Approximations by averaging

We introduce a class of approximations of the Gaussian free field, which contains the
circle average (see e.g. [12, 13, 22]), and show that the associated kernels also satisfy
(2.5) and (2.6) in Proposition 2.5. This implies that our construction of Wick exponen-
tials of the Gaussian free field in Sect. 2 includes the circle averaging approximation.

Let X be the Gaussian free field on A = T? as defined in Sect. 2.1, and extend X
on R? periodically. Let v be a probability measure on R? supported in the unit ball
B(0, 1) such that

sup /R2 |log(x — y)|v(dy) < oo. (A.11)

[x]<2
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For N € N denote by vy the measure given by vy (A) = v(2" A) for a Borel set A.
Define the approximation Xy of X by

Xn(x) o= X koo (2) = /R X(x — y)un(dy).

Then the random field X has the covariance function

(Fvp) () (Fon) (k)
1+ |k|2

1
Gun(x,y) = EXy @)Xy = 7 >

c7?

e (x —y)

for M, N € N, where

F)E) = — / eVTIE L (dx), £ e R
27‘[ R2

for a probability measure .

Proposition A.6 The sequence Gy n(x, y) defined as above satisfies (2.5) and (2.6)
in Proposition 2.5.

Proof The estimate (2.5) is obtained in [12, Lemma 3.5]. We show the estimate (2.6).
It is easy to see

(Fon) (k) = (FnQNk), ke,
1

(o)) < 2—/ v(dy), £eR
T JR2

(Fo) &) — (Fr) &) < % / eV TTEY VT8 dy)

< &1 — & . 1|y|v<dy>, £1,& e R2
V=

From these inequalities it follows that Fv is bounded and ¢-Holder continuous for
any ¢ € (0, 1]. Hence, the estimate (2.6) is obtained in the same way as the proof of
(A.8) in Proposition A.S. O
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