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Abstract

Rabinowitz—Floer homology is the Morse—Bott homology in the sense of Floer as-
sociated with the Rabinowitz action functional introduced by Kai Cieliebak and Urs
Frauenfelder in 2009. In our work, we consider a generalisation of this theory to
a Rabinowitz—Floer homology of a Liouville automorphism. As an application, we
show the existence of noncontractible periodic Reeb orbits on quotients of sym-
metric star-shaped hypersurfaces. In particular, our theory applies to lens spaces.
Moreover, we show a forcing theorem, which guarantees the existence of a con-
tractible twisted closed characteristic on a displaceable twisted stable hypersurface
in a symplectically aspherical geometrically bounded symplectic manifold if there
exists a contractible twisted closed characteristic belonging to a Morse—Bott com-
ponent, with energy difference smaller or equal to the displacement energy of the
displaceable hypersurface.
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Chapter 1
Introduction

The existence of closed Reeb orbits on lens spaces is important in the study of
celestial mechanics. Indeed, by [23, Corollary 5.7.5], the Moser regularised energy
hypersurface near the earth or the moon of the planar circular restricted three-body
problem for energy values below the first critical value is diffeomorphic to the
real projective space RIP>. See also [35, Introduction] for more details. An explicit
noncontractible periodic orbit can be found via Birkhoft’s shooting method [23,
Theorem 8.3.2]. We present the main result of this thesis.

Theorem 1.1 ([14, Theorem 1.2]). Let ¥ € C", n > 2, be a compact and connected
star-shaped hypersurface invariant under the rotation

0:C" > C", @(z1,....2) i= (eZ”ik‘/mz 2’”'k"/'"zn)

1y++.,€
for some even m > 2 and kq,...,k, € Z coprime to m. Then X /7., admits a
noncontractible periodic Reeb orbit generating w1(X [ L) = L.

Theorem 1.1 has similarities with the following two recent results.

Theorem 1.2 ([29, Corollary 1.6 (iv)]). Any contact form on S**~'/Z,, defining
the standard contact structure admits a closed Reeb orbit.

Using the fact that there is a natural bijection between contact forms on the odd-
dimensional sphere equipped with the standard contact structure and star-shaped
hypersurfaces, Theorem 1.2 is actually stronger than Theorem 1.1 in that it does not
restrict the parity of the lens space. However, Theorem 1.2 does not say anything
about the topological nature of the Reeb orbit. The proof of this theorem uses a
generalisation of Givental’s nonlinear Maslov index to lens spaces.

Theorem 1.3 ([41, Theorem 1.2]). Every dynamically convex star-shaped C3-
hypersurface X C C", n > 2, satisfying ¥ = —X admits at least two symmetric
geometrically distinct closed characteristics.

Theorem 1.3 has the advantage of being a multiplicity result, but in disadvantage
requires the assumption that the hypersurface is dynamically convex and does only
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work for Z,-symmetry. To the authors knowledge, the first named author of [41]
is working on extending Theorem 1.3 to lens spaces. As many multiplicity results,
the proof of this theorem makes use of index theory and in particular Ekeland—
Hofer theory. The proof of Theorem 1.1 relies on a generalisation of Rabinowitz—
Floer homology. Rabinowitz—Floer homology is the Morse—Bott homology in the
sense of Floer associated with the Rabinowitz action functional introduced by Kai
Cieliebak and Urs Frauenfelder in 2009. See the excellent survey article [8] for a
brief introduction to Rabinowitz—Floer homology and [2] for an overview of common
Floer theories. One important feature of this homology in our work is that it provides
an affirmative answer to the Weinstein conjecture in some instances. Specifically, we
introduce an analogue of the twisted Floer homology [54] in the Rabinowitz—Floer
setting. Following [17] and [5], we construct a Morse—Bott homology for a suitable
twisted version of the standard Rabinowitz action functional, that is, the Lagrange
multiplier functional of the symplectic area functional.

Theorem 1.4 ([14, Theorem 1.1]). Let (M, ) be the completion of a Liouville
domain (W, 1) and let ¢ € Diff (W) be of finite order and such that ¢*A — A = df,,
for some smooth compactly supported function f, € CX°(Int W).

(a) The semi-infinite dimensional Morse—Bott homology RFH? (W, M) in the sense
of Floer of the twisted Rabinowitz action functional exists and is well-defined.
Moreover, twisted Rabinowitz—Floer homology is invariant under twisted ho-
motopies of Liouville domains.

(b) If OW is simply connected and does not admit any nonconstant twisted Reeb
orbit, then RFHY (0W, M) = H. (Fix(¢|aw): Z>).

(c) If AW is displaceable by a compactly supported Hamiltonian symplectomor-
phism in (M, 1), then RFH? (dW, M) =~ 0.

Twisted Rabinowitz—Floer homology does indeed generalise standard Rabinowitz—
Floer homology as '
RFH'YW (0W, M) =~ RFH(0W, M).

The proof of Theorem 1.1 is straightforward, once we have computed the Z,,-
equivariant twisted Rabinowitz—Floer homology of the spheres S?”~1 € C”. Indeed,
by invariance we may assume that ¥ = S2"~!, as ¥ is star-shaped. Then we use the
following elementary topological fact (see Lemma 1.5 below). Let X' be a simply
connected topological manifold and let ¢ : ¥ — X be a homeomorphism of finite
order m that is not equal to the identity. If the induced discrete action

Imx X —> X, k]-x = (pk(x)

is free, then 7 : ¥ — X' /Z,, is a normal covering map [38, Theorem 12.26]. For a
point x € X define the based twisted loop space of X and ¢ by

Lop(X,x):={y € C(I, %) :y(0) =xand y(1) = p(x)},

where I := [0, 1]. Then we have the following result. See Figure 1.1.
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Lemma15.Ify € £,(X,x), then w oy € £(X/Zp, (X)) is not contractible.
Conversely, if y € £(X/Zm, w(x)) is not contractible, then there exists 1 < k <m
such that yx € £,k (X, x) for the unique lift yx of y with yx(0) = x.

For a more detailed study of twisted loop spaces of universal covering manifolds
as well as a proof of Lemma 1.5 see Appendix A.

p(x) e

X/ lm
7 (x) y /

Fig. 1.1: The projection woy € £(X/Zy,, w(x))of y € £,(X, x) is not contractible
for the deck transformation ¢ # idy.

Another interesting application of Theorem 1.4 is the following forcing result.
Suppose that dW is Hamiltonianly displaceable in the completion (M, 1) and simply
connected. If Fix(¢|sw) # @, then dW does admit a twisted periodic Reeb orbit.
Indeed, if there does not exist any twisted periodic Reeb orbit on W, we compute

RFH (9W, M) = H(Fix(p|aw); Z2) = @D He (Fix(plaw); Z2) # 0
k>0

by part (b) of Theorem 1.4, contradicting part (c) of Theorem 1.4.
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Theorem 1.6 (Forcing). Let X be a twisted stable displaceable hypersurface in
a symplectically aspherical, geometrically bounded, symplectic manifold (M, ®)
for some ¢ € Symp(M,w) and suppose that vy is a contractible twisted closed
characteristic on X belonging to a Morse—Bott component C. Then there exists a
contractible twisted closed characteristic v ¢ C such that

[ 70 [ 5o < ontigrecs).

where e(X') denotes the displacement energy of X.

The proof of Theorem 1.6 is an adaptation of [19, Theorem 4.9]. This result was
initially shown by Felix Schlenk using quite different methods.

Finally, we put Theorem 1.1 into context. If X2"~1/Z,, satisfies the index con-
dition

Mcz(y) > 4—n (1.1)

for all contractible Reeb orbits y, the \/-shaped symplectic homology Si—l(ZJ) can
be defined in the positive cylindrical end [0, +00) x X' by [53, Corollary 3.7]. If
Y /Zn admits a Liouville filling W, then we have

SH4(X/Zm. M) = RFH, (X /Zm, M),

where M denotes the completion of W. Note that even in the case of lens spaces
this need not be the case, as for example RP2"! is not Liouville fillable for any
odd n > 2 by [28, Theorem 1.1]. As the index condition (1.1) is only required for
contractible Reeb orbits and they come from the universal covering manifold X,
we can say something in the case where X' is strictly convex. Indeed, the Hofer—
Wysocki—Zehnder Theorem [23, Theorem 12.2.1] then implies that ¥ is dynamically
convex, that is,
pez(y) = n +1

holds for all periodic Reeb orbits y. Thus for n > 2, the index condition is satis-
fied and we can compute SH, (21 /Zw) via the Z,,-equivariant version of the
symplectic homology SH, (S27~1).

In the case of hypertight contact manifolds, there is a similar construction without
the index condition (1.1). See for example [44, Theorem 1.1]. By [44, Theorem 1.7],
there do exist noncontractible periodic Reeb orbits on hypertight contact manifolds
under suitable technical conditions. Moreover, one can show the existence of invariant
Reeb orbits in this setting. See [44, Corollary 1.6] as well as [45, Theorem 1.6] in
the Liouville-fillable case.

The thesis is organised as follows. In Chapter 2, we review the basics of Hamil-
tonian Floer homology defined as the Morse—Bott homology associated with the
symplectic action functional. We follow the cascade approach introduced by Urs
Frauenfelder and define Hamiltonian Floer homology in the simplest case, that is,
in the symplectically aspherical case. This is sufficient for our purposes. A detailed
proof of the compactness of the relevant moduli spaces is given in Appendix C
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and in order to deal with transversality, we use the polyfold approach which is
sketched in Appendix D. We also review stable Hamiltonian manifolds, a generalisa-
tion of contact manifolds. Appendix C is based on lecture notes written for a course
on Hamiltonian Floer homology in the winter semester 2021/2022 taught by Urs
Frauenfelder at the university of Augsburg.

In Chapter 3, we introduce the main machinery for defining our new homology
theory and prove Theorem 1.4. This material is an extended version of [14] and
additional details may also be found in [21].

In Chapter 4, we prove Theorem 1.1 and the Forcing theorem 1.6. Theorem 1.1
and its proof is also taken from [14].

In the final Chapter 5, we indicate two further results that may be obtained using
the theory developed in this thesis.






Chapter 2
Hamiltonian Floer Homology

Floer homology was introduced by Andreas Floer around 1988 to tackle the homo-
logical Arnold conjecture. Roughly speaking, the conjecture says in its simplest form
that the number of nondegenerate solutions of a 1-periodic Hamiltonian equation is
bounded below by the dimension of the singular homology of the symplectic mani-
fold with coefficients in Z,. That is, the number of such solutions is always bounded
below by a topological invariant. This resembles the famous Morse inequalities, and
thus it is not suprising that the construction of Floer homology was largely influenced
by Morse homology. See the excellent article [2]. However, a key technical ingre-
dient for this semi-infinite dimensional version of Morse homology was Gromov’s
analysis of pseudoholomorphic curves introduced in 1985. Today there are many
flavours of Floer theories, and we shall focus on Rabinowitz—Floer homology. This
homology was introduced in 2009 by Kai Cieliebak and Urs Frauenfelder. Crucial is
the observation, that Floer homology can also be constructed in a more general way,
namely in the Morse—Bott case. In contrast to standard Hamiltonian Floer homology,
Rabinowitz—Floer homology considers a fixed energy but arbitrary period problem.
This leads to particular instances of the Weinstein conjecture formulated in 1979,
including the result of Rabinowitz in 1978. Weinstein conjectured that on every
compact manifold admitting a contact form, there must exist a closed Reeb orbit. For
an extensive historical treatment see [43].

The aim of this introductory chapter is to explain the fundamental concepts
required later on. In the first section we discuss the finite-dimensional version of
Morse—Bott homology, a generalisation of Morse homology.

The second section discusses some basic facts coming from Hamiltonian dynam-
ics, focusing on theory we need in subsequent chapters.

The third section introduces the archetypical version of Floer homology, Hamilto-
nian Floer homology, on compact symplectic manifolds. We discuss the Morse—Bott
approach, as this one will be useful in the discussion of Rabinowitz—Floer homology.

In the last section we discuss suitable structures on regular hypersurfaces in
symplectic manifolds, including hypersurfaces of restricted contact type.
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2.1 Morse-Bott Homology

Morse-Bott homology is a generalisation of Morse homology to functions with
degenerate critical points. See [17, Appendix A] for a short introduction via the
cascade approach and [22, Appendix A] for a more extensive treatment. Morse—Bott
functions often occur in the presence of symmetries. Indeed, let G be a Lie group
acting on a manifold M. If f € C°°(M) is G-invariant, that is, f(gx) = f(x)
holds forall g € G and x € M, then Crit f is also G-invariant. In particular, f is not
a Morse function in general. However, the presence of symmetry usually simplifies
the explicit computation of the Morse homology.

Definition 2.1 (Morse-Bott Function, [43, p. 232]). Let M be a smooth manifold.
A Morse-Bott function on M is defined to be a function f € C°° (M) such that

(i) Crit f € M is an embedded submanifold.
(ii) Ty Crit f = kerHess f'|, for all x € Crit f.

Remark 2.2. Assumption (ii) is crucial for proving the Morse—Bott Lemma [11,
Lemma 3.51], an analogue of the Morse Lemma. The Morse-Bott Lemma is a key
technical ingredient for proving exponential decay of gradient flow lines.

Example 2.3 (S27~1). Let f: S?”~! — R on the odd-dimensional sphere

n
S =11 za) €CT Y z)P =1
j=1

be defined by
n
fGr )= jlzl?.
j=1

Then f is a Morse—Bott function with critical manifold being a disjoint union of n
copies of S!.

Let (M, g) be a compact Riemannian manifold and f € C*°(M) a Morse-Bott
function. Choose an additional Morse function 7 € C*°(Crit f) and a Riemannian
metric go on Crit f such that (4, go) is a Morse—Smale pair, that is, the stable and
unstable manifolds intersect transversally. Using Theorem D.12, one can define a
nonnegative Z-graded chain complex (CM..( f), d«) of Z,-vector spaces by

CM(f) :=Critg h ® Z», Critg h:= {x € Crith : inds(x) + indy(x) = k},

for all k € Z, where ind denotes the ordinary Morse index, that is, the number of
negative eigenvalues of the Hessian at that point, with boundary operator

Ot CM(f) > CM—1 (). dx™ = Y na™.x ),

xteCritg_1 h
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where
n(x_,x+) = #2M(x_,x+) € Zy

denotes the Z,-count of the abstractly perturbed unparametrised negative gradient
flow lines with cascades from x~ to x*. Then 0 is indeed a boundary operator by

(0 0 Ogy1)x™ = Z Z o M(x™, X))t M(x, xT)xT

xt €Crity _1 h x€Critg h

= Z HoM(x~, xT)xT

xtTeCritg_1 h
=0
for all x~ € Critg41 h as
M~ xt) = [ MExT.x)x Mx.xT).

x€Crith
Thus we can define the Morse-Bott homology of f by

ker 0

- , Vk € Z.
im Ok

HMg (f) =

As our notation suggests, HM( /') is independent of any auxiliary data up to natural
isomorphisms. In particular, as every Morse function is a Morse—Bott function,
Morse-Bott homology is canonically isomorphic to the ordinary Morse homology
of M, and thus to the singular homology of M with coefficients in Z5, that is,

HM, (f) = Hy(M: Z>).

Example 2.4 (S2"~1). Consider the odd-dimensional sphere S2"~! with Morse—
Bott function f € C*®(S?"~1) defined in Example 2.3. Choose the standard height
function h € C*(Crit f) on each critical component S!. Then the associated chain
complex is given by

Zr, 0<k<2n-1,

CMi(f) = 0 else

with boundary operator

1 kevenand1 <k <2n-—1,
0 =
0 else.

See Figure 2.1. Thus the resulting homology is

Zy, k=0,2n-1,

HMy(f) = 0 else
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Fig. 2.1: The sphere S?"~! with standard height function is depicted on the left and
on the right we see the critical submanifold Crit f* with standard height function on
each critical component.

Example 2.5 (The Teapot). Consider the deformed sphere S? as in Figure 2.2.
Then the standard height function is a Morse—Bott function on the teapot with
critical manifold being the disjoint union of a circle S' and four nondegenerate
critical points. Choose also the standard height function on S!. Then the resulting

chain complex is given by
11 01
00 01

0O —— Zo®Zp —> Zin®DZly — Zo®Zy —— 0

Thus the homology coincides again with H, (S?; Z,).

<>

Fig. 2.2: The deformed sphere S? resembling a teapot with the standard height
function.
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2.2 Hamiltonian Dynamics

The modern language of classical mechanics is provided by symplectic geometry.
For an introduction to symplectic geometry see [50] and for a more sophisticated
treatment [43]. For an introduction to Hamiltonian dynamics see [4] as well as [34]
for a view towards symplectic invariants. Here we just briefly review the basics
needed later on and to fix our conventions.

Definition 2.6 (Hamiltonian System). A Hamiltonian system is a symplectic man-
ifold (M, w), called the phase space together with a smooth function H € C*°(M),
called a Hamiltonian function. We write (M, w, H) for a Hamiltonian system.

Definition 2.7 (Hamiltonian Vector Field). Let (M, w, H) be a Hamiltonian sys-
tem. The Hamiltonian vector field is defined to be the vector field Xy € X(M)
given implicitly by

ixyo= —dH.

Lemma 2.8 (Jacobi, [4, Theorem 3.3.19]). Let (M, w, H) be a Hamiltonian system
and let ¢ € Symp(M, w) be a symplectomorphism. Then

¢ " Xu = Xo*H.
Proof. We compute
X,y =—do"H = —¢*dH = ¢*(ix,; 0) = iprx,, (9" ©) = iprx, 0.
Thus we conclude by the uniqueness of the Hamiltonian vector field. O

Lemma 2.9. Let (M, w, H) be a Hamiltonian system and let ¢ € Symp(M, w) be a
symplectomorphism. Then

X, * By -1 X
¢ 0 =g og; "oy,
whenever either side is defined, where ¢ denotes the smooth flow of a vector field.

Proof. Using Lemma 2.8 we compute

%w’lth*’w:DWIO% oy
=D(p_10XHO¢tXHO(p
:D(p_loXHO(pO(p_logStX”ogo
=¢*Xgop logX ogp
= Xprmog o og,

and the result follows by the uniqueness of integral curves. O
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Definition 2.10 (Algebra of Classical Observables, [51, p. 46]). Let (M, w) be a
symplectic manifold. The commutative real algebra C°°(M) of smooth functions
on M is called the algebra of classical observables.

Definition 2.11 (Poisson Bracket, [39, p. 578]). Let (M, w) be a symplectic man-
ifold. Define a mapping, called the Poisson bracket on the algebra of classical

observables,
{3 C®(M)x C®(M) — C=(M)

by
{f.8} = w(Xr, Xg).

Remark 2.12 ([39, Corollary 22.20]). Let (M, @) be a symplectic manifold. Then

is a Lie algebra homomorphism, where [-, -] denotes the Lie bracket given by

d *
[X.¥] = LxY = — (¢5) Y
Tli=o

forall X,Y € X(M).

Lemma 2.13 (Evolution Equation, [4, Corollary 3.3.15]). Let (M,w, H) be a
Hamiltonian system. Then

d
ol odl " ={H.[log" V[ eCo(M),
whenever either side is defined.

Proof. Using Fisherman’s formula [39, Proposition 22.14] we compute

Srogin = L9k
= ( rXH)* Lx, f
= (¢")"{H. f}
={H.f}op]"
forall f € C®°(M). O

Corollary 2.14 (Preservation of Energy, [23, Theorem 2.2.2]). Let (M, w, H) be
a Hamiltonian system. Then

H(¢;" (x)) = H(x) VxeM,

whenever the left side is defined.
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Proof. Using Lemma 2.13 we compute

S H o g = (H.H} o 9" =0

by antisymmetry of the Poisson bracket. |

We describe a particularly interesting class of Hamiltonian systems. Let (M", g)
be a compact Riemannian manifold and denote by =w: T*M — M its cotangent
bundle. For a smooth potential function V' € C°°(M) define H € C*°(T*M) by

1
H(g. p) := 5 IPligs + V(). 2.1)

For 0 € Q?(M) closed, the form w, := dp A dg + m*0 is a symplectic form
on T*M where (g, p) denote the standard coordinates on the cotangent bundle.
The symplectic manifold (T*M, w,) is called a magnetic cotangent bundle and
the Hamiltonian system (T*M, w,, H) is called a magnetic Hamiltonian system.
If 0 = 0, the system is called a mechanical Hamiltonian system. The dynamics of
a magnetic Hamiltonian system are given by the flow of the associated Hamiltonian
vector field

n

Xu(q, p) = ZBH i Z(Zo,,(q)a}j aH)i, 2.2)

opi dqi dqi ) Opi

where o is locally given by

n

1
o= 5”2_1 0ij(@)dqi Ndgj.  0ji = —o0i;.

Assume that o is exact, that is, there exists A € Q1(M) witho = dA. We claim that
Qo (T*M, Apspyr +70°A) = (T*M, Arpm).  ¢o(q.p) = (q.p + Ag)

is an exact symplectomorphism, where A7+ s denotes the canonical Liouville form
onT*M.For(q,p) € T*M and v € TT(q M we compute

(P AT*M)(q.p) (V) = ¢ (q, p)(D7 0 Do (v))
= (P + 2 (D(7 © ¢5)(v))
= p(Dr(v)) + A¢(D7(v))
= Ar*mlg.p(v) + (”*A)(q,p)(v)-

The mechanical Hamiltonian (2.1) is transformed to the magnetic Hamiltonian

_ 1
Hog;'(q.p) =5 P —Aqllge +V(@).
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Definition 2.15 (Cotangent Lift). Let ¢ € Diff(M) be a diffeomorphism of a
smooth manifold M. Define amap Do': T*M — T*M, called the cotangent lift
of the diffeomorphism ¢, by

Dot (q.p)(v) == p (D™ (v)), Vv e TygyM.

Proposition 2.16 (Physical Transformation, [23, p. 10]). Let ¢ € Diff(M) be a
diffeomorphism and denote by A~ the Liouville form on T* M. Then

(DN *Areps = Arom.
Proof. Let (q, p) € T*M. Then we compute
(D Y Arealig, (V) = Ar*p|pyi(g.p) (P(De) (V)
= A7 M |(p(), poDy—1) (D(D")(v))
= (p o Dp™ ") (D7p(q), o1 (D(D(pT)(v)))
= p(D¢~' o D(m o Dp")(v))

= p(D¢~" o D(pom)(v))
= AT*M|(q,p)(U)

forallv e Ty, ) T*M. O

Example 2.17 (Holomorphic Function). Let U C C be an open subset and suppose
that ¢ € C*°(U, C) is holomorphic with ¢’ # 0 on U for the complex derivative ¢’
of ¢. Then the cotangent lift Do of ¢ is given by

Do T*U - T*C, Dof(z,w) = ((p(z), L) .
¢'(2)

2.3 Morse-Bott Homology for the Symplectic Action Functional
In this section we briefly describe how to construct a Morse—Bott homology in a
semi-infinite dimensional setting following [24].

Definition 2.18 (The Symplectic Action Functional, [43, p. 446]). Let (M, w) be
a connected symplectic manifold such that [@]|,, ) = 0 and denote by AM the
connected component of contractible loops in C*°(T, M). For H € C*°(M x T),
define the symplectic action functional

1
Ag: AM — R, Ag(y) = /H;) AN0) —/0 H,(y(t))dt, (2.3)

where ¥ € C®(D, M) is a filling of y, that is, y (e?7%%) = y(t) forallt € T.
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The gradient grad; Ay of the symplectic action functional is given by
grad; Aply, (1) = J(y(1) = Xu,(y(1))) Vi eT,

for all y € AM and for some w-compatible almost complex structure J on (M, @)
with respect to the L2-metric

1
(X,Y)s :=/O w(JX(t),Y())dt

forall X,Y € I'(y*TM). Thus a negative gradient flow line of the symplectic action
functional Ay isamapu € C*®°(R x T, M) that is a solution of the Floer equation

dsu(s,t) + J(Oru(s,t) — X, (u(s,t))) =0 V(s,t) e RxT. 2.4)

Assume that (M, w) is compact and we are given a sequence (ux) of negative
gradient flow lines of the symplectic action functional such that the derivatives Duy
are uniformly bounded. Then by [42, Theorem 4.1.1] there exists a negative gradient
flow line u of the symplectic action functional such that

[eS)
loc

Uy — u, k — oo,

up to a subsequence. Thus if the derivatives of the sequence of negative gradient flow
lines are uniformly bounded, (1 ) converges to a broken negative gradient flow line in
the Floer—-Gromov sense. In contrast to finite-dimensional Morse—Bott homology, a
new phenomenon occurs if the derivatives explode. Indeed, if the derivatives explode,
by Theorem C.3 there exists a nonconstant J -holomorphic sphere v € C*(S?, M),
see Figure 2.3. This cannot happen in our setting as we assumed [®]|, ) = 0 and

thus
/ v =0,
SZ

contradicting [42, Lemma 2.2.1].

- B

Fig. 2.3: The bubbling phenomenon of a sequence of solutions of the Floer equation.
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By adapting Theorem D.12 to the semi-infinite dimensional case as sketched in
[15, Corollary 8.13], we can define the Floer Homology of H by

HF(H) := HM(Ag)

if the symplectic action functional Ag is a Morse—Bott function. More precisely,
choose an additonal Morse function # € C*°(CritAg) on CritAg € M via the
obvious identification y +— y(0). Define a Z,-vector space CF(H) := Crith ® Z,
and a boundary operator

9: CF(An) > CF(Ap),  dy~:= Y G .yHyt,
yteCrith

where
n(y=, ") = MOy yh) € Zs

denotes the Z,-count of the zero dimensional component of the moduli space of
all abstractly perturbed unpartametrised negative gradient flow lines with cascades.
Then the ungraded Floer homology of H € C*°(M x T) is given by

ker 0

HE(H) = - —.

Again, one can show that the definition of Hamiltonian Floer homology does not
depend on any auxiliary choices. In fact, Hamiltonian Floer homology is also inde-
pendent of the choice of time-dependent Hamiltonian function H . Consequently, we
have a chain of natural isomorphisms

HF(H) = HM(Ag) = HM(¢) = @ HMi (h) = @ H(M:Z5).  (2.5)

k>0 k>0
Consequently, we have that
dim M
#Crit Ay = dimgz, CF(H) > dimz, HF(H) = ) dimg, Hx(M: Z,)
k=0

This resembles the famous Morse inequalities and yields a proof of a special case
for the following conjecture.

Conjecture 2.19 (Homological Arnold Conjecture). Let (M, ®) be a compact
symplectic manifold and H € C°°(M x T') such that A g is a Morse function. Then
the number of contractible periodic orbits 2 (H ) of H satisfies the inequality

dim M
#P(H) > Y dimg, He(M: Z5).
k=0

For a discussion of the general homological Arnold conjecture, see [2, p. 29].
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We finally discuss a Z-grading for Hamiltonian Floer homology. There is an
obvious Z,-grading, but the Z-grading requires an additional assumption. First, we
observe that the ordinary Morse index and coindex are both infinite for the symplectic
action functional. Indeed, as A g is a zero-order perturbation of the symplectic area
functional +y, it is enough to consider that case. Using a Darboux chart, it is
actually enough to consider a loop z € C*°(T, C"). This loop can be represented
by its Fourier series

+o00
z = Z ze? Tk zr € C".
k=—00
Then
+oo
Ao(2) = -1 Y klizk|® = AG). (2.6)
k=—00

Indeed, we have that 4¢(0) = 0 = 4(0) and as C°°(T, C™) is connected, it suffices
to show that the differential on both sides of (2.6) coincide. Represent the tangent
vectorv € T,C°(T,C") = C*°(T, C") by its Fourier series as

+o0
v= Z vkt v € C".

k=—00
Then we compute

1

d Aol (v) = /0 (1), 2(1))d1

_ / ' Re(i5(1)2(0)dr
0

+o00
-2 Re( Z kﬁkzk>

k=—00

+o00
-7 Z k(Vkzk + viZk)

k=—00

= d Al (v).

Thus the gradient grad 4, with respect to the standard real inner product on C” is
given by
grad Ag|¥ = —27kz,  Vk e Z.

Consequently, the spectrum of the Hessian of #A¢ is 27Z and we see that
has infinite Morse index and coindex. Let y € CritAg be a critical point of the
symplectic action functional and choose a filling disk y € C°(D, M?") of y. Fix
a symplectic trivialisation of the pullback tangent bundle @: D x R?" — y*TM.
This is possible by [43, Proposition 2.6.7]. Then we can associate to the pair (y, y)
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an integer by
p(y.7) == pcz(¥) € Z,

where ¢z denotes the Conley—Zehnder index [23, Definition 10.4.1] of the path of
symplectic matrices ¥ defined by

Wi [0, 1] = Sp(n), W) i= Dok, 0 Dy 0 By

If we choose another filling disk ¥’ € C°(T, M) of y, then we have the formula

n(y.v) —n. v =2c1([y#77)),

where [y'#y 7] € m2(M) and c; denotes the first Chern class [43, p. 85]. So there is
always a well-defined Z,-grading of CF(H). If ¢1(TM)|,a) = 0, there is also a
well-defined Z-grading. More precisely, if ¢1(T'M )|, ) = 0, then the Floer chain
group CF(H) is graded by the signature index

1
nez(y) — 3 sgnHess (y) Vy € Crith.

See [17, p. 297]. Note that the chain of canonical isomorphisms (2.5) gives rise to a
natural isomorphism HF (M) = Hyqn (M ; Z5).

2.4 Regular Energy Surfaces

In contrast to Floer homology, in Rabinowitz—Floer homology, we study an arbi-
trary period but fixed energy problem. Thus we need to consider hypersurfaces in
Hamiltonian systems.

Definition 2.20 (Regular Energy Surface). Let (M, ®, H) be a Hamiltonian sys-
tem. The level set X := H~1(0) is a regular energy surface, if Crit H N ¥ = @.

Definition 2.21 (Hamiltonian Manifold, [23, Definition 2.4.1]). A Hamiltonian
manifold is defined to be a pair (X, w), where X' is an odd-dimensional smooth
manifold and @ € Q2(X) is closed such that kerw is a line distribution. The
foliation inducing the line distribution ker w is called the characteristic foliation.

Example 2.22 (Regular Energy Surface). Let X' be a regular energy surface in a
Hamiltonian system (M, @, H). Then (¥, w|x) is a Hamiltonian manifold. More-
over, the line distribution ker @| 5 is spanned by the Hamiltonian vector field Xy | 5.

Definition 2.23 (Stable Hamiltonian Manifold, [19, p. 1773]). A Hamiltonian
manifold (¥, w) is called stable, if there exists A € Q!(X) which is nowhere-
vanishing on ker w and such that kerw C kerdA. We write (X, w, A) for a stable
Hamiltonian manifold.
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Remark 2.24. Equivalently, a Hamiltonian manifold (X2"~!, w) is stable, if and
only if there exists A € Q1(X) with kerw C kerdA and such that A A @" ! is a
volume form on X'.

Example 2.25 (Regular Energy Surface). Let X be a regular energy surface in
a Hamiltonian system (M, w, H). Suppose that there exists a vector field X in a
neighbourhood of X with X nowhere-tangent to X' and kerw|x C ker Lyw|yx.
Then (X, |y, ixw|y) is a stable Hamiltonian manifold.

Example 2.26 ([19, Section 6.1]). Let T” be the standard flat torus for n > 2 and
let J: R — R” be an antisymmetric nonzero linear map. Define o € Q2(T") by
setting o (-, -) := (-, J-) and denote by wy, = dp Adq+ 7 *0 the magnetic symplectic
form on T*T" =~ T" x R”. For an energy value ¢ € R set X, := H~!(c) for the
mechanical Hamiltonian function

1
H(g.p):=5lpI*  Y(g.p)eT" xR".
Define 4 := (J|ims) ! and @ € Q! (im J) by
1
ax(v) = E(x,Av).

Then X, is a stable Hamiltonian manifold for every ¢ > 0 by [19, Proposition 6.3].
The stabilising form A on X, is given by

A= f*(pdq) + (prjopr)*a, 2.7
where
pr;: R" — ker J, pry: R* —im J, pr: T"” x R" — R”"
denote the projections with respect to the orthogonal splitting
R” =kerJ & im J,

and
fiT" xR > T"xR",  f(q.p) = (q.pr.(p)).

Definition 2.27 (Reeb Vector Field, [19, p. 1773]). Let (X, w, 1) be a stable Hamil-
tonian manifold. The unique vector field R € X(X') implicitly defined by

iRa)=0 and l'RXZI

is called the Reeb vector field.

Example 2.28. The flow ¢; of the magnetic Hamiltonian system in Example 2.26 is
given by

t
¢:(q, p) = (/ e’ pds + q,e”p) ,
0
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as one can explicitly compute this flow using (2.2), and (¢, p) € X, gives rise to a
contractible closed orbit of period t if and only if

pri(p) =0, e pry(p) = pry(p). and [pry(p) ||2 =2c. (2.8)

It is illustrative to consider the special case n = 2 and 0 = dq; A dg>. Then

1
A= —E(Pldpz — p2dpy),

and the projection of a contractible periodic orbit to T?2 is depicted in Figure 2.4.

Fig. 2.4: A contractible periodic Reeb orbit on T?2.

The following provides a large class of examples of stable Hamiltonian manifolds.

Definition 2.29 (Contact Manifold, [23, Definition 2.5.1]). A contact manifold is
defined to be a stable Hamiltonian manifold (¥, d A, 1). We simply write (X, A) for
a contact manifold.

Example 2.30 (Regular Energy Surface, [1, Theorem 1.2.2]). Let X be a compact
regular energy surface in a mechanical Hamiltonian system (7*M, wg, H). Then
there exists A € Q!(X) such that dA = w|x and (X, 1) is a contact manifold.

Definition 2.31 (Liouville Domain, [23, Definition 2.6.2]). A Liouville domain is
a compact connected exact symplectic manifold (W, 1) with connected boundary
such that the Liouville vector field X € X(W), implicitly defined by ixdA = A, is
outward-pointing along the boundary JW .

Remark 2.32 ([23, p. 24]). For a Liouville domain (W?",1) we have 0W # @.
Indeed, if oW = &, then using Stokes Theorem we compute

0</ dr? =/ dA AdA"h = AAdATE =0,
w w ow



2.4 Regular Energy Surfaces 21

Remark 2.33 ([23, Lemma 2.63]). Let (W, A1) be a Liouville domain. Then the
boundary (dW, A|gw) is a contact manifold.

Remark 2.34. In our definition of a Liouville domain (W, 1) it would actually
suffice to assume that the Liouville vector field X € X(W) is nowhere-tangent to
the boundary X' := dW. Indeed, if the Liouville vector field is inward-pointing at
the boundary, we get an exact symplectic embedding

¥ ([0, 400) x X, e"Alg) — (W, 1)

defined by
Y (r.x) = ¢ (x).

where ¢X denotes the smooth flow of X. But ¢ expands volume as ¥/ = " A| 5.

Example 2.35 (Star-Shaped Domain, [23, Example 2.6.6]). Denote by (C”, 1) the
standard exact linear symplectic manifold where

n . n
1 i

Ai=3 3" (vydxg — xjdyy) = 1 Y (Fdz —zdz), (2.9)

J=1 J=1

with coordinates z; := x; +iy;. Then the Liouville vector field X € X(C") is given
by

1 & d 9 1 o 9 9

X_ngl(x]axj +y]ayj)— 2;(21821- +Z]83j)' (2.10)
If U € C” is a bounded connected open subset which is star-shaped with respect to
the origin and with a smooth connected boundary U, then (U, A| 77) is a Liouville
domain. All star-shaped Liouvile domains are diffeomorphic to (B”, A|p») via the
radial projection, where B" := {z € C" : ||z|| < 1} denotes the closed unit disc.
However, the Reeb flow of these star-shaped contact type boundaries can be very
different as in [2, Example 5.1].

Example 2.36 (Cotangent Bundle, [2, Example 5.2]). Let (M, g) be a compact
connected Riemannian manifold and consider the cotangent bundle (T*M, pdq).
Then the Liouville vector field is locally given by p%. Suppose U € T*M is
a bounded connected open set with smooth boundary containing the zero section
and such that the fibrewise intersection U N 77 M is star-shaped with respect to
the origin for all ¢ € M. Then (U, pdq|g) is a Liouville domain. Any such star-
shaped Liouville domain in the cotangent bundle 7* M is diffeomorphic to the unit
cotangent bundle

D*M :={(q.p) € T*"M : ||pllg« <1},

with contact type boundary the spherisation (S* M, pdq|s= ). Once more, the Reeb
flow of such star-shaped hypersurfaces can be very different.
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Example 2.37 (Magnetic Hamiltonian System, [2, Example 5.2]). Consider an
exact magnetic Hamiltonian system (7*M, pdq + n*A, H) for A € Q' (M). For

L
> max (5 Il + V(o))

the level set H ! (c) is fibrewise star-shaped.

Definition 2.38 (Liouville Automorphism, [16, p. 237]). Let (W, 1) be a Liouville
domain with boundary X. A diffeomorphism ¢ € Diff(W) is said to be a Liouville
automorphism, if ¢*A — A is exact and compactly supported in the interior Int W,
and ord ¢ < oco. We denote by Aut(W, 1) the set of all Liouville automorphisms on
a given Liouville domain (W, ).

Remark 2.39. Let ¢ € Aut(W, 1) be a Liouville automorphism. Then there exists a
unique function f, € C2°(Int W) such that ¢*A — A = df,,.

Remark 2.40. For a Liouville domain (W, 1), the set Aut(W, 1) of Liouville au-
tomorphisms is in general not a group. Indeed, for ¢,y € Aut(W,A) it is not
necessarily true that ¢ o ¥ is of finite order unless ¢ and iy commute.

Remark 2.41. Any ¢ € Aut(W, 1) induces a strict contactomorphism ¢|ap .
Example 2.42 (Rotation). For 1 > 1 consider the rotation
0: C" — cr, O(Z1, .. 2n) 1= (.‘327rikl/mz17 N 7ezm'kn/mzn) ’

whereky, ..., k, € Z arecoprime tom.Let (W, 1) be a star-shaped Liouville domain
in C" as in Example 2.35 invariant under the rotation ¢, that is, (dW) = dW. Then
¢ is a Liouville automorphism as ¢*A = A by (2.9) and ord ¢ = m.

Fig. 2.5: The completion of a Liouville domain.
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One can complete a Liouville domain (W, 1) to a noncompact exact symplectic
manifold without boundary by attaching the positive cylindrical end [0, +00) x W
to its boundary oW . See Figure 2.5.

Definition 2.43 (Completion of a Liouville Domain, [43, p. 148]). Let (W, 1) be a
Liouville domain with boundary X'. The completion of (W, A) is defined to be the
exact symplectic manifold (M, 1), where

M :=W Uy [0,400) x ¥ and Ajo,+o0)xx =€ Alx.

Example 2.44 (Star-Shaped Domain). Let (W, 1) be a star-shaped Liouville do-
main as in Example 2.35. Then the completion (M, 1) of (W, 1) is symplectomorphic
to the exact linear symplectic manifold (C”, A1) via the flow of the Liouville vec-
tor field. See Figure 2.6. The completion of a star-shaped Liouville domain in a
cotangent bundle 7*M as in Example 2.36 is (T*M, pdq).

Fig. 2.6: The completion (C”, 1) of a star-shaped Liouville domain.

Finally, we consider more general hypersurfaces in symplectic manifolds.

Definition 2.45 (Stable Hypersurface, [19, p. 1774]). Let (M, ) be a connected
symplectic manifold. A stable hypersurface in (M, ®) is a compact connected
hypersurface ¥ € M such that the following conditions are satisfied.

(i) X is separating, that is, M \ X consists of two connected components M+,
where M~ is bounded and M T is unbounded.

(ii) There exists a vector field X in a neighbourhood of X such that X is outward-
pointing to ¥ U M~ and such that kerw|y C ker Lyw|x.

Definition 2.46 (Displaceability, [43, p. 411]). A subset A € M of a symplectic
manifold (M, w) is said to be Hamiltonianly displaceable, if there exists a compactly
supported Hamiltonian symplectomorphism ¢ € Ham.(M, ), such that

or(A)NA=a.



24 2 Hamiltonian Floer Homology

Example 2.47 ([25, p. 4]). Every compact subset of (M x C, ® & wg) is Hamilto-
nianly displaceable, where (M, w) is any symplectic manifold.

Definition 2.48 (Hofer Norm, [43, p. 466]). Let (M, w) be a symplectic manifold
and F € C2°(M x [0, 1]). Define the Hofer norm of F by

IEN = Fll +I1F]-,

where

1 1
F|,:= Fi(x)dt d F|_:=- in F;(x)dt.
IFl = [ maxFcode aa (== [ min R

Definition 2.49 (Displacement Energy, [43, p. 469]). Let (M, w) be a symplectic
manifold and A € M a compact subset. The displacement energy of A is

e(A) := inf I Fl -
FeCS(Mx[0,1])
or(ANA=gZ

Example 2.50. Consider the displaceable hypersurface X, € (T*T", ws, H) as in
Example 2.26. Then by [43, Theorem 12.3.4], the displacement energy of X, is
given by

e(X)=e (E:‘/Z(O)) = 2mc Ve >0,

where ET/E(O) C R” denotes the closed ball around the origin with radius +/2c.



Chapter 3
Twisted Rabinowitz—Floer Homology

In this chapter we construct the generalisation of Rabinowitz—Floer homology and
prove Theorem 1.4.

To begin, we define the twisted Rabinowitz action functional for an exact sym-
plectic manifold and compute its first and second variation.

In the second section we prove a compactness result for the moduli space of
twisted negative gradient flow lines in a restricted geometrical setting. This follows
a standard procedure, but one has to carefully adapt the constructions and proofs to
this more general case.

In the third section we define ungraded and graded twisted Rabinowitz—Floer
homology and prove part (b) of Theorem 1.4 in Proposition 3.39.

In the fourth section we briefly illustrate how to prove part (a) of Theorem 1.4 (see
Theorem 3.41) and define the notion of twisted homotopies of Liouville domains.

In the last section we prove an important vanishing result for twisted Rabinowitz—
Floer homology, that is, part (c) of Theorem 1.4 (see Theorem 3.48).

3.1 The Twisted Rabinowitz Action Functional

Definition 3.1 (Free Twisted Loop Space). Let ¢ € Diff (M) be a diffeomorphism
of a smooth manifold M. Define the free twisted loop space of M and ¢ by

LM :={y € CO(R,M):y(t +1) = o(y(1)) Vi € R}.

Let (M, w) be a symplectic manifold and let ¢ € Symp(M, w). Given a twisted
loop y € £,M and gy > 0, we say that a curve

(—€0,80) = ff(pM» &> Ye
starting at y is smooth, if the induced variation

RX(—80,80)—>M, (I,S)Hys(l)

25
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is smooth. Since y,(f + 1) = @(y.(¢)) holds for all ¢ € (—&g, &9) and ¢ € R, we call
such a variation a twisted variation. Then the infinitesimal variation

sy = el crprTM),

de &=0

satisfies
Syt +1) = Dp(y(t)) vVt € R.

Lemma 3.2. Let (M, w) be a symplectic manifold and let ¢ € Symp(M, w) be of
finite order. Lety € £,M and let X € T'(y*TM) be such that

X(t+1)=Dp(X(t)) vVt e R.
Then there exists a twisted variation of y such that §y = X.

Proof. As @ is assumed to be of finite order, there exists a g-invariant w-compatible
almost complex structure J on M by [43, Lemma 5.5.6]. With respect to the induced
Riemannian metric

my:=ow(J-,"),

the symplectomorphism ¢ is an isometry. Define the exponential variation
R x (—e0.80) = M. ys(t) := exp){, (eX (1)),

for g9 > O sufficiently small and V denoting the Levi—Civita connection associated
with m . Such an gy > 0 exists by the naturality of geodesics [40, Corollary 5.14].
Then we compute

Vet +1) = exp)f, ) (X(t + 1))
= expy 1 (D9(eX (1))
= ¢ (exp ) (£X(1)))
= ¢(ye(1))
by naturality of the exponential map [40, Proposition 5.20]. O

Remark 3.3. The statement of Lemma 3.2 remains true if ord ¢ = oo.

This discussion together with Lemma A.3 motivates the following definition of
the tangent space to the free twisted loop space.

Definition 3.4 (Tangent Space to the Free Twisted Loop Space). Let (M, w) be a
symplectic manifold and ¢ € Symp(M, w). For y € £,M define the tangent space
to the free twisted loop space at y by

T, oM :={X e T(y*TM) : X(t + 1) = Dp(X(t)) ¥t € R}.
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Definition 3.5 (Twisted Hamiltonian Function). Let (M, w) be a symplectic man-
ifold and ¢ € Symp(M, w). A function H € C*°(M x R) is said to be a twisted
Hamiltonian function, if

QD*HH-I = Hl‘ Vt € R.

We denote the space of all twisted Hamiltonian functions by C;°(M x R) and the
subspace of all autonomous twisted Hamiltonian functions by C7°(M).

Recall, that an exact symplectic manifold is a pair (M, 1) such that (M, d ) is a
symplectic manifold. Moreover, an exact symplectomorphism of an exact symplectic
manifold (M, 1) is a diffeomorphism ¢ € Diff(M) such that ¢*A — A is exact.

Definition 3.6 (Perturbed Twisted Rabinowitz Action Functional). Let (M, 1)
be an exact symplectic manifold and ¢ € Diff(M) an exact symplectomorphism
such that ¢*A — A = df. For H, F € C;°(M x R) define the perturbed twisted
Rabinowitz action functional

Ag,H’F): £,M xR - R
by
o 1 1 1
AULE) (3, 7) o= /0 ya—t /0 H (y()dr - /0 Fo(y(0)dt — £(y(0)).
If F=0and H € C;,’O(M), we write Ag for Aé,H’F) and call Ag the twisted
Rabinowitz action functional.

Remark 3.7. Assume that m := ord ¢ < co. Then

m—1

AéH’F)(% ) = %A(H’F)()Z 7)— % Z fy(k)),
k=0

forall (y,7) € £, M, where y € £M is defined by y(¢) := y(mt).

Definition 3.8 (Differential of the Perturbed Twisted Rabinowitz Action Func-
tional). Let ¢ € Diff(M) be an exact symplectomorphism of an exact symplectic
manifold (M, 1). For H, F € C;°(M x R), define the differential of the perturbed
twisted Rabinowitz action functional

dAHE) |, 0 T, 2,M xR - R

forall (y,7) € £,M x R by

d
dAS Do (Xon) = | AT (e, T + ),
0

£=

where y, is a twisted variation of y such that §y = X.
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Proposition 3.9 (Differential of the Perturbed Twisted Rabinowitz Action Func-
tional). Let ¢ € Diff(M) be an exact symplectomorphism of an exact symplectic
manifold (M, A) and H, F € C;°(M x R). Then

1
d A |, (X ) = /0 dA(X(t),y(t) — tXm, (y() — XF, (y(1)))dt
1
— /0 Hi(y@)dr GuD)

forall (y,v) € £,M xR and (X, n) € T, £, M xR. Moreover, (y, t) € Crit A((,,H’F)

if and only if

1
y(1) = tXg, (y(@)) + XF,(y(1))  and /0 Hi(y(t))dt =0  (3.2)

forallt € R.

Proof. In order to show (3.1), we compute

d
(H,F) —
d Ay (o (X, ) =

A (ye, T + en)
e=0
1 1 1
=/0 y lxdk—i—/o dlx)t—‘l:/o dH,(X(t))dt
1 1
- / H,(y (1) di — / dF,(X()dt — df,,(X(0))
0 0
1
- /0 dA(X (D). 90) — TXm, (/(0) — XF, ((0))d1
1
—n [0 H () dt + 20|} — df,(X(0)
1
- /0 dAX (). 7(1) — Xp1, (r(6)) — X5, (y (1)1
1
—n /0 H,(p(@)dt + (9™ 4 — A)(X(0)) — df, (X(0))
1
- /0 dA(X (D). 70) — TXm, (V) — XF, (y(0)d1
1
- /0 H, ().

Let (y, ) € Crit Aé,H’F). It follows immediately from (3.1) that

1
/0 H,(y(0)d1 =0
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and .
/0 dA(X(1),y() —tXu, (y(@)) — XF,(y()))dt =0

forall X € T, &, M. Suppose there exists to € Int / such that

P(t0) = TX 11,y (¥ (t0)) = X,y (7 (10)) # 0.

By nondegeneracy of the symplectic form d A there exists v € T, (;,) M with

dA(v,y(t0) — tXH,, (y(10)) — XF,, (y(t0))) # 0.

Fix a Riemannian metric on M and let X, denote the unique parallel vector field
along y|7 such that X,(tg) = v. As Int/ is open, there exists § > 0 such that
Bs(to) € Int I. Fix a smooth bump function 8 € C°°([) for o supported in Bs (to).
By shrinking § if necessary, we may assume that

to+§
/ B X (1), 7(1) — tXi, (y(1)) — X, (p(0)))d1t 0.

0—0

Extending
(BX)(t + k) = D" (B)X, (1)) Vi€l keZ,
we have that 8X,, € T),, £, M and thus we compute

0 =dASF)|, 0 (BX,,0)

to+§8
= /t dAB)Xy(1), 7 (1) — 1Xn, (y(1)) — XF, (v (1)))dt

0—6
# 0.
Hence
v(1) = tXu, (y(@) + XF,(y())  Vrel,
implying

y(t +k) = D*(y(1))
= 1(D¢* o X)) (y(1)) + (D¢* 0 XF) (¥ (1))
=1(Dg* 0 X, 097 0 ")y (1)) + (D9* 0 XF, 097" 0 ") (¥ (1))
= 1ok Xp, (y(t + k) + 0 X, (v (1 + k)
=X gy, V( +5)) + X i, (¥ (£ + k)

=tXH, (Y + k) + XF, 4, (v £+ k)

forall ¢t € I and k € Z. The other direction is immediate. O
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Corollary 3.10. The differential of the perturbed twisted Rabinowitz action func-
tional is well-defined, that is, independent of the choice of twisted variation, and
linear.

Preservation of energy 2.14 implies the following corollary.

Corollary 3.11. Let ¢ € Dift(M) be an exact symplectomorphism of an exact
symplectic manifold (M, ) and H € C;°(M). Then Crit Af consists precisely of
all (y,7) € £,M xR such that y(R) € H~'(0) and y is an integral curve of t X g.

There is a natural R-action on the twisted loop space £, M given by
(s-y)@) =yt +s) vVt € R.

If (M, 1) is an exact symplectic manifold and H € C7°(M) for an exact symplec-
tomorphism ¢ € Diff(M) of finite order such that supp f N H~'(0) = @, then the
twisted Rabinowitz action functional Agl is invariant under the induced S!-action

on Crit Ag . In particular, the unperturbed twisted Rabinowitz action functional is
never a Morse function.

Definition 3.12 (Hessian of the Twisted Rabinowitz Action Functional). Let ¢
be an exact symplectomorphism of an exact symplectic manifold (M, A) and sup-
pose that H € C;°(M). For (y,7) € Crit Ag , define the Hessian of the twisted
Rabinowitz action functional

Hess AL |.0): (Ty Lo M x R) x (Ty£,M x R) —> R

by

2
Hess Af|(y’,)((X, n), Y, 0)) = Agl (Ve 60T + €11 + £20),

e1=¢€2=0

881 882
for a smooth two-parameter family y;, ., of twisted loops with

ad ¥ d d
86‘1 81:0)/81’0 882

y0,€2 =Y.
e2=0
Remark 3.13. Traditionally, the differential and the Hessian of the twisted Rabi-
nowitz action functional are called the first and second variation of the twisted
Rabinowitz action functional.

Definition 3.14 (Symplectic Connection). Let (M, w) be a symplectic manifold. A
symplectic connection on (M, ») is defined to be a torsion-free connection V in the
tangent bundle TM such that Vo = 0.

Remark 3.15. Every symplectic manifold admits a symplectic connection by [31,
p- 308], but in sharp contrast to the Riemannian case, a symplectic connection on a
given symplectic manifold is in general not unique.
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Lemma 3.16. Let ¢ € Dift(M) be an exact symplectomorphism of an exact sym-

plectic manifold (M, 1). Fix a symplectic connection V on (M, dM) and a twisted
Hamiltonian function H € C2°(M). If (y, t) € Crit A then

1
Hess AL o (X1, (V00) = [ d201,9,0)

1 1 1
-1 / Hess¥ H(X,Y) —p / dH(Y) -0 / dH(X) (3.3)
0 0 0

forall (X,n),(Y,0) e T,£,M x R.

Proof. We compute

02 1
H
de1 0, 51=52=0(T +éein+ 820)/0 O Ve .60
1 1 1 82
= n/ dH(Y) +0/ dH(X) + z/ H(Ve e5). (34)
0 0 0 881882 £1=62=0
and
” H(Yeye2) = ! dH (9, )
0€10€2 [, —g,—0 Verea  0e 61=0 £21e2=0Ve1.62
d
= — 8_ dA, (XH(V&‘],()), 832'6‘2=0)/6‘1,62)
81 8|=0

=—dA (v81 |61=0XH (J/sl,o)» Y)
- d/‘\' (XH()/)’ vé’l |81=0882 |6‘2=0y81,82) .
The d A-compatibility of V implies

dk (Val |81=0XH()/€1,0)’ Y) = dx (Vaal |81=0V81.0XH’ Y)
=dAVxXy,Y)
= VxdA(Xyg,Y)—dA(Xyg,VxY)
=—VxdH(Y)+ dH(VxY)
=—-XY(H))+ (VxY)H
= —Hess® H|,(X,Y). (3.5)

Next we compute

1 1 b
81=82=0/(; Verer 0 de1
+ / 0

o &1

82
881882

* .
y&‘l ,013£2|52=01’£1 &2 (dk 0 Ve, 50)
e1=0

x .
Odyé‘] ,01382 |82=0y81 R (A' o J/"31 50)
1=
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/18
o

+a—

/ v81|6‘1 0882|62 =0V 6‘25)})

82 |€2=0y€1 L2 ))81 ,0)

6‘10

A(862 |€2 =0Ve; 82)|0

+/ dA (Y. Ve, ls1=00:7s, 0)

L0
881

1
A(882 |£2=0y81,€2)|0
e1=0

1
:T/(; dl (V81 |81=0882|€2=0V‘91532’XH()/))
1
—|—/ dA (Y, Vt881|81=0y81a0)
0

A(362 |82 =0Ye1, sz)|0

el
/ (Ve ey 0062 lea—o Ve o0 X (1))
/ (Y.V,X

+3_81

A(0e;e,=07e, 82)|o (3.6)
e1=0

Moreover

1 1 d 1
/0 dA (Y. V. X) =/0 Ed/\(Y,X)—[O dA(V,Y, X)
1
=d/\(Y,X)|(1,+/ dA(X,V;Y)
0
=dA (De(Y(0), Dp(X(0))) — dA(Y(0), X(0))

1
+ / dMX,V,Y)
0
1
_ / AA(X.V,Y). (3.7)
0
Finally

A(882|82=OJ/£1,82)|(1) =21 (882|82=0y€1,82(1)) -2 (852|82=0V81,82 (0))
=2 (882 |82=0(p(781,32 (0))) -2 (852 |82=0Vsl €2 (0))
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=4 (D(p (882 lex=0Ve1 .60 (0))) -2 (362 lea=0Ve1 .62 (O))

= (go*)t - k)(asz |82=0ysl,82 0))

= df(p (882 |82=0 Vei,e2 0)). (3.83)
Combining (3.6), (3.4), (3.7), and (3.8) yields (3.3). O

Corollary 3.17. The Hessian of the twisted Rabinowitz action functional is a well-
defined, that is, independent of the choice of twisted two-parameter family, symmetric
bilinear form.

Lemma 3.18. Let ¢ € Diff (M) be an exact symplectomorphism of an exact sym-
plectic manifold (M, A) and H € C;°(M). If (y, ) € Crit AL then

1
Hess A% |, (X. 7). (V. 0)) = / dAY, Lexy X — X5 (1)
0
1
- 0/ dH(X) (3.9)
0
forall (X,n),(Y,0) € T,£,M xR, where

d
L-[XHX(I) = %

DXHX(s+1)  VteR.
0

§=

Proof. Inserting Hess" (X, Y) = dA(Y, Vx Xg) into (3.3) yields
1

Hess AZ 0. (X1, (Vo)) = [ dA.V,X = eV Xa)
0

—r)/ldH(Y)—a/IdH(X).
0 0
But as V has no torsion by assumption, we compute

ViX —tVxXg =V X —tVxXg = Voxy X —tVx Xy = [t XH, X],
and

[tXu. X](1) = Lox, X(1)

d
== D¢XH (X (p2H (y(1)))
s s=0
d
= 2| DeXucx@l (@7 (y(0)))))
s 5s=0
9 pgXaxis 41
ds s=0

forall t € R. O
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Corollary 3.19. Let ¢ € Dift(M) be an exact symplectomorphism of an exact
symplectic manifold (M, M) and let H € C7°(M). The kernel of the Hessian of the

twisted Rabinowitz action functional Af at (y,t) € Crit Ag consists precisely of
all (X,n) € T, £,M x R satisfying

1
Lox, X =nXg(y)  and / dH(X) = 0.
0

Lemma 3.20. Let ¢ € Diff(M) be an exact symplectomorphism of an exact sym-
plectic manifold (M, 1) and H € C;°(M). For every (y,t) € Crit AL there is a
canonical isomorphism

ker Hess Agky,r) = A(y, 1), (3.10)
where
Ry, 1) :=={(vo.n) € Ty)yM x R : solution of (3.11)}
with
D(@XF o@)vo =vo +nXu(y(0))  and  dH(vo) = 0. 3.11)

Proof. We follow [23, p. 99-100]. Let (X, ) € ker Hess Ag |(y,) and define
vil = TyoM.  v(t):= D¢*H X ().
We claim that
ker Hess AL | .0y — &(y. 1), (X, n) — (v(0),n) (3.12)

is an isomorphism. First, we show that the above homomorphism is indeed well-
defined. The assumption that (X, 1) lies in the kernel of the Hessian of the twisted
Rabinowitz action functional at the critical point (y, 7) is by Corollary 3.19 equivalent
to the system

v = nXpg(y(0)) and /01 dH((v) =0. (3.13)
Integrating the first equation yields
v(t) =vo +tnXm(y(0)  Vtiel,
with vg := v(0). Thus (vg, ) € R(y, t) follows from
v(1) = DpXH X (1)
= D¢X Dy(X(0))

= D(¢pX# 0 9)X(0)
= D(¢pXH o ). (3.14)
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That (3.12) is an isomorphism follows by considering the inverse
A(y, t) — ker Hess A«Iﬂ(y,r)’ (vo,n) = (X, 1),
where X € T, £, M is defined by
X(t) == D (vo + t1nXm(y(0))) Vi €R.
This establishes the canonical isomorphism (3.12). O

Recall, that a strict contactomorphism of a contact manifold (X, ) is defined to
be a diffeomorphism ¢ € Diff(X') such that p*a = «.

Definition 3.21 (Parametrised Twisted Reeb Orbit). For a contact manifold (X, «)
and a strict contactomorphism ¢: (X, ) — (X, «) define the set of parametrised
twisted Reeb orbits on (X, o) by

Po(X,a) :={(y,1) e £, X xR : p(t) = tR(y(t)) YVt e R}.

Definition 3.22 (Twisted Spectrum). For a contact manifold (¥, «) and a strict
contactomorphism ¢: (¥, ) — (X, o) define the twisted spectrum by

Spec, (¥, a) :={r e R:3Jy € £,X suchthat (y,7) € Pp(X,a)}.

Lemma 3.23. Let ¢: (X, ) — (X, ) be a strict contactomorphism of a compact
contact manifold (X, «). Then

podf=¢fop  VieR.

Proof. If ¢« R = R, then we compute

d
E(pogblR:D(pORO(ﬁtR:(p*RO(pO(ﬁtR:RO(pO(f)tR,

for all 7 € R. To prove ¢« R = R, just observe that

ip.rda = ¢*da(Ro g™, Dp~"")
=do*a(Rog !, Dy 1)
=da(Rop™ ', Dy 1)
= ¢« (irda)
=0,
and

a(@sR) =a(DpoRogp ) =¢p*a(Rogp™ ) =a(Rop ) =1.

Hence the statement follows from the uniqueness of integral curves. |
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Proposition 3.24 (Kernel of the Hessian of the Twisted Rabinowitz Action Func-
tional). Let (X, A|x) be a regular energy surface of restricted contact type in an
exact Hamiltonian system (M, A, H) with Xg|x = R. Suppose ¢ € Diff(M) is an
exact symplectomorphism such that H € C;°(M) and ¢*A|x = Al 5. Then

Crit ALl = P, (X, Al x)
and
ker Hess A2 |0 = ker (D(¢R; 0 ¢)|,(0) — id1,, )

forall (y,7) € Pp(X, A|5). Moreover, we have R(y(0)) € ker Hess Ag l(y,r) and if
Po(X, A|x) © ¥ xR is an embedded submanifold, then Spec, (X, A| x) is discrete.

Remark 3.25. If (y, v) € $,(X, A|x), we have the period-action equality

1 1 1
Ag’(y,r)=/0 y*x=/0 A(y‘)=r/0 ARG = .

Proof. The identity Crit Ag = P, (X, A|y) immediately follows from Corollary
3.11 together with [39, Corollary 5.30]. The proof of the formula for the kernel of
the Hessian of Ag is inspired by [23, p. 102]. By Lemma 3.20 we have that

ker Hess Agky,r) ~ R(y, 1),
where (vo, ) € Ty )M x R belongs to R(y, 7) if and only if
D(q)ff’ o @)vg = vo + nXg(y(0)) and dH(vy) = 0.

Thus in our setting, the second condition implies vy € T} (g) X'. Decompose

Vo = vg + aR(y(0)) vg € &y0).a €R,
where £ := ker 1|y denotes the contact distribution. Then we compute

d

D@R. o 9)R(y(0)) = DGR, 0 ¢) (dl

—i R o o R

= - t20(¢_t ¢ 0 pF)((0))

—i Ro e} R

= t:0(¢, 9o R )(y(0)
d

= PR (y(0))

e
= R((0)).

¢>,R(y(0)))

t=0

using Lemma 3.23. Hence
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vo + NR((0)) = D($R, 0 p)vo = DE@BR, 0 )vf + aR(y(0)).

where

D¥(¢X 0 ¢):= DX o p)le: £ > £,
implies

n=20 and D§(¢>fr o gp)vg = vg
by considering the splitting 7YX = £ & (R). Consequently

Ry, 1) = ker (D(¢2; 0 ¢)ly(0) —id7,(0,5) % {0}

Finally, assume that £,(X, 1| x) € X x R is an embedded submanifold via the
obvious identification of (y, 7) € £,(X, A|x) with (y(0), r) € ¥ x R. Fix a path
(s, T5) in Pyp(X, A|5) = Crit A(I: from (yo, 7o) to (y1, t1). Using Remark 3.25 we
compute

0575 = 3s=>4)£1()/s~ T5) = dAgl(ys,rs)(asVs, 0575) =0,

implying that 7, is constant, and in particular o = ;. Consequently, ,Asg is constant
on each path-connected component of £, (X, A|x). As P, (X, A| 5) is a submanifold
of ¥ x R, there are only countably many connected components by definition,
implying that Spec,, (X, A|x) is discrete. O

3.2 Compactness of the Moduli Space of Twisted Negative
Gradient Flow Lines

Definition 3.26 (Twisted Defining Hamiltonian Function). Let (W, 1) be a Liou-
ville domain with boundary ¥ and ¢ € Aut(W, 1). A twisted defining Hamiltonian
Junction for ¥ is a Hamiltonian function H € C° (M) on the completion (M, 1)
of (W, A), satisfying the following conditions:

(i) H7'(0) = ¥ and ¥ N CritH = @.
(i) H € C°(M).
(iii) dH is compactly supported.
(iv) Xg|x = R is the Reeb vector field of the contact form A| .

Denote by F,(X) the set of twisted defining Hamiltonian functions for X.

Remark 3.27. A necessary condition for #,(X) # @ is that ¢* R = R. This is not
true in general if ¢ does not induce a strict contactomorphism on X.

Definition 3.28 (Adapted Almost Complex Structure). Let (W, 1) be a Liouville
domain with boundary Y. An adapted almost complex structure on (W, 1) is
a dA-compatible almost complex structure J on (W, L) such that J restricts to
define a compatible almost complex structure on the contact distribution ker A| 5
and JR = 9, holds near the boundary.
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Definition 3.29 (Rabinowitz—Floer Data). Let (M, 1) be the completion of a Liou-
ville domain (W, 1) with boundary X and ¢ € Aut(W, 1). Rabinowitz—Floer data
Jor ¢ is defined to be a pair (H, J) consisting of a twisted defining Hamiltonian
function H € F,(X) for X' and an adapted almost complex structure J on (W, 1)
such that p*J = J.

Lemma 3.30. Let (W, A) be a Liouville domain and ¢ € Aut(W,A). Then there
exists Rabinowitz—Floer data for ¢.

Proof. The construction of the twisted defining Hamiltonian H for X' is inspired
by the proof of [19, Proposition 4.1]. Fix § > 0 such that the exact symplectic
embedding

VS ((—8,0] X E,er)w;) — (W, 1)

defined by V(r,x) = ¢X(x)

satisfies
Us := ¥ ((—8,0] x ) N supp f, = @. (3.15)

Indeed, that v is an exact symplectic embedding follows from the computation

d .. d o
_v/rk_dr (¢r) A

dr
= (¢5)*Lx
= (6))" (dixr + ixd2)
= (6))" (dixixdA + 2)
= (¢¥)" 2
=y, A

implying
YA =eAlg Vr e (-46,0],

by Yo = tx, where tg: X <> W denotes the inclusion. Note that X = d,. We
claim

e (r.x)) =¥ (r.e(x))  V(.x) e (=6,0]x X, (3.16)

that is, ¢ and ¥ commute. Note that (3.16) is well-defined since ¢(X) = X by
assumption. Indeed, (3.16) follows from the uniqueness of integral curves and the
computation

L) = o} (o)
= Do(X (¢} (x)))
= (DgoX|ys 09" 0 )¢} (x))
= (9xX|pwy) © 9) (@] (x))
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= (Xlpwy) © ©) (@7 (x))
= X(p(¥ (1, x)))

where we used the g-invariance of the Liouville vector field on Us, that is

0« Xlpws) = Xlopws)

which in turn follows from

g xdA = dA(psX,")
=dA(DpoXogpt
=dA (Dgo oXog ! Dgpo Dgo_l-)
=¢*dAM(X o !, Dy 1)
=dA(Xop~ !, Dyl
= @« (ixdA)
= @QxA
=A—d(fpoe™)

and assumption (3.15).

Next we construct the defining Hamiltonian H € C*°(M).Leth € C*°(R) be a
sufficiently small mollification of the piecewise linear function

.
h(r):=($

as in Figure 3.1.

Fig. 3.1: Mollification of the piecewise linear function 4.
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Define H € C*°(M) by

h(r) p=1y(r.x)eUs,
H(p):=(h(r) p=(x)€[0,+o0)x X, (3.17)

-5 pew\Us.

Then H is a defining Hamiltonian for X' and dH is compactly supported by con-
struction. Moreover, H is g-invariant by (3.16). Finally, Xg|x = R follows from
the observation Xg = h'(r)e™" R. Indeed, on Us we compute

in@e-rRY " AA = i (rye-rrd(e" Al x)
= ih/(r)eer(erdr A )L|2 + erdklz)
= —h'(r)dr
= —dH.
Next we construct the adapted almost complex structure J. Fix a g-invariant

compatible almost complex structure J % on the contact distribution ker A| 5. Extend
this family to ((—38, +00) X X, d(e"A|x)) by setting

I Z @) (b, v) i= (Ax(v), J ¥ [ (7 (v)) — bR(x)) (3.18)

where 7 : kerA|x @ (R) — ker A|x denotes the projection. Choose a ¢-invariant
d A-compatible almost complex structure J W \¥ on W\ ¥ and let {ﬁ ¥ pWA\Z } be a
partition of unity subordinate to the open cover {Us, W \ X'} of W. The compatible
almost complex structure J associated with the Riemannian metric

my(-,-):= ﬂzdk(‘]z., D+ ﬁW\Ed/\(JW\Z., )
on W is adapted. 0
Definition 3.31 (L2-Metric). Let (H, J) be Rabinowitz—Floer data for a Liouville

automorphism ¢ € Aut(W, A). Define an L2-metric on LoM xR

1
(X, m), (Y, 0))s :=/0 dA(JX(),Y(2))dt + no (3.19)

forall (X,n),(Y,0) e Ty, £,M xRandy € £,M.

With respect to the L2-metric (B.2), the gradient of the twisted Rabinowitz action
functional grad; Ag € X(£,M x R) is given by

Jy @) —tXu(y(®)))
grad; AL |0 (1) = _/1 Hoy Vi € R.
0
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Lemma 3.32 (Fundamental Lemma). Let (H, J) be Rabinowitz—Floer data for a
Liouville automorphism ¢ € Aut(W, X) of a Liouville domain (W, A). Then there
exists a constant C = C(A, H, J, f,) > 0 such that

1
lerad; A lgoll, <& = It = COAT 2Dl + 1)

forall (y,t) e £,M x R.
Proof. We proceed in three steps.
Step 1: There exist constants § > 0and 0 < Cs < 400 such thatif (y,t) € £, M

withy(I) € H™! ((—8,8)) =: Us, then

H H

7] = 21, (. DI + Cs llgrad; Ay [0l ; + 21 follo -
Choose § > 0 such that Us € supp Xy and
1

Ax(Xg(x)) > §+5 Vx € Us.

This is possible as Xy |x = R. Moreover, set
Cs :=2[|AMusll o -

Then Cs < 400 as dH is compactly supported. We estimate

1 1
AT (r.0)] = ‘/O yic [ 1) fw(y(O))'

1 1 1
. /0 AXE () + /0 AG - tXn () - T /0 HO) — f,((0)

1
= 1ol (5 +8) | [ 40 = oxu)| - 615~ 1

C 1
> m__sfo 17 (t) — e Xa )y dt — |l folloo

-2 2
| GCs r
=5 - 7\// 17(6) = e Xa (yE5 dt — |l foll o
0
lr|  Cs
> = — = lgrad; AT |0l — 1 folloo
2 2 J

by Jensen’s inequality.

Step 2: For all § > 0, there exists ¢ = £(8) > 0 with the property that if there
exists to € I with |H(y(to))| = 6 for (y.7) € £,M, then | grad, Afl@,z)ll, > e
Assume first that y(1) € M \ U 3 for all # € I. In this case we estimate
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/OIH(V)

Otherwise, we may assume without loss of generality that there exists #; € I such

that |H(y(t1))| < 8,10 <ty and § < |H(y(1))] < § forall t € [to,71]. Set

5
lgrad; A [¢0ll, = >3

k :=max ||grad; H| ; > 0,
xeUs

as dH # 0 in a neighbourhood of X'. We estimate

1
llgrad, eA’gk)’,r)”J = \//(; 7 @) — TXH(Y([))Hi dt
1
> / 17() — TXu @), di
0

151
> / 17() — <Xu ()] di

0

A%

1
o [ llerad; HO@)L 170 = eXa o)l ds

0

v

o [ Genad; HO@).50) - eXa o)1 ds

_! / AHG () — Xa ()] di
K Jg

0

—+ [ lanGoya

)

1 [ d

=-| |=@#H
K/to dz( OV)‘
1| 4

>-|| =@H

T x|ty dt( oy)’

_1 |H(y(t1)) — H(y(t))]

A%
Rl==x

(IH (y (to))] = |H(y(t1))])

>

Ko

by Cauchy—Schwarz. Hence ||grad; Agl lg.oll, = & for

)

&= 8(8) = m
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Step 3: We prove the Fundamental Lemma. Choose § > 0 and 0 < Cs < +00 as
in Step 1 and ¢ = ¢(§) > 0 as in Step 2. Set

Co := max {2, Cse+2 ||f<p||oo} :

Assume that | grad; Agl(y,r)ﬂj < ¢ for (y,1) € £,M. Then y(I) € Us, as
otherwise there exists o € I with |H(y(tp))| = & implying ||grad; Agky,r) l,>¢
by Step 2. Thus with Step 1 we estimate

7] < Co(lAY (v. D) + D). (3.20)

Finally, set
1
C := max %Co, —} .
£

This proves the Fundamental Lemma. O

Definition 3.33 (Twisted Negative Gradient Flow Line). Let (H, J) be Rabinowitz—
Floer data for a Liouville automorphism ¢ € Aut(W, 1). A twisted negative gradient
Sflow line is a tuple (u, 7) € C*°(R, £,M x R) such that

35(1,{, ‘L') = —gradJ Ag |(u(s),r(s)) Vs € R.

Definition 3.34 (Energy). Let (H, J) be Rabinowitz—Floer data for a Liouville
automorphism ¢ € Aut(W, 1). The energy of a twisted negative gradient flow line
(u, ) is defined by

+o00 N +o0 H 5
Ej(u,7) = / [0 (u, 7:)”J ds = / ”gradj qu) |(u(s),r(s)) ”J ds.
—oo _

[e.]

Theorem 3.35 (Compactness). Let (H, J ) be Rabinowitz—Floer data for a Liouville
automorphism ¢ € Aut(W, L). Suppose (uy, tx) is a sequence of negative gradient
flow lines of the twisted Rabinowitz action functional Agl such that there exist
constants a, b € R with

a < A (up(s). 7e(s)) <b  VkeN,seR.

For every reparametrisation sequence (sx) S R there exists a subsequence (si,)
and a negative gradient flow line (U0, Too) Of Ag such that

i
(”k, (- + 5k,). T, (- + sk])) 5 (Moo Too) as | — oo.

Proof. In order to show C22-convergence, we need to establish

e a uniform L°°-bound on uy,
e a uniform L°°-bound on 1,
e a uniform L°°-bound on the derivatives of uy.
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Indeed, through elliptic bootstrapping [42, Theorem B.4.1] the negative gradient
flow equation, we will obtain C5S-convergence by [42, Theorem B.4.2]. To obtain
a uniform L°°-bound on the sequence of twisted negative gradient flow lines uy,
observe that by definition of Rabinowitz—Floer data for ¢, there exists r € (0, +00)
such that

supp Xg N[r,+o0) x ¥ =@

and J is adapted to the boundary of W Uy [0, r] x X'. Consequently, the Maximum
Principle [42, Corollary 9.2.11] implies that every uy remains inside the compact
set W Ux [0,r] x X as the asymptotics belong to W Ux [0,r) x X for all k € N.
Indeed, this follows from

400 »
Ej(uk, t) =f 105 (ur, w) |l ds

—00

+o0
- /_ (5 (e 7). s (. 7)) o s

[e.]

+o0
—/ (grad; A | (). (5))- 05 (ke k) s ds

o0

+o00
[ dAg @tk wnds

(o]

+o00
—/ s AL (ur. Ti)ds

[e]

= 1im A g (), () — Tim A (u(s), 7 (s))
s—>—co ¢ s—>4o0 ¢
S b —a,
as this implies
. _ . H _
Jim 105 (. )l ; = S_lgcnooﬂgradj Ay | wr)men |, =0

by the negative gradient flow equation.

The uniform L*°-bound on the Lagrange multipliers tx follows from the Funda-
mental Lemma 3.32. Fix a twisted negative gradient flow line (u#, 7) and let C > 0
as in the Fundamental Lemma 3.32. For every o € R we can define (o) > 0 by

1

{(0) := inf%é = 0:[lgrad; A la+ore@ron |, < &

We estimate

o £(0)

b—a>Eju,t)> / ||gradJ Afkux,,(s)) ||ids > e
o

By the Fundamental Lemma 3.32 we have that
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|t(0 + ¢(0))| < C(max{|al|,|b|} + 1) Vo e R,

and thus using the negative gradient flow equation again we estimate

o+¢ (o)

[2(0)] < [v(@ + £(0)| +[ 1957 (s)] ds

(o2
o+¢(0)

1
= |r(0+§(o))|+/ /0 H(u(s,t))dt|ds

< C(max{lal, |b[} + 1) + £(0) [| H ]|
< C(max{lal, [b[} + 1) + C?(b —a) || H |l -

for all 0 € R. Hence
I7lloo < C(max{lal.|b]} + 1) + C*(b —a) | H|

is independent of the twisted negative gradient flow line (u, 7).
The uniform L°°-bound on the derivatives of u follows from Corollary C.9 as
an exact symplectic manifold is symplectically aspherical. |
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In this section we make implicit use of the requirement that a Liouville automorphism
has finite order. This is crucial because then the arguments proceed as in the case of
loops by Remark 3.7.

Definition 3.36 (Transverse Conley—Zehnder Index). Let (W?2", 1) be a Liouville
domain with boundary X. Let (yo, 70), (y1. T1) € (X, A|x) for some Liouville
automorphism ¢ € Aut(W, A) such that there exists a path y, in £, X from y to
y1. Define the transverse Conley—Zehnder index by

w((vo. 7). (y1.71)) := pcz(¥') — pcz(¥°) € Z,
with
W01 —>Spin—1), W =&, 0DR odyy,
W'l —>Spn—1), ¥ =0 oDiR oy,

where ®; ,: R?"2 — £, ;) is a symplectic trivialisation of F*&, § := kerA|y
with F € C*®°(R x I, M) being defined by F(¢,0) := y, (), satisfying

G410 =Dpod,y  V(t.o)eRxI. (3.21)

Lemma 3.37. In the setup of Definition 3.36, the transverse Conley—Zehnder index
is well-defined, that is, independent of the choice of symplectic trivialisation.



46 3 Twisted Rabinowitz—Floer Homology
Proof. First we need to show that one can always construct a symplectic trivialisation
Dro: R 2 = Ep o Y(t,0) e R x I,

of F*& satisfying the twist condition (3.21). By [43, Theorem 2.1.3], there exists a
linear symplectomorphism @ o : R?"72 — &p(9,0). By [43, Lemma 2.6.6], we geta
symplectic trivialisation @; o: R?"~2 — §r@,0) forallt € I with®y g = Doy .
Extend this trivialisation to R by setting

@ik :=Dokod,y Vkel.

Next, trivialise along each ray 0 +— F(t,0) for fixed t € R. Hence we get a
symplectic trivialisation @; o : R?"72 — £p( o) of F*& satisfying (3.21).

Now we show that the transverse Conley—Zehnder index p is independent of the
choice of trivialisation. Suppose that &, , : R2*~2 — £, ) is another symplectic
trivialisation of F'*£ satisfying

5[+1,U:D¢05t30 V(I,O')ERXI.
Then we have

lflt’a = 5_1

t,o

0P o oW 0Pptody,  V(to)eRx,

where
W o = 0, d o DEOFTR 0 by 4.

Define

n: T xI— Spn—1), n(t,o) := <1§0_,(17050,(,o<'5_1 o Pt q.

t,o
Indeed, we compute
nt+1,0)= @0_’; o 50,(, o 5;11,0 0Py
= ¢0_,c1r o 50,0 o 5;,; © D‘p_l oDgo® s
=n(t,0),

for all (¢,0) € R x I. Using the naturality as well as the loop property [48, p. 20] of
the Conley—Zehnder index we compute

pez(P°) = pez(ns - ¥°) = pez (%) + 2pumlns) - Vs €,
where py denotes the Maslov index. In particular,

tez(PY) — pez(P°) = pez (W) — ez (W) + 2 (um(n1) — im(no))
= pcz(¥") — pez(¥°)

by the invariance property of the Maslov index [23, p. 195]. O
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Remark 3.38. Denote by

5o Y xR
T (p(x). 1+ D~(x, 1)

the mapping torus of ¢ giving rise to the fibration

Ty Yo — T, wo([x,1]) :==[t].

The vertical bundle ker D¢, — X, is a symplectic vector bundle. If F is another
homotopy in £, X from Yy to y;, the concatenation with the reversed path F~ can
be identified with the map

F#F~:T? > %, (t.0) — [(F#F~(t,0).1)].

Hence using the concatenation property of the Conley—Zehnder index [23, p. 195]
as well as the functoriality of the Chern number [43, p. 85], for s € d/ we compute
pez(P°) — pez (W) = pez (T #W°)7)
= 2 (F#(W*)")
=2¢; ((F#F™)*ker D¥r,)
= 2c; (ker D‘Enq;).

Thus if the transverse Conley—Zehnder index is viewed in Z, or c; (ker Dt my) =0,
then it additionally does not depend on the choice of path in &£, X"

Let (H, J) be Rabinowitz—Floer data for ¢ € Aut(W, A). Set
XY =0 and M :=W Uy [0,+00) X X.

Fix (n, 7)) € $»(X, A|x) and denote by [5] the corresponding class in oL, X.
Assume that the twisted Rabinowitz action functional Ag is Morse—Bott, that is,
Crit Af C Y x R is a properly embedded submanifold by Proposition 3.24, and

fix a Morse function 7 € C°°(Crit A(Io‘l ). Define the twisted Rabinowitz—Floer
chain group RFC?(X, M) to be the Z,-vector space consisting of all formal linear

combinations
(= Y leonD

(y,t)€Crit(h)
[y1=In]

satisfying the Novikov finiteness condition
#{(y. 1) € Crit(h) : L) # 0. AN (r.7) >k} <00 Vk €R.
Define a boundary operator

3: RFCY(X, M) — RFCY(Z, M)
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by
Wyt = Ym0 L Th,
(yt,eH)eCrit(h)
yT1=lr~]
where

ne(y*.t%) = #2=M2(Vi,fi) € Zs,

with Mg (y*, %) denoting the zero-dimensional component of the moduli space of
all unparametrised twisted negative gradient flow lines with cascades from (y~, t7)
to (yT, ™). This is well-defined by Theorem 3.35. Define the twisted Rabinowitz—
Floer homology of X and ¢ by

kero
imd’

RFHY(Z, M) :=

Proposition 3.39. Let (W, L) be a Liouville domain with simply connected boundary
X and ¢ € Aut(W, ). If there do not exist any nonconstant twisted periodic Reeb
orbits on X, then

RFHY (X, M) =~ Hy (Fix(¢|x); Z2).

Proof. If there do not exist any nonconstant twisted periodic Reeb orbits,
Crit Agl = {(¢x,0) : x € Fix(¢|x)} = Fix(¢|x)

for any H € ¥,(X). Since Fix(¢|x) is a properly embedded submanifold of ¥
by [40, Problem 8-32] or [43, Lemma 5.5.7], Agl is a Morse—Bott function. Let
x,y € Fix(p|x). As X is simply connected by assumption, there exists some path
y from x to y in X' and a homotopy from y to ¢ o y with fixed endpoints. Extend
this homotopy to a path in £,% from ¢y to ¢y. Choose a Morse function /2 on
Fix(¢|x) and any critical point ¢, € Fix(¢|x). Then we can define a Z-grading of
RFC?(X, M) by

1((cy,0), (cx,0)) + indy(cy) = indp(cy) Vey € Crit(h),
and consequently,
RFHY (X, M) = HM. (Fix(¢|x); Z>) =~ H«(Fix(¢|x); Z2)

as there are only twisted negative gradient flow lines with zero cascades, that is,
ordinary Morse gradient flow lines of /. Indeed, suppose that there is a nonconstant
twisted negative gradient flow line (u, t) of Af with asymptotics (y*, t¥). Using
the twisted negative gradient flow equation we estimate

+o00 H 5
T -1t = / ngadj ‘A’(o [IORIO)) ”J ds > 0.

(o]

+

Hence 1™ < 17, contradicting ¥ =0. O
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3.4 Invariance of Twisted Rabinowitz—Floer Homology Under
Twisted Homotopies of Liouville Domains

Definition 3.40 (Twisted Homotopy of Liouville Domains). Given the completion
(M, 1) of a Liouville domain (Wy, A) and ¢ € Aut(Wy, A), a twisted homotopy of
Liouville domains in M is a time-dependent Hamiltonian function H € C*°(M x1I)
such that

(i) Wy := H;1((—00,0]) is a Liouville domain with symplectic form dA|w, and
boundary X, := H;!(0) forallo € I,
(ii) Hy € Fp(Xy) forallo € 1,
(iii) X5 Nsupp f, = G forallo € 1.

We write (Hy)sey for a twisted homotopy of Liouville domains.

Theorem 3.41 (Invariance of Twisted Rabinowitz—Floer Homology). If (Hy)ser

is a twisted homotopy of Liouville domains such that both Ag % and Agl ' are Morse—
Bott, then there is a canonical isomorphism

RFH?(X,, M) =~ RFH? (X, M).

Proof. The proof follows from the same adiabatic argument as in [17, p. 275-
277]. Crucial is that [17, Theorem 3.6] remains true in our setting, as well as the
genericness of the Morse—Bott condition. Indeed, if (M, A) is an exact symplectic
manifold and ¢ € Diff(M) is of finite order such that ¢*A = A, then we have the
following generalisation of [17, Theorem B.1]. Adapting the proof accordingly, one
can show that there exists a subset

U C{H € C,°(M) : suppdH compact},

of the second category such that for every H € U, Ag is Morse—Bott with critical
manifold being Fix(¢|g-1(g)) together with a disjoint union of circles. Again, this
works only since the contact condition is an open condition. O

Remark 3.42. Invariance of twisted Rabinowitz—Floer homology allows us to de-
fine twisted Rabinowitz—Floer homology also in the case where Ag is not neces-
sarily Morse—Bott. Indeed, as the proof of Theorem 3.41 shows, we can perturb
the hypersurface X slightly to make it Morse—Bott. Thus we can define the twisted
Rabinowitz—Floer homology of such a hypersurface to be the twisted Rabinowitz—
Floer homology of any Morse—Bott perturbation. By Theorem 3.41, this is indeed
well-defined.

Corollary 3.43 (Independence). Let ¢ € Aut(W, 1) and Hy, H, € ¥,(X) be such

that either Agl % or A(I: ' is Morse—Bott. Then the definition of twisted Rabinowitz—
Floer homology RFH? (X, M) is independent of the choice of a twisted defining
Hamiltonian function for X.
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Proof. Note that ,(X) is a convex space. Indeed, set
H, :=(1—-0)Hy+ oH, o€l

Then ¢*Hy; = Hy, dH, has compact support and Xp,|x = R forall o € I.
Moreover, for the Liouville vector field X € X(M) we compute

d

| Ho¢f|x=dHX)|s = dAX.Xn)|z = A(Xm)|lz = A(R) = 1.
t=0

forany H € ¥,(X),andthus H < OonInt W and H > Oon M \ W. Consequently,
H;'(0) = ¥ and so Hy € F,(X) for all 0 € I. Hence (Hy)ger is a twisted
homotopy of Liouville domains in M and Theorem 3.41 implies the claim. O

3.5 Twisted Leaf-Wise Intersection Points

Definition 3.44 (Twisted Leaf-Wise Intersection Point). Let (M, 1) be the com-
pletion of a Liouville domain (W, 1) and let ¢ € Aut(W, A) be a Liouville automor-
phism. A point x € X is a twisted leaf-wise intersection point for a Hamiltonian
symplectomorphism ¢ € Ham(M, dA), if

OF(x) € Ly i= {dR(p(x)) : t € R}.

Definition 3.45 (Twisted Moser Pair). Let ¢ € Aut(W, 1). A twisted Moser pair is
defined to be a tuple 9t := (yH, F'), where
() HeCPM), FeClP(MxR)and y € C>(S1, I') such that fol x = L. Any
time-dependent Hamiltonian function y H is said to be weakly time-dependent.
(ii) supp x € (0, 1) and F; = Oforall 7 € [0, 1].

Lemma 3.46. Let ¢ € Aut(W, ). For all H € ¥,(X) and ¢ € Ham(M,dA)
there exists a corresponding twisted Moser pair 9N such that the flow of xXg is a
time-reparametrisation of the flow of Xg.

Proof. For constructing the Hamiltonian perturbation F, fix p € C°°(1,1) such
that
0 refo0,1],
p(r) = [2 el
1 re[3.1].
See Figure 3.2a. Then define F € C°(M x R) by
F(x,t) := plt —k)F (9% (x), p(t —k)) Vi e [k k+ 1],
for k € Z. See Figure 3.2b. Then F; = O forall 7 € [0, 1], and

Xg X
¢tF:¢>p(f) Vi el.
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Indeed, we compute

d x .od x . X X
Egﬁp(f) - p(t)d_p¢9(g = p@) (XFD(H © ¢p(f)) = sz © ¢p(tF)'

In particular
X X X
(pﬁqulF——qﬁp(f) =¢; " =9r.

Finally, we have that

‘
X X .
el =¢r(f; with (1) :=/0 X1

as we compute

d X d X X
¢r(g = X(t)__[‘ibr(g = x(t)Xp o ¢t(g,

dt d
and thus we conclude by the uniqueness of integral curves. O
(a) The smooth function p. (b) The derivative p of p.
Fig. 3.2

Lemma 3.47. Let ¢ € Aut(W, 1) and o € Ham(M, dA) a Hamiltonian symplec-
tomorphism. If (y, t) € Crit AYY, then x =y (%) is a twisted leaf-wise intersection

point for ¢F.

Proof. Let M = (xH, F) denote the twisted Moser pair from Lemma 3.46. Using
Proposition 3.9 we compute

9 H(y(1)) = dH(y(1))

= dH@Xyiu(y(1) + XF, (y(1)))
dH () (1) Xu (y(1)))
tx()dH(Xg (y(1)))
=0
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forallt € [O, %] Thus Hoy =c € Ron [0, %] with

0=/01XH(V)=/O£XH(J/)=C/O£X=C/:X=C~

Consequently, y(0) € Ly and x € X. Moreover, also y(1) = ¢(y(0)) € X by the
@-invariance of H. For ¢ € [% 1], y = XF,(y) and so y(1) = ¢r(x) € X. We
conclude

Loy = {9R(p(x)) : t € R} = {p(@R(x)) : t € R} = p(Ly),

and so gF (x) = y(1) = ¢(y(0)) € Ly -

Theorem 3.48. Let (W, X) be a Liouville domain with displaceable boundary in the
completion (M, 1) and ¢ € Aut(W, ). Then RFH? (X, M) = 0.

Proof. Suppose that ¥ = 0W is displaceable in M via ¢ € Ham.(M,dA)
and choose Rabinowitz—Floer data (H,J) for ¢. Denote by MM = (yH, F) the
associated twisted Moser pair from Lemma 3.46. Then Crit Azn = ¢. Indeed, if
there exists (y, 7) € Crit A2, then y (3) is a twisted leaf-wise intersection point for
¢r by Lemma 3.47. However, this is impossible as by displaceability we have that
or(X)N X = @. Consequently, the perturbed twisted Rabinowitz action functional
CA)? is a Morse function. By adapting the Fundamental Lemma to the current setting
as in [5, Theorem 2.9], the Floer homology HF(A?) is well-defined. By making
use of continuation homomorphisms we have that

0 = HF(A)") = HF(AJ79) ~ RFH?(Z, M),

where the last equation is the observation that twisted Rabinowitz—Floer homology
in the autonomous case extends to the weakly time-dependent case without any
issues. Crucial is, that the period—action equality (see Remark 3.25) is still valid.
Indeed, we compute

1

1 1 1
AGHEO (y, 1) = /0 y*A = /0 A() =t /0 XAMR() =1 /0 X=t

for all (y, t) € Crit AfoXH’O). O



Chapter 4
Applications

In this chapter we give two applications of the abstract machinery developed in the
previous chapter and prove Theorem 1.1 as well as Theorem 1.6 (see Theorem 4.11).

4.1 Existence of Noncontractible Periodic Reeb Orbits

We define an equivariant version of twisted Rabinowitz—Floer homology for the
discrete group Z,, following [7, p. 487]. In general, suppose that a topological
manifold M admits a group action by a topological group G. Then there exists a
principal G-bundle EG — BG, where BG = EG/G denotes the classifying space
of G and E G is weakly contractible. Then G acts freely on EG x M via the diagonal
action. Thus we can define the G -equivariant homology of M by

HY(M:R) := H.(EG x M/G:R),

for any coefficient ring R and where EG x M/G is the homotopy quotient of
M by G. See [52, p. 30-31]. For example, if G = Z,,, then EZ,, = S* and
BZuy, = S*®°/Zy, is a lens space. Since G acts freely on M, there is a fibre bundle

EG—->EGxM/G— M/G,
inducing an isomorphism
HY (M) ~ H,(M/G)

by [52, Corollary 9.6] and [52, Theorem 3.3]. This observation will be crucial in
what follows. Explicitly, let ¥ € C”, n > 2, be a star-shaped hypersurface invariant
under the rotation ¢ from Example 2.42. As X' is star-shaped with respect to the
origin, there exists a @-invariant function f € C*(S2?"~!) such that

Y = {ef(z)z 1z € Szn_l}.

53
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Define a twisted defining Hamiltonian function H € ¥,(X) by

He o | oz = 7 G/ 12D) = #0.

1 -
-3 z=0.
for some sufficiently small mollification of the piecewise linear function

~

A D= IA
~ IA

N[—=

1
29
r=

B(r) =

= 3
(Sl
D=

Fix a g-invariant w-compatible almost complex structure on (C”, 1), where A is
given by (2.9). Then ¢ induces a free Z,,-action on Crit ,A)g and on the moduli
space of twisted negative gradient flow lines with cascades of A(‘ZI . Therefore, we
can define the Z,,-equivariant twisted Rabinowitz-Floer homology

- ker 9,
REH, (5 /L) 1= —= 0k Vk € Z,

im Ok 41

as the homology of the Z-graded chain complex (see Remark 3.38)
0 RFCY(X,C")/Zm — RECY_ (2.C")/Zpm

given by 3
[y, O] == [0k (v, D] (v, 7) € Crith,

for some @-invariant Morse function 4 on Crit Ag . More generally, if G is a finite
symmetry of a Hamiltonian system which acts freely on the displaceable regular
energy hypersurface, one can define the G-equivariant twisted Rabinowitz—Floer
homology as above if the twisted Rabinowitz—Floer homology is defined. Under some
mild index assumption on the Conley—Zehnder index, the resulting G-equivariant
twisted Rabinowitz—Floer homology is isomorphic to the Tate homology of G with
coefficients in Z,. See [47, Theorem 5.6] for a proof and [55, Definition 6.2.4] as
well as [13, p. 135] for a definition of Tate homology.

Theorem 4.1. Let n > 2. For m > 1 consider the rotation
0:C" > C", @(z1,....2) = (eznikl/mzl,...,eznik”/mzn)
forky,..., ky € Z coprime to m. Then

Z> m even,

RFH} (S>" 1/ Z ) = 0 odd

Vk € Z,

If m is even, then RFHz (S?"71/Z,,) is generated by a noncontractible periodic
Reeb orbit in the lens space S\ /L, for all k € Z.
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Proof. First we consider the special case
p: C" - C", @(z) = e2mi/my,

The hypersurface S?"~1 C (C”, 1) is of restricted contact type with contact form
A|g2n—1 and associated Reeb vector field

- 9 9 . 9 9
RS S (A T S C R
jz=:l / 0x; / ayj §2n—1 Z / 8Zj / 82,-

J j=1

§2n—1

Suppose (y,t) € Crit Ag . If t = 0, then y is constant. This cannot happen as
Fix(¢|g2n—1) = @. So we assume 7 # 0. Define a reparametrisation

yer R =S80 ye(0) 1= y(1/0).
Then y; is the unique integral curve of R starting at z := y(0) and thus
ye(t) = e 2z vVt € R.
From y(¢) = y.(tt) and the requirement
ez = y(1) = p(r(0) = p(2) = 27"z,
we conclude t € - (mZ — 1). Hence
Crit A = {(¢™R(2). 7)1k € Z,z € S} =S¥ x Z,

for any H € F,(S?"~1), where we define 7 := 2 (mk — 1). By Proposition 3.24,
(z0.7n) € T,S?"~! x R belongs to the kernel of the Hessian at (z, k) € Crit Ag if
and only if n = 0 and

zp € ker (D(¢>§rk o), — ideszn—l) .

A direct computation yields D(qbfrk 0 @)|; = idy_g2n—1 and thus the twisted Rabi-

nowitz action functional Ag’ is Morse—Bott with spheres.
The full Conley—Zehnder index [23, Definition 10.4.1] gives rise to a locally
constant function

ficz: CritAll — Z, Acz(z, k) = 2k — D)n.

Indeed, this follows from the product property and the formula

fcz ((eit)te[O,T]) = {%J + ’7%—‘ .

Note that the definition of the Conley—Zehnder index also applies in this degenerate
case, compare [23, Remark 10.4.2]. By the adapted proof of the Hofer—Wysocki—
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Zehnder Theorem [23, Theorem 12.2.1] to the n-dimensional setting, the full Conley—
Zehnder index coincides with the transverse Conley—Zehnder index picz. Indeed, for
a critical point (y, ) € Crit Agl define a smooth path

w: [ —Spn), ¥ :=D¢l|,0:C"—C"
Adapting the proof of [23, Lemma 12.2.3 (iii)], we get that
Y1(R(y(0)) = R(y(1))  and ¥ (y(0)) = y(D).
Arguing as in [23, p. 235-236] we conclude

pez(y. ©) = ficz(y. 7).

Fig. 4.1: The critical manifold S2n—1 % 7 with the standard height function, the
Morse-Bott function f and the resulting chain complex.

Fix zo € S?"~! and define 7 := ¢™R(z,). Note that ¢ R (z) belongs to the same
equivalence class in m9L,S?"~! as n for all z € S>"~! and k € Z because S?"~!
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is simply connected forn > 2. Let h € C°(S2"~1) be the standard height function.
By Remark 3.38, RFH?(S2"~!, C") carries the Z-grading

w((z, k), (z0,0)) + indy(z) = 2kn + indy(2) Y(z,k) e S 1 x 7.

We claim that the number of twisted negative gradient flow lines between the mini-
mum of S~ x {k + 1} and the maximum of S?"~! x {k} must be odd, so that the
critical manifold Crit + (7 looks like a string of pearls, see Figure 4.1. Indeed, if there
is an even number of such negative gradient flow lines, then RFHY (S2"~!, C") # 0,
contradicting Theorem 3.48 as S?"~! is displaceable in the completion C”. To
compute the Z,,-equivariant twisted Rabinowitz—Floer homology, choose the addi-
tional Z,,-invariant Morse-Bott function f from Example 2.3. Additionaly, choose
a Z,-invariant Morse function on Crit /. For example, one can take

h: T - R, h(t) := cos(Qmmt).

The resulting chain complex is given by
oz Az A g Lygm Ay gm Logm

where 1 € My,x,(Z>) has every entry equal to 1 and A € Myy,x,(Z>) is defined by

m—1

A= Lpxm + Z eGi+1); T €eim.
Jj=1

where e;; € Myxm(Z>) satisfies (e;j)x; = 8;x6;;. Thus the resulting chain complex
looks like a rope ladder. Compare Figure 4.1. Passing to the quotient via the free
Zm-action, we get the acyclic chain complex

0 0 0
> Zin > Zin > Zin > Zin

~

if m is even and the alternating chain complex

Ty Y7 Y7, Y7, 7, T, —

if m is odd.
For the general case, we note that

C" x[0,1] - C", szl ... 2" = (eZ”iSkl/mzl, .. .,eZ”iSk”/mZ,,)

is a smooth path from ¢y = idcr to ¢; = ¢. By adapting the proof of [54,
Lemma 2.27], we get an isomorphism of chain complexes

RFC(S?"~1,C") = RFC?(S?"~1,C").
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This isomorphism does not necessarily preserve the grading, but the relative Conley—
Zehnder index is preserved. Note that also f is invariant under ¢; for all s € [0, 1].
It is no problem to allow twists ¢y of infinite order as the standard Reeb flow on
S27~1 is periodic. Consider the torus action

T" x C" = C", (1., 00) - (21, ..., 2n) 1= (2701 2y, .. @270 2,)

Since the torus T” is abelian, we have that the Z,,-action induced by ¢ and the
different twists along the path (¢s)se[o,1] commute. Thus we get an isomorphism of
the Z,,-equivariant chain complexes and consequently

RFH.(S**~'/Z,) =~ RFHZ» (S>"~1 C"),

where RFH%’” denotes the Z,,-equivariant Rabinowitz—Floer homology constructed
in [7, p. 487]. Performing the same computation of the latter homology as before in
the special case yields

Z, m even,
0 m odd,

RFH;” (S2"~1,C") = Vk € Z.

Lastly, RFH (S2"~!/Z,,) is generated by a noncontractible periodic Reeb orbit
in S2"~1 /7., for all k € Z by Lemma 1.5. O

Remark 4.2 (Coefficients). As RFH., (S2"~!/Z,,) vanishes for odd m, one should
rather consider twisted Rabinowitz—Floer homology with coefficients in Z in this
case. Using the polyfold approach, it might be possible to invoke [33, Chapter 6]
to define coherent orientations on the moduli spaces. However, Lagrangian Floer
homology admits an abstract polyfold description, but it is not always possible to
define coherent orientations. But heuristically, the very same Z,,-invariant chain
complex from 4.1 modulo the Z,,-action should be given by

v 7 Mg Sy myg Oy7 _myyg

~

in the oriented case. Thus the resulting homology is

Zy k even,

RFH, (S*" ™1 Z ) = o b odd

coinciding with the Tate homology H, (Cm: 7).

Using Theorem 4.1 we can finally prove Theorem 1.1.

Proof (of Theorem 1.1). By assumption, X' bounds a star-shaped domain D with
respect to the origin. Thus (D U X, 1) is a Liouville domain with A given by (2.9).
By rescaling we may assume that S2*~1 € D. Define a smooth function
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§: X — (—00,0)

by requiring §(x) to be the unique number such that ¢>5}§x) (x) € S?*71 x € ¥, where
X € X(C"™) denotes the Liouville vector field (2.10). We claim that o¢ = §. Indeed,
8(¢(x)) is the unique number such that ¢é§w(x)) (p(x)) € S?"71. As the flow of X

and ¢ commute by the proof of Lemma 3.30, we conclude that qng( o(x)) (x) € S,
Define a smooth family of star-shaped hypersurfaces (X4)ser

To = {$pX5mx) i x € X} cC”
Then we compute

9(Z) = {9 (9250 (1) 13 € T}
={¢ as(x)(‘/’(x)) xe X}
={¢ 08((p(x))((p(x)) xe X}
= {850 () 1y € 9(2)}
= {9 a&(y)(Y) yex}
=%

for all 0 € I and therefore we can find a twisted homotopy (Hy)ses of Liouville
domains in C”. By Theorem 3.41 we have that

RFHY (X, C") 2~ RFH?(S*"~1,C"),

giving rise to a canonical isomorphism of the associated Z,,-equivariant twisted
Rabinowitz—Floer homology

RFHY(X/Zm) =~ REHL(S*" ™/ Zy).

Indeed, this follows from observing that the continuation homomorphism [17, p. 276]
is Zp,-invariant and thus descends to the quotient. However, by Theorem 4.1 the
latter does not vanish as m > 2 is even. Thus there exists a noncontractible periodic
Reeb orbit on X'/Z,, if the twisted Rabinowitz action functional is Morse-Bott.
Otherwise, consider arbitrarily small symmetric perturbations of X such that the
twisted Rabinowitz action functional is Morse—Bott. See Remark 3.42. The quotient
of every such perturbation then admits a noncontractible periodic Reeb orbit and we
conclude by Arzela—Ascoli. O

Using Theorem 4.1 it is also possible to generalise [7, Theorem 1.2]. Define the
set of @-invariant Hamiltonian symplectomorphisms by

Ham?(C",d)) := {¢r € Ham(C",d ) : F;(x) = Fi(p(x)) V(x,1) € C" x I}.
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If o € Ham?(C”,d)), then g o o = @F o ¢. In particular 0 € Fix(¢F), and thus
no element in Ham? (C”, dA) can displace a star-shaped hypersurface with respect
to the origin in C”. We have the following result.

Theorem 4.3. Let ¥ C C”" be a compact connected star-shaped hypersurface in-
variant under the rotation ¢. Every element in Ham? (C", d 1) admits infinitely many
leaf-wise intersection points on X' or there does exist a leaf-wise intersection point
on a closed leaf.

Proof. We reproduce the proof in [7] for completeness with minor modifications.
Let o € Ham?(C", dA) and for r € [0, 1] consider the smooth family of perturbed
Rabinowitz action functionals

A LC" xR - R

defined by

1 1 1
Ar(y.7) = /0 A1 /0 Hy (p(0))di —r /0 Fi(y(t))d,

where (H;),ey is a twisted homotopy of Liouville domains from S2=1 o 3.
Clearly, every #, is p-invariant. As in [6, Definition 5.1], we define the spectral
value o ([£]) of a homology class [£] € RFHZ (S2%—1 C™") by

o([€]) := inf max A¢(y,7) € RU {—o0}.
n€lEl ey, o) #0

Moreover, we define the set
& = {o([¢]) : [£] € REHZ (S>"71,C™)}.

By Theorem 4.1, we conclude that & = 2w Z. Hence #4y has critical values of
arbitrarily large critical value and so does 4 by [6, Corollary 5.14]. Thus 4, has
infinitely many critical points which give rise to leaf-wise intersection points by
Lemma 3.47. The map

Crit A; — {leaf-wise intersection points}

is injective unless there exists a leaf-wise intersection point on a closed leaf. For the
general case, use cut-off functions. O

4.2 A Forcing Theorem for Twisted Periodic Reeb Orbits

Definition 4.4 (Twisted Stable Hypersurface). Let (X, |y, 1) be a stable hyper-
surface in a connected symplectic manifold (M, w) and ¢ € Symp(M, w). We say
that X' is twisted by ¢, if o(X) = X, ¢ is of finite order and ¢*A = A.
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Example 4.5. Consider the stable hypersurface X, C (T*T", w,, H) for ¢ > 0 as
in Example 2.26. Let ¢ € Diff(T") be an isometry of finite order such that

DpoJ =JoDg .1

holds and consider the cotangent lift (2.15)

De': T" xR" = T" xR",  Dol(q, p) = (0(@). (D¢~ (@) p).

Then clearly ¢(X.) = X, as ¢ is an isometry and D¢ is of finite order as ¢ is.
Moreover, Dot € Symp(T*T", w,), as Do’ € Symp(T*T", wy) by Proposition
2.16 and DT preserves o by assumption (4.1). Lastly, we have that 9*A = A as one
sees by considering the formula (2.7) together with assumption (4.1).

Let (¥, w|x, A) be a twisted stable hypersurface for ¢ € Symp(M, w) in a con-
nected symplectically aspherical symplectic manifold (M, w), thatis, [@]|z, ) = 0.
As ¢ is of finite order by assumption, we can define the set of twisted contractible
loops, written A, M C A M, as follows. We say that a contractible free loopv € AM
isin A, M, if there exists y € £, M such that

v(t) = y(mt) VteT,

where m := ord ¢. Then we can define a generalisation of the twisted Rabinowitz
action functional

1 1
AT AM xR >R, Al (v,7) = —/ m)—rf H())dt, (4.2)
m Jp 0

where v € C*®°(ID, M) is a filling of v and H is any twisted defining Hamiltonian
function for X'. Then (v, t) € Crit Ag if and only if (y, 7) € £, X solves

y(t) = TR(y(1)) vVt € R,

where R € X(X') denotes the stable Reeb vector field 2.27. We call the projection of
the set of critical points of Af to Ay M contractible twisted closed characteristics
and denote it by €, (). Define a function, called the w-energy, by

1
2:€,(Y) - R, W) = —[ T w.
m Jp

It follows that £2(v) = Ag (v, 7).

Example 4.6. Consider the twisted stable hypersurface X, C (T*T", w,, H) as in
Example 4.5. By adapting Example 2.28, we have that (¢, p) € X} gives rise to a
contractible twisted closed characteristic if and only if

T
— t
/0 ' pds +q=09(q). e’p=(Dp7'(¢)) p. and |p|* = 2c.



62 4 Applications
A computation similar to [19, p. 1843] shows
2:€,(X:) - R, 220w) =cr.

In order to state the main result of this section, we need two additional preliminary
definitions.

Definition 4.7 (Morse-Bott Component, [5, p. 86]). Let M be a smooth manifold
and f € C°(M). A subset C C Crit f is called a Morse—Bott component, if

(i) C is a connected embedded submanifold of M.
(ii) TxC = kerHess f(x) forall x € C.

Example 4.8 ([5, Lemma 2.12]). In the setting of Proposition 3.24, any connected
component of Fix(¢|x) < Crit Af is a Morse-Bott component. Indeed, we have
that

ker Hess Afl(x,()) =~ ker(Doy —idr, 5) = Ty Fix(¢|x)

for all x € Fix(¢p|x).

Definition 4.9 ([19, p. 1768]). A symplectic manifold (M, w) is called geometrically
bounded, if there exists an w-compatible almost complex structure J and a complete
Riemannian metric such that the following conditions hold.

(i) There are constants Co, C; > 0 with
o(Jv,v) = Co o> and o, v)| < Cy[lul |v]

foralu,ve TyM and x € M.
(i1) The sectional curvature of the metric is bounded above, and its injectivity radius
is bounded away from zero.

Example 4.10 ([19, p. 1768]). Twisted cotangent bundles are geometrically bounded.

Theorem 4.11 (Forcing). Let X be a twisted stable displaceable hypersurface in a
symplectically aspherical, geometrically bounded, symplectic manifold (M, ) for
some ¢ € Symp(M,w) and suppose that v~ € Cy,(X) belongs to a Morse—Bott
component C of the twisted Rabinowitz action functional (4.2). Then there exists a
contractible twisted closed characteristic v € €,(X) \ C such that

20w)—R20") <e(X).

Corollary 4.12. Let X' be a twisted stable displaceable hypersurface in a symplec-
tically aspherical, geometrically bounded, symplectic manifold (M, ®) for some
symplectomorphism ¢ € Symp(M, w). If Fix(¢|x) # O, then there exists a con-
tractible twisted closed characteristic v € €,(X) \ Fix(¢|x) such that

2) < e(D).
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Corollary 4.13 ([43, Theorem 12.3.4], [34, p. 171]). We have that
e(B?(0)) = nr? Vr >0,
where Ef" (0) € R?" denotes the closed ball around the origin of radius r.
Proof. By monotonicity and [43, Exercise 12.3.7] we have that
e(dB*™(0)) < e(B?"(0)) < nr? Vr > 0.
The Reeb flow on dB2"(0) is given by
Rr(z) = e 2it/r? Yz € 0B?"(0).

Hence the parametrised periodic Reeb orbits are (¢ (z), r) with t € 7r2Z. But
Corollary 4.12 implies the existence of a nonconstant closed characteristic v on the
hypersurface d B2"(0) such that

0<7=2R() <e(®@B>"(0) < nr’

This is only possible for T = 772 and the statement follows. O

Proof (of Theorem 4.11). This proof uses a method called a “homotopy of homo-
topies argument”. Fix ¢ > 0 and choose a Hamiltonian function F € C°(M x I)
satisfying
|F| <e(X)+¢ and or(X)NY =0.

For an appropriate twisted defining Hamiltonian function H for X' we denote by 9t
the associated twisted Moser pair. The actual construction of H is very cumbersome
and is carried out in [19]. The crucial observation here is that [19, Proposition 2.6]
gives a gp-invariant stable tubular neighbourhood of ¥ as ¢*A = A by invoking the
equivariant Darboux—Weinstein Theorem [30, Theorem 22.1]. Moreover, we choose
a smooth family (8,),¢[0,+00) Of cutoff functions B, € C*°(R, I') such that

Br(s)=0 |[s|=r,
Brs)=1 Isl<r—1,
sBl.(s) <0 VseR,

for all r € [0, +00). Define a family of twisted Rabinowitz action functionals
Ari AgM xR xR — R
by :
Ar(v.1.8) = A 0,0 = Br0) [ Futotanar

for all r € [0, +00). Note that A¢ = Agl . For a suitable g-invariant w-compatible
almost complex structure we consider the moduli space
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M:={(u,7,r) € C°R, £,M x R) x [0, +00) : (u, T, r) solution of (4.3)},

where
0s(u, 7) = grad Ar |(u(s),c(s).5) VS € R,

Jim (u(s), 7(s)) = (v, 77), (4.3)

S_l)iz_noo(u(s), 7(s)) € C.

Note that always (v, t~,0) € M. The proof is now based on the following obser-
vation. If
Q) > ||F||l+£20) Yve€,(X)\C 4.4)

holds, then M is compact. This is absurd. Indeed, the moduli space M is the zero
level set of a Fredholm section of a bundle over a Banach manifold. As v~ belongs
to a Morse—Bott component, the Fredholm section is regular at the point v, that is,
the linearisation of the gradient flow equation is surjective there. By compactness,
we can therefore perturb the Fredholm section to make it transverse. Hence M is a
compact smooth manifold with boundary consisting precisely of the point v™. There
do not exist such manifolds. Thus we conclude that there exists v € €,(X) \ C such
that
2w)—2@7) < ||F[l <e(X) +e.

As ¢ > 0 was arbitrary, the statement follows. We prove the compactness of M under
assumption (4.4) in four steps.
Step 1: If (u,t,r) € M, then E(u,t) <| F|. We estimate

EWJ)=/*wnannfw

oo
+o0
=/ dAr(0s(u,7),5)ds
—00
+o0 d +o0
=/ —A,(u,t,s)ds—/ (0sA, ) (u, 7,8)ds
oo ds oo
+o0
= lim A,(u,7,5)— lim A,(u,r,s)—[ (05, ) (u, T,8)ds
s—>—+00 §—>—00 —00

+o00

:Ao(v+,t+)—A0(v_,r_)—/ (35hy) (U, T, 5)d's

400
= —/ (0sA,)(u, 7,8)ds

e ¢]

+oo | 1
=/ ,Br(s)/ Fi(u(s,t))dtds
—00 0
+o0

0 . .
gwm[}mww—wmﬂ br(s)ds

= BrO(IFI-+[1Fll4)
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=B (O) | Fl
=IFl.

as Ao(vT, TT) = Ag(v™, T7) since C is connected.
Step 2: There exists rg € R such that r < rg for all (u,t,r) € M. Crucial is the
existence of a constant § > 0 such that

lgrad A, |y o5l = 6 V(v,7,5) € AyM xR xR.

This is proven along the lines of [17, Lemma 3.9]. With the above inequality and
Step 1 we estimate

r

|wanwJoz] lerad Ay o) ey |12 ds > 2762,

—-r
and thus we can set
ro := ”i”
252

Step 3: There exists C > 0 such that ||t| o, < C for all (u,t,r) € M. This is
a delicate estimate based on the construction of the defining Hamiltonian H for ¥
as well as an extension of the stablising form and proceeds as in [19]. Particularly
crucial is [19, Proposition 4.1].

Step 4: If (4.4) holds, then M is compact. Let (uy, tx, ry) be a sequence in the
moduli space M. By Step 2 and Step 3, the sequences () and (t) are uniformly
bounded. Thus (ug, tx, rx) admits a C32-convergent subsequence by standard ar-
guments. Indeed, the uniform L°°-bound on the sequence (u) follows from the
assumption that (M, w) is geometrically bounded and the uniform L°°-bound on
the derivatives (Duy) follows from Corollary C.9 by the assumption that (M, w)
is symplectically aspherical. Denote the limit of this subsequence by (u, z, r). This
limit clearly satisfies the first equation in (4.3), thus one only needs to check the
asymptotic conditions in (4.3). Again by compactness, (1, T) converges to critical
points (w¥, t¥) of Ay at its asymptotic ends. We claim that

Ar(u(s), 7(s).s) € [ FI| + L@7), | Fll + £2(v7)] VseR.  (45)
In particular, 2 (w*) € [ | F|| + 2™), | F|| + £2(v7)]. Soif (4.5) holds, then by
assumption (4.4) we conclude (w*, t%) € C and M is indeed compact. It remains
to prove (4.5). It is enough to prove

Ar(p(s), i (s),s) € [ZIFIl + L), [F|+ £207)]  VseR

for every k € N. As in the proof of [5, Lemma 2.8] we estimate

+o00
05/1 d oAy D Cuge. 7). 5)d's
S

0
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+oo g +o0
/ A gy g v 5)ds — / (O A ik 7o $)ds
5o ds 50

+o00
= —]:TOO Ar(uk, Tkss) - fA’r(uk(SO)» ‘L'k(S()), SO) - / (aS‘A’r)(uk5 Tkvs)ds

N 50

+o00 . 1
— Ao ) — Ay (ug (50). i (50). 50) + / by s) /0 FyCug (s. 1)) deds
+o00

< o0, T) = oy (e (50). T (50) . 50) + [ 1 () F 1l ds

< Aot TF) — Ar (Ui (50). Tk (50). 50) + || F |
= 2") — Ar(ur(s0), T (s0), S0) + | F|

for all s € R. Similarly, we compute
50
0 5] d A (0s(ug, k), 8)ds
—0o0

so 4 50
=/ d—a%r(uk,rk,s)ds—[ (05Ar) (Up, Tk, 8)ds
—o0 dS o0

0
= A, (U (s0), % (50), S0) — Slir_noo Ay (U, Tk, 5) —/ (05 A (Ug, Tk, S)ds

—00

S0, 1
= A (ug (50). T (50). 50) — Ao (v, 77) + [ B s) /0 Fy(uie(s.0))dtds

and thus we estimate

S0 1
Ar (e (50). e (50). 50) = Ao(v™.77) — / B s) /0 Fy(ug(s. 1)) dids

+oo |
= A0 ) = [ IBOFIL ds
—0o0
=2 —|IF].
This completes the proof of the Forcing Theorem 4.11. |

We conlcude this section by applying the Forcing Theorem 4.11 to a displaceable
twisted stable hypersurface.

Example 4.14. Consider the isometry
: T>xR*> > T?xR?  ¢(q1.92) = (q2.—q1)
and its cotangent lift

De": T2 xR?* > T2 xR%, D¢ (q1.92. p1. p2) = (@2.—q1. 2. —p1).



4.2 A Forcing Theorem for Twisted Periodic Reeb Orbits 67

Then X, € (T*T?2,w,, H) is a displaceable twisted stable hypersurface for the
area form 0 = dq; A dq, by Example 4.5. By Example 4.6, we have that

v:R —> X, v(t) := ~/2c(sint,cost,cost, —sint)

is a T-periodic twisted characteristic for all periods t € 277 + 7 and ¢ > 0. Thus
if we choose v~ € €,(X.) of period r > 0, then we compute for v € €,(X,) of

period T + 27
RW)— LW )=c(t+21)—ct =2nc =e(X,)

by Example 4.6 and Example 2.50. Hence, we have verified the statement of the Forc-
ing Theorem 4.11 for the displaceable twisted stable hypersurface Y. in the sym-
plectically aspherical and geometrically bounded symplectic manifold (7*T?2, wg).
Indeed, (T*T?, wy) is geometrically bounded by Example 4.10, and symplectically
aspherical as

(T T") = 7o (T") x m(R™) = 0.






Chapter 5

Further Steps in Twisted Rabinowitz—Floer
Homology

In this final chapter we discuss some possible further research in twisted Rabinowitz—
Floer homology for future work. One can of course try to find a twisted version of
every result provided by standard Rabinowitz—Floer homology. Following the survey
article [8], major results relate Rabinowitz—Floer homology to symplectic homology.

In the first section, we point out that one can combine Theorems 1.1 and 4.11 to
yield a partial multiplicity result as in Theorem 1.3.

In the second section, we discuss an invariance result under isotopies of twisted
Rabinowitz—Floer homology.

In the third section, we briefly outline a further computation of twisted Rabinowitz—
Floer homology, where the hypersurface is not displaceable.

In the last section, we explain an important physical setting where the Forcing
Theorem 4.11 and Theorem 1.1 might be applicable.

5.1 Forcing

Combining Theorem 1.1 and Theorem 4.11 yields the following prototypical result.
Recall, that a parametrised periodic orbit y of a Hamiltonian function H is called
(transversely) nondegenerate, if R(y) = ((Xg (y(0)), 0)) by [23, Definition 7.3.1].

Theorem 5.1. Let ¥ C C", n > 2, be a compact and connected star-shaped
hypersurface invariant under the rotation

p: C" = C", @(z1,...,2,) 1= (ez"ikl/mzl,...,eZ”ik"/mzn)

for some even m > 2 and k1, ..., k, € Z coprime to m. Suppose that there exists
a nondegenerated simple noncontractible periodic Reeb orbit y_ on X /Zy,. Then
there exists a second noncontractible periodic Reeb orbit yy on X /Zy, such that

1 1
/ yiA —[ yEL <e(X).
0 0

69
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In particular, if y is an n-fold iteration of y_, then we get the estimate

1
1
0</ YA < e(X).
0 n—1

5.2 Invariance

Let (W, A) be a Liouville domain. Given ¢, ¥ € Aut(W, 1) contained in the same
connected component of Aut(W, 1), we expect a similar invariance statement to hold
as in [54, Theorem 2.34]. More precisely, we expect that there exists an isomorphism

RFHY (W, M) =~ RFHY (W, M),

where (M, A) denotes the completion of (W, ). This was already used in the proof
of Theorem 4.1 for the special case of spheres and rotations. However, there the
Reeb flow is periodic and one can explicitly write down an isomorphism for the
generators of the corresponding chain complexes. The general case is assumed to be
similar but technically more challenging. Moreover, this isomorphism might imply
a contact version of the Seidel representation [42, Section 11.4]. This was suggested
by Will Merry.

5.3 Cotangent Bundles

Let (M, g) be a compact connected Riemannian manifold and let (S*M, pdq) be
the spherisation of M as in Example 2.36. By [3] or [18, Theorem 1.10], we have

H*L(&EM) k<o,

RFH (S*M, T*M) =~
Hy (EM) k> 1.

In the degrees k = 0,1 the answer is known and depends on the Euler class.
The proof uses a relation between Rabinowitz—Floer homology and symplectic
homology, respectively symplectic cohomology. If ¢ € Aut(D*M, pdq|p+um) is a
Liouville automorphism, then it is plausible to expect

H % Y(&,M) k <0,

RFH} (S*M,T*M) =
Hy (£,M) k> 1.

However, it would be also interesting to study the loop space homology Hy (£, M)
itself, because usually one computes the free loop space homology via Morse theory.
For details see [37, Chapter 2].
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5.4 Stark-Zeeman Systems

Following [20] we introduce Stark—Zeeman systems. For .+ > 0 define the potential

functions
Mt

lz £ 1|

Let Uy € C be open and star-shaped with respect to the origin such that +1 € U.
Choose Vy € C*°(Uyp). Moreover, set

Vi: C\{£l} - R, Vi(z) i=—

Vi=Vi+ Vo + Ve C®U)

for U := Uy \ {£1}. For a function B € C*°(Uy), let op := Bdq; N dq, and ab-
breviate by (7T*U, wp) the associated magnetic cotangent bundle. Fix a Riemannian
metric g on Uy which is conformal to the standard metric. A Stark—Zeeman system
is the magnetic Hamiltonian system (7 *U, wg, H) with

1
H(g.p) =5 lplg- + V(@)  Vig.p)eT"U.

For ¢ € R aregular value of H, we consider a connected component X, € H~!(c)
such that &, U {£1} is bounded and simply connected, where the Hill’s region K,
is defined by

Re=a(X)C{qeU:V(g) <c}

For example, the planar circular restricted three-body problem is a Stark—Zeeman
system. In order to deal with collisions, we regularise Y.

Definition 5.2 (Regularisation, [23, p. 48]). Let (X, w) be a noncompact Hamilto-
nian manifold. A regularisation of (X, ) is defined to be a compact Hamiltonian
manifold (¥, @) such that there exists an embedding ¢: ¥ — ¥ with (*w = w.

Consider the Birkhoff regularisation map
. 1 1
p: C* = C, B(z):==zz4+—-).
2 z

By Example 2.17, the cotangent lift D™ of ¢ is given by

22 4+1 27%w
2z 721

Do’ T*C* - T*C,  Do¢f(z,w) = ( ) =(q.p).

The regular energy surface X, gives rise to a regular energy surface £8 < K~1(0),
where the rescaled Hamiltonian K := H o D¢ is given by

lwlgs  pelz+17 _ polz =17 (h@—0) 2= 1P

K(z,w) =
&) 2 2|z 2|z 4)z|*




72 5 Further Steps in Twisted Rabinowitz—Floer Homology

The compact regular energy surface ECB is called the Birkhoff regularisaton of X..
This regularisation is invariant under the cotangent lift

@: T*C* - T*C*, D(z,w) 1= (1,—22w)
z

As the induced action of @ on X2 is free, we obtain the cover
8 587,
Explicitly, there exist diffeomorphisms such that
28 ~S'xS?  and  XB/7, = RP3#RP3.

Therefore, it may be possible to apply the ideas developed in the proof of Theorem
1.1 or the Forcing Theorem 4.11 to these hypersurfaces. The analysis of these hyper-
surfaces is already quite delicate in the special case of the planar circular restricted
three-body problem. Indeed, it requires some work to show that the regularised en-
ergy hypersurface is fibrewise star-shaped for energy values below the first critical
value. For details, see [23, Theorem 5.7.2]. Hence we cannot expect stability of the
hypersurfaces in a general Stark—Zeeman system.



Appendix A
Twisted Loop Spaces

In this appendix, we will consider the category of topological manifolds rather
than the category of smooth manifolds, because smoothness does not add much to
the discussion. Free and based loop spaces are fundamental objects in Algebraic
Topology, for a vast treatment of the geometry and topology of based as well as
free loop spaces see for example [37]. But so-called twisted loop spaces are not
considered that much.

Theorem A.1 (Twisted Loops in Universal Covering Manifolds). Let (M, x) be a
connected pointed topological manifold and w: M — M the universal covering.

(a) Fix [n] € m1(M,x) and denote by U, € £(M,x) the path component cor-
responding to [n] via the bijection wo(£(M,x)) = m1(M,x). For every
e,el € 7 (x) and ¢ € Aut,(M) such that p(e) = Te(1), where 7, de-
notes the unique lift of n with 1,(0) = e, we have a commutative diagram of
homeomorphisms

LM, e) —— s £ oyt (M €)

'/W\ / (A.1)

Uy.
where € Auty (M) is such that  (e) = ¢,
Ly: £o(M,€) > Lyopoy—1 (M. ),  Ly(y):=v oy,
and

W,: Uy — £,(M,e), Pe(y) = Ve,
Ve : Uy — éC,,,owo,/,—l(M,el), Ve (y) := Ver-

Moreover, U, = é(i,/,(]VI, e) via W, if and only if ¢ = id;, where ¢y denotes
the constant loop at x.
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(b) Forevery ¢ € Auty, (1\2) and e, e’ € m~1(x) we have a commutative diagram of

isomorphisms
~ C ~
Aut, (M) v > Aut, (M)
f%\ /@
(M, x),

where for ¥ € Aut, (M) sucht that Yie) =é
Cy: Auty (M) = Aut, (M),  Cy(p):=vogpoy !,
and

@, : w1 (M, x) — Auty (M), @, ([y]) :=
Ber: w1 (M, x) = Auty (M), Per([y])

with ¢f ;(e) = Fe(1) and ¢ (') = Fer(1).
(c) The projection

oo | 2o(M.e) > &(M.x)

wEAut”(M)
eex—(x)

defined by 7, (y) := 7 o y is a covering map with number of sheets coinciding
with the cardinality of w1 (M, x). Moreover, Ty restricts to define a covering
map

Felag: | 2(M.e)— U,

een—1(x)

and T gives rise to a principal Auty, (]\71 )-bundle. If M admits a smooth struc-
ture, then this bundle is additionally a bundle of smooth Banach manifolds.

Proof. For proving part (a), fix a path class [y] € 71(M, x). As any topological
manifold is Hausdorff, paracompact and locally metrisable by definition, the Smirnov
Metrisation Theorem [46, Theorem 42.1] implies that M is metrisable. Let d be a
metric on M and d be the standard bounded metric corresponding to d, that is,

c?(x,y) = min {d(x, y), 1} Vx,y € M.

The metric d induces the same topology on M as d by [46, Theorem 20.1]. Topol-
ogise the based loop space £ (M, x) € £M as a subspace of the free loop space on
M, where £ M is equipped with the topology of uniform convergence, that is, with
the supremum metric
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doo(y.y) = sup d (y(1).Y'(t))  Vy.y' € M.

tesl

There is a canonical pseudometric on the universal covering manifold M induced
by d given by dom. As every pseudometric_generates a topology, we topologise
the based twisted loop space £ (M e)C PMasa subspace of the free path space
on M for every e € 7~1(x) via the supremum metric dso corresponding to dom.
In fact, doo is a metric as if doo(y, ") = 0, then by definition of a’oo we have that
7(y) = w(y’). But as y(0) = ¢ = y’(0), we conclude y = y’ by the unique
lifting property of paths [38, Corollary 11.14]. Note that the resulting topology of
uniform convergence on &£, (M , ) coincides with the compact-open topology by
[46, Theorem 46.8] or [32, Proposition A.13]. In particular, the topology of uniform
convergence does not depend on the choice of a metric (see [46, Corollary 46.9]). It
follows from [38, Theorem 11.15 (b)], that ¥, and W, are well-defined. Moreover, it
is immediate by the fact that the projection 7 : M — M is an isometry with respect
to the above metric, that ¥, and ¥, are continuous with continuous inverse given by
the composition with 7. It is also immediate that L, is continuous with continuous
inverse L., —1.
Next we show that the diagram (A.1) commutes. Note that

moLyoW,=nmoV¥,=idy, =moW¥,,
thus by
(Ly o We(y)(0) = ¥ (7(0)) = ¥(e) = €' = Jer(0) = er (y)(0)
and by uniqueness it follows that
LyoV¥, =Y.
In particular
Wer(1) = (Ly o ¥e)(1) = ¥(p(e)) = (Y op oy h)(e),

and thus Y,/ (y) € iwowow—l(ﬂ ,¢"). Consequently, the homeomorphism ¥,/ is
well-defined.
Recall, that by the Monodromy Theorem [38, Theorem 11.15 (b)]

y =~y & e (y)(1) = Ye(y')(1)

for all paths y and y’ in M starting at x and ending at the same point. Note that the
statement of the the Monodromy Theorem is an if-and-only-if statement since M is
simply connected.

Suppose y € £(M, x) is contractible. Then y ~ c,, implying e € Fix(¢). But
the only deck transformation of & fixing any point of M is id i1 by [38, Proposi-
tion 12.1 (a)].
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Conversely, assume that y € £(M, x) is not contractible. Then we have that
Y, (y)(1) # e. Indeed, if ¥, (y)(1) = e, then y >~ ¢, and consequently, y would be
contractible. As normal covering maps have transitive automorphism groups by [38,
Corollary 12.5], there exists ¥ € Aut, (117[) \ {id 7 } such that ¥, (y)(1) = ¥ (e).

For proving part (b), observe that @, and @,/ are isomorphisms follows from [38,
Corollary 12.9]. Moreover, it is also clear that Cy, is an isomorphism with inverse
Cy-1.Let[y] € m1(M, x). Then using part (a) we compute

(Cy 0 @) [Y)(e') = (¥ 0 Pe[y] 0 Y 1)(e)
=y (‘Pfy](@))
=¥ (¥e(1))
= (Ly o ¥e)(y)(1)
= Yo (y)(1)
= Ve’(l)
= ¥f(e)
= ®e’[y](e/)'
Thus by uniqueness [38, Proposition 12.1 (a)], we conclude
Cyo®, =D,

Finally for proving (c), define a metric Joo on

E = ]_[ cfw(M, 3)
wEAuty (M)
een— 1 (x)

by B B
doo (T (). (y)) 1.7 € £p(Me),

doo (1, 7)) 1=
oo (v 1) 1 else.

Then the induced topology coincides with the disjoint union topology and with
respect to this topology, 7T is continuous. So left to show is that 77 is a covering map.
Surjectivity is clear. So let y € £(M, x). Then y € U, for some [n] € (M, x).
Now note that U, is open in £ (M, x) and by part (a) we conclude

U = || Lyogey—1 (M. ¥ (e) (A2)
WY eAuty, (M)

for some fixed e € 77 !(x) and ¢ € Aut, (M) such that p(e) = ne(1).
As the cardinality of the fibre 7~ !(x) and of Aut, (M) coincides with the car-
dinality of the fundamental group 71 (M, x) by [38, Corollary 11.31] and part (b),



A Twisted Loop Spaces 77

we conclude that the number of sheets is equal to the cardinality of the fundamental
group 71 (M, x).

Equip Aut, (M) with the discrete topology. As the fundamental group of every
topological manifold is countable by [38, Theorem 7.21], we have that Aut,, (M ) is
a discrete topological Lie group. Now label the distinct path classes in 71 (M, x) by
B € B and for fixed e € 77! (x) define local trivialisations

(Fx,ap): 7y 1 (Ug) = Up x Auty (M),

making use of (A.2) by

ag(y) =y,
whenevery € £,,050y-1 (M , ¥ (e)). Consequently, 77y is a fibre bundle with discrete
fibre Aut, (M ) and bundle atlas (Ug, ag)gep. Define a free right action

E x Autz (M) — E, y-E:=8loy.

Then ag is Auty, (M )-equivariant with respect to this action for all 8 € B. Indeed,
using again the commutative diagram (A.1) we compute

ap(y-E)=apEoy) = (£ oy) =y loE =ap(y) ok

for all £ € Aut, (1\71) and y € £yopoy-1 (1\7!, ¥ (e)). Note, that here we use again
the fact that Aut, (]l71 ) acts transitively on the fibre 77! (x).

Suppose that M admits a smooth structure. Then for every compact smooth
manifold N we have that the mapping space C(N, M) admits the structure of a
smooth Banach manifold by [56]. By [37, Theorem 1.1 p. 24], there is a smooth fibre
bundle, called the loop-loop fibre bundle,

LM, x) = EM 2% M

where
evo: LM — M, evo(y) := y(0).

Thus the based loop space £(M, x) = eva1 (x) on M is a smooth Banach manifold
by the implicit function theorem [42, Theorem A.3.3] for all x € M. Likewise, by
[37, Theorem 1.2 p. 25], there is a smooth fibre bundle, called the path-loop fibre
bundle,
£(M,e) — P(M,e) = I,
where
P(M,e):={y e C(I,M):y(0)=e}

denotes the based path space and

evi: P(M,e) > M, evi(y) == y(1).
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Therefore, the twisted loop space £, (M, e) = evy }(¢(e)) is also a smooth Banach
manifold for all ¢ € Aut, (M)ande € 771 (x) by the implicit function theorem [42,
Theorem A.3.3]. As the fundamental group 71 (M, x) is countable, the topological
space E has only countably many connected components being smooth Banach
manifolds and thus the total space itself is a smooth Banach manifold. Finally,
Aut, (M) is trivially a Banach manifold with dim Aut, (M) = 0 as a discrete Lie
group. O

Corollary A.2. Let (M, x) be a connected pointed topological manifold and denote
by w: M — M the universal covering of M. Assume that w1(M, x) is abelian.

(a) Fix a path class [n] € w1(M,x). For every e, e’ € 77V (x) and deck transfor-
mation ¢ € Auty (M) such that p(e) = 7.(1), we have a commutative diagram
of homeomorphisms

Lo(M.e) — v (0. ¢)

U,,

where Y € Auty, (M) is such that y (e) = ¢'.
(b) For every ¢ € Aut, (M) we have that @, = P, for all e, e el (X)

Lemma 1.5 now follows from part (a) of Theorem A.1. Indeed, by assumption
@ € Aut;(X) \ {idx} and using the long exact sequence of homotopy groups of a
fibration [32, Theorem 4.41], there is a short exact sequence

0 — m (X, x) — m(XY/Zm,n(x)) — 70(Zm) — O.
In particular, by [38, Corollary 12.9] we conclude
Aty (2) = 1(Z /L. 7(x)) = L = {idz, @.....¢" '}

Finally, we discuss a smooth structure on the continuous free twisted loop space
of a smooth manifold.

Lemma A.3. Let M be a smooth manifold and ¢ € Dift(M). Then the continuous
free twisted loop space £, M is the pullback of

(evo.evi): PM — M x M, y = (7(0), y(1)),
where we abbreviate P M = C(I, M), along the graph of ¢
IT'y: M - M x M, Tp(x) := (x, 9(x)),
in the category of smooth Banach manifolds. Moreover, we have that

TyE,M = {X e T°(y*TM) : X(1) = Dp(X(0))}
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forally e £,M.
Proof. Write f := (evg,evy). Then

L,M = [N, (M)).

Thus in order to show that the free twisted loop space &£, M is a smooth Banach
manifold, it is enough to show that f is transverse to the properly embedded smooth
submanifold I, (M) € M x M. By [36, Proposition 2.4] we need to show that the
composition

Df,
By Ty P M — Tix gy (M X M) = Tx ) (M x M)/ Tt oy Tp (M)

is surjective and ker @, is complemented for all y € f~1(I',(M)), where we
abbreviate x := y(0). Note that we have a canonical isomorphism

Tx, e (M X M)/ Tx oo T (M) — TyyM,  [(v,u)] :=u — De(v).
Under this canonical isomorphism, the linear map @,, is given by
@, (X) = X(1) = Dg(X(0), VX e TO(y*TM).

Fix a Riemannian metric on M and let X, € ['(y*TM) be the unique parallel
vector field with X,(1) = v € T,)M. Fix a cutoff function 8 € C*°(/) such
that supp B C [3.1] and B = 1 in a neighbourhood of 1. Then @, (8X,) = v and
consequently, @, is surjective. Moreover

ker®, = {X e T%(y*TM) : X(1) = Dp(X(0))}
is complemented by the finite-dimensional vector space
Vi={BXy eT(y*TM) :v €Ty M}.
Indeed, any X € T'°(y*TM) can be decomposed uniquely as
X =X - BXy, + BX,, v:i=X(1) — De(X(0)).
Abbreviating Y := X — BX, € T'%(y*TM), we have that
Y(1) = Do(X(0)) = Dp(Y(0)),

implying Y € ker @,,. Thus &£, M is a smooth Banach manifold.
Now note that £, M can be identified with the pullback

SrPM ={(x.y) € M x PM : (y(0),y(1)) = (x,9(x))},

making the diagram
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*ePM 25 PM

prll lf

M T> M x M
commute, via the homeomorphism
LM — f*PM,  y > (y(0),y).
Finally, one computes
T S *PM = {(v.X) € TxM x TyPM : Dfy X = DI,|x(v)}
forall (x,y) e f*PM. O

Remark A.4. Using Lemma A.3 one should be able to prove similar results as in
Theorem A.1 in the case of free twisted loop spaces. However, in the non-abelian
case the situation gets much more complicated as in general it is not true, that lifts
of conjugated elements of the fundamental group lie in the same free twisted loop
space by [37, Theorem 1.6 (i)].



Appendix B

On the Nonexistence of the Gradient of the
Twisted Rabinowitz Action Functional

Let (M, A) be an exact symplectic manifold and ¢ € Symp(M, dA) a symplecto-
morphism of finite order. For H € C°° (M) such that H o ¢ = H, one can define
the twisted Rabinowitz action functional

AT LM xR >R, Al (1) ::/

1 1
y*l—r/ Hy@)dt. (B.1)
0 0

Let J be a d A-compatible almost complex structure such that ¢*J = J. Then one
can consider the gradient of Ag with respect to the L2-metric

1
(X,n),(Y,0))y:= /(-) dA(JX(),Y(2))dt + no (B.2)

forall (X,n),(Y,0) € T, £,M xR and (y,7) € £,M x R.

Theorem B.1 (Nonexistence Gradient). Let (M, 1) be a connected exact symplectic
manifold, ¢ € Symp(M, d 1) of finite order and H € C*°(M) suchthat Hop = H.
If o*A # A, then the gradient of the twisted Rabinowitz action functional (B.1) with
respect to the L?-metric (B.2) does not exist.

Proof. Assume that the gradient grad Ag € X(£,M x R) exists. We write

J(y —tXu(y))

H _ 1
grad Ay =1 _ / H(0)di
0

for some V € X(£,M) and for all (y, ) € £,M x R. Indeed, this follows from

1 1
dAH | (X 17) = fo dAX.9(0) — TX (O =7 /0 H(y(0)di
+(@*A = M)(X(0) (B3
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for all (X,n) € T, £,M x R. By assumption, there exists x € M and v € Ty M
with (p*A)x(v) # Ax(v). As by assumption M is connected, there exists a
smooth path u € C*([0,1], M) from x to ¢(x). Fix a smooth cutoff function
B € C°°([0,1],[0,1]) such that B = 0 in a neighbourhood of 0 and 8 = 1 in a
neighbourhood of 1. Then we can extend u by

y(0) = (Bt —k) Vielkk+1].keZ.
Clearly, y € £,M by construction. Extend v € T,gyM to X, € T, £, M by
Koy K ou
Xy(1) == (1 =B - k))POViﬂ(t_k)(D(pk(v)) + B( _k)qujﬂ(t_k)(D(pk-’_l(v)),

for all t € [k,k 4+ 1] and k € Z, where P denotes the parallel transport system
induced by the Levi—Civita connection associated with the metric m ;. Choose a

sequence () € C*°(S!,[0,1]) with 8; = 1 on [0, %] uf1- 2%., 1] and such that

supp B; C [0, ]l] U [1 - % 1] for all j € N. Using (B.3) we compute
(V.Bi Xv)s = ("2 = 2)(B;(0)X,(0)) = (¢*2 = 1)(v)
for all j € N, implying
1
(¢*A = A)() = lim (V.f;X,); = lim [ ATV (@), B (D Xy (1)dt =0
j—o0 j—o0 Jo

by dominated convergence. |



Appendix C
Bubbling Analysis

In this section we prove the main result about the compactness of the moduli space
of negative gradient flow lines of the symplectic action functional.

Definition C.1 (Symplectic Asphericity). A connected symplectic manifold (M, w)
is said to be symplectically aspherical, if

ffo=0 VfeC™S?M).
S2
Remark C.2. A symplectic manifold (M, w) is symplectically aspherical, if and
only if [®]|,ar) = 0, where [@] € H3; (M ; R) denotes the cohomology class of .

Theorem C.3 (Bubbling). Let (M, w) be a compact symplectically aspherical sym-
plectic manifold and let (uy) be a sequence of negative gradient flow lines of the
symplectic action functional Ay for some H € C°° (M xT) with uniformly bounded
energy
+o0
Eruoi= [ a3

o

for some, and hence every, w-compatible almost complex structure J. Then the
derivatives of (uy) are uniformly bounded.

The main idea of the proof is to assume that the derivatives (Duy) explode and
then to construct a nonconstant J-holomorphic sphere. Indeed, assume that there
exists a sequence (sk, ) in R x T such that

lim || 05ug (sk, )| — +oo.
k—o00

Then we rescale the sequence (uy ), see Figure C.1. Set
o T
my = ||0sug Sk, %) || and (o, t) i=up | — + sk, — + 1%
mg mg

for all (o,7) € C.
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Fig. C.1: Looking at the sequence (uy) of negative gradient flow lines of the sym-
plectic action functional with a magnifying glass via rescaling.

Then we compute
o T
0,0 = dan (2 5 ki)
my mg
o T
M0,V (0, T) = 0rug (— + Sk, — + tk) .
mi mg
In particular |05 v (0, 0)|| = 1 for all k € N. Moreover, every v solves
1
dok(0,7) + JOrvk(0.T) = —JXn . . (k(o.7))  V(07) €C
mk my k

as uy satisfies the Floer equation (2.4). If there exists voo € C*°(C, M) such that

(o]
Cloc

Vi — Voos k — oo,
modulo subsequences, then v, satisfies
0o Voo(0, T) + JO0:Vs0(0,T) =0 V(o,7) € C.

Consequently, vs is a J-holomorphic plane. Using the assumption that the energy
of the sequence (uy) is uniformly bounded, one can extend v to a J-holomorphic
sphere v € C*®(S?, M) such that v|c = v via the identification S =~ C U {oo}.
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C.1 Rescaling

Lemma C.4 (Hofer, [1, Lemma 4.4.4]). Let (X, d) be a complete metric space and
f:X —]0,400)
continuous. Given ¢ > 0 and x € X, there exist 0 < § < eand y € X such that

d(x,y) =25,  6f(y)zef(x), and sup  f(z) =2f(y).
zeBs(y)

Lemma C.5 (Rescaling). Let (1) be a sequence of negative gradient flow lines of
the symplectic action functional Ay for some H € C®°(M x T) and J some w-
compatible almost complex structure. Then there exists a sequence (Ry) in (0, +00)
with Ry — 400 and a sequence vy € C*°(Bg, (0), M) such that

klim 106 vk + J Oz Vk|loo =0 and 1 < |05vk]loo < 2.

—> 00

Proof. Abbreviate zy := (8¢, ) € R x T. Apply Hofer’s Lemma C.4 with
JiRXT —[0,+00),  f(s.1) := [[dsur(s. )],

as well as

&k 1= and Xk 1= Zk.
Thus there exists a nearby sequence z;( = (s,’(, t,’{) e R x T and 0 < §; < g with

Sk 10sur (zp) || = e |95k (zr) || = /my

and
sup  [[0sug (2)]| < 2 [|9sux ()]l -
2€Bs, (z)
Rescale m) := [|0sur(z;) |, set Ry := 8pm) and

o T
vk (0, T) = ug (—, + 55, — + l‘;c) V(0,7) € Br, (0).
My my

As uy is a solution to the Floer equation (2.4), vy satisfies the equation

1
0oV (0,7) + JO vk (0, 7) = m_/JXHL,th,’( (vk (0, 7)) (C.1)
k Mk

for all (0, 7) € Bg, (0). As mj. > mp — +o00, we conclude

lim ||0gvg + J 00kl = O.
k—o00
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Finally, we compute

105 vklloe = sup [[dovr(2)]|
ZGBRk(O)

1
=— sup [ sur (2]
My zeBs, (z;)

2
= ()l

k
=2,
and
My 1950 (0, 0)[| = (|05 (z) | = m.
This concludes the proof of the lemma. |

Lemma C.6. Let (vi) be the sequence constructed in the Rescaling Lemma C.5.
Then there exists Voo € C%(C, M) such that

up to a subsequence.

Proof. By the Rescaling Lemma C.5 and compactness of M there exists C > 0
such that
0z vklloo < C Vk € N.

Fix R > 0 and choose Kg € N such that R; > R for all kK > Kpx and consider
the restrictions vi|p, (o) for all k& > Kg. As the derivatives of vy are uniformly
bounded, we conclude that v | (o) is of Sobolev class

WH(BR(0)) 1= {f € WH®(Br(0),R*"*1) : f(Br(0)) € M}

for all k > Kj where we consider M?" <> R*"*1 via the Whitney embedding
Theorem. Thus by Morrey’s inequality [12, Corollary 9.14], every vk|p, (o) is of
Hoélder class C%!(Bg(0)) , and hence vg | g (0) is equicontinuous. As M is compact,
Ascolis Theorem implies the existence of v € CO(Br(0), M) with

C()
k| Bro) — V&, k — oo,

up to a subsequence. Choose a subsequence (k}) with k! > K forall j € N and
such that there exists v! € C°(B;1(0), M) with

co
vk}|31(0)—>v s J — OQ.
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Inductively, choose a subsequence (k' thof (ki) forall 1 € N with k' > K
forall j € N and such that there exists v4*! € C°(B,+1(0), M) with

co .
Vput B0 —> V"L o0,
J
Finally, taking the diagonal subsequence yields

0
vk}—fi>vooeC°(C,M), j — oo.

C.2 Elliptic Bootstrapping

Lemma C.7 (Elliptic Bootstrapping). Denote by v, € C°(C, M) the map con-
structed in Lemma C.6. Then voo € C®°(C, M) is a nonconstant J-holomorphic
plane.

Proof. Fix sequences (z;) € C and r; € (0, +00) such that

° voo|34rj (z;) is contained in a chart U;j of M forall j € N.

o UjeN Bi‘_/(Z.i) =C.
e forall j € N there exists K; such that vk|32rj (zj) C Uj forall k > K;.

Fix smooth bump functions 8; € C*°(C, [0, 1]) for E,j (z;) supported in Bz, (z)
and define )
U] := Bjug € C°(C,R*")

for all k, j € N. We compute

AT] = (AB;) vk + 20015k + 20:B;d: vk + B Avg. (C2)
To compute Avg, we differentiate (C.1) in charts. Applying d, we get that

320 (0,7) + DJ 950k (0, T) 70k (0, T) + J D5 0,V (0, T)

is equal to

mL’D grad; H,ﬁ“/@ (v (0, 1))05 v (0, T),
k k
where grad ; H; denotes the gradient of H; with respect to the Riemannian metric
induced by J, that is, the Riemannian metric w(J-, -). Applying 9. to (C.1) we get
that
3:05v (0, T) + J%vi (0, T) + DJ (3, vk (0, 7))?

is equal to
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1 1
—-D grad; HL/+t]/( (vi (0, 7))0; vk (0, T) + — 0 grad, HL/+t]/( (vg (0, 7)).
mk my mk My

Hence
Avg = P05k, 07 vg),

where P is a polynomial of degree 2 with C*°-coeflicients and so

AT] = P(3,7],90])
by (C.2): As the derivatives d,v; and 0, vy are'uniformly bounded, we conclude
that A/ is also uniformly bounded. Thus || A/, , is uniformly bounded for all

exponents p € [1, +o00] as AEI{ is compactly supported by construction. Therefore,

the Calderon—Zygmund inequality [42, Corollary B.2.7] implies that ||E,{ lya.p 18
uniformly bounded for all 1 < p < 4o0. In particular,

10V ly1.,  and (100 .,
are uniformly bounded. Thus again by Morrey’s inequality, 865,{ and Brili belong

to the Holder class C%% for all 0 < o < 1. By Ascolis Theorem, agv,ﬁ and a,v,i
admit convergent subsequences and

vl i= Bjveo € CH(C,R?")

satisfies
Cl _]
VklB,, ;) — V&

for all j € N. Hence we have showed that ve, € C!(C, M) and

1
Cloc

Vr —> Voo

up to subsequences. This procedure can be generalised to higher derivatives and is
referred to as elliptic bootstrapping. Note that taking higher order derivatives makes
only sense locally in a chart if we do not refer to a particular connection. Thus we
get v € C°(C, M) and

(o)
loc

Vg — Voo, k — oo,
up to subsequences. Finally, v, is nonconstant as
105 Voolloo = 1im |85 vkl = 1
k—o00

and satisfies
0o Voo + J0zVo = 0

by the Rescaling Lemma C.5. |
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C.3 Removal of Singularities

Consider the conformal diffeomorphism
¢: C\{0} > RxT, @(re?™%) .= Log(re?™),

and define
w:RxT — M, w::voooq)_l,

where v, € C*°(C, M) denotes the nonconstant J-holomorphic plane constructed
in Lemma C.6. Then

lim _w(s.) = veo(0)

and w is of finite energy. Indeed, we compute

+o0 1
Ej(w) = / w¥w = / / o(Josw(s,t),dsw(s,t))dtds < sup Ej(ug)
RxT —oo JO keN

by [42, Lemma 2.2.1]. Moreover, w is a negative gradient flow line of the symplectic
area functional

A AM — R, Aly) == / Y o.
D

Lemma C.8. For every sequence (ry) < (0,4+00) with ry, — +00 as k — o0
define a sequence (wy) by

wr(s,t) ;= w(s + rg,t) V(s,t) e RxT.
Then there exists a point Weo € M such that
COC

loc

Wi —> Woos k — oo,
up to a subsequence.
Proof. By [42, p. 89-90] there exists a constant a > 0 such that
Ae > —ae?,

where
e:RxT —[0,+00),  e(s.t):=||dsw(s, )|

denotes the energy density. As Ej(w) < 400, there exists R > 0 such that

+oo 1 T
/ / e(s,t)dtds §min{—,l}
R 0 8a
—R 1 =
/ / e(s,t)dtds fmin{—,l}.
—00 0 8a

and
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Letz = (s,7) € R x T such that |s| > R + 1. Then

By [42, Lemma 4.3.3] we conclude

8
e(z) < —/ e <
7T JBi(2)

Consequently, e is uniformly bounded, as e|[—r—1,Rr+1]xT is uniformly bounded by
continuity of e. Hence ||dsw|| is uniformly bounded by definition of e and |d,w]|
is uniformly bounded as w is a J-holomorphic curve. By an eliptic bootrstrapping
argument as in Lemma C.7, we conclude

Q| oo

[ee]
Cloc

Wi —> Woo, k — oo,

up to a subsequence, where Wy, is a negative gradient flow line of the symplectic
area functional +. Then we is constant. Indeed, assume that wo, is not constant.
Then there exists s < s such that

& 1= A(Weo(5)) — A(Weo (s")) > 0.
Moreover, there exists K € N such that

, >
AW () — Awi(s") = Aw(s + 1)) — Aw(s" + rx)) = 3
forall k > K. Define a subsequence (g, ) of (r) recursively by

ko =K and  kj:=min{l e N:s" +rg; | <5471}

This works as ry — +00 as k — oo. Fix [ € N. Then we compute

E(w) = sup A(w(s)) — inf A(w(s))
seR s€R

AW(s + ri)) — Aw(s + 1))

v

Il
MN

(A@(s + re,_,)) = AW(s +1x,)))

<
Il
-

MN

(AW +re,)) = AW+ re,,)))
1

v
2

As [ € N was arbitrary, we conlcude that E(w) = 4o00. O



C.3 Removal of Singularities 91

Proof (of Theore_m C.3). As M is compact, there exists a finite open cover Uy, ..., Uy,
of M such that U; is contained in a Darboux chart. Define

U:={ye AM :y(T) CU; forsome j =1,...,m}.

Step 1: There exists s € R such that w(s) € U for all s > so. Assume that there
exists a sequence (ry) € (0, +00) with rp, — +00 as k — oo and w(ry) ¢ U for
all k € N. By Lemma C.8, there exists weo € M such that

(o)
Cloc

Wk — Weo» k — oo,

up to a subsequence. But we € U; for some j and thus there exists K € N such that
w(rg,t) € U; forallt € T and k > K. Consequently, w(rg) € U forall k > K.
Step 2: There exist constants C > 0 and k > 0 such that

dr2(w(s), wee) < Ce™ Vs > s,

where Wog is the limit of w(k) = w(0) as k — oo up to a subsequence (k;). By
[24, Proposition 6.4] and [24, Lemma 6.3], we have the action-energy inequality

|A()] < Collgrad; A(Y)|5; Yy elU

for some constant Cyp > 0 as the symplectic area functional 4 is Morse—Bott. See
Remark 2.2. Let s > s9. Choose jp such that k;, > s. We estimate

AW(s) > Aw(ky)) = Tim Aw(k)) = lim Awg, (0) = Awo) = 0.
j—o0 j—o00

Let s, > 51 > s5¢. Using [24, Lemma 6.5] and [24, Lemma 6.6] we compute

d(w(s1), w(sz)) < 2 (VAw(s1) = vAw(s2)))
VCo

< jc_o A1)
= —= VA0 ¥
0

Choose j; such that kh > §1. Then for all j > j;, we have that
di2(w(sy), w(kj)) < Ce ™1,

where

2 1 1
C:= \/—C_O\/A(w(so))ei‘os() and k= TR

Thus
dr2(w(s1), Weo) = lim dp2(w(sy), w(k;)) < Ce ™1,
j—oo
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Step 3: There exists a unique point Weo € M such that

COO
w(s) —> Weo, s — +o00.

Uniqueness follows immediately from the exponential decay established in Step 2.
Indeed, a priori, we does depend on the choice of subsequence (k;). Let w.,, € M
be the limit of a different subsequence. Then we compute

dr2(Woo, W) < d2(W(s), Weo) + dp2(w(s), wy) < Ce™ + Cle™ >0

as § — 4oo. That the limit can also be taken with respect to the C°°-topology
follows from [10, Proposition 6.5.3]. O

Corollary C.9. Let (M, w) be a symplectically aspherical symplectic manifold and
let (ug, ) be a sequence of solutions (ug,tx) € C*R x T, M) x C*®(R,R) of

Bytug (5. 1) + J@rug (5. 1) — (5 Xz (g (5.1))) = O,
1
8,7y (s) = /0 Hug(s. 1)),

foralls € R and k € N for some H € C° (M), with uniformly bounded energy. If
there exists a compact subset K € M x R such that

im(ug, ) C K Vk € N,
then the derivatives of (uy) are uniformly bounded.

Proof. Crucial is the observation that under the above assumptions, the limit of (C.1)
is still a J-holomorphic curve. |



Appendix D
M-Polyfolds

The classical approach for establishing generic transversality results in Floer theories
is via a suitable version of the Sard—Smale Theorem [42, Theorem A.5.1]. The
idea is to represent the moduli space of negative gradient flow lines as the zero
set of an appropriate Fredholm section. Unfortunately, this does not work for the
moduli space of unparametrised negative gradient flow lines as the reparametrisation
action is not smooth. Moreover, the transversality results usually require perturbing
the given metric to a generic one. There is a more abstract approach for proving
transversality results via polyfold theory. This theory was and is still developed
by Hofer—Wysocki—Zehnder [33] primarily having symplectic field theory in mind.
Another more algebraic approach to abstract perturbations is via Kuranishi structures
developed by Fukaya—Oh—Ohta—Ono [27].

In the first section we introduce the basic terminology of polyfold theory, namely
the notion of scale smoothness on scale Banach spaces.

In the second section we formulate a prototypical result for Morse—Bott homology
following the brilliant lecture notes [15].

D.1 Scale Calculus

Definition D.1 (Scale Structure, [33, Definition 1.1.1]). A scale structure on a
Banach space E is a decreasing sequence

E=E02E12E22

of Banach spaces such that the inclusion Ey . < Ej is compact for every k € Ny
and such that Eo := NP2 Ef is dense in every Ej. A Banach space E together
with a scale structure (Ey) is called a scale Banach space.

Example D.2 (Shifted Scale Banach Space, [26, Definition 3.3]). Let (E, (Ey))
be a scale Banach space and m € Ny. Then (Ek, (E,'C")) is a scale Banach space
where EJ' 1= Ep, 1 forall k € Np.
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Example D.3 (Scale Direct Sum, [26, Definition 3.4]). Let (E, (Er)) and (F, (F))
be scale Banach spaces. Then (E & F, (Ex @ Fy)) is also a scale Banach space.

The following example underlies Morse and Floer theory.

Example D.4 (Weighted Sobolev Spaces, [26, Example 3.9]). Fix a monotone
cutoff function § € C*°(R, [—1, 1]) with

s>1,

1 >
B(s) = 1 os<-1,

and § > 0. Define
vs: R = R, Vs (s) := e3P,

For p € (1,400) and k € Ny define the Sobolev spaces with weight § by
WP (R,R?) i= {u € WEP(R,R") : ysu € WP (R,R™)}.

Choose a strictly increasing sequence (8 ) with 69 = 0. Then (E, (Eg)) is a scale
Banach space with

Ex = WP (R,R")  Vk € No.

Definition D.5 (Scale Continuity, [26, Definition4.1]). Let (E, (E)) and (F, (F))
be two scale Banach spaces. A map f: E — F is called scale continuous, iff
f(Ex) € Fy forall k € Ng and the restriction f|g, : Ex — Fj is continuous.

Definition D.6 (Tangent Bundle, [33, Definition 1.1.14]). For a scale Banach space
(E. (Ey)) define its tangent bundle by TE := E' ® E.

Definition D.7 (Scale Differentiability, [26, Definition 4.2]). A scale continuous
map f: E — F between scale Banach spaces (E, (Ey)) and (F, (Fy)) is called
scale differentiable, iff for every x € E there exists a bounded linear operator

Df(x): E() —> Fo,

called the scale differential of f , such that the restriction f|g, : E; — Fpis Fréchet
differentiable with derivative Df |g, and the tangent map

Tf: TE - TF, Tf(x,h):=(f(x),Df(x)h)
18 scale continuous.

Using the iterated notion of scale differentiability one can define higher scale
regularity. We say that a scale differentiable map is scale smooth, iff its tangent map
is infinitely scale differentiable. The following example motivated the development
of scale calculus.
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Example D.8 (Weighted Sobolev Spaces, [26, Theorem 6.2]). Let E be the scale
of weighted Sobolev spaces introduced in Example D.4 on the scale Banach space
E = LP(R,R"). Then the shift map

R@&E—E, (r,x) = x(+r)
is scale smooth.

One important property of scale differentiability is that the chain rule remains
valid in this general setting.

Proposition D.9 (Chain Rule, [33, Theorem 1.3.1]). Uppose that f: E — F and
g: F — G are scale differentiable maps for scale Banach spaces E, F and G. Then
the composition g o f is scale differentiable with tangent map

T(go f)=TgoTf:TE — TQG.

The proof of the chain rule heavily relies on the compactness of the embeddings
of the scales. Using the chain rule one is able to define the notion of scale manifolds
and scale differential geometry in analogy to the finite-dimensional case. For details
see [15, Chapter 5]. Thus with the theory developed so far, one can make sense of the
smooth moduli space of unparametrised negative gradient flow lines. However, for
broken negative gradient flow lines one needs an even more general notion, including
scale manifolds.

Definition D.10 (Retraction, [33, Definition 2.1.1]). Let E be scale Banach space.
A retraction on E is a scale smooth map r: E — E such that 7> = r.

Remark D.11. If X is a smooth Banach manifold, then Fix(r) = r (M) is a smooth
submanifold for every smooth retraction r: X — X by a result of Cartan [33,
Proposition 2.1.2].

It is in general not true that the fixed point set of a scale smooth retraction of
a scale manifold is a scale submanifold. This lead Hofer—Wysocki—Zehnder to the
generalised notion of an M-polyfold, where the “M” stands for “manifold flavoured”.
Heuristically, an M-polyfold is locally the fixed point set of a scale smooth retraction
of a scale smooth manifold. The main aspect for us is that Fredholm theory still is
valid in M-polyfolds in some sense. For an extensive treatment see [33, Part I].

D.2 M-Polyfold Setup for Morse-Bott Homology

In this section we explain how an M-polyfold Fredholm setup for Morse-Bott ho-
mology can be defined. We follow [15, Section 8.4]. The essential arguments are
contained in [22, Appendix A]. We assume the following setup. Let (M, g) be a
compact Riemannian manifold and f € C°° (M) a Morse-Bott function. Choose an
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additional Morse function & € C°°(Crit f) and a Riemannian metric go on Crit f
such that (%, go) is a Morse—Smale pair, that is, the stable and unstable manifolds
intersect transversally. Pick two connected critical components C* C Crit f. For

0 <6 <min{|A| : A € a(Hessy f)) \ {0}, x € Crit f}

and a positive strictly increasing sequence 0 < 8o < 61 < --- < 4§, consider the
Banach manifold &, (C~, C) consisting of all maps u € H (fk *2(R, M) converging

exponentially to C ¥, that is, there exist x* € C* as well as
£ € H{*?((—o0,—T],T:-M) and £+ € H{ ([T, +00), Tyt M)
for some 7' € R with
u(s) = exp .+ (E() VEts>T.

See Figure D.1. Local charts on ék (C~, C™) are constructed by exponential neigh-
bourhoods around smooth paths [49, Appendix A]. Similar to [9], one can construct
scale smooth charts using those exponential neighbourhoods, equipping the Banach
manifold & (C—, C4) := &¢(C—, C4) with a scale smooth structure. Moreover, there
are two natural scale smooth evaluation maps

evE: E(C_,C+) — Crit f, evi(u) = x*

N

Fig. D.1: An asymptotically exponential Sobolev path connecting two critical com-
ponents of a Morse-Bott function.

Fix x* € C* N Crit h and define the stable and unstable manifolds by

WE(xE) = x eCrit f: lim ¢s(x) = xE},
s—too
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where ¢: R x Crit f — Crit f denotes the negative gradient flow of & with respect
to the Morse—Smale metric mg. Define

EL(x™ xT) = {u e &(C,CY) revi(u) e WE(xH))

forallk € N. See Figure D.2. Again, 6! (x—,xy4):= g(} (x—, x4 ) is ascale manifold.
For details, see the proof of [22, Theorem A.12] and [22, Theorem A.14].

N

Fig. D.2: A weighted Sobolev path with one cascade.

There exists a canonical scale smooth bundle
Flix—,xt) — E'(x,xH),
where the fibre over u € g,: (C~.,C™)is given by
Fl o x D) = HiP' R u*TM)
for all k € N. Then
9: gl(x_,x+) — le(x_,x"’), 5(u) :=u + grad,, f(u)
is a scale Fredholm operator. If x~ # x T, the scale smooth reparametrisation action
]Re]agl(x_,er) —>§l(x_,x+), (r,u) > u(-+r),
as in Example D.8 is free, giving rise to a scale smooth bundle
Flx—,xT)/R > E'(x",xT)/R

to which 3 descends to a scale Fredholm section 9. This construction can be gener-
alised to m cascades and thus yields the scale smooth bundle

Frh(x",xt) - &M (x",xT)
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of unparametrised paths from x~ to x ™ with m cascades. Now we consider broken
paths. For x°, ..., x! e Crith with

fG&0) = fahy == fGITY = (D,

we define the space of broken paths from x° to x by

ex°,....xY = 11 690 (x% x1) x -+ x 8% (x!71, x1).

(@05t )ENAT!
Then & (xo, . ,xl ) is a scale manifold over which we have the scale bundle
FxO,....xh:= ]_[ FOox0 x1y x o x FU(xITT X

(CTT Otz)EN(l)le
and the scale Fredholm section
Ix--xd:6(x° ... x> F&O, ... xh.

For x* € Crith with f(x~) > f(x) we define the space of broken paths from x~
to xT by

X(x_,x+) = ]_[ ]_[ 8(x_,x1,...,xl_1,x+).
leN x!,...x!=Yecrith

FG=fDz-=f (D= f(xh)
Similarly, one defines
Y(x_,x+) = ]_[ ]_[ ?(x_,xl, ... ,xl_l,x+).

leN x!,...x!I=lecrith
)2 D22 D2 )

One can show that X (x~, xT) carries the natural structure of an M-polyfold and
Y(x7,xT) = X(x~,x™)

is a bundle. Moreover, the scale Fredholm section above induces a scale Fredholm
section
: X(x7,xT) = Y(x",xT)

of index
indd = ind(x~) —ind(x ) — 1,

where either

1 1
ind = indy + indy, or ind = —3 sgnHess f — 3 sgn Hess h.
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For details see [17, Appendix A]. One can show that the level set 9~!(0) of un-
parametrised broken negative gradient flow lines is compact and that there exists an
abstract perturbation of 9, that is, a scale smooth section o: X — Y, where

X = ]_[ X(x~,xT) and Y = ]_[ Y(x~,x™),
xEecrith xTeCrith
F&T)=f(xT) &)= xT)

with the property that for all x* € Crit & the moduli space
ME™,xT)i=ueXx",xT): (0 +0)u) =0}

is compact and d+o is transverse to the zero section. Hence we arrive at a prototypical
result for Morse—-Bott homology, compare [15, Corollary 8.9].

Theorem D.12 (M-Polyfold Setup for Morse-Bott Homology). Let (M, g) be a
compact Riemannian manifold without boundary and f € C*°(M) a Morse—Bott
function. Choose an additional Morse function h € C°°(Crit f) and an additional
Riemannian metric gog on Crit f such that (h, g¢) is a Morse—Smale pair. For all
critical points x* € Crith, the moduli space

M, xT)i={ueXx",x"): (0 +0)u) =0}
is a smooth compact manifold with corners of dimension
dim M(x~,x1) = ind(x7) —ind(xt) — 1.
Moreover, there is a canoncial diffeomorphism

OIMx™.x) =M xP)nax = [ METx) x Mx.xF).

x€Crith
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