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Abstract: The effect of dilute solute additions on growth restriction in Cu-, Al-, Mg- and Ti-based
binary and ternary alloys was assessed by means of the heuristic growth restriction parameter (β)
modelling framework. The CALPHAD (calculation of phase diagrams) methodology was used to
calculate β values from the m and k values, at first approximation, as well as from the liquid-to-
solid fraction to obtain true β values. Grain size values from the literature were plotted against the
corresponding true β values, showing a negative or inverse correlation between the two.
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1. Introduction

Grain refinement is necessary not only to enhance the mechanical properties of cast
and wrought products [1], but also to mitigate casting or solidification defects, of which
numerous studies have been reported in the literature. A few examples are orange peel-like
shrinkage in oxygen-free copper wire produced by upcast [2], coarse grains extending
all the way through-thickness in tube casts in the conventional Upcast® technology [3],
hot-tearing in Al [4,5], Mg [6,7] and welded Ti [8] alloys and epitaxial grain growth in
additive manufactured Ti-, Al-, Fe-, Ni- and Co-based alloy systems [9].

It is well-established that grain refinement requires a combination of both nucleant
particles and the growth restriction effect of solutes [10]. From the point of view of grain ini-
tiation, effective grain refinement requires a sufficient number of highly dispersed, efficient
particles with the required size distribution during solidification under high undercooling
conditions [11–14]. From the point of view of solute growth restriction, the type of solute
can affect undercooling, the nucleation potency of the liquid/nucleant interface and the
grain growth restriction of a columnar front competing with equiaxed solidification [15]. A
new concept for growth restriction during solidification has been proposed by Fan et al. [10].
This work has yielded several important findings, some of which will be summarised below.
Reference should be made to the original publication [10]. Furthermore, a detailed review
and overview of the effect of solutes on grain refinement leading to the identification of
near-future challenges was recently published by Fan et al. [16].

Fan et al. [10] defined the growth restriction parameter (β) to account for its depen-
dence on the slope of the liquidus (m), the solute concentration (CO), the equilibrium
distribution coefficient (k) and a fixed undercooling during solidification (∆T):

β =
mCO(k− 1)

∆T
− k =

Q
∆T
− k (1)
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where the conventional Q is:
Q = mCO(k− 1) (2)

By replacing ∆T = m(CO − CL) and k = CS/CL into Equation (1), the heuristic solution
was obtained for the accurate calculation of true β values for a binary system (Equation (3)),
which extended to multicomponent systems by the linear addition of each binary system βi
(Equation (4)), assuming no interactions between solutes [10].

β =
CO − CS
CL − CO

=
fL
fS

(3)

β =
n

∑
i=1

βi (4)

Equation (1) captures the phase diagram of the alloy system. Therefore, the accuracy of
the β values calculated from Equation (1) depends not only on the solute–solute interactions,
but also on the resolution of the binary phase diagram and the values of m and k, which
are not expected to be constant as they can vary with the alloy composition and the
temperature [7,17,18]. Equation (3) indicates that the physical meaning of β is the liquid-to-
solid phase fraction, as suggested in the work from which Equation (3) was derived [10].

For eutectic systems, k < 1; then, the difference between β calculated from Equation (1)
and that calculated from Equation (3) is small and Equation (1) is a good estimate of the
values of β. However, for peritectic systems, when k > 1, such a difference is larger and
the calculation of β from the ratio of the liquid to the solid fraction (Equation (3)) is more
accurate [10]. This accuracy is also dependent on the accuracy of the m and k values.

The growth restriction coefficient (2/λ2) was also derived in their work [10], which is
shown in Equation (5) and which applies for spherical growth during solidification.

2
λ2 =

1− α

α
(
1 +
√

α + α
) (5)

Note that, since an equiaxed grain structure in the cross-section of the cast is not sine qua
non of an equiaxed grain structure in the longitudinal direction [16], care has to be exercised
in being in the equiaxed grain growth regime in the longitudinal solidification direction.

Furthermore, a direct relationship between β and the solute supersaturation (α) was
determined [10]:

α =
1

β + 1
(6)

The critical solute concentration C* (Equation (7)) for different solute types could be
calculated by rearranging Equation (1) at β = 0 [10].

C∗ =
k∆T

m(k− 1)
(7)

The physical meaning of C* is the onset of growth restriction for a given undercool-
ing [10] in that:

If CO < C*, there is no growth restriction of the solute;
If CO > C*, there is growth restriction of the solute, the degree of which increases with

increasing CO as described by Equation (1).
This procedure was also briefly described in our previous study on the role of dilute

solute additions on growth restriction in binary copper alloys [19], in which the conceptual,
heuristic growth restriction parameter (β) modelling framework [10] was applied. In binary
alloys, values lower than a threshold of 10 at.% are generally classified as dilute alloys,
while those greater than that are classified as concentrated binary alloys [20]. This paper
extends our previous study on the effect of dilute solute additions on growth restriction to



Metals 2022, 12, 1653 3 of 11

other dilute alloys: Cu-based binary alloys, Al- and Mg-based binary and ternary alloys
and Ti-based binary alloys.

The CALPHAD methodology [21] has been used to calculate the heuristic growth
restriction parameter (β) for different solutes in Cu-, Al-, Mg- and Ti-based alloys at a
constant ∆T value of 0.5 K from the m and k values as well as from the liquid-to-solid
fraction. Data from 65 solutes for Cu-based alloys, 18 solutes for Al-based alloys, 18 solutes
for Mg-based alloys and 26 solutes for Ti-based alloys were input in the calculations as
follows. True β values for over 500 solidification cooling curves were determined.

2. Growth Restriction Parameter β

The CALPHAD methodology has been used to calculate β values from the m and k
values, at first approximation, as well as from the liquid-to-solid fraction to obtain true
β values. In the first approximated β case, the heuristic growth restriction parameter β
was calculated for each amount of solute present in the binary Cu, Al, Mg and Ti alloys
studied in this investigation using the methodology originally described by Fan et al. [10].
This procedure was also briefly described in our previous work [19]. Values of m and k
for binary copper alloys were calculated and were reported in [22], from which β. values
were determined in the present investigation. Other values of m and k for binary copper
alloys that are not available in [22] were taken from [23] (calculated from binary alloy
phase diagrams [24]). Those for binary Al [25–28], Mg [29,30] and Ti [9,31] alloys were also
obtained from valuable databases available in the literature. Note that the m and k values
for the Al-B binary alloy were calculated in this work.

In the true β case, the evolution of the phase fractions of the liquid and the solid
was calculated based on the Gulliver–Scheil cooling conditions for a temperature step
of 0.01K using the software package Pandat (version 2021) [32]. Cooling was calculated
from the thermodynamic databases available in the literature for binary Cu alloys as cited
in our previous works [19,33] and an extension to binary Cu alloys with Ge, Pt, Li and
Sc solute additions [34–37]. Cooling was calculated from the thermodynamic databases
from CompuTherm [38] for binary Al-, Mg- and Ti-based alloys. True β values were then
thermodynamically calculated from the liquid-to-solid fraction (Equation (3)) at a constant
∆T value of 0.5 K for the primary phases fcc-Cu, fcc-Al, hcp-Mg and bcc-Ti.

3. Results and Discussion

The values of the growth restriction coefficient (2/λ2) are plotted over the ratio of
the conventional Q. to ∆T and true β values for the Cu–X, Al–X, Mg–X and Ti–X binary
alloys in Figures 1 and 2, respectively. From Figure 1, it is clear that the intercept at the
Q/∆T axis corresponds to k as highlighted in the work described in [10]. From Figure 2, a
direct relationship between 2/λ2 and β values has been found in this work in the Cu-, Al-,
Mg- and Ti-based binary alloys, which is in agreement with results originally reported by
Fan et al. [10]. Note that, in the Al system, the critical solute concentrations for individual
solute additions of Mo, Zr and Mn at a ∆T of 0.5 K were calculated to be 0.17, 0.19 and
4.90 wt.% respectively. These are greater that the corresponding maximum concentrations
of 0.1, 0.11 and 1.9 wt.% from which the m and k values were determined [25].
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Figure 3 compares the calculated β values from Equation (1), calculated from the
liquidus slope (m) and the equilibrium distribution coefficient (k), and Equation (3), calcu-
lated from the liquid-to-solid fraction for Cu, Al-, Mg- and Ti-based binary alloy systems.
Figure 3 shows good agreement between the approximated and true β values within the
scatter of the results.

Bustos and Reif [39] carried out an experimental screening study on the effect of
different solute additions on grain refinement of Cu under a protective atmosphere of pure
Ar (99.997%). Grain size measurements were reported for a constant solute addition of
0.1% and cast at 1160 ◦C followed by water quenching. A 220 g casting had a diameter
of 30 mm and a height of 35 mm. Most of the casts exhibited a columnar structure in the
range of 37–84%, and so would be expected to have β values < 1.14. A 100% equiaxed
grain structure was observed in casts with individual additions of 0.1 wt.% of P, Sb, Bi, S,
Se and Te. Moreover, critical solute concentrations for individual solute additions of Al, V,
Ni and Zn were determined to be greater than the solute addition of 0.1 wt.% at a ∆T of
0.5 K [19]. In this case, there was no growth restriction (β = 0) by the solute additions, as
the solidification became partitionless.
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A feasibility study on the effect of dilute solute additions on grain size control in
Al-based binary alloys with and without the addition of Al–5Ti–1B grain refiner for an
inoculant addition of 0.01% Ti to Al (99.99 wt.% purity) was investigated under TP-1 casting
conditions [40]. In the aforementioned study by Fan et al. [16], Spittle and Sadli’s grain size
values with a grain refiner addition of 0.01% Ti were plotted against the calculated true β
values at ∆T = 0.5 K, as shown in Figure 16 of [16]. It was found that all alloys with β < 1.14
exhibited a columnar grain structure. In contrast, all alloys with β > 1.14 had an equiaxed
grain structure. From Figures 16–18 of [16], the criterion for a columnar-to-equiaxed
transition (CET) at β = 1.14 under quasi-isothermal conditions has been demonstrated.
Those grain size values have also been replotted against the calculated true β values in
Figure 4 for comparative purposes. The initial columnar grain size of commercial purity
(CP) Al with a grain refiner addition of 0.01% Ti, but without solute additions, was 1200 µm.
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The influence of dilute solute additions on growth restriction was also addressed in
Al-based binary and ternary alloys under constant casting conditions [18]. The Al alloy
melt was held at a constant superheat temperature of 100 ◦C for 30 min, then cast at a
constant superheat of 60 ◦C. The measured cooling rates remained relatively constant in
the range between 1.5 and 4 K/s. The cast ingots were 25 mm in diameter and 40 mm long.
Metallographic sections were taken along the longitudinal direction. Non-dilute Al–Cu
alloys with compositions greater than the threshold value of 10 at.%, were excluded from
the grain size analysis, namely, Al–22.1Cu, Al–26.5Cu, Al–30.1Cu, Al–25.1Zn, Al–33.1Zn
and Al–15Cu–15Zn (in wt.%). The grain size values given in [18] for dilute solute additions
are plotted against the calculated true β values in Figure 5a. The initial columnar grain
size of CP Al without solute additions was 2500 µm. Moreover, true β values calculated
using Equation (3) for the ternary Al–XCu–YZn alloy systems of [18] are compared to those
calculated using Equation (4) for the linear addition of each binary system, βAl-XCu and
βAl-YZn, in Figure 5b, showing excellent agreement between the two approaches.
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The effect of increased amounts of solute additions in binary Mg-based alloys: 1–9 wt.%
Al, 0.07–0.5 wt.% Si, 0.04–0.32 wt.% Zr, 0.14–0.78 wt.% Ca, 0.18–1 wt.% Zn and in ternary
Mg–3Al- and Mg–9Al-based alloys having 0.01–1 wt.% Sr additions on the resulting grain
size were assessed in CP Mg-based alloys (99.7%) at the edge, one-half radius and centre
for each casting in two different studies [29,30]. From Figure 2 of [29], the grain structure of
the Mg–1Al cast was in the CET region, and therefore it was excluded from the grain size
analysis. The grain size values from the centre of each casting were represented in Figure 8
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of [30] for the binary Mg-based alloys and in Figure 3 of [29] for the ternary Mg–3Al- and
Mg–9Al-based alloys. Those grain size values have been plotted against the calculated true
β values in Figure 6. The β values for Mg–0.07Si, Mg–0.04Zr and Mg–0.18Zn (circle points)
were lower than the CET criterion of 1.14.
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The effect of three nominal levels of Fe (0.5, 1 and 2 wt.%) and Cr (1.5, 3 and 6 wt.%)
on grain size control were examined in CP grade 2 titanium [31,41]. After casting, the
samples were sectioned longitudinally. Those grain size values have also been plotted
against the calculated true β values in Figure 7. Overall, from Figures 4, 5a, 6 and 7, there
was a correlation between grain size and true β values.
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grade 2 Ti for reference. The reader is referred to the web version of this article for alloy compositions
given in data-point labels.
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4. Conclusions

The heuristic growth restriction parameter (β) modelling framework has been applied
to Cu-, Al-, Mg- and Ti-based binary and ternary alloys by using the CALPHAD approach.
A direct relationship between the growth restriction coefficient (2/λ2) and the heuristic
growth restriction parameter (β) was found in this work in dilute Cu-, Al-, Mg- and Ti-
based binary alloys. As concluded in [10], this means that growth velocity is a unique
function of the growth restriction parameter (β), which is dependent on the nature of the
solutes, the solute concentrations and the solidification conditions. Grain size values from
the literature were plotted against the corresponding true β values, showing a negative or
inverse correlation between the two.

Author Contributions: All the authors contributed equally to this work. All authors have read and
agreed to the published version of the manuscript.
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