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1. Introduction

Aim of the work The study of convergence to equilibrium of continuous or discrete semi-
groups which preserve mass and positivity is central in the theory of Markov processes
and partial differential equations (PDEs). Several results ensuring geometric (i.e. ex-
ponential) or subgeometric (for instance, polynomial) convergence to equilibrium in
weighted total variation norms for a broad family of processes are known as Harris-type
theorems (or also sometimes as Meyn-Tweedie-type theorems). They have been widely
developed during the last three decades and have seen a broad range of applications to
probability and PDEs problems.

Harris-type theorems concern the trajectories of this kind of semigroups. In both the
geometric and subgeometric cases, they establish the existence of an equilibrium (often
called stationary state or invariant measure depending on the context) and a speed of
convergence of trajectories to it. The main assumptions of this type of theorems are

(i) a strong positivity, irreducibility or coupling condition,
as well as
(ii) a confinement or Foster-Lyapunov condition.

The latter condition determines whether the speed of convergence is geometric or sub-
geometric.

Our purpose in this paper is to establish some theorems of this type in both the geo-
metric and the subgeometric situations using elementary semigroup tools, and avoiding
some usual probabilistic arguments such as estimates of the return time of a process to
a given set.

Let us describe our results a bit more precisely by considering the typical case of
a discrete stochastic process associated to an operator S, which must be positive and
mass-preserving, defined on a space of measures with a weighted total variation norm.
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Under both conditions (i) and (ii), we will be able to exhibit two convenient norms || - ||,
| - [|« and a scalar a > 0 such that

ISl < fllwll = el (1.1)

for any measure v with vanishing mass. The strict contraction estimate (1.1), or a variant
of it, is then used in order to prove the existence of a positive equilibrium p* with unit
mass associated to the operator S such that ||p*||. < oo. The same estimate can also
be used in order to prove the uniqueness of this equilibrium under slightly stronger
assumptions, for example that S is of Feller-type. When || - ||« is equivalent to ||| - |||, which
holds true when the confinement condition (ii) is strong enough, then one easily deduces
from (1.1) a geometric convergence of the sequence (S™v) to 0 for any v with vanishing
mass. Under weaker confinement conditions, the norm || - || is strictly dominated by || - ||
and only a subgeometric convergence of the sequence (S™v) to 0 is established. A version
of these ideas for continuous semigroups will be also deduced from the analysis of the
discrete case.

Our approach is inspired by the proof of Harris’ result in the geometric case by Hairer
and Mattingly [22], which uses mass transportation metrics. Our proof is a simplifica-
tion of these ideas which avoids the use of mass transportation arguments, and can be
adapted to the subgeometric case as well. Our result gives an alternative proof to the
geometric decay estimate of Hairer and Mattingly [22] and can be adapted to give sub-
geometric decay rates for discrete semigroups under weaker confinement conditions. In
the continuous-time case we can recover similar subgeometric decay rates as in Douc
et al. [15], Hairer [20]. We emphasize that the statements apply to mass-preserving semi-
groups and give explicit versions for them, since this is a common setting in PDE.

Previous contributions The ergodicity and stability theory of Markov processes has
been widely developed since the pioneering works of Doblin [13] and Harris [23], the last
one giving name to these results, though it considers only the existence of equilibrium
and does not mention speed of convergence towards it. A good exposition of this type
of results is given in Meyn and Tweedie [31], and a nice introduction in the setting of
Markov chains can be found in Stroock [32, Chapter 2].

An important development of the theory is due to Meyn and Tweedie [27,28,29,30].
A simplified statement and a proof using mass transportation distances was given by
Hairer and Mattingly [22], motivated by the application to stochastic PDEs [21]. Recent
related results for non-conservative semigroups have been reported by Bansaye et al. [2],
and applications to models for the electrical activity of groups of neurons can be found in
Dumont and Gabriel [16], Caifiizo and Yoldag [8]. Recent works dealing with applications
to Fokker-Planck equations and related models are due to Hu and Wang [24], Eberle
et al. [17], Cao [11] and Lafleche [26]. We also mention applications to the study of
hypocoercivity for kinetic equations and fragmentation-type equations (Caiiizo et al. [10,

9)).



4 J.A. Cawizo, S. Mischler / Journal of Functional Analysis 284 (2023) 109830

On the other hand, this type of theorems has been extended in several works to
the case of semigroups with no spectral gap, for which the speed of convergence to
equilibrium is subgeometric (slower than exponential). Probabilistic results of this kind
can be found in Tuominen and Tweedie [33], Douc et al. [14]. We highlight Douc et al. [15],
which deals with the continuous-time case and serves as a model for the type of results
we wish to obtain in the present paper. An exposition of this same result which also
uses probabilistic arguments can be found in unpublished notes by Hairer [20], see also
Bernou [4]. Subgeometric convergence rates have also been studied for classical models
as the Fokker-Planck equation, and the Boltzmann equation and its relatives; for this we
refer to Kavian et al. [25], Carrapatoso and Mischler [12] and the references therein, and
the classical papers by Caflisch [7,6]. We also mention the recent works by Bernou and
Fournier [5] and Bernou [3], where convergence to equilibrium for a collisionless model
of a gas is investigated, the last one using techniques related to the present paper.

Definitions and notation We fix a measurable space (€2, &) throughout. We denote by
M the set of finite signed measures on 2, and by P the set of probability measures on
Q. We also call N the linear subspace of M consisting of zero mean measures (that is,
veNifve M and v(Q) =0).

We usually denote by [ fu the integral of a function f with respect to a measure
u € M, omitting the domain of integration €2, and preferring this notation to the also
common [ fdu. The positive and negative parts of a measure p € M (with the usual
Hahn-Jordan decomposition) are denoted respectively by 4, p—, so that p = puy — p_
and |p| := py 4+ p—. The total variation norm of a measure y € M is denoted by
llall == [ 1pal-

A stochastic operator is a linear operator S: M — M which leaves P invariant
(that is, a linear operator which preserves mass and positivity). A stochastic semigroup
is a family (S¢)¢cjo,4+00) Of stochastic operators S;: M — M such that Sy = I and
St 0Ss = Sty for all s, > 0. It is worth emphasizing that we do not impose here any
continuity assumption on the trajectory t — Sy for a given p € M, so this definition
of stochastic semigroup is quite weak. Our results on the Harris theorem for geometric
decay require no further regularity conditions on the semigroup; see Section 3.

These objects are dual to the more classical definition of Markov-Feller operators and
semigroups. Whenever we need to consider Markov-Feller semigroups we will always
assume that 2 is a locally compact and separable metric space, and call Cy(2) the space
of continuous functions which converge to 0 at infinity (the completion in the supremum
norm of C.(€), the set of continuous compactly supported functions on ). The space
Co(R) is a Banach space when endowed with the supremum norm, and its dual is M
(with the total variation norm) by the Markov-Riesz representation theorem.' In this

L For any locally compact Hausdorff topological space €, the dual of Cp(€2) is the set of finite Radon
measures on 2; in our setting in which 2 is additionally a separable metric space, the set of Radon measures
is just the set of finite measures—see for example Folland [18, Theorem 7.8].
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setting, a Markov-Feller operator P is a linear and continuous operator on Cy(2) which
is positive (P > 0 if ¢ > 0) and preserves constants (Py, A~ 1 if ¢, 1, with
convergence understood in a pointwise sense). A Markov-Feller semigroup (P;);>¢ is a
strongly continuous semigroup of Markov-Feller operators on Cy(f2). If P is a Markov-
Feller operator then its dual S := P* is a stochastic operator, and in that case we will
say that S is of Feller type. Similarly, if (P;);>o is a Markov-Feller semigroup then the
semigroup (S;)¢>o defined by S; := P is a stochastic semigroup. In that case, we say
that (S;)¢>o is of Feller type and we denote by L the generator of (P;) in the sense of
semigroups. We note that for a Feller type stochastic semigroup (S;);>0 the trajectory
t — Syp is weakly-* continuous for any given u € M (that is, the trajectory is continuous
in the weak-* topology of M, viewed as the dual of Cy(£2)), but it does not need to be
continuous in the total variation norm. Let us emphasize that definitions of “Feller” for
an operator or a semigroup vary slightly in the literature; in some references a Markov-
Feller operator is defined as an operator on Cp(2), the set of continuous and bounded
functions [20, Definition 1.9], defined through an integral formula involving a transition
kernel. We will not consider this latter case here, but rather we will use the concept
of Feller-type stochastic operators and semigroups defined by duality from Cy(€2), for
which some simplifications occur. However, many of the results we state work with the
minimal assumption of a stochastic operator or semigroup.

For a measurable (weight) function V': Q — [1, +00), we denote by My the subspace
of finite signed measures p on €2 such that

Il = [ Vil <
Q

and write Py := My NP for the set of probability measures for which |||y < 400, and
similarly Ny := My NN is the set zero-mean measures with ||l < +o00. We say that
S is a stochastic operator on My, if it is a stochastic operator on M, one can restrict
S: My — My, and this restriction is bounded in the || - ||y norm. Similarly, we say
that (S¢)e>0 is a stochastic semigroup on My if it is a stochastic semigroup on M and
satisfies a growth estimate

1Seullv < CveVullv, (1.2)

for all 4 € My and all t > 0, and for some constants Cy > 1, wy > 0.

Plan of the paper The paper is organized as follows. We first prove in Section 2 a
simple statement, sometimes known as Doeblin’s theorem. The statement and proof of
the geometric version of Harris” theorem is next given in Section 3. Sections 4 and 5 are
then devoted to our versions of Harris’ theorem is the case of subgeometric operators
and semigroups respectively. In the final section 6, the proof of the existence of an
equilibrium (but not its uniqueness nor its stability) is established only assuming a
Lyapunov condition (but without any irreducibility assumption).
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2. Doeblin’s theorem

In this section, we present a basic and well-known result in the theory of Markov
processes sometimes known as Doeblin’s theorem, which is a particular case of the Harris
theorem presented in the next section. We include it since the proof is extremely simple
and contains ideas that are used in later proofs. The argument is widely known, and we
were made aware of it through Gabriel [19].

It is well known that stochastic operators are non-expansive mappings (or contractions
in the non-strict sense) in the measure space M, namely

1Sull < [lull, (2.1)
for all measures o € M. The proof of this fact is simple and instructive. We introduce the

Hahn-Jordan decomposition g = gy — pu—, 0 < py € M, which ensures |u| = py + p—,
and we write

|Spl = |Spy — Sp—| < Spy + Sp— = S|ul,
by using the linearity and the positivity of S. We then immediately deduce (2.1) by
integrating the last inequality and by using that S is mass preserving.
Doeblin’s Theorem states that under some very strong positivity or irreducibility
condition the above non-expansive property becomes a (strict) contraction property on

the set N of zero mean measures:

Theorem 2.1 (Doeblin’s theorem). Let S: M — M be a stochastic operator satisfying
that there exist 0 < o < 1 and n € P such that

Su > an, for all peP. (2.2)

Then S has a unique stationary state pu* € P, which is exponentially stable. More gen-
erally

1S v|| <A™ vl forallv € N andn € N, (2.3)
withy:=1—a € (0,1).
We point out that for any u € P, we deduce from (2.3) that
1"k —p* | <2"[lw—p"|,  forallneN,

and thus the exponential asymptotic stability of the equilibrium p*.
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Proof of Theorem 2.1. The proof is based on an improvement of (2.1) which writes
[1Sv] < (vl for all v € N, (2.4)

with v := 1 —ca. In order to prove (2.4), we observe that because of the Doeblin condition
(2.2) applied to S(v+/[|v4|) and the fact that the integrals of v, and v_ are equal for
v € N, it holds

Svezan [ve=rn. ri=alvl/2
Similarly as in the proof of (2.1), we may deduce

|Sv| = |Svy —rnp — Sv_ + |
< |Svy —rnl +[Sv- —
=Svy —rn+ Sv_ —rn = S| — 2y,

and integrating this, we get
1Sl < [IS[w[ll = 2rllnll = [[v]| = 2r = (1 — ) |[v]].

That is exactly inequality (2.4), from which (2.3) immediately follows.
In order to prove the existence and uniqueness of an equilibrium, we fix pg € P, and
we define recursively py := Spug—1 for any k > 1. Thanks to (2.4), we get

oo o0
DM = e < Al = poll < oo,
k=1 k=0

so that (uy) is a Cauchy sequence in P. We set p* := lim puy, € P which is a stationary
state, as seen by passing to the limit in the equation puy = Spg—1, and which is unique
in P thanks to (2.4). O

3. Harris’s theorem

We extend Doeblin’s results presented in the previous section to the case when only
a weaker version of Doeblin’s positivity condition (2.2) holds, together with a Lyapunov
condition. An important motivation is that the Doeblin condition (2.2) is indeed too
restrictive and somehow limited to compact spaces. As a matter of fact, when Q = R¢
for instance and S is a stochastic operator of Feller type, there exists a sequence (pon)
in P such that up, — 0 (in the weak-x sense of measures; take for example po, := 0,
with |z,| = +00). Since S is continuous in the weak-* topology due to S being of Feller
type, also Spno — 0 and the Doeblin condition (2.2) cannot hold. However, the condition
(2.2) may still hold if the semigroup is not of Feller type in our sense; an example on
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Q = [0, +00) is the renewal equation found in Gabriel [19]. For many applications, one
must thus weaken the positivity condition (2.2). This forces us to add a localization or
confinement condition and work in a weighted space.

The following assumptions will be used in Harris’s theorem below. In all of this section,
V: Q — [1,400) denotes a measurable function, that we will call in the sequel a Lyapunov
or weight function.

Hypothesis 1 (Operator Lyapunov condition). An operator S satisfies an operator Lya-
punov condition with Lyapunov function V if there exist 0 < v < 1 and K > 0 such
that

[Sullv < vcllpllv + Kl for pe My. 3.1)

Hypothesis 2 (Harris condition). An operator S satisfies a Harris condition on a set
C C Q if there exist 0 < a < 1 and 1 € P such that

Su > an/,u, for all 0 < p e M. (3.2)
c

In other words, Hypothesis 2 states that the Doeblin condition (2.2) holds, but only
for measures p supported on the set C.

Hypothesis 3 (Local coupling condition). An operator S satisfies a local coupling condition
with Lyapunov function V if there exist 0 < vy < 1 and A > 0 such that

(veNv, Ivlv < Allv]))  implies [|Sv] < yullv]. (3.3)

The term local coupling condition comes from the fact that it implies that (and is in
fact equivalent to)

(myeQ V) +V(y) <A) implies [S(8, - 8,)] < 27,

so that the distance between S0, and S, is strictly less than the distance between
0, and J, under a localisation condition on x and y. The following lemma shows that,
roughly speaking, the Harris Hypothesis 2 implies the Local coupling Hypothesis 3.

Lemma 3.1 (Harris implies local coupling). If S satisfies the Harris condition (Hypoth-
esis 2) on the set C = {x € Q | V(z) < R} for some R > 0 and 0 < a < 1
then it satisfies the local coupling condition (Hypothesis 3) with any A € (0, R/2) and
vy :=1—a(l —24/R) € (0,1).

Proof of Lemma 3.1. Under the Harris condition (3.2) and when v satisfies the LHS
hypotheses of condition (3.3), a sizeable part of the mass of v, and v_ isin C := {x €
| V(z) < R}, as can be seen from the bound
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/ <1/||<A/|| 24
v — [ Vv — vl== | v
t=R ~ R R +

o\c

where we have used in a fundamental way that the masses of v and v_ are equal in the
last line. That implies

Because of the Harris condition (3.2) and the fact that the mass of v and v_ are equal,

it holds
2A
Svy > an <1— §> /V:t =:rn,

=a(1-2) [re = 52w
ri=uo R V4 = B V.

Repeating the proof of Theorem 2.1, it holds then

with

ISl < vl = 2r = yulvl.-
That is exactly inequality (3.3) with vy :=1— (1 —24/R). O

Theorem 3.2 (Harris’s Theorem). Consider S: My — My a stochastic operator which
satisfies the operator Lyapunov condition (Hypothesis 1) and the local coupling condition
(Hypothesis 3) with K/A < 1 — v, both with the same weight function V. Then S has
a unique stationary state pu* € Py, which is exponentially stable. More generally, there
exist v € (0,1) and C € [1,00) such that

I1S™v|v < CH™v|v, for allv € Ny and n € N. (3.4)

Due to Lemma 3.1, the conclusion of Theorem 3.2 applies also if S satisfies the Lya-
punov condition (3.1) and the Harris condition (3.2) with 2K/R < 1 — «. With this
result, we recover the main result of Hairer and Mattingly [22] with a similar approach,
except that we work on the stochastic operator side rather than on the dual Markov
operator side. In particular, and as in Doeblin’s framework of Section 2, we deduce the
exponential asymptotic stability of the equilibrium v* in My, namely

1" — p*|lv < C" || — w*||v, for all 4 € Py and n € N.

The theorem doesn’t exclude the existence of other equilibria with infinite V-moment.
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Proof of Theorem 3.2. We introduce a new norm || - ||y on My, defined by
el = Nl + Bllpllv, (3.5)
for some § > 0 to be chosen later. Note that || ||v and | - ||y are equivalent norms, with

1+ 8)Hlullv < Nellv < 87 lellv-
We claim that there exist § > 0 small enough and v € (0,1) such that
ISvilv < Allivliv, for all v € Ny. (3.6)

Using (3.6), we may then straightforwardly adapt the proof of Theorem 2.1 in order to
conclude to the existence and uniqueness of a stationary state u* € Py of S and to the
geometrical decay (3.4) with C := (1+ 8)/8.

We may then focus on the proof of the contraction estimate (3.6). For that purpose,
we take any v € N and estimate the norm ||Sv||v in two alternative cases:

First case. Contractivity for small V-moment. When

lvllv < Ay, (3.7)
the local coupling condition (3.3) implies

[Svll < vulv|.
Together with the Lyapunov condition (3.1), we have

llSvilv = ISvil + BlISvv
< (va + BE)|Iv|| + Byclvilv < nllvllv,

with
Y1 := max{yy + BK,vL}.

Choosing 8 > 0 small enough such that 5K < 1 — g, we get 17 < 1 and that gives the
contractivity property (3.6) in this case.

Second case. Contractivity for large V-moment. Assume on the contrary that
lvllv > Al (3.8)
From (3.1) we deduce then

ISviv <villvilv + Klvl| < (v + K/A)|v]lv,
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with vz, + K/A < 1 by assumption. Together with (2.1), we deduce

IS llv = I1Svil + BllSvlv
< vl + B(ve + K/A)v]v
< (1= Béo)llvll + B(ve + K/A+do)Ivllv,

for any dp > 0, by using that V' > 1 in the last inequality above. We thus get

I5¥llv < allvllv,

with 79 := max(1 — Bdg, vz + K/A + dp). We get the contractivity property (3.6) in
this case by choosing d; > 0 small enough (and keeping the choice of 5 > 0 made
in the previous case) so that v € (0,1). The proof of (3.6) is completed by setting
v :=max{y,72}. O

Remark 3.3. By following the above proof one can give an explicit expression of the
constants. Because

L <M ::1—%(1—%—1(/%1),

we have

3 = max{yu + B L= 0 (L~ K/A))

We see then that the best choice of £ is the (uniquely defined) positive zero of the
following second order polynomial equation

KB+ (K+b—a)f—a=0,
witha:=1—~vg >0,b:=1—~, — K/A > 0.

We end the section by presenting a different proof of Theorem 3.2. The outcome is
essentially the same, but we do not obtain as part of the argument the contractivity of a
modified weighted total variation norm as in the previous proof. On the other hand, the
result has an extremely short proof which makes the role of the assumptions very clear!

Alternative proof of Theorem 3.2. Given v € Ny, we call
vp = [|S™Y||v, my, = ||S"y|,
for integer n > 0. The Lyapunov condition (3.1) shows that

Unt1 < YLvn + Kmy,. (3.9)
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The local coupling condition (3.3) and the non-expansive mapping property (2.1) to-
gether imply

vr||V|] whenever ||v||y < Ay,
[Sv]| <
Izl always.
In particular,
1—vm

1Sl < yullvll +

l7]lv always,

A

since the inequality can be checked to be true in the two cases ||v]ly < Aljv|| and
lvllv > Allv|l. Applying this to S™v we get mnr1 < ygmy, + 11;“" vp. Together with

(3.9), this gives the system

Unt1 < YLUn + Kmy,
1—m
Mpt1 < Tvn + YaMp,

whose associated matrix is

v K
M = _ .
(—1 . WH)

One can easily see that the condition for the eigenvalues of this matrix to be both strictly
less than 1 is that 1 —~; > K/A, so that both v, and m, decay exponentially in n.
Existence and uniqueness of an equilibrium in Py follow as before. O

4. Subgeometric convergence for discrete-time semigroups

We now extend Harris’s Theorem to cases in which a weaker form of Lyapunov con-
dition (3.1) holds true, with a slowing of the speed of decay as a drawback.

In all of this section, V':  — [1,+00) is a measurable weight function, still referred to
as a Lyapunov or just weight function and ¢: [1,4+00) — [1, +00) a concave function with
(1) =1 and lim,_, 4o ¢©(v)/v = 0. The following assumption generalizes the Lyapunov
condition from Hypothesis 1 and will be used in the subgeometric version of Harris’s
theorem below.

Hypothesis 4 (Weak operator Lyapunov condition). A stochastic operator S satisfies a
weak Lyapunov condition for V and ¢ if there exist K > 0 and 0 < ¢ < 1 such that

ISpllv + <l < llullv 4+ K, for all € My. (4.1)

Let us make some observations.



J.A. Cawizo, S. Mischler / Journal of Functional Analysis 284 (2023) 109830 13

Remark 4.1. Because ¢: [1,400) — [1,400) is a concave function, then ¢ must be
continuous and nondecreasing. The continuity of ¢ ensures ¢ (V) = p oV is measurable.
The asymptotic condition lim,_, 1o ¢(v)/v = 0 ensures that we are not in the framework
of Section 3 since Hypothesis 1 does not need to hold.

Remark 4.2. If S is a Feller-type stochastic operator and P is the associated Markov-
Feller operator on Cy(Q2) such that P* = S then, by duality, Hypothesis 4 is equivalent
to the property

PV +¢p(V) <V +K,

which is perhaps more often found in the literature (see for instance, Douc et al. [15,
Theorem 3.3 (i)]). We remark that a possible definition of the function PV is PV :=
lim P(V,,) € [0,00], where (¢,,) is a nonnegative sequence of Cy(f2) such that ¢, 71,
which belongs to £73.(€2) because of the above Lyapunov property.

4.1. Existence of an equilibrium

We now show that under weak Lyapunov and coupling conditions one can build a
norm || - ||l equivalent to || - ||y for which our stochastic operator S is a contraction, in a
quantitative sense. This will be used for existence and uniqueness results, and later for
obtaining decay rates.

Lemma 4.3. Consider a stochastic operator S such that
1. S satisfies a weak Lyapunov condition (Hypothesis /) associated to functions V, ¢
and constants K, .
2. For some integer N > 1, the operator S™ satisfies a local coupling condition (Hy-

pothesis 3) for o(V), with constant A > K/s.

Then for any v € Ny, there exists an integer n with N <n < 2N — 1 such that

n—1
lS™vlv + « Z 1S*v o0y < v llv, for allv € Ny, (4.2)
k=0
where
eellv == Nl + Bllpllv, — for pe My,
and with

B:=0=~u)/(KN), a:=p(c—K/A)>D0. (4.3)
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Proof of Lemma 4.3. We fix v € Ay, and denote vy, := S*v for all integer k > 0 and we
set Vo := ¢(V'). We observe that if for a given k, we have

lvellve = Allvll; (4.4)

then this inequality and the weak Lyapunov condition in Hypothesis 4 imply

K
il < llvwllv = (s = ) lIvsllve,

where the quantity ¢— K /A > 0 by hypothesis, which allows us to carry out the argument.
Multiplying by 3, using that o = 8(¢ — K/A), and the contractivity |vet1|| < ||vg|, we
have

Bllvksallv + lverall < Bllvellv — allvellvy + vl

that is

llvatallv: < fllenllv = allvgllv- (4.5)

Now we have two cases:
Case 1. If (4.4) holds for all integer k with 0 < k < n — 1, then we directly obtain (4.2)
by iterating the difference inequality (4.5).

Case 2. If (4.4) fails for some k in {0,...,n — 1}, then take k* the smallest integer in
this range in which the condition fails. Then we may use (4.5) for 0 < k < k* and obtain

k*—1

v < vllv —a Y lvllve- (4.6)

k=0

I~

Define now n := N + k* in this case. Using that SV satisfies the coupling condition, we
have

lvnll < vellvie-]- (4.7)

On the other hand, we may use the weak Lyapunov condition and the fact that k — ||vg||
is nonincreasing to get

[irillv < llvellv = slivellv + Kllvg-

for all k =k*,...,n — 1. Summing the inequality in this range, we get
n—1

wallv < llve=llv =< > Ivallvg + NE|vg-
k=k*
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Multiplying by 8 and adding ||v/,|| to complete ||v, || on the left hand side, we deduce

n—1

v =B > lvallve + BNK lvg- || + [[val.
k=k*

Bllvnllv + l[vnll < Bllvs-

Using (4.7) and reorganising terms, we conclude with

n—1
lonllv +a >~ Ivalive < Bllves v + (BNEK + )|y
k=k*
k*—1
= Blvisllv + viell = s llv < lellv —a Y v,
k=0

where in the last inequality we have used (4.6). This shows the result. O

Theorem 4.4 (Ezistence of equilibrium). Consider a stochastic operator S satisfying the
same conditions as in Lemma 4.5. Then there exists an equilibrium p* € Pyvy.

Proof of Theorem 4.4. Take any g € Py and define
vy := Sho — po, v = S*ug, k> 1.

From Lemma 4.3, we can find an increasing sequence (n;);>o with ng =0, N < n;q; —
n; <2N —1 and

ni+171
Wil +a D>~ Ialloe) < llwollv, i >0
k:ni
Summing this for all ¢, we get
o0
aY vy < llwollv, i =0.
k=0

This shows that the sequence of probability measures (S¥1o)r>0 is a Cauchy sequence
in the norm | - ||,(v), and hence converges to a certain probability measure p* € Py
which must satisfy Su* = p* by construction. 0O

4.2. Uniqueness of equilibrium

Another consequence of Hypotheses 3 and 4 is the uniqueness of equilibrium, that we
present in two different frameworks.
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Corollary 4.5 (Uniqueness of equilibrium). Let S be a stochastic operator which satisfies
the Lyapunov condition (Hypothesis /) and the local coupling condition (Hypothesis 3)
of the existence Theorem J.J for two couples of weight and sublinear functions (V1,p1)
and (Va, @2) such that ©2(Vz) > Vi. Then S has at most one equilibrium in Py, (v,).

Proof of Corollary 4.5. Let us consider two equilibria 7, u3 € Py,(v,) and let us set
vo= ps — pi € Ngyvy) € Ny,. From Lemma 4.3 applied to (Vi,¢1) and because
Sky = v for any k > 0, we get

n—1
Illvs +a D vllgy0n) < vl
k=0
for some equivalent norm || - [||v;, some integer n > 1 and some constant « > 0. That

implies ||V, (v;) = 0, and thus p3 = p7. O
We now consider the case when S is a Feller-type stochastic operator.

Corollary 4.6 (Uniqueness of equilibrium). Let S be a Feller-type stochastic operator
which satisfies the hypotheses of the existence Theorem .. Then S has a unique equi-
librium p € Py -

Before we prove that uniqueness result we will show that the weak Lyapunov Hypoth-
esis 4 implies similar inequalities for ¢(V'), where v is a concave function:

Lemma 4.7. Let S be a Feller-type stochastic operator which satisfies the weak Lyapunov
Hypothesis 4 for V. From Remark /.2, that is, S = P* and

PV <V —sp(V) + K. (4.8)
Then for any concave function ¢: [1,4+00) — [1,+00), we have
Pp(V) < (V) =)' (V)(V) + K¢/ (V).
Proof of Lemma 4.7. Notice that because v is a concave function, there holds

Y(v) = inf ), VveR,

where Uy, == {{ : R - R, {(v) :=av+b, a,b € R, ¢ < ¢}. Using that P is a positive
operator, we deduce that

PY(V) < PUV) = ((PV), Y{EUy,

and then the Jensen’s inequality
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Py(V) < ¢(PV). (4.9)

Using (4.9), the nondecreasing property of ¢ (as emphasized in Remark 4.1), (4.8) and
the fact that 1 is concave again, we get

PY(V) <yp(V —cp(V) + K) < (V) = ¢'(V)(sp(V) — K),
which gives the inequality in the statement. O

Proof of Corollary 4.6. The existence of an equilibrium is given by Theorem 4.4. Assume
there are two equilibria p7, 15 € Pyvy, and call v := uj — p3, so that in particular
v € Nyvy and Sv = v. Similarly as in the proof of Corollary 4.5, we would like to use
the weak Lyapunov condition from Hypothesis 4 in order to get

slvlloon < Kllvll, (4.10)

but this is not allowed because v is not necessarily in Ny, and we cannot justify cancelling
the term ||u||y on both sides. Hence we carry out an approximation procedure in order
to deduce (4.10). Since S is of Feller-type, S = P* for a Markov-Feller operator P. Take
1 [1,400) = [1,+00) a bounded concave function such that ¢’(v) <1 for all v > 1, so
that

Py(V) < (V) = ' (V)e(V) + K,

from Lemma 4.7. After integration and by duality, for any 0 < € M, (), we have

[osus [ovm—s [ oo i [

Applying this to p = |[v] = [u] — p3| € My, we get

Jowisvi< [wsil < [oml =< [ @ewi + & [,

and since Sv = v, we deduce

c/WWMWMSK/M- (4.11)

Taking for example 1, (v) := narctan (3 + v/n), so that ¢/ (v) /1 as n — oo, and
passing to the limit as n — 400 in (4.11), the dominated convergence theorem shows
that (4.10) holds true. Since (4.10) holds, the iterated coupling condition (Hypothesis 2
in Lemma 4.3) gives that

Il = 1S¥ vl < ya v,

which implies ||v|| = 0 and hence pj = pj. O
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4.8. Subgeometric decay rates

For a nonempty interval I C R, and a function £: I — R, we recall that the associated
Legendre transform £* : R — R U {+o00} defined by
& (u) = sup(Au — &(N)),
el

is an increasing and convex function, and in particular it is continuous on the interior of
the interval D(£*) := {u € R; £*(u) < +00}. We also define the closely related transform

§e(u) := sup(§(A) — Au) = (=§)"(-w),

Aerl

also defined (and possibly +00) at all u € R.
Our main theorem in the subgeometric case is the following, which involves two dif-
ferent weight functions V; and Va:

Theorem 4.8 (Subgeometric Harris, interpolated version). Consider a stochastic operator
S such that:

1. S satisfies a weak Lyapunov condition (Hypothesis 4) for two couples of weight and
sublinear functions (V1,¢1), (Va,p2) and constants Ki,¢1, Ko,<a, Tespectively, and
such that Vi < V5.

2. There exists an integer N > 1 such that SN satisfies a local coupling condition
(Hypothesis 3) for both ¢1(V1) and pa(Va), with constants A1 > K1 /1, Aa > Ko/
and same constant .

3. The following interpolation condition holds: there is a function £: Ry — Ry which
is increasing and satisfies E(A)/A — 0 as X = 0 and such that

A< oi(Vi) + €NV, for all A > 0. (4.12)

Then there exist constructive constants C > 0 and 0 < r < 1 (depending only on &, K;
i, A; fori=1,2, and on vy ) such that

1S v||lvy, < CO (rn)||V|vy, foralln > 1, (4.13)
and
" C
II1S"v| < E@ (rn) |V||vy, foralln > 1, (4.14)

for any v € Ny,, where for t > 0
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Remark 4.9. (1) Under the assumptions of Theorem 4.8 and when Vi < ¢3(V2) or S
is of Feller-type, we get the existence of an equilibrium (Theorem 4.4), its uniqueness
(Corollary 4.5 or Corollary 4.6) and a decay rate of convergence to zero (Theorem 4.8).

(2) Let us emphasize that, in contrast with Theorem 2.1 and Theorem 3.2, here in
principle there is no reason that y* belongs to Py, and thus, we cannot apply Theorem 4.8
to p — p* and deduce S"p — p* as n — oo (with or even without rate!). We will come
back on that issue in Remark 4.14 below.

In the rest of this section we prove Theorem 4.8. We start with a finite difference
inequality which is at the basis of the estimates we carry out in the proof:

Lemma 4.10. Let (u,)n>0 be a nonnegative sequence which satisfies
Upt1 — Up < —g(uy) for all integers n > 0, (4.15)

for some continuous, increasing function g: (0,ug] — (0,+00) such that v — 1/g(v) is
not integrable on (0,ug). Then

u, < H '(n) for all integers n > 0,

where
H(u) := /ﬁ dv for w € (0, up).

Proof of Lemma 4.10. Let u = u(t) be the solution for ¢ > 0 to the ordinary differential
equation

u'(t) = —g(u(t)),  u(0) = uo,

which is precisely u(t) = H~1(t). We prove by induction that u,, < u(n) for all n > 0. It
is indeed true for n = 0. If we assume u(n) > u, for some n > 0, then

u(n+1) > a(n + 1),

where 4 is the solution to

u(n) = uy,.
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which shows up41 <u(n+1). O
Lemma 4.11 (Difference inequality). Take M > 0,0 < § < +o0, and ¢: (0,6) — (0, 4+00)
a nonnegative function satisfying limx_,o C(A)/A = 0. If a sequence (up)n>0 of nonnega-
tive numbers satisfies ug < M and

Unt1 < (1= Nup + MC(N) for alln >0 and all A € (0,9), (4.16)
then

u, < MF~Y(n) for all integers n >0,

where

i 1
F(u) := u/ 0 dv  forue(0,1],

and * denotes the Legendre transform of C.

Proof of Lemma 4.11. Call v,, := u,, /M for n > 0. Minimising (4.16) in A we obtain
Unt1 — U < —C"(vp) for n > 0.

In particular ¢*(v,) must always be finite on (0, vg], since the sequence (v,,) is assumed

to be a sequence of nonnegative numbers, and (* is a nondecreasing function. Notice

also that ¢* is continuous since it is convex, and that the condition limy_,o((A)/A =0

ensures (*(v) > 0 for all v € (0,vp]. Then Lemma 4.10 with g = (* gives

v, < F~1(n), (4.17)

where
F(v) / LI for v € (0, o]
V)= | ——ds r v , Vo]l
¢ (s) 0

Since vg = ug/M < 1 by assumption, this shows

F(v) < / C*l(s) ds =: F(v) for v € (0, vo],

where we understand 1/¢*(s) = 0 is (*(s) = +o0o0. Hence (4.17) gives
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Uup < MF~1(n)
for all n > 0, as required. O

We also need a technical lemma which will be used to simplify the bounds in our main
results.

Lemma 4.12. Let g: (0,+00) — (0,400) be a positive, nondecreasing function with
limg_0 g(s)/s =0, and define

1

1

F()\)::/@ds for0 <A <1,
A

(We notice that F~1: [0, +00) — (0, 1] is well defined, continuous and strictly decreasing,
since F is strictly decreasing and limy_,o F'(\) = +00.) Then for any k > 0, there exists
a constant C > 1 which depends only on k and g, such that

F7Yt—k)<CF™Yt)  forallt>k.

Proof of Lemma 4.12. We first notice that for any C' > 1 and 0 < A < 1/C,

F(C)) =

Q
S —
o
»
Il
=
=
\
y\g
o
»
AN
=
=
\
Q
\
N
.

Using that limy_o A/g(C\) = 400, we may take Ag < 1/C small enough so that

(C-1) >k for all 0 < X < Ao,

9(CA)
o

F(ON) < F(\) —k  forall 0 <A< A,
so setting A := F~1(¢) for some t > F(\g) we get

F(CF ') <t—k  forallt> F(\),
which after applying F~! gives the inequality in the lemma whenever ¢t > F()\q). The
inequality is also clearly true, with some other constant C, for all ¢ € [k, F((\o)], since

this is a compact interval. O

We are now ready to give the proof of Theorem 4.8:
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Proof of Theorem 4.8. Let || - ||y, and ||| - ||y, denote the norms from Lemma 4.3, equiv-
alent to || - ||y, and || - ||y, respectively, defined by

lleellve == llpell + Bullllve, Vi€ My,
lleellve == llpell + Ballllve, Vi€ Mys,

with
Bri= (1 —yu)/(KiN),  B2:= (1 —vm)/(KaN).
We also take
a = min{Bi(q1 — K1/A1), Ba(2 — Ka/A2)} > 0.

Take v € Ny,, and denote vy, := S*v for integer k > 0.

Step 1. Uniform bound on the Va3 norm. Using Lemma 4.3 for V5, we can recursively define
an increasing sequence of integers (n;);>o such that ng =0, N <n;11 —n; <2N —1 for
all ¢ and which satisfy

|||Vni+1|||v2 S |||V711 V27 Z Z 1 (418)

On the other hand, using the weak Lyapunov condition (Hypothesis 4) and the total
variation non-expansive property (2.1), we have

lvesalllve < llvllve + BaEollvill < (1 + B2K2)[[vllve,

and thus
lvillv, < Collllvy, — for all & >0, (4.19)

with 02 = (1 + 62K2)N.

Step 2. Decay along a subsequence. Using again Lemma 4.3, now for V7, we can recursively
define a (possibly different) increasing sequence of integers (n;);>o such that ng = 0,
N <n;y1 —n; <2N —1 for all 4 and which satisfy

'ni+171

i llva + e Y vl < lm,

k:ni

Vi 1> 1, (4.20)

and in particular

|||Vni+1|||V1 +a||yn¢||tp1(vl) < |||V7li|||V17 i1, (421)
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where we have ignored all terms in the sum except for the first one. From (4.21) and the
interpolation condition (4.12) we deduce, for any A > 0,

|||Vni+1|||V1 + )‘aHVm v < H|V’ﬂ1 Vi +€()‘)O‘HVTL1 Va-
We now use that the norms || - ||y, and || - ||y, are equivalent, respectively, to || - ||y, and
Il - llv,: from the definition of || - |||v;,
. o
)‘a”Vni Vi > )\"{mym Vi with = 1 +Bl’

for any A > 0. Also, from the definition of the || - ||y, norm and (4.19),

L
Ba

Cs
llvn lve < —=llllvs-

B2

‘an‘,HVZ <

The three previous estimates together imply

E(N)Ca
meallve < (1 — M)l v + (;;HVHVZ,

for any ¢ > 0 and for any A > 0. Using that Vi < V4, so ||[V||lv; < [|¥[lv,, Lemma 4.11
with ((A) := £(A\/k) and M := ||v||v, max{1, Coa/B2} then implies
m . .
lnillv < —llvllv,©(si)  forall i > 1, (4.22)
where m := max{1, Coa/fB2} and O is the decay rate function defined in the statement.
Notice that we have used that (*(s) = £*(ks) for all s € R, and that

1 1
)\/C*l(s) ds :A/f*(lfis) ds = %/f*ts) ds < %F(,{)\),

so the decay rate in Lemma 4.11 is bounded by the one given in (4.22).

Step 3. Decay along the full sequence. Now we have proved this decay rate along the
sequence (n;);>o. In order to extend this to all indices k, we observe that proceeding
exactly as in the proof of (4.19), we get

H|Siyk|HV1 < Cﬂ”Vkal? for all k,¢ > 0, (423)

with Cy := 1+ 81 K. For any k > 0, choose j > 0 such that n; < k < n,;11. Due to the
spacing of the terms n;, it must hold that

[k/(2N —1)] <j < [k/N]. (4.24)
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Writing k& = n; + ¢ for some 0 < i < 2N — 2, we have, using (4.22), (4.23) and (4.24),
el = 018" v, llva < Cillvm,lllva

_om ) k
<200l < €O (x| g | ) vl

where the constant C' is given by
1
C:= 012]\”2@ = CN 72" max{1,Ca/Bs}.
K K

Step 4. Simplification of the decay rate. We notice that

k k
> — >
{2N—1J2N—1 1 for all k > 0,

so we may use Lemma 4.12 to obtain

© (“ kalJ) =9 (2]€k1 ‘“) =0 (2&%1)

for all £ > 2N — 1 and some constant C' > 0. Since the inequality

© <“ bzvk— 1D =0 <21€k_ 1)

is clearly also true for some (other) C' > 1 and the finite set of integers 0 < k < 2N — 1,
we obtain the form of the decay rate given in the statement.

Step 5. Decay in total variation norm. In order to deduce the second estimate (4.14), we
come back to the first inequality in (4.20) that we iterate and sum up in order to obtain,
for any 0 < j < 14,

n;—1
H|Vnz |||V1 + « Z ||Vk||</91(v1) S |||an |||V1 .
k:nj
Together with the non expansion inequality

[n I < Nlwell < lnllor i), VE < ni,

and the decay proved in (4.22), we deduce

(ni —nj)elvn, || < M|v[lv,©3).

Choosing j = |i/2] and using that n; —n; > N(j — 1),
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vl < 2wl 001i/2]).

Carrying out a similar argument as above to extend this to all indices k, we obtain

el < 20| g ) Ivliv

for all k > 1, for some other constant C's > 0. A similar reasoning as in the previous step
gives the simpler form of the decay rate given in the statement. 0O

4.4. Subgeometric decay rates for Feller type stochastic operator

As a consequence of Theorem 4.8, we can prove the following theorem adapted to
Feller type stochastic operator and which is closer to the continuous-time framework
developed in Douc et al. [15], see also Hairer [20].

Theorem 4.13 (Discrete subgeometric Harris theorem for Feller type stochastic operator).
Consider a stochastic operator S of Feller type such that

1. S satisfies a weak Lyapunov condition (Hypothesis 4) with functions V, ¢ and con-
stants ¢, K.

2. For some N > 1, SN satisfies a Harris condition (Hypothesis 2) on the set C :=
{e(V) < 2R} for some R > 2K/s.

Then there exists a unique equilibrium p* € Pyyy. Moreover, for any strictly concave
function ¢: [1,400) — [1,400) with (1) ='(1) = 1, limy_ 400 Y(v) = +00, and such

that v — ' (v)p(v) is nondecreasing and satisfies Y’ (v)p(v) > R whenever (v) > 2R,
we have

C
|S™v| < E@w(rn)Hz/HV for alln > 1, (4.25)

for any v € Ny. Here C > 1 and 0 < v < 1 are constructive constants and the decay
rate ©y is given by

where
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Remark 4.14. Provided that ¢’ (v)p(v) > ®(p(v)) for any v > 1 for some concave function
® : [1,00) — [1,00) and SV satisfies a Harris condition (Hypothesis 2) on the set
{¢(V) < 2R} for any R > 2K/, the techniques developed here make possible to establish
that p* is asymptotically stable: there exists a decay rate function © such that for any
p € Pyvy there holds

1570 — | < B — 1oy ¥ > 1. (4.26)
Defining indeed the weight function W := ¢(V'), Lemma 4.7 implies that
PW +¢®(W) <W + K,

which is nothing but saying that S satisfies a weak Lyapunov condition (Hypothesis 4
and Remark 4.2) with functions W, ® and constants ¢, K. Because of the above strong
Harris condition, Theorem 4.13 holds with W for a family of rate functions ©. For any
on them, we may apply Theorem 4.13 with v := pu — u* € Py and deduce (4.26).

Proof of Theorem 4.13. First, we notice that f is invertible since v — (v)/v is strictly
decreasing, as can be seen from
4 90) ) - Y()

d = 3 <0 forv > 1,
v v

since v’ (v) < 9 (v) for v > 1 due to the strict concavity of ¢ and the fact that ¢'(1) = 1.
In order to show the result we use Theorem 4.8 with

Vo=V, Vi :=¢(V).

Let us check the assumptions of Theorem 4.8. First, the weak Lyapunov conditions
(4.1) and (4.8) are satisfied for Vo = V by assumption. In order to see that a weak
Lyapunov condition holds also for V3 = ¥(V), use that ¢ is concave to write, with
Jensen’s inequality (4.9) and (4.8),

PY(V) <op(V —sp(V) + K) < (V) = ' (V)p(V) + 4" (V) K
<YV) =<' (V)p(V) + K = (V) = sp1 (9(V)) + K,
where we make the choice
P1(P(v)) =P (v)p(v).

Notice that ¢; is a nondecreasing function with ¢1(w) > ¢1(1) = 1. Observing that

PPV An) < PY(V) <¢(V) — o (p(V)) + K,



J.A. Cawizo, S. Mischler / Journal of Functional Analysis 284 (2023) 109830 27

by duality for any 0 < p € My, we have

|wmmwm=/QHVAms/pwww—wmwv»+Ky

By Beppo Levi theorem, we may pass to the limit in the above inequality and we obtain
that the weak Lyapunov condition (4.1) also holds for V; = V. Notice that both weak
Lyapunov conditions for Vi and V5 hold with the same constants ¢ and K.

The Harris condition for SV is satisfied on the set

C={reQ|p@() <R},
since by hypothesis the condition ¢1(¥(v)) = ¥’ (v)p(v) < R implies p(v) < 2R, so
C C C. Lemma 3.1 shows that SV satisfies the local coupling condition (Hypothesis 3)
for ¢1(1(V)) (and hence for ¢(V'), which is larger), both with any constant A < R/2.
Since R > 2K /¢ we may take A > K/¢, and the hypotheses of Theorem 4.8 are met.
In order to express the conclusion of Theorem 4.8, we observe that the interpolation
function & in (4.12) can be written more explicitly in the present case where V; = ¢(V5)

for some function ¢: [1,+00) — [1, +00) with ¢ (v)/v strictly decreasing. Indeed, in that
case, the interpolation is equivalent to

EA) = Af(v) — g(v) for all v > 1, (4.27)

where

Substituting v = f~1(2) in (4.27), £(\) must satisfy
EN) >Nz —g(f1(2) forall0<z<1,
so we can choose
€(N\) :=h*(\), where h: (0,1] — R is given by h(z) := g(f~'(2)).
Thus we have £* = h and we obtain F' = F in the conclusion of Theorem 4.8. O

There remains the question of choosing the function 1 which gives an optimal decay
rate ©,. There are two “extreme” choices for ¢: one can take ¢ asymptotically like

u

H(u) :z/ﬁdv
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(so that 9/ (v)p(v) behaves like a constant as v — +00); or one can take ¥(v) almost
equal to v (but still strictly concave). These are both useful in different cases, as we show

now in examples:

Polynomial decay Let us take

for some continuous, nondecreasing m: [1,4+00) — [1, +00) such that v — m(v)/p(v) is
strictly decreasing, m(1) = 1, and with

m(v) > R whenever ¢(v) > 2R.

It is possible to find such m, since one may take

m(v) = p(v)=e if p(v) < 2R,
- lerr if ¢(v) > 2R,

for small enough € > 0. The quantities in Theorem 4.13 can then be bounded as follows:

o) = L' (wpl) = "

0= [ g /lfl
¢ ¢

For example, if p(v) = v1=% a € (0,1), we obtain (with C' standing for a positive

SN

constant)

Pu) S1+Cu, fu) =2 <outt fE) < Cg

FyQ)<C(C=T-1), Fj')<(1+Ct)' =

As a conclusion, in that case, the rate of convergence (4.25) is

C
1S™v| < m”””v for all n > 1, (4.28)
n

for any v € My and some explicitly computable constant C' > 1.
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Ezponential decay On the other hand, when p(u) := u/(logu)®, a > 0, we take 9(u) =
u™, 0 < k < 1. We next compute

fv) =v""1 gw) = k" tlogv)™®, h(u) = Cru(logu=')",

for a constant C, = C1(a, k) € (0,00), and finally

1
F(v) = Co(logv™ )™, F~l(u) = e G

for some constants C; = C;(a, k) € (0,00). As a conclusion, in that case, the rate of
convergence (4.25) is

1
[S™v| < Ce ™™ |v|ly  forallm>1, (4.29)

for any v € My and some explicitly computable constants C > 1, A € (0, c0).

5. Results for continuous-time semigroups

In this section we again address the speed of relaxation to equilibrium, this time
in the framework of continuous-time semigroups. The most straightforward results are
obtained by applying the discrete-time results in the previous sections to any stochastic
semigroup (S¢):>0 as long as St satisfies the needed assumptions for some T > 0. We will
state these results first. Then, in the setting of continuous-time semigroups it is perhaps
more natural to look for similar Foster-Lyapunov-type conditions on the generator of the
semigroup instead of conditions on St for a given 7" > 0. Our main aim in this section
is to prove results of this type. We notice that they can be obtained as consequences of
our discrete-time results both in the geometric and subgeometric cases.

5.1. Geometric convergence

First we state Doeblin’s Theorem 2.1, as applied to a continuous semigroup, with a
straightforward proof:

Theorem 5.1 (Semigroup version of Doeblin’s theorem). Let (Sy)i>0 be a stochastic semi-
group in M. If there exists T > 0 such that St satisfies the Doeblin condition (2.2) then
the semigroup (S¢)i>0 has a unique equilibrium p* in P, and

|Sev|| < e Ml for allt > 0, (5.1)

l-«a
for allv € N, where

log(1 —a)

A=
T

> 0.
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Proof of Theorem 5.1. Theorem 2.1 shows that the operator St has a unique stationary
state in P, which we call p*. In fact, p* is a stationary state of the whole semigroup
since, for all s > 0, we have

StSsp” = SsSTu* = Ssp”,

which shows that Ssp* (which is again a probability measure) is also a stationary state
of S7. Due to uniqueness, we deduce

Sep* = p* for all s > 0.

This stationary state is clearly unique in P, since any stationary state of (S;);>o is in
particular a stationary state of Sp.

In order to show (5.1), for any v € N and any ¢ > 0 we write k := [t/T'|, where |- |
is the floor function, so that

N~

Then,

1Sl = IStk Skrvll < [|Skrvll

1 tlog(l —
< (-0l < e (BT ) o,

which is nothing but (5.1). O

As above, we could write the immediate counterpart of Harris’s Theorem 3.2, as
applied to a continuous semigroup. We rather present a version more adapted to a
semigroup setting. Indeed, in the continuous time setting, it is natural to consider Foster-
Lyapunov conditions on the generator A of the semigroup (S;):>0. A natural assumption
that replaces the operator Lyapunov condition in Hypothesis 1 is

LV < —oV +b, (5.2)

for some constants ¢,b > 0 and some continuous weight (Lyapunov) function V: Q —
[1,400), where L is dual to the generator A. When (S;);>¢ is of Feller type, we have
A = L* and L is the generator of the associated Markov-Feller semigroup (P):>0 on
Co(£2). This faces the technical problem that the generator L may not be defined on the
particular functions V' we wish to consider. However, for 0 < u € My, we may compute
at least formally

%/VStu:/LVStug/(—aV+b)Stu. (5.3)
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After time integration, we thus get (still formally)

/VStu < /V,u—i—/t/(—aV—i—b)Ssuds, (5.4)
0

forall t > 0 and all 0 < p € My. Equation (5.4) is a common way to understand the
generator Lyapunov condition (5.2) and thus to avoid the difficulty of defining LV. Let
us also notice that this problem has been circumvented in different ways in other works:
for diffusion semigroups, the generator is a local operator which is naturally defined
on arbitrary C? functions V' [1]; for general semigroups, one may define (5.2) to mean
that the process V(X;) — fg(—aV(Xs) + b)ds is a supermartingale for every starting
condition xy (where (X;);>¢ is the process associated to the semigroup (S¢):>0), & path
which is taken for example in Douc et al. [15], Hairer [20]. This probabilistic formulation
is equivalent to saying that the associated Markov-Feller semigroup (P;);>¢ satisfies

t
PV <V + /Ps(faV +b) ds, for ¢ > 0, (5.5)
0

or equivalently, that the associated stochastic semigroup (S;):>¢ satisfies (5.4). Another
possible alternative formulation, which we will not use in this work, is to require that
(5.3) effectively holds for any positive x which belongs to the domain Dy (L) defined by

Dy(L) := {u € My; }{I})/ w¢ exists, for any ¢ € C(Q), ¢/V bounded}7

provided that this one is dense in My, .
One can take this a step further by observing that, again at least formally, one may
use Gronwall’s lemma on (5.4) in order to deduce the bound

b
Seullv < e 7t |pllv + ;(1 —e )|l for all t > 0 and all p € M,. (5.6)

In a first result, we choose to avoid these technical problems altogether and state as
an assumption the specific consequence we need from either (5.2) or (5.5), which is the
following;:

Hypothesis 5 (Semigroup Lyapunov). Let V: Q — [1,4+00) be a measurable function
and (S¢)i>0 a stochastic semigroup on My,. We say the semigroup (S;);>o satisfies the
semigroup Lyapunov condition with function V' when there exist constants o,b > 0 such
that (5.6) holds.

We will later give a specific hypothesis on the dual generator L which ensures this
condition holds (see Hypothesis 6). However, we believe it is useful to state the basic
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condition in Hypothesis 5, since in concrete applications it may well happen that (5.6)
can be proved in some other way.

Theorem 5.2 (Semigroup version of Harris’s theorem). Let V: Q — [1,400) be a mea-
surable (weight) function and let (Sy)i>0 be a stochastic semigroup in My . Assume that

1. The semigroup (Si)i>0 satisfies the semigroup Lyapunov condition (Hypothesis 5).
2. For some T > 0, St satisfies the local coupling condition (Hypothesis 3) with b/A <
.

Then the semigroup has an invariant probability measure u* € Py which is unique within
Pv, and there exist \,C > 0 such that

ISev|lv < Ce M|y, fort >0, (5.7)
for allv e Ny .

Proof of Theorem 5.2. Hypothesis 5 shows that the operator Lyapunov condition (Hy-
pothesis 1) holds for Sy, since

_ b _
1Srullv < e lully + = (1= e D)|ul

for all u € My. The condition b/A < ¢ hence ensures St is in the conditions of Theo-
rem 3.2.

With the same reasoning as in the proof of Theorem 5.1, we see that (S¢);>¢ has
a unique stationary state in Py, which we call p*. We know from Theorem 3.2 that
there exist a new norm || - ||v (defined through (3.5) and a parameter 5 > 0, which is
equivalent to the norm || - ||y/) and 0 < v < 1 such that

IS llv < Allwilv,

for all measures v € Ny. In order to show (5.7), we follow a similar reasoning as in the
proof of Theorem 5.1. Notice first that due to (2.1) and (1.2) we have, for 0 < ¢ < T,

l1Ssullv < Cve Tlpllv, (5.8)

for all measures u € My . We conclude that (5.7) holds with

_ CyevT' 148 o _logy

C: ,
Y B T

>0,

and -, 8 are the constants in Theorem 3.2 as applied to the operator Sp. 0O
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We end this section by noticing that in the case of a Feller-type semigroup, Hypothe-
sis 5 is a consequence of the following condition on the dual generator L of the associated
Markov-Feller semigroup (P;);>0 on Co(£2). Hence Theorem 5.2 also holds it (S¢)>0 is
a Feller-type stochastic semigroup which satisfies the following hypothesis instead of
Hypothesis 5:

Hypothesis 6 (Generator Lyapunov). Let (S¢)i>0 be a Feller-type stochastic semigroup
on My . We say the semigroup (S;)¢>0 satisfies the generator Lyapunov condition with
function V' when there exist constants o,b > 0 such that (5.4) holds.

The fact that in the case of a Feller-type stochastic semigroup, Hypothesis 6 implies
Hypothesis 5 is a straightforward consequence of the following version of Gronwall’s
lemma:

Lemma 5.3 (Gronwall lemma). Consider (Si)i>0 a Feller-type stochastic semigroup in
My which satisfies the generator Lyapunov condition (Hypothesis () associated to V' and
some constants o,b > 0. Then (S;)i>0 satisfies the corresponding semigroup Lyapunov
condition (Hypothesis 5) with the same function V and constants o,b > 0.

We observe that the difficulty in proving this result is that there is no reason why
the function ¢ +— f 1V should be continuous, which makes it difficult to apply standard

results on differential inequalities, which usually require a continuous function.

Proof of Lemma 5.3. We fix 0 < pg € My and we set u; := Siug. We split the proof
into four steps.

Step 1. We first observe that the Lyapunov condition (5.4) is equivalent to

to ta
/ut2V+U//usVds < /,uth—i—b//usds, (5.9)
t1 t1

for any ¢t > t1 > 0 and all 0 < u € My . The inequality (5.4) is indeed a particular case
of (5.9) and the reciprocal implication is an immediate consequence of the semigroup
property of (S¢)i>o0-
Step 2. We claim that

L /Vu,f is right-continuous. (5.10)

We recall that because (S;)¢>0 is of Feller-type, there holds
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for any x € C.(f2), and even for any x € Cp(€2). On the one hand, as a consequence of
(5.11), for any x € C.(2), x <V, there holds

/HtX: lim/usx < liminf/usV.
s—t s—t

Choosing x, 'V, the monotone convergence theorem implies

/,utV: lim /MtXn §liminf/,usV. (5.12)
n—00 s—t

On the other hand, the semigroup Lyapunov condition (5.9) implies

/V/LS < /Vﬂt+b(8—t)//1,07 Vs>t
We deduce that

limsup/V,us < lim{/V,ut +b(s—t)/uo} _ /vut. (5.13)
s\t s\t

Equations (5.12) and (5.13) together imply (5.10).
Step 3. We claim that the Lyapunov condition (5.4) (or equivalently (5.9)) is equivalent
to the fact that (5.10) holds together with

d
E/Vﬂt < —U/Vﬂt'i‘b/,ut, (5.14)

in the sense of D’'(0,+00), the space of distributions on (0,+0cc). On the one hand, if
we assume (5.9) holds then (5.10) holds from Step 2. Multiplying equation (5.9) by a
nonnegative test function ¢ € D(0, +00), dividing it by ¢2 — ¢1, integrating and passing
to the limit as t3 \ t; (and using (5.10) to do this), we deduce (5.14).

On the other hand, if we assume that both (5.10) and (5.14) hold, in particular this

means that
//V,us(blsds—l—a/(bs/Vusds < b/q{)s/,us ds, (5.15)
0 0

0

for any 0 < ¢ € D(0,400). For ¢ > 0 and a given function 0 < p € D(R;) with
integral 1 and suppp C (0,1), define the sequence (¢,) by ¢,(0) := 0 and ¢/ (s) :=
np(s/n) —np((s—t)/n). We may pass to the limit n — oo in (5.15) by taking advantage
of (5.10), and we conclude (5.4).

Step 4. We introduce a mollifier (p.) with supp(p:) C (—¢,0) and the function

ue(t) = (lullv = po)(t) = / laallv pe(t — 5) ds,
R
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which clearly satisfies u. € C1. From (5.14), u. also clearly satisfies

u. < _UUE+K/,U'Oa

pointwise on (0, c0). From the classical version of the Gronwall lemma, we deduce that

K
Ue(ty) < e” 72ty (1)) + —(1 — e~ lt2=t0)) /,uo,
(o

for any to > t; > 0 and any € > 0. Observing that u.(t) — ||u¢||v as e — 0 for any t > 0
because of (5.10), we obtain that the semigroup Lyapunov condition (5.6) holds for any
t = t9 > 0, by passing to the limit € — 0 and next ¢; = 0. O

5.2. Subgeometric convergence

As we have just done for the geometric case, one may state analogous results to
Theorems 4.8 or 4.13 in the case of a continuous semigroup (S;);>0, as long as the
conditions of the theorems are satisfied by S for some time 7' > 0. However, the
conditions in Theorems 4.8 and 4.13 are not so natural for a continuous semigroup, since
they involve estimates for Sp and powers of Sr.

We will avoid these statements and give more convenient conditions in terms of the
semigroup, in the spirit of Hypothesis 5, and in terms of the generator of the semigroup,
in the spirit of Hypothesis 6.

A natural weak counterpart of the Lyapunov condition (5.2) consists in assuming that

LV < —op(V)+b, (5.16)
for some measurable weight (Lyapunov) function V': Q@ — [1,400), some concave func-
tion ¢: [1,400) — [1,+00) and some constants o,b > 0, where L is adjoint to the
generator A of (S);>o. This runs into the same technical problems discussed before
Hypothesis 5, so we will again use the consequence we would like to extract as an as-
sumption, and leave it to be checked in each specific application. Proceeding similarly
from (5.16) as for (5.2), we may formally compute

t

[Senllv < llpllv + /(bl\Suﬂll = ol[Suplle)) du, (5.17)
0

for any 0 < p € My and any t > 0. For a Feller-type semigroup, this condition is
equivalent to conditions (3.1) or (3.2) in Douc et al. [15]. We can take one more step
and deduce from (5.17) (still formally) the weak confinement counterpart of (5.6). As we
will establish for a Feller-type stochastic semigroup (see Corollary 5.8 below), a natural
consequence is
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[Sepllv + otl|Sepllpvy < Mlpllv + Kl (5.18)

for all ¢ > 0 and u € My, with K; := tb(1 4 ot/2). We then take this last property as
the assumption we impose on the semigroup:

Hypothesis 7 (Weak semigroup Lyapunov condition). We say that a stochastic semigroup
(St)1>0 satisfies the weak semigroup Lyapunov condition for a weight function V': Q —
[1,4+00) and a concave function ¢: [1,+00) — [1,4+00), ¢(v) < v for any v > 1, if there
exist constants b, o > 0 such that (5.18) holds.

The following continuous-time analogue of Theorem 4.8 is our main result in this
setting:

Theorem 5.4 (subgeometric Harris, interpolated version). Consider two measurable
weight functions V1,Va: Q@ — [1,+00), Vi < Va, and a stochastic semigroup (St)i>o0
on My, such that:

1. the weak semigroup Lyapunov condition (Hypothesis 7) holds for both weights Vi and
Vo, with functions and constants @1, by, 01 and @2, ba, o2.

2. For some time T > 0, St satisfies the local coupling condition (Hypothesis 3) for
both ©1(V1) and @2(Va), with constants Ay > K1 /o1 and Ay > Ky/os.

3. The interpolation condition (4.12) holds for some &.

Then there exists a unique equilibrium p* € Py, v,), and there exists some C > 0
depending only on the constants in the assumptions such that

ISl < COWIvllvy, V>0,
and
S| S COWIvllvy, V>0,

for any v € Ny, where

1

0 du.

o) = F1(1),  O(t):= %F*l(_), Fv) ;:/

Before coming to the proof of Theorems 5.4, we present a technical result.

Lemma 5.5. Let V: Q — [1,4+00) be a weight function and ¢: [1,4+00) — [1,400) be a
continuous and increasing function with (1) = 1. Let S be a stochastic operator which
satisfies the following “implicit” Lyapunov-type condition:
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1Sullv +allSullooy < llullv + Kllpll, — for all p € PN My (5.19)

for some K,o > 0. If we define V: Q — [1,400) and @: [1,4+00) — [1,+00) by

~ 1 _

V= 1—|—_U(V +op(V)),  @(V):=eV)
then @ is increasing, (1) = 1, and S satisfies a usual weak explicit Lyapunov condition
for V and ¢, namely

— ], for all p € My (5.20)

K
1Sully + HMH({;(V <lully + 1

Proof of Lemma 5.5. First, note that ¢ is well defined and ¢(1) = 1, since V' — 1+—a

(V+
op(V)) is a strictly increasing function which takes the value 1 for V' = 1. Using (5.19)
and the definition of V we have, for any u € My,

A+ o)Sully = ISellv + allSellev)
< ullv + Kllpl = A +o)llply = ollulloovry + Kllpl-

Due to the definition of @, this is precisely (5.20). O

Proof of Theorem 5.4. Let us show that the conditions of Theorem 4.8 are met by Sy,
for a certain ty > 0. First, for any ty > 0, we have the following implicit Lyapunov-type
inequalities by assumption:

1St pellvi + aitol|Seoill o, (viy < llusllvi + Kito(1 + aito/2) |l

for i =1,2 and all p € PN My,. We may define

_ 1 s
Vi = T+ on (Vi + 0is(V3)), 0i(Vi) == (i),

and we know from Lemma 5.5 that we also have the weak Lyapunov condition:

Kt
IStoble, + T2 il 5y < il + T (L4 o/l (521

Choose an integer N > 0 and take ¢y := T/N. We can choose N large enough so that

K; .
— (14 o05t9/2) < A;, fori=1,2, (5.22)

oF)

and then all hypotheses of Theorem 4.8 are satisfied by the operator S;,, since

1. Si, satisfies the weak Lyapunov condition (5.21) for ‘71, ©1 and 172, Da.



38 J.A. Cawizo, S. Mischler / Journal of Functional Analysis 284 (2023) 109830

2. Sgg = St satisfies the local coupling condition for both ¢; and @3, with constants
which satisfy the appropriate inequality thanks to (5.22).
3. The interpolation condition (4.12) and the assumption that ¢1 (V1) < Vi show that

AV, = ﬁ(m +o1p1(V1)) < AV < o1(Vi) + €NV < G1(V1) + (1 + 02)E(W)Va.

Hence the interpolation condition is satisfied for £(A) := (1 + g2)&(N).

Applying Theorem 4.8 gives an estimate of the decay of || Syullv and ||Sip| for ¢ = nty.
The same technique used before in the proof of Theorem 5.1 allows us to extend the
decay to the whole semigroup and obtain the result. O

We end this section by specifying Harris’ theorem to the case of a Feller-type semi-
group for which some simplifications occur. In this setting, the relevant confinement
condition writes:

Hypothesis 8 (Weak generator Lyapunov condition). We say that a Feller-type stochastic
semigroup (S;)+>o satisfies the weak generator Lyapunov condition for a weight continu-
ous function V: @ — [1, +00) if there exist constants b, > 0 and a continuous function
@: [1,4+00) = [1,4+00) such that (5.17) holds.

In much the same way as in Section 4, using Theorem 5.4 we can prove the following
result, which is a close relative of the main result in Douc et al. [15]:

Theorem 5.6 (Subgeometric Harris). Consider a Feller-type stochastic semigroup (St)i>0
on My which satisfies both the weak generator Lyapunov condition for a continuous
weight function V' (Hypothesis 8) and the Harris irreducibility condition (Hypothesis 2)
on the set C .= {x € Q| V(z) < R}, for large enough R. Then, there exists a unique
equilibrium p* € Pyyy, and there exist some constructive constant C' > 0 and a decay
rate function O such that

IS < O@)llllv, V=0,
for any v € Ny, where O(t) := COy(rt)/t with the notations of Theorem 4.13.
The proof of Theorem 5.6 is given in the rest of this section.
Lemma 5.7. Let V: Q — [1,400) be a continuous weight function and ¢: [1,+00) —

[1,400) a concave function with ©(1) = 1. If a Feller-type stochastic semigroup (S;
satisfies the weak generator Lyapunov condition (5.16) then it satisfies

Lp(V) < =" (V)p(V) + 4" (V)b, (5.23)
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for any concave function v: [1,4+00) = [1,4+00). Both conditions have to be understood
when integrated along the semigroup flow and thus L denotes the generator of the asso-
ciated Feller-Markov semigroup (Py)¢>o such that Sy =

Proof of Lemma 5.7. For the same reason as in the geometric case, we have (5.10). As
a consequence, we have at least

£t /¢(V)ut is cad,

or even it is continuous when (s)/s — 0 as s — oo. On the other hand, for any
0 < u e My, we have

ta

/uo{PtQV+U/PS¢(V)dS} < /uo{Pt1V+b(t2 —t1)},

t1
which is nothing but the dual form of (5.17), so that

ta
Pt2V+U/Pg(p(V)dS S Pt1V+b(t2 *tl). (524)

t1

Using Jensen’s inequality (4.9) and (5.24), for any h > 0 we have

h
Pub(V) < w(PaV) < 9(V +bh— o / Pp(V)ds)
0

h
< (V) +4'(V) (bh — J/PSQO(V)ds).
0

By duality, for any 0 < p € My, we deduce

JSuwv) = [y <o / [0 s - o / 8. WV evas,

for any h > 0 and ¢t > 0. Dividing by kA > 0 and passing to the limit h — 0, we get

& [y +o [rwwew) <o [,

which is the rigorous definition of the weak generator Lyapunov condition (5.23). O
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Corollary 5.8. If (S;) is a Feller-type stochastic semigroup which satisfies the weak gen-
erator Lyapunov condition (5.16) then it satisfies

[Sepllv + ot Sepllpvy < llullv + bt(1 + ot /2)||p]]- (5.25)
Proof of Corollary 5.8. Because of the weak generator Lyapunov condition (5.16) and

the non-expansive mappings property (2.1), we have

t
[Sepllv + U/ [Sutlloevy du < flullv + bl
0

for any t > 0. On the other hand, because of Lemma 5.7 applied to ¥ := ¢, we have

t
[1Sepell vy + 0/ [Suttllor(vypvy du < [[Supll vy + bt — w)|pl]-
u

After time integration of that last estimate and throwing away the second term at the
LHS, we get

t
t2
Sl < [ ISanloavy du+ 05l
0

Together with the first inequality, this allows us to conclude. O

Proof of Theorem 5.6. Thanks to Corolary 5.8, we see that the hypotheses of Theo-
rem 5.6 are met for Vo = V and V; = ¢(V) for any ¢ as in the statement of Theorem 4.13.
We may then apply Theorem 5.4 and conclude. 0O

The above result has to be compared with the already known following convergence
result.

Theorem 5.9 (subgeometric Harris). Consider a Feller type stochastic semigroup (Si)i>0
on My which satisfies both the generator Lyapunov condition (Hypothesis 6) and the
Harris irreducibility condition (Hypothesis 2). There holds

1
||StV|| 5 13,7—1(t)||V||V7 Vit > 0, Vv e NV, (526)

u

where H is defined by H(u) := /ﬂ

. It is worth observing that
o(s)
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1
D) ~t7k0 when m = (x)*, p(u) =ul"* 0< <k
1 g/ @) _ U
e ~e when m = e\ | @(u)—m, 0,0 >0,

when Q :=R? and (z) := (1 + |z|?)Y/2.

It is worth emphasizing that the above rates of convergence are precisely the same as
those obtained by our method for the same two examples presented at the end of the
Section 4 as made explicit in (4.28) and (4.29).

Theorem 5.9 has been established in Douc et al. [15] and an alternative proof has been
proposed in Hairer [20]. Both are based on non constructive probabilistic arguments that
we do not present here. We mention however that the proof of Theorem 5.9 as found in

Douc et al. [15], Hairer [20] consists in establishing
[t ol ds < Clnlly.
0

for any vy € Ny (in fact for vy = 0, — ;). Because s — ||v,]| is decreasing and (H~')" =
©(H™1), one deduces

HH ()]l < HH(8) e —/H —I\Vsll)

t

= H7(0)||w] +/<P(H‘1(8))Hvs||ds

0
< H ' 0)|[wol + Cllwollv,

which is nothing but (5.26).

We have not been able to give a constructive deterministic proof of Theorem 5.9.
However, our analysis makes it possible to recover Theorem 5.9 for some specific but
common examples, as explained at the very end of Section 4. We obtain constructive
constants in all our results, which is an improvement in all subgeometric cases.

6. Existence of an equilibrium under a subgeometric Lyapunov condition

We give here a quite general result about existence of an equilibrium for a Feller-type
stochastic semigroup which is independent of our previous results and in particular does
not need a coupling or Harris condition.

We thus consider hereafter a Feller type stochastic semigroup (S¢):>0 and we assume
that the weak generator Lyapunov condition (Hypothesis 7) holds for a weight function
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V:Q — [1,400), a concave function ¢: [1,4+00) — [1,4+00), for which we may assume
¢’ <1 without lost of generality, and some constants b, o > 0. Introducing the constant
R:=supV € [1, 0], we furthermore assume that

©(R) >b/s and {V < p} is compact for any p € [1, R),

the last condition being fundamental in the present approach which is based on the use
of the Prokhorov theorem about compactness of tight sequences. More precisely, from
the last condition and the Prokhorov theorem, we may claim that any sequence (u.,,) of
P with uniformly (in n) bounded ¢(V)-moment is relatively compact in P.

By fixing p € [1, R) large enough and £ > 0 small enough such that (¢ —&)p(p) > b,
we deduce that

L‘/?) < _‘/2+b1C7

where L is the generator of the associated Markov-Feller semigroup (P;) on Cy(€2),
Vi =V, Va:=ep(V)and C:={z € Q| Va(zx) < p}.

The above Foster-Lyapunov condition provides a sufficient condition for the existence
of an equilibrium.

Theorem 6.1. Any stochastic semigroup (S¢) on My which fulfills the above Lyapunov
condition has at least one invariant probability measure p* € My(vy.

Proof of Theorem 6.1. Step 1. We prove that (S;) is bounded in the sense of Cesdro in
My, . We define

A:=0bxy, B:=L-A,
with x € Co(€) such that 1 < x < 1. Since B is a bounded perturbation of L,

we classically know that B generates a semigroup Sp on the same space Cy(f2) and
furthermore

From the first inequality, we have Sp(t) > e~*'Sy(t) > 0 for any ¢ > 0, so that both Sp
and S% are positive semigroups. Because of the Duhamel formula

Sg =8+ 5Sg*(—A)S <8,
and Sf is a semigroup of contraction on M. In particular Sg € L°(%(M)), where

here and below, L°(X) denotes the space of bounded function from R, into X. From
the same Duhamel formula, we see that Sj is well defined on My, and has at least



J.A. Cawizo, S. Mischler / Journal of Functional Analysis 284 (2023) 109830 43

exponential growth rate. We can get a more accurate information. For 0 < pg in the
domain of Sj (defined in My, ) and denoting p, := Sj(t) o, we may compute

d
ax MtV‘zS/MtBV:’,S—/MtVé,

so that

t

/NtV?Hr///LsVzdSS/rog, Vit > 0.

0

We deduce that
S € L (B(My,)); / 1S5 tollaty, dt < ollat,. Yio € My,
0

We thus obtain Sj € L{°(#(My,)), by interpolation together with the previous estimate
Sg € L (B(M)). Alternatively, we could have used Lemma 5.7, in order to get

Bo(V) < (=sp(V) + )¢ (V) = bxp(V) < b(1e — x) <0,

next to compute directly

d

= [Ss0m)va <0,

for 0 < pp in the domain (in My, ) of S, and finally to deduce that (S%) is a semigroup
of contractions in My,. We next come back the splitting of the semigroup through the
Duhamel formula

S =Sz+ Sz AS,
and we introduce the associated Cesaro means

T T
/ Su(t)dt, W= % / (S5 + AS)(¢) dt.
0 0

el

T
1
UT = T /S(t) dt, VT =
0
We obviously have

T
1 *
Wellaaav,) < 7 [ 1850 amy de < 1.
0

On the other hand, for 0 < pg € My, we have
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T—1 T

Si(T) / AS(s)uodSSSZ%(T)/.AS(S),uods, VT >71>0,

0 0

by positivity of the three operators involved in this integral formula, and then

T T—7
(Wrstoll v, = H%/s;g( / AS(S)ModesHMvz
0 0

T

/HSB /AS ds,uOHMVZdT

0

I /\

IA

1

= d H < |4l B . :

TH/AS(S) sHoll,, S Al z(rt a0, 0] A
0

so that Wy is uniformly bounded in Lg°(Z#(My,)). We then deduce that Ur = Vpr +Wr
is also uniformly bounded in L{°(#(My,)).

Step 2. Existence of an invariant measure p* € My,. We define K := My, NP and
we fix ug € K arbitrary. Because of Step 1, the sequence ur = Urpg is bounded in K.
By Prokhorov’s theorem the embedding My, C M is compact, and hence there exists
a subsequence (p7,) and p* € K such that pug, — p* in the weak-* sense o(M, Cy) as
k — oo. For any fixed s > 0, we observe that

k—o0

L f L f
S(shut —p* = tim { / S8 — 7 [ St}
Ty Ty
0
Ti+s
hm /S 0——/5 ,uodt
k~>oo
so that p* is an invariant measure. 0O
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