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This article provides an algebraic study of intermediate inquisitive and dependence
logics. While these logics are usually investigated using team semantics, here we
introduce an alternative algebraic semantics and we prove it is complete for all
intermediate inquisitive and dependence logics. To this end, we define inquisitive
and dependence algebras and we investigate their model-theoretic properties. We
then focus on finite, core-generated, well-connected inquisitive and dependence
algebras: we show they witness the validity of formulas true in inquisitive algebras,
and of formulas true in well-connected dependence algebras. Finally, we obtain
representation theorems for finite, core-generated, well-connected, inquisitive and
dependence algebras and we prove some results connecting team and algebraic

semantics.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Introduction

In this work, we pursue an algebraic study of inquisitive and dependence logic. Although the connection

between these two logical systems is now firmly established, inquisitive and dependence logic were introduced

in different contexts and with different research interests in mind.

Inquisitive logic was formally developed by Ciardelli, Groenendijk and Roelofsen in a series of articles,

most notably in [12,15], where they introduced the so-called “support semantics”. Atomic formulas are as-

signed, under this semantics, to sets of possible worlds in a Kripke model. Inquisitive logic was developed

hand-in-hand with inquisitive semantics — a linguistic framework that aims at providing a uniform formal

characterisation of both questions and statements in natural languages. In particular, polar questions ex-

pressing “whether p holds or not” are represented by an operator 7p defined using the inquisitive disjunction

as 7p := p\—p. The interested reader can refer to [13] for a general introduction to inquisitive semantics.
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Dependence logic, on the other hand, was introduced by V&&nédnen [32] as an extension of first-order
logic with dependence atoms. The underlying motivation of dependence logic was to provide a logical
framework able to capture several relations of dependencies between variables. In its standard formulation,
dependence logic is defined via team semantics, originally introduced in [22], which generalises standard
Tarski’s semantics by teams, which are sets of assignments that map first-order variables to elements of the
domain. In its propositional version, a team is a set of valuations mapping propositional atoms to either 1
or 0. Propositional dependence logic has been extensively studied by Yang and Vd&nanen in [34], while in
[35] they considered several extensions of classical logic using team semantics. Intuitively, the dependence
atom =(p, q) expresses the fact that the value of the variable ¢ is uniquely determined by the values of the
variables p. The constancy atom =(p) can then be seen as a special case of the dependency atom, saying
that the value of a variable is constant in the underlying team.

It was soon noticed that, at the propositional level, the team semantics of dependence logic and the state
semantics of inquisitive logic are in fact equivalent — states of possible worlds are nothing but teams of
propositional assignments. The close connection between these two approaches was pointed out and devel-
oped e.g. in [10,34]. As a matter of fact, both dependence and inquisitive logic are expressively equivalent
and they are both complete with respect to the class of all downward closed team properties.

The connection between inquisitive and dependence logic was recently pushed further by Ciardelli
et al. [14], which introduced versions of propositional inquisitive and dependence logics which are based
on intuitionistic, rather than classical logic. Here we generalise their approach — also drawing on [29] — and
we provide an algebraic study of intermediate inquisitive logics IngA, which extend the intuitionistic in-
quisitive logic InqI, and intermediate dependence logics IngA®, which extend the intuitionistic dependence
logic InqI®.

The interest for algebraic semantics of inquisitive and dependence logic is not new and some works in
the literature already consider the issue. The study in the algebraic interpretations of dependence logic was
initiated by Abramsky and Véaénénen [1] and later developed by Liick [24]. An early work on inquisitive
logic from an algebraic perspective is [31], while Mann [26] provided an algebraic study of cylindric algebras
for Independence-friendly logic. More recently, Bezhanishvili, Grilletti and Holliday [5] have introduced an
algebraic and topological semantics for the system IngB of classical propositional inquisitive logic, while
Bezhanishvili, Grilletti and Quadrellaro [6,21,30] have further developed this approach and extended it
to other logics. In a similar fashion, Puncochéf [28] has introduced a semantics for several extensions of
intuitionistic inquisitive logic.

In the general framework of abstract algebraic logic, as described e.g. in [19], logics are described as
consequence relations which are additionally closed under uniform substitution. However, both inquisitive
and dependence logic are not closed under uniform substitution and they are thus not logics in this strict
sense of the word. As a consequence of this fact, we cannot directly apply the standard framework of
abstract algebraic logic. In fact, the algebraic semantics for versions of inquisitive logics described in [5]
and [28] are quite non-standard: inquisitive logics are shown to be complete with respect to some classes
of Heyting algebras which are not axiomatisable by means of (quasi-)equations, i.e. which do not form
algebraic (quasi-)varieties.

In the present work, we aim at providing an algebraic study of inquisitive and dependence logics which is
closer in spirit to the usual approach of abstract algebraic logic. To this end, we introduce both inquisitive
and dependence algebras in terms of classical model theory and we show that they form an elementary
class axiomatised by universal Horn sentences. Therefore, even if they do not form a variety, inquisitive and
dependence algebras make for an interesting class which is suitable of further model-theoretic investigations.
Interestingly, the classes of algebras investigated in [5] and in [28] can be then seen as special collections of
representatives — respectively for the classical and the intuitionistic case.

The main results of this article are the following. Firstly, we prove a full completeness result for inter-
mediate inquisitive and dependence logics, which states that intermediate inquisitive logics are complete
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with respect to their corresponding class of intermediate inquisitive algebras and that intermediate depen-
dence logics are complete with respect to their corresponding class of intermediate dependence algebras. We
then investigate several model-theoretic properties of inquisitive and dependence algebras. In particular, we
show several results concerning finite, core-generated, well-connected inquisitive and dependence algebras
and we prove two representation theorems for these subclasses of algebras. Finally, we extend these results
to algebraic models and we obtain some bridge principles between teams and algebraic semantics.

The structure of the present article is the following. In Section 1 we introduce the syntax and the usual
team semantics of inquisitive and dependence logic. In Section 2, we define inquisitive and dependence
algebras, we introduce so-called core semantics and we prove using the method of free algebras that this
semantics is complete for all intermediate inquisitive and dependence logics. In Section 3, we focus on
the model-theoretic properties of inquisitive and dependence algebras and prove several results concerning
finite, core-generated, well-connected inquisitive and dependence algebras. Later, in Section 4, we provide
representation theorems for finite, core-generated, well-connected inquisitive and dependence algebras and
we prove some results concerning the team and the algebraic semantics of inquisitive and dependence logic.
Finally, in Section 5, we review our results and highlight some future line of research.

1. Inquisitive and dependence logic

In this section we introduce inquisitive and dependence logics in axiomatic terms and we recall their
standard team semantics.

1.1. Aziomatic systems

We fix at the outset some propositional signatures for different systems of logic. Throughout this paper
we shall always denote by AT a fixed set of atomic propositional variables, which we will always assume to
be countable. We let Lipe be the standard signature of intuitionistic logic Lipc = {A,V, —, L}. With slight
abuse of notation, we let Lipc also be the set of formulas built recursively from AT in this signature: We let
¢ € Lipc if and only if ¢ is generated by the following grammar:

pu=p|LoNG|dVP|d— ¢

where p € AT is any propositional variable. Negation is treated as a defined operation and can be introduced
by letting -¢ := ¢ — L.

The intuitionistic propositional calculus IPC — intuitionistic logic for short — is the set of formulas of Lip¢
which contains the usual axioms, it is closed under modus ponens (MP) and uniform substitution (US). An
intermediate logic L is a consistent set of formulas of Lipc which contains IPC and is closed under modus
ponens and uniform substitution. Intermediate logics are known to form a lattice structure, whose maximal
element is the classical propositional calculus CPC. We refer the reader to [8] for more on intermediate logics.

In this paper we shall formulate inquisitive logic in the language Lipc — hereby following Ciardelli’s
original presentation in [9] — and we will adopt the standard disjunction symbol V in place of the more
common \ symbol to denote the inquisitive disjunction operation. The reason of this choice is that we want
to stress that inquisitive disjunction is nothing but intuitionistic disjunction. In fact, as it is often remarked
in the literature, inquisitive logic is very close to intermediate logics, as it contains IPC and it is contained
in CPC. However, the fact that inquisitive logic is not closed under uniform substitution means that it is
not an intermediate logic. In fact, for this very same reason, inquisitive logic does not fit the framework
of abstract algebraic logic (see e.g. [19]), where logics are defined as consequence operators closed under
uniform substitutions.

Although inquisitive logic does not admit full substitution, it is closed under a restricted version of
substitution, namely substitution of V-free formulas. This reflects the fact that in inquisitive semantics
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V-free formulas correspond to sentences, while formulas containing V are intended to model questions. A
formula of Lipc is said to be standard if it is V-free. We write Lqr, for the set of all standard formulas and
also for the signature Lo, = {A, —, L}.

Inquisitive logic is usually presented in semantical terms, as the logic of states of possible worlds. However,
it is also possible to define it in more syntactical terms. Here we adapt the natural deduction system presented
in [14] and we present it in a Hilbert-style fashion. We use Greek letters ¢,1),... as meta-variables for
arbitrary inquisitive formulas and «, 3, ... as meta-variables for arbitrary standard inquisitive formulas. We
then define intuitionistic inquisitive logic in the following way.

Definition 1.1 (Intuitionistic Inquisitive Logic). The system Inql of intuitionistic inquisitive logic is the
smallest set of formulas of Lipe such that, for all ¢,¢, x € Lipc and for all @ € L, IngI contains the
following formulas:

and in addition it is closed under the rule of modus ponens (MP).

Since the axiom schemas (A1)—-(A9) plus modus ponens axiomatise intuitionistic logic, we can think of
inquisitive logic as a theory extending intuitionistic logic:

IngI := MP(IPC + (A10));

meaning that inquisitive logic is a theory over intuitionistic logic which contains every admissible instance
of the schema (A10) and is closed under modus ponens. We will often refer to (A10) as the Split axiom.

Similarly to the case of IPC, we can define several extensions of intuitionistic inquisitive logic. We say
that a set A C Lpc is closed under standard substitution if it is closed under every substitution assigning
standard formulas to atomic formulas.

Definition 1.2. An intermediate inquisitive logic is any set of formulas IngA such that: IngA = MP(InqIUA),
where A C L¢ is any set of standard formulas closed under standard substitution.

We notice that this definition differs from the so-called inquisitive superintuitionistic logic* defined by
Puncochér [28], for we do not require intermediate inquisitive logics to satisfy the disjunction property and
we do not allow non-standard formulas in A. It is easily verified that, if IngA and IngA are intermediate
inquisitive logics, then also IngA N IngA and MP(IngA U IngA) are intermediate inquisitive logics. Hence,
intermediate inquisitive logics form a lattice whose least element is InqI. An important example of an
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intermediate inquisitive logic is the classical version of inquisitive logic IngB. This is defined as the extension
of InqI by the axiom scheme ——«a — «, where o € L.

Definition 1.3. The system IngB of classical inquisitive logic is defined as:
IngB := MP(InqI U {——a — a}acry)-

It is then easy to see that IngB is the maximal element in the lattice of intermediate inquisitive logics.
Dependence logics extend inquisitive logics in an expanded syntax. Here we shall take a slightly non-
standard approach and formulate dependence logic in the vocabulary £, which expands Lipc by adding
the tensor disjunction operator ®. Intuitively, the tensor disjunction is meant to be as much as a “classical”
disjunction as possible in the given intuitionistic framework. We fix the signature of dependence logic
LS = {A,V,—,®, L} and with slight abuse of notation we let L5, be also the set of formulas defined by
induction in this signature over AT, i.e. ¢ € L% rc if and only if ¢ is generated by the following grammar:

pu=p|lLlon¢|oVe|o—=0¢|o®0e,

where p € AT is an arbitrary atomic variable. As it is the case for inquisitive logics, we are often interested
in formulas which are V-free — i.e. which do not contain the V symbol — and we refer to such formulas as
standard formulas. We write £5 for the set of standard dependence formulas and also for the restricted
signature L& = {A, —,®, L}. Clearly Lipc € L5 and Lo € LS.

Negation is defined over £, as in intuitionistic logic, by letting —¢ := ¢ — L. More interestingly, we can
define the so-called constancy and dependency atoms, as partial operations defined only on atomic formulas.
Intuitively, the former says that the value of an atomic formula is constant, while the latter says that the
value of an atomic formula is functionally determined by the value of a tuple of other atomic formulas. Let
P =7po,--.,Pn, we define them as follows:

=p) =pV p;
=5, q) == (\ =ps) = =9).

i<n

Notice that, since ® does not occur in the definitions above, these operators can be introduced both in
L1pc and LY. What is specific of dependence logic is the presence of the tensor disjunction rather than the
dependence operator itself. In fact, it was shown by Barbero and Ciardelli in [11] that although inquisitive
and dependence logics are both expressively complete with respect to the class of downward closed teams,
tensor disjunction is not definable in inquisitive logic.

We define intuitionistic dependence logic analogously to how we defined intuitionistic inquisitive logic.

Definition 1.4 (Intuitionistic Dependence Logic). The system InqI® of intuitionistic dependence logic is the
smallest set of formulas of L5, such that, for all ¢,1, x,T € L5 and for all a, 8,7 € LS, InqI® contains
the formulas (A1)-(A10) of Definition 1.1 and the following:

(All) a = (a® B)

(A12) (a®p) = (B® )

(A13) 9@ (Y VX) = (0@ Y) V (d®X)

(Ald) (0= x) 2> (b= 7) = (@Y = x®T))
(AL5) (@ =) = ((B—=7) = (a®B —17)).
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And in addition it is closed under modus ponens.

We often refer to (A13) as the Dist axioms and to (A14) as the Mon axiom. We can think of InqI® in the
following way:

IngI® := MP(IPC + (A10 — Al5)).

Hence, dependence logic is a theory extending IPC in the language £5.
Intermediate dependence logics are defined as follows. We say that a set A C L5, is closed under standard
substitution if it is closed under every substitution assigning standard formulas to atomic formulas.

Definition 1.5. An intermediate dependence logic is any set of formulas IngA® such that: IngA = MP(InqI®U
A), where A C LS is any set of standard formulas closed under standard substitution.

If we consider the subset of standard formulas in an intermediate dependence logic IngA®, what we obtain
is an intermediate logic with tensor as the disjunction operator. Let IPC® refer to the intuitionistic proposi-
tional calculus in the signature £S , i.e. in the syntax where the usual disjunction is replaced by the tensor,
then for any set A C LS we have that IPC® C InqA®[LE and that IngA® [LS is closed under modus ponens
and uniform substitution, hence IngA® [£$ is an intermediate logic. For any intermediate dependence logic
IngA® we let IPC® + A be the intermediate logic IngA® [L§ .

An important example of intermediate dependence logics is the classical version of dependence logic
IngB®. This is defined as follows.

Definition 1.6. The system InqB® of classical dependence logic is defined as:
® ._ ®
IngB® := MP(InqI® + {——a — O‘}aeﬁg)'

If CPC® denotes the classical propositional calculus in the signature £&, i.e. in a syntax where the usual
disjunction is replaced by the tensor, then it can be seen that CPC® C InqB®, which shows the sense in which
dependence logic is an extension of classical propositional logic. As in the case of intermediate inquisitive
logics, intermediate dependence logics form a bounded distributive lattice, of which InqI® is the least and
IngB® the greatest element.

1.2. Semantics via teams

Inquisitive and dependence logics are usually introduced via some version of team semantics. In particular,
Ciardelli et al. [14] have defined a version of team semantics based on Kripke models, while the classical
version of team semantics dates back to Hodges [22] and was already used in [32] and [9]. We describe here
the team semantics on Kripke models and we explain how standard team semantics can be seen as a special
case of it.

Firstly, we recall that an éntuitionistic Kripke frame is a partial order § = (W, R), where W is a set
of possible worlds and R a partial ordering, i.e. a reflexive, transitive, and antisymmetric relation. An
intuitionistic Kripke model is a pair M = (§,V), where § is an intuitionistic Kripke frame and V : W —
©(AT) a valuation of atomic formulas such that, if p € V(w) and wRw, then p € V(v). In this article Kripke
frames and Kripke models are always meant to be intuitionistic Kripke frames and intuitionistic Kripke
models. A world in a model can be viewed as a label for a subset of atomic formulas — hence we shall write
w(p) = 1 if and only if p € V(w). In this sense a world w corresponds to a classical assignment w : AT — 2.
The notions of team and extension of a team are defined as follows.
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Definition 1.7. Let 9t = (W, R, V') be an intuitionistic Kripke model. A team is any subset ¢t C W of the set
of possible worlds. A team s is an extension of a team t if s C R[t].

A team is a set of possible worlds, hence, by our previous considerations, a team can be considered as a
set of assignments. The team semantics (or support semantics) of the logics InqI and InqI® is defined as
follows.

Definition 1.8 (Kripke Team Semantics). Let 9t = (W, R, V) be an intuitionistic Kripke model. The notion
of a formula ¢ € L3 being true in a team t C W is defined as follows:

M,tEp — VYwet(wp) =1)

MtE L = =9

MitEyY VY <<= MitEyYorMitEyx

MtEUVAY <= MitEYand MtEx

MtEY®)x <<= ds,r Ctsuchthat sUr=tand M sEYMrkEx
MiEY = x < Vs (if sC R[t] and M, s E ) then M, s F x).

We write M E ¢ if Mt F ¢ forallt CW and §FF ¢ if (F,V) E ¢ for all valuations V. If C is a class of
Kripke frames, we write C F ¢ if, for all § € C, we have that §F ¢. We write MET if M E ¢ for all p € T
and FET if §F ¢ for all ¢ € T. For T U {¢} C LY, we write I' F ¢ if, for all Kripke models 9t, M = T
entails M F ¢. We write ¢ = if ¢ F ¢ and ¢ F ¢.

Let § = (W, R) and & = (W', R’). We recall that a function p : § — & is said to be a p-morphism if (i)
xRy entails f(x)R'f(y) and (ii) if f(z)R'y then there is z € W such that f(z) =y and xRz. We let KF be
the category of intuitionistic Kripke frames with p-morphisms.

The following theorem was essentially proved in [14] and it shows that IngI is sound and complete with
respect to this version of team semantics.

Theorem 1.9 (Ciardelli, lemhoff, Yang). For any formula ¢ € Lipc and any formula 1 € LS, we have that:

¢ € Inql <= § F ¢ for all intuitionistic Kripke frames §;
Y € InqIl® <= F o for all intuitionistic Kripke frames J.

Let us now consider the special case of classical inquisitive and classical dependence logic. If a Kripke
frame § is such that § F IngB or § F IngB® then, for any standard formula a € £ :

FE ——a— a.

From this it follows (by Proposition 1.16 and [8]) that § = (W, R) is a classical frame, meaning that its
underlying order trivialises, i.e. it follows that R = d.

As a consequence of this fact, we can give a simpler description of team semantics in the case of classical
inquisitive and dependence logics. Since an assignment (also valuation) is a function w : AT — 2, then 2T
is the set of all classical assignments. A team is then a set of assignments ¢ C 24T and p(247) is the set of all
teams over AT. Classical Kripke frames can be thus simply seen as sets of possible worlds or, equivalently, as
sets of classical assignments. Therefore, a classical Kripke frame is simply a team. We then define as follows

the classical team semantics for IngB and IngB®.

Definition 1.10 (Team Semantics of IngB® ). The notion of a formula ¢ € L3, being true in a team t € p(247)
is defined as follows:
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tEp — VYwet(wp) =1)

tE L = t=0

tEyYVy <+ tEYortEYy

tEyYANY << tFEyYandtFyx

tEYy®x <= ds,r Ctsuchthat sUr=tand skFy,rEx
tEYy —x <= Vs (if sCtand sk then sk x).

The notions of truth and the related ones are defined as in the more general case above.
The following result was proven by Ciardelli and Roelofsen [15] for IngB and extended by Yang and
Véénénen [34] to IngB®.

Theorem 1.11 (Ciardelli, Roelofsen, Yang, Vidndnen). For any formula ¢ € Lipc and any formula 1 € L,
we have that:

¢ € IngB <= p(2*7) F ¢;
1 € IngB® <= p(2'T) F 1.

1.8. Properties of inquisitive and dependence logic

We recall some important properties of team semantics over Kripke models and their special formulation
in the classical setting. We omit the proofs of these results and refer the interested reader to [14,15,34,35].

Proposition 1.12 (Downward Team Property). For every Kripke model Mt = (W, R, V'), for every teamt C W
and for every inquisitive or dependence formula ¢ € L5, we have that M, t = ¢ and s C R[t] entail M, s E ¢.
For every classical team t and s C t we have that t E ¢ entails s E ¢.

The next corollary allows us to conclude that a formula ¢ is satisfiable if and only if it is satisfied by some
upward-closed team, i.e. by some team ¢ such that R[t] C t.

Corollary 1.13 (Upset property). For every Kripke model M and for every inquisitive or dependence formula
¢ € L5 we have that:

Mt E ¢ <— M, R[] E ¢.

A second key property of inquisitive and dependence logic is the Empty Team Property, which states
that every formula is true in the empty team.

Proposition 1.14 (Empty Team Property). For all ¢ € LS. and for every Kripke model 9 we have that
M, D E ¢. For all ¢ € LS5, we have that @ E ¢.

We also recall that the logics InqI, InqI®, IngB, IngB® satisfy the finite model property. It is a non-trivial
problem whether this property can be extended also to other intermediate inquisitive and dependence logics.
We will use this fact in Section 4 to give a completeness proof for InqI, IngB, IngB® that does not make
use of free algebras.

Theorem 1.15 (Finite Model Property).

(i) For all ¢ € Lipc, if ¢ ¢ Inql then there is a finite Kripke model MM and a finite team t such that
M, t ¥ ¢. If ¢ ¢ IngB, then there is a finite team t € p(2*7) such that t ¥ ¢.



D.E. Quadrellaro / Annals of Pure and Applied Logic 1738 (2022) 103143 9

(i) For all ¢ € LS, if ¢ ¢ InqI® then there is a finite Kripke model 9 and a finite team t such that
M, t ¥ ¢. If ¢ ¢ IngB®, then there is a finite team t € p(22T) such that t ¥ ¢.

Finally, we recall the two following results. The next proposition gives an important characterisations of
standard formulas in team semantics [14, Prop. 3.10].

Proposition 1.16. Let ¢ € L5, then there is some a € LS such that ¢ = a if and only if the following
condition holds, for all Kripke model 9:

M tE <= M {w}F ¢ for allw € t.

The following Disjunctive Normal Form Theorem [14, Thm. 4.9] allows us to express every inquisitive and
dependence formulas as a disjunction of standard formulas.

Proposition 1.17 (Disjunctive Normal Form). Let ¢ € LS, then there are standard inquisitive formulas
o, ..., 0, € LS such that ¢ = VA{aiti<n-

2. Algebraic semantics for inquisitive and dependence logic

We introduce in this section algebraic semantics of intermediate inquisitive and dependence logics and we
prove its soundness and completeness. We first define inquisitive and dependence algebras — InqI-algebras
and InqI®-algebras — and we show they are elementary structures axiomatised by universal Horn formulas.
We then introduce so-called core semantics over such algebras and we prove using free algebras that our
semantics is complete with respect to every intermediate inquisitive and dependence logic.

2.1. Ingquisitive algebras and dependence algebras

Algebras are usually defined as a set together with some operations, i.e. as structures in an exclusively
functional signature [7]. In order to provide a semantics to inquisitive and dependence logics we need to part
ways from this definition and make space for a less restricted notion of algebras. In particular, we define
inquisitive and dependence algebras in an expanded signature, consisting of functional symbols together with
a unary predicate. Inquisitive and dependence algebras should be thus understood, from a model-theoretic
perspective, as structures interpreting an algebraic language expanded by a unary predicate symbol.

We use L to refer to an arbitrary first-order language, and we use calligraphic letters A, B, ... to denote
first-order structures, in particular we shall use calligraphic letters to refer to standard and inquisitive
algebras. If A is a structure, then we write dom(A) to refer to its underlying domain or universe. However,
we shall often use the same symbol to denote a structure and its underlying universe. For all functional
symbols f € £ and all relational symbols R € £, we write f* and R for their interpretation in .A. However,
when it is not confusing, we abide with the usual conventions and use the same notation for symbols and
their interpretation.

An L-structure B is a substructure of an L-structure A if (i) dom(B) C dom(.A), (ii) for all n-ary functional
symbols f € £ and n-tuples (by,...,b,) € B", fA(b,...,b,) € B, and (iii) for all relational symbols R € L
of arity n, RB = RA N dom(A)".

If Ais an L-structure and X C dom(A), then (X) denotes the smallest substructure of A containing X,
i.e. the closure of X under all the functional operations of L. If we are interested in the closure of X in A
only with respect to some specific operations fo, ... f, € £, then we write (X)s,, ..1,.)-

Before defining inquisitive algebras, let us recall some well-known algebraic structures. A Brouwerian
semilattice B is a bounded meet-semilattice lattice with an extra-operation — such that for all a, b, c € B:
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aANb<c<=a<b—ec

A Heyting algebra H is a bounded distributive lattice with an extra operation — satisfying the former
equivalence. Given an element a € B, where B is a Brouwerian semilattice, we define its pseudocomplement
—a as —a := a — 0. Pseudocomplements of Heyting algebras are defined analogously. If H is a Heyting
algebra such that for all a € H it is the case that a A ma = 0 and a V —a = 1, then we say that H is a
Boolean algebra. We define inquisitive algebras as follows.

Definition 2.1 (Inquisitive Algebra). An (intuitionistic) inquisitive algebra (or InqI-algebra) is a structure
A= (A, A, A\, V,—,0) in the vocabulary Lipc U {A.}, such that:

* Ac c A,

o ((Ao),V,A,—,0) is a Heyting algebra, where (A.) is the closure of A, under the operations {V, A, —,0};
o (A, A,—,0) is a Brouwerian semilattice;

o Forall z,y,z € (A.) and a € A, the following equation holds:

(Split) a— (xVy) =(a—z)V(a—y).

As we have remarked above, inquisitive algebras are algebras in a slightly non-standard sense: while
algebras are usually defined as first-order structures in a purely algebraic signature, here we are expanding
the signature by a unary predicate A., which we interpret as a “signed” subset of the algebra. The mo-
tivation for the addition of this predicate is that it captures at a semantical level the syntactic difference
between standard formulas, which can be substituted freely, and non-standard formulas, for which uniform
substitution fails.

Notice that, with slight abuse of notation, we write A, both for the predicate symbol in the language and
for the corresponding subset of A. Given an inquisitive algebra A, we generally refer to this signed subset
as the core of A, and we also denote it by core(A). By our definition, the core of a IngqI-algebra forms a
Brouwerian semilattice in the signature {A, —,0}. We write A, for the Brouwerian semilattice (4., A, —,0)
and we also write (A.) in place of (A.).

Since (A.) is the closure of A. under all operations in {A, —,V, 0}, it follows that 4. is a subalgebra of
both A and (A.) with respect to the reduct {A, —,0}. Negation is defined as -z := z — 0 and the top
element is 1 := 0 — 0. Therefore, A and (A.) also agree on their interpretation of negation and 1.

It is important to stress that in our definition of inquisitive algebra every requirement and equation
has a limited scope, i.e. they refer to elements of A. or (A.) and not to arbitrary elements of A. This
means that inquisitive algebras are somehow underspecified in their structure. Although this might seem
as a downside of our definition, it is meant to reflect the distinction between standard and non-standard
formulas in inquisitive and dependence logics, and the fact that every formula is inductively obtained from
standard ones.

Dependence algebras are defined in the expanded signature L5, U {A.} in a similar fashion.

Definition 2.2 (Dependence Algebra). An (intuitionistic) dependence algebra (or InqI®-algebra) is a structure
A= (A, A, A\, ®,V,— 0) in the language L5, U {A.}, such that:

* Ac - A7

({Ac), V, A, —,0) is a Heyting algebra, where (A.) is the closure of A. under the operations {V, ®, A, —, 0};
o (4., ®,A,—,0) is a Heyting algebra;

o For all z,y, 2,k € (A.) and a € A, the following equations hold:

(Split) a— (xVy)=(a—2x)V(ax—y);
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(Dist) z®@(yVz)=(x®y)V(z® z);
(Mon) (x—2)— y—k)=(ey)— (2Qk).

It is clear from our definition that InqI®-algebras are InqI-algebras with an extra tensor operator ®, which
satisfies the axioms Dist and Mon and whose core forms a Heyting algebra. We use the same conventions
as for inquisitive algebras to refer to the underlying universe and to the core of a dependence algebra.
Given our previous considerations on the non-standard definition of such structures, one may wonder
whether inquisitive and dependence algebras are structures in the first-order meaning of the word. To see
that this is the case, it suffices to notice that we can use the predicate A, to express quantification over core
elements, and we can use first-order-terms over A. to encode quantification over elements of (A.). In this
way it is straightforward to translate the definitions above into a list of first-order sentences and see that
inquisitive and dependence algebras are elementary classes. To avoid confusion with the algebra operators,
we use & and D as the first-order symbols of conjunction and implication. We use 7,0, p, 7', 0’ to denote
arbitrary terms in the vocabulary Lipc. We use the abbreviations & := zq, ..., z, and A.(Z) = A, ., Ac(x;).

Proposition 2.3. (i) A structure A = (A, Ac, N\, —,V,0) is an inquisitive algebra if and only if it satisfies the
following axioms and axiom schemas:

(1) VaVy[Ac(z) & Ac(y) D Ac(z Ay)]
(2) VaVy[Ac(z) & Ac(y) D Ac(z — )]
(3) Ac(0)
(4) VZ[A(Z) D (7(Z) = (&) = 1)]
(5) V&[A(Z) D ((Z) A0 =0)]
(6) VZ[A(T) D (7(F) = (0(2) A p(7))) = (7(F) = o(Z)) A (7(Z) = p(Z))]
(7) VZ[A(Z) D (7(Z) A (7(Z) — 0(2))) = (7(Z) A o ()]
(8) VZ[A(Z) D (0(2) A (7(Z) = 0(7))) = o()]
(9) VZ[A(Z) D (o(2) V7(2)) = (7(Z) V o())]
(10) VZ[A(Z) D (7(Z) V (0(Z) V p(Z))) = (7(Z) V o(Z)) V p(Z)]
(11) VZ[A(Z) D (7(Z) v 7(Z) = 7(7))]
(12) VZ[A(Z) D (7(Z) V (7(2) A o(F))) = 7(2)]
(13) VZ[A(F) D (7(Z) A (0(F) V p(&))) = (7(Z) A o(F)) V (T(Z) A p(Z))]
(14)  VZVyY[(Ac(Z) & Ac(y) D (y = (0(Z) V p(F))) = (y — o(2)) V (y = p(Z))].

(ii) A structure A = (A, Ae, \,V,®,— 0) is a dependence algebra if and only if it satisfies the axioms and
aziom schemas (1) — (14) above and the following:

(15)  ¥EVy [Ac(Z) D 7(2) © (0(Z) V p(7)) = (7(Z) ® 0 (7)) V (7(Z) @ p(T))]
(16) VZVy[Ac(T) D (1(D) = 7'(T)) = (0(&) — o'(D)) = (7() ® 0(T)) = (7'(T) ® o' (Z))].

Proof. Firstly we notice that the lists of axioms above are just an immediate translation of Definitions 2.1
and 2.2 into first-order logic.

(i) (=) Axioms 4-13 guarantee that (A.) is a Heyting algebra. Axioms 1-3 ensure that A, is closed
under {A, —, 0}, hence it is a Bouwerian semilattice. Finally, Axiom 14 corresponds to the Split axiom. (<)
Analogous.
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(ii) Immediate by (i) and the correspondence of Axiom 15 to Dist and Axiom 16 to Mon. O

Since every formula in the lists above is a Horn formula, it follows that inquisitive and dependence algebras
are elementary classes axiomatised by Horn formulas. Notice, however, that since axioms 4 — 16 are schemas,
with 7,0, p, 7,0’ being arbitrary terms, it follows that such axiomatisation is not finite.

Since InqI-algebras and InqI®-algebras are first-order structures, we can apply to our context the usual
model-theoretic definitions of embedding, isomorphism, etc. In particular, we will often be interested in
homomorphisms between inquisitive or dependence algebras. We say that a function & : A — B between two
InqgI-algebras is an inquisitive homomorphism, or a InqI-homomorphism, if h commutes with the operators
A,V,—,®,0 and, in addition, we have that h[A.] C B.. A function h : A — B between two InqI®-algebras
is a dependence homomorphism, or a InqI®-homomorphism, if it is a inquisitive homomorphism which also
preserves the tensor operation, i.e. h(z ® y) = h(x) ® h(y) for all z,y € A.

We let IngAlg be the category of inquisitive algebras with InqI-homomorphisms and InqAlg® be the
category of inquisitive algebras with InqI®-homomorphisms.

2.2. Core semantics and translation into Horn formulas

Now that we have defined inquisitive and dependence algebras we can use them in order to give suitable
algebraic semantics to inquisitive and dependence logics. To this end, we introduce core semantics, where
valuations are restricted to range over a subset of a structure.

Let A be an inquisitive or dependence algebra, we say that a function u is a core valuation over A if it
assigns atomic formulas from AT to elements in A, i.e. u : AT — A.. Similarly, if A is a dependence algebra,
a core valuation is a function p : AT — A..

Definition 2.4 (Algebraic Model). An inquisitive algebraic model is a pair M = (A, u) where A is an inquis-
itive algebra and p : AT — A, is a core valuation. A dependence algebraic model is an inquisitive algebraic
model M = (A, 1) where A is also a dependence algebra.

The interpretation of arbitrary formulas in an algebraic model M is defined recursively as follows. Notice
that this definition is standard, besides for the fact that atomic formulas can be assigned only to core
elements of the underlying algebra.

Definition 2.5 (Interpretation of Arbitrary Formulas). Given an inquisitive algebraic model M and a formula
¢ € L1pc, its interpretation [[qb]]M is defined as follows:

[P]™M = u(p) [L]M =0 [o V] = [g]M Vv [¥]M
[p Av]M = [o]M A[IM [ — YIM = [¢]M — [w]M.

Moreover, if M is a dependence model and ¢ € LS, then its interpretation is defined by the clauses above
together with the following one:

[¢ ® ¢]M = [o]M ® []M.

If ¢ is a formula and M is an (inquisitive or dependence) algebraic model, we also write ¢ for the
interpretation of ¢ in the model M. We write M E® ¢ and say that ¢ is true in M if ™ = 1. We say
that ¢ is valid in the inquisitive (or dependence) algebra A and write A F¢ ¢ if ¢ is true in every model
M = (A, pn) over A. If C is a class of inquisitive (or dependence) algebras, then we say ¢ is wvalid in C,
and write C E¢ ¢, if A E® ¢ for all A € C. Finally, we say that ¢ is an algebraic validity of inquisitive (or
dependence) logic if it is true in all inquisitive (or dependence) models.
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Before we define arbitrary intermediate inquisitive and dependence algebras, we shall first explain how
to relate validity under core-semantics to standard first-order validity. Recall that an equation in a language
L is an atomic first-order formula of the form ¢ = §, where € and § are terms in £. Notice in particular
that any propositional formula in Lipe is a term in L1pc U{A.} and vice versa — and clearly the same holds
for formulas in £, and terms in £5, U {A.}. We can thus associate every formula ¢ to a corresponding
equation ©(¢) := ¢ = 1. Similarly, to any equation € = o — with €, terms in Lipc or L, — We associate
the formula A(e, o) := € <> 0, where € <+ o is a shorthand for e —» o Ao — €.

Proposition 2.6. Let A be an inquisitive (or dependence) algebra. Then, for all formulas ¢(xo,...,x,), and
all equations € = 0, we have that:

Abcgb«:)Aﬁon,...,Vxn(/\Ac(xi)D@(gb)); (1)
i<n

AEC A(e, ) <= AE Vo, ... ,Vxn( N Aclzi) O e(o, ..., z) = 8(zo, .. ,xn)). (2)
i<n

Proof. The proof is analogous for inquisitive and dependence algebras. Both (1) and (2) follow by a straight-
forward induction. We prove the base case only and leave the rest to the reader.

Consider first (1). Let ¢ = p € AT, then we have that if A4 £ p, then for all core valuations p : AT — A,
we have that p(p) = 1. Hence, for all x € A., we have that x = 1, therefore A F Vp(AC(p) Dp= 1). The
other direction follows analogously.

Consider (2). Let e = p and § = ¢. Then if A E° p <> g, then for all core-valuations p : AT — A, we have
that M = (A, ) F° p <+ ¢, which means that [p <+ ¢]™ = 1. Since p™,¢™ € A. and (A,) is a Heyting
algebra, this means that p™ < ¢™ and ¢™ < pM, which together entail p™ = ¢™. Finally, this means
that for all z,y € A., we have that x = y, hence A F VaVy (Ac(x) NA(y) Dx = y) The other direction
follows analogously. O

This theorem gives us an important bridge between standard and core semantics. In particular, it shows
that the truth of inquisitive (and dependence) formulas is equivalent to the validity under the standard
Tarski semantics of a corresponding universal Horn formula.

We now use core-semantics to define arbitrary intermediate inquisitive and dependence algebras.

Definition 2.7.

e Let A C Le be a set of formulas closed under standard substitution, then an inquisitive algebra A is
said to be an IngA-algebra if A F¢ A.

e Let A C LE be a set of formulas closed under standard substitution, then a dependence algebra A is
said to be an InqA®-algebra if A F¢ A.

We then say that A is an intermediate inquisitive algebra if it is an IngA-algebra for some A C Lgr. Similarly,
A is an intermediate dependence algebra if it is an InqA®-algebra for some A C LZ?L. In particular, if
A ={-a — alaecr, and AFE® A then we say that A is a IngB-algebra. Similarly, if A = {——a — a}aeﬁg
and A F¢ A then we say that A is a IngB®-algebra. It is straightforward to verify that InqB®-algebras
are those dependence algebras whose core is a Boolean algebra with ® as their join operator. The class
of IngB-algebras defined here strictly extends the class of (classical) inquisitive algebras considered in [6].
However, as we shall see later, the subclass of core-generated IngB-algebras coincides with the so-called
regular inquisitive algebras of [6].
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By Proposition 2.6 we have that IngA-algebras and IngA®-algebras are elementary classes of structures.
In particular, since every formula in their axiomatisation is a Horn formula, it also follows that IngA-algebra
are Horn-axiomatisable. The following proposition is then easy to prove.

Proposition 2.8 (Soundness).

(i) If A is an Inqh-algebra, then A E€ IngA.
(ii) If A is an IngA®-algebra, then A F° IngA®.

Proof. (i) Let A be a Ingh-algebra, then by Proposition 2.6 and axioms (1)—(14) from Proposition 2.3 it
follows immediately that A E¢ InqI, since the axioms in Definition 1.1 correspond to those of Proposition 2.3.
We leave to the reader to check this correspondence. Moreover, since InqI-algebras are closed under modus
ponens and by assumption A E¢ A it follows A E¢ IngA.

(ii) If A is a IngA®-algebra then our claim follows in the same way, by the fact that the axioms (1)—(16)
of Proposition 2.3 are equivalent by Proposition 2.6 to the propositional axioms of Definition 1.4. O

We let IngAlgA be the category (and the class) of IngA-algebras with InqI-homomorphisms. Similarly, we
let by IngAlgA® be the category (and the class) of InqI®-algebras with InqI®-homomorphisms.

We conclude this section proving some closure properties of the validities of formulas under core-
semantics. If B is an inquisitive (dependence) substructure of A we also say that B is a subalgebra of
A and we write B < A — notice that this does not mean that B is an elementary substructure of A. Finally,
if A <X B and A, = B, then we say that B is a core-superstructure of A. We now prove the two following
closure properties.

Proposition 2.9. Let A, B be inquisitive (or dependence) algebras, then:

(i) AE® ¢ and B < A entail B E® ¢;
(1) AEC ¢ and A< B, A, = B, entail B E° ¢.

Proof. (i) Suppose B E¢ ¢(p), then (B, ) #°¢ ¢(p) for some core-valuation u. Since B < A and p[AT] C B,
we have [¢(p)]AH) = [o(5)] B, therefore (A, 1) ¢ ¢(p) and A K¢ ¢(p).

(ii) Suppose B E¢ ¢(p) and also A < B, A, = B.. Then we have (B, u) ¢ p for some core-valuation p
and, by A, = B, it follows that p is a core-valuation over A as well. Finally, since A < B, we have that

[o(E)] A4 = [¢(2)] ), therefore (A, u) ¥ ¢(p) and A ¢(p). O

The following closure properties of IngA-algebras and IngA®-algebras follow directly from the previous
proposition.

Corollary 2.10.

e For every A C Lc, Ingh-algebras are closed under subalgebras and core-superstructures.
e For every A C LS, IngA®-algebras are closed under subalgebras and core-superstructures.

If h : A — B is a surjective InqI-homomorphism (or IngI®-homomorphism), we say that B is a homo-
morphic image of A and we write h : A — B. Since InqI-homomorphisms and InqI®-homomorphisms may
map non-core elements to core elements, algebraic validities are not closed under homomorphic images. Let
A and B be the following inquisitive algebras:
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where core(A) = {0,1} and core(B) = B = {0,s',1}. It is easy to verify that with such core both A and B
satisfy the conditions of Definition 2.1 and are inquisitive algebras. Then, the function h : A — B depicted in
the picture above is clearly a InqI-homomorphism, since it is the identity function over the algebraic reduct
of A and B and moreover h[A.] C B.. Finally, one can readily check that A E¢ —=—p — p but BE =—p — p,
as it is witnessed by the core assignment pu : p — s’

Hence, the validity of core formulas is not preserved by InqI-homomorphisms and InqI®-homomorphisms.
However, we shall prove later that closure under homomorphic images holds in a restricted class of cases.

2.8. Free InqA-algebras and algebraic completeness

We introduce in this section free inquisitive and dependence algebras — i.e. Lindenbaum-Tarski algebras
for inquisitive and dependence logics — in order to prove the completeness of the algebraic semantics that
we presented above. We refer the reader to [7] and [19] for the standard construction of free algebras.

Recall that AT is a countable set of atomic formulas, Lipc is the set of all formulas of inquisitive logic and
L%, is the set of all formulas of dependence logic. It is useful here to think of Lipc and L5, as term algebras,
whose elements are formulas and whose operations are respectively {A,V,—,0} and {A,V, —,®,0}.

Free algebras are generally obtained by quotienting term algebras by suitable congruences. Here, we
introduce a congruence relation for every intermediate inquisitive logic IngA, and one for every intermediate
dependence logic IngA®. We define the relations =12 € Lipc X Lipc and Snqre C© E%’,C X E%,C as follows:

@ =1qr Y = ¢ <+ ¥ € Inqgh;
O =mqe Y= PP € IngA®.

It is easy to verify that these are equivalence relations. Moreover, since intermediate inquisitive (and de-
pendence) logics are closed under modus ponens one can also verify that =rnqn and =r,qre are congruences
over the term algebras Lipc and ,C?}c.

Since our setting is non-standard, we need to define free algebras as first-order structures with a core.
Free algebras for IngA are obtained by first quotienting the term algebra Lipc by the congruence relation
=1nqn — in this way we obtain the Heyting algebra Fngn = (L1pc/ =1nqa, A, V, —, 0). To turn such structure
into an inquisitive algebra, we then need to specify its core. To this end, we say that an equivalence class
[¢] € Fingn = Lirc/ =1nqn is classical if there is some a € Lg such that o € [¢]. We let Fp be the
set of classical equivalence classes in Fnqn. We proceed similarly for dependence algebras: we say that an
equivalence class [¢] € fgq,\ = L5/ =1mqre is classical if there is some a € L& such that a € [¢] and we
let .7-'1@3 denote this set. Then, to obtain the free algebra for InqA® we quotient the term algebra L5 by the
congruence relation =p,qe and we let the set of classical equivalence classes .7-'[% be its core. We can thus
define free inquisitive and dependence algebras as follows.

Definition 2.11. The Free Inquisitive Algebra Fing of the intermediate inquisitive logic InqA is the first
order structure Fraqn = (L1pc/ =gt FAL AV, =, 0), where Fj is the set of classical equivalence classes in
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L1pc/ =1nqn- The Free Dependence Algebra Fraque of the intermediate inquisitive logic InqA is the first order
structure Fpgpe = (E%),C / =mnqre, .7-"?, AV, ®,—,0), where ]-'f? is the set of classical equivalence classes in

® —
‘CIPC/ =IngA-

Proposition 2.12. Let Ingh be an intermediate inquisitive logic and Ingh © an intermediate dependence

logic, then Fraqa is an inquisitive algebra and Frpqy © a dependence algebra.

Proof. (i) Since IPC C IngA it follows immediately that Frnqs is a Heyting algebra. Moreover, since standard
formulas are closed under meet and implication, it follows that if [«],[8] € Fa, then [a A 8] € Fp and
[ = B] € Fa. It is clear that [L] € Fa. Hence it follows that F, is a Brouwerian semilattice. Also, for
every a € L, and all ¢,1 € Lipc we have by Axiom (A10) of Definition 1.1 that (o« — (¢ V) = ((a —
¢) V (a — 9)) € Ingh. Moreover, since (a — (¢ V¢)) (@ = ¢) V (o — ¢)) € IPC, it follows that:

(a = (o V) < (= ¢) V(o = ¥)) € InqA.
Hence,
a = (V) =maqr (@ = @)V (= ¥).
Therefore, for every [a] € F and all [¢], [)] € Fraqn e have that:
[o] = ([¢] V [¥]) = ([o] = [¢]) V ([o] = [¥]),

proving that Fraq satisfies Split. Thus Finqs is an inquisitive algebra.
(i) It is proven analogously to (i), by checking that Mon and Dist hold in Frpge. O

The following proposition shows that every inquisitive logic IngA is the logic of a free algebra.

Proposition 2.13. Let IngA be an intermediate inquisitive logic and IngA® an intermediate dependence al-
gebra, then:

¢ € Ingh <= Fraqa F° ¢;
(b S InqA® <~ ]:InqA® EC (b
Proof. We prove the claim only for intermediate inquisitive logics, as the proof for dependence logics is the
same. (<) Suppose ¢(po,...,pn) ¢ Ingh where pg,...,p, are the propositional variables occurring in ¢.
Then we have that ¢ <+ T ¢ IngA, hence ¢ #Zmgn T and so 17, # [¢]. Since [¢] = ¢([po],. .., [pn]) and

Do, - - -, Pn are standard formulas, we can define the (canonical) core-valuation u : AT — Fj such that for all
p; with ¢ < n, u(p;) = [pi]- It follows immediately:

G(Pos - pn) 7™ = B([pol, - - [pn]) = (BP0, -+, Pn)] # 1 Fru-
Which means that Fraq #¢ ¢ and thus proves our claim. (=) Analogously to the previous direction. 0O

Corollary 2.14. Let IngA be an intermediate inquisitive logic and IngA® an intermediate dependence logic,
then Fingn is a Inqh-algebra and Fpgpe a IngA®-algebra.

Proof. Immediate by Propositions 2.13 and 2.12 together with the definition of IngA-algebras and IngA®-
algebras. 0O
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Free IngA-algebras thus witness the validity of every formula. By this fact, the algebraic completeness of
intermediate inquisitive logics follows immediately.

Theorem 2.15 (Algebraic Completeness). Every intermediate inquisitive logic Ingh is complete with respect
to the class of Inqh-algebras and every intermediate dependence logic Tngh® is complete with respect to the
class of InqA®-algebras:

¢ € Ingh <= InqAlgN E€ ¢;
¢ € Ingh® <= InqAIgA® E° ¢.

Proof. We prove the claim for inquisitive algebras only, as the case for dependence algebras is exactly the
same. (=) Suppose ¢ € Ingh and let A € IngAlgA. Then by Proposition 2.8 we immediately have that
A E€ ¢ and therefore InqAlg/ E€ ¢. (<) Suppose by contraposition that ¢ ¢ Ingh, then by Proposition 2.13
we have that Fraq #¢ ¢ and then, since by Corollary 2.14 we also have that Finqs € IngAlgA\, it follows that
InqAlg\ ¢ ¢. O

We thus have shown that the algebraic semantics we introduced for inquisitive and dependence logics is
both sound and complete. Inquisitive and dependence logic can be then investigated not only from the point
of view of team semantics, but also from an algebraic perspective.

3. Properties of inquisitive and dependence algebras

In this section we study several properties of inquisitive and dependence algebras. In particular, we try
to find suitable subclasses of InqAlgA and IngAlgA® that witness the validity of inquisitive and dependence
formulas. To this end, we introduce and investigate finite, core-generated and well-connected inquisitive and
dependence algebras, and we prove several results concerning such structures.

3.1. Core-generated and well-connected inquisitive and dependence algebras

If A is an arbitrary inquisitive (dependence) algebra, there is not much we can say about its structure
with full generality, for the axioms of inquisitive (dependence) algebras characterise only the substructure
(A¢) of A. Therefore, it is useful to focus our attention on “small” inquisitive (dependence) algebras, namely
to those structures A4 which are generated by their core A..

Definition 3.1. An inquisitive or dependence algebra A is core-generated if A = (A.).

We shall see in this section that core-generated inquisitive algebras play an important role in the al-
gebraic semantics of InqI. We let InqAlgce be the category of core-generated inquisitive algebras with
IngI-homomorphisms and Inq/—\lg?G be the category of core-generated dependence algebras together with
IngI®-homomorphisms. The categories InqAlgAcg and InqAIg/\QC@G are defined analogously.

We first prove the following Normal Form Theorem, which allows us to express every element of (A.) in
the form of a disjunction of core elements. This theorem is really an algebraic counterpart of the normal
form result for InqI proved in [14] and recalled earlier in Section §1.3.

Theorem 3.2 (Disjunctive Normal Form). Let A be any inquisitive (dependence) algebra, then for all
x € (A.) there are pairwise incomparable elements ag, ..., a, € A such that x = \/ign a;.



18 D.E. Quadrellaro / Annals of Pure and Applied Logic 1738 (2022) 103143

Proof. Firstly, we notice that if z € (A.), then = can be expressed as a polynomial over core elements of
A. We thus have that z = ¢(yo, ..., Ym), where yo, ..., ym € A.. It thus suffices to show by induction on the
complexity of ¢ that ¢ =\/,_,, a;, for some ay, ...a, € A..

o If ¢ = a, then obviously ¢ = \/{a}.

By the induction hypothesis we have ¢ =/, a; and x =/, ,, b;, then:

j<m

o If p =1 Ay, then:

¢: \/ai/\ \/ bJ:\/ \/(ai/\bj).

i<n i<m i<nj<m

And since A, is closed under conjunction, a; A b; € A, for all i <n,j < m.
e If p =19V x, then:

¢ = \/ a; V \/ bj = \/{ao, ...,an,bo, ,bm}

i<n j<m

o If p =9 — x, then:

¢: \/ai—> \/b]

i<n j<m

= (ai — \/ bj> (by {A.) being a Heyting algebra)

(by Split)

Il Il
> i
< —
| <
—~ —
A > £
= N
S
=
N
N

Where f : [n] — [m] means that f € (m + 1)"T!. Now, since A. agrees with (A.) with respect to the
reduct {L, A, —}, it follows that A\, (a; — bs(;)) € Ac.

We have obtained that every x € (A.) has a disjunctive representation x = \/,., a; with a; € A, for all
i <n.Let A= {ag,...,an}, then to obtain a non-redundant representation of z it suffices to take the set
I ={m < n:ay, is maximal in A}. Then clearly » = \/,., a; = \/;,c; a; and by construction a; % a; for
i,j € I such that i # j.

Finally, if A is a dependence algebra, it suffices to supplement the previous reasoning with the following
case:

e If =9 ® x, then by the Dist axiom we have:

¢:\/ai® \/ b]:\/ \/(a1®b])

i<n j<m i<n j<m

Hence, since A, is closed under the tensor disjunction ®, it follows that a; ® b; € A, for every i <n,j < m.
This completes the proof of our claim. O

If A is a core-generated inquisitive or dependence algebra, then the following result follows immediately.
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Corollary 3.3. Let A be a core-generated inquisitive (or dependence) algebra, then for all x € A there are
pairwise incomparable elements ag, ..., a, € A, such that x = Vign a;.

Core-generated algebras play a special role in the theory of inquisitive and dependence algebras, as
they are algebras for which the inquisitive and dependence axioms hold for all elements of the underlying
universe. In particular, core-generated structures also have the important role of generators of the class of
all inquisitive and dependence algebras. This is made precise by the following proposition.

Proposition 3.4. Fvery inquisitive (and dependence) algebra is a core-superstructure of a core-generated
inquisitive algebra.

Proof. Let A be an arbitrary inquisitive (dependence) algebra and consider the core-generated algebra (A.).
Clearly (A.). = A.. Hence (A.) < A, which proves our claim. 0O

This gives us a first characterisation of the classes of inquisitive and dependence algebras. For any class C
of InqI-algebras or InqI®-algebras, we let:

Cch:= {B: A= Band A. = B, for some A € C}.
Moreover, we have the following proposition.

Proposition 3.5. (i) If ¢ € Lipc and A is an inquisitive algebra, then A ¥° ¢ entails (A.) B¢ ¢. (ii) If
¢ € LS and A is a dependence algebra, then A¥C ¢ entails (A.) ¢ ¢.

Proof. This is an immediate consequence of Proposition 2.9(ii). O

It follows by the previous propositions that InqAlgA = (IngAlgAcg)T and IngAlgA® = (IngAlgAE:)T. We thus
obtain that core-generated IngA-algebras generate the class of IngA-algebras under the core superalgebra
operator defined above. Similarly, core-generated IngA®-algebras generate the class of IngA®-algebras. This
result is similar to what was obtained in [6] for so-called DNA-varieties, though there core superalgebras of
core-generated inquisitive algebras were assumed to be always Heyting algebras.

As we have seen, if an inquisitive or dependence algebra A is core-generated, then we can talk about
arbitrary elements of A and describe its full structures. With a similar motivation, we introduce well-
connected inquisitive and dependence algebras, as these are algebras for which we can give a characterisation
of their core elements.

A Heyting algebra H is well-connected if for all z,y € H, if z Vy =1 then z =1 or y = 1. We say that
an inquisitive (or dependence) algebra A is well-connected if (A.) is well-connected. We say that z € H
is join-irreducible if, for all a,b € H, x = a V b entails x = a or z = b. Notice that in every distributive
lattice, and thus in every Heyting algebra, join-irreducible elements coincide with the join-prime elements,
i.e. those elements = € H such that for all a,b € H, if x < a Vb then x < a or z < b. For any inquisitive (or
dependence) algebra A, we say that an element € (A.) is join-irreducible (join-prime) if z is join-irreducible
(join-prime) in (A.). We let A;; be the subset of join-irreducible members of (A.).

The following proposition provides a characterisation of core elements of well-connected, inquisitive and
dependence algebras.

Proposition 3.6. Let A be a well-connected, inquisitive or dependence algebra, then A, = Aj;

Proof. (C) Let a € A, and suppose that for some x,y € (A.) we have that a < x V y. It follows that
a — xVy = 1 and therefore, by Split, (a — )V (a — y) = 1. Since A is well-connected, either a — x = 1 or
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a — y =1, which entails a < z or a < y. Hence a € Aj;. (2) Suppose x € Aj;, then by definition z € (A.).
Hence by Theorem 3.2 we have that x =/, a; with a; € A, for all i < n. Since z is join-irreducible there
is some ¢ < n for which z = a;, which yields x € A.. O

Corollary 3.7. Let A be a well-connected, core-generated inquisitive or dependence algebra, then A is gen-
erated by its subset of join-irreducible elements.

We have thus obtained an important characterisation of core elements of well-connected inquisitive and
dependence algebras. This fact will be important in our duality results of Section 4. Here, we can immediately
prove an important result, showing that the validity of formulas is preserved under homomorphic images of
well-connected, core-generated inquisitive and dependence algebras.

Proposition 3.8. Let A be a core-generated, well-connected inquisitive or dependence algebra such that A E€ ¢
and h: A — B, then B E¢ ¢.

Proof. The proof is the same for inquisitive and dependence algebras. We firstly show that B, C h[A.].
Suppose y € B, and let h(x) = y, then since A is core-generated we have that x = \/,.; a; and a; € A, for
all ¢ < n. It follows that y = \/,,, h(a;) and since y € B, we have that y is join-irreducible, which yields
y = h(a;) for some i < n. -

Now, let " := py, . . . , pr and suppose towards contradiction that A E¢ ¢(p) and B ¥ ¢(p). Then (B, ) ¥¢
¢(p) for some core-valuation u. Let v : AT — A, be such that for all p € AT, v(p) € h=(u(p)) N A..
Notice that p is well-defined by the considerations of the previous paragraph. Since (A,v) E ¢(p) then
[6(p)]“4) = 14 and since h is a IngI-homomorphism:

1 = h(La) = H(I6@I) = @15,

which entails (B, u) E¢ ¢(p), contradicting our assumption. 0O
8.2. A Birkhoff-like theorem for inquisitive algebras

An important result proven by Birkhoff for varieties of algebras states that an equation is true in a variety
if and only if it is true in its subclass of subdirectly irreducible algebras. Here we prove a similar result
for a suitable subclass of inquisitive algebras. We shall deal separately in the next section with dependence
algebras, as that case involves further complications.

Firstly, we prove some preliminary results concerning finite inquisitive algebras. In the standard setting
of universal algebra [7, p. 69], we say that an algebra A is locally finite if for every X C dom(.A) such that
|X] < w we have [(X)| < w. A class of algebras C is locally finite if every A € C is locally finite. We recall
the following well-known facts. We refer the reader to [17] and [20] for a proof of the following statements.

Theorem 3.9 (Diego, Folklore).

(i) The class of Brouwerian semilattices is locally finite;
(it) The class of bounded distributive lattices is locally finite.

To make sense of this property in our context, we should consider only subsets X C core(.A). We say that
an inquisitive algebra A is locally finite if for every X C core(A) such that | X| < w we have [(X)| < w. A
class of IngI-algebras C is locally finite if every A € C is locally finite. The following theorem shows that
IngA-algebras are locally finite.
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Theorem 3.10. InqgA-algebras are locally finite.

Proof. Let A be a IngA-algebra and let X C A.. We first close X under the Brouwerian semilattice
operations {A,—,0} and we obtain the subalgebra ¥ = (X) (s - 0) of Ac. It follows by Diego’s Theorem
that Y is finite. Secondly, we close Y under meet and join, and we obtain the set Z = (Y')(s,v). Since
(A, A, V) is a bounded distributive lattice, it follows from the previous theorem that Z is finite as well.

To obtain an inquisitive algebra, we need to supplement Z with a Heyting implication. Notice that, for all
x,y € Z, we have that z = ¢(a@) and y = 1/)(5) for some tuples @ = aq,...,a, € X and b= b, ..., by € X.
By reasoning as in Theorem 3.2, we can put ¢ and ¥ in disjunctive form and show that for all z,y € Z,

z=V,c,candy =V, d; for ¢;;dj €Y. We define:

Ty = \/ [ /\ (c; — df(j))]

fin]—=[m] i<n

By proceeding again as in the proof of the Normal Form Theorem, we see that forall x,y € Z, x>y = x — v,
hence (Z, A,V,—,0) is a well-defined Heyting subalgebra of (A.).

Since X C A, and A, is a Brouwerian semilattice, it follows that Y < A, and that B = (Z,Y, A, V,—5,0)
is an inquisitive subalgebra of A. Since by construction Z = (X), it follows that B is the smallest subalgebra
of A containing X, i.e. B is the subalgebra of A generated by X. By the closure of IngA-algebras under
subalgebras we then have that B is a InqA-algebra. Finally, by what we have argued above, |Z| < w, hence
A is locally finite and thus InqA-algebras are locally finite. O

We then obtain the algebraic version of the finite model property.

Theorem 3.11 (Finite Model Property). Suppose A is a InghA-algebra and A F°¢ ¢, then there is a finite
IngA-algebra B such that B E€ ¢.

Proof. Let A be a IngA-algebra such that A E¢ ¢, then for some core valuation g and M = (A, p) we
have M F¢ ¢. Let At(¢p) = {po,...,pPn}, then by Theorem 3.10 above (At(¢)) is finite. The structure
B = ((At(#)), (At(®))(r,—.,0)s A, V, =+, 0) is then a finite inquisitive subalgebra of A. By Corollary 2.10, B is
a IngA-algebra and since (B, u) #€ ¢ it follows that BE¢ ¢. O

We use the former results to prove a version of Birkhoff’s Theorem for inquisitive algebras. In the
standard setting, Birkhoff’s result [7, Thm. 9.6] says that every algebra in a variety is a subdirect product
of subdirectly irreducible algebras. As a consequence, this means that an equation holds in a variety of
algebras if and only if it holds in its subclass of subdirectly irreducible elements. Here we prove a similar
result for the class of InqA-algebras: the next theorem specifies a class of representatives which witness the
truth and falsity of formulas in inquisitive algebras.

Recall that a Heyting algebra H is subdirectly irreducible if and only if it has a second greatest element.
Also, if H is finite, then H is subdirectly irreducible if and only if H is well-connected. Finally, we also recall
the following fact, originally due to Wronski.

Proposition 3.12 (Wronski). Let H be a Heyting algebra and 1 # x € H. Then there is a surjective Heyting
homomorphism h : H — B such that B is a subdirectly irreducible Heyting algebra and h(x) = sp, where sp
is the second greatest element in B.

We refer the reader to [18] and [33] for the proofs of the previous claims.

Theorem 3.13. Suppose A is a Ingh-algebra and A E° ¢, then there is a finite, core-generated, well-connected
IngA-algebra B such that B #¢ ¢.
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Proof. Suppose A is a IngA-algebra such that A #¢ ¢. By Theorem 3.11 above there is a finite InqA-algebra
D such that D K¢ ¢ and, by Proposition 3.5, it follows that (D.) #°¢ ¢. Hence there is some core-valuation
p such that M E¢ ¢, where M = ((D.), pr). By Proposition 3.12, there is a surjective homomorphism
h : (D,) —» C such that C is a subdirectly irreducible Heyting algebra and h(¢™) = s, where s¢ is the
second greatest element in C. Now let B = (h[(D.)], h[D¢], A, V,—,0) and let v : AT — B, be the core
assignment v := h o g. Then from the fact that (D.) ¥¢ ¢, we obtain (B, v) E¢ ¢ and therefore B E¢ ¢. It
thus suffices to verify that B is a finite, core-generated, well-connected IngA-algebra.

Clearly B is a Heyting algebra and by the fact that B, is homomorphic image of D. under h, it follows
that B. = h[A.] is a Brouwerian semilattice. Since D is finite and B = h[(D,)], we have that B is finite.
Moreover, since B = h[(D.)] and B. = h[D.], B is clearly generated by B..

We next claim that B is well-connected. By construction, BI{—, A, V, 1,0} = C is a subdirectly irreducible
Heyting algebra and, since it is finite, it is also well-connected.

To see that B validates the Split axiom, let a € Be, z,y € (B.). Since h[(D.)] = B and h[D.] = B, there
are a’ € D., 2',y’ € (D) such that h(a’) = a, h(2’) = 2 and h(y’) = y. Since (D.) is an inquisitive algebra
we then obtain:

a — (@ Vvy)=( —=2)Vv(d —1y)
= hld' — (' V)] =h[(d = 2")V(d =)
= h(d') = (h(z") vV h(y")) = (h(a') = h(z")) V (h(a) = h(y"))

= a—(zVy =(a—=2z)V(a—y),

hence B is a InqI-algebra.

Finally, we can show in exactly the same way that for A C Lep, D E® A entail B ¢ A, meaning that B
is a IngA-algebra. It follows that B is a finite, core-generated, well-connected IngA-algebra and that B F ¢,
which proves our theorem. O

The previous theorem shows why finite, core-generated, well-connected inquisitive algebras are of special
importance in the theory of inquisitive algebras. In fact, by the former result, they witness the validity of
inquisitive formulas. We write InqAlgrcew for the category (and the class) of finite, core-generated, well-
connected inquisitive algebras with InqI-homomorphisms.

8.3. A Birkhoff-like theorem for dependence algebras

We prove in this section a theorem analogous to Theorem 3.13 for the class of dependence algebras. In
this case we will show only a weaker version of our former result: We prove that finite, core generated,
well-connected dependence algebras witness the validity of formulas true in the class of well-connected
dependence algebras. We conclude this section by proving a stronger version of this result for the case of
locally tabular intermediate dependence logics.

Firstly, we prove the following lemma, which shows that every surjective map between core-generated
algebras which preserves the Heyting operations also preserves the tensor disjunction.

Lemma 3.14. Suppose f : A — B is a surjective Heyting homomorphism between two core-generated InqI®-
algebras A and B, then it follows that for all z,y € A, f(z®y) = f(z) @ f(y).

Proof. Since f preserves the operations in {0,A,—}, f[A. is a Brouwerian semilattice homomorphism.
By Lemma 2.4 in [23] (see also [4, Lemma 2]) surjective Brouwerian semilattices homomorphisms preserve
existing join, hence for all a,b € A., f(a®b) = f(a) ® f(b).
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We extend this result to arbitrary elements of A. Let x,y € A, then, by the Normal Form Result
z=V,c,a and y =\, b;, where a;,b; € A, for all i < n and j < m. We obtain:

f@ e fw=(Va)or(V b)

i<n i<m
= \/ fla;) ® \/ f(b)) (by f homomorphism)
i<n j<m
:\/{f(a,-)@f(bj) 21 <n,j <manda;,b; € A} (by Dist)
= \/{f(ai ®bj) i <n,j <mand a;,b; € A} (by a;,bj € A.)
= f[\/{ai ®bj:i<n,j <manda;b; € AC}} (by f homomorphism)
~f(Vae \V b) (by Dist)
i<n  j<m
= flz®y).

Hence for all z,y € A, f(z ®y) = f(z) ® f(y), proving our claim. O

Corollary 3.15. Suppose h : A — B is a surjective InqI-homomorphism and that A and B are core-generated
dependence algebras, then h is a InqI®-homomorphism.

While Brouwerian semilattices are locally finite, Heyting algebras are not, hence the proof we gave to
Theorem 3.10 cannot be replicated in the setting of dependence algebras. We can then prove only a limited
version of the Finite Model Property: we show that if a formula is falsified by a well-connected dependence
algebra, then it is falsified by a finite dependence algebra.

Theorem 3.16. Suppose A is a well-connected InqI®-algebra and A K¢ ¢, then there is a finite InqI®-algebra
B such that B #¢ ¢.

Proof. We adapt to our context the strategy of the proof of the finite model property for the variety of
Heyting algebras. Given a well-connected dependence algebra A such that A ¢ ¢, the main idea of this
proof is to generate a finite distributive lattice B =< A such that the tensor is well-defined over B, and
B E¢ ¢. Then, using the fact that A is well-connected, we define a “fake” heyting implication and we lift
the tensor join to the whole of B, so that we turn B into a suitable dependence algebra.

Suppose that A ¥ ¢ and A is well-connected. Let u be a core valuation such that (A, 1) E¢ ¢ and let
M = (A, u1). By the Normal Form Theorem 1.17 for InqI®, we can assume without loss of generality that
¢ = \,<,, @i, where a; is a standard formula for all i < n. We let Sub(¢) be the set of subformulas of ¢.

Consider the set X = {t™ : 7 € Sub(a)}. Since every q; is standard, we clearly have that X C A,.
By closing X under all operations in {A,®,0} we obtain Y = (X) A g,0). Since A.[{A,®,0} is a bounded
distributive lattice it follows that Y is a finite {A, ®,0}—subalgebra of A.. We then close Y under the
operations {A,V} and obtain Z = (Y)(a v,0). Since Y is finite and A[{A,V,0} is a bounded distributive
lattice it follows that Z is finite.

Claim. Let x € Z, then x = \/ign b; and b; €Y for alli < n.

Proof. The claim follows by induction over {A,V,0} as in the Normal Form Theorem 3.2. |
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Now, in order to obtain an InqI®-algebra B such that dom(B) = Z and core(B) =Y, it suffices to extend
the tensor operator to arbitrary elements of Z and define a Heyting implication over such structure. To this
end, we define:

x®y::\/{a®b:a§x,b§yanda,bGY}.

For all =,y € B, we have by the previous claim that z = \/ign a; and y = \/jgm b; with a;,b; € Y, hence
by the finiteness of Y, the former definition is equivalent to z ® y = \/, ., \/j<m(ai ® b;) with a;,b; € Y.
Similarly, we proceed by defining a new “fake” implication — as follows:

Ty = \/{CE Z:chz <y}
Notice that, since Z is finite, = is well-defined. We now prove the following claims.
Claim. The structure B = (Z,Y N A, ®,V, A, =+,0) is an InqI®-algebra.

Proof. Firstly, since dom(B) = Z and (Z,A,V,0) is a bounded distributive lattice, we have that
(dom(B),A,V,=,0) is a bounded distributive lattice together with a well-defined Heyting implication,
hence it is a Heyting algebra. Similarly, core(B) =Y C A., hence since A. is a bounded distributive lattice
and Y is closed under {A, ®}, it follows that core(B) is also a bounded distributive lattice. We have by the
previous claim:

] ::\/{CGB:C/\xSy}
z\/{ \/ai: \/ai/\mgyandai € core(B) forallign}
i<n i<n
= \/{ai € core(B) : a; ANz <y for all i < n}.
Hence - is a well-defined Heyting implication and core(B) is a Heyting algebra.
It then remains to check the axioms Dist, Split and Mon. We check Dist and Split only as the case for
Mon is analogous.

(Dist). Let x,y,z € B, then there are a;,b;,c; € Y for all i < n,j < m,k <[ such that x = Vign a;,
y= \/j<m bj and z = \/, ., cx. By the definition of the tensor, we then have:

zove)=(Va e\ bvVa)

i<n j<m k<l
= (\/ ai)®(\/ \/ (bj\/ck))
i<n i<nj<m

=(VV V@eova).

i<ni<n j<m

And since a;, b5, ¢, € Y, it follows that: a; ®B (b Ver) =a; A (bj V cg). Thus, since the Dist axiom holds
in A we then obtain the following:

VV V@ebvea)=\ V V@eb) V(e o)

i<ni<nj<m i<n j<m k<l
— (Ve Vo) v(Vue Ve
i<n j<m i<n k<l

=(z@y)V(r®2)
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(Split). Let a € B, and y, z € B, then by our previous claim we have that y = \/

j<m bj and z = ngl Ck
such that bj, ¢, € Y for all j <m, k <[. By A well-connected, we have:

a—'>(y\/z):\/{c€l’>’:c/\a§(y\/z)}

:\/{chore(B):c/\aS ( \/ ij\/ck>}

j<m k<l

:\/{cecore(B):c/\ag \/ bj}\/\/{cecore(B):c/\a§ \/ck}

j<m k<l

= (a=>y) V (a=>2).
It follows that B is an InqI®-algebra. |

Recall that p is a core valuation such that (A, p) ¥€ ¢ and that by the Normal Form Theorem 1.17 we
assume without loss of generality that ¢ =\/,_, «; with each «; being standard.

Claim. Let v : AT — B be a core-valuation such that v[{po,...,pn} = pl{po,...,0n}, then (B,v) K ¢.

Proof. We first prove by induction that for any standard formula B(po, . . ., pn), [B]A*) = [B]BY).

e If B = p is atomic, then [[p]](B”’) = [[p]}(““”‘) by definition of v.
o If B = 9 ® x, then by the fact that ¥ and x are standard formulas, we have that [¢](A*) € Y and
[[X]] (A,u) c Y7 hence w ®B X = 1/) ®'A X- ‘We obtain:

[ @ x| =[] @A [x] A =[] B @B [x] B = [v @ x]BY.
o If B =1 A, we proceed analogously.
o If 3=1) — x, we have:
[v = X" = \/{ai e core(B) : a; A []BY) < [x]B
< \/{ai e core(A) : a; A [] A < [x] A

= [ = x]“".

Since by construction [ip — x| € A. N X C B, it follows that:

[ — XA € {a; € core(B) : a; A [] ) < [x]A)}

= [ = x]¥ < \/{ai € core(B) : a; A [] A < [x]AM},
and therefore [1) — x]B") = [ — x]AH.

(A,p) B

Now, we have that for all i < n, [a;]“*) = [a;]B*) and since VA = VB, it follows that H V ai]]
i<n

(B.v)
[[ V ai]] . Therefore, since (A, p) E¢ ¢, we have (B,v) E¢ ¢. |

i<n

Finally, we have obtained a finite InqI®-algebra B such that B ¥¢ ¢, which completes the proof of our
theorem. 0O
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The next proposition integrates the previous one and it allows us to obtain, starting from a finite InqI®-
algebra A such that A € ¢, a finite, core-generated and well-connected InqI®-algebra B such that B ¢ ¢.

Proposition 3.17. Suppose A is a finite IngA®-algebra and A ¥ ¢, then there is a finite, core-generated,
well-connected Ingh®-algebra B such that B ¥€ ¢.

Proof. The proof follows the same strategy of the proof of Theorem 3.13. Suppose A E° ¢ where A is a finite
dependence algebra. By Proposition 3.5, we obtain that (A.) #¢ ¢, hence there is some core-valuation p for
which M E€ ¢, where M = ({A.), 1n). Now, by Proposition 3.12, there is a surjective Heyting homomorphism
h: (A.) — B such that B is a subdirectly irreducible Heyting algebra and h(¢™) = sp, where sp is the
second greatest element in B.

To prove our claim, we specify a tensor operator and a subset of core elements of B, thus obtaining a
dependence algebra. Let B, := h[A,], then since h is a Heyting homomorphism in the signature {A, V, —, 0}
we have that B, is a homomorphic image of A.[{A, —,0}, hence it is a Brouwerian semilattice. Also, notice
that B, is an ordered structure, where the order a <p, b is defined by:

ag,@clu:nmgcb:a.

We augment B, with a join operator so that it becomes a Heyting algebra: we define, for all a,b € B,,
a®b:= N{z € B.: x> a,b} and we write B® for the expansion of B, with this new operation. Notice that
a ® b always exists by the finiteness of B.. It is easy to verify that BY is a Heyting algebra.

We can now use the tensor operator defined over BY to extend B to a dependence algebra B®. We
let B® = (dom(B),B%,A,V,®,—,0), such that B®[{A,V,—,0} = B and where the tensor operator is
interpreted in B® as follows:

o Foralla,be B? welet a®b:= \{z € B® : x > a,b}, as we defined above.
o Forall z,y e B\ BY welet @y :=\/{a®b:a<z,b<yanda,be BL}.

Claim. B?® is a finite, core-generated and well-connected IngA®-algebra.

Proof. Since A is finite and B® = h[(A)], it follows that B? is finite. Also, since B® = dom(B) = h[(A)]
and BY = h[A.], we have that B® = (BY). That B® is well-connected follows from the fact that B is finite
and subdirectly irreducible.

We next verify that B satisfies the conditions of Definition 2.2. By construction, both B® and B are
Heyting algebras, so it suffices to verify that B® also satisfies the additional axioms Dist, Split and Mon.
We only check Dist, as the proof that Split holds is the same of Theorem 3.13 and Mon follows similarly.

Since B is generated by its core B., we have for z,y,z € (BY) that y = \/,.,, k; and z = \/ ;. We
then obtain: -

js<m

x®(y\/z):\/{a®b:a§x,b§y\/zanda,bEBf’}

:\/{a®b:a§x,b§ \/k;i\/ \/ l; and a,b € BS}.

i<n j<m

Now, by the Split axiom, together with the fact that B is well-connected, it follows as in Proposition 3.6
that b is join-irreducible, hence b <'\/,, k; V'
Proceeding from the former equalities, we obtain:

j<m lj if and only if b < k; or b < [; for some ¢ < n,j < m.

:\/{a®b:a§x,b§ \/kzi,a,bEBS@}\/\/{aQ@b:aSmbg \/ lj,a,be BY}

i<n j<m
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:\/{a®b:agx,bgyanda,beB?}\/\/{a@b:agx,bgzanda,beb’?}
=(zy) V(r®z2).

Thus B® validates Split. Now, since h : A — B? is a surjective Heyting homomorphism and h[A.] C B,
it follows from Corollary 3.15 that h is a InqI®-homomorphism. Then, by Proposition 3.8, we have that h
preserves the validity of every ¢ € A and that B® is a InqA®-algebra. |

Finally, let v = h o y, then since h(¢?) = sp we have (B®,v) ¥ ¢, which shows B® ¥¢ ¢. Since B® is a
finite, core-generated and well-connected InqI®-algebra, this proves our theorem. O

By combining the two previous results we obtain the following theorem, which is a restricted version
of Theorem 3.13 for dependence algebras. We let InqAIg\% be the category of well-connected dependence
algebras and InqI®-homomorphisms.

Theorem 3.18. Suppose InqAIg\% F¢ ¢, then there is a finite, core-generated and well-connected dependence
algebra D such that D K€ ¢.

Proof. Suppose InqAIg\% ¢ ¢, then there is some well-connected InqI®-algebra A such that A ¥¢ ¢. Then,
by Theorem 3.16, there is a finite InqI®-algebra B such that B ¥¢ ¢, and by Proposition 3.17 we can then
find a finite, core-generated and well-connected InqI®-algebra D such that D K¢ ¢. O

We say that a dependence algebra A is locally finite if for every X C core(A) such that | X| < w we
have [(X)| < w. A class of InqI®-algebras C is locally finite if every A € C is locally finite. We say that an
intermediate dependence logic InqA® is locally tabular if InqAlgA® is locally finite. When IngA® is locally
tabular, we can replicate the proof that IngA-algebras are locally finite for the setting of IngA®-algebras.

Theorem 3.19 (Finite Model Property). Suppose A is a locally finite InqA®-algebra such that A ¥¢ ¢, then
there is a finite InqA®-algebra B such that B € ¢.

Proof. The proof of this theorem is the same to that of Theorems 3.10 and 3.11, by using the fact that A
is locally finite in place of Diego’s theorem. 0O

Together with Proposition 3.17, this provides us a stronger result for locally tabular intermediate dependence
logic.

Theorem 3.20. Suppose IngA® is locally tabular and InqAIgA® ¥¢ ¢, then there is a finite, core-generated,
well-connected inquisitive algebra D such that D E€ ¢.

Proof. By Proposition 3.17 and Theorem 3.19. O
4. Canonical constructions and representation of inquisitive and dependence algebras

In the previous section we have proved several model-theoretic properties of inquisitive and dependence
algebras and we studied finite, core-generated inquisitive and dependence algebras. In this section we focus
on these classes and we prove some duality results.

Firstly, we prove that the category of finite posets with Koéhler morphisms is dually equivalent to the
category of finite, core-generated, well-connected inquisitive algebras. Then, we prove that the category
of finite posets with p-morphisms is equivalent to the category of finite, core-generated, well-connected
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dependence algebras. These two results give an important representation of finite, core-generated and well-
connected inquisitive and dependence algebras in terms of appropriate downset algebras.

In the second part of this section we then extend these categorical equivalences to teams over Kripke
frames and models over inquisitive and dependence algebras. We conclude by remarking that, in this way,
we obtain an alternative proof of algebraic completeness for some intermediate inquisitive and dependence
logics.

4.1. Birkhoff, Kohler, and Esakia duality

We say that two categories C and D are equivalent if there are functors F': C - D and G : D — C
such that FoG 2 1p and Go F = 1¢. If C and D are equivalent, we also write C = D. We say that two
categories C and D are dually equivalent and we write C =°P D if C = D°P, namely if C is equivalent to the
dual category of D. We refer the reader to [25] for a precise definition of these categorical notions and to
[16] for a discussion of several duality results.

We recall some important representation results that we shall use later in our proofs. Firstly, we recall
the following theorem by Birkhoff, which allows us to represent finite bounded distributive lattices in terms
of suitable downsets algebras.

Theorem 4.1 (Birkhoff). Every finite bounded distributive lattice L is isomorphic to the algebra of nonempty
downsets of some finite poset: L = (Dw™(P), A, V,0) for some poset P. In particular, P is the poset of all
join-irreducible elements of L and h : x — {y € Lj; : y < x} is the underlying isomorphism.

We shall not discuss here how to extend the previous representation result to suitable morphisms, as we will
only need the previous version of Birkhoff’s result in the subsequent on this section. We refer the interested
reader to [7,16] for more details about Birkhoff’s theorem. See also the notes by Morandi [27] on dualities
in lattice theory for the extension of the previous result to a full categorical equivalence.

Let § and & be posets (i.e. intuitionistic Kripke frames) with orders R, R’ respectively, then we say that
a partial function p : § — & is a Kéhler map if the following hold:

(i) Vz,y € dom(p) [zRy = p(x) R'p(y)];
(i1) Vx € dom(p), Vy' € & [p(z)R'y’ = 3y € F such that xRy and p(y) = v/'].

Thus a Kohler map is essentially a partial p-morphism. Notice that here we followed Bezhanishvili and
Jansana [2] and we rephrased Kohler’s original conditions with their equivalent conditions for the dual of
his order. The reason is that, like Bezhanishvili and Jansana, we prefer to work with upsets of posets rather
than downsets. We then denote by Pos the category of all posets (i.e. intuitionistic Kripke frames) with
Kohler morphisms. Although posets and Kripke frames are the same objects, we usually talk of posets
when the underlying morphisms are Kohler maps, and of Kripke frames when the underlying morphisms
are p-morphisms.

Theorem 4.2 (Kohler). The category Posg of finite posets and Kohler maps is dually equivalent to the category
BSk of finite Brouwerian semilattices and Brouwerian homomorphisms.

We let O : Posg — BSg and Pf : BSg — Pospg be the underlying functors of Kohler’s duality. For any poset
5, we write Up(§F) for its collection of upward-closed sets. It is easy to see that Up(F) forms a Bouwerian
semilattice under the subset ordering C. Then, for any objects §, ® € Posg and any Kohler map p : § — &,
we have:
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O :F+— Up();
O(p) : Up(&) — Up(3); U — R[p~ ' (U)].

Notice that, since p is a partial map, p~1(U) does not need to be upward-closed and thus we explicitly close
it under R.

Conversely, we let Pf : BSg — Posg be the functor from finite Brouwerian semilattices to finite posets
which acts as follows. We say that a subset of a Brouwerian semilattice ' C B is a prime filter if F is
a proper filter such that, for all filters P,Q, PN Q C F entails P C F or @ C F (See [3]). Then, if A
is a Brouwerian semilattice, Pf(A) denotes the poset of its prime filters. For all Brouwerian semilattices
A, B € BSf and for all Brouwerian homomorphisms & : A — B, we then have:

Pf: A Pf(A);
Pf(h) : Pf(B) — Pf(A); : 2 — h™'[G].

We refer the reader to the original presentation by Kéhler in [23] for the proof that these maps are both
well-defined and that they prove that BSg = Posg. However, notice that our maps differ from Kohler’s
ones as we are working with their duals and following [2]. At the same time, our maps are simpler than
Bezhanishvili’s and Jansana’s maps as we are simply adapting Kohler’s duality, while they generalise it to
infinite Brouwerian semilattices and infinite posets. See also [2, §6].

Finally, let us recall the following finite version of Esakia duality.

Theorem 4.3 (Esakia). The category KFg of finite Kripke frames and p-morphisms is dually equivalent to
the category HAg of finite Heyting algebras and Heyting homomorphisms.

In one direction, we send finite Kripke frames (i.e. posets) to the Heyting algebra of their upsets with reverse
ordering, exactly as we did for Koéhler’s duality. In the case of maps, however, the functor has a simpler
description, since the preimage p~!(U) of some upsets U under a p-morphism p is always an upset. For any
objects §,® € KFg and any p-morphism p : § — &, we have that:

O:F— Up®);
O(p) : Up(®) — Up(F); U — p~'[U].
In the converse direction, we define the functor in the following way: if £ is a bounded lattice, then a subset
F C dom(L) is a prime filter if F is a proper filter and, for all z Vy € F, either z € F or y € F. We let
Pf(#) be the set of all prime filters over H. It is easy to check that this forms a poset under the subset

ordering. We then define the functor Pf : BSg — Posg by letting, for all A, B € HAg, and for all Heyting
homomorphisms A : A — B:

Pf: A— Pf(A);
Pf(h) : Pf(B) — Pf(A); G — h™'[G].

We refer the reader to [18] for a proof that these functors do indeed provide the category equivalence
KFg = HAE.

4.2. Duality between posets and inquisitive algebras

We prove in this section that Posg =P InqAlgrcew- We first describe how, from a finite intuitionistic
Kripke frame, one can obtain a finite, core-generated, well-connected inquisitive algebra. Our construction
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builds on Kohler’s and Esakia’s dualities. Given a poset § = (W, R), we first build the set of all R-upsets
Up(F) and we then consider the set Dw™ (Up(F)) of all non-empty downsets of Up(§F) ordered by inclusion.
Given any poset §, we define the set Up(F) as follows:

Up(F) :={t CW: if x €t and 2Ry then y € t}.

Namely, Up(F) is the set of R-upsets over W. If we think of subsets of W as teams, then Up(§F) can be viewed
as the set of all R-closed teams over W. One can then check by a routine argument that (Up(F), N, U, &)
forms a bounded distributive lattice, where the underlying order is the subset relation. Also, if we add to
this structure a Heyting implication in the usual way, we obtain a Heyting algebra (Up(gF), A, V, —,0).

To obtain an inquisitive algebra, we now construct two algebras starting from Up(F). Firstly, we consider
the following set:

Dw' (Up(F)) :={z C Up(F) : v # @ and if s C ¢ € z then s € z}.

Elements of Dw™(Up(F)) are downward closed collections of R-upsets over §. It is immediate to check
that the structure (Dw™* (Up(F)), U, N, {@}) is a bounded distributive lattice under the subset ordering. This
algebra can then be turned into a Heyting algebra in the usual way, by defining r — y < z <= zAy < z, for
all z,y € Dw (Up(F)). We use the symbols A, V, —, 0 to refer to the underlying operations over Dw™ (Up(g)).

Secondly, we consider the set of principal downward closed collections of R-upsets. Recall that a downset
x over the poset Up(F) is principal if there is some ¢t € Up(F) such that:

x={seUp(F):s <t}

If = is principal and x = {s € Up(F) : s < t}, we then write x = {t}+. Notice, in particular, that since
the underlying order of Up(§F) is the subset relation, we have that s < ¢ if and only if s C ¢, hence
{t}+ = p(t) N Up(F). We define:

Dw,(Up(3)) := {{t}* : t € Up(F)}.

The poset (Dw,(Up(F)), €) forms a bounded distributive lattice and can be augmented by a Heyting impli-
cation in the same way as we did for the previous lattices. The next proposition shows that Dw,(Up(%)) is
isomorphic to Up(F).

Proposition 4.4. The following Heyting algebras are isomorphic: Dwy(Up(F)) = Up(F) under the map h :
x> {z}.

Proof. Consider the map h : Up(F) — Dw,(Up(F)) such that h(z) = {z}+. It follows by the definition of
principal downset that this map is both surjective and injective. The, since s C t if and only if {s}+ C {t}+,

it follows that h is a isomorphism. O

In particular, the previous proposition allows us to characterise operations in Dw,(Up(F)) by operations
in Up(F). We have that, for all {a}¥, {b}* € Dw,(Up(F)):

(A AY = {anblr {aPF v ={avelt  {a}r = {0} = {a— b}

It is clear that Dw,(Up(F)) € Dw™ (Up(F)). We now claim that (Dw,(Up(F)), A, —,0) is a subalgebra of
Dw*(Up(F)) with respect to the operations A, —,0. We prove the following proposition.

Proposition 4.5. Dw,(Up(F)) is a Brouwerian semilattice subalgebra of Dw™ (Up(F)).
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Proof. We first prove that Dw,(Up(F)) is closed under A,—,0. By construction, 0 = {@}, and {@} €
Dw,(Up(F)), since @ € Up(F) and {} = {@}*.

For all 2,y € Dw,(Up(%)) we have that = {a}* and y = {b}* for some a, b € Up(F). Since Dw,(Up(F)) =
Up(J), we have {a}¥ A {b}+ = {a Ab}* and {a}¥ — {b}+ = {a — b}}+. Therefore, x Ay,x — y € Dw,(Up(F)),
showing that Dw,(Up(F)) is closed under A and —. Since Dw™ (Up(§)) [{A, —, 0} is a Brouwerian semilattice,
it follows that Dw,(Up(F)) is a Brouwerian subalgebra of Dw™ (Up(F)). O

We can represent the relations between the algebras that we have constructed by the following diagram:

Up(-) Dw* ()

5 Dw ™" (Up(3))

Up(S)

Dw, ()

N

Dw, (Up(3))

We can now use the algebras constructed above to obtain a finite, core-generated, well-connected inquis-
itive algebra. We first prove that Dw,(Up(%F)) generates the algebra Dw™ (Up(F)).

Proposition 4.6. Dw* (Up(F)) is generated by its subset Dwy(Up(5)).

Proof. If x+ € Dw'(Up(F)) then, since § is finite, z C Up(F) is finite too. Let ag,...,a, be maximal
upsets in = — they exist by the finiteness of x. Then, {ao}',...,{a,}* are principal downsets, whence
{ao}t, ..., {an}* € Dwy(Up(F)). We obtain:

v =J{{ao}*, . {an}*} =\ {ao}, . {an}h);
which means that z € (Dw,(Up(F))) and thus Dw* (Up(§)) = (Dw,(Up(F))). O

Finally, the next result shows that the structure: A := (Dw* (Up(F)), Dw,(Up(F)), A, V, —,0) is a finite,
core generated, well-connected, inquisitive algebra.

Proposition 4.7. The structure A = (Dw™ (Up(F)), Dwy(Up(F)), A, V,—,0) is a finite, core-generated, well-
connected, inquisitive algebra.

Proof. By construction, (Dw™(Up(F)),A,V,—,0) is a Heyting algebra and, by Proposition 4.5, A. =
(Dw, (Up(F)), A, —,0) is a Brouwerian semilattice. Also, we have by Proposition 4.6 that Dw™* (Up(F)) =
(Dwp(Up(F))), hence A is core-generated. It follows immediately by our construction, together with the fact
that § is finite, that A is finite as well.

We now prove that A is well-connected. Since A is a finite Heyting algebra, it suffices to show that it
has a second greatest element. Let W be the set of all worlds in § and let s = {W}+\ W. It is clear that
s € Dwt(Up(F)) and that s # {W} = 1. Now suppose # € Dw*(Up(J)) and z # 1, then for all R-upsets
t € x, we have that ¢ # W, hence t € s and « < s. Thus s is the second greatest element of A and A is
well-connected.

Finally, we check that A verifies the Split axiom. Let a € A, then a = {t}+ for some ¢t € Up(F). If
{t}¥ C x vy, it follows from the fact that z,y are downward closed that either {t}* C x or {t}* C y,
showing that a is join-irreducible. By reasoning as in the proof of Proposition 3.6, it follows that a —
(xVy)=(a— x)V (a —y), which proves that A satisfies the Split axiom and therefore that A is a finite,
core-generated, well-connected, inquisitive algebra. O
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Following the construction described so far, we have seen how to obtain, from a finite poset §, a finite,
core-generated, well-connected inquisitive algebra F(F). To obtain a functor F' : Posg — IngAlgecew, it
remains to extend this assignment to morphisms between posets, i.e. to Kéhler maps. The following proof
follows easily from Kohler’s duality.

Proposition 4.8. Suppose p : § — & is a Kohler map, then the function F(p) : F(&) — F(F) such that:

F(p): [ J{{to} - At} — JHURG 0D} - ARG [t M}
s a inquisitive homomorphism.

Proof. Firstly, notice that since F(®) is core-generated, then every element x € F(®) is of the form
r = \/,.,, a; where a; € F(&), for all i < n. Hence, since F(&) is a downset inquisitive algebra, every
element z € F(®) is of the form z = [J{{to}*,...{tn}*}, which means that F(p) is total. Moreover, since
by construction R(p~1[t]) is an R-upset, it follows that F(p) is well-defined.

To see that F(p) is core preserving it suffices to notice that, for all {t}+ € F(&).:

F(p)({t}*) = {R(p""[t)}* € Dwp(Up(F)) = F(3)e.

Now, since p is a Koéhler map, it follows by Koéhler’s duality that O(p) : Up(®) — Up(F) such that
O(p) : t — R[p~*(t)] is a Brouwerian semilattice homomorphism. Since Up(§F) = Dw,,(Up(g)) and Up(®) =
Dw,,(Up(®)), it immediately follows that F'(p)[Dw,(Up(®)) is a Brouwerian semilattice homomorphism. To
verify that it is a InqI-homomorphism, it suffices by Theorem 3.2 to check that F'(p) preserves joins of core
elements. Then, for any {t}}, {s}t € F(&)., we immediately have by our definition:

F(p)({t}* v {s}") = {Rlp O} U{Rp~ (s)]}* = F(p)({t}*) vV F(p)({s}).
Which proves our claim. O

In particular, it follows from the proof of the proposition above that F(p) is always total, even if p is
not. In fact, if R(p~![t;]) = @ for all i < n, then {R(p~![t:])}} = {@} for all i < n and therefore
F(p)(U{{to}i,...{tn}i}) = {@}. It is routine to check that the map F' : Posg — InqAlgrcew is func-
torial.

Now, in order to establish the equivalence between Posg and InqAlgrcew, we need to proceed in the
opposite direction, and define a functor G which associates a finite poset to every finite, core-generated,
well-connected inquisitive algebra. We employ Kohler’s duality to prove a representation theorem for finite,
core-generated, well-connected, inquisitive algebras.

Proposition 4.9. Let A be a finite, core-generated, well-connected inquisitive algebra, then there is a finite
Kripke frame § such that:

A= (Dw " (Up(§)), Dw,(Up(§)), A, V, =, 0).

Proof. Suppose A is a finite, core-generated, well-connected inquisitive algebra, and let Aj; be its subset
of join-irreducible elements. By Proposition 3.6 we have that A4; = A.. Hence, by the fact that A is an
inquisitive algebra, it follows Aj; is a Brouwerian semilattice in the signature {A, —,0}. By Theorem 4.2,
we have that Aj; = Up(F) for some finite poset § — here we shall think of § as an intuitionistic Kripke
frame, where the underlying ordering is the accessibility relation R between worlds. We let g : Aj; — Up(F)
be the function witnessing such isomorphism.
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Now, let B = (Dw™(Up(F)), Dw,y(Up(%F)), A, V,—,0) be the canonical IngI-algebra obtained from the
frame § using the construction outlined in the previous section. It follows by Proposition 4.7 that B is an
inquisitive algebra. We show that A4 = 5.

By Theorem 4.1 the function h : A — Dw™(Aj;) such that h(z) = {y € Aj; : y < z} is a lattice
isomorphism. Moreover, since Dw*(Aj;) is a finite bounded distributive lattice, we can expand it with a
Heyting implication and obtain the Heyting algebra (Dw*(A4;;), A, V,—,0). Since h is an order-preserving
bijection, it is also a Heyting algebra isomorphism and thus we obtain that .4 = Dw™(A4,;).

Let g : Dw'(A;;) — B be defined by lifting g to the algebra Dw™ (Aj;):

g : {a07 ey an}l = U{{g(aO)}l” Tt {g(a'n)}i}'

By the fact that g is a isomorphism, together with the fact that B is core-generated, it follows that g is a
bijection. Moreover, if {ag, ..., an}* C {bo, ..., by }* we then clearly have that |J{{g(ao)}*,...,{g(an)}}*} C
U{g(bé), ..., g(b:)}, since g is order preserving. Then, § is order preserving and, since it is a bijection, it is
a Heyting algebra isomorphism as well.

We then let f:=goh: A — B. Since h and § are both Heyting algebra isomorphisms, it follows that f
is also a Heyting algebra isomorphism. Moreover, since A is core-generated and well-connected, it follows
by Proposition 3.6 that A. = A;; and thus, for all a € A, h(a) = {a}+ and:

fla) = gohla) =g ({a}*) = {g(a)} € Dwy(Up(¥)).

Therefore, f is a bijective, core-preserving, Heyting algebra homomorphism between A and 3, which means
that f is a InqI-homomorphism and thus that A= B. O

While the previous theorem gives a representation of finite, core-generated, well-connected, inquisitive
algebras, the following proposition provides a representation of the maps between them. Our proof follows
easily from Kohler’s duality (see in particular [23, Lemma 3.2]).

Proposition 4.10. Let h : A — B be a InqI-homomorphism between finite, core-generated, well-connected
InqI-algebras, then there is a Koéhler map p: ® — § such that h = F(p), A = Dw'(Up(F)) and B =
Dw* (Up(®)).

Proof. Suppose h : A — B is a InqI-homomorphism between finite, core-generated, well-connected
InqgI-algebras. By Proposition 4.9 we assume without loss of generality that A = Dw™(Up(gF)) and
B =Dw" (Up(®)) for some finite Kripke frames § and &.

Let &k : Up(F) — Up(®) be the map such that k(t) = s if and only if A({t}¥) = {s}*. Since h[Dw,(Up(F))
is a Brouwerian semilattice homomorphism, we obtain by Proposition 4.4 that k is a Brouwerian semilattice
homomorphism as well. By Kohler’s duality there is a unique Kohler’s map p : & — § such that O(p) = k.
In addition, for any J{{to}t,... {tn}*} € Dwt(Up(F)):

Fo) (Ut} {ta}*}) = JHRG ™ D)} - ARG (1))}
= JHowm)(to)}* ... {0 () }}
= UtHkt)} - (k(t)}}
= Utad{to}) - al{ta}4))
= UMt} {ta})

which completes the proof of our claim. O
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Now, let G : InqAlgecew — Posg be the functor defined as follows. On objects, we let G(A) = §F, where § is
a finite poset such that A = F(§). On some inquisitive homomorphism h : A — B, welet G(h) =p: & = §
where G(A) = §, G(B) = & and F(p) = h. It follows by this very construction that G is functorial and that
together with F' it forms a dual equivalence between Posg and InqAlgeceow.

Theorem 4.11. The category of finite posets with Kdohler maps is dually equivalent to the category of finite,
core-generated, well-connected inquisitive algebras with InqI-homomorphisms:

Posg =P InqAlgrcew-

Proof. Let F': Posg — InqAlgrcew and G : InqAlgrcow — KFg be the functors defined above. It follows from
Proposition 4.7 and Proposition 4.8 that F' is well-defined and from Proposition 4.9 and Proposition 4.10
that G is well-defined. By our definitions of F' and G we have that F o G = id and G o F' = id. Therefore,
F and G describe a dual categorical equivalence between Posg and InqAlgrcew. O

4.83. Duality between Kripke frames and dependence algebras

In the previous section we have proved that the category of finite posets is dually equivalent to the category
of finite, core-generated, well-connected inquisitive algebras. Here we prove that the category Inq/—\lgf?CGW
of finite, core-generated, well-connected dependence algebras is equivalent to KFg, thus obtaining a similar
result for dependence algebras.

We first describe the functor F' : KFg — InqAlggyy- For any finite Kripke frame §, we let F(g) be
the InqI®-algebra obtained by adding a tensor operator ® to the inquisitive algebra Dw™ (Up(g)). For all
a,b € Dwy(Up(g)), we have a = {t}+ and b = {s}* for some ¢, s € Up(F). We then let:

a®b={tUs}t.
And we lift such operation to all z,y € Dw*(Up(F)) as follows:
TRY = \/{a® b:a<zb<yanda,be Dwy(Up(F))}.
The next result shows that F' is well-defined on objects.

Proposition 4.12. The structure A = (Dw™(Up(F)), Dwy(Up(F)), A, V,—,®,0) is a finite, core-generated,
well-connected, dependence algebra.

Proof. Firstly, we have by Proposition 4.7 that A is a finite, core-generated, well-connected, inquisitive
algebra. Hence it suffices to show that A is also a dependence algebra.

Now, by Proposition 4.4, we have that a ® b = {t V s}+ is a well-defined join operator over Dw,(Up(g)),
hence the core (Dw,(Up(F)), A, ®, —,0) is a Heyting algebra.

It remains to verify that A validates the axioms Dist and Mon. We only show that Dist holds, as
Mon is easily checked in a similar way. By Theorem 3.2 we have y = \/,_, k; and z = \/ l; with
ki, l; € Dwy(Up(F)) = A for all i <n,j < m. We then obtain: -

j<m

w®(y\/z):\/{a®b:aSx,bgy\/zanda,bEAc}

:\/{a®b:a§x,b§ \/ki\/ \/ l; and a,b € A.}.

i<n j<m
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Now, since by Proposition 3.6 core elements of well-connected dependence algebras are join-irreducible, we
have that b < \/,.,, ki V'V
from the former equalities:

j<m l; if and only if b < k; or b < [; for some i < n,j < m. Then, proceeding

:\/{a®b:a§x,b§ \/ki,a,bEAc}v\/{CL@b:aS%bg \/ lj,a,be A}

i<n j<m
:\/{a@b:aSz,bgyanda,bEAc}\/\/{a@b:an,szanda,bGAc}

=(@®y)V(z®z2).
Hence A is a InqI®-algebra. O

Now, let p : § — & be a p-morphism. We proceed as in the case of inquisitive algebras and we show how
to obtain a canonical dependence homomorphism F(p).

Proposition 4.13. Suppose p : § — & is a p-morphism, then the function F(p) : F(®) — F(F) such that:

F(p): [ J{{to} - At} — JHp Mt} - A [ta] 1)
is a dependence homomorphism.

Proof. The proof is analogous to that of Proposition 4.8, by using Esakia’s duality in place of Kohler’s
duality. O

It is then easy to verify that F' is functorial. Then, to obtain a categorical equivalence, we prove the
following representation results.

Proposition 4.14. Let A be a finite, core-generated, well-connected dependence algebra, then there is a finite
Kripke frame § such that A = F(A).

Proof. By proceeding exactly as in the proof of Proposition 4.9, using Esakia’s duality instead of Kohler’s
duality, we obtain that there is a finite Kripke frame § such that the following map is a isomorphism:

f o A= (DW(Up()), Dwp(Up(R)), A, Vo =, 0); \/ @i = | {{9(a0)}* - - {g(an) 1},

i<n

where g : Aj;; — Up(F) is a isomorphism of Heyting algebras. Therefore, we have that for all a,b € A;j; = A.:
g(a®b) = g(a) ® g(b) = g(a) U g(b), thus:

fla®b) ={gla@b)}* = {g(a)}* U {g(b)}*,
which proves that f preserves the tensor disjunction of core elements.
Then, since for all z,y € A, we have that z = \/ign a; and y = \/jgm b; for a;,b; € Acforalli <n,j <m,
one can proceed as in the proof of Lemma 3.14 and verify that f(zr ® y) = f(z) ® f(y) for all z,y € A. O

Similarly, we have the following representation of p-morphisms.

Proposition 4.15. Let h : A — B be a InqI®-homomorphisms between finite, core-generated, well-connected
InqI®-algebras, then there is a p-morphism p : & — § such that h = F(p), A= F(§) and B = F(8).
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Proof. The proof is the same as the proof of Proposition 4.10, by using Esakia’s duality instead of Kohler’s
duality. 0O

Then, let G : InqAIg,é@CGW — KFg be the functor defined as follows. On objects, we let G(A) = §,
where § is a finite Kripke frame such that A = F(F). On some InqI®-homomorphism h : A — B, we let
G(h) =p: ® — §F where G(A) = F, G(B) = & and F(p) = h. It follows that G is functorial and that
together with F' it forms a dual equivalence between KFg and InqAIg,‘?CGW.

Theorem 4.16. The category of finite Kripke frames with p-morphisms is dually equivalent to the category
of finite, core-generated, well-connected InqI®-algebras with InqI®-homomorphisms:

KFg =P InqAIg,@CGW.

Proof. By the definition of the functors F' and G, and by Propositions 4.14 and 4.15, we have that FoG 2 id
and G o F' = id. Hence, F' and G together describe a dual categorical equivalence. O

4.4. Equivalence of team and algebraic semantics

We use the categorical equivalences of the previous section to obtain some results on the equivalence of
team and algebraic semantics of inquisitive and dependence logics. The equivalence of the two semantics can
be proved from the former duality results in the case of inquisitive algebras, while in the case of dependence
logics we only show a limited version for well-connected algebras. However, a full semantic equivalence for
dependence algebras can be proved relying on our former algebraic completeness result. Notice that, since
in this section we will not consider maps between algebras, we shall talk about Kripke frames both in the
context of inquisitive and dependence algebras.

We start by providing canonical core-valuations to the canonical inquisitive and dependence algebras
described above. With a slight abuse of notation we indicate by Az both the inquisitive and the dependence
algebra dual to the finite Kripke frame §. If 91 = (F,V) is a finite Kripke model, we then obtain an
inquisitive (dependence) model corresponding to 9 by defining the canonical core-valuation p" : AT — §
as follows:

1 ipe {VTH )}

In this way we supplement Az with a core-valuation, and we obtain a model M‘g/ = (Ag, ") for inquisitive
(dependence) logic. We say that M‘S/ is the dual inquisitive (dependence) algebraic model to the Kripke model
M = (§, V). We also recall that if § is a Kripke frame and s is an R-upset, then §, denotes the subframe
$ls = (W ns, Rls). We proceed by first proving the following technical lemma.

Lemma 4.17. Let 9 = (F,V) be a Kripke model and § = (W, R). For all s,t € Up(F) the following facts
hold:

(i) s € [¢]M5e = MY E° ¢.
(ii) If t C s, then [¢]5e = [¢]M5 N {t}+.
(i3) If s,t; € Up(F) for alli € I, then {s}* = U{{t:}} :i € [} & t; = s for some i € I.
Proof. (i) By construction, [[qb]]Mgs C {s}¥ and, since [[gzﬁ]]M}?/s is downward closed, s € [[qb]]M‘S/s entails
{s}* C [4]M5+. Then s € [¢[M5- if and only if {s}* = [¢]*+ if and only if MY F° ¢.
(ii) By induction on the complexity of ¢.
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- I ¢ = p, then [p]"'5 = (V"1 (p) N} = (VI (p)}* 0 {1} = [p]™5- 0 {3
Vv
If ¢ = L, then [¢]"'5 = {@} = [¢]*'5-.
If ¢ =V x or @ =1 A x, then our claim follows directly from the induction hypothesis.
If ¢ = — x, then:

[ — xJM5 = o € ME, :an [ C [}
= He e MY, can (M5 0 {8 S (DM5- n {81} (by ih)
= Ut e MY, can [p]M5e € M5 0 fer
= ([WI™5: — DIMs) n {8}
= [ = XM n {11

— If ¢ = ¢ ® x, then we first notice that, since Dw,(Up)(F) is a Heyting algebra with the tensor as
join, we have for all ¢g,t1,t2 € Up(F):

() ({to}" n{ta}Y) @ ({t1}* N {t2}*) = ({to}* @ {t1}") N {t2}*.
Now, we let [[w]]M}és = Uj<n{ki} and ﬂx]]M}?/s = Uj<m{z}- We obtain:
[ @ XI5 = []MF @ (™5
= (W5 n {1 ® (DAMs- N {1} (by ih.)
= s n{th e | {1 n{th

i<n j<m

= U ey nih el n{nh)  (by Dist)

i<n,j<m

= U (e} e{z)n{) (by (%))

i<n,j<m

= (Utsp o Utzr) niey (by Dist)

= ([IM% ® Dd™s-) n {t}
= [ @XM n {1}

(iii) (=) Suppose t; # s for all i € I. If there is some i € I and some element y; € t; \ s, then Ry; ¢ {s}*
but Ry; € U{{t:}* : i € I'}, proving our claim. Otherwise, for each t; there is an element x; such that
z; € s\ ti, hence Rx; € {s}+\ {t;}*. It follows that {Rx;}ier C {s}* but {Rx;}ier € U{{t:i}* i € I},
showing {s}* # UJ{{t;}* : i € I}. («) Obvious. O

By using the previous lemma we obtain the following proposition, which we shall use later in the proof of
Theorem 4.19.

Proposition 4.18. Let M = (F,V) be a Kripke model and s,t € Up(F) such that t C s. Then Mgt EC¢ ¢ if
and only if t € [[gi)]]M‘?/
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Proof. For any s,t € Up(§F) such that ¢t C s, we have:

te [[¢HM¥ —tec [[(b]]Mgs n{t}
—=tle [[(b]]Mgf (by Lemma 4.17(ii))
= My, F g, (by Lemma 4.17(i))

which proves our claim. O

The next theorem finally shows that any inquisitive or dependence formula is true in a finite Kripke
model if and only if it is valid, under the canonical core-valuation, in its dual inquisitive algebraic model.

Theorem 4.19. Let M = (F,V) be a finite Kripke frame and M¥ = (Ag,1V) its dual inquisitive (depen-
dence) algebraic model. Then M E ¢ if and only if /\/l¥ E¢ .

Proof. By induction on the complexity of ¢.
e For p € AT we have that:

MEp<=VYweW (wlp) =1)
S W={weW: :wp) =1}
= WH ={weW:wlp) =1}
= 1y =u1"(p)
= MY Ep.
e For ¢ = 1 we have:
ME L= W=0= {W}={o} < Lyy =0y < My F° L.

o For ¢ =V x we have:

MEYV Y= MEY or ME x
= lyy = [W]]Mg or Lyy = ﬂxﬂM¥ (by induction hypothesis)
=y = [[1/1]]M¥ v [[)d]M‘S/ (by well-connectedness of Ag)
= lmy =¥ VxJME
= M{E YV

e For ¢ = ¢ A x the claim follows by straightforward application of the induction hypothesis.
e For ¢ = ¢ — x we have:

ME ) — y <=Vt (if t C W and M, ¢ = 1 then M, ¢ E x)

Prop. 1.13
P

vt (if t € Up(F) and DM, t E ¢ then M, ¢ F x)

DIV v (if £ € Up() and MY, E° ¢ then MY, E° x)

= {(WH ={t € Up(§) : MY, E° ¢ = MY F° x}
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= (W =|J{reds:ter = MY F ¢= M F X}

Prop. 4.18
f

Wi =Jlreds:ter = [te )™ =te M)}

= (Wi =z e Az ran [9]M5 € [\]M5 )
= luy =[Y— XM

If /\/lg is an algebraic dependence model, we need to check also the case for the tensor disjunction.

(=) Suppose M E 1 ® x, then by Proposition 1.13 there are two upsets ¢, € Up(F) such that tUr =W
and M.t F ¢, M, r F x. By induction hypothesis, we obtain that Mgt F¢ ¢ and M}{r F° x, thus by
Proposition 4.18 ¢ € [[M5 and r € [x]M5 . Now, since W = t Ur, we have:

1%
3

[v @ xJM = JH{uUo} ue [9]M5 and v e [9]M5)

=UJtrurhy
= {W}.

Hence M}é ECy® x.
(<) Now suppose MI{ F° ¥ ® x, then we have that:

Wi = J{{uu o} s u e [B* and v e [ ).

By Lemma 4.17(iii) there are r,t € Up(§) such that {W} = {t Ur}*, t € [¥]M5 and r € [x]M5. Then,
it follows that ¢ € []M5 N {t}* and r € [x]M5 N {r}*, hence by Lemma 4.17(ii) we have ¢ € [¢]M5: and
r e [[)d]M}?/r, thus by Lemma 4.17(i) M‘S/t E€ 4 and Mg, E°¢ x. By induction hypothesis, we have 9, ¢ F ¢
and M, r F x, which together with r Ut =W yields ME ¢y ® x. O

The previous theorem establishes that a formula is true in a Kripke model if and only if it is true in
its dual algebraic model. Now we proceed in the converse direction and we prove that a formula is true in
an algebraic model if it is true in its corresponding dual Kripke model. As we did above, we proceed by
defining canonical valuations over Kripke frames dual to finite, core-generated, well-connected inquisitive
(or dependence) algebras.

Given an algebraic model M = (A, i) such that A is a finite, core-generated, well-connected inquisitive
(dependence) algebra, we can find by Proposition 4.9 (and Proposition 4.15), a finite Kripke frame § such
that A = Ag. Let h : A — Az be a isomorphism and let p/ = h o u. We define the canonical valuation
V : W — p(AT) over the frame § as follows:

V:we {pecAT: {Rw]}* Cu'(p)}.

It is straightforward to verify that V' is a suitable valuation, i.e. that if wRv and p € V(w), then p € V(v).
We say that the Kripke model 9% = (§,V) is the dual of M = (A, u). We show that 91 validates exactly
the same formulas of the original algebraic model.

Proposition 4.20. Let M be a finite, core-generated, well-connected inquisitive (dependence) algebraic model
and let M be its dual Kripke model, then M E° ¢ if and only if M E ¢.

Proof. We prove this theorem for inquisitive algebraic models only, as the proof for dependence models is
the same, using the corresponding duality result.
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Let M = (A, ) be an inquisitive algebraic model with A € InqAlgrcew and let 9 = (F, V) be its dual
Kripke model. By Theorem 4.11 we have that A = Agz. Let h : A — Az witness this isomorphism and
consider the canonical algebraic downward team model MY = (Ag, V). Then, since p/(p) = hou(p) = {t}*
for some t € Up(5F), we have:

vVWip)={V ')} ={weF:{Rw} C /' (p)} ={weF:wet} =houp).

Then, since h is a isomorphism and for all p € AT vV (p) = h o u(p), it follows that for all ¢ € Lipc,
h[p(2)] A = [¢(Z)]As ). Therefore, we have that for all ¢ € Lipe, M E° ¢ if and only if MY E¢ ¢. By
Theorem 4.19 we have /\/lg F¢ ¢ if and only if 9 F ¢. Finally, this entails M E¢ ¢ if and only if 91 F ¢,
which proves our claim. O

The previous results show that the dual equivalences that we studied in the previous section also pre-
serve the validity of inquisitive and dependence formulas. Now, for any intermediate inquisitive logic IngqA
we let KFA be the class of Kripke frames § such that § E A, and we let KFAfg be its subcollection of finite
frames. We let InqAlgAgcew be the subcategory of IngAlg/\ consisting finite, core-generated, well-connected
intuitionistic inquisitive algebras. We define analogously KFA®, InqAlgAg and IngAlgAg.qy for every inter-
mediate dependence logic IngA®. We obtain the following corollary of Theorem 4.19 and Proposition 4.20.

Corollary 4.21. For every intermediate inquisitive logic Inqh, and every intermediate dependence logic
IngA®, we have the following:

F € KFAF <— A,}’; S |nqA|g/\chw;
T € KFAE <= Az € InqAlgNAEeqw-

Finally, we use the results of this section to prove the following theorems, which show the equivalence
between team and algebraic semantics.

Theorem 4.22 (Semantic Equivalence I).

(i) The class of Inql-algebras is semantically equivalent to the class of all Kripke frames, i.e. for all
¢ € Lipc:

KF E ¢ < InqAlg £ ¢.

(ii) The class of well-connected InqI®-algebras is semantically equivalent to the class of all Kripke frames,
i.e. for all ¢ € LS

KF £ ¢ <= InqAlgZ, F° ¢.

Proof. (i) (=) Suppose InqAlg ¢ ¢, then by Theorem 3.13 there is a finite, core-generated, well-connected
IngI-algebra such that A ¥°¢ ¢. Hence, for some core-valuation u, we have that (A, u) B¢ ¢ and then, by
Proposition 4.20, it follows that for some finite Kripke model 9t we have that 9 ¥ ¢ and thus KF ¥ ¢.
(<) Suppose KF ¥ ¢ then, by Theorem 1.15, there is a finite Kripke frame § = (F, V) such that 9t ¥ ¢.
By Theorem 4.19 we have /\/l¥ F¢ ¢, where MI{ = (Az, 1V) and Az € IngAlgrcow. Finally, this shows that
IngAlg ¢ ¢.

(ii) Analogous to (i), by using Theorem 3.18. O
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We have already remarked in Section 2 that a Kripke frame § such that § F IngB or § F IngB® is
classical and it can be viewed as a set of assignments. We can then prove the following result for the logics
IngB and IngB®. We let Team be the class of all classical teams, InqBAlg be the class of all IngB-algebras
and InqBAIg® be the class of all InqB®-algebras.

Theorem 4.23 (Semantic Equivalence II).

(i) The class of IngB-algebras is semantically equivalent to the class of all teams, i.e. for all ¢ € Lipc:
Team E ¢ <= InqBAlg E€ ¢.
(i) The class of InqB®-algebras is semantically equivalent to the class of all teams, i.e. for all ¢ € Lipe:

Team E ¢ <= InqBAIg® £ ¢.

Proof. (i) Analogous to the Proof of Theorem 4.22(i) using the finite model property of IngB. (ii) Since
IngB® Lo = CPC is locally tabular we apply Theorem 3.20 and proceed otherwise as in the Proof of
Theorem 4.22(i). O

Notice that the previous theorems were proven using only the results of this section, together with
the finite model property and the completeness of team semantics. In particular, they do not rely on the
algebraic completeness theorem of Section 2. This is interesting, as we can provide an alternative proof of
the algebraic completeness for some inquisitive and dependence logics.

Corollary 4.24 (Algebraic Completeness).

(i) For all ¢ € Lipe, ¢ € Inql <= InqAlg E° ¢.
(ii) For all ¢ € Lipe, ¢ € IngB <= InqBAlg E€ ¢.
(iii) For all ¢ € LS, ¢ € IngB® <= InqBAIg® E° 6.

Proof. (i) By Theorem 1.9 we have that ¢ € Inql if and only if KF E ¢ and, by Theorem 4.22, this is
equivalent to IngAlg E¢ ¢. (ii) and (iii) are proven analogously using Theorems 1.11 and 4.23. O

We then obtained an alternative proof of the algebraic completeness for the logics InqI, IngB and IngB®.
Whether this method could be used to prove the algebraic completeness of other intermediate inquisitive
and dependence logics should be object of further investigations.

Finally, we conclude this section by remarking that, using the algebraic completeness theorem of Section 2,
the following result follows:

Theorem 4.25 (Semantic Equivalence III). The class of InqA®-algebras is semantically equivalent to the
class of all Kripke frames, i.e. for all ¢ € LE:

KF E ¢ <= InqAlg® € ¢.

Proof. By Theorem 1.9, KF F ¢ holds if and only if ¢ € InqI®. By Theorem 2.15 the former is equivalent
to InqAlg® E¢ ¢. O
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5. Concluding remarks and open problems

In this article we studied intermediate inquisitive and dependence logics from an algebraic perspective.
We presented in Section 1 an axiomatisation of inquisitive and dependence logics, and we introduced in
Section 2 algebraic semantics using so-called inquisitive and dependence algebras. We then adapted the
standard method of free algebras to our setting, and we used it to prove that every intermediate inquisitive
and dependence logic is algebraically complete.

We then considered, in Section 3, several model-theoretic properties of the classes of inquisitive and
dependence algebras. We defined core-generated and well-connected inquisitive and dependence algebras and
we proved several properties concerning them. Most importantly, we then focused on finite, core-generated,
well-connected inquisitive and dependence algebras. In the inquisitive case we proved a version of Birkhoff’s
theorem, showing that InqAlgA E€ ¢ if and only if InqAlgArcew E€ ¢. Differently, in the dependence case, we
proved two weaker versions of this result: one stating that Inq/—\lg/\{% E¢ ¢ if and only if InqAIg/\?CGW Ec o
and a second one stating that, if A is locally tabular, IngAlgA® ¢ ¢ holds if and only if InqAlgAEcqw F¢ ¢
holds.

Finally, in Section 4, we focused on the relation between frames and algebras, and the relation between
algebraic and team semantics. To this end, we proved that the category Posg is dual to InqAlgrcew, and that
KFg is dual to InqAIg,@CGW. We then derived several results concerning the equivalence of team and algebraic
semantics and we provided an alternative proof of algebraic completeness for the logics InqI, IngB, IngB®.

The main goal of this article was to provide a workable algebraic framework for inquisitive and dependence
logics. The results we obtained show that standard algebraic methods can be adapted and used to study
these logics, even despite the fact that they are non-standard systems where uniform substitution fails. The
present work also suggests some possible directions for future investigations.

Firstly, as we have already remarked, the version of Birkhoff’s theorem that we proved for dependence
logics differs from the version we proved for inquisitive logics. Is it possible to prove a stronger result and
show that, for any intermediate dependence logic IngA® and any formula ¢ € L5, InqAIgA® E€ ¢ if and
only if InqAIg/\?CGW EC ¢7

It should also be considered for what intermediate inquisitive and dependence logics we can give a
completeness proof using duality, as we did in Section 4 for InqI,IngB and InqB®. Interestingly, this
problem relates to the question whether all intermediate inquisitive and dependence logics are complete
with respect to some class of Kripke frames, and whether they all have the finite model property.

It is also natural to investigate whether the representation theorems for InqAlgrcow and InqAIgE)CGW can
be extended to the infinite case, namely to InqAlgcew and InqAIg?GW. Since the representation of infinite
algebraic structures also involves topological dualities, this issue also relates to the question whether it is
possible to give a topological semantics to intermediate inquisitive and dependence logics. This problem
has been considered in [5] for IngB, but it has not been investigated in the general case of all intermediate
inquisitive and dependence logics.

Finally, we should consider whether it is possible to prove that the algebraic semantics outlined in this
articles is in any sense unique — as it happens for the standard algebraic semantics of CPC and IPC and for
every standard algebraizable logics. This would require to develop a framework for algebraisability for logics
without uniform substitution. We leave this and the previous problems to future investigations.
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