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Abstract

This thesis is a contribution to the topic of estimation in one-parameter exponential fami-
lies. It contains four chapters where three different estimation strategies have been studied
to address this statistical problem. Chapter 1 is an overall introduction to the subject of
this dissertation. Each of the later chapter (Chapter 2, 3 and 4) corresponds to a presen-
tation of one of the three strategies for estimation. Chapter 2 is joint work with Yannick
Baraud (University of Luxembourg) and is based on the arXiv paper Baraud and Chen
(2020). Chapter 3 is based on the arXiv paper Chen (2022) and Chapter 4 is an ongoing
work.

In Chapter 1, we present the statistical problem we would like to solve in this thesis.
Roughly speaking, we observe n pairs of independent (but not necessarily i.i.d.) random
variables X; = (W1,Y7),...,X,, = (W,,Y,) and assume for each i € {1,...,n}, the condi-
tional distribution Q} (w;) of Y; given W; = wj is not far away from a distribution belonging
to some one-parameter exponential family with parameter v*(w;) € R. Throughout this
thesis, our goal is to estimate the n conditional distributions Q}(w;). We provide some
elementary examples to illustrate the problem we would like to solve and survey the rel-
evant literature. We conclude our contributions together with providing an overview of
the contents of each chapter. We also introduce some background knowledge in this part
including a brief introduction to p-estimation which is the cornerstone of the work in this
thesis and the definition of VC-subgraph class which is the main assumption the present
work relies on.

In Chapter 2, we present our first strategy, a robust estimation procedure based on
one model. Our estimation relies on the assumptions (might not be true) that the data
are i.i.d. and the conditional distributions of Y; given W, = w; belong to a one parameter
exponential family 2 = {Qy, 6 € I} with parameter space given by an interval I. More
precisely, we pretend that these conditional distributions take the form Qg(.,) € 2 for
some @ belonging to a VC-subgraph class © of functions with values in I. For each
i € {l,...,n}, we estimate Q}(w;) by a distribution of the same form, i.e. Q@(wi) € 92,
where 8 = 0(X1,...,X,) is a well-chosen estimator with values in ®. We establish non-
asymptotic exponential inequalities for the upper deviations of a Hellinger-type distance

between the true conditional distributions of the data and the estimated one based on the



exponential family 2 and the class of functions ®. We show that our estimation strategy
is robust to model misspecification, contamination and the presence of outliers. Besides,
when the data are truly i.i.d., the exponential family 2 suitably parametrized and the
conditional distributions Q7 (w;) of the form Qg+ (,,) € 2 for some unknown Holderian
function @* with values in I, we prove that the estimator 0 of 6* is minimax (up to a
logarithmic factor). Finally, we provide an algorithm for calculating 0 when © is a VC-
subgraph class of functions of low or moderate dimension and we carry out a simulation
study to compare the performance of 0 to that of the MLE and median-based estimators.
The proof of our main result relies on an upper bound, with explicit numerical constants,
on the expectation of the supremum of an empirical process over a VC-subgraph class.
This bound can be of independent interest.

In Chapter 3, we introduce our second estimation strategy that is a model selection
procedure based on p-estimation. We establish an oracle type inequality for the selected
estimator with respect to a Hellinger-type distance. When the data are truly i.i.d., the
exponential family 2 suitably parametrized and the regression function v* exists such that
Qj (w;) = Ryr(y,) for alli € {1,...,n}, we show that our estimator 5 of v* is adaptive in
the minimax sense over a wide range of anisotropic Besov spaces. In particular, when ~*
has (or is close to) a general additive or multiple index structure, we construct suitable
models to approximate this 4* and prove that the resulted estimators given by our model
selection procedure based on these constructed models can circumvent or mitigate the curse
of dimensionality. Moreover, we consider the problem of model selection on ReLLU neural
networks. We provide an example to illustrate that estimating v* by our model selection
procedure based on neural networks enjoys a much faster converge rate than the one we
would obtain by using models based on wavelets. Finally, we apply our model selection
procedure to solve variable selection problem in one-parameter exponential families.

When the family of models is very large, the model selection strategy may be extremely
costly from a computational point of view. To overcome this difficulty, we consider an
alternative strategy in Chapter 4 which is estimator selection. More precisely, we consider
the problem of estimator selection in a particular situation where we assume to have an
arbitrary collection T'(X) = {7:(X), A € A} of piecewise constant candidate estimators
for the regression function 4*. These estimators are based on our observations X =
(X1,...,X,) where the dependency of each estimator with respect to the data X may be
unknown and we wish to use the same observations namely X to select a suitable estimator
denoted as 45(X) among the family f‘(X ). From this point of view, our procedure
contrasts with other alternative selection methods based on data splitting, cross validation,
hold-out, etc. We establish a non-asymptotic deviation bound that compares the risk of
the selected estimator to the infimum of the risks over the collection. We then explain how
to apply our procedure to the changepoint detection problem in one-parameter exponential

families. The practical performance of our estimator selection procedure is illustrated by



a comparative simulation study under different scenarios and on two real datasets from

the copy numbers of DNA and British coal disasters records.
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Chapter 1

Introduction

In this dissertation, we consider the following problem. We observe n pairs of independent
(but not necessarily i.i.d.) random variables X; = (W3,Y3),...,X,, = (W,,Y,) with
values in a measurable product space (# x Z , W ® )). Our aim is to understand how
the responses Y; depend on the covariates W;. To analyse this dependency, we assume
that for each ¢ € {1,...,n}, the conditional distributions of Y; given W; = w; belong to a
one-parameter exponential family 2 with parameter v*(w;) € R. Throughout this thesis,
the mapping v* will be called the regression function. The most classical example of such
a statistical framework is the Gaussian regression one where the variance of the error is

known.

Example 1.0.1 (Homoscedastic Gaussian regression with a known variance). The n pairs
of independent random variables (W1, Y1), ..., (W,,Y,) take their values in # xR (usually
W C RY with some d € N\{0}),

Yi=~"(W;) +o0e; foralli=1,...,n, (1.0.1)

o is a known positive number, ¢; are unobserved i.i.d. standard real-valued Gaussian

random variables and v* : # — R is the unknown regression function we want to estimate.

Nevertheless, we want to go beyond this classical Gaussian regression setting and

consider more general situations examples of which are given below.

Example 1.0.2 (Binary regression). We observe the clinical characteristics W; € # C RY,
i € {1,...,n}, of n patients and for each of those we report whether or not he/she has
developed a given disease D. More precisely, for each i € {1,...,n}, Y; = 1 if the i-th
patient has disease D and Y; = 0 otherwise. Our aim is to estimate the probability of
developing the disease knowing the covariate of the patient. To do so, we introduce the
following model: the data (W1,Y1),..., (Why,Y,) areii.d. and the conditional distribution
of Y given W = w € # is given by

PIY = I = ] = P [y (w)]

1+ exp [y*(w)] forall y € {0, 11, (102
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where the regression function v* is assumed to be of the form v* : w — (n*,w) for some

unknown vector n* € RY.

Example 1.0.3 (Poisson regression). We want to study the influence of some ecosystems
(depending on humidity, temperature, etc.) on the appearance of a rare frog species. For
each ecosystem i € {1,...,n} with characteristics W; € # C R, we count the number of
frogs Y; € N of that species. We assume the data are i.i.d. and the conditional distribution
of Y given W = w € # follows a Poisson distribution with mean v*(w) € (0, +00), where
~* belongs to a smoothness class of functions on #  (Holder, Sobolev, Besov classes for

instance).

Example 1.0.4 (Exponential multiplicative regression). We want to study the lifetime of
some space equipment as a function of their operating conditions (radiation, temperature,
etc.). The random variables W; are independent taking their values in # C R¢ and for

allie{1,...,n)
Z;

n= 7 (Wi)’
where the Z; are i.i.d. random variables distributed as an exponential distribution with
parameter 1, independently of W;, and the regression function 4* : # — (0,+00) is
assumed to be of the form v* : w +— log(1 + exp [(n*,w)]) for some unknown vector
n* € RY.

In these examples, we have proposed some particular models for regression functions: a
linear set of functions in the case of Example 1.0.2, a parametric set of (nonlinear) functions
in the case of Example 1.0.4 and a nonparametric model in the case of Example 1.0.3.
Other choices would have been possible.

All these examples can be put in the following general framework: the conditional
distributions of Y; given W; = w; are of the form Ry«(,,) and belong to a one-parameter
exponential family 2 = {R,, v € J} where the parameter set .J is a non-trivial interval of
R and v* : # — J belongs to a given class of regression functions I'. We recall that a one-
parameter exponential family with parameter set J is a family of distributions dominated
by some reference measure p and the densities of which take the form for all y € ¢ and
yedJ

o) = XS0 B00a(y) where B) =tog | [ ¢ Watautn)|. (103
ay

S is a real-valued measurable function on (#,)) which does not coincide with a constant
v = a- p-a.e., u is a continuous, strictly monotone function on J and a is a nonnegative
function on #'.

The statistical model can be described as follows: the data (W;,Y;) are independent
and for each i € {1,...,n}, (W;,Y;) is distributed as R+ - Py, where Py, denotes the
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marginal distribution of W; and for all measurable sets A € Y and B € W,
R’Y* . PWZ(A X B) = /BR’V*(w)(A)dPWz (w) = /A Bf.y*(w) (y)du(y)dPWZ (U))
X
In the literature, it is often assumed that the W, are deterministic or that they are i.i.d.

with a common distribution Pyy.

1.1 The Gaussian regression framework

As already mentioned, the Gaussian case (Example 1.0.1) is probably the most widely
studied in the literature. One of the reason lies in the fact, that under suitable assumptions,
the maximum likelihood estimator (MLE for short) of the regression function 4* is both
easy to calculate and analyse. This is typically the case when the set T is linear with
dimension D and the W; = w; are deterministic. Then the MLE is a linear estimator 7,
given by the least squares and its quadratic risk satisfies
E [dQ('y*,'?n)] < in£d2(7*,7) + 202, (1.1.1)
~yerl n
where d(v,7") = [n7 30 (v(wi) — v (wi))?] /2 When the regression function v* does
belong to T' (as expected) the bound we get is proportional to its dimension D. However,
the risk of the MLE becomes more difficult to analyse when the W; are random or when
the set T is no longer a linear space. When the design is random, the authors (e.g. Barron
et al. (1999), Kohler (2000), Baraud (2002) and Schmidt-Hieber (2020)) usually assume
that the regression function is bounded by some constant M and the risk bound that they
established deteriorates when M is taken as a large number. We are not aware of any
non-asymptotic analysis of the MLE for general models T especially parametric ones that
are nonlinear.
In what follows, we provide an overview of some problems that have been tackled in the
Gaussian setting and that we wish to solve in the more general setting of one-parameter

exponential families.

1.1.1 From risk bounds to minimax bounds

It is well-known that inequality (1.1.1) based on the parametric model T' can lead to a
minimax risk bound on a nonparametric set of regression functions. For example, let
a € (0,1], M > 0 and H,(M) denote the set of all functions « on [0, 1] such that

y(xz) —y(y)| < M|z —y|*, forall z,yel0,1].

If T is the linear space of piecewise constant functions based on a regular partition of [0, 1]
into D intervals and v* € Ho (M), then

irelffd2('7*,'7) < M*D™?%, (1.1.2)
Iy
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Therefore we deduce from (1.1.1) that when D is the smallest integer such that

1
2\ T¥2a
<n]\/2[ > <D

g

the estimator 4,, achieves the bound

2a
21/ 1+2a 2
E [dZ(’Y*”/)\/n)] < 2 (G> + 1

n n

uniformly over the smoothness class Hq(M). It turns out this rate is minimax in the
sense that it cannot be improved by any estimator uniformly over H, (M) apart from
the numerical constants. An interesting feature of this strategy lies in the following fact:
we have considered a set T’ of regression functions that is only approximate and may not
contain the the true regression function 4* (but does contain our estimator) in order to get
an optimal risk bound on the class of regression functions H, (M) of interest. Applying
this strategy is possible because inequality (1.1.2) shows that the bound on the quadratic
risk of the MLE remains stable under a slight misspecification of the class T of regression
functions we have started from. This property allows one to consider models with good
approximation properties rather than exact models.

There exist numerous results on how to approximate smooth functions by finite dimen-
sional linear spaces (e.g. based on piecewise polynomials, splines or wavelets see DeVore
and Lorentz (1993), Birgé and Massart (1997) and Donoho and Johnstone (1998) for in-
stance). More recently, approximation and estimation by neural networks have received
increasing attention in the community of mathematicians in the area of approximation
theory and statistics (e.g. Daubechies et al. (2019) and Schmidt-Hieber (2020)).

1.1.2 Structure assumptions

Estimating a regression function under smoothness assumptions as we did in the section
above is quite satisfactory when the W; belong to a subset of R? with d = 1 but this
strategy becomes useless when d is large. It is indeed well-known that the minimax rate
over a class of functions of smoothness « on [0, 1]d is typically of order n—2¢/(2atd) (see
Stone (1982)). A way to overcome this difficulty is to make structure assumptions on the
regression function 4* namely to assume that the unknown function 4* is of the form
fog where f and g have some specific structures (for instance see Stone (1985), Horowitz
and Mammen (2007) and Baraud and Birgé (2014)). One typical example of structure
assumptions is the generalized additive structure. More precisely, we may assume that the
regression function v* on # = [0,1]¢ is of the form w = (wy, ..., wq) — f(g(wy, ..., wg))

where f is a smooth function of regularity « on [0,1] and g is of the form

g(wi,...,wq) = gi(w1) + ...+ ga(wa),
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where the g; are also of regularity « and take their values in [0, 1/d]. In this case, Horowitz
and Mammen (2007) shows that, one can estimate the regression function v* with rate

n~2¢/(2e+1) which is independent of the dimension d.

1.1.3 Model selection

Dealing with a single model T for the regression function is usually not enough in most
applications. It is preferable to introduce an at most countable family of candidate models
{fm, m e M} and then to design a criterion solely based on the data X = (X1,...,X,) in
order to select a suitable index m(X) among the family M. In Gaussian regression, Birgé
and Massart (2001) proposed a penalized model selection criterion. Their result assumes
that the W; are deterministic and that each T,, is a linear space of finite dimension D,,,.
The selected index m(X) satisfies

~ : = Dy (L, V1) b
2% & \] < 2 (K Pmibm V 1) 9 -2 1
E[d (vﬁm)]_C{mlé% [d (v L) + o U]—i—na } (1.1.3)

where C is an explicit numerical constant, { L, }meaq is a family of nonnegative numbers
satisfying ¥ = 37, ¢ jwemp, , >0} €XP [~ DmLm] < +oo and d(v*,Tm) = inf 5 d(v*,7).

With such a result at hand, the authors provide several applications among which variable

selection and adaptation in the minimax sense.

We are not aware of any result that generalizes their approach to other exponential

families and to possibly nonlinear models T',,,.

1.1.4 Changepoint detection

The problem of estimating the changepoints of a regression function defined on the bounded
interval 7 C R can be described as follows: the regression function +* is assumed to be
piecewise constant on a partition m* of # into a finite number of intervals. The aim is to
estimate both the partition m* (or equivalently the endpoints of the intervals of m*) as
well as the values of the function v* on each interval of the partition. This problem has
received a lot attention in the literature. Some authors put more emphasis on the prob-
lem of localization of the changepoints (e.g. Fryzlewicz (2014) and Li et al. (2016)) while
others consider the problem of estimating the regression function with a small risk (e.g.
Baraud et al. (2009) and Cleynen and Lebarbier (2017)). This problem can be viewed as
a particular case of model selection where M is a family of partitions on [0, 1] into a finite
number of subintervals and T',, is a linear space of piecewise constant functions based on
the partition m € M.
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1.1.5 Estimator selection

When the family of models is very large, which may be the case for solving the variable
selection and changepoint detection problems, the model selection strategy proposed by
Birgé and Massart (2001) may be extremely costly from a computational point of view.
To overcome this difficulty, an alternative approach is to start from a family of preliminary
estimators {¥y, A € A}, the number of which keeps to a reasonable size, and to design
a selection procedure in order to select a suitable one 'AYX among the family to estimate
~*. These estimators may, for example, result from a more trackable model selection
procedure or be obtained based on extra assumptions on the regression function v*. The
problem of selecting a suitable estimator among a collection of candidate ones is called
estimator selection. Many procedures tackle this problem on the basis of a sample splitting
scheme (e.g. Wegkamp (2003), Yang (2004) and Bunea et al. (2007)). This means that
the estimators are built from a sample S, and conditionally on S4, we select one of them
by means of an independent sample Sp. Considering the sample Sp only, the collection of
candidate estimators {7y, A € A} can be seen as non-random. If the regression function
~* and all the candidates 7, are bounded in sup-norm, Bunea et al. (2007) proved that
their selected estimator 5 satisfies

E [d*(v*,73)] < (1+¢) inf d*(v*,7y) + Oﬁw, (1.1.4)

AEA n

where C. > 0 is a constant only depending on ¢. The risk of the selected estimator
compares to the infimum of the risks among the the family of estimators we started from
up to an additional term that increases with the cardinality of the family A. They show
that this term, namely log(Card(A))/n, cannot be removed in general.

Baraud et al. (2014) proposed an alternative approach that relaxes the assumption that
the estimators are based on the independent sample S4, allowing thus both the estimators
and the selection rule to be based on the same dataset. Besides, for each specific problem
they want to solve (variable selection, selection of a suitable tuning parameter), the risk
bound they got on the selected estimator is a non-increasing function of the family A (with
respect to the inclusion), which means that the risk bound they got can only be improved
when one enlarges the family A. This might not be the case with a risk bound of the form
(1.1.4). To our knowledge, their strategy has never been generalized to other exponential

families.

1.2 Regression in other exponential families

We are not aware of many results for estimating the regression function 4* when the

exponential family is not the Gaussian one.
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1.2.1 Converting the problem to Gaussian regression

When the W; are deterministic, a common strategy is to bin the data into groups and
to make a suitable transformation of a combination of those into each group so that the
distributions of the resulting statistics are close to a Gaussian random variable. This can
be obtained by using some variance stabilization transformation (VST) techniques. For
instance, Anscombe (1948) proposed VSTs for Poisson, binomial and negative binomial
data. After performing VST, one can apply methodologies that have been developed
in the Gaussian framework to the transformed data. For instance, when dealing with
Poisson data, Donoho (1993) applied the transformation introduced in Anscombe (1948)
while Fryzlewicz and Nason (2001, 2004) applied the one given by Fisz (1955). Another
example of implementing this strategy can be found in Nunes and Nason (2009) where
they dealt with binomial regression. Theoretical guarantee of this strategy mainly relies on
asymptotically normal approximations. We refer the reader to Proposition 2 of FryzZlewicz
and Nason (2004) and Theorem 3.1 of Nunes and Nason (2009) for instance. It has been
reported in Besbeas et al. (2004) that for Poisson data, this strategy may suffer from over-
smoothing or losing details of the underlying signals especially when the levels of counts
are low.

On a unified treatment of the one-parameter exponential families, Brown et al. (2010)
introduced a new transformation technique and established uniform risk bounds on sets
of regression functions that belong to Besov spaces. Up to a logarithmic factor, the risk
bounds they got coincide with those obtained in the Gaussian setting. However, their
approach only applies for exponential families which are parametrized by their means and
under the conditions that these means are bounded away from zero and infinity. Further-
more, their results mainly focus on the situation where the variances of the distributions
in the exponential family are quadratic functions of their means.

All the above mentioned results are of asymptotic nature. Moreover, a common feature
of the techniques that are used in all these papers lies in the fact that they require the W;

to be deterministic in order to bin the data into non-random groups.

1.2.2 Direct treatments on the original non-Gaussian data

In all the literature we have found, the authors developed their procedures for some specific
parametrization of the exponential family 2. Some of them assume that 2 has been
parametrized by its mean and they considered the problem of estimating the conditional
means E [Y;|W; = w;], which correspond then to the values of the regression function ~v*
at the w;. Others assume that 2 is under its natural form, i.e. taking u in (1.0.3) as the
identity function.

To estimate the regression function v*, some of the authors used wavelet techniques.

For instance, Antoniadis and Leblanc (2000) focused on the estimation of the conditional
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means E [Y;|W; = w;] in binary regression by implementing wavelet expansion. They as-
sume that the W; = w; are deterministic and the regression function 4* belongs to a
Holder class of functions of smoothness o > 1/2 on [0, 1]. They showed that their estima-
tor is asymptotically minimax when o > 1, achieving the rate n=2%/2a+1) for the squared
integrated Lg-loss (with respect to the Lebesgue measure on [0, 1]). In Ivanoff et al. (2016),
the authors considered Poisson regression parametrized by the mean. Besides wavelets,
they also considered other classical orthonormal systems such as the Fourier basis. Their
estimator of E [Y;|W; = w;] is based on a penalized likelihood criterion where the penalties
are of the form Lasso or group-Lasso ones. Under the assumptions that the true condi-
tional distributions belong to their model and that the conditional means E [Y;|W; = w;]
are bounded away from zero and infinity, they established a risk bound based on the em-
pirical Kullback-Leibler divergence between the true conditional distributions of the data
and the estimated one based on 4. By applying wavelet shrinkage, Antoniadis and Sap-
atinas (2001) considered the problem of estimating the conditional means E [Y;|W; = w;]
in all the one-parameter exponential families with quadratic variance functions (i.e. the
variance of the distribution is at most a quadratic function of its mean). Their approach is
inspired by the work of Beran and Diimbgen (1998) on modulation estimators in Gaussian
regression. When the regression function 4* belongs to an ellipsoid of the Sobolev class
W§' with a > 1/2, the estimator proposed by Antoniadis and Sapatinas (2001) attains the

—2a/(2a+1) with respect to the squared Lo-loss (with respect

classical rate of convergence n
to the empirical measure ()", dw,)/n). Later, Antoniadis et al. (2001) extended the
approach in Antoniadis and Sapatinas (2001) to the one-parameter exponential families
with cubic variance functions.

Some authors have also considered the problem of variable selection assuming that the
regression function ~* is a sparse linear combination of the covariates of W;. In order
to estimate the subset of covariates that really influence the response Y;, they used a
penalized criterion including the likelihood function and the penalty term which is similar
to the Lasso one in the Gaussian setting. This is the case in Li and Cevher (2015) and
Jia et al. (2019), where both of the authors parametrized the Poisson distributions under
their natural form and showed that their estimators 4 of 4* are consistent under some
assumptions on the true regression function ~*.

All the results we have mentioned in this section are either established conditionally on
the W; or when the W; are deterministic. This is not the case of the paper by Kroll (2019)
which considered the problem of model selection in Poisson regression. He showed that his
estimator of the conditional mean function E [Y;|WW;] satisfies an oracle type inequality with
respect to the squared Lo ( Py )-loss, where Py denotes the common distribution of the Wj.
Moreover, when the W; are uniformly distributed on [0, 1], he proved that his estimator
achieves the minimax rate of convergence adaptively over Sobolev-type ellipsoids. His

results are based on the assumptions that the models are finite dimensional linear spaces



1.3 Our contributions 9

satisfying some good connections between the sup-norm and the La(Pyy)-norm. Besides,

the regression function needs to be bounded in sup-norm.

1.3 Our contributions

In this thesis, our aim is to have a unified treatment of the problem of estimating a
regression function in the one-parameter exponential families. Besides, we aim at solving
this problem under conditions which we wish to be as weak as possible and in particular,
under no assumption on the distributions of the covariate W;. Furthermore, we want to
go beyond the common assumption that the true distribution of the data exactly belongs
to the statistical model we consider. If we go back to Example 1.0.2, it is actually unclear
that all the data are i.i.d. and it may happen that the probability of developing the disease
D is different for a small subgroup of people from the rest of the population (some of these
people may have a rare mutation on the gene for instance). It may also happen that some
of the data have been erroneously reported. This might even be more likely when counting
the population of a species in Example 1.0.3 where by mistake an individual is reported
twice. This means that not only the model T for the regression function might not be
exact but also the true conditional distributions of Y; given the covariates W,; might not
belong to the exponential family we consider. It is therefore wiser to assume that our
statistical model is an approximation of the truth rather than assuming that it perfectly
models reality. Unfortunately, the procedures that have been developed in the literature
do not consider the situation where the model is possibly misspecified. In order to tackle
this problem, our approach is based on the estimation of the conditional distributions
of the data rather than on the sole estimation of the regression function. This explains
why we work on a slightly different statistical model than the one we introduced at the
beginning of this chapter. We denote by Q3 (w) ..., Q} (w) the respective true conditional
distributions of Y; given W; = w. On the one hand, each pair (W;,Y;) is distributed as
QF - Py, for i = 1,...,n. On the other hand, the statistical model that we consider,
and which may only be an approximation of the truth, assumes that these conditional
distributions @} (w) are of the form R () € 2 for some v* € T.

Within this statistical setting, we first aim at estimating the n-tuple Q* = (Q7,...,Q})
by an estimator of the form Ry = (Rs, ..., Ry) for some 4 € I'. We wish to establish an
inequality akin to (1.1.1), except for the following facts:

(1) the distance d now measures the distance between two n-tuples Q = (Q1,...,Qn)
and Q' = (Q),...,Q),) and is defined as

1/2

=1
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where h(-,-) denotes the Hellinger distance. We recall that the Hellinger distance
between two probabilities P = p- X and P’ = p’ - A\ dominated by A on a measurable
space (E,€) is defined as

h(P,P') = [;/E(@— \/H)%m} " (1.3.2)

(2) We want to relax the assumption that T is a linear space and replace it by the more

general one that it is VC-subgraph with dimension not larger than D.

(3) We want to allow the W; to be either deterministic or random but not necessarily
iid.

In order to describe our contributions in a more specific way, we provide below an
account of the contents of the Chapter 2, 3 and 4 of this thesis.

1.3.1 An overview of Chapter 2

Chapter 2 is based on joint work with my PhD supervisor Yannick Baraud and has been
submitted for publication as Baraud and Chen (2020). In this chapter, we use p-estimation
to design a suitable estimator Ry = (Rs,..., R5) of the n-tuple Q* = (Q7,...,Q},) on

the basis of a model T for the regression function.

(1) When T is a VC-subgraph class on % with dimension bounded by D > 1, we show
that whatever the conditional distributions Q* = (Q7,...,Q}) of Y; given W; = w;
and the distributions of the W;, for some universal constant C' > 0, our estimator

satisfies

E [d*(Q*, R5)] < C |inf d*(Q*,R4) + %ogn . (1.3.3)
~erl

The quantity (D/n)logn is the bound we would get if the model were exact that
is when for all i € {1,...,n}, Qf = R4+ for some v* € T. This bound cannot be
improved in general. When the model is approximate in the sense that there exists

an element Ry with 7 € T such that for all those indices i € I C {1,...,n},

/W B2 (Q2 (1), Requy)d Py, (w) < &

the risk bound (1.3.3) becomes

I Iy D Iy D
E [dQ(Q*,R,Ay)] <C [ng + u + logn] <C [52 + u + —logn]|,
n non non
since the Hellinger distance is bounded by 1. If the quantity max{ne?, |I¢|} is small
enough compared to D logn, the bound we get is still of order (D/n)logn. This

means that if most of the true conditional distributions Q7 (-) are close enough to
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a conditional distribution that belongs to our model {R,y, v € f}, the risk bound
that we get for our estimator is of the same order of magnitude as the one we would
get when the statistical model is exact. This property accounts for the stability of

our estimator on the model misspecification and we call it robustness.

Interestingly, we also show that the result (1.3.3) we establish is not connected to a
special parametrization of the exponential families therefore holds for all parametriza-
tions. In order to be more specific, let us consider the following situation. Two
statisticians A and B want to analyse the same data by using the same statistical
model except from the fact that the first statistician puts the exponential family
under its natural form while the other uses the general form given by (1.0.3). Since
the statistical model to analyse the data is the same, if the statistician A consid-
ers the set T' to model the regression function, statistician B would use the set
T = {u_l('y), Y € f}. By using our procedure, we will show that both statisticians
will end up with the same estimator of the conditional distributions and that the
conditions on which our risk bound (1.3.3) holds is invariant with respect to the
choice of u, and it is therefore independent on the way that statisticians parametrize

the exponential family.

This feature distinguishes our approach from the ones that can be found in the liter-
ature and which mainly rely on a smoothness assumption on the regression function.
Such an assumption is not independent with respect to the way of which the expo-
nential family is parametrized since the sets of regression functions I' and r may

have different smoothness depending on the choice of w.

When the data are truly i.i.d. and the model is exact, we derive from inequality

(1.3.3) a uniform risk bound over the class of a-Hélder regression functions.

We show that under a suitable parametrization, the order of magnitude of the mini-
max rate is of order n=2%/(142) in a]] the one-parameter exponential families (Propo-
sition 2.4.3) at least when all the W; are uniformly distributed on [0, 1]. Under such
parametrizations, we prove our estimators to be minimax, up to a logarithmic factor
(Proposition 2.4.2).

We also provide a counterexample to illustrate the fact that without a suitable
parametrization of 2, the minimax rate of convergence can be different from the
typical one n=2¢/(1+20)  For g family of Poisson distributions parametrized by their
means, the minimax rate over a-Hélder class is of order n=®/(17®) (Proposition 2.4.4)

and our estimator is minimax up to a logarithmic factor (Proposition 2.4.5).
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(4) When T is a VC-subgraph class of functions of low or moderate dimension, we de-
sign an algorithm to calculate the p-estimator. We carry out a simulation study in
the logit, Poisson and exponential regression problems (the source code is available
at https://github.com/juntong6/RhoEstimator). We compare its perfor-
mance to that of the MLE and a median-based one under three different scenarios:
when the model is well-specified, when there is an outlier among the observations
and when the data are contaminated. If the model is exact, we see that the p-
estimator recovers the MLE and both estimators perform well. When the model is
slightly misspecified either because we add an outlier or because the data are con-
taminated, the MLE performs very poorly and its risk explodes while the behavior
of the p-estimator remains stable. The median-based estimator performs poorly as
compared to the p-estimator when the model is exact and when the dataset contains
an outlier. Its performance becomes comparable to that of the p-estimator only
when the data are contaminated. As compared to the MLE and the median-based
one, only the p-estimator shows some good and stable estimation properties under

these three scenarios.

1.3.2 An overview of Chapter 3

Chapter 3 is based on a slight modification of the arXiv paper Chen (2022).

As already seen, dealing with a single model is not enough. In Chapter 3, we consider
the problem of model selection. More precisely, we consider an at most countable family
of models {fm, m e /\/l} where for each m € M, T, is a VC-subgraph class on # with
dimension not larger than D,, > 1 and we design a model selection procedure based on
p-estimation to choose a suitable element ¥ € T = U,,epmI,n. Based on each model

T, for the regression function ~*, we denote the corresponding model for the n-tuple

Q = (QF,...,Q%) as 2y, = {Ry = (Ry,....Ry), €T, 1.

(1) We establish an oracle type inequality for the selected estimator Rs, which states
that no matter what the conditional distributions Q* = (Q7,...,Q}) of Y; given

W; = w; are and no matter what the distributions of the W; are, we have

E[*(Q*R5)] <C {"zg/fw [CF(Q*,Qm) - %bgnjt Ag”)] + i} (1.3.4)

where d(-,-) is the distance defined by (1.3.1) and d(Q*, 2,,) = inf_x d(Q*,Ry),

the notation A(m) plays a similar role as the term L,, D, in (1.1.3), i.e.

=) exp[-A(m)] < +oo,
meM

and C' > 0 is a universal constant.
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On the one hand, the risk bound (1.3.4) is akin to (1.1.3) obtained from the problem
of model selection in Gaussian regression. On the other hand, compared to the
result (1.3.3) based on a single model, the inequality (1.3.4) indicates that if for each
m € M, the term A(m) can be well chosen in the sense that it is proportional to the
dimension D,,, we are able to select the model achieving the best trade-off between

the approximation and the complexity among the collection M.

With the result (1.3.4) at hand, we can provide several applications as we did in the

Gaussian case.

We provide applications to the problems of variable selection and adaptation. For
the problem of adaptation to anisotropic Besov spaces, we suppose the data are i.i.d.,
v =0, 1]d and Q* = (Ry+,..., Ryx) where v* belongs to some Besov space with
an unknown anisotropic regularity o = (o, ..., aq) € (0, +00)? We construct our
models T, as the collections of piecewise polynomials on some particular partitions
on [0, 1]d. Under some suitable parametrizations of 2, we show that in all the one-
parameter exponential families, our estimator Ry is adaptive in the minimax sense
over a wide range of anisotropic Besov spaces and achieves the risk bound, up to a

—2a/(2G+d)

logarithmic factor, of order n where @ is the harmonic mean of aq,...,aq

(Corollary 3.3.1).

In order to overcome the problem of the curse of dimensionality when the covariates
take their values in a high dimensional space, we tackle estimation under struc-
ture assumptions on the regression functions. We consider two classical models for
~* which are generalized additive structure and multiple index structure. Under
each structure assumption, we construct suitable models T,, to approximate ~*
and implement our model selection procedure to derive an estimator based on the
family of constructed models {fm, m € ./\/l} We establish risk bounds for the re-
sulted estimators (Corollary 3.4.1 and 3.4.2). The results state that under a suitable
parametrization of the exponential family 2, the bounds we get coincide with those
derived in the Gaussian regression setting under the same structure assumption.

Therefore, by doing so, we circumvent or mitigate the curse of dimensionality.

We also consider the problem of estimating the regression function ~+* by neural
networks. To solve this problem, we provide a bound on the VC dimension that
depends on the width, the depth and the sparsity of the network. By using suitable
networks, we shall see that our estimator may achieve, up to a logarithmic factor, a
parametric rate of convergence for estimating some very irregular regression function
(that is nowhere differentiable).
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1.3.3 An overview of Chapter 4

In Chapter 4, we consider the problem of estimator selection and as it has been explained
in Section 1.1.5, we want to design a selection rule for which the selected estimator will
satisfy a risk bound which is a non-increasing function (for the inclusion) of the collection

of candidate estimators.

We consider this problem in a particular situation where we assume to have an arbitrary
collection T'(X) = {J,(X), A € A} of piecewise constant candidates for the regression
function 4* based on the observations X. With the same data X, our goal is to select an
estimator 45(X) among the collection f‘(X ). Our method is agnostic to the dependencies
of each 74, (X) with respect to the data X and can therefore be unknown. From this point
of view, our procedure contrasts with other alternative selection methods based on data
splitting, cross validation, hold-out, etc. but can be regarded as a generalization of the
approach in Baraud et al. (2014) from the problem of Gaussian estimator selection to a
unified treatment of the problem of estimator selection in all one-parameter exponential

families.

(1) Under some reasonable assumptions (Assumption 4.2.1 and 4.2.2), we show the
selected estimator R, of the n-tuple Q* = (Q7, ..., Q}) satisfies

E[#(Q"Ryy)| < Cinf {IE [d2(Q",R5,)] + %E [s@)}} , (1.3.5)

where C' > 0 is a numerical constant only depending on some parameters required in
Assumption 4.2.1 and 4.2.2, E(7,) is an additional nonnegative term mainly related
to the VC dimension of the functional space to which 7, belongs (see Corollary 4.2.1
for details).

Similarly to the risk bound for the selected estimator in Baraud et al. (2014), the
result (1.3.5) compares the risk of the selected estimator RAX to those of Ry, plus an
additional nonnegative term which does not depend on the cardinality of the set T
Therefore, if we enlarge the family of candidates f, the risk bound for the selected

estimator can only be improved.

(2) We then apply our procedure to solve the problem of changepoint detection. To do
so, we first calibrate some tuning parameter in our estimator selection procedure
based on the simulation study. Our calibration differs from the typical procedures
which choose the tuning parameter by cross-validation and have to be done for each
implementation. In fact, the parameter we would like to calibrate is a universal con-
stant and we can even derive a possible value of it from our theory. Unfortunately,
this theoretical value is too large to use in practice and we do not have enough in-

formation about the smallest possible value of it validating (1.3.5). Therefore, we
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regard it as a tuning parameter to be calibrated once for all.

We solve the problem of Gaussian changepoint detection with respect to the means
by “standing upon the shoulders of giants”. To be more precise, we construct our
candidates set f‘(X ) as a collection of several state-of-art procedures in the literature
and implement our selection procedure to pick one among f‘(X ) based on the obser-
vations X . In Section 4.4, we test the performance of our selection procedure under
six different formats of signals. It turns out that under different test signals, our
estimator selection procedure tends to allocate different preference to the candidates
in f‘(X ) based on their practical performance. As a result, our estimator provides
a very competitive performance under all the six signals in the meanwhile no single
procedure (state-of-art estimator in the literature) in f‘(X ) succeeds to achieve this.
Moreover, when there are a small amount of outliers in the observations, we still can
select the most competitive ones which implies a robustness property of our selection

procedure.

We also consider the application of our procedure to the changepoint detection prob-
lem in other exponential families, where the algorithms are much less as compared
to the Gaussian case. We are only ware of Cleynen and Lebarbier (2014, 2017) and
Frick et al. (2013) which try to solve the changepoint detection problem in general
exponential families. To construct a rich collection T as we did in the Gaussian
changepoint detection, we implement the mean-matching variance stabilizing trans-
formation proposed in Brown et al. (2010) to roughly turn the problem into the
Gaussian case and borrow those previous algorithms to locate changepoints. To en-
hance the robustness with respect to outliers, we associate the p-estimator on each
resulted partition given by those algorithms. Simulation results in Section 4.4.3 indi-
cate that by doing so, when there is no outlier, our estimator performs much better
than the one given in Frick et al. (2013) and slightly outperforms the one given in
Cleynen and Lebarbier (2014, 2017). Moreover, when there is a small amount of
outliers in the observations, we obviously improve the stability of the final estimator

as compared to those two existing methods.

At the end of Chapter 4, we apply our selection procedure to two real datasets in-
cluding the copy numbers of DNA and British coal disasters records to investigate
its practical performance. Gaussian model is considered to detect changes for the
first dataset and Poisson model is applied to the second one. For both of them, our

estimator shows a reasonable performance according to the relevant literature.
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1.4 A brief introduction to p-estimation

As mentioned, we shall handle the estimation problem introduced in Section 1.3 by a new
methodology which is called p-estimation proposed by Baraud et al. (2017). In Baraud and
Birgé (2018), the authors revisited this estimation method and relaxed several limitations
in the previous work.

This new estimation methodology is designed for providing a universal treatment of a
rather general estimation framework. More precisely, they consider the problem that they
observe n independent random variables Xi,..., X,, with values in a measurable space
(2", X) where for each i € {1,...,n}, X; follows an unknown distribution P} on (£, X).
Their goal is to find a suitable random approximation P(X) = ®?:1]3¢(X ) of the true
joint distribution P* = ® ; P* on the basis of the observations X = (X7,...,X,).

1.4.1 Robust and optimal estimators

To motivate the employment of the p-estimator, we introduce two essential properties of
it: robustness and (nearly) optimality.

We denote 27 the set of all product probabilities on (2™, X%"). To measure the
deviation of P(X) from the truth P*, a distance on @/ is needed. A convenient choice
of measuring the distance between two product probabilities could be the Hellinger-type
distance h (e.g. Le Cam (1986) and Le Cam and Yang (1990)) defined as for any P =
@' Pic @/ and P' = @ Pl € @/,

h? (P,P') =) n*(P, P)), (1.4.1)
=1

where h(-,-) denotes the Hellinger distance defined by (1.3.2). We then can quantify
the performance of an estimator P(X) through its risk E [hQ (P*,f’(X ))} where the
expectation is taken under the true joint distribution P*. Let us remark here that for any
f’(X) € @/ its risk at any P* € 2/ is naturally bounded by n.

To estimate P*, p-estimation suggests to work based on the models. For each model
2, they mean a moderate subset of 2/ for the existence of an estimator P such that
SUPps ez E [hQ(P*,f’)} is substantially smaller than n. Although they do not assume
P* € & is true, by constructing a model &2 for P*, they do as if P* did belong to & and

derive their estimators of P* within . We consider two possible situations below.

Optimality in the minimax sense. When we do have P* € #, a nice criterion
of evaluating the performance of 13, as mentioned, is to consider its maximal quadratic

risk supp. .z E [hQ(P*,l?’)}. We would like to compare it with the minimax one over

P defined as R (?) = infp supp. .z E [hQ(P*, ]_3)}, where the infimum runs over all the
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possible estimators P. We say an estimator P is approximately optimal over & in the
minimax sense if
sup E [hQ(P*,f))} <CR(?), (1.4.2)
Prc?

where C' is a constant (ideally being not large, independent of n and the model 22 ).

Robustness. In practice, we cannot check precisely whether P* € & or not. When there
is a slight misspecification, i.e. P* ¢ & but infp h? (P*, P) being small, if the bound
(1.4.2) remains approximately true, we say such an estimator P possesses robustness.
Putting these two ingredients together, an estimator P based on the model & is said
to be approximately optimal and robust if for all P* € 27,
E [hQ(P*,fD)] <C [Pin;hz (P P)VR ()|, (1.4.3)
€

where C' is a universal constant.

1.4.2 Heuristic ideas

In this section, we introduce some heuristic ideas behind p-estimation in our setting. For
a more detailed explanation, we refer to Baraud et al. (2017)[Section 1.4 and Section 3.1
(density framework)] and Baraud and Birgé (2018)[Section 2.5].

The invention of p-estimation is based on a development of T-estimation proposed by
Birgé (2006), of which the main idea is to first discretise the model @ at some scale (with
respect to h) then to design robust tests between the balls centred at these discretised
points. Alternatively, p-estimation suggests to construct tests indicating that, given any
two choices in the model (without discretisation), which one is closer to the truth with
respect to the distance h. Several assumptions required by T-estimation can therefore be
relaxed under this new construction.

Recall that in our setting for each pair X; = (W;,Y;), it follows the distribution P} =
QF-Pw, on (2, X) = (# xZ ,W®Y). We consider T a collection of measurable functions
from # into J which gives a model 2 = {P,, vy €T} = {&", (7y-p-Pw,), vy €T}
with 7 given by (1.0.3) for the true joint distribution P* = ®7'_, P7.

Provided two choices ~,~v" € T which induce two probabilities P,y = R, - Py, and
Py = Ry-Py, on & =W x%, to know which one is closer to P}, a natural consideration
is to construct an estimator of the quantity h*(P*, P, ~) — h*(P}, P, /). The interesting
point lies in the fact that if one can design a “nice” statistic say T'(X;,7,v') to estimate
this difference, we can go further than just telling the preference between v and 4’. In fact,
if T(X;,7v,7) is a “good” estimator of h?(P}, P, o) — h?(P}, P, ), taking the supremum
with respect to v’ over T, we note that

K3 K3

sup T(X;,7,7") = sup [W2(Ff, Piry) = h2(Pf, Piy)] = B2(Pf, Piry) = inf_B(P7, Piy),
~y'er ~'el v'er
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which measures how far away for P; , being the closest element to P* among & . Therefore,
to search the closest point to P* within 2P, the idea is try to, more or less, minimize the
quantity SUD/cT T(X;,~v,v") with respect to 4. This is the underlying idea to construct
the p-estimator. At this moment, the only problem left is to design a “good” statistic
T(Xi,v,7')-
To control the risk of the resulted p-estimator, the authors suggest to construct
T(X;,7v,7') as
) Ty (W) (Vi)
T(Xi,v,Y) =1 ( H(Wi)(Yi)> )
where two specific choices of the function 1) are
z—1 x—1
P1(x) = Ve and  9(x) = P
mapping [0, +o0] into [—1, 1]. For both of them, they showed that for each i € {1,...,n},
whatever P* € 2 f

arh® (P}, Pipy) — aoh®(Pf, Piy) < E[T(Xi,7,7')]
< a0h2(Pi*a Pi,‘\/) - ath(Pi*7 Pi,’y’)’ (144)
where for 1, ag = 4.97, a; = 0.083 and for 19, a9 = 4, a1 = 3/8.

Therefore, given n observations X = (X7, ..., X,,), if we design the statistic T(X,~,~')
on (2™ T,T) as

n - Tyt f (}/Z)
T(X,v,'y’):ZT(Xi,%’Y/):Z@Z’( 7“7(W)(Y)> ’
i—1 i=1 V(Wz) g

an immediate consequence of (1.4.1) and (1.4.4) is that
a1h?*(P*,P,) —agh*(P*,P./) < E[T(X,~,7")] < aoh?(P*,P,)—a1h*(P*,P/). (1.4.5)

Such a result indicates if the difference between h?(P*,P,) and h?(P*,P.) is obviously
large, the sign of E [T(X,~,~’)] contains the information about the fact that between P,
and P./, which one is closer to the truth P*.

1.5 VC-subgraph and its dimension

In this section, we introduce some background knowledge of the VC-subgraph including its
definition and some useful properties to make a preparation for the contents of Chapter 2,
3 and 4.

Let C be a collection of subsets of a set Z. For an arbitrary set of m points
{z1,...,2m}, we say the set C shatters {x1,...,x,} if each of its 2™ subsets can be
represented as a set of the form C N {z1,...,x,} with some C € C. We begin with
introducing the VC-class of sets which was first studied by Vapnik and Chervonenkis.
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Definition 1.5.1 (van der Vaart and Wellner (1996), page 134-135). Let C = {C, C € 27}
be a class of subsets of 2. We say the VC dimension of C is V(C) if V(C) is the largest
cardinality of the set & C 2 which can be shattered by C. Moreover, when V(C) < 400,

we call C a VC-class of sets.

To illustrate Definition 1.5.1, let us consider an easy example. Supposing 2 = R and
C_ = {(—o0,a], a € R}, we observe that C_ shatters any single-point set {z} C R but
for any two-point set {z1,z2} C R with z1 < 2, there is no element C' € C_ such that
{z2} can be represented as the form C N {x1,22}. Therefore, we conclude V(C_) = 1.
Let C4+ = {(b,+0), b € R} and C = C_ UC,. Similarly, we can conclude V(C) = 2. This
simple example tells that the more refined C is, the larger is its VC dimension.

We then introduce the conception of growth function Il¢(m) of C defined as

e (m) max  Card {CN{z1,...,zn}, C€C}). (1.5.1)

{1, zm}CE

Based on (1.5.1), the VC dimension of C can be defined more formally through
V(C) = sup {m such that IIo(m) = 2"},

which turns out to be a convenient tool when one wants to derive an upper bound on the
dimension of some class C.

We now move to the definition of VC-subgraph class. Recall that for a function f :
Z — R, its subgraph is a subset of 2~ x R which can be written as

{(z,t) € Z x R such that f(z) > t}.

Definition 1.5.2 (van der Vaart and Wellner (1996), page 141). A collection F of mea-
surable functions on a sample space is called a VC-subgraph class or VC-class if Cx the
collection of all subgraphs of the functions in F forms a VC-class of sets. Moreover, we
say F is VC-subgraph class with dimension V(F) =m if V(Cr) = m.

The following result relates the VC-property to any finite-dimensional vector space.

Proposition 1.5.1 (van der Vaart and Wellner (1996), Lemma 2.6.15). Any finite-
dimensional vector space F of measurable functions f : 2~ — R with dimension d(F)

is VC-subgraph of dimension smaller than or equal to d(F) + 1.

We also list some important properties as follows which allow us to construct new
VC-subgraph classes based on those classical ones and establish a dimensional bound for
them.

Proposition 1.5.2 (Baraud et al. (2017), Proposition 42). Let F be VC-subgraph with

dimension V on a set Z .
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(i) For all functions g on Z', F +g9={f+g, f € F} is VC-subgraph with dimension
not larger than V.

(ii) For all monotone function ¢ on R, o(F) = {¢of, f € F} is VC-subgraph with
dimension not larger than V.

(iii) The class —F is VC-subgraph with dimension not larger than V.
(iv) The class F+ ={f V0, f € F} is VC-subgraph with dimension not larger than V.

We comment that as a consequence of (i) and (iv) of Proposition 1.5.2, under the
condition that V(F) =V, for any fixed number a € R, the class Fo = {f Va, f € F}is
a VC-subgraph class with dimension not larger than V. Moreover, based on this comment
and (iii), for any fixed number b € R, the class 7, = {f A b, f € F}isalso a VC-subgraph
class with dimension not larger than V.

Next theorem states the stability of VC-property under some particular operations

which we shall repeatedly use in this thesis.

Theorem 1.5.1 (van der Vaart and Wellner (2009), Theorem 1.1). Suppose thatCy,...,Cn,
are VC-classes of subsets of a given set 2 with dimensions Vi,...,V,, respectively. We
define the classes UJ,C; and M7L,C; by

I_I;-”’:le = {U;nzlcj, Cg;eCj,j=1,.. .,m},

|_|;-n:1Cj = {ﬁ;-n:le, C;eCj,j=1,.. .,m} .

Then u;?;lcj and I_I;-”Zl(l’j are again VC-classes with the following dimensional bounds:

{V(I_I}”:l?;} < 1 V'1og(cam),

where ¢1 = e/ [(e — 1)1og2], c; = ¢/(log2) and V = 377", V;.



Chapter 2

Robust estimation based on a

single model

2.1 Introduction

We start this chapter with a more straightforward example to tell the drawbacks of im-

plementing MLE in practice.

Example 2.1.1 (Logit regression). We study a cohort of n patients with respective clinical
characteristics W1, ..., W,, with values in R%. For the sake of simplicity we shall assume
that d is small compared to n even though this situation might not be the practical one.
We associate the label Y; = 1 to the patient 7 if she/he develops the disease D and Y; = —1
otherwise. The effect of the clinical characteristic W on the probability of developing the
disease D is given by the conditional distribution of Y given W: P[Y = y|W = w] which

is the quantity we want to estimate. A classical model for it is the logit one given by

1
1+ exp [~y (w*, w)]

PlY =y|W =w] = €(0,1) forye{-1,+1}, (2.1.1)
where w* is an unknown vector and (-,-) the inner product of R?. If we assume that

this model is true, the problem amounts to estimate w* on the basis of the observations
(W3, Y;) fori e {1,...,n}.

A common way of solving this problem is to use the MLE. In exponential families,
the MLE is known to enjoy many nice properties but it also suffers from several defects.
First of all, it is not difficult to see that it might not exist. This is in particular the case
when a hyperplane separates the two subsets of R? given by W, = {W;, Y; = +1} and
W_ = {W;, Y; = —1}, i.e. when there exists a unit vector wy € R? such that (w,wg) > 0
for all w € Wy and (w,wp) < 0 for w € W_. In this case, the conditional likelihood
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function at Awg with A > 0 can be written as

- 1 1
= — 1,
H 1+ exp [—)\}/Z <’w0, Wz>] Zl_‘[ 1+ exp [—)\ |<w0, Wl>|] A—+00

hence the maximal value 1 is not reached. For a thorough study of the existence of the
MLE in the logit model we refer to Candes and Sur (2020) as well as the references therein.

Another issue with the use of the MLE lies in the fact that it is not robust and we shall
illustrate its instability in our simulation study. Robustness is nevertheless an important
property in practice since, going back to Example 2.1.1, it may happen that our database
contains a few corrupted data that correspond to mislabelled patients (some patients
might have developed a disease which is not D but has similar symptoms) or that the
relation (2.1.1) is only approximately true. A natural question arises: how can we provide
a suitable estimation of P[Y = y|W = w] despite the presence of possibly corrupted data
or a slight misspecification of the model?

This is the kind of issue we want to solve here. Our approach is not, however, restricted
to the logit model but applies more generally whenever the conditional distribution of Y
given W belongs to a one-parameter exponential family as we described in Chapter 1. More
precisely, we shall work within the following statistical framework. We observe n pairs
of independent, typically non i.i.d., random variables X; = (W1,Y1),..., X, = (W,,Y},)
(with W; € # and Y; € % for i € {1,...,n}) and we want to estimate the n conditional
distributions Q7 (w;) of ¥; when W; = w;, ¢ € {1,...,n}, without any information about
the distributions Py, of the variables W; which are unknown and can be completely
arbitrary. In order to do so, we introduce a statistical model for the Q7 (w;). We start
from an exponential family {Qg, 6 € I} where I is an interval of R and consider the family
of conditional distributions {Qg(.), 0 € ©} where O is a given set of functions from %
to I. This provides a model for the n conditional distributions Q} (w;) if we pretend that
Q; (w;) takes the form Qg«(,,) for some 6 € O, i.e.

QF(wi) = Qpr with 07 = 0%(w;) forie{l,...,n}. (2.1.2)

We shall do as if (2.1.2) were true although we do not assume it. We merely hope that
the set of conditional distributions Qp» induced by a suitable element 0* of © provides
a reasonably good approximation for the true conditional distributions Q7 (w;). Any esti-
mator 6 of 8* leads, by an application of (2.1.2), to an estimator Qé(wi) of the conditional
distribution Q}(w;). We measure the risk of such an estimator by a Hellinger-type dis-
tance between the conditional distributions Q7 (w;) and their estimators, integrated with
respect to the probabilities Py, (to be defined in the next section).

Given the model indexed by the elements of ©, instead of estimating * by the max-

imum likelihood method as is commonly done, we use for this a p-estimator 5, whose
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definition and performance are described in great details in Baraud et al. (2017) and Ba-
raud and Birgé (2018). The purpose of this replacement is to avoid various drawbacks
connected to the use of the MLE:

— It may not exist;

— It is typically difficult to evaluate its performance in a non-asymptotic framework and
its analysis generally requires some knowledge or restrictions about the distributions of
the W;;

— Its performance may be very bad when the model is not exact (misspecification, pres-
ence of outliers, contamination, etc.) as demonstrated by our simulations in Section 2.5.

On the contrary a p-estimator always exists and it enjoys the following properties.

e When the parameter set © is VC-subgraph with VC-dimension V, the non-asymptotic
risk of 8 is bounded by the sum of two terms : an approximation term reflecting the
distance between the model and the truth and an estimation term corresponding to
the risk bound one would get if the model were true. Moreover, this second term
only depends on V. This risk bound involves explicit constants and holds under the
only assumption that the data (W1,Y1),...,(W,,Y,) are independent;

e the estimator 8 still performs well when the function 8* does not belong to ® but

lies close enough to it;

e the estimator is robust: its performance remains stable when the data set X; =
Wy, Y1),..., X, = (W,,Y,) is contaminated or contains outliers or when the statis-

tical model based the exponential family is only approximately correct.

e when the model is exact, the exponential family {Qy, 6 € I} is suitably parametrized
and © is a Holderian class of smoothness, the estimator 0 is rate optimal (up to a

logarithmic factor).

The work presented here is different from the study of p-estimators conducted in Ba-
raud and Birgé (2018)[Section 9] for estimating a regression function (seen as the parameter
of interest in the conditional distribution of ¥ given W). In Baraud and Birgé (2018),
the authors studied a regression model in which the errors are assumed to be i.i.d., ho-
moscedastic with a density with respect to the Lebesgue measure. In the present paper,
the errors are typically heteroscedastic, independent but not i.i.d. and they may not admit
a density with respect to the Lebesgue measure. This is the case in the logistic and Poisson
regression settings for example. Actually, new results had to be established in order to
analyze further the behaviour of p-estimators in the statistical setting we consider here.
The proof of our main result combines the theory of p-estimation — see Baraud et al.
(2017) and Baraud and Birgé (2018) — and an original result that establishes the fact
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that the family of functions on # x % of the form

(w,y) = S(y)n(w) — A(n(w)) with nel

is VC-subgraph when S is an arbitrary function on %/, A a convex function defined on an
interval I of positive length and T' a VC-subgraph class of functions defined on #  with
values in I. The proof of our main result also relies on an upper bound with explicit
constants (see Theorem 2.6.1) on the expectation of the supremum of an empirical process
over a VC-class of functions. Since we are not aware of such a result (with explicit
constants) in the literature, this bound can be of independent interest.

Besides our theoretical guarantees on the performance of the estimator 5, we carry out
a simulation study in order to compare it with the MLE and median-based estimators.
The simulation study addresses both the situations where the data are generated from the
model and when it is contaminated or contains an outlier. To our knowledge, it is the first
time that p-estimators are implemented numerically and their performance is studied on
simulated data.

This remainder of this chapter is organized as follows. We describe our statistical
framework in Section 2.2. The construction of the estimator and our main result about
its risk are presented in Section 2.3. We also explain why the deviation inequality we
derive guarantees the desired robustness property of the estimator. Uniform risk bounds
over Holderian classes are established in Section 2.4 provided that the exponential family
involved in the model is suitably parametrized. We also show that, without such a suitable
parametrization, the minimax rates may differ from the usual ones established for an
homoscedastic Gaussian regression as described by our Example 1.0.1. Section 2.5 is
devoted to the description of our algorithm and the simulation study. Our bound on the
expectation of the supremum of an empirical process over a VC-subgraph class can be
found in Section 2.6 as well as its proof. Section 2.7 is devoted to the other proofs of this

chapter.

2.2 The statistical setting

Let us recall that we observe n pairs of independent, but not necessarily i.i.d., random
variables X7 = (W1, Y1),..., X, = (W,,Y,) with values in a measurable product space
(2, X)= (W x %, W®)Y) and we assume that, for each ¢ € {1,...,n}, the conditional
distribution of Y; given W; = w; exists and is given by the value at w; of a measurable
function Q7 from (#,)V) to the set .7 of all probabilities on (#,)). We equip .7 with
the Borel o-algebra T associated to the total variation distance (which induces the same
topology as the Hellinger one defined by (1.3.2)). With this choice of 7, the mapping
w — h2(QF(w),Q) on (¥, W) is measurable whatever the probability Q € 7 and i €

{1,...,n}.
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Apart from independence of the W;, 1 < ¢ < n, we assume nothing about their
respective distributions Py, which can therefore be arbitrary.

Let 2 C .7 be an exponential family on the measured space (%,),v) where v is an
arbitrary o-finite (positive) measure. We assume that 2 = {Qy, 6 € I} is indexed by a
natural parameter 6 that belongs to some interval I C R such that I # . This means
that, for all § € I, the distribution QQy admits a density (with respect to v) of the form

qo: Yy SWI—AWO)  with A(0) = log [/ eos(y)dy(y)] , (2.2.1)
%

where S is a real-valued measurable function on (#/,)) which does not coincide with
a constant v-a.e. We also recall that the function A is infinitely differentiable on I and
strictly convex on I. It is of course possible to parametrize 2 in a different way (i.e. with a
non-natural parameter) by performing a variable change v = v(#) where v is a continuous
and strictly monotone function on I. We shall see in Section 2.3.3 that our main result
remains unchanged under such a transformation and we therefore choose, for the sake of
simplicity, to introduce it under a natural parametrization first.

Given a class of functions ® from % into I, we presume that there exists 8* in @
such that the conditional distribution Q;(w;) is of the form Qg+ () for all i € {1,...,n}
and w; € #. We refer to 0* as the regression function. Even though our estimator is
based on these assumptions, we should keep in mind that our statistical model might
be misspecified: the conditional distributions Q7 (w;) might not be exactly of the form
Qo* (w;), the set © might not contain @* or some observations might be outliers. It will
follow from our risk bounds as described by Theorem 2.3.1 that such misspecifications
result in an additional term in the risk corresponding to the approximation error between
the truth and the model. This term is small when our model provides a good enough
approximation of the truth.

Fori e {1,...,n}, let 24 be the set of all measurable mappings (conditional probabil-
ities) from (#', W) into (7, T). We set &y = 27, so that the n-tuple Q* = (Q7,...,Q})
belongs to £y as well as the n-tuple Qg = (Qg,...,Qe) where Qo € 2y denotes the
mapping w — Qg(,) When 6 is a measurable function from %  into I. We endow the space
Ly with the Hellinger-type (pseudo) distance h defined as follows. For Q = (Q1,...,Qy)

and Q' = (Q),..., Q) in Ly,

h*(Q,Q)=E

> W Qi) QW) (2.2.2)
i=1

. " ) (w / w (w).

=3 [, #* (@i, Qi(w) afu (v

In particular, h(Q, Q') = 0 implies that for all i € {1,...,n}, Q; = Q) Pw,-a.s.
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On the basis of the observations X1, ..., X,, we build an estimator 0 of 0* with values

in ©® and evaluate its performance by the quantity

9= Zzn;/w n (Q:(w), Q) ) AP (w).

When P is the distribution of a random variable (W)Y) € # x % we write it as
P = @ Py where Py is the marginal distribution of W and @ the conditional distribution
of Y given W. For P = Q - Py and P’ = Q' - Py the squared Hellinger distance between

P and P’ is written as

BA(P,P) = / 12 (Q(w), Q' (w)) dPy (w).
Y/

Setting, for i € {1,...,n} and 0 a function from # to I, P} = Q7 - Pw, and P, g = Qg - Py,

we deduce that

h?*(Q*, Qo) = Zh2 (P}, Pip)

so that h?(Q*, Qg) is equal to h?(P*,Pg) = Y. | h? (P*, P,9) where P* = @7, PF is

the true distribution of the observed data X = (Xi,...,X,) while Pg = Q. | Pg =
Qi1 (Qe - Pyw,) is the joint distribution of independent random variables (W/,Y]) with
1 < ¢ < n for which the conditional distribution of Y} given W/ = w; is given by Qo(w;) € 2
for all . This shows that the quantity h(Q*, Qg) = h(P*, Py) may also be 1nterpreted as
a distance between the probability distributions P* and Pg and not only as a (pseudo)
distance between the conditional ones Q* and Qg. More generally, given two measurable
functions 6,0’ from # to I, the quantity h(Qg, Qg/) can also be written as h(Pg, Pgy/).
Note that, unlike Qz, P is not an estimator (of P*) since it depends on the marginal

distributions Py, ..., Py, which are unknown.

2.2.1 Examples

Let us present here some typical statistical models to which our approach applies.

Example 2.2.1 (Homoscedastic Gaussian regression with known variance). Given n in-

dependent random variables Wy, ..., W, with values in #/, let
Y, =60*(W;)+o0e; forallie{l,...,n},

where the ¢; are i.i.d. standard real-valued Gaussian random variables, ¢ is a known
positive number and 8* an unknown regression function with values in I = R. In this
case, 2 is the set of all Gaussian distributions with variance ¢? and for all § € I = R,
Qo = N(0,0?) has a density with respect to v = N'(0,02) on (#,Y) = (R, B(R)) which is
of the form (2.2.1) with A() = 02/(202) and S(y) = y/o? for all y € R.
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Example 2.2.2 (Binary regression). The pairs of random variables (W;,Y;) with i €
{1,...,n} are independent with values in # x {0,1} and

PY; = y[W; = wy] = —b [y6" (wi)]

= fi 11 0,1 dw;, eW. 2.2.3
T+ oxp [0 (wn)] or all y € {0,1} and w; € ( )

This means that the conditional distribution of Y; given W; = w; is Bernoulli with mean
(14 exp [—0*(w;)]) " for some regression function 8* with values in I = R. This model
is equivalent to the logit one presented in Example 2.1.1 by changing Y; € {0,1} into
Y/ = 2Y; —1 € {—1,1} for all i. The exponential family 2 consists of the Bernoulli
distribution Qp with mean 1/[1+e¢7% € (0,1) and # € I = R. For all § € R, Qy admits
a density with respect to the counting measure v on % = {0, 1} of the form (2.2.1) with
A() = log(1 +€%) and S(y) =y for all y € ¥

Example 2.2.3 (Poisson regression). The exponential family 2 is the set of all Poisson
distributions Qg with mean e, # € I = R. Taking for v the Poisson distribution with
mean 1, the density of QQy with respect to v takes the form (2.2.1) with S(y) = y for all
y € Nand A(f) = e/ — 1 for all § € R. The conditional distribution of Y; given W; = w;
is presumed to be Poisson with mean exp [6*(w;)] for some regression function 8* with

values in I = R.

Example 2.2.4 (Exponential multiplicative regression). The random variables W; are

independent and

Y, = 0*(ZTjVi) foralli e {1,...,n} (2.2.4)
where the Z; are i.i.d. with exponential distribution of parameter 1 and independent of
the W;. The conditional distribution of Y; given W; = wj; is then exponential with mean
1/0*(w;) € I = (0,+00). Exponential distributions parametrized by 6 € I admit densities
with respect to the Lebesgue measure on R of the form (2.2.1) with S(y) = —y for all
ye# =Ry and A(f) = —log#.

2.3 The main results

2.3.1 The estimation procedure

As mentioned in the introduction, our approach is based on p-estimation. The basic ideas
that underline the construction of these estimators have been explained in Section 1.4.2
and more details can be found in Baraud and Birgé (2018). Let ¢ be the function defined
on [0, +o0] by

r—1

ve) = 2

for x € [0,400) and ¢(+o0) = 1. (2.3.1)
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Let us set, for @ € O, qo(X;) = qo(w;)(Yi), where gg is given by (2.2.1) and, in order
to avoid measurability issues, let us restrict ourselves to those @ belonging to a finite or
countable subset ® of ®. We then introduce the function

T(X,0,6)=> ¢ ( 9o (X X ) for 6,0 €O, (2.3.2)
i=1
with the conventions 0/0 = 1 and a/0 = 400 for all @ > 0. We set
v(X,0) = sup T(X,0,0') forall 6cO (2.3.3)
0'cO

and choose 6 = 6(X) as any (measurable) element of the random (and non-void) set

&(X) =140 ¢€ 0 such that v(X,0) < inf v(X,0)+ (2.3.4)
0'cO 25

with k, = 280v/2 + 74, so that 18 < r,/25 < 18.8. The random variable g(X) is our
estimator of the regression function 8 and Qg = (Qp, - - ., Qp)-

Note that the construction of the estimator is only based on the choices of the expo-
nential family given by (2.2.1) and the subset ® of ©. In particular, the estimator does
not depend on the distributions Py, of the W; which may therefore be unknown.

The fact that we build our estimator on a finite or countable subset ® of © is not
restrictive as we shall see. Besides, this assumption is consistent with the practice of
calculating an estimator on a computer that can handle a finite number of values only.

Let us mention that similar results could be established for the p-estimator associated
to the alternative choice 1(x) = (x —1)/v/22 + 1. Nevertheless, the risk bounds we get for
this choice of v involve numerical constants that are larger than those we establish here
for ¢)(x) = (x — 1)/(x + 1). We therefore focus on this latter choice of .

2.3.2 The main assumption and the performance of 0
Our main assumption is stated as follows.

Assumption 2.3.1. The class of functions ® is VC-subgraph on # with dimension not
larger than V > 1.

We refer to Section 1.5 for the definition of VC-subgraph classes and their properties.
In this chapter, we mainly use the facts that Assumption 2.3.1 is satisfied when © is a
linear space V with finite dimension d > 1, in which case V = d + 1 by Proposition 1.5.1
and that it is also satisfied when © is of the form {F(3), B € V} where F is a monotone
function on the real-line. In this latter case, the VC-dimension of © is not larger than

that of V according to Proposition 1.5.2. We set

e =150, ¢ =1.1x10% ¢3=>5014 (2.3.5)
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and, for Q € £y and A C £,
hQA——'nthQ'.
( ? ) QIIGA ( ? )

The following theorem provides a probabilistic bound for the distance between our esti-
mator Qg and Q*.

Theorem 2.3.1. Let £ > 0. Under Assumption 2.3.1, whatever the conditional probabil-
ities Q* = (Q1,...,Q) of the Y; given W; and the distributions of the W;, the estimator
Qg defined in Section 2.3.1 satisfies, with a probability at least 1 — e ¢,

h? (Q*,Q;) < cih%(Q*, 2) + &V [9.11 +log, (%)] Yoy (154 6) (2.3.6)
where £ = {Qg = (Qg,-..,Qs), 0 € O} and log, = max(0,log).

The constants ci,co and c3 are numerical constants. They are independent of the
choice of the exponential family. When the model £ is exact, the bound we get only
depends on the VC-dimension of ©.

It is clear that (2.3.6) also holds true for = {Qg, 8 € ®} in place of £ when £ is
dense in 2 with respect to the Hellinger-type distance h. This is the case when © is dense
in © for the topology of pointwise convergence. We do not comment on our result any
further in this direction and rather refer to Baraud and Birgé (2018) Section 4.2. From
now on, we assume for the sake of simplicity that & is dense in £, doing as if @ = ©. In
the remaining part of this section, C' will denote a positive numerical constant that may
vary from line to line.

Let us now rewrite (2.3.6) in a slightly different form. We have seen in Section 2.2
that the quantity h (Q*, Qg) with @ € ®, which involves the conditional probabilities of
P* and Py with respect to the W;, can also be interpreted in terms of the Hellinger(-type)
distance between these two product probabilities. Inequality (2.3.6) therefore implies that

P [Ch? (P*,Pj) > (P, P) + V [1 +log, (%)} +e] <e, (2.3.7)

where @ = {Pg, 6 € ©}. Integrating this inequality with respect to ¢ > 0 leads to the
following risk bound for our estimator 0

CE [b? (P* P)] < h2(P*2) +V [1+1og, ()] (2.3.8)
In order to comment upon (2.3.8), let us start with the ideal situation where P* belongs

to P, i.e. P* = Py« for some 6* € ©, in which case (2.3.8) leads to
CE [0 Py, Py)] <V |1+1og, ()] (2.3.9)
Up to the logarithmic factor, the right-hand side of this inequality is of the expected order
of magnitude V for the quantity h?(Pg-, P5): in typical situations V' is of the same order

as the number of parameters that are used to parametrize ©.
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When the true distribution P* is of the form Pg+ but the regression function 8* does
not belong to ®, or when the conditional distributions of the Y; given W; do not belong to
our exponential family, inequality (2.3.8) shows that, as compared to (2.3.9), the bound
we get involves the approximation term h?(P* &) that accounts for the fact that our
statistical model is misspecified. However, as long as this quantity remains small enough
as compared to V [1+1log, (n/V)], our risk bound will be of the same order as that
given by (2.3.9) when the model is exact. This property accounts for the stability of our
estimation procedure under misspecification. In order to be more specific, let us assume
that

n

n
pr_ (Xl) [(1 —a)Pg+ aiRi] and z;a < g (2.3.10)
where 8 € ©, R; is an arbitrary distribution on 2~ and «; a number in [0,1] for all
i € {1,...,n}. Such a distribution P* allows us to model different form of robustness
including robustness to the presence of contaminating data as well as outliers. In the
case of contamination, Py, = Pw, o; = a € (0,1/2], R; = R # Py = Qg - Py for all
i € {1,...,n} and one observes an n-sample a portion (1 — «) of which is drawn according
to a distribution P4 that belongs to our model P ={Py = Qg - Py, 6 € O} while the
remaining part of the data is drawn according to a contaminating distribution R. In the
second case, the data set contains the outliers {a;, i € K} for some subset K C {1,...,n}
with K # @ so that P* is of the form (2.3.10) with a; = L;ex for all ¢ € {1,...,n} and
R; = §,, for all i € K. In all cases, using the classical inequality h? < D where D denotes

the total variation distance between probabilities, we get
n n
h’(P*, ) < h*(P*,Pg) <Y D(P}, Py) <Y o, (2.3.11)
i=1 i=1

which means that whenever )" | o; remains small as compared to V(1+log, (n/V)), the
performance of the estimator remains almost the same as if P* were equal to Pg. The
estimator @ therefore possesses some stability properties with respect to contamination

and the presence of outliers.

2.3.3 From a natural to a general exponential family

So far we focused on an exponential family 2 parametrized by its natural parameter.
However statisticians often write exponential families 2 under the general form 2 =
{R,=r, v, ye J} with

ity MSW=BO) for 4 € J. (2.3.12)

In (2.3.12), J denotes a (non-degenerate) interval of R and u a continuous and strictly

monotone function from J onto I so that B = A o u. In the exponential family 2 =
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{R,, v € J} ={Qq, 0 € I}, the probabilities R, are associated to the probabilities Qy by
the formula R, = Q).
With this new parametrization, we could alternatively write our statistical model 2

2 ={Ry=(Ry,...,R,), y€T} (2.3.13)

where T is a class of functions ~ from # into J. Starting from such a statistical model
and presuming that Q* = R+ for some function v* € T, we can build an estimator &
of v* as follows: given a finite or countable subset I' of T we set 4 = u_l(a) where 0
is any estimator obtained by applying the procedure described in Section 2.3.1 under the
natural parametrization of the exponential family 2 and using the finite or countable
model ® ={@ =uo~y, yeT}

Since our model £ for the conditional probabilities Q* is unchanged (only its parametri-
sation changes), it would be interesting to establish a result on the performance of the
estimator Ry = Qg which is independent of the parametrization. A nice feature of the
VC-subgraph property lies in the fact that by Proposition 1.5.2, it is preserved by composi-
tion with a monotone function: since u is monotone, if T is VC-subgraph with dimension
not larger than V, so is ® and our Theorem 2.3.1 applies. The following corollary is

therefore straightforward.

Corollary 2.3.1. Let ¢ > 0. If the statistical model & is under the general form (2.5.13)
and T is VC-subgraph with dimension not larger than V > 1, whatever the conditional
probabilities Q* = (Q7,...,Qr) of the Y; given W; and the distributions of the W;, the

estimator Ry satisfies with a probability at least 1 — e ¢,
h? (Q*, Rs) < ch%(Q*, 2) + oV [9.11 +log, (%)} Yoo (154 €) (2.3.14)
where € = {R, v € T'}. In particular,
E[h? (Q"Ry)] < ' [h%(Q",2) +V |1 +1og, (1)]]. (2.3.15)
for some numerical constant C' > 0.

A nice feature of our approach lies in the fact that (2.3.14) holds for all exponential fam-
ilies simultaneously and all ways of parametrizing them. In particular, the VC-dimension

associated to the model & is intrinsic since it is independent of the way it is parametrized.

2.4 Uniform risk bounds

Throughout this section, we assume that the W; are i.i.d. with common distribution Py
and that Q* = Ry~ = (R4+,..., Ry+) belongs to a statistical model of the (general) form

given by (2.3.13) where T is a class of smooth functions. More precisely, we assume that
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for some o € (0,1] and M > 0, T = H,(M) is the set of functions v on # = [0, 1] with

values in J that satisfy the Holder condition
y(@) = ¥(y)| < Mz — y|* for all z,y € [0,1] (2.4.1)

and denote by 2[H(M)] the corresponding family of conditional distributions Q* = Rs.
Because of our equidistribution assumption and the form of our loss function, the loss
h? (Q*, R’?) takes the form nh? (Q*, R.~y) whatever the estimator ~.

Our aim is both to estimate Ry~, or equivalently R, under the assumption that

~* € Ho(M) and to evaluate the minimax risk over 2[H,(M)], i.e. the quantity

Rno(Ho(M))=inf sup E[h*(Ry,Ry)] (2.4.2)
Y Y E€H(M)
with
h? (Ry, Ry) & /// h? (Rey(uys Ry w)) dPw ().
where the infimum runs among all estimators 4 of 4* based on the n-sample X1, ..., X,.

2.4.1 Uniform risk bounds over Holder classes

It is common to parametrize the exponential family 2 = {R,, v € J} by the means of
the distributions, i.e. with v = f@ ydR(y). This is typically the case for the Bernoulli,
Gaussian and Poisson families for example. In such a case, one can write the model in a

heteroscedastic regression form:

Yi=~v"(W;)+o (’y*(WZ)> g; forallie{l,... ,n}, (2.4.3)

where o2 (’y*(WZ)) is the conditional variance of Y; and the ¢; errors which, conditionally
to the W; are centred and with variance 1. As mentioned in Chapter 1, many authors
have used this form and its similarity to the classical Gaussian regression framework given
in Example 2.2.1 to derive estimators with performances that mimic those of the least
squares estimators in the Gaussian case. In particular, when v* € H, (M), the minimax
rate for Gaussian regression is n=2%/(2¢+1) and, for the more general situation described
in (2.4.3) various authors established similar rates for their estimators by using the Lo-loss
(under somewhat restrictive assumptions as mentioned in Chapter 1).

With our Hellinger-type loss, we also show in this section that n=2¢/2at1) ig the
minimax rate for estimating R+ with v* € H,(M ). However, this result holds when the
parametrization of the exponential family satisfies some suitable conditions. When these
conditions are not met, the minimax rate may be different as we shall see, even when the
exponential family is parametrized by the mean as it is commonly done in the literature.
In any case, our estimator is proven to achieve the minimax rate up to a logarithmic factor.

Let us first introduce the following assumptions on the parametrization.
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Assumption 2.4.1. There exists a constant x > 0 such that
MRy, Ry) < k|y—7| forally,+ €J (2.4.4)

and for a (non-degenerate) compact interval K C J, there exists a constant cx > 0 such
that
h(Ry,Ry) > ck h — 'y/’ for all v,~' € K. (2.4.5)

This assumption is in particular satisfied in the following situation.

Proposition 2.4.1. Let 2 = {Qq, 0 € I} be a natural exponential family defined
by (2.2.1) where I is an open interval. If the function v satisfies

v'(0) =4/ AHS(Q) >0 forallfel, (2.4.6)

when parametrized by v = v(0), the exponential family 2 = {R, = Quv-1(7), 7 € J}

satisfies Assumption 2.4.1 with k = 1 for all choices of a (non-trivial) compact subset K

of J.

It is well-known that the functions v;(0), j € {1,2, 3,4} given by
0 1 1 1
v1(A) = ——=, v3(f) = —=arcsin | —— |, wv3(f =—e? onR
0= 5 0= g () 0=
and v4(8) = 8 /21og# on (0, +00) satisfy (2.4.6) in the cases of Examples 2.2.1, 2.2.2,
2.2.3 and 2.2.4 respectively.

As a consequence of Assumption 2.4.1 we derive by integration with respect to Py

that, for all functions ~,~’ on # with values in J,
h? (Ry, Ry) < K2 ||y —~'||5 = #? /W (v =) dPw, (2.4.7)

which leads to the following uniform risk bound for the performance of the p-estimator Ry

when v* € Ho(M). Note that this upper bound holds without any assumption on Py .

Proposition 2.4.2. Assume that (2.4.4) is satisfied. Let o € (0,1], M > 0 and S be the
set of functions with values in the interval J which are piecewise constant on each element
of a partition {I;,j € {1,...,D}} of [0,1] into D > 1 intervals of lengths 1/D. For

1
2M2 1+2a
D=D(a,M,n) =minikeN, [ " <k\.
1+ logn

the p-estimator 5 based on (any) countable and dense subset S of S (with respect to the

supremum norm) satisfies
_2a
<(f<;M)1/O‘ log(en)> e n 3log(en)

n 2n

sup E [h2 (Ry*, Rq)] <20’
Y*€H (M)

where C' is the numerical constant appearing in (2.3.15).
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To show that this rate is optimal under Assumption 2.4.1 and the p-estimator minimax
(up to a logarithmic factor) when the distribution of the W; can be arbitrary, let us assume
that Py is the uniform distribution on # = [0, 1]. It then follows from (2.4.5) that there

exists a constant cx > 0 such that for all functions ~,~’ on # with values in K,
2 2 2
h? (Ry, Ry) = cic |y = +'[[3-

Assumption 2.4.1 makes the Hellinger-type distance h (R'w R;yl) and the Lo(Pyy)-one be-

tween v and v’ comparable, at least when ~ and 4/ take their values in K.

Proposition 2.4.3. Let o € (0,1] and M > 0. If Py is the uniform distribution on [0, 1]
and Assumption 2.4.1 is satisfied for a compact interval K of length 2L > 0, then

2a
2 1/a T+2 2
2 3IM M =2
Ru(Ha(M)) 2 3¢ <2++/m> AT)AT

This result says that in all exponential families for which Assumption 2.4.1 is satis-
fied, the order of magnitude of the minimax rate over H,(M) cannot be smaller than

n~2/(e+1) - at least when Py is the uniform distribution on [0, 1].

2.4.2 A counterexample

Without a suitable parametrization of the exponential family 2 = {Qy, 6 € I} like that
provided by Proposition 2.4.1, the minimax rate of convergence of R,,(Hq(M)) may be dif-
ferent from n=2%/(2¢+1) a5 shown by the following simple example of Poisson distributions

parametrized by their means.

Proposition 2.4.4. Let o € (0,1], M > 0, Py be the uniform distribution on [0,1] and
9 the set of Poisson distributions R, with means v € J = (0,400). For alln > 1,

e 2

e [( s N v (VB
W(Ha(h)) > ¢ — ) (24+a+3/an> /\8/\<1+2>

In the Poisson case with this parametrization, the rate for R, (Hq(M)) is therefore

o

at least of order n=®/(1+®) hence much slower than the one we would get if the family
would be properly parametrized as indicated in the previous section, namely p—2a/(2at)
We conclude that, depending on the exponential family, the parametrization by the mean
may lead to different minimax rates. Nevertheless, as shown in the following proposition,

the p-estimator still achieves the optimal rate (up to a logarithmic factor) in this case.

Proposition 2.4.5. Let o € (0,1], M > 0 and S be the set of functions with values in J =

(0,400) which are piecewise constant on each element of a partition {I;,5 € {1,...,D}}
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of [0,1] into D > 1 intervals of lengths 1/D. For

1
\47’1/ 1+«
D=D(a, M = mi k _— <k
(o, M, n) mln{ €N, (2log(en)> < },

the p-estimator 4 based on (any) countable and dense subset S of S (with respect to

supremum norm) satisfies

sup E[h? (Ry,R5)] < 2C"
Y*EH(M)

((M/2)1/a log(en)> T n 3log(en)

n 2n

where C' is the numerical constant appearing in (2.3.15).

2.5 Calculation of p-estimators and simulation study

In this section, we study the performance of the p-estimator 0 of the regression function
0* in the cases of Examples 2.2.2, 2.2.3, 2.2.4 which correspond respectively to the logit
regression, Poisson and exponential distributions parametrized by their natural parame-

ters.

The models

The function space © consists of functions @ on # = R® with values in I and for w =
(wi,...,ws) € # the value O(w) has the following form:
— In the Bernoulli model, I = R and

5
0(w) =mno + anwj with 7 = (n9,...,75) € RS, (2.5.1)
j=1

— In the Poisson model, I = R and

5
0(w) =loglog |1 +exp | no + anwj with 7 = (n9,...,75) € R, (2.5.2)
j=1

— In the exponential model, I = (0, +o00) and
5
O(w) =log |1 +exp | no+ anwj with 7 = (n9,...,75) € RS, (2.5.3)
j=1

For all these cases, the set ® is VC-subgraph with dimension not larger than 7. For the
calculation of the estimator on a computer, we do as if ® were countable and consequently
take ©® = ©.
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The competitors

We compare the performance of 0 to that of the MLE and, in cases of Examples 2.2.3
and 2.2.4, to a median-based estimator 50. The estimator 50 is defined as any minimizer

over © of the criterion

60— Z |Yi — m(6(W5))] (2.5.4)

where m(6) is the median (or an approximation of it) of the distribution @y for 6 € I.
We take m(6) = e + 1/3 — 0.02¢7? for the Poisson distribution with parameter e’ and
m(0) = (log2)/0 for the exponential one with parameter 6.

In the examples we have chosen, the log-likelihood function is concave with respect
to the parameter n € RS and the MLE is calculated using the stats4 R-package. The
criterion (2.5.4) is not convex with respect to the parameter 1 and the median-based
estimator is calculated using the cmaes R-package based on the CMA (Covariance Matrix
Adaptation) method which turns out to be more stable than the gradient descent method.
For more details about the CMA method, we refer the reader to Hansen (2016).

2.5.1 Calculation of the p-estimator

As mentioned in Section 2.3, we call p-estimator 0= a(X ) any element of the random set

&(X)=140c O such that v(X,0) < inf v(X,O’)+@ ;
0'coO 25

where

- qe' (Xi)
v(X,0) = sup T(X,0,0') = sup ) for all 8 € ©.
0'co 0'co ; q6(X;)

To calculate the p-estimator 6 we use the iterative Algorithm 1 described below. We
stop it either when the condition v(X, 5) < 1 is met or otherwise after L = 100 iterations.

Since

U<X79) = sup T(X7079/) > T(X7079) =0,
0'cO

the quantity infgee v(X, 6) is nonnegative and when v(X, 5) <1,

~ K
< . < . 7p
v(X,0) 7012(f9v(X,9)+1 7012(f9U(X,9)+ 55

which shows that 8 is a p-estimator. The constant 1 has nothing magical, we just believe
that the closer v(X, 5) to infgce v(X, 0) the better 6 performs. The condition v(X, 5) <

1 can therefore be seen as an early stopping time that guarantees that the estimator 0
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almost minimizes 6 — v (X, 0) over ©. In all our simulations, (including the cases when
we stop after 100 iterations), the resulting estimators 0 satisfy
v(X,0) < ®p hence v(X,0) < inf v(X,0) + e
25 0co 25
and are therefore p-estimators.

The algorithm is based on the following heuristic that we describe in the situation
where the data are i.i.d. with distribution P* = Py« for the sake of simplicity. It is proven
in Proposition 14 of Baraud (2021), that T(X, 8, 01) is a good test statistic for testing
Ho : “Pp, is closer (in Hellinger distance) to P* than Py,” against H; : “Pp, is closer
to P* than Pp,”. More precisely, with a probability close to 1, T(X,680,01) > 0 when
h%(Pg,, P*) < h?(Pg,, P*) and 1/n < h%(Pa,, P*) while the test statistic T(X,8,01) < 0
when h%(Py,, P*) < h?(Py,, P*) and 1/n < h?(Py,, P*). Note that if h?(Py, P*) ~ 1/n
for both 8 = 0y and 6 = 61, the two distributions Pp, and Py, are both close to P* and
choosing between 8y and 61 is unimportant. Because of these properties, if we start from
an initial point @y that is not too far from 6* and if 6, is such that T(X,0y,01) > 0, it
is likely that one of the two following situations occur:

— the quantity h%(Pg,, P*) is smaller or at least of comparable order as h?(Pg,, P*);

— h?(Pg,, P*) is of order 1/n.

In any case, either @1 improves on @ or, at least, performs similarly. We can then repeat
the test starting now from 6, and looking from some 69 such that T(X,60;,63) > 0 and
SO on.

Since p-estimators are not unique, there is no reason for the algorithm to converge to
a point and we are not expecting the algorithm to do so. Since the algorithm is based on
the test statistic T(X, 0, 80"), that provides a robust test between the probabilities Py and
Py, as explained above, we expect the algorithm to get closer to the truth as we iterate
it. As we shall see, only few iterations are in general necessary to meet the condition
v(X, /0\) < 1 and when it is not the case, the estimator obtained after L = 100 iterations
provides a suitable estimation of the parameter. To find a maximizer of the mapping
60— T(X, 5, 0) at each iteration, we use the cmaes R-package.

To intialize the process we choose the value of @y as follows. In the case of Bernoulli
regression, we take for 6y the function on R that minimizes on © the penalized criterion
(that can be found in the 1071 R-package)

1 d

010  (1—(2Y; — DO(WL)), + 5 > 16(ei) — 6(0)?,

i=1 i=1

where e1, . ..,eq denotes the canonical basis of R? (with d = 6). The e1071 R-package is
used for the purpose of classifying the Y; from the W;. For the other exponential families

we choose for 0y the median-based estimator 50.
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Algorithm 1 Searching for the p-estimator

Input:
X = (Xy,---,X,): the data
0y: the starting point
Output: 0
1: Initialize [ = 0, 0= 6o;
2. while v(X,6) > 1 and [ < L do
3: l+—1+1
4

0, = argmax T(X, 0, 0)
0co®

5 — 91
end while
. Return 0.

e«

2.5.2 When the model is exact

Throughout this section, we assume that the data Xi,..., X, are i.i.d. with distribution
Py = Qg+ - Py, 0* € ©, and we estimate the risk

R.(0) =E [h* (Py, Py)] = E [ /W 2 Qo+ (> Qs ) dPW(w)]

of an estimator é(X ) by the Monte Carlo method on the basis of 500 replications. For

this simulation study n = 500. We recall that, for a natural exponential family,

(2.5.5)

h2(Qo, Qo) = 1 — exp [A <9+ 9’) _AWB) + A(e')}

2 2
where A is given in (2.2.1).
Bernoulli model. We consider the function 8* = 6 given by (2.5.1) withn = (1,...,1) €

RS. The distribution Py is (PIE;) —i—PV(IE) —|—P$)) /3 where PIE;), P{E{%) and PIES) are respectively

the uniform distributions on the cubes
[—a,a)®, [b—0.25,b+0.25° and [—b—0.25,—b+ 0.25]°

with ¢ = 0.25 and b = 2.

Poisson model In this case 8% = 0 given by (2.5.2) with n = (0.7, 3,4, 10, 2,5). The dis-

tribution Py is Pl?}zl ®PW’2®P€‘3}23 where Py 1, P2 and Py 3 are the uniform distributions
on [0.2,0.25], [0.2,0.3] and [0.1,0.2] respectively.
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Exponential model We set 8 = 6 given by (2.5.3) with n = (0.07,3,4,6,2,1). The
distribution Py is P‘j?}?l ® P&% where Py and Pyp are the uniform distributions on
[0,0.01] and [0, 0.1] respectively.

In order to compare the performance of the p-estimator to the two other competitors
we proceed as follows: we estimate the risk R,, (5) of 8 by Monte Carlo as explained before.
We then use this quantity as a benchmark and given another estimator 0 we compute the

quantity

£(8) = W o that R, (8) = (1+£(8)) Ra(0). (2.5.6)

Note that large positive values of £ (6) indicate a significant superiority of our estimator as
compared to 8 and negative values inferiority. The respective values of R, (5) and £ (5) are

displayed in Table 2.1. The computation time of each estimator is displayed in Table 2.2.

~ ~

Table 2.1: Values of R,,(0) and £(0) when the model is well-specified

R.(6) E(MLE)  £(8o)

Logit 0.0015 < +0.1% —

Poisson 0.0015 < +0.1% +450%

Exponential 0.0015 < 40.1% +110%

Table 2.2: Average computation time when the model is well-specified

p-estimator MLE Median-based

Logit 331.43s 0.17s —
Poisson 216.23s 0.23s 34.69s
Exponential 87.78s 0.28s 16.31s

Since the median of the Bernoulli distribution is either 0 or 1, hence only weakly
depends on the value of the parameter, there is no estimator of the regression function
based on the median for the Bernoulli model.

We observe the following facts:

e When the model is correct, the risks of the MLE and 0 are the same (the value of
E(MLE) is not larger than 1/1000). In fact, a look at the simulations shows that
the p-estimator coincides most of the time with the MLE, a fact which is consistent
with the result proved in Section 5 of Baraud et al. (2017) that states the following:
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under suitable (strong enough) assumptions, the MLE is a p-estimator when the
statistical model is regular, exact and n is large enough. Our simulations indicate

that the result actually holds under weaker assumptions.

e Both the MLE and the p-estimator outperform the median-based estimator 50.

~

e The quantities R, (@) are of order 0.0015 in all three cases. This fact can be explained
as follows. In a regular statistical model .#y = {P,, n € S} parametrized with a
parameter n € S C RY, the asymptotic normality properties of the MLE 7j,, together
with the local equivalence of the Hellinger distance with the Euclidean one imply
that, when the data are i.i.d. with distribution P~ € .,

nE [h*(Ps , Ppe)] — ¢

M2 =M n—+oo 8
In our simulation, conditionally to W, the distribution of Y is given by an exponential
family parametrized by d = 6 parameters and the number of data being n = 500,

we expect a risk of order d/(8n) = 0.0015, which is exactly what we obtained.

e The above result provides evidence that the algorithm we use does calculate the

p-estimator as expected.

e In all the simulations we carried out, the algorithm required at most two iterations

before the stopping condition v(X ,5) < 1 was met.

In the Bernoulli model, we also consider the case where the true regression function
0* = 0 is given by (2.5.1) with n = (1,...,1) € RS and Py = (Pv(g) + PIES))/Q. In such
a situation, the MLE is likely not to exist because the sets of data labelled by 1 and 0
respectively can be perfectly separated by a hyperplane with probability close to 1. As
expected the stats4d R-package for calculating the MLE returns an error. In contrast, the

p-estimator always exists and its estimated risk R, (0) is of order 0.000179. In the 100

simulations we carried out, the algorithm stops after at most 2 iterations.

2.5.3 In presence of outliers

We now work with n = 501 independent random variables Xi,...,X,. The 500 first
variables Xi,...,X,_1 are i.i.d. with distribution Py~ and simply follow the framework
of the previous section. The last observation is chosen as follows. In the Bernoulli model
W, = 1000(1,1,1,1,1) and Y,, = —1, for the Poisson case W,, = 0.1(1,1,1,1,1) and
Y,, = 200 and for the exponential case W,, = 5 x 1073(1,1,1,10,10) and Y,, = 1000. The
results are displayed in Table 2.3 on the basis of 500 replications. The computation time
for each estimator are given in Table 2.4.

We observe the following facts:
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o~ ~

Table 2.3: Values of R,,(0) and £(0) in presence of an outlier
R,(0) E(MLE)  £(6))

Logit 0.0015 +13000% —

Poisson 0.0019 +1900%  +330%

Exponential 0.0018 +6000%  +78%

Table 2.4: Average computation time in presence of an outlier

p-estimator MLE Median-based

Logit 497.31s 0.12s -
Poisson 229.36s 0.29s 35.83s
Exponential 103.05s 0.32s 15.18s

e the risks of the p-estimator are quite similar to those given in Table 2.1 despite the

presence of an outlier among the data set;
e the MLE behaves poorly;

e the performance of 6 remains much better than that of the median-based estimator
6o.

Let us now display the quartiles of the distribution of the number of iterations that

have been necessary to compute the p-estimator.

Table 2.5: Quartiles for the number of iterations in presence of outliers

1st Quartile Median 3rd Quartile Maximum

Logit 3 3 3 6
Poisson 2 2 2 3
Exponential 2 2 2 3

Table 2.5 shows that the computation of the p-estimator requires only a few iterations

of the algorithm.

2.5.4 When the data are contaminated

We now set n = 500 and define Pg» and Py as in Section 2.5.2. We now assume that
X1,..., Xy are i.i.d. with distribution P* = 0.95Pg+ + 0.05R for some (contaminating)
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distribution R on # x % with first marginal given by Py. We restrict ourselves to
the Poisson and exponential cases (we exclude the Bernoulli model since the Bernoulli
distribution remains stable under the contamination by another Bernoulli distribution).
In the Poisson case, we choose for R the distribution of the random variable (W, 80 + B)
where the conditional distribution of B given W = (wy,...,ws) is Bernoulli with mean
(1 + exp[— (w1 —wy —wyg +ws)]) L. In the case of the exponential distribution R =
Py @ U([50,60]) where U([50,60]) denotes the uniform distribution on [50, 60].

We measure the performance of an estimator 0 of 6 by means of the quantity
R,(0) =E [1* (P*, Py)]

that we evaluate by Monte Carlo on the basis of 500 replications. We compare the per-

formance of 8 to a competitor 0 by evaluating the quantity
(2.5.7)

The results are displayed in Table 2.6 and the computation times in Table 2.7.

Table 2.6: Values of R,,(8) and £(6) under contamination (5%)

— —_

R.(0) E(MLE) &(80)

Poisson 0.028 +760% +11%

Exponential  0.040  +320% —17T%

Table 2.7: Average computation time under contamination (5%)

p-estimator MLE Median-based

Poisson 867.50s 0.33s 39.23s

Exponential 1863.97s 0.30s 20.47s

Let us now comment these results.

e With our choices of the contaminating distributions R, the (squared) Hellinger
distance between the true distribution P* of the data and the model is of order
h2 (P*, Py+) ~ 0.025. As expected, we get that R,(8) > 0.025 ~ h2 (P*, Py+). Note
that the situation is extreme in the sense that the approximation error is much larger
than estimation error that can be achieved when the model is well specified (which

is about 0.0015). This means that the model is “very” misspecified.

e The MLE behaves poorly.
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e In the exponential case, the median-based estimator 50 outperforms the p-estimator

while the opposite situation occurs in the Poisson case.

Table 2.8: Quartiles for the number of iterations when the data are contaminated

1st Quartile Median 3rd Quartile Maximum

Poisson 5 5 5 100

Exponential 5 10 30 100

In Table 2.8, we observe that the number of iterations for calculating the p-estimator
increases substantially as compared to the two previous situations. We note that for
some simulations the algorithm was iterated 100 times (which corresponds to the maximal
number of iterations that we allow) and the stopping condition v(X,8) < 1 was not met
(but satisfies 'U(X,g) < k,/25). Despite this fact, the estimator that we get at the final
step, hence after 100 iterations, performs well since the values of the risks En(é) are of

the same order as h? (P*, Pp+) and comparable to the median-based estimator 6o.

2.6 Bounding the expectation of the supremum of an em-

pirical process

The aim of this section is to prove the following result which will used later as an elementary

material to prove Theorem 2.3.1.

Theorem 2.6.1. Let X, ..., X,, be n independent random variables with values in (2, X)
and Z an at most countable VC-subgraph class of functions with values in [—1,1] and VC-

dimension not larger than V' > 1. If

1 n
d N E[A(X)] <o? <1,
CF DNIOREE

Z(F) = sup | Y _(f(Xi) —E[f(X,)])

re7 i

n ‘
then

E[Z(F)] < 4.74\/nVo2.Z (o) + 90V.L(0), (2.6.1)
with £ (o) = 9.11 + log(1/5?).

Let us now turn to the proof. It follows from classical symmetrisation arguments

that E [Z(F)] < 2E [Z(F)], where Z(F) = sup |3 i f(X:)
fez

i=1
Rademacher random variables. It is therefore enough to prove that

and €1,...,&, are i.i.d.

E[Z(F)] <237/nVa2Z(0c) + 45V Z (o). (2.6.2)
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Given a probability P and a class of functions ¢ on (E,E) we denote by N,(¢,%, P) the
smallest cardinality of an e-net for the L. (E, &, P)-norm [|-[|,. p, i.e. the minimal cardinality
of a subset ¥[e¢] of ¢ that satisfies for all g € ¥

1/r
inf —4|l, p = inf / —TdP> <e.
it lo=glp = int ([ lo-g

We start with the following lemma.

Lemma 2.6.1. Whatever the probability P on (Z°,X), € € (0,2) andr > 1

Ni(e,F,P) < e(V +1)(2¢)V <2>W.

€

Proof. Let X\ be the Lebesgue measure on ([—1,1], Z([—1,1])) and @ the product proba-
bility P ® (A\/2) on (E,&) = (2 x [-1,1], X x B([-1,1])). Given two elements f,g € F
and x € &

/[1 ; [ Lp@y>t = Lygay>a| dt = /[ L (L @)>t2g) + Lg@)>e2 (@) dt

= [f(z) = g(2)]

and, setting Cy = {(z,t) € 2 x [-1,1], f(x) > t} the subgraph of f and similarly Cy

that of g, we deduce from Fubini’s theorem that

If—g

1,p=/ |f—g|dP=2/ e, (2,1) — Te, (2,1)] dQ
7 2 x[-1,1]

=2 HﬂCf - IngH1,Q'

Since the functions f, g € # take their values in [—1, 1],

£ =alzp= [ 17=grap <2t [ |f=gldP <2 1o, 1o,
z ra ’
and consequently, for all € > 0
Ne(e, 7, P) < Ni((€/2)",94,Q) with ¢ = {]ICf7 feF}

Since .% is VC-subgraph with VC-dimension not larger than V', the class ¢ is by definition
VC with dimension not larger than V' and the result follows from Corollary 1 in Haussler
(1995). O

The proof of Theorem 2.6.1 is based on a chaining argument. It follows from the
monotone convergence theorem that it is actually enough to prove (2.6.2) with %, J > 1,
in place of .# where (%) s>1 is a sequence of finite subsets of .# which is increasing for the
inclusion and satisfies |J ;~; #; = #. We may therefore assume with no loss of generality
that % is finite. -
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Let ¢ be some positive number in (0,1) to be chosen later on and Px the empirical
distribution n~! Yo, 0x,. We shall denote by E. the expectation with respect to the
Rademacher random variables ¢;, hence conditionally on X = (Xi,...,Xy). Let ||| x
be the Lo (2", X', Px)-norm and

52 = 5%(X) = ?up 1£115,x = Sup [ Zf2 ] .

For each positive integer k, let .%, = .#1(X) be a minimal (¢*)-net for .# with respect
to |-l x- In particular, we can associate to a function f € F a sequence (fy)r>1 with
fr € Fy satistying || f — felly x < ¢*G for all k > 1. Actually, since .Z is finite f, = f
for all k large enough. Besides, it follows from Lemma 2.6.1 with the choices r = 2 and
P = Px that for all £ > 1 we can choose .Z}, in such a way that log[Card .%}] is not larger
than h(¢*G) where

h(e) = log [e(V + 1)(2¢)"] + 2V log <i> for all € € (0,1]. (2.6.3)

For f € .7, the following (finite) decomposition holds
D oaf(X) =) eifi(Xi +Z€ZZ fre1(Xi) = fr(X3)]
i=1 i=1 i=1 k=1

— ZEifl(Xi) + Z ZEZ' (frr1(X5) — fk(Xi))] )
i=1 k=1 Li=1

Setting Z? = {(fx, fx+1), f € F} for all k > 1, we deduce that

Z eif (X Z sup

i=1 b1 (S fr41)EFE

|

) < sup
feF

Z& [fr1(Xi) — fio(X3)]

=1

and consequently,

E. [Z(F)] <E. [sup Z&f(Xz’)

fer i
“+o00
+) E. sup Zﬁz [fe(Xi) = frr (X3)] ] :
k=1 (i fot1)EFE i1

Given a finite set ¢ of functions on 2~ and setting —¢ = {—g, g € ¢4} and v? =

max,cy ||g||3 x, we shall repeatedly use the inequality

Z eig(Xi)|| =

=1

sup
geY

sup Z gig(X ] < v/2nlog(2 Card ¥ )v?

gEGU(—
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that can be found in Massart (2007) (see inequality (6.3)). Since maxyc gz, HngX <32

log(Card #1) < h(qo), log(Card #2) < h(¢*5) + h(¢"*"'5) and

2
sup  |fe — frrallz x
(ferfri1)EFE

2
<sw s (I = Sellox IS = Sreillx) < (1+0)” 5
FEF (frrfroy1)EFE

we deduce that

E. | sup | ¥ eif (X))|| <7v/2n(log2 + h(go)),
feF i=1
and for all £ > 1
E. | sup &i [9(Xq) — f(Xi)] ]

<o(l+ q)qk\/2n (log2 + h(¢¥o) + h(q**17)).

Setting g : u — +/log 2+ h(u) + h(qu) on (0,1] and using the fact that g is decreasing

(since h is) we deduce that

5, [7(5)]
<5van [Viog2 + h(ga) + (1+9) Y ¢*\/log2 + h(g"5) + h(g+15)

| k>1

<ovan |g@) + (1 +a) Y d"9(d"?)

k>1

17 1 ¢'7
<V2n 1/ g(u)du + 17+q / g(u)du
qc q

= — e
q k>1 +1z

1 o
<V Znﬁ g(u)du.
1—qJo
The mapping g being positive and decreasing, the function G : y > foy g(u)du is increasing
and concave. Taking the expectation with respect to X on both sides of the previous

inequality and using Jensen’s inequality we get

E[Z(%)] < Van ’5(6) < Vani 16 (& 5)

< \/%T_FZG (VERY). (2.6.4)
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By symmetrization and contraction arguments (see Theorem 4.12 in Ledoux and Talagrand

(1991)),
n
E[n0]<E Supz f2 E[f2( ) +supZIE f2

fez =1 fez =1

< 2E | sup sif2(X)|| + no?
sup Z ;

< 8E | sup Zszf +no? =8E [Z(7)] + no?
fez

and we infer from (2.6.4) that

8E [Z(.F)]

E[Z(F)] < —G() with B:\/a2+

The following lemma provides an evaluation of G.

Lemma 2.6.2. Let a,b,yo be positive numbers and y € [yo, 1],

/Oy Va+blog(1/u)du < <1 + 2ba> yv/a+ blog(1/yp).

Proof. Using an integration by parts and the fact that
b

ouy/a+ blog(1/u)

% a+blog(l/u) =

we get

Al

/ va+blog(l/u)du = [u\/a—kblog 1/u

b
a+ blog(1/y) + Y

2y/a+blog(1/y)

b
a+ blog(1/y) [1 T3 (a+ blog(l/y))]

and the conclusion follows from the fact that yo <y < 1.

Since for all y € (0,1], g(y) = \/a + blog(1/y) with

a =log[2¢*(V 4 1)?] + 2V log(8¢e/q) and b =4V

we may apply Lemma 2.6.2 with yo = 0 and y = B and deduce from (2.6.6) that

E[Z(F)] < \/%14:3 <1+2l;> By/a+ blog(1/0)

2a

< \/%14_;] <1 + b) \/02 + Mn(gﬂ a+ blog(l/o).

(2.6.5)

(2.6.6)
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Solving the inequality E [Z(F)] < A4/2n0? + 16E [Z(F)] with

1
A=-Tl <1 + i) Ja+blog(1jo),

_1—q

we get that

E[Z(F)] < 84% + V/64A% + 24%n0? < 16A% + AV2no?. (2.6.7)
Finally, we conclude by using the inequalities

b v oo
2a  2[log[2e2(V + 1)2] + 2V log(8¢/q)] ~ log(8¢e/q)’

a  log[2¢*(V + 1)%] + 2V log(8¢/q)
b 4V
_ log(8e/q)  log2e(V + 1)) _ log(8e/q)  log[8e’]
2 4V =2 4
1 83/4e
%<ﬁ>

which, with our choice ¢ = 0.0185, give

1+4+gq ( 1 ) ( (83/46) 1)
A< — 14+ +—~r— 4V | lo + log —
1—q\ " log(8¢/q) "\ Ve &o
< 2.37\/V (4.555 + log 1)
g

and together with (2.6.7) leads to (2.6.2).

2.7 Proofs of main theorem and properties

2.7.1 Proof of Theorem 2.3.1

We recall that the function ¢ defined by (2.3.1) satisfies Assumption 2 of Baraud and Birgé
(2018) with ag = 4, a1 = 3/8 and a2 = 3v/2 (see their Proposition 3). Theorem 2.3.1 is
actually a consequence of Theorem 1 of Baraud and Birgé (2018). Set p = @" ; pt; with
pi = Py, @ v for all i € {1,...,n}, denote by Q the following families of densities (with
respect to p) on X" = (W x Y )"

Q={pe:x=(21,...,2,) — qo(x1)...q0(xp), O € O}

and by & the corresponding p-model, i.e. the countable set {P = pg -, 6 € O} with
representation (u, Q). We first prove the following results.

Proposition 2.7.1. Under Assumption 2.53.1, the class of functions Q = {qg : (w,y)
dow)(y), 0 € O} on 2" =W x ¥ is VC-subgraph with dimension not larger than 9.41V .
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Proof. Since the exponential function is monotone on R, by Proposition 1.5.2, it suffices

to prove that the family
F ={f: (w.y) = 5(4)8(w) ~ A(B(w)), 6 € O}

is VC-subgraph on 2" = # x % with dimension not larger than 9.41V. The function
A being convex and continuous on I, the mapping defined on I by 6 — S(y)§ — A(9)
is continuous and concave for all fixed y € %/. In particular, for u© € R the level set
{0 €1, S(y)d — A(f) > u} is an open subinterval of I of the form (a(y,u),a(y,u)) where
a(y,u) and a(y, u) belong to the closure I of I in R = RU {#occ}. For 8 € ©, let us set

cf = {(wb¥)e# xT, Ow) > b}

Cy = {(wbb)eW xT, Ow) <V}
and define €* (respectively 4 ~) as the class of all subsets Cy (respectively Cy ) when 6
varies among ©.

Let us prove that €' is a VC-class of sets on & = # x 7> with dimension not
larger than V. If € shatters the finite subset {21,..., 2} of & with z; = (w;, b;,b}) for
i €{1,...,k}, necessarily the b; belong to R for all i € {1,...,k}.

Consequently, the class of subgraphs

Gt = {{(w,b) e xR, 8(w) > b}, 0 e@}

shatters the points z; = (w1,b1),...,2r = (wg,bg) in # x R. This is possible only for
k <V since, by Assumption 2.3.1, © is VC-subgraph on # with dimension V.
Arguing similarly we obtain that ¥~ is also VC on 2 with dimension not larger than

V. In particular, it follows from Theorem 1.5.1 that the class of subsets
¢t Ne ={CtnC™, Ctegt, C %}

is VC on 2 with dimension not larger than 9.41V.

Let us now conclude the proof. If the class of subgraphs of % shatter the points
(w1, y1,u1), ..y (W, Yg, ug) in # x % x R, this means that for all subsets J of {1,...,k},
there exists a function & = 0(.J) € © such that the condition j € .J is equivalent to the

following ones
S(y;)0(w;) — A(0(w;)) > u; <= O(wj) € (aly;,v;), aly;, u;))
and finally equivalent to
zj = (wy,a(yj, uj),a(y;, u;)) € Cy NCy.
Hence, the class
¢ ={CynCy, 0O} CcEt N&~
shatters {z1,...,2;} in 2. This is possible for k¥ < 9.41V only and proves the fact that
% is VC-subgraph with dimension not larger than 9.41V. O
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The result below provides an upper bound on the p-dimension function (P*,P)
D? (P*,P) of 2. The p-dimension function is defined by Definition 4 of Baraud and
Birgé (2018).

Proposition 2.7.2. Under Assumption 2.3.1, for all product probabilities P*, P = @1, P;
on (2™, X)) with P; =p - u; for alli € {1,...,n},

D? (P*,P) < 103V [9.11 +log, (%)} .

Proof. Given two product probabilities R = @ | R; and R’ = @ | R} on (2", X®"), we
set h2(R,R/) = > I | h*(R;, R}) and for y > 0,

Fy = {¢ (\/f)‘ 6 € ©,h*(P*,P) + h*(P*,pg - ) < y2}.

It follows from Proposition 2.7.1 and Proposition 1.5.2 that .%, is VC-subgraph with
dimension not larger than V = 9.41V. Besides, by Proposition 3 in Baraud and Birgé
(2018) we know that our function v satisfies their Assumption 2 and more precisely (11)
which, together with the definition of .%,, implies that Supyse 7, n 13" E [fz(Xz)] <
o?(y) = (a3y?/n) A 1. Applying Theorem 2.6.1 with .F = .%,, we obtain that
n
w? (P*,P,y) = E [sup S° (X)) — E[f(X0)] ]
feFy 521

< 4. T4agy\/ VL (0 (y)) + 90V L (0 (y))

= 14.55a9y+/V L (0 (y)) + 846.9V L (o (y)).
Let D > a?V/(16a3) = 271V to be chosen later on and 3 = a1/(4as). For y > 3~'v/D,

n n
< =9.11+1 — ] <9.11 +1 —_
(0() =911 +1og, (315 ) <91+ 10w, ()
2

=9.11 + log, <1g;fD) <9.11+1log, (%) ~ I
2

Hence for all y > 5~1v/D,

w? (P*,P,y) < 14.55a2yVV L + 846.9V L
_ay? 8 x 14.55a0V/ VL L Bx 846.9V L |
8 I aiy ary? |
_ iy’ 8 % 14.55a9V/V L L 846.9V L |
=8 | wp VD wp?D
_ay? [9 % 14.55VV L L 8x 846.9a1 VL |
8 VD 16a3D
_a? [29.1VVL L BTSVL]
8 JD D |~ 8
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for D = 103V L > 27"V The result follows from the definition of the p-dimension. O

Let us now complete the proof of Theorem 2.3.1. It follows from Theorem 1 of Baraud
and Birgé (2018) that the p-estimator P = P built on the p-model &, which coincides
with that described in Section 2.3.1, satisfies for all P € 2, with a probability at least
1—e8,

~ 9 *P
h?(P*,P) < yh%(P*,2) 4+ (D(;’P) +1.49 + §>
with )
4 8 84 4 (35
p=Mat® o 8150 and 7/;( “2+74) < 5014
ay aj a ai

and D? (P*,P) < 103V [9.11 + log, (n/V')] by Proposition 2.7.2. Finally, the result fol-
lows from the facts that h?(P*, P) = h2(Q*, Q;) and h* (P*,2) = h* (Q*, 2).

2.7.2 A preliminary result

Proposition 2.7.3. Let g be a 1-Lipschitz function on R supported on [0,1], N some

positive integer and L some positive number. For e € {—1, 1}2N define the function G as

2N —1
Ge(z)=1L Z €k+19 (2Nx — k) forallz €[0,1]. (2.7.1)
k=0

Then, G satisfies (2.4.1) with a € (0,1] and M > 0 provided that L < 2-IN=De+1lpr,
Proof. For k € A = {0,...,2Y — 1}, we set g :  +— g(2Vz — k). Since g is 1-Lipschitz
and supported on [0, 1], the function g is 2N _Lipschitz on R and supported on I, =
27Nk, 27N (k4 1)] € [0,1] for all k € A. In particular, the intersection of the supports of
gr and gps reduces to at most a singleton when k # &'

Let < y be two points in [0, 1]. If there exists k € A such that z,y € I}, using that
0<y—x< 2=N and the fact that L2V < L2(N-1atl < M, we obtain that

|Ge(y) — G=(x)| = Lg(y) — gr(2)] < L2V (y — )
< L2N(y —2)' " (y —a)* < L2N(y —2)* < M(y — 2)*.
If z € I, and y € Iy with &' > k+ 1,
(y — 27N+ 27Nk +1) —x) <27V A (y — 2)
and since g vanishes at 0 and 1,

|Ge(y) — Ge(x)] = Llepry19r (y) — err19r(@)] < Lgr (y)| + L |gx(2)]
= Llgw(y) — g (27K + L g2V (k + 1)) — gi()]
<LV [y—2 VK 42 N (k1) — 2] 0
< L2V (N4 () _ gy [o(N=Datl () _ 4o
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and the conclusion follows from the fact that L < 2~ [(N-Da+ips, O
We use the following version of Assouad’s lemma.

Lemma 2.7.1 (Assouad’s Lemma). Let P be a family of probabilities on a measurable
space (Z°,X). Assume that for some integer d > 1, P contains a subset of the form
C ={P., e € {—1,1}} with the following properties:

(i) there exists n > 0 such that for all e,' € {—1,1}¢
h? (P.,P.) > n6(e, &) with §(e, ') Z ]15]#

(ii) there exists a constant a € [0,1/2] such that

h?(P.,P.) < for all e,¢" € {=1,1}4 satisfying 6(e,e’) = 1.

Sie

Then for all measurable mappings P:am— P,

N d
sup Ep [hQ(P, P(X))} > %7 max {1 —V2a,(1-— a/n)zn} , (2.7.2)
Pep
where Ep denotes the expectation with respect to a random variable X = (Xi,...,X,)

with distribution P = P®™.

Proof. Given a probability P on (2", X), let  be a minimizer over {—1,1}? of the mapping
e + h%(P, P.). By definition of g, for all ¢ € {—1,1}4

h?(P-, Ps) < 2 (h*(P,P.) + h*(P, Px)) < 4h*(P, P.).

Hence by (i), for all ¢ € {—1,1}4

h (PZ:‘)P)Z

rlk\i)

1+ z 1- i
=3 |+ )
2

1=1

with ¢;(P) = (n/4)1g,=—1 and ¢,(P) = (n/4)1z,=4;1 for ¢ € {1,...,d}. The result follows
by applying the version of Assouad’s lemma that can be found in Birgé (1986) with
Bi = a/n for all i € {1,...,d}, @ = n/4 and the change of notation from ¢ € {—1,1} to
e €{0,1}. O

2.7.3 Proof of Proposition 2.4.1

Since the statistical model 2 = {R, = Q,- 1(y), 7 € J} is regular with constant Fisher
information equal to 8, by applying Theorem 7.6 in Ibragimov and Has’minskii (1981)[page
81] we obtain that

h? (R'yaRv/) < ('y' - 7)2 for all v,+ € J
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and for any compact subset K of J, there exists a constant cx > 0
h? (vaRv’) > c%{ ('y’ — 7)2 for all 7,7 € K.

The result follows by substituting v and 4’ to v and + respectively and then integrating
with respect to Py .

2.7.4 Proof of Proposition 2.4.2

For v € Ho(M) and j € {1,...,D}, let v; = Dij Y(w)dw and 7 = ZjD:l 71z, Since v
takes its values in J, v; € J forall j € {1,...,D} and ¥ = Zle vl € S. Since for all
w € Ij, [v(w) —F(w)| < supjy_ui<i/p 7 (w) —y(w')] < MD~* and S is dense in S with
respect to the supremum norm
sup inf [y =7l < sup inf [y =7
yEH (M) TVES 2 ~EHQ (M) TES >

= swp inf [y — 7], <MD
YEH(M)FES

Using (2.4.4) and the fact that the data Xi,..., X, are i.i.d., we deduce that for all

functions v and ~’ with values in J,
2 2
h*(Ry, Ry) = nh?(Ry, Ry) < [ly = ||y < s [l = ||,
and by applying Corollary 2.3.1 with V' = D 4 1 we derive that

sup E [hQ(R.Y*, R5)]
y*EHo (M)
/ : 2 14
<C sup  inf h*(Ry+, Ry) + — [1+log, (n/V)]
_‘7*€’HQ(M) ~yeS n

;
<C' w2 sup inf ||y =73+ — [1+1log, (n/V)]
FY*EHD((M)‘YGS n

S Cl K/2M2D72a +

D+1

log(en)] .

Let us set L,, = log(en). With our choice of D > 1,

KZM3n H%a
D—1<< ) <D
L,

hence k?M?D~2* < DL,/n, D < 1+ (mQMQn/Ln)Hﬁ and the result follows from the

inequalities

K2M2D 20 olmp

n n n

_2a
(D+1)Ly _ DLy, Ln [(HM)I/aLn] #hE gp
n
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2.7.5 Proof of Proposition 2.4.3

Let ag be the middle of the interval K of length 2L. Given N > 1, L > O0ande € {—1, 1}2N,
we define v, = ag + G- with G. defined by (2.7.1). Provided that L < L A Lo with
Lo = 27 [(N=Dat1 A7 the functions -, takes their values in K C J and satisfies (2.4.1) and
consequently belongs to He (M) for all € € {—1,1}2" . Set R, = R,_foralle € {1, 132",
Let us denote by Py = R, - Py the probability associated to R and write P. for P,_ for
short. Integrating the inequalities (2.4.4) and (2.4.5) with respect to Py and using that
for all e,¢’ € {—1,1}2", ||G. — Gelly = [|7e — Yerllo We obtain that

C%{ |G — GE’Hg < h? (Re, Rer) < K 1Ge — GE’HS .

Let us set A = {0,...,2Y —1}. Since Py is the uniform distribution and the supports
of the functions gy : x +— g(2Vax — k) for k € A are disjoint, we obtain that for all
e,e e {-1,1}2"

2
|Ge — G5 = L? Z (ert19k(x) — €prgn(@))” da
ke Ik

2 _
=22 |enrt — b /I R(@)de = 42N ||g|2 5(c, )
keA k

and consequently, provided that L satisfies

_ —1
L<IALyA (4/<;||g\|2\/2_(N_1)n> (2.7.3)

the family of probabilities ¥ = { P, e € {—1,1}A1} is a subset of P = {Py, v € Ho(M)}
that fulfils the assumptions of Lemma 2.7.1 with d = 2%,

n=4c%L*27V|g|3 and a = 4nk*L*27N|g|3 < 1/8.

We derive from (2.7.2) that

2 2L2 2 2L2
Ron(Ha(M)) > CK’92”2 (1 . J%) > CK”94”2 . (2.7.4)

If 2 ||g||3 M>n > 1/8, we choose N > 2 such that
1/(142
oN > (22(2-1-04)%2 ||g||§M2n) /(1+20) S gN-1

and NV = 1 otherwise. In any case, our choice of N satisfies

-1
Lo = 2-[(V-Dat1]py < (4,£Hg‘|2\/2—(N—1)n>

When N > 2,

M2 _ 2aa
L% — 9 20(N=1)-2p2 5 = (22(2-&-04)&2 \IgH%M?n) 142

2a

Ml/a 1+2a L2
C\esreglgn ) Y
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while Lo = M/2 when N = 1. The choice L = L A Ly A (M/2) satisfies (2.7.3) and we

deduce from the equalities
h2(R5’ RE/) - /y// h (R‘Ys(w)’ R’Yg/(w)) dPW(w) = hZ(Pév PE’)

and (2.7.4) that

2
gl MY (M2
n(Ha(M)) > B2222 — AL
Rn(Ha(M)) = 4 22a+6+1/a,€2”g”gn /\< 4 >/\

The conclusion follows by choosing g(z) = 211 /9 + (1 — )11 /2,1) Which satisfies g3 =
1/12.

2.7.6 Proof of Proposition 2.4.4

When the Poisson family is parametrized by the mean, given two functions ~,~’ mapping
# =[0,1] into J = (0,+00), The Hellinger-type distance h?(R~, R+/) can be written as

h%ﬁ@,qu——/;'P-—e‘(Vq“”‘Vq“”UQQ]dPuxw) (2.7.5)
Using that for all x € [0,1], (1 —e )2 <1 —e7% < z, we deduce from (2.7.5) that

sa-e|va- v,
whenever Hﬂ— \/'VHOO <1

Let N be some positive integer, L some positive number and g a 1-Lipschitz function
supported on [0,1] with values in [~b,b]. Let us set A = {0,...,2" — 1} and for ¢ €
{—1,1}Al, G the function defined by (2.7.1) and =, = L 4 G.. Under our assumption on
g, 7. takes its values in [(1 — b)L, (1 + b)L] and by Proposition 2.7.3, ~, satisfies (2.4.1)
provided that L < 2-(V=De+lpr Hence, under the conditions L < 27 [(V=De+1 A1 and
b < 1, 7. belongs to Ho(M) for all e € {—1,1}A. For all e,¢" € {—1, 1}l

<iﬂ (R4, R (2.7.6)

<3llv

|Ge — G| Ve = el L 1Ge = Go
b < Ye = VYl =
o aanL - VTV S A A S aonE

and

VA — VAl < VI + DL - /A -b)L = [¢1+b_¢1_b} VL.

< 1 for
o

Ye — /e

< (ViTh-vice) oL g,
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and, writing R. for R,_ for short, it follows from (2.7.6) that

(1-e)

s L |1Ce ~ Golla < *(Re, Re) <

1
s b 1%~ Goll3. (2.7.7)

Since Py is the uniform distribution and the supports of the functions gy : x +— g(2¥Nx—k)
for k € A are disjoint, we obtain that for all e,&’ € {—1,1}1A

G- — Gl =12 / (eks10r(x) — ehsrgn(2))? da
keA I

=1’ Z ‘5k+1 - EZH‘Q/ 91%(30)(133 =4r”27 " HQHS d(e,€").
keA T
Let us denote by Py = R, - Py the probability associated to R and write P for P,_ for
short. We deduce from (2.7.7) that provided that L and b satisfy
(N 1+vV1—b% ) (1—b)2V3

L< (2 (N 1)a+1]M) /\ o /\( ng)gn , (2.7.8)
the family of probabilities ¢ = {Px, ¢ € {—1,1}/A} is a subset of { Py, v € Hn(M)} that
fulfils the assumptions of Assouad’s lemma (Lemma 2.7.1) with d = |A| = 2,

(1—e H)L2= ™ jg|13 nL2™V |g|3
= = 1 .
n 0 and a b €10,1/8]

We derive from the equalities

W (e Be) = /7/ W (Rey_(w), By () dPw (w) = B (P, Per)

and (2.7.2) that

— el 2 _ el 2
Rn(Ha(M)) 2 c 16(1)+H1€)H2L <1 B \/%) Z ) 32(1)+Hg)”2L' (27.9)

If ||lg||3 Mn > (1 — b)/2, we choose N > 2 such that
1
2 Tra
2N > 22+01 HgH2 Mn o > 2N71
- 1-5 ’
Otherwise, we choose N = 1. Note that in any case,

o= [(N=Da+1] y; « (1= b)2N -3
~ nllgl}

Besides, if N > 2

92+a ||g||§Mn] e

2—[(N—1)a+1]M — 2—1M2—(N—1)a > 2—1M [
- 1-9

_(_a-pme AT
- 3t+a+l/a 2 -l
2 lgll5 »
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while for 2-[(N=Da+lpr — A/2 for N = 1. Finally, we choose L = Lo A L1 A (M/2),
which satisfies (2.7.8), and we derive from (2.7.9) that
Rn(Ha(M))
o (A —eNlgl3 ( (1-b)Ma )”a M1 VTR

=21 +0) |\ 25ttt g)2n 2

2 b2

The conclusion follows by taking g(x) = x1ljg /9 + (1 — x)1j9,1) for which b = 1/2 and
lgll3 =1/12 .

2.7.7 Proof of Proposition 2.4.5

Let oo € (0,1] and M > 0. For a function v € Ho(M) taking values in J = (0, +00),
we set y; = DfI w)dw, for j € {1,...,D} and F¥ = Z]'D:1 vj1;. As an immediate
consequence, v; € J for all j € {1,... 7D} and ¥ € S. Since for all w € I}, with the fact
that v € Hq (M)

y(w) =F(w)[ < sup  [y(w) —y(w)| <MD
lw—w'|<1/D

and S is dense in S with respect to the supremum norm, we derive

sup inf Hf f” sup inf Hf fH

yEHa (M) TES ~EHa (M) VES
< sup inf /(v — ¥l
yEH (M) VES
= sup inf /[lv =¥l
YEH(M)VES
<VMD%.

Using the fact that the data Xi,..., X, are i.i.d. and 1 —e™® < z for all x € [0, +00),
we deduce that for all functions 4 and 4’ with values in J = (0, +00),

hQ(R"/» Ry) = nhQ(R% Ry) = n//ﬁ [1 —e (\/W_ ’7/("‘”))2/2] dPy (w)

(2.7.10)

Applying Corollary 2.3.1 with V' = D + 1 together with (2.7.10), we obtain that

sup E[h*(Ry,R5)] < C' sup  inf h?(Ry«, Ry) + v [1 +log, (n/V)]
7" EHa (M) [y* €Ha (M) TES

< E sup inf H\F \fH +* —|—log+(n/V)]

2 v+ €Ha (M) TES

<’ §MD*C" +

D+1

log(en)] .
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Let us set L,, = log(en). With our choice of D > 1,

1
Mn\ +e
D—1 —_— <D
< <2Ln> =

hence MD~%/2 < DL,/n, D < 1+ [Mn/(ZLn)]l/(Ha) and the result follows from the

inequalities

—« 1/a Tra
MD™*  (D+1)L, _,DLy L,1§2[(M/2) Ln] 3L

2 n - n n n n



Chapter 3

Estimation by model selection

3.1 Introduction

We observe n independent pairs of random variables X; = (W1,Y7),..., X, = (W,,Y,)
with values in a measurable product space (2, X) = (# x %, W®Y). Recall that, as we
have introduced in Section 2.2, .7 denotes the set of all probabilities on (#/,)) which we
equip with the Borel g-algebra T associated to the total variation distance and the notation
2y stands for the set of all measurable mappings (conditional probabilities) from (#, W)
into (7, T). We assume that for each i € {1,...,n}, the conditional distribution Q}(w;)
of Y; given W; = w; exists and is given by the value at w; of some measurable function
QF € 2y . Our goal is to estimate the n-tuple Q* = (Q7,...,Q}). We do as if there
exists an unknown function 4* on # such that for each i € {1,...,n}, the conditional
distribution of Y; given W; = w; belongs to a one-parameter exponential family with
parameter y*(w;) € R. When such a v* does exist, the above statistical setting includes
binary, Gaussian and Poisson regressions and exponential multiplicative regression, among
many others.

In Chapter 2, we have proposed a robust procedure based on the p-estimation to
estimate Q*. The approach is restricted to the case of a single model. Up to a numerical
constant, the risk of our p-estimator 4 within the constructed model is bounded by the
sum of an approximation term and a complexity term. Such an estimation procedure is
satisfactory if we know in advance a suitable model for 4*, i.e. a model which is not too
complex and provides a good enough approximation of 4*. However, such a model may
not be easy to design without any prior information and a safer approach is to consider a
family of candidate models instead and let the data decide which is the most appropriate
one for estimating the potential function ~*.

In this chapter, we consider the same estimation problem, i.e. estimating the condi-
tional distributions Q7 (w;) of Y; given W; = wj;, by model selection. For an exponential

family 2, we focus on its general form of parametrization, i.e. 2 ={R, =7, pu, v € J}
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where the densities (with respect to p) are of the form, for all y € # and v € J

7 (y) = "5 -BO)a(y) where B(y) = log [ / HOSWadu(y)|,  (3.1.1)
@

S is a real-valued measurable function on (#/,)) which does not coincide with a constant
v = a- p-a.e., u is a continuous, strictly monotone function on J and a is a nonnegative

function on . For convenience, we denote
ry(y) = e"MNSW=BO) - for all y € % and ~ € J, (3.1.2)

and rewrite 2 = {R, = ., - v, v € J} which is exact the form described in (2.3.12).

We propose a model selection procedure based on p-estimation to estimate the con-
ditional distributions Q* = (Q7,...,Q}) and establish non-asymptotic exponential in-
equalities for the upper deviations between the resulted estimator and the truth Q*. Our
approach is still based on the presumption that there exists an unknown v* on #  belong-
ing to some of our models such that Q}(w;) is of the form Ry, for all i € {1,...,n}.
However, our approach is not restricted to this assumption as we have emphasised in for-
mer chapters. Our estimator takes the form of a mapping R : w = (w1, ..., w,) € #™" —
(R5(wn)s - - » B5(w,)) With values in 2" where 7 is a (random) function from % into J.
In particular, when Q* = R+ for some (deterministic) function v* : #* — I, ¥ provides
an estimator of the so called regression function v*. We also keep to endow &y = 27,
with the Hellinger-type (pseudo) distance h introduced in (2.2.2). When Wj; are i.i.d. with
the common distribution Py and QF = Q* for all ¢ € {1,...,n}, we slightly abuse the

notation h?(Q*, R5) to measure the distance between @Q* and R which is defined as

P(Q Rs) = THH(QRs) = [ 1(Q"(w). Ry ().
Besides the model selection procedure, we put more attention to the situation when
X1,...,X, are i.i.d., where several interesting applications arise including adaptation and
variable selection problems in exponential families. Also in i.i.d. case, when the dimen-
sionality d of covariate W is large, the converge rate of estimating v* can be extremely slow
which is, as a well-known phenomenon, called the curse of dimensionality. When ~4* has
some particular structures or at least close to some function with such features, we con-
sider model selection problems based on the composite piecewise polynomials and ReLLU
neural networks and show that the resulted estimators by our procedure based on such
models can circumvent the curse of dimensionality. The structures discussed in the paper
includes genaralized additive structure, multiple index structure and multiple composition
structure. In particular, when v* belongs to the Takagi class we provide an example where
estimation based on ReLU neural networks results in an estimator converging to v* with

parametric rate although +* has very little smoothness. At least for such an example,
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neural networks outperform all the other traditional approximation methods, e.g. piece-
wise polynomials and wavelets. The above mentioned results are replied on constructing
suitable models to approximate general additive and multiple index functions and derive
VC dimension bounds for them. Besides, we adapt the VC dimension result of ReLU
neural networks to the sparse setting. These VC dimension bounds can be of independent

interest.

The remainder of this chapter is organized as follows. We introduce the estimation
procedure in Section 3.2 together with its theoretical properties. We then discuss the
adaptive estimation problem in exponential families when the regression function belongs
to anisotropic Besov spaces as an application in Section 3.3. We show that under a suitable
parametrization of exponential families, our estimator is adaptive over a wide range of the
anisotropic Besov spaces with the risk bound independent of choice of the exponential
family. In Section 3.4, we consider the applications of our procedure to two examples of
the structural assumptions, general additive functions and multiple index functions, to
circumvent the curse of dimensionality. Estimation by model selection based on ReLU
neural networks is discussed in Section 3.5 and variable selection problem in generalized
linear models is considered in Section 3.6. Finally, all the proofs of this chapter can be

found in Section 3.7.

We end this section by introducing some notations for later use in this chapter. We
denote N* the set of all positive natural numbers, R} the set of all non-negative real
numbers and R the set of all positive real numbers. For a set m, we use |m/| to denote its
cardinality. By (x)4, we mean the function max{0,z}. We denote = V y the largest value
among {x,y} while x Ay is the smallest. We use the notation |z] for any x € R to denote
the largest integer strictly smaller than z. For a Q € £ and a set A C £y, we define
h?(Q,A) = infgea h?(Q,Q’). Unless otherwise specified, log denotes the logarithm
function with base e. Let (A, A) be a measurable space and p be a o-finite measure on
(A, A). For k € [1,+00], we define L (A, p) the collection of all the measurable functions
fon (A, A, n) such that || f|x,, < +oo, where

T ( / If!’“du>k7 for k € [1,+0),

|| flloo,n = Inf{K >0, |f| < K p—ae}, fork=o0.

We denote the associated equivalent classes as L (A, u) where any two functions coincide
for p-a.e. can not be distinguished. In particular, we write the norm || ||x with & € [1, +0o0]
when p = X is the Lebesgue measure. Throughout this chapter, C' denotes positive

numerical constant which may vary from line to line.
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3.2 An estimation strategy based on model selection

Our model selection approach is based on p-estimation. We refer to Baraud and Birgé
(2018) and Baraud et al. (2017) for a thorough study of this methodology or Chapter 1

for a brief introduction.

3.2.1 Main assumption

Let M be a finite or countable set. For each m € M, T, stands for a class of measurable
functions from # into J, which we call it a model. We begin with an at most countable

family {T',,, m € M} of classes and assume the following.

Assumption 3.2.1. For any m € M, T, is VC-subgraph on # with dimension not
larger than V,,, > 1.

For definitions and more properties of the VC-subgraph class of functions, we re-
fer to Section 1.5. As we have commented in Section 1.5, one property derived from
Lemma 2.6.18 of van der Vaart and Wellner (1996) is that if T is VC-subgraph on a
set # with dimension V and a,b € R are fixed numbers, then the classes of functions
T, = {7 Va, v€ f} and T' = {'y Ab, v € f} are also VC-subgraphs on # with dimen-
sion not larger than V. We shall repeatedly use the conclusion through this chapter.

3.2.2 Model selection procedure

We consider {fm, m € ./\/l} an at most countable family of models satisfying Assump-
tion 3.2.1. To avoid measurability issues, for any m € M, we take I';,, a finite or countable
subset of T, and denote I' = U,e pmIin. Let b be the map defined on [0, +00] given by
(2.3.1). For any v,v' € I, we introduce the function

TO6 ) =3 ( (Yi)) (3.2.1)

Tv(W)(YZ)

with the conventions 0/0 = 1 and a/0 = +oo for all a > 0.
Let A be a map from M to Ry. For each m € M, we associate it with a nonnegative
weight A(m) which satisfies

D= e 2 <t (3.2.2)
meM

In particular, when ¥ = 1, this gives a Bayesian flavour to our procedure by regarding
A(m) as a prior distribution on the family {T',,, m € M}.
Let D, be a map from M to R, defined as, for any m € M,

Dy(m) = 10%V,, [9.11 +log, (;)] :
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where V,,, stands for the VC dimension of the class T',,. We define the penalty function
from I" to Ry as

pen(y) = 10? inf [Dy,(m) +4.7A(m)], for all v € T. (3.2.3)
{meM|yelm}

For all v € T, we set

v(X,7) = sup [T(X,~,7') — pen(y')] + pen(v). (3.2.4)
Y'e

We define 4 = (X)) as any measurable element of the random (and non-void) set

E(X) = {'y € I' such that v(X,~) < infrv(X,'y/) + gg}, (3.2.5)
v'e

where r, = 280v/2 + 74. Finally, the random variable 5(X) is our estimator of the
regression function v* and Ry = (R5, ..., R5) is our estimator of Q*.

As one can observe from the construction procedure, our estimator depends on the
choice of the exponential family 2, the countable subsets T, of T',,, and the weights
A(m) we choose. However, we do not require any information about the distributions of
covariates W; which, therefore, could be unknown. This is one of the feature distinguishing
our procedure with the existing ones Antoniadis and Sapatinas (2001), Antoniadis et al.
(2001), Sardy et al. (2004) and Brown et al. (2010) in the literature.

3.2.3 The performance of the estimator

Theorem 3.2.1. Let £, = {R, v € I';,} and Z(m) = D, (m)/4.7+ A(m), for allm €
M. Under Assumption 3.2.1, whatever the conditional probabilities Q* = (Q7, ..., Q%) of
Yi given W; and the distributions of W;, the estimator Rg obtained by our model selection

procedure in Section 3.2.2 satisfies for any € > 0, with a probability at least 1 — Ye™¢
h*(Q",R5) < inf [ah*(Q, 2p) + 2 (B(m) + 149 +€)] (3.2.6)

where ¢; = 150 and ¢y = 5014.

The proof of Theorem 3.2.1 is postponed to Section 3.7.1. We shall use (3.2.6) in the
forthcoming sections to solve many model selection problems simultaneously. We give
some comments on this result here. The numerical constants ¢; and ¢y are independent
of the choice of the exponential family. For all m € M, let us set £, = {Ry, v € T}
If for all m € M, £,, is dense in £,, with respect to the pseudo Hellinger distance h, i.e.
h(Q*, 2,,) = h(Q*, 2,,), (3.2.6) is equivalent to

h*(Q",R5) < inf [e1h*(Q", 2pm) + 2 (E(m) +1.49+ )],
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where we involve the models T, into the deviation bound of our estimator but not its
countable subset I';,, as we derived in (3.2.6). As it was discussed in Section 4.2 of Baraud
and Birgé (2018), this is exact the case when Ty, is a dense subset of T',, for the topology
of pointwise convergence for all m € M.

An integration of (3.2.6) with respect to & leads to
E [h*(Q*, R5)] < inf [e1h?(Q*, 2,,) + c2 (E(m) + S + 1.49)] . (3.2.7)

We note from (3.2.7) that the risk of the estimator Rs is bounded, up to a constant
depending on X, by the infimum over the whole family M of the quantity summing up the
distance from each &,, to Q*, the complexity of each T, (up to a logarithmic factor) and
the associated weight A(m). The magnitude of the bias term and the complexity term is
of the optimal order so that if for all m € M, the weight function A(m) is chosen to be
not larger than V,,, (up to a logarithmic factor), we are able to select the model achieving
the best trade-off between approximation and model’s complexity among the collection
M.

Moreover, the bias term h(Q*, £,,) in (3.2.7) accounts for the robustness property of
our estimator with respect to the possible model misspecification and data contamination.
To illustrate it simply, let us focus on each single I';,, and assume the weight A(m) has been
assigned such that A(m) < D, (m). If '), is exact, i.e. Q* = Ry with v* € T'y,, up to a
constant, the risk of the estimator Rs will be smaller than Vi, [1 +log, (n/V;,)]. If it is
not the case, the risk involves an additional bias term h?(Q*, £,,) due to a potential model
misspecification or data contamination. However, as long as this bias term remains small
compared to Vp, [1 +log, (n/ Vm)], the performance of our estimator will not deteriorate
much as the case when I',, is exact.

In the situation where the covariates W; are truly i.i.d. with a common distribution
Py and QF = Q* for all i € {1,...,n}, we deduce from (3.2.7) that for any @* and Py,

our estimator R.Ay satisfies

Am) Vi p o (3.2.8)

E [h*(Q*, R5)] < e (c3+2)n32£4 h(Q*, 2,,) + " "

where c3 = 1940, 2,, = {Ry, v € I';,} and L, (m) = 1+ log, (n/Vi,).

3.3 Adaptation to anisotropic Besov spaces

In this section, we assume the covariates W; are truly i.i.d. on # = [0,1]%, d > 1 with
a common distribution Py and QF = Q* for all i € {1,...,n} and consider adaptive
estimation in exponential families. The problem is stated as follows.

Let 0 < p,qg < o0, = (1,...,0q) € (R*Jr)d and R € R%. We denote By ([0, 1]d,R)

as the anisotropic Besov ball which gathers all the functions f in the anisotropic Besov
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space B ([0, 1% with (quasi-) semi-norm |f lap,g < R. Including Hélder and Sobolev
spaces, Besov space is a considerable general function space. It can also capture the
spatial inhomogeneity of the smoothness property as discussed by Suzuki and Nitanda
(2019). For readers who concern the definitions, we refer to Chapter 5 of Triebel (2006)
and Hochmuch (2002) which gives a detailed introduction restricted to d = 2 but can
be generalized easily. Similarly to the isotropic case, the d-dimensional parameter o
indicates the smooth property in each direction j € {1,...,d}. More precisely, for all
functions f € B ([0, 1%, if a; is large, then f is smooth to the j-th direction.

For a given interval [v_,v;] C J with v_ < vy, the notation By (R,v—,vy) stands for
the collection of functions f € By ([0, 1], R) with f(w) € [v_,v] for all w € [0,1]%. We
assume that the regression function v* € Bgfq(R, v_,vy). Our aim, in this section, is to
design a specific procedure for estimating this v* without assuming the parameters o, p

and R to be known.

3.3.1 Models construction

We begin with introducing the conception of hyperrectangle. Given s; € N, 1 < j <d, for
any kj € ¥(s;) =1{0,...,2% — 1}, we set

I(kj) = [0.27] - k=0 (3.3.1)
(kj27%  (kj +1)27%] | kj=1,...,2% — 1.

We call a hyperrectangle by any subset of [0, 1}d of the form H?Zl I;(k;). Given a vector
s = (s1,...,54) € N? we denote MB4 the resulted partition of [0, 1]d into the union of
hyperrectangles U, . k,)ew(s))x-x ¥ (sq) H;-lzl I;(kj).

We take M = N¢ x N. Given (s,7) € M, we define S ) as the space of piecewise
polynomial functions on [0,1]%, where on each hyperrectangle H;l:l Ii(kj), v € gi’i) is
a polynomial in d variables of degree at most r for each variable. This is to say given
(s,7) € M, for any (k1,...,kq) € ¥(s1) x --- x U(s4), any v € ?ifi) is of the form for all

w = (wi,...,wq) € [T5-, 1;(k;)

B,d
(s,

d
’Y(w) - Z 7(r17_,,77-d) ijrj’ (332)
7j=1

(r1,-7a) €{0,...,r}®

where (. ) ER, forall0 <r; <r, 1<j<d.

Recall that in our setting +* takes values in some non-trivial interval J which may
vary from the choice of the exponential family and the choice of parametrization. To
estimate v*, we assume that we have a prior information of v_,v; € R such that the
regression function y* with values in [v_,v4] C J. For each (s,r) € M, we define fﬁ’i) =

{('y Vo) Avg, v € gai)} and the family of models is given by {fi’i), (s,7) € M}
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For each ?gi), we take its countable subset Sﬁfi) as the collection of functions of the

same form in (3.3.2) apart from restricting v, . ,,) € Q, forall 0 <r; <r, 1 <j <d
and define T, = {('7 Vo) Avg, v € Sfl’dr)}-

(8,7

B,d Bd .
(s,r) and I‘(S’T) is

Lemma 3.3.1. For any d € N*, r € N and s € N¢, sB.d

(8,7

dense in fiji) with respect to the supremum norm || - ||so-

) is dense in S

For any (s,r) € M, since M5 is a partition of [0,1]¢ with H;l:l 2% hyperrectangles
and on each hyperrectangle the space of functions is spanned by (r + 1)? basis, Eifi) is
a (r+1)¢ H;l:l 2% dimensional vector space. By Proposition 1.5.1, for any (s,r) € M,
fi’i) is a VC-subgraph on # with dimension not lager than (r + 1)¢ ]_[;l:1 2% + 1 which

fulfills Assumption 3.2.1 with

d
Viey = +1)*]]2v +1. (3.3.3)
j=1

For each (s,r) € M, we associate it with the weight

d
A(s,r) =1log(8d) [] 2% +r- (3.3.4)
j=1
We have the following result which shows inequality (3.2.2) is satisfied with the weights
defined by (3.3.4).

Lemma 3.3.2. For each (s,r) € M, let the weight be assigned by (3.3.4). Then

Z e A <« &
(s,r)eM e—1

We denote M54 = UseNde’d. Given a partition 7 € M5B? without knowing the
specific values of (s1,...,sq), sometimes it is useful to introduce an alternative notation

=B.,d —=B.,d =B.,d —=B.,d
F(w,'r) = {(’Y\/U_) Nvy, ¥ € S(ﬂ_’r)} for F(s,'r)’ where S(ﬂ_ﬂﬂ)

characterises the space of
piecewise polynomial functions on [0, 1]d such that on each hyperrectangle of 7, any «v €
S ?7;,7«) is a polynomial in d variables of degree not larger than r for each variable. Similarly,

the VC dimension bound for the class of functions fg% on ¥ is given by
Virr) = (r+ 1) + 1, (3.3.5)

where || denotes the cardinality of hyperrectangles given by the partition = of [0, 1]d.
Under this new notation, the weight associated to each (,7) € M54 x N can be deduced
from (3.3.4) as

A(m,r) = log(8d)|r| + r. (3.3.6)
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3.3.2 Adaptivity result

Before deriving the risk bound for our estimator based on the constructed family in Sec-
tion 3.3.1, we first discuss the parametrization issue of the exponential family. As it has
been shown in Section 2.4.1 and 2.4.2 of Chapter 2, parametrization of the exponential
family influences the converge rate of 4 to 4*. For example, when d = 1 one can see from
Section 2.4.2 that if we parametrize exponential families by their means, Poisson regression
achieves much slower rate than the Gaussian case under the same a-Holder smoothness
assumption on v* with a € (0,1]. However, there do exist ways of parametrization such
that the same rate of convergence can be achieved uniformly regardless the choice of the

exponential family. We assume the following holds.

Assumption 3.3.1. The exponential family 2 = {R,, v € J} has been parametrized in

the way that there exists a constant x > 0 such that
h(Ry,Ry) < kly—7/| forall ~,7 €J.

Let us remark that, by Proposition 2.4.1, Assumption 3.3.1 is fulfilled with x = 1 when
the exponential family is parametrized by v = v(6), where 6 is the natural parameter and
v satisfies v/(6) = y/A”(0)/8 with the function A defined by (2.2.1).

For any a = (ay,...,aq) € (]Ri)d, we denote aupin = minj<;j<qa; and @ the harmonic
mean of aq,...,aq, i.e.
-1
d
_ 1 1
a= |- E —
d = Oé]'

With the family of models {fi’i), (s,r) € M} defined in Section 3.3.1, the associated

I‘?S’Ci), (s,r) € ./\/l} and the weights defined by (3.3.4), we are now able

to apply the model selection procedure introduced in Section 3.2.2 to estimate 4*. The

countable subsets {

following result shows that under Assumption 3.3.1, the resulted estimator 4(X) based
on {I‘i’i), (s,r) € M} is adapted to the possible anisotropy over a wide range of the

—2a/Qatd) yp to a logarithmic factor

anisotropic Besov spaces with a risk bound of order n
with respect to the distance d(y*,7) = h? (R.y*,R,Ay). One nice feature is that this risk

bound is independent of the choice of the exponential family.

Corollary 3.3.1. Under Assumption 3.3.1, whatever the distribution of W, the estimator
~(X) given by the model selection procedure in Section 3.2.2 over the countable family
{I‘gi), (s,7) € N x N} with the weights defined by (3.3.4) satisfies for all R >0, p >0
and a € (R* )¢ such that &/d > 1/p,

9 24 _ _2&_ 1
swp B[R (R R)] < Cuany (R0 75 1 1) (14 10gn),
Y*€Bg (Rv—,vy) n
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whereq =00 if 0 <p<lorp>2andq=pifl <p <2, Cygap isa constant depending

on Kk,d, o, p only.

The proof of Corollary 3.3.1 is postponed to Section 3.7.1. We hereby give some
comments on this result. First, Corollary 3.3.1 in fact holds for any 0 < ¢ < oo, if
0O<p<lorp>2and 0<q<p,ifl <p <2 as a consequence of embedding the
anisotropic Besov spaces to some bigger spaces. We shall not discuss too much on this
direction but refer the reader to Section 2.3 of Akakpo (2012). Second, as it has been
discussed by Section 2.1 of Suzuki and Nitanda (2019), the parameter p plays a role of
controlling the spatial inhomogeneity of the smoothness. In particular, when p = oo,
the smoothness is ensured uniformly. Our result, therefore, is also adapted to v* with
potentially inhomogeneous smoothness. Third, the rate is optimal up to a logarithmic
factor in the minimax sense at least when d = 1 as it has been proved in Proposition 2.4.3.
Finally, the condition @/d > 1/p appearing in the result is more strict than the usual one
which only requires @/d > (1/p —1/2),. This is because we do not make any assumption
on the distribution of the covariate W. Therefore, we bound the approximation bias with
respect to the sup-norm || - ||oc. As one can see from the proof of Corollary 3.3.1, this
bias bound can be reconsidered if the specific distribution of the covariate W is given.
In the particular case when the probability measure Py admits a density Py = pw - A
with respect to the Lebesgue measure A and ||pw |l < K (i.e. the probability measure
Py is equivalent to the Lebesgue probability on # = [0, l]d), we only need to require the
usual condition @/d > (1/p — 1/2), to obtain the same rate in Corollary 3.3.1, where the

numerical constant depends on K, &, d, o and p.

3.4 Model selection under structural assumptions

In the last section, we have seen that when the covariates W; are truly i.i.d. on [0, 1]d and
Qf = Ry for all i € {1,...,n} with v* € BY (R,v_,vy), the estimator 4(X) obtained

from our model selection procedure based on {FZ’%, (s,r) € M} achieves the converge

rate n~20/(@+23) adaptively. When the value of d is large, this rate becomes slow, which
is, as a well-known phenomenon, called the curse of dimensionality. To circumvent it, we
impose structural assumptions on ~* in this section and consider additional models to
implement our procedure. We mainly discuss two examples of the structural assumptions:
generalized additive structure and multiple index structure.

We begin with setting some notations. Let k¥ € N* and w = (wy,...,wg) € [0, l]k.
For a vector o = (a1,...,a) € (R})* with oy = rj + o, r; € Nand o} € (0,1] for
j € {1,...,k}, Holder space H*([0,1]*) denotes the collection of functions f on [0,1]"

satisfying for any (wi,...,w;—1,wjy1,...,ws) € [0, 1]]”371 and all z,y € [0, 1]

G;jf(wl,...,x,...,wk)—8;jf(w1,...,y,...,wk) SL(f)|$_y|a;a
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where 8;7 f denotes the r;-th order partial derivative of the function f on the j-th com-
ponent. We define the anisotropic Hélder class H*([0,1]", L) as the collection of all the
functions f € #*([0,1]%) with L(f)+inf L < L, where the infimum runs among all L such
that

k
|f(w) — f(w')] < ZZ lwj — w;-|o‘j/\1, for all w,w’ € [0,1)"
j=1

and define H(L, v_, v4) as the collection of all functions f € H*([0,1]*, L) taking values
in [v_,vy] C J with v_ < vg.
Given t; € N*, 1 < j <k, for any h; € ®(¢t;) ={0,...,t; — 1}, we define

{ [0, 1/t] , h;=0,
I(hj) = (3.4.1)
(hj/tjv(hj+1>/tj] s hjzlv---atj_l'

For a given k € N* and t = (t1,...,%) € (N*)*, we denote M,?“C the resulted partition of
[0,1]* into the union of H§:1 t; hyperrectangles

k
Uths,o)e(in) () || L (h):
j=1
where on j-th direction the interval [0,1] is divided into t; regular subintervals, for j €
{1,...,k}. For any k € N*, t € (N*)¥ and r € N, we denote gz”f) the space of piecewise
polynomial functions f on [0, 1]k such that the restriction of f to each hyperrectangle

is a polynomial in k variables of degree not larger than r for each variable and SZ’f)

the collection of functions with the same form as the ones belonging to §Z:g apart from
restricting the coefficients in front of the polynomial basis to be rational numbers. With
a similar argument as the proof of Lemma 3.3.1, the following result is easy to obtain.

Lemma 3.4.1. For any k € N*, t € (N*)* and r € N, S?:f) is dense in gz:f) with respect

to the supremum norm || - ||oc-

3.4.1 Generalized additive structure

Generalized additive functions, as a classical structural assumption, have been consid-
ered in many statistical literatures. Let o, L € R%, B = (B1,...,84) € (RL)%, p =
(P1,---.pa) € (RE)? and R = (Ry,..., Ry) € (R%)% We denote Fi, ,,i(e,3,p, L, R) the
collection of functions + : [0,1]¢ — [v_,v4] C J of the following form

d
y(w) = f Zgj(wj) . forall w = (wy,...,wg) € [0,1]%,
j=1

where f € HY(L,v_,vy) and g; € ngpj([o, 1], R;) taking values in [0,1/d], for j €
{1,...,d}.
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We assume the regression function v* € F,,_ ., (o, B,p, L, R) but without the knowl-
edge of a, B, p, L and R. To estimate v* by our model selection procedure, we need to
first build suitable approximation models for the class of functions F,_ ) (o, B,p, L, R).

To approximate the Besov class of functions ngf,pj([O, 1], R;), we consider the family
{gi’;), (s,r) € N x N} introduced in Section 3.3.1 taking d = 1. We recall that the
functions belonging to the above family are built based on the collection of particular
partitions M5B = Uyen M, SB 1 Therefore, we can rewrite the family in an alternative way

{Ea”lr)’ (m,7) € MBT x N}. To approximate the Hélder class of functions H([0,1], L)

with values in [v_,v;], we consider the family {fgﬁ), (t,r) e N* x N }, where fz-f”rl) =

<1
{(7 v U*) Nvy, v € S(t,r)}'
For any r € N, t € N* and 7 = (71, ...,7mq) € (MP1)? we define T
of all the functions v on # = [0,1]¢ of the form

A

(m,t,7) the collection

y(w) = f[(g(w) VO)A1l], forallw= (wi,...,wg) € [0,1]¢, (3.4.2)

where g(w) = Z?:l gj(w;) with g; € gajm)’ for j € {1,...,d} and f € fz-t[:,}). The
following result reveals the upper bound of the VC dimension for the class of functions
fé‘r,t,r)'

Proposition 3.4.1. Given r € N, t € N* and w € (MB1)?, the class of functions f{lﬂ.’w)

is a VC-subgraph on [0,1]% with dimension
d

V(;qr,t,r) <24 |Hr+1)+ 22 |7j|(r 4+ 1) | logy [4eU log, (2eU)],
j=1

where U =t +r + 2.

The proof is postponed to Section 3.7.3. For each r € N, ¢t € N* and 7w = (7q,...,7q) €
(MB1)? e take the countable subset I'A y of fé,’tyr) defined as

(7 t,r

T = {FlgvO) A1, FeTl g e B j=1....d},
B,1
(75,7)
in’?}) = {('y\/v,) Avg, Sg”j)} and g(w) = E;l:l gj(wj), for all w = (wq,...,wq) €
[0,1)%.

Let M = (MB1)? x N* x N. For any (m,t,7) € (MB1)4 x N* x N, we associate it with
the weight

where SB’I, ) is the rational version of S which has been introduced in Section 3.3.1,
J»

(mj,r

d
A(m,t,r) = 3log2 Z || | +7+t. (3.4.3)
j=1

The following result shows inequality (3.2.2) is satisfied with the weights defined by (3.4.3).



3.4 Model selection under structural assumptions 71

Lemma 3.4.2. With the weights defined by (5.4.3), we have

e
Z e_A(Tnt?T) S 71'
e —
(m,t,r)E(MB:1)dxN* x N

With Proposition 3.4.1 and Lemma 3.4.2, we can apply the model selection procedure

introduced in Section 3.2.2 and obtain the following.

Corollary 3.4.1. Under Assumption 3.3.1, no matter what the distribution of W is, the
estimator (X)) given by the model selection procedure in Section 3.2.2 over the family

{FA o (mt,r) € (MBY) x N* x N} with the weights defined by (3.4.3) satisfies for all

(m,t,r

a,L e RY and B,p,R € (Rj_)d such that B; > 1/p;

sup C!

K E [h*(R++, R5
7*6‘7_—[11,,@+}(0473,p,L,R) d,a,B,p [ ( . 7)]

. anly 2( /\12)B~+1 72(2(?\/1\)1;[21 s2o —g2e 1 2
<Y (LRGN AT T HRADEAT | 3T T = b L2 (3.4.4)
n
Jj=1

where £, =logn Vlog L?> V 1 and Cloia gp s a constant depending on k, d, o, B3 and p.

Corollary 3.4.1 tells that in the ideal situation v* € F,_,,(a, 8, p, L, R) for some a,
3, p, L and R, the converge rate of the estimator is independent of d which entails the
procedure does not suffer from the curse of dimensionality. When Q* # R+ or v* exists
but does not belong to any .7-"[1,_’1,”(04,,6, p, L,R), a bias term will be added into the risk
bound in Corollary 3.4.1. However, as long as the bias term is not too large compared
to the quantity on the right hand side of (3.4.4), the accuracy of the resulted estimator
~(X) remains the same magnitude as the ideal case which confirms the robustness of our

estimator.

3.4.2 Multiple index structure

Let Cy4 be the unit ball for the £1-norm, i.e.

d
Cd: (Cl,...,Cd)ERd,Z|Cj|§1
j=1

For some known [ € N* (typically I < d), we denote G,_ ,,.|(«, L) the collection of all the

functions « of the following form
y(w) = fog(w), forall w=(wy,..., wg) < [0,1]%, (3.4.5)

where g : [0,1]% = [0,1]' defined as g(w) = (g1(w), ..., g(w)) with

1

:§[<aj,w>+1], aj €Cq forall je{l,...,1}

g;(w)
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and f € H* (L,v_,vy) mapping [0, 1]l to [v_,vy] C Jwith L € R}, a = (a1,...,0q) €
(Ri)l and v < vy. We assume v* € Gj,_,,|(c, L) but without knowing the values of c
and L.

To approximate the Holder classes on [0, 1]' with values in [v_,v4], we adopt the same

strategy by considering the family {Fg:i), (t,7) € (N*)! x N}, where fg:f,) stands for the
set {('y\/v_) ANvy, vy € §gi)} Let [[] ={1,...,l}. For any r € N and t = (t1,...,4) €
(N*)!, we define the class of functions fé\;{” on ¥ =[0,1]" as

=M =H.l 1 .
Lir = {f(gl(')w--,gz(')), f €T, 95=5laj)+ 1, a €C, j € [l]}-
The following result entails that f?ir) is VC-subgraph on 7.

Proposition 3.4.2. For any r € N and t = (t1,...,t;) € (N*)!, the class of functions
fé\;{r) is a VC-subgraph on W = |0, 1]d with dimension

l
V(%) <24 |2ld + H ti | (r+1)"| log, [4eU log, (2eU)], (3.4.6)
j=1
where U = Zé’:ltj +ilr+1+1.
The proof is postponed to Section 3.7.3. For any » € Nand t = (t1,...,t) € (N*)!, we
take the countable subset I‘é‘f ry of fé\ir) defined as

0ty = {10 o). reriih, o= L ecingt jenf,

where F?t[:i) = {('y Vu_)Avy, v € Szi)} with Sz't[:i) the countable subset of gg:i) as we

introduced in the beginning of this section.
Let M = (N*)l x N. For any r € N and ¢ € (N*)!, we associate it with the weight

l
Alt,r)=> tj+r. (3.4.7)
j=1

The following result shows inequality (3.2.2) is satisfied with the weights defined by (3.4.7).

Lemma 3.4.3. With the weights defined by (3.4.7), we have

Z Al < e '
(£,r)E(N¥)I XN e—1

The proof is postponed to Section 3.7.2. With Proposition 3.4.2 and Lemma 3.4.3, we
are able to apply the model selection procedure introduced in Section 3.2.2 and obtain the

following.
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Corollary 3.4.2. Under Assumption 3.3.1, no matter what the distribution of W 1is, the
estimator (X)) given by the model selection procedure in Section 3.2.2 over the family
{I‘?;{T), (t,7) € (N*)! x N} with the weights defined by (3.4.7) satisfies for all a € (R%)!
and L > 0,

= d
sup E [h3(Ry+, R5)] < Crtar <L2§l+zn—2§+z + > c2

V€G], _ v (L) n

where L, =logn Vlog L? V 1 and Crla 15 a constant depending only on k, | and c.

The result tells that if for some a € (R*)! and L > 0, v* € Go_ vy (@, L) where
the value of [ is smaller than d, we mitigate the curse of dimensionality by taking the
information that 4* is a multiple index function. If it is not the case, a bias term will be
added into the risk bound in Corollary 3.4.2. But as long as the conditional distribution
Q* is not far away from some set of conditional distributions {Rw Y EGh_ +](O¢,L)},
the performance of our estimator will not deteriorate too much.

When the value of [ is large (I > d), the multiple index model (3.4.5) does not help
to circumvent the curse of dimensionality. In this situation, we could assume ~* has an

additive structure, i.e.

: (aj,w) +1
* . B d
¥ (w) = Elfyj (2 ), for all w € [0,1]%,
J:

where a; € Cg4. Imposing some smoothness on «;, we can construct models and perform
our model selection procedure to mitigate the curse of dimensionality. The construction

is similar to a combination of what we have done in Section 3.4.1 and 3.4.2.

3.5 Model selection for neural networks

Throughout this section, we assume the covariates W; are i.i.d. on |0, l]d with the common
distribution Py and QF = Ry~ for all ¢ € {1,...,n}. The idea in this section is to
estimate the regression function 4* by our model selection procedure based on ReL.U
neural networks.

We start with setting some notations. We recall the Rectifier Linear Unit (ReLU)

activation function o : R — R defined as
o(x) = max(0, z).

For any vector © = (x1,...,7,) € RP with some p € N*, by writing o(z) we mean the

activation function operating component-wise, i.e.

o(x) = (max{0,z},..., max{0,z4})".
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We formulate §( Lp) the Multi-Layer Perception (MLP) with width p € N* and depth

L € N*, which is a collection of functions of the form
fRIS R, wes fw)=MpoocoMp_j0---000 My(w), (3.5.1)

where

Mi(y) = A(y)+b, forli=0,...,L,

A is a p X p weight matrix for [ € {1,..., L — 1}, A has size p x d, Ay, has size 1 X p and
the shift vectors b is of size p if [ € {0,...,L — 1}, a scalar if [ = L. All the parameters
in weight matrices and shift vectors vary in R. We denote the MLP as Sz, ;) when it has
the same architecture as §( L,p) but all the parameters in weight matrices and shift vectors
vary in Q.

Besides learning all the parameters in weight matrices and shift vectors, people also
enforce their algorithm on some sparse neural networks depending on the problem they
want to solve. Some examples can be found in Section 7.10 of Goodfellow et al. (2016).
Another more tuitive example for the sparse setting is the convolutional neural network
(CNN) which has been widely used in computer vision, sequence analysis in bioinformatics
and natural language processing.

We formulate the sparse ReLU neural networks as follows. For [ € {0,...,L}, we
define s; the indicator vector in which the component is either 0 or 1. The size of the
vector s; equals to the total number of parameters in weight matrix A; and shift vector
b;. For I = 0, sg is of size p(d + 1), for | € {1,...,L — 1}, s; is of size p(p + 1) and
for | = L, sy, is of size p + 1. Essentially, indicator vectors s;, | € {0,..., L} represent
collections of functions based on the structure of neural networks. The last p components
in s;, 1 € {0,...,L — 1} and the last one in s, address to the collection of shift vectors
b;. More precisely, for any component in b; if the corresponding position in s; is 1, we
allow this component in b; varies in R otherwise the value of it is fixed at 0. The other
components in s; address to the collection of weight matrices A; with the same way as we
have introduced to b; after reshaping the matrices one row after another into vectors. To
illustrate, we take p =2, L = 3 and [ = 1 as an example. Let s; = (1,0,0,1,1,0)" which

is a vector of size 6. As mentioned before, A1 is a 2 x 2 matrix which we write as

ap asg
A =
aq a2

and by is of size 2. The last 2 components in sy is (1,0)" which entails that the first
component in by varies in R and the second is fixed at 0. We then reshape A; one row
after another into a vector, namely (ay,as,as,a2)’. The remaining components of s; is

(1,0,0,1) T which entails a; and as are allowed varying in R while a3, a4 = 0. To conclude,
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such an indicator vector s; corresponds to the collection of weight matrices

0
Al = (al > ,  with a1,as € R
0 a9

and shift vectors by = (b,0) " with b € R.

Given p, L € N* and a joint indicator vector s = (s],...,s})", we denote §(L,p’s) as
the corresponding collection of functions on [0, 1]d. Similarly, Sz, ) denotes the class of
functions with the same architecture as §( L,p,s)» Where the non-zero parameters vary in Q

but not R. Let us remark that given L € N*, p € N*, s is of size
p=p*(L—1)+pL+d+1)+1

The following result gives an upper bound of the VC dimension for the class of the functions
E(L%s) on # =0, l}d.

Proposition 3.5.1. For any L € N*, p € N* and s € {0,1}?, a fived designed neural
network E(L,p#) is a VC-subgraph on W with dimension

Vieps) < (L+1)(|Isllo + 1) log, [2 <2e(L +1) (Z;L + 1))1 |

where ||s]lo denotes the number of non-zero components in s.

The proof is postponed to Section 3.7.3. In particular, when all the components in s
are 1, §( Lp,s) is the Multi-Layer Perception §( Lp) and Proposition 3.5.1 entails the VC
dimension of E(L,p) is, up to a constant, bounded by pLlog[(L + 1) (pL/2 + 1)].

3.5.1 The Takagi class of functions

We provide an example in this subsection where estimation based on ReLLU neural networks
enjoys a significant advantage.

Let v_,v; € R such that v_ < vy and [v_,vy] C J. For any ¢t € (—1,1), I € N*,
P = (p1,p2) € N*xN* and K > 0, we denote F,_,)(t,,p, K) the collection of functions
where for all f € F,_ ,,1(t,1,p, K), it takes values in [v_,v] C J and is of the form

fw) =Y ttg (h"k(w)) . forallwe [0,1], (3.5.2)

keN*

where g € S(,,) defined on [0,1], ||gllec < K, h € S(1,,) maps [0,1] to [0,1] and h°* =
h o---o h denotes the resulted function when h is composed with itself k times. We
assume the regression function v* € F,_, +](t,l,p,K ) but without the knowledge of ¢,
[, p and K. This type of setting provides elementary examples of self similar functions

and dynamical systems (see Yamaguti and Hata (1983) for example). It also includes a
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number of interesting functions belonging to the Takagi class (Daubechies et al. (2019)

p-28), which is defined as the collection of all the functions of the form

= ah™,
kN

where (cg)ren+ is an absolutely summable sequence of real numbers and h is the hat

function defined on [0, 1] as

2w <w<

h(w) = (3.5.3)

_ N

21 —w) <w

= O
IA

Let M = N* x N*. The family of models we consider here is given by
{T(rp), (L,p) EN"xN"},

where I'(f, ) = {(’y Voo)Avy, ¥ € Sy } We note that for each I'(7, ), it is a countable
collection of functions on [0, 1] and satisfies Assumption 3.2.1 with V{ L.p)> up to a constant,
bounded by pLlog|[(L + 1) (pL/2+1)]. For any (L,p) € M, we associate it with the
weight

A(L,p) =L+ p. (3.5.4)

As an immediate consequence, we have ¥ = Z(Lyp)e(N*)g e~ALP) < 1 which satisfies
the inequality (3.2.2). Therefore, we are able to apply the model selection procedure

introduced in Section 3.2.2 and obtain the following result.

Corollary 3.5.1. Let Assumption 3.3.1 hold true. Whatever the distribution of W, the
estimator (X)) given by the model selection procedure in Section 3.2.2 over the family
{T(1p), (L,p) € N* x N*} with the weights defined by (5.5.4) satisfies for all t € (—1,1),
leN*, pe (N*)2 and K >0

1
sup E [h? (Ry, R5)] < Crpip.r—(1+logn)?,

YrEF] (t,l,p,K)

v vt]

where Cy 11 p. K 15 a constant depending on k,t,1,p, K only.

The risk bound is optimal up to the logarithmic factors since any two probabilities
with a Hellinger distance smaller than O(1/4/n) are indistinguishable. To comment upon
this result further, we consider a specific example of v* in Gaussian regression problem
with a known variance ¢ > 0. We parametrize the exponential family 2 = {R,, ye J}
by taking v = 6/(2v/20), where 6 is the mean so that according to Proposition 2.4.1,
Assumption 3.3.1 is satisfied with Kk = 1 and J = R. We therefore can take v_ the smallest
integer in computer and vy the largest so that [v_,v4] C J. Let v* = >, . 27Fh°F with
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h defined by (3.5.3) be a function belonging to the Takagi class. This corresponds to the
situation where g is the identity function on [0, 1] so that K = 1 and ¢ = 1/2 in the general
formalization (3.5.2). We also observe that g € S(; 1) and h € S(1 9) by rewriting them

into the following forms

g(x) =0 (x+0), forallzel1]

h(w)z(Z —4)0{(1)111—1—(_01)}, for all w € [0,1].

Therefore, we have v* € F,_ ,,,1(1/2,1,(1,2),1). According to Corollary 3.5.1, the esti-

mator 4(X) obtained by the model selection procedure introduced in Section 3.2.2 based

and

on the fully connected ReLU neural networks converges to v* with a rate of order 1/n
up to logarithmic factors. However, 4* is nowhere differentiable hence it has very little
smoothness in the classical sense. Estimation based on the traditional models will result
in a miserably slow rate considering the minimax converge rate for an a-smooth function

is of order n—2¢/(2a+1)

3.5.2 Composite Holder class of functions

We have seen in the last subsection that the estimator 4(X) based on MLPs converges to
the truth with an optimal rate for some class of functions. In this subsection, we continue
to consider the problem of circumventing the curse of dimensionality based on deep ReLLU
neural networks. A natural structure of the regression function 4* for neural networks to
exhibit advantages could be a composition of several functions which has been considered
by Schmidt-Hieber (2020) for Gaussian regression. We shall reconsider it from another
point of view where we perform our model selection procedure based on the result of
controlling the VC dimension of sparse ReLLU neural networks.

Let us introduce notations first. Given ¢t € N* and a € R, we define C*(D, K) an
a-Hélder ball with radius K as the collection of functions f : D C Rt — R such that

3 _AB
S Pt Y s (L@@

B=(B1,...,B:) Nt BeNt a:zgéeyD |a; _ y|go—LaJ
Xj=1 Bi<a i1 8i=lal

where for any 8 = (B1,...,3:) € Nt, 9% = 9% ... 9P and for any « = (x1,...,2;) € RY,
| |00 = max;—1,. ¢ |zil.

For any k € N*, d = (do,...,dx) € (N1 t = (tg,...,t;) € (N)H o =
(gy...,qp) € (]Rjr)kJrl and K > 0, we denote F|,_,.j(k,d,t,a, K) the class of func-
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tions with values in [v_,v4] C J as,

f[”*:v+](k7d’t’a’K) = {fk ©---0 an fl - (flj) : [CLZ, z]di — [ai+1,bi+1]di+1 ,
fij € Ci ([ag, bi 1% K), for some |a;|, |b;] < K},

where dj. 1 = 1. We assume the regression function v* = ;0 - -0yy € Fj,_ o, (k,d, t, o, K)
but without the knowledge of k, d, t, a and K.

To approximate these classes of functions Fy,_ ) (k,d,t,a, K), we consider the sparse
ReLU neural networks. Recall that for any (L,p) € (N*)2, s = (s7,...,s,)" € {0,1}P
with p = p*(L — 1) + p(L + d + 1) + 1 indicating the sparsity design of a MLP with
architecture (L,p). More precisely, setting M = (N*)? x {0,1}?, we consider the family
of models based on sparse ReLU neural networks {f(L7p73), (L,p,s) € (N*)? x {0,1}P},
where T(LJ,,S) = {(’y Vo_)Avg, v € g(,;p,s)}. The VC dimension V(z, , 4 of each T(LJ,,S)
is bounded by Proposition 3.5.1. For each (L,p,s) € M, we take the countable subset
L(Lps) Of T(Lps) 8 Dips) = {(Y Vo) Avis ¥ € S(rpa) )

For each (L, p, s) € (N*)2 x {0, 1}P, we associate it with the weight

|wmmg< )+p+L  Jsllo 0,
A(L,p,s) = 1s]lo (3.5.5)

p+L , lIsllo=0.
The following result shows (3.2.2) is satisfied with the associated weights defined by (3.5.5).

Lemma 3.5.1. For any L € N*, p € N* and s = (s],...,8.)" € {0,1}7, we define
A(L,p,s) by (3.5.5). Then,

R

(L,p,s)€(N*)?x{0,1}7

For any a = (ayg,...,qp) € (Ri)kﬂ, we define the effective smoothness indices by
o = o Hf:iﬂ (g A1) for all i € {0,...,k — 1} and o) = ai. We denote ¢, =
max;—g,_jn~ 2%/ (2%+%)  Combining the result of Lemma 3.5.1 and Proposition 3.5.1,
we are now able to apply the model selection procedure in Section 3.2.2. The following
result entails the estimator 4(X) converges to v* with a rate of order ¢,, up to logarithm

factors with respect to the distance d(v*,7) = h?(Ry+, Rz).

Corollary 3.5.2. Let Assumption 3.5.1 hold true. Whatever the distribution of W, the
estimator (X)) given by the model selection procedure in Section 3.2.2 over the family
{T(ps) (Lip,s) € (N*)? x {0,1}P} with the weights defined by (5.5.5) satisfies with a
sufficiently large n, for all k € N*, K >0, d € (N*)*! t € (N*)**1 with t; < d; for
7 €{0,....k} and o € (R%)FH,

sup E [h2 (Ry*, R,Ay)] < Crkd .o, KPn log* n, (3.5.6)

TrEF (k,d,t,00,K)

v_svg]

where Cy i dt,a,Kk 1S a constant depending on k,k,d,t,a, K only.
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By Corollary 3.5.2, we provide a theoretical guarantee for an alternative estimation
procedure based on sparse ReLLU neural networks besides maximum likelihood estimation
(MLE) discussed in Schmidt-Hieber (2020) for the Gaussian regression. Our procedure
is, however, designed to handle the regression problems in exponential families and not
only restricted to the Gaussian case. It also endows the estimator an additional robust
property compared to the MLE. When there is a misspecification or data contamination,
as long as the bias remains small compared to the right hand side of (3.5.6), the behaviour

of our estimator will be of the same order as the model is exact.

3.6 Variable selection in exponential families

In this section, we propose to handle variable selection problem in exponential families by
model selection. The statistical setting is stated as follows. Assuming that W; are i.i.d.
on # C RP and for each i € {1,...,n}, we observe X; = (I/Vi(l), e Wi(p),Y;) where I/Vi(j)
represents the observation of the explanatory variable W) in the i-th experiment. The
integer p stands for the number of the explanatory variables. This number may be large,
possibly larger than n. The exponential family 2 = {R, =r, v, v € J} is parametrized
in its natural form, i.e. for ally € %, v € J,

r(y) = e1S(y)=B(v)

9

which is the particular situation when taking w as the identity function in (3.1.2). We
assume that there exists an unknown function 4* on # taking values in [v_,v;] C J with

v_ < vy as a linear combination of some subset of the p explanatory variables, namely
p .
) =35 o allw = () € ¥
j=1

with 75 € R, such that the conditional distribution of ¥; given W; = w; belongs to a
natural exponential family with natural parameter v*(w;), i.e. Ry«(,,). Variable selection
problem attributes to estimate this unknown v* together with selecting the most significant
explanatory variables among the p possible ones.

We set Q = {1,...,p} and M = P(Q). For any subset m € M, we define S, as the

collection of functions v on # of the form

P
¥ (w) = Z,ij(j) for all w € #, (3.6.1)

j=1
where the coordinates of ¥ = (71,...,7p) € R? are all zeros except for those indices j € m.

By convention, S, = {0} if m = @. We define S,, as the collection of functions of the

form given by (3.6.1) with a restriction to the rational combinations, i.e. for any v € S,,,
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¥ = (,---,7p) € Q. For each m € M, let us define Ty, = {(yVv_) Avy, v €8}

and I'y, = {(yVu_) Avy, v € S, }. With the fact that Q is dense in R, S, is dense in

S, for the topology of pointwise convergence. One can observe that such dense property
also holds for each T',, in T,,, m € M.

We define M, = {mqg=1{1,...,d}, 1 <d<p}Ug>. For each m € M, we associate it
with the weight

2log(1+|m|) , meM,,
alm) = |m|log <]2mepi) , me M\M,.

The following result shows with the weights defined by (3.6.2), inequality (3.2.2) is satisfied.

(3.6.2)

Lemma 3.6.1. Let M = P(Q). For any m € M, the weight is defined by (3.6.2). Then
S =3 eme B <1+ 72/6.

Moreover, for any m € M, S,, defined by (3.6.1) is a |m|-dimensional vector space. As
an immediate consequence of Proposition 1.5.1, T, is VC-subgraph on % with dimension
not larger than |m| + 1 which satisfies the Assumption 3.2.1 with V;,, = |m| + 1. We are
now able to apply the model selection procedure presented in Section 3.2.2 and obtain the

following result.

Corollary 3.6.1. For all m € M, let 2,, = {R’w v € fm}. Whatever the distribu-
tion of W, the estimator Ry given by the model selection procedure in Section 3.2.2 over
{T)n, m € M} associated with the weight defined by (3.6.2) satisfies

E [h*(Ry+, R5)] < 1.95 x 107(%, A B,), (3.6.3)
where B ]+ 1 "
A GO T )
an e = m|+1 (20) V n
B. = Tég/f\/{ {h (Ry*, 2p) + E— [1 + log [WH” } .

The proof of Corollary 3.6.1 is postponed to Section 3.7.1. Let us remark a little bit

here for the strategy of assigning weights which is different with the typical choice, where

for each m € M,
m 10g<) , m#ED,
A(m) = I m|

0 , m=ga.

With the typical choice of the associated weights, one can derive a risk bound
E [h*(Ry+, R5)] < 1.95 x 107 .. (3.6.4)

Comparing (3.6.4) with the one given in (3.6.3), we note that (3.6.3) improves it by a
log(p) term whenever the minimizer m* € M in the right hand side of (3.6.3) does belong
to M,.
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3.7 Proofs

3.7.1 Proofs of the main theorem and its corollaries
Proof of Theorem 3.2.1

Before starting to prove the main theorem, let us recall some notations and facts for later
use. For all ¢ € {1,...,n}, P’ denotes the true distribution of X; = (W;,Y;) and P* =
®P_, Pr is the true joint distribution of the observed data X = (Xi,...,X,). We denote
P, = ®]-, P; 4 as the distribution of independent random variables (W1,Y7),...,(Wy,Y,)
for which the conditional distribution of Y; given W; = wj is given by Ry, € 2 for each
i. With the equalities P = Q - Pw;,, P~ = Ry - Py,, we have

hZ(Pi*v Pir‘/) = / h? (Q:<w)7 R‘y(w)) dPWi(w)'
V4

Moreover, according to (1.4.1), we have for any v € T,
hQ(Q*a R‘)’) = Z /f/ h2 (Q:(’LU), R'y(w)) dPWz (w)
i=1

n

= S (P! Ps) = B3P, P, (37.1)
i=1

We also recall p = @)~ ; i with p; = Py, @v for alli € {1,...,n}. Forallm e M, we

denote by Q,, the following families of densities (with respect to p) on Z" = (# x &))"

Qm = {ry 1 X = (T1,. ., %n) = Ty(u) (Y1) - - Ty(wn)(Yn)s ¥ € T}

and by &, the corresponding p-model, i.e. the finite or countable set of probabilities

{P =ry p, veT,} with the representation (u, Q).

Proposition 3.7.1. Under Assumption 3.2.1, for any m € M, the class of functions
O ={ry: (w,y) = Tyw)(¥), Y ETm} on X =W x ¥ is VC-subgragh with dimension
not larger than 9.41V,,.

Proof. For any m € M, reparametrizing the exponential family in its natural form, we
obtain
Om={q: (w,y) — es(y)e(w)—A(e(w))’ 0c @m}’

where A(0) = log [ [, exp(8S(y))dv(y)] and ©,, = {# = wo~, v € Tp}. By Propo-
sition 1.5.2 (Proposition 42 of Baraud et al. (2017)), VC-subgraph is preserved by com-
position with a monotone function. Therefore, under Assumption 3.2.1, @,, is also VC-
subgraph on # with dimension not larger than V,,, > 1. Applying Proposition 2.7.1 with

Q = Q,, for each m € M, we can conclude. O
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The next result provides an upper bound for the p-dimension function D?m of 2,,.

Proposition 3.7.2. Under Assumption 3.2.1, for any m € M, for all product probabilities
P* and P = @ P; on (2™, X") with P; =p - p; for alli € {1,...,n},

D7 (P*,P) < 10°V, [9.11 + log, (‘7;)] :

Proof. The proof is basically similar to the proof of Proposition 2.7.2 except a modification

of the class .%,. More precisely, for any y > 0, we define

Fo={o(\[2)]| e rm @, @Ry <7

Then combining Proposition 3.7.1, the conclusion is easy to obtain by following the proof
of Proposition 2.7.2. 0

Now we turn to prove Theorem 3.2.1. It follows by Proposition 3.7.2 taking P = P,
that for any v € ',

DZm(P*,Py) < 103V, [9.11 +log,. <VT}>] = Dy (m),

which satisfies (22) of Baraud and Birgé (2018) with K = 0. Applying Theorem 2 of
Baraud and Birgé (2018) over the collection of p-models {Z,,, m € M} with k1 = 0, we
obtain for any arbitrary P*, the p-estimator Ps satisfies, for all { > 0 with a probability
at least 1 — e ¢,

h*(P*, P5) < inf [e1h*(P*, 2,,) + c2 (E(m) + 1.49 + £)] (3.7.2)

where ¢; = 150 and ¢ = 5014. The constant ¥ in front of e—¢ just due to in Theorem 2
of Baraud and Birgé (2018) they assumed ¥ < 1 for the sake of simplicity. One can refer
to their proof of Theorem 2 for understanding the role ¥ plays. The conclusion finally
follows from the equalities h?*(P*, P5) = h*(Q*, R5) and h?(P*,2,,) = h*(Q*, £,,), for
all m e M.

Proof of Corollary 3.3.1

We first present the following approximation result which is an immediate consequence

combining Theorem 1 and Proposition 2 of Akakpo (2012).

Proposition 3.7.3. Letr e N, Re R}, a = (a1,...,qq) € H;'l:1(077’ +1),p>0 and

1 <9’ < oo such that
% 1 1
).
d p )y
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For all f € By, ([0, 1]d,R> and all I € N, there exists a partition 7(l) € UseNdMsB’d of

[0, 1]d containing only hyperrectangles such that
()] < Cap2"

and

~ JIBIE Hf o ‘}.V”p/ S Cdvrva>pvp/R2ila7 (373)
fe€Sazw,m

where ¢ = 00 if 0 < p<lorp>2andqg=pifl <p<2 Cyrapy 5 a constant

depending only on d,r, o, p,p .

Now we turn to prove Corollary 3.3.1. Under Assumption 3.3.1, applying (3.2.8),
Lemma 3.3.1 and 3.3.2, we derive no matter what the distribution of W is, for all R € R* |
p>0and a € (R%)? such that @/d > 1/p, any v* € B, (R,v_,v.)

E [h*(Ry+, R5)]

e . 2 —d A(S7T) Vv(sﬂ")
= <63 tes 1) (s,}ﬂr)lef/vt [h By Z(om) + n o n (1+logn)
: : _ A(s,r) | Vs
<C, inf inf v =725 + -+ —2(1+1logn)| , 3.74
S| 1A, (1 4 logn) 379

where @((1”) = {R.y, v € f(Bs’i,)} and C} is a constant depending on k only. We then

apply Proposition 3.7.3 by taking r = LSUszl,‘..,d osz € N, p/ = oo and obtain that for
all | € N, there exists a partition 7(I) € M5 such that

A(n(l),7) = log(8d)|m(1)| + 7 < Cgap2'?, (3.7.5)

Viz@aey = (r+ Dr(0)] +1 < Caap2", (3.7.6)

: =2 . _
it -, =t [ ) - 5w Py w)
YEL (1),m) FET I

. —n2
< imf " =AlL
YEL @y

< ity -
YES (1))

< CgapR?272% (3.7.7)
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Plugging (3.7.5), (3.7.6) and (3.7.7) into (3.7.4), we derive

E [h*(Ry+, R5)]

. . _ A(r(@),r) | Vi@
<C, inf inf ||y =75 5 + + — (1+logn)
PN 5er il o " "
20w 2
< i i Ep— .
<Ch.dap llglg (R 2 + - > (1+1logn), (3.7.8)

where Cy; 4. p is a constant depending on s, d, o, p only. To conclude, we need to minimize
the right hand side of (3.7.8). If nR? < 1, we take [ = 0 so that

R¥P270 4 = = R4 — <

old 1 2
Z <z (3.7.9)
n n n

Otherwise, we take [ as the largest natural number such that 2/¢/n < R?272@ which is
well defined since nR? > 1. With this choice of ,
ld 2a

n

where Cy, is a constant depending only on a. Combining (3.7.8), (3.7.9) and (3.7.10), we

obtain
2 _2d 2o 1
E [h (R»y*, R:{,)] < Cﬁ’d’mp Rd+zan™ d+2a + — (1 + log n) .
n
We conclude by taking the supremum over the set By (R, v—,v4).

Proof of Corollary 3.4.1
Lemma 3.7.1. For any k € N*, z1,...,2, > 0 and o € (0, 1], (Zle mi)a < Zle ¥

Proof. In fact, it is enough to prove when k = 2, i.e. (z1 + x2)* < 2§+ z§. If at least one
of 1 and x9 is equal to zero, then the conclusion is trivial. So we suppose x1,zs > 0. The
function f(z) = z® is concave on (0, +-00) since its second derivative f(z) = a(a—1)z%2
is always negative for all z € (0, +00). By the definition of the concave function, for any
A €[0,1],

(Az)® = Az + (1 = \)0]* > Az

Therefore, for any x1, 29 > 0

«

T
(x1 + x2)

«
(L‘?—i—x%: x14—11‘2($1+x2):| + |:

I o
1+
_561+062(1+ 2) +$1+562

= (.751 + xz)a.

L2

X1 + X2

(71 + 22)"
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We then introduce a result given by Lemma 4 of Baraud and Birgé (2014) which we

will use later in the proof.

Lemma 3.7.2. Let (A, A, ) be some probability space and u some nondecreasing and
nonnegative concave function on [0,+00) such that w(0) = 0. For all k € [1,+00] and
h el (A, ,u),

ko < 2YEu((|R] k),

[[u(|A])

with the convention 21/ = 1.

Finally, we introduce the following approximation result which is obtained by combin-
ing Corollary 3.1 of Dahmen et al. (1980) and Schumaker (1981) (13.62 p.517). It also
appeared in the proof of Proposition 5 in Barron et al. (1999) (4.25 p.347).

Proposition 3.7.4. For a given k € N*, let r € N such that « = (aq,...,qx) €
H§:1(0a7" +1). Forall f € H*([0,1)% L) and all t = (t1,...,t) € (N*)F, we have

k
inf | f = flloo < ChpL > ;7% (3.7.11)
Fesi =1

where Cy,, is a constant depending on k and r.

Now we turn to prove Corollary 3.4.1. First, we note that for any function v* =
% (Z?Zl ’7;) € Flo_w, (o, B,p, L,R) and any [f [(gV 0) A1]Vv_]Avy, where f € EE;’:)’
g(w) = 2?21 gj(wj), g; € F(ﬂj7r), (w,t,7) € (MB1)? x N* x N, with the fact that v €
H(L,v_,vy) and ‘y;- taking values in [0,1/d] for all j € {1,...,d}, we have

d d
sup |y ([ S_Aiw) | = £ [ D gitw) | Vo AL ve| Ay
wG[O,l]d j=1 i j=1
d [ d i
< sup |y | D Ajwy) | —f > gi(wy) | vo| Al
wE[O,l]d J:l i ]:1 ]
d [ d T
< sup |y [ Do Ajw) | = || Do gilwy) | Vol AL+ v = flls
wel0,1]¢ j=1 L\ =t |
d d anl
<L osup [ D Ajwy) | = [ D g5(wy) v = flloo
wel01] |\ j=1 =1
d aAl
<L D15 =il Y = fllo (3.7.12)
j=1

o0



86 Estimation by model selection

We then apply Lemma 3.7.1 and Lemma 3.7.2 with & = oo, u being the Lebesgue measure
(probability) and u(z) = 2% to (3.7.12) and obtain

d
(2| -~ g vo) ALl v ] Avs
j=1

o
d
<L [ = g5l + 1y = Fllo
7j=1
d ’ all
<t (b -glle)” +I7 = flle- (3.7.13)
7j=1

We take
r=r(a,f) = [a ng?.).{,d/@jJ eN.

By Proposition 3.7.3, 3.7.4 and Lemma 3.3.1, 3.4.1, for all o, L € R}, B,p,R € (R%)?
such that Bj > 1/p], all (l,t) = (llv"‘7ld7t) c Nd % N* and any ’Y<Z;i:17;> c
f[’u_,’u_;,_](aa/gvpa-[/?R), we have

inf [y~ floo = inf [y~ flloo < Caplt™ (3.7.14)
€S FE€8 (1)
and
inf V=gl = nf [17) — gjllo < Capyp, B2, (3.7.15)
95€5 (2 1;)m) 9i€S (n(1;),m)

Combining (3.7.13), (3.7.14) and (3.7.15), we have for all a, L € R%, B,p,R € (R%)?
such that 8; > 1/p;, all (I,t) = (l1,...,ls,t) € N? x N* and any 7(2?:17;) IS
f[v,,v+](a7167paL7R)7

1n
festtl g 8Bl
(t,r)? 93 S2 (x

- - . 2
d d
~ Z'y; —|f Zgj VO] ALl Vo_| Avg
1).m) Jj=1 L L J=1 | J 2,Pw
d C T d i ] 2
< s inf . v 273 —\f Zgj VO] ALl Voo | Aoy
FES G 9585 i) j=1 L [\ =t | | -~
2
d anl
<Caq L*) inf v~ gl + inf [y = fll3%
i=1 | \9€5Ga;.m 7S
. (anl)
2 2(anl) 5—2(anl)l;B; -2
Scd7a7ﬁ7pL Z R] 2 (a ) Jﬁ] + t “ : (3'7'16)

Jj=1
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We denote w(l) = (7(l),...,7(lg)). For any (ly,...,lg,t,r) € NY x N* x N, by Proposi-
tion 3.4.1 and 3.7.3, we have

d
Vipwar +A@@),t,r) <C | [ t+ D [7(l)] | (r+1)| log(t + 7 +2)
j=1
d
+ | (3log?2) Z [T | +r+t
j=1
d
<Cr [ t+ D |m(l)] | log(t +r +2)
j=1

d
<Capp |t+ Y25 | log(t +r+2), (3.7.17)
=1

where C' is a numerical constant, C) is a numerical constant depending only on r and
Ca,B,p is a numerical constant depending only on «, 3, p.

Under Assumption 3.3.1, applying (3.2.8) together with (3.7.16) and (3.7.17), we derive
that for all o, L € R%, 3,p,R € (Ri)d such that 3; > 1/p;, all (I,t) = (l1,...,l4,t) €
N¢ x N* and any - (Z?Zl 79) € Flo_vy)(a, B,p, L, R),

2
d

E [W(Ror. Re)| <C. i i | _ %

[ ( Y "/)] — (‘rr,t,T)E(]\}%’l)dX(N*P ?YE]_}‘I(}‘ £ v Z’Y] K
T,t, T ]71 2,PW
A, t Via tr
+ (71', )T) + ( ot ) (1+10gn):|
n n
<Cy.4 (1_|-]ogn) inf |:<L2t_2a_'_t>
="k,d,c.3,p (I1,... lq,t) EN X N* n

d 1
2
+3 <LQRj(““)2—2<M1>lJ5J + ]> log(t+r+2).  (3.7.18)
n
j=1

To conclude, we need to optimize the right hand side of (3.7.18). We choose ¢ > 1 such
that

1
therefore L2 2% <t/n and t <1+ (nL2 I+2a = Ag a consequence, we have

t—1< (nL2)ﬁ <t,
)

S

t _2  _ _2a
L 4+ 2L %a+in Zatl, (3.7.19)
n

S|+

Moreover, we note that if nL? < 1, we choose ¢ = 1, then

log(t +7+42) <log(r+3) =Cag. (3.7.20)
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Otherwise nL? > 1,
log(t + 1+ 2) < log [(nLZ) B gy 3}
<log [Coéﬁ (nLg) Tl“}
< Cup(lognVlegL?>V1). (3.7.21)
For any j € {1,...,d}, if nL2R 200 <1 we take l; = 0 so that

l .
L2R}(M g 2erlf; .2 (3.7.22)
n n
Otherwise, we take [; as the largest natural number such that
2la'

n

< LQR 2(anl) g —2(an1)l; ,BJ
which yields

L2R2~(a/\1)2 2(anl)l; 6J+ 24 <L2R (QA1)21—2(OL/\1)IJ'B_7
J

1 2(an1)B;
S C LQRZ,(Q/\I) 2(an1)B+1 TL_ 2(aAT)B;+1
a?ﬂ J
2((1/\1)L'}j

< Cap (LR TR gy A5 4T (3.7.23)

Combining (3.7.18), (3.7.19), (3.7.20), (3.7.21), (3.7.22) and (3.7.23), we obtain whatever
the distribution of W, for all o, L € R%, 3,p,R € (Ri)d such that §; > 1/p; and any
Y€ F[v_,v_;,_](aa/@v b, L7R)7

nda,ﬁ, [ 2(R’Y*7R )]

_ 2(04/\1),83- 5 20 1
LRaAl 2(04/\1)BJ+1 n 2(aAD)B;+1 4 [2a+in Zafl 4+ — £2
n "

<

M&

7j=1
where £, = lognVlog L?V 1. Finally, the conclusion follows by taking the supremum over
‘F[v,,v+] (aa B,p, L, R)
Proof of Corollary 3.4.2

We first present the following result which can be proved by a similar argument as the

proof of Lemma 3.3.1.
Lemma 3.7.3. LetCy = {(cl, o cq) ERY Z?Zl lejl < 1} . We denote S¢, the collection
of functions on [0, l]d of the form
1
fw) =5 ({e;w) +1), for all w €0, 14, (3.7.24)

with ¢ € Cq and S¢, the collection of functions of the form in (3.7.24) but with ¢ € CaNQ-.

Then Sc, is dense in Sc, with respect to the supremum norm.
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Now let us turn to prove Corollary 3.4.2. For all @ € (R*)!, L > 0, any v* =~yo+' €
Gjv_ vy, L), where v'(w) = (v} (w),...,v;(w)) with v € Se, for j € {1,...,1}, v €
H* (L,v_,vy) and any f € Szﬁ,), g:10,1]% = [0,1]" defined as g(w) = (g1 (w), ..., g(w))
with g; € S¢, for j € {1,...,1}, we have

Yoy = (fog) Vo) ANvgllee < vy — foglle
<lvov —vogleet+lvog—fogls

[
<L =M™+l = flles
=1 .
l
SLZHM—%\%M Al fle (3725)
7j=1

We apply Lemma 3.7.2 to (3.7.25) by taking k& = oo, p the Lebesgue probability and
u(z) = 2% for each j € {1,...,1} and obtain

! aiAl
lvory = (fogVu)Avillo <L) (Hv; —ngoo) Ty = flloe (3.7.26)
=1

We take r = max;—,__;|c;] € N. By Proposition 3.7.4, for any v* = yov' € G, _ (¢, L)
and all t = (t,...,t;) € (N*)!, we have

l
. o —Q
inf |y = fllo < Cral ) ;%

feSin j=1
where ()  is a constant depending on [ and « only. Then by Lemma 3.4.1, Sz’i) is dense
in §g:i) with respect to the supremum norm || - ||oo, We obtain
!
inf v = fllo= inf |v— fllo < Cral) ;. (3.7.27)
€St €S i=1

Therefore, following from (3.7.26), (3.7.27) and Lemma 3.7.3, for all @ € (R%)!, L > 0,
any ¥ =yo0+ €G,_,, (o, L) and all £ = (t1,...,#) € (N*)},

fsmi“f . Iy oy = (fogVu)Avillsp,
€954y, 9i€S¢
(t,r)’ I d

< o inf vy = (fogVuo) Auylli
fES(t:r), ngScd

2

l
<Cral? | > %] . (3.7.28)
j=1
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Moreover, for any r € N and ¢ = (t1,...,t;) € (N*)!, with the fact that

Zt +r<lHt +r<l Ht (r+1)!

and Proposition 3.4.2, we have

l l
Vi + A ) <Crld+ [ []t |+ log | (Dt | +lr+1+1
=1 =1
l l
<Cra |d+ [Tt || log [| D t; | +1r+1+1], (3.7.29)

where (7 is a numerical constant depending only on !/ and (j« is a numerical constant
depending on [, o only

Under Assumption 3.3.1, applying (3.2.8) together with the inequalities (3.7.28) and
(3.7.29), we derive that for all & € (R%)" and L > 0, any v* = yo0+' € G,_,,j(a, L),
whatever the distribution of W,

E [1(Ryv Ry)]

, ~ A(t,r) V(tr)
<C, f f P_FR T 1+1
<Cr dnf s m(m Iy oy =2,y - (1+logn)
Hl'—1 tji d
<Churall+1 f t. + ===+ — | log(U), 3.7.30
<Crsalltlogn) inf L Z - — | log(U) (3.7.30)

where U = 22:1 t;+1Ilr+1+1. We then optimize the risk bound given on the right hand
side of (3.7.30). For each j € {1,...,1}, we choose t; > 1 satisfying

t] -1 < (TLLQ) (QEJrl)ocj S t‘],

where @ denotes the harmonic mean of o, ..., ;. Therefore, we have

2
Dot | < PLL?); 2wt = [2L Ty T (3.7.31)

If nL? <1, then t; =1 for all j € {1,...,{} hence

!
A 1
=ty <= (3.7.32)
n n
and for some numerical constant Cj o depending on [ and o only
l
log(U) = log th +ir+l+1| <Clq. (3.7.33)

Jj=1
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Otherwise,
Hl t: Hl 2(7’1;[/2)(2%”% 2l 2 2a+l ZJ 1oy
=1t _ Il T (nL?) j
n - n n
2 al l o]
< 2[% < 2 L2a+ln 2i+l (3734)
and

l l

log [ [ D t; | +tr+1+1| <log || []t; | +ir+1+1
j=1 j=1

l
< log [Cl (nL2)m + C’l,a]
< Ca (lognViegL* v 1). (3.7.35)

Plugging (3.7.31), (3.7.32), (3.7.33), (3.7.34), (3.7.35) into (3.7.30), we have that whatever
the distribution of W, for all a € (R%)! and L > 0, any v* € Glo_ vy (@, L)

2 _ 2 d
E [h*(Ry, R5)] < Cyiar <L2jl+ln p= n) (logn Vleg L? v 1)?, (3.7.36)

where C); | o is a constant depending only on &, [ and a. The conclusion finally follows by

taking the supremum over the set Gy,_, (v, L).

Proof of Corollary 3.5.1

For any v* € F,_ ,,1(t,1,p, K), we first rewrite it as v* = Y, - thy, (’ygk), where t €
(=1,1), 71 € S(p,) and v € 8 p,). For any m € N*, we denote 75, = > L, thy, (’7‘2”“)
the m-partial sum of the function v*. We then apply Proposition 4.4 of Daubechies
et al. (2019) and obtain that ~J, € §(l(m+1),p1+p2+2). We note that for any ~} =

Py thy, (75’“), there exists a sequence of functions {~y; }ieny withv; = > ;1 tf’yl ('ygk) €
S (1(m41),p1+pa+2) and t; € (—1,1) N Q such that

m

Jim v = illee = lim Z(tk—tf) " (73k> (w)
k=1
m
<K 1 ’tk h
<Kl )
K 1
<M lim |t —t] =0, (3.7.37)

- 2 1—>+00
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since Q is dense in R. Therefore, with the fact that v* taking values in [v_,vy] and
(3.7.37), we have

_ inf 17 = Flloo < _ inf 17" = 7llso
YEL (1(m+1),p1 +pa+2) YES (1(m+1),p1 +p2+2)

< v = mlloo + inf 1Y — 7o

YES (1(m+1),p1+p2+2)
—+o00
< sup | > Ry (5t (w)
wel0,1] |, 200
< Oy g |t|™ ", (3.7.38)

where C} g stands for a numerical constant depending on ¢ and K only. We denote
Vii(m+1),p1+p2+2) the VO dimension of T'(j(1,4-1) p; 4-po+2)- With the fact that S (m41) pi+po+2)
is a subset of §(l(m+1)’m+p2+2), Proposition 3.5.1 and

L (mt1)pitpat2) = LYV U2) AUt ¥ € S((ma1) prtpet2) | »

we derive that for some numerical constant C
2 Polo
Vimt1) prapet2) < Clo [pg(lo — 1) + po(lo +2) 4+ 1] log |(lo + 1) — + L),
where lp = I(m + 1) and py = p1 + p2 + 2. Then it follows by a basic computation that

Visms1)prpe+2) + Al(m +1),p1 4 p2 +2) < Cpp(m + 1)°, (3.7.39)

where (] ;, is a numerical constant depending on [ and p only.

We take L = I(m + 1) and p = p; + p2 + 2. Under Assumption 3.3.1, applying
(3.2.8) together with the inequalities (3.7.38) and (3.7.39), we have no matter what the
distribution of W is, for all t € (—1,1), I € N*, p € (N*)2 and K > 0, for any v* €
Fio_ i) (1P, K),

E[h2(Rov, Rs)] <Cipy inf inf w2+ D
[ (R7*7 7)] SUgpt 1 e | = m ”7 ’YHZ,PW_’— ( + Ogn)
MEN | YEL 1(m+1),p1 +pg+2)
1 3
<Crpas inf [|t|2<m“>+(7”2)<1+logn> : (3.7.40)

Now we only need to optimize the right hand side of (3.7.40). If [t|* < 1/n, we choose

m = 1 so that

1
E [h*(Ry+, R5)] < Crpiti—(1+logn). (3.7.41)
Otherwise, we choose m € N* such that
logn
m< ———— <m+ 1.

—2log |t| —
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With this choice, [t[2™*1) < 1/n and we derive from (3.7.40),

(14 logn)*

E [h*(Ry+, R5)] < Cropiti (3.7.42)

Combining the results in (3.7.41) and (3.7.42), whatever the distribution of W, for all
€(-1,1),l e N*, pc (N*)?2 and K >0, any v* € Flo_ vyt 1, p, K), we have

1
E [h*(Ry, R5)] < Crpiti—(1+log n). (3.7.43)

Then the conclusion follows by taking the supremum over Fj,_ | (t,1,p, K) on both sides
of (3.7.43).

Proof of Corollary 3.5.2

For any (L,p,s) € (N*)2 x {0,1}P, let g/(L’p’s) - g(L%s) be the collection of functions
based on sparse neural network, where all the non-zero parameters vary in [—1,1] and
S’( Lps) C §/( Lp,s) be the collection of functions, where all the non-zero parameters vary
in [-1,1] N Q. We first show the following result.

Lemma 3.7.4. For any (L,p, s) € (N*)2x {0,1}?, S/(Lp s) is dense in §I(L7p’s) with respect

to the supremum norm || - ||cc-

Proof. By the definition of dense with respect to the supremum norm, we need to show
that for any function f € §/( Lp,s): there is a sequence of functions f; € S’( Lps) L € N such
that

dim I = fille = 0.

The idea is inspired by the proof of Lemma 5 of Schmidt-Hieber (2020). Recall for any

fe §(L,p), it can be written as
flw)=MpoocoMp_j0---000My(w), forallwe [O,l]d.

For I € {0,...,L + 1}, we define p; = p for I € {1,...,L}, po = d and pry; = 1. For
le{l,...,L}, we define the function fz+ : 0, 1]d — RP,

fif(w)=00M;_y0--000My(w)
and for [ € {1,..., L+ 1}, we define f; : RP'-1 — R
fi(@)=Mpooo---o00oM_i(x).

We set the notations fi (w) = frio(w) = w. Given a vector v = (v1,...,vp) of any size

p € N*, we denote |v|oo = max;—1,._p |vi|.
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For any f € §/( Lps), With the fact that the absolute values of all the parameters are
bounded by 1 and w € [0, 1}d, we have for all 1 € {1,...,L}

-1

1A w)] < T[] @k +1)
k=0
and f,, 1 € {1,...,L+ 1}, is a multivariate Lipschitz function with Lipschitz constant
bounded by Hﬁ:lqpk-

For any f € §,(L7p78) with weight matrices and shift vectors {M; = (4;, b))}~ and for
all € > 0, since QQ is dense in R, there exist a N, > 0 such that for all ¢ > N, all the
) are smaller than ¢/(L +1) [ w0 (e + 1)] away from
the corresponding ones in f. We denote the weight matrices and shift vectors of function
fi as {M} = (Al b})}-,. We note that

non-zero parameters in f; € S’( Lps
bl ol

fi(w) = fipooo0 Mé o fo (w)
and

Fw) = fippa 0 Mpo fi (w).
Therefore, for all i > N, and all w € [0,1]*

L

| fi(w) <>

1=1
+ |M o £ (w) = My o [ (w)]

<Z (Hpk> ‘Ml 1Ofl 1 w) — M;_y Ofltl(w)‘oo
1 \k=l

1=
+ | M} o fif (w) — My, o fif (w)]

L+1 /L+1
<Z (Hpk ‘Ml 1ofl 1 ) lelofltl(w)‘oo
=1

L+1 /L+1 A ‘
SZ(Hm) (A1 = Acea) o £5 ()] + By = bl

=1 \k=l

€ L+1 /L+1
< F (H pk) (pl—1 |fiE(w)| + 1)

(L+1) |+ )] 15

<e.

zl+1OUoMl 1of1 1( )*fZ'TZ.HOUOMl—lOflJ:l(w)‘

Hence, by the definition we can conclude that S'( Lp.s) is dense in §/( Lp,s) With respect to

the supremum norm || - ||cc- O

Then, we borrow the approximation result, more precisely (25) and (26), in the proof
of Theorem 1 of Schmidt-Hieber (2020). For all k € N*, K >0, d € (N*)k*1 t € (N*)++!
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with ¢t; < d; for j € {0,...,k}, a € (Rj)’“r1 and all v* € Fj,_ ., (k,d,t,a, K), there
exists a sparse neural network which can be embedded into §/( Lp,s) for sufficiently large

n, satisfying
(i) Zf:o log, (4t; + 4a;) loggn < L < ny,
(i) non < p
(iii) ||sllo < nop, logn,

such that
204;

o7
2ai+ti ,

inf v =% < Cratax max 7
?ES(L,p,s) =0,

where C}, 4t o,k 15 @ numerical constant depending only on £, d, t, o and K. Moreover,

with the fact that v* taking values in [v_,v;] and Lemma 3.7.4, we have

inf Iy =A% < __jnf ) Iy =% < __inf v =I5

YEL (Lp,s) YES(L,p,s (L.p.s)

< inf [y -7l%
YES(L,p,s)
2042

< Cra ok max n 2t (3.7.44)
1=0,...,

Let C ¢, and C,; dt.o Pe two numerical constants depending only on their subscripts.
We choose
L=Cptaloggn and p= C,/C’dm’anq&n,

which satisfy the conditions (i) and (ii) for n large enough. It follows by Proposition 3.5.1
and the definition of f( Lps) that for n sufficiently large, the VC dimension V(g , 4 of

I (1 p,s) satisfies

L
VY(L,p,s) S Ck:,d,t,an¢n(log n)Q IOg |:(L + 1) <p2 + 1>:|

< Cratantn (logn)® . (3.7.45)
Moreover, with our choices of L, p, s and n large enough,

A(L,p,s) < |sllolog (2ep) +p+ L
< Crdt,a (N lognlogp + ney + logyn)
< Ch.dt.andn(logn)?. (3.7.46)

Under Assumption 3.3.1, applying (3.2.8) together with (3.7.44), (3.7.45) and (3.7.46),
whatever the distribution of W, we derive that for all k € N*, K > 0, d € (N*)F! t ¢
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(N*)A+1 with t; < d; for j € {0,...,k} and a € (R} ¥+ any v* € F,_ ., (k,d, b, a, K),
with a sufficiently large n

. _ A(L,p,s) | Vieps)
E [h? (R, R5 <C,§{ inf | LR LI PN
[4* (Ry Rs)] < O | o 1" =13,y - 25 log
A(L Vi
S CH |: inf H’Y* 77”&3 + ( » D5 S) + ( »P,S ) logn]
ye (L,p,s) mn n

< Cpasardn |1+ (logn)” + (logn)*

< Cﬁ,k,d,t,a,K¢n (log n)4 .

We complete the proof by taking the supremum over .7-"[1,_,@+](/<:, d,t,a, K).

Proof of Corollary 3.6.1

We note that according to Proposition 1.5.1, the collection of models {fm, m € ./\/l}
satisfies Assumption 3.2.1 with V,,, = |m| 4+ 1. By Lemma 3.6.1, the associated weights
A(m) satisfy inequality (3.2.2) with ¥ < 1+ 72/6. Moreover, for each m € M, the
countable subset T, is dense in T, for the topology of pointwise convergence so that
WQ* 2m) = M(Q*, 2i).

We apply (3.2.8) and derive that whatever the distribution of W, the resulted estimator
Ry satisfies

E [h*(Ry, R)] < ca(cs + ) (B, A Be), (3.7.47)
where
, — 2log(1+|m|) |m|+1 n
y = inf |h%(Rys, 2, 1+1 —
5 mEM, [h (Beyes Zm) + n L Tlogy |m|+1 ’

. 2ep |m| + 1 n
B. = f |h*(Rys, 2 Ml —‘ 1+1 — .
meiﬂwo[ (B @) + 22 log { 200 ) 41— |1+ losy | ey

For B,, we observe that

L )
m

meM, n

— +1
<2 inf |h2(Ry-. 2, [m] 1+1 . 7.
<2 inf [ 2+ T Tt (0 (3.7.48)

We also note that function f(z) = xlog (2ep/x) is increasing on (0, 2p]. Therefore, for B,

we have

_ +1 2ep n
B.< inf |h2(R.-, 2, ] 1+1 ] "
_me/l\gll\/\/lo[ (s )+ n g |m \+1 +logy Im| +1

<2 inf {h?(R,,*,QmH'm'n“[Hlo (ﬁp‘)i )H (3.7.49)
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Moreover, we note that for any m € M,,

log., <|m|”+1> < log <W> : (3.7.50)

Combining (3.7.47), (3.7.48), (3.7.49) and (3.7.50), we have
E [h*(Ry, Ry)] < 2c2(cs3 + £)(Bo A Be),

which concludes the proof.

3.7.2 Proofs of lemmas

Proof of Lemma 3.3.1

B,d

B.d
b (s7r

Proof. Let us first prove S (o
By the definition of dense with respect to the supremum norm, it is enough to show

for any v € gi’,dr), there exists a sequence of functions v, € Si’i), I € N such that

limy s o0 [ = Yl[oo = 0.
For any w € [0,1]%, there is a vector (ki,...,kq) € U(sy) x --- x U(sq) such that

) is dense in S ) with respect to the supremum norm.

w E H;lzl I;(k;). Without loss of generality, we only need to show for any function v on

H?Zl I;(k;) of the form

d
F(w) = Z Forvsra) H w;", (3.7.51)
j=1

(r1,-7a) €{0,...,r} ¥

where 5., ) €R, forall 0 <r; <7, 1 <j <d, there is a sequence of functions {¥; }ien
on H?Zl I;(k;) of the form

d
w) = > Al LW (3.7.52)
(r150,7a) €40, } e j=1

with ?é ) € Q,forall0 <r; <r,1<j<dand!l & N such that

T1

Jim o sup [ (w) = F(w)| = 0.
wellf, 1(k))

In fact, since Q is dense in R, for all 5, ) € R with (r1,...,74) € {0, ..., r}? and
all € > 0, there is a sequence of rational numbers ?éh ) € Q and a N, > 0 such that
for all I > N,

~ ~1 €
’7(7’17---77%1) - ’7(r17...,rd) < (7’ + 1)d'




98 Estimation by model selection

Hence, for any 4 defined by (3.7.51) and all € > 0, there exists a N, > 0 and a sequence
of functions {7, }ien defined by (3.7.52) such that for all | > N,

sip ) -3 < | Y G~ T
welTj 1(ky) (P1yera) €40,...7 4
= ~l
S Z ‘7(7‘1,...,7}1) - ’Y(rl 77777 rd)

(r1ye-srq)€{0,...,7 1

< Z ﬁge.

(r1,e-7q)€{0,...,7 1
The conclusion then follows by the definition of limit.
To prove that I‘g’i) is dense in fi’i) with respect to the supremum norm, it is enough

to note that for any f € Sgi) and g € E(Bs’i)

I(f Vo) Aoy = (g Vo) Avgllo < I = glloo-

Proof of Lemma 3.3.2

Proof. For any D € N*, let MdD stand for the set of partitions which divide [0, l]d into D
hyperrectangles. Since UseNde’d C Upen+ Mg), we have

Z exp |—log(8d) H257 —r| < Z Z Z e~ los(Bd)lml—r (3.7.53)

(s,r)EM reN DEN* re ¢

where || denotes the cardinality of hyperrectangles given by the partition 7 of [0, l]d.
By the proof of Proposition 5 in Akakpo (2012), a partition over [0, 1]d into D hyper-
rectangles addresses to choosing a vector (I,...,Ip_1) € {1,...,d}P~! for the partition
directions and growing a binary tree with root [0, 1}d and D leaves. The number of parti-
tions belonging to M satisfies |[M$| < (4d)P. Therefore, we derive from (3.7.53) that

> exp —log(8d)H231 rl <) e (Z d)P (84)~ )

(s,r)eEM reN DeN*
< e T= —
<2 e =g

reN
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Proof of Lemma 3.4.2

Proof. It is equivalent to prove

(&
S A <

9y
e—1
(s,t,r)ENIXN*xN

where

d
A(s,t,r) = 3log2 2253' +7r+t.
j=1

For (Dy,...,Dg) € (N*)? let Mlljj represent the set of partitions which divide [0, 1]
into D; subintervals. Recall that M. 51 denotes the dyadic partition of [0, 1] into 2° subin-

tervals, hence we have for any j € {1,...,d}, UsjeNMslj’l - UDJ.GN*M%)J_. As an immediate
consequence,

Z o~ Alstr)

(s,t,r)ENEXN* XN

d
= Z exp —t—z2sﬂ'log8—r

(8,t,r)ENIXN* xN Jj=1

d

<> e I DS D erlmlos® (Zﬁ), (3.7.54)

reN Jj=1 \ DjeN* m;eM} teN*
J

where |7;| denotes the cardinality of segments given by the partition m;. Moreover, as
we have mentioned in the proof of Lemma 3.3.2, it follows from Proposition 5 in Akakpo
(2012) that ]M})j] < 4Pi for j € {1,...,d}. Therefore, we derive from (3.7.54) that

d
—A(s,t,r) < —r 4Pg—D —t
(s,t,r)e%xN*xNe Z ’ ( Z ) (Z ’ )

reN DeN* teN*

<> er<S

e—1"
reN
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Proof of Lemma 3.4.3

Proof.

l
O R Y 1B SEr
j=1

(t,r)e(N*)IxN (t,r)e(N*)!xN

<y ¥ oS

reN te(N*)!

l

<y (xe)

reN teN*

(&

< .
“e—1

Proof of Lemma 3.5.1

We hereby introduce a combinatorial result given by Proposition 2.5 of Massart (2007):
for all integers |m| and p with 1 < |m| < p,

> ()< (2)" 5759

k=0

Proof. First, we note that

) o~ ALp,s)

(L,p,s)€(N*)?x{0,1}7

B P exp[—\sHolog(Q;pO)]

LeN* peEN* 5€{0,1}7\{0}7 sl
P _
_ _ 2ep
< L p p _ -
< E e E e P11+ E <s) exp( slog( . >>] . (3.7.56)
LeN* peEN* s=1

By (3.7.55), we know for any 1 < s <P,

()=30)

IN

(f’) N (3.7.57)
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Plugging (3.7.57) into (3.7.56), we obtain

Z e ALp,s)

(L.p,5)€(N*)2x {0,137

P B s 26? —s
< -L —-p - _
_Ze Ze 1+;<5><S> ]

LeN* peEN*
h . -
<yt e ()
LeN* _pEN* s=0 )
- o :
<3 oty (e 2
LeN* | PEN* s=0 |
O
Proof of Lemma 3.6.1
Proof. By (3.7.55), we derive that
o YR N D
meM meM, meM\M,
P 1 P D 2ep
oS e 5 (2) o [ (2)
Lvap " 2 \m ml
+00 p [m|
1 ep 2ep
<3 X () o [mee (7))
k=1 Im|=1
2
T =[ml
T
|m|=1
2
< —+1
O

3.7.3 Proofs of VC dimensions

The proofs in this section are inspired by the proof of Theorem 7 in Barlett et al. (2019).
We first introduce three results which we shall use later for deriving the VC dimension
bounds. The first one is the result of Lemma 1 in Barlett et al. (1998).

Lemma 3.7.5. Suppose fi(-), f2(-), ..., fr(-) are fixzed polynomials of degree at most d in
s < T wariables. Define

N = [{(sgn(fi1(a)),...,sgn(fr(a))), a € R*}|,
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i.e., N is the number of distinct sign vectors generated by varying a € R%. Then we have
N < 2(2edT'/s)*.

The second Lemma is the weighted AM-GM Inequality.

Lemma 3.7.6 (Weighted AM-GM Inequality). If 0 < ¢; € R and 0 < \; € R for all
1=1,...,K such thathil)\iz 1, then

K K
Hc)‘i < Z)\‘c-

= 1Cp.
=1 =1

The third result comes from the Lemma 18 of Barlett et al. (2019).

Lemma 3.7.7. Suppose that 2™ < 2'(mr/w)¥ for some r > 16 and m > w >t > 0.
Then, m <t + wlogy(2rlogyr).

Proof of Proposition 3.4.1
A

(7r7t7r

Proof. For a given r € N, t € N* and 7 = (71,...,m3) € (MB1)? we define T

collection of all the functions on # = [0,1]% of the form

) the

y(w) = f[(g(w) VO)Al], forallw = (wi,...,wg) € [0,1]¢,

where g(w) = 2?21 gj(w;) with g; € E@;T), forallje{l,...,d}and f € §z-t[7’rl). The class

of functions ?g;gl_,r) has been defined in Section 3.3 and ??tl,’:) in Section 3.4. Let V(‘;‘: £r)

~A ~A
denote the VC dimension of I, ). We first prove the conclusion holds for ', ., i.e.

d
Vigss <2+ [tHr+1)+2) |mjl(r+1) | logy [4eU log, (2¢U)],

™
J=1

— ~A
where U = t 4+ r 4+ 2. Then, by rewriting I‘?ﬂ,w) = {(’y Vo) Avy, v € I‘(,r7t,,1)}, the

conclusion also holds for T(Amtﬂ") according to the properties of VC-subgraph we introduced
in Section 3.2.
Recall that gﬁé,r) is a |m;| (r + 1) dimensional vector space for any j € {1,...,d} and

_ ~A
Sg:,}) is a t(r + 1) dimensional vector space. Therefore, any element belonging to | A

is determined by a vector of real numbers a € R® with s = (t + Z;l:l ]Wj\) (r 4+ 1) which

we call parameters in the sequel. We denote g, the function g(w) = 23'121 gj(w;) and f,

~A ~A
the function in I'(, 4 .y induced by the parameters vector a € R* hence we have I';. ; ) =

{fa, a € R*}. Given a fixed point w on #/, for any a € R®, we denote hqy(a) = fo(w) and
haw(@) = ga(w).
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We take m fixed points (w1,v1), ..., (W, vy) € # xR, where for each i € {1,...,m},
1

w; = (w},...,wd) €0, 1]%. We first derive a bound for the total number of signs patterns

given fixed (w1,v1),..., (Wn,vm) € # X R, ie.
N(m) = |{(sgn(hw, (a) = v1), ... sg0(hw,,(a) = vm)), a € R°}|.

The idea is to construct a special partition § of R® where within each region S € S the
functions hq, (@) —v;, @ € {1,...,m} are all fixed polynomials of a with a bounded degree.

We start with So = {R®}. For any i € {1,...,m}, we note that hj, (a) is a fixed
polynomial depending on at most 2?21 |7j|(r+ 1) variables with the total degree no more
than 1. We recall that for a given t € N*, MtH 1 defined in Section 3.4 is the regular
partition of [0, 1] into ¢ subintervals. Let {b1,...,b;—1} be the breakpoints on the interval
(0,1) given by M,;H’l and denote by = 0, by = 1. Applying Lemma 3.7.5 to the collection
of polynomials

C={hy,(a)=b,ic{l,....m}1e€{0,...,t}},

we know that when a varies in R?, it attains at most

Ny =2 < dQem(t—l- 1)
Zj:l sl (r+1)

distinct signs patterns. Therefore, one can partition R® into N pieces with the refined

>z?_1 (1)

partition §; = {S1,...,Sn, } such that all the polynomials in C have fixed signs within
each region S € §;. For any S € §; and any 7 € {1,...,m}, when a varies in S, hq,(a)
is a fixed polynomial of at most (¢ + Z;-l:l |7j|)(r 4+ 1) variables with the total degree no
more than r + 1. Hence by Lemma 3.7.5 again, on each S € Sy,

{(sgn(haw, (a) —v1),...,580( P, (@) — vm)), a € S}

has at most

Ny =2 ( 2em(r + 1)
(t+ 39, Imh)(r +1)

distinct signs patterns. We intersect all these regions with S € &1 which yields a refined

) (51 Imi D (r+1)

partition So = {S1,..., SN, N, } over R® with at most N;Na pieces such that within each
region S € Sy,
(sgn(hw, (@) —v1), ..., 580(hw,, (@) — vm))

have unchanged signs patterns when a varies in S. We denote

. z?_lmr(rm( NS > Syl

) 2 )
tr+1)+ 230 |ml(r + 1) t(r+1)+ 2370 |ml(r + 1)

2em(t +1 2em(r +1)
= d ) Cy = d .
Zj:l |5l (r +1) (t+2j:1 [m[)(r +1)
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For any arbitrarily chosen m points (wy,v1),..., (Wn,vm) € # x R, we have

N1 No
Nm) < 3 [{(sgn(uy (@) = v1), . . sgn(hu, (@) — v)). @ € Si} |
k=1

tr+1)+2 5 | (r+1)
< NiNy < 4 (cilcy) ' = R (3.7.58)
Applying Lemma 3.7.6 to (3.7.58), we derive that
N(m) S N1N2 S 4()\161 + )\202)t(7‘+1)+22?=1 |7Tj‘(7'+1)
tr+1)+2 3% |7yl (r1)
2 2 !
4 em(ttl“r ) (3.7.59)
tr+1)+23 0 [ml(r+1)

From the definition of VC-dimension together with (3.7.59),

tr+1)+2 39— |yl (r+1)

VA A 2e(t + 1+ 2)V(fr,tm)
27 (mtr) = N |:‘/(7rt7"):| p]
- tr+1)+23 5 [ml(r+1)
We denote U =t +r+2. Since r € N and t € N*, we have U > 3 and 2¢U > 16. We then
can apply Lemma 3.7.7 and obtain

d
Vigsr <2+ [Hr+1)+2) |mj|(r+ 1) | logy [4eU log, (2¢U))]

™
J=1

<VA

The conclusion finally follows by V(A (motr)”

mtr) =

Proof of Proposition 3.4.2

Proof. For a given r € Nand t = (t1,...,%) € (N*)!, we define f‘?ﬁr) the collection of all
the functions ~ on [0, 1] of the form

y(w) = f (g1(w),...,g(w)), for all w € [0,1]* (3.7.60)

where f € 8(31, gj(w) = [(({aj,w) + 1) /2) VO] A 1 with aj € R for all j € {1,...,1}.
We denote V(]z ) the VC dimension of the class of functions f‘?ﬁr). We first prove

- !
Vihy <24 |2d+ | ]t | (r+ 1) | log, [4eU log, (2¢U)]
j=1
where U = Zé‘:1 ti+1lr+1+1.
Let us recall that by the definition of gz:’i) in Section 3.4 and (3.7.60), any function

~M
belonging to I';,) is determined by a vector of real numbers a € R* with s = Id +
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(ngl tj> (r + 1)! which we call parameters in the sequel. We denote f, the function in

IN‘?ZT) induced by the parameters vector a € R® hence we can rewrite f‘?zr) ={fa, a € R}
Given a fixed point w on #/, for any a € R*, we denote hqy(a) = fo(w).

We start with fixing m points (w1,v1),..., (Wn,vm) € # x R. Provided m fixed
points (w1, v1), ..., (Wm,vm) € # xR, we first bound the total number of signs patterns,
ie.

N(m) = [{(sgn(hw, (@) —v1),...,880( e, (@) —vp)), a € R} .

The idea is similar to the proof of Proposition 3.4.1 which is to construct a special partition
S of R® such that within each region S € S, the functions hq, (a) — v;, for i € {1,...,m}
are all fixed polynomials of ¢ with a bounded degree. Therefore, we can conclude by
applying Lemma 3.7.5.

We initialise our partition of R® with So = {R®}. We recall that for a given t =
(t1,...,1) € (N*), qut,l defined in Section 3.4 is the partition of [0,1]’, where in all the
directions j € {1,...,1}, the interval [0,1] is divided into t; regular subintervals. Let
{b{, ey b{j_l} be the breakpoints on the interval (0,1) in the j-th direction given by the
partition MtH’l and denote b% =0, sz = 1forall j € {1,...,1}. We consider the collection

of polynomials

Cz{é((aj,'wﬁ—kl)—bi, iE{l,...,m},jE{l,...,l}, kE{O,...,t]’}}.

Since all the functions in C can be written as a fixed polynomial of degree no more than

1 in [d variables of a, C attains at most

1 ld
a2 )

ld

distinct signs patterns when a varies in R® according to Lemma 3.7.5. Therefore, we
partition R® into N7 pieces with the refined partition S; = {S1,..., SN, } such that within

each region S € S, all the polynomials in C have fixed signs when a varies in .S. Now we

consider on each S € Sy, for any i € {1,...,m}, hy,(a) with a € S is a fixed polynomial
of at most Id + (Hé‘:l tj> (r + 1)! variables with the total degree no more than Ir + 1.

Hence by Lemma 3.7.5 again, on each S € S,

{(sgn(haw, (@) — v1),...,880(he,, (@) — vp)), a € S}

attains at most

1d+(TT5—, t5) (r+1)!
2em(lr + 1)

I+ (ngl tj) (r+1)!

NQ =2
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distinct signs patterns when a varies in S. We intersect all these regions with S € &
which yields a refined partition Sy = {S1,...,5nn,} of R® with at most N; Ny pieces
such that within each region, (sgn(hy,(a) — v1),...,8g0(hey,, (@) — vy,)) have unchanged

signs patterns when a varies. We denote

Id ld+ (Ijm ts) (r+ 1)

A= ) A2 = )
2ld + (1‘[221 tj> (r+ 1)t 2ld + (1‘[2:1 tj) (r+ 1)
. 2em Zé-:l(tj +1) . 2em(lr + 1)
1= 2 = .
ld I+ (Hi-zl tj) (r+1)!
For any arbitrarily chosen m points (w,v1),..., (Wn,vm) € # x R, we have

N1 N>
N(m) < Y [{(sgn(huw, (@) = v1),. .., 5g0(has,, (a) — vm)), @ € Sk} |
k=1

< NN, < 4 (cilc?)md%m”j) e (3.7.61)
Applying Lemma 3.7.6 to (3.7.61), we derive that
N(m) < N1Na <4 (A1 + A262)2ld+(H;:1 t;)(r+1)!
2em (X0 t; +1r+1+1) 2Ty 1) (r+1)'
=t (3.7.62)

2ld + (1‘[;.:1 tj) (r+1)!
From the definition of VC-dimension together with (3.7.62),

— 9 2d+(TT ., ) (r4-1)?
2e(3 5y ty + Ir+ 1+ DV (TTj=1 t5) (r+1)

2ld + (1‘[221 tj) (r+1)!

We denote U = 22:1 t;i+Ir+1+1. Since r € Nand t € (N*)! with [ € N*, we have U > 3
and 2eU > 16. We then can apply Lemma 3.7.7 and obtain

vM 7
Vi) = N {%T)] <4

l
VAL, <2+ [20d + t; | (r+ 1)} log, [4eU log, (2¢U)] .

j=1
~M

For a given » € N and t = (t1,...,%) € (N*)!, we define the class of functions L,y on
w =[0,1]" as

~M

= <Ml aj,w)+1 .

Ly = {f(917-~-,91), f€8uh, gj(w) = <J2> with a; € Ca, j € [l}}

M M

and denote V(% ) the VC dimension of it. We observe that f(t,r) is a subset of f‘(tﬂ,),

therefore we have V(?T ) < Vg/[; ) The conclusion finally follows by the connection f?t{r) =

{(7\/1)_) Avy, v € f‘(t’r)} so that V(%) < V(%,). O
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Proof of Proposition 3.5.1

Proof. We note that for any function f € §(L7p,s), it is determined by the values of
non-zero parameters in the weight matrices A; and shift vectors b, [ € {0,...,L}. For
each [ € {0,...,L}, we denote s; the number of non-zero parameters in A; and b; and
s = ZZL:O s; which is exact the value of ||s|lg. Given L € N*, p € N* and s € {0,1}?, the
total number of parameters determining f € §( Lps) is 8. We denote f, the function in
§( Lp,s) induced by the parameters vector a € R*. Given a fixed point w € #/, for any
a € R?, we denote hy(a) = fo(w).

For given L,p € N* if ||sl][o = 0, there is only one function f = 0 in E(L’ns)
so that V(r 4 = 0 by the definition of VC dimension which satisfies the conclusion.
Therefore, given L,p € N*, we only need to consider the situation where ||s|jo > 1, i.e.
s € {0,1}P\{0}7.

Given m fixed points (w1,t1), ..., (Wn,tm) € # x R, we first study the total number

of signs patterns for the ReLLU neural network §( Lp.s) can output when a varies in R?, i.e.

N(m) = | {(sn(huo, (a) = 1), ,sg1(h,, (@) — t)), @ € R} .

Once we have knowledge of it, the necessary condition for V(z,, 5) being the VC dimension

of §( Lp,s) 18 to satisfy the inequality
2Ywre < N [V(va,S)] ’

from which we finally deduce the bound for V(; , 4. The idea of bounding N(m) is to
construct a partition S of R® such that within each region S € S, the functions hq,; (a) —t;
j €{1,...,m} are all fixed polynomials of a with a bounded degree.

The partition is constructed layer by layer for each [ € {0,..., L} through a sequence

of successive refinements Sy, S1,. .., Sy in the following way:
1. |So|=1. Foralll € {1,...,L},

S| = |S1-1] , it s =0,

1 s;
2emlp 2= o1
’Sl’ S 2 Z:lfl ‘8171’ ; lf Zi:O Si 7& O

i=0 Si

(3.7.63)

2. For each [ € {1,...,L} and each S € S;_1, when a varies in S, the input to each
node in response to each wj, j € {1,...,m} in the [-th layer is a fixed polynomial

of total degree no more than [ in at most Zé;(l) s; variables of a.

We take Sp = {R°}. We check that with this choice both two rules mentioned above
are satisfied. It is trivial that |So| = 1. Moreover, for each fixed wj, j € {1,...,m},

the input to each node in the first layer can be written as a linear combination of the
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parameters in Ag and by. Therefore, it is a fixed polynomial of degree no more than 1 in
at most sg variables of a. The second rule of constructing the partition is also satisfied.
Suppose that we could do such a successive partition up to [ — 1 and get a sequence of
refinements Sy, ..., S5—1, we now consider to define §;, where 1 <[ < L. For any w; with
je{l,...,m}, ke {l,...,p} and S € §_1, we denote hq, x,s(a) the input of the k-th
node in the /-th layer in response to w; for some a € S. By the induction rules, hy, k,s(a)
is a fixed polynomial of total degree no more than [ in at most Zi;é s; variables.

If Zi;é s; # 0, for each S € §;_1, applying Lemma 3.7.5 to the collection of polynomials

C={hw;ksa), ke{l,...,p}, j €{1,...,m}},

we know that for 1 <[ < L, there are at most

-1

. Si
2eml =0
> im0 Si

distinct signs patterns when a varies in S. If Zi;(l) s; = 0, for any S € §;_1, any k €
{1,...,p} and any j € {1,...,m}, hy;ks(a) is zero so that C only attains one signs
pattern and IN; = 1. The successive partition is then based on a refinement of S;_; such
that within each region, all the polynomials belonging to C have fixed signs when a varies.
Thus, for each region S € §;_1, we partition it into at most IN; subregions and get a
refined partition &; which satisfies the first rule of the partition. To check that S; satisfies
the second rule, recall that for any S’ € &, since the input to any node in the [-th layer
is a fixed polynomial in at most Eé;(l] s; variables of degree no more than [ and all the

polynomials in the collection

{hay 57 (a), k€ {1,....p},j € {1,....m}}

have unchanged signs when a varies in S’, we have for each 1 <1 < L, the input to any
node in the (I + 1)-th layer in response to any w; is a fixed polynomial of degree no more
than [ 4+ 1 in at most Zé:o s; variables of a.

We proceed the partition procedure until getting Sy. Since every step of the partition
satisfies (3.7.63), we derive

L
Sel < T i (3.7.64)
=1

For any S € &y, since s > 1, the output of the whole network in response to any w; is a
fixed polynomial of degree no more than L + 1 in at most s variables. By Lemma 3.7.5

again, we have for any S € Sy,
Nior = | {(s0(hun (@) ~ 1), s, () — 1), a € S)

<9 (26””(“1)) (3.7.65)

S
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We intersect all these regions with each S € Sp which yields a refined partition Sp41 =
{S1,...,Sn} over R® with N = [[}' N; combining (3.7.64) and (3.7.65). We denote
pp=pforalll € {1,...,L} and pr+1 = 1. Let | stand for the smallest number be-
longing to {1,...,L + 1} such that ZZ o 8i = 1. Therefore, for any m arbitrarily chosen
(wl,tl),...,(wm, tm) € W X R,

N
m) <y ‘{(sgn(hwl (@) —t1),...,5g0(huw,, (@) — tm)), @ € Sk}
k=1

L+1 PR 2emip Yisosi
_ oL+2-1 l
<J[ V=2 11 (m) . (3.7.66)
=1 1= > i—o Si
For I € {l,...,L+ 1}, let us denote
o = 2emlp; A = Zﬁfé S
-1 L+1 :
i Si Z P Zz 0 Si
We then apply Lemma 3.7.6 to (3.7.66) and obtain
(L1 T Tisos (L1 SO X
N(m) < 2L+2—l H Cz\l < 2L+2—l Z >\lcl
1=l 1=l
L+l
L+1 Z Zz Si
< oL+2-1 (267”2 + Ipr ) ’
= L+1
Z * Zz 0 Sg

L+1 s
PN <w> -
= L1 i1 :
11 2im Si
As we have mentioned, by the definition of VC-dimension, it is necessary to have
Zz 1 zz 051

7 2e (ZlL lpl) 7P73)

L1 —I—1

11 2oimo Si
Provided L,p € N*, we have ZZL: Ip; > 3 so that Qe(Z:LJrl Ipy) > 16. We then apply
Lemma 3.7.7 with m = V(p o, t = L +2 — I, r= 26(2{;1 lp;) and w = lL:+11 Zi;é Si,

and obtain

41— L+1 L+1
V(LpS)<L—|—2—l—|—<ZZ >log2 [(462[}71) logs <2€lel>]
=1 i=0 I=1 =1
L+11-1 L+1 L+1
<L+ <Z Z si> log, [(46 Z lpl) log, (26 Z lpl)
I=1 i=0 I=1 =1

L+1 2
< (L +1)(s +1)log, (2e > sz>

We complete the proof. O

ViLps) < N [V(L S)] < ol+2-







Chapter 4

Estimation by estimator selection
with application to changepoint

detection

4.1 Introduction

In this chapter, we study the same estimation problem introduced in Chapter 1 with an-
other estimation strategy based on estimator selection. Let us briefly recall our statistical
setting described in Chapter 1: we observe n pairs of independent (but not necessarily
iid.) random variables, i.e. X; = (W;,Y;) for i € {1,...,n}, with values in a measur-
able product space (# x %, W ® ). For each i, we assume the conditional distribution
Q7 (w;) of Y; exists and is given by the value of a measurable function Q} € 2y at the
point w;, where 2y denotes the set of all measurable mappings from (#', W) into (7, T)
(see Section 2.2). Our statistical interest lies in estimating Q* the n conditional distri-
butions Q] (w;) of Y; given W; = w; on the basis of the observations X = (Xi,...,X,).
We do as if there exists an unknown function 4* on # such that for each i € {1,...,n},
the conditional distribution of Y; given W; = w; belongs to a one-parameter exponential
family with parameter v*(w;) € R. Throughout this chapter, unless otherwise specified,
we assume the exponential family 2 has been parametrized under its general form and
write it as 2 = {R, =r, - v, v € J} with the densities 7., given in (2.3.12).

In Chapter 2, we have introduced an estimation procedure based on one model, where
the idea comes from p-estimation (Baraud et al. (2017) and Baraud and Birgé (2018)).
As we have commented in Chapter 3, this approach performs well if one knows a suitable
model for the potential regression function v* in advance which means a model can provide
a good enough approximation and is also not too complicated. But such a model can be

difficult to design in some situations where only few prior information is known. A safer
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strategy has been discussed in Chapter 3 where the problem is solved by a model selection
procedure. However, one disadvantage of this strategy is the expensive numerical cost
especially when the number of the models becomes large. At this point, an interesting
problem could be can we come up with a new estimation strategy overcoming the above two
limitations? This is to say the desired strategy should be capable of comparing estimators
from several different models with a reasonable numerical cost.

Another motivation comes from the context of changepoint detection problem in expo-
nential families. To be more precise, statisticians consider a specific situation in our setting
where W; = (i — 1)/n are deterministic and v* : [0,1) — J C R is a right-continuous step
function with an unknown number N — 1 of changepoints (i.e. N segments, N > 1).
Frick et al. (2013) proposed a simultaneous multiscale changepoint estimator (SMUCE for
short). For each candidate estimator, Frick et al. (2013) designed a multiscale statistic
to evaluate the maximum over the local likelihood ratio statistics on all discrete intervals
such that the estimator is constant on these intervals with some value. Then provided a
threshold ¢, the quantity N is estimated by N (¢) which is the number of segments of the
estimators satisfying their threshold condition with the minimal segments. Finally, their
estimator is the likelihood maximizer over a constrained set in which all the estimators
satisfy the threshold condition with exact N (¢q) segments. Cleynen and Lebarbier (2014,
2017) considered partitions given by the pruned dynamic programming algorithm (Rigaill
(2015)) and proposed a penalized log-likelihood estimator following the work of construct-
ing the penalty function done by L. Birgé and P. Massart (see Barron et al. (1999) and
Birgé and Massart (1997) for instance). They also showed that the resulting estimator
satisfies some oracle inequalities. Similar to the existing literature we mentioned in Chap-
ter 1, these two methods are also both, more or less, based on the maximum likelihood
estimation. When there are outliers presenting in the observations, both of the two pro-
cedures infer extra changepoints to fit the outliers while identifying the true ones in the
signal. For this point, we shall illustrate it in a more straightforward way in the simulation
part of this chapter. A natural question is can we find a procedure to enhance the stability
of their estimators?

Besides these procedures specially designed for the changepoint detection problem in
exponential families, detecting changes in the characteristics of a sequence of observed ran-
dom variables has a long history and experienced a renaissance in recent years boosted by
a flourishing development in bioinformatics (e.g. Olshen et al. (2004), Huang et al. (2005),
Tibshirani and Wang (2007), Zhang and Siegmund (2007) and Muggeo and Adelfio (2010)).
It also has attracted attention from other fields including climatology (e.g. Reeves et al.
(2007) and Gallagher et al. (2013)), financial econometrics (e.g. Spokoiny (2009)) and
signal processing (e.g. Blythe et al. (2012) and Hotz et al. (2013)), among many others.
Within the regime of univariate mean changepoint detection, theoretical analysis has been
established recently by Verzelen et al. (2020) and Wang et al. (2020). A recently selective
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review of the related literature can be found in Truong et al. (2020). We only mention some
representative procedures here. Scott and Knott (1974) proposed a binary segmentation
(BS for short) method to detect the changes in means. A modified procedure circular bi-
nary segmentation (CBS for short) was provided by Olshen et al. (2004) and then a faster
algorithm was given in Venkatraman and Olshen (2007) which has achieved a big success
in genome analysis. Later, to enhance the robustness to departures from standard model
assumptions, another method (denoted as cumSeg in the sequel) had been tailor-made
by Muggeo and Adelfio (2010) to detect changes in genomic sequences. To reduce the
complexity for computation, the pruned exact linear time method was proposed (PELT
for short) by Killick et al. (2012) where they also showed PELT leads to a substantially
more accurate result than BS. Wild binary segmentation (WBS for short) is an approach
proposed by FryzZlewicz (2014) based on a development of BS and it becomes quite popu-
lar nowadays due to its nice performance and easy implementation. Aimed at improving
SMUCE (Frick et al. (2013)) especially under the situation with low signal-to-noise ratio
or with many changepoints compared to the length of the observations, Li et al. (2016)
proposed an alternative multiscale segmentation method (denoted as FDR in the sequel)
by controlling the false discovery rate of the whole segmentation. In the direction of being
robust in the presence of outliers, Fearnhead and Rigaill (2019) proposed an algorithm
(denoted as robseg in the sequel) based on the idea of adapting existing penalized cost
methods to some loss functions which are less sensitive to the outliers. Two examples
of the loss functions to which their procedure applies are Huber loss and biweight loss.
In practice, based on the same observations, different approaches mentioned above may
give different estimators. As it was point out by the comparison study in Fearnhead and
Rigaill (2020), it is rather rare that one particular method uniformly outperforms another.
Given so many experts’ suggestions, a realistic and also interesting question is which one
we should pick? Or in another word, can we let the data decide the preference of several
(possibly random) estimators case by case?

These three problems mentioned above are the main motivations to propose the content
in this chapter. In fact, we shall see that all of them can be solved simultaneously by an
estimation strategy based on a data-driven estimator selection (denoted as ES in the
sequel). More precisely, given the observations X = (Xi,...,X,), we assume to have
at disposal an arbitrary but at most countable collection of piecewise constant (possibly
random) candidates for the potential regression function 4* mapping # into J written
as T = {7:(X), A € A}. The dependency of each candidate in T on the observations
X can be unknown. We design an algorithm to compare these candidates in r pair by
pair based on the same observations X and let the data choose the desired one denoted
as 45(X) (or 45 for short). Once obtaining 75, our estimator of Q* is given by Ry, =
(R:/X, e
an estimator of 4* though we know that such a 4* may not necessarily exist. It is also

R‘AY;) € &y = 27, With a slight abuse of language, sometimes we also call 5
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worthy to emphasis hereby that besides the independence, we assume nothing about the
distributions of the covariates W; which therefore can be unknown.

To evaluate the performance of the selected estimator R,AYX, we need to introduce a
loss function and we use the same Hellinger-type (pseudo) distance h on £y defined
by (2.2.2) as we do in Chapter 2 and 3. In particular, in the context of changepoint
detection problem in exponential families where W; are deterministic, the loss function
h is nothing but the sum (from i = 1 to n) of the Hellinger distance between each two
probabilities. From this point of view, unlike the typical methods detecting changes for
some parameter of a distribution (for example detecting changes in means for Gaussian
and Poisson distributions), our approach validates the changes along the sequence if there
are abrupt variations with respect to the distribution.

The remainder of this chapter is organized as follows. We present our estimator selec-
tion procedure as well as the theoretical properties of the resulting estimator in Section 4.2.
In Section 4.3, we explain how to apply this procedure to changepoint detection problem
in exponential families. Section 4.4 is devoted to a comparative simulation study for il-
lustrating the practical performance of the selected estimator. The performance on two
real datasets (DNA copy numbers and British coal disasters) is exhibited in Section 4.5.
Finally, all the proofs in this chapter are left to Section 4.6 and information about the

testing signals we used in Section 4.4 is provided in Section 4.7.

4.2 Estimator selection strategy

As already mentioned, given the observations X = (X1,..., X)), we assume that we have
at disposal an at most countable (possibly random) candidates T = {F,(X), A € A}
for 4*, where for each A\ € A, ¥4, is piecewise constant on #'. This r may contain
the estimators based on the minimization of some criterions, estimators based on Bayes
procedures or just simple guesses by some experts. The dependency of these estimators
with respect to the observations X can be unknown. Our goal is to select some 75 (X)
among the family T' = {,(X), A € A} based on the same observations X such that the
risk of our estimator is as close as possible to the quantity infycp E [hQ(Q*, R,Ah)].

4.2.1 Estimator selection procedure

Let M be a finite or countable set of partitions on #". We begin with a family of collections
{T),, m € M} indexed by the partition m on #', where for each m € M, I';,, stands for
an at most countable collection of piecewise constant functions on # with values in J
based on the partition m. Setting the notation I' = U,,,e mIT'iy, we assume the family of
(possibly random) candidates T' = {7,(X), A € A} for v* (may not exist) with values
in I'. This is to say, for each A € A, there is a (possibly random) partition m(\) € M
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such that 4, € 'z (y). For any v € T, we define M(v) = {m € M, v € T'y,}, therefore
naturally we have m(\) € M(5,). Let A(-) be a map from M to Ry = [0, +00). For each
m € M, we associate it with a nonnegative weight A(m) and assume the following holds

true.

Assumption 4.2.1. There exists a positive number > such that

D= e 8 < too, (4.2.1)
meM
We remark that when ¥ = 1, the weights A(m) define a prior distribution on the
collection of partitions M, which gives a Bayesian flavour to our selection procedure.
Given two partitions mq,mo € M, we define a refined partition mi V ms on # gener-

ated by mq, mo as
m1Vm2:{KlﬂK2|K1 € my, Ko € my, KlﬂKQ?é@}.

For any partition m on %', we denote the number of its segments by |m|. To define our

selection procedure, we also make the following assumption on the family M.

Assumption 4.2.2. There exists some constant a > 1 such that |my V ma| < a(jmq| +

|mal), for all my,my € M.

We give some examples of the family M here such that Assumption 4.2.2 holds true.
When # is either R or some subinterval of R, for any finite or countable family M of
partitions on #, it is easy to observe that Assumption 4.2.2 is satisfied with a = 1.
Another example can be the nested partitions, i.e. the family M is ordered for the
inclusion. In this situation, my V msy either equals to my or ms so that Assumption 4.2.2
also holds true with @ = 1. Besides, when # = [0, 1)d with d > 2, a specific example
satisfying Assumption 4.2.2 with a = 2 has been introduced in Example 3 of Baraud and
Birgé (2009).

Our selection procedure is based on a pair-by-pair comparison of the candidates, where
the selection mechanism is inspired by a sequence of work of the p-estimation (see Baraud
et al. (2017) and Baraud and Birgé (2018)). However, we generalize the comparison device
into the situation where the elements in T can be random. Let us first recall the monotone

increasing function ¢ from [0, 4+o00] into [—1,1] defined in (2.3.1) as

-1

T, 20, 400),
v(a)=q o+l

1 , T = -o00.

For any ~,~’ € T, we define the T-statistic as

T(X.7.7) = Y 0 ( ”“W”(m)

i—1 T"Y(Wz)(}/l)
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with the conventions 0/0 = 1 and a/0 = +oo for all @ > 0. Let D,, be a map from M to
R defined as, for any m € M,

Dy(m) = |m) [9.11 +1log, <|:1|>] ,

where log, () = max {log(x),0}. We define the penalty function from I'" to Ry such that
for all v € T,

pen(y) > Cy <2a + ;) mei}\l/]l?('y) [Dy(m) + A(m)], (4.2.2)

where Cy > 0 is a universial constant. For each A € A, we set

v(X, 7)) = swp [T(X, 7, 7x) = pen(Yy)] + pen(3,).
‘e

We select 45 as any measurable element of the random (and non-void) set

E(X) = {ﬁA €T such that v(X,5,) < )\inf/’\v(X,‘/f/X) + 1} . (4.2.3)
‘e

The final selected estimator R5_ of Q* is given by Ry = (RQA, cee R,AYA).
A A A A
We comment that the number 1 in (4.2.3) does not play any role, therefore can be
substituted by any small number § > 0. We choose § = 1 here just for enhancing the legi-
bility of our results. Moreover, to improve the performance of the selected estimator RAX7
the choice of a 75 such that v(X,75) = infyep v(X, 7)) should be preferred whenever

available, which is the case when T is a finite set.

4.2.2 The performance of the selected estimator

In this section, we establish non-asymptotic exponential inequalities of deviations between

the selected estimator Rs._. and Q*.

s
Theorem 4.2.1. Under Assumption /.2.1 and 4.2.2, whatever the conditional distribu-
tions Q* = (QF,..., Q) of Yi given W; and the distributions of W, there exists a uni-
versal constant Cy > 0 such that the selected estimator R,AYXAgz'ven by the procedure in
Section 4.2.1 among a family of (possibly random) candidates T' = {7,(X), A € A} based

on the observations X = (X, ..., X,) satisfies for any £ > 0, on a set of probability larger
than 1 — ¥2e~¢

h*(Q",Ry,) < inf [h?(Q", Ry, ) + cpen(Fy)] + s (1471 +6). (4:24)
where ¢c; = 91.4, co = 42.7 and c3 = 12666.9.

The proof of Theorem 4.2.1 is postponed to Section 4.6. We hereby give a short

discussion for the numerical constant Cj in the penalty function (4.2.2). In the proof
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of Theorem 4.2.1, we show that there does exist a numerical constant Cy > 0 such that
for all the penalties satisfying (4.2.2), the procedure defined in Section 4.2.1 results in a
selected estimator fulfilling the performance stated in Theorem 4.2.1. Unfortunately, this
theoretical constant Cj turns out to be quite large and we do not have enough information
about the smallest value of Cy which validates the non-asymptotic exponential inequalities
in (4.2.4). In practice, when we implement our estimator selection procedure we regard
this Cy as a tuning parameter instead of using the theoretical value. For this point, we
will make it more clear in the simulation study, where it also turns out the value of Cy in
theory seems to be too pessimistic.

To comment on the performance of the selected estimator further, we integrate (4.2.4)

with respect to £ and obtain the following risk bound.

Corollary 4.2.1. Under Assumption 4.2.1 and /.2.2, whatever the conditional distri-
butions Q* = (QF,...,Q}) of Y; giwven W; and the distributions of W;, there exists a
universal constant COA> 0 such that the selected estimator RAX given by the procedure in
Section 4.2.1 among T’ = {7,(X), A € A} satisfies

E [h2(Q*7Ra;)} <E [

< )I\Ieljf\ {]E [Cth(Q*, R5,) + CQpen(:)?A)]} +c3 (22 + 1.471) .

;\rellf\ (c1h*(Q*, Rs,) + c2pen(¥,)) | + c3 (22 +1.471)
In particular, if the equality in (4.2.2) holds,
B [0(Q" Rs)| < Cos juf {E[W(Q R )] +EEA} . (125)

where for all A € A,

n
E®,) = inf m| | 9.11 +lo <>>+Am}
G = ot il (o:01-+10s (7)) + Al

n
and
_ 1\ 3 (3% +1.471)
COmE = |eCy <20& + 2> + 911 Veq.

The result in (4.2.5) compares the risk of the selected estimator Rgi to those of Ry,
plus an additional nonnegative term E [Z(5,)]. One nice feature of this approach implied
by (4.2.5) lies in the fact that the risk bound does not depend on the cardinality of the set
T'. This entails that if we enlarge the collection of our candidates by keeping M unchanged
(so that A(m) will not change), the risk bound for the selected estimator only decreases
over the larger collection of candidates. On the other hand, our procedure is based on
O(|T|?) times of pair-by-pair comparisons. Therefore, the payment for enlarging set T is

the computation time.
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The risk bound (4.2.5) in Corollary 4.2.1 also accounts for the stability of our selection
procedure under a slight misspecification framework. To illustrate, let us first consider the
ideal situation where Q* = Ry+» = (R+,..., Ry+) with v* a piecewise constant function
based on the partition m* of #. We denote I',,» the class of all piecewise constant
functions with values in J C R based on the partition m* and assume for simplicity
T = I+, where Iy« stands for a dense (for the topology of the pointwise convergence)
and countable subset of T',,«. Taking A(m*) = 0, we deduce from (4.2.5) that the estimator

R5 based on the selection among I';,+ satisfies

E [h2(R4+, R5)] < C|m*| [1 +log, (”ﬂ : (4.2.6)

|m*|

where C' is a numerical constant. As we have seen in Chapter 2, up to a logarithm
term, the right hand side of (4.2.6) is of the expected order of magnitude |m*| for the
quantity hQ(R,y*,R,Ay). If it is not the ideal case, an approximation error h?(Q*, &,,)
with &, = {R, v € '+ }, will be added into the right hand side of (4.2.6) according to
(4.2.5). However, as long as this bias term remains small, the performance of our selected

estimator will not deteriorate too much as compared to the ideal situation.

4.2.3 Connection to model selection

The work done in this chapter differs from the corresponding result (3.2.7) given by model
selection procedure in Chapter 3. In fact, one can regard Corollary 4.2.1 as a more general
result of the one in Chapter 3. We illustrate this connection as follows.

We consider the particular application of our selection procedure in the context of
model selection. For simplicity, let the equality holds in (4.2.2). We take A = {1,...,|T'|}
which is the index set of all the functions belonging to I' = UpepmIy, so that in this
case, I=T-= {7vx, A € A} is a collection of deterministic candidates. Moreover, for each
A € A, there exists a deterministic m(\) € M such that v, € I';,,(\). Let us denote
2, = {Ry, v €Ty}, for each m € M. We can immediately deduce from (4.2.5) that
the estimator R4 based on the selection among the family {I',,, m € M} satisfies

E [0*(Q" R5)] < Cax inf [h%(Q",2m) + Du(m) +A(m)],

which is, up to constants, the result (3.2.7) in Chapter 3 when one takes I',, as the
collection of piecewise constant functions on #. The difference is the model selection
procedure, on the one hand, does not require Assumption 4.2.2 to be satisfied and can
be applied to other types of models to approximate the potential v* besides piecewise
constant ones. On the other hand, when the number of models becomes large, model
selection strategy is more of theoretical interest due to its expensive numerical cost. The

estimator selection strategy, however, allows to deal with random partitions which can be
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obtained for example from dynamic programming algorithm (see Rigaill (2015)) or CART
algorithm (see Breiman et al. (1984)). Efficiently reducing the cardinality of f, these algo-
rithms together with our estimator selection procedure take the model selection strategy
into practice. Moreover, the idea that selecting among random candidates set makes the

selection between estimators given by different model selection strategies possible.

4.3 Application to changepoint detection in exponential fam-

ilies

In this section, we consider the application of our estimator selection procedure to change-
point detection problem in exponential families. In such a context, people usually as-
sume the exponential family 2 = {R,, v € J} has been parametrized in its natural form
which entails u is taken as the identity function in (2.3.12). We observe a sequence Y =
(Y1,...,Y,) with values in #" and assume that there exists a vector v* = (77,...,75) € J"
with N — 1 changepoints, N > 1 such that within each segment, the values of v* remain
a constant and for each 7 € {1,...,n}, the distribution of Y; is given by R.,:. This
corresponds to the situation in our setting when W; = (i — 1) /n are deterministic, for all
i €{l,...,n}sothat # = [0,1) and the function v* : [0,1) — J C R is a right-continuous
step function with N > 1 segments. For a consistency with the former paragraphs, we
take W; = (i — 1)/n throughout this section and use the function notation 4* rather than
the vector v* € J" in the sequel.

For each 1 < k < n, let My, stand for the collection of all possible partitions of the
sequence 1,...,n into k segments and denote M = Uj<p<, Mj. In changepoint detection

problem, for each m € M, we assign its weight as

A(m) = log <‘;’__11> +ml. (4.3.1)

With (4.3.1), a basic computation leads to ¥ = >°  _\ exp[-A(m)] < 1/(e — 1) which
entails Assumption 4.2.1 is satisfied. Moreover, since # = [0,1) C R, for any m1, ms € M,
|m1 V ma| < |mi|+ |me| — 1, Assumption 4.2.2 also holds true with o = 1.

Supposing that we have a finite collection of (possibly random) piecewise constant
candidates T' = {,(X), A € A}, we associate each ¥, (X) with the penalty

pen(3,) = K {mmy {10.11 +log (W”A)‘ﬂ + log Q%&;’ " 1) } ,

where kK = 2.5C) is the parameter to be tuned later. Once the value of & is given, our

estimator selection procedure can be implemented by running Algorithm 2.
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Algorithm 2 Estimator selection

Input:
X = (Xy,---,X,): the observations.
Output: 75
. Collect T' = {J,, A € A} based on X.

1

2: for A € A do

3 v(X,7,) ¢ supyen [T(X, 71, Ax) — Pen(yy)] + pen(7,).
4: end for

5 A argminyc, v(X,7,).

6: Return 7.

4.3.1 Calibrating the value of k

We take x = 0.08 uniformly over all the exponential families. The reason for this choice
of k is explained in this section.

The idea to calibrate the value of k is rather simple. Roughly speaking, we first
simulate data of size n and prepare a collection of candidates T' which can be done by
running the algorithm in R package Segmentor3IsBack (implementing the procedure
proposed by Cleynen and Lebarbier (2014, 2017)). Then we take different values of
to design our penalty and obtain a sequence of the selected 'Ayn 5 among T associated to
various k. For each value of xk, we repeat the experiment in ea76h simulation setting 100
times and finally evaluate the risk E [hz (Q*, R'AYN,X)] of the selected estimator R'AYK,X by
its empirical mean, namely we compute

100

)=ty [ (e )]

=1

where 'T/f_i 5 s the [-th realisation of the selected estimator associated to a fixed k.

Simulating data

The experiments have been done for three models: Gaussian, Poisson and exponential
changepoint detection.

Let v* be piecewise constant on [0,1) with N segments and Q* = R,+. For each
model, we design the experiments under three settings where for all the settings n = 500,
but N =5, N =10 and N = 20 respectively. For all the three settings, the changepoints
are uniformly located, i.e. every 100 data-points for the first setting, every 50 data-points
in the second setting and every 25 data-points in the third setting.

— Under all the settings of Gaussian model, for 1 < ¢ < n, if Y; locates at the j-th
segment with 1 < j < N, Y; follows a Gaussian distribution with mean (j+ 1)/2, variance

o2 =1.
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Figure 4.1: The 1st graph (top) corresponds to one profile of the simulated data (dots)
and v* (solid line) for Gaussian model; The 2nd graph (middle) corresponds to one profile
of the simulated data (dots) and exp(y*) (solid line) for Poisson model; The 3rd graph
(bottom) corresponds to one profile of the simulated data (dots) and 1/~4* (solid line) for

exponential model.

— Under all the settings of Poisson model, for 1 < ¢ < n, if Y; locates at the j-th
segment with 1 < j < N, Y; follows a Poisson distribution with mean j which means ~*

takes value log(j) on the j-th segment.

— Under all the settings of exponential model, for 1 < i < n, if Y; locates at the j-th
segment with 1 < j7 < N, Y; follows an exponential distribution with natural parameter
0.015.

Figure 4.1 exhibits one example of the simulated data (when N = 10) and the true

value of the regression function 4* (or a suitable transformation of 4*) on each segment.

Collecting candidates in r

In the work of Cleynen and Lebarbier (2014, 2017), they solved this problem by a model
selection procedure via some suitable penalty function based on the partitions given by
the pruned dynamic programming algorithm (PDPA for short) proposed by Rigaill (2015).
Given Npax the maximum number of segments for consideration, for each integer A with
1 < A < Nuax, PDPA searches the optimal partition with exact A segments. We set
Nmax = 30 hence 30 partitions of the sequence 1,...,n are returned by PDPA. Provided
a partition, the value of v* on each segment is given by MLE as in Cleynen and Lebarbier
(2014, 2017). By doing so, we collect 30 candidates which we denote as T'; = {A\,1 <
A < Niax}-
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Results

Under each setting of all the three models, one experiment means we simulate n = 500
observations with IV segments based on the corresponding v* introduced in Section 4.3.1.
We then select the estimator among the candidate ones T, by Algorithm 2 via the penalty
functions associated to different values of k. Finally we observe the quantity En(‘/)\/iC )
and regard it as the criterion to calibrate a suitable value of k. The results for all ni7ne
settings are shown in Figure 4.2, where the horizontal axis represents the values of £ and

~

the vertical indicates the quantity R, (5, +).
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Figure 4.2: Enﬁﬁg) with respect to x under nine settings.

In Figure 4.2, the quantities ﬁnﬁﬁ 5) under all nine settings have a tendency to first
decrease and then increase with respéct to the increasing of k, which is consistent to
the theoretical results. When « is too small, the penalty function is relatively small for
the complexed models therefore the overfitting issue may happen. However, when k is
too large, the penalty function is excessively large for the complexed models which will
cause an overpenalization. Moreover, the minimizers of x for the quantities }A%n(:)\/,_ﬂv X)
in all nine settings are close to each other and all concentrate within a short inter\,fal

[0.05,0.1]. From the slope in all nine settings, we observe that overfitting issue will cause
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a more seriously negative influence to the accuracy than overpenalization. Considering the
optimal performance of all the settings and also being safe with respect to overfitting, we
choose x as the largest minimizer of ﬁn(ﬁﬁ 5) among nine settings which approximately

equals to 0.08 and implement our procedure with x = 0.08 in later studies.

4.4 Simulation study and discussion

Throughout this section, we carry out a comparative simulation study with the state-of-
art competitors available in R packages for changepoint detection problem in exponential
families. Unless otherwise specified, the competitors are implemented under the default
settings in their packages. For Gaussian model, some of our competitors use the estimated
value of the standard deviation o. To make the comparison as fair as possible, we also
implement the median absolute deviation estimator for ¢ while running our procedure,
which is the one adopted in Killick et al. (2012) and Fearnhead and Rigaill (2019).

To evaluate the performance of an estimator, besides the empirical risk ﬁn() obtained
from replications, we also record N — N which computes the difference between the esti-

mated number of segments and the truth for each replication.

4.4.1 Accuracy

In this section, we study the changepoint detection problem for Gaussian model where nu-
merous literature can be found tackling this issue. We construct our candidates set Tasa
collection of some cutting-edge estimators with implemented R packages and these ones are
also regarded as the competitors of our estimator ES. More precisely, the competing pack-
ages we consider are: PSCBS, which implements the CBS procedure proposed in Olshen et
al. (2004); cumSegq, which performs the method given by Muggeo and Adelfio (2010);
changepoint, which implements the PELT approach provided by Killick et al. (2012);
StepR, which implements the SMUCE given by Frick et al. (2013); Segmentor3IsBack,
which implements CL proposed by Cleynen and Lebarbier (2014, 2017); wbs, which imple-
ments the wild binary segmentation methodology proposed in Fryzlewicz (2014); FDRSegq,
which implements the approach given in Li et al. (2016); robseg, which implements the
procedure proposed by Fearnhead and Rigaill (2019). We would like to study the perfor-
mance of our estimator ES based on the selection among these state-of-art ones.

We follow the test signals considered by Fryzlewicz (2014) and then by Fearnhead and
Rigaill (2019) which involves 5 different formats of signals with length from n = 140 to
2048: (1) blocks, (2) fms, (3) mix, (4) teethl0 and (5) stairsl0. The specific
settings of these signals including the sample sizes and noise standard deviations are given
in Appendix B of Fryzlewicz (2014). Following the experiments done in Fearnhead and
Rigaill (2019), we also consider an additional signal setting by changing the standard
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deviation of (2) fms from 0.3 into 0.2, which is also one of the settings studied in Frick
et al. (2013). An example of one profile of the simulated data and the underlying signals
~* are plotted in Figure 4.3. For each signal, the experiment has been replicated 1000
times. The results are shown in Table 4.1. The performance of each estimator is stated

as follows.
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Figure 4.3: The six signals (solid line) and simulated data (dots).

CBS and cumSeg. The CBS and cumSeg in general behave poorly compared with
other procedures. The CBS only has satisfactory performance of detecting changes for
blocks and fms (o = 0.2) but it turns out CBS always results in a relatively large ﬁin()
Except acceptable performance for fms (o0 = 0.2) and stairs10, cumSeg always tends
to underestimate the number of changes and also yields an estimator with quite large
empirical risk.

PELT. The PELT has excellent performance for both of the fms signals and stairs10.
For blocks signal, it is above the average but does not belong to the first class among
all. As for mix and teethl10, it performs rather average.

SMUCE. The SMUCE has very excellent performance for fms (o = 0.2). However, it
behaves poorly for all the other signals.

CL. The CL has nice performance for teeth10. For blocks and mix, its performance

is satisfactory though not belonging to the first class. For both of the fms signals, it
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N — N
Method Sigmnal -1 o 1 b=} 72,,(-) Contribution
s blocks 0.005 0.656 0.055 0.006 5.61 4+ O.12 -
CI3S bloclks 0.006 0O.575 0.1841 O0.115 T.-57 4+ O.14 0.000
cumSog bloclks 0.011 0.001 O0.000 15.71 +— 0O.10 0.000
i S S} IV By bloclks ).389 0O.574 0.020 0.003 5.69 &= O.11 0.035
SMUCTS bloclks 0.94140 0.060 0.000 0.000 0.000 16.02 += 0.37 0.010
L) ) blocks 0.010 0.595 0.035 0.004 5.67 4+ O.12 0.533
WIS sS1C blocks 0.021 0O.532 0.032 0.003 G.11 == O.13 0.013
FIDR (cv — 0.05) blocks 0.00s 0. 478 0.059 0.00s G.15 + O.13 0.332
robseg(Huber) blocks 0.0041 0. 674a 0.072 0.016 5.84 4+ O.12 0.063
robseg (biweight) bloclks 0.020 O.404 0.553 0.017 0.001 5.88 4+ O0.12 O1 -
fims(0.3) 0.00s8 0.0cC O0.915 0.069 0.006 2.16 = 0.07 -
fims(0.3) 0.007 0.012 0. 796 0.139 0.046 5.10 = 0.09 0.000
cumSeg finms(0.3) 0. 706 0.041 0.224 0.02s 0.001 T.O7 4= O.4aa 0.000
PPEILIT finms(0.3) 0.007 0.003 O0.922 0.061 0.007 2.15 4= 0.0 0.054
SMUCE finms(0.3) 0.074 0.537 0.3833 0.001 0.000 5.15 &= 0.1 0.293
faa) ) fims(0.3) 0.002 0.001 0.837 O0.119 0.011 2.28 4+ 0.08 0O.199
WIS sSI1C? fims (O D 0.007 0.003 0. 933 0.018 0.009 2.26 4+ 0.08 0.00s
FIDR (cv — 0.05) fims (O D 0.001 0.027 O0.879 0.076 0.017 2.28 4+ 0.09 0.41409
robseg(FHHuber) fims(0.3) 0.001 0.001 0.825 0.130 0.0 2.37 4+ 0.08 0.007
robseg(biweight) fims(0.3) 0.013 0.005 0.928 0.049 0.005 2.23 4+ 0.08 0.030
s fims(0.2) 0.000 0.000 0.923 0.071 0.006 1.61 = 0.06 -
i3S fims(0.2) 0.000 0.000 O.871 0.086 0.043 5.79 4= O0.07 0.000
cumSess fims(0.2) 0.094 0.009 0.812 0.083 0.00=2 5.19 4= 0O.22 0.002
S E) IV By fims(0.2) 0.000 0.000 0.929 0.060 0.011 1.59 = 0.06 0.022
SMUCES fims(0.2) 0.000 0.001 0.994a 0.005 0.000 1.49 = 0.06 O.734
L) ) fims(0.2) 0.000 0.000 0.834140 0.128 0.032 1.74 = O0.07 0.102
fims(0.2) 0.000 0.000 0.945 0.050 0.0cC 1.65 = 0.06 0.003
FIDR(cv — 0.05) fims(0.2) 0.000 0.000 0O.871 0.103 0.026 1.66 = 0.06 0.115
robscg(Huboer) fims(0.2) 0.000 0.000 0.330 0.135 0.035 1.83 &= 0.07 0.00s
robscg(biweight) fims(0.2) 0.000 0.000 0. 937 0.058 0.005 1.63 = 0.06 0.0141
s i 0.2641 A3 O.43a 0.056 0.003 5.91 4+ O.12 -
3 i 0.31 0.324 0.109 0.053 11.18 = O0.17 0.000
cumSes Trisc O.999 0.001 0.000 0.000 0.000 32.61 += 0.92 0.000
PEILT Trisc 0.375 0.270 0.321 0.032 0.002 G.11 4+ O.12 0.070
SMUCES ESSE RS 0.922 0.076 0.002 0.000 0.000 12.59 +— 0O0.42 0.042
Lan) iz 0.305 O.24-4 0.390 0.053 0.008 G.04 4+ O.12 0.585
WIS sS1C iz 0O.342 0.269 0.351 0.032 0.006 5.99 = O.12 0.029
FIDIR (v — 0.05) i O.411 0.358 0.181 0.038 0.012 6. 71 4 O.13 0O.190
robseg(Huber) Trisc 0.209 ). 240 O.442 0.08s3 0.019 G.10 = O.12 0.051
robseg(biweight) i 0.41403 0.2641 0.0cC 6G.30 4= O.12
= teaeth10 0.215 0.025 O. 721 0.037 0.002 5.69 4+ O.24 -
I3S teeth 10 0.999 0.000 0.001 0.000 0.000 24.69 4+ 0.07 0.000
cumSes; teeth 10 1.000 0.000 0.000 0.000 0.000 24.85 4+ 0.01 0.005
PELT teeth 10 0.274 0.029 0.657 0.037 0.003 G.03 = O.24 0.090
teeth 10 0.9841 0.013 0.003 0.000 0.000 20.11 + 0O.22 0.003
teeth10 0.029 0.013 0. 679 0.204 0.075 A.7T1 4= O.13 0.321
0.067 0.021 0. 752 0.120 0.010 5.30 &= 0.26 0.010
FIDR (cv — 0.05) 0.309 0.135 0.508 0.0410 0.008 T.68 += 0.32 0.356
robseg(FHuber) teaeth10 0.105 0.026 O.7aA8 0.102 0.019 4.94 4+ O0.15 0.016
robseg(biweight) teeth 10 0.318 0.028 0.635 0.019 0.000 G.31 = 0.25 0.199
s stairs10 0.00 0.004 0.949 0.0441 0.003 3.33 4+ 0.09 —
CI3S stairs10 0.012 O0.172 0. 789 0.027 0.000 13.81 += 0.16 0.000
cumSaog stairs10 0.024 0.090 0.8319 0.067 0.000 S2.61 4+ O.24 0.000
i S E) U By stairs10 0.000 0.004 0.955 0.039 0.002 3.32 4+ 0.09 0.017
SMUCTES stairs10 D.801 O0.137 0.062 0.000 0.000 22.26 + 0.58 0.050
I 0.000 0.001 0.768 O.1834 0.047 B3.50 = 0.09 0.178
W3 sSSITC stairs10 0.000 0.001 0.603 0.301 0.090 3.91 4+ O.10 0.0041
FIDR(cv — 0.05) stairs10 0.002 0.0283 0.896 0.053 0.021 B3.57 4= O.12 O0.703
robseg(Huber) stairs10 0.000 0.000 0.867 0.110 0.023 3.145 4+ 0.09 0.006
robsceg(biweisght) stairs10 0.000 0.005 0.964 0.031 0.000 3.36 4+ 0.09 0.04142

Table 4.1: Frequencies of N — N and R, (+) of ES and its competitors for Gaussian model

over 1000 simulated sample paths. Contribution denotes the frequency of each competitor

being selected as ES. Bold: highest empirical frequency of N — N = 0 and those with

frequencies within 10% off the highest. The uncertainty is obtained by computing 25/ /n,

where 52 is the empirical variance and n, is the number of replications.
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shows rather average performance. The CL does not behave well for the stairsl0
signal where it tends to overestimate the number of changes compared to other methods.
Let us remark here that the performance of CL in our simulation study is better than
the corresponding context in Fryzlewicz (2014). This is because when implementing the
package Segmentor3IsBack, users need to set the maximum number of segments Nyax.
We set Npax = 20 for all the six signals considering the maximal number of changepoints
(i.e. N—1) among six signals is 14 and they set Ny,ax = 15 which resulted in a systematical
underestimation of the number of changepoints for CL in their study.

WBS sSIC. We implement the package wbs combining the WBS method with the sSIC
stopping criterion which, as it has been shown in Fryzlewicz (2014), is the overall winner
compared to combining the WBS method with other thresholding stopping rules. The
WRBS sSIC has excellent performance for both of the fms signals and teeth10. However,
it performs rather average for blocks and mix. As for stairs10, the performance of
WBS sSIC is a little poor as a consequence of overestimating the number of changepoints.
Such a result has also been confirmed by the study of WBS sSIC in Fryzlewicz (2014).

FDR. The FDR with a = 0.05 performs well for fms (¢ = 0.3) and satirs10 signals.
For fms (o = 0.2), it has an average performance. But it behaves below the average under
other test signals.

robseg. We consider Huber loss and biweight loss when implementing the package
robseg which are the recommended ones (especially the biweight loss) according to Fearn-
head and Rigaill (2019). The robseg (Huber) performs excellently for blocks, mix and
teethl0. It behaves rather average for both of the fms signals and stairs10. The
robseg (biweight) performs excellently for both of the fms signals and stairs10. As for
blocks, mix and teethl0 signals, it performs rather average.

ES. As we can observe from the column named “Contribution” in Table 4.1, under
different test signals, our estimator selection procedure tends to allocate different pref-
erence to the candidates in T' based on their practical performance. For example, when
SMUCE shows obvious outperformance for the signal fms (o0 = 0.2), we select it with a
frequency 0.734 as our ES estimator. However, we automatically reduce the frequency to
select SMUCE as ES when it performs poorly under other signals but prefer some more
competitive ones. As a final result, the ES estimator shows a very competitive perfor-
mance under all the test signals. The interesting point is that this cannot be achieved
by any single candidate in T since as we have seen above, each of them only outperforms

others for some of the test signals but not all.

4.4.2 Stability when outliers present

As we have mentioned in the theoretical analysis part, our estimator selection procedure

possesses the stability when there is a slight departure from the presumption Q* = R~



4.4 Simulation study and discussion 127

with 4* being piecewise constant on # . One of the application scenario for this property
is when there is a small amount of outliers in the observations which has attracted more
attention recently in the changepoint detection. In this section, we test the practical
performance of ES as well as its competitors when outliers present. We take the signal
fms (o0 = 0.2) as an example since most of the existing methods behave rather well under
this signal. Based on this signal, we add outliers by randomly choosing five points among
the sequence of length n = 497 and modifying the values of them into 3. The results of

all the estimators are shown in Table 4.2.

N — N
Method Signal Outlier = —2 -1 o 1 = 2 7, () Contribution
=S fims(0.2) Yes 0.000 0.000  0.956 0.043 0.001 1.64 == 0.06 -

cBs fms(0.2) Yes 0.660 0.282  0.038 0.016 0.004 | 34.55 == 0.79 0.000
cumSeg; fims(0.2) Yes 0.801 0.056 0.083 0.021 0.039 16.96 = 0.51 0.000
PELT fms(0.2) Yes 0.000 0.000 & 0.000 0.000 1.000 7.27 = 0.07 0.000
SMUCE fms(0.2) Yes 0.000 0.000 & 0.000 0.000 1.000 8.02 =+ 0.11 0.000
CL fims(0.2) Yes 0.000 0.000 0.000 0.000 1.000 7.29 = 0.07 0.000
WBS sSIC fms(0.2) Yes 0.000 0.000 = 0.000 0.000 1.000 7.33 == 0.07 0.000
FDR(c = 0.05) fims(0.2) Yes 0.000 0.000 & 0.000 0.000 1.000 7.44 =+ 0.07 0.000
robseg (Huber) fms(0.2) Yes 0.000 0.000 0.000 0.000 1.000 7.51 = 0.08 0.000
robseg(biweight) fms(0.2) Yes 0.000 0.000  0.956 0.043 0.001 1.64 = 0.06 1.000

Table 4.2: Frequencies of N — N and R,(-) of ES and its competitors for fms (o =
0.2) signal with 5 outliers over 1000 simulated sample paths. Contribution denotes the
frequency of each competitor being selected as ES. Bold: highest empirical frequency of
N—N =0. The uncertainty is obtained by computing 20/,/n,, where 52 is the empirical

variance and n, is the number of replications.

We can observe from Table 4.2 that in such a scenario PELT, SMUCE, CL, WBS
sSIC, FDR and robseg (Huber) are all not robust with respect to the outliers and they all
overestimate the number of changepoints due to fitting the outliers. The CBS and cumSeg
still systematically underestimate the number of changepoints. It is not that surprising
robseg (biweight) proposed in Fearnhead and Rigaill (2019) is quite robust in this scenario
since it was designed to handle such an issue. It shows a very high frequency 0.956 to
recover the correct number of changepoints. Moreover, from the quantity of empirical risk
R, (), it turns out robseg (biweight) outperforms all the other candidates significantly
which also indicates an excellent performance of localising the changepoints as well as
estimating the value of 4* on each segment. Our selection procedure automatically gives
the preference to robseg (biweight) in this case with frequency 1.000 which confirms the

stability of our selection rule practically.

4.4.3 From Gaussian to Poisson and exponential models

As we have mentioned in Section 4.1, there are not too many work in the statistical litera-

ture addressing changepoint detection for Poisson and exponential models and establishing



128 Estimation by estimator selection with application to changepoint detection

a theoretical guarantee for the proposed estimator. The CL method proposed by Cleynen
and Lebarbier (2014, 2017)) performs a model selection procedure based on the partitions
given by Rigaill (2015) and they have proved the resulting estimator satisfies some oracle
inequality. Implementing their procedure, we find the R package Segmentor3IsBack
tackling both of Poisson and exponential models. Another approach is given by Frick
et al. (2013) with the R package StepR where algorithm is only available for Poisson

segmentation.

Recall that in Section 4.2.2, one feature of our selection procedure is enlarging the
(possibly random) collection T but keeping M unchanged, the risk bound for the selected
estimator only decreases (or at least keeps unchanged) over the larger collection. Therefore,
for Poisson and exponential models, besides CL and SMUCE (if available), we would like
to recruit some reasonable estimators into our candidates set . Although these estimators
do not exist in the literature and no quantitative or qualitative analysis for them, once
they are selected as ES by our selection procedure, the theoretical guarantee we built in
Section 4.2.2 indicates that, up to a constant, they perform better than the state-of-art
ones (CL and SMUCE).

One natural idea is to borrow the estimators for Gaussian model which is the case
intensively studied. Inspired by Brown et al. (2010) where they implemented a mean-
matching variance stabilizing transformation (MM-VST for short) to turn the problem
of regression in exponential families into a standard homoscedastic Gaussian regression
problem, we can perform a similar technique to the observations Y. For more details
of MM-VST, we refer to Section 2 of Brown et al. (2010). Let us remark that while
implementing MM-VST, we need to choose the value of m which corresponds to the
number of data-points binned for transformation. Although it turns out that for regression
problem, this m needs to be suitably chosen (see Section 4 of Brown et al. (2010)), we
do not want this pre-process step presumes any information of the segmentation as we
are in the context of changepoint detection. Therefore, we simply take m = 1 in their
transformation procedure and implement the formula Y, = QW for Poisson model
and Y/ = log(2Y;) for exponential model to derive new sequences of observations Y’ =
(Y{,...,Y,). We then apply the algorithms introduced in the last section to Y to get the
locations of changepoints. Based on these locations, we associate p-estimators introduced
in Chapter 2 to the estimated values of v* on each segment to improve the performance.
Recall that as we have seen in Section 2.5, under some suitable conditions and when
the model is exact, p-estimator recovers the accurate result given by MLE. Moreover,

it possesses more robustness compared to MLE when there is a model misspecification
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and/or data contamination. To conclude, the candidates set for Poisson model is given by
T = {SMUCE, CL, CBSY + p, cumSeg® + p, PELT? 4 p, WBS sSICY + p,

FDR! (a =0.05) + p, mbseg(Huber)t +p, 1r0bseg(bivveight)t + p} , (4.4.1)

where the character “t” indicates the procedure is implemented on the transformed data.
For exponential model, T is constructed the same as (4.4.1) except we change SMUCE to
SMUCE? + p since it is no longer available.

To investigate the performance of ES and the candidates in f‘, we mimic the test
signals fms and mix for Poisson model and teethl0 and stairslO for exponential
model. We also study the scenario when outliers present in the observations for the mimic
signals fms (Poisson) and teeth10 (exponential). We shall describe the specific settings
of these signals as well as how we add outliers in Section 4.7. Figure 4.4 exhibits the four

underlying signals together with one profile of the simulated data for each signal.

~ ~
Method Signal Outlier = 2 -1 (o) 1 = 2 (- Contribution

BES fims-type No 0.002 0.050 0.878 0.062 0.008 2.51 4+ 0.09 -
SMUCE fms-type No 0.288 0.528 0.184 0.000  0.000 6.21 = 0.19 0.184
(&3 9 fms-type No 0.000 0.046 0.854 0.082 0.018 2.54 == 0.10 0.725
oBst o fis-type No 0.030 0.254 0.546 0.131 0.039 5.34 == 0.11 0.000
cumsSeg? + p fms-type No 0.424  0.374 0.193 0.009  0.000 7.26 - 0.20 0.001
PELTY + o fis-type No 0.003 0.054  ©.867 0.062 0.014 2.56 == 0.10 0.015
WBS sSICt + o fis-type No 0.010 0.132 0.781 0.051 0.026 3.08 + 0.12 0.013
FDRY(cv = 0.05) + p fms-type No 0.288 0.528 0.184 0.000  0.000 5.97 = 0.18 0.000
robseg(Huber)t ++ o fins-type No 0.001 0.035  ©0.800 0.130 0.034 2.68 == 0.10 0.032
robseg(biweight)? + »  fins-type No 0.005 0.073  0.867 0.048 0.007 2.63 == 0.10 0.030

BES fms-type Yes 0.001 0.092 0.825 0.070 0.012 B3.78 &= 0O0.11 -
SMUCE fms-type Yeos 0.000  0.000 0.000 0.000 1.000 | 12.76 == 0.21 0.000
L fms-type Yes 0.000  0.000 0.000 0.000  1.000 8.58 = 0.11 0.000
cBst + p fims-type Yes 0.521 0.354 0.086 0.035 0.004 | 11.98 == 0.36 0.000
cumsSeg? + p fms-type Yes 0.795 0.164 0.038 0.003  0.000 | 12.01 = 0.28 0.009
PELTY + o fis-type Yos 0.000  0.000 0.000 0.000  1.000 8.45 4= 0.10 0.000
WIEBS SST(::L —+ fims-type Yes 0.000 0.000 0.000 0.000 1.000 8.82 + 0.12 0.000
FDRY (v 0.05) + p fms-type Yes 0.000  0.000 0.000 0.000 1.000 | 11.35 == 0.18 0.001
robscg(Huber)t ++ o fis-type Yos 0.000 0.008 0.048 0.062 0.882 6.13 = 0.13 0.053
robseg(biweight)t o fims-type Yes 0.000 0.092 0.839 0.066 0.003 3.74 -+ 0O.11 0.937

=S mix-type No 0.005 0.371 0.523 0.091 0.010 3.98 = 0.09 -
SMUCE mix-type No 0.128 0.828 0.044 0.000  0.000 4.67 4= 0.13 0.339
L mix-type No 0.014  0.439 0.466 0.071  0.010 3.99 =+ 0.09 0.481
(,TRSL Rl mix-type No 0.034 0.1448 0.358 0.122 0.038 13.39 + O0.11 0.000
cumsSeg? + p mix-type No 0.990 0.010 0.000 0.000 0.000 | 31.18 - 0.45 0.000
PELTY + o mix-type No 0.010 0.443 0.1466 0.071 0.010 4.03 == 0.09 0.027
WIS SST(::L —+ mix-type No 0.018 0.509 0.402 0.056 0.015 4.03 =+ 0.09 0.013
FDRY (v 0.05) + p mix-type No 0.128 0.828 0.044 0.000  0.000 4.67 4= 0.12 0.000
robseg(Huber)t + o mix-type No 0.003 0.293  ©0.530 0.149 0.025 4.15 4= 0.09 0.099
robseg(biweight)? 4+ » mix-type No 0.014  0.486 0.458 0.040 0.002 4.06 =+ 0.09 0.041

Table 4.3: Frequencies of N—N and ﬁn() of ES and its competitors for Poisson model over
1000 simulated sample paths. Contribution denotes the frequency of each competitor being
selected as ES. Bold: highest empirical frequency of N — N = 0 and those with frequencies
within 10% off the highest. The uncertainty is obtained by computing 26/,/n,., where o2

is the empirical variance and n, is the number of replications.

The results of Poisson model are shown in Table 4.3. Let us first comment the two
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Figure 4.4: (A) and (B): the test signals of the form exp(y*) (solid line) and simulated
data (dots) for Poisson model. (C) and (D): the test signals of the form of 1/~4* (solid

line) and simulated data (dots) for exponential model.

existing estimators in the literature, namely SMUCE and CL. In both of the scenarios
with or without outliers, the performance of SMUCE is quite poor at least under these
two test signals. When no outlier presents in the observations, SMUCE has a tendency
to underestimate the number of changepoints for both of the two signals fms—type and
mix-type. When there are outliers, SMUCE is sensitive to them therefore overestimates
the number of changepoints. The CL performs much better than SMUCE in the scenario
that no outlier presents in the observations but it is also not robust with respect to the
outliers. When no outlier presents, our estimator ES slightly improves the performance
of CL on detecting changes under both of the two signals. When the outliers present, ES

obviously outperforms CL as a consequence of enjoying the excellent performance given
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by robseg (biweight)t. Interestingly, we find that when there is no outlier presenting in
the observations, the combinations PELT' + p and mbsegt + p are perhaps nice choices

at least under these two signals.

The results for exponential model are shown in Table 4.4. Under the teeth-type
signal without an outlier, the ES obviously outperforms any single candidate by selecting
mainly from CL and robseg (biweight)JD + p. When there are outliers, robseg (biweigh‘c)t +
p is the best one among all and we observe that ES improves the frequency to select
robseg (bivveigh‘c)t + p as the final estimator so that finally ES achieves a competitive
performance compared to robseg (biweight)t + p and significantly outperforms the existing
estimator CL. For stairs—type signal, CL performs quite nice but ES still slightly

improves it by enjoying the contribution from other candidates in T.

N — N
Method Signal Outlier | = —2 -1 o 1 =2 () Contribution

BSs teeth-type No 0.327 0.077  0.468 0.106 0.022 | 7.69 &+ 0.25 -
CL teeth-type No 0.381  0.055 0.411 0.116 0.037 | 9.27 =+ 0.38 0.766
SMUCE! + p teeth-type No 0.998 0.002  0.000 0.000 0.000 | 20.29 =+ 0.14 0.000
cBst + p teeth-type No 1.000  0.000  0.000 0.000 0.000 | 22.52 + 0.06 0.000
cumSegt + p teeth-type No 1.000  0.000  0.000 0.000 0.000 | 22.56 -+ 0.05 0.000
PELTY + p teeth-type No 0.134  0.068 0.241 0.191 0.366 | 9.14 =+ 0.19 0.015
WBS sSICU + o teeth-type No 0.829 0.022  0.058 0.036 0.055 | 18.62 &+ 0.37 0.007
FDRU(cv — 0.05) + p  teeth-type No 0.998 0.002  0.000 0.000 0.000 | 20.30 =+ 0.14 0.000
robseg(Huber) + o teeth-type No 0.076 0.096  0.263 0.227 0.338 | 8.42 &+ 0.18 0.023
robseg(biweight)® 4+ p  teeth-type No 0.435 0.122  0.348 0.082 0.013 | 8.86 = 0.21 0.189

BS tecth-type Yes 0.383 0.082  0.303 0.151 0.081 | 9.38 & 0.25 -
cL tecth-type Yes 0.500 0.048 0.169 0.128 0.155 | 12.42 £ 0.42 0.534
SMUCE' + p tecth-type Yes 1.000 0.000  0.000 0.000 0.000 | 22.02 == 0.14 0.000
cBst + p tecth-type Yes 1.000 0.000  0.000 0.000 0.000 | 24.43 == 0.07 0.001
cumSeg?® + p tecth-type Yes 1.000 0.000  0.000 0.000 0.000 | 24.49 == 0.06 0.000
PELTY + o tecth-type Yes 0.090 0.069 0.131 0.162 0.548 | 10.48 =+ 0.18 0.023
WBS sSICt + o tecth-type Yes 0.908 0.014 0.017 0.024 0.037 | 21.82 &+ 0.32 0.008
FDRY(x = 0.05) + p  teeth-type Yes 1.000 0.000  0.000 0.000 0.000 | 22.02 == 0.14 0.001
robseg(Huber)' + o tecth-type Yes 0.090 0.074 0.202 0.222 0.412 | 9.37 =+ 0.18 0.105
robseg(biweight)! 4+ o teeth-type Yes 0.456 0.106 0.316 0.105 0.017 | 9.48 &+ 0.20 0.328

=S stairs-type No 0.000  0.000  0.923 0.067 0.010 | 2.09 + 0.08 -
L stairs-type No 0.000  0.000  0.907 0.075 0.018 | 2.10 =+ 0.08 0.977
SMUCE' + o stairs-type No 0.000 0.008 0.489 0.225 0.278 | 4.28 & 0.19 0.003
cBsSt 4+ p stairs-type No 0.006 0.134  0.594 0.193 0.073 | 6.27 =& 0.31 0.000
cumSeg?® + o stairs-type No 0.002  0.120 0.682 0.192 0.004 7.54 + 0.32 0.000
PELTY + o stairs-type No 0.000  0.000 0.032 0.041 0.927 | 6.56 &+ 0.18 0.000
WBS sSICY + o stairs-type No 0.000 0.003  0.456 0.094 0.447 | 4.63 =+ 0.17 0.001
FDRY(cv = 0.05) + p  stairs-type No 0.000 0.008 0.489 0.225 0.278 | 4.27 =+ 0.19 0.002
robseg(Huber)t + o stairs-type No 0.000  0.000  0.207 0.144 0.649 | 4.84 &+ 0.16 0.001
robseg(biweight)® 4+ p  stairs-type No 0.000  0.000 0.699 0.183 0.118 | 3.21 &+ 0.12 0.016

Table 4.4: Frequencies of N—N and én() of ES and its competitors for exponential model
over 1000 simulated sample paths. Contribution denotes the frequency of each competitor
being selected as ES. Bold: highest empirical frequency of N — N = 0 and those with
frequencies within 10% off the highest. The uncertainty is obtained by computing 25 /,/n,

where 52 is the empirical variance and n, is the number of replications.
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4.5 Real data examples

In this section, we apply our estimator selection procedure to two real datasets and in-
vestigate its performance. The first one is the observations of DNA copy numbers from
biological research where Gaussian model is considered to detect changes. The second one

is the British coal disasters dataset to which Poisson model is applied.

4.5.1 Detecting changes in DNA copy numbers

In normal human cells, it is well known that the number of DNA copies is two. As it
has been revealed by much work in biological research (see Albertson and Pinkel (2003)
and Redon et al. (2006) for example), the pathogenesis of some diseases including various
cancers and mental retardation is often associated to chromosomal aberrations such as
deletions, duplications and/or amplifications which finally result in the copy number of
DNA from such regions differs from the normal number two. Including microarray and
sequencing experiments, biologists have developed various techniques to measure DNA
copy numbers of selected genes on some genome and they record their experimental results
as a sequence of observations Y = (Y1,...,Y,). The interest lies in finding abrupt changes
in the means of the observations. To address this issue, we consider Gaussian model with
an estimated variance.

In R package jointseg (Pierre-Jean et al. (2015)), they provide two real datasets
GSE11976 and GSE29172 to resample from, where the truth of changepoints is already
known. However, since we do not have the information of the associated value on each
segment, it is impossible to compute the pseudo Hellinger distance between each estimator
and the truth. Note that for both GSE11976 and GSE29172 datasets, we need to choose
the tumour fraction when resampling from them. We consider the tumour fraction levels
0.79 and 1 for the dataset GSE11976 and the levels 0.7 and 1 for GSE29172 which turns
out to be the situations where the size of each jump at the changepoint is relatively large as
indicated in Figure 9 of Fearnhead and Rigaill (2019). Therefore, we can roughly evaluate
the performance of each estimator by its frequency of correctly estimating the number
of changepoints. Although our selection procedure can be applied in the scenario where
small amount of outliers present in the observations, as we have seen in Section 4.4 some
candidates in T are sensitive to the outliers. To avoid the phenomenon that an estimator
systematically underestimates the number of changepoints but due to the sensitivity to
outliers it accidentally gives a correct number of segments, we run a smooth procedure
on the data before applying all the estimation procedures by implementing the function
smooth.CNA from the famous R package DNAcopy. Moreover, since we have seen in the
simulation study that the performance of CBS and cumSeg is quite poor, we remove these
two estimators from our candidates set T' for simplicity. For each dataset and each level of

tumour fraction, we simulate 1000 profiles of length n = 1000 with 5 changepoints where
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the length of each segment is at least 20. The results are shown in Table 4.5. As one can
observe, among the state-of-art ones, robseg (biweight) is the best for correctly estimating
the number of changepoints on this dataset. By running a data-driven procedure to select
among the candidates set f‘, our selected estimator ES shows a competitive performance

in this situation as compared to the best one robseg (biweight).

N — N
Method Dataset Fraction = 3 -2 -1 o 1 2 = 3 Contribution
S GSIE11976 0.79 0.003 0.028 0.044 O. 771 0.108 0.031 0.015 -
PELT GSE11976 0.79 0.000 0.002 0.008 0.198 0.096 0.196 0.500 0.060
SMUCE GSE11976 0.79 0.004 0.021 0.124 0.391 0.203 0.139 0.118 0.147
I GSE11976 0.79 0.011 0.066 0.053 0.550 0.117 0.118 0.085 0.393
WBS sSIC GSE11976 0.79 0.005 0.031 0.066 0.508 0.066 0.174 0.150 0.100
FDR(x =— 0.05) GSE11976 0.79 0.000 0.005 0.011 0.096 0.056 0.126 0.706 0.020
robseg(Huber) GSE11976 0.79 0.001 0.012 0.022 0.569 0.193 0.110 0.093 0.121
robseg(biweight) GSE11976 0.79 0.002 0.046 0.045 0.778 0.102 0.019 0.008 0.159
ESs GSE11976 1.00 0.000 0.003 0.007 0.790 0.100 0.016 0.054 -
PELT GSE11976 1.00 0.000 0.000 0.000 0.243 0.067 0.195 0.495 0.046
SMUCE GSE11976 1.00 0.000 0.002 0.035 0.395 0.178 0.177 0.213 0.208
<L GSE11976 1.00 0.001 0.011 0.011 0.604 0.098 0.170 0.105 0.357
WBS sSIC GSE11976 1.00 0.000 0.003 0.008 0.536 0.060 0.225 0.168 0.075
FDR(cv — 0.05) GSE11976 1.00 0.000 0.000 0.004 0.138 0.059 0.126 0.673 0.018
robseg(Huber) GSE11976 1.00 0.000 0.002 0.004 0.559 0.163 0.126 0.146 0.155
robseg(biweight) GSE11976 1.00 0.000 0.010 0.006 0.794a 0.101 0.043 0.046 0.141
=S GSE29172 0.70 0.014 0.136 0.133 0.596 0.088 0.028 0.005 -
PELT GSE29172 0.70 0.003 0.027 0.054 0.210 0.139 0.181 0.386 0.089
SMUCE SE29172 0.70 0.016 0.112 0.307 0.247 0.176 0.087 0.055 0.099
L GSE20172 0.70 0.035 0.159 0.155 0.305 0.129 0.126 0.091 0.302
WIBS sS1C GSE29172 0.70 0.022 0.105 0.155 0.290 0.113 0.173 0.142 0.046
FDR(x — 0.05) GSE29172 0.70 0.003 0.024 0.075 0.133 0.112 0.133 0.520 0.032
robseg(Huber) GSE29172 0.70 0.007 0.068 0.087 0.533 0.163 0.092 0.050 0.224
robseg(biweight) GSE29172 0.70 0.018 0.168 0.153 0.597 0.052 0.012 0.000 0.208
=S GSE29172 1.00 0.000 0.005 0.003 0.828 0.093 0.051 0.020 -
PELT GSE29172 1.00 0.000 0.001 0.001 0.233 0.070 0.251 O.444 0.046
SMUCE GSE29172 1.00 0.000 0.004 0.044 0.416 0.193 0.199 0.144 0.185
T GSE29172 1.00 0.001 0.009 0.006 0.684 0.077 0.163 0.060 0.427
WBS sSIC GSE29172 1.00 0.000 0.006 0.009 0.576 0.051 0.230 0.128 0.070
FDR(x = 0.05) GSE29172 1.00 0.000 0.001 0.002 0.119 0.063 0.133 0.682 0.018
robseg(Huber) GSE29172 1.00 0.000 0.001 0.001 0.594 0.145 0.158 0.101 0.120
robsecg(biweight) GSE290172 1.00 0.000 0.007 0.006 0.833 0.098 0.043 0.013 0.134

Table 4.5: Frequencies of N — N of ES and its competitors for DNA copy numbers data.
Contribution denotes the frequency of each competitor being selected as ES. Bold: highest
empirical frequency of N — N =0 and those with frequencies within 10% off the highest.

4.5.2 British coal disasters dataset

To investigate the performance of ES for Poisson model in practice, we apply our pro-
cedure to British coal disasters dataset. This dataset is quite well-known in the context
of Poisson segmentation see Green (1995), Yang and Kuo (2001), Fearnhead (2006) and
Lloyd et al. (2015) for example. We choose this dataset mainly because of two reasons.
First, the changepoints have been studied by many different methods which makes it eas-
ier to understand our result. Besides, the sequence has a general tendency to decrease

with the progress over time which can be correlated to implementing safety regulation in
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the history. Though pretty rough, we have some evidence to evaluate the changepoint
detection procedures on this dataset.

The data at hand include the number of each year coal disasters in UK during the
period from March 15th, 1851 to March 22nd, 1962 with length n = 112. In this situation,
Poisson model is considered based on the same candidates set (4.4.1) as described in
Section 4.4.3. We conclude the results of different estimators as follows. Concerning to

the changepoints, there are in total three suggestions:

(1) 1 changepoint at the year 1891: cumSegt +p, PELT'+p, WBS sSIC? +p, FDRt(a =
0.05) + p and robseg(biweigh‘c)t + p;

(2) 2 changepoints at the year 1891 and 1947: SMUCE and CL;
(3) 3 changepoints at the year 1891, 1929 and 1942: Jrobseg(Huber)t + p.

Our selection procedure finally choose SMUCE as ES, i.e. we support the suggestion with
two changepoints at the year 1891 and 1947. The dataset as well as the result of ES
(SMUCE) is plotted in Figure 4.5.

I T | I I 1
1860 1880 1900 1920 1940 1960

Figure 4.5: Coal mining disasters data (dots) and ES estimator (solid line).

Now we comment our result by comparing it with the existing ones in the literature.
In Green (1995), they used the coal mining disasters data recorded per day and pro-
posed a reversible jump MCMC approach to detect changepoints as well as estimating
intensity function. According to the Figure 2 in the same paper, the model with two
changepoints has the highest posterior probability. Moreover, according to their Figure 3,
in the two changepoints scenario, the posterior mode is approximately 14,000 days for
the first changepoint and 35,000 days for the second one. This is very close to our result
since counting from March 15th, 1851, 14,000 days is between the year 1889 and 1890
and 35,000 days is the time between the year 1946 and 1947. Later, a Bayesian binary
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segmentation procedure was proposed by Yang and Kuo (2001) to locate changepoints for
Poisson process. Based on two different tests they adopted, their procedure obtained two
different sets of changepoints (one changepoint for applying Bayes factor criterion and two
for applying BIC approximation criterion) where the locations of changepoints for these
two models are quite similar to the results (1) and (2) mentioned in the last paragraph.
On the other hand, as it was pointed out in Lloyd et al. (2015), UK parliament passed
several acts to improve the safety of mine works including the Coal Mines Regulation Acts
of 1872 and 1887 and a further one in 1954 with mines and quarries acts. In general, it is
reasonable to have a non-increasing expectation of the number of disasters after the year
releasing these regulations. As it is shown in Figure 4.5, the model with two changepoints
meets the releasing regulation years 1887 and 1954. Considering the best fit with the
time of released regulations and the results given in the literatures, we believe the two

changepoints model for this dataset is the most reasonable one to the truth.

4.6 Proofs of main and auxiliary results

Recall that (2,X) = (# x Z , W ®Y) and 2/ the set of all product probabilities on
(2™, X®"). For all i € {1,...,n}, we denote the true distribution of X; = (W;,Y;)
by P} and denote the true joint distribution of X = (Xi,...,X,) by P* = @ | P* €
2f. We denote P, = ®,F; 4 the joint distribution of independent random variables
(W1, Y1),...,(Wy,Y,) for which the conditional distribution of Y; given W; is given by
Ryw,) € 9 for alli € {1,...,n}. Under such a notation setting, we have P} = Q¥ - Py,
P, = Ry - Py, as well as the following equality

BA(PF, Piy) = / B2(Q} (1), Ry dPiy, (w). (4.6.1)
Y/ 4

As an immediate consequence of (4.6.1) and (1.4.1), for any v € T,
W(Q Ry = Y [ 1Qi ). Ry aPu (w)
i=1
=Y WP}, Piy) =h*P*,P,). (4.6.2)
i=1

For each m € M, we define the set of probabilities #,, = {P, v € I'y,} and & =
{P,, v € T} with T' = Ujpe Ty Forany y >0, P* € 2/, B, P, with mi,my € M,

we define the set

BT (P*,y)
={(P4,,Py,)| Py, € P\, Py, € P, b*(P*,P,) + h*(P*, P,,) <y?}
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and for any v,,7v9 € T, we set

Z(X,v1,72) = T(X,v1,72) —E[T(X,v1,72)] -

We then introduce bellow Proposition 45 of Baraud et al. (2017) which is an extensional
version of Talagrand’s Theorem on the supremum of empirical processes proved in Massart
(2007).

Proposition 4.6.1. Let T be some finite or countable set, Uy,...,U, be independent cen-

tered random vectors with values in RT and let

If for some positive numbers b and v,
n
2 2
Z:rrllaxn Uit <b and z;E [Ui,t] <v® foralteT,
1=

then, for all positive numbers ¢ and x,

P[Z < (14 ¢)E(Z) + (8b) tev® +2(1 + 8¢ 1)bz] > 1 —e ™.

4.6.1 Elementary results and proofs

Before showing the main theorem, we present two preliminary results and their proofs in

this section.
Lemma 4.6.1. Let m1,ms € M be two partitions on # . The class of functions

Ty, (w) (Y)

r
9(m1,m2)={”:(w,y)H )7'71€Fm17’72€rm2}

Ty, Toyy (w) (Y

on X' =W x % is VC-subgraph with dimension not larger than 2|my V ma| + 1.

Proof. Recall that ry : (w,y) — exp [u(y(w))S(y) — B(~y(w))] according to (2.3.12). For
any v, € I'p,; and 5 € I'yy,, we define function gy, ,, on # x % as

Gyr v (W5 ) = S(Y) [u(y2(w)) — uly1(w))] = [B(v2(w)) — B(y1(w))]

and define ¢4 (my,ms) the class of functions as

g(mlamQ) = {9’71,’72| Y1 € rm1772 € sz} :

With the fact that .7 (my,m2) = {e9, g € ¥(m1,m2)} and the exponential function is
monotone on R, by Proposition 1.5.2 (Proposition 42 of Baraud et al. (2017)), it is enough

to prove the conclusion holds for the class ¢ (m1, ma).
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Let K = |my V mg| be the number of segments given by the refined partition m; V mo

and 7y, ..., Tk the resulted segments on #. For any v, € I';,,,, we can rewrite it as

K
¥ (w) = Z(Ik]ll’k(w), where (ay,...,ax) € JX
k=1

and any v9 € I'y,,

K
Yo(w) = Zbk]lIk(w), where (by,...,bg) € JE.
k=1

As an immediate consequence, for any g, 5, € ¥(m1,ms), it can be rewritten as

K K

Gyra (W, y) = D fulbr) — u(ar)] 1z, (w)S(y) — ) [B(bk) — Blax)] 1z, (w).
k=1 k=1

Therefore, ¥ (m1, mso) is contained in a 2K-dimensional vector space spanned by

{17, (w),S(y)1z, (w), k=1,...,K}.

By Proposition 1.5.1 (Lemma 2.6.15 of van der Vaart and Wellner (1996)), we conclude
4(my, mg) is VC-subgraph on 2" = # x % with dimension not larger than 2K +1. [

Proposition 4.6.2. Let mi, my € M be two partitions on # . Under Assumption 4.2.2,
for any P* € 2f, 1 >1 and any y > 0 satisfying

y? > 1 [Dn(m1) + Dy(ma)],

077 /2a47r71/2 . 90(2&;— 1/2)

Proof. We set p = ®j_,p; with p; = Py, ® v. For any v € T', we denote r, a density
(with respect to p) on Z" = (W X X )" as

we have

E sup ‘Z(X7’71,72)| < 2.

(P~ ’P72)€$9m1 *Pma (P* y)

ry(z1,...,2n) =ry(x1) -1y (2y), forall (z1,...,2,) € 2"

so that for any v € T', we have Py = r, - p. For any y > 0, we define .7, (m1, mg) the

class of functions on 2~ as

T
{¢ ( ﬁ)’ Y1 € I‘m1>72 € szahQ(P*ar71 : ,Ll,) +h2(P*7r‘yg : /’l’) < yQ} .
Y1

Since .#,(m1,m2) is a subset of the collection

"2 T T
1/1 Y1 €ELm, Yo €L,
T"/1
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and the function 1 is monotone, it follows from Lemma 4.6.1 and Proposition 1.5.2 (Propo-
sition 42-(ii) of Baraud et al. (2017)) that .%#,(m1, m2) is VC-subgraph on 2" with dimen-
sion not larger than V = 2|m1 V ma| + 1. Besides, by Proposition 3 of Baraud and Birgé
(2018), our choice of the function 1 satisfies their Assumption 2 and more precisely (11)
in their paper with a3 = 3v/2. Proposition 3 of Baraud and Birgé (2018) together with
the definition of .%, implies that for any y > 0,

ap 0SB [(x)] < B (4.6.3)
fG«gy (m1 ,mg) . ’ o n

Moreover, since the function 1) takes values in [—1, 1], we derive from (4.6.3) that
n a2y?
sup  n! ZE [fQ(Xz)] < (2 ) A1 <1.
fe??y (m1,m2) i=1 n

To bound the expectation of the supremum of an empirical process over a VC-subgraph

class, we apply Theorem 2.6.1 in Chapter 2 to .%#,(m1, m2) and obtain

E sup Z(X,v1,72)]
(P, Pry)EBTm1L*Pm2 (Pry)

=E sup |T(X7’717’72) _E[T(X,’Yla’h)”

_(P‘n 7P‘72)€$?)m1 *Pma (P*,y)
- W ‘Yz(W (Y)
w 727 w
; ( Ty (wi) (Y3) Z Toyy (W) (Y3)

> (F(X)) —E[f(Xi)])u

=1

=E sup
| (P Py )eBTm1 X Tma (P y)

<9.77y\/ V Ly (y) + 90V Ly, (y), (4.6.4)

=E sup
_fef‘:y (m1 ,mz)

where L, (y) =9.11+1log,. [n/ (Sﬂyz)} . Under Assumption 4.2.2, there exists a constant
« > 1 such that

_ 1
V =2lm1 Vma| +1<2a(lmyi| + |me|) +1< <2a + 2) (|ma| + |mal). (4.6.5)

Therefore, combining (4.6.4) and (4.6.5), we obtain

E sup 1Z(X,~v1,72)]
(P, Py )€ BTmL X Tma (P y)

gsmy\/ <2a ; ;) (] + lmal) Ln(y) + 90 <2a+ ;) (| + s La(y).  (4.6.6)
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Recall that Dy, (m) = |m|[9.11 +log, (n/|m|)]. For any n > 1, provided the condition
y?> > n[Dyp(m1) + Dy (m2)], on the one hand, we have

2> [m (9.11+1o (” >>+m (9.11+lo <” ))}
y =2n | 1‘ g4 ’m1|+|m2| ‘ 2’ gy |m1|+‘m2’

= n(|m1| + |ma|) [9.11 + log, <‘m1’1’m2|ﬂ . (4.6.7)
On the other hand, (4.6.7) also implies 4% > |my| + |ma|. Therefore,
Lu(y) = 9.11 + log, (") §9.11+log+[ n }
3v/2y2 3vV2(|ma| + mal)
<9.11 +log, (W) . (4.6.8)
Plugging (4.6.7) and (4.6.8) into (4.6.6), we complete the proof. O

4.6.2 Proof of Theorem 4.2.1

The proof of Theorem 4.2.1 is inspired by the proof of Theorem A.1 in Baraud and Birgé
(2018). Before we start to prove Theorem 4.2.1, we first show the following result.

Proposition 4.6.3. Let numbers a,n > 1 and §,9 > 1 such that

2exp(—1) + > _ exp(—¥d’) < 1. (4.6.9)

Under Assumption 4.2.1 and 4.2.2, for any & > 0 and for all my, mo € M simultaneously,
with probability at least 1 — X2%e~¢,

sup [|Z(X771772)’ — k1 [hQ(P*, P’h) + hz(P*7 P72)H
(P, Py ) EPrny X Py,

< koa{n [Dn(m1) + Dn(m2)] V (A(m1) + A(mz) + 9 + &)},

where

0.77, /2012 | 902a+1/2) | 33
ko =16 " 7 1

2a

+<9_77 2a+1/2+90(2a+1/2)>’
V' 7

977 2our1/2Jr 90(20+1/2) 3[)

n 16
k1 =16

+4
2a a

. (9 - /2a+1/2 (204;— 1/2)) 5
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Proof. Let £ >0, 6,9 > 1, a,n > 1 and my, mo € M be fixed. For each j € N, we set
2o(m1,mz) = 0 (Da(ma) + Da(m2)) V (A(mi1) + A(ma) + 9+ ).

xj(m1, mg) = 5j$0(m1,m2)> y?(ml,mﬂ = ax;(mi, ma).
For each j € N, we define the set
B?]’ml X Prmo, (P*)

={(P+,,P,) € P, X P,| y7 <W*(P*,P,,) + h*(P*,P,) <y}, }

and set

gm ‘@m
Zj 1% 2(X) = sup 1Z(X,v1:72)]-

(Poyy Poy)eB, ™1 M2 (Pr)
For simplifying the notations, let us drop the dependancy of x; and y; with respect to
m1, mg for a while. Since ZS"%”X?}"L2 (P*) € BPm1*Pm2 (P* y,.1) and y]zJrl > yd =axg >
N [Dn(m1) + Dy (ma)], under Assumption 4.2.2, applying Proposition 4.6.2 yields,

Py XPm
E[z7m 2(X)]:IE sup |Z(X,71,72)]

P, P
(P, Pryy)eB; ™1 772 (P)

<E sup |Z(X, 71, 72)]
_(P’Yl ’P‘YQ)e%)ml xPma (P*y5+1)

< (9.77, [2at /2, 90Q@a+1/2) > vy (4.6.10)
n n
)>

T Wl)(ifl) T’Y (Wz)( ‘
Ui Ty T = w 72(7 —-E w PG 71
(Ty1:72) < T‘yl(Wz‘)(n) T-yl(Wi)( )

With the fact that ¢ takes values in [—1, 1], it is easy to observe that

For i € {1,...,n}, we set

(4.6.11)

S| &

< 2.

max
i=1,....,n

Ui

65(Ty157y3)

Moreover, v satisfies the Assumption 2 more precisely (11) in Baraud and Birgé (2018)

with a3 = 3v/2, we derive for each j € N, all v, € T'yy,, 5 € L'y, such that (P, P,,) €
Py X Prmg

B (b
En: } : T"/Q(Wi)(Yi) 2
i=1 . [ A T71’T72)} " < T’Yl(Wi)(}/i) = Sﬁyj—i_l.
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Then, for each j € N, we can apply Proposition 4.6.1 with b = 2, v? = 3\fyj+1 and
T = B’@ml XPma (P*) and obtain that for all ¢ > 0 and for all (P,,,P,,) € Bg’ml XPma (P*)
with probability at least 1 —e™%4,

1Z(X,v1,72)]
<Zﬂm1 X Py, (X)

<(1+)E | 2] <X>] + M 4 (1 + 8)

20+1/2  90(20+1/2) 3f ¢ 8
<(1+¢) (977,/ at1/ atl/ ) v+ yﬂ“ +4<1+c>xj

20+1/2 | 90(2a +1/2) 3fy0 c 4 8
<(1+¢) (977,/ atl/ 2at1/ ) e +a<1+c>y?

2041/2 9020 +1/2)) o, 3v2e0 4 8
(1+0) (9.77,/ O‘: /2, (O‘; / ) \fc a<1+c>

32
204+1/2 | 90(2a41/2) 3\f
<9.77\/ Tt 7 > da

to minimize the bracketed term yields for all (P, P,,) € B‘@ml XPma (P*), with probability

T

Y-

Taking

C =

at least 1 — e
1Z(X, 71, 72)| < kry

Py XPmgy (P*), we get for all (P")’NP ) e B

By the definition of B; gmlxgw(

probability at least 1 — e™%4,

P*), with

1Z(X, 71, 72)| < k1y? < k1 [0*(P*,P4,) + h*(P*,P,,)].

We define
ZPm>Pma (X) = sup |Z(X, 71,72l -
Py, 7P72)€%]m1 *Pma (P o)
With an analogous argument by applying Proposition 4.6.1 to Z%m1*%ma (X) with 2 = x,

we can obtain for all (P,,,P,,) € B7m1%%m2(P* yy) and all ¢ > 0, with probability at

least 1 — e~ 70,

‘Z(Xa 71772”
Szg’ml X P, (X)

2a+1/2  90(2a +1/2) 3v2c 4 8
(1+c)<9.77,/ ; + ; )+ G +a<1+c>
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To minimize the bracketed term, we take

32
<9'77 /2a+n1/2 n 90(201;1/2) n 3,1\?) "

and therefore for all (P, ,P,,) € BPm1*Pmy (P* yy9) with probability at least 1 — e™%0,

C =

|Z(X,v1,79)| < 27mXPm (X)) < akoao.

Combining all the bounds together, we derive for all (P,,,P~,) € Pn, X &, simultane-
ously with probability at least 1 — e(mq,m2),

1Z(X,v1,72)| < k1 [0*(P*, Py,) + h*(P*, P.,)] + akozo(mi, ma),

where

e(mi,mg) = 2exp [—xo(mi, m2)| + Z exp [—x;(m1, ma)].
Jj>1

By the definition of x;(m1, m2), we notice that for all j € N, x;(m1,ma) > A(my) +
A(mg) + 987 + €. Hence, provided (4.6.9), we have

e(my,ma) <exp[—§ — A(my) — A(ma)] | 2exp(—9) + Zexp(—ﬁ%j)
i>1

<exp[—&— A(my) — A(mya)].

Finally we can extend this result to all (P, ,P,,) € & x & by summing these bounds
over (my,my) € M x M and using (4.2.1). O

Proof of Theorem 4.2.1. We apply Proposition 4.6.3 with § = 1.175, ¥ = 1.47 and as for
the values of ) and a, we shall choose them later such that k1 = 33/8, with some 0 < 5 < 1.
On a set ()¢ the probability of which is at least 1 — ¥2e~¢, for all P, ,Py, € 2 and all
Py X P, containing (P, P,)

38
T(X,71,72) < E[T(X,v1,72)] + 3

+ koa [ (Dn(m1) + Dn(mz)) V (A(m1) + A(mz) + 9 + )]

[h*(P*,P,,) + h*(P*,P,,)]

< E[T(X,y1,72)] + 2 [2(P*,Poy) 4 B2(PH, P )]
+ koa [nDn(ma1) + nDn(m2) + A(m1) + A(me) + 9 + ]

Since the last inequality is true for all the &, x &, containing (P, ,P,,), provided
Co(2c + 1/2) > kogan, we derive from (4.2.2) that with a probability at least 1 — X2e~¢,

3
T(X,71,72) < E[T(X,71,72)] + 8/8 [h*(P*,P,) + h*(P*,P.,)]

+ pen(vy;) + pen(ysy) + koa(d + &). (4.6.12)
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According to Proposition 3 of Baraud and Birgé (2018), the function ¢ satisfies Assump-
tion 2 (more precisely (10)) in the same paper with ap = 4 and a; = 3/8. As a consequence,
for all P, ,P,, € 2 and P* € 27,

* 3 *
E[T(X,71,72)] < 4h*(P*,P,) — gh2(P ,Pa,). (4.6.13)

Combining (4.6.12) and (4.6.13), we derive that for all P ,P,, € 2 and P* € 27, with
a probability at least 1 — 2%e~¢,

TG yy) < (44 (e ) - 2D e, )
+pen(y) + pen(y,) + hoai + &) (4.6.14)

This entails that, for any (random) elements Py, qu € &, on a set ()¢ with probability
at least 1 — X2%e~¢

~ = 3
T(Xvﬁ)/)\"-y/):) < (4 + ?)h2<P*’P’AY>\) o

+ pen(7,) + pen(75) + koa(V + €)

3(18_5)112@*, P5) (4.6.15)

and
v(X,7,) = sup [T(X,7,,7,x) — pen(7, )] + pen(7,)

NeA
< @+ Dy s, - 220

+ 2pen(7,) + koa(¥ + &).

inf h?(P*, P 4.6.16
jnf (P*,Py,,) ( )

By the construction of ¥, T(X,75,79,) = —T(X,7,,73). Combining (4.6.15), (4.6.16)
and (4.2.3) leads to for any A € A, on a set )¢ with probability at least 1 — X2%e~¢

D ) < (v Do py) - (X5, 55)
+ pen(7,) + pen(ys) + koa(? + &)
< (a4 )02 (P*, Py, ) + [T(X,55,9,) - pen(3,)
+pen(3;) + 2pen(3y) + koa(d +¢)

< (14 DR Ps ) + 0(X.45) + 2pen(3y) + hoali + )

< (44 D) n2P* P )+ 0(X,5,) + 1+ 2pen(3,) + koa(d +&).

8
(4.6.17)
Plugging (4.6.16) into (4.6.17) yields, for any A € A, on a set )¢ with probability at least
1—X%e7¢,

3(1-5)
8

3p

h?*(P*, P5.) < (8 + Z)h?(P*, P5 )+ 4pen(¥,) + 2koa(d + §) + 1.
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Therefore, for any A € A on a set {2¢ with probability at least 1 — Y2e¢,
64 + 65 32 . 16koa(v + &) + 8

2/ p*x P 2(P* P~ -
h*(P*,P5.) < 301 —5)h (P*,P5,) + 30 -7) pen(v,) + S0-5) (4.6.18)
By the equality (4.6.2), we rewrite (4.6.18) as the following
2y T 64468 5 o 32 N 16koa(9+ &) + 8

Taking 8 = 0.75, n ~ 9947.13(2cc + 1/2), we can compute the value of a ~ 2365.57 such
that k; = 33/8 and ko ~ 0.251. Therefore, provided Cy > 5.9 x 10°, plugging the values
of B, ko, a and ¢ into (4.6.19), we finally conclude. O

4.7 Signals for testing Poisson and exponential models

fms-type (Poisson): n =497, changepoints are located at the positions

(139 226 243 300 309 333>
0= :

4977 4977 4977 4977 497’ 497

The Poisson mean on each segment is 4, 6, 10, 3, 7, 1, 5 respectively, i.e. 4* takes the
value log 4, log 6, log 10, log 3, log 7, log 1, log 5 on each segment. For this signal, we also
test the scenario when outliers present in the observations by randomly modifying five
points in the observations into 30.

mix-type (Poisson): n = 560 and ~* is a piecewise constant function on [0,1) with
13 changepoints at a sequence of locations

N N Y
560" 560" 560" 560" 560" 560" 560" 560" 560" 560 560" 560" 560

and on each segment the Poisson mean e is given by the value 30, 2, 26, 4, 24, 6, 22, 8,
20, 10, 18, 12, 16, 14 respectively.

teeth-type (exponential): n = 140 and ~* is a piecewise constant function on [0, 1)
with 13 changepoints at a sequence of locations

O
14071407 1407 1407 140 140 140" 140" 140" 140 140’ 140’ 140

and on each segment the value of v* is given by 0.5, 5, 0.5, 5, 0.5, 5, 0.5, 5, 0.5, 5, 0.5, 5,
0.5, 5 respectively. For this signal, we also test the scenario when outliers present in the
observations by randomly modifying two points in the observations into 20.

stairs-type (exponential): n = 500 and v* is a piecewise constant function on [0, 1)
with 4 changepoints at a sequence of locations

- (100,20 301 o)
500’ 500’ 500" 500

and on each segment the value of v* is given by 24, 22, 1, 272, 274 respectively.
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