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Preface

This thesis provides theoretical analysis on trading behaviors in

widely-run market structure, i.e., limit order markets, and an experi-

mental investigation on learning behaviors. The main focus of this thesis

directly addresses issues in market microstructure; the other chapters use

tools from game theory and experimental economics to examine issues

that are pertinent to market microstructure.

The �rst chapter focuses on one parameter of the market structure

in �nancial trading and discusses a hot-debated issue: sub-penny trad-

ing. It has been presented as a joint work with Professors Barbara Rindi,

Sabrina Buti, and Ingrid Werner. The previous version was titled as

�Tick size regulation, intermarket competition, and sub-penny trading�

and presented at various academic conferences and seminar series, in-

cluding the American Finance Association Annual Meeting, Financial

Management Association Annual Meeting, the 7th Annual Central Bank

Workshop on the Microstructure of Financial Markets, and European

v

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



vi

Financial Management Association Annual Meeting.

The second chapter is an experimental design which discriminates

among di¤erent learning models in game theory. It studies how informed

players learn from the previous experience in the laboratory. It was pre-

sented at Economic Science Association International Meeting, at NYU

(June 2012).

Embracing the theme of this thesis, the third chapter builds a game

theoretical model to analyze the informed and the uninformed traders�

order submission strategies in limit order markets. It shares the features

of the model in the �rst chapter while assuming that people learn and

using a concept of equilibrium that can be justi�ed by the �ndings in the

second chapter.
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Introduction

The research on market microstructure is devoted to theoretical, em-

pirical, and experimental research on the economics of securities markets,

including the role of information in the price discovery process, the de�ni-

tion, measurement, control and determinants of liquidity and transaction

costs, and their implications for the e¢ ciency, welfare, and regulation of

alternative trading mechanisms and market structures. Information plays

an important role in price discovery process, thus microstructure models

extensively take into account whether and how information a¤ects the

market outcome. This is also the theme of this thesis.

Chapter 1 extends Parlour (1998)�s model and discusses how the

minimum price variation, i.e., tick size, of the limit order book a¤ects

the stock trading. It shows that the e¤ect of a reduction in the tick size

is detrimental on spread, depth, and traders�welfare for illiquid stocks,

whereas it bene�ts liquid stocks. Then a dual-market model is built to

investigate the issue of sub-penny trading that is discussed in the SEC

vii
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viii

concept release on Equity Market Structure (2010). In this dual-market

model, a PLB competes with an Internalization Pool (IP) which is a

dark pool that works like a limit order book characterized by a smaller

price grid, and in which only broker-dealers can post limit orders. When

broker-dealers are able to use the IP to provide price improvements by

a fraction of the tick size, the quality of the PLB deteriorates for illiq-

uid, low priced stocks; for liquid stocks, however, the introduction of an

IP promotes competition and improves both spread and depth. Conse-

quently, total welfare always increases as all traders can demand liquidity

in the IP. The model also predicts that broker-dealers would use the IP

more intensively for low priced and liquid stocks. This chapter aims at

providing regulators (or trading venues) with a set of guidelines for de-

termining the optimal tick size and also informs the empirical researcher

of further accessing the e¤ects of tick size reductions. To the best of my

knowledge, it is the �rst model that allows researchers to investigate the

tick size rule within a framework that takes into account both the value

and the liquidity characteristics of the stock. It is also the �rst one that

discusses the e¤ects of sub-penny trading by modeling two markets of

di¤erent tick sizes.

Compared to Chapter 1, Chapter 2 adopts a di¤erent approach and

switches the focus from trading to learning and private information. It

investigates the following research question: how do informed players

learn from the previous experience. This chapter examines the two-stage
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ix

asymmetric information game studied by Feltovich (1997, 1999, and 2000)

and compares it to a modi�ed game in the laboratory. By tracking sub-

jects�information acquisition, I �nd evidence in support of a belief-based

learning model. The maximum-likelihood estimations of subjects�learn-

ing behaviors using the EWA model (Camerer and Ho 1999) show that

informed and uninformed players learn at di¤erent speeds, and the in-

formed group is more active in learning than its counterpart. Besides, the

estimations of EWA suggest that, while the reduced belief-based model

characterizes players� behaviors better than the reduced reinforcement

model, it slightly underperforms in prediction. Finally, the cluster and

individual estimations combined with information acquisition data show

that the majority of seemingly �ctitious plays coincide with the domi-

nance of a belief-based updating pattern de�ned by information acquisi-

tion measures. Tracking subject�s information acquisition can be a com-

plementary tool to study learning. The novel design helps comparing

di¤erent learning models in game theory and con�rms its methodological

value derived from the other branch of game theory: strategic thinking.

Chapter 3 continues with the theoretical shell in the �rst chapter of

this thesis and embeds asymmetric information. It builds a two-period

model with uninformed traders�learning from the limit order book. The

Bayesian learning is slightly di¤erent from the concept of �learning� in

the second chapter, but the game in the laboratory can be considered as a

distilled version of the trading game in this chapter. I explore the model of
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limit order book with information asymmetry to explain the experimental

�ndings by Bloom�eld, O�Hara, and Saar (2005). By endogenizing the

direction of trade and the choice of order type, I �nd that informed traders

more often exploit market orders than limit orders and they are more

aggressive in the presence of a larger volatility; in general, conditional on

the favorable realization of liquidation value, informed buyers and sellers

are more aggressive than their uninformed counterparts respectively. I

also show that both the volatility and the proportion of informed traders

frustrate uninformed traders� willingness to participate in the market

and their willingness to provide liquidity if they desire. Total welfare of

market participants is improved by informed trading but the informed

traders gain at the cost of their uninformed counterpart�s welfare.
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Chapter 1

Tick Size Regulation and

Sub-Penny Trading

1.1 Introduction

The tick size, the minimum size of an asset price variation, is one of

the most relevant factors a¤ecting the level of liquidity of �nancial securi-

ties traded on public limit order books (PLBs). As a consequence, it has

been at the top of the regulatory agenda over the past decade (e.g., SEC

2010 and SEC 2012). Decimalization, i.e., the transition to trading and

quoting securities in one penny increments, started in 2001 in the US and

in 2004 in Europe and had profound consequences both for the level of

1
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2

liquidity, and for the business model of those institutions which support

liquidity. The anticipated and unanticipated e¤ects of tick-size variations

on the quality of the markets and on the welfare of market participants

have been debated extensively.1 The rationale for tick-size reductions was

to encourage trading activity by reducing transaction costs; the unantici-

pated consequence was that the increased competition for the provision of

liquidity reduced the incentive for market participants to supply liquidity.

The comparative assessment of markets with di¤erent tick sizes is

even more complex today, because the documented outcome of changes

in the tick size must be appraised within a global framework in which lit

markets compete with dark markets for liquidity. In the latter, more that

17% of consolidated equity volumes (SEC, 2010) are executed through

broker-dealers who have access to venues that allow them to undercut the

existing liquidity on regulated markets by placing quotes in sub-penny

increments, i.e., at fractions of the minimum tick size.

Sub-penny trading is controversial, and the model we present in this

paper aims at providing regulators and trading venues with a set of guide-

lines for selecting the optimal tick size. Our model also informs empirical

research on how to evaluate the e¤ects of tick size changes. We consider

an environment where a double-auction trading platform competes for

the provision of liquidity with a dark trading platform and in the latter

market liquidity providers can trade in sub-pennies.

1See Section 1.2 and 1.3.
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A relevant trade-o¤ to decide the optimal tick size is between un-

dercutting and liquidity provision. On the one hand, the smaller the tick

size, the cheaper is the undercutting for all market participants, thus a

smaller tick size reduces the pro�ts made by broker-dealers from submit-

ting sub-penny passive limit orders. To some extent, a reduction in the

tick size is e¤ectively a way to alleviate the e¤ects of sub-penny trading.

On the other hand, a smaller tick size discourages liquidity providers

from posting limit orders at the top of the book due to the increased

danger of being undercut. Therefore, the critical regulatory issue is to

adjust the tick size for each stock to optimally balance the e¤ect it has

on sub-penny trading with the e¤ect it has on liquidity provision, which

in turn crucially depends on both the initial level of liquidity and the

tick-to-price ratio (Goldstein and Kavajecz, 2000).

Starting with a one-market model, we show that the e¤ects of having

a di¤erent tick size depend both on the liquidity and on the price of the

stock. For liquid stocks a smaller tick size increases competition among

liquidity suppliers and hence improves both market quality and traders�

welfare. When the top of the book is very deep, however, the liquidity

pressure at the best bid-o¤er is so intense that inside depth decreases

with tick size. For illiquid stocks, instead, a smaller tick size discourages

liquidity provision and worsens both market quality and traders�welfare.

The e¤ects of introducing a smaller tick size are more signi�cant when

the value of the tick size is relatively large compared to the stock price
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(i.e., for low priced stocks). Based on these �ndings, we suggest that

when setting the minimum price improvement, regulators and market

operators should consider both the asset price level and the liquidity of

the stock.

We extend the framework to a dual-market model in which a group of

broker-dealers can execute customers�orders by choosing between trading

on a PLB or on an internalization pool (IP). IPs are dark venues that work

like opaque limit order books but have �ner price grids than regulated

markets. Regular traders access the liquidity posted on the IP through

smart order routers which seek the best execution available on the two

markets. This extension allows us to investigate the consequences of

sub-penny trading in a setting where the main PLB trades in penny

increments. This setup captures the essence of today�s stock trading

environment where market venues such as NYSE-Euronext and Nasdaq-

OMX compete with internalizers and dark pools.

Our results show that competition from the IP reduces the num-

ber of both limit and market orders sent to the PLB. The reduction of

limit orders causes a reduction in the provision of liquidity on the PLB

and hence has a detrimental e¤ect on both market depth and the inside

spread. Conversely, the reduction of market orders leads to a decrease in

the demand for liquidity. This preserves depth on the PLB, generating a

positive e¤ect on liquidity. However, it also reduces the execution prob-

ability of limit orders, reducing the incentive to supply liquidity. Our
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model shows that the e¤ect on the quality of the PLB is dictated by the

net result of these two forces, which in turn depends on the initial state

of the PLB.

We show that for illiquid stocks the existence of an IP is detrimental

for the level of liquidity on the PLB: the provision of liquidity in the

PLB decreases to such a degree that both market depth and the inside

spread worsen. On the other hand, when competition for the provision

of liquidity on the PLB is high, because the book is liquid, the positive

e¤ect of the reduced liquidity demand on the PLB dominates. The intro-

duction of the IP induces broker-dealers to trade intensively on the IP:

aggressive market orders are intercepted by the IP away from the PLB,

thus preserving liquidity on the PLB. All these e¤ects are stronger for

low priced stocks, as they are driven by the tick to price ratio rather than

by the absolute value of the tick size.

Further, our results show that even though competition from a dark

market with a �ner price grid has mixed e¤ects on the quality of the

lit market, it makes all traders better o¤, be they broker-dealers who

supply liquidity, or regular traders who can access this extra liquidity

via smart order routers. The results also show that gains from trade are

higher for low priced stocks, which explains why broker-dealers are more

active in these stocks. A word of caution is warranted, though. Regular

traders�welfare increases with sub-penny trading provided that smart

order routers allow them to bene�t from the liquidity posted on the IP.
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Hence, unsophisticated retail traders, who are likely to be unable to take

advantage of this optional liquidity, could be harmed when the quality of

the PLB deteriorates, as we observe for illiquid stocks.

Our model contributes to the empirical literature on the impact of

tick size changes by providing several new empirical predictions. By

selecting a sample of stocks to account for variation in liquidity and price,

this new framework could be exploited to shed light on the relationship

between tick size changes, market quality, and traders� welfare, when

regular exchanges compete with dark markets. In addition, the results

from our model show that it is necessary to study the dynamics of order

�ows to understand how PLBs and IPs interact by a¤ecting both the

provision of liquidity and the demand for liquidity. Finally, a more in-

depth analysis of how order submission strategies change following a tick

size reduction in markets characterized by competition from dark pools

should help investigating the e¤ect of subpenny trading on liquidity and

traders�welfare.

This paper is related to three strands of the existing theoretical lit-

erature, that is to intermarket competition,2 to the optimal tick size,3

and to the internalization of order �ows by broker-dealers (Battalio and

Holden, 2001). To the best of our knowledge, it is the �rst model that al-

lows researchers to investigate the tick size rule within a framework that
2See, for example, Chowdhry and Nanda (1991), Parlour and Seppi (2003), and

Foucault and Menkveld (2008).
3See Anshuman and Kalay (1998), Cordella and Foucault (1999), Foucault et al.

(2005), Goettler et al. (2005), Kadan (2006), and Seppi (1997).
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takes into account both the asset value and the liquidity of the stock. It

also departs from the existing theoretical works as it embeds sub-penny

trading through modelling an IP.

The remaining part of this paper is structured as follows: in Sec-

tion 1.2, we discuss the regulatory debate on tick size, in Section 1.3 we

overview the related literature. In Section 1.4 and 1.5, we focus on the

single market model, whereas Section 1.6 contains the model with an IP.

In Section 1.7, we discuss the e¤ects of tick size changes on traders�wel-

fare. We present the empirical implications in Section 1.8, and we draw

policy conclusions in Section 1.9. All the proofs appear in the Appendix.

1.2 Regulatory Debate

As a vast body of empirical literature has shown,4 when the tick size

is reduced spread decreases but depth at the top of the book deteriorates.

For this reason, regulators are concerned by those trading strategies that

exploit the possibility to submit orders at fractions of the minimum tick

size. In 2005 the Securities and Exchange Commission (SEC) introduced

the Sub-Penny Rule [adopted Rule 612 under Regulation National Market

System (NMS)]. The rule was aimed at protecting displayed limit orders

from being undercut by trivial amounts. It prohibits market participants

from displaying, ranking, or accepting quotations in NMS stocks that are

4See Section 1.3.
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priced at smaller increments than the allowed minimum price variation.

In the years following the introduction of Rule 612, however, the de-

velopment of dark markets deeply a¤ected intermarket competition, and

made the rule ine¤ective in protecting displayed limit orders. In particu-

lar, two features of the rule paved the way for sub-penny trading. First,

Rule 612 prohibits market participants from quoting prices in sub-penny,

but in the belief that sub-penny trading would not be as detrimental

as sub-penny quoting, it expressly allows broker-dealers to provide price

improvement to a customer order that resulted in a sub-penny execu-

tion, thus allowing sub-penny trading. Second, the Rule 612 prohibition

of sub-penny quoting does not apply to dark markets; this means that

broker-dealers can exploit IPs to jump the queue by a fraction of a penny

and so preempt the National Best Bid O¤er (NBBO).

Another important factor that facilitates sub-penny trading is the

growing importance of fast trading facilities. Using algorithmic programs

to generate replications of trading strategies, broker-dealers trading large

volumes can make signi�cant pro�ts even though they sacri�ce a fraction

of a penny in order to step ahead of the PLB.5 As a result, volumes

traded on IPs have steadily increased over time as shown in Table 1.1.

In August 2010 they executed 8:55% of the consolidated US equity vol-

ume -the rest being executed in public crossing networks, exchange and

5Jarnecic and Snape (2010) suggest that high frequency trading is negatively re-
lated to the tick size.
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consortium-based pools- which is an increase of 25% over the previous

year. Furthermore, the proportion of sub-penny trading (queue jumping)

has dramatically increased over the past 10 years as shown in Figure 1.1.

The SEC (2010) has recently proposed a potential solution to the

sub-penny issue in the form of the Trade-At Rule that would practically

ban sub-penny trading by prohibiting "any trading center from executing

a trade at the price of the NBBO unless the trading center was displaying

that price at the time it received the incoming contra-side order." By

contrast, BATS (2009) proposed to reduce the minimum price increment

of publicly displayed market centers to sub-pennies, in order to level the

playing �eld.

More recently, in April 2012, the US Congress passed the Jumpstart

Our Business Startup (JOBS) Act which instructed the SEC to study

the impact of decimalization on liquidity for small and medium capital-

ization companies. According to the JOBS Act, if needed, the SEC is

allowed to increase the minimum trading increment of emerging growth

companies. However, the conclusions of the SEC Report to Congress on

Decimalization (2012) discouraged the Commission from proceeding with

the rulemaking required to increase the tick size. Our model shows that

an increase in the tick size for smaller stocks may be ine¤ective in today�s

trading environment. We explain why in Section 1.9 below.
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1.3 Literature Review

There is extensive research on the relationship between the reduc-

tion of the tick size and market quality. Empirical studies from various

markets around the world have found that a tick size reduction is asso-

ciated with a decline in both the spread and depth, and that the spread

is not equally a¤ected across stocks.6 These �ndings are con�rmed by

a more recent pilot program implemented by the major European plat-

forms aimed at investigating the e¤ect of a reduction of the tick size,7

and are consistent with the early predictions of Angel (1997) and Harris

(1994).

Theoretical models have also been developed to study the e¤ect of

a tick size variation in di¤erent market structures. Seppi (1997) investi-

gates the optimal tick size in a market in which a specialist competes for

liquidity provision against a competitive limit order book and �nds that

large traders may prefer a larger tick size than small traders. Cordella

and Foucault (1999) study competition between dealers who arrive at the

market sequentially and whose bidding strategy depends of the value of

6See Ahn et al. (1996 and 2007), Bacidore (1997), Bourghelle and Declerck (2004),
Cai et al. (2008), Golstein and Kavajecz (2000), Gri¢ ths et al. (1998), Harris (1994),
Lau and McInish (1995), Porter and Weaver (1997), and Ronen and Weaver (2001).

7 In December 2008, BATS Europe, in conjuction with Chi-X, Nasdaq OMX Europe
and Turquoise, developed a proposal to standardize the tick size of the pan European
trading platforms. Starting June 1, 2009, Chi-X, followed by Turquoise, BATS Europe,
and �nally the LSE and Nasdaq OMX Europe, reduced the tick size for a number of
stocks. This pilot program, aimed at studying the e¤ect of a change in the tick size
based on actual market data, showed that following the reduction of the tick size,
e¤ective spread, inside spread, inside depth and average trade size decreased (BATS,
2009).
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the tick size. They show that a larger tick size can increase the speed at

which dealers adjust their quotes towards the competitive price, especially

when monitoring costs are high. Hence transaction costs can ultimately

decrease following an increase in the tick size. Similarly, competition

among dealers for the provision of liquidity to an incoming market or-

der drives the results obtained by Kadan (2006). He shows that when

the number of dealers is small, liquidity bene�ts from a small tick size

since this prevents dealers from exploiting their market power. When the

number of dealers is instead large, a smaller tick size may still improve

liquidity. The reason is that it allows dealers to post quotes as close as

possible to their reservation value, thus transferring welfare to liquidity

demanders.

Our model departs from all these protocols as we consider a pure

order driven market where liquidity provision is endogenously created by

market participants who choose limit as opposed to market orders. To

evaluate the e¤ects of a tick size variation in pure limit order markets,

one has to consider the competitive interaction of both patient traders

who supply liquidity via limit orders, and impatient traders who demand

liquidity via market orders. Our framework shares this feature with the

dynamic model of Foucault et al. (2005) who show that a reduction

of the tick size may harm market resiliency and have adverse e¤ects

on transaction costs. In their model, however, traders cannot refrain

from trading and when submitting limit orders they must provide a price
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improvement. Hence, because patient traders cannot join the queue at

the existing best bid or o¤er, a larger tick size has the e¤ect of making

their orders more rather than less aggressive, resulting in an increased

resiliency and a narrowed spread. By contrast, in our model traders are

free to submit market and limit orders at any level on the price grid, as

well as to refrain from trading.

Our protocol is closer to Goettler et al. (2005) who consider an

in�nite horizon version of Parlour (1998) and model a limit order book as

a stochastic sequential game with rational traders arriving and choosing

to submit orders at, above or below the existing best quotes. Their model

is very rich as it also embeds an asset value shock at each trading period.

However, because of its richness, it is analytically intractable and hence

solved by numerical simulations. In contrast to Goettler et al. (2005), we

focus our analysis on a limited number of periods that allows us to obtain

a closed form solution. Within their framework Goettler et al. (2005)

show that, by reducing the tick size, regulators achieve an increase of total

investors�surplus. We show that the e¤ects of a tick size variation depend

on the liquidity of the limit order book and on the price of the security

traded. We also study the e¤ects of competition from a dark market with

a smaller price grid, and �nally we provide intuitive explanations for the

interaction between liquidity suppliers and liquidity demanders.

Our paper is also related to the literature on intermarket competition

that documents an improvement in market e¢ ciency when competing
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venues enter a market.8 Chowdhry and Nanda (1991) extend Kyle (1985)

model to accommodate multi-market trading and show that markets with

the lowest transaction costs attract liquidity. Closer to our framework,

Degryse et al. (2009) analyze the interaction between a dealer market

and a crossing network and show that overall welfare is not necessarily

enhanced by the introduction of a crossing network. Our setup substan-

tially di¤ers from theirs as we consider a LOB instead of a dealer market

and an internalization pool instead of a crossing network. Our model also

departs from Buti et al. (2011) who model competition between a PLB

and a dark pool by focusing squarely on the tick size. Furthermore, the

dark pool that we model has its own discriminatory pricing rule whereas

the dark pool in Buti et al. (2011) is based on a derivative pricing rule.

Finally, this paper is related to the literature on broker-dealers�in-

ternalization and payment for order �ow.9 Chordia and Subrahmanyam

(1995) and Kandel and Marx (1999) show that these practises arise from

the existence of the tick size. By contrast, Battalio and Holden (2001)

show that when the tick size is set equal to zero, brokers still internalize

their clients�orders as they make pro�ts by exploiting their direct rela-

tionships with customers. This is consistent with the related empirical

8See, for example, Barclay et al. (2003), Bessembinder and Kaufman (1997), Biais
et al. (2010), Foucault and Menkveld (2008), Fink et al. (2006), and Goldstein et al.
(2008).

9 Internalization is either the direction of order �ows by a broker-dealer to an af-
�liated specialist, or the execution of order �ows by that broker-dealer acting as a
market maker.
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works.10

1.4 Single Market Model

In this Section we introduce the single market framework and in the

next one we solve the model and compare the results for two di¤erent

values of the tick size. In Section 6 we add competition from a dark

market where broker-dealers can post quotes at sub-penny increments.

1.4.1 The Market

A market for a security is run over a trading day divided into T

periods: t = 1; :::; T . At each period t a trader arrives and for simplicity

we assume that the size of his order is unitary. Following Parlour (1998),

traders have the following linear preferences:

U(C1; C2;�) = C1 + �C2 (1.1)

where C1 is the cash in�ow from selling or buying the security on

day 1, while C2 is the cash in�ow from the asset payment on day 2 and is

equal to +v (�v) in case of a buy (sell) order. Traders are risk neutral and

have a personal trade-o¤ between consumption in the two days equal to �

that is a patience indicator drawn from the uniform distribution U(�; �),

10See Chung et al. (2004a and 2004b), Hansch et al. (1999), He et al. (2006),
Hendershott and Jones (2005), and Porter and Weaver (1997).
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with 0 � � < 1 < �. A patient trader has a � close to 1 while an eager

one has values of � close either to � or to �.

Upon arrival at the market in period t, the trader observes the state

of the book that is characterized by the number of shares available at each

level of the price grid. The latter assembles two prices on the ask (A1 <

A2) and two on the bid side of the market (B1 > B2), symmetrically

distributed around the asset value v. The di¤erence between two adjacent

prices, which we name � ; is the tick size. It is equal to the minimum price

increment and also corresponds to the minimum inside spread. Thus the

possible prices are equal to A1 = v + �
2 ; A2 = v +

3�
2 ; B1 = v �

�
2 ; and

B2 = v � 3�
2 : The state of the book that speci�es the number of shares

Qt available at each price level is de�ned as St = [Q
A2
t ; Q

A1
t ; Q

B1
t ; Q

B2
t ].

As in Seppi (1997) and Parlour (1998), we assume that a trading crowd

provides liquidity at the highest levels of the limit order book and prevents

traders from quoting prices that are too far away from the top of the book.

Besides, traders are allowed to submit limit orders queuing in front of the

trading crowd. In this parsimonious way, we can extend Parlour (1998)

model to include two price levels where traders can submit orders, and, at

the same time, keep the strategy space as small as possible. In addition we

can investigate the e¤ects of the tick size reduction on depth at di¤erent

levels of the book.

The market allows two types of orders: limit orders represented by

+1 and market orders represented by �1. Traders can submit limit orders
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to buy (sell) one share at di¤erent levels of the bid (ask) prices, or market

orders which hit the bid (ask) prices and are executed immediately, or

they can decide not to trade. Orders cannot be modi�ed or cancelled

after submission, and a trader�s strategy at time t is de�ned by Ht. His

strategy space is therefore H = f�1i; 0g; where i = A2; A1; B1; and B2.

The change in the limit order book induced by the trader�s strategy Ht

is indicated by ht and de�ned as:

ht = [h
A2
t ; h

A1
t ; h

B1
t ; h

B2
t ] =

8>>>>>>>>>><>>>>>>>>>>:

[�1; 0; 0; 0] if Ht = �1A2

[0;�1; 0; 0] if Ht = �1A1

[0; 0;�1; 0] if Ht = �1B1

[0; 0; 0;�1] if Ht = �1B2

[0; 0; 0; 0] if Ht = 0

(1.2)

The state of the book is hence characterized by the following dy-

namics:

St = St�1 + ht (1.3)

and the expected state of the book at time t is given by:

E[Stjt�1] = St�1 + E[ht] (1.4)

where E[hit] =
R

�2f�:Ht(�)=�1
ig
Ht(�)d� for i = A2; A1; B1; B2:
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Table 1.2 Order Submission Strategy Space

Strategy Ht U(�)
Market Sell Order �1B B � �v
Limit Sell Order 1Ak p�t (A

N�k;Nk

k jSt ) � (Ak � �v)
No Trade 0 0

Limit Buy Order 1Bk p�t (B
M�k;Mk

k jSt ) � (�v �Bk)
Market Buy Order �1A �v �A
Table 1.2 Order Submission Strategy Space This Table
reports in column 3 the payo¤s of the order strategies listed in
column 1.

1.4.2 Order Submission Decision

To select his order submission strategy, a trader needs to choose an

order type and a price. His goal is to maximize his utility, which in this

risk neutral setting is equivalent to maximize his payo¤, considering all

the available strategies. Market orders guarantee immediate executions

but higher price opportunity costs, while limit orders enable traders to

get better prices at the cost of uncertain execution. Hence in this market

traders face the trade-o¤ between execution costs and price opportunity

costs.11 The payo¤s of the di¤erent strategies available to traders are

listed in Table 1.2. Equilibrium strategies are derived in the following

Section.

In Table 1.2 we denote by A and B with no subscript the best avail-

able quotes, so that for example a market buy order executed at the best

11When traders choose a limit rather than a market order, they forgo execution
certainty to obtain a better price, and consequently they increase their execution
costs. At the same time, however, they reduce their price opportunity cost, which is
the cost associated with an execution at a less favourable price.
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available price is indicated by �1A. We indicate by p�t (A
N�k;Nk

k jSt ) (or

p�t (B
M�k;Mk

k jSt )) with k = 1; 2 the equilibrium execution probability for

a limit sell (or buy) order queuing at the Nk (Mk) position at the price

level Ak (Bk), with N�k =
X

d<k
Nd (M�k =

X
d<k

Md) being the

number of shares standing at lower (higher) price levels.12 This execu-

tion probability is conditional on the state of the limit order book, and

depends on both the price level at which the order is posted and the depth

available on the limit order book. An order posted at Ak and queueing

at the Nk position, is executed against the (N�k +Nk)-th market order

only if (N�k + Nk � 1) market orders have already hit both the N�k

shares available at lower prices and the Nk � 1 shares available at Ak

with time priority. If (N�k+Nk) is larger than the number of remaining

periods, additional limit orders at that price level will never be executed

and pt(A
N�k;Nk

k jSt ) = 0: The execution probability also depends on the

state of the other side of the limit order book: a deep book on the bid

side increases the incentive for a seller to post limit orders as he knows

that incoming buyers will be more inclined to post market orders (due to

the long queue on the bid side).13

12A star superscript indicates equilibrium values.
13To simplify the notation, when the best ask is Ak; we indicate the execution prob-

ability of a limit order queuing at Ak by pt(A
Nk
k jSt ) instead of using pt(A0;Nkk jSt )

and the execution probability of the order standing at the �rst place of the queue by
pt(Ak jSt ) instead of using pt(A0;1k jSt ).
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1.4.3 Market Equilibrium

Traders use information from the state of the limit order book to ra-

tionally compute di¤erent orders�execution probabilities, and then com-

pare the expected payo¤s from each order to choose the optimal strategy

consistent with their own �.14 We solve the model by backward induc-

tion. At time T , the execution probability for limit orders is zero, and

traders submit only market orders or decide not to trade. It can be easily

shown that traders�equilibrium strategies are:

H�
T (�; ST�1) =

8>>>>>><>>>>>>:

�1B if � 2 [�; Bv )

0 if � 2 [Bv ;
A
v )

�1A if � 2 [Av ; �]

(1.5)

where the best ask and bid prices are equal to A 2 fA1; A2g and B 2

fB1; B2g depending on the state of the book. By using these equilibrium

strategies together with the distribution of �, we calculate the equilibrium

execution probabilities at the best quotes for limit orders submitted at

T � 1:

p�T�1(A jST�1 ) =
Z

�2f�:H�
T jST�1=�1Ag

1

(� � �)
d� =

�v �A
(� � �)v

(1.6)

14Di¤erently from Parlour (1998), we do not assume that traders are ex-ante buyers
or sellers but we endogenously derive the trader�s decision to buy or to sell the asset.
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p�T�1(B jST�1 ) =
Z

�2f�:H�
T jST�1=�1Bg

1

(� � �)
d� =

B � �v
(� � �)v

(1.7)

These execution probabilities are the dynamic link between period

T and T � 1. A trader arriving at T � 1 can choose between a market

and a limit order, and his choice is driven by his � value. The following

Lemma holds:

Lemma 1 If at time t 6= T at least one limit order strategy has positive

execution probability, there will always exist a � value for which a limit

order is optimally selected by the incoming trader.

After substituting the equilibrium execution probabilities at T given

by (1.6) and (1.7) for the case in which a limit order posted at T � 1

has a positive execution probability on both sides of the market, i.e.,

p�T�1(A
N�k;Nk

k jST�1 ) 6= 0 and p�T�1(B
M�k;Mk

k jST�1 ) 6= 0, we obtain the

following optimal strategies for T � 1:15

H�
T�1(�; ST�2) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1;T�1)

+1Ak if � 2 [�1;T�1; �3;T�1)

+1Bk if � 2 [�3;T�1; �5;T�1)

�1A if � 2 [�5;T�1; �]

(1.8)

15The other cases are discussed in the Appendix.
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where �1;T�1 =
B
v �

p�T�1(AkjST�1 )
1�p�T�1(AkjST�1 ) �

Ak�B
v ,

�3;T�1 =
p�T�1(AkjST�1 )Ak+p

�
T�1(BkjST�1 )Bk

p�T�1(AkjST�1 )+p�T�1(BkjST�1 ) � 1v , and �5;T�1 =
A
v +

p�T�1(BkjST�1 )
1�p�T�1(BkjST�1 ) �

A�Bk

v . Because only one trader can still arrive at the

market at T , a limit order posted at T � 1 has a positive execution

probability only if it undercuts all the orders on the book and gains

price priority, i.e., p�T�1(A
N�k;Nk

k jST�1 ) 6= 0 only when N�k = 0 and

Nk = 1: Moreover, the greater the limit order execution probability,

p�T�1(Ak jST�1 ), the smaller the threshold between market sell orders and

limit sell orders, �1;T�1, and the more likely traders submit limit rather

than market orders. More generally, if execution probabilities at time t

are high enough that execution costs are lower than price opportunity

costs, traders will submit limit orders. If instead execution probabilities

are low, they will choose market orders.

The optimal price at which a trader will submit a limit order is the

result of a trade-o¤ between price opportunity costs and execution costs:

a more competitive price implies a higher execution probability due to

both the lower risk of being undercut by incoming traders and the fact

that the order becomes more attractive for traders on the opposite side of

the market. This is, however, obtained at the cost of a lower revenue once

the order is executed. This trade-o¤ crucially depends on the relative tick

size, �v , as shown in the following Lemma:

Lemma 2 At time t 6= T traders� aggressiveness in the provision of
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liquidity is positively related to the value of �v .

From the equilibrium strategies at T � 1, we can derive the exe-

cution probabilities for limit orders submitted in previous periods, and

the corresponding equilibrium strategies. The equilibrium is de�ned as

follows:

De�nition 1 Given an initial book S0; a dynamic equilibrium is a set of

order submission decisions {H�
t } and states of the limit order book {St}

such that at each period the trader maximizes his payo¤ U(�) (Table 1.2)

according to his Bayesian belief over the execution probabilities p�(�), i.e.,

fH�
t := argmax U( �jSt�1; p�t�1)g

fSt := St�1 + h�t g

where h�t is de�ned by (3.1)

In order to keep the analysis tractable, from here onwards we focus

only on the last three periods of the trading game, starting from T � 2:

For our numerical simulation we also assume that the support of the �

distribution is [0; 2].

1.5 Tick Size and Market Quality

We start with the market (LM) characterized by a large tick size

equal to � that we already presented in Section 1.4, and we compare the
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Table 1.3 Price Grid

LM Price SM
A2 v + 9

6� a5
v + 7

6� a4
v + 5

6� a3
A1 v + 3

6� a2
v + 1

6� a1

v � 1
6� b1

B1 v � 3
6� b2

v � 5
6� b3

v � 7
6� b4

B2 v � 9
6� b5

Table 1.3 Price Grid This Table shows
the price grid for both the large tick mar-
ket (LM) and the small tick market (SM),
where v indicates the asset value and � the
tick size

resulting equilibrium trading strategies with those obtained when, all else

equal, the tick size is set to 1
3� . Both price grids are shown in Table 1.3:

on the LM the price grid is PLM = fA2; A1; B1; B2g ; while on the small

tick market (SM) it has �ve levels on both the ask and the bid side, al and

bl, with l = 1; ::; 5. For the SM the evolution of the state of the book is

still characterized by equations (1.3) and (1.4), the main di¤erence being

that both SSMt and hSMt now consist of ten components instead of four.

The trader�s strategy space for the SM is much richer thanks to the �ner

price grid, HSM = f�1j ; 0g with j = fa1:5; b1:5g.

To compare the two markets, we build standard indicators of market

quality using traders�equilibrium strategies. For each period t, depth is
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measured by the number of shares available on the book at di¤erent

price levels. More precisely, for the LM we de�ne the following depth

indicators:

DP i;LMt = E[Qit], with i = fA1:2; B1:2g (1.9a)

DPILMt = E[QAt +Q
B
t ] (1.9b)

DPTLMt =
P
i

E[Qit] (1.9c)

where DP i is the expected depth at price i, DPI is the average

depth at the best quotes, and DPT is total depth measured by the sum

of average depth at all price levels. The average spread is computed as

the expected di¤erence between the best ask and bid prices:

SPLMt = E[A�B] (1.10)

Finally, volume in period t is measured by the number of orders exe-

cuted, while liquidity provision is measured by the number of limit orders

submitted. Because at each period only one trader arrives, expected vol-

ume, V Lt, and liquidity provision, LPt, are computed as the probability

that this trader will submit a market order or a limit order at all price
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levels:

V LLMt = E[
P
i

R
�2f�:Ht=�1ijSt�1 g

1d�] (1.11)

LPLMt = E[
P
i

R
�2f�:Ht=+1ijSt�1 g

1d�] (1.12)

Indicators of market quality for the SM are computed in a similar way,

but using j = fa1:5; b1:5g. To illustrate the e¤ects of di¤erent tick sizes

on both liquid and illiquid stocks, we use the initial state of the book as

a proxy for liquidity and consider three cases: an empty book for illiquid

stocks, and a book with either one or two units on the �rst (second) level

of the LM (SM) price grid for liquid stocks.16 The following Proposition

summarizes the e¤ects of a tick size change on both traders�strategies

and market quality:

Proposition 1 When moving from a large to a small tick market, changes

in traders�order submission strategies and market quality depend on the

initial state of the book.

� For liquid stocks

� liquidity provision increases; spread, total depth and inside

depth improve;

16Notice that to compare markets with di¤erent tick size we need to start from the
same initial state of the book. This implies that in the SM book the price levels not
in common with the LM book must be empty.
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� the e¤ects are the same when the top of the book is very deep,

except for inside depth that worsens.

� For illiquid stocks the results are the opposite: liquidity provision

decreases and spread, total depth and inside depth deteriorate.

� All the above e¤ects become stronger for low priced stocks.

Table 1.4 reports results for market quality under both the large and

the small tick size regimes for three di¤erent opening states of the limit

order book: with 0, 1, or 2 shares on A1(a2) and B1(b2): By considering

books that di¤er in market depth, we can o¤er insights on how the e¤ects

on market quality of a tick size change can be in�uenced by the initial

level of liquidity.

Consider �rst a book that opens at T � 2 with only 1 share on

both A1(a2) and B1(b2). When the tick size is smaller, undercutting

is cheaper and competition for the provision of liquidity becomes more

intense. This implies that in equilibrium traders switch from market to

limit orders that they post at the new best price levels (a1 and b1). The

enhanced limit order submission increases market depth, both total and

at the inside spread, and the increased limit order aggressiveness narrows

the spread. These e¤ects become stronger as the stock price decreases.

Clearly, when the value of the tick size becomes relatively large compared

to the stock price, the bene�t of having a �ner price grid increases, and

the probability that traders switch from market to limit orders posted at
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a1 and b1 becomes larger.

Consider then a book that opens at T � 2 with 2 shares at A1(a2)

and B1(b2): Compared to the previous case, a smaller tick size produces

e¤ects that are more intense and of the same direction except for depth

at the inside spread, which decreases rather than increases. In the large

tick size regime there is no room for additional limit orders17 and traders

are forced either to use market orders or to refrain from trading. Hence

when the tick size becomes smaller, traders move even more aggressively

than before to the top of the book and total depth increases. However,

depth at the top of the book decreases as now traders can spread their

orders on the additional price levels instead of being clustered at the best

prices.

We can therefore conclude that for these two cases a smaller tick

size improves liquidity as it narrows the inside spread and increases total

depth, but its e¤ect on inside depth depends on the state of the book.

If the regime with a deeper book is a good proxy for very liquid stocks,

then our results show that for these stocks a smaller tick size can actually

decrease depth at the inside spread.

17Recall that only one trader arrives at each period and hence between T � 2 and
T at most 2 shares can be executed.
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Table 1.4 Tick Size Change (� = 0:1). This Table compares

the large tick market (LM) with the small tick market (SM), and fo-

cuses on three cases that represent an illliquid, liquid, and very liquid

state of the book respectively: (1) both books open empty at T � 2,

ST�2 = [0000] = [00000 00000] (2) LM opens with one share on the �rst

level of the book (A1; B1), and SM opens with one share on the second

level (a2; b2), ST�2 = [0110] = [00010 01000] (3) LM opens with two

shares on the �rst level (A1; B1) and SM with two shares on the second

level (a2; b2), ST�2 = [0220] = [00020 02000]. The Table reports the

following statistics for di¤erent asset values, v = f1; 5; 10; 50g: liquidity

provision, i.e., probability of limit order submission (LP ); trading vol-

ume, i.e., probability of market order submission (V L); spread, depth at

the BBO and total depth. Columns 11-14 report the di¤erence between

the two markets (SM-LM).
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However, for illiquid stocks, that we proxy by the empty book, the

e¤ect of a smaller tick size is to worsen both inside spread and depth.

Traders do not have enough incentive to undercut aggressively by posting

limit orders at the new top of the book: to avoid being undercut by the

next trader, they would have to accept a very low execution price (a1

and b1): Therefore, they prefer to submit either more market orders, or,

despite the lower execution probability, limit orders at higher levels of

the book. Also in this case, when the stock price increases, a smaller tick

size tends to produce e¤ects that gradually drop o¤.

1.6 Dual-Market Model: PLB, IP, and Sub-

Penny Trading

In this Section we broaden our comparative analysis of markets with

di¤erent tick sizes to include intermarket competition. We extend the

previous framework by introducing competition between a large tick mar-

ket that works like a PLB and a special type of dark pool, the IP, that

di¤ers from the PLB in that it has a smaller tick size and allows only

broker-dealers to supply liquidity. This dual-market model is suitable to

investigate sub-penny trading. Such a practice is carried out by those

broker-dealers who can access IPs to compete on price with the limit

orders posted at the top of the PLB.

Regulators are concerned about the ultimate e¤ects of sub-penny
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trading on market quality. It is not yet clear whether this practice fosters

competition for the provision of liquidity and improves market quality,

or whether it only allows highly sophisticated dealers to generate consid-

erable returns from using IPs to step in front of the NBBO. Because the

better prices available in the IP intercept market orders sent to the PLB,

due to the existence of smart order routers, liquidity demand decreases.

This generates two opposite e¤ects on the quality of the PLB. On the

one hand, when fewer market orders hit the top of the PLB, depth is

preserved, keeping the spread tighter. On the other hand, the reduction

of market orders decreases the execution probability of limit orders and

hence the incentive for traders to post depth at the top of the PLB, re-

sulting in lower market depth and wider spread. The changing pattern

of market orders, i.e., migrating from the PLB to the IP, is a¤ected by

the state of the PLB as well as by the tick to price ratio of the stock

considered. Agents� choice between market and limit orders hinges on

the trade-o¤ between price opportunity costs and execution costs, which

are both in�uenced by stock characteristics.

To discuss this setting, we adapt our previous single market model

to embed sub-penny trading. We assume that at each trading period

one individual out of two groups of traders arrives at the market: with

probability � the incoming trader is a broker-dealer and with the com-

plementary probability he is a regular trader. While a regular trader

can only observe and provide liquidity to the PLB, a broker-dealer can
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observe and use both the PLB and the IP. The IP is characterized by

a smaller tick size so that the broker-dealer can undercut orders posted

by other traders at the top of the PLB. Furthermore, in order to ap-

proximate the nature of real IPs, we assume that the IP does not have a

trading crowd sitting at a5 and b5. Finally, while only broker-dealers can

post limit orders at the IP, all traders can take advantage of the liquidity

o¤ered by both trading platforms. This assumption is consistent with

the existence of a smart order routing technology (SOR)18 that allows all

investors to simultaneously access multiple sources of liquidity (Butler,

2010).

SORs allow traders to search the best quotes on the consolidated

limit order book (PLB&IP) but they do not necessarily reveal the state

of the IP. In reality, the more sophisticated the SOR technology, the bet-

ter traders�inference of the state of the IP. Hence, to consider di¤erent

regimes of IP pre-trade transparency, we will �rst assume perfect infer-

ence on the state of the IP, and then extend the model to include partial

inference and Bayesian learning.

To sum up, we consider two protocols: the benchmark (PLB), where

only one trading platform is available to all traders, and the PLB&IP

framework, where an IP competes with the PLB. The latter case further

di¤erentiates into a transparent and an opaque setting, where the lack of

transparency refers to the IP market. To introduce a certain degree of

18Examples are ITG Dark Aggregator and Smartrade Liquidity Aggregator.
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uncertainty on the state of the IP, we assume that at T � 2 the IP opens

either empty or with one unit on the �rst level of the book with equal

probability. The following Proposition presents the results.

Proposition 2 When an IP is added to a PLB, trade migrates to the

IP, and traders� order submission strategies and market quality change

as follows:

� for illiquid stocks, PLB market quality, measured by depth and in-

side spread, deteriorates because liquidity provision decreases. The

e¤ects are stronger both for low priced stocks and when the IP mar-

ket is opaque;

� for liquid stocks, the e¤ect of sub-penny trading is to foster price

competition so that in the PLB spread and depth improve, yet liq-

uidity provision worsens. The e¤ects are weaker both for low priced

stocks and when the IP market is opaque.

� The IP is used more intensively by broker-dealers when the stock is

both liquid and low priced and when their proportion (�) increases.

� When considering markets with a smaller tick size, all the e¤ects

diminish.
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Table 1.5 Sub-penny Trading - Illiquid stock (� = 0:1, � = 10%).

This Table focuses on the comparison between the single market model, in

which only the public limit order book (PLB) with tick size � is active,

and the dual market model, in which the PLB and the internalization

pool (IP) with tick size �
3 compete. The broker-dealer�s arrival rate is

� = 10%. At T � 2 the PLB opens empty, ST�2 = [0000], while the

IP opens with equal probability either empty, [00000 00000], or with one

unit on the �rst level of the book, [00001 10000]. We consider two asset

values, v = f1; 10g, and di¤erentiate results depending on whether the IP

is transparent or opaque. The following statistics are reported for both

the PLB and the IP: liquidity provision (LP ), i.e., probability of limit

order submission; trading volume (V L), i.e., probability of market order

submission; and limit order submission probabilities at di¤erent levels of

the book. The Table also reports the probability of "no trading" and, for

the PLB, spread, depth at the BBO and total depth.
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Table 1.6 Sub-penny Trading - Liquid stock (� = 0:1, � = 10%).

This Table focuses on the comparison between the single market model, in

which only the public limit order book (PLB) with tick size � is active,

and the dual market model, in which the PLB and the internalization

pool (IP) with tick size �
3 compete. The broker-dealer�s arrival rate is

� = 10%. At T � 2 the PLB opens with one share on the �rst level of

the book, ST�2 = [0110], while the IP opens with equal probability ei-

ther empty, [00000 00000], or with one unit on the �rst level of the book,

[00001 10000]. We consider two asset values, v = f1; 10g, and di¤erenti-

ate results depending on whether the IP is transparent or opaque. The

following statistics are reported for both the PLB and the IP: liquidity

provision (LP ), i.e., probability of limit order submission; trading vol-

ume (V L), i.e., probability of market order submission; and limit order

submission probabilities at di¤erent levels of the book. The Table also

reports the probability of "no trading" and, for the PLB, spread, depth

at the BBO and total depth.
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Table 1.5 focuses on the case in which the PLB opens empty at T�2;

that we use to proxy illiquid stocks, while Table 1.6 shows results for a

book that opens with one share onA1 andB1 which should o¤er intuitions

for more liquid stocks. Table 1.5 shows that on the PLB both depth and

limit orders decrease when the IP is added. When traders perceive the

potential competition from broker-dealers, they react by supplying less

liquidity to the PLB. Furthermore, this e¤ect generally outweighs the

reduction in market orders resulting from their interception by the IP,

so that overall the inside spread worsens. These e¤ects become weaker

as the stock price increases: when the tick to price ratio becomes very

small, the pro�tability of liquidity provision, and hence of undercutting,

declines so that the IP competition becomes less relevant. When instead

the IP is opaque, these e¤ects become stronger: the uncertainty on the

IP depth and on the actual level of competition makes traders even more

reluctant to post limit orders at the PLB.

For more liquid stocks (Table 1.6) the main e¤ect of sub-penny trad-

ing is to foster price competition. When the IP platform is introduced,

broker-dealers submit limit orders to the IP at a1 to undercut the exist-

ing depth at A1; thus intercepting incoming market orders away from the

PLB. The resulting reduction of liquidity demand improves spread and

depth on the PLB. However, the switch of market orders from the PLB

to the IP as well as of broker-dealers� limit orders implies that volume

and liquidity provision worsen on the public venue.
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In this case, when the stock price increases, the e¤ects of the IP

competition become stronger due to the reaction of both market orders

and limit orders. When the tick to price ratio decreases, market orders

become central to the choice of traders� optimal submission strategies

and therefore their increased reduction has a greater e¤ect on the PLB

quality. This positive e¤ect is reinforced by the fact that the change

in limit orders becomes almost irrelevant, and hence, compared to the

v = 1 case, their reduction almost disappears. When instead the IP

market becomes opaque, uncertainty increases for regular traders and

therefore the e¤ects on both limit and market orders lessen. As a result,

the IP positive e¤ect on PLB market quality decreases.

By comparing traders�equilibrium strategies for illiquid and liquid

stocks, we observe that broker-dealers post orders at the IP more inten-

sively for liquid stocks in which competition for liquidity provision in the

PLB is higher. This e¤ect is stronger for low priced stocks in which pro-

viding liquidity is more convenient than taking liquidity, due to the larger

tick to price ratio. Finally, when the proportion � of broker-dealers is in-

creased from 10% to 20% (Table 1.7), the sub-penny activity builds up in

the IP and hence the e¤ects on the PLB spread and depth are magni�ed.
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Table 1.7 Sub-penny Trading - Liquid stock (� = 0:1, � = 20%).

This Table focuses on the comparison between the single market model, in

which only the public limit order book (PLB) with tick size � is active,

and the dual market model, in which the PLB and the internalization

pool (IP) with tick size �
3 compete. The broker-dealer�s arrival rate is

� = 20%. At T � 2 the PLB opens with one share on the �rst level of

the book, ST�2 = [0110], while the IP opens with equal probability ei-

ther empty, [00000 00000], or with one unit on the �rst level of the book,

[00001 10000]. We consider two asset values, v = f1; 10g, and di¤erenti-

ate results depending on whether the IP is transparent or opaque. The

following statistics are reported for both the PLB and the IP: liquidity

provision (LP ), i.e., probability of limit order submission; trading vol-

ume (V L), i.e., probability of market order submission; and limit order

submission probabilities at di¤erent levels of the book. The Table also

reports the probability of "no trading" and, for the PLB, spread, depth

at the BBO and total depth.
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Table 1.8 Sub-penny Trading - Illiquid and Liquid stocks

- Small Tick Size (� = 0:1
3 , � = 10%). This Table focuses on the

comparison between the single market model, in which only the public

limit order book (PLB) with tick size � is active, and the dual market

model, in which the PLB and the internalization pool (IP) with tick size

�
3 compete. The broker-dealer�s arrival rate is � = 10%. At T � 2 the

PLB opens either empty (Panel A), ST�2 = [0000], or with one share

on the �rst level of the book (Panel B), ST�2 = [0110], while the IP

opens with equal probability either empty, [0000][00000 00000], or with

one unit on the �rst level of the book, [00001 10000]. We consider two

asset values, v = f1; 10g, and di¤erentiate results depending on whether

the IP is transparent or opaque. For both the PLB and the IP liquidity

provision (LP ), i.e., probability of limit order submission, and trading

volume (V L), i.e., probability of market order submission, are reported.

The Table also reports the probability of "no trading" and, for the PLB,

spread, depth at the BBO and total depth.
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Finally, our model allows us to evaluate how di¤erent tick size values

a¤ect competition for the provision of liquidity between regular and dark

markets. Table 1.8 shows that when the tick size is �=3 rather than � ;

all the e¤ects of sub-penny trading decrease. A smaller tick size, in fact,

reduces the pro�ts for broker-dealers from posting orders in the IP and

consequently their activity on this trading platform.

1.7 Welfare

We now turn to investigate how di¤erent tick size values can a¤ect

the welfare of market participants. Following Degryse et al. (2009)

and Goettler et al. (2005), we measure total welfare (W ) as the sum of

the expected welfare in each period E(Wt), i.e., W =
P

tE(Wt); where

E(Wt) is the sum of agents�expected gains from both market (�rst term)

and limit orders (second term):

E(Wt) =
P

i

R
�2f�:Ht=�1ijSt�1 gji� �vj � f(�)d�

+
P

i

R
�2f�:Ht=+1ijSt�1 gji� �vj � p

�
t (i jSt ) � f(�)d�

(1.13)

As this measure only allows us to calculate the absolute change in welfare,

to obtain a relative indicator, we compute the expected gains from trade

accruing to market participants in a market without frictions, W . In a

frictionless market a �rst-best allocation of resources is achieved and all
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orders are executed at the fundamental value of the asset:

W =
X
t

E(W t) =

Z �

�

jv � �vj f (�) d� (1.14)

The results obtained are summarized in the following Proposition.

Proposition 3 .

� In the single market model a smaller tick size makes traders better

o¤ when the stock is liquid and worse o¤ when it is illiquid. Changes

in traders�welfare increase with the tick to price ratio.

� Competition from an IP makes all traders better o¤, and the im-

provement decreases with the tick to price ratio.

The e¤ects on welfare of a change in the tick size depend on the

state of the book (Table 1.9). As we have previously shown, when the

book opens shallow, a smaller tick size worsens liquidity with the result

that traders�welfare decreases. When instead the market opens deep,

a smaller tick size improves the spread and makes the market deeper,

thus increasing traders�gains from trade. Finally, consistently with the

results obtained on market quality, the e¤ects of a tick size reduction

are stronger for low priced stocks, whereas they tend to vanish for high

priced stocks.
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Table 1.9 Welfare - Single Market Model (� = 0:1, � = 20%).

This Table reports the expected gains from trade over the three trading

periods for both the single market model (PLB) and the market without

frictions, i.e. the �rst best (FB). Results are reported for both the large

tick market (LM), and the small tick market (SM); columns 10 to 13

report the di¤erence in welfare between the two trading protocols (SM-

LM). In addition, results are reported for four di¤erent values of the asset

(v), and for three di¤erent initial states of the book, respectively with 0,

1, and 2 shares on the �rst level of LM (A1; B1) and the second level of

SM (a2; b2).
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Table 1.10Welfare - PLB&IPMarket (� = f0:1; 0:13 g, � = 10%).

This Table reports the expected gains from trade over the three trading

periods for both the single market model (PLB) and the model in which

the PLB competes with the internalization pool (PLB&IP). At T �2 the

PLB opens either empty (Panel A), ST�2 = [0000], or with one share on

the �rst level of the book (Panel B), ST�2 = [0110], while the IP opens

with equal probability either empty, [0000][00000 00000], or with one unit

on the �rst level of the book, [00001 10000]. Welfare in the PLB&IP

framework is computed for the two categories of agents - broker-dealers

(BD) and regular traders (RT) -, and for the two protocols in which the

IP is either transparent (PLB&IP_tra) or opaque (PLB&IP_op) to reg-

ular traders. The Table also reports in square brackets the percentage

di¤erence with the welfare computed for the PLB in the single market

model. In addition, results are reported for two di¤erent values of the

asset, v = f1; 10g.
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To evaluate the e¤ects on welfare of the opportunity to trade in an

IP, we consider broker-dealers and regular traders separately. As reported

in Table 1.10, competition from the IP increases total welfare for both

liquid and illiquid stocks, and for both broker-dealers and regular traders.

In fact, even though only broker-dealers can post limit orders to the IP,

due to the existence of smart order routers, all traders can take advantage

of the liquidity o¤ered. This e¤ect decreases with the tick size because

broker-dealers have a lower incentive to provide liquidity on the IP.

1.8 Empirical implications

The equilibrium strategies derived from our model generate several

empirically testable predictions. We �nd that the behaviour of traders

crucially depends on the liquidity of the limit order book and on the price

of the stock considered. Starting with the single market model, we show

that a tick size reduction can improve or worsen the indicators of market

quality, depending on the initial state of the book:

Prediction 1 When the tick size is smaller, depth worsens

if the book is shallow and improves if it is deep. For the

inside spread the e¤ect is not monotonic with respect to book

liquidity: this market indicator worsens for shallow books,

improves for deep ones but worsens again when the book is

extremely deep.
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Most of the existing empirical evidence does not distinguish between

liquid and illiquid stocks, and shows that when the tick size is reduced,

the inside spread decreases but depth does not necessarily improve.19

On the other hand, when stocks are classi�ed according to their degree

of liquidity, as in Bourghelle and Declerck (2004), results show that as

liquidity decreases, the percentage spread increases and the quoted depth

decreases. Similarly, our prediction is in line with the empirical �ndings

of Golstein and Kavajecz (2000), who sort NYSE stocks according to their

levels of liquidity and price. They show that as the tick size is reduced,

there is an overall improvement of the quoted spread and depth for liquid

stocks, whereas market quality deteriorates for illiquid ones. Golstein and

Kavajecz also show that both e¤ects become stronger as the stock price

decreases, and that for low priced illiquid stocks the negative e¤ect on the

quoted spread and depth is the greatest. The latter results are consistent

with our second prediction:

Prediction 2 Both in deep and in shallow markets, the e¤ect

of a smaller tick size gradually increases with the tick to price

ratio.

Both predictions can be directly tested by sorting stocks by their

price and the level of liquidity and applying an event study of tick size

19See Ahn et al. (1996), Bacidore (1997), Bessembinder (2003), Harris (1994), and
Porter and Weaver (1997).
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change. The key is to select a sample of stocks with enough independent

variation in liquidity and in price.

When we extend the analysis to a framework which includes inter-

market competition between a primary market and an IP, we obtain

additional testable implications. The endogenous strategic interaction

between regular traders and more sophisticated broker-dealers having

access to dark platforms generates distinctive empirical patterns for liq-

uidity supply and liquidity demand. More precisely, competition from

an IP a¤ects traders�desire to supply liquidity which generates empirical

predictions about the dynamics of order �ows. These again depend on

the stocks�characteristics.

Prediction 3 When the primary market is deep, the IP at-

tracts market orders, thus preserving liquidity and ultimately

enhancing depth and spread on the PLB. When the primary

market is shallow, competition from the IP deters liquidity

provision on the PLB where depth and spread worsen. All

these e¤ects decrease as the tick size gets smaller.

Prediction 4 For illiquid stocks, a high tick to price ratio

ampli�es the e¤ects on market quality of competition from

IPs, while the opposite holds for liquid stocks.

These theoretical �ndings are directly testable either cross-sectionally,

by selecting stocks with di¤erent degrees of liquidity and price levels; or
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by using time series of order data. A �nal empirical implication of our

model is that:

Prediction 5 Broker-dealers�activity on IPs is more inten-

sive on liquid and low priced stocks.

This is an interesting topic for future research, when data on dark

markets becomes available.

1.9 Policy Discussion and Conclusions

Today�s �nancial markets are characterized by extensive intermarket

competition, both between fully transparent venues and between trans-

parent and dark pools of liquidity. In such a world, the regulation of

the minimum price increment is extremely important, as it de�nes how

markets compete for liquidity. In this paper, we analyze the impact of

the tick size for market quality and traders� welfare in a public limit

order market. We also analyze how the entry of a dark venue with a

�ner price grid (trading in sub-pennies) a¤ects traders� strategies, and

therefore results in changes in market quality and traders�welfare.

First of all, we discuss the e¤ects of a smaller tick size within the

context of a limit order book and show that these e¤ects depend on the

liquidity of the stock and on the underlying value of the asset. In this

respect, the model�s results show that for illiquid stocks market quality
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worsens with a smaller tick size, whereas for liquid stocks it improves.

Such e¤ects are relevant for low priced stocks, whereas they vanish as the

price of the security increases. These results suggest that the objective of

tick size regulation should be the de�nition of a minimum price change

that is consistent with the stock�s main attributes and should be related

to its liquidity and price.

The model is then extended to include competition from an IP. This

dual-market model accounts for the changing nature of liquidity provision

around the world, which is now dominated by competition among regular

and dark markets, and in which a growing number of dark pools allows

broker-dealers to post limit orders at fractions of the tick size. This

extension is well suited to investigate the issue of sub-penny trading,

which is one of the main concerns addressed by the SEC in the April 2010

concept release on Equity Market Structure. Our model suggests that

sub-penny trading undertaken by broker-dealers on IPs can have negative

e¤ects on the market quality for illiquid stocks, while it is bene�cial to

the quality of the market for liquid stocks.

By drawing on our model we can also comment the conclusions of

the SEC Report on Decimalization (2012), which was required by the

JOBS Act (2012) and which states that "the Commission should not

proceed with the speci�c rulemaking to increase the tick size." The JOBS

Act advised the SEC to consider the possibility of increasing the tick

size for low priced stocks and of eventually undertaking a pilot program,
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under which some small and mid-cap stocks would trade at increments

greater than a penny. The objective of this proposal was to restore the

economic incentive to support liquidity for these stocks, that over time

had experienced a reduction of the inside spread. Our model reveals

that a greater tick size for illiquid low-price stocks could on the one

hand stimulate competition for the provision of liquidity and result in

smaller rather than wider spreads, while on the other it could lead to

an increase in broker-dealers pro�ts from sub-penny trading. According

to our results, it would therefore appear that an increase of the tick size

would not necessarily restore the interest of liquidity providers for these

stocks.

Appendix A

A.1 Proof of Lemma 1

Proof. At any period t 6= T; a trader selects his optimal strategy H�
t

by comparing the payo¤s of all the strategies described in Table 1.2,

Ht = f�1B ;+1Ak ;+1Bk ;�1A; 0g. Assume that p�t (A
N�k;Nk

k ) > 0.20 We

compute the threshold ��1B ;0 between Ht = �1B and Ht = 0 by equat-

ing the pro�ts from the two strategies (B � �v = 0) and we obtain

��1B ;0 =
B
v . Similarly, we compute the threshold between Ht = �1B

20To simplify the notation, we omit to write that all the execution probabilities are
conditional on St.
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and Ht = +1Ak and obtain ��1B ;1Ak =
B
v �

p�t (A
N�k;Nk
k )

1�p�t (A
N�k;Nk
k )

� Ak�B
v . Un-

der the assumption that p�t (A
N�k;Nk

k ) > 0, then ��1B ;1Ak < ��1B ;0 and

hence there always exists a value for � 2 (��1B ;1Ak ; ��1B ;0) such that

H�
t (�; St�1) = +1Ak . A similar result holds for the bid side. Clearly,

traders�equilibrium �-thresholds, and hence strategies, crucially depend

on the state of the book which a¤ects the execution probability of limit

orders. There are four possible scenarios. When there is room for limit

orders on both sides of the market, equilibrium traders� strategies for

t 6= T are:

H�
t (�; St�1) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1)

+1Ak if � 2 [�1; �3)

+1Bk if � 2 [�3; �5)

�1A if � 2 [�5; �]

if
p�t (A

N�k;Nk

k ) 6= 0

& p�t (B
M�k;Mk

k ) 6= 0

(1.15a)

where �1 =
B
v �

p�t (A
N�k;Nk
k )

1�p�t (A
N�k;Nk
k )

�Ak�B
v , �3 =

p�t (A
N�k;Nk
k )Ak+pt(B

M�k;Mk
k )Bk

p�t (A
N�k;Nk
k )+pt(B

M�k;Mk
k )

�

1
v and �5 =

A
v +

p�t (B
M�k;Mk
k )

1�p�t (B
M�k;Mk
k )

� A�Bk

v . When instead the book opens

full either on the ask or on the bid side, the equilibrium strategies are
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respectively:

H�
t (�; St�1) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1)

0 if � 2 [�1; �4)

+1Bk if � 2 [�4; �5)

�1A if � 2 [�5; �]

if
p�t (A

N�k;Nk

k ) = 0

& p�t (B
M�k;Mk

k ) 6= 0

(1.15b)

H�
t (�; St�1) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1)

+1Ak if � 2 [�1; �2)

0 if � 2 [�2; �5)

�1A if � 2 [�5; �]

if
p�t (A

N�k;Nk

k ) 6= 0

& p�t (B
M�k;Mk

k ) = 0

(1.15c)

where �2 =
Ak

v and �4 =
Bk

v : Finally, when the book is full on both sides,

equilibrium strategies are:

H�
t (�; St�1) =

8>>>><>>>>:
�1B if � 2 [�; �1)

0 if � 2 [�1; �5)

�1A if � 2 [�5; �]

if
p�t (A

N�k;Nk

k ) = 0

& p�t (B
M�k;Mk

k ) = 0

(1.15d)

If p�t (A
N�k;Nk

k ) = p�t (B
M�k;Mk

k ) = 0, then H�
t (�; St�1) = H

�
T (�; St�1).

A.2 Proof of Lemma 2

Proof. As an example, we consider the ask side in period T � 1; the

other cases can be derived in a similar way. At T � 1 limit orders have
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a positive execution probability on both A1 and A2 only when the book

opens empty on both sides, ST�1 = [0; 0; 0; 0].21 In this case traders can

optimally select their level of price aggressiveness. Pro�ts from the two

available limit order strategies are:

HT�1 = +1
A2 : (A2 � �v) � p�T�1(A2 j[1000] ) = (A2 � �v) �

�v�A2

(���)v

HT�1 = +1
A1 : (A1 � �v) � p�T�1(A1 j[0100] ) = (A1 � �v) �

�v�A1

(���)v

A limit order atA1 is optimal if 9� such that (A1��v)�p�T�1(A1 j[0100] ) >

maxfB2 � �v, (A2 � �v) � p�T�1(A2 j[1000] )g; in this case the threshold

between HT�1 = �1B and HT�1 = +1A1 is smaller than the threshold

between HT�1 = �1B and HT�1 = +1A2 . Speci�cally, as ��1B ;1Ak =

�1 jB=B2;Ak
= B2

v � p�T�1(AkjSt )
1�p�T�1(AkjSt ) �

Ak�B2

v , in order for ��1B ;1A1 <

��1B ;1A2 the lower selling price (by one tick, �) must be compensated by

a higher execution probability. As p�T�1(A1 j[0100] )�p�T�1(A2 j[1000] ) =
�v�A1

(���)v �
�v�A2

(���)v =
�

(���)v is an increasing function of the relative tick

size, for HT�1 = +1A1 to be an optimal strategy, �v must be larger thanb�
v , where

b�
v solves (A1 � �v) �

�v�A1

(���)v � (A2 � �v) �
�v�A2

(���)v = 0:

A.3 Proof of Proposition 1

Proof. We consider the illiquid stocks for which the book opens at

T � 2 as [0000]. We analyze �rst a LM where at T � 2 traders�strat-
21From here onwards, to simplify the notation, we omit commas, i.e., [0000] repre-

sents an empty limit order book.
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egy space is f�1B ;+1A2 ;+1A1 ;+1B1 ;+1B2 ;�1A; 0g; each strategy cor-

responds to an opening book at T � 1 equal to [0000], [1000], [0100],

[0010], [0001], and [0000] respectively. Consider the book that opens

at T � 1 with one share on A2, i.e., [1000]. Traders� strategy space is

f�1B ;+1A1 ;+1B1 ;+1B2 ;�1A; 0g and the corresponding payo¤s are:

HT�1 = �1B : B2 � �v

HT�1 = +1
A1 : (A1 � �v) � p�T�1(A1 j[1100] )

HT�1 = +1
B1 : (�v �B1) � p�T�1(B1 j[1010] )

HT�1 = +1
B2 : (�v �B2) � p�T�1(B2 j[1001] )

HT�1 = �1A : �v �A2

HT�1 = 0 : 0

where the execution probabilities are given by (1.6) and (1.7). After

comparing these payo¤s, we obtain the equilibrium strategies at T � 1

that depend on the relative tick size �
v ; as shown in Lemma 2. If the

relative tick size is small such that traders are not aggressive and post

limit orders at higher levels of the book, the equilibrium strategies at

T � 1 are given by Eq. (1.8):
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H�LM
T�1 (�; [1000]) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1;T�1 jA1;B=B2
)

+1A1 if � 2 [�1;T�1 jA1;B=B2
; �3;T�1 jA1;B2

)

+1B2 if � 2 [�3;T�1 jA1;B2 ; �5;T�1 jA=A2;B2 )

�1A if � 2 [�5;T�1 jA=A2;B2
; �]

where �1;T�1 jA1;B=B2
= B2

v �
p�T�1(A1j[1100] )
1�p�T�1(A1j[1100] ) �

A1�B2

v , �3;T�1 jA1;B2
=

p�T�1(A1j[1100] )A1+p
�
T�1(B2j[1001] )B2

p�T�1(A1j[1100] )+p�T�1(B2j[1001] ) � 1v

and �5;T�1 jA=A2;B2
= A2

v +
p�T�1(B2j[1001] )
1�p�T�1(B2j[1001] ) �

A2�B2

v . This allows

us to compute the execution probability of the strategy HT�2 = +1A2

that turns the book into [1000] at T � 1:

p�T�2(A2 j[1000] ) =
���5;T�1jA=A2;B2

���

+
�5;T�1jA=A2;B2 ��3;T�1jA1;B2

��� � p�T�1(A2 j[1001] )

+
�1;T�1jA1;B=B2 ��

��� � p�T�1(A2 j[1000] )

The �rst term is the execution probability at T � 1, whereas the other

two represent the execution probability at T . Similarly, we compute the

execution probabilities for the other order types to compare all possible

trader�s payo¤s at T � 2:
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HT�2 = �1B : B2 � �v

HT�2 = +1
A2 : (A2 � �v) � p�T�2(A2 j[1000] )

HT�2 = +1
A1 : (A1 � �v) � p�T�2(A1 j[0100] )

HT�2 = +1
B1 : (�v �B1) � p�T�2(B1 j[0010] )

HT�2 = +1
B2 : (�v �B2) � p�T�2(B2 j[0001] )

HT�2 = �1A : �v �A2

HT�2 = 0 : 0

Hence equilibrium strategies at T � 2 are:

H�LM
T�2 (�; [0000]) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �1;T�2 jA2;B=B2
)

+1A2 if � 2 [�1;T�2 jA2;B=B2
; �3;T�2 jA2;B2

)

+1B2 if � 2 [�3;T�2 jA2;B2 ; �5;T�2 jA=A2;B2 )

�1A if � 2 [�5;T�2 jA=A2;B2
; �]

where �1;T�2 jA2;B=B2
= B

v �
p�T�2(A2j[1000] )
1�p�T�2(A2j[1000] ) �

A2�B
v ; �3;T�2 jA2;B2

=

p�T�2(A2j[1000] )A2+p
�
T�2(B2j[0001] )B2

p�T�2(A2j[1000] )+p�T�2(B2j[0001] ) � 1v , �5;T�2 jA=A2;B2 =
A
v +

p�T�2(B2j[0001] )
1�p�T�2(B2j[0001] ) �

A�B2

v :

When instead �
v is large, submitting limit orders on the �rst level of

the book becomes an optimal strategy, and the equilibrium strategies at
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T � 2 are derived from a modi�ed version of Eq. (1.15a):

H�LM
T�2 (�; [0000]) =

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�1B if � 2 [�; �1;T�2 jA1;B=B2
)

+1A1 if � 2 [�1;T�2 jA1;B=B2
; �6;T�2 jA1;A2

)

+1A2 if � 2 [�6;T�2 jA1;A2 ; �3;T�2 jA2;B2 )

+1B2 if � 2 [�3;T�2 jA2;B2
; �7;T�2 jB1;B2

)

+1B1 if � 2 [�7;T�2 jB1;B2
; �5;T�2 jA=A2;B1

)

�1A if � 2 [�5;T�2 jA=A2;B1 ; �]

where �6;T�2 jA1;A2
=

p�T�2(A1j[0100] )A1�p�T�2(A2j[1000] )A2

p�T�2(A1j[0100] )�p�T�2(A2j[1000] ) � 1v , �7;T�2 jB1;B2
=

p�T�2(B1j[0010] )B1�p�T�2(B2j[0001] )B2

p�T�2(B1j[0010] )�p�T�2(B2j[0001] ) � 1v .

We solve the same problem for the SM and directly present the

equilibrium strategies at T � 2 for the case with an empty book, that we

indicate with St = [0], and a small relative tick size value, �v :

H�SM
T�2 (�; [0]) =

8>>>>>>><>>>>>>>:

�1b if � 2 [�; �1;T�2 ja5;b=b5 )

+1a5 if � 2 [�1;T�2 ja5;b=b5 ; �3;T�2 ja5;b5 )

+1b5 if � 2 [�3;T�2 ja5;b5 ; �5;T�2 ja=a5;b5 )

�1a if � 2 [�5;T�2 ja=a5;b5 ; �]

When instead �
v is large, the equilibrium strategies at T � 2 are
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modi�ed as follows:

H�SM
T�2 (�; [0]) =

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�1b if � 2 [�; �1;T�2 ja1;b=b5 )

+1a1 if � 2 [�1;T�2 ja1;b=b5 ; �6;T�2 ja1;a5 )

+1a5 if � 2 [�6;T�2 ja1;a5 ; �3;T�2 ja5;b5 )

+1b5 if � 2 [�3;T�2 ja5;b5 ; �7;T�2 jb1;b5 )

+1b1 if � 2 [�7;T�2 jb1;b5 ; �5;T�2 ja=a5;b1 )

�1a if � 2 [�5;T�2 ja=a5;b1 ; �]

To compare the LM with the SM in terms of liquidity provision and

executed volume, it is su¢ cient to compare the thresholds that make

the trader indi¤erent between submitting a market order and the most

attractive among the available limit order strategies:

b�LM5;T�2 jA=A2;Bk
= max

Bk

�5;T�2 jA=A2;Bk
= max

Bk

fA2

v +
p�T�1(BkjST�1 )
1�p�T�1(BkjST�1 ) �

A2�Bk

v g

b�SM5;T�2 ja=a5;bl = max
bl
�5;T�2 ja=a5;bl = max

bl
fa5v +

p�T�1(bljST�1 )
1�p�T�1(bljST�1 )

� a5�blv g

After substituting the equilibrium execution probabilities, we �nd that for

a market buy order b�SM5;T�2 ja=a5;bl < b�LM5;T�2 jA=A2;Bk
, and for a market

sell order b�SM1;T�2 jal;b=b5 > b�LM1;T�2 jAk;B=B2 . Consequently, volume is

higher in the SM:
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V LSMT�2 =
��b�SM5;T�2ja=a5;bl

��� +
b�SM1;T�2jal;b=b5 ��

���

>
��b�LM5;T�2jA=A2;Bk

��� +
b�LM1;T�2jAk;B=B2 ��

��� = V LLMT�2

When the book opens empty at T�2, no trading (HT�2 = 0) is never op-

timal and hence in this single market model the submission probabilities

of market and limit orders are complements. Thus, as V LLMT�2 < V L
SM
T�2,

we obtain that LPLMT�2 > LP
SM
T�2. Furthermore, inside depth is equal to

both total depth and liquidity provision, DPIT�2 = DPTT�2 = LPT�2,

where:

LPT�2 =
b�5;T�2�b�1;T�2

���

Consequently, also total and inside depth are lower in the SM: DPILMT�2 =

DPTLMT�2 > DPISMT�2 = DPTSMT�2. Finally, in order to compute the

spread, we consider two cases. When �
v is large, we obtain:

SPLMT�2 = E[A�B]

= 3� -(
�6;T�2jA1;A2 ��1;T�2jA2;B=B2

��� +
�5;T�2jA=A2;B2 ��7;T�2jB1;B2

��� ) � �

< 3� -(
�6;T�2ja1;a5 ��1:T�2ja1;b=b5

��� +
�5;T�2ja=a5;b1 ��7;T�2jb1;b5

��� ) � 4�
3

= SPSMT�2

where, for example,
�6;T�2jA1;A2 ��1;T�2jA2;B=B2

��� is the probability of a

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



67

limit sell order posted at A1 and
�5;T�2jA=A2;B2 ��7;T�2jB1;B2

��� is the prob-

ability of a limit buy order posted at B1.When instead �
v is small, so that

traders in equilibrium post limit orders only at A2 = a5 and B2 = b5, we

obtain that SPLMT�2 = SP
SM
T�2 = 3� :

The proofs for liquid, [0110], and very liquid stocks, [0220], are ob-

tained following the same procedure and are available from the authors

upon request.

A.4 Proof of Proposition 2

Proof. We provide a proof for liquid stocks, i.e., a PLB that opens at

T � 2 as [0110]. The proof for illiquid stocks follows a similar procedure

and is available from the authors upon request.

1) Liquid stocks, transparent IP

When the IP is transparent, regular traders�(RT) equilibrium strate-

gies depend on the initial state of the IP. We consider two cases: an empty

IP, [0110]&[0], and an IP with one share on the �rst level of the book,

[0110]&[1]. To obtain market quality indicators that are comparable with

the opaque IP case, we take the average of the values obtained for the

two cases.

(1.1) When the opening book is [0110]&[0], at T � 2 the overall

trader�s strategy space, considering both broker-dealers (BD) and RT, is
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f�1B ;+1i;+1j ;�1A; 0g with i = A1:2 and B1:2; j = a1:5 and b1:5. There-

fore, at the beginning of T � 1 there are 17 possible states of the books:

one share added to the i-th level of the PLB and no shares added to the

IP (4 cases), one share added to the j-th level of the IP and no shares

added to the PLB (10 cases), one share taken from the PLB (2 cases)

or no trading (1 case). We compute the optimal equilibrium strategy

for di¤erent types of traders conditional on each case. Because at T all

traders can observe the best available price, the equilibrium strategies of

RT and BD are the same (market orders only). As a result the orders�

execution probabilities at T�1 do not depend on the type of trader arriv-

ing at T , for example: p�RTT�1(AkjSPLBT�1 ; S
IP
T�1) = p

�BD
T�1 (AkjSPLBT�1 ; S

IP
T�1) =

p�T�1(AkjSPLBT�1 ; S
IP
T�1). Suppose H

�
T�2 = +1

A2 so that at T �1 the book

opens [1110]&[0]. If a RT arrives, his payo¤s are:

HT�1 = �1B : B1 � �v

HT�1 = �1A : �v �A1

HT�1 = 0 : 0

and his equilibrium strategies are:

H�RT
T�1 (�; [1110]&[0]) =

8>>>><>>>>:
�1B if � 2 [�; �RT1;T�1 jB=B1 )

0 if � 2 [�RT1;T�1 jB=B1
; �RT5;T�1 jA=A1

)

�1A if � 2 [�RT5;T�1 jA=A1
; �]
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By using the optimal � thresholds associated with these strategies,

we compute the execution probability HT�2 = +1A2 conditional on a RT

arriving at T � 1:

p�RTT�2(A2 j[1110]&[0] ) =
���RT5;T�1jA=A1

��� � p�T�1(A) jA=A2

If instead a BD arrives at T � 1, his payo¤s are:

HT�1 = �1B : B1 � �v

HT�1 = +1
al : (al � �v) � p�T�1(aljSPLBT�1 ; S

IP
T�1)

HT�1 = +1
bl : (�v � bl) � p�T�1(bljSPLBT�1 ; S

IP
T�1)

HT�1 = �1A : �v �A1

HT�1 = 0 : 0

and his equilibrium strategies are:

H�BD
T�1 (�; [1110]&[0]) =

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�1B if � 2 [�; �BD1;T�1 ja1;B=B1 )

+1a1 if � 2 [�BD1;T�1 ja1;B=B1
; �BD2;T�1 ja1;a2 )

+1a2 if � 2 [�BD2;T�1 ja1;a2 ; �BD3;T�1 ja2;b2 )

+1b2 if � 2 [�BD3;T�1 ja2;b2 ; �BD4;T�1 jb1;b2 )

+1b1 if � 2 [�BD4;T�1 jb1;b2 ; �BD5;T�1 jA=A1;b1 )

�1A if � 2 [�BD5;T�1 jA=A1;b1 ; �]

It follows that, conditional on a BD arriving at T � 1, the execution
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probability of the limit order posted at A2 is:

p�BDT�2 (A2 j[1110]&[0] ) =
���BD5;T�1jA=A1;b1

��� � p�T�1(A) jA=A2

We compute the total execution probability of the limit order posted

at A2 at T�2 as the weighted average of the two conditional probabilities:

p�T�2(A2 j[0110]&[0] ) = �p�BDT�2 (A2 j[1110]&[0] )+(1��)p�RTT�2(A2 j[1110]&[0] )

Similarly, we compute the equilibrium strategies for all the other

possible states of the book at T�1 and obtain the execution probabilities

of the di¤erent order types available at T � 2.

If a RT arrives at T�2, his strategy space is {�1B ,+1A2 ,+1A1 ,+1B1 ,

+1B2 ,�1A,0}. His payo¤s are:

HT�2 = �1B : B2 � �v

HT�2 = +1
Ak : (Ak � �v) � p�T�2(Akj[0110]&[0])

HT�2 = +1
Bk : (�v �Bk) � p�T�2(Bkj[0110]&[0])

HT�2 = �1A : �v �A2

HT�2 = 0 : 0

where, for example, p�T�2(A1j[0110]&[0]) = �p�RTT�2(A1 j[0210]&[0] )+ (1�

�)p�BDT�2 (A1 j[0210]&[0] ). By comparing these payo¤s, we obtain:

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



71

H�RT
T�2 (�; [0110]&[0]) =

8>>>>>>><>>>>>>>:

�1B if � 2 [�; �RT1;T�2 jA2;B=B1
)

+1A2 if � 2 [�RT1;T�2 jA2;B=B1
; �RT3;T�2 jA2;B2

)

+1B2 if � 2 [�RT3;T�2 jA2;B2 ; �
RT
5;T�2 jA=A1;B2 )

�1A if � 2 [�RT5;T�2 jA=A1;B2
; �]

If instead a BD arrives at T � 2, he also selects a trading venue.

Thus his strategy space is f�1B ;+1i;+1j ;�1A; 0g with i = A1:2 and

B1:2; j = a1:5 and b1:5. His payo¤s are:

HT�2 = �1B : B2 � �v

HT�2 = +1
Ak : (Ak � �v) � p�T�2(Akj[0110]&[0])

HT�2 = +1
al : (al � �v) � p�T�2(alj[0110]&[0])

HT�2 = +1
bl : (�v � bl) � p�T�2(blj[0110]&[0])

HT�2 = +1
Bk : (�v �Bk) � p�T�2(Bij[0110]&[0])

HT�2 = �1A : �v �A2

HT�2 = 0 : 0

where for example p�T�2(alj[0110]&[0]) = �p�BDT�2 (al j[0110]&Qal = 1) +

(1��)p�RTT�2(al j[0110]&Qal = 1). If he submits a limit order to the PLB,

his order�s execution probability is the same as the one of RT. His equi-
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librium strategies are:

H�BD
T�2 (�; [0110]&[0]) =

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

�1B if � 2 [�; �BD1;T�2 ja1;B=B1 )

+1a1 if � 2 [�BD1;T�2 ja1;B=B1
; �BD2;T�2 ja1;a2 )

+1a2 if � 2 [�BD2;T�2 ja1;a2 ; �BD2;T�2 ja2;A2
)

+1A2 if � 2 [�BD2;T�2 ja2;A2 ; �
BD
3;T�2 jA2;B2 )

+1B2 if � 2 [�BD3;T�2 jA2;B2
; �BD4;T�2 jB2;b2 )

+1b2 if � 2 [�BD4;T�2 jB2;b2 ; �
BD
4;T�2 jb2;b1 )

+1b1 if � 2 [�BD4;T�2 jb2;b1 ; �BD5;T�2 jA=A1;b1 )

�1A if � 2 [�BD5;T�2 jA=A1;b1 ; �]

At T � 2 expected volume on the PLB is:

V LPLBT�2 ([0110]&[0])= �[Pr (H
�BD
T�2= �1

A1)+Pr (H
�BD
T�2= �1

B1)]

+(1� �)[Pr (H�RT
T�2= �1

A1) + Pr (H
�RT
T�2= �1

B1)]

= �(
�BD1;T�2ja1;B=B1 ��

��� +
���BD5;T�2jA=A1;b1

��� )

+(1� �)(�
RT
1;T�2jA2;B=B1 ��

��� +
���RT5;T�2jA=A1;B2

��� )

Because there is no volume executed in the IP, we obtain that:

LPPLBT�2 ([0110]&[0]) = 1� V LPLBT�2 ([0110]&[0])� LP IPT�2([0110]&[0])
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We also compute the other market indicators for the PLB:

DPIPLBT�2 ([0110]&[0]) = 2� V LPLBT�2 ([0110]&[0])

DPTPLBT�2 ([0110]&[0]) = 2 + LPPLBT�2 ([0110]&[0])� V LPLBT�2 ([0110]&[0])

SPPLBT�2 ([0110]&[0]) = �fLPPLBT�2 ([0110]&[0]) + LP
IP
T�2([0110]&[0])g

+2�V LPLBT�2 ([0110]&[0])

(1.2) When the opening book at T � 2 is [0110]&[1], we derive the

equilibrium strategies for both a RT and a BD in a similar way:

H�RT
T�2 (�; [0110]&[1]) =

8>>>><>>>>:
�1b if � 2 [�; �RT1;T�2 jB=b1 )

0 if � 2 [�RT1;T�2 jB=b1 ; �RT5;T�2 jA=a1 )

�1a if � 2 [�RT5;T�2 jA=a1 ; �]

H�BD
T�2 (�; [0110]&[1]) =

8>>>>>>><>>>>>>>:

�1b if � 2 [�; �BD1;T�2 ja1;B=b1 )

+1a1 if � 2 [�BD1;T�2 ja1;B=b1 ; �BD3;T�2 ja1;b1 )

+1b1 if � 2 [�BD3;T�2 ja1;b1 ; �BD5;T�2 jA=a1;b1 )

�1a if � 2 [�BD5;T�2 jA=a1;b1 ; �]

We also compute the corresponding market quality indicators:

V LPLBT�2 ([0110]&[1]),DPI
PLB
T�2 ([0110]&[1]),DPT

PLB
T�2 ([0110]&[1]), and

SPPLBT�2 ([0110]&[1]):

(1.3) The market quality indicators for the transparent IP case (T )
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are equal to the average of those obtained in (1.1) and (1.2). For example:

V LPLB;TT�2 =
V LPLBT�2 ([0110]&[0])

2
+
V LPLBT�2 ([0110]&[1])

2

We compare these market indicators with those obtained for the single

market model. We �rst analyze separately the two cases, and start with

[0110]&[0]. Without broker-dealers (� = 0), the PLB&IP model con-

verges to the single market model. When � is positive, instead, limit

orders submitted at T � 2 have a lower execution probability in the

PLB&IP model, as they are more frequently undercut by BD. There-

fore both BD and RT submit market orders with a higher probability.

From Proposition 1 we know that:

V LLMT�2 =
b�LM1;T�2jAk;B=B1 ��

��� +
��b�LM5;T�2jA=A1;Bk

���

So we obtain that:

�RT1;T�2 jA2;B=B1 > �BD1;T�2 ja1;B=B1 >
b�LM1;T�2 jAk;B=B1

�RT5;T�2 jA=A1;B2
< �BD5;T�2 jA=A1;b1 <

b�LM5;T�2 jA=A1;Bk

This implies that V LPLBT�2 ([0110]&[0]) > V L
LM
T�2. It is straighforward to
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show that:

LPPLBT�2 ([0110]&[0]) � 1� V LPLBT�2 ([0110]&[0]) < 1� V LLMT�2 = LPLMT�2

DPIPLBT�2 ([0110]&[0]) > DPILMT�2

DPTPLBT�2 ([0110]&[0]) > DPTLMT�2

SPPLBT�2 ([0110]&[0]) < SPLMT�2

In the case with [0110]&[1] all incoming market orders at T � 2 are ex-

ecuted in the IP, so that V LPLBT�2 ([0110]&[1]) = 0. Furthermore, limit

orders are only posted to the IP as on the PLB they have a zero execution

probability. It follows that LPPLBT�2 ([0110]&[1]) = 0 and SP
PLB
T�2 ([0110]&[1]) =

� :

Averaging over the two cases, [0110]&[0] and [0110]&[1], we ob-

tain V LPLB;TT�2 < V LLMT�2; LP
PLB;T
T�2 < LPLMT�2; DPI

PLB;T
T�2 > DPTLMT�2;

SPPLB;TT�2 < SPLMT�2:

2) Liquid stocks, opaque IP

In this proof we only highlight the di¤erences with the transparent

IP framework, therefore we focus only on RT. Consider again the PLB

that opens [1110] at T � 1. If a RT arrives, he will infer the state of the

IP from the observed PLB. The RT knows that HT�2 = +1A2 is never

an equilibrium strategy for a BD if the state of the IP is [1]. So he will

update the probabilities associated with IP = [0] and IP = [1] from 1/2
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to:

PrfSIPT�2 = [0]
��SPLBT�2 = [1110]g

=
1
2 [�Pr (H

�RT
T�2= +1

A2) + (1� �) Pr (H�BD
T�2= +1

A2)]

1
2�Pr (H

�RT
T�2= +1

A2)+(1� �) Pr (H�BD
T�2= +1

A2)
> 1

2

PrfSIPT�2 = [1]
��SPLBT�2 = [1110]g

=
1
2 (1� �) Pr (H

�BD
T�2= +1

A2)

1
2�Pr (H

�RT
T�2= +1

A2)+(1� �) Pr (H�BD
T�2= +1

A2)
< 1

2

To select his optimal trading strategy, he will then compute his ex-

pected payo¤s using the Bayesian updated probabilities. For example:

HT�1 = �1B : B1 PrfSIPT�2 = [0] j[1110]g+b1 PrfSIPT�2 = [1] j[1110]g��v

A similar reasoning applies to a RT arriving at T , his payo¤s are:

HT = �1B : E(B jST�1; hT�1; hT�2 )� �v

HT = �1A : �v � E(A jST�1; hT�1; hT�2 )

HT = 0 : 0

where E(B jST�1; hT�1; hT�2 ) is for example the expected execution

price of a market sell order given the actual state of the book and the

order submissions observed in the previous periods. Di¤erently from the

transparent IP framework, here RT and BD strategies are not the same
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at T . Finally, to analyze the changes in the PLB after the introduction

of an IP, we compare the market indicators with those computed both in

the proof of Proposition 1 and the case with a transparent IP:

DPIPLB;TT�2 > DPIPLB;OT�2 > DPILMT�2

DPTPLB;TT�2 > DPTPLB;OT�2 > DPTLMT�2

SPPLB;TT�2 < SPPLB;OT�2 < SPLMT�2

A.5 Proof of Proposition 3

Proof. Following Eq. (1.13) and (1.14), we de�ne the change in welfare

as:

P
t
E(Wt �W t) =

P
t
(�1) �

�P
i

ji� vj �
R
�2f�:Ht=�1ijSt�1 gf(�)d�

+
P
i

ji� vj �
R
�2f�:Ht=+1ijSt�1 gp

�
t (i jSt ) � f(�)d�

�

where, for example, in the single market model ji�vj takes values f 3�6 ;
9�
6 g

for the LM and f �6 ;
3�
6 ;

5�
6 ;

7�
6 ;

9�
6 g for the SM. The results in Tables 9

and 10 come from a comparis comparison of both the equilibrium welfare

and the change in welfare with respect to the FB for di¤erent values of

� and v.
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Chapter 2

Learning to Use Private

Information

2.1 Introduction

In �nance literature, private information as a source of short-term

volatility in stock price has been widely modeled and extensively studied.

Informed traders�decisions to buy or sell stocks could reveal their private

information. Even if buy or sell orders do not get executed the uninformed

traders could extract such private information from the order �ow. This

is a classic paradigm in the market microstructure literature (Glosten and

Milgrom (1985), Kyle (1985), Easley and O�Hara (1987), Glosten (1994),
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and McLoughlin (2012)), in which informed traders need to make the best

use of their information and �nd a proper trading strategy. To understand

how informed traders use private information strategically, this paper

distills this situation into a two-player, two-stage asymmetric information

game; in this game, only one player is informed of the exact payo¤matrix

at the beginning while the uninformed one knows two possible payo¤

matrix, and the actions in the �rst stage are observed by both players

before the second stage starts. As players�actions in the �rst stage are

observed, the uninformed player �infers�which of these two payo¤matrix

is played in the current round and acts accordingly. In equilibrium, the

informed player plays a mixed strategy in the �rst stage and undertakes

the stage-dominant action in the second stage.

Feltovich (1997; 1999; and 2000) (hereafter, F97, F99, and F00 re-

spectively) �rst studied this game in the laboratory. His results suggest

that the informed players slowly learn to use the private information in

a strategic way. Also, F97 and F00 compare the relative performance of

two competitive learning models which are widely explored in the litera-

ture: the reinforcement model (Roth and Erev (1995) and Erev and Roth

(1998)) and a two-parameter family of belief-based models adapted from

Fudenberg and Levine (1995) and Fudenberg and Levine (1998). In this

paper, we modify Feltovich�s design, borrow a hybrid learning model, i.e.

Experience-Weighted Attraction Model (Camerer and Ho (1999), here-

after CH99) which embraces these two models, and explore the following
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questions that have not been addressed: 1) Do informed and uninformed

players behave di¤erently in the learning process?; 2) Does an increased

payo¤ in the second stage accelerate the learning process? If so, how

would these two di¤erent informational roles be a¤ected? ; and 3) how

do players learn from their experience? Do they evaluate di¤erent pieces

of information of past plays equally?

F97, F99 and F00 adopt a �xed matching protocol to de�ne a pair

of players as the study unit, and assume that the di¤erent informational

roles share the same sets of behavioral parameters when modeling. We

relax this by arguing that the various informational roles would (might?)

make players learn di¤erently and the �xed pairing might not be an ideal

environment for studying the process of learning due to strategic think-

ing. On the one hand, the most salient feature of this game, compared to

other normal form games studied extensively in the learning literature,

is the following asymmetric task for di¤erent roles: the informed player

needs to do an intertemporal (cross-stage) optimization while the unin-

formed player does not. The perceived higher expected payo¤ for the

uninformed player intuitively causes passive learning. Therefore, their

learning speeds are hypothetically di¤erent. On the other hand, when we

randomly match players, an informed player�s experience will be based

on his interactions with a group of uninformed ones, so he is expected

to behave less strategically. We believe that this reaction is common in

our game of mixed-strategy equilibria and random pairing �ts the stock
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trading situation by which this paper is motivated. Therefore, to accom-

modate the speci�c features of this game and to study di¤erent learning

speeds for two groups of players, we change the matching protocol from

a �xed pairing into a random one.

In our new game, the payo¤s in the second stage double. Though the

theoretical predictions for the informed players remain, our experimental

results show that increasing payo¤s in the second stage provides stronger

incentives and induces faster learning. The behavioral parameters that

the EWA model estimates also qualitatively show di¤erent impacts of

such incentive increment on di¤erent informational roles, and con�rm

our intuition of a passive learning for the uninformed players.

As Camerer (2003) points out, tracking information acquisition is a

good way for judging which learning theory is the best due to di¤erent

minimum information requirements for the updating rules assumed in

di¤erent models. Adding to Feltovich�s research, we introduce the possi-

bility of acquiring the history of past plays into our design. A novelty in

our design is that the subjects can freely choose the information he/she

would like to look at. We track their information choices and de�ne their

updating patterns1 accordingly. In this game, we �nd that subjects are

inclined to update their beliefs by looking at their partners�past actions

and payo¤s, which is consistent with a belief-based model. Ideally, the

1To distinguish from the updating rule assumed in di¤erent learning theories, we
use the term �updating pattern� for the one de�ned by information acquisition.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



91

learning theory should be supported by both information lookup choices

and behavioral choices. To characterize individuals�actions in the game,

we adopt a modi�ed individual EWA (Ho, Wang and Camerer (2008)). It

takes the �rst ten rounds�individual empirical frequencies and magni�es

them by an endogenous multiplier to determine the initial attractions. In

this way, we achieve a good compromise that not only considers a common

criticism arising from aggregating heterogeneous data for the uniformed

learning model estimation, but also avoids the estimation di¢ culty at

the individual level. We �nd that the dominance of seemingly ��ctitious

play� matches to the majority of belief-based updating type. In con-

clusion, the measures of individuals�information acquisition do provide

some indirect evidence on how players learn in a game, and tracking in-

formation acquisition can be considered as a useful tool to study learning.

In the rest of this paper, we �rst survey the related literature on

the role of information in learning in Section 2.2. In Section 2.3, we

brie�y discuss the properties of the game and three learning theories, and

afterwards we present our experimental design in Section 2.4. Sections 2.5

and 2.6 demonstrate our results on information acquisition and learning

behavior. Section 2.7 concludes.
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2.2 Experimental Studies of Information in

Learning

To characterize whether and how the deviations from equilibrium dis-

appear dynamically, game theorists have studied extensively the learning

processes in a variety of games. Di¤erent theories have been proposed,

and the two leading branches are the reinforcement model (Roth and Erev

(1995), Erev and Roth (1998)) and the belief-based model (Fudenberg

and Kreps (1992); Fudenberg and Levine (1995); Fudenberg and Levine

(1998); Crawford (1995)). The main di¤erence lies in the assumption of

player�s adjustment rule. Camerer and Ho (1999) propose a sophisticated

model that incorporates these two, i.e. Experience-Weighted Attraction

Model (hereafter EWA). By parameter restrictions, EWA can be reduced

to either a reinforcement model or a belief-based model. It generally �ts

better than those two reduced ones. One subsequent variation of EWA

in Chong, Camerer and Ho (2006) (CCH2006 hereafter) takes into ac-

count the players�sophistication, and proposes a model with a mixture

population. The strategic sophistication in their incomplete information

game di¤ers from the intertemporal optimization here. In their game,

the payo¤ does not have a constant sum, thus the strategic �teachers�

sacri�ce short-term interests up to some stages would be compensated

in later stages. By contrast, our game is a constant sum game, and for

each stage either the informed one or his uninformed partner gets a non-
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positive payo¤. Any �teaching�behavior cannot be compensated by the

future plays. Our research focuses on di¤erent updating rules rather than

the di¤erent levels of the strategic sophistication.

Other than the incomplete-information game in CCH2006, most

studies on learning concentrate on a variety of normal form games.2

Camerer (2003) provides a comprehensive review on these studies. Among

them, F97, F99, and F00 are the �rst to study learning within a two-stage

game with asymmetrically informed players. Based on his works, we

modify the experimental design, track players� information acquisition,

understand players�updating patterns and study their learning behaviors

in this two-stage asymmetric-information game.3

Tracking information search has been adopted to examine strategic

thinking in several works (Camerer, Johnson, Rymon, and Sen (1993),

Johnson, Camerer, Sen, and Rymon (2002), Costa-Gomes, Crawford, and

Broseta (2001), Costa-Gomes and Crawford (2006) and Brocas, Carrillo,

Wang, and Camerer (2010)). Subjects are invited to play games with

the payo¤ information shaded. When they intentionally acquire payo¤

information (either move the mouse into game boxes to reveal payo¤s

2Such as centipede game by McKelvey and Palfrey (1992); constant-sum game,
Mookerjee and Sopher (1994;1997); coordination game, Van Huyck, Battalio, and Beil
(1990;1991); a 2�2 game with one mixed-strategy equilibrium Ochs (1995) and Nyarko
and Schotter (2002); Cheung and Friedman (1997) focus on individual heterogeneity
and analyze four games, i.e. Hawk-Dove, Coordination, Prisoners�Dilemma, Buyer-
Seller and Battle of the Sexes.

3Following Feltovich�s (97, 99 and 00) work we call this game as asymmetric-
information game rather than incomplete information game; this also distinguishes
itself from the incomplete-information game studied by CCH2006.
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or click or click-and-hold the mouse), their search paths are tracked.

Such information search behavior potentially provides the experimenters

with evidence of the subjects�cognitions. Crawford (2008) summarizes

these �ndings and argues for the methodological value of information

acquisition measures.

By contrast, most of works in learning literature take information as

experimental treatment (such as Cheung and Friedman (1997), McKelvey

and Palfrey (2001) and Nyarko and Schotter (2002)) and compare indi-

viduals� learning behaviors under di¤erent information conditions. We

believe that restricting players�information can potentially change their

reasoning for each round, and consequently alter their behaviors under

the condition where no restrictions have been imposed. In our design,

we allow subjects to freely choose what they would like to know if any.

This environment would provide a seemingly low-information condition

which helps to discriminate among di¤erent theories; meanwhile it o¤ers

the possibility of a high-information condition rather than imposing one,

so it does not distort players�behaviors. To the best of our knowledge,

few works on learning have applied this methodology. Salmon (2004) is

the closest one to our work. It examines a 4� 4 constant-sum game with

mixed strategy equilibria. He resorts to a non-standard experimental de-

sign4 to �nd rule learning in his game. Knoep�e, Wang and Camerer

4Salmon (2004) collects subjects� answers on how they make move decision and
how information is related to their decision. The author asks the question every 10
rounds, which allows him to track subjects�dynamic mind. He maps these answers
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(2009) and Tang (2001) also have the information of past plays available

during plays, but the former paper focuses on comparing the eye-tracked

group with the control group and the latter one reports few information

acquisition.

2.3 Theory

2.3.1 The Game

In �nancial market, private information related to the fundamen-

tal value of a stock is aggregated into price in the long run, while in

the short run stock trading can be roughly considered as a constant-

sum game and an informed trader needs to �nd a proper trading strat-

egy in order to make the best use of the information he holds. The

asymmetric-information game, �rst examined theoretically by Aumann

and Maschler (1995) and later by F97, F99 and F00 in the laboratory,

can capture this feature vey well. In Aumann and Maschler�s analysis,

this repeated constant-sum game requires that an informed player fully

reveals his private information in the long run. However, in the short

run (two-stage case in Feltovich�s experiments) it is optimal for him to

play a mixed strategy, in which he hides/reveals his private information

randomly. This experiment helps to understand whether the informed

into di¤erent decision rules, points out that the decision rule is changing dynamically
and concludes that the learning rule can be described best as a Win-Stay-Lose-Go
learning rule.
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trader is able to exploit his private information in a simple and repeated

setting, and potentially provides insights on the general belief that the in-

formed traders make pro�ts from private information. A two-stage game

is parsimonious to implement our research goal.

This asymmetric-information game has a payo¤ matrix shown in

Table 2.1. The sum of the payo¤s in the �rst stage is one and that in

the second stage is a(� 1) . In an experimental session, such two-stage

game is played many rounds. The game structure and the payo¤ function

are common knowledge. At the beginning of each round, Nature chooses

the states LEFT and RIGHT with probabilities (p; 1� p); the row player

is informed of the true state and hereafter called the informed player,

while the column player (hereafter, the uninformed player) knows only

the distribution. Two players decide simultaneously their actions. At

the beginning of the second stage, both of them are informed of their

partners�actions in the �rst stage but not payo¤s. Sum of the payo¤s in

these two stages is realized at the end for both players. For our research

purpose, we take p = 0:5 where the two states are symmetric and a = 1

and 2.5 For simplicity, we denote the game as G(a).

The action in this game is to choose A or B, and whether a choice

can bring a positive payo¤depends on the true state and partner�s action.

The probability of stage-dominant action in the �rst stage is denoted as

5 In Auman and Maschler(1995) analysis, the payo¤ matrix in the �rst stage is
repeated for the rest, i.e. a = 1. Feltovich�s experiments have two treatments: p = 0:5
and 0:34 with a = 1.
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Table 2.1 Payo¤ Matrix for a Two-Stage Asymmetric-Information Game

LEFT Table (p) RIGHT Table (1� p)
1st Un- Player 1st Un- Player

A B A B
Stage Informed A 1; 0 0; 1 Stage Informed A 0; 1 0; 1
(choice) Player B 0; 1 0; 1 (Choice) Player B 0; 1 1; 1

2nd Un- Player 2nd Un- Player
A B A B

Stage Informed A a; 0 0; a Stage Informed A 0; a 0; a
(choice) Player B 0; a 0; a (Choice) Player B 0; a a; 0

P (sda1), which is the average of P (sda1jL) and P (sda1jR) weighted

by the frequencies of LEFT and RIGHT respectively. Similarly, P (sda2)

denotes the probability of playing stage-dominant action in the second

stage; P (brcrjA) is the uninformed player�s probability of best response

to completely revealing following an informed player choice of A; Similarly

for P (brcrjB). The weighted average of these two is P (brcr). Table 2.2

summarizes these notations and Table 2.3 lists the theoretical predictions

of the games we are interested in.

We can easily read from Table 2.3 that G(1) and G(2) have mul-

tiple equilibria, respectively, in which the theoretical predictions of the

informed player�s behaviors are exactly the same. When the states of

LEFT and RIGHT occur with equal probability, the optimal strategy for

the informed player is to play a mixed strategy (0.5, 0.5), and it is also

interpreted as hiding/revealing information with equal probability in the
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�rst stage. In the second stage playing the stage-dominant action (re-

vealing the information) does no harm at all. In this way, the informed

player optimally maximizes his total payo¤ of two stages. If the informed

player always reveals his private information in the �rst stage in the hope

of getting a positive payo¤, it does not help him to maximize his total

payo¤ if his partner would best respond to his actions. Being myopic in

this repeated setting cannot fully exploit the information value. This is

a crucial di¤erence from other games in learning literature that does not

require players to consider intertemporal optimization. Regarding the

uninformed player, his optimal strategy is to choose A or B randomly in

the �rst stage following the distribution of true state, and to best-respond

to his observations over his partner�s action with a certain probability.

Our experimental results show shortly how di¤erently the subjects be-

have in G(1) and G(2) though the theoretical predictions of these two

games are similar.

2.3.2 Learning Models and Information Lookups

Adaptive learning model describes how players adjust their deci-

sions over time in response to their experience with analogous games.

An adaptive learning model has two main components: players�interac-

tion patterns and players�decision adjustment in response to experience.
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Corresponding to di¤erent adjustment rules, there are three main classes6

of adaptive learning models: reinforcement learning, belief-based learn-

ing and EWA learning. Each theory has di¤erent minimum information

requirement.

Reinforcement learning (RE) is a completely unsophisticated model

with correspondingly low information requirements. It begins with ini-

tial decision propensities, taken as random or uniform over all decisions,

and updates them each round in response to the player�s realized pay-

o¤, raising the propensity of the decision played in proportion to the

realized payo¤. The propensities then determine the probabilities with

which the player plays his pure decisions. Players care about the payo¤s

those strategies yielded in the past, and they do not generally have be-

liefs about what others will do. Therefore players�own previous choice

and previous payo¤s are the minimal information requirement for the RE

model.

By contrast, belief-based models (BE) such as best-response dynam-

ics and �ctitious play (Fudenberg and Levine (1998)) are more sophisti-

cated, with correspondingly di¤erent information requirements. It begins

with a set of initial beliefs about others�decisions, usually taken as de-

termined by the structure, i.e. both own and others�payo¤ functions.

They then update beliefs each round in response to others�observed de-

6Camerer (2003) provides descriptions on other variants such as sophisticated
teaching (Camerer, Ho, and Chong 2002), anticipatory learning (Selten 1991), and
rule learning (Stahl 1996).
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cisions.7 If future in�uences are negligible, beliefs determine decisions

via expected current-payo¤ maximization. Depending on his type, the

player may need to know own and others�payo¤ functions to determine

initial beliefs. Current beliefs are a function of the entire history of oth-

ers�decisions, but all the most recent decisions can be stored in a state

vector that includes the previous round�s beliefs and, as a measure of pre-

cision, the number of observations they are based on. Updating requires

at least others�current decisions and possibly their entire histories; and

the player also needs to know his own payo¤ function to determine his

optimal decisions.

EWA model is sophisticated as belief-based model but it is conve-

niently viewed as reinforcement learning with an added parameter that

measures the strength of "virtual reinforcement" of unplayed decisions.

When the parameter (�) equals zero, there is no virtual reinforcement,

and EWA becomes reinforcement learning. When it equals one, un-

played decisions are reinforced as strongly as the one that was played,

in proportion to the payo¤s they would have yielded, and EWA becomes

7An important issue in belief-based learning is the level of inertia, which re�ects
subjects�views of the relative value of recent and past observations in predicting cur-
rent behavior. Inertial models like �ctitious play, which adjust beliefs and/or actions
only part of the way toward the values suggested by the latest observation taken alone,
usually describe behavior better than best-reply dynamics, which give past observa-
tions zero weight (Boylan and El-Gamal (1993), Crawford (1995), Mookherjee and
Sopher (1994), Van Huyck (1994). However, models with intermediate levels of iner-
tia usually outperform �ctitious play and Cournot (Crawford (1995), Mookherjee and
Sopher (1994), Van Huyck, Cook, and Battalio (1994). The only work we know of
that tries to test heterogeneity and strength of priors against inertia is Camerer and
Ho (1998), but they allow only two types of learners and focus on EWA.
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belief-based learning. Intermediate values yield blends of both (nonlin-

ear blends, so they can yield quite di¤erent dynamics) with information

requirements the union of the other two models�. Note that this nested

belief-based model requires players�most recent received payo¤, forgone

payo¤ and the other players�most recent choice to update beliefs.8

Actual information use depends on what information is available

and on players�cognitive capacities. In high-information conditions, all

the information mentioned above is available to players and all these

theories seem plausible to explain the subjects�behaviors. The way of

discriminating among di¤erent theories is to track which information is

necessary and important for a subject to make decisions. This would

suggest that the theory that takes such information as a prerequisite for

updating is the best one in describing behaviors.

In our game, the game structure and the payo¤ function are com-

mon knowledge for two players, and there are basically four pieces of

historical information important for updating: one�s own action, one�s

realized payo¤, partner�s action and partner�s payo¤. RE needs at least

one�s own choice(s) and his own received payo¤(s) for updating; BE needs

one�s partner�s choice, and one�s own payo¤ function (it is a weakly richer

information set than the set of one�s own realized payo¤ and his foregone

8 It is possible to know one�s received payo¤ without knowing what other players
did. Also once the payo¤ structure is given like in our experiment, forgone payo¤ can
be calculated by knowing the other�s choice. But knowing forgone payo¤ and received
payo¤ does not mean knowing the whole structure. Here we see the nested belief-
based model has fewer minimal information requirements than the general belief-based
learning.
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payo¤s); and EWA needs all these information. If a player acquires, for

example, the most recent value of �one�s received payo¤� in the �rst

place, his behavior is consistent with RE, BE and also EWA. Suppose

he continues in searching �one�s own choice� and then stops. This just

meets the minimum information requirement of RE. However, if he does

not acquire his own choice but his partners� and stops, it is not con-

sistent with RE. As there are several paths of information search and

several combinations of di¤erent information sets, we need to do some

information grouping and reduce the search paths to test the theory.

Strictly speaking, the information on partner�s payo¤ is not crucial

in discriminating among di¤erent theories. Naturally we group partner�s

actions and partner�s payo¤s as partner�s history. In our experimental

design, we have an information menu composed of three pieces of infor-

mation to identify players� updating patterns: one�s own choice, one�s

received payo¤, and the partner�s history. A RE learner needs the �rst

two pieces of information; due to the fact that players�payo¤ function is

common knowledge, a BE learner would be satis�ed if he knows only the

third piece of information; and a EWA-learner wants to know all these

information. In this way, based on the players� information acquisition

we are able to indirectly observe the updating rule speci�ed by di¤erent

learning theories.
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2.4 Experimental Design

In this paper, we calibrate the availability of historical information

with three pieces of information of past plays as described above. Allow-

ing subjects to set up their initial beliefs, we set the �rst 10 rounds as

the normal plays. From the 11th round onwards until the �nal one, a

historical information menu is available on the interface. Figure 2.1 is a

sample screen an informed player might face at the beginning of the 12th

round. The left half of the screen is a �History�menu. It contains six

buttons. Buttons A to button C are a group which lists the records of

the most recent 10 rounds; Button D to button F are summaries9 of the

recent plays. Three sets of the past information are as follows: Button

A and button D are a player�s own past actions; button B and button

E are a player�s past realized payo¤s; button C and button F are the

information on his partner�s past actions and realized payo¤s. These six

buttons constitute a salient menu which di¤ers from Tang (2001)�s on-line

help technique10 and such information fragmentation also considers the

9A summary is a paragraph that shows empirical frequencies. For example, clicking
button F �Summary: True States and His/Her Actions + Payo¤s� might have the
following paragraph displayed in the below box: �In the past 10 rounds, the occurrence
of LEFT is 5 times and of RIGHT is 5 times, that is 50% vs. 50%. In the 1st stage,
your partner has chosen A 10 times and B 0 times, that is 100% vs. 0%. In the 2nd
stage, your partner has chosen A 0 times and B 10 times, that is 0% vs. 100%. Your
partner�s accumulated points are 15, average points per round are 1.5�.
10Tang(2001) allows subjects, before making decisions or during the waiting time

after having made their decisions, to acquire a summary of average payo¤ and choice
frequency of each strategy in both groups over a subject-de�ned length of past rounds
by clicking �F1� key. It works like an on-line help. The author reports about half of
the subjects never used this function, and only about a fourth of the subjects used
this function repeatedly.
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potential problem in Salmon (2004)�s design, i.e. a single button may not

be informative in a game with mixed-strategy equilibria.11 The right half

of this screen functions as the play of the current round. It contains a box

which shows the informed player the current state of Nature, otherwise

it is empty for the uninformed player. It also contains an action box for

players�entries. At the beginning of the second stage of each round, the

action box informs the subjects the previous choices of both players and

asks for a new entry.

During all rounds in all sessions, the information choices, the num-

ber of information acquisitions, the order of di¤erent clicks and the time

of each click are recorded in the background. Intuitively, a theory domi-

nates the others if the subjects choose the necessary information required

by such theory the most often over time, and the subjects acquire related

information in the �rst place. For information acquisition analysis, we

de�ne the following measures: Number of Information Choices, Informa-

tion Choice Combinations and First Information Choice. Then we group

six buttons into three sets: A* (i.e., {A}, {D}, and {A, D}), B* (i.e.,

11 In Salmon(2004)�s design, the historical information menu is a shaded record list
displaying the recent (up to) 15 rounds. One row displays one record, which has 3 cells:
subject�s own action, realized payo¤ and partner�s action. Clicking one cell reveals
one number. Therefore we doubt that for a 4 � 4 constant-sum game with mixed
equilibrium strategy a single click hardly conveys useful information; even for a RE-
type individual who acquires information on his own actions and his realized payo¤s,
the subject has to click on all those 30 cells (15 rows � 2 columns) to understand
better the situation (e.g. approximately how frequent one action has been played).
This de�nitely needs great e¤ort. In this respect, we favor Tang (2001)�s design, i.e.
o¤er a summary for subjects. Therefore, we group into one button. Clicking on, for
example, button A would display the subject�s own actions in the most recent 10
rounds.
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{B}, {E}, and {B, E}) and C* (i.e., {C}, {F}, and {C, F}). Based on

the previous theoretical discussions, these three sets help to discriminate

among di¤erent theories. RE learners are those who choose information

sets A* and B*, BE learners are those who look at C*, and EWA learners

are those who acquire the previous two cross-type information combina-

tions. Table 2.4 lists the predictions of di¤erent learning models for these

information acquisition measures. We also use random re-matching to

suppress long-term interaction consideration in this game.12

During the fall of 2011, we conduct four sessions with a total of 100

subjects in the Experimental Economics Laboratory at Xiamen Univer-

sity. Subjects are registered students at Xiamen University and are re-

cruited online. The experimental task is coded and run using the Zurich

Toolbox for Readymade Economic Experiments (z-Tree) developed by

Fischbacher (2007). As shown in Table 2.5, sessions 2 and 3 are sim-

ilar to that in F99 and F00 except the matching protocol. Sessions 1

and 4 run our new game. These two sessions with increased payo¤s in

the second stage intend to induce informed players to hide information

more often in the �rst stage by providing them with stronger incentives,

though their behaviors have the similar predictions to that in the original

game. The comparison between these two and the former ones tells us

whether learning can be accelerated when the equilibrium play is more

12Feltovich and Oda (2010) and Mckelvey and Palfrey (2001) have documented
some signi�cantly experimental results from di¤erent matching protocols in a variety
of normal form games.
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Table 2.5 Experimental Sessions

Date Time Subjects Treatmenty

1 2011/10/08 14:30-16:30 24 G(2)
2 2011/10/09 09:45-11:45 26 G(1)
3 2011/10/13 09:30-11:30 24 G(1)
4 2011/10/13 14:30-16:30 36 G(2)

y The shorthand of treatment is denoted by G(a)
where a stands for the sum of the payo¤s in the second
stage.

attractive. An experimental instruction sample for the treatment G(1) is

in Appendix.13

2.5 Aggregate Analysis

2.5.1 Equilibrium Play

For the following aggregate analysis, we pool the data from two ses-

sions for each game and thus have 50 subjects with half informed and

half uninformed in both G(1) and G(2). Figure 2.2 takes every 10 rounds

as one block and shows the empirical frequencies. In this �gure, the left

panel is from G(1) while the right one is from G(2). It is clear that:

1) the deviations documented by Feltovich exist in both games. During

the �rst 10 rounds the informed players on average reveal information

more often than they should, and most of the uninformed ones believe

13We modify the payo¤ matrix presentation in Feltovich (97, 99 and 00)�s experi-
mental instructions.
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that their counterparts are revealing the private information and best

respond to this belief; 2) the sessions of G(2) have faster learning than

those of G(1). This is not predicted by Nash equilibrium but can be

explained by learning. As the marginal bene�t of hiding in the �rst stage

becomes signi�cant in G(2), the propensity on such strategy in reinforce-

ment learning evolves faster if beginning with the same initial level, while

such strategy given the same beliefs over partner in belief-based learning

would excel among the other strategies more easily, therefore in both the-

ories the informed player is inclined to behave closer to the equilibrium

strategy soon.

It is interesting to note that: during the �rst 10 rounds, the initial

plays of the informed group, especially that of the �rst stage P (sda1),

deviate from the predictions in both G(1) and G(2) but with signi�cantly

di¤erent degrees. The average deviation of two sessions in G(1) is (0.832-

0.5=) 0.332 but it is (0.596-0.5=) 0.096 in G(2). We can conclude that

on average the learning speed of informed players is faster in G(2) during

the �rst 10 rounds. By contrast, this is not true for the uninformed

group. The initial deviations of uninformed players in these two games

are similar. We conjecture informed players learn in an active way while

uninformed players learn passively, and we will show more evidence in

the last subsection.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



113

2.5.2 Information Lookups

Previous studies14 report few information acquisitions of past plays.

In our game, the salient information menu as well as the random match-

ing protocol induces a considerable proportion of subjects to acquire in-

formation, i.e., 47.75% of information acquisition opportunities (number

of subjects � number of rounds with information menu available) are

exploited.

We provide indirect evidence in support of a belief-based theory by

examining three measures: Number of Information Choices, First In-

formation Choice, and Information Choice Combinations. We �nd that

subjects in this game are eager to know their partners�actions and pay-

o¤s before choosing their own actions. This suggests that the belief-based

theory dominates the reinforcement theory.

Figure 2.3 is the number of button-clicks for two games. Each sub-

plot exhibits the contrast between the informed and the uninformed dur-

ing four blocks15 . As very few people click more than six times in total

during one round, we truncate the number of information choices at six.

We calculate the distribution based on all rounds and each group�s popu-

lation. Comparing the left one from G (1) with the right one from G (2),

we can see: 1) there are more zero-button-click in the informed group

14Tang (2001) reports that about half of the subjects never used it and only about
a fourth of the subjects used it repeatedly.
15Note that the historical information menu is available from the 11th round on-

wards, and we have 4 blocks for information analysis.
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than that in the uninformed counterpart; such asymmetry is more pro-

nounced for G (2); 2) if acquiring information, most subjects click on one

button rather than many, and few subjects click on more than three but-

tons. This would suggest some buttons are considered as key references

before moves; 3) the average number of button-clicks does not decrease

over time. It is also supported by Figure 2.4 that average lookups grad-

ually decrease as the game repeats in G (1), but increase in G (2).16

Intuitively, First Information Choice represents how important a

piece of information is for a subject. Figure 2.5 shows that both informa-

tional roles click on the button C and F in the �rst place more frequently.

In other words, the information on �partner�s past actions and payo¤s�

is the most utilized information for players. Therefore, it seems that

the belief-based theory is more plausible than the reinforcement theory.

In Figure 2.6, a distribution of information choice combinations further

con�rms our conjecture.

As mentioned before, we group six buttons into three sets (i.e. A*,

B*, and C*) in order to discriminate among di¤erent learning models.

Figure 2.6 shows the frequencies of di¤erent information choice combi-

nations and provides the following observations: 1) consistent with Fig-

ure 2.3, informed players acquire information less often; 2) consistent

with Figure 2.5, subjects consider C* as the most important informa-
16One explanation is the �ending e¤ect�. When one session is approaching the end,

some of the players start clicking buttons and checking di¤erence pieces of information.
Experiments without announcing the total number of rounds may be immune to this
e¤ect.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



115

F
ig
ur
e
2.
3

N
um
b
er
of
In
fo
rm
at
io
n
C
ho
ic
es
in
T
w
o
G
am
es

1(
In

fo
rm

ed
)3­

(In
fo

rm
ed

)1(
Un

inf
or

m
ed

)

3(
Un

inf
or

m
ed

)

0
1

2
3

4
5

6

05101520

#B
loc

k

G
(1

,0
.5

)­I
nf

or
m

ed
 P

lay
er

s 
VS

. U
nin

fo
rm

ed
 P

lay
er

s 
fo

r T
wo

 S
ta

ge
s

Nu
m

be
r o

f c
ho

ice
s

%Frequency

1(
In

fo
rm

ed
)3­

(In
fo

rm
ed

)1(
Un

inf
or

m
ed

)

3(
Un

inf
or

m
ed

)

0
1

2
3

4
5

6

05101520

#B
loc

k

G
(2

,0
.5

)­I
nf

or
m

ed
 P

lay
er

s 
VS

. U
nin

fo
rm

ed
 P

lay
er

s 
fo

r T
wo

 S
ta

ge
s

Nu
m

be
r o

f c
ho

ice
s

%Frequency

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



116

tion for decision making; and 3) no signi�cant di¤erence in information

needs between those two groups across games. Both informational roles

examine the same kind of information to make adjustments in these two

games.
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2.5.3 Structural Estimation and Model Comparisons

To model the behaviors of two informational roles, we consider the

structural model EWA which provides measures of learning behaviors.

For comparisons, we also consider the reduced RE and the reduced BE

models by parameter restrictions. The related notations and the model

speci�cations are introduced below before we present the results.

As we argue in the Introduction, this game has a salient feature

that the informed players need to do intertemporal optimization. It is

a good reason for believing that informed players take mixed strategies

within a round rather than behavioral strategies, thus their strategy space

is:{(sda1,sda2), (sda1,non-sda2), (non-sda1,sda2), (non-sda1,non-sda2)}.

Besides, taking the Harsanyi Transform, we have eight strategies for in-

formed players in the corresponding normal-form presentation. Similarly

for uninformed players, we derive four. Table 2.6 shows the normal-form

game. Its theoretical predictions and empirical frequencies in our ex-

periments are found in the last row and column. Players are indexed

by i (i=1,. . . n) and those with odd indices are informed. An individual

player�s strategy is denoted by si. s�i is a strategy combination of player

i�s partner. The scalar-valued payo¤ function of player i is �(si; s�i).

Denote the actual strategy chosen by player i in round t by si(t) and

the strategy chosen by his partner by s�i(t), thus �(si; s�i(t)) equals the

realized payo¤ of player i at time t if si;j = si(t); otherwise it equals to
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his simulated/foregone payo¤s given the other player is playing s�i(t).

EWA model has two key variables to characterize the process: the

�observation-equivalents�of past experience (the experience, for short) N

(t) and the attraction A (t). Each strategy on its space has an attraction

which is updated by weighting the player�s experience in the game. If

player i is informed, i.e., i is an odd number, at time t his j-th strategy

has the attraction Ai;j(t) de�ned as:

Ai;j(t) =
'inNin(t�1)Ai;j(t�1)+[�in+(1��in)I(si;j ;s�i(t))]�(si:j ;s�i(t))

Nin(t)

where N in(t) = �inN in(t � 1) + 1; 'in,�in and �in are behavioral

parameters restricted within [0,1]; the indicator function I(si;j ; s�i(t)) =

1 if si;j = si(t), and 0 otherwise.

The attraction Ai;j(t) evolves with endogenous initial conditions

Ai;j(0) and N in(0). The attraction further determines player i�s proba-

bility of playing j-th strategy in the next round in a logit way:

bPi:j(t+ 1) = e�
inAi;j(t)P

j
0 e

�inA
i;j

0 (t)

If player i is uninformed, the attractions and the predicted proba-

bilities are de�ned in a similar way with a set of behavioral parameters

'un, �un, �un and two initial conditions Ai;j(0) and Nun(0) . By assum-

ing di¤erent sets of behavioral parameters, we investigate the learning

behaviors of two groups. Hereafter to simplify the illustrations, we use

notations without superscripts to denote both unless speci�ed.

In this model, both � and ' are depreciation rates. Their di¤erent
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values allow the attractions and the experiences to evolve at di¤erent

rates. Other things being equal, the smaller ' is, the less weight is

placed on previous attractions, and the faster a player learns. Though

theoretically attractions can evolve faster than experience or the other

way round, following Ho, Camerer and Chong (2007), a restriction, � � '

or � = '(1 � �) where 0 � � � 1, restricts experiences to evolve faster

than attractions.

This dynamic process starts with some endogenous values of attrac-

tions and experiences, i.e. Ai;j(0) and N(0). To guarantee that the

weights N(t) rise over time, following CH99, we impose 0 � N(0) � 1
1��

. In order to make the value of N(0) interpretable as a weight on initial

attractions relative to reinforcing payo¤s, we also restrict the range of

Ai;j(0) to be less than or equal to the di¤erence between the minimum

and maximum payo¤s in the entire game. To avoid chewing up many

degrees of freedom, we de�ne the initial attractions of di¤erent strategies

for one player as his own empirical frequencies proportionally magni�ed

by a multiplier shared by the same informational role. This is di¤erent

from CH99�s treatment. CH99 assumes di¤erent players have the same

initial attractions of their strategies and simplify Ai;j(0) into Aj(0). Our

treatment, in comparison, focuses on two informational roles, accom-

modates individual heterogeneity and avoids the identi�cation problem.

The multiplier shared by each informational role is called initial attrac-

tion factor (AF) and we reduce several Ai;j(0)�s into two: AF in(0) for
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the informed group and AFun(0) for the uninformed group. The value of

the initial attraction factors can be interpreted as the strengths on their

past plays. Admittedly, this modi�cation is not costless. But, as we run

ten more rounds than Feltovich�s experiments, taking aside the �rst 10

rounds seems a¤ordable.

Furthermore, we consider the reduced RE and BE models for com-

parisons. Several additional restrictions are imposed:

Reduced RE model (RRE) : � = 0; � = 0; N(0) = 1

Reduced BE model (RBE) : � = 1; � = ';N(0) =
1

1� �

To gather an e¤ective sample for estimation, we exclude those who

rarely learn, i.e. those who either do not adjust their strategies or choose

information only a few times. We set the threshold at 5, i.e., if an in-

formed player (an uninformed player) changes his �rst-stage (second-

stage) strategy less than 5 times; and/or he chooses to look at the infor-

mation less than 5 times out of 40. The �nal sample for estimation is the

action data from 61 subjects during 40 rounds. Denote the total number

of subjects in this pool by N and the number of repetitions of the games

as T rounds. We take 70% of the overall sample size for calibration and

the rest for validation. The log-likelihood function is:
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LL(AF (0); N(0); '; �; �; �) =
0:7TX
t=1

NX
i=1

ln(

miX
j=1

I(si:j ; s(t)) � bPi;j(t))
The maximum likelihood method is applied. Three criteria are used

to evaluate it in the calibration phase. They are log-likehood values (LL),

Akaike information criteria (AIC) and Bayesian information criteria. For

the validation phase, LL and mean-standard deviation (MSD) are calcu-

lated.

Table 2.7 shows the results of EWA, RRE and RBE. Since EWA is

more general than the other two models, it necessarily �ts the data better.

It has the largest log-likelihood value, AIC and BIC among these three

models. To check the over�t problem, it performs well in prediction too.

Chi-squares are calculated for the likelihood ratio test. In G (1), RRE

has 160.7241 and RBE 100.2704 while in G (2) we have 177.9877 and

125.5092 for RRE and RBE respectively. Compared to the critical value

of relevant degrees of freedom, all of them suggest that EWA performs

signi�cantly better. Besides, RBE �ts the data better than RRE but

predicts slightly worse (MSD criterion). This is consistent with F00�s

�ndings17 .

17F00, Table IV on page 621 and Table V on page 626.
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The interesting results are the value comparisons of these behavioral

parameters. First, both informational roles have smaller values of in G(2)

than in G(1), and such value deduction is stronger for the informed group.

Following the interpretations of ' in Kocher and Sutter (2005), we see

that both learn faster in G(2) than in G(1); and that the deduction in

' is greater for the informed group than the other one means, when the

equilibrium strategy becomes attractive, the informed group enhances

the learning process more than its counterpart. It supports our intuition

that the uninformed player is more passive in learning due to a higher

perceived (expected) payo¤. Second, the informed players always have

larger sensitivities of the predicted probabilities to the attractions. In G

(1), � of the informed is 3.8204, while that of the uninformed is 1.3171. In

G (2), they are 1.4957 and 0.3427 respectively. This re�ects the feature

of asymmetric payo¤s for these two groups. In the payo¤matrix in Table

1, only one among four combinations of two players�actions brings the

informed player a positive payo¤, and consequently in dynamic process

the changes of their strategies relative to the attractions are more sen-

sitive than their partners. Third, our initial attraction factor AF of the

informed group is smaller than that of the uninformed group, and it is

larger in G (2) than that in G (1). Such comparisons can match with

the following observations from Figure 2. The behaviors of the informed

group change more from the �rst to the second block than that of the in-

formed group, and they deviate from the equilibria less at the beginning
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of G (2) than in the game of G (1). This is because the initial attraction

factor is a multiplier over the individual frequencies of the �rst 10 rounds�

plays for forming initial attractions. It explains how the past plays are

linked to players�evaluation of initial attractions over di¤erent strategies.

The larger it is, the closer players�evaluation of initial attractions is to

what they actually play during the �rst 10 rounds.

Lastly, the following two observations are driven by the nature of

constant-sum game as described in CH99: 1) In both games and for

both players, the value of � is very close to '. 2) The values of � for

two informational roles are neither close to one nor zero but within [0.4,

0.7]. Decoded from the model setup, it means both informational roles,

especially the informed players in G (1) and the uninformed ones in G

(2), reinforce the realized payo¤s more than the foregone payo¤s.

To sum up, we �nd indirect evidence to support a belief-based model

from information acquisition analysis, i.e. players choose to look at their

partners�history in order to make their own decisions; meanwhile we by-

pass calibrations with two models separately and consider both within a

uniformed EWA framework. The reduced belief-based model outperforms

the reduced reinforcement model for calibration, but it predicts slightly

worse than the reduced reinforcement model. Furthermore, EWA model

helps us to capture di¤erent behaviors (as well as the learning speeds) of

two informational roles in these two similar games.
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2.6 Updating Patterns and Cluster Estima-

tions

As Schotter (2009) points out, �various models are posited as de-

scribing learning behavior of subjects on the individual level yet are tested

by aggregating data across subjects and time�. In this section we look at

subjects�heterogeneity in learning. Moreover, we investigate whether a

player�s information acquisition behavior provides clues on how he learns.

The best �tting model would be the one supported by both information

lookup choices and action decision.

As the �rst step, we de�ne subjects� updating patterns based on

their information choices. These updating patterns correspond to di¤er-

ent learning theories. More precisely, we map one�s information choice

combination to his updating pattern. Players of RE learning are those

who acquire information sets A*, B*, and/or AB* most often over time;

players of BE learning are those who acquire information set C*; and

EWA type are those who choose the cross-type information combina-

tions denoted by AC*, BC*, and ABC*. Finally if a subject does not

acquire information (here we take the threshold as 35 non-acquisitions

out of 40 opportunities), he is classi�ed as rational. Taking each sub-

ject�s 40 rounds�information choices, we de�ne his updating type by the

mode of his information choices. Figure 2.7 is the distribution of di¤erent

learning patterns in two games. It is clear that BE type has the largest
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total population among three learning types. The other two learning

types have slightly smaller populations. For di¤erent informational roles,

BE types dominate RE types in both games. If these reveal the �real�

updating patterns, it interestingly cautions us that the model would be

mis-speci�ed when we use either one type of models to do estimation

based on the aggregated action data.

Figure 2.7 Distribution of Updating Type Updating Type is

de�ned as follows: if during 40 rounds a subject does not acquire infor-

mation for more than 35 rounds, he is considered to have zero-acquisition

(allowing the case of curiosity) and he is of �Rational�type. If a subject

acquires information, his type is determined by the information choice

combination he chooses the most often which corresponds to a speci�c

learning theory. For example, if a subject acquires A* the most times

among all his choices during 40 rounds, he is of BE type. The three

learning types embrace di¤erent information choice combinations: RE

has A* and AB*; Belief-based has C*; and EWA has AC*, BC* and

ABC*.
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In order to see how each type of players behaves, we have the follow-

ing cluster analysis. Other than the two informational groups in previous

aggregate analysis, here we have six clusters de�ned by both informa-

tional roles and updating patterns. Each cluster has a set of behavioral

parameters and initial conditions. The initial attractions are de�ned to

be the multiplication of individual empirical frequencies in the �rst ten

rounds and the initial attraction factor of his cluster. As mentioned be-

fore, we have a restriction � = '(1 � �) where 0 � � � 1, and we could

draw a cube of EWA parameters. The cube takes , and as three di-

mensions. To facilitate the model comparisons, we also label some other

typical learning models in Figure 2.8: Fictitious Play and Cournot Play

from the group of BE learning, and Average Reinforcement and Cumu-

lative Reinforcement from the group of RE learning.

Previously Figure 2.7 shows that two informational roles update their

beliefs in a similar way. Are the estimations on their actions consistent?

Let�s look at Figure 2.8. The solid round point, the solid diamond and

the solid square are the behavioral parameters of the informed groups

while the un�lled ones are that of the uninformed ones. Shapes represent

di¤erent updating types. We can observe that there are roughly longer

distances between the solid and un�lled parameter points than the dis-

tances between every two di¤erent-shape points. It suggests that the

behavior of the informed group is di¤erent from the uninformed group,

and within the same group there are insigni�cant di¤erences among dif-
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ferent belief-updating types. In other words, the informational role has

a larger impact on players�learning than di¤erent updating patterns.

Finally, in order to have a closer look at all these individuals, we o¤er

analysis at the individual level. Ho, Wang and Camerer (2008) carry out

individual analysis by allowing di¤erent parameters for di¤erent subjects

in the EWA framework. Here we assign each subject an initial attraction

factor which further determines the initial attractions by multiplying his

empirical frequencies in the �rst 10 rounds. It saves some degrees of

freedom without loss of individual heterogeneity. The technique is similar

as that in the previous section.

The behaviors shown in Figure 2.9 are close to the �ctitious plays.

The dominance of the green round points coincides with the majority of

those seemingly �ctitious plays. This clearly suggests that the evidence

from information acquisition matches with the evidence from actions. In

other words, which kind of information players look at indirectly suggest

how they learn. More detailed descriptions of this �gure are: almost

all green round points concentrate in the corner of �Fictitious play�,

especially for the informed players; for the uninformed group in G (2), we

can �nd great di¤erence in the BE learners�and RE learners�behaviors;

in both games the EWA-type sometimes behaves the same as the BE-

type (i.e., G (1)-Uninformed) but sometimes behaves di¤erently (i.e., G

(2)-Uninformed).
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2.7 Conclusions

In this paper, we study players�learning behaviors in a modi�ed two-

stage asymmetric-information game. We investigate whether and how

two informational roles learn di¤erently in this game; whether stronger in-

centives would accelerate the learning process and how we capture learn-

ing speed in this game; and whether information-lookup choices provide

clues on the way players learn.

We capture di¤erent learning speeds for two informational roles by

adapting the hybrid EWA model in CH99. By comparing the behavioral

parameters in two similar games, i.e., Feltovich�s game and our increased-

payo¤ game, we show that: 1) stronger incentives accelerate learning; 2)

a relatively high expected payo¤ for the uninformed drives his passive

learning. In the meantime, we �nd the informed player has a larger

sensitivity of the predicted probabilities to the attractions of strategies

and a smaller initial attraction factor than the uninformed one.

Second, our experimental design adds some thoughts to Feltovich�s

research on the relative performance of reinforcement and belief-based

models. In this research, by tracking players�information choices of past

plays, we provide indirect evidence in support of a belief-based model,

i.e., players choose to look at their partners�history in order to make their

own decisions. Within the uniformed EWA framework, we have shown

that the reduced belief-based model �ts the data better than the reduced
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reinforcement one even though it does not signi�cantly outperform in val-

idation phase. This suggests the calibrations with only action data would

make us study learning in the dark, and tracking information acquisition

together with exploring the hybrid feature of EWA would shed light on

this issue.

Lastly, our cluster estimation shows that informational role has a

greater impact on learning than information acquisition pattern. In other

words, whether an individual is privately informed is more important

than his analogous experience in helping him to learn to play an optimal

strategy. In addition, our individual estimation shows that the majority

of belief-based type estimated by actions matches with the dominance of

belief-based updating type de�ned by information acquisition measures.

This con�rms that tracking information acquisition could be a comple-

mentary tool to study learning.

Appendix B

(Original instructions are in Chinese. This is one translation for

treatment G (1).)

Experiment Instructions
Summer 2011

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



138

Welcome to the FEEL laboratory! This is a decision making experi-

ment. You will play a game repeated 50 rounds (the latter 40 rounds are

slightly di¤erent from the �rst 10 rounds). Your goal is to earn as many

points as possible. Each point is 0.75RMB. At the end of this session, you

will get paid in cash plus show-up fee 5RMB. The payment is calculated

as follows:

Total Payment = 5 (Show-up Fee)

+total points you have earned� convert rate (0.75)

If you have any questions at any time, feel free to ask the experi-

menter.

1. The Players

There are two types of players, informed player and uninformed

player. Your type is chosen randomly at the beginning of this session

and will stay the same throughout the whole session. This session con-

sists of many rounds, each divided into two stages. (You will get more

information on how to play this game in next section.) Each round you

will be randomly assigned a partner, who is of the opposite type. You

two are a �xed pair for just one round. You will not be told the identity

of your partner� not even at the end of this experiment.

2. Sequence of Play in Each Round
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The session is made up of many rounds. In one round, the game will

be as follows:

The round begins. One of the two payo¤ tables on next page is cho-

sen by the computer, and the informed player is told which table was

chosen. There is a 50-50 chance of either table being chosen.

Stage 1 begins. You will be assigned a partner. You and your part-

ner each choose an action (either A or B). Notice that if you are an

informed player, your action and your partner�s action determine your

payo¤. However, if you are uninformed player, not only your partner�s

action and yours matter but also the table matters.

Stage 1 ends. Each player is told what action his/her partner chose.

Naturally the informed player gets to know her payo¤ for the stage. But

the uninformed one knows only the actions.

Stage 2 begins. You and your partner each choose an action (either

A or B).

Stage 2 ends (This round ends). Both players are told the true state,

their actions in two stages of this round and their payo¤s in this round.

Note: Points are accumulated across rounds and you will know your

total points at the end of this session.

3. The Payo¤Tables
There are two payo¤ tables, the Left table and the Right table. In

each round you and your partner will be assigned one of these tables.

The informed player is told at the beginning of the round which table
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was chosen; the uninformed player is not told until the end of the round.

Each player has two possible moves, A and B. In each stage, either you

or your partner will get a point. The point is awarded based on the table

you have been assigned, your move, and your partner�s move.
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Either you or your partner gets one point for each stage.

Example 1: Suppose that the Left table was chosen, and that both

players choose B in the �rst stage. Then the informed player gets to

know that she gets 0 point while her partner 1 point at this stage. The

uninformed player does not know this until the end of the round. And

at this moment (the end of Stage 1), the uninformed player does know

that 1) his partner has information and chose B, and 2) if the Left table

was chosen he gets 1 point, and if the Right table was chosen, he gets 0

point.

Example 2: Suppose instead that the Right table was chosen, and

both players choose B in the �rst stage. Then the informed player gets

to know that she gets 1 point. The uninformed player does not know

this until the end of the round. And at this moment (the end of Stage

1), the uninformed player does know that 1) his partner has information

and chose B, and 2) if the Left table was chosen he gets 1 point, and if

the Right table was chosen, he gets 0 point.

Example 3: Suppose that the Left table was chosen, the informed

player chooses A, and the uninformed player chooses B in the �rst stage.

Then the informed player gets to know that she gets 0 point. The unin-

formed player knows that he gets 1 point� in this case his payo¤ is the

same no matter which payo¤ table had been chosen.

Summary: If the Left table is chosen, only both players choose A

makes the informed player get 1 point and the uninformed player get 0
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point; while if the Right table is chosen only both players choose B makes

the informed player get 1 point and the uninformed player get 0 point. In

the rest cases, the informed player gets less than the uninformed player.

4. Playing the game

Once the game begins, your computer screen will be divided into 2

parts (Please refer to Sample Screen on Pages 4 and 5). The top part

shows the round number and remaining time for decision-making. The

rest is the main screen. Left part shows the true state if you are an

informed player otherwise it is empty. Right part needs your entry. If

you are an uninformed player, you do not know what the true state is

and you can always check the payo¤ table by looking at previous page

of this instruction (you can even tear down the previous page if you feel

more comfortable).

In each stage, the computer will ask you to type in a move (either

{A} or {B}). After you have done this, click �ok�to continue. After the

system has received you and your partner�s choices, you will move onto

next step.

At the end of each round, uninformed players are told which table

had been chosen, and all players are told their total payo¤ for the round.

After observing these results, click �OK� to go on to the next round.

Please refer to Figure 3 on Page 5.

5. Historical Information Acquisition
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From the 11th round onwards (that is Round 11-50), we o¤er you

an information menu which contains the most recent 10 rounds�history.

Sample screen is Figure 4 on Page 5. This information menu has 6 but-

tons: A. True States and My Actions; B. True States and My Payo¤s C.

True States and His/Her Actions+ Payo¤s; D. Summary: True States and

and My Actions; E. Summary: True States and My Payo¤s F. Summary:

True States and His/Her Actions + Payo¤s; If clicking these buttons, you

will be able to get the corresponding information. You can click on more

than one button, but the information of this click will disappear when

you click on the next button.

This information menu is free for you to choose. Please think care-

fully and make your choice(s).

6. End of This Session
At the end of this experiment, we would like to get your answers

to two questions on your screen. Please write down your answers and

suggestions on a piece of paper (which has placed on your table). In the

meantime, you will also read your accumulated points and total payment

on your screen. You are recommended to write it down on your answer

sheet as well. When you leave, please bring your belongings and submit

the answer sheet. The experimenter will pay you in cash.

Thanks for your attention. Wish you earn as much as possible!
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Chapter 3

Information Asymmetry

and Order Aggressiveness

3.1 Introduction

Non-intermediated, electronic order-driven markets are widely run

for stock trading over the world. Two basic types of orders play roles in

functioning: limit orders supply liquidity at some speci�ed prices while

market orders take liquidity from the best quotes. As such limit order

markets can implement "competition-proof" price schedules and guaran-

tee information e¢ ciency, they are "inevitable" (Glosten 1994). However,

it is theoretically unclear how informed and uninformed traders interact
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via limit order books by placing di¤erent orders to a¤ect the liquidity

as well as market e¢ ciency. Understanding this process helps evaluat-

ing information e¢ ciency of limit order markets. This paper proposes

an equilibrium model of information-based trade in which both informed

and uninformed traders can choose to buy or sell and to submit limit or

market orders. We focus on how the information asymmetry is related

to order aggressiveness and aim to address the following questions: 1)

which of market orders and limit orders do informed traders submit?; 2)

how does such informed trade a¤ect market quality?

Early market microstructure literature (e.g., Glosten 1994; Seppi

1997; Handa, Schwartz, and Tiwari 2003) assume that informed traders

use market orders. An ongoing e¤ort in analyzing the validity of this

assumption has been made in relevant empirical (Keim and Madhavan

1995), theoretical (Chakravarty and Holden 1995; Kaniel and Liu 2006,

hereafter KL) and experimental (Bloom�eld, O�Hara, and Saar 2005,

hereafter BOS) works. We now understand that limit orders can be a ve-

hicle for informed trading. Inspired by Glosten (1994) and BOS, in this

paper, we consider two determinants in informed traders�decisions of liq-

uidity provision: fundamental volatility and competition among informed

traders.

Glosten (1994) makes the assumption that informed traders use mar-

ket orders, and he argues for it by two reasons: discounted informa-

tion value due to immediate disclosure and competition among informed
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traders.1 The former one is also emphasized by KL which �nds that limit

orders convey more information than market orders in some equilibrium

with long-lived private information. The latter determinant, i.e., com-

petition among informed traders, has been agreed by several empirical

works (Biais Hillion and Spatt 1995; Ranaldo 2004; Beber and Caglio

2005) and a very recent experiment in Stockl (2012). The idea is that

only when information is long-lived and the competition among informed

traders is not �erce enough, informed traders would prefer to use limit

orders.

Additionally, the interesting phenomenon of liquidity provision shift

documented by BOS can not be easily explained by these two deter-

minants. In the lab, BOS �nds that, as trading progresses, the in-

formed traders shift from market orders to limit orders while the unin-

formed traders make the reverse shift. This is also empirically con�rmed

by Anand, Chakravarty, and Martell (2005) and Menkho¤, Osler, and

Schmeling (2010) (hereafter MOS). The intuition is that, at the begin-

ning, informed traders take liquidity with market orders to make pro�ts

from their private information; in doing so, they push prices closer to the

true values, and at some point they can be better o¤ by submitting limit

orders and earning the bid-ask spread. In other words, how far the stock

is traded away from the true value, or precisely the di¤erence between

1This intuition coincides with what Holden and Subrahmanyam (1992) conveys,
though the latter paper has a batch market as that in Kyle (1985).
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the current mid-quote and the true value that informed traders know,

plays a crucial role in their liquidity provision decision.

In our model setup, to capture this crucial factor, we assume that

a limit order book is spread symmetrically around the asset value in the

�rst period and informed traders know the future realization of it (either

a high value or a low value with equal probabilities). The price change,

that is also named as fundamental volatility, corresponds to the distance

between the current mid-quote and the true value in BOS�s 2005 exper-

iment. At the same time, we consider the arrival rate of an informed

trader in each period, a proxy for informed population, to analyze the

competition e¤ect that Glosten (1994) suggests. These two determinants

shape our main results: conditional on the favorable realization of the

liquidation value, informed buyers and sellers are more aggressive than

their uninformed counterparts respectively; While an uninf may switch

his trade direction to capture the bid-ask spread, and the probability of

limit order submissions is frustrated by a marginal increment in volatility;

when volatility increases, an informed trader exploits MOs more often to

implement his trading goal and he gains from trade and such aggres-

siveness can match with the experimental �ndings; in addition, both the

volatility and the proportion of informed traders frustrate uninformed

traders�willingness to participate in the market and their willingness to

provide liquidity if they desire.

Based on the optimal strategies of the informed and the uninformed
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traders, we also �nd that the total welfare can be improved by the in-

formed trading. This is derived from the market e¢ ciency brought by the

informed traders who gain from the private information and behave ratio-

nally in the limit order markets. However, the welfare of the uninformed

traders would be deprived partially by a larger proportion of informed

participation. Note that we do not examine the e¤ect of information life

that KL emphasizes, but take their �ndings to justify our model setup.

The basic model we present in this paper assumes a discrete price

grid for trading, and risk-neutral agents with private evaluations over

the asset. This is similar to that in Parlour (1998). Di¤ering from her

model, we also assume that an innovation of the asset value that is re-

alized at the end of the trading game and only informed traders know

the realization of it. Therefore, the informed trader who might arrive

in the �rst period needs to take into account the impact of his order on

the future trader�s order decision, and behaves strategically; while the

uninformed trader who might arrive in the second period tries to infer

the fundamental value from the states of the limit order book and update

his beliefs over the fundamental value endogenously. For simplicity, in

our basic model the market is open for two periods. An extension of

this basic model into a three-period one would share some features with

Buti, Rindi, Wen, and Werner (2011)2 that reveals how order submission

strategy is a¤ected by tick size. In general, compared to the close line

2 It is presented as the �rst chapter of this thesis.
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of research (Buti and Rindi 2011; Buti, Rindi, Wen, and Werner 2011;

Buti, Rindi, and Werner 2011; and their predecessor Parlour 1998), in-

formation asymmetry added here enriches the literature on limit order

markets and improves our understanding on how information plays a role

in trading.

It is worthwhile to note that our paper is not the �rst theoretical one

that considers asymmetric information in limit order markets. Though

relatively nascent, there are two important works. Goettler, Parlour, and

Rajan (2009) numerically solves a dynamic model of limit order markets

with asymmetric information. It considers an endogenous information

acquisition choice that is not investigated by our model. Rosu (2010)

adds asymmetric information into his previous continuous model Rosu

(2009), but the strong assumption of cancelling and revising orders in-

stantaneously does not help to capture the feature of the environment

with asymmetric-information. More discussions are postponed in the

next section.

Section 3.2, that follows, reviews the related literature. Section 3.3

outlines our basic model and Section 3.4 characterizes the features of

equilibrium and derive our main results. At the end, Section 3.5 concludes

with several remarks. All proofs are collected in the Appendix.
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3.2 Literature Review

To understand how new information is incorporated into prices, mar-

ket microstructure literature has extensively examined the role of asym-

metric information in the market. As the order-driven market emerged

in 1990s, the �eld�s focus has shifted from the traditional batch auction

(e.g., Glosten and Milgrom 1985; Kyle 1985; and Easley and O�Hara 1987)

to the limit order market. Theoretical interests shift from the question

of setting an optimal bid-ask spread to how to capture discriminatory

execution property of limit order books, i.e., orders can be executed at

several prices. In line with Glosten (1994)�s seminal paper, models of Bi-

ais, Martimort, and Rochet (2000) and Back and Baruch (2012) regard

the trading procedure as a common-value auction. Both informational

and risk-sharing motivations drive the trading. By contrast, the other

larger group of works modeling limit order markets (surveyed by Parlour

and Seppi 2008) assumes di¤erent private evaluations among traders (and

thus the existence of asymmetric information is not a must) and focuses

on their order decisions in the markets. The trading procedure is re-

garded as a private-value auction. This is also the side our paper stands

by. We survey the most relevant theoretical works as well as some recent

empirical �ndings.

First, a limited number of theoretical works has embedded asymmet-

ric information into models of limit order markets. Extending Foucault
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(1999), Handa, Schwartz, and Tiwari (2003) �nds that the bid-ask spread

is a function of both the adverse selection cost and di¤erences in valu-

ation. As they assume that the private information is publicly revealed

after one trade, they restrict informed traders to trade only by means

of market orders. This simpli�cation is justi�ed by what KL asserts:

long-lived information is crucial for informed traders to choose to supply

rather than demand liquidity. Another extension work is Rosu (2010)

which adds asymmetric information into Rosu (2009). It �nds that the

decision of liquidity provision depends on whether informational advan-

tage is below a cuto¤; surprisingly, the price impact of a market order

does not depend on the fraction of informed traders; and a higher fraction

of informed traders generates a smaller bid-ask spread. Rosu�s model has

exogenous arrival rates of the patient and impatient sellers/buyers and

thus exogenous decisions of limit orders and market orders to buy and

sell. The vital problem lies in the strong assumption of cancelling and

revising orders instantaneously. Limit orders do not face any pick-o¤

risk, and thus the key feature of asymmetric information environment

is missing. Goettler, Parlour, and Rajan (2009) builds a stochastic dy-

namic model of limit order markets in which traders choose to buy or

sell at di¤erent prices. Their model also endogenizes traders�decisions

of information acquisition. Though the model steps forward in terms of

realism, it loses analytic tractability.

Second, as uninformed traders in our model update their beliefs over
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the true value based on the state of the visible limit order book, this pa-

per closely compares to a growing body of literature on hidden orders

and dark pools. One of the possible rationale to use hidden orders is that

informed traders hide their private information and disguise themselves

as uninformed ones by displaying the same order size. In the two-period

model of Moinas (2010), liquidity suppliers are assumed to be asymmet-

rically informed of the fundamental value in the �rst period and liquidity

takers are assumed to update their beliefs based on the depths of limit

order book in the second period. However, since her model does not

allow traders to choose to be liquidity supplier or demander, it can not

address the informed traders� liquidity provision decisions. Alternative

rationale to use hidden orders, what Buti, Rindi, and Werner (2011) pro-

poses, is to reduce the price impact and compete in liquidity provision.

The information asymmetry that Buti, Rindi, and Werner (2011) con-

siders does not indicate di¤erent information endowment of fundamental

values among traders, but it lies in di¤erent accesses to trading venues,

i.e., some traders can view one more limit order book than the rest when

two trading venues are open at the same time.

Lastly, on the empirical side, as the informativeness of limit order

book heavily relies on the order submission of the informed, it is impor-

tant to understand how aggressively, and when, informed traders supply

limit orders. Biais, Hillion and Spatt (1995) categorizes di¤erent order

types of di¤erent order sizes into seven groups of aggressiveness. It an-
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alyzes how order aggressiveness relates to the market conditions as well

as information content of the limit order book in French stock market.

Ranaldo (2004) o¤ers similar analysis on Swiss stock market. BC pur-

sues these research by comparing periods when trading is likely to be

information-based from other periods. They �nd that before a positive

earning surprise during which informed buyers most likely arrive, buyers

are less aggressive than expected. Di¤ering from their methodology, MOS

utilizes a comprehensive transaction data from Moscow Interbank Cur-

rency Exchange, identi�es individual participants and characterize them

as informed or uninformed ones, and shows that informed traders use

aggressive limit orders more often than uninformed ones when volatility

increases. In answer to the narrower question of whether limit orders

or market orders informed traders submit, Harris and Hasbrouck (1996),

Cooney and Sias (2004), and Hall and Hautsch (2007) contribute.

3.3 The Basic Model

3.3.1 Market Structure

In this market, one asset is traded for T periods and time is denoted

by t = 0; 1; : : : ; T . In the basic model, T = 2. The fundamental value of

this asset at the beginning of this trading game is assumed as v0 and the

liquidation value at the end is ev. It is realized as v = v0 + e� where the

innovation e� takes the values +� and �� (� < v0) with equal prob-
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abilities. Traders arrive in the market sequentially. They can be either

informed or uninformed with probabilities � and (1��) respectively. An

informed trader knows perfectly the current and future values of the asset

while an uninformed one does not have such information. Both of them

have access to the limit order book, which means that the states of the

limit order book are observable to both groups.3 The trading procedure

follows the usual rules of price and time priority.4

All risk-neutral traders know their own patience type � upon arrival

and need to decide whether to submit a limit or a market order to buy

or sell. Their utilities are the di¤erences between the private evaluations

which depend on their degrees of patience and the cash out�ow/in�ow

upon executions of their orders. A trader arriving in period t and having

a market order executed immediately or a limit order executed in period

t
0
, where 1 � t < t0 � T , has the following utility:

U(ev; Pt0 ) =
8>>>>>>><>>>>>>>:

�ev � Pt if he submits a market order to buy

(�ev � Pt0 ) Pr(�) if he submits a limit order to buy

(Pt0 � �ev) Pr(�) if he submits a limit order to sell

Pt � �ev if he submits a market order to sell

The transaction price Pt represents the best quote available in pe-

3Most of market microstructure literature implicitly take this assumption except
the growing body of literature on dark pools and hidden (iceberg) orders.

4Price-time priority de�nes how orders are prioritised for execution. Orders are
�rst ranked according to their price. Orders of the same price are ranked depending
on when they are entered.
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riod t and Pt0 is the price speci�ed by a limit order. Both transaction

prices can be either an ask or a bid depending on the direction of trade

and the order type. Pr(�) is the execution probability of a limit order

and is determined by the price it speci�es, the arrival rate of an informed

trader � and the possible strategy of an incoming trader. An informed

trader knows the realization of ev, while an uninformed one makes an order
submission decision based on his expected utility and thus bears adverse

selection cost eventually. Since a limit order does not get an execution

immediately, the limit order submitted by an uninformed trader in the

�rst period undergoes two sources of uncertainties: one comes from the

trader�s standard balance between execution costs and price opportunity

costs; and the other uncertainty comes from the possibility of an adverse

change of prices in this asymmetric-information environment. By assum-

ing that some traders are informed of the realization of ev while others
are not, we add the informational advantage (for informed traders) and

adverse selection cost (for uninformed traders) into the standard bal-

ance captured by � in this limit order market. As in Parlour(1998) and

others5 , the patience indicator � models the trade-o¤ between execution

costs and price opportunity costs a trader faces in an order-driven market,

and endogenizes a trader�s order submission decision. When a trader has

a patience type � close to one, he evaluates the asset with little discount

5Degryse, Van Achter, and Wuyts (2009), Buti and Rindi (2011), Buti, Rindi, Wen,
and Werner (2011), and Buti, Rindi, and Werner (2011).
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or appreciation and he most probably submits a limit order. A trader

who has � far away from one is considered to be impatient as he evaluates

the asset with a great appreciation or discount, and thus he submits a

market order to buy or sell. To make the following analysis tractable, we

assume � to be uniformly distributed around one, i:e:; � � U(0; 2) and

its density function f(�) is equal to 1
2 when � 2 [0; 2] and 0 otherwise.

To sum up, Figure 3.1 shows the timeline of the two-period basic

model. The liquidation value at the end of the second period v are known

by informed traders. In each period, a trader arrives with a probability �

to be informed and its complementary probability 1�� to be uninformed.

He observes the state of the book and makes his order submission. Af-

ter two periods, the trading game is over. Game structure is common

knowledge for all participants. In the following sections, we focus on the

order submission decision of the informed and the uninformed trader in

the �rst period and analyze how private information can be incorporated

into the LOB. Order submission as well as the state of the book is shortly

explained in the next subsection.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



172

F
igure

3.1
T
im
eline

of
T
w
o-P
eriod

M
odel

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



173

3.3.2 Order Submission Decision

As shown in Figure 3.1, a limit order book (LOB for brevity) opens

empty at the beginning. Two prices are assumed to assemble on the price

grid, i.e., A1 = v0 + �
2 and B1 = v0 �

�
2 . The mid-quote of the LOB is

v0. The di¤erence between these two prices is one tick � which is smaller

than the fundamental change �. At time t, the state of the LOB that

speci�es the number of shares Qt available at these two prices is de�ned

as St = [QA1
t ; Q

B1
t ]. An empty book is denoted as [00]. In addition,

we assume that a trading crowd provides liquidity at A2 = v0 + 3�
2 and

B2 = v0 � 3�
2 . The market permits orders of one unit and of two types:

limit order (LO) and market order (MO). LOs can be posted at A1 and

B1. MOs execute against the trading crowd if the book is empty and

otherwise against the best quotes available on the LOB.6

A buyer (seller) can purchase (sell) one share of the asset by hitting

the best ask A1 or A2 (the best bid B1 or B2), or by submitting a LO at a

bid B1 (at a ask A1), and otherwise he exits the market with zero pro�t.

Order cancellation is not allowed. We de�ne a trader�s strategy at time

t as Ht. In some circumstances, superscripts "In" and "Un" are used to

specify the strategies of an informed and an uninformed trader respec-

tively, and the notation without any superscript denotes the strategies of

6Placing the trading crowd at A2 and B2 distinguishs our settings from one-tick
market in Parlour(1998) where a trading crowd sits at A1 and B1. In her setting,
the bid-ask spread is implicitly one tick when the book is empty; and after one order
submission the bid-ask spread remains. By contrast, in our model placing a trading
crowd at A2 and B2 allows us to analyze the changes of bid-ask spread.
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both. A LO specifying the price i, a MO executed at the price j, and no

trade constitute the strategy space, and they are denoted by +1i;�1j ,

and 0 where i = A1 and B1, and j = A1:2 and B1:2.7 A LO provides

liquidity while a MO takes liquidity from the LOB. The change of the

states of book, ht, is derived from the order submission and de�ned as:

8t = 1 : : : T ,

St � St�1 = ht �

8>>>><>>>>:
[�1; 0] if Ht = �1A1

[0;�1] if Ht = �1B1

[0; 0] otherwise

(3.1)

Since the execution probability of a LO relates to the possible arrival

of a future MO, we need to �rst analyze a trader�s order submission

decision in the second period. As the execution probability of a LO in

the second period is zero, a trader would either submit a MO or exit the

market. Speci�cally, an informed trader sells if his type � is low, he buys

if � is high, and he exits market if the gain-from-trade is zero. More

7We do not consider any combination of every two or more single orders in the
strategy space. Chakravarty and Holden(1995) �nds a combination of a market order
to buy and a limit order to sell is more pro�table than a market order to buy alone.
As their model allows market order walks up and down the limit order book, the limit
order acts as a "safety net" for market orders in the opposite direction.
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speci�cally, an informed trader�s strategy in the second period HIn
2 is:

HIn
2 =

8>>>><>>>>:
�1B if � 2 [0; Bv )

0 if � 2 [Bv ;
A
v )

�1A if � 2 [Av ; 2]

(3.2)

Two threshold values B
v and A

v are computed by equating payo¤s

from MOs to zero. A and B denote the best ask and bid available on the

LOB.

An uninformed trader�s strategy HUn
2 can be similarly solved based

on his belief E(evj F1) where the information set at time 1, denoted as
F1, indicates the state of limit order book S1 here. If E(evj F1) < v, the
likelihood of a MO to sell (buy) from the uninformed trader is smaller

(larger) than that of the same choice from an informed trader.

Backwardly, in the �rst period a trader needs to decide whether to

buy or sell and also balances between a MO executed immediately and a

LO executed with some probability in the next period. A trader makes

order submission decision based on his utility function. For instance, a LO

to sell at A1 is optimal for an informed trader informed that v = v0��,

if it has a higher payo¤ than that from no trade, a MO to sell, a LO to

buy, and a MO to buy, i.e.,

(A1 � �v)Pa > Maxf0; B2 � �v; (�v �B1)Pb; �v �A2g (3.3)
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The execution probability of a LO to sell for an informed trader,

denoted by Pa, is equivalent to the probability of a MO hitting A con-

ditional on the updated LOB S1 = [10] in the second period, and it is

further equal to the average probability of an incoming informed and

an incoming uninformed trader�s MO to buy weighted by their arrival

probabilities:

Pa = Pr(Aj [10]) = �
Z 2

A1
v

f(�)d� + (1� �)
Z 2

A1
E( evj[01])

f(�)d�(3.4a)

= �(1� A1
2v
) + (1� �)(1� A1

2E(evj [10]) )
Similarly, the execution probability of a LO to buy for an informed trader

Pb is calculated as:

Pb = Pr(Bj [01]) = � � B1
2v
+ (1� �) � B1

2E(evj [01]) (3.4b)

Plugging these two execution probabilities (3.4a) and (3.4b) into the

inequality (3.3), we can get the range of � within which it is optimal

to submit a LO to sell. Such submission decision is a¤ected directly by

the future price v and indirectly by the incoming trader�s updated beliefs

(E(evj [01]) and E(evj [10])) via execution probabilities.
Similarly, an uninformed trader�s utility maximization derives his
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optimal strategy:

HUn
1 2 argmaxfEU(+1A1); �v �A2; EU(+1B1); B2 � �v; 0g (3.5)

EU(+1A1) and EU(+1B1)8 are expected utilities from submitting

a LO at A1 and a LO at B1 respectively, which can be expressed in

forms similar to that in (3.3) as (A1 � �v0)PaUn and (�v0 � B1)PbUn

with the prior belief of the asset v0. In these formula, two execution

probabilities are di¤erent from Pa and Pb, and they can be rewritten

as PaUn = � � (1 � A1

2v0
� �1(�))+ (1 � �) � (1 � A1

2E(evj[10]) ) and PbUn =
� � ( B1

2v0
+ �2(�)) + (1 � �) � B1

2E(evj[01]) with two positive variables �1(�)
and �2(�) increasing in �, and �1(0) = �2(0) = 0.

3.3.3 Equilibrium

To �nd the equilibrium of the model, we �rst �x the uninformed

trader�s beliefs conditional on di¤erent states of the LOB, and then solve

for optimal strategies in the resulting trading game. The optimal strate-

gies determine the states of the LOB which sustain our conjectured un-

informed trader�s beliefs.

The order submission decision is closely related to the fundamental

8Denote the execution probabilities conditional on an increasing and a decreasing
future price as Pa+; Pa�; P b+ and Pb� , e.g., Pa+ = Pajv=v0+� and Pa� =

Pajv=v0��. The expected utilities gained from a LO to sell and a LO to buy are:

EU(+1A1 ) = 1
2
(A1 � �(v0 + �))Pa+ + 1

2
(A1 � �(v0 � �))Pa� and EU(+1B1 ) =

1
2
(�(v0 +�)�B1)Pb+ + 1

2
(�(v0 ��)�B1)Pb�
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value and the uninformed trader�s beliefs. How an uninformed trader

updates his beliefs determines what order he submits, and since his order

submission changes the state of the LOB, it should have been embedded

into the previous trader�s order decision in equilibrium. Both an informed

and an uninformed trader in the �rst period are subject to the belief-

updating process via execution probabilities due to the uncertainty of

an incoming trader�s informational role. Therefore, it is necessary for us

to set out the uninformed trader�s belief-updating process. In the �rst

period, an uninformed trader has a prior belief E(ev) = v0. In the second
period, he observes the state of LOB and knows that in the �rst period

an informed trader arrives with the probability �. Hence, he does the

following Bayesian updating, provided he observes S1 = [01] and [10]

respectively:

E(evj [01]) = � � [
Pr(HIn

1 = +1B1
�� v0 +�)

2Pr(S1 = [01])
(v0 +�)

+
Pr(HIn

1 = +1B1
�� v0 ��)

2Pr(S1 = [01])
(v0 ��)]

+(1� �) � Pr(H
Un
1 = +1B1)

Pr(S1 = [01])
v0

E(evj [10]) = � � [
Pr(HIn

1 = +1A1
�� v0 +�)

2Pr(S1 = [10])
(v0 +�)

+
Pr(HIn

1 = +1A1
�� v0 ��)

2Pr(S1 = [10])
(v0 ��)]

+(1� �) � Pr(H
Un
1 = +1A1)

Pr(S1 = [10])
v0
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where Pr(S1 = [01]) = �
Pr(HIn

1 =+1B1 jv0+�)+Pr(HIn
1 =+1B1 jv0��)

2 + (1 �

�) Pr(HUn
1 = +1B1) and

Pr(S1 = [10]) = �
Pr(HIn

1 =+1A1 jv0+�)+Pr(HIn
1 =+1A1 jv0��)

2 + (1 �

�) Pr(HUn
1 = +1A1):

When � = 0, no informed trader arrives in the �rst period and the

state of the LOB is not informative, and both E(evj [01]) and E(evj [10])
degenerate to the prior belief v0. As the arrival rate of an informed trader

� increases, the LOB becomes informative and these two expectation

values start deviating from the prior belief. Intuitively, a LO to sell

more likely appears when the price shifts downward than when the price

shifts upward; while a LO to buy more likely appears in the presence of

an upward shift than of a downward shift; these two expectation values

are adjusted in opposite directions and furthermore both distances are

positively linked to � and �. After some calculations, they are rewritten

as, for 8� 2 [0; 1):

E(evj [01]) = v0 + e2(�; �) (3.6a)

E(evj [10]) = v0 � e1(�; �) (3.6b)

where e1(�; �); e2(�; �) 2 [0;�) increase in � and �, and e1(�; 0) =

e2(�; 0) = e1(0; �) = e2(0; �) = 0.

These beliefs, (3.6a), (3.6b), and E(evj [00]) that can be similarly
calculated, help an uninformed trader make his order submission in the

second period and further a¤ects a trader�s decision in the �rst period.
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An equilibrium of this model is a �xed point at which traders�behaviors

are optimal and consistent with their beliefs and their information. It is

de�ned formally below.

De�nition 2 Given the initial book S0 and the arrival rate of an in-

formed trader � where � 2 [0; 1], an equilibrium in this two-period model

is a set of order submission decisions {H1;H2} which best responds to

traders� information and Bayesian beliefs, and states of the limit order

book based on which the beliefs are formed. An equilibrium includes:

fH1;2 := argmaxU( �jE(ev); E(evj F1))g and S1 2 F1
fSt := St�1 + htg 8t = 1; 2 and ht is de�ned by (3.1)

3.4 Volatility and Informed Trading

In this section, we provide results based on the equilibrium of the

basic model, especially the equilibrium strategies of an informed and

an uninformed trader in the �rst period. First, we are interested in

what orders informed traders submit. An informed trader�s choice of

a LO/MO determines what order is informative and how the shape of

the LOB is a¤ected. Consequently, we are also interested in: if such

informed population increases, does the market become more e¢ cient?

We show that informed trading can enhance e¢ ciency in the sense that

the midquote of the LOB becomes closer to the fundamental value. This

positive �nding is consistent with the very recent experiment by Stockl
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(2012).

In our model, the payo¤ of a LO as well as the comparison between

a MO and a LO directly depends on the fundamental volatility �9 , and

indirectly depends on the arrival rate of an informed trader �, i.e., our

proxy for an informed population. When we look into an informed and

an uninformed trader�s utility maximization problem, these two determi-

nants sketch the picture of our main results. The �rst subsection looks

at how volatility in�uences a trader�s order submission in equilibrium

while the subsections 3.4.2 and 3.4.3 analyze the indirect in�uence from

the arrival rate of an informed trader on trading behaviors and market

welfare.

3.4.1 What Orders Do Informed Traders Submit?

In equilibrium, since an informed trader knows the realization of

liquidation value, he can always gain from trade. He optimally submits

a MO to buy or sell, or a LO to buy or sell depending on his patience

type.10 The standard balance to decide an order type between the price

9 It is di¤erent from price volatility that can be de�ned by computing the percentage
change of transaction prices.
10 In fact, when the volatility is very large, a MO to buy can be non-optimal. To

restrict the following analysis into the case where all four strategies are optimal for
di¤erent informed traders, we impose the following assumption: � is not larger thanb� such that (in Figure 2) �6 =

A2�B1Pb
1�Pb � 1

v0�b� � 2. In our simulation exercise,b� = 0:26 given v0 = 1; b� = 2:1 given v0 = 5.
This assumption does not con�ict with the foundation based on which our model

has been distilled. .....according to...Daily stock return is rarely high as 30% or even
40% of the stock value. Any potentially "big" surprise would be usually disseminated
into the market gradually day after another around the earning-annoucement period.
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opportunity costs and the execution costs plays a role. Exiting from the

market is non-optimal. Lemma 1 states this formally.

Lemma 3 It is non-optimal for an informed trader to exit the market.

Figure 3.2 plots the optimal strategy of informed traders of all pa-

tience types � 2 [0; 2]. The left sub�gure shows the case with a positive

price change while the right sub�gure the case with a negative price

change. In each one, four dashed lines represent the payo¤s of di¤erent

types of orders for all patience types � 2 [0; 2]. The black solid line is

the maximum utility that a trader can achieve by optimally choosing his

order. In both sub�gures, four strategies, i.e., a MO to sell hitting the

price B2, a LO to buy at B1, and a MO to buy hitting the price A2,

are possibly used by informed traders depending on their patience level.

These two sub�gures illuminate how the discrepancy between the liquida-

tion value and the mid-quote of the LOB a¤ects the current buy and sell

activities. Suppose there is no surprise at the end, i.e., liquidation value

is equal to v0, the sell and buy activities should be symmetric: those of

types � � 1 are sellers and the rest are buyers. When there is a positive

surprise, for example, the informed patient trader who is indi¤erent be-

tween participating buy or sell activities in the no-surprise case, i.e., the

one with � = 1, would now submit a LO to buy. His gain-from-trade is

� discounted by the execution uncertainty. Symmetrically, when there is

a negative surprice, this trader would submit a LO to sell to capture his
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gain-from-trade. In general, there are less sell than buy activities when

the current mid-quote is low: the cross point of the lines of "LO at A1"

and "LO at B1" in the left sub�gure (i.e., a "threshold" trader who is

indi¤erent between being a patient seller and being a patient buyer) is

smaller than 1, while it is larger than 1 in the right sub�gure when the

mid-quote is already high.

If the current mid-quote v0 is low and the liquidation value is higher,

the informed trader would exploit this trading opportunity to buy; while

if the current mid-quote is already high, he would sell the asset. This is

quite straightforward. Now, as a further step, the informed trader needs

to choose between a MO and a LO. Suppose that the liquidation value is

the same as the current mid-quote, or say there is no surprise in liquida-

tion value, whether to submit a LO or a MO depends on the comparison

between a price improvement of one tick and a lowered execution prob-

ability. When the price improvement outweighs the increased execution

uncertainty, submitting a LO is optimal. Now when the price is realized

favorably di¤erent from v0 (and such di¤erence is larger than the tick �

as we assume), a MO that guarantees immediate execution can guarantee

the gain-from-trade; as volatility increases such advantage makes a MO

more attractive than a LO. As volatility increases, therefore, an informed

trader would switch from a LO to a MO conditional on good news and

switch from a MO to a LO conditional on bad news in the �rst period.

The feature of an endogenous trade direction and an endogenous choice
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of order type in our model captures this intuition.

Proposition 4 Given that the future price goes up (down), an informed

trader is more likely to buy (sell); furthermore, as the volatility increases,

this informed buyer (seller) is more likely to use a MO rather than a LO.

Table 3.1 provides comparative statistics on equilibrium strategies

of both an informed and an uninformed trader, given asset value v0 = 1,

tick size � = 0:1,11 and small volatilities � = 0:11 (0:11v0) and 0:25

(0:25v0). The choice of 0:11 is based on the assumption � > � while

the choice of 0:25 is related to the equilibrium strategy; when � � 0:26,

a MO to buy becomes non-optimal for the informed. We restrict our

analysis within the regime where four strategies are all optimal for the

informed. As Lemma 1 suggests, informed traders always participate in

the market. The strategy of exiting the market can only be optimal for

an uninformed trader under some conditions, which we show shortly in

Lemma 2. When the current mid-quote is low, i.e., v = v0 + �, the

probability of the informed�s sell activitiy (Row 3) is lower than that of

their buy activitity (Row 6). The opposite holds when the currrent mid-

quote is high, i.e., numbers on Row 9 are larger than those on Row 12.

Furthermore, if we compare the compositions of LOs and MOs that make

up the buy and sell activity seperately, we can �nd that: conditional on

11Simulations for an asset with a high price (v0 = 5) are provided at the end of this
section as Tables 3.4- 3.6 (App.1-3) for interested readers. Findings are qualitatively
the same as presented here for the case v0 = 1 and thus additional explanations are
omitted.
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a positive surprise, the informed buyer exploits a MO with the probaility

73:15% and a LO with the complementary probability in the parentheses

of Column 3; as the volatility rises, given all else equal, the probability

for an informed buyer to exploit the MO becomes larger, i.e., 78:27% in

the parentheses of Column 6.

Table 3.1 Optimal Order Submissions of An Informed and

An Uninformed Trader This table provides equilibrium strategies of

an informed and an uninformed trader in the �rst period given v0 = 1 and

� = 0:1. Results are reported for di¤erent arrival rates of an informed

trader � = f10%; 50%; 90%g and two volatility scenarios � = 0:11 and

0:25: sell activity (rows 3, 9, 15, and 17) and buy activity (rows 6, 12,

16, and 20) with the detailed decomposition by order type (i.e., MOs to

sell hitting B2, LOs to sell at A1 , LOs to buy at B1, and MOs to buy

hitting A2). The last row reports the probability of no trade (NT) for an

uninformed trader. In the parentheses of Columns 3-8, the proportions

of LOs and MOs that make up the sell/buy activity are reported in

percentage.
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Interestingly, this �nding is consistent with the experimental �nd-

ings of BOS. In BOS, as trade progresses, the distance between the mid-

quote and the true value becomes smaller, i.e., � decreases in our model,

informed traders submit more LOs and less MOs. Note that in the exper-

imental sessions informed traders and uninformed traders interact at the

same time, while informed traders switch the role of liquidity demanders

to liquidity providers, uninformed traders change the role of liquidity

providers to liquidity demanders. In our model, the traders arrive se-

quentially with random information-endownment. We can not �nd the

"mirror e¤ect" on the uninformed traders in our model. To complete our

characterization of equilibrium, we articulate the e¤ect of volatility � on

the uninformed trader�s LO submission as below.

Lemma 4 As the volatility � becomes larger, other things being equal,

an uninformed trader less probably submits a LO and more probably exits

the market with no order submission.

Table 3.1 also provides the optimal order submission of an unin-

formed trader in the �rst period. Since the uninformed trader bears

a higher execution uncertainty due to a lower unconditional expected

probability of MO submissions in the second period, he submits a LO

less often. For both buyers and sellers, the probabilities of LO submis-

sions decrease as volatility increases, as shown by Rows 17 and 20. It is

also remarkable to read that the adverse selection cost can be so large
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that the uninformed trader is discouraged and he exits the market. The

probability of "No Trade" becomes non-zero when volatility is 0.25 and

the informed proportion is 90% in this table. How the high informed

proportion contributes into the frustration of the uninformed�s trade is

discussed in the next subsection.

From this table, it is also noted that even for an uninformed trader,

the exploitations of a LO and of a MO are not equal in equilibrium. In

order to better describe how aggressively an informed trader behaves in

this market, we de�ne an indicator AGG by the percentage di¤erence of

the exploitation of the aggressive strategies by an informed buyer (seller)

and by an uninformed buyer (seller). Aggressive strategy in this two-

period model stands for MOs only and, therefore, the measure of order

aggressiveness for an informed seller conditional on a positive surprise in

liquidation value AGGsell;+ is de�ned as:

AGGsell;+ =
nominator

P (HUn
1 = �1B2 juninformed sell,v0 +�)

[nominator = P (HIn
1 = �1B2 jinformed sell,v0 +�)

�P (HUn
1 = �1B2 juninformed sell,v0 +�)]

=
P (HIn

1 = �1B2 jinformed sell,v0 +�)
P (HUn

1 = �1B2 juninformed sell,v0 +�)
� 1

When the informed trader exploits a MO to implement his trading

goal more than his uninformed conterpart, he is considered to be aggres-
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sive. This indicator is positive. When the opposite occurs, this informed

trader is considered to be passive and the indicator is negative. The

larger it is, generally speaking, the more aggressively an informed trader

behaves. Similarly, we de�ne the indicator for an informed seller con-

ditional on a negative surprise as well as an informed buyer conditional

on di¤erenet realizations of liquidation value. As the positive (negative)

surprise is a piece of good news for a buyer (seller), we �nally de�ne the

aggressiveness indicator conditional good news and bad news separately.

They are:

AGGg =
AGGbuy;+ +AGGsell;�

2
(3.7a)

AGGb =
AGGsell;+ +AGGbuy;�

2
(3.7b)

Based on Table 3.1, Table 3.2 derives and reports our measure of

informed�s order aggressiveness. When the volatility rises, all else being

equal, the informed sellers exploit MO less often than their uninformed

counterpart if he is informed of a positive surprise in liquidation value,

and thus the values of the indicator of informed aggressiveness on row

3 are negative; and if the informed buyer is informed of the same news

he would behave more aggressively, i.e., values on row 4 are positive.

Symmetrically, when the liquidation value go downward and becomes

lower than the current mid-quote, the informed sellers and buyers behaves
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in the opposite way. In general, an informed trader who is informed of

good news exploits a MO more often than an uninformed one while he

behaves less aggressively if informed of bad news.

3.4.2 How Is Market A¤ected by Informed Trading?

This subsection examines how the arrival rate of an informed trader

a¤ects the informed trader�s aggressiveness in order submission decision.

In equilibrium, an informed and an uninformed trader have di¤erent sub-

mission strategies in the �rst period, and the arrival rate of an informed

trader directly a¤ects the informativeness of the LOB as well as the up-

dated beliefs in the second period based on which a future uninformed

trader submits his MO. The arrival rate � a¤ects the liquidity provision

decisions of the informed and the uninformed trader by changing the ex-

ecution probabilities of LOs. Suppose that the informed trader submits

a favorable LO conditional on the direction of the price change, i.e., a

LO to buy conditional on v0 +� or a LO to sell conditional on v0 +�.

A higher � frustrates the informed traders�LO submissions by decreas-

ing execution probabilities. For instance, when the liquidation value is

higher than the current mid-quote, the belief over the fundamental value

conditional on the book [01], i.e., (3.6a), is smaller than v = v0 +�, and

the probability of a MO submission from the future uninformed seller

B1

2E(evj[01]) is consequently larger than that of a future informed one B1

2v in

(3.2). Thus when calculating the execution probability of a LO to buy,
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i.e., (3.4b), a higher � results in a smaller value of the execution proba-

bility and thus a lower incentive for an informed trader to submit a LO

to buy in the �rst period. Similarly, due to the updated belief E(evj [10])
is lower than v0 + �, the future uninformed MO to buy is lower than

informed MO to buy and a smaler � results in a higher execution prob-

ability of a LO to sell submitted in the �rst period. To sum up, being

informed of v0+�, informed traders more probably submits LOs to buy

and less probably submits LOs to sell. If the informed trader is informed

of a negative surprise, the opposite pattern can be argued.

Since these execution probabilities a¤ect both an informed and an

uninformed trader in the �rst period, the above reasoning is also true

for an uninformed trader. In addition, an uninformed trader relies on

the prior belief v0 rather than any precise information, and his optimal

strategy does not depend on the realized states of v. Hence, when an

uninformed trader maximizes his expected utility across di¤erent states

of ev, the e¤ect of � on the future�s execution probabilities intra-play with
the execution probability. Speci�cally, a higher � makes an uninformed

trader less probably submits a LO and it is likely to have some uninformed

traders exit the market.

Proposition 5 As the arrival rate of an informed trader � becomes

larger, other things being equal:

(1) an informed trader less probably submits a LO conditional on

good news but more probably submits a LO conditional on bad news;
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(2) an uninformed trader less probably submits a LO and more prob-

ably exits the market with no order submission.

Table 3.1 report the simulation results obtained for di¤erent arrival

rates �. First, we can read that an informed trader less probably submits

a LO when � rises. Speci�cally, When an informed trader is optimal

to buy conditional on a positive surprise and to sell conditional on a

negative surprise, i.e., rows 6-8 and 9-11 in Table 3.1, the marginal e¤ect

of � is positive on the probability of such favorable LO submissions.

While such marginal e¤ect of � is negative on the probability of adverse

LO submissions, rows 3-5 and 12-14 show that informed traders more

probably submits LOs as � rises. As far as an uninformed trader is

concerned, the probabilities of his LO submission on both sides (i.e.,

rows 17 and 20) decrease in �. It is noted that when the voaltility is very

high and the informed proportion is very high, the uninformed trader

might exit the market, i.e., with a probability 0.0129 when � = 0:25 and

� = 90%.

3.4.3 Price E¢ ciency and Welfare

The origin of the interest on informed trader�s order submission is

derived from the concern of price e¢ ciency in �nancial market. Intu-

itively, when informed trader more probably submits a MO, the spread

of the limit order book is inevitably widened. The book is pulled down-
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ward/upward to the liquidation value that informed traders know. The

more probably an informed trader arrives, the faster the book evolves

towards the liqudation value. Given all else equal, the larger volatility

is, the more signi�cant his contribution in price revelation is. At the

same time, when informed traders trade on their information and bring

price e¢ ciency into the market, they also �nancially bene�t from the

information they know. It brings up the concern on the welfare of the

uninformed traders. Financial market is an information-sensitive arena.

Information and the ability of processing trade-related information are

important for traders. From the regulator�s point of view, frostering a

healthy and e¢ cient market needs to balance between both e¢ ciency and

welfare.

In this subsection, we analyze how welfare is a¤ected by informed

trading. Total welfare is de�ned as the sum of the expected welfare in

each period of two groups of traders, i.e., W = �
P
t
E(W In

t ) + (1 �

�)
P
t
E(WUn

t ). The expected welfare of informed traders at time t is fur-

ther de�ned by summing up the gains from both market and limit orders,

i.e., E(W In
t ) =

R
�2f�:HIn

t =�1Ptg jPt � �vj�f(�)d�+
R
�2f�:HIn

t =+1
P
t
0 g jPt0 � �vj�

Pr(�) � f(�)d�; and the expected welfare of uninformed ttraders at time

t, E(W In
t ), can be similarly de�ned by substituting HIn

t by HUn
t .

To examine how the information asymmetry a¤ects the welfare in the

market, we consider an environment free of asymmetric information. It is

an alternative setting with no informed traders, i.e., � = 0. By comparing
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the changes of welfare, we can qualify how uninformed traders�welfare is

a¤ected by information asymmetry as well as the market conditions.

Proposition 6 Compared to the no-information environment, informed

traders bene�t from trading at the cost of uninformed traders� welfare,

despite the fact that they bring welfare improvement in the total amount

of all market participants.

Table 3.3 reports that how the total welfare as well as those of dif-

ferent informational roles�are a¤ected by the arrival rate of an informed

trader. Firstly, when � becomes larger, the informed traders�welfare

improves. Translated in to the numbers in this table, the percentage

change of the informed traders�welfare compared to the benchmark case

are positive for all arrival rates of an informed trader. Secondly, the

uninformed traders�welfare are worsened as the percentage changes are

negative. However, the total welfare is improved by the exsitence of in-

formed trading. These observations are true for di¤erent volatilities when

we compare the upper panel and the lower panel of this table.

At the end of this section, we provides simulations for an asset with a

high price (v0 = 5) for interested readers. They are Table 3.4, Table 3.5,

and Table 3.6. Findings are qualitatively the same as presented here for

the case v0 = 1 and thus additional explanations are omitted.
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Table 3.4 (App. 1) Optimal Order Submissions of An In-

formed and An Uninformed Trader This table provides equilibrium

strategies of an informed and an uninformed trader in the �rst period

given v0 = 5 and � = 0:1. Results are reported for di¤erent arrival rates

of an informed trader � = f10%; 50%; 90%g and two volatility scenarios

� = 0:11 and 0:25: sell activity (rows 3, 9, 15, and 17) and buy activ-

ity (rows 6, 12, 16, and 20) with the detailed decomposition by order

type (i.e., MOs to sell hitting B2, LOs to sell at A1 , LOs to buy at B1,

and MOs to buy hitting A2). The last row reports the probability of no

trade (NT) for an uninformed trader. In the parentheses of Columns 3-8,

the proportions of LOs and MOs that make up the sell/buy activity are

reported in percentage.
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3.5 Conclusions

Our static model embeds asymmetric information into the model of

Parlour (1998). It has a closed-form solution and, furthermore, it provides

insights on the classical question of what orders informed traders submit

and on the recent attention of whether the informed traders use orders

more aggressively.

Our equilibrium shows that volatility and competition among in-

formed traders a¤ect the choice of liquidity supply and demand. When

the price is known to evolve favorable, the informed buyers and sellers are

more aggressive than their uninformed counterparts. When the volatility

increases, they exploits MOs more. Such aggressiveness, at the same time,

is also positively correlated with the competition among informed traders.

In general, we also show that both the volatility and the proportion of

informed traders frustrate uninformed traders�willingness to participate

in the market and their willingness to provide liquidity if they desire.

Total welfare of market participants is improved by informed trading but

the informed traders gain at the cost of their uninformed counterpart�s

welfare.

Admittedly, volatility and competition among informed traders are

two independent determinants of order submission decision in our analy-

sis, but they are not exclusive to each other in stock trading. For exam-

ple, fundamental volatility ( the information value de�ned in BOS) de-
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creases dramatically if the competition among informed traders is �erce.

Whether, and how, these two determinants play with each other in af-

fecting the equilibrium is beyond the scope of this paper.

This paper takes a simple framework of two-period to look at how

information asymmetry relates to traders�liquidity provision decision. If

we extend the model into a dynamic way (with more than three periods),

this discrete model becomes far more complicated than being tractable

even if some assumptions are made. For example, one possibility is to

take Foucault�s assumption that a LO has one-period life, i.e., after one

period the LO either executes or expires; it makes an individual�s decision

of order submission directly relates to the next trader�s action but not

the rest of traders� for execution. Still, such dynamic discrete system

hardly works more than three periods. This is because the beliefs in this

multiple-stage incomplete-information game would expand exponentially

and makes the model computationally challenged. Alternatively, if we

follow what Handa, Schwartz, and Tiwari (2003) assumes, i.e., the private

information has one-period life and it becomes public after one period,

the dynamic structure would collapse into a series of simple two-period

ones as we study here.

Our model fairly characterizes some basic features of limit order

markets such as price-time priority imposed on trading procedure and

long-lived LOs. However, for simplicity, we assume the order size to be

one. Considering orders of the size more than one unit and allowing it
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to walk up/down the LOB, i.e., marketable LO, can provide insights on

how information advantage relates to the decision of order-splitting. In-

tuitively, when the volatility is very large, the favorable informed traders

split orders to mimic what the uninformed would do in order to hide their

information; while the adverse side of informed traders submit large or-

ders to avoid the incoming price change. When the volatility is very

small, the decision of submitting a large order or splitting it into small

orders depends on the comparison between expected payo¤s from both

strategies: a large order likely reveals the private information while sev-

eral small orders increase trading costs. One potential challenge of this

extension is that, as the strategy space is expanded more than being

doubled, the complexity of solving the equilibrium rises dramatically.
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Appendix C

C.1 Proof of Lemma 3

Proof. An informed trader solves his utimility maximization problem by

comparing the payo¤s from LOs and MOs. Since A1 > B2 and A2 > B1,

we have B2

v < A1

v (which means the line of "LO at A1" intercepts the

x-axis at A1

v on the right hand side of B2

v where the line of "MO at B2"

intercepts the x-axis, as showed in Figure 3.2) and B1

v < A2

v (which means

the line of "LO at B1" intercepts the x-axis at B1

v on the left hand side

of A2

v where the line of "MO at A2" intercepts the x-axis, as showed in

Figure 3.2); furthermore, given that A1

v > B1

v , there is no regime so that

the optimal one among these four strategies generates zero pro�ts.

C.2 Proof of Proposition 4

Proof. Below we prove the case when the future price goes up. The

case with a decreasing future price (v = v0 � �) holds by symmetric

arguments.

Given that four strategies are optimal for informed traders, to prove

that more buy than sell conditional on a high realization of the liquidation

value is equivalent to show that the cross point of "a LO at A1" and "a

LO at B1" is smaller than 1. By equating payo¤s of LOs at A1 and B1,

i.e., (A1��2v)Pa = (�2v�B1)Pb, we have �2 = A1Pa+B1Pb
(Pa+Pb)�v . It is trivial

to have �2 < 1 as long as � > 0.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



206

Now in order to show the second half of this Proposition, we need

to prove that 2��3
2��2

is positively correlated with �. �3 is the cross point

of the payo¤s from "a LO at B1" and "a MO at A2" and it is, therefore,

equal to �3 =
A2�B1Pb
(1�Pb)�v . After subsituting back into

2��3
2��2

, we have the

MO submission proportion becomes a function of Pa and Pb denoted by

h(Pa; Pb). From (3.4a) and (3.4b), we can derive that Pa
0
(�)

���
v0+�

> 0

and Pb
0
(�)

���
v0+�

< 0. Taking the �rst derivatives of h(Pa; Pb) with

respect to �, we yield the result.

C.3 Proof of Lemma 4

Proof. The utility maximization problem of an uninformed trader (3.5)

is replicated here: HUn
1 2 argmaxfEU(+1A1); �v0�A2; EU(+1B1); B2�

�v0; 0g with EU(+1A1) = 1
2 (A1��(v0+�))Pa

++ 1
2 (A1��(v0��))Pa

�

and EU(+1B1) = 1
2 (�(v0+�)�B1)Pb

++ 1
2 (�(v0��)�B1)Pb

�. Pa+ de-

notes Pajv0+� for short, Pa
� is Pajv0��, and Pb

+ and Pb� are similarly

denoted. The strategy of submitting a LO to sell at A1 is better than "no

trade" if 12 (A1��(v0+�))Pa
++ 1

2 (A1��(v0��))Pa
� > 0. We get that

the threshold value �Un21 is A1(Pa
++Pa�)

v0(Pa++Pa�)+�(Pa+�Pa�) (which is smaller

than A1

v0
); similarly, we get that the threshold type �Un22 between submit-

ting a LO to buy and "no trade" is B1(Pb
++Pb�)

v0(Pb++Pb�)+�(Pb+�Pb�) ( which is

larger than B1

v0
because (Pb+ � Pb�) < 0). If � = 0; �Un21 = A1

v0
> B1

v0
=

�Un22 , thus those traders with their patience types within the rage of

(�Un22 ; �
Un
21 ) can be better o¤ by trading. When � rises, �Un21 decreases

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



207

and �Un22 increases. When � is large enough so that �Un21 < �Un22 , there

exists some traders who are better o¤by exiting the market without order

submission.

Now we need to discuss two cases separately in which the LO sub-

missions of uninformed traders decrease in � (Lemma 2) and decrease in

� (the second part of Proposition 5).

Case 1: when � is small and exiting the market is non-optimal

Taking an uninformed trader�s utility maximization problem, we de-

�ne two threshold types �Un1 and �Un2 in the same way as that in the

proof of Lemma 1: �Un1 = B2�A1Pa
Un

(1�PaUn)�v0 and �
Un
2 = A1Pa

Un+B1Pb
Un

[PaUn+PbUn]�v0 . Sim-

ilarly, for a buyer, we can �nd the threshold type �3 between a LO to

buy and a MO to buy and it is �3 =
A2�B1Pb

Un

(1�PbUn)�v0 . The total probability

of LO submissions is �Un3 � �Un1 and it is a function of PaUn and PbUn.

Keep in mind that, the �rst part of PaUn (PbUn), i.e., � � [1� A1

2v0
��1(�)]

(� � [ B1

2v0
+ �2(�)]), embeds the prior belief over the fundamental value in-

stead of the true value v1 and it approaches to 1� A1

2v0
( B1

2v0
) with a distance

�1(�) (�2(�)) increasing in �. Substituting (3.6a) and (3.6b) into PaUn

and PbUn, we have PaUn = ��[1� A1

2v0
��1(�)]+(1��)�(1� A1

2(v0�e1(�;�)) )

and PbUn = � � ( B1

2v0
+ �2(�))+(1��) B1

2(v0+e2(�;�))
. Further substituting

them into �Un3 � �Un1 and taking the �rst-order derivative with respect

to �; we get a negative value.

When we take the �rst-order derivative with respect to �, we have

d(�Un3 ��Un1 )
d� =

@�Un3
@PbUn

@PbUn

@� � @�Un3
@PaUn

@PaUn

@� . Since @�Un3
@PbUn

and @�Un3
@PaUn

are
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negative, we need to compare @PaUn

@� with @PbUn

@� . They are (1 � A1

2v0
�

�1(�))� (1� A1

2(v0�e1(�;�)) )+ (1��)(�
A1

2(v0�e1(�;�)) )
0
and B1

2v0
+ �2(�)�

B1

2(v0+e2(�;�))
+ (1 � �)( B1

2(v0+e2(�;�))
)
0
respectively. @PbUn

@� is generally

positive and @PaUn

@� is positive except when � is large. Thus d(�Un3 ��Un1 )
d�

is negative except when � is large.

Case 2: when � is large and exiting the market can be optimal

In this case, the total probability of LO submission becomes: (�Un21 �

�Un1 ) + (�Un3 � �Un22 ). Similar calculations yield the results.

C.4 Proof of Proposition 5

Proof. The proof of the second part is contained in Appendix C.3. Below

I show only the �rst part of this Proposition.

From (3.6a) and (3.6b), we know that when � = 0; E(v1j [01]) =

E(v1j [10]) = v0, thus (3.4a) and (3.4b) are equal to 1� A1

2v0
and B1

2v0
respectively.

So, PaIn = PbIn when � = 0:To focus on the impact of �, we use

Pa(�) and Pb(�) to denote Pa and Pb respectively. And we have

Pa(0) = Pb(0) = B1

v0
� m < 0:5:

Now let�s consider two derivatives at the origin and simplify the

notations by removing the superscripts "In": Pa
0
(0) and Pb

0
(0).

Pa
0
(0) = lim�!0+

PaIn(�)�PaIn(0)
�

= lim�!0+
�(1� A1

2v1
)+(1��)(1� A1

2(v0�e1)
)�(1� A1

2v0
)

�

= ( A1

2v0
� A1

2v1
) + lim�!0+

A1
2v0

� A1
2(v0�e1)
� (1� �)

= ( A1

2v0
� A1

2v1
) + lim�!0+

A1
2v0

� A1
2(v0�e1)
� � lim�!0+(

A1

2v0
� A1

2(v0�e1) )
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= ( A1

2v0
� A1

2v1
) + A1

2v0

e
0
1

���
�=0

v0
= A1

2 (
1
v0
� 1

v1
�

e
0
1

���
�=0

v20
)

Pb
0
(0) = lim�!0+

PbIn(�)�Pb(0)
�

= lim�!0+
�
B1
2v1

+(1��)� B1
2(v0+e2)

� B1
2v0

�

= ( B1

2v1
� B1

2v0
) + lim�!0+

B1
2(v0+e2)

� B1
2v0

� (1� �)

= ( B1

2v1
� B1

2v0
) + lim�!0+

B1
2(v0+e2)

� B1
2v0

� � lim�!0+(
B1

2(v0+e2)
� B1

2v0
)

= ( B1

2v1
� B1

2v0
)� B1

2v0

e
0
2

���
�=0

v0
= �B1

2 ( 1v0 �
1
v1
+

e
0
2

���
�=0

v20
)

Given what Lemma 1 suggests, we need to discuss two cases: when

both LO and MO are optimal for sellers and buyers, and when the change

of prices is so large that LO at A1(B1) is not optimal for any seller (buyer)

when adverse information arrives. Below we show that this lemma holds

when the future price goes up, and omit the proof of the case when the

future price goes down as it can be obtained by symmetric arguments.

De�ne �3 is a trader type who evaluates a limit order to buy (the

strategy +1B1) and a market order to buy (the strategy �1A2) equal, i.e.,

(�3v1 � B1)Pb = �3v1 � A2 ) �3 =
A2�B1Pb
v0�v1Pb ; In (??), �1(=

B2�A1Pa
v0�v1Pa )

is the threshold for submitting a LO and a MO to sell. The distance

between these two thresholds is a range of traders who submit LOs. We

need to prove that the distance (�3 � �1 = g(�)) decreases in the arrival

rate of an informed trader �:We have:

g(0) = A2�B1Pb(0)
v0�v1Pb(0) �

B2�A1Pa
In(0)

v0�v1PaIn(0) =
(3+m)�
v0�v1m

g0(0) = [(A2�B1Pb
v0�v1Pb )

0

Pb � Pb
0 � (B2�A1Pa

v0�v1Pa )
0

Pa � Pa
0
]
���
�=0

= A2v1�B1v0
(v0�v1m)2 � (�

B1

2 )(
1
v0
� 1

v1
+

e
0
2

���
�=0

v20
) � A1v0�B2v1

(v0�v1m)2 �
A1

2 (
1
v0
� 1

v1
�
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e
0
1

���
�=0

v20
)

Given ( 1v0 �
1
v1
�

e
0
1

���
�=0

v20
) and ( 1v0 �

1
v1
+

e
0
2

���
�=0

v20
) are positive, g0(0)

results in a negative value.

* g(�) � g(0) + g0(0) � � for � > 0 ) 90 < �
0
< �

00
; g(�

0
) > g(�

00
):

C.5 Proof of Proposition 6

Proof. Given that Proposition 5 holds, following the de�nition of welfare,

we yield the result. More details are available upon request.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



Bibliography

Anand, A., S. Chakravarty, and T. Martell. 2005. Empirical Evidence

on the Evolution of Liquidity: Choice of Market Versus Limit Orders by

Informed and Uninformed Traders. Journal of Financial Markets no. 8

(3):288-308. doi: 10.1016/j.�nmar.2005.03.001.

Back, K., and S. Baruch. 2012. Strategic Liquidity Provision in Limit

Order Markets. Econometrica forthcoming:1-40.

Beber, A., and C. Caglio. 2005. Order Submission Strategies and Informa-

tion: Empirical Evidence from the NYSE. FAME Research Paper :1-50.

doi: http://www.swiss�nanceinstitute.ch/rp146.pdf.

Biais, B., P. Hillion, and C. Spatt. 1995. An Empirical Analysis of the

Limit Order Book and the Order Flow in the Paris Bourse. The Journal

of Finance no. 50 (5):1655-1689.

211

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



212

Biais, B., D. Martimort, and J.-C. Rochet. 2000. Competing Mechanisms

in a Common Value Environment. Econometrica no. 68 (4):799-837. doi:

10.1111/1468-0262.00138.

Bloom�eld, R., M. O�Hara, and G. Saar. 2005. The �Make or Take�

Decision in an Electronic Market: Evidence on the Evolution of

Liquidity. Journal of Financial Economics no. 75 (1):165-199. doi:

10.1016/j.j�neco.2004.07.001.

Buti, S., and B. Rindi. 2011. Undisclosed Orders and Optimal Submission

Strategies in a Dynamic Limit Order Market. Working Paper, University

of Toronto:1-75. doi: 10.2139/ssrn.1100303.

Buti, S., B. Rindi, Y. Wen, and I. M. Werner. 2011. Tick Size Regulation,

Intermarket Competition and Sub-Penny Trading. Working Paper:1-53.

Buti, S., B. Rindi, and I. M. Werner. 2011. Dark Pool Trading Strategies.

Fisher College of Business Working Paper No. 03-006 1-67.

Chakravarty, S., and C. W. Holden. 1995. An Integrated Model of Market

and Limit Orders. Journal of Financial Intermediation no. 4 (3):213-241.

doi: 10.1006/j�n.1995.1010.

Cooney Jr, J. W., and R. W. Sias. 2004. Informed Trading and Or-

der Type. Journal of Banking and Finance no. 28 (7):1711-1743. doi:

10.1016/j.jbank�n.2003.05.004.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



213

Degryse, H., M. Van Achter, and G. Wuyts. 2009. Dynamic Order Sub-

mission Strategies with Competition between a Dealer Market and a

Crossing Network. Journal of Financial Economics no. 91 (3):319-338.

doi: 10.1016/j.j�neco.2008.02.007.

Easley, D., and M. O�Hara. 1987. Price, Trade Size, and Information in

Securities Markets. Journal of Financial Economics no. 19 (1):69-90. doi:

10.1016/0304-405x(87)90029-8.

Foucault, T. 1999. Order Flow Composition and Trading Costs in a Dy-

namic Limit Order Market. Journal of Financial Markets no. 2 (2):99-

134. doi: 10.1016/s1386-4181(98)00012-3.

Glosten, L. R. 1994. Is the Electronic Open Limit Order Book Inevitable?

The Journal of Finance no. 49 (4):1127-1161.

Glosten, L. R., and P. R. Milgrom. 1985. Bid, Ask and Transaction

Prices in a Specialist Market with Heterogeneously Informed Traders.

Journal of Financial Economics no. 14 (1):71-100. doi: 10.1016/0304-

405x(85)90044-3.

Goettler, R. L., C. A. Parlour, and U. Rajan. 2009. Informed Traders and

Limit Order Markets. Journal of Financial Economics no. 93 (1):67-87.

doi: 10.1016/j.j�neco.2008.08.002.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



214

Hall, A. D., and N. Hautsch. 2007. Modelling the Buy and Sell Intensity

in a Limit Order Book Market. Journal of Financial Markets no. 10

(3):249-286. doi: 10.1016/j.�nmar.2006.12.002.

Handa, P., R. Schwartz, and A. Tiwari. 2003. Quote Setting and Price

Formation in an Order Driven Market. Journal of Financial Markets no.

6 (4):461-489. doi: 10.1016/s1386-4181(02)00041-1.

Handa, P., and R. A. Schwartz. 1996. Limit Order Trading. The Journal

of Finance no. 51 (5):1835-1861.

Harris, L., and J. Hasbrouck. 1996. Market vs. Limit Orders: The Super-

dot Evidence on Order Submission Strategy. The Journal of Financial

and Quantitative Analysis no. 31 (2):213-231.

Holden, C. W., and A. Subrahmanyam. 1992. Long-Lived Private In-

formation and Imperfect Competition. The Journal of Finance no. 47

(1):247-270.

Kaniel, R., and H. Liu. 2006. So What Orders Do Informed Traders Use?

Journal of Business no. 79 (4):1867-1913.

Keim, D. B., and A. Madhavan. 1995. Anatomy of the Trading Process

Empirical Evidence on the Behavior of Institutional Traders. Jour-

nal of Financial Economics no. 37 (3):371-398. doi: 10.1016/0304-

405x(94)00799-7.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



215

Kyle, A. S. 1985. Continuous Auctions and Insider Trading. Econometrica

no. 53 (6):1315-1335.

Menkho¤, L., C. L. Osler, and M. Schmeling. 2010. Limit-Order Sub-

mission Strategies under Asymmetric Information. Journal of Banking &

Finance no. 34 (11):2665-2677. doi: 10.1016/j.jbank�n.2010.05.007.

Parlour, C. A. 1998. Price Dynamics in Limit Order Markets. The Review

of Financial Studies no. 11 (4):789-816.

Parlour, C. A., and D. J. Seppi. 2008. Limit Order Markets: A Survey.

In Handbook of Financial Intermediateion & Banking.

Ranaldo, A. 2004. Order Aggressiveness in Limit Order Book Mar-

kets. Journal of Financial Markets no. 7 (1):53-74. doi: 10.1016/s1386-

4181(02)00069-1.

Rosu, I. 2009. A Dynamic Model of the Limit Order Book. Review of

Financial Studies no. 22 (11):4601-4641. doi: 10.1093/rfs/hhp011.

Rosu, I. 2010. Liquidity and Information in Order Driven Markets. SSRN

Working Paper:1-50.

Seppi, D. J. 1997. Liquidity Provision with Limit Orders and Strategic

Specialist. The Review of Financial Studies no. 10 (1):103-150.

Stockl, T. 2012. How Insiders Shape a Market- Evidence from Experi-

mental Limit Order Markets. Working Paper:1-28.

Tesi di dottorato "Essays on Information, Learning, and Trading"
di WEN YUANJI
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.


	Wen-Thesis Declaration
	Acknowledgments

	Wen-Essays on Information, Learning, and Trading
	Introduction
	1 Tick Size Regulation and Sub-Penny Trading
	1.1 Introduction
	1.2 Regulatory Debate
	1.3 Literature Review
	1.4 Single Market Model
	1.4.1 The Market
	1.4.2 Order Submission Decision
	1.4.3 Market Equilibrium

	1.5 Tick Size and Market Quality
	1.6 Dual-Market Model: PLB, IP, and Sub-Penny Trading
	1.7 Welfare
	1.8 Empirical implications
	1.9 Policy Discussion and Conclusions 
	Appendix A
	A.1 Proof of Lemma 1
	A.2 Proof of Lemma 2
	A.3 Proof of Proposition 1
	A.4 Proof of Proposition 2
	A.5 Proof of Proposition 3

	Bibliography A

	2 Learning to Use Private Information
	2.1 Introduction
	2.2 Experimental Studies of Information in Learning
	2.3 Theory
	2.3.1 The Game
	2.3.2 Learning Models and Information Lookups

	2.4 Experimental Design
	2.5 Aggregate Analysis
	2.5.1 Equilibrium Play
	2.5.2 Information Lookups
	2.5.3 Structural Estimation and Model Comparisons

	2.6 Updating Patterns and Cluster Estimations
	2.7 Conclusions
	Appendix B
	Bibliography B

	3 Information Asymmetry and Order Aggressiveness
	3.1 Introduction
	3.2 Literature Review
	3.3 The Basic Model
	3.3.1 Market Structure
	3.3.2 Order Submission Decision
	3.3.3 Equilibrium

	3.4 Volatility and Informed Trading
	3.4.1 What Orders Do Informed Traders Submit?
	3.4.2 How Is Market Affected by Informed Trading?
	3.4.3 Price Efficiency and Welfare

	3.5 Conclusions
	Appendix C
	C.1 Proof of Lemma 3
	C.2 Proof of Proposition 4
	C.3 Proof of Lemma 4
	C.4 Proof of Proposition 5
	C.5 Proof of Proposition 6

	Bibliography C



