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We predict the existence of a Nambu-Goldstone excitation in the propagation of light in nonlinear
periodic lattices. We use methods of condensed matter physics that emphasize the peculiarities
stemming from the interplay between the nonlinearity and the lattice periodicity. By means of
nonlinear Bloch and Wannier functions we provide an explicit construction of the effective free
energy of the system, valid for long-range, or, equivalently, low-energy excitations around Bloch
solutions. Using then Landau mean field theory for phase transitions we determine the possible
stable ground states of the optical system and their stability conditions. Low energy excitations
above a stable ground state are fully controlled by the U(1) phase of the optical field, which appear
as a Nambu-Goldstone boson, analogous to those predicted in condenser matter and particle physics
systems. We support these results by numerical simulations both for spatially periodic and finite
nonlinear Bloch wave solutions. We demonstrate how finite-sized nonlinear Bloch light structures
embedded in a linear periodic lattice act as tunable metawaveguides for the phase Nambu-Goldstone

waves.
I. INTRODUCTION

Nonlinearities have played a key role in discovering an
amazing wealth of phenomena in laser beam propagation,
in the manipulation of light and in establishing connec-
tions between optics and other areas of physics. Many
analogies with condensed matter physics have been pre-
sented in the literature, see e.g. [IH3]. Optical versions
have appeared for different kinds of spatially ordered lat-
tices as, e.g., honeycomb graphene-like configurations [4]
or Lieb lattices [5]. Remarkable concepts like the topolog-
ical protection of transport properties have been trans-
lated from the condensed matter community to photonic
systems [6H8]. In most situations, the underlying pho-
tonic structure is a linear or nonlinear refractive index
which satisfies certain periodicity conditions along the
plane transverse to beam propagation. It naturally in-
duces an ordering in the distribution of light which can
be (partially) identified with the wavefunction of elec-
trons within crystals. It has been recently shown that
the spatial ordering can also arise spontaneously for ap-
propriately chosen nonlocal nonlinearities [9].

In this context, the present work deals with pattern
formation and light propagation in nonlinear lattices
[10, II]. We consider square lattices, a symmetry that
has been studied in relation to guiding of light [12], for-
mation of discrete solitons [I3], supercontinuum genera-
tion [14], lasers [15] and metamaterials [I6], just to men-
tion a few examples. Our goal is to introduce methods
that are customarily used in the solid state literature [17]
but that have not been fully exploited in the framework
of nonlinear optics. We provide a simple effective de-
scription that is an approximation to the full dynamics

of the system. This is done by first integrating out the
dynamics inside each lattice cell in order to write down
a discrete model. Then, we go back to the continuum by
considering excitations of long wavelength compared to
the lattice spacing, giving rise to a mean field formula-
tion. The microscopic details of the underlying system
get encoded in the values of a number of coefficients for
the effective free energy. This procedure is, in spirit, anal-
ogous to renormalization in condensed matter or particle
physics.

The effective description for an order parameter allows
us to discuss the stability of the stationary solutions and
their lowest lying excitations. We emphasize that the
nonlinearity is an essential ingredient for our procedure.
The introduced formalism can shed new light on results
directly obtained from the complete model and is instru-
mental in formulating new predictions. In this work, we
focus on one of them: the existence of a perturbation of
the phase that can be interpreted as a Nambu-Goldstone
boson. We also show how finite size propagating non-
linear beams inside a photonic lattice can act as effec-
tive “metawaveguides” for these Nambu-Goldstone phase
waves, as depicted in Fig. Remarkably, the propaga-
tion properties of the phase wave depend on the nature
of the underlying nonlinear beam, which in this way be-
haves as an optical “metamaterial” with tunable suscep-
tibilities.

It is well known that the nonlinear Schrodinger equa-
tion on which our work is grounded is also the mean-field
description of Bose-Einstein condensates [I8]. Thus, our
results can also find application in the semiclassical mod-
eling of cold atoms in optical lattices [19].

The paper is organized as follows: in Section [[Il we in-



FIG. 1: A finite size nonlinear solution (yellow structure)
with adequate features propagating inside a photonic lattice
acts as an effective metawaveguide for phase excitations of
the optical field (red path). These phase waves behave as
photonic Nambu-Goldstone bosons.

troduce the mathematical model and comment on its re-
lation to nonlinear propagation in photonic lattices. We
also define the nonlinear Wannier functions that will be
used in the following sections. In Section [[II} we intro-
duce the concept of free energy into our model and its
effective description, based on a series of approximations.
In Section [Vl we use the condensed matter formalism
to analyze the nature of the ground state and its re-
lation to the stability of different solutions contrasting
these results with full-fledged numerical computations.
In Section [V] we characterize a phase perturbation and
show that it can be identified with the Nambu-Goldstone
boson coming from spontaneous symmetry breaking of
global phase shifts. In Section [VI we analyze finite size
solutions that lead us to the concept of metawaveguide
for phase waves. Finally, in Section [VII] we conclude and
outline possible future directions. In Appendix A, we
introduce in a rather detailed and pedagogical way the
concepts of Bloch and Wannier functions, for readers that
might not be familiar with the formalism. Appendix B
gives a precise definition of what we define as the phase
at each lattice cell.

II. THE MODEL

In order to model paraxial nonlinear propagation of
monochromatic light, we consider the dimensionless non-
linear Schrédinger equation in the following form

0
ig, =~V V() —glvfy, (1)
where ¢ = +1 or ¢ = —1, depending on the focusing

or defocusing character of the Kerr nonlinearity and V?
is the two-dimensional Laplacian. The potential of the
linear term is assumed to be periodic, defining cells of

unit size which form a square lattice,
Viz,y)=V(x+1,y) =V(z,y+ 1). (2)
For definiteness, computations will be performed using
V = Vj cos? () cos? (my). (3)

We choose this particular potential because of its sim-
plicity and because it can be generated by illuminating
a photorefractive material with a standard interference
pattern [20]. Equation and therefore most of our dis-
cussion can be applied to the dynamics of Bose-Einstein
condensed cold atoms. In that context, Eq. is a typ-
ical profile for two-dimensional optical lattices [2I] al-
though it is well-known that other potentials are also
possible [22].

The discussion and general conclusions of this work
depend decisively on Eq. but not on the concrete ex-
pression Eq. . The nonlinear refractive index can also
be space-dependent as long as it respects the symmetry
of Eq. . A simple alternative to Eq. would be to
consider inclusions of regions with a certain refractive
index in a bulk with different properties, resulting in a
piecewise constant V. This can be accomplished with
laser-written waveguides [23] [24] or in typical photonic
crystal fibers [25H27]. An interesting possibility is that
of hollow core fibers since the linear and nonlinear prop-
erties can be tuned by appropriately filling them with a
gas [28, 29].

As a convenient mathematical trick, customarily used
in condensed matter physics, we also introduce periodic
boundary conditions for the wavefunction

Y(x,y) = (x + N,y) = (x,y + N), (4)

for some integer N > 1, such that there are N? unit
cells in the lattice. Obviously, the condition of Eq. @
is unphysical. We will relax it in Section [VI] where finite
structures are considered. Most of the features found
using Eq. apply to realistic setups.

The Hamiltonian density can be defined as

M= V9" Vo + Vi ol - gl ()

We define its integral as the energy and notice that the
norm of the wavefunction is related to the power of the
optical beam:

E = /dedy, P:/|w|2da:dy. (6)

It is straightforward to check from Eq. that dP/dz =
dE/dz = 0.

A stationary solution of Eq. takes the form ¢ =
e~ #*p(x,y) for a real propagation constant y with

pe = —V30 + V(x)p — glol*e. (7)

In the following, we compute the dynamical evolution
of the wavefunction by numerically integrating Eq.



with a standard beam propagation method. Station-
ary solutions of Eq. @ can be computed with the same
method by propagating in imaginary time.

This dimensionless formalism is connected to photonic
propagation in a periodic medium as follows. The stan-
dard paraxial wave equation for a laser beam reads

A _$rag 2Ank2noA, (8)
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where kg = w/c = 27/) is the wavenumber in vacuum
and A is the wave envelope, slowly varying at the scale
of the wavelength. Dimensionful spatial coordinates are
denoted as , 7, Z and the laplacian is V2 = 92 +8§. The
refractive index is n = ng+An where ng is a constant and
for An < ng we consider the sum of a nonlinear compo-
nent and a linear part associated to the inhomogeneity of
the optical material An = %MP + Angin (Z,9), where

ng is the nonlinear refractive index and 79 = +/po/€o-
We now assume that Ang,(Z,9) is periodic in space,
Anlin(i‘7 g) = Anlin(i +a, g) = Anlin(i'v g + CI,) where
a is the lattice spacing. We can rescale Eq. in order
to bring it to dimensionless form, Eq. 7 by taking

o 1 "o
z,9) =a(z,y), A= ,
(#,9) = a(z,y) rokoa \ Tal
1
~ 2 o
z = Qkonoa Z Anhn == 7W . (9)

In particular, notice that V scales with a? and therefore
the value of V can be tuned by adjusting the lattice spac-
ing. For instance, imagine a sample value of ng = 1.5,
and a maximum deviation of the linear refractive index
|Ang,| = 0.1. Then, the value V5 = 800 that will be
used in sections [[II{V]] for the illustratory examples cor-
responds to a ~ 8)\. The relation between the dimen-
sionless power and the physical one is
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As it is somewhat customary [30H32], we will abuse lan-
guage and identify the propagation distance z with a
“time” parameterizing the evolution. From this point of
view, we refer to the velocity of a perturbation o (which
is an angle in physical terms) as the displacement in Z, ¢
divided by Z. The relation to the dimensionaless velocity
is

A
V.
4mnga

U= (11)

In the linear case (¢ = 0), the structure of the lowest-
lying stationary solutions of Egs. , 12), with the
translationally invariant potential, Eq. (3], are readily
obtained by means of Bloch and Wannier functions [33].
We describe these functions in detail in appendix [A] for
the reader who is not acquainted with this formalism.
Here we first discuss the nonlinear Bloch functions and

we highlight their differences with respect to the linear
ones. Consider a stationary configuration

)= e Mg (x), (12)

which solves the stationary Eq. . Here <pg(x) has
the form of Eq. and therefore is labelled by its
pseudomomentum Q [with N? discretized possible val-
ues given in Eq. ] One important difference with
respect to the linear case is that they are obtained by
solving Eq. self-consistenly, that is taking the po-
tential for this equation as

Vit = V(%) = glog(x)*. (13)

Notice that Vy, satisfies the same periodicity condi-
tions and therefore the nonlinear Bloch functions can
be defined for it following the procedure of Appendix [A]l
The nonlinear Bloch functions have appeared already in
the literature in various contexts [34H39]. We consider
here only the N? nonlinear Bloch waves of the lowest
band. Then in Eq. the only indexes for ¢ are the
pseudomomentum Q and P. The introduction of this
last index is a crucial difference with the linear case: the
solution depends on the power. Notice that, since the
propagation constant p1q(P) depends on the power, the
nonlinear Bloch functions depend on pu.

An important goal of the present work is to study the
stability and perturbations of these solutions (see Section
. With that purpose, we compute, following the pro-
cedure of appendix the N2 Bloch functions associated
to the potential of Eq. , that we denote wgSOI(X),
and introduce the corresponding nonlinear Wannier func-
tions,

W (x SQRGEl (x)

1

) = NP ZQ: e vq ; (14)
where the sum runs over the N2 Bloch momenta and R
takes values corresponding to the center of the N2 lattice
sites [see Eq. ] Note that they also depend on P. By
construction, <p(x) is itself a Bloch function of the V,;
potential and therefore, according to Eq. , it can be
written as

VP .
WeRQ. (15)

@g(x) = ZCRW£(X), with cg =
R

The most convenient basis is the one defined for the non-
linear problem at hand, taking into account the solution
to be perturbed. The Wannier functions W (x) are cru-
cial in the effective theory presented in the next section,
which, as a first application, allows us to study the sta-
bility of the nonlinear Bloch solutions.

III. EFFECTIVE DESCRIPTION FOR THE
FREE ENERGY

The goal of this section is to introduce a simple ef-
fective theory that allows us to understand and predict



general features of the propagation of light described by
the model of Eq. . We will do it by borrowing defi-
nitions and methods from condensed matter theory. We
will then verify the conclusions by comparing them to
direct numerical computations.

We start by introducing the optical equivalent of the
free energy

F=E-uP. (16)

In terms of statistical physics, P plays the role of the
number of particles and p corresponds to the chemi-
cal potential. Along a family of stationary nonlinear
solutions, we find the relations y = JE/OP and P =
—0F /0y, linked by the Legendre transform (I6]). In this
way, the known relation for a family of nonlinear solutions
P = P(u) or its inverse u = u(P), can be understood as
the equation of state in the equivalent system. This can
be proved by considering a perturbation pu — p + dpu,
p(x) = (x)+Jdp(x). Keeping only the leading terms in
the perturbation, we can write 0P = [(p*dp + c.c.)d*x
and 6E = [(6p[—V%p* + V* — glo|*¢*] + c.c.)d?x,
where c.c. stands for complex conjugate. Using Eq. ,
it is straightforward to check that dE = pudP. The vari-
ation of the free energy within the family of solutions is
given by 0F = 0FE — uéP — Péu = —Pdpu.

The free energy (|16|) can be expressed as an integral
over the entire domain €2

F= [ @x (Ve T+ VElel - Slel* - ulol).
Q

(17)
Integrating by parts and using Eq. (7), we find that its
value for a stationary solution is

F=2 | @x|e*, (18)
2 Ja

and therefore it is just characterized by the nonlinear
interaction.

The next step is to integrate out the dynamics at each
cell of the lattice in order to produce a discrete model.
With this goal, we use the expansion in terms of non-
linear Wannier functions to rewrite the free energy
in terms of the N? coefficients cg associated to each cell.
For simplicity, we restrict ourselves to solutions with

2mm N N
= = = ——4+1,...,— 1
Qq Qy N q, mE( 2"' , 72>a(9)

which present x <> y symmetry. Then, keeping only
the on-site and nearest neighbor integrals of the Wannier
functions, we find

F :Z<_t(ﬂ) ZCECRH:U +1(p)ler|” - )|cR|4>
R

v=1

U(p
2
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R

v=1

where the n, are the vectors connecting nearest neigh-
bors, (1,0), (0,1), (-1,0), (0,-1) and the dots represent
higher order terms. We have introduced the real quanti-
ties

~
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=
~
|

- /Q WE* (=V2 + V(x) — p) Wi 40, d°x,
I(p) = /Q Wg* (=V2 + V(x) — p) W d®x,

Up) = QAIW§I4d2x,

I0) = o [ WEFWEWE o, . (21)

which are independent of the site R because of the trans-
lational symmetry of the Wannier functions. In this ex-
pression, we have made explicit that ¢, [, U and I depend
on the power P and —due to the the equation of state
= p(P)— on the propagation constant u, because they
are computed from the corresponding nonlinear Wannier
functions, see Sec. [[I In Fig. [2| we represent the values
of these coeflicients found numerically for a few examples.

FIG. 2: In panels a)-d), the values of the integrals of Eqs.
are shown for four cases with different nonlinearity and
different Q, with fixed Vo = 800, N = 24. Additionally, the
low energy coefficients appearing in Eqs. and , for the
effective free energy, and in the field potential are shown
in panels e)-h) in terms of the normalized power P/N?. In all
cases —except in the remarkable case f)— the blue and red
lines are practically overlapping and in the plot are seen as a
single solid line corresponding to g = 1 with ¢ =0 and ¢ = 7,
respectively. On the contrary, figure f) unveils that the sign
of b is positive for ¢ = 0 and negative for ¢ = 7.

In the language of the discretized theory, small pertur-
bations around the stationary solution of Eq. are de-
scribed by promoting the cgr to z-dependent functions, in



such a way the uniform amplitude of the nonlinear Bloch
function is substituted by a slowly varying R-dependent
envelope function

cr(z) = Ogr(2)eR Q. (22)

The theory can be further simplified by going to a
new description in the continuum, valid for perturbations
0Pr with a typical length scale dR larger than the lat-
tice spacing a. This is accomplished by transforming the
summation over the R lattice sites of Eq. into an
integral, with ®r(z) — ®(x,z). We write the resulting
free energy as

F = /Qd2x VOV + <M|<1>|2 - g|q>|4> +
+ I(cosq) (4|<I>\2|V<I>|2 + O (VD)2 + <1>2(Vc1>*)2) n
— 2i(sing)(t + 2I|®|*)®*(0,® + 9,9) |, (23)
with

b=tcosgq, g:%+8lcosq, M =1—4tcosq. (24)

IV. LANDAU THEORY, SPONTANEOUS
SYMMETRY BREAKING AND STABILITY

The expression of Eq. is the sought effective de-
scription of the system that allows us to determine the
stability of stationary solutions and to study the nature
of the ground state. In view of Egs. and , the
solutions with a definite pseudomomentum Q of the form
correspond in the effective description to a contin-
uous field with a uniform envelope ® = ®y.

In order to simplify the discussion, we deal with the
leading order terms in I(u) (compare in Fig. the scale
for I(p) in panel d) to the rest of quantities) and, for rea-
sons that will be clear next, neglect the last anisotropic
term in Eq.. We then define the effective free energy
describing the ground state and their low energy excita-
tions as

F = sgn(b)F/d2xl|bvq>*v<1>
Q

+ sgn(b) <M|<1>|2 — §|<1>|4) +... (25)

This change of sign does not alter the dynamics but en-
sures a positive kinetic term, as it is essential to define
a proper ground, or vacuum, state [40]. In this way, in
a many-body description of the theory the lower energy
pseudoparticles would correspond always to quanta own-
ing positive kinetic energy no matter the sign of b. This
feature guarantees that the vacuum (defined as the state
with no particles) is indeed the state with lowest energy.

We now apply Landau theory, a mean-field approach
used to characterize phase transitions in condensed mat-
ter and particle physics [4I]. We have to verify whether
a constant configuration ® = ®4 # 0 can minimize .
For sing # 0, that is not possible because long wave-
length perturbations, e.g. ®gexp(ikx), produce a smaller
F due to the anisotropic last term in Eq. (this fact
justifies the absence of the anisotropic term in Eq.).
Therefore, we must set ¢ = 0, i.e., Q = (0,0) (see panel
(a) of Fig. orq=m,ie, Q= (m ) (panel (d) of Fig.
. We refer to these configurations as unstaggered and
staggered, respectively, borrowing the condensed matter
terminology for ferromagnetic and antiferromagnetic spin
systems.

From Eq. we see that, due to the fact that the
kinetic term is now positive definite, a & = &y minimum
of F exists if and only if it is a minimum of the effective
field potential term

V@) s (a0l - Jlalt). o)

It is immediate to check that the nontrivial minimum
condition ® = ®; # 0 is achieved when (b M) < 0 and
(b G < 0). The plots of Fig. [2[ show that this happens
for the cases g = 1, ¢ = m and g = —1, ¢ = 0. This is
clearly visualized in Fig. [3]

Thus, we find that for attractive nonlinearity, the
ground state stable configuration is the staggered one
whereas for repulsive nonlinearity it is the unstaggered
one. The form of V in Eq. is not crucial for this re-
sult, which holds for generic types of periodic potentials.
Heuristically, one may think of this result as a minimiza-
tion of the on-shell free energy , assuming that |¢|? is
more spread out in the unstaggered configuration, lead-
ing to a smaller [ |o|*d?x and that the opposite happens
for the staggered solution (cf. Fig. .

In addition, the effective potential for a typical stable
configuration, as shown in Fig. [3] presents the paradig-
matic Mexican hat shape. This potential is character-
istic of the spontaneous symmetry breaking mechanism
appearing in condensed matter, like in superfluids or su-
perconductors [42], and particle physics systems, like in
the Higgs mechanism [43]. In situations described by
this type of potential, the ground state is degenerate
(white circle of radius |®g| in Fig. |3) presenting a con-
tinuous phase degeneracy: ®o(a) = [®g|e!®. Despite the
original free energy and equation of motion are in-
variant under U(1) phase transformations, the ground
state ®p(a) is not since it changes under a phase shift
®p(a) # Po(a + ). This fact has profound implications
in the nature of the low energy spectrum of excitations,
as we will see in the next section.

In this approach, the stability of the ground state is
equivalent to the stability of the original nonlinear Bloch
solution, represented by the uniform envelope ®y at a
fixed value of P/N2. Note that, oppositely, when g = 1,
q=0o0r g=—1, g =, the effective potential is in-
verted V(®) — —V(®), so that the uniform solution



® = P # 0 is then a maximum of the free energy and,
thus, becomes unstable. This fact implies that the orig-
inal nonlinear Bloch solutions are unstable for the
unstaggered (staggered) configuration in the case of at-
tractive (repulsive) nonlinearity.

FIG. 3: Calculated effective field potential V(®) for a self-
focusing (g = 1) and staggered (¢ = 7) solution in a lattice
with fixed Vo = 800 and N = 24 as in Fig. [2] The power per
site is P/N? = 2 so that b= —0.3, M = 11 and G = 2.2. The
same Mexican hat shape is obtained in all cases (for these
values of Vo and N) provided g =1 and ¢ =7 or ¢ = —1 and
q=0.

In Fig. [4 these conclusions are confronted with direct
numerical integration of Eq. . We depict the result
of the evolution of three different initial stationary solu-
tions, with focusing nonlinearity. As expected from the
discussion above, the only one that remains stable upon
propagation is the staggered one. For the other two, the
initial phase pattern eventually breaks down and the dis-
tribution of power becomes inhomogeneous among the
different cells. We have also verified that for the case
of defocusing nonlinearity g = —1, only the unstaggered
solution is stable.

Some configurations, as for instance the Q =
(m/2,m/2) one, can remain stable for large values of z.
For those cases, the simplest way to check that Q = (7, 7)
is the real ground state is to introduce some random noise
in the initial condition. What we see is that, for small val-
ues of z, the noise in the phase is apparent in the regions
where |¢|? is small but the phase remains ordered other-
wise. Under evolution, the initial phase pattern breaks
down, except for the staggered stable case.

Even if the computations have been spelled out for
a particular example, we remark that the conclusion is
rather robust, being applicable to large regions of the
space of parameters. There are some limitations, on
which we briefly comment now. In the small Vg limit,

'M
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FIG. 4: Evolution, computed by numerical integration of
Eq. , of three different stationary solutions with g = 1,
Vo = 800, N = 16, P/N? = 5. The unstaggered Q = (0,0)
is represented in panels a) (phase distribution at z = 0), d)
(phase distribution at z = 10) and g) (the blue solid line
represents a one-dimensional cut [¢(z, 1)|*(z = 10) compared
to the initial wavefunction depicted by the red dashed line
|¥(z, 3)|°(z = 0)). With the same specifications, Q = (0, )
is represented in panels b), e), h) and Q = (7, 7) in panels
¢), f), i). The figure shows that the staggered configuration
Q = (m,m) is the only stable one.

our approximations break down since the lattice struc-
ture becomes irrelevant and therefore the discussion loses
its validity. The same happens for large P, since, the
wavefunction can self-focus and collapse in each cell (for
g = 1) or overcome the periodic potential V' due to self-
repulsion (for g = —1). Moreover, since this is a nonlin-
ear phenomenon in nature, cases with P/N? — 0 have to
be taken with care. This discussion based on Landau the-
ory and on the effective description of Eq. provides
a new point of view for the interpretation of previous
theoretical [44, [45] and experimental [46H48] results.

Going back to the effective description given by
and , the minimization of the effective potential V'
—and thus F— requires

M

G
This quantity should be identified with the power in each
lattice site. As a nontrivial crosscheck of the approximate
effective model, we have verified that the value of M/G

computed from Egs. , typically coincides with
P/N? up to a deviation of a few percent.

D] = (27)



»
-+
-

P
* *
...

L RS e

@
P
=

*
*

b
@
.8

[
.‘§
»
L
&

WS
L
¢
@
n

L. " ® &
L ]

L]

&
L
W
. .
e RS B

FIG. 5: Evolution of the phase for initial conditions with
noise, fixing g = 1, Vo = 800, N = 16, P/N? = 5. Panels a),
b) and ¢) correspond to the Q = (7/2,7/2) case for z =0, z =
0.1 and z = 4 respectively. Panels d), e) and f) correspond to
Q = (m, ) for the same values of z. The noise is introduced
by multiplying the initial phase at each point by a random
number from a normal distribution of amplitude 0.2. It is
visible that the phase structure gets destabilized in the Q =
(w/2,7/2) case whereas it remains stable in the staggered
configuration.

Finally, it is worth emphasizing that the dependence
on p —and, therefore, on P/N?— of the coefficients of
the effective theory, which paves the way for the analysis
a la Landau, is the result of using the nonlinear Wannier
functions in the modeling.

V. PHASE EXCITATIONS AS
NAMBU-GOLDSTONE BOSONS

The effective description of Sec. [[I]|immediately yields
another important dynamical observation. As men-
tioned previously, we have a typical case of spontaneous
breaking of a continuous symmetry. Namely, |®o|e’® in
Eq. minimizes the free energy for any a € [0, 27).
The theory is invariant under a U(1) phase ro-
tation, but its ground state is not. According to the
well-known Goldstone’s theorem [43], such a symmetry
breaking is accompanied by the existence of a massless
Nambu-Goldstone boson related to the motion in field
space along the generators of the broken symmetry — in
our case of the U(1) phase symmetry. This perturbation
is always the one dominating the low energy dynamics
[49, 0], since it is easily excited, when compared to other
degrees of freedom. Well known examples of Nambu-
Goldstone bosons are phonons in superfluids or solids,
magnons in ferromagnets [51] or the pions stemming from
spontaneous chiral symmetry breaking in quantum chro-
modynamics [50]. Other closely related phenomena are

the symmetry breaking leading to superconductivity or
the Higgs boson. Thus, on general grounds, we expect to
find long-range perturbations of the phase which propa-
gate as waves throughout the domain, that can be iden-
tified with Nambu-Goldstone bosons. The goal of this
section is twofold: on the one hand, we will show their
existence by direct numerical computations and we will
study their propagation, and, on the other hand, we will
analytically prove how the effective free energy in-
deed predicts the existence of massless phase excitations
at low energies.

In order to illustrate the process, we take a stable sta-
tionary solution and introduce a phase shift in some of
the lattice cells, see Fig. [6] In the example, we take
a staggered solution with focusing nonlinearity and, at
z = 0, we multiply the 1 of the cells of the central col-
umn by €/™/5. We then integrate numerically Eq. (1)
and depict how the perturbation of the phase propagates
within the lattice, generating a wave moving leftwards
and another one moving rightwards. We defer to ap-
pendix [B| a precise definition of the phase perturbation
plotted in the figure. The modulus of ¢ and, with it,
the power per lattice cell, also gets perturbed. However,
the size of its perturbation decreases as the P/N? of the
background solution increases and is subdominant with
respect to the phase oscillation. In this sense, we refer to
the excitation as a perturbation of the phase and identify
it with a Nambu-Golstone boson.
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FIG. 6: Illustration of the propagation of the excitation of
the phase (g = 1, Vo = 800, N = 24, P/N? = 5). The initial
condition is like that of panel c) of Fig. B multiplying by
€™/ the wavefunction for a column of lattice sites. Panels a)-
¢) depict the phase distribution for three values of z. Panels
d)-f) are y = 0 cuts of the same quantity. Notice that in
panel a) the strength of the perturbation (7/5) is higher than
the maximum of the colormap scale, a convention chosen to
improve visualization in panels b) and c).

From a simulation like the one of Fig. [f] we can infer
the velocity of the wave by, e.g., following the position
of the first peak moving leftwards and fitting its position
in terms of z to a line. For fixed g and Vj, we find that



it does depend very mildly on the strength of the per-
turbation and on N. On the other hand, it does change
significantly with the value of P/N? of the background
solution, stressing the importance of the nonlinear effects
and of the usage of the nonlinear Wannier functions.

We now discuss this dynamics in the framework of the
effective model of Sec. [[T]] Introducing a small perturba-
tion

® = Po(1 +7(x,2)) explia(x, 2)) (v, €R)  (28)

in the equation of motion i0®/9z = O§F/0D* —
V(0F/0V®*), where F is the integrand in Eq. and
assuming sing = 0, we find

D,y = —cosq(t+2I0%)V2a,
. = 2M~ — cos q(t + 61D3) V3. (29)

By taking the axial derivative in the second equation,
substituting the value of 9,7 according to the first equa-
tion and keeping only the leading order terms in the
derivative expansion, one finds the equation fulfilled by
the phase excitation a at long distances or, equivalently,
at low energies:

1
Via — 7728304 =0. (30)

This equation is the wave equation in two spatial and
one time dimensions (where z plays the role of the tem-
poral coordinate). In the language of condensed matter
and particle physics, this equation corresponds to the
massless excitation associated to the phase, which is the
Nambu-Goldstone boson associated to the symmetry bro-
ken by the ground state, namely, the U(1) phase symme-
try as depicted in the Mexican hat potential in Fig.
In addition, our calculation predicts an explicit expres-
sion for the phase velocity of the Nambu-Goldstone phase
excitation:

v = \/—2M(cos q)(t + 2I|®o|2). (31)

For the focusing unstaggered and defocusing staggered
cases, which we found to be unstable in Sec. [[II} this v
is imaginary, providing a new evidence of instability. For
the focusing staggered and defocusing unstaggered cases,
Eq. gives an estimate that can be compared with the
results of direct numerical integration of Eq. . This
is done in Fig. |7} Tt is important to remark that M, t,
and |®g| are all nontrivial functions of P?/N, as shown
in Fig. 2

The wave equation leads to a linear dispersion
relation between w —the conjugate variable of the evo-
lution variable (¢ or z)— and the spatial wavevector k:
w ~ |k|. This is a remarkable fact since the dispersion
relation associated to the original free energy for
the envelope field ® is quadratic: w ~ |k[?. In terms
of spatio-temporal symmetries, the Galilean invariance
of the original description in terms of a generalized non-
linear Schrodinger equation turns into the Lorentzian in-
viariance of the wave equation for the « phase field.

This is a known effect in condensed matter physics asso-
ciated to the spontaneous breaking of phase symmetry,
as in superfluidity and superconductivity [42] [49] 51]. A
complete analysis in the language of effective field theo-
ries [50], but in terms of spontaneous symmetry breaking
in non-relativistic systems provides the same answer [52-
54].

FIG. 7: Comparison of the wave velocity obtained from re-
peated numerical integration (solid line) of Eq. and the
one predicted by the effective model (dashed line) in Eq.(31]
as a function of the power per lattice cell. The green upper
curves correspond to the defocusing unstaggered case and the
red lower curves correspond to the focusing staggered case.
Notice that the horizontal axis starts at P/N? = 0.5 be-
cause when this quantity tends to zero the excitation loses
its Nambu-Goldstone boson character.

The plot of Fig. [7] shows that the effective model cor-
rectly captures the qualitative features of the Nambu-
Goldstone boson phase excitation. For small P/N?, the
velocity grows in an approximately linear fashion. This
can be understood heuristically by noticing that, in the
first term of Eq. , if we split @ in modulus and
phase, the kinetic term for the phase is multiplied by
®2 ~ P/N?. If we integrate in z to obtain the ac-
tion, dz is multiplied by P/N?, resulting in the men-
tioned linear dependence. For focusing nonlinearity, the
velocity reaches a maximum and then decreases. This
happens because the light distribution within each site
gets more and more spatially confined, reducing the in-
teraction with the neighboring sites. For larger values of
P, the wavefunction would self-focus and collapse within
each site (we notice that in the present dimensionless con-
vention the critical power of the Townes profile is 11.7).
One can also appreciate that the quantitative match of
the model with the numerics is better in the focusing
case. The interpretation is that for defocusing nonlin-
earity, the light distribution is more spread out and the
notion of lattice discretization becomes less clear, limit-
ing the quantitative validity of the approximation leading
to Eq. and thus to all expressions derived from it,
including the one for v. Finally, let us remark that, as it
happens in typical cases of particle or condensed matter
physics, the quantitative precision of the approximation



could get better if additional terms are included in the
expansion leading to the effective theory [50] 52) [53].

Of course, the profile of the wave depends on the sym-
metry of the initial conditions. In Fig. we plot the
result of initially perturbing the phase of four adjacent
cells, resulting in a circular-shaped wave.
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FIG. 8: Propagation of a circular wave. Initial conditions are
as in Fig. @ except that the /5 initial phase perturbation is
performed on the four central cells of the lattice. Notice that
in panel a) the strength of the perturbation (7/5) is higher
than the maximum of the colormap scale.

VI. TUNABLE METAWAVEGUIDES FOR
PHASE EXCITATIONS

In the previous sections, we have used periodic bound-
ary conditions for the wavefunction, Eq. . Thus we
assume that the entire periodic structure is illuminated.
This was done for mathematical convenience, in order to
introduce and utilize Bloch and Wannier functions, as
in condensed matter theory. As far as phase excitations
are concerned, the effective ground state defined by the
uniform envelope |®g| of these nonlinear Bloch functions,
which extend over the entire domain, acts as an effective
optical material for phase waves. Indeed, the effective
velocity v —and thus the refractive index— of phase ex-
citations depend on the properties of the underlying non-
linear Bloch function. For different values of power, the
nonlinear Bloch function behaves as a different metama-
terial —made of light— for the Nambu-Goldstone phase
waves propagating on top of it, as unveiled in Fig. [7}

In order to make contact with realistic situations, we
need to discuss what happens for finite materials and
spatially finite solutions. The expectation, that we will

check in this section by numerical computations, is that
most of the conclusions can be directly generalized to this
case. Notice that, even if the Wannier functions were de-
fined making use of the periodicity conditions they are
essentially localized functions (see Fig. for illustra-
tion). Thus, the effective description of Eq . ) holds
essentially unchanged at least far from the borders of
the structure and the predictions about stability and the
presence of a Nambu-Goldstone boson excitation apply.
Certainly, the larger the finite lattice is, the better the
approximation becomes.

Conceptually, since Bloch solutions act as a metama-
terial for phase waves, finite size solutions embedded in
a photonic lattice can be used as effective waveguides
to control phase excitations, as pictorially depicted in
Fig. Since at low energies the Poynting vector is ap-
proximately given by S ~ |®g|Va, a full optical control of
the electromagnetic flux itself can be also achieved using
these metawaveguides.

In Fig. [0] we present some examples of propagation
in a finite structure. We define a rectangle of 52 x 8
unit cells where V' takes the form of Eq. . Outside
the rectangle, we fix V' = V{, hindering the diffusion of
light to that region. With the method of propagation
in imaginary time, we find the stable ground state of
the system, which is, approximately, of the form .
Then, we introduce, at the border of the rectangle, a
perturbation of the phase, similar to the one depicted
in Fig. [6] and compute the evolution of the system. As
expected, the perturbation of the phase propagates in a
similar fashion to the fully periodic case, apart from the
fact that, since the perturbation starts from the edge, it
moves unidirectionally. For a given g and P/N?, we can
infer the velocity which turns out to coincide, to the few
percent level, with that depicted in Figl7]
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FIG. 9: One-dimensional cuts of the phase perturbation
olx,y = %,z) moving leftwards, initiated by initial condi-
tions with a 7/5 phase shift in the right-most column. In this
example g = 1 and Vp = 800. The different panels correspond
to different values of P/N? namely P/N? = 2 in panel a),
P/N? = 4 in panel b) and P/N? = 6 in panel c). The color
scale does not cover the full range of the perturbation ¢, but it
has been chosen to optimize the visibility of the plots without

missing essential information.

The plots of Fig. [0 show explicitly that velocity of the
Nambu-Goldstone phase excitation is different when per-
turbing solutions with different values of P/N?, empha-
sizing the nonlinear character of the dynamics. More



subtly, within each of the plots, small dispersive effects
can be appreciated, coming from mild dependences of
the velocity on the strength and the wavelength of the
perturbation. Curiously, another wave appears moving
rightwards from the left border, because the initial con-
dition is not an exact eigenstate. As expected from the
discussion of Section [V] its velocity is very similar to the
one of the main perturbation.

It is interesting to discuss the fate of a perturbation
that reaches the boundary of the finite sample. It turns
out that the edges act, at least qualitatively, as a re-
flecting surface. In this way, this structure becomes a
paradigmatic case of a metawaveguide —formed by light
itself— discussed previously. There are a number of pos-
sibilities when considering non-trivial geometries as, e.g.,
having for some sites and constant V' = Vj for the
rest. In Fig. we present an example of a U-shaped
metawaveguide, and it can be seen how the perturbation
turns around due to its interaction with the borders. This
opens the possibility of nontrivial manipulation of light
through nonlinear effects and of guiding the phase per-
turbations of Section[V] A more detailed analysis of these
issues is left for future work.

FIG. 10: Bounce of a Nambu-Goldstone phase wave due to
reflection in the edge of the structure, resulting in a shift of
the propagation direction. The perturbation of the phase is
depicted in the lattice sites where Eq. holds. For the rest,
where V' = Vj, the modulus \1/1\2 is nearly vanishing and we
just plot them in a uniform color to help visualization. In
this example g = 1, Vo = 800 and P/N? = 5. Panels a)-f)
correspond, respectively to z = 0,4.5,6,7.5,9,10.5.

VII. DISCUSSION AND OUTLOOK

An ever-increasing experimental control of the non-
linear propagation of light in nontrivial media has led
in recent years to the observation in optical setups of
many qualitatively new phenomena. In particular, this
has sparked remarkable interest in finding conceptual and
quantitative connections with condensed matter physics.

10

We have shown that methods borrowed from con-
densed matter physics can be useful for the optical com-
munity. We have exploited the nonlinear character of
the Schrédinger equation to set the bridge between
nonlinear optics and condensed matter in a quantitative
manner. Expanding the solutions of Eq. in terms of
nonlinear Wannier functions, we have been able to ob-
tain an effective description, Eq. , of the dynamics
of light propagating within a nonlinear material with a
transversally symmetric potential. In this context, we
used Landau theory to formally establish the existence
of the paradigmatic Mexican hat potential, archetypal
of the spontaneous symmetry breaking mechanism ap-
pearing in condensed matter and particle physics. This
connection has been posed not only qualitatively, but we
have computed the effective potential in terms of the co-
efficients of the problem, showing the key role of the non-
linearity. In light of this effective potential we have been
able to determine the stability criteria for the solutions
both in the focusing and the defocusing cases.

Two crucial outcomes arise naturally from this point
of view: first, the existence of a Nambu-Goldstone bo-
son, which is identified with the phase excitations. We
have presented the equation fulfilled by the phase ex-
citation at long distances or, equivalently, at low ener-
gies, Eq. . Again, this is quantitatively evaluated in
terms of the parameters of the problem, agreeing with
direct numerical simulations (see Fig. [7] where the pre-
dicted and numerically calculated phase velocities are
compared). The Nambu-Goldstone boson occurs both
for self-defocusing and focusing non-negligible nonlinear-
ity, in the latter case well below the limit for self-focusing
and collapse within each lattice cell. The second outcome
is the concept of a metawaveguide of light, discussed in
Section the phase excitations identified as Nambu-
Goldstone bosons can be guided and controlled by the
underlying nonlinear localized light structure. We have
presented numerical examples of how to guide such a per-
turbation (cf Fig. [10)).

For an experimental observation, and since the main
perturbation is in the phase and not in the intensity, de-
tection based on interferometry would be needed, and it
could constitute a notable challenge. We have not dis-
cussed topological defects like vortices (see e.g. [55] for
related work) and domain walls, that are also immedi-
ate consequences of the described spontaneous symmetry
breaking. Its theoretical and/or experimental analysis is
beyond the scope of the present work. Certainly, we have
limited the discussion to a particular family of examples.
It would be of interest to extend it to more general cases
as, e.g., lattices with different symmetries [50], lattices
with modulation [57], anisotropic lattices [568] or with the
inclusion of gain and loss in parity-time symmetric sys-
tems [59].

We have also mentioned that our discussion might be
applicable to Bose-Einstein condensates. It is worth
mentioning some works that analyze stability in re-
lated setups, including one-dimensional [60H63] and two-



dimensional cases [64] [65]. Whether the approach ad-
vocated here can provide new insights on these or other
similar examples is an open question for the future.

Finally, our work might pave the way for new connec-
tions between classical results of condensed matter the-
ory and the propagation of light within properly tuned
media. For instance, it could be interesting to devise an
optical analogue of the Heisenberg model used in statis-
tical physics to model ferromagnetism. That setup could
mimic the subtle structure of phases and phase tran-
sitions in two-dimensional systems [66] 67], which is a
manifestation of the rich and sometimes counterintuitive
dynamics of many body systems. It can also provide a
useful framework to analyze the role of light in recent ex-
periments showing superfluidity in polariton condensates
[68]. Our work also stresses the role played by phase ex-
citations of nonlinear Bloch modes. Recent experiments
indicate the importance of the phase of light over ampli-
tude even in quantum communication systems [69]. Our
concept of a metawaveguide of light for the control of
phase waves fits nicely within this scenario. These issues
are open questions left for future research. Our main
claim here is that a photonic condensed matter formal-
ism is the perfect theoretical framework to analyze the
exciting analogies between condensed matter (and parti-
cle physics) and photonic systems.

Appendix A: Bloch and Wannier functions in the
linear case

We detail here the linear problem (P — 0 or g = 0).
Bloch theorem states that the eigenfunctions can be writ-
ten in terms of Bloch waves e~ "2%pq(x) with

\/F 1Q-x

palx) = e (A1)

uq(x).
There should a band index (the generalization of the
quantum number for a single well) but we omit it and
restrict ourselves to the lowest band, an approximation
that has been kept throughout the paper. Normalization
conditions are

1 1
| v [ dstuaGor =1,
0 0

/Q xty, ()0 (%) = P o, qu.

(A2)
(A3)

where we have introduced €2 to refer to the whole do-

main, namely [, d*>x = [ dx [?y dy. The pseudomo-
2 2

mentum Q is discretized because of the finite area and is

confined to the first Brillouin cell and, therefore, it can
take N? values

N N N N
2 2 2 ’

s
x> EN Y 1777 27
Qz,Qy € & ( + +
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where we have assumed that N is even. The uq is
a complex function with period 1, namely ug(z,y) =
uq(z +1,y) = uq(x,y + 1), which can be computed for
a single cell by solving

fouq = —Vuq + Q*uq + V(x)ugq — 2iQ - Vuq, (A5)

with periodic conditions for ug at the edges of the unit
side cell. We label p with the pseudomomentum to make
explicit its dependence through the dispersion relation.
The N? Bloch functions form a basis for the states in the
lowest band. They can be readily obtained by standard
numerical techniques from Eq. . In Figs. and
we plot some examples of Bloch waves. In Fig[13| we plot
the dispersion relation in the lowest band p©(Q).
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FIG. 11: Representation of |uq(z,y)|* for Vo = 100 and dif-
ferent values of Q. Panel (a): Q = Q, = 0. Panel (b):
Q: = Qy = 7/2. Panel (¢) Q. = 0, Qy, = m. Panel (d):
Qe =Qy=m.

Notice that when @, and @, take values 0 or , the
Bloch functions ¢q(z,y) are real. In particular, o0
is everywhere positive (see panel (a) of Fig. and
©(x,x) changes from positive to negative in alternating
cells following a chess board pattern (see panel (d) of
Fig. . For (), = 0, Q, = 7 or viceversa, the phase
pattern is striped (panel (c) of Fig. [12). For the rest of
Q, the Bloch functions are complex (one could change to
a real basis by combining ¢q and p_gq).

Let us now turn to the Wannier functions for the low-
est band. They constitute a basis of localized functions
and can be written as linear combinations of the Bloch
functions,

WR(X

TRpq(x), (A6)

1
SN LS



FIG. 12: Representation of the phase of ¢q(z,y) for Vo = 100
and N = 16. The four panels show the same four values of Q
considered for Fig.

FIG. 13:
(Vo = 100).

Dispersion relation u(Qz,Qy) of the lowest band

where the sum runs over the N? Bloch momenta and R
takes values corresponding to the center of the N2 lattice
sites

—-N+1 N+3 N-3 N-1
2 72 279

R;, Ry, € ( ) . (A7)

The prefactor is fixed to normalize the Wg(x) as
/ deT/Vi:k{1 (X)WR2 (X) = 5R1,R2 . (Ag)
Q

Given the Wannier function for one of the sites,
all the rest can be found by a spatial translation
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WRin(X +1n) = Wgr(x), where n is a lattice vector. In
Fig. we represent one of them.
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FIG. 14: Square modulus of the Wannier function for R =
(—1,—13), with V5 = 100, N = 16. Panel (a) is a colormap
for |[Wr(x)|>. We also include (in the lower part, in orange)
the representation of a one-dimensional section |Wg(z, —é) 2
(arbitrary units). Panel (b) uses a logarithmic scale, In |[Wg |*.
It shows that Wr(x) has support in the whole domain but

becomes negligible far from the cell parameterized by R.

The inverse transformation is

VP

va(x) = > PR (x). (A9)
R

Appendix B: Definition of the phase perturbation at
each lattice site

In sections [V] and [VI we have discussed the propaga-
tion of phase perturbations. It is important to introduce
an appropriate prescription to represent it. Notice that
the phase evolves for the unperturbed solution with prop-
agation constant p and, moreover, in the staggered case
it also changes from cell to cell at any z. Thus, directly
plotting the phase is not illustrative. We define here a
procedure that is useful to visualize the dynamics (Figs.
E, E[) and also to compute the velocity. Of course,
other prescriptions are possible. Our discussion and the
physics we have described do not depend on the defini-
tion presented here.

First, we assign a phase to each cell by averaging

- _ [ &x|yParg(y)
or(2) = T exeP

where the integrals are taken within the lattice site with
center at R. This average does not make sense in gen-
eral because of the cyclic character of the phase, but is
well-defined for all the cases at hand, since the in-site
phase variations are small, cf. Fig. [l Then, we sub-
tract the initial phase of the unperturbed solution and

(B1)



also subtract the phase of a reference cell far from the
perturbation.

¢r(2) = ¢r(2) — 9r(0) — (¥R,.,(2) — ¢R,., (0)). (B2)

With this prescription, the ¢r(z) of a stable unperturbed
solution is zero for all z. For a perturbed solution, it
remains zero far from the perturbation, at least until it
reaches R,¢f.
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