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Abstract

In modelling the behavior of thick-walled metal shells under compressive loads, the use of J, flow
theory can lead to unrealistic buckling estimates, while alternative ‘corner’ models, despite offering
good predictions, have not been widely adopted for structural computations due to their complexity.
The present work develops a new and efficient plasticity model for predicting the structural response
of compressed metal shells. It combines the simplicity of the Von Mises yield surface, with a non-
associative flow rule, mimicking the effect of a yield surface corner. This allows for tracing the
equilibrium path of the loaded shell and identifying consistently structural instability, employing a
single constitutive model. A robust backward-Euler integration scheme, suitable for both three-
dimensional (solid) and shell elements is developed, along with the corresponding consistent
algorithmic moduli for nonlinear isotropic hardening materials, accounting rigorously for the
nonlinear dependence of plastic straining on the direction of strain increments. The model is
implemented in ABAQUS as a user material subroutine. Simulations of thick-walled metal cylinders

under compression predict structural instability in good agreement with experimental data.
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1 Introduction

Inelastic constitutive models based on associative plasticity can accurately simulate metal material
behavior and are suitable for general-purpose analysis of metal components and structures.
However, in problems of strain localization and plastic buckling, which occur well into the inelastic
range of the material, the use of the J, flow theory (J2FT) often results in bifurcation load predictions
significantly higher than those observed experimentally. On the other hand, approaches that use the
J, deformation theory (J2DT) provide estimates more consistent with the experimental data e.g.

(Batdorf, 1949; Gerard & Becker, 1957).

In structural instability problems, it is quite difficult to identify accurately the onset of bifurcation,
mainly because of its tangential (non-abrupt) character (Kyriakides & Corona, 2007). Furthermore,
end support effects and, most importantly, the presence of small inevitable geometric imperfections
do not allow for clear interpretation of experimental buckling results. In this perspective, the
introduction of imperfections in modelling using J2FT may suffice to predict maximum buckling loads
observed in buckling experiments e.g. (Shamass et al., 2014). Nonetheless, to obtain good
predictions in terms of bucking load and, more markedly, in terms of the corresponding deformation,
the necessary imperfection amplitudes can become unrealistically high, particularly in thick-walled

shells or materials with considerable hardening (Hutchinson & Budiansky, 1976).

The documented superiority of J2DT in estimating the bifurcation point (Tugcu, 1991; Blachut et al.,
1996; Wang, et al., 2001) can be explained by the material stiffness moduli that J2DT employs, which
are less stiff compared to the J2FT. This more compliant material behavior can be attributed to the
development of corners in the yield surface of real materials when abrupt changes in stress direction
occur, which was investigated in the 60s (Hecker,1972) and was observed experimentally more

recently (Kuroda & Tvergaard, 1999; Kuwabara et al., 2000)
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Budiansky (1959) argued for the applicability of J2DT for a range of problems with load paths which
do not involve unloading, as the J2DT does not have such a condition. However, in the post-buckling
of compressed shells, parts of the shell may unload. A hybrid approach has been suggested to
overcome this issue, using the J2FT for tracing the primary equilibrium path of the structures, and
the J2DT material moduli for estimating bifurcation. This method has been suggested in early works
(Bushnell, 1974; Gellin, 1979), and used successfully in problems of structural instability of tubes
under compressive loads (Ju & Kyriakides, 1991, 1992; Bardi et al., 2006; Corona et al., 2006; Peek &
Hilberink, 2013). Still, it requires the use of two distinct constitutive laws for the same material within
the analysis, while it may not allow for tracing consistently the post-buckling behavior, as the

approach does not allow instantaneous jump to the non-trivial branch.

More advanced constitutive models have been proposed by (Christoffersen & Hutchinson, 1979;
Gotoh, 1985; Goya & Ito, 1991) incorporating a yield surface with a vertex; a detailed overview is
given in Schurig (2006). In particular, the J, corner theory, developed by Christoffersen & Hutchinson
(1979), employs the rate form of the J2DT for a range of strain rate directions, elastic unloading within
a conical yield surface, and partial loading in between, and has been successfully employed in
problems of shear band formation (Christoffersen & Hutchinson, 1979; Needleman & Tvergaard,
1984), as well as in structural instability problems (Tvergaard, 1983a, 1983b; Giezen, 1988; Tvergaard
& Needleman, 2000). However, the calibration and implementation of such models in an implicit
finite element environment may become quite cumbersome, making their use unattractive for

structural computations.

To circumvent the complexity of corner models, flow rules were suggested which mimic the increased
plastic flow caused by yield surface corners, while maintaining the smooth shape of Von Mises yield

surfaces. Hughes & Shakib (1986) developed an associative flow rule with increased plastic flow, with
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a hardening modulus dependent on the direction of the strain increment. Yet, it demands significant
hardening and no application in structural stability problems has been identified by the authors. Simo
(1987) presented a non-associative flow rule which mimics the effect of a yield surface corner,
applicable independently of the level of hardening. However, the corresponding instantaneous and
linearized stiffness moduli were not presented, nor the model implementation for nonlinear
hardening materials. This model was used by Rgnning et al. (2010) for modeling the buckling of
cruciform columns, and it was the basis for the non-associative models by (Kuroda & Tvergaard, 2001;

Yoshida, 2017).

To inherit the effectiveness of J2DT in buckling predictions, some models were developed that
employ its rate form, along with a smooth Von Mises yield surface. However, in this approach
accounting for elastic unloading, creates a discontinuity in the production of plastic flow in directions
tangent to the yield surface. To eliminate this discrepancy, Peek (2000) relaxed the demand for elastic
unloading, allowing for some plastic deformation to take place for stress paths directed within the
yield surface. In a different approach, Pappa & Karamanos (2016) maintained elastic unloading but
modified the J2DT flow for a range of straining directions close to the yield-surface tangent so that
plastic production is smoothly zeroed for tangent directions, but the ensuing strain-direction
dependency was not fully incorporated in the formulation. These models were used to investigate

the buckling response of metal tubes under compression.

The complexities and shortcomings of the above approaches motivate the development of the
present model. It is a simple and effective constitutive model, which allows for (a) tracing the
equilibrium path and (b) estimating accurately the structural instability of thick-walled shells loaded

into the inelastic range.
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A non-associative model (J2NA) is developed adopting a smooth yield surface, due to its robustness,
combined with a two-branch flow rule. The first branch, activated for moderate deviations from
proportional loading, employs the rate form of the J2DT, to inherit its effectiveness in structural
instability predictions. The second branch, activated for larger deviations from proportional loading,
is used for strain increment directions approaching the yield-surface-tangent. It is an extension of the
approach by Simo (1987), mimicking the effect of a yield surface corner of semi-angle denoted as 6,,,
and it is adopted for its effectiveness and natural geometric interpretation. Fully elastic unloading is

accounted for in strain-increment directions tangent and inward to the yield surface.

The capabilities of the constitutive model are demonstrated in the problem of instability of thick-
walled metal tubes under axial compression. A material subroutine (UMAT) is developed and has
been employed in ABAQUS/Standard to simulate the structural response and instability of thick-
walled metal tubes under axial compression. Bifurcation estimates are compared with predictions
from different constitutive models and with experimental results reported by Bardi & Kyriakides
(2006). The model’s behavior is shown to vary between the one predicted by the J2FT and the one
associated with the J2DT, based on the model’s material parameter (6., ). The effect of the model’s
features and of initial geometric imperfections on the simulated post-buckling behavior of thick-

walled tubes is demonstrated.

2 Model formulation
A framework is presented for developing non-associative metal plasticity models, employing a
smooth Von Mises vyield surface. Modifying the rate form of the J2DT and introducing a non-

associative hardening function h dependent on the loading history and the direction of the strain
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rate, different amounts of allowable non-associative plastic straining can be implemented, resulting
in stiffer or more compliant material behavior, without negating the requirement of elastic

unloading.

For simulating the structural behavior and instability of thick-walled metal shells, a two branched
definition is proposed for h, so that the model can reliably trace the equilibrium path of compressed
shells and consistently estimate bifurcation. The rate form of the J2DT is employed for small
deviations from proportional loading, to capitalize on the good bifurcation predictions of this model,
which are in agreement with available experimental data. In addition, a branch following the
approach by (Simo, 1987) is used to moderate the non-associative straining for more pronounced
deviations from proportional loading, due to its simplicity and its geometric interpretation that

mimics the development of a yield surface vertex.

Preliminary calculations indicated that the direct use of either the J2DT or Simo’s model individually
may not result in both: (a) estimating instability and (b) tracing post-buckling behavior of thick-walled
cylinders. By combining both models, as presented in the following, their desirable attributes are

transferred into the present model.

2.1 A framework for non-associative plasticity models with a Von Mises yield surface
In the framework of incremental small-strain metal plasticity, the rate of stress 6 is related to the

elastic strain rate €° as follows:

6 = D&° =D(¢—€éP) = De—DeP (1)
where D is the fourth-order elastic stiffness tensor, € is the rate of total strain, €° is the rate of elastic

strain and €P is the (deviatoric) plastic strain rate. The elastic rigidity D can be expressed as:

D = 2G 19¢V 4 3K 170! (2)
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where G is the shear modulus and K is the bulk modulus. I9€¢V , I¥°! are the deviatoric and volumetric

fourth-order unit tensors, whose Cartesian components are:
dev 1 1 3
ijkl =5 (5ik5jz + 5iz5jk) - §5ij5kz (3)

1
vah = §5ij5kz (4)

The rate of plastic strain €P of the J2DT, as reported by Chakrabarty (2006) is:

3/, €49 3¢
-p:__q_L> 2% 5
é 2<q P2 s+2qs (5)

where s = 1%¢Vg is the deviatoric part of the stress tensor, &g is the (accumulated) equivalent plastic
strain, ¢ = m |Is|| is the equivalent Von Mises stress, with ||s|| = /s - s being the norm of s, and
their rates, indicated by a superimposed dot: §, £, and q. By further enforcing consistency with a Von
Mises yield surface in (5), which implies (¢, = ¢/H), the flow rule of the J2DT as presented by (Goya

& Ito, 1991; Pappa & Karamanos, 2016) can be obtained.

Considering these definitions, one may readily show that g = /3/2s - $/||s||, and $ = 2G(é — éP)
with & = 19V, Inserting those in (5) and rearranging, the plastic strain rate adopted in the present

formulation is obtained:

1 — n @ njé

1+ h/3G

e? = /372 éqn+[ (6)

where n = s/||s|| is the unit tensor in the direction of s. The plastic strain rate comprises two
components: one in the direction of the tensor n and one in the direction [I1%¢¥ — n & n]é, which is
perpendicular to n, in the direction defined by the strain rate. The function h is a non-associative-
hardening parameter, whose definition is discussed in subsection 2.2, that moderates the amount of

plastic straining perpendicular to n. In (6), the rate of equivalent plastic strain is defined as &, =
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2/3 n - éP, a definition also adopted by Simo (1987), which for proportional loading is equivalent

to its counterpart in J2FT (¢, = /2/3 VéP - €P). The flow rule (6) can be rewritten in the following,
more convenient, geometric form, which is used more extensively in the numerical integration of the

model, described in section 3:

||&|| sin &

éP = /3/2é,n+————
/2¢q 1+ h/3G

(7)

In (7), 8 is the angle defined by the strain rate € and the tensor n, shown in Figure 1, analytically

expressed as:

n-e

cosf = ——
el

(8)

and m is the unit deviatoric tensor perpendicular to n, in the direction of the strain rate

(1% -n®n)e (I -nQ®n)é

— — 9
M= —n @ e el sin 6 ©)

Yielding is defined with respect to a Von Mises yield function with nonlinear isotropic hardening:

J2/3 Isll V2/3k(eq) _

F(O', ECI) = T[q - k(SCI)] = 2G 2G 0 (10)

where k(&,) is the material yield stress in uniaxial tension, that defines the size of the yield surface
as a function of the (accumulated) equivalent plastic strain &;. The above expression for the Von
Mises yield criterion is chosen because it scales down the yield surface to the deviatoric strain space,
so that all the strain components, the shape of the yield surface and their relative size and geometry
can be presented in the same graph (e.g. Figures 1, 7, 8). Hence, tensors n, m are the unit tensors
normal and tangent to the Von Mises yield surface respectively, and eq. (7) demonstrates the non-

associative nature of the present model, with the increased plastic flow moderated by h.
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Figure 1 Schematic representation of key tensors in the deviatoric hyperplane and angles 8, 6P.

Enforcing consistency (F = 0), and using (1) and (7), the equivalent plastic strain rate is expressed

similarly to the J2FT :

1
éq=\/2/3m(n‘é) (11)

where H = dk/de, is the material isotropic hardening modulus. Using equations (1), (7) and (11),

the instantaneous rigidity tensor for this model is readily calculated as

dev 2626
1+4+3G/h 1+H/3G 1+h/3G

D, = 3K "' + ) (n ®n) (12)

2.2 Definition of the function h
The choice of h is of key importance in this model, leading to stiffer or more compliant material
behavior. Table 2 shows that the appropriate selection of h, allows the model to mimic different

material models available in the literature.
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To incorporate elastic unloading together with the selected flow rule, continuity of the production of
plastic strain must be assured (Figure 2), as noted by Peek (2000) and Pappa & Karamanos (2016).
This implies that no plastic strain should be produced for strain rates directed tangent to the yield

surface (0 — 1/2), which creates demand (13) for the function h:

. .p . — . 1
oim, _lleli/llell =0 = lim h - +oo (13)

Therefore, h must depend on the direction of the strain rate (8), which implies that the rigidity tensor
(12) at a material point is not fully defined by its loading history, but the strain rate direction must
also be known. This is a manifestation of the nonlinear dependence of the stress rate on the strain

rate, characteristic in pseudo-corner models.

Table 1 Summary of the elastoplastic constitutive model

(1) Linear isotropic stress/strain relations
s = 2G[e — eP]
tro=3Ktre

(2) Yield condition

F(o,e,) = 5 |Isll V273 k(z,)|
€q = J2/3n-é?

n =s/|sl|
(3) Flow rule
||&]| sin &
1+ h/3G
B (1%¢Y —n @ n)é
"I —n @ nell
cosf =n-é/|é|
cos P =n - éP/||éP||
h=k(gg)/% _ _
1tbranch: h=h & 6P(h) <6,
2"branch: 6P =0, > h(6,)>h
(4) Kuhn-Tucker loading/unloading conditions

e’ =,/3/2é;n+

£,20, F(o,6) <0, £.F(0,64)=0

(5) Plastic consistency in loading (¢, > 0)

. _ 575 1 .
&q = 2/3m(n6)
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Figure 2 Discontinuity of plastic production for straining directions tangent to the yield surface

The present model (J2NA) adopts a two-branch definition for the non-associate hardening parameter
h. For small deviations from proportional loading, h = h = k(eq)/eq, and the model’s flow rule
coincides with the J2DT, aspiring to inherit its superiority in estimating bifurcation. A second branch
is necessary to comply with the limitations imposed by elastic unloading, so for larger deviations from
proportional loading, up to loading tangent to the yield surface, the model is chosen to follow the
flow proposed by Simo (1987). This branch mimics the effect of a conical yield surface vertex of semi-
angle 6., in the direction of the stress deviator: it constrains the plastic strain rate to lie within the
forward cone of normals of the vertex, as shown in Figure 3. This is interpreted as (8% < 6,,), where
67 is the angle formed by the yield surface normal and the plastic strain rate (Figure 1), analytically

expressed as:

n-eP
lleP||

cos P = (14)

From (7) and (14), it is deduced that 87 is a decreasing function of h, which allows for the two

branches of the model to be reduced to the following definition.

{h=h=k(e;)/e; sothat 6P <6} (15)
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A summary of the model is given in Table 1. In the rate form, the present definition of & (eq. 15), can
be expressed in the form presented in Table 2, which demonstrates the compliance with requirement

for continuity of plastic production (eq.13).

The value of parameter 6,,- can be determined from experiments involving non-proportional loading,
like the ones described by (Rgnning et al., 2010; Yoshida & Tsuchimoto, 2018). In those experiments,
tension is applied first to a tubular specimen beyond the yield point, followed by combined tension
and torque load increments, producing a non-proportional stress path. The value of 6., can then be
obtained from the direction of the corresponding plastic strain increments, calculated using
equations (14), (15). In an analogous manner, the parameter 6, can also be calculated from biaxial
experiments on cruciform specimens (Kuroda & Tvergaard, 1999; Kuwabara, et al., 2000), in which
non-proportionality is induced in the second loading stage by applying load increments in different

directions.

(a) Corner (b) Present model
(J2NA)
J\".‘I QC
\ | %—
apP Vf 2P
\ E Forward cone €
Conical Y.S aEnapmals
vertex YS.

Figure 3 Yield surface and directions of plastic strain rate in

a) corner models and (b) non-associative model

Nasikas et al. (2020) Page 13 of 57



Table 2 Expressing different models (in their rate form) by different definitions of h

J2 Flow — Associative model h -

J2 Deformation Theory Rate Form  h = h k(eq)/eq

Pappa & Karamanos (2016) h = [E sin™ 0 + h]/[1 — sin™ 0]

Simo (1987) h=Hc+3G(c—1), c¢=tan8/6(0),
5(0) = tan(max(8, 6,,))
P k(gq)/gq

Present model h = max ,c=tan@ /tan 6.,

Hc+3G(c—1)

2.3 Plastic production ratio and comparison with other models

A qualitative comparison between different corner and pseudo-corner models can be made using the
plastic production w*(8, £,) and the plastic angle 87 (0, &,) associated with each model. The former,
introduced by Hughes & Shakib (1986), expresses the amount of plastic strain caused by a strain rate

€, depending on its direction (angle 8), and is defined as:

RN 4
fa) = el (16)
1+ H/3G
The plastic angle 87 is an additional measure for describing the behavior of a model, stemming from
the non-associative nature of the majority of the models and it expresses the angle the plastic strain

rate forms with the yield surface normal, defined in (14) depending on the direction of the (total)

strain rate. Analytical expressions for these measures, for several flow rules, can be found in Table 4.

The behavior of the models depends on the loading history of the material; therefore, we consider
here a specific material point, loaded proportionally to its current stress state, well into the inelastic
range. The material properties and state variables of the material point under consideration are given

in Table 3.

Nasikas et al. (2020) Page 14 of 57



Table 3 Material properties and state variables

at current loading state

Young’s Modulus E =194 GPa
Poisson’s Ratio v =03
Equivalent plastic strain &, = 1.6%

Von Mises Stress k = 710 MPa
Hardening modulus H/E = 2%
Angle parameter 2 0., =m/4

In Figures 4 and 5 the plastic production and plastic angles are plotted with respect to the angle 6 for
the proposed model and several other models available in the literature. For the J, corner theory two
curves are plotted, each one representing a family of flow rules proposed by Christoffersen &
Hutchinson (1979). For proportional loading (6 = 0), all models predict the same plastic production
as the J2FT, since all models must be able to replicate identically a proportional loading experiment,
i.e., a uniaxial test. As non-proportionality increases, plastic production in all models is higher than
the one predicted by the J2FT, corresponding to more compliant responses. All models that account
for fully elastic unloading produce zero plastic strain for strain rates directed tangent to their
respective yield surfaces. Those directions correspond to 8 = m/2 for the models employing a Von
Mises yield surface, and to 8 = m — 6, for the models which employ a yield surface vertex, such as

the J> corner theory. The value of 8, is given in Table 4.

The J; corner theory, the models by Peek (2000) and Pappa & Karamanos (2016) and the present
model, all exhibit a response similar with the J2DT for a certain range of straining directions (8). Each
of them uses a second branch with the purpose of gradually suppressing plastic production for strain
rate directions that approach the tangent to the vyield surface. This is a major feature that

differentiates each model with respect to the others. All models incorporate a maximum allowable

2 Applicable for the models by Simo (1987), Hughes & Shakib (1986) and the present model
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angle 8P which the plastic strain rate may not exceed, but its value and the range of straining

directions @ for which this angle is activated is different for each model.

Additionally, at first yield the J2DT has an essentially associative behavior, allowing for plastic
straining only in the direction of the deviatoric stress. Progressively, as plastic strain accumulates,
increasing amounts of non-associative plastic straining are produced for a given angle 8, meaning
that both plastic production and plastic angle increase (Figure 6). For large values of accumulated
plastic strain g, this behavior becomes similar to the first branch of the model proposed by Simo
(1987). This gradually more compliant behavior of the rate form of the J2DT leads to lower bifurcation
estimates for thick-walled shells and justifies its use in several constitutive models which inherit its

capability for providing reliable buckling predictions.

1 h‘ T T T T T T T T T T T T T T T _Il —I— -I_
Simo e
- = -
R
0.8k hﬁ\“& J, Def. Theory (J2DT) |
e 2 J, Corner Theory
06k Peek (ICUDT) |

0.4 J, Flow Theory (J2FT)

AT AN i
Hughes & Shakib P AT \
021 pappa & Karamanos -~ N\ % 7
Present Model (J2NA) 29
gl | L L L L I L _‘i-"'i,—_* A o N I )

0 20 40 60 80 100 120 140 160 180
# (degrees)

Figure 4 Normalized plastic production ration with respect to

the direction of the strain rate (angle 0)
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6° (degrees)

“— ", beform. Theory (J2DT)

Peek (ICUDT)
\

| 3 ~ J, Corner Theory
A
l: ~

- Present Model (J2NA)

Pappa & Karamanos
J, Flow Theory (J2FT)

I
|
1
|
a
i
|
;
/ Hughes & Shakib

80 100 120 140 160 180
0 (degrees)

Figure 5 Direction of plastic strain rate angle @P with respect to the direction

of the total strain rate (angle 8)

J2NA (6, =r/4)

10

o 90 0.0001

Figure 6 Evolution of plastic production w*with increasing plastic deformation;

evolution of plastic strain rate angle 6P, with increasing plastic deformation.
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Table 4 Plastic production and plastic angle for different models

Plastic Production Plastic Angle Detail
w*(0,g,) tan 67(6, ;) etafis
)2 Flow.th'eory c0s 0
(associative)
Hughes and _ n (0—0)
Shakib (1987) cosy 0 ¢"Inax{0’ 2 (t/2-6,,)
Simo (1987) cos@+ 1+ 52 5(6) 6(6) = tan(min{b, 6, })
J> Deform. Theory
(Total Strain \/cosze + c2sin2 6 ctan@ c=[14+H/3G]/[1+ h/3G]
Theory)
Pappa & c=[1+H/3G]/[1+ hppx/3G]

Karamanos (2016) ‘/C()Sz 0 +c?sin?6 ¢tan 6 hpnk = [E sin™ 6 + h]/[1 — sin™ 0]
c=[1+H/3G]/[1+h/3G]

Peek (2000) \/c0s2(81€V ) + c2sin2 @ c tan §¢v 6cU = min(6,7/2)
Vx?+ (yz)? _3G . cu CH CH
J; Corner Theory b2) JH/htang¢" X = ?f(t9 )1+ k(6") tan B¢

1422+ [(1+ y)z]?
JA+02+[1 + )7 y=%f(QCH)[1—k(QCH)COtQCH]

Family 1. f=f(OcM z = h/Htan 9"
1 0< 0% <@, with

A GRS
coszliﬁ, 0, < 0" <0, tan9=1+y 7/ H tan 6CH
J 0 0, <O <1 T+x
CH — gCH _ t n—1 CH
k(BCH) — _fl/(zf) Q" =0 tan~ ' [k(6“")]
Family 2. o
-1 tanf, = —\/H/h—=
FO°H) = [g(6°I1 + 1] e = VA=
. k(0") = (™) where gy is the yield stress of the
with cH material and g, is the current mises
g(pCH) = { 1_m _2 0=<¢™ =<8y stress of the material
1=¢"™) 0, <M <0, and 0y < 6, — /2 is the angle 8¢
_ W™ =g'/(29) cutoff, following which the models
And ¢ = (¢ —60)/ (0, — 0p), m = 2 cease to follow the deformation
theory flow rule
Present model Jcos2 0 + c2sin2 6 min{ctan@,tan@,,} c=[1+H/3G]/[1+h/3G]
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3 Numerical implementation

A stress update algorithm (or integration scheme) is developed accounting for the particular features
of the present model. A geometric approach, similar to the one developed by Simo (1987), is adopted
for the integration of the governing equations, while modifications are introduced intended to
account for nonlinear material hardening, and for the dependence the model exhibits on the
direction of the strain increment. Appropriate mathematical manipulations reduce the integration of
the model to the solution of a single equation of a scalar unknown, irrespective of the material
hardening rule, just as in the case of J2FT. This is in contrast to previous formulations which lead to
more complicated iterative solutions (Rgnning et al., 2010), some are confined to linear hardening
(Hughes & Shakib, 1986; Simo, 1987) or do not fully account for the angle dependence (Pappa &
Karamanos, 2016). Both the integration and linearization schemes fully account for the dependence

on the strain direction angle 6.

3.1 Backward-Euler stress update algorithm

For any material point at pseudo-time t, the stress ¢,, and strain g, are known, as well as the
equivalent plastic strain g, (internal variable). At pseudo-time t,; = t, + At, a strain increment
Ag = €,,, — &, leads to changes in the material stress state 6,,,, and internal variable &4,,,4, which

are calculated by integrating the plasticity constitutive model in the pseudo-time increment At.

An elastic predictor—plastic corrector scheme is adopted: an elastic-predictor step, leading to a stress
state outside the yield surface, is followed by a plastic-corrector step, which enforces consistency
and returns the stress to the updated yield surface. The elastic predictor ¢ assumes a purely elastic

trial stress and is decomposed as follows:

6° = 0, + DAe = s® — p°I (17)

where
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s¢ = [9¢® = s, + 2GAe (18)
p¢ =—-1/30-0°) =p, — K- Ag) (19)
Furthermore, Ae = 19V Ag is the deviatoric part of the strain increment, p,, and s,, are respectively
the hydrostatic pressure and the stress deviator at the beginning of the increment (o6,, = s,, — p,,I).
The Von Mises stress at the beginning of the strain increment (gq,,) and at the elastic predictor state

(q®) are respectively defined as:

Qn:\/3/2\/sn'sn:\13/2 “Sn” (20)
q° = /3/2s¢ s = /3/2|s°] (21)

If the trial stress violates the yield condition, elastic-plastic straining is accounted for, and the new

stress state is calculated by including the plastic correction phase

O0p+1 =0, + D (4de — AeP) = 6° — 2GAeP (22)
The stress at pseudo-time t,,, ; is decomposed into

Ons1 = —Pni1l + Spiq (23)

where —p, 411 and s, 41 are the hydrostatic and deviatoric parts of the final stress ¢,,,.1, with

1
Pn+1 = _§(I : Gn+1) = pe (24)

Sn+1 = Idevo-n+1 =s® — 2G4e? (25)

Enforcing the consistency condition (10) at the end of the increment (t,,41):

\/sn+1 *Snt1 _\/2/3 k(SQ|n+ASQ) — 2/3%";167“’1: 0 (26)
2G 2G 2G

F(O‘n+1,A£q) =
where 4g, is the equivalent plastic strain increment. The corresponding plastic strain increment 4e”

is calculated using a backward-Euler integration of equation (7):
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[|[Ae|| sin @

Ae? =.[3/24¢, 0y + ——————m
/24 Moy 1+ hy.q/3G

n+1 (27)

where the direction angle 8 = 0,,,4 for simplicity. The unit deviatoric tensor normal to the yield
surface and the one tangential to it, in the direction of the strain increment, at the beginning and the

end of the increment (Figure 7) are respectively defined as:

Sn [17¢” — n, ® n,] de
N = s 1’ m, = dev (28)
lIsn I I[1%¢” —n, ® n,] e ||
n _ Sn+1 m _ 1% —n, .y ® n,,,] de 29)
" sl T T, @ ] de

while the unknown tensors n,,, 1, m, ., can be expressed in terms of n,, m, using the following

geometric relation identified by Simo (1987):

N, = cos{n,+sin{m, (30)
m,. ., = —sin{n, + cos{m,, (31)
In the above expression, the angle { is represented geometrically in Figure 7, together with angles
{*, (%, 0,86, 0° 67, that are formed by the key tensors and are involved in subsequent operations.

Furthermore, geometry dictates:

(=0 =0 (32)
0=0,,=0°+0"=6,—-¢ (33)
where
ce Sp - S° ge Ade - s° (34)
cos (¢ = —————, cos € = —————
lIsx IllIse|l ll4elllIsell

Multiplying (25) by n,,,; and m,,, 4, the following relations are obtained:

q°cos{* = qniq1 + 3GAg, (35)
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3G||Ae]| sin 6
esin{* =,2/3———— 36
q°sin{* =2/ T+ 701/3G (36)

Equations (26), (33), (35), (36) constitute a system of 4 equations with 5 unknowns: q,,,1, 454, {*, 6,
and h,,;,. The extra equation necessary for the solution is the definition of h, which is different in
each branch of the present model. The solution procedure for the system is described in the next
paragraphs for each branch. The implementation of the above formulation for an explicitly chosen
function l_l(eq, 0) which may be chosen to mimic the behavior of various models in the literature is
further considered in Appendix I. An enhancement of this solution procedure for implementation in

shell elements is included in Appendix Il.

Figure 7 Geometric representation of the return mapping of a non-associative model
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3.2 First branch of the model

In the first branch of the model, the parameter h = E(Aeq) is defined as follows, independent of 0:

En+1 = kn+1/£q|n+1 (37)
Thus, equation (36) together with (37) can be used to express (*(Aeq) as a function of the equivalent

plastic strain 4g,, as follows:

sin 6°
tan{* — =0

lIsell [ hnia] e
2Gde]] 1+ 3G cosf

(38)

Treating only 4¢, as the primary unknown, equations (26) and (37) can be used to eliminate g1, {*
from (36) resulting in a single scalar equation (39) of the equivalent plastic strain increment

Fpl(Asq) = 0, as in the case of J2FT.

2

sin 6° q° 2
F,.(Ae,) =1+ - =0 (39)
pl( q) ”Se” [1 + hn+1] — cos @¢ Ikn+1 + 3Gﬂgql
2G||Ae|] 3G

The above equation (39) can be solved using a local Newton scheme and all necessary derivatives are
provided in Appendix I. When 4g, is found all remaining parameters are updated and the plastic
corrector is computed from (27). At this stage, the plastic strain angle 87 is compared to 8., if 67 <
0., the integration procedure is complete, else, the solution is discarded, and the integration scheme

of the second branch is used. A summary of this integration procedure is given in Table 5.

3.3  Second branch of the model

In cases where the first branch of the model leads to plastic strain increment angle 6% | greater than
the semi-angle 6., of the simulated vertex (Hl’,’r1 > 0,.,), the second branch is activated. In this case,
the plastic strain increment is constrained to form an angle 8”7 = 6., with the deviatoric stress in the

converged state, so that:
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m - AeP
tang? = —*L —_ — tang,, (40)
N, -4e?P

Using (27), (36), the above provides an explicit expression for {*(4g, ):

V3/2A¢ tan ., 3GAg, tan b,

= (41)
lIs¢ll/26G q°

sin{* =

Equation (41) may be used to eliminate {* from (35), yielding a scalar equation of the equivalent

plastic strain increment Ae,:

e.2

2
kn+1(A€q)l n [qu tan HCT]Z _ (;I_G) -0 (42)

F,(de,) = [Asq +—C
which can be solved numerically. For linear hardening, it reduces to a second-order polynomial of
Agg, with a single positive solution, which was obtained by Simo (1987). On obtainment of A¢g, all
remaining parameters are updated and ultimately the plastic strain increment 4eP and the new
stress state 6,,, 1 are calculated using (27) and (22). In Figure 8 a qualitative comparison is made for
the integration process using the classical associative model and the present model. For a given stress
state s,, and non-proportional strain increment 4de, the converged state of the associative model

corresponds to the largest expansion of the yield surface, while the present model results to smaller

expansion of the yield surface, denoting its comparatively less stiff behavior.
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Table 5 Integration algorithm for three-dimensional element analysis

(1) Compute trial elastic stress (elastic prediction)

6° = o, + DAt s¢ = [%V¢g® | p¢=-1/3("06°)
1
=320l kn=k(egm).  FEE = o2 [llstl = V273 k)
(2) IF Efrial < 0 THEN
Ae? =0 ,  Agg=0
ELSE (Fihial > 0)
Sy, [19¢? —n, ® n,] de
n, = ’ m, = dev
lIsx I I[1%¢” — n,, ® n,] 4e ||
0 n, - de 9¢ de - s° e = S, - s°¢
CcoS =, COS _— COS _—
" lde]] ~ Jidelllisell” lIsxIlIsel

(2a) Assume 1%t branch is activated
To calculate 4¢g, solve:

2
qe
Fp(dg,) =1+tan? " — | ——
1(42) an”¢ [kn+1+SGAsql
with

sin 6°¢

{*(dgy) = tan™? <]

[1+ ntll_ cosfe

2G| de]l
Compute:
b1 = hpyq 0=0°+("
[ ||[Ae|| sin 8 ]
0P = tan-1 1+ h,1/3G

l V372 4¢,

(2b) If 8P > 6., : the second branch is activated
To calculate A¢g, solve:

k1 (4] 2 g%\
sz(Asq)zlAeq+%l + [4e, tan 6,, —<§> =0

Compute:

3G4¢, tan O

C*(ASQ) = Sin_l [ qqe Cr] ’ 6 =06°+ (*' oP = Hcr
_ ||Ae]| sin 6
hn+1 = 3G - 1

V3/2Ag;tan b,

(2c) Calculate the plastic strain increment

{=¢—=q
n,,.; = cos¢{n,+sin{m,, m,,; =—sin{n, +cos{m,

[|[Ae|| sin @

AeP = ,/3/2 ASq n,, .+ mm,ﬂ_l
(3) Update stress tensor and state variables

0,41 = 0° —2GA€P

Eqin+1 = Eqm + A
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Present Model

[[4e]| sin 8
AeP = /3/2 &g 44 AeP =3/2 ey myyy + 1+hn+1/36 g

Figure 8 Representation of the stress update algorithm for a given strain increment employing the

associative model and the present model.

34 Consistent algorithmic moduli

To maintain quadratic convergence of the finite element solution, the material stiffness moduli
consistent with the integration scheme are obtained and used in the iterative solution. These, are
computed from the fundamental equation (43) (Simo & Taylor, 1985). For convenience the

volumetric and the deviatoric part of stress and strain are isolated:

c __66n+1 asn+1

ep

= = 3K 1" +
68n+1 aen+1

(43)
The fourth-order tensor ds,,;/0€e,,, is obtained for each model branch, by expressing the
differential of the stress deviator as a function of the differential of the strain increment, accounting

for the dependence of all internal variables to the strain increment. The stress deviator at the

converged state is:
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Sn+1(deq, ¢, A€) = \/2/3 knyalcos((® — T my, + sin({ — ¢*)my] (44)

Therefore, differentiating using the chain rule, one obtains:

0Sn+1

dspi1 = dlde = [Sn+1,A£q Q Aegpe + Snt10 @ g*ﬂe + Sn+1,Ae] dle (45)

aen+1

where a (+),, implies partial derivative with respect to x. All referenced derivatives are offered in
Appendix I. The terms Ag, 4. and (e are obtained from the differentials of the respective definition

of the two internal variables, which generally take the form

F,(4e,, ¢, 4e) =0 (46)

F,(4e,,0",4e) =0 (47)
The functions F,, F, are characteristic to each model/model branch and are summarized in Table 6.
From their differentials it follows:

[qu,ﬁel _ lFl,Aeq Fig l—l Fme] s)

C:Ae Fone, Faqr F3 e

Accounting for the direction angle dependence in the linearization is the key issue in obtaining the
consistent moduli for this type of models, an issue not addressed in similar works. Finally, the tensor

0S,4+1/0e,,1may be expressed in terms of n,,,;, m,,,; as follows:

ds
aen+1 — pdevydev + pnn (nn+1 R nn+1) + pnm (nn+1 R mn+1)
n+1
(49)
+D™" (mn+1 ® rln+1) +D™™ (mn+1 ® mn+1)
where
sin{ 2G||4e|| sin 6,
Ddev = 2/3 k _—, = 50
/3 kni1 lAe]| sin 6,, lIse|l sin ¢ (50)
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[ Bsm( —1+Bcos(]

i . . (51)
Sn+1,4eq  Sn+1,0* Fl,Asq Fi ¢ Flse Flie
Fone, Fagr

S1T+1,Asq 51T+1,(* F2pe Fone

In the above F;" = n,,,; - F;, and F;"" = m,,, - F;, are the components of tensor F in the directions
of tensors n,,; and m,,,;.The linearized moduli are non-symmetric, as the multipliers D™ and
D™ of the non-symmetric terms m,,,; ® n,.,; and n,,.; ® m,,_; respectively, are not equal. Thus,

De'cp(ijkl) * Decp(klij) ) Wh||e the Symmetries Decp(ijkl) = Decp(ijlk) = Decp(jikl) == Dgp(jilk) are

preserved. In the limit ||4e]|| — 0, the linearized moduli reduce to the material tangent moduli.

Table 6 Functions necessary to define internal variables 4gg, {*

model / branch F,=0 F, =0
1tbranch - h =k(g,)/z, Eq. (39) Eq. (38)
2"branch - 6P =40,, Eq. (42) Eq. (41)
Explicit choice: h = h(8, 4¢,) Eq. (36) Eq. (35)

3.5 Accuracy Analysis - Iso-error Maps

To test numerically the accuracy of the developed algorithm, iso-error maps are constructed for a
material point under strain-controlled loading. The iso-error maps offer a schematic representation
of the accuracy of the integration algorithm under a variety of loading paths. In the present study,
the loading cases suggested by Simo & Taylor (1986) are used to test the accuracy of the developed
non-associative model. The model is being tested for shell elements in plane stress loading conditions

(033 = 043 = 033 = 0).

Starting from a stress state on the yield surface (points A,B,C in Figure 9), the new stress state 6(4¢)
is calculated for a range of strain increments (combinations of 4e;; and 4¢&,,), employing the
developed integration scheme. Subsequently, each strain increment Ag is divided in increasingly

smaller sub-increments and employing the developed integration scheme for each sub increment,
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the ‘exact’ solution 6™ is obtained. The number of sub-increments is increased until convergence of

o”. The error of the integration is estimated according to the expression:

e(%) =100 - [[s — s /lIs”l (52)
Three initial stress states are considered: (A) uniaxial, (B) biaxial and (C) pure shear loading, which
represent a wide range of initial loading conditions. The strain increments are normalized with the
yield strain parameter &, = g,,/E = 0.1%. In all iso-error maps the shear stress is taken as zero
(012 = 0). The unfavorable case of rigid plasticity is considered, with the material properties in Table

7

Table 7 Material properties and state variables for Iso-Error Maps

Poisson’s Ratio v =03

Young’s Modulus E = 207 GPa (30000 ksi)
Von Mises Stress gy = 207 MPa( 30 ksi)
Hardening modulus H =0GPa

The level of error for this model is similar to that reported previously in the literature and the J2FT,
which is up to 8% for strain increments of the size of the yield strain. Increasing the hardening
modulus leads to somewhat smaller error, because the denominator of equation (52) that expresses
the size of the yield surface increases. The algorithm exhibits no error for the case of proportional
loading, namely, along the line A¢,,/ Ag;; = 0.5 in Figure 9(A), and lines Ae,, /Ag;; = 1, in Figure

9(B, C).
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6

6

(B) Point B — Biaxial loading initial state (C) Point C — Pure Shear initial state

Figure 9 Isoerror maps for different points A, B and C on the yield surface.
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4  Shell buckling calculations

4.1 Implementation in a finite element environment

Lower bound estimates of the bifurcation load from the pre-buckling equilibrium path can be
obtained using Hill’s ‘comparison solid’ concept. Hutchinson (1974) described in detail its
implementation and Tvergaard (1983a) discussed its application using the J, corner theory proposed
by Christoffersen and Hutchinson (1979), which employs material moduli dependent on the direction
of the strain rate. The comparison solid concept introduces a quadratic functional, based on the
virtual work principle, whose positiveness ensures stability, while the occurrence of non-positive

values indicates bifurcation:

F =AUT [K'] AU (53)
In the above, [K'] is the global stiffness matrix that employs the tangent material moduli of the
constitutive model, and AU is the vector with the unconstrained degrees of freedom. The
elastoplastic tangent moduli are used for material points whose loading state is on the surface of
their respective yield surfaces and the elastic moduli in all other cases. This expression implies that

instability occurs when a non-positive eigenvalue of [K'] is encountered.

Using the implicit finite element environment in ABAQUS/Standard, the global stiffness matrix [K']
can be extracted using a dedicated step and a material subroutine UMAT to apply the material
elastoplastic tangent moduli. Eliminating the constrained degrees of freedom, the eigenvalues may
be calculated externally, and bifurcation is identified at the first zero eigenvalue. Alternatively, using
a linear perturbation step, the smallest eigenvalues and the respective eigenmodes can be obtained
to detect bifurcation. In a static analysis, by default, ABAQUS identifies and records the occurrence
of non-positive eigenvalues of the stiffness matrix, which is an alternative way of identifying

bifurcation. Implicit analyses, however, employ the algorithmic moduli of the constitutive models in
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their calculations, which differ from the tangent moduli. Therefore, they may lead to non-accurate
bifurcation estimates, especially when large strain increments are used. Nonetheless, in all cases

analyzed in the present study, the above methods yielded the same bifurcation estimates.

For non-associative models, the material tangent moduli depend on the direction (angle 8) of the
subsequent strain increment at each material point, which is not known. Hence, the instantaneous
moduli associated with the angle 8 of the previous strain increment are used, assuming an

‘alternative comparison solid’, a concept introduced by Tvergaard (1983a).

4.2 Numerical results

4.2.1 Axisymmetric buckling of axially compressed tubes

The plastic buckling of thick-walled metal cylindrical shells under compression is briefly addressed to
demonstrate the key features and capabilities of the developed framework. The pre-buckling path is
characterized by proportional loading well into the plastic range of the material, until bifurcation into
an axisymmetric buckling mode occurs, associated with the development of wrinkles, uniform along
the cylinder (Gellin, 1979). The critical bifurcation stress (o,) and the corresponding half-wave length

(A¢), can be calculated analytically using the equations:

. 1/2

D11D22 - D122 t
=T 3 R 54)
L [ Dk 1/4(t 1/2 55
R~ |12(Dy1D,, — DZ) R

where R is the radius of the tube, t is its thickness and Dy = 00,45/0€4p3 (N0 summation on a, ) is

the condensed material stiffness tensor Dg;*gggaﬁ),a,ﬁ = 1,2 presented in equation (II.3). In the
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absence of initial geometric imperfection, the pre-buckling average stress-shortening response
follows the material compression curve independently of the material model, while the use of
different material stiffness moduli may provide significantly different bifurcation estimates. Key
features of the presented methodology are demonstrated below in simulating numerically buckling
of thick-walled duplex stainless steel tubes reported in (Bardi & Kyriakides, 2006; Bardi et al., 2006).
Those experiments were designed to mitigate the influence of edge supports and represent the
bifurcation behavior of long shells, as opposed to older investigations on axially-compressed cylinders
(Lee, 1962; Batterman, 1965), where specimen length and support conditions prevented the clear
identification of wrinkling onset, which may result in misleading comparisons between bifurcation

and collapse loads.

In Figure 10 (b,c,d), the axisymmetric bifurcation stress (a.), strain (&.) and the corresponding half-
wave length (1.) are displayed for tubes in terms of the diameter-to-thickness ratio (D/t). Bifurcation
from the pre-buckling path is identified by solving expression (54) employing the material moduli for
different constitutive models. The predictions for J2NA and J2DT are identical as the preloading is
proportional leading to the same material moduli. The J2FT over-predicts by a significant amount the
bifurcation stresses in the entire range considered, while J2NA provides predictions in better
agreement in general. On the other hand, the non-associative model by Simo (1987) predicts
bifurcation at significantly lower load than experiments indicate. The differences are more salient
when the values of strain at bifurcation are considered in Figure 10(c). In that case, the J2FT grossly
over-predicts bifurcation strains, whereas the present model is in better agreement with
experiments. Finally, the model by Simo leads to significant underpredictions of the bifurcation strain,
especially for larger values of D/t ratio. Experimental values by (Bardi & Kyriakides, 2006) are marked

with circles and squares.
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Figure 10 Material curve and bifurcation stress, bifurcation parameters obtained employing different

plasticity constitutive laws. Experimental data are included

The buckling half-wave length is overestimated by all models. Simo’s model yields predictions similar
to the ones by J2NA, which are more consistent with experimental results compared to those of J2FT,
but still over-predict the reported half-wave values by a factor of 2. The differences can be alleviated
when yield anisotropy is taken accounted for (Bardi & Kyriakides, 2006; Corona et al., 2006; Kyriakides

et al., 2005), but this is outside the scope of the present study.
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Bifurcation predictions were also obtained using finite element models via static analyses in ABAQUS,
employing the user-material-subroutine (UMAT) for J2NA. Axisymmetric and three-dimensional shell
models with different lengths were used, under a displacement-controlled analysis scheme. A series
of analyses was performed to identify the earliest bifurcation and the length for which it occurs,
which provided the three bifurcation parameters. The finite element results are included with
triangular marks in Figure 10(b,c,d), and they are in very good agreement with the analytical

predictions.

4.2.2 Non-axisymmetric buckling modes

To investigate the development of non-axisymmetric bifurcation modes, models of length L =
2KAyw (K is an integer) are used, following the argument by (Gellin, 1979). Models employ 12 S4
elements per halfwave and 120 in the circumference, together with periodic symmetry support
conditions. Shortening is imposed incrementally and at 0.1% strain increment, the eigenvalues of the
stiffness matrix are monitored. The first zero eigenvalues represent an axisymmetric buckling mode
and occur at stress, strain, and wavelength in agreement with the analytical solution. At increasing
deformations, bifurcation into non-symmetric modes with two and tree circumferential waves was

also recorded.
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Figure 11 Bifurcation to non-axisymmetric bucking modes employing J2NA

4.2.3 Wrinkling evolution and localization

Initial geometric imperfection leads to non-uniform stress distribution along the tube and non-
proportionality arises, which surfaces the differences between the constitutive models. A
demonstration of these differences is made by comparing the average stress (F/A) - normalized

shortening (AL /L) diagrams of initially uniformly-wrinkled tubes under compression (Figures 12-14).

Displacement-controlled axisymmetric analyses were performed, employing 20 two-node
axisymmetric shell elements, denoted as SAX1 in ABAQUS, simulating one half-wave length of the
cylinder. Imperfection in the shape of the first (axisymmetric) eigenmode is included with amplitude
wt, where parameter w refers to the amplitude of the imperfection as a percentage of the shell
thickness. The behavior of the imperfect cylinder is presented in Figure 12, using the present model

with angle values 6., equal to 2°5°10° 15°30°, as well as the J2FT and J2DT models for
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comparison purposes. A small imperfection parameter w = 10™* is used, which enables the solution

to follow the secondary path, without an abrupt transition at the bifurcation point.

The J2FT follows the primary path, which is practically the material curve under compression for axial
shortening up to 5% average strain, and develops a load maximum at about 6% average strain. On
the contrary, the J2DT model develops a load maximum at the bifurcation point of the perfect system,
followed by a decreasing branch. The behavior of the present non-associative model (J2NA) is
bounded by these two models. At bifurcation, the cylinder starts diverging from the primary path
with increasing load. The parameter 6., influences the load maximum which the tube exhibits, with
larger values of 6., leading to lower load maxima. As the angle 8., becomes very small, the present
model response approaches that of the associative model. It is important to notice that a small value

of angle 6., e.g. 2°, can lead to a response which is quite different from that of J2FT (Figure 12).
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o
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w(%)=0.01 J2NA )

200
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Figure 12 Effect of different constitutive models and model parameters in compressed tubes with

small imperfection amplitude.
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In Figure 13, when using the J2FT with a very small value of initial geometric imperfection (parameter
w = 107°), no maximum load is identified for average shortening up to 7%. On the other hand, using
the J2NA with 6., = 2° and the same initial imperfection profile, the tube’s response follows a
secondary equilibrium path, leading to a limit load at shortening AL/L = 4.5%. The values of angle
0 in the neighborhood of 2% strain exceed 40°, indicating significant non-proportionality on the
loading path. Similarly, considering imperfection levels w < 0.01% this behavior remains practically
unaffected. For larger values of imperfection parameter w > 0.1% the equilibrium paths calculated
using the two constitutive laws (J2FT and J2NA) become increasingly similar, while they are almost

identical for w = 10%.
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Figure 13 (a)Effect of imperfection amplitude on uniform wrinkling, using the J, flow and the non-

associative model 8., = 2°; (b) angle 8 along a wavelength at € = 2%, w = 107>

Similar behavior was found in the localization of wrinkling in 14-halfwave-long models with the same
mesh density (Figure 14). The tube is found to maintain rigidity up until greater deformations when
employing the J2FT. For both constitutive models, wrinkling was found to localize in an outward
buckle, which is in agreement with observations by Tvergaard (1983a). In Figure 14 the increase in
diameter along the tube is further given for different stages of the analysis, as well as the strain
direction angle 6 in an advanced stage of the post-buckling (AL/L = 6%). Great variations are seen

in 8, and values greater than 90°in unloading parts of the tube.
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Figure 14 (a)Post-buckling and deformation localization in the compressed shell;
change in diameter along the tube segment at different strains;

(b) strain direction angle @ in the post-buckling.
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Conclusions

A constitutive model has been developed and implemented for simulating the structural behavior of
thick-walled metal shells under compressive loading, focusing on their structural instability and post-
buckling response. The model assumes a Von Mises yield surface and a non-associative flow rule,
dependent on the direction of the strain rates. Fully elastic unloading is implemented for strain rates
directed tangent to or inwards the yield surface. Care is taken to eliminate any discontinuity in the
plastic strain production for strain rate directions near the yield surface tangent, by adopting a strain-
direction-dependent non-associative hardening parameter h, which moderates the production of
plastic strain. Upon proper selection of h, the model’s formulation can represent several pseudo-

corner models proposed elsewhere, which allow for different amounts of production of plastic strain.

A two-branch flow rule is presented for buckling of thick-walled shells: for small deviations from
proportional loading, it employs the rate form of the J, deformation theory to inherit its effectiveness
in estimating bifurcation. For larger deviations from proportional loading, the flow mimics the effect
of a corner in the yield surface, constraining the plastic strain increment to be directed within this
‘vertex'. The non-associative hardening parameter h is used to implement the model’s pseudo-

corner-effect and enable a smooth transition to elastic unloading.

Arobust and efficient integration algorithm is developed for the constitutive model using a backward-
Euler scheme for three-dimensional solid elements, together with an enhanced version for shell
element analysis. In both cases the consistent algorithmic moduli are derived. The present model is
capable of representing more compliant mechanical behavior than the J; flow model by adopting the

beneficial aspects of J, deformation theory, while overcoming the latter’s shortcomings in unloading.

The model is implemented in a finite-element environment as a material user subroutine, and it is

used for predicting the structural response and instability of thick-walled metal cylindrical shells
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under axial compression. Bifurcation estimates are obtained for axisymmetric and non-axisymmetric
modes, and good agreement is found with available experimental data, while the non-associative
flow by Simo (1987) produces unrealistically low bifurcation predictions for axially-compressed
cylinders. Furthermore, the present model is capable of simulating the post-buckling behavior of

axially compressed shells, which is characterized by significantly non-proportional strain paths.

The constitutive model accounts for different amounts of non-associative straining in the context of
pseudo-corner plasticity, and its numerical implementation offers a framework for implementing
efficiently pseudo-corner plasticity models in a finite element environment. The developed numerical
approach can be used as an effective tool for performing numerical calculations in shell instability
problems and is capable of predicting the maximum load, the corresponding deformation, and the

post-buckling behavior, in good agreement with available experimental data.
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Appendix | - Details of numerical implementation
According to (44), the deviatoric stress tensor at the converged state is expressed as:

Sn+1(4q, T, 4€) = \[2/3 kpi1 Ny
(.1)

= 2/3 kns1(4eg) [cos((¢(4e) — (") my, + sin(¢¢(4e) — ¢ my, (de)]
From equation (l.1), the following derivatives are obtained, which are used in the calculation of

linearized moduli:

Sn+1,A£q = 2/3 Hn+1 Nyq (1.2)
Spny1,00 T W 2/3 kptimy g (1.3)
aq¢e ) .. om
Sn+14e = 2/3 k41 [mn+1 & e + sin(¢® — {*) GAZ] (.4)
where
(Ge :M[_ sin{¢ n, + cos (¢ m,,] (1.5)
Jdm,, 1

ode ~ Tdelsmo, L~ Pn @y —my @m,] (18]
n

Equations (I.5) and (1.6) are obtained by differentiating the definitions in equations (34) and (28)

respectively. Additionally, since 8¢ = 6,, — (¢, the following expressions can be derived:

e __

2e = el [—sin 6, n, + cos 6, m,,]

2
———[—sin{®n, + cos{*m 1.7

”Se” [ ( n { Tl] ( )
Expressions (1.1-1.7) are applicable for the integration algorithm and its linearization, irrespective of

the definition of h, and refer to both three-dimensional and shell elements.

.1 First branch of the model (67 < 0.,.)
For the first branch of the model, the algorithm reduces to the system of equations (I.8) and (1.9),

which is solved numerically, employing a local Newton scheme.
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e 2
Fy(dgg,¢", A€) = Fpy = 1+ tan? {* — [kal =0 (1.8)
n+1 q

tan ¢ B

F,(dgg,{*, de) = tan{* — e 0 (1.9)
where
e h e . e h
oo sl [ n+1] _ _S°°S [1 4 M (1.10)
2G||Ae|| cos B¢ 3G 2GAe - s° 3G
The derivatives, used in the Newton scheme are:
q° > Hyey +3G
Fp,, =2 ntl (1.11)
A%q kny1 +3GAeq| kyyq +3G4g,
Fpi¢+ = 2tan{* (1 + tan®{*) (1.12)
F ) 3G s°
Lie — (1.13)
P [kns1 + 3GAe,]’
F _ tan6° ||s€]| Oh,.1/04¢, (1.14)
Z4eq (¢ —1)2 2G||de|| cos 6¢ 3G '
Fppo=1+ tan? {* (1.15)
1+tan®0°
Z,Ae = - c — 1 1Ae
(1.16)
tan 8¢ 1 s® s® s¢ h
N sl [_H]e] [1 N n+1]
(c —1)? ||de]l cos B¢ | ||s¢]| ||Ael| cosOe [2G 3G

Those derivatives are also employed in the linearization of the model.

Alternatively, as equation (1.9) offers an explicit expression for {*, it can be used to eliminate it from

(1.8), leading to :

F,1(4e,, Ae) = Fyy (4ey, 77 (4ey, Ae), de) = (1.17)
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sin 6°¢

2
[Is¢]] [ n+1 _ . _Ikn+1+3Gqu]
2GAe]] 1+ cos @

1+

For the three-dimensional formulation, equation (1.17) can be solved for Ae; which is next
substituted into (1.9) to provide {*. Therefore, single variable equations need to be solved to define
each of the unknowns. The derivatives used in this alternative expression of the problem and the

subsequent linearization are:

S S U (... (1.18)
praeg = Fpige, F Fp1Caeg = Fpige, + Fp1g Frog- :
Fpip-=0 (1.19)
Foije=F,. +F = v F, (= Lpaae 1.20
pl,de — 1'pl, e p1 ZAe - pl Ae pl,{* F. ( . )
p2,¢*

Remark: Either version: F; = F,; or F; = Fpl can be used in solving for 4g,, {* and either may be

used in the subsequent linearization of the model, leading to identical results.

1.2 Second branch of the model (67 = 6,,.)

For the second branch of the present model, equations (1.21) and (1.22) are solved numerically.

k 2 e 2

F, = Fyy(4gq, de) = [A + ;121] + [4gg tan 6,,]" - (g_c;> =0 (1.21)
3GAe, tan O

F, =sin{* — # =0 (1.22)

Using only (1.21), the equivalent plastic strain increment A¢, can be obtained directly. Subsequently,
(1.22) may then be solved to find {*. The derivatives necessary for the solution of the two equations,

also used in the consistent linearization, are:
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Fp2,e, = 2 [Ac‘?q + k,;,l;l [1 + H,;gl + 24¢, tan? 6, (1.23)

Fppeo=0 (1.24)

Fp2.0e = —6G s°/(3G)? (1.25)
and

F20e, = —% (1.26)

Fy ¢+ = cos{” (1.27)

3GAe, tan b, 3Gs®

Frpe = — pe @) (1.28)

1.3 Explicit definition of h(4g,, 0)

A similar methodology can be applied in the case where a function E(Asq,e) is defined explicitly.
Adopting such an approach, the model by Pappa & Karamanos (2016) could be integrated and
linearized, with h defined as reported Table 2. The system of equations (1.29) and (1.30) can be solved

in terms of (Asq, (*) with 8 = 8¢ + {7, and it can be written as follows:

Fpr(deq, 07, Ae) = q° cos {* — [kn4q +3GAgy] =0 (1.29)

3G||Ael| sin(6€ + {*)
L,z(As,, (", Ae) = q¢sin{* —+/2/3 = = 1.30
pi(Aeg, ¢, Ae) = q°sing* — 2/ T+ /3G (1.30)
with
Ant1 = hny1(4e,, 0 = 0%+ (%) (1.31)
The derivatives used in the integration and the linearized moduli of the model are:
pr_l,Asq = —[Hp41 + 36G] (1.32)
Fypes = —q°sing” (1.33)
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and

3G||de|| sin(6€ + ¢*) hn+1.a
LpE,Ag _ +\/2—/3 ” ”_ ( 2() n+1,Agq
a [1+ hpi1/36] 3G

Lyrer = q°cos{”

,0

(1.34)

(1.35)

3G||de]| cos(8¢ + ¢* 3G||de|| sin(6¢ + *) h
_\/2—/3 | II_( Z)_\/2—/3 | II_( 2€)n+1
1+ h,1/3G [1 + hn+1/3G] 3G

3Gs® | |
Lprpe = e sin{

] (1.36)

llde]]

3G sin(6°€ + {* 3G||del| sin(B + *) hpi1jael | 4
_[ JZ73 36O+ 0) | o 3Glel sin(B° + ) Py ”] ©

1+ hyy1/3G [1+ Rpy1/36]° 3G

3G|lde]| cos(6°€ + ¢* 3G||de|l sin(6® +¢*) h
_| jz7z36Melicos(6 +¢) 3G el sing 2<)n+1,e]
1+ h,1/3G [1 + hn+1/3G] 3G

e
,Ae
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Appendix II- Algorithm for shell element analysis

In shell element analysis, for a given strain increment A€ (which has no 4e3; component), the stress
at the converged state 6,4 (which has no 6,133y component) must be calculated, accounting for
the traction component perpendicular to the shell lamina (assumed to be direction ;) to vanish

throughout the analysis:
On+133) = 0 (n.1)

The strain increment A€ is decomposed as Ae = A€ + Aezza, where Aezz is the unknown
component of the strain increment component perpendicular to the shell lamina, and a = é; @ &5
The constraint (I1.1) is used to calculate Ae;5 and, accounting for (44), it takes the form:

Fshell(qurz*rA‘g%) =a-°Sp+1 ~ Pn+1

(11.2)
=2/3 kn+1[C05(Ce -7 Np33) + sin(¢¢ —{*) mn(33)] —Pns1 =0

The internal variables (Asq,{*,Ae33) are computed by solving the system of three equations (46),
(47), (11.2) (defined in Table 6 depending on the model branch). This system can be reduced to a 2x2
system since for either model branch, equation (47) can easily be rewritten as an explicit expression
{*(Asq,A£33) and used for eliminating {* from the remaining two equations. This results in a system
of nonlinear equations Fl(Aeq,A633) =0and ﬁshe”(Aeq,As33) = 0. More details on the solution of
this system are given in Table 8. The above formulation can be easily adjusted to account for plane
stress conditions by additionally demanding o;3 = 0,3 = 0, which directly translates to 4¢3 =

Ag,3 = 0. Under those conditions, the above algorithm is directly applicable.

c

For shell elements, the consistent material moduli Depx/133

as developed in section 3 for Ag(4e33)

can be used, following static condensation to account for constraint (Il.1). The condensed material

moduli for shell analyses can be calculated as:
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Table 8 Integration algorithm for shell element analysis - 33 = 0

(1) Compute trial elastic stress (elastic prediction)

06° =0, + D, 45 s¢=1%¢®, p°=-1/3("0c°)
1
=3721Is6ll s k= k(eq),  FEE = o |lsell =273 K
(2) IF Efrial < 0 THEN
Ae? =0 , Ade, =0

ELSE (Ffhial > ()
n, =s,/|ls,ll
(2a) Assume 1t branch is activated
To find Agy, Aes3 solve the following two equations:

F:l(quJAg33) = pl(qur(*;A833) =0
Fshell(qu:A£33) = Fshell(qu'Z*'AE%) =0
with

sin B¢

tan (*(Aeq,A£33) =

|Ise]| [1 + n+1 — cos B¢
2G||Ae|

Calculate:
Ae = AT + Aezza, 6° =0, +DAg, s®=1%¢® =5, + 2GAe

Ae - s€ _
cos A¢ W hn+1 = hn+1' 6 =6¢ +(

||Ae]| sin 6
tan P = \3/2A¢

1+ hn+1/36/ /24¢,

(2b) If 8P > 6., : the second branch is activated
To find Agy, Aes3 solve the following two equations:

@(qu,Ae%) = Fpy(dey, ", 4e33) =0
Fshell(qu'A€33) = Fshell(quf (*'A833) =0
with

3GAg, tan 6
sin (*(Aeq,A€33) = a0

qe
Calculate:
Ae = A€ + Aggza, 6° = o, + D4g, s¢ =1%g® = s, + 2GAe
de - s®
c0sf® =————— 0=0°+("
~ lzelllisell’

_ ||Ae]| sin 6
th+1 = 3G - 1

V3/2Ag; tan b,

(2c) Calculate the plastic strain increment

1 —n, ® n,] de s, - s€
m, = [dev n & n] ¢ COSZeZ - ell’ (:(e_(*
I[1%€¢” — n, @ n,] e || s IllIsell
Ny, = cos¢n, +sindmy,, m,,, = —sin{n, + cos{m,
NeP 3724 N ||[Ae]| sin @
er = Eq N —_—1
q “*'n+1 1+ hn+1/3G n+1

(3) Update stress tensor and state variables:
0,41 = 0° —2GAeP Note: at this stage it should be 0y 4133y = 0

Eqn+1 = Eqn T Aeq
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D¢y ,..De
pEshell nc _ Pra33 " P33,y (11.3)
ep KAuv €PyAuv D€
€P3333

c

D¢ so
eP v * €P yvia

where k, A, u,v =1,2,3 but not k = A =3 or u =v = 3. The components D

that the algorithmic moduli for shells are non-symmetric. Expression (11.3) provides the rigidity moduli

for plane stress elements for x, A, u,v = 1,2.

.1 Implementation

For shell element, the extra unknown strain increment component 4¢3 needs to be calculated using

the additional condition (I.1), to define the plastic corrector. Its derivatives used to solve the 3x3

system are:
Fshell,Asq = A Spi1.4¢ (1.4)
Fshell,(* =a-Sp41 (1.5)
Fshell,A£33 =a-Spy1ze — K (1.6)

For the two branches of the proposed model, F, can be easily rewritten as an explicit expression of
angle (*(Asq,Ae(Ae33)). This allows for the system to reduce to a single equation of a scalar
unknown Agg, for three-dimensional elements. Similarly, for shell element implementation, the
explicit expression for {* allows for the solution of a simpler system of two unknowns (Aeq,Ae33),

expressed as follows:

Fi(dey, Aes3)  =F(dey, 07 (Aey, Aess), Aess) =0 (1.7)
Foneu(deg, Aess) = Fepen(dey, {7 (Aey, Aessz), Aesz) = 0 (11.8)

To solve the system of equations (I.7) and (11.8), a local Newton scheme is used; assuming from some

trial values (Aeq, Ae33), functions F;, Fyp,.;; and their derivatives are calculated. A correction to these

trial values (6(A£q), 6(A£33)) is obtained as follows:
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A11 Ay 5(qu)l
A21 Azz] [5(41833) bz] (11.9)

or

l 8(de,) - 1 Az —A12] _ [b1] (11.10)
5(4es3) A1142; — A4 —Az1 Ay

In the above equations, 4;; and b; are obtained by the following expressions:

oF, *
A11 = m = FLqu + FL{*{qu (||11)
a
oF, .
Ay = e & [Fl,Ae + Fl,{*(,Ae] (1.12)
33
0Fghen .
Ay = az: =a- [Sn+1,A£q + Sn+1,{*Z,Asq] (1.13)
q
0Fshen «
Azp = ajs; =a- [a "Spi1set A Sn+1,(*5,Ae] - K (1.14)
and
b, = —F,(4ey, Aeg3) = —Fy (A, {7 (Aey, Aess), Aess) (11.15)
by = —Fpen(Aeq, Aezz) = —Fopen(Aeq, *(Agq, Aes3), Ass) (11.16)

The derivatives {zgq , (e can be calculated by differentiating (*(Asq,Ae(Ae33)), or equivalently,

directly from F,:

Caeqg = —Frae, / Fo0 (1.17)
(ne = = Fope/Fagr (1.18)
Derivatives Sn+1,4e Sn+1,0" Sn+1,4es Fqu, Ey ¢+, Fiper Fige) FZ,Asqf Fy ¢+, F5 pe have been presented
earlier in this Appendix, and are summed up in Table 9. The trial values of A¢; and A&;; are updated

as in (11.19) and the iterative process continues until both b; and b, vanish, as indicated in Table 9.

Aey, < Agg +6(Aeq)

(11.19)
A833 — A£33 + 5(A€33)
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Table 9 Newton scheme for solving the system of Fy and Fpe; for shell elements

n, = Sn/”Sn”: k, = k(£q|n)

Ae; =0, 6(dey)=0,F =1E +032

Agss =0, §(Ae33) =0, Fypoy = 1E + 032
WHILE max{|F,|, |Fsnen|} > TOL

Agg = Aeg + 6(4e,), Az = Aesz + 5(Aess)

AS = AE + A833a
6°=0,+DAe , s®=1%¢®=s, +2GAe

p¢=-1/3(1-0°), q° =+/3/2 sl
[19¢? —n, ® n,] de

= , .6
M e —n, @ e et
cos{® = s, - s®/lIsnllllsll ,  CZe(l.5)
cos 8¢ = Ae - s¢/||de|||[s®]l, Ge(1.7)
cos 8, = s, - Ae/|ls,|[|e]]
1%t branch 2" branch
: e
* tang* = —— sin 6 . 3GAe, tané,,
¢ BT B —cosee ST
2G||4de|| 3G
0=6°+("
(=¢=0
n,., = cos{n,+sin{m,
m,,; = —sind{n, +cos{m,
Sn+1 =V 2/3knia My (1L1)
sn+1,Asq (I- 2): Sn+1,¢* (I- 3): Sn+1,Ae(I- 4)
1t branch 2"d branch
F, &F, (.8) & (1.9) (1.21) & (1.22)
Fiaeg & Fype (111) &(1.14) (1.23) & (1.26)
Fig &F; . (1.12) & (1.15) (1.24) & (1.27)
Fise&F, (1.13) & (1.16) (1.25) & (1.28)
ﬁl = Fl(AEq, {*,A€33)
Fonen = Foneu(Agq, %, Ag33)(1.38)
Calculate A,4,44,,4,1,A,, and the corrections 6(Asq), 6(Aes3)
A1y = Fiag, + Fi00 e, , Ay = @ [Fipe + Fighel
Ay =a- [Sn+1,A£q + Sn+1,§*€,2£q] Az =a-[a-Spiige + A Snp1oChe] — K
where (,qu = _FZ,Asq/FZ,(*' (he = —Fz,Ae/Fz,(*
l §(4e) - 1 Az, —A12] . [—F1 l
6(4es3) A4z, — ApAyr =42 A —Fsheu
END
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