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CHAPTER 1
Random graphs and networks

1.1. Introduction

The topic of random graphs has become an intensively researched field of mathe-
matics in recent decades, mainly due to its wide applicability in solving practical
problems, like understanding the spread of infectious diseases or information, related
to large-scale networks such as the internet or different kind of biological, financial
and social networks. The structure of different random graph models can be very
diverse and various problems can be raised that may be of interest both theoretically
and practically. The various aspects and applications of random graph models are
discussed for example in the following books: Béla Bollobds [16], Rick Durrett [26]
and Remco van der Hofstad [37].

One such possible question is associated to the degrees of the vertices of the graph
model. In some of the applications, we may be interested in the proportion of the
vertices of a specific degree, which is provided by the so-called degree distribution,
i.e. the number of vertices with degree d divided by the total number of vertices for
every non-negative d. In theoretical problems this distribution can be generalized
for infinitely many vertices, that leads us to the notion of the asymptotic degree
distribution. Also, the average and the maximum degree of the vertices are well-

studied quantities that can be important in some of the applications.

Although the degrees of the vertices provide some information about the structure of
the graph, they do not reveal much about the wider neighbourhood of the vertices.
The so-called clustering coefficient is a metric that indicates the extent to which the
vertices of the graph tend to cluster together. There are several different ways to

define the clustering coefficient, i.e. there are both local and global versions as well.
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The local clustering coefficient of a specific vertex is defined as the proportion of
edges between its neighbours divided by the number of all edges that could possibly
exist between all its neighbours. The global clustering coefficient can be calculated
by using the number of open and closed triplets in the graph. A triplet is a set of
three vertices that can be either open, i.e. the vertices are connected by exactly two
edges, or closed, i.e. the vertices are connected by three edges. The global clustering
coefficient is defined as the proportion of closed triplets divided by the number of
all triplets (open or closed) in the graph. There are many large real-world networks,

particularly social networks, that tend to be highly clustered.

Another way to get to know more about the structure of a random graph is to
examine the lengths of the paths between every pair of vertices. Since either the
set of vertices or the edges (or both of them) are random, the distances in question
are (possibly) random variables, so we may be interested in the distribution of the
length of the path connecting two specific vertices, or two vertices chosen uniformly
at random (or according to any suitable distribution). The diameter of the graph is
defined as the maximum of all distances between any pair of vertices, which is also
an interesting measure that can be useful in solving specific problems. The notion of
small world graph is motivated by existence of certain networks in which the length
of the path between any two vertices is relatively short. There are many interesting
examples for these small world networks such as the collaboration graph or the
network of actors. In these models two vertices are adjacent if the corresponding
authors share a common publication or the represented actors play in the same
movie, see e.g. in [37].

Some other problems relevant to the connection between the vertices of the graph
belong to the question of robustness of the structure. In many applications, we may
be interested in how sensitive the network is to potential deletion of some of the edges
or some of the vertices and the edges that are incident to them. These problems are
often related to the spread of infectious diseases on social networks or the spread

of information on communications networks. Sometimes, when the structure of the
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graph is modified, we can inspect a phase transition, i.e. a significant change occurs
in the topological properties of the graph when the level of modifications reach a

so-called critical point.

Due to the recent Covid-19 pandemic the analysis spread of infectious diseases has
gained a lot of importance and it became an intensively studied research area. There
are several different ways of modelling such a disease. One of the most popular
approaches is using the so-called compartmental models, see e.g. [40]. Another way
is to use stochastic processes on large (random) graphs, [15, 26, 40]. A social
network can be modelled by a graph, where vertices represent the individuals in
the population, and two vertices are connected if there is a relationship between
the two corresponding entities. In order to understand the spread of an infectious
disease on the graph, we can label the vertices with different states (e.g. susceptible,
infectious, recovered, carrier, exposed and so on). In the labelled graph, a discrete
or a continuous-time stochastic process is defined on the phase space of the states
of vertices, that we can use to model the spread of the epidemics on the structure

of the underlying graph.

In the next section, we explain why it can be useful to enhance the structure of a
given model by assigning types to the edges of the graph in order to have a more
adequate model to have a better understanding of a real large network, such as the
internet and various biological and social networks. We also will describe different
families of well-known random graphs and summarize some of the results related
to these models, then we show the generalizations of these graphs by labelling the

edges of these graphs with different types.

1.2. Random graphs with multiple types of edges

In this thesis we will examine the asymptotic properties of random graph models
with multiple type edges and the spread of epidemics processes on these structures by

using the tools of probability theory, especially martingale theory and urn processes.
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In many applications, it is natural to assign some kind of characteristics to the
vertices or to the edges of the graph. For example, the strength of a connection
may be represented by weights on the edges, or vertices can have different fitness,
which has an impact on their degrees, see e.g. [25, 34]. Another class of random
graphs are those in which the evolution of the graph depends on groups of existing
vertices, e.g. triangles, or even more general configurations formed by the vertices,
see [6, 31, 32|. A different way to enhance the structure of the graph is embedding
the set of vertices and edges into a properly chosen space. There are many large
networks where space contains more information than the topology of the graph,
see e.g. [14].

It may also happen that the type of a vertex or an edge is chosen from a finite
set of possibilities. This leads to different phenomena as if we assign weights to
the vertices or to the edges. For example, in a social network, the vertices can
be considered as males or females, and the edges can be considered as family or
work relationships. Another example is the network of financial systems, where the
systemic risk is examined, see e.g. [3]. To understand these kind of financial systems
it is common to use graphs where the vertices represent financial institutions (e.g.
banks), and the edges correspond to different types of financial instruments traded
by the institutions. The risk arising from these assets (bonds, stocks or options etc.)
can be different, which must be taken into account in the calculation of the systemic

risk.

1.3. Erd6s—Rényi graph

First, let us recall the definition of the classical Erdos—Rényi graph in the single
type case, then we define the generalized version in the multi-type case. Some of
the first applications of the probabilistic method in graph theory are related to Pal
Erdés and Alfréd Rényi, see e.g. [27, 28], and also to Edgar Gilbert [35]. In the
Erd6s-Rényi graph, denoted by G,,(m), the number of vertices n is fixed and exactly

m pairs of vertices is connected by an edge, where every possible configuration is
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equally likely. In the Gilbert graph, denoted by H,(p), the number of vertices n is
still fixed, and every pair of vertices is connected with probability p, independently

of each other.

In order to obtain the multi-type generalization of the Erdés—Rényi graph (with
N different types of edges), let us have my,...,my positive integers, such that
Zj.vzl m; = m. The N-type Erdés-Rényi graph, denoted by G;N) (my,...,my), is
a graph on n vertices with exactly m; edges of type j, chosen uniformly at ran-
dom from all possible configurations. Similarly, the N-type Gilbert graph, denoted
by H™ (py,...,pn) (where Z;V:1 p; = p), is a graph on n vertices, where every
pair of vertices is connected with probability p, independently of each other, and

conditionally on being connected, the edge is of type j with probability p,.

1.4. Scale-free graphs

Scale-free graphs form a wide range of random networks, in which the proportion of
vertices of degree k approximately equals to C'- k7 for sufficiently large k, where ~
is known as the characteristic exponent. In other words, it means that the empirical
distribution is almost independent of the number of the size of the graph, if the
number of vertices is sufficiently large. Notice that the Erdés—Rényi graph is not
scale-free, because the proportion of vertices of a given degree follows an exponential
law, instead of a power law. There are many scale-free graphs that are widely used

in modelling real networks, e.g. the Barabdsi-Albert graph [13].

1.4.1. Preferential attachment graph. The analysis of the preferential at-
tachment graphs is motivated by large real networks, in which vertices of larger
degree have more chance to be connected to new vertices. Various types of ran-
dom graphs with preferential attachment dynamics have been examined in the last
decade, see e.g. [13, 22, 26, 29, 37].

There are some multi-type preferential attachment graph models that have been
investigated in which only the vertices have types. Antunovié¢, Mossel and Racz

introduced a model of competition on growing networks in [5]. In their model, when
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a new vertex is born, it attaches to the old vertices by preferential attachment, and
selects its type based on the number of its initial neighbours of each type. Their
main interest is the question of coexistence, i.e. the probability that one of the types
dies out asymptotically. Abdullah, Bode and Fountoulakis present a model in [1],
but they use a different rule for choosing the types. At each step, a new vertex
is born, it polls some of the old vertices and takes the majority type. A multi-
type preferential attachment model was introduced by Rosengren in [46] which has
similar dynamics to the model presented in [5]. The asymptotic degree distribution

is examined by using methods from the theory of multi-type branching processes.

1.4.2. Model of independent edges. The model of independent edges has
been introduced by Zsolt Katona and Tamés Méri in [38]. They consider a random
graph evolving in discrete time steps in which a new vertex is born in every steps, and
it is connected to all existing vertices with probabilities proportional to the degrees
of the other vertices, independently of each other. One possible way to define a
multi-type version of the model of independent edges is to enhance the dynamics of
the graph by assigning a type to the new edges with probabilities proportional to
the current number of edges of different types connected to the existing vertices. In
Section 2.2.2, we define another version of the model of independent edges in which
the new vertex is connected to all existing vertices with Poisson number of edges of
different types, where the distributions of the number of new edges depend on the

actual configuration of the graph.

1.4.3. Random graph with duplications and deletions. There are other
random graphs evolving in discrete time steps with different kind of dynamics com-
pared to the models described in the previous sections, e.g. the random graph with
duplications and deletions examined in [9, 10]. In this model, at every step, we
choose a vertex v uniformly at random. With probability ¢ we duplicate vertex v;
i.e. we add a new vertex and connect it to the neighbours of v and to v itself with

single edges. Otherwise, with probability 1 —1J, all the edges of v are deleted. As for
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the multi-type generalization of the model, one possible approach is to simply copy
the types of the original edges whenever we duplicate an existing vertex. These kind

of random graphs can be used to model the structure of proteomes.

1.5. Spread of epidemics on random graphs

Random graphs enhanced with multiple type of edges can be used to model the
spread of epidemics. In a social network, infectious diseases spread through human
contact. Since the relationships between the individuals can be different in nature,
the probability of propagation is also different among different people. In this thesis,
we examine various types of epidemics on random graphs with multiple type of edges.
Then, the infectious disease spreads among the vertices of the graph, so that the
probability of infection is different on different types of edges. By using stochastic
simulations, we examine the behaviour of the spread of epidemics, when there is

also a connection between the types of the edges and the parameters of the process.

In some applications, we can control the spread of the disease, up to a certain level,
by separating infected individuals in order to slow down the contagion. We can also
assign a state to the edges of the graph, i.e. active or inactive. We assume that
the virus cannot spread on inactive edges. At this point, it is clear that if all the
edges of the graph are inactive, then the epidemic cannot spread further and all the
infected individuals will recover in time, but in practice our goal is to slow down
the spread of the infection by eliminating as few connections as possible. Again, by
stochastic simulations, we examine the effect of separation (or quarantine), which
can be considered as a graph with two types of edges, dynamically changing over

time.

We will show that the spread of the epidemic depends on the structure of the under-
lying graph model, and the introduction of the types of the edges (with the different

propagation probabilities) or the quarantine can lead to different results.

There are several articles on models describing the spread of epidemics that include

quarantine. One possible direction of the modelling of the spread of infectious
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diseases is the use of so-called compartmental models. In this approach, we use
differential equations to define the dynamics of the change in the number (or in the
proportion) of individuals of a given state. In [36], [41], [39] the state of quarantine
is also introduced in order to enhance the SIS-, STR- and SFEIR-processes.

In [4], they investigate the effects of individual decisions on social distancing and
isolation in graphs with multi-type vertices. In [2], they include groups of age and

risk in the STR-model and find the optimal strategies for quarantine.

1.6. Main results

In this thesis we examine some properties of random graphs that have edges labelled
with N different types. We assume that there is a connection between the evolution
of the structure of the graph and the types of the edges. In the N-type case, we
define the (generalized) degree of a given vertex as d = (dy, ds, . .., dy), where dy is
the number of edges of type k£ connected to it. By using martingale techniques, we
prove the existence of an almost sure asymptotic degree distribution. More precisely,
we show that for every d, the proportion of vertices with generalized degree d tends
to some random variable in certain random graph models with multiple type edges
as the number of steps (or equivalently the number of vertices) goes to infinity.
We also provide recurrence equations for the asymptotic degree distribution. The
results are verified not just for particular graph models; instead, we follow a model-
free approach and formulate sufficient conditions for the existence of asymptotic
degree distribution. Then we give two applications: for a multi-type version of
the Barabdsi—Albert random graph, and for a preferential attachment model with
Poisson number of edges. These examples show a new phenomenon: in the multi-
type case it can happen that the asymptotic degree distribution is not deterministic,
which is the case in many well-known models in the single-type case. We show that
the asymptotic degree distribution in the generalized Barabasi—Albert random graph
and in the model of independent edges also depends on the asymptotic proportion

of edges of type k which makes it a stochastic distribution.
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In Section 2.4 we are interested in a version of robustness in preferential attachment
graph models with multi-type edges. Our aim is to compare a model in which the
probability of choosing a type is exactly the proportion of the current type among
the edges going out from the endpoint of the new edge; and its modified version,
when, after this step, types can change with certain probability. In particular,
we introduce perturbation in the multi-type Barabasi-Albert random graph, and
prove that this shows different phenomena than the original version. That is, errors
in the dynamics of multi-type random graphs can lead to essential changes in the
asymptotic behaviour of the model. We prove the existence of the asymptotic degree
distribution in the perturbed Barabasi—Albert random graph, and we also provide
recurrence equations for the asymptotic degree distribution. The main difference
between the perturbed and the non-perturbed Barabasi—Albert random graph is the
deterministic or stochastic nature of the asymptotic degree distribution. The reason
for that is the asymptotic behaviour of the proportion of edges of different types
which can be described by using an urn model. If there is no perturbation, then the
proportion of edges of a given type converges to a non-degenerate random variable.
On the other hand, if there is perturbation, then it converges to a deterministic
constant almost surely. This is based on the properties of the underlying urn models
which is explained in more details in [42]. In the current thesis, we generalize the
results of [42] about the almost sure limit of the proportion of edges of different types

(or colours) for the case when we also allow multiple drawings with replacement.

Ostroumova, Ryabchenko and Samosvat [44] propose a general class of preferential
attachment models with single-type edges. They also introduce perturbation in the
dynamics, which is different from the one that we have in our model. They assume
that the error terms converge to zero with rate O(1/n), where n is the size of the
graph. In the perturbed (multi-type) Barabasi-Albert random graph, we assume

that the probability of errors converges to a positive number.

In Chapter 3 we examine the spread of an infectious disease on several random graph

models with multiple type edges. As mentioned before, the introduction of the types
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of the edges allows us to use more adequate models, because the probabilities of the
propagations may depend on the variety of the connections in the graph. First,
we generalize the STR-process for graphs with multi-type edges. Then, we further
generalize the process by introducing latency (i.e. infected individuals do not show
symptoms for a random period of time) and quarantine (i.e. infected individuals
who show symptoms are temporarily separated from the population). Finally, em-
pirical results of some stochastic simulations related to the different processes and

underlying structures are presented.



CHAPTER 2

Asymptotic degree distribution in preferential attachment

graphs

In this chapter we define a general family of preferential attachment models with
multi-type edges, and examine the existence and some properties of the (generalized)
asymptotic degree distribution. Two specific graph models, the multi-type versions
of the Barabasi—Albert graph and the model of independent edges are examined in
more details, which are special cases of the general graph model. Then the scale-
free property of these models is considered. Finally, the asymptotic properties of
a perturbed version of the multi-type Barabasi—Albert graph is compared to the

non-perturbed case.

Throughout the thesis, N will denote the set of non-negative integers, furthermore
e will denote the £ unit vector in RY and 1 will be the vector with entries all

equal to 1.

2.1. Notation and assumptions

Let (Gn),—, be a sequence of finite random graphs. The sets of the vertices and
the edges of GG,, are denoted by V,, and E,, respectively. Throughout the sequel,
the number of possible types of edges, denoted by N, will be fixed. For every
ke [N]={l,...,N} let E% be the set of edges of type k in G,,. For every n we
have FE, = Ukem EP and for every k,l we have EW N EY = ¢ whenever k # 1.
That is the different types form a partition of the edges (where we allow empty sets
in the partition).

In the following definition we generalize the notion of degree for graphs with multiple

types of edges.

17
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DEFINITION 1. For every graph G(V, E) with N different types of edges, the gener-

alized degree of a vertex v € V in G is defined as
T
deg(v) = <deg(1)(v)7 deg® (v),... ,deg(N)(v)> e NV,
where deg™®™ (v) is the number of edges of type k connected to v in G.

REMARK. For a sequence of graphs (G,,(V,,, E,,))>2, with N different types of edges,

for every n the generalized degree of a vertex v € V,, will be denoted by deg,,(v).

In order to define the (generalized) asymptotic degree distribution of a sequence of
random graphs with N different types of edges, we need to introduce the following

quantity: for every d € Z" let us have
X,(d)=|{v eV, :deg,(v) =d}|.

This is the number of vertices in G,, with generalized degree d. Notice that X,,(d) =
0 if there is at least one k € [IN] such that dj < 0.

DEFINITION 2. Let us have a sequence of graphs (G,)2, with N different types of
edges. If for every d € NV we have

X,(d

lim ()

n—oo ‘Vn|

= z(d) a.s.,

then the family of (possibly) random variables {z(d),d € NV} is called the (gener-
alized) asymptotic degree distribution of (G,)52,.

Example I. We may consider the following simple 2-type graph model: the initial
configuration consists of one single edge of the 1% type. In every step we add a new
isolated edge to the graph that is chosen to be of the 1 or 2°¢ type based on the
parity of the index of the step, i.e. for every n > 1, if n is odd, then the new edge
is of the 1% type, and if n is even, then the new edge is of the 2" type. In this
graph sequence, in every step the degrees of all the vertices are equal to one, and

approximately half of the vertices have generalized degree (1,0), and for the other
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half it is (0, 1). More precisely, we have

XTL 17 1 . XTL ,1 1
z(1,0) = lim Xn(1,0) =3 and 2(0,1) = lim Xn(0,1) = -

n—00 on n—0o0 2n 2’

thus the generalized asymptotic degree distribution is z(1,0) = %, 2(0,1) = £ and

2

for every d € N2\ {(1,0), (0,1)} we have x(d) = 0.

Example II. The generalized asymptotic degree distribution does not always exist.
As for a possible counterexample we may examine the following simple 2-type graph
sequence with alternating types. In the initial step the graph contains one single
edge of the 1% type. In every step we add one isolated edge to the graph, however
the types of all the edges are chosen to be of the 1% type in every odd step, and
the are chosen to be of the 2" type in every even step, i.e. the types of the already
existing edges are also changed in every step in an alternating way. One can see

that for every n we have

X, (1,0) 1 if n is even q X,(0,1) 1 if nis odd
— = and ———~ =
2n 0 otherwise 2n 0 otherwise

which means that

X, (1 X, (0,1
2(1,0) = lim Xa(1,0) 2(0,1) = lim X,(0.1)

n—00 n n—o00 n

do not exist, thus the generalized asymptotic degree distribution does not exist

either.

2.2. Asymptotic degree distribution in the general model

In this section we introduce a general family of random graph models with multiple
types of edges evolving in discrete time steps according to a stochastic dynamics.
First we determine the initial configuration, then we list the assumptions on the
dynamics of the models that determines the evolution of the structure of the graph

sequemnces.
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Initial configuration. The initial configuration is denoted by Go(Vy, Ey), where
Vo = {u1,ug,...,us} and s > 1 are fixed. As for the structure of the graph, we
allow multiple edges, but loops are forbidden. We assume that for every k € [IV]
we have ‘Eék)| > 0, which means that there is at least one edge of each type. If the
last condition does not hold, then we may omit every type that is not present in the
initial configuration, since new types will not be added during the evolution of the

graph model.

Dynamics. The dynamics of the general family of random graphs, which is the
subject of the thesis, is the following: we add only one vertex in every step which is
connected to some of the old vertices with possibly multiple edges, then we assign
a type to every new edge. We also assume that new edges are not added or deleted
among the pairs of already existing vertices and the types of the edges do not change
during the evolution of the structure of the graph, i.e. we have EP C E7(lk+)1 for every

n > 0 and for every k € [N].

The dynamics of the evolution of the general model can be described in the following

way: for every n, in the nth step,

(1) a new vertex, denoted by v, is added to the set of vertices, thus we have
Vo = VoU{vr,ve,... 0.}

(2) The new vertex v, is attached to some of the existing vertices with at least
one edge, so every element of the edge set F, \ E,_; is connected to v,.

(3) Every new edge gets a type according to a stochastic rule. For example,
we may consider the following case: for every n, in the n'® step, any edge
between the new vertex v, and an existing vertex v € V,,_; will be assigned

to type k with probabilities proportional to deggkzl(v) for every k € [N].

Assumptions. In order to formulate the conditions on the evolution of the structure
of the graph sequence we are going to introduce some notations. For every n > 1
let F,, denote the o-algebra generated by the first n graphs with labelled edges,
and let F; be the trivial o-algebra, thus F = (F,)22, is a filtration. The sum

of the coordinates of a given vector ¢ = (z1,...,zy)?7 € ZY will be denoted by
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s(e) = &1 = 3 ;. Now we list the assumptions related to the dynamics of

the general model that we are going to use throughout the thesis.

(GM1): For every n, we assume that the conditional distribution of the num-
ber of new edges of type [ connected to v € V,,_;, conditionally with respect
to Fn_1, depends only on deg,_,(v) for every [ € [N]. By using this as-
sumption, we denote by pfin) (), where 2 = (iy,...,ix)7, the conditional
probability that a vertex with generalized degree d gets exactly i; new
edges of type [ for every | € [N], conditionally with respect to F,_;. In
other words, for every existing vertex the probability of having a new edge
only depends on the actual generalized degree of the vertex.

(GM2): For every d € NV there exists § > 0 and C' > 0, such that
E (|1 Xo(d) — Xp-1(d)]?|Foer) < Cn'°

holds almost surely for every n. This means that the difference of the
number of vertices with generalized degree d in the actual step and in the
previous step is bounded in some sense. If the degree of the new vertex is
uniformly bounded, then this condition is automatically fulfilled.

(GM3): For every d € NV, we define the sequence (u,(d));~, by the follow-
ing equality:

n Uy, (d

W) =1 D

The sequence (u,(d));~, is non-negative and predictable with respect to the
filtration F. We assume that there is a positive random variable denoted
by u(d), such that u,(d) — u(d) almost surely as n — oo. This means

that for a vertex with generalized degree d the probability of not receiving

any new edge stabilizes in some sense.
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(GM4): For every d = (dy,...,dy)T € N¥ such that s(d) > 1, let us intro-

duce the following set of indices:
H(d) = {i=(i1,...,in)" € NV :Vk € [N] : i), < dj, and s(3) > 1} .

We assume that for every d € N¥ such that s(d) > 1, and for every
i € H(d) there are families of non-negative random variables denoted by

r®)(.) where k € [N] with the following property:

F)(d — if 1 =
r e;) ifi=e
lim npf;i)z(z) = ( ) :

n—oo 0 otherwise

holds almost surely. Assumption (GM4) states that for an existing vertex
the probability of receiving edges of different types in order to obtain gen-
eralized degree d has a non-trivial limit if and only if one of the edges of a
given type is missing. That is, although it may happen that a vertex gets
more than one edges in a step, this has probability of o (%) and disappears

from the asymptotic equations.

(GMS5): For every n and for every d € NV, we denote by ¢™(d) the con-

ditional probability that the new vertex v, is connected to the existing
vertices with exactly d; edges of type [, conditionally with respect to F,,_;.
We assume that there exists a non-negative random variable denoted by
q(d) such that ¢™(d) — ¢(d) almost surely as n — oco. This means that
for the new vertex in the n'® step the probability of having generalized

degree d converges as n — 00.

REMARK. For every d = (dy,...,dy)" € NV if there is at least one k € [N], such

that dj, < 0, then u(d) and ¢(d) are chosen to be zero. Similarly, for every d € NV

and for every k € [N] if there is at least one [ € [IN], such that (d — eg); < 0, then

r*)(d — e},) is chosen to be zero.

REMARK. There are many other interesting features that could be included in the

dynamics of the graph models, e.g. the deletion of the edges can be also introduced,
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or we may allow the edges to be added between already existing vertices, and it
may also happen that existing edges change their types during the evolution of the
structure of the graph.

Now we can formulate our main theorem on the asymptotic degree distribution.

THEOREM 1. If a sequence of N-type random graphs, denoted by (Gn(Vy, Ey))oy,
satisfies the assumptions (GM1)-(GMS5), then for every d € NV we have

lim Xn(d) =z(d) a.s.

n—oo |Vn‘

The random variables {x(d), dc NN} satisfy the following recurrence equations:
N

z(d) = e ; r®(d — ep)z(d — ep) + q(d)| .

REMARK. Notice that the initial condition of the recurrence equations has not been
defined explicitly. If there is at least one [ € [IN] such that (d — ex); < 0, then the
first term in the sharp bracket equals to zero, and if there is at least one [ € [N]

such that d; < 0, then we also have ¢(d) = 0.

Preliminaries for the Proof of Theorem 1

In this section we present the tools that play an essential role in the proof of out

main theorem.

DEFINITION 3. Two sequences (a,)>, and (b,)>2, are asymptotically equal (de-
noted by a, ~ b,) if they are positive except finitely many terms, and we have

n

DEFINITION 4. A sequence (f3,)52, is called regularly varying with exponent r if
B ~ an", where (7,)%°  is a slowly varying sequence. A sequence (7,)22; is slowly

varying if for every positive s we have lim,,_,o % =1

n

We will use the following theorem, see also [25] for a similar statement.
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LEMMA 1 (Lemma 1in [7]). Let F = (F,)52, be a filtration, (£,)5, a nonnegative
adapted process with respect to F. Let (w,)>, be a reqularly varying sequence of

positive numbers with exponent k > —1. Suppose that for everyn > 1,
@) E (60 — &1 Fa) =0 (074

holds with some 6 > 0. Let (u,)>,, (v,)5, be nonnegative predictable processes

with respect to F such that u, <mn for alln > 1.

(a) Suppose that

E (€| Fa1) < (1= 22) €01 + v

and lim, o u, = u, limsup,,_, . = < v with some random variables u > 0,
v > 0. Then we have
b v

lim su a.s.
néoopnwn T u+k+1

(b) Suppose that

E (&|Fu-1) > (1 - %) En—1+ Un,

Un

and lim, o u, = u, liminf, .
n

v > 0. Then we have

> v with some random variables u > 0,

lim inf &n > Y a.s.
n—o00 NWy, U+ K+ 1

We will use this lemma for the sequence w,, =1 and xk = 0.

Proof of Theorem 1. We prove the theorem by induction on the value of s(d) =
d"1 = 3N di. The initial step of the induction, when we set s(d) = 0, is trivial.
Let d = (dy,...,dy)T € N¥ be a fixed vector such that s(d) > 0. Notice that,

for every n > 1, in the n'® step, the value of X,,(d) may change due to one of the

following events:

e an existing vertex with generalized degree d is connected to the new vertex;
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e an existing vertex with generalized degree d — i = (dj — i), is chosen,
and it gets 7, new edges of type k;
e the new vertex is attached to the old vertices with d, edges of type k for

every k € [N].

For every n > 1, in the n'® step, we have

(3) E[Xo(d)|Fur] = Xot(@pf(0) + | Y Xooa(d— 0y (0) | + 4™ (d),

1€H(d)

={i=(i1,...,in) ENV :Vk € [N] : 4}, < dy and s(3) > 1}.

Assumption (GM2) implies that there exists a positive § and a positive C' such

that for every n > 1 we have

2

E (\Xn(d) ~ X, 1(d)|

]—",H) < Cn'-s,

With this §, equation (2) in Lemma 1 is satisfied with &, = X,,(d). We want to

rewrite equation (3) in the following form:

un(d)

E [Xn(d)|Fo1] = Xno1(d) { } + v (d),

where the processes (u,(d)),~, and (v,(d)),-, satisfy the assumptions of Lemma 1.
Recall the definition of u,(d) from Assumption (GM3). It is easy to see that this
process is predictable with respect to F. Assumption (GM3) implies that there
exists a positive random variable u(d) such that u,(d) — wu(d) almost surely as
n — oo. We define H'(d) = H(d) \ {ex, k € [N]}.

We define

N
(d) = Xooa(d—e)py’e (er) + | Y. Xuoa(d—a)psh(6)| +¢™(d).

k=1 i€H'(d)
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It is easy to see that this process is predictable with respect to F. Using Assumptions
(GM4) and (GMS5) and the induction hypothesis, we conclude that there exists a

non-negative random variable v(d), such that

va(d) = v(d) =Y r™(d - ep)z(d — er) + q(d) as.

as n — 0o. Lemma 1 implies that

lim Xn(d) = v(d) a
n—oo N u(d) +1

.S.

Since |V,| ~ n, the proof of Theorem 1 is complete. O

2.2.1. Generalized Barabasi—Albert random graph. This is a multi-type
version and a generalization (or modification) of the graph model in [13], specified

in [18] (see also [37, 30, 44] for general setups).

The dynamics of this model is the following:

e for every n > 1, in the n'" step, the new vertex v, is connected with M,, (not
necessarily different) edges to some of the already existing vertices, where
M, is a positive integer-valued random variable, which is independent of
Fn-1.

e The endpoints of the M, new edges are chosen independently. The end-
point of each edge is chosen among the existing vertices with probabilities
proportional to the degrees. (Notice that we do not update degrees until
the end of step.)

e The types of the new edges are chosen independently, and the probability of
each type is its proportion among the edges of the already existing endpoint

of the new edge (not counting the edges added in the actual step).

[es)
n=1"

Now, we list the assumptions on the sequence of random variables (M,,)
Assumption (BA1) We assume that M, is a positive integer-valued random vari-

able, which is independent of F,,_; for every n > 1.
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Assumption (BA2) We assume that there exists a positive random variable, de-
noted by M, such that M, — M in distribution, and for every p > 1 we have
E(MP) — E(MP?) < oo as n — oo. The expected value of M will be denoted by
m =E(M).

We will use the following lemma in order to understand the asymptotic behaviour of
the proportion of edges of type k as the number of steps (or equivalently the number

of vertices) goes to infinity.

E(k)‘

LEMMA 2. For every k € [N] let us define (n = T

, i.e. the proportion of the
number of edges of type k in the generalized Barabasi—Albert random graph. For
every k € [N] there exists a random variable ¢*) such that C}(Lk) — (®) almost surely

as n — Q.

REMARK. If we have M, = 1 for all n > 1, and the initial configuration is a tree,
i.e. the model is an N-type Barabasi—Albert random tree, then (C ®) ke [N ]) has
a Dirichlet distribution with parameters (|Eék)], ke [N ]) In this case the number

of edges with different types follows a Pdlya urn process.

Proof of Lemma 2. First, let us fix k € [N]. For every n > 1 the distribution

of the number of new edges of type k in the n'® step conditionally with respect to
(k)
F i, is Bin (M JE”—#) For every n > 1 we have

By,
® ® Bl B (L ) e
E ‘En | f‘i‘ — |E ’ + n ‘En71| |En71| |E {
|En| et |En—1| + Mn |En—1| + Mn |En—1| + Mn |En—1|
This is F,,_1-measurable, hence this yields
S (1B JEy
|En| i |En—1’
We conclude that <§,(Zk),.7-"n> is a nonnegative martingale, thus it is convergent
n=1

almost surely. Let us denote its limit by ¢*) > 0. The proof of Lemma 2 is complete.

O
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Asymptotic degree distribution in the generalized Barabasi—Albert ran-

dom graph.

THEOREM 2. If the assumptions (BA1) and (BA2) on the sequence (M), are
satisfied, then in the generalized Barabdsi—Albert model for everyd = (dy, ..., dy)T €

NV we have

lim Xn(d)

n—o0o |Vn‘

=z(d) a.s.

The random variables {:L'(d), dc NN} satisfy the following recurrence equations:

N

#(d) = ‘i Bl d—en) + 2P (M = D) —2— T (¢®)™
k=1 D D+2 Hk:l dy,! k=1

where (%) is defined in Lemma 2 and D = s(d) = S| dy.

_l_
[\)

Preliminaries for the proof of Theorem 2. First, for every n > 0 we define
the following o-algebra: F = o(F,, M,;1). Then we will show that we have
|E,| ~ mn, where m = E(M). For every n > 1 the number of edges equals to
B, = S, ’E((]k)‘ + Y%, M,;. By the assumptions of the model, the sequence
(M), satisfies the following conditions:

1 =< Var(M,,)
lim — E(M;) =E(M) = d — .
im 121: (M) (M)=m>0 an Z - < 0

n
n—oo M 2

n=1

Therefore Kolmogorov’s theorem can be applied (Theorem 6.7. in [45]) for the se-

o0

o |, thus we have |E,| ~ mn.

quence (M,,)

We will use the following lemma, which can be proved by Bonferroni’s inequality.

LEMMA 3. For every n > 1 and x € [0, 1] we have
(1—2)" — (1 —nz)| < (Z);ﬁ

Proof of Theorem 2. We will directly use Theorem 1, so it is required to check if

the assumptions of the general model are fulfilled.
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Assumption (GM1). By the definition of the dynamics of the multi-type Barabasi—
Albert model, it is easy to see that Assumption (GM1) trivially holds.

Assumption (GM2). Assumption (BA2) implies that, for every n > 1 and

d € NV we have
EOXA@—X@ﬂ@ﬂE%OngﬁyﬁwMﬂ<m>

as n — 00. If we choose § = 1, then Assumption (GM2) is satisfied.

Assumption (GM3). For every n > 1 and d € NV the distribution of the number
of new edges added to an existing vertex with generalized degree d follows a binomial

distribution, thus the probability that a vertex with such a degree does not receive

(1 - 2|SE<5_)1|)Mn d ] ’

where s(d) = Zfil d;. To calculate the expected value above, we will use the

any new edges equals to

p})(0) =E

following formula:
s(d) )M“
1— Fono1 | +1a(d),
(- 7 L)
s(d) )Mn ( s(d) )
1— — (1= M,
( 2|En—1| 2|En—1|

}'] |
Lemma 3 implies that for every n > s(d) we have

‘(1 } 2|1£j_)1|)Mn -(1 ‘M”2|Sb£j_)1|)‘ <(7) (2|E(d)|>

E

Fo B A/
! 2| Epi]

:EG—Mn“®

where

nn(d) =K
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-]
e

By using the above bound, we obtain that

()| < E ‘ (1 - 2@5_)”)% N (1 - MW@?H)‘
<E (A§> (218}5?1\)2
< (szgj_)u)zE(Mﬁ)

almost surely, by using the fact that |F, 1| ~ mn, and also assumption (BA2).

The definition of wu,(d) and n,(d) implies that

_s(d) E(M,)
=n 5 YoR —n-n,(d).

This is F,,_j-measurable, hence (u,(d))°, is a predictable process with respect to

the filtration F. Recall that |E,_ ;| ~ mn and n - |n,(d)] = o(1) almost surely.
Assumption (BA2) implies that

u(d) = lim u,(d) = s(d) a.s.

n—oo 2

Assumption (GM4). First, we fix k € [N]. For every n > 1 and d € NV, where
s(d) > 1, by using the fact that the distribution of the number of new edges added
to an existing vertex with generalized degree d follows a binomial distribution, the
probability that a vertex with such a degree does not receive exactly one new edge

equals to
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Similarly to the previous case, we obtain that

s(d)—l)Mnl
E(M,1———— Fr_
< 2|En—1| '
s(d)—1>
=E(M,|1— (M, —1)—— ) |Fn_1| +n.(d),
(1= 00,0321 |7 | i)
where
_ s(d) = 1\"" s(d) — 1
n.(d) =E | M, (1— 2’En—l|) - M, 1_(Mn—1)—2!En—1\ Fo1l,

which is not the same sequence as the n’s from the previous section. Lemma 3
implies that for every n > s(d) we have

() (421

Combining this with assumption (BA2), we obtain that

() < E ‘Mn (1-58=1) o (-on-03Eer) ‘

-
o] ()

<= (") (557)
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fnl]

Getting back to equation (4), we conclude that

Y )ek<ek <2|En 1|> < 2<!Cz7)n_1|1>

s(d) —1
-1 - d
)( My =50 [Faca | ))
s(d) —1
M, (M, —1)=—=——|Fn_1| +nn(d
( (M, = 153 Foca | + >>
e )
—+4o|—) as.
2 n n
Therefore, for every k € [IN] we have
dp — 1
nh—glo npfi )ek(ek) = r"(d - e;) = kz a.s.
Let 2 € H'(d), i.e. Vk € [N]: 0 < i), < d}, and s(2) > 2. In this case, we can bound
the conditional expectation as follows:
pd 1(1’>
Mn! [ﬂ(dk—zky] (1 s(d—z))M” «(®) -
- n—1
(I i) (M, — st [ \21Bnesl 2B,
N dk — Zk K Mn' H ( k — Zk)
gH( > E | — < AL R (M)
o \2[Ep (szl z'k!) (M, — s(1))! (2|Enl)

This yields

lim npgl)z( 1) =0 a.s.,

n—oo

due to assumption (BA2) and the fact that |E,_{| ~ mn.
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Assumption (GMS5). By the dynamics of the multi-type Barabési-Albert model,

we conclude that for every n > 1 and d € NV the following holds:

() = oy @ T (1EAN
) =B |1(01, = 5(a) HNd,H(

P C I A A
=P (M, = s(d)) Hi\; ] g <|En1| .

Assumption (BA1) implies that P (M,, = s(d)) — P(M = s(d)) as n — oo. It

follows from Lemma 2 that

¢(d) = lim ¢"(d) =P (M = s(d)) Ly, [T™)™ as.

n—o0 o1 dk Pl
This yields
s(d)
dp — 1
r®)(d—ep) = -~ (Vk € [N])

Applying Theorem 1 we get Theorem 2. O

2.2.2. Model of independent edges. This model is an enhanced and a multi-
type version of the models in [24] and [38], where the new vertex is connected to the
existing ones independently, with probability depending on the edges of the actual
vertex. In this model, instead of connecting with a single edge with a given prob-
ability, we add a Poisson number of new edges, with the multiplicative parameter

chosen randomly.

In the model of independent edges, we have the following dynamics:

e for every n > 1, in the n'® step, the new vertex v, attaches to all of the

already existing vertices with some new edges of type k independently.
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e For any existing vertex w € V,,_; let AP (w) be the number edges of type k
between the vertices v, and w. We assume that, conditionally with respect
to Fn_1, for every k € [N] we have

deg!”, (w)
A® (1) ~ Poi A\, —n=th ’

where ), is a positive random variable. We also assume that for every w,
N

the random variables (A%k) (w)) are conditionally independent of each
k=1

other with respect to F;,_1.

REMARK. Since the Poisson distribution can be approximated by the binomial dis-
tribution we expect a similar behaviour from the two graphs models, although they

are clearly different in some sense.

Let A1, Ao, A3, ... be a sequence of independent random variables. Similarly to the

previously discussed model, we need a few assumptions on their distribution.

Assumption (IE1) For every n > 1 the random variable )\, is positive and inde-

pendent of F,,_1.

Assumption (IE2) We assume that there exists a positive random variable, de-
noted by A, such that A\, — X in distribution, and for every p > 1 we have
E(X) — E(M) < 0o as n — oco. The expected value and the variance of A will be
denoted by = E()\) and 02 = Var()), respectively.

For every n > 1 we define F,| | = 0(F,_1, \). Let A, be the number of new edges
in the n'" step, and let A% denote the number of new edges of type k in the n'®
step. For every n > 1 we have A,|F." , ~ Poi()\,), furthermore for every k € [N]

we have

k
AW FE |~ Poi AJE& .
n n— |En—1|

N
Note that the random variables (A;k)) are conditionally independent given F, .
k=1
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Again, we need the following lemma to understand the asymptotics of the proportion
of edges of type k as the number of steps goes to infinity.

B

LEMMA 4. For every k € [N] let us have CA,(lk) = B

i.e. the proportion of the
number of edges of type k in the model of independent edges. For every k € [N]

there exists a random variable f(k) such that fflk) — f(k) almost surely as n — oco.

Proof of Lemma 4. Recall that for a fixed k& € [N] we have

E(k)| | E(k)|
AP ~ Poi )\n|L and A, — Al ~Poi [ A, |12 ;
|E,| 2

furthermore A%k) and A, — A;k) are conditionally independent given F,_;. Because

of this, it is enough to prove this lemma for N = 2, which means there are only two

types.

&
~ Bin (A lE’Hl). For every n > 1

ns |En71|
we define F, 5 = o(F;,A,). For all i < j the conditional distribution can be

calculated as follows:
P(A =i, = j‘fntl)
P(ald+al = j|7L)

P (AS) — i, AD = i‘f;_1> P (AEP - z"]—";_1> P (A,(f) —j— i‘f;_l)

P (A;U _ z'(An —j fntl) -

P (a0 + AP = j|7L) P (Al + 2 =j|F)
1B | B3| =
(}\nlEn 1) |E7(1121| ()\H|En 1) ‘E7(12,)1\
e Sl Gy e ey vy 2 o A oy

)\'_gl + €xXp (_)‘n)

-0 () ()

For all n > 1, similarly to the proof of Lemma 2, we have

1
o (1B
.l

| (1)

En—l
I'-H-l _ ‘ | + An|En—1| |E ‘ .
" ‘Enfly + An ’Enfl‘ + An |En71‘
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Notice that E,_; and E,(Ll_)1 are J,_j-measurable, which implies that

1
B B, |
E Fno1 | = .
( |En| |En—1|
We conclude that <§A}(11), }"n) is a non-negative martingale, thus it is convergent
n=1
almost surely. Let (Y > 0 be its limit. The proof of Lemma 4 is complete. 0

Asymptotic degree distribution in the model of independent edges.

THEOREM 3. If the assumptions (IE1) and (IE2) on the sequence (A\,)>, are

satisfied, then in the model of independent edges for every d = (dy,...,dy)T € NV
we have

X, (d

lim (d)

n—oo |Vn‘

=z(d) a.s.
The random variables {x(d), dc NN} satisfy the following recurrence equations:

N N E)

dp — 1 2 1= (C ) D_—A
x(d):g z(d —ey) + E (A\Pe™),
£~ D +2 D+2 TV, d

d

where C®) is defined in Lemma 4 and D = s(d) = S dy.

REMARK. For the calculation of the last term we can use the following observation.
Let us denote by g, the moment generating function of the random variable A, i.e.
gr(t) = E(e™), where t € R. Let us have B = {t € R : g\(t) < oo}, i.e. the set of
finiteness of gy, and let By be the interior of B. Suppose that —1 € By. It is well
known that in this case g,(t) is infinitely differentiable at t = —1, furthermore, we

have
A7) =E (),

where D = s(d) and g/(\D) is the derivative of order D of the moment generating

function g,.
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Preliminaries for the proof of Theorem 3. We will use the following lemma.

LEMMA 5. For the number of edges of the model of independent edges, we have the

following asymptotics: |E,| ~ un.

PROOF. Let us have Ag = |Ey| and Ao = 0. We define the following process:

3

Zy =S A=\ = |E,| —i)\i.
=1

1=0

We show that (Z,,F,)2, is a square integrable martingale, i.e. (Z,,F,)32, is a

martingale, and we have E(Z2) < co for every n > 1.
For every n > 1 we have
E<Zn|fn—1) - E(Zn—l + An - /\n|fn—1) —
= Zn—l +E [E<An|f;—71) - )\n|fn—1] = Zn—l,

by using the fact that A, |F.F | ~ Poi(\,).

Furthermore, we can bound the expectation of the squares in the following way:

(i: A; — )\i> =E zn:(Az —N)*+ 2Z(Ai — M)A — )\j)]

i=1 i<j

= ZE (A = AT +2) E[(A =)A= )]

SIICERNES ) RS ST CERVINSY
:Z]E()\

1<J
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hence (Z,, F,)22, is a square integrable martingale. The increasing process associ-

n—

ated with Z2 by the Doob decomposition is the following:
Ay =) Var (Aj|Fia) = > E(A]|Fioy) — BX(A] Fisa)
i=1 i=1
= > E[BAF )| Fo ] - B [EAIF)|F

i=1

= iE()\f + ) — E*(\)

n

— Z\/ar()\i) +EWN) < n(u+o?).

i=1
By using [43], Proposition VII-2-4, we conclude that |E,| = (3;_, Ai) n+o (n'/>)
almost surely as n — oo on the event {A,, — oo} for all € > 0.

For every n > 1 we have |E,| = 3.~ | ‘Eék)| + >0 A;. By the assumptions of the

model, the sequence (\;)!-; satisfies the following conditions:

lim 1 ZE(/\Z) =E(\) =p and Z Var(A) < 00
=1

n—oo N, ’I’L2

n=1
Therefore, Kolmogorov’s theorem can be applied (Theorem 6.7. in [45]) for the
sequence (A,)>,, similarly to the previous sections. We conclude that we have

|Epn| ~ pn. O

Proof of Theorem 3. We will use Theorem 1, so we have to check the assumptions

of the general model.

Assumption (GM1). By the definition of the dynamics of the model of indepen-
dent edges, it is easy to see that Assumption (GM1) trivially holds.

Assumption (GM2). By using the fact that A,|F,” | ~ Poi(),), we obtain that

for every d € NV we have

E [ |X0(d) = Xoms(@d) | Fact | < B(A2IF ) = B [E(ALFL )| Fo

=B+ A\ |F)) = BN+ 0) » o + 2+ < oo
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as n — 0o. If we choose § = 1, then assumption (GM2) is satisfied.

Assumption (GM3). For every n > 1 and d € NV we have

P (‘A”széf)n) d ]

We will use Taylor expansion. In order to do this, we write the expectation in the

P}’ (0) =E

following form:

exp (_)\"225)1\) fn1> + 1 (d),

P (‘A"msgj)l\) - (l - A“zé?n) d ] |

It is well known that for all z > 0 we have |[e™* — (1 — z)| < %2, which implies that

(gl (gt )| ()

By using the above inequality, we obtain that
fnl]

-

o ()
by the assumption (IE2) and |E,_1| ~ wun. The definition of u,(d) and n,(d)

E

J—-'nfl

s(d)
=E[1-\,
( 2|-E|n71|

where

nn(d) =E

()] <E

1 s(d) \?
<E|=(A
N 2 ( n2|En—1|>

:E(AZ)% —0 (%) as.

=K

-Fn—l

"8|En_1]?

implies that

We can see that u, (d) is F,,—1-measurable, hence (u,(d))> is a predictable process

with respect to F. Recall that |E,_1| ~ pn, and n - n,(d) = o(1) almost surely.
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Assumption (IE2) implies that

w(d) = tim un(d) = 2D o

n—oo 2

Assumption (GM4). First, let us fix k € [N]. For every n > 1 and d € NV, where
s(d) > 1, we have

(5) P, (er) =E

dp — 1 dp — 1

p—— - X
2\ E 1| 2\ E | _
dp — 1 ( dp — 1 ) ]

= E{A\ -exp| A=) | Fu_
2B, | P e ]

Similarly to the previous case, we obtain that

dp — 1
Ap - —An e
exp< 2|En—1|) |]: '

E =K

where
dk—l) ( dk—l)
n(d) =K |\, -ex —Ap——— | = 1=, —
) p( B 2B

fM] |
Again, by using |[e™® — (1 —z)| < % for all x > 0, we conclude that

dk—1> < dk—l)' /\n( d,g—1>2
An-exp [ =M a1, <2, .
p( 2B 1] 2B | 2 \""21E, |

Combining this with assumption (IE2), we obtain that
fn—l]

()] <E

t) (2|
A, - €X “Ap— | = 1=\, —
P ( 2|E, | 2B, |

) (dh =17 7]

[\, dy —1\2
<E|Z2 (A b
. 2(%21&_1\)

_ 3 (dk _ 1)2 _ 1
= E()\n)m =0 E a.s.

Foo1| =E [ A

" 8| En_1]?
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By using this we conclude that

(n) _ di — 1 E |\ . Y di — 1
pd_ek (ek) 2|En_1| n eXp 7’L2|En_1| ]:n—l
dp — 1 ( dp — 1 )
= E(M{LI=N——||Fn_1| +1.(d
B, ( B, ) |7 )>

dp —1 1 (1)
~ -— 4o — ) as.
2 n n

Putting this together, we obtain that for every k € [N] we have

di —1

lim npg,, (ex) = r®(d — ex) = =

n—o00 d—ey

a.s.

Now let ¢ € H'(d), i.e. Vk € [N] : 0 < i < dj, and s(¢) > 2. For every n > 1 we

have
N N .
1 dk—lk>k < dk—lk>
| | — A= exp|—-MNi=——| |[F0_
115 ( 2B ) 2B, ] !

N ik , —1
[T=1 (di — k) )\fl(z) - exp <—)\ s(d z)) fnll

= : E sa-y)
2| B )P T, ! 2B

N N\
dy, — i) :
< [T ( S’(fi) ZI;V) —E ()\781(1)) 7
(2| En-1 )™ [Ty !

which implies that

pz(in—)i (i) =E

: (n) e\ _
7}13)10 npg (1) =0 as.
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the following holds:

q(”)(d):E_ (ﬁ{A — i} |7 )

Assumption (GM5). By the dynamics of the model, for every n > 1 and d € NV,
[N

i (o0 sl )

Lr=1

BN EY|
H d_ )\n |En71| €xXp _>\n ’Enfl‘ «Fn—l

=K

1 Y|
— E )\s(d) . _)\n
[T, di! 1_[1 ('E”—1’> ( e

k=

By Lemma 4 and the independence of A\, and F,,_1, we have

d
[T (G2
g(d) = lim ¢™(d) = lim — 1N( 1|) E (A@e)

since the function *@e~* is bounded and continuous and \,, — X in distribution.

We obtain that

u(d) = S<2d)a
19— e) = B (vke )
N_1 26\ %
ald) = kaf<1dk!> E(9e)

Applying Theorem 1 we get Theorem 3. U
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2.3. Scale-free property of random graphs in the multi-type case

A scale-free graph model is a random graph whose degree distribution follows a
power law, i.e. the proportion of vertices with degree d asymptotically equals to
Cd™, where v > 0 is a deterministic constant. It is well known that many large
real networks have this property, see e.g. [37], although there are discussions about

how common they are [20].

The formal definition of scale-free property of random graphs with no types is the

following.

DEFINITION 5. We assume that the proportion of vertices with degree d converges
to a deterministic constant ¢4 a.s. for all d > 0, and the sum of the sequence (c4)52,
equals to 1. In this case the sequence (¢4)32, is an asymptotic degree distribution.
Furthermore, if ¢;d” — C as d — oo holds with some positive C, then the model

has the scale-free property, and ~ is the so-called characteristic exponent.

In the following section we generalize the scale-free property for graphs with multi-
type edges. First, let us define the (asymptotic) marginal degree distribution for a
given type in a multi-type graph model.

DEFINITION 6. Let us have a sequence of N-type random graphs, denoted by
(Gn(Vo, )2y The marginal degree distribution for the edges of type k € [N] is

n=0"

defined as the following sequence of possibly random variables:

~ (xP0\"
(xl(k)m))zo_( Vo] >l:0’

where we have
X® (1) = ’ {v eV, : deg® (v) = l} ',

i.e. the number of vertices in GG,, with [ edges of type k connected to them.
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The asymptotic marginal degree distribution for the edges of type k € [N] is defined

as

where [ > 0.

DEFINITION 7. Let us have a sequence of N-type random graphs, denoted by
(Gn(Vi, E))o2y. If for every k € [N] the marginal distribution of the edges of
type k has scale-free distribution, moreover, the degree distribution of the graph
without taking into consideration the types of the edges also has the scale-free prop-
erty (in the single-type sense), then we say that (G,,(V,, E,))52, has the scale-free
property in the multi-type sense.

We are going to use the following theorem in order to prove that the generalized
Barabasi—Albert random graph and the model of independent edges have the scale-
free property.

THEOREM A (Theorem 1 in [8]). Consider the following recurrence equation:
n—1 b
Ty = Wy iTri + T, i = @i + L+ i n=123,...),
le Jn—j Wn,j i, J ( )

where wy, ; > 0, and a,, by, ¢, ;, Tn satisfy the following conditions.

(r1): an, >0 forn > 1, and the greatest common divisor of the set
{n:a, >0} is1;

(r2): r, >0, and there ezists such an n that r, > 0;

(r3): there exists z > 0 such that

o0 o
1< Zanz” < 00, Z |b,] 2™ < o0,
n=1 n=1

o0 oo [ee]
J n
|cn, ;127 < o0, T2 < 00.
n=1

n=1 j=1
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Suppose that the sequence (x,)2 | satisfies the recurrence equation, conditions (r1)-
(r3) hold, and (x,)22, has infinitely many positive terms. Then x,n"7¢" — C
as n — oo, where C' is a positive constant, q is the positive solution of equation

Yo ang" =1, and

D net 0"

T = .
2 et Mng"

2.3.1. Scale-free property of the generalized Barabasi—Albert random
graph. In addition to the assumptions in Section 2.2.1, we require the following

assumption:

Assumption (BA+): we assume that (M,)>, is a sequence of identically dis-

tributed random variables and there exists z > 1 such that we have

= E(M])
S EO4)

z < 00
-1
=1

The above assumption is trivially fulfilled if we have sup, E(M{) < oc.

First, let us fix k € [N]. Recall that in every step the endpoints of the new edges
are chosen independently of each other and the degrees of the existing vertices are
not updated until the end of the step. By using this, we conclude that for every
[ > 0 the change in the value of XT(Lk)(l) only depends on the edges of type k, thus

l M
1-— Fo
( 2|En—1|) 1]

we have

6)  E[X®O0)|F.] =X 0OE

-1 . 7 . M, —i
M. — — "
N xP® i)k (”) (—> (1——) Fo
i=1 " 1( Z> ! 2‘E1%1| 2|En—1’ !
M. l M —1
n (k) (k)
+E (k ) <C”—1> (1 ¢”—1> Fnt

where CT(LIi)l is the proportion of edges of type k in GG,,_;. By using Lemma 1 and the

same arguments as in the proof of Theorem 2, we can show that :L‘l(k) exists for all

[ and we can find the recurrence equations for the asymptotic degree distribution.
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The only part which is different compared to the previous sections is finding the
almost sure limit of the last term in equation (6) as the number of steps goes to
infinity. Since M, is independent of F,_; and Cék_)l is measurable with respect to

Fn_1, we have

o e[ (M) () ()" ] = (e o]

Recall that (M), is a sequence of identically distributed random variables, thus

we define f(t) = E [(*")#!(1 — ¢)* 7], where ¢ € [0,1].

t=¢,

In order to show that f(t) is a continuous function on [0, 1], we will use the Weier-

strass M-test.

THEOREM 4 (Weierstrass M-test). Suppose that (¢,)5%, is a sequence of real-valued
functions defined on a set denoted by T, furthermore there is a sequence of non-

negative numbers denoted by (o), satisfying the following conditions:

o for everyn >1 and t € T we have |p,(t)| < a,, and

[e.@]
® > | M, converges.

Then the series defined as > | pn(t) converges absolutely and uniformly on T.

In many cases, the Weierstrass M-test is used in combination with the well-known
uniform limit theorem. If we also assume that T is a topological space and the
functions ¢, are continuous on 7', then ) > ¢, (t) is an absolutely continuous

function on 7.

For all t € [0, 1], we have
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by the assumption (BA2), thus f is continuous. Since Q(Lk) — () almost surely as

n — oo and f is continuous, equation (7) implies that

b ) -] e[ C) - o

By using Lemma 1, for every [ > 0 we have

[—1 2 M ! M-l
o =tV o]

We are going to apply Theorem A. Notice that the last equation can be written as

3 (3 3 2 M -
i = [T+ (7 rm) | e | () ) e

If we choose the following parameters as described below:

a;=1and a; =0 (5 > 2),

o by=—3andb; =0 (j > 2),

. cl71:%—l+i2andcl,j:0(j22),

= BB (1 ) (- ),

then the assumptions (rl) and (r3) of Theorem A are fulfilled by also using As-
sumption (BA+). We know that there exists [ > 0 such that P(M; =1[) > 0. By

using Lemma 2, we conclude that ((*)|M; = [ is positive with positive probability

thus rl(k) > 0 and the assumption (r2) is satisfied.

REMARK. If in addition to the assumptions in Section 2.2.1 we also assume that
M; = M for all i > 1 where M is a positive integer, then in this case the proportion
of edges of type k has an absolutely continuous almost sure limit (see e.g. Theorem

3 in [21]), thus none of the types die out asymptotically with probability one.

By using Theorem A, we conclude that for every k € [N] we have
xl(k)l3 — Ck

as [ — oo for some positive C}, thus the characteristic exponent equals to 3.
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Finally, for all d > 0 we define Z,(d) = , i.e. the

{v eV, : Zgil degt®) (v) = d}

number of vertices in G,, with d edges connected to them. This way we get back

to the single-type graph models. The asymptotic degree distribution is denoted by

(24) o, Where z4 is defined as the almost sure limit of the sequence (Z"(d)) as

[Vl n=0
d \"
l— — _
(-am) P ]

(1) Gt) (i)
1 2|E, | 2|E, 4|

By using the same argument as in the previous section, we have

n — oo. For every d > 0 we have

E[Z.(d)|Fn-1] = Zn-1(d)E

fn—l]

de3 —C

as d — oo for some positive C, thus the characteristic exponent equals to 3. This
provides a generalization on some of the results of preferential attachment models
(see e.g. [37]). As the calculation above shows, this model fits into the general

framework of [30] or [44] for single-type preferential attachment random graphs.

2.3.2. Scale-free property of the model of independent edges. In the
model of independent edges we can use the same arguments as in the previous
section. In addition to the assumptions in Section 2.2.2, we have the following

additional assumption:

Assumption (IE+): we also assume that (A,)°, is a sequence of identically dis-

tributed random variables and there exists z > 1 such that we have

2 E(\
Z ( lll)Zl < 0.
=1 o

[
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In the model of independent edges for every type k we have

N
/\1C(k)) .

(k) _ 2 ( 2

A T R

where é (¥) i the asymptotic proportion of edges of type k. Similarly to the previous
subsection, by using Lemma 4, we know that (é (k) fn)oo ) is a martingale and for
every k € [N] we have ‘Eék)‘ > 0, thus (® is positive Witéil positive probability and
the last assumption of Theorem A is fulfilled.

In this special case we can prove the same results as in the previous subsection. For

every k € [N] we have
i’l(k) — ék

as [ — oo for some positive ék, and the characteristic exponent equals to 3. Again,
for every d > 0 we define Z,(d) = Hv €V, N deg®™(v) = d}‘ The asymptotic
degree distribution is (24)32,, where Z; is defined as the almost sure limit of the

Zn(d)>°°
[Vil

sequence ( as n — 0o. By using the same argument as in the previous

n=0
subsection, we have

ﬁdd?’ — C’
as d — oo for some positive C, thus the characteristic exponent equals to 3.

2.4. Generalized Barabasi—Albert random graph with perturbation

In this section we compare the asymptotic degree distributions of the multi-type
Barabasi—Albert graph and a perturbed version of this model. First, let us describe

the dynamics and list the assumptions of this model.

2.4.1. Assumptions. In order to introduce perturbation, we have to define the

matrices of error probabilities denoted by F',. For every n > 1 let

F,=(e) 1kl € [N]) € [0,1]VN



50 2. ASYMPTOTIC DEGREE DISTRIBUTION IN PREFERENTIAL ATTACHMENT GRAPHS

be a matrix such that for every fixed k € [N] we have 3, 55:1) = 1. That is, 55;71) is
the probability that a type k edge becomes type [ in the n'" step. We assume that

there exists a matrix denoted by
F = (egs: k1€ [N]) € [0, 1]

such that for every fixed k € [N] we have 31, e, = 1 and for every &, € [N] we

have 5,(;’? — €y as n — oo. That is, for every k, [, the probability that a type k

edge becomes type [, converges to e .

The dynamics of the perturbed Barabasi—Albert random graph is the following. Let
us fix a positive integer denoted by M. In the n'" step

(1) a new vertex v, is born.

(2) The vertex v, attaches to some of the already existing vertices with M (not
necessarily different) edges with probabilities proportional to the actual
degrees of the existing vertices. The endpoints of the M new edges are
chosen independently. We do not update the degrees of the vertices until
the end of the n'" step.

(3) Every new edge gets a type randomly. The types of the new edges are
chosen independently, and the probability of each type is its proportion
among the types of the edges of the already existing endpoint of the new
edge (not counting the edges added in the actual step).

(4) The types of the new edges change independently of each other with proba-
bilities given by F',, i.e. if there is a new edge of type k, then its type after

perturbation is [ with probability 5](;;).

2.4.2. Asymptotic degree distribution in the perturbed Barabasi—Albert

model. First, recall the definition of irreducible matrices.

DEFINITION 8. A matrix with non-negative entries denoted by F' € Rf *N g called

irreducible if for every 1, j there exists m such that (F™);; > 0.
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We are now ready to state our main theorem on the asymptotic degree distribution

of the perturbed Barabési-Albert random graph.

THEOREM 5. In the perturbed Barabdsi—Albert random graph, if we assume that F

is irreducible, then for every d = (dy,...,dy)T € NV

X
lim n(d)

n—oo |Vn|

=z(d) a.s.

holds for a deterministic x(d) € [0,1]. Furthermore, for every d € NY we have the

following recurrence equation.:

if s(d) = M, then xz(d) = ' — ( 0 -5k7l>
M +2 paiey d;! —
. (d - el)TFol
if s(d) > M, then z(d) = E ——————1(d — ¢),
) (d) —  s(d)+2 :

where

o s(d)=d"1=3) d,
o *) is the almost sure limit of the proportion of edges of type k, which is a
deterministic constant and

e F.; denotes the I"™ column of the matriz F.

If we also assume that F is symmetric, then for every d = (dy,...,dy)T € NV we

have the following recurrence equation:

, 2. M! 1 1\
if s(d) = M, then x(d):M+2-HN d'(ﬁ)
1=1%"

if s(d) > M, then w(d)=_ %x(d —e).

=1
REMARK. Notice that z(d) = 0 if s(d) < M, because every new vertex that is
added to the initial configuration is attached to the existing vertices with exactly M
new edges and all the vertices only receive new edges throughout the evolution of

the graph, i.e. the proportion of vertices with less than M edges tend to disappear.



52 2. ASYMPTOTIC DEGREE DISTRIBUTION IN PREFERENTIAL ATTACHMENT GRAPHS

For comparison, let us assume that there is no perturbation, i.e. F', is the identity
matrix for every n. It also means that the condition on the irreducibility of F
fails in Theorem 5. However, Theorem 1 in Section 2.2 describes the asymptotic
degree distribution in the non-perturbed version of the model. Recall that, in the

multi-type Barabasi-Albert random graph for every d € NV, we have

_ X,(d)
Jim V|

= z(d) a.s., where now z(d) is a non-deterministic random variable.

The random variables x(d) satisfy the following recurrence equation for every pos-

sible d € N¥:

N

w(d) =Y Sdl;lx(d —e)+ LP(M = HN dl H

where ¥ is the almost sure limit of the proportion of the edges of type [. In this case
the asymptotic degree distribution is random, which means that it also depends on
the asymptotic proportion of edges of different types. If M = 1, that is, the graph is
a tree, then (1)) [ € [N]) has Dirichlet distribution with parameters (Eél),l € [N]).
However, in the perturbed Barabasi—Albert random graph the asymptotic degree

distribution is deterministic.

A general urn model. In order to prove Theorem 5, we need to understand the
asymptotic behaviour of the composition of edges of different types. We introduce a
general urn model to describe the proportion of the edges in the multi-type perturbed
Barabasi—-Albert random graph. This model is a generalization of a special case
of the urn model introduced by Laruelle and Pages in [42]. We remark that the

generalization of the results of [33] could also be used for our purposes.

We assume that there are N colours represented by the elements of the set {1,2,..., N}.
The composition vector of the urn in the n™ step is denoted by C,, € NV, i.e. Cp;
is the number of balls of colour i. The total number of balls in the urn in the n'®
step is denoted by s(C,,) = S_~, C,;. We assume that in every step we draw M
balls, with replacement, independently of each other and at the end of the step we
add some additional balls to the urn. In the n'® step for trial i (where i € [M]),
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let Xq(f) be the N dimensional indicator vector of the colour drawn, and let R be
the N x N dimensional replacement matrix with possibly random but non-negative
entries. This means that (Rﬁ?) is the number of balls of colour [ added to the

k,l
urn if a ball of colour k was chosen in the n'® step for trial i.

For every n, we have

9) Chri1 = Z RSH ni+1

For every n, we denote by G, the o-algebra of the draws and replacements in the
first n steps, that is, the o-algebra generated by

n n

Co, (xﬁ"),i= 1,2,.-.,M) and <R§“,z‘= 1,2,...,M>

j=1 j=1

We have the following assumptions on the urn model:

(U1): the initial configuration Cy is non-negative and at least one of the

coordinates is positive;

U2): for every n, ¢ and § we have P gf):e-
(U2) yn, J X ’

gn_1> = s?gni]) where e; is
the 7' unit vector in RY; that is, the probability of choosing a colour is its
proportion in the urn;

(U3): for every n, the random variables X%), X(Q) . X%M) are identically
distributed given G,,_1, and similarly the random matrices denoted by
Rg), Rf), e ,R;M ) are identically distributed given G,_;, furthermore we

assume that

XU x@ L x0 gO R@ RO

n

are conditionally independent given G, ;. This implies that, even if the

replacement matrix is random, it is independent of the actual draw.

For every n, we define the generating matrices as the conditional expectation of the

replacement matrix, i.e. H,, = E (R(l) gn_1>. We assume that
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(U4): for every n and i the replacement matrix R has non-negative values
almost surely;

(U5): for every n and i every column of the replacement matrix has the same
weight almost surely, i.e. for every n, ¢ and j we have s ((Rgf)).,]) =7,
that is, the number of balls added to the urn is constant;

(U6): every column of the generating matrices has the same weight almost

surely, i.e. for every n and j we have s ((H ). ;) = 72. This constant is also

known as the balance of the urn.
Finally, we assume that

(UT): there exists an irreducible N x N matrix denoted by H such that
Hn a.s. H'

n—oo

We denote by v} the normalized eigenvector of H corresponding to the largest

eigenvalue of H such that ||v}|2 = 1.

REMARK. If M =1, then we get back the urn model in [42].

The next theorem states that the asymptotic composition of colours can be described

with the normalized eigenvector corresponding to the largest eigenvalue.

THEOREM 6. For all integers M > 0, assumptions (U1)-(UT) imply that

Cn a.s. ot
s(Cn) n—oo H

To prove this theorem, we will use the same method as Laruelle and Pages in [42],
also known as the ordinary differential equation (ODE) method, which is a powerful

tool of stochastic approximation.

Let us have a filtered probability space denoted by (£2, (G,)n>0, P) and consider the

following recurrence equation:

Y1 = I — Y1 () + Yt (AMpp1 + 7p1)
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for n > ng, where h : RY — R¥ is a locally Lipschitz continuous function, 9, is an
R¥-valued G,,, measurable random variable, (Y, )n>n,+1 is a (deterministic) sequence
of positive numbers, (AM,,), 5, ., is a martingale difference in (Gy,)n>n, and finally

(Tn)n>ne+1 1s & sequence of (G,,)n>n,+1-adapted random variables.

THEOREM B (Almost sure convergence with ODE method, Theorem A.1 in [42]).

Assume that we have

r, — 0, sup E <HAM,L+1H§ Qn> < 00 a.S.
n—oo n>ng

and the sequence (Vn)n>n, Satisfies the following assumptions
Z%:oo and Zvﬁ<oo.
n=ng n=ng

We denote by O the almost sure limiting values of the sequence (0,)p>n, asn — 00.

Then O is almost surely a compact connected set.

Let us have a look at the following ordinary differential equation:
(10) 9(t) = —h(9(t)), where t > to.

The flow of the above differential equation on O« is p(t,to, P) = (), if ¥(t) is
the solution of the this differential equation with initial value ¥(ty) = Vy.

We assume that for every ¥g € O the flow p(t,to,Fg) is stable, i.e. for everye > 0

and t, > ty there exists 0 > 0 such that
if |7 — @(t1,to,P0)| < 9, then |p(t, t1,T) — p(t, to, F0)| < € for every t > t;.

If 9" € O is a uniformly stable equilibrium on O of the ordinary differential
equation defined in (10), i.e.

sup |o(t,to, %) — | — 0,
90EO 00 t—o0
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then we have

9, —2 9*.

n—oo

PROOF OF THEOREM 6. For every n > 1 we have

=1

(11)  Chp1=Cn+ Z Rn+1Xn+1 =C,+E <Z Rn+1Xn+1

gn) + A]\4-n+1 )

) |

Recall that the generating matrices are defined as HY) = E (Rff)‘gn,l). By using

this and assumption (U3) on the conditional independence of RS’H and Xﬁfil, we

):

where

AMn+1 ZRnH n‘+l —E (Z Rn+1 N+1
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By normalizing equation (11), we have

Co.  C, C., AM,,
WS T e e KZH"“)‘MIN] S© " 5Crn)

where Iy is the N-dimensional identity matrix. To verify the above reformulation

we can check that
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by using the fact that s(C,1) = s(C),) + M.

Let us define C,, = C,/s(C,). Equation (12) can be rewritten as the canonical

stochastic approximation process in the following way:

N - ~ AM, .,
_ HY | - M1 SMni1
Crar = Crnt Cri) [(Z ) V|Gt 5(Chy1)
~ 1 ~ 1
—Cp———— MIx—H)Cp+ ——— (AMyp iy + 7
S(C»,H_l) ( N ) S(Cn+1) ( +1 +1)

with step size v, = 1/s(C},) and the error term is defined as

M
Pri1 = [(Z HSLI) - MH] C..
=1

To apply the ODE method we need to check the assumptions of Theorem B.

Since én is bounded a.s., by using assumption (U7) we have 7, %5 0. Notice
n—oo

that, we have
2

< M?,
2

M . .
Z Rs-)‘rlxs-)&-l

i=1

since the number of balls added in a step equals to M, which is fixed. Consequently

we have
2

sup E

n>1

n+1Xn+1 Gn | <oo,

2

thus we obtain that sup,; E <||AMn+1||§

gn> < oo almost surely.

It is obvious that the (almost sure) limiting values of C, as n — oo are in the
N-dimensional simplex denoted by & = {u € RY|s(u) = 1}. Let us have a look at

the following ordinary differential equation:

where y : RN — RY is a differentiable function. By using assumption (UT) we

obtain that v}, is the unique zero of the following function: y — —M Iy — H)y
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on y € §. Let us take the restriction of the above differential equation to the
set Vo = {u € RY|s(u) = 0}. By using assumption (U7) we conclude that the left
eigenvalues of M (I y — H) have positive real part. As a consequence we get that v},
is a uniformly stable equilibrium of the equation on §. By using the ODE method

we conclude that

C, s o
s(Cn) nooo H’

O

Proof of the main theorem. First, we need to prove the following lemma on the
asymptotic proportion of edges of different types. This is where we use Theorem 6

for the urn models.

LEMMA 6. In the perturbed Barabdsi—Albert random graph, if we assume that F €
0

(0, )N*N " then for every | € [N] we have ¢£P = % — O almost surely as

n — oo, where YV € (0,1) is a deterministic constant. If we also assume that

F = (ex2) =y 1s symmetric, then for every | € [N] we have ph =1

PROOF. In the perturbed Barabasi—Albert model, we can use the following urn
model to understand the asymptotic composition of the number edges of type [ for
every | € [N]. Let us have C, = (|E(()l)|,l € [N]) and for every n > 1 and i € [M]
we define R = (Ti’il){f =1, Where TT(LZLZ is a Bernoulli distributed random variable
with expectation equal to 51(’7;), furthermore we assume that for every [ € [N] we

have fo:l Télil — 1 and the columns of the matrix R are independent of each

other. Clearly, we have
H,=E (R;”\gn_l) — FT.

To apply Theorem 6 we have to check the assumptions of the general urn model and

find v} to complete the proof of Lemma 6.

Assumption (U1) holds due to the fact that there is at least one edge of each type
in the initial configuration of the perturbed Barabasi—Albert random graph. By the
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dynamics of the model assumptions (U2)-(U3) hold (recall that we do not update
the degrees of the vertices until the end of the steps). Assumptions (U4)-(U6) hold
because of the choice of Rﬁf). Notice that in this case 73 = 72 = 1. For assumption
(UT) we need to show that there exists an irreducible N x N matrix denoted by
H such that H,, ﬁ H. In the perturbed Barabasi—Albert random graph we

assumed that H: = F, — F in every entry. Since F is irreducible, we can choose

H = FT. Hence all assumptions of Theorem 6 hold.

The normalized (right) eigenvector of H corresponding to the eigenvalue with the
largest real part is vy = (w(l), e ,¢(N)). Notice that this is also the normalized
left eigenvector of F' corresponding to the same eigenvalue. By using Theorem 6 we
get the first part of the lemma.

If we also assume that F' is symmetric, then F' is a double-stochastic matrix. It

follows that for every | € [N] we have p) = L. O

Now, we can prove our main result on the asymptotic degree distribution of the

perturbed Barabédsi—-Albert random graph.

To prove the existence of the asymptotic degree distribution, we can use Theorem

1 in Section 2.2.

In the proof of the main theorem, we will use Lemma 3. Recall the statement of

this lemma which claims that for every n > 1 and z € [0, 1], we have

(1= 2)" — (1 - nz)| < (g)

Proof of Theorem 5. We need to check assumptions (GM1)-(GMS5) of the general
model. We will use the following set of indices: for any d € NV (where s(d) > 1),

we define

a(d)={i=(ir,...,in)" eNV 4, <d VIE[N] and 1<s(i)<M}.
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For every ¢ € NV we define
ﬂ(’t) = {I = (Z.kl)é\,[l:l - NNXN : S (I.J) =1 Vi € [N]} .

By the dynamics of the perturbed Barabasi—Albert random graph, assumption
(GM1) trivially holds.

To see that assumption (GM2) is satisfied, notice that for every n we have
E [(Xn(d) - Xn—l(d))2‘-/—_.n—1] < M2 < 00,

because there are M new edges.

For assumption (GMS3), we need to show that u,(d) — u(d) > 0 almost surely as

n — oo, where

b unéd) =1(0) = (1 - 2@?1\) '

To find the almost sure limit of u,(d) as n — oo, we can use the following formula:

(1- 2|SJ$_)1|>M 18

20 ),
2|E1n—1| n()

where

i = (1= 752 = [1- 554

By using Lemma 3 and the fact that |E,| ~ Mn, we obtain that

wans () () = () =)

which yields

==

—n [1 - (1 - Ms(fl) +nn(d)>} =n [2]\@(1)] N n”(d)}
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almost surely as n — oo.

For assumption (GM4), we will show that for every 4 € NV, such that s(2) > 1

lim npgi)z(l) = %(d - EI)TF.J He=e

oo 0 otherwise
holds almost surely. Notice that if d, — ¢x < 0 for any k € [N] or d — ¢ = 0, then
pgi(z) = ( for every n.
Let us fix T = (ixg)p,—; € B(#) where 4 € a(d). In the perturbed Barabési-Albert
random graph for a fixed vertex and for every k, [ € [N] we denote by iy, the number
of edges connected to the given vertex which were originally of type k and changed
their types to [. In this case the value of pgz)z(z) is given by

pgi)z(z) = Z ]55171)1'([)7
1€B(3)

where

N ] i 1 M—s(2)
n M' d _ n k,l d _
a0 = N — 11 [<2lkE zk\) 6’(“’1)} [1 N 82(!E ﬂ '
<Hk,z:1 Zk,ﬂ) (M —s(2))! | k=1 n—1 1

First, let us fix [ € [N]. Similarly to the previous calculations, we can use the

following formula

[ N M-1
(n) . dk — (el)k (n) S(d) —1
pdiel(el) =M Z 2’En71‘ ng (1 N Q‘En,ﬂ
Lk=1 i
- N -
dip — (e _(n) ( (M -1)(s(d)—1) )
=M =%k 1— +n(d
_; 2|En—1| kJ_ 2|En—1| ! ( )

where

- (-5 g
1 itk=1

and (e;);, denotes the k' element of e;, i.e. (e;) = .
0 ifk+£l
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Again, by using Lemma 3 and the fact that |E,| ~ Mn, we get that

M —1\ (s(d)—1\? s(d) —1\? 1
"(d)] < S ) <M1 — ) = — .
= (Y, ) i) =00 () =G
Recall that 5,(:}) — ey € (0,1) as n — oo for every k,l € [N]. We conclude that

(n)

i, (€)= nM [} S <el|)’“e;ii?] (1- =Y @)
k=1 n—1 n—1
2 dy, — (e d—e)"'F,
o SIS

as n — oQ.

Fix 1 € a(d)\{e;,l € [N]}. We need to prove that in this case lim,, ., npgi)@(z) = 0.
Recall that

pali(i) =D (1),
1€p(3)
Because of the choice of ¢, we have s(2) = s(I) > 2. By using this and the fact that
|Ey| ~ Mn, we conclude that

Mo ; 7t .\ 1 M—s(3)

n M! d, — n k,l d—

A1) = T — |11 <2rkE zk\>€§“’2 [1_;(@ 1)]
(T i) (M — s | amy L\2Eamal) -

! N ¢ o ik
(). I [(g )] ™| == (2).
(s eat) (M — st iz L\2Beal) ;

This shows that (GM4) holds with r(d — e;) = i(d — /)" F.,.

Finally, for assumption (GMS5), we have to find the almost sure limit of ¢™(d)
as n — o0o. Recall that, in the n'" step, every new edge will be of type [ with

0}
probability w}j) = %

In the perturbed Barabasi—Albert random graph we have

g(d) = lim ¢"(d) = lim |Ind(M = s(d)) > ¢"(D)

n—00 n—00
Depj(d)
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where

Q(”)(D) _ s(D)! [H (M(lk) ,5](67711)>dk’l] '

N
|
Hk,l:l dk,l' k=1

Notice that s(D) = s(d). By using Lemma 6, the multinomial theorem and the fact

that 5,(:1) — €, almost surely as n — oo, we get that

¢(d) = Ind(M = s(d)) > (D)

We conclude that

up(d) — u(d) = @

N N dy
¢™(d) = q(d) = Ind(M = s(d)M! |]] % (Z ) )
=1 """ \k=1

as n — oco. For the quantity defined in equation (1), we have

d—e)TF, cr .
im np,’,(4) =
oo 0 otherwise

almost surely, that is, r(d — ;) = 1(d — &,)"F.,.

Applying Theorem 1, we get Theorem 5. U






CHAPTER 3

Epidemic spread on random graphs with multiple type
edges

In this chapter, we examine the spread of epidemics (or information) on random
graphs with multiple type edges. Due to the recent Covid-19 pandemic the spread of
infectious diseases has became an intensively studied research area. The introduction
of different types of the edges may result in more adequate models that can be used
in the analysis. Since the probability (or the intensity) of the spread of the virus
is different between individuals who live in the same household, work together or
only meet rarely, labelling the edges with different propagation probabilities requires

having various type of edges.

After summarizing the most important properties of the structures of the underly-
ing graph models, we have a look at the different versions of the spread of epidemic
processes on these graphs. The high-level overview of the approach is the following:
we assign a state to the vertices of the graph, e.g. susceptible, infectious and recov-
ered, then the spread of epidemic is modelled as a process on the phase space of the
vertices. The different dynamics of these processes result in individual versions of
these processes that can be used to model different phenomena. Then, we have a
look at the empirical results of stochastic simulations related to these models and
spread of epidemic processes with different parameters and examine the sensitivity
on these specific parameters we will discuss in details. Results can also be found in

[47].

65
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3.1. Models

In this section, we define the graphs that are used as the underlying structures in
the modelling of the spread of epidemics. These are the (multi-type) preferential
attachment graph (which is different from those that we have seen in the previous
sections), the model of independent edges (see Section 2.2.2) and a generalized
version of the duplication and deletion model (which is a modification of the model
defined in [7]). In terms of their definitions, these graph models can be either static
or dynamic. This means that the structure of the graph of a given size is either
defined by a specified rule, or as an element of a sequence of graphs where the set

of vertices or edges are evolving according to a given dynamics.

Let us recall some notations from the previous chapter that we will use for the
dynamic graph models. Let (G,)2, be a sequence of finite random graphs. The
set of vertices and edges of GG,, are denoted by V,, and F,,, respectively. The number
of different types of edges, denoted by N, will be fixed. For every k € [N] =
{1,2,...,N} let EY denote the set of edges of type k in G,,. We assume that the
different types form a partition of the edges, i.e. for every n we have E,, = Ufj:l E®
and for every k,l we have EY N EP = 0 whenever k # [. We assume that the
initial configuration, denoted by Gy, is a finite deterministic graph, moreover for
every k € [N] we have !E(gk)‘ > 0. Finally, for every n let F,, denote the o-algebra
generated by the first n labelled graphs. We may choose Fy to be the trivial o-

algebra (since Gy is deterministic), thus F = (F,,)5%, is a filtration.

For the static graph models, we simply omit the notation indicating the size of the

graph from the indices of the vertex and edge sets.

3.1.1. Preferential attachment graph. In this section, we are going to define
the multi-type preferential attachment graph model. The single-type version of this
model is defined in [19]. First, let us have a look at the definition of the single-
type version, then we define the multi-type preferential attachment graph model.

Let 8 > 0 be a fixed parameter and let V' = {vy,vs,...,v,} be the set of vertices.
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*)Zn

In order to construct the set of edges we are going to create a sequence (v;):™

from the elements of V. We start with the empty sequence. If the current length

of the sequence equals to k, then the next element v; , is chosen to be equal to

d(n)+8
k+ng >

v}, ..., v;. The edge set is defined as £ = {{v3;_,,v};},i=1,2,...,m}. The single-

v € V with probability where d(v) is the multiplicity of v in the sequence

type preferential attachment graph with n vertices, m edges and parameter [ is

denoted by PAGg(n,m).

REMARK. We are going to choose m = n, that means we use the sparse preferential

attachment graph, since the simulation processes are much faster and more reliable.

REMARK. Notice that the single-type preferential attachment graph is not the same,
however it is motivated by the (sparse) Barabasi-Albert graph model in [13], spec-
ified in [18].

In order to obtain a multi-type preferential attachment graph denoted by
ALPAC%<nﬂn1ﬂn%..w7nNL

we construct N independent single-type preferential attachment graphs on the vertex

set V. Let us denote these independent graphs by
PAGY (n,m1), PAGS (n,my), ..., PAGYY (n,my).

Then, the different edges which belong to PAG(;) (n, my,) form the set of edges of type
k, where k € [N]. Notice that the number of edges of N-PAGg(n,my, ma,...,my)
equals to NV - Zszl M.

3.1.2. Model of independent edges. The model of independent edges is
another dynamic graph model. There are two different versions. The 2°¢ one was

defined in Section 2.2.2.

Version I. This graph model is a modification and a multi-type version of the
models defined in [24] and [38]. Let A > 0 be a fixed parameter. In the n'® step,

we have the following dynamics:
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(i): a new vertex v, is born, thus V,, = Vo U {vy, ..., v, };

(ii): every existing vertex v € V,,_;, independently of each other, is connected
deg‘E’Lk—)l(’U)

ST, ] The choices

to v, with an edge of type k with probability equal to

for the edges of different types are also independent of each other.

Version II. Another version of the model was defined in Section 2.2.2. Let us recall

[e.9]

o 1 which meets certain

the basic aspects of this model. We have a sequence (\,,)
conditions. In this chapter, we assume that \,, = A for every n, where A > 0 is fixed.

In the n'" step we have the following dynamics:

(i): a new vertex v, is born, thus V,, = Vo U {vy,..., v, };

(ii): every existing vertex v € V,,_;, independently of each other, is connected
(k)
degnl(v)) The

to v, with AY) (v) edges of type k, where AP (v) ~ Poi <)\m

number of edges of different types are also independent of each other.

3.1.3. Duplication model. Let us describe the dynamics of the duplication
model. For every vertex v € V' we denote by N, (v) the set of neighbours of v in
Gp—1. Let us assume that there is an initial configuration with N different types of

edges.

In the n'* step we have the following dynamics:

(i): a new vertex v, is born, thus V,, = Vo U {vy,...,v,}.

(ii): We choose a vertex v from V,,_; uniformly at random and we connect v,
to every vertex in NV,_1(v). The type of the new edges will be exactly the
same as the type of the edges connected to v. (Duplication.)

(iii): We choose a vertex w from V,,_; uniformly at random and we delete all
the edges which are incident to w in G,,_;. Notice that the vertices v and

w are not necessarily different. (Deletion.)
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3.2. Epidemic spread

In this section we introduce the processes that may be suitable for modelling the
spread of infectious diseases. These processes can be categorized according to the

possible states of vertices of the underlying graph model.

For every epidemic spread process, we have an underlying graph to model the struc-
ture of the individuals of the population. Let us have a finite random graph on n
vertices, denoted by G,,, with multi-type edges. Recall that the set of vertices and
the set of edges of type k are denoted by V and E®), where k € [N], respectively.

We will use the following notations:

Ik = {7?: (m1, T2y ..., m) € PH(V) Um:Vand m N = for everyi#j}
i=1

k
Yh = {a: (01,00,...,0k) € (Ng)k : Zai:n}.
i=1

3.2.1. SIR-process. In this spread of epidemic process there are three different
states for the vertices, these are susceptible, infectious and recovered. Susceptible
vertices represent individuals who are healthy, but can be infected. Infectious ver-
tices play the role of entities who are infected and infectious, i.e. they can spread the
infection to susceptible vertices. Finally, recovered vertices represent the individu-
als who are not infectious any longer, and immune, i.e. cannot be infected again.

The transitions between the different states can be represented by the following flow

Susceptible H Infectious H Recovered }

Let us fix J € NT, i.e. the total number of steps. For every j € [J], in the j*® step

diagram.

the set of susceptible, infectious and recovered vertices are denoted by S;, Z; and
R, respectively. We will also use the notations S; = |S;|, [; = |Z;| and R; = |R;]|.
Since the structure of the underlying graph does not change during the spread of the
epidemics, for every j € [J]U{0}, we have S;UZ; UR; =V, thus S; + [; + R; = n.
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Let us define the following (discrete-time) stochastic processes:

X :{0}U[J] =1, X = (X;))= = (81, T, Ry) 1,

Y {0} U [J] = 2 Y = ()1 = (55, 1 By

REMARK. Notice that we have Y; ~ o(X;) for every j € [J], i.e. Y; is measurable

to X, which means that the value of Y; can be calculated from Xj.

Recall that the o-algebra generated by the underlying random multi-type graph G
is denoted by F,,. Let us define G; = o (F,, (Xi)gzo), i.e. the o-algebra generated
by G and the first j steps of the spread of epidemic process X.

We assume that the initial sets of the vertices of different states Sy, Zy and R are

given at the beginning. For every j € [J], in the j* step we have the following:

(i): every susceptible vertex v € S;_; becomes infectious with probability
N
P(veTZ|Gi 1) = Hl—pk

(k)

where ;7

(v) is the number of edges of type k which connect v to an
infectious vertex in step j — 1. Notice that the types of edges do not change,
but the states of the vertices may be different over the steps.

(ii): Every infectious vertex v € Z;_; becomes recovered with probability
P (v € Rj‘Qj-l) =q.

An illustration of the dynamics of the ST R-process can be seen in the figures below.
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=
)
]

Top left: Vertex v may infect w; and
wo with different probabilities, because
they are connected to v with different
types of edges. Here, vertex ws cannot
be infected, because it has already been
infected.

Top right: Let us assume that vertex

ws has been infected by v.

Bottom: After a while infectious ver-
— tices become recovered and they can no
longer become infectious again. Here,

vertices v an ws became recovered.

In the STR-process, the parameters are the propagation probabilities of the spread
of infection on the different types of edges (p1, ps, - . ., pn ), the probability of recovery
(¢) (which is the same for all vertices), the finite time horizon (7") and the underlying
graph.

3.2.2. Dynamical SI;I;R-process. Many infectious diseases are known in
which the infected patient does not initially produce symptoms but the patient
is contagious. Epidemics caused by such diseases are particularly difficult to con-

trol. It may be useful to separate any infectious patient from other people as soon
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as possible, but in this case the fact of the infection is initially unknown. In this
section, we present a modification of the previously discussed model that can be

used to model the spread of infectious diseases that have a latency period.

This is a modified version of the SIR-process. There are four different states for the
vertices: susceptible, infectious without symptoms (/;), infectious with symptoms

(I3) and recovered.

The following flow diagram shows the transitions between the different states.

Susceptible Hlnfectious without symptoms}

‘ Infectious with symptoms }—{ Recovered J

In this model we assume that the edges of the underlying graph model are either
open or closed. Closed edges represent the separation of the corresponding points,

i.e. the disease cannot spread through these edges.

Let us fix J € NT, i.e. the total number of steps. For every j € [J], in the j*8
step the set of vertices of state susceptible, infectious without symptoms, infectious
with symptoms and recovered are denoted by &, IJQ), I](Q) and R;, respectively.
We will also use the notations S; = |S;], [ng) = |Ij(1)|, ];2) = |IJ(2)| and R; =
|R;|. As discussed in the previous section, for every j € [J] U {0}, again we have

SUTPUTP UR; =V, thus S + IV + 1P + R; = .

We define the following (discrete-time) stochastic processes:

4 ), 7 !
X : {0} U [J] =TT, X = (X)) = (8,20 R,)
i

s @5\’
Y {0}ulg] - 54 Y = ()= (8510, 1 Rj)jzo.

As in the previous section, we have G; = o (]—"n, (Xi)gzo), i.e. the o-algebra generated

by G and the first j steps of the process X.
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We assume that the initial sets of the vertices of different states Sp, Iél) , I(()Q) and

Ry are given. For every j € [J], in the j*® step we have the following;

(i): every susceptible vertex v € S;_; becomes infectious without symptoms

with probability

N
(k)
P (v e2f0) =1~ Tl -

k=1

(%)

where i;; (v) is the number of open edges of type k which connect v with an

Ir,-vertex in the step 7—1. Notice that the types of edges remain unchanged,
but the states of the vertices may be different over the steps.

(ii): Every Ij-vertex v € Iﬁ)l becomes an Iy-vertex with probability

P (vez?

gj_1> =r.

Then, every edge becomes closed which is incident to the vertex v.

(iii): Every Iy-vertex v € I;i)l becomes recovered with probability

P('UER]'

gj—l) =dq.
Then, every edge becomes open which is incident to v, except those which
is incident to an Io-vertices.

As in the previous section, an illustration of the dynamics of the S1I; Iy R-process can

be seen in the figures below.
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------- v e ]
.
1
[}
________ Y3 _ _ _e
1
"""" . ‘..‘ "'.
N
' Y
/7 N

Top left: Vertex v may infect wy and wo
with different probabilities, because they
are connected to v with different types of
edges. Here, vertex ws has already been
infected, thus it is temporarily removed
from the rest of the graph like all other
I>-vertices.

Top right: Let us assume that vertex

wy has been infected by v.

Bottom: After a while Ij-vertices be-
come Io-vertices and they show symp-
toms of the disease. Then, they are sepa-
rated from the rest of the graph, like ver-
tex v in this graph. The Is-vertices be-
come recovered after a random period of
time. Then, they are reconnected to the
rest of the graph, except to their neigh-
bours which are Is-vertices. Here, vertex

ws became recovered.
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In the S1; s R-process, the parameters are the probabilities of the spread of infection
on the different types of edges (p1,p2,...,pn), the probability of appearance of
symptoms (7), the probability of recovery (¢q) (which are the same for all vertices),

the finite time horizon (7") and the underlying graph.

3.3. Sensitivity analysis of the parameters

In this section, we examine the results of some stochastic simulations related to the
spread of epidemics. We generated random graphs with two types according to the

models in scope, then we simulated the spread of epidemics on these graphs.

First, we examine the ST R-process for each graph model. Recall that in the STR-
process the symptoms of the infectious disease become visible immediately after
the infection. After recovery, the individuals become immune to the disease which
means that they can no longer become infected. In the following sections, we have
a look at the evolution of the proportion of vertices with different states over time,
and we compare the results of different parametrizations. Then, we also have a
look at the SI; Iy R-process. Recall that in the S1; 15 R-process it takes some random
number of steps until the symptoms of the infectious disease become visible after
the infection. Similarly to the SIR-process, the individuals become immune to the

disease after recovery so that they can no longer become infected.

3.3.1. Preferential attachment graph. In this section, we use the multi-type
preferential attachment model as the underlying graph of the process. For a given
parametrization, we generated 10 random graphs on 1000 vertices with two types of
edges. We had 2000 edges of the first type and 1000 edges of the second one. We

examined three different parametrizations of the SIR-process:

D1 b2 q | T

15" parametrization | 0.1 | 0.1 | 0.1 |50
274 parametrization | 0.05 | 0.1 | 0.1 | 50

3'4 parametrization | 0.1 |[0.05 | 0.1 | 50
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For the SIR-processes, 10% of the vertices are infectious and all the other vertices
are susceptible at the beginning, and for the SI; I, R-processes, 10% of the vertices
are infectious without symptoms and the rest of the vertices are susceptible. The
trajectories of the average of the scenarios for the three parametrizations can be
seen on the following images. The blue, the red and the green trajectories represent

the 1°¢, the 2" and the 3"¢ parametrization, respectively.
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The blue trajectory represents the ”single-type case”, i.e. we have p; = p,. We can
see the constant decrease of the proportion of susceptible vertices and the constant
increase of the recovered vertices. However, as for the infectious vertices, we observe

the rapid increase and then the slow decrease.

Since the number of the edges of the 1% is twice as mush as for the 27¢ types,
decreasing the probability of propagation on the edges of the 1! type has a more

severe impact than the same decrease on the edges of the 2" type.

We use the same parametrization for the SI;I; R-process with an additional pa-
rameter, which is r = 0.1 (the probability that symptoms of an infected individual
become detectable). As a result of the isolation of patients, who are infectious with
symptoms, the epidemic curve flattens. Even though there is a latency period, if
we isolate people when the symptoms appear, it already improves a lot. This holds
in general, regardless of the type of edges. We can see that the introduction of
quarantine makes the model less sensitive to changes in the parameters. However,
the slowing effect of the quarantine is much severe for the 2"* and 37 than it is in

the single-type case.
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3.3.2. Model of independent edges - version I. In this section, we use
the first version of the model of independent edges as the underlying graph of the
process. Again, for a given parametrization, we generated 10 random graphs on
1000 vertices with two types of edges. The parametrization of the SIR-process is

the same as in the previous section.
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The structure of both versions of the model of independent edges depend on the
finite initial configuration. In the simulations, this initial configuration is a graph
with two vertices which are connected with 2 edges of the 1% and 1 edge of the 2"¢
type. Similarly to the preferential attachment model in the previous section, the
underlying graph contains more edges of the 1% type than the 2"¢ type, but the

results are less sensitive to changes in the propagation probabilities. We can also
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see that the spread of the infection is slower even in the single-type case compared
to the preferential attachment model. This is due to the fact that edges of the same

type are more likely grouped in the model of independent edges.

For the ST, I, R-process, we use the same parametrization as in the previous section.
In this case, the impact of having two different types for the edges is less severe.

The observable data is almost the same as it is in the single-type case.
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3.3.3. Model of independent edges - version II. In this section, we use
the second version of the model of independent edges as the underlying graph of
the process. Again, for a given parametrization, we generated 10 random graphs
on 1000 vertices with two types of edges. We have chosen A = 1, i.e. the fixed

parameter of the graph model.
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Although the construction of the underlying graph is different, the results are very
similar to the other version of the model of independent edges. In the first version
of the model, the (random) degrees of the vertices are binomially distributed, while
in the second version they follow Poisson distribution. In this case when the number

of vertices is sufficiently large, these distributions have almost the same behaviour.
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3.3.4. Duplication model. In this section, we use the duplication model as
the underlying graph of the process. Again, for a given parametrization, we gener-
ated 10 random graphs on 1000 vertices with two types of edges. Similarly to the
model of independent edges, the structure of the duplication model depends on the
initial finite configuration. In our simulations, the initial configuration contains two
independent Erdés—Rényi graphs on 900 vertices, and the probability that a pair
of vertices is connected is set to 0.1. Because of the choice of parameters, both
graphs contain a single giant connected component with high probability. Then, we
apply 100 duplication and deletion steps. The edges of these graphs define the set
of edges of different types in the multi-type configuration. The resulting graph is
highly clustered, i.e. it mainly consists of independent cliques. This corresponds to

a model where we segregate well-isolated groups through restrictive measures, such
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as the individuals only meet with those who are living in the same household, or the
schools are partially open but the classes are isolated. If there are many independent
components and only a negligible part of the vertices are infectious, then the results
depend on the structure of the typical components and not on the global structure

of the graph.
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Because of the clustering properties of the underlying graph model, the results are
not sensitive to the changes in probabilities of propagation. Initially, 10% of the
vertices is infectious (for the SIR-process) or infectious without symptoms (for
the ST I;R-process). Within the dense connected components which contain some
infectious vertices at the beginning, the epidemic will spread, no matter how small

the infection probabilities are.

Because of the clustering properties of the underlying model, the effect of quarantine
is less significant. In the connected components, the epidemic will spread among
the individuals before we can detect the symptoms and remove the edges between
some of the vertices. It also means that if we create isolated bubbles with the help of
restrictive measures (e.g. school classes are well-separated), then no more quarantine
is necessary, and it is not a problem if there are edges with higher propagation

probabilities, the epidemic will spread too a much smaller extent.
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3.4. Further research possibilities for epidemic spread

We have seen that the introduction of different types of edges and the presence of

segregated groups can have a severe impact on the spread of the epidemic.

Due to the diversity of processes describing the spread of the epidemic, there are
many opportunities for further research. One possibility is to introduce a model in
which a group of vertices of the graph represent the medical employees. In some
applications, the infected individuals require some kind of medical treatment. In
this case, the medical employees (doctors, nurses, etc.) are assigned to the infected
individuals. We may assume that the medical employees can also be infected, and
then, they also require medical treatment. One can examine how much capacity is
required in the healthcare for the infected patients to receive appropriate treatment

under different parameters of the infection.

Another possibility is to study continuous-time models, i.e. models in which the
events describing the infections and recoveries occur on a continuous time scale. For
example, we can use exponentially distributed random times that determine when

these events occur. Continuous-time models are typically more complex than the
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discrete-time versions, but they often describe epidemics in reality in a more natural

way.



Summary

In this thesis, we investigated the asymptotic properties of a general family of ran-
dom graphs with multiple type edges.

In Chapter 2 we defined the generalized asymptotic degree distribution for graphs
with multiple type edges. Then we defined a general random graph model evolving
in discrete time steps by listing some assumptions related to the dynamics of the
evolution of the structure. We proved the existence of the generalized asymptotic
degree distribution in the general model and provided recurrence equations that are
satisfied by this distribution. Then we examined two random graphs in more details
that are special cases of the general model: a multi-type version of the well-known
Barabasi—Albert graph and the model of independent edges. These examples show a
new phenomenon, which is the stochastic nature of the asymptotic degree distribu-
tion. More precisely the asymptotic degree distribution depends on the asymptotic
proportion of edges of different types, which is random due to the dynamics of these
two graph models. Then we generalized the scale-free property of random graphs
in the presence of different types of edges and showed that the multi-type gener-
alization of the Barab&asi-Albert graph and the model of independent edges have
this property. Afterwards, we defined a perturbed version of the Barabasi—Albert
model with multiple type edges and compared our results to the previously examined
model. Due to the difference between the asymptotic behaviour of the proportion
of edges of different types in the two models we obtain a deterministic asymptotic
degree distribution in contrast to the non-perturbed model.

In Chapter 3 we investigated the spread of infectious disease on several random
graph models with multiple type edges. By using stochastic simulations we examined
the epidemic spread process in that case when the probabilities of the propagation
depend on the types of the edges of the underlying structure. Empirical results of
these simulations are presented by using various type of epidemic spread processes
with different parametrizations.
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Osszefoglalds (in Hungarian)

Ebben az értekezésben tobbtipusu élekkel rendelkezo véletlen grafok egy altalanos
csaladjanak aszimptotikus tulajdonsagait vizsgdltuk meg.

A 2. fejezetben definialtuk a &altalanositott aszimptotikus fokszameloszlast olyan
grafokra, amelyek élei tobbféle tipusba sorolhatok. Ezutan definialtunk egy diszkrét
lépésekben fejlodd altalanos grafmodellt a fejlodési dinamikara vonatkozé néhany
feltétel felsorolasaval. Bizonyitottuk az altalanositott aszimptotikus fokszameloszlas
létezését és megadtuk rekurziés egyenletek egy rendszerét, amit kielégit a kérdéses
eloszlas. Ezutan részletesebben megvizsgaltunk két grafmodellt, amelyek az altalanos
modell specidlis esetei: egy tobbtipusi valtozata a jél ismert Barabasi—Albert-
modellnek és a fiiggetlen élek modellje. FEzek a példak ramutatnak egy 1j je-
lenségre, ami az aszimptotikus fokszameloszlas sztochasztikus jellege. Pontosabban,
az aszimptotikus fokszameloszlas fliggvénye a kiilonboz6 tipusu élek aszimptotikus
aranyatol, ami az emlitett grafok fejlodési dinamikaja miatt fligg a véletlentol.
Ezt kovetoen altalanositottuk a skalafiiggetlenség fogalmat olyan grafokra, amelyek
tobbféle tipusu éllel rendelkeznek, majd megmutattuk, hogy a tobbtipusi Barabasi—
Albert-graf és a fiiggetlen élek modellje rendelkeznek ezzel a tulajdonsaggal. Ezutéan
definialtuk a tobbtipust Barabasi—Albert-graf egy perturbélt valtozatat, és 6sszeha-
sonlitottuk az erre vonatkozé eredményeket a kordbban megvizsgalt modellével. A
kiilonbozo tipust élek aszimptotikus ardnyanak eltéro viselkedése miatt azt kaptuk,
hogy az aszimptotikus fokszameloszlds mar nem fiigg a véletlentol a nem-perturbalt
valtozattal ellentétben.

A 3. fejezetben megvizsgaltuk fert6z6 betegségek terjedését kiilonféle grafmodelleken,
amelyek tobbtipusu élekkel rendelkeznek. Sztochasztikus szimuldcidk segitségével
megvizsgaltuk a jarvanyterjedési folyamatot olyan esetben, amikor a fert6zési valo-
szintiségek fiiggnek a kérdéses graf éleinek tipusaitél. Ezen szimulaciok empirikus
eredményeit mutattuk be kiilonféle jarvanyterjedési folyamatok és paraméterezések
esetén.
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