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Prologue

Mechanics is a branch of physics that deals with the relationships that physical
objects have with space and time. In dealing with such basic notions, we must
consider the specific characteristics and problems of mechanics:

* Mechanics acts as the metalanguage1 of physics. Mechanics is where we must ' A metalanguage is an artificial

define what we mean by matter, space and time. Although concepts such as language formed by a repertoire
of axioms, postulates and rules,
that are used to describe other lan-

provides the first definition upon which the others are based. guages, whether artificial or natu-
ral.

force and energy are used in many branches of physics, it is mechanics that

» Because mechanics deals with very basic concepts, they are the same concepts
used in everyday life, detached from physics. So, words such as length, dis-
tance, time, speed, force, work, energy and the selfsame mechanics are the same
words we use daily in very different contexts. When operating in everyday con-
texts, we do not always function rationally, and even less so scientifically, which
is highly recommended. The downside to this is that we generate a whole se-
ries of intuitions that we unwittingly use in the scientific context of mechanics,
which is not recommended.

* The concept of mechanics is also used in many different contexts within and
beyond physics. Thus, we have:

— Classical mechanics. This deals with objects whose dimensions are much
larger than atoms and molecules. In this field, we can take spacetime mea-
surements without the problem of substantially altering them.

— Quantum mechanics. This serves as the complementary to the classical me-
chanics and deals with extremely small objects, that are on the order of atoms
and molecules. These objects pose problems when taking spatio-temporal
measurements because doing so alters them substantially. We do not know
how to measure these objects because, according to quantum mechanics, it
is not possible to do so without altering them.
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— Newtonian mechanics. This is the field of classical mechanics that deals
with objects moving at low speeds, compared to that of light.

— Relativistic mechanics. This field deals with objects moving at high speeds
comparable to that of light. It can be classical, like Newtonian, or quantum.
Even today, attempts are still being made to establish the foundations of rel-
ativistic quantum mechanics.

— Other contexts. Some of these are continuum mechanics, fluid mechanics,
rigid body mechanics, statistical mechanics, analytical mechanics, field me-
chanics, mechanical engineering, biomechanics and many others.

From all of these, we will deal here with Newtonian mechanics, which is a non-
relativistic classical mechanics approach to dealing with objects that are neither ex-
tremely small nor excessively fast. This embraces a good part of the world around
us. To understand it better, let us describe Newtonian mechanics as the mechanics
of the everyday world. However, we must be very careful to not fall into unsub-
stantiated intuitions.

Chapter 1 deals with the most basic foundation of mechanics. It concerns what we
understand by space and time, as well as which forms of mathematics will be useful
for describing and measuring the magnitudes of mechanics. We will characterize
the curves drawn by points in space and their relationships to time, specifically by
studying kinematics, which is an extension of the usual space geometry to include
time. This chapter will inroduce concepts such as reference frame, Newton’s first
law, position, velocity and acceleration, among others.

Chapter 2 seeks to define the key object in Newtonian mechanics: the Newtonian
particle. This concept will later allow us to construct objects that are closer to real
ones, such as rigid bodies. This is the objective for which we define the Newtonian
particle. We will deal with particle dynamics, meaning the time trajectory traced
by the particle when subjected to different forces. This chapter introduces New-
ton’s law of motion and concepts such as momentum, angular momentum, force,
moment of a force, work and energy, among others.

Chapter 3 can be summarized as getting to the point. We extend the concepts in-
troduced in the previous chapter to a set of IV particles. Regarding NV, it can be un-
derstood as a finite number (1, 2, 3...) or can even be infinite. In the latter case, we
will be dealing with continuous bodies and will see how they can be handled with-
out problems by using the concepts introduced for N finite. The chapter will begin
by distinguishing between internal and external forces, before looking at Newton’s
law of action-reaction. We will introduce the fundamental concept of constraints
and ideal reactions, thus bringing us to the core component of mechanics: the gen-
eral equation of dynamics. This equation is important because it allows handling



complex mechanical systems, which engineers call mechanisms or machines. With
this equation, we can make the most of our knowledge of the mechanism’s geome-
try and eliminate the reaction forces generated by this mechanism. In conservative
systems with one degree of freedom, we can use the properties of the mechanical
energy function for the system as a solving method. For systems with more than
one degree of freedom and/or with time-dependent constraints (which are beyond
the scope of this book), the general equation of dynamics would lead us to La-
grangian mechanics, which we introduce in Chapter 9 for those readers eager to
learn about mechanics. Chapter 3 will also introduce the rigid body, which is a
system of constrained particles. We do not deal here with the dynamics of the rigid
body but instead will postpone this to Chapter 5, while Chapter 4 will deal with the
statics of rigid bodies.

Chapter 3 will also introduce the general concept of angular velocity.

As already mentioned, Chapter 4 deals with statics or, stated more generally, with
equilibrium problems of rigid body systems, which includes studying the stability
of this equilibrium. We also deal with how to correctly represent some external
forces acting on bodies, such as weight and forces exerted by gravitating fluids
in contact with bodies. The statics problem is posed as an inverse problem of
mechanics. If, in general, the standard problem in mechanics is to find the motion
of a system subjected to known forces, this motion is now known, since we want
it to remain at rest. Beyond the reaction forces, the unknowns will be some other
forces or also the configuration of the system itself.

Chapter 5 deals with the dynamics of the rigid body. For this, it will be necessary
to finish expressing the equations of motion found in Chapter 3 as a function of the
appropriate degrees of freedom. Due to the difficulty, we will restrict our study to
situations where the axis of rotation is in a fixed direction of space, which we will
call 2 D rotations.

Here is where we introduce the concept of moment of inertia about an axis.

Chapter 6 deals with the problem of small oscillations in systems with one degree
of freedom. We will see how this problem is of great interest, because any system
whose equilibrium is stable for small deviations from this configuration performs
a harmonic motion whose characteristics are independent of any exact knowledge
we have of the acting forces. For this reason, we will apply a certain degree of
abstraction to the study and introduce the concept of the canonical equation of har-
monic motion, specifically for simple, damped and forced cases. This chapter also
introduces concepts such as elongation, pulsation, period, amplitude and phase, as
well as the important concept of resonance.

Chapters 7 and 8 are dedicated to the study of wave phenomena, which are un-
derstood as mechanical phenomena. The study of wave motion is an extension

13
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of Chapter 6’s study of harmonic motion, but because it is complex and encom-
passes a variety of perceptible phenomena, we treat it in a way that is closer to
phenomenology than to pure formal mathematical development.

As already mentioned, Chapter 9 serves only as a taste for anybody interested in
analytical mechanics and how it relates to Newtonian mechanics through the gen-
eral equation of dynamics. Beginning with this, we deduce the Lagrange equations
of motion for systems with time-dependent geometric constraints, which are an ex-
tension to L degrees of freedom of Chapter 3’s equations for conservative systems
using the mechanical energy function, which in a certain way will now be replaced
by the Lagrange or Lagrangian function. We do not delve deeper into this because
our only objective is to create a bridge between Newtonian and Lagrangian me-
chanics, which is a part of analytical mechanics that can be found in a multitude of

texts.

Finally, we point out that each chapter contains some solved problems that help
to contextualize the developed theories. The final part of the book provides more
problems and questions arranged by chapters and sections. Some of the problems
are solved, and the solutions are given for the rest.









1 Physico-mathematical foundations
of mechanics

Introduction

This chapter combines physics and mathematics because it is a very fine line that
separates the most basic concepts of physics from mathematics.

1.1 Space, time and reference frames

Physics in general, and mechanics in particular, study the behaviour of objects
in space time. Although some current physical theories debate the reality of this
spacetime, we will not do so here. It is enough to view spacetime as a very useful
intellectual construction for systematising everything that happens, as we all agree
on how to organize our perceptions of events by placing them at different instants
of time in a three-dimensional space.

An observer (see Figure 1.1) is a recording system (human or automatic) of the
position of objects at each instant in space. He or she can assign a triad of numbers
to each point A which will apply a unique label to it: the coordinates of point
A = (24,Ya,24). He or she will be able to assign to each point A a time ¢ ,, which
is synchronized with the time of clock ¢, using the maximum available speed c:

bty —to =dao/c (1.1)
where d 4, is the distance between A and the point where the observer’s clock is
located. Later, we will see that using any speed other than the maximum gives rise
to inconsistencies.

The set of objects and labels used by the observer constitute the reference frame.

By international agreement, all observers define time and space patterns in the same
way. The BIPM (Bureau International des Poids et Mesures) is the institution that
oversees the SI (International System of Units). The final definitions are:

{(wa,ya,24),t4}

()
space time

dao

@ {(Ov 0, 0)7 tO}
& ‘%

Fig. 1.1: Observer
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= Unit of time. The second, s: a time interval of 1 second is equal to 9192631770
periods of the radiation corresponding to the transition between the two hyperfine
levels of the ground state of the cesium 133 atom (Adopted in 1967).

<» Unit of distance. The meter, m: a spatial interval of 1 meter is equal to the
distance travelled by light in vacuum during a time interval of 1/299792458s
(Adopted in 1983).

1.2 Euclidean Cartesian coordinates. Distance

A remarkable fact about physical space is that it can be labelled using Euclidean
Cartesian coordinates (simply Cartesian, if there is no doubt). An important prop-
erty of these coordinates is that the distance, or shortest path between two points,
A= (2a,Ya,24)and B = (z5,y5, 25) (see Figures 1.2 and 1.3) can be expressed
as

d(A,B):\/(xA—xB)2+(yA—yB)2+(zA—23)2 (1.2)
This is not possible for the space points on the surface of a sphere.

Point (0, 0, 0) is the origin of coordinates; and the straight lines (x, 0, 0), (0,y,0)
and (0, 0, z) are the coordinate axes.

1.3 Scalars and vectors

Physical quantities have some characteristics in relation to the observer measuring
them. According to this criterion, we highlight and use two categories of physical
magnitudes: scalars and vectors.

=» Scalar field is a map that associates points and instants with values that are
independent of the observer’s orientation (or rotation), f(z, y, z, t). Itis also called
a scalar.

< Vector field is a map that associates points and instants with vectors: a positive

scalar (modulus or magnitude) and a direction (line of action and sign), V(:z:, Y, 2, t).

It is also called a vector.

Examples of scalar magnitudes are temperature, volume and density, among others.
Examples of vector magnitudes are the velocity of a particle associated with the
points and instant it passes through, the gravitational field associated with all points
at each instant, and the force exerted by an electrical charge wherever one may be.

The idea that a vector exists at each point in space is why we use the name of field.
Let us imagine a wheat field in which each ear of wheat is the vector of a point in
space. The set of ears of wheat, that is, the entire field of wheat, is what we call
the vector field or simply vector. We can also speak of a scalar field such us a

z
A= (za,ya,24)
A

ZA

Fig. 1.2: Euclidean Cartesian
coordinates of the A point

(TB,YB,%B).

d(A, B)
o (xa,y4,24)

Fig. 1.3: Distance from point A to
B



field of densities or temperatures, although not in the sense of a point’s density or
temperature in spacetime, but of a function that assigns at each point and at each
instant a density or temperature that may be different.

The Cartesian basis of vectors is formed by the unit vectors {i, 7, k} that run
parallel to the coordinate axes and are defined at all points in space (see Figure
1.4). Any vector V can be written as

—

V=V,i+V,j+V.k=(V,V,V) (1.3)

where V, , V, and V_, are the Cartesian components of the vector, which can be

functions of (x,y, z,t).!

The basis vectors {L 7, ]AC} have no units and are not associated with any magnitude.
They represent directions of space, which in this case are the three directions of the
coordinate axes.

Note that a component of a vector is not a scalar.

Algebraic operations with vectors

If we have two vectors A and B, it can be shown that (A,+B,,A,+B,,A.+B.)
is a vector. The sum of two vectors is defined according to this property.

9 Sum: Given two vectors A and E, their sum A + B is the vector which, in
Cartesian coordinates, is expressed as

A+B=(A.+B.,,A,+B,A. +B.) (1.4)

If U is a scalar and A is a vector, it can be shown that (UA,,UA,,UA.)isavector.
According to this, the external product or the product of a scalar and a vector can
be defined.

= External product: Given a scalar U and a vector A, the external product is the
vector U A, which in Cartesian coordinates can be expressed as

—

UA=(UA,,UA, UA,) (1.5)

If we have two vectors A and é, it can be shown that A, B, + A, B, + A.B. isa
scalar. According to this, we define the scalar (or dot) product.

= Scalar product: Given two vectors A and E, the scalar product is the scalar
A - B which in Cartesian coordinates can be expressed as

A-B=A,B,+A,B, + A,B, (1.6)

x>

<>
>
<

T

Fig.1.4: At each point in space
we havg the three basis vectors
t,j,k

'If any of the components is nu-
meric and we are using a comma
as a separator, we can use a semi-
colon (;) instead of a comma (,).
For example, (2; 5, 603;7.2). In
this book we will always use a
comma

19
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= The modulus of a vector A'is the scalar:
A=VA A (1.7)

=» The cosine of the angle 0 < 6 < 7 (see Figure 1.5) between two vectors Aand
B can be expressed as

A-B
= — 1.
cos 6 1B (1.8)

9 The unit vector A of a vector A is the unit module vector

A=

NN

(1.9)

Given two vectors A and B, it can be proved that
(A,B.—A.B,,A.B, — A,B.,A,B, — A,B,)

is a vector. Accordingly, we have defined the vector product.

< Vector product: Given two vectors A and B, the vector product is the vector
A x B (see Figure 1.6), which in Cartesian coordinates can be expressed as

i)k
AxB=|A, A, A | =(AB.—A.B,,A.B,—A,B.,A,B,—A,B,)
B, B, B.

(1.10)
< The sine of the angle 0 < 6 < 7 between two vectors A and B can be expressed
as

A x é(
in = —— 1.11
sin 1B (1.11)
= Corkscrew rule:The vector product A x B canbe expressed as
A x B=BAsinfi (1.12)

where @ is a unit vector normal to A and B the direction given by an advancing
dextro-rotatory screw rotating from A to B on the shortest path (see Figure 1.6).

It is especially important to use {z,y, z} reference frames of positive orienta-
tion, that is, frames that can be juxtaposed onto the frame in Figure 1.7 only by
translation and rotation.

Fig. 1.5: Angle 6 between two
vectors

Fig. 1.6: Vector product A x B
between two vectors. Corkscrew
rule.

P

7 N
T Y

Fig. 1.7: Reference frame
{z,y, z} of positive orientation



Algebraic relations with vectors

These are equalities (which we will give without proof) involving the above defined
operations:
A-(BxC)=(AxB)-C (1.13)

Ax(BxC)=B(A-C)-C(A-B) (1.14)
(Ax B)-(CxD)=(A-C)B-D)—(A-D)B-C) (1.15)

Differential operations with vectors

Given a function f(z,y, z,t), we may want to derive it with respect to some of
the variables. For example, we will indicate its « derivative with the operator %
and will say that we make the partial derivative with respect to z. If we want
to derive it only with respect to ¢, we will indicate it with % and will say that we

make the partial derivative with respect to ¢.

It must be remembered that the chain rule for functions states that if F/(\) =

F(g(N), \), then L F = 8@%% 4o,

When we derive vectors, we can use the usual rules of derivation, especially Leib-
niz’s rule for the product. In general, scalars and vector components are functions
of the type f(x,y, z,t). In addition, it can happen that the coordinates {z, y, z}
are part of a trajectory and, therefore, may depend on ¢ or on some other A param-
eter: {z(t),y(t), z(t)} or {z(A\),y(A), z(A)}. The derivation operator D may be:
D=L D=2 D=L D=5 D=4 D=%&, D=4 Allofthem
will comply with the usual rules of derivation and especially with the Leibniz rule.
The Leibniz rule for functions f and g with the usual productis D(fg) = (D f)g+
f(Dg). When the expressions involve scalars U and vectors A and B with the
scalar - and vector x products, we have:

D(UA) = (DU)A + U(DA) (1.16)
D(A-B) = (DA)- B+ A-(DB) (1.17)
D(A x B) = (DA) x B+ A x (DB) (1.18)

An important property of the Cartesian basis (associated with the {z, y, z} coordi-
nates) {i,j, l%} is that
Di=Dj=Dk=0 (1.19)

21
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This is so because at each space point the vectors of the fields {i, 7 I%} remain Ik
parallel (see Figure 1.8).This does not happen if, for example, a spherical basis is g

used. At each point in space, the radial unit field vectors 7 do not remain parallel.
Nor do the other two fields completing the spherical basis (see Figure 1.9). TI”

Property (1.19) is very useful. By deriving a vector on a Cartesian basis

DV _ D(Vzi) -I-D(Vyj) —i—D(Vzl;:) _ D(V;)iJrD(Vy)j+ D(Vz)l;: Fig.1.8: Thektiasisv?ctorsare

parallel. So are 7 and j

it is enough to derive its components:

DV = (DV,,DV,, DV.)

Yo

In the case of derivation with respect to , it is interesting to note that the variables
x, y and z may also depend on t because they are part of a trajectory. In other
words, they are in fact functions of ¢, and the function f is a function only of ¢,
fz(t),y(t), 2(t),t), although we do not make it explicit. In this case, the deriva-
tive with respect to ¢ is called the fotal derivative and is written as f = %. To

calculate this, we will use the chain rule for each coordinate as well as the time (;7/' 7
partial derivative, i.e.: 7@
. Of . Of . f af
= = = —= 1.20
I=2: 3,9 07 20 e -

Concerning total derivatives, we have the following two important results.

f

= Given a scalar f, the total derivative % is a scalar.

Fig. 1.9: The 7 basis vectors are
< Given a vector v, the total derivative & d : U is a vector. not parallel. Nor are & and ¢

Other basic differential operations between scalars and vectors are the following.

< Given a scalar U, the gradient VU is the vector that in Cartesian coordinates
can be written as

VU (1.21)

o \ oz oy 0z

< The differential of U(z,y, z) is the infinitesimal scalar expression dU, which

U _ (aU ouU aU)

in Cartesian coordinates can be written as

oU ou oU
dU = ——dz + a—d y+ 5z (1.22)

We can also express as dU = VU - dif = % - d7 where dr = (dz, dy, dz).

In physics, we can identify dx with an arbitrary increase in the magnitude z, with
the condition that it is of the same order or smaller than the error ¢,, with which
we measure x: dr < ¢,. The same can be stated for dy, dz and dt. We will also
have dU < ¢, (see the subsection Error propagation in Section 1.5).



Integral operations with vectors
There are three basic integral operations relating scalars and vectors.

The temporal integral of a scalar U (7,7, t) defined on a trajectory 7(t) is the
scalar

/ Udt = / U(F(t), 7 (t), t)dt (1.23)

The temporal integral of a vector V defined on a trajectory 7(t) is the vector

/th = (/mdt,/vydt,/udt) (1.24)

The integral of a space defined vector Fona path C, which is also called circula-
tion of F along C, if the path is given parametrically by 7(A) = (z(\), y(A), z(\))
from A\, to A, (see Figure 1.10), is the scalar

A Ao

2
= o [z dF, dx dy dz
/F'drf/F d)\d/\/<F'”d)\ +Fyd)\ +de)\) d\ (1.25)

c A A1

Problem 1.3.1. Given the vectors A = 57 + 47+ 3kand B = —27+ k, calculate:
a) The modules.
b) The scalar and vector products
¢) The angle between them

d) Find a unit vector perpendicular to Aand B

Solution

a)

A=VA A= \JA, A, + A A, + A A =5 42132 = 5/2

B=VB-B=+/B.B, +B,B,+ B.B. =/0> + (—2)> + 12 = /5

b)
A-B=A,B,+A,B,+A.B.=5-0+4-(—2)+3-1= —5
ik
AxB=| A, A, A. |= 10i—5j— 10k
B, B, B.

¢) From the scalar product, we get the angle between the vectors

A-B = ABcos = cosf = A-B = L = 0= 108.4°
AB V10

Fig. 1.10: Circulation of F along a
path C
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d) The vector product gives the expressions of a vector C=AxB perpendicular to
Aand B

AxB 107 — 55 — 10k 7
‘ff X E’ V102 4 (=5)" + (—10)”

A 2222

and that if A has a constant modulus, then it is perpendicular to %.

Solution
A2=AA=A- A A )
d(A- d
=24
dt dt
a(4-A) Jp dA
dt - dt
L dA dA
A2 = A2
BT dt

if A has a constant modulus, %4 = 0,= A. % = 0, and therefore these vectors are

> dt
perpendicular. |

1.4 Principle of symmetry

The idea of symmetry is not exclusive to mechanics, nor even to physics. It has
been used in many fields of science. Reasons of symmetry or arguments of sym-
metry are given to justify considerations that greatly simplify some problems, but
it was not until relatively recently that any attempt has been made to specify what
we mean by “reason of symmetry”. Pierre Curie was the first to state a principle
of symmetry, in 1894:

An effect cannot lack a symmetry if this symmetry is not lacking in the cause.

That is, if the cause has a symmetry, it must be present in the effect. We will give
a more detailed version of this idea, first by specifying what symmetry is.

With an object S and one transformation 7" of any kind (see Figure 1.12), we say
that 7" is a symmetry transformation of S or that S has the 7" symmetry if S remains
unchanged when applying T’

T(S) =S (1.26)

Fig. 1.11: Pierre Curie
(1859-1906) was a French
physicist

T

Fig. 1.12: Were it not for the
vertices being labelled, the two
triangles would be
indistinguishable



= Principle of symmetry: If the causes have symmetries, then the effects have at
least the same symmetries.

Note that we need to make sure that we control all the causes, because it could hap-
pen that some of the causes are symmetrical and we have no information about the
rest. In this case, the effects would not have to be identical! We use this principle
many times without being aware of it, because it is very intuitive. Other times it
does not seem like much to us, but it can also be applicable.

Problem 1.4.1. A uniform spherical mass distribution creates a gravitational field.
Arguing exclusively with the symmetry principle, what can we say about the grav-
itational field?

Solution

The cause, that is, the uniform spherical mass distribution, has spherical symmetry: If
we make any rotation around its centre, it remains unchanged. The effect, in this case
the gravitational field, must therefore also have spherical symmetry. The gravitational
field must be radial and depends only on the distance to the centre of the distribution.

|

1.5 Measurement and treatment of experimental data

We can never give a result in the form of a real number. This is so for many reasons.
For example, suppose we want to measure the length of a rod like the one in Figure
1.13.

1) The assumption that the rod has a well-defined length is an idealization. Real
rods are not a sharply cut prism.

2) The measuring device has some limitations due to construction. No matter how
well built the ruler is, it has divisions with a certain thickness that we can see. These
divisions are separated in such a way that they coincide with the end of the rod by
chance.

3) Furthermore, our eyes have some limitations that may vary according to lighting,
age, etc.

Thus, the result of a measurement is not a real number; it is an interval. We can
say, for example, that the length of the rod is within the range [27.30, 27.40] cm (if
the ruler has divisions up to mm). Otherwise expressed, we have 27.35 +0.05 cm.
This same thing can be expressed as 27.3 cm, assuming that the number following
the last one on the right can vary by one unit. In other words, we are working with
an interval of [27.30, 27.40] cm.

Fig. 1.13: The error in the
measurement may be inherent to
the measured object
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The width of the interval is given by the so-called measurement errors. Clearly,
the word error should not be viewed as something negative.

< A large measurement error does not have to reflect any kind of incompetence on
the part of the person doing the measuring!

Error types

In order to give a reliable result of a measurement x, what we will do is repeat it
M times z,, x,, x;...x, . We will discard those values that clearly deviate from
the majority and then be left with N good measurements, z,, x,, T5...Ty. We
will express the result of the measurement as

r=rte¢ (1.27)
with
1 N
T= Zw (1.28)

where Z is the average of the measurements and the number ¢, positive, is the
measurement error, which will generally be rounded up to one significant figure
(this will be explained later). Depending on the causes, the error is decomposed
into

e=¢;,+¢€p (1.29)
Innaccurate or systematic errors, ¢,: These are usually due to the measuring
device itself. Whenever we make a measurement, commit a systematic error, which
always has the same value.

Analog devices: Two examples of these are a needle moving on a scale and a ruler
(see Figure 1.14), devices that give a continuous response. In this case, £, = R/2,
where R is the resolution of the measuring device, otherwise known as the interval
between marks. In a typical ruler, R = 1 mm.

Digitals devices: These give a response at discrete intervals (typically, they have a
numerical display; see Figure 1.15). In this case, €, = R and matches the minimum
increment shown by the device.

Uncertain or probable errors £,: These are due to random factors, such as in
the example of the rod in Figure 1.13, where the rod is not clearly cut at its ends
and the measured length depends on where we place the ruler. There may also
be environmental factors such as temperature, pressure, etc. The assumption that
all measurements are made around a certain value (Gaussian distribution), together
with the statistical treatment of the set of /N measurements, which we will not detail
here, gives a value for €:

ep=0f (1.30)

Fig. 1.14: Vernier calliper with
analogical output

Fig. 1.15: Vernier calliper with
digital output



where

1 N
o= Niz:(:i—xi)? (1.31)
is the standard deviation and

(1.32)

where t of (1.32) is the statistical function of Student.. Thus, f is a function that
depends on the number N of performed measurements and, through the Student’s ¢,
depends also on the probability we want for ensuring that the actual value is within
the given error range. If we are working with a probability of 95%, f is obtained
according to Table 1.1.

N[f N[7f N|f N f
11 | 0.6718 | 21 | 0.4552 | 40 0.3198

2 [ 8984 | 1206354 | 22| 0.4438 | 60 0.2583

3 | 2484 | 13] 06043 | 23] 0.4324 | 120 | 0.1808

4 [ 1592 [ 1405775 [ 24 [ 04223 [ 500 | =0

5 | 1241 |15 0.5538 | 25 | 0.4128

6 | 1.050 | 16 | 0.5329 | 26 | 0.4039

7 109248 | 17 | 0.5142 | 27 | 0.3956

8 | 0.8360 | 18 | 0.4973 | 28 | 0.3876

9 | 0.7687 | 19 | 0.4820 | 29 | 0.3804

10 | 0.7154 | 20 | 0.4680 | 30 | 0.3734

< Note: The typical scientific calculators (see Figurel.16) and/or spreadsheets
have procedures for entering data x,, x,, x,...x, and for calculating  and o.
If necessary, read your calculator and/or spreadsheet manual.

Error propagation

In the previous sections, we have seen how to obtain and express a variable subject
to error from its direct measurements. There are situations in which the same has
to be done with variables that depend on other directly measurable variables. For
example, if we have a variable z which depends on several variables z,y...: z =
z(x,y ...), we can identify small errors with differentials, i.e., ¢, = dz, ¢, = dx,
e, = dy..., etc. Because we know that dz = %dx + g—;dy + ... we just need to
evaluate the different factors %, g—z, etc, with the mean values x = z, y = 7,
etc, and always take the absolute value (positive). We must also always use the

different errors ¢, €, etc. Thus we obtain

Yo

z=zxe, ; z=2(z,9) (1.33)

Table 1.1: Values of f as a
function of the number of

measurements N for a probability

of 95%: f = LTBN=L

Fig. 1.16: Read your calculator
manual
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with

g, + ... (1.34)

QU

i
y=

Significant figures in direct measurements

In many cases, we do not need to refine the precision so much. It is enough to
express the result of a measure with an interval width of 10" > 2¢, n being the
minimum integer that satisfies the inequality. Returning to the case of the ruler and
the rod of the Figure 1.13 as an example, the result of the measurement in cm is
an interval [27.300000..., 27.399999...] cm.

We can say that 27.3 is the result given with one decimal place, but be careful!
If instead of working in cm we do so in m, we will have 0.273, we would say
that the result is given with three decimal places. If we were to do it in mm, the
result would be 273 without decimal places. It should be clear that the expressions
“with some decimal places” or “without decimal places” do not make much sense
if we want to reflect how much precision we are working with. It is better to talk
about significant figures: 2.73; 273; 0.000273; 273000. These are the results of
measurements (intervals) with three significant figures. Let us look at some rules
for detecting how many significant figures a given interval has.

Instead of talking about intervals or the result of a measurement, we will talk about
numbers, following the usual practice. However, we must remember that they are not

Example SF
strictly numbers in the same way as natural, integers or real numbers, but are instead 1523

4
intervals expressed as numbers. 70.054 5
0.0789 3
0.0020 2
3600 24-?
2
3
4

< Rule 1: In numbers that do not contain zeros, all digits are significant. 3.6 < 10°

3.60 x 10°
< Rule 2: All zeros between significant digits are significant. 3.600 < 10°

<» Rule 3: Zeros to the left of the first non-zero digit are only used to set the position Table 1.2: Examples of significant

of the decimal point and they are not significant. figures (SF)

< Rule 4: In a number with digits to the right of the decimal point, zeros to the
right of the last non-zero digit are significant.

< Rule 5: In a number that has no decimal point and ends in zeros, the zeros may
or may not be significant.

See the examples in Table 1.2.



Significant figures in indirect measurements

How are the results of the measurements added, subtracted, multiplied, and other-
wise calculated? Clearly, it is done more or less as with the usual numbers. But
what do we do with the significant figures? How many significant figures can be
obtained from addition, subtraction, etc?

Let us give a specific example. Suppose we have measured the sides of a (suppos-
edly) rectangular sheet and want to know its area (see Figure 1.17). Let us say that
the sides are a = 5237mm and b = 325 mm. How do we express the result in
order to correctly reflect the error made in the indirect measurement of the area?

Fig. 1.17: Indirect measurement of

Is 1702025 mm’correct? In other words, can we use seven significant figures? In the area of the rectangular sheet

this example, if the error is 1 mm per side, the error we commit for the area is on
the order of 5237 x 14+ 325 x 1 + 1 x 1 = 5563 ~ 6000 mm’.

The width of this range affects the digit in red: 1702025 mm*. The correct pro-
cedure is, therefore, to express the result as 1.70 x 10°mm?, that is, with three
significant figures.

The following general rules can be deduced for the manipulation of significant
figures.

< The mathematical constants (1/2,2/3,1/2,7...): As long as they are taken
with a higher number of digits than other the numbers involved, they do not affect
the calculation of significant figures.

<» Multiplication and division: The result of the operation will have the same
number of significant figures as that of the operand with fewer significant figures.

< Addition and subtraction: The result must not have digits beyond the position
of the last digit that is common to all addends. For example, 34.6 + 85 — 17.8 =
101.8 should be rounded up to 102, as the position of the last digit common to all
the terms is in the units.

Adjusting a line to the experimental data

Another very common situation is one that involves finding possible dependence
between two or more variables that can be experimentally measured independently
of each other, the values of which can be represented graphically. Through this
representation, a possible relationship between the variables can be deduced. In
the following, the methodology for determining this graph will be described.

= The representation can be made with a computer or manually (in the latter case,
it is convenient to use graph paper).
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<» It is necessary to choose the axis scales while taking into account the extreme
values of X and Y. This is done in such a way that the graph occupies a large
part of the sheet of paper and the represented measurements are, as far as possible,
evenly distributed (they do not accumulate at one extreme, for example).

< The point of intersection of the axes is not necessarily (0.0); it can be another
point that makes the representation easy (scale with displaced zero).

= All obtained points must be drawn, without excluding any of them a priori. The
data coordinates should not be written on either the axes or near each point, as this
makes it difficult to observe the graph.

<» The curve resulting from the adjustment of the experimental points must be con-
tinuous. Experimental points should never be joined with straight sections.

= If a point is clearly separated from the curve, it should not be taken into account
in the adjustment and should be marked as erroneous.

< All graphics must be accompanied by an explanatory footnote. If several sym-
bols are used for the different measured variables, it is mandatory to indicate which
symbol corresponds to each variable.

The simplest case is that of two variables x, y, between which there may be a linear
dependence. The straight line that connects them is called the line of fit and the
most common procedure for obtaining it is least squares linear regression. In this
situation, we have a series of N measurements x,, x,...x 5 of a variable z; N mea-
surements y,, ¥, ... Y of a variable y; and we “suspect” that they are approximately
related by a linear function y = ax + b. The a and b coefficients, as well as the
goodness of fit, are determined by means of the least squares method, according
to which the values of these parameters correspond to a straight line that minimizes
the sum of the quadratic deviations X between the point of measurement y, and
the value (ax; + b) that takes the function for the variable x,:

N

X*(a,b) = Z Y, —(az, +b)] (1.35)

=1

From the minimization process, we have

o= 20 b=F—aT (1.36)
2 —7
where
Z IXN: y 121\]: z? IXN: : zy IZN:
r= — €T = — M €Tr< = — €T = — €T Y.
N:1 i Y N:I?le N:1 i) Yy N‘:I iYi
(1.37)



We can fit any set of points to a straight line. However, an index called the cor-
relation coefficient |r| < 1, tells us the goodness of fit. This coefficient can be
calculated according to the following expression:
_ Ty—TyY

Vi =Py -7

The closer the points fit to the linearity hypothesis, the closer to 1 is 2. In practice,

r

(1.38)

alinear fit is considered good when |r| > 0.95 and cannot be linearly adjusted when
|r] < 0.8, although these limits are debatable.

The probable errors and/or inaccuracies of the measurements of x and y cause
random errors €, and ¢, of the coefficients a and b, and these can be evaluated
using statistical methods:

— a [1—1r?
ea=fo.; e=fVPo.; 0u= /5 (1.39)

where the f function is tabulated in Table 1.1 with the same interpretation (for
95%).

<» Note: The usual scientific calculators (see Figurel.16) and/or spreadsheets have
procedures for entering data (x,, v, ), (%2, ¥s) ... (xx,yn) and for calculating a, b
and r . If necessary, read your calculator and/or spreadsheet manual.

Problem 1.5.1. In an experiment to find out the viscosity of castor oil, an alu-
minium sphere of density p,, and radius R is released into a container with castor
oil of density p,, and unknown viscosity 7,2 . It is known that, after a certain
time, the movement is approximately uniform with a terminal speed v, given by
the expression

(D
where P,, is the apparent weight. Taking into account the Archimedean buoyant
force (this studied in Section 4.3)

4
‘Pap = gﬂRdg(PAl - Pm) )

and that b is the coefficient of viscous friction F, (this is studied in Section 2.5)
F, = -bv ®)

b can be related to the radius of the sphere and the viscosity of the oil according to
b = 67 R, 4)

The experiment consists of measuring the time it takes for the sphere to travel a
certain distance z, counted after allowing the motion to approach a uniform motion.

2The castor oil used in this
experiment has a viscosity of
0.985Ns/m?. It is this value
that we want to determine through
the described experience.

Figure for Problem 1.5.1
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Data: R = 0.02m, p, = 2700kg/m’, po, = 960 kg/m’.

The results of the table were obtained from measurements made between z =
0.25mand z = 2.5m

z(m) 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 225 2.50
t(s) 0.154 0.334 0.490 0.668 0.826 0.961 1.162 1.293 1.467 1.639

a) Represent the points (¢, z) according to the measurements made.
b) Graphically find the straight line that best fits the points.

¢) Find by linear regression the straight line that best fits these points. Justify
the goodness of this fit.

d) Using the fitted straight line found in ¢) and the expressions (1, 2, 4), find
vy, band 1.

e) Find the slope error and the ordinate at the origin error of the fited straight
line, and then calculate the propagation error in the viscosity 7.

Solution

a), b) and ¢). The represented points and the regression straight line can be seen in
the figure. A spreadsheet has been used to do the linear regression. The analytic
expression for the regression line gives: z = At + B = 1.53091 ¢ + 0.00190, with
a correlation coefficient of = 0.9997
z(m)
3.0

2.5 =
z = 1.53091 ¢ + 0.00190 M

2.0 -
r = 0.9997 "
1.5 »

1.0 ol

0.5 o

- #(s)
0 02 04 06 08 10 12 14 16 18

d) Relating the straight line and the fact that the movement is uniform according to
z = vrt, we obtain v, = 1.5309m/s . Taking into account (2), P, = 0.5720N,

Table for Problem 1.5.1

Solution to Problem 1.5.1

and according to (1), we obtain b = 0.3736 N's/m . By using (4), we have 7o = 0.9911N's/m’ .

e) To find the slope A and the ordinate at origin B errors, we use (1.39). With a
number of measurements N = 10, we have o, = 0.01326 and, from Table 1.1,
f = 0.7154. The obtained slope error is £4 = 0.0095m/s , which will also be the



error of v;,. Considering that, we can write
Py, 1
67R v,
Given that the only magnitude subject to error on the right side is v, and taking into
account (1.34), we have

Tlor =

P, 1
Enor = ﬁEEvL
where €, =4 = 0.0095m/s. We obtain ¢, = 0.0062N's/m’ , and the result-
ing ordinate at the origin B erroris ez = 0.0097 m . Observe that this value makes
the B value that we found by regression compatible with the value 0, which we ex-

pect according to the expression z = v t. Finally, we can express the result of the
experiment according to the value found for 7o,

ot = (0.991 £ 0.007) N's/m’
1.6 Newton's first law. Inertial reference frames

Newton's first law

Newton’s first law was motivated by the need to clarify what happens when noth-
ing happens. In other words, the spacetime conditions in which agents move: the
interacting particles and their corresponding forces. Note that in those days it was
commonly believed that things did not move by themselves; yet, Galileo had al-
ready conceived that bodies have inertia, a natural tendency to maintain their state
of motion.

<> Newton’s first law or the law of inertia: A body unaffected by any cause moves
at a constant velocity (uniform rectilinear motion).

We can view this as defining the absence of cause: A body observed to be moving
at a constant velocity is being affected by nothing. We can therefore say that it has
inertial motion.

Inertial reference frames

If an observer or reference frame moves inertially at a rectilinear and uniform
speed, it is not affected by any external physical agent. How will he or she know
how fast they are moving? Everything that is observed will seem to be a conse-
quence of the same laws of physics that apply when not moving. This consideration
invokes the definition of an inertial reference frame.

<» Inertial reference frames: These are reference frames obtained by transforming
a given reference frame in such a way that the laws of physics take the same form.
The transformations from one to another are called inertial transformations (sce
Figure 1.20).

Fig. 1.18: Isaac Newton
(1643-1727) was an English
physicist, mathematician and
philosopher

Fig. 1.19: Galileo Galilei
(1564-1642) was a Tuscan
physicist, mathematician and
philosopher
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S = (7= (2,y,2),1} § = {7 = (@', 2), 1)

inertial

inertial frame — ) inertial frame
oo transformation
d=r . 2520
m—; = mg m—-— =mg
dt? di'2 9

Inertial transformations

Highly generalized spacetime hypotheses posit that two reference frames S and S’
are inertial if they are related to each other by a composition of translation, rotation,
change in the origin of time and a transformation of velocity. Both systems travel
at a constant relative velocity V. The expression of the latter depends on whether
or not a maximum speed exists for synchronizing the different points in space.

< Galileo transformations: If nature does not limit the speeds, there are no prob-
lems with synchronizing. For the velocity transformation, we obtain

L
{ " :; Vi (1.40)

These transformations define the Galilean inertial frames we will use to study New-
tonian mechanics.

< Lorentz-Poincaré transformations: If nature places a limit on speeds, we will
have a maximum speed c that we use for synchronization. We therefore obtain

AR 5 =D (7.~
7= ’y‘l/ tj— G V-V (1.41)
t' =gt — V-7

1
=.
so V < c and the squareroot are always real. These transformations define the

where v = Since ¢ is the maximum speed there is no contradiction,

Poincaré inertial frames upon which Albert Einstein’s special theory of relativity
is based.

It is an experimental fact that there exists a maximum speed that coincides with
that of light in a vacuum: ¢ = 299792458 m/s. The consequences of this fact are
known as the special theory of relativity, which has been experimentally proven.
However, whenever we deal with systems that have velocities v < ¢ we can use
the ¢ — oo approximation and Newtonian mechanics for our calculations. In
Newtonian mechanics, time is absolute: For every point A, t, = t; that is, all

Fig. 1.20: Two inertial observers
use the same laws of motion to

explain their observations of the
same event

Fig. 1.21: Hendrik Antoon Lorentz
(1853-1928) was a Dutch
mathematician

Fig. 1.22: Henri Poincaré
(1854-1912) was a French
mathematician



points in the space of an observer can be synchronized with the same time ¢. Unless
explicitly stated otherwise, we will study Newtonian mechanics.

Regardless of whether or not we apply relativity, choosing an inertial reference
frame for defining another one depends on the degree of approximation we are
working with. In general, it is enough to consider the Earth as an inertial frame,
although we know that it moves around the Sun and therefore is not strictly in-
ertial. If more precision is needed, the inertial frame attached to the Sun can be
used. For example, GPS (Global Positioning System) technology currently links
its reference frames to quasars (quasi-stellar radio sources), which are extremely
distant celestial objects.

To end this section, we will solve a single relativistic problem that draws on a
specific and real case to illustrate how relativistic mechanics explained a fact that
caused surprise at the time, because it could not be explained by Newtonian me-
chanics.

Problem 1.6.1. In the laboratory, low speed ©~ muons have a half life of 7 =
2.197 x 10~ °s. Cosmic rays reach the atmosphere at a height of A = 2.5 x 10°m
and produce p~, which are detected on the Earth’s surface. Calculate in the fol-
lowing two ways the (constant) speed at which muons reach Earth.

a) without relativistic mechanics.

b) using relativistic mechanics.

Solution

a) Time is the same for all observers. The ;1 can “live”, atmost, 7 = 2.197x 107 % s.
According to the S reference frame, at rest on the ground, p~ should travel at a
minimum speed v = % = % = 1.138 x 10" m/s, which far exceeds the
maximum possible speed!

b) Here, we give the relativistic explanation. Time depends on the observer. The time
to consider for the muon p ™~ is its proper time, which in this case is the time of the
reference frame S’ that is traveling with the muon. With this interpretation, the muon
can live at most At' = 7 = 2.197 x 10 °s, which is the time measured by a clock
at rest relative to S’. In contrast, to measure the speed of the muon, v, the observer
S uses his or her time At, v = %.

Taking increments to the relativistic Lorentz-Poincaré transformation of time (1.41),
witthz?’,ﬁ“szz,Az:hand& = v, we have

At = At — = vh

Dividing everything by h and simplifying, we have

av 1 [T

h v c?

Fig. 1.23: Albert Einstein
(1879-1955) was a physicist of
German descent, later
nationalized in Switzerland and
the United States

Solution to Problem 1.6.1
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Therefore, the minimum speed v at which the muon must travel in order to reach the
ground alive must satisfy

v\ 2 1
(%) = T ET 0.9999

that is, v < ¢, which is consistent with the fact that c is the maximum possible speed
and, therefore, is consistent with relativity. [ |

1.7 Point kinematics: position, trajectory, velocity and ac-
celeration

< Position vector: The position vector of point P = (xp, yp, 2 ) relative to point
0= (-To»y07zo) is 'FP(O) = («'EP —Zo,Yp — Yo, 2p — Zo) IO = (07070)5 it

is written as ¥ = (zp, yp, 2p) or, if there is no doubt, 7= (z,y,z) (see Figure
1.24). Generally, we can write 7p o) = Tp — To.

In general, two observers will assign different position vectors for a given point P:

FP(O) 7& Fp(o’) Fig. 1.24: Position vector with

respect to the origin

< Position vector module: We denote this by |7] = r.
< Trajectory: The trajectory of a particle is the curve 7(\) that it follows.

< Temporal trajectory: The temporal trajectory of a particle is the time parame-
trized curve 7(t) that it follows (see Figure 1.25).

< Displacement vector: The displacement vector between two points is A7 =

Fig. 1.25: Temporal trajectory of a

Ty — Ty = (Xy — Ty, Yy — Y1, 2o — 2;). If the two points are infinitely close, then

particle
dr = (dz, dy, dz).
< Module of d7: Be careful to note that dr is not the module of d7, which we § de
denote as d/, specifically |d7] = d¢, where ¢ is the length of the curve relative to /4 '
some reference point on it (see Figure 1.26). It is only when the displacement di¥ / dr

is aligned with ' that d¢ = dr is fulfilled. ir

9 Differential of U: Given a scalar U (7) the differential of U, is dU = VU -dand

it represents the infinitesimal variation of the U function when the position varies " 9:1-26: Length of the curve £,

. L. . . . . . L module of diand dr
infinitesimally in a specified direction of the space dr. If U explicitly depends on

the time, U (7, ¢), and the position varies infinitesimally in an unspecified space
direction dr spending an unspecified time dt the U variation is

dU = VU - dF + %—(tjdt (1.42)

< Velocity vector: The particle velocity vector is the tangent vector to the trajec-
tory, and its module indicates the rate of change of the particle position at every



instant:
i dw dy dz
dt | Natdt dt

U= (1.43)
< Relative velocity: The velocity of one P particle relative to another Q) is:

. dr’ L
Upq) = % = Up — Ug (1.44)

< Acceleration vector: The acceleration vector of a particle is the vector

dv dr:}_}:<d$ d?y dz) (145)

C_]: = ’[7 = —_— = — s s
dt  dt? dt? " dt? " dt?

Frenet trihedron

The rate of change in velocity ¥/ of a particle is the acceleration @ = . The Carte-
sian components of these vectors do not tell us much about what they represent.
Returning to the definition of a vector as magnitude with modulus and direction,
we can thus express the velocity vector with the form ¥ = v9. In this way, each
factor has a very clear physical meaning, with v being the modulus and v being the
direction. Now, we can derive to find the acceleration using

dv dvv) dv do

with the first term corresponding to acceleration in the velocity’s direction. This is

the tangent acceleration @, = %f) . The tangential component of the acceleration
iS ap, ap = ‘Cil—q;.

To study what the second term v% represents, note that ¢ is a unit vector, v° = 1.
Deriving this with respect to time, we have 20 - % = 0, meaning that % is a vector

normal to ¥, that is, normal to the trajectory. The nn = % % ~' vector is unitary
and normal to the trajectory. We can still define a third vector, the binormal vector
b, which is normal to both & and 71 as well as unitary: b = © x 7. We will not use this
third vector to describe the acceleration but instead define it only to complete the
basis. What we are interested in analysing is the part of the acceleration aligned

with the normal direction 7. This is the normal acceleration @y, = v |% n. To

adequately describe the normal component of acceleration, it is necessary to know
more about the trajectory.

Figure 1.27 compares ¥ of two points that are very close in the trajectory. These
are 0(t) and 0(t + dt), which form a triangle with two sides of length 1 and a third
of length |dd|. Because this is an isosceles triangle with an infinitesimal angle,
it is comparable to an arc of radius 1. At the same time, the small section of the
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trajectory is a curve shaped as a small arc with angle d¢, radius of curvature R
and an arc length of d¢ = vdt. We thus have the relationships

1dé =|do| ; Rdp=dl (1.47)

which, by eliminating d¢, allow us to obtain an expression of the radius of curvature
R in terms of the unit vector tangent to the trajectory ©. For convenience, the
curvature is defined as p = 1/R. All in all, we have the following.

< Radius of curvature: Ateach point of a given trajectory with tangent unit vector
0, a radius of curvature R and a curvature p can be associated according to

1

p:EZ

dv

— (1.48)

<» Frenet trihedron: At each point of a given trajectory with tangent unit vector
0, we can define a basis of vectors formed by the tangent, normal and binormal
vectors to the trajectory called the Frenet trihedron; (see Figure 1.28) specifically
according to

do

; n:R@; b=0vxn (1.49)

=

< Tangent and normal acceleration: The acceleration of a particle moving through
atrajectory that is defined by the © unit vector can always be writtenas @ = a0 + ayn .

The tangent a, and normal a,, which are acceleration components, can be ex-
pressed in terms of v and R as

dv v?

G

Problem 1.7.1. An inertial observer O measures the position of a particle (SI units)
Tpoy = (68 —4t)1 — 3t 7+ 2k. Another observer O’ , with the same orientation,
measures the position of the same particle 7o, = (6t> 4 3t)i — 3t*j — 3k.

a) Determine the relative velocity of the reference frame O’ with respect to O.
b) Calculate the particle acceleration with respect to O and O’.

¢) Is O’ an inertial observer?

Fig. 1.27: Radius of curvature R

Fig. 1.28: Frenet trihedron and
radius of curvature

Fig. 1.29: Jean Frédéric Frenet
(1816-1900) was a French
mathematician, astronomer and
meteorologist



Solution

a) The velocity of the particle with respect to O is:

. dr’ . .
Up(oy = &rr©) - (12t — 4)i — 9t%)
dt
The velocity of the particle with respect to O’ is: Yor (o) o’
N dFP(O’) ~ 2 A |N Fp(o/)
Upo') = = (12t +3)i — 9t7) P
dt A
The relative velocity of O’ with respect to O will be o)
V = Gor0) = Tor — To = —Tp + Tor + Tp — To = Tp(0) — Tpory = —T0
Solution to Problem 1.7.1
b)
di
apoy = 71);;0) = 127 —18t)
From the previous section, we have U'p o7y = Up(0) — V, thus

- dﬁp(ol) dﬁp(o) d‘? - ~ A
Gpo" = T T T at o ar e = 1272 — 181

¢) Yes, because O’ is traveling at constant velocity with respect to an inertial observer
O: Upr (o) =ct |

Problem 1.7.2. A particle describes a rectilinear motion, travelling in space s =

4t* — 3t* — 6, with s in meters and ¢ in seconds. If the particle starts from ¢t = 0,
calculate

a) the time it will take to reach a speed of 6 m/s.

b) the value of its acceleration at the same instant.

Solution

v(t) = % =12t> — 6t

a) If the particle starts from ¢ = 0,
vt)=6=12t" -6t =>2° —t—1=0= t=1s
b) At this moment, the acceleration will be

dv

= 2 = (o — =1 P
i, (24t — 6)| 8m/s

t=1
1

Problem 1.7.3. A body describes a rectilinear motion with acceleration a = 4 —¢>
(ain m/s* and ¢ in s). Calculate the velocity and the displacement as a function of
time, ifat¢t = 3s,v =2m/s and z = 9m.
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Solution
By integrating the expression of the acceleration we obtain the speed:

3
v:/adt:/(47t2)dt:4t7%+Kl

Integrating this again we get the displacement
t? t*

K and K, are integration constants that depend on the initial conditions. With ¢ =
3s,v =2m/s and x = 9m, we have
3

u(3):2:(4-3—%+Kl>:>K1:—1

34
z(3)=9= (2~32 - E+(71)3+Kz)m:>Kz =0.75
Finally, we obtain

3

t* t
= —t+2°— — +0. oo =4t— — —1
a7 t t 12-|-075 ;v t 3 -

Problem 1.7.4. The three-dimensional motion of a particle is defined by the vector
position 7 = Rsin (wt)%+ c¢tj+ Rcos (wt)k with R, w and ¢ constants.

a) Determine the particle’s magnitudes of velocity and acceleration.

b) Calculate the radius of curvature, the tangent, the normal components of the

acceleration and the unit normal vector.

Solution
a)
L dar R R ) R
U= = wRcoswt 1+c¢ j—wRsinwt k
a= flit} = —w’Rsinwt i — w’Rcoswt k = —w’R (sinwt i+ cos wt l%)
b)

v=VU-T= \/w2R2 (cos? wt + sin® wt) + ¢ = Vw2 R? 4 2

a=Vi-di= \/w4R2 (sin® wt + cos? wt) = W’ R

— Pl

With ar = 0, we can conclude that the entire acceleration is normal, that is, ay =
w?R. If ar # 0, we can solve for ay using a®> = a3 + a3. However, we will not
do it in this way but will instead first solve it by finding the curvature:

ar

v choswti—&—cj—szinwtl%
v

- N o

4

eV

Solution to Problem 1.7.4



di —w’R (sin wt 7 + coswt lAc)

dt Vw?R? 4 ¢?

do| w’R
dt| ViR + 2

We will denote the radius of curvature by R... so as not to confuse it with R, which
is a constant of the problem statement.

do|™' VR + 2 c?
Rcurv:UE 7T:R+UJZ’R

Vw2R24c2

If ¢ = 0 the curve does not advance in the j direction, it is a circumference of radius
R in the x — z plane. In this case, R..n = R.

We will calculate the normal acceleration ax using the radius of curvature R

2 2 D2 2
v w'R* + ¢ °p
an = = = W
Ry w?R24c?
w?2R
Rcurv dv [ ]

2 = —sinwti—coswt k
v dt

n =

Problem 1.7.5. A particle describes a circular (non-uniform) motion

—

(t) = R,(cos ¢, sinp, 0) where ¢ = ¢(t) is an increasing function of time. Cal-

7

culate:

a) the velocity and the acceleration.

b) the trajectory’s radius of curvature.

¢) the tangent © and normal 7 basis vectors and the acceleration tangent a,. and

normal a, components.

Solution
a) The velocity and acceleration. When deriving with respect to ¢, we will take into
account that we are doing a total derivative and ¢ is a function of ¢:

Rop(—sinp, cos v, 0)
= Rop(—sin g, cos @, 0) + Ry’ (— cos g, —sinp, 0)

<y
Il

ST

The velocity module is v = Ro¢.

b) The v vector of the Frenet basis and the curvature radius R

0= % = (—sing,cos,0) ; L =p(—cosp, —sing,0)
R=v|%|" = R
¢) The n vector of the Frenet basis and the normal and tangent components of the
acceleration
f=E249 = (—cosp, —sinyp,0)
ar =% = Rep ; an=% = Reg® u

=

Solution to Problem 1.7.5
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2 Dynamics of a particle

Introduction

We study the motion of a particle through the causes of its motion, that is, the
forces. That is why we relate these causes to the concepts of kinematics (introduced
in Chapter 1), such as position, velocity and acceleration. In the following, we
will introduce other properties, such as momentum, moment of a force, angular
momentum, work and energy. Finally, some types of forces will be analysed.

A classical particle is any material object whose dimensions are negligible in
comparison to the dimensions of the trajectory that describes it (distances and radii
of curvature ). Furthermore, it either does not rotate on itself or, if it does, it does
not transmit this rotation to any other particle. Extremely small particles of an
atomic dimension or lower are excluded and dealt with by quantum mechanics. A
Newtonian particle is a classical particle always moving at speeds much lower
than that of light.

Unless otherwise stated, when we speak of a particle we mean Newtonian particle,
as defined here. Also, when we say that an object is small what we want to say is
that we can treat it as a Newtonian particle.

The concepts and methods explained in this chapter therefore apply to particles.
However, later, in Section 3.13, we will see that if the forces acting on a rigid body
do not rotate it, we can explain its motion by considering it as a particle located at a
fixed point in relation to the body, which is called centre of mass. For the moment,
however, we will talk about particles.
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2.1 Newton's first and second laws

Newton's first law

Classical mechanics is based on three laws (i.e., axioms) established by Galileo
and Newton in the 17" and 18" centuries, based largely on experimental results.
In Section 1.6, we have already seen Newton’s first law as it relates to defining an
inertial frame and how it defines, among other things, what we mean by absence
of cause. Here, we go further by specifying a little more the concept of cause. The
first law can be formulated as:

<> Newton’s first law, or the law of inertia: Every body (that is, a particle) remains
at rest or maintains a uniform rectilinear motion unless it is acted upon by a force.

Newton’s first law introduces the concept of force as the cause that modifies a
body’s state of motion.

Asindicated in Section 1.6, the reference frames (RF) that verify Newton’s first law
are called inertial reference frames (IRF). In addition, any RF moving at a constant
velocity in relation to an IRF is also inertial. On the other hand, if an RF accelerates
in relation to an IRF it is non-inertial. In this course, we will deal only with IRF
and will at no time deal with fictitious forces such as centrifugal or Coriolis forces.
We can solve all situations using an IRF without any need to introduce fictitious
forces.

Newton's second law

The second law, also called the law of motion, states the following.

= Newton’s second law, or the law of motion: A body (that is, a particle) accel-
erates when subjected to the action of a non-zero force. The acceleration has the
same direction as the force, and the modulus is equal to the force divided by the
inertial mass. That is:

@.1)

ST}
I

S|

F'is the force originating the acceleration @ of the particle. m is the proportionality
constant between force and acceleration, is called inertial mass and is an intrinsic
property of the particle that represents the resistance to be accelerated.

Much has been written about the meaning of this law and questions about it endure.
Does it define force? Does it define (inertial) mass? Does the law help us to know
how a particle moves? The truth is that it includes a little of everything.



It can be written as

A)F=mda B)FFv,t)=ma CFFrt)=mri  (2.2)
Version A is the best known, as is (2.1), but it is not the most enlightening. The
other two give more information and the third one, C, makes clear that we are
referring to the law of motion.

< Newton’s law defines the force: The force is the cause of the particle accelera-
tion and it can depend on its position, velocity and time, but not on the acceleration.
The force is a vector quantity, because it is the acceleration (as we have seen in
Section 1.7) and the mass is scalar as it is an intrinsic property of the particle. In
addition, @ and F are parallel vectors and they have the same direction, due to m
being positive.

It is important to note that (2.1) (and (2.2)) are vector equations. This means that
they involve a module and a direction. Thus, using the example of a stone tied to a
rope, acceleration occurs in the absence of gravity describing a circular trajectory
while the velocity module remains constant. In this case, although the velocity
module is constant, the direction is not. The acceleration is the normal (or cen-
tripetal) component, is directed towards the centre of the circular trajectory and
originates in the tension of the rope, ay = L (see Figure 2.1 and Section 1.7.

~m
< Newton’s law defines the mass: If different forces 131, F;... act on the same

particle, and cause different accelerations @, d@,... (see Figure 2.2), the relationship

I
az

between the modules % = = ...remains constant and we will call it the inertial

mass of the particle (or simply mass):
F,
[¢5)

m =

= .. 2.3)

The mass is a scalar quantity.

We must keep in mind that, in order to carry out the described experience, we first
need a force pattern, whose definition does not include the concept of mass. This is
not entirely straightforward and is based on applying the so-called law of conser-
vation of mass to a classical and non-relativistic context: If we join a particle of
mass m, with another particle of mass m.,, the mass of the new particle is m, +m.,.
This law means that, classically, the mass can be used to measure the amount of
matter and rename it as law of conservations of matter. To be highly precise, matter
is measured by counting the number of either the protons, neutrons and electrons
or the atoms and molecules that it contains.

One pattern we can use is the force near the Earth that receives a certain quantity of
matter. Having done this, we can make a spring with a certain deformation that gen-
erates the same force as the one described above. For example, when this amount

\1)

m

Fig. 2.1: The normal acceleration
an is caused by the tension force
T of the rope: ay = L

=—>F1

—],

I!

=r>F2

— ]

Fig. 2.2: Different forces on the
same particle give rise to different
accelerations. According to the
Newton's second law, the quotient
between each force and the
corresponding acceleration
modules remains constant and is
called the inertial mass of the
particle
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of matter is hung from the spring at rest, the force pattern will be generated by the
spring. Now we can generate forces whose values are double, triple and more than
the standard force using two, three and more springs arranged in parallel. If we use
the superposition principle (which will be addressed later), the force will be double,
triple, et cetera. These are the forces that we can use in the experiment described in
the definition of mass. Obviously, the above-mentioned amount of matter becomes
the standard unit of mass, and the unit of force is obtained according to Newton’s
law, as will be shown below.

= Newton’s law defines the motion of a particle. If we know the force as a field
function of " and v, the theory of differential equations tells us that C is an equation
that can be integrated (twice) to find the unknown 7(t). At each integration, a
(vector) constant is introduced: C, and C,. We will obtain 7(t) = f (C_"1 ,Ch, t).

If at a given instant ¢, we know the position and the velocity of the particle, i, =
7(t,) and ¥, = ¥(t,), we can solve
7y = f(C,,C,,t
{ f(C., Costo) 24

— 6 ~
0 t 1aCZat0)

and find C, and C, as a function of 7, and #, thereby obtaining 7(t) = (7, , T, t).

< Predictive mechanics. Newtonian mechanics is a predictive mechanics. This
is a strong version of determinism. By knowing the force function acting on a
particle, the position and the velocity at a given instant completely determine the
particle’s future and past.

In Section 2.5 of this chapter, some examples of forces will be seen.

Principle of superposition of forces

Experiments show that if two forces 131 and FQ act on a particle, the acceleration
a they cause on it is @ = a, + d,, with a@;, i = 1, 2, being the acceleration caused
exclusively by force F.

Taking into account Newton’s law of motion, we can state the following (see Figure
2.3).

=» Principle of superposition of forces. The resulting force from the two F, and
F, forces acting on the same particle is

—

F=F +F (2.5)

Il

In order to fully appreciate this principle and not consider it trivial, note that this is
not fulfilled in the theory of relativity!

Fy

_/ﬁ/

F

Fig. 2.3: Two forces acting on the
same particle cause the same
acceleration as a single force
obtained by adding the two
original forces



Going back to Newton’s first law, fulfilling it does not require that all the forces
acting on a particle are zero; it is enough that its net force is null. The fact that the
resulting force is zero does not imply absence of motion, only that the velocity is
constant. At the time Newton devised his law, it shifted the paradigms followed
by the Aristotelian school, which associated uniform motion with the existence of
a force.

Units of mass and force
Now all we have to do is introduce the mass pattern needed to make measurements.

= The unit of mass in SI is the kilogram (kg): A mass of 1 kilogram is equal
to the mass of the international standard, which is an iridium-platinum cylinder
guarded in Paris by BIPM (definition adopted in the year 1889).

The unit of force is derived from Newton’s law.
< The unit of force in SI is the newton (N): 1N = 1kg 3

To do the following problems, be aware of the weight force or force due to the
gravitational field g near the Earth’s surface, P = mg, which acts on any m mass,
with g = 9.81m/s’. If we want to be more precise, we will take into account the
local gravity. For example, in Barcelona, g = 9.804 m/s?. Weight will be treated
as an example of constant force in Section 2.5 and weight force will be studied in
more detail in Section 4.2.

Problem 2.1.1. A girl of mass 30kg is in an elevator. Determine the force N
exerted by the ground on the girl if the elevator:

a) rises with uniform motion.

b) descends with uniform motion.

¢) rises with an acceleration of 2m/s”.
d) descends with an acceleration 2m/s”.

e) freefalls after the elevator cables break.

Solution

With m = 30 kg and g = 9.81 m/s”, we use Newton’s law of motion in the vertical
direction, N — mg = ma = N = m(a + g). Thus we obtain:

a)a=0= N =mg= 294.3N
b)a=0= N=mg= 294.3N
0)a=2= N=m(2+g) = 354.3N
da=-2=N=m(g—2)= 234.3N

Fig. 2.4: Aristotle (384 bC-322
bC). Aristotelian physics: is the
study of the being in motion.
Between the laws of motion,
states that "every mobile requires
an engine"

Solution to Problem 2.1.1

47
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eJa=—-—g=N=0 |

Problem 2.1.2. A small object of m = 4kg, is subject to the action of two forces,
ﬁl =1—2jand F, =i+ 7 (N units). Calculate the acceleration, velocity and
position vectors of the object at time ¢ = 3s if at ¢ = 0 it is at rest at the origin of
coordinates.

Solution
m = 4 kg. The resulting force is F = Fy + F, = (2, —1). From the equation of
motion, we obtain the acceleration:

. F 1 1
Femi=odg=—= (= —=
ma = a o (2, 4)

Integrating the acceleration,
1 1 =
= [ddt=|=,—)t+C
v / a ( 9 4) + Ch

and taking into account the initial conditions at ¢ = 0, ¥ = 0 implies C, = 0and, as
aresult, ¥ = (%, —l) t

1
- — _ 1 1 2 =1
rf/vdtf(ll, 8) + C,

and taken into account the initial conditions at t = 0, ¥ = 0 implies Co=0 and, as

aresult 7= (§,—%) ¢’ [ ]

Integrating the velocity,

Problem 2.1.3. A particle tied to a rope of negligible mass and length ¢ describes a
uniform circular motion. Find the minimum angular speed w that makes it possible.

Solution

Newton’s motion equations in vertical and normal path directions are:

Tcosp—mg=20
Tsinp = may
Lo 2 . . .
The normal acceleration is ay = ‘5 = Rw? = £sinp w®. Resolving T in the first
and replacing it in the second, we have

mg . . 2
sinyp = msinp w
cos 14 ¢

from which we get cosp = ;%;. The cosine is positive and cosp < 1 must be

IZ
fulfilled, thus
w > \/% ]

Solution to Problem 2.1.3



Problem 2.1.4. A particle tied to a rope of negligible mass and length ¢ oscillates
in a vertical plane.

a) Find the equation of motion using Newton’s second law.

b) Specify the result for small oscillations.

Solution

Newton’s motion equations in normal and tangent path directions are:

T —mgcosp = manx

—mgsiny = mar
With the speed being v = £¢, the tangent acceleration is ar = ‘fi—;’ = (. Substituting
the tangent component of the equation of motion —mgsinp = mép, we can thus
simplify it to:
g
l

If p < 1, expressed in radians, then sin ¢ ~ ¢ and we obtain

Y+ =sinp=0

.. g
Jo=0
90+£<P

2.2 Force and momentum

< Momentum. The linear momentum or quantity of motion (or simply momen-
tum, if there is no confusion), p'is defined as the vector

p=muv (2.6)
The SI unit of momentum is kg m/s.

Newton’s law of motion can be written using the momentum as

p
— =F 2.7
7 2.7

Equation (2.7) allows interpreting the force as the cause of the momentum variation
and thus states the following.

=» Conservation of momentum theorem. If no forces act on a particle or their net
force is zero, the momentum is constant.

For a particle, this statement is immediate, because, in this case, the momentum is
directly proportional to the velocity of the particle. We will see later in Section 3.3
where this concept is applied to IV particles, that these expressions are also valid
and that they will allow us to solve more complex situations.

Figure for Problem 2.1.4

o

Solution to Problem 2.1.4
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< Impulse applied by a force. The impulse I applied by a force F in the interval
t, — t, is defined as the vector

ta
I= / Fdt (2.8)

t1

The impulse unit in SI is kgm/s. Note that in order to find I it may be necessary
to know the trajectory 7(¢).

<> The momentum theorem. The change in momentum is equal to the applied
impulse I
I=Ap (2.9)

Proof. One need only consider Newton’s law (2.7) in the form Fdt = dp and take
the integral in the interval t; — ¢ | |

Problem 2.2.1. A 1kg particle, for ¢ < 0, moves rectilinearly at a constant speed
of 100m/s. At instant ¢ = 0 and for a duration of 1s a force F' = 1000 ¢! (F in
N and ¢ in s) acts in the same direction but opposite sign to the motion. Calculate
the impulse applied by the force and the final momentum of the particle.

Solution

Since force and velocity have the same direction, the particle direction will not change.
As we are working with a one-dimensional problem, the vector notation will be omit-
ted. We have only two directions (let us say +37). We take the positive sign as that of
the initial velocity.

The impulse that the force supplies to the particle is
to 1 "
I= / Fdt = / _1000e~dt = 1000¢7!| = —632XE™
o o 0 s
The final momentum p- is

Ap =ps —p1 = p2 = p1 + Ap = mu; + Ap = 100 — 632
= p. = —532kgm/s

This result means that the particle ends up moving at a constant speed of 532m/s in
a direction opposite to the initial velocity. |

Problem 2.2.2. A particle of 2 kg of mass moves at a certain instant with a velocity
expressed by ¥ = 5 2+ 2 j. Then, a force F=4 7 is applied to it. Knowing that
7 and F are expressed in SI units, determine the momentum of the particle after
applying the force for 3 s.



Solution
m = 2kg. The initial momentum is p; = m¥ = 10 i +4 j. By using the momentum
theorem and being p> the final momentum
43
AP =P — P = /th:gﬁ:uj
t

We note that the limits of integration, in principle, depend on time. The force is
constant over time. Insulating p>, we obtain

Pe=pi+125= 10i+16;

in SI units. u

2.3 Torque and angular momentum of a particle

< Torque or moment of a force. The torque ]\Zf( 4y of a force F applied to a @
point with respecte point A is defined as

May = Toay X F (2.10)

where 74, is the position vector of point (), which is where the force is applied,
relative to point A.

Note that a consequence of the vector product is that the direction of the torque of
the force is perpendicular to the plane formed by the vectors 7, and F. What is
more, because the first vector of the (2.10) vector product is a position, the modulus
can be calculated by means of the simple expression (see Figure 2.5):

My =F vy sing = F AF (2.11)

where AF = T4 Sin ¢ is also the distance between point A and the line of action
of force a F'. The direction is given by the corkscrew rule.

Problem 2.3.1. Calculate the torque of the F force applied to the sphere at the
point indicated in the figure, with respect to the ground contact point C.

Solution

The torque can be obtained directly by the vector product. Looking at the figure,
7oy = 2R(0,1,0) and F = F(sin¢p, — cos ¢, 0), and thus

P 3 k
My = 7oy x F=2RF| 0 1 0 |= —2RFsingpk
sinp —cose O

We can also proceed by applying the corkscrew rule, which allows us to state M, ©) =
—M ¢y k and then calculate the modulus according to (2.11)

My = FCF = F2Rsing u

Fig. 2.5: Torque of force £ with
respect to point A. Corkscrew
rule

Figure for Problem 2.3.1

Solution to Problem 2.3.1
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< Angular momentum. The angular momentum of a particle with respect to point
A, E( a), 1s defined as the moment of momentum §’ applied to point (),which is
where the particle is (see Figure 2.6):

L(A) =7 x § 2.12)

where 7 4, is the position vector of point ) (where the momentum is applied) with
respect to point A. It is important that A is a fixed point in the reference frame.

The unit of angular momentum in the ST is kg m?*/s.

Note that as a consequence of the vector product, the direction of angular momen-
tum is perpendicular to the plane formed by the 7 4, and p'vectors. What is more,
because the first vector of the (2.12) vector product is a position, the modulus can
be calculated by the simple expression:

Ly =p Ap (2.13)

where Ap'is the distance between point A and the line of action of the p’momentum.
The direction is given by the corkscrew rule.

Newton’s law of motion implies that:

Proof. Multiplying both members of Newton’s law of motion m‘i—f =F by 7(a) X
and taking into account that 74, X % = 4 (Fay xP) (since 74y = Tand 7 x j = 0),
we get the result. |

We have shown Newton’s law of motion implies (2.14), but not that they are equiv-
alent: (2.14) does not imply Newton’s law of motion.

Equation (2.14) allows us to interpret that the torque is the cause of the variation
in the angular momentum, and we can thus state the following.

<» Conservation of angular momentum theorem. If the torque of a force acting
on a particle with respect to one point A is zero, the angular momentun relative to
this point remains constant.

We observe that both the angular momentum and the torque of a force depend on
point A with respect where it is calculated. It is possible that relative to A we
instead have M, (ay = 0, and relative to another point B we have M s 7 0.

The null torque of a force and, therefore, the conservation of the angular momentum
occurs if the net force applied to the particle is zero. However, this also occurs in

Fig. 2.6: Angular momentum
Lay. Corkscrew rule



other more interesting cases, such as when the 7 ,, vector and F force are parallel.
That is why, even in the case of a single particle, we will use Equation (2.14) in
order to solve some interesting problems.

As we will see later, the conservation of angular momentum theorem is especially
important in the case of a particle system, particularly in rigid bodies.

< Angular impulse. The angular impulse Y applied by the torque M, () in the
interval ¢, — ¢, is defined as the vector

to
Yo = / M aydt (2.15)

il
The unit of angular impulse in SI is kg m*/s.

> Angular momentum theorem. The increase in angular momentum is equal to
the applied angular impulse Y

You = AL, (2.16)

Proof. One need only consider (2.14) in the form of df( A = M, (4)dt and integrate
it into the interval ¢, — t.. n

Problem 2.3.2. Planets are known to have elliptical trajectories relative to the Sun
(which we consider to be fixed) at one foci. Prove Kepler’s second law.

Solution

We take the torque with respect to the Sun (point A). The torque of the force is zero
and, therefore, the angular momentum in conserved:

E:Fxﬁ:ct

As the direction of angular momentum is fixed, the relevant information is contained
only in the modulus
mruvsinf = ct

Taking in to account that the velocity modulus can be written as v = fl—f, it becomes

r de sinf = ct
dt
Looking at the figure, the areas swept by the position vector for a time are triangles
that are, usually, scalene, such as A triangle in the figure. The length of the trajectory
between the two vertices, A¢, does not match the corresponding side of the triangle.
If we consider a time At — dt, the planet will have travelled A¢ — d¢ and we will
have the B triangle in the figure. Now, the length of the trajectory between the two

Solution to Problem 2.3.2

7 B N
Solution to Problem 2.3.2
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vertices, d/, coincides with the corresponding side of the triangle. We can expand it
in order to see it better, such as with the C triangle in the figure. The area dA that
is swept by the position vector in dt is thus equal to the area of the C triangle in the
figure. Because we know that the modulus of the cross product of two vector is the
area of the parallelogram they form, the area of our triangle will therefore be

dA = %rdﬂsingp: %rdﬁsin@

Thus, comparing this result with that obtained from the conservation of angular mo-
mentum, we can conclude
dA
P ct
which is Kepler’s second law: The areas swept by the position vector of the planet at
equal times are equal. |

2.4 Work, kinetic energy and potential energy. Power

Work and energy are closely related concepts, that go beyond mechanics and play
a key role in the world of physics.

Work done by a force

Let us look at the simple case of one particle moving rectilinearly over a distance
Az under the effects of a constant force F', parallel to and with the same direction
as the displacement and perhaps in the presence of a frictional force (see Figure
2.8). The work done by the force F' is defined by the product of the force F' and
the displacement Ax:

W =FAz (2.17)

If the motion is rectilinear and the applied force is constant but forms an angle 6
with respect to the displacement (see Figure 2.9), the work is:

W =FAzcosf = F - A7 (2.18)
Observe that in this case we consider only the component of the force in the direc-
tion of the displacement, while the perpendicular component performs no work.

In the general case where the force is not constant and the path C' followed by
the particle is not rectilinear (see Figure 2.10), calculating the work between two
P, and P, points requires considering the infinitesimal displacements di” along the
path, and all infinitessimal work F' - dF must be added toghether.

<» Work done by a force. We define the work W done by a force F along a path

Solution to Problem 2.3.2

Fig.2.7: Johannes Kepler
(1571-1630) was a German
astronomer and mathematician

F Ax
a—t,
Fig. 2.8: One particle moves
rectilinearly under the action of a
force in the same direction as the
displacement vector

Fcos6

Fig. 2.9: One particle moves
rectilinearly A+ under the action
of a constant force . Only the
component of the force in the
direction of the displacement
causes the particle to advance
along the trajectory



C from P, to P, by means of the integral

Po
W= / F.dF
C:Py

If we know the parametric expressions of the path 7(\) = (z(A), y(A), z(N)), P, =

7(A;) and P, = 7(),), we can make the integral work explicit:

W/ —d>\ /(Fdx+de+Fd

o+ dk) A (2.20)

The concept of work is highly important from both theoretical and practical point
of view. The ingredients for calculating work are a force Fanda path C' with two
points on it. This force and path need not be related.

The following two interpretations are highlighted below.

< 1) If force F contributes to moving the particle along path C, then the path can be
parameterized with time ¢. 7(¢) is the time path and, in the absence of other forces
it, fulfils F(7,7,t)
this case work becomes a measure of the effectiveness of the force that displaces

— m7. This interpretation has eminently practical utility, as in

the particle. There may be a lot of force and little work (little displacement) or little
force and a lot of work (a lot of displacement). The work thus approximates our
everyday concept of work, not so much as a measure of effort but as a measure of
efficiency in transforming something in the environment (in our case, the displace-
ment of the particle). Later we will see the conservative forces that are especially
effective in accordance with this interpretation.

< 2) Path C does not necessarily have to be a solution to the equation of motion
with the force F'. That is, if 7(t) is a time trajectory passing through C and m is
the mass of the particle to which force Fis applied, it does not necessarily follow
that F(7,7,t) = m#(t). If the force depends only on the position, F(7), we can
consider different paths to calculate the work. We do not even need to account
for the presence of the particle. This interpretation, as we will see, is of great
theoretical interest.

The concept of kinetic energy is related to work in terms of interpretation 1, above,
as we will see in the following. Instead, the concept of potential energy will require
the most abstract interpretation 2. The concept of power can be defined as long as
we know the temporal trajectory of the particle, as the interpretation 1.

<» Power of a force. The power exerted by a force F at each instant is defined as

4 T

Fig. 2.10: Work done by a force F*
from P; to P along the C path
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the rate of work done by the force on the particle:

aw 5
P=—=F.% 2.21
7 v (2.21)
In general, the particle will be subjected to different forces. If we know the tem-
poral trajectory caused by these forces, we can calculate the power of each one

separately.

Kinetic energy

The kinetic energy of a particle of mass m moving at a velocity ¢ is defined as the
capacity to do work associated with the fact that the particle is in motion. Thus,
if we combine the definition of work, W = f F. dr, with Newton’s second law,

F= md, and the definition of velocity, ¥ = ‘é—f , from which we obtain di* = vdt,
we can write

W:/ﬁ.df:/ﬁ-adt: ma-vdt (2.22)
Now, taking into account that @ - ¥ dt = ‘fl—f - Udt = % (%172) dt =d (%6‘2), we

obtain

W = /% (;mf) dt = /d (;mv2> (2.23)

< Kinetic energy. The kinetic energy, E., of a particle of mass m, moving with a

velocity ¢ is defined as
1
E.=gmv’ (2.24)
<> Work-energy theorem. The work done by a force on a particle is equal to the
change in its kinetic energy.

W = AE, (2.25)

fi

Proof. 1t is enough to finish the final integral in (2.23) with the integration limits [
fi

and take into account the definition of kinetic energy (2.24): [d (imv®) = E..c —

ini

Eeini u

Potential energy

The potential energy associated with a particle subjected to a conservative force
is the capacity of doing work and it is related with occupying a certain position in
space.

Consider the simple case of a particle moving in one dimension (we will use the
x coordinate) under the effects of a force that depends only on the position F'(z).



For this type of force, it is always possible to define a differentiable function U ()
in such a way that
du

F=—-——
dx

(2.26)
This is one example of conservative force. The potential energy is defined as

Ulz) = U(0) — / Fdax (2.27)

The work done by the conservative force F'(x) when the particle moves between
the initial x4, and final z 5 is

x

W= 7F(x)dx =— 73dU($)d:¢ = —/dU(x) = Ulz,) —Ulzs) (228)

dx

T A T A

The potential energy and conservative concepts can be generalized if we apply the
appropriate definitions.

9 Conservative force. One force F (7) is conservative if, for all closed paths, the
work done is null (see Figure 2.12):

7{ F-di=0 (2.29)

If F (7) is conservative, the work done for going from one point to another does
not depend on the specific path we use, as we can see by observing Figure 2.13:

P. P P. P

2 1 2 2
]{ F.dF = / F.di+ / F.di = / F.di— / F.di (2.30)

C1UCy P1:Cy Py:Cy P1:Cy P1:Cy

and if the force is conservative, we have

P3 Pa

/ﬁ.dfz / F - dF (2.31)

P1:Cq P1:Co
As it does not depend on the path, the work integral can be expressed as a function

that is dependent only on the departure and arrival points P, and P,:

Po

/ﬁ AP = f(P,, P,) (2.32)

Py

Fig. 2.11: One dimensional case.
Work done by a force Fromza
to x5 by along the only possible
path

Fig.2.12: Possible closed paths

_.“PQ
4

c Cy
'
Py '

Fig. 2.13: We can go and come
back to P; by a closed path that
passes through P», which we can
interpret as formed by two
different paths, C; and C', going
from P; to P
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Now, considering the general properties of defined integrals, we have:

Po Po Po

W= /ﬁ-dﬁ:/ﬁdﬂ/ﬁdﬁ (2.33)
Py Py Po
Py Py
— [Far- [Foar=frop) - 1PuP) @39
Py Py

< Potential energy of a conservative force. The potential energy associated with
a conservative force can be defined as the point P dependent function, U(P), in
accordance with

U(P)—U(P,) = —/ﬁ - dF (2.35)

The integral depends only on P = (x,y, z) and P, = (o, Yo, o), With the latter
point being a reference point. Thus, the value of the potential energy U (x, y, z) is
expressed in terms of a reference value U (,, 4, 2, ) for a certain position (, ¥o, 2o ).
If it suits us, we can always adjust the potential energy function U so that the value
at the reference point is zero, U(F,) = U(x,,¥o, 20) = 0. For example, in the
case of a particle attached to a spring, the potential energy can be taken as zero
when the spring is not deformed (neither stretched nor compressed). In the case
of the gravitational force exerted by two particles of a given mass, the potential
energy can be taken as zero when the distance between the two particles is infinite.
Taking one or another reference point only introduces one constant in the defini-
tion of potential energy. We will see that this constant has no relevance and, in
practice, what matters is the potential energy function as a primitive of the integral
U =—[F-dF,

From the definition of potential energy, we have

P 0
U(P) = —/F‘-dF: /F‘~df’: f(P,0) (2.36)
0 »
Thus, combining (2.33) and (2.36), we have
Py Py
W= /ﬁ-dF: UP)—-U(PR,) = —/dU (2.37)
P P

< Work done by a conservative force. The work of a conservative force is equal
to the decrease in its potential energy

W =—AU (2.38)
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If we know the potential energy U associated with a force F but we do not know
the force, we can find it by taking into account that F.df = —dU = —VU - dF
and, therefore

F=-VU (2.39)

Generally, it is more practical to use the definition of potential energy as a prim-
itive integral instead of using the integration limits and adding an indeterminate
constant, which we can choose at will:

U(F) =— / F - di + constant (2.40)

We do not have to worry about knowing this constant as what is important is the
work or the force, which depend on the potential differences. Only the potential
differences will have a physical meaning because they are the ones that are directly
related to work or force.

To know if a given force is conservative or not, it is totally unfeasible to determine
this by means of the literal definition of conservative force because we would need
to test all conceivable closed paths. If we find a closed path in which the work is
different from zero, we can say it is not conservative; but if we do not find it, we
will have to keep looking! In some cases, a very simple criterion is that a force is
conservative if it is not necessary to specify a detailed path when carrying out the
integral [ F.dF. In general, we can write

/ﬁWE/ﬂm+/ﬂ@+/Ew

If F, depends only on z, F, depends only on y and F, depends only on z, then
all three integrals will always be feasible and the force will be conservative. If,
for example, F, depends on x, we will need to know a relationship between the =
and y coordinates in order to be able to integrate them, and this means choosing
a path. This criterion can also be used in cases of high symmetry, as in the case
of gravitational and electrostatic forces (both of which have spherical symmetry)
which we will see in Chapter 3.

In the general case, there are techniques to know if a given force is conservative or
not. But both this application and its proof are outside the scope of this course.
Mechanical energy

< Mechanical energy. With conservative forces, the mechanical energy is defined
as the sum of the kinetic and potential energies:

E=E.+U (2.41)
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If all forces are conservative, we apply the result of the work-energy theorem using
the initial and final states, which we will denominate, respectively, as ini and fi.
Their kinetic and potential energies are thus E..;, U, and E_;, U; , giving us

W = Ec:ﬁ - Ec:ini = - (Uﬁ - Uini) (2~42)
from which we obtain E.; + U; = E.,; + U, or more synthetically:
E; = E, (2~43)

= Conservation of mechanical energy theorem: If a particle is subjected only to
conservative forces, the numerical value of the mechanical energy remains constant
over time.

It is usually said that mechanical energy is conserved.

We can deduce the energy conservation by taking the time derivative of the energy
function E(7,7) = 3mu? + U(7), then take into account the following.

1) F - di = —dU allows writing & = —F . 4.

di? _ o~ di
2) G =20 G-

3) It is a total derivative, i.e. a derivative over the time path fulfilling ma = F.

By using these three results, we obtain:

o
%E - %m%—!—% —mi- G- F 7= (m-a—ﬁ) F=0  (244)
If the particle is subjected to several forces, some of which are conservative and
others not, we can group them together. F will be the net force of the conservative
forces and F"Nc will be the net force of the non-conservative forces. On the one
hand, the work of all the forces is W = W 4+ Wy and, on the other, the equation
of motion is m@ = F + Fye. Only F has an associated potential energy: W, =
[F-dr=—-AU.

Now the energy will not be conserved, but we can write a modification of (2.43)
as
B — B, = WNC (245)

and another modification of (2.44) as

e =
— = Fye - 0 (2.46)

<» The unit of work and energy in SI units is the joule (J): 1J = 1 Nm.

< The unit of power in SI units is the watt (W): 1W =1 %



Problem 2.4.1. A particle is subjected to the force F = (y* —2?) i+ 32y j (SI
units). Find the work done by F when the particle moves from point (0, 0) to point
(2,4) following:

a) the straight line y = 2z
b) the parabola y = 2

¢) Is it conservative?

Solution

a) The straight line y = 2z. In general, to calculate the work we need to know
the geometric trajectory in the parametric form, 7(), as well as the force F and the
displacement d7 on this trajectory. The parametric form of the y = 2z straight line
can be expressed by using the A parameter as #(\) = (X, 2X), with A € [0,2]. By
substituting in the force, we obtain £ = (((21)* — X%),3X - 2)) = 3% (1,2); and
if we differentiate (), we obtain di = (1, 2) dX.

Solution figure of a from 2.4.1

2 2

B
W:/ﬁ-d?:/S)\z(l,Q)-(1,2)d)\:15/)\2d>\: 40J
A 0 0

b) The parabola y = z°. In this case the parametric form can be written as 7()\) = Y (2;4)
(A, A?) with A € [0, 2]. The force on the trajectory is F' = (((A)* = X2),31- %) = /‘ 2’
(A* — X%, 32?), and the displacement on the trajectory is d7¥ = (1.2X) dA. We obtain y=1
dr;
F
B 2 2
W:/ﬁ.dfz/()\4—)\2,3)\3)-(1,2)\)d)\:/(7)\4—)\2)d)\: 42.137 (0;0) T
A 0 0

Solution figure of b from 2.4.1

It is not conservative because there is at least one case in which the work between
two points depends on the path. Note that if the work had been the same, we could
not guarantee it is conservative. n

Problem 2.4.2. With an adequate initial velocity and due to the force F' = —4(z, y),
one particle of mass 4 moves from point (2, 0) to point (0, 3) through the trajectory
7(t) = (2cost, 3sint) (all magnitudes are expressed in SI units):

a) Prove that this trajectory is possible.

b) Calculate the work of the force between these two points through an arbitrary
path.

¢) Is this force conservative? Find the associated potential energy.

d) Calculate the mechanical energy and explicitly prove that it is conserved
along the given trajectory.
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Solution

a) We have to prove that the trajectory satisfies Newton’s law of motion for this force:

F=mfr.

The force along the trajectory is
F = —4(z,y) = —47 = —4(2cost, 3sint)

The acceleration is .
7= (—2sint, 3 cost)
7= (—2cost, —3sint)
Thus
m 7= —4(2cost, 3sint)
which is the same as F and, therefore, the law of motion is satisfied.

b) and ¢): For the structure of force F, of type F = (F.(x), F,(y), F.(2)), we see
that it is conservative . The potential energy is

U=—/f-d?”:4/(xdx+ydy)24(/mdx+ydy) = 2(z*+¢y*)+C
The work is
W= —AU=—(U(0,3) — U(2,0) = —107J

d) The energy of the system is

1
E=E.+U= §4v2+2(x2+y2)+0
By substituting the trajectory, taking into account that v> = & + j* and simplifying,
we obtain

E= %4(4Sin2t + 9cos’t) + 2(4cos’t + 9sin®t) + C = 26 + C

FE remains constant. |

Problem 2.4.3. A mass of 5 kg rises by a plane inclined at 30° to the horizontal at
a constant speed of 15 m/s. Calculate the power of the force that makes it rise.

Solution

If the force that makes it rise is £ and the velocity is ¥, the power will be P = ‘%V =

F.@.

The force that makes the mass rise must counteract the component of the weight
parallel to the inclined plane and, since the velocity is constant, the total force is
null. Thus, the mentioned force has the same modulus as the weight component:
F = mgsin30°. As this force has the same direction as the velocity, we have

P=F.¢=Fuv=mgusin30° = 367.5W n

230°

F (%

//’

mg

Solution to Problem 2.4.3



Problem 2.4.4. Find the expression of the potential energy associated with the
force F = (—ka + %) 1.

Solution

= _ Cdi=— =— [ (= %) do=| Lot 2
U= F.dr= /Fda:— /( kx+a/z*) do= 2]61‘ +23:2+C -

2.5 Some forces

As useful examples, we will apply the discussed concepts to some kinds of forces
acting on a particle. These will appear later in different contexts, but dealing them
here in the same block allows us to see how useful the concepts in this chapter are,
appreciate what they have in common and see how they differ.

Null Force

F =0. The equation of motion is

d2r
a = O = — = O 2.47
mda e (2.47)
By integrating it twice we get #(t) = C, + C, t. By taking into account the initial
conditions 7(t,) = 7, and 7(t,) = ¥,:

1

F(tO)ZF0261+ 2 Lo N 62:60
F(to):_'(): 2 01:7?0_170150
We finally obtain
(t) =7 + 0, (t—t,) (2.48)

The potential energy function is dU = —F-df=0= U = ct. The energy is
conserved and it will only be kinetic energy. Momentum and angular momentum
are also conserved.

Constant Force

Constant force means F' = constant. The motion is contained in the plane defined
by the initial velocity and the force (see Figure 2.14), since, according to Newton’s r/l E o

m
second law of motion, changes in the velocity vector’s direction have the direction .

i U™ T
of the force vector: d' = L dt. _— e
The equation of motion is ;': lﬁ
- &7 F
i=F=—=—=ct 2.49
mi = (2.49)

Fig. 2.14: Constant force in an
unspecified direction
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By integrating it twice we get 7(t)
conditions 7(t,) = 7, and 7(¢,) =

f(to):F(,:dJr@to—k%gtﬁ . Cy = 5 — L4,
(to) = 0, = Cs + £t, C,=7,—

we get the trajectory expression

B (t—to) + 2t — 1) (2.50)

2 = 7
) =7+ 2m
If we choose the reference frame so that the plane of motion is (z, y) and the y-axis

in the direction of the force F' = (0, F') (see Figure 2.15)
{Mﬂ—%+mdtt@

Y(t) = Yo + v, (¢ )+lE(t*to)

—

F' = ct is a conservative force, as we can find the associated potential energy:

—/ﬁ- di = —F -7+ ct (2.51)
An important case (but not the only one!) is that of a particle of mass m, subjected

to the gravitational field ¢ =constant, close to the Earth or some other planet (see
Figure 2.16):

My

—

md=F=mjg=d=—=g=ct (2.52)
m

With the above-mentioned choice of the axis and choosing the positive direction
of the y axis in the opposite direction of the force § = (0, —g), it results in

{Mﬂ—%+mdtt0

Y(t) = yo + vy0 (t—to) — 39(t — )

and the potential energy, by using (2.51),is U = m gy + ct.

Another case of interest is that of a particle of mass m and electric charge ¢ under
the action of a constant electric field E = ct (see Figure 2.17):

—

m&':ﬁzqﬁéﬁz =ct

d
m

With the above-mentioned choice of the axis and by choosing the positive direction
of the y axis in the direction of the field E, we have

() = o + Va0 (t — o)
Y(t) = Yo + vy0 (t — o) + SLE(t —t,)?

And by using (2.51), the resulting potential energy is U = —q E'y + ct.

Fig. 2.15: Constant force in the
direction of increasing y

Fig. 2.16: Constant gravitational
field g in the direction of
decreasing y

Fig. 2.17: Constant electric field
E in the direction of increasing y
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F(7) unidimensional motion

If the force has a fixed direction, with a suitable choice of axes we can express it

asF=F (7) i. If the initial velocity has the same direction as the force, the force x:()m > 'rrf ———h
will not change the direction of velocity and the motion can be described with a 7(t) = z(t)
single x coordinate (see Figure 2.18): Fig. 2.18: One-dimensional
motion
mi = F(x)

The force will always be conservative, since

U(z) = —/ﬁ(mdf: —/F(;z:)dx

and the integral can always be calculated.

Because mechanical energy is conserved, we can take advantage of this fact to find
the trajectory. £ =constant and also

1 dz\?
Ezf _ = ct
5™ (dt) +U(x)=c

which is a differential equation for finding the trajectory x(¢). We can separate the
variables x and ¢ and integrate ¢ between the limits ¢, to ¢, and = between the limits
x(t,) to z(t). The integral in ¢ is immediate:

z(t)

/ \#U@‘\/Z“to)

z(tg)

(2.53)

If we know explicitly the function U(x), we can always perform the integral in
(2.53) and then isolate x(¢). The two constants that appear in the trajectory are F
and z, = x(t,). Although the problem is formally solved, it must be said that the
remaining integral can be very complicated.

One-dimensional harmonic motion

This is a special case from the previous subsection

z=0
F v
F=—kz+F, et W

It is usually written as F' = —k(x — x,), that is to say, ¢ = x, is the position for  F=0
which the force is null: z, = % (see Figure 2.19). o |

z'=0
Having this provides a new reference frame, x’, such that ' = x — x,. The force r v
will be expressed as F' = —k x’. For convenience, we rename the x’ coordinate as x

x. In fact, the force we want to deal with is
Fig. 2.19: One-dimensional

harmonic motion

F=—-kx
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The equation of motion is
mi=—kx

The potential energy is
1
U(x) =— / (—kz)dx = §k x® +ct

And we can find the trajectory through the integral (2.53), which now is

z(t)

T({) \VE 1kxz \/>

By taking the common factor £ 5 in the root of the denominator (for this we multiply
and divide F by g), the first member can be written as

\/> 2E
T(fo)

z(t)

Taking into into account that

dx . (T
/\/ﬁ = arcsin (a)

and once the integration limits have been replaced and matching the second mem-
ber, we obtain

\/g {arcsin (@0 — arcsin (@x) } = %(t —t)

Now, isolating x, we find the trajectory
z(t) = Asin (w (t — to) + ©0) (2.54)

w =4/ ﬁ It mus be remembered that we have the

+ %k x; Note that the relationship between A and
F can also be written as F/ = %k:A

with A = 253 sing, = 7,
relationship £ = 2mv o(to)?

Harmonic motions will be studied in depth in Chapter 6.

Central forces

Central forces have a line of action that always passes through the same point (see
Figure 2.20). Some examples are the gravitational force that the Sun (or any other
mass) exerts on a particle; electrostatic force of a fixed charge on a charged particle;
and the tension of a rope passing through a small pulley with one end tied to a body
(see Figure 2.21). In Figure 2.21, we see that tension 7z can be a constant force
but tension 7' is a central force!

d(j

Fig. 2.20: Central force

—

ﬁ_’

/T

Fig. 2.21: Central force caused by
the tension in a rope passing
through a small pulley



All the central forces fulfil Kepler's law.

Proof. The torque M, (o) of the force with respect to point C'is always null. Taking

dL . . dL
9 = Mcy and if no other force acts, we deduce — > = 0.

The angular momentum with respect to C' is conserved throughout the motion and,

into account that

as we have seen in Section 2.3, this is equivalent to Kepler’s second law. |
Potential energy of a central force of the type F= —F(r) 7 (see Figure 2.22) . /F/'C
Let us try to calculate the work integral regardless of the path: F=—F@r)¢ -
/F i = _/Ff' -dr Fig. 2.22: Vector expression of a
central force
Now

(7 ) = 2F - dF

0 — 9rdr }:>F~d77rdr¢fod77dr

Therefore, the integral involves a single variable  and we have not chosen any
particular path. Central forces of type F = —F(r) 7 are conservative with an
associated potential energy:

U:/ﬂﬂw+m (2.55)

For example, the force exerted by the Sun (fixed, of mass M) on a planet (particle
of mass m) is

F=-G

7-2
Substituting this force in (2.55) gives the potential energy:

M
U:meT +ct

Non-conservative forces

A force is called gyroscopic when the potential energy function cannot be defined,
but % = 0. From an energy point of view, they can be considered conservative,
since they do not dissipate energy. A force is called dissipative when the potential
energy function cannot be defined and % < 0.

Gyroscopic forces

The best known example of a gyroscopic force is the Lorentz force ﬁB due to a
magnetic field B acting on a charged particle ¢ moving at a velocity

—

F,=qixB (2.56)
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Let us suppose that a particle is subjected to a conservative force ﬁ, with potential
energy U (7), and to a Lorentz force (2.56). According to what we have seen, in
regard to energy and non-conservative forces, (2.46), we have

dE
dt

7 (q 7 x é) )
Energy F is conserved!
Dry friction forces

When a rigid object slides in contact with a non-smooth surface that we assume to
be at rest, whether through gravity or due to any other force acting on it, the points
of contact contain distributed forces that, if the object is small, can be decomposed
into two: one perpendicular to the contact surface, which we call normal, N; and
another one opposite to the motion, which we call dry friction, F;. For surfaces
that are sufficiently smooth and hard while the object is moving, the modulus of the
dry friction force is F; = p, N, where p, is the kinematic or dynamic friction
coefficient, which depends on the nature of the surfaces in contact. The force F
can be expressed in the following vector form (see Figure 2.23):

—
—

U
Ff:_Fva Fy = N (2.57)

Thus, it is clear that it is a force that depends on the velocity (not on the modulus,
but on the direction!). It is only in the case that the surface causing the friction force
is at rest that we can say it is always opposed to the motion. It is the dependence
on the velocity that prevents us from finding the potential energy. When we want
to calculate the work integral, we need to know the path followed by the object.

Let us suppose that the particle is subjected to a conservative force, F', with po-
tential energy U (7) and to a dry friction force. According to what we have seen
concerning the energy and non-conservative forces (2.46), we will have

dE U
E =7 <_Ff’[)> = —Ff’U

A dry friction force is dissipative. From a mechanical point of view, this energy
disappears. A physical interpretation beyond mechanics can be found by applying
conservation of energy or the first principle of thermodynamics: some of this en-
ergy increases the internal energy of the system and the rest dissipates in the form
of heat/radiation. However, understanding this requires going a bit into thermody-
namics which is beyond the scope of this course.

We have seen the effect of dry friction when an object moves, generally due to the
fact of being subjected to another force that exceeds the friction. But what happens
if the object does not move?

Fig. 2.23: The dynamic friction
force has the opposite direction of
velocity



If a force F' is applied to the block in Figure 2.24 and friction exists between the
block and the surface supporting the block, the friction force evolves as follows.

If the force is not great enough, the block does not move and F; = F. If we
increase F', a boundary value is reached, F' = u,N. Even though the block does
not move (again, F; = F’), any increase in I, no matter how small, will make it
move. We say that it is in imminent motion. Coefficient yu, is called the static
friction coefficient. 1f we continue to increase F', then F' > p N, whereby the

F

N
Ff = /LCN

F

= pusN

a

> usN

block moves and the friction force decreases to the value F;, = p, IN. Coefficient Fig.2.24: Evolution of the friction

1, 18, already discussed above, the kinetic or dynamic coefficient of friction, which
always p, > p,. The graph in Figure 2.25 illustrates the evolution of the friction
force F'; as a function of the applied force F'.

Note: Although real problems must take into account this behaviour and, therefore,
the existence of both coefficients, this course will use the friction coefficient
without any specification (unless otherwise stated) and we will understand that

u’:/“cs:,uk

Problem 2.5.1. A particle of 2 kg slides on an inclined plane 2m high. Starting
from the top with null speed, it reaches the end at a speed of 5m/s. Calculate
the energy loss due to the friction force and the value of this force considered to
be constant, if the angle between the plane and the horizontal is 45°. What is the
value of the dynamic coefficient of friction?

Solution

The loss of mechanical energy is the increase in mechanical energy with changed
sign:

E = imv® 4+ mgz

—AE = — (Ei — Bw) = Ew — Ez =

(3m v 4+ mghi) — (3m v +mghs) = 14.21]

The energy variation is due to the work of the friction force:

fio_ Sfi R
AE:Wf: Fde:—/ Ff dS:—Ff(Sﬁ—Sini):—FfsinZ%O

ini Sini

where ds = |dr] is the length travelled by the particle along the inclined plane and
the friction force F'; always has an opposite direction to velocity.

Finally, the friction force is

The dynamic coefficient of friction is

Fy Fy
F; = uN = —=——=0.36
s = =y mg cos 45° u

force

Fig. 2.25: Evolution of the friction
force F'y as a function of the

applied force F’

h,
v, ! ‘U/ ;

45° % 0, =0

Solution to Problem 2.5.1

Solution to Problem 2.5.1
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Viscous friction forces

We know through experimentation that the friction of a body in a fluid (aerody-
namic or viscous friction) depends on the shape of the body, the material charac-
teristics of the surface, the type of fluid and the velocity of the body (with respect
to the fluid, which we will consider here to be at rest). A good approach to this
type of friction is, in the laminar flow regime, (see upper part of Figure 2.26):

F,=—b b>0 (2.58)

It is not conservative. Let us suppose that the particle is being submitted to a conser-
vative force F, with potential energy U (7), and to a viscous friction force. Accord-
ing to what we have seen concerning energy and non-conservative forces (2.46),
we have

— =0 (=) = -bv*

o (—07)
If the regime is turbulent (see lower part of Figure 2.26), the friction force can be
approximated as

—

F.=—-krv’0 k>0 (2.59)

Problem 2.5.2. A particle in a viscous medium is subjected to a constant force in
addition to the frictional force due to viscosity.

a) Prove that the particle ends up having a constant velocity and determine this
velocity.

b) Apply this result to the case of it falling in a viscous medium.

Solution
a) The force acting on the particle is Fr = F + F, = ma, with F being constant
and F’; = —b¥, with b > 0 being constant.

Looking at the figure, we can see that F, tends to decrease the velocity component
normal to ﬁ, so that ¥ and also ﬁb itself will align with F. This process will end
when F = 0, that is, when the velocity reaches a value v, such that F—bi, =0.
We thus obtain

St
Il

Salleo!

E
b
that needs an initial given velocity v, = %.The general solution for the evolution of

Note that this is a limit value. ¥ = < is one possible solution to the equation of motion

the velocity from an initial velocity ¥, must be obtained by integrating of ma =

- ~_ b

F' — b¥, which we can write as ¥ + %v = EU .. The solution to this equation is

Fig. 2.26: Upper: the laminar
regime occurs for high viscosities
and low relative velocities. Down:
the turbulent regime is due to low
fluid viscosities and high relative
velocities

Solution to Problem 2.5.2



We can see that for ¢ — oo, we have ¥ — ¥.

b)
F=mg= ﬁL:% [

Forces that only depend on time

These are forces in the form of F, = }*?‘t(t) They are not conservative because
they explicitly depend on time. Let us suppose that the particle is subjected to
a conservative force, F', with potential energy U (7), and to a force F, = F\(t).
According to what we have seen concerning energy and non-conservative forces

(2.46),we have
dE .

o ok
If the particle is subjected only to F,, the formal integration of the equation of
motion is simple:

m T By = i) = % / / F(t)dt | dt (2.60)

The initial conditions 7(t,) = 7, and 7"(t,) = @, determine the integration con-
stants.

Problem 2.5.3. A particle of mass m at rest at ¥ = (0,0,0) is subjected to the
force depending on time F = F,sinQt.

a) Find the time trajectory.

b) What is the initial velocity that makes the motion the same as that of a spring?

Solution
a) We find the velocity:

ﬁ:i/ﬁdt:i/ﬁosm(}tdt:— Fo cos Qt + C,
m m mS2

We find the position:

—

F:/ﬁdt:f Fo sinQt + Cit + Cs
mS2

We find the integrations constants:

#(0) = (0,0,0

Y
a
|
|

We obtain:

. B 1.
7(t) = ey (t q Sin Qt)
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2 Dynamics of a particle

b) For a spring
7= Asin(wt + o) = 7 = —Aw? sin(wt + @o) = F = —mAw? sin(wt + o)

If we compare this force with the one given in the statement, we need that ¢, = T,

w=0and A = mFgg. Thus

— —

B . .
o sin(Qt +7) = 7= —a cos(Qt + m) = ¥(0) =

_E
ms) |

JEN
r =









3 Dynamics of /V particles

Introduction

We will extend the laws and concepts introduced for a particle to IV particles. We
will also take a look at constrained particle systems, giving special attention to the
case of arigid body. Furthermore, we will consider the case of a finite system of N
discrete particles of positions 7; and masses m, (see Figure 3.1), although we can
also include continuous systems with a number of particles N — oo with positions
7 and masses dm = p dv, where p is de density (see Figure 3.2). For this, we need
to understand only the sums, with N — oo, m; — dm = pdv and 7; — T, as
integrals:

> 1) m. = [ 109 po (3.1

3.1 Forces between particles. Newton's second and third
laws

Different types of forces can act on each particle in a system of IV particles. Ac-
cording to their origin, they can be classified into two separate sets: external forces
and internal forces.

< External forces. These are caused by physical agents that do not belong to the
system. We will denote as P_‘; the net force, which is the resultant of all the external
forces acting on particle ¢ (see Figure 3.3).

<» Internal forces. These are forces that the particles in the system exert on each
other. ﬁJ is the force that particle ¢ exerts on particle 5 (3.4).

Because we are dealing with particles, F" = 0. The motion equations for a system
with IV particles are obtained from applying Newton’s second law to each particle.

Fig. 3.1: System of IV particles

pdv

9

Fig. 3.2: A continuous body as a
system of N — oo particles

}'

m:

i

Fig. 3.3: The cause of the external
force F; is outside the system

m;
m}y ‘/ﬁ ij

Fig. 3.4: The cause of the internal
force F;; is the interaction
between the particles
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They are, therefore, N vector equations.

= Newton’s second law, or the law of motion for N particles:

N
F. +) F,=ma, (3.2)
=il

Solving these equations is very difficult. Fortunately, we will not always be inter-
ested in finding the trajectory of each particles in a system. Either way, we will
need to find general methods that allow us to obtain interesting features of the sys-
tem’s behaviour. One thing that greatly simplifies these equations is the fact that
internal forces always fulfil the condition of action and reaction, a condition that
Newton elevated to the category of law.

< Newton’s third law, or the principle of action and reaction. The force exerted

by particle j on particle i has the same modulus and opposite direction as the force
acting on particle j due to particle i: ﬁ” = —ﬁij
Let us note that, in order for this law to be obeyed, it is necessary that the interaction
occurs instantaneously. If this were not the case, we could move particle ¢ and, for
a few moments, particle j would not know it, which would violate the third law.
In relativity, this law is not fulfilled!

Although not originally made explicit in Newton’s formulation, it is understood
that the line of action of the two forces is the same. We will also consider it in this
way (see Figure 3.5).

3.2 Net force and centre of mass

We take all the equations of motion for each particle (3.2) and add them up. The
left part is the sum of all forces, regardless of where they are applied and this sum
is called the net force F. Asaresult of the action-reaction principle, F; i+ F’W =0;
therefore, the sum of the internal forces is null. Thus, by summing all the forces
of the system to find the net force F only the external ones will survive. The net
force F is the sum of all external forces.
N N N
ﬁ=2<é+zfgi>=2ﬁ (3.3)
i=1 j=1 i=1
If the net force F were applied to a hypothetical particle whose mass would be the
sum of all masses of all the particles in a given system, m = i m,, the acceleration
i=1

of this particle due to the force F would be A, according to

F=madcy 3.4

Fig. 3.5: Action-reaction law
between two particles, the m;;
and m; particles



The point where this hypothetical particle is located is called the system’s centre of
mass and it is indicated by C'M (see Figure 3.6). We will indicate the C' M position
vector with 7. If F= 0, C'M is moving at constant velocity, dc,, = 0. In this
case, C'M can be used as the origin of the inertial reference frame: is the centre of
mass reference frame (CRF).

The C'M point represents an approximate and global position of the system. For
example, let us think of the system as a cloud. This cloud generally moves from
one place to another while its shape changes. In many cases, we are not interested
in studying the change in shape but the global motion, which is represented very
well by the trajectory described by the centre of mass 7 ;.

If we know the net force as a function of the position and the velocity of the C M
(3.4) is the equation of motion for the C'M, then knowing the position and initial
velocity, allows us to obtain the trajectory 7, (¢). One problem that must be solved
is finding the initial position and initial velocity of the centre of mass while knowing
the positions and velocities of all the particles at this instant.

For each instant, the position of the C' M, 7,,, can be found if we know the posi-
tions and masses of all particles at this instant, 7; , m, (see Figure 3.7):

1 &
. = — E 7 35
Tom m 4= m;T; (3.5)

Proof. Taking into account the sum of the motion equations for the N particles (3.2),
and the definition of C'M (3.4), we have

Then we integrate it, thus giving

N
. 1 . - —
Tem = %Zmﬂ'iJrCl +Cst

i=1

where C, and C, are the two integration constants.

Now, if we have a single particle, N = 1, we want the C'M to be wherever this
particle is at all times, thatis 7oy =7, =" =7 +Ci +Cot = C, =C, =0
and the expression of 7c,r matches (3.5), which is what we wanted to prove. |

Fig. 3.6: The C' M is a good
representation of the overall
motion of a cloud

Fig. 3.7: The mass m,; and
position ; of the N particles
determine 7 ar
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If the system is a continuous body (see Figure 3.8), we will have

1
Fong = — / 7dm (3.6)
m

Cos

If the body is a rigid body, the C'M is a point attached to the body. If the body
performs only translational motions, the motion of the body is determined com-
pletely by the motion of the C' M.

In practice, we will take into account that if the motion of the body is only trans-
lational, all points have the same velocity: any point in the body is valid to for
describing the velocity of C'M.

CM of volumes, surfaces and curves

Generally, a body (an asteroid, for example) will extend in three dimensions of
space, in addition to occupying a volume. Despite having three dimensions, the
body can in many cases be treated as a surface, such as a parabolic communication
antenna. In other cases, although the body extends over all three dimensions, it can
be treated as a curve, such as a helical spring. In Table 3.1 we can see how these
cases can be treated in terms of mass density. p, o and p are volume, surface and
linear mass densities, respectively.

¢ P Fodv "1 (=
dm = pdv = TCMfoTPU —Vfrdv
S g g om
dm =ods = rcﬂlzﬁfrads =L [7ds
b PLo= 1 Fudl |Hm 1oz
dm:,udéé TCM—WI’I",U/ 7ffrd€

The density of a homogeneous body is constant. For the homogeneous bodies, the
CM coincides with the geometric centre or centre of symmetry CS(see Figure
3.9). If the body has enough elements of symmetry, it is easy to find the C'S. In
this case, the C'S is the point that is common to all elements of symmetry (axes,
planes, point).

If a homogeneous bulky body of density p has the shape of a thick surface of con-
stant thickness h and its curvature is negligible, we can treat it as a body surface of
o density. To find o in terms of p, we only need to take into account that a piece
of surface S of the body will have a volume V' = Sh and a mass that we can find
by means of p or 0. Thus, m = pV = ¢S5} as a result, 0 = ph.

o)

Fig. 3.8: C'M of a continuous
body

Table 3.1: C' M of continuous
bodies: volumes, surfaces and
lines

o CM

Fig.3.9: The CM of a
homogeneous body coincides
with the geometric center or
centre of symmetry C'S



If a homogeneous bulky body, of density p, has the shape of a thick curve of con-
stant section s and its curvature is negligible, we can treat it as a linear body of
density . To find p in terms of p, we only need to take into account that a piece
of the body of length L will have a volume V' = Ls and a mass that we can find
by means of p or p. Thus, m = pV = pL; as aresult, 4 = ps.

CM of simple bodies

Here, simple means we know its C'S or, in general, its C'M . The table on page 337
shows the expressions for finding the centre of symmetry of some homogeneous
bodies that we can use throughout the book. It does not include cases in which the
C'S is determined totally by symmetry, such as the circle, the sphere, the rectangle,
etc.

CM of composite bodies

Consider a set of simple bodies, C;, i = 1...N, of known masses m, and positions
of the C M, 7, forming a composite body (see Figure 3.10). The position of the
CM is:

1 N
T = - E m; 7, 3.7
g=Il
Proof. As we know m; and 7}, and we know that 75, = -1 [ #dm, we can
K2 k2

obtain each of the integrals [ o Tdm

/ Fdm = m; 7o, (3.8)
Cq
The expression for the C'M position (3.6) of the composite body is considered as a
single continuous body and it is extended to the domain of integration that encom-
passes the whole body C, i.e. C' = C, U ... U Cy where C; is the domain of each
body:

R 1 R
Tom = — rdm
CiU...UCN

If we treat the integral extended to the integration domain C; U ... U C'y as a sum of
integrals in each integration subdomain C; and substitute the integrals according to
(3.8), we have

R 1 R o 1
Tomy = — / rdm+,..+/ rdm :—(m17ﬂ011)\4+...+meg§V),)
m \Jo, On m

Fig.3.10: The CM of a
composite body can be
expressed, by means of a
convenient decomposition into
simple bodies, in terms of masses
m; and positions 7}, of the
C'M of each simple body
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If we interpret the masses m,; as m; > 0 = to add, and m,; < 0 = to subtract, we

can treat a body composed of bodies and of simple holes (see Figure 3.11).

Problem 3.2.1. The following table shows the positions and velocities, at a given

instant, of a three-particle system.

i 1 2 3
m;(kg) 2 3 5
7 (m) (—10,-10) (30, 10) (10, 20)
¥;(m/s) (10, 30) (—20,-10) | (10,-10)

In this instant, determine:
a) The position of the system’s centre of mass.

b) The velocity of the system’s centre of mass.

Solution
a)
3 —
. ; T 9210, -10) + 3(30, 10) + 5(10, 20)
Fom = = = (12,11)m
m 10
b)
3 5

XM 9010,30) + 3(—20, ~10) + 5(10, —10)
Uoym = Tom = m = 10 = (1,—2)1’11/5

Problem 3.2.2. Given the flat homogeneous sheet shown in the figure, obtain the
centre of mass.

Solution

It is a homogeneous plane surface. Because it is symmetrical, we have ycon =0 .
Also, since o = ct, instead of masses m; we can use surfaces S;. Thus, we decom-
pose the sheet into three pieces: piece 1 is a square sheet; piece 2 is a triangle sheet;
and piece 3 is a hole sheet. See the figure. We have

1 N 1 N
_ (i) (i)
T = E m; x = — E oS, x =
CM — CcM G_S — CcM

Remember that the negative sign means it is a hole!

1 N
S Z Si
i=1

1 1) (2) (3)
S1+52—53 {Sl Ton + 52 Tény — Ss xczu}

S1 =4a®; S, = %2@ 2a; Ss= %mf N
1 _ . (2) _ 1o . 3) _ 4
Top =05 Teoy =20+ 52‘17 Tom = ﬁ

TeMm =

Tocm = 196@
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Fig. 3.11: We can interpret the
sum of masses in such a way that
the positive sign means to "add
mass" and the negative sign
means to "remove mass"

Table for Problem 3.2.1: masses,
positions and velocities

y Q7
s
m2
74 T,
[ |0 m
ml
Solution to Problem 3.2.1

T\\\\
2a /
/ i

i 2a 2a
Figure for Problem 3.2.2

Y
_3\ 1 \2\

T
ZEL/ —
: 2a 2a
Solution to Problem 3.2.2



3.3 Momentum

The momentum P of a particle system is defined as the sum of all particle mo-

mentums.
N N
P=> "5 =Y mi =miou (3.9)
The C'M equation can be written as
. dP
F=— 3.10
= (3.10)

<» Conservation of momentum theorem. If the net force of a system of particles
is zero, the momentum P remains constant over time.

- —0 (3.11)

This can also be written using the integrated expression between the two instants
t.; and t;
P, =P, (3.12)

In usual parlance, it is said that the momentum is conserved. Note that as long as
no external forces act on the system, the momentum is conserved.

Problem 3.3.1. A cobra oflength L and uniformly distributed mass m lies stretched
out on the ground. The cobra decides to rise vertically with a uniform velocity v
(the tip of the tail does not move at any time). What is the reaction force of the
ground on the part of the body in contact with it? Give the result as a function of
L, m, v and the gravitational field g.

Solution

Let x be the portion of the snake in contact with the ground and y the vertical part.
Note that both x and y will vary as the snake rises. These are functions of time ¢ (see
the figure). At any instant ¢, the total length of the snake is L; thus, z + y = L and,
since this expression is valid for all ¢, £ 4+ ¢y = 0. If, in addition, we take into account
that v is the constant velocity in the direction of y, we have the relations

y=v; t=—v ;2= §=0 (3.13)

We can calculate the position of the centre of mass, for all ¢, as a function of x and
y. At any instant, the snake is a linear body formed by two straight homogeneous
segments of length = and y, therefore,

o 1
Tem = (mczu,yczvl) = i3 (gw + zy, %y) (3.149

Figure for Problem 3.3.1

Y (z,y)

.(‘Tc VI ) yC[W)
[

T
Solution to Problem 3.3.1
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If we derive (3.14) with respect to time and take into account (3.13),

Fou = %yv(q,n (3.15)

The momentum of the system can be written as

—

P = mion = %yv (—1,1) (3.16)

The net forces acting on the snake will be due to the weight and the reaction force of
the ground, Fie., m(0, —g) + F (see Figure). Thus, we have

dP . _ =
—:%vz(—l,l):m(O,—g)+F:> FZ(—%U2,WQ+%U2) n mg
Solution to Problem 3.3.1

3.4 Angular momentum

The angular momentum E< ay of a system of particles with respect to a fixed
point A (see Figure 3.12) is defined as the sum of the angular momentum of each
particle with respect to this point

N N
Ly =) Leays =D Fiewy X mat; (3.17) AN
i=1 i=1

Then we take the time derivative:

Fig. 3.12: Angular momentum of a

AL, o /- . L armo
_ 5 - - . ystem of particles with respect to
3 Z (7‘1“) X M, U; + Tiay X miai) (3.18) 2 fixed A point

=1

Now, taking into account that point A is fixed, 7_"( Ay = U,, the first vector product
of (3.18) becomes zero. For the second vector product, we will take into account

=1

N i(A) /
FE+Y F, > (3.19) \,Vm
j=1

Assuming that the action—reaction forces have the same line of action, the net Fig.3.13: Nettorque of the
internal forces

— N .
the equations of motion for the N particles, m;d; = F;, + > F};. Thus, we have \\J i
,r_.’

dL N
S

i=1

torque of the internal forces cancels out (see Figure 3.13):

Ticay X Fyi + Tay X Fiyy = (T = Tiay) X Fy =0

Therefore, we obtain

dL -
d;‘” = M, (3.20)

where M, is the net torque of the forces. We observe that only external forces
are involved in M,

M(A) = ZFi(A) x F, (3.21)



= Conservation of angular momentum theorem. If the net torque of the external

forces with respect to point A is zero, M( 4 = 0, the angular momentum E( "
remains constant over time:
dl
—— =0 3.22
7 (3.22)

Using the integrated expression between two instants ¢,; and ¢; it can be written as

L(A)ini = L(A)ﬁ (3'23)
In usual parlance, it is said that the angular momentum is conserved.

If the particle system moves only by translation, v; = ¥, the angular momentum
of the system, E(A), can be expressed as

N N
Ly = g Ticay X MU, = E Ticaym; | X
=1 i=1

Generally, if we use 7 4y = Tenr(a) + Ticenr)» W can write the angular momentum

= Perreay X P (3.24)

<y

with respect to any fixed point A as
E(A) = E(CM) + Tomay X P (3.25)

The expressions (3.20) and (3.21) are also valid if A = C'M, although C'M is in
motion. Care must be taken to not take moving points A = C'M. In this section it
is better to consider A fixed. Later, when we study the rigid body, we will prove
anduse A = CM.

Problem 3.4.1. In the following table, we have the positions and the velocities of
a three-particle system at a given instant.

i 1 2 3
m;(kg) 2 3 5
7 (m) (—10,-10) (30, 10) (10, 20)
¥;(m/s) (10, 30) (—20,-10) | (10,-10)

At this instant, determine:
a) The total momentum.

b) The total angular momentum with respect to the origin.

Solution

a) From Problem 3.2.1, we have ¥ca = (1,—2)m/s and, thus, P = mien =
10(1,—2) = (10, —20) kgm/s

Table for Problem 3.4.1: masses,

positions and velocities

y QM
i
7 A

/P
ml

Solution to Problem 3.4.1
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% 3 Dynamics of [V particles

b) Be careful! We cannot use L = o x P, because the velocities of the particles
L

are different. We have to use

P ik
L= xpy=2] 10 —10 0 | = —400k
10 30 0
7 ik
Lo=fxp=3| 30 10 0 |=—300k
20 —10 0
ik
L= xps=5] 10 20 0 |=—1500k
10 —10 0
o 3 . 2
We obtain L = S L, = —2200k kng ]

i=1

Problem 3.4.2. A truck transports a homogeneous rectangular box that is 2 m high
and 1 m long. The friction coefficient of the box and truck is 0.4. Calculate:

a) The maximum acceleration that the truck can have without the box slipping
(if we know that before the box does not overturn).

b) The maximum acceleration that the truck can have without the box overturn-
ing if we attach the box to the truck by a frictionless axle A.

. Figure for Problem 3.4.2
Solution

a) F = md = (uN,N —mg) = m(a,0) = a = pg = 0.4 x 9.8 = 3.92m/s’

dL - . .
b) We use d(to . = Moy with the angular momentum and torque calculated with

respect to the origin (see the figure). We can use the corkscrew rule.

For the angular momentum, note that the motion is translational. It is enough to use
the velocity vector at the C'M (see the figure). We obtain Loy = —1mv k. For the Solution to Problem 3.4.2
moment of force, we analyse the instant in which the box is about to overturn. At this

instant, the normal passes through point A, since the only contact between the box

and the truck is at point A. We obtain

M(o) =—{(0A+0.5)mg —ﬁN}l% =—-05mgk
Thus, deriving with respect to time L (o) and making it equal to the torque

—lmak = —0.5 mg k

Therefore, a = 0.5g — 4.9m/s2 - Solution to Problem 3.4.2
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3.5 Work, kinetic energy and potential energy

Work

The concept of work, according to Interpretation 1 of Section 2.4, can be applied
here for each force separately. The same must be done with the concept of conser-
vative force and potential energy associated with a force.

In order to define the concept of energy for a system, we extend Interpretation 2 of
Section 2.4 to all particles and forces in the system.

We call the configuration of the system at a given instant the set of positions for
all particles.

— N
The work W performed by all the forces on each particle, F; + > F);, when par-
j=1

ticles go from one configuration P, = {P,, } to another P, = { P,, } through a path
C = {C,}, is (see Figure 3.14)

N P2 N
w=>" / (F + ZF],) dr, (3.26)
i=1c0p, j=1

Kinetic energy or ability to work due to speed

Using a similar calculation to the one in Section 2.4 leads us to the kinetic energy
concept

N P2 N N P2
wo- Y[ (mzﬂi)daz/mia,di
=lop i=1 =lop
Py N
1
= = /d( m1v2>
2 k2
Py i=1

1
E, = Z 5 v; (3.27)

and we can state the following theorem:

<> Work-energy theorem:
W =AF, (3.28)

This is also known as the theorem live forces and as the kinetic energy theorem.

@)

Fig. 3.14: The system goes from
configuration P; to configuration
Ps. There are many paths

C = {C;} that go from one
configuration to the other
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Potential energy or ability to work due to position

The forces on each particle are the external forces and the interaction forces be-
tween particles: F + > F; If all the forces are conservative, they will have

j=1
potential energies U,, U,; that fulfil the relationships

_ ouU, _ U,
F-=_22% . B _ Y9 - 3.2
; o7 ¢ T o7 Ui.=0 (3.29)

In addition to the forces being conservative, and as a consequence of the action-
reaction principle, the forces depend only on the position of the particles in accor-
dance with ', = f,,,,(7, — 7,), where f,, = f..,, depends only on the distance
between particles i and j!. This allows choosing U., which satisfies (3.29), de-
pends only on the distance between particles and is symmetric U;,, = U,;. We
denote this as (potential) energy of interaction.

If the system goes from one position configuration P, to another one, P,, through
a path C' (see Figure 3.14), the work it does is

ll]l

(3.30)

=» The work of the conservative forces is equal to the decrease in potential energy:

W =—AU (3.31)

with the potential energy U for the system of N particles being defined as

U= ZU +ZZUH (3.32)

i=1 i<j

Proof. The first term of the right side of (3.30) can be written as

Pa

i / F, . dr, = Z / dU, (3.33)

Concerning the second term of the right side, we have to be much more careful. First,
N N P2

we exchange ¢ for 7, > > f F” dr;, and add the result to the original term.
i=1j=1C:Py

Since the added term is the same as the old one, we divide the sum by 2

Po

35 [

i=1

Pa

ZZ / FFydi) =...  (3.34)

i=1 7

l\D\»—A

" Looking at the gravitational and
electrostatic cases we see that
they meet these conditions



Now we substitute the forces as a function of their potentials according to (3.29)

1 o= ou,; . oU; .
..:722 (W‘ LT+ i) = ... (3.35)
. J 7

Remember that U;; = U,;. In addition, we will take into account that U;; depends

only on 7; and 7; and, therefore, the differential is dU,; = % - dry + Ba[iij - dr;.
g 3

We can write (3.35) as

1 N ~ P2
...:—522 / dU,; = ... (3.36)

=1 J=1g0p,

Finally, in order to not add any more terms than necessary, we restrict the sum of j to
only terms ¢ < 7, and thus the factor % disappears.

= / d<zzvij> (3.37)

Considering the above expressions (3.30, 3.33-3.37), the potential energy U of the
system of NV particles can be defined as (3.32), and we obtain (3.31). |
Mechanical energy
The mechanical energy E of a conservative system of [V particles is defined as
E=E.+U (3.38)

Deriving with respect to time and following steps that are similar to those seen in
Section 2.4, we obtain the following, as expected.

< Conservation of mechanical energy theorem. The numerical value of mechan-
ical energy in a conservative system of N particles remains constant over time.

dE
=0 (3.39)

It can also be written using the integrated expression between two instants ¢,,; and
Ly
E. = E; (3.40)

In usual parlance, it is said that the mechanical energy is conserved.

If there are non-conservative forces (INC), these are not included in the energy
(they have no associated potential energy). However, the following can be applied.

< Mechanical energy theorem. The work of the non-conservative forces is equal
to the increase in the mechanical energy of the system:

Wyo = AE (3.41)
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We observe that energy can still be conserved if we restrict ourselves to motions
for which the NC forces “do not work”, that is, W = 0. Later, when we deal

with constrained systems, we will use this condition.

As we will see later in Section 3.11 for the case of a rigid body, the work of
the internal forces is zero; so, W = AFE,, where W is the work of the external

forces. If, in addition, the motion is only translation, v, = v_,, and we have

CM
N

E. =Y im,v? = imv?,,. Thus, the mechanical energy of a rigid body re-
i=1

stricted to translational motions is
1 2
E = im Vo +U (3.42)

where, in this case, U is the sum of potential energies of the body’s conservative
external forces.

Problem 3.5.1. Two particles of masses 2 kg and 3 kg are bound together with a
rope running through a spring, as seen in the figure. Both the spring and the rope
have negligible mass. The spring has a constant of 12000 N/m and is compressed
to a length of 10 cm. We cut the rope. Find the velocity of each particle.

Solution

For convenience, we define m, = 2kg, m, = 3kg, Kk = 12000N/m and L =
0.1m.

The causes of the motion are aligned along the z-axis; so, we can apply the symmetry
principle (see the Section 1.4) to deduce that the velocities of both particles will be
aligned with the z-axis: ¥; = (v;,0,0) and ¥, = (v,,0,0).

Applying the momentum conservation between the instants just before and just after
cutting the rope, we have:

0 =m.7, + me¥, = 20, +3v, =0
We can do the same with energy:

1 1 1 3
§kL2 = §m1Uf + Emgvg = 60 = 'Uf + 51}5

from which we get v, = £6 and v, = F4. Using the fact that the spring decom-
presses (this fact has not been used yet!), the signs are determined and we obtain

7-_))1:(767070)m/s;62:(47070)m/s .

Problem 3.5.2. The following table shows the positions and velocities of a three-
particles system at a given instant.

At this instant, determine:

g:0§
>

Figure for Problem 3.5.1

N

X
y s
Mo
my

S

Solution to Problem 3.5.1

m,

Solution to Problem 3.5.1

L

5

U,



i 1 2 3
m.(kg) 2 3 5
F(m) | (=10,—10) | (30,10) (10, 20)
#(m/s) | (10,30) | (=20,—10) | (10,—10)

a) The kinetic energy of the system.

b) The kinetic energy associated with the motion of the centre of mass (all the
mass concentrated in the C'M together with its velocity)

Solution
a)
1 1
E =3 > mavl = 3 {2(10° + 30%) + 3(20° + 10%) + 5(10° + 10*)} = 22507

=1

b) From Problem 3.2.1, we have Ucas = (1, —2) m/s. The kinetic energy of a particle
of mass m = 10 kg moving with the velocity of the C M is

1 1
imvsz = 510- (1> +2%) = 25]

which generally does not match the kinetic energy of the system. |

3.6 Collisions

A collision is a process in which two or more particles with very short range inter-
action, meet at a point and at an instant and, consequently, modify their velocities
(see Figure 3.15).

We will restrict ourselves to two particles while considering two instants in which
the particles are far enough apart and do not interact: the initial instant (¢ni),
just before the collision; and the final instant (f7), just after the collision. We will
assume that the external forces are much weaker than those caused by the collision,
such that the external impulse between (in¢) and (f7) is negligible.

We will also restrict ourselves to frictionless collisions. This means that when con-
tact occurs between the two particles, which we can visualize as spherical bodies
(see Figures 3.16 or 3.17), there are no forces in the tangent to the contact plane or
collision plane and, therefore, there is no exchange of angular momentum. If the
particles or bodies were to had an initial rotation, they would maintain this rotation
after the collision.

We can apply the theorem of conservation of total momentum, giving us:

P, =Pg (3.43)

Table for Problem 3.5.2: masses,
positions and velocities
y mS
\z
m
- ‘/17 2
U, f 2
Y v
ml
Solution to Problem 3.5.2
171(ﬁ)
171(mi)
mx Sy
172(fi)
172(mi> m,
m,

Fig. 3.15: Forces exist only at the

instant of collision

N

w)

Fig. 3.16: Collision plane

/)I'(H)
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Although we do not know the geometry of the collision (the collision plane, see
the Figure 3.16), we will be able to treat the collisions totally elastic and totally
inelastic.

< Totally elastic collisions. These are collisions in which the energy is conserved,
L., = E4. We can write this in terms of kinetic energy, since before or after
the collision either no forces exist or they are negligible. Thus, for totally elastic
collisions,

Ec(im) = Ec(ﬂ) (3~44)

The condition for an elastic collision and the consequent conservation of energy
require an explanation. One may think than an elastic ball will conserve its energy
when it bounces on the ground, which is essentially true as long as we account for
all the terms of the ball’s kinetic energy. Before the collision, the ball has transla-
tional energy. Once the collision has taken place, the ball will have translational
kinetic energy as well as internal vibration energy, due to the elasticity of the ma-
terial. It is only when the internal vibration energy is negligible that we can say the
collision is elastic in the sense that we mean here in this chapter, namely that the
colliding objects do not accumulate vibration energy. Thus, the elastic collision
is energy conservation without considering the terms of internal energy, as in the
case of vibration.

<» Totally inelastic collisions:

Implosion. Both particles join togehter (implode) and a single particle is formed
after the collision, ¥/} 5 = Us()-

Explosion. A single particle explodes and becomes two particles, U, iy = U (ini)-

< Partially elastic collisions. Taking into account the particles contact geometry,
the collision plane (see Figure 3.16 or 3.17), and the fact that the collision is fric-
tionless (that is, the only acting force at the moment of the collision is normal to
the collision plane), then only the momentum component in the normal direction
will change while the components tangent to the collision plane will be conserved.
Thus, if the components tangential to the collision plane are indicated by ||:

ﬁiu(inn - ﬁi\l(ﬁ) = "7z‘|\<im> = "7z‘|\<ﬁ> 1=1,2 (3.45)

If the collision is completely elastic or completely inelastic, we can use the above
conditions for energy conservation, explosion, or implosion. If the collision is
partially elastic and the collision plane is known, the coefficient of restitution e
is defined (see Figure 3.17). If we indicate with | the normal component to the
collision plane, the coefficient of restitution is

e =

Uity — Vai(h) ’ (3.46)
V11 (ini) — V2L (i)

- Ul s
w:) /(f:)

I Va(ti)
A(im) \

Fig.3.17: e is a relationship
between normal relative velocities
and the collision plane



The coefficient of restitution e is a quantity that depends on the material of the
bodies. It can be measured using (3.46).

<» Collisions with the ground. We can also consider the collision of a particle with
the ground or a wall (see Figure 3.18). In this case, there are external forces in the
form of the ground reaction. We have p,,, # ps. If the collision is frictionless,
the external force has only the normal component to the ground. As in the case of
two particles, pi ) = P = U)o = Vi)

Ifthe collision is completely elastic, we will have v? ) = v? ;. If partially elastic,
the coefficient of restitution can be defined according to
v i
— | L@ (3.47)
V1 (ini)

In this case, e depends on the constituent material of the body, the ground or the
wall. It can be measured using (3.47).

Problem 3.6.1. Calculate the velocities after the collision of the balls in the figure
(corresponding to the instant of the collision), which have equal masses. Bear in
mind that they are smooth and their coefficient of restitution is 0.9.

Solution
We use the notation B for before the collision and A for after the collision.

3v3 3

According to the data reflected in the figure, we have ¥5; = (3%, 5

(—2,2v/3)

From the conservation of the momentum parallel to the collision plane for each par-
ticle, we have

) and 1752 =

Vya1 = 1.5m/s ; vy = 3.46m/s N

From the conservation of the total momentum, we have mv'z; + m Up, = mva;, +

m1742,

The component of this equation in the y direction is automatically satisfied with the
values found in (1). We take only the  component:

3
3% — 2 =1Vza1 + Vsa2 2

Knowing of the coefficient of restitution, we obtain

Vea1l — Uz A2
+09= 2222 3
343 — (-2)

Now we have to solve equations (2) and (3), for which we choose the solution in
which the two balls do not intersect, that is, v, 42 — Voa1 > 0

We obtain: v,a1 = —1.77m/s ; wv,a2 =2.36m/s |

V(i)
m

M Vgni

B —

Fig. 3.18: Collision with a wall

30° 60°

/f’)'m/s 'ﬁn/s

Figure for Problem 3.6.1

. Y
'\%1 After Vas
ey
Ly n= ’LT
30° 60° *

A m/SBefore Ynh

Solution to Problem 3.6.1
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3.7 Gravitational and electromagnetic interaction

Law of universal gravitation

In 1687, Isaac Newton published his law of universal gravitation, which unified
Kepler’s laws. It also provided a more fundamental explanation of his three laws,
which had been obtained empirically by direct observation of the motion of the
planets around the Sun. Newton’s law of gravitation is not a rule for predicting
the motion of planets, but is instead a law obeyed by all bodies due to the fact that
they have mass, whether they are planets, stones, any other object or particles (see
Figure 3.19).

< Law of universal gravitation

Fy = -G, (3.48)

- - N 2, . . .
where 7,; = 7, —7;, G = 6.673x 107" I\]'(gé is the universal gravitational constant,

and m; and m, are the gravitational masses of each of the interacting particles.
Experiments have proven a highly remarkable fact, which is namely that, for a
given particle, the gravitational mass (m in the equation for universal gravitation
(3.48)) and the inertial mass (m in F= mda), which can be expressed in the same
units, have the same numerical value. Newton saw that these were two different
concepts in his theory and that their equality needed an explanation. Experimental
verification of this equality is the germ that gave rise to Albert Einstein’s equiva-
lence principle, a relativity version of Newton’s first law, which forms a part of
the theory of general relativity. According to the equivalence principle, the inertial
and gravitational mass of a particle are exactly equal because they are the same
property.

If we take as an example the interaction between two protons, m, = 9.109 x
10~ kg, separated by a typical atomic distance of 7 = 1 A= 10~ m, we obtain
from (3.48)

2

|F,| = G% — 554 x 10°°'N (3.49)

The gravitational interaction energy between two particles is

U, = - (3.50)
T,
The gravitational interaction energy between three particles is
U=U,+Us+Uy=—G (mm“ 4 s QOg) (3.51)
r12 r13 r23

Fig. 3.19: Gravitational interaction
between two masses



Coulomb's law

Coulomb’s law was published in 1785 by Charles-Augustin de Coulomb, based
on measurements he made of the attractive and repulsive forces between electric
charges, for which he used a torsion balance (see Figure 3.21).

<> Coulomb’s law
F. = g9 P (3.52)

vJ vJ
r2
iJ

Nm? : Lo . Fig. 3.20: Charles-Augustin de
where K = 8.987 x 10° C“; is the constant of electrostatic interaction, and Q; Coulomb (1737-1806) was

and @ are the electric charges of each of the interacting particles measured in the ~French physicist and military

international system of units for an electric charge, the coulomb (C): [Q] = C. engmeer
If we take as an example the interaction between two protons, (), = 1.602 x .
10~° C, separated by a typical atomic distance of r = 1A= 10~'°m, we obtain F/v
> "y,
|Fs| = KQ—; =231 x107°N (3.53) / Q/'
T i .
The electrostatic interaction energy between two particles is Fig. 3.21: Electrostatic interaction
between two charges
v, - K92 o5t
T
the electrostatic interaction energy between three particles is
U — (]12 + U13 + U23 — K <Q1Q2 + Q1Q3 + Q2Q3) (3'55)
r12 T‘IS T23

Note that both of the described interaction laws are quasi-identical in terms of the
geometry (the dependence of the forces on the positions). The only difference is
that one is attractive and the other is repulsive. This means that, for identical par-
ticles, the gravitational interaction causes an attractive force and the electrostatic
interaction causes a repulsive force. They differ in their charges and interaction
constants. Comparing the results in the case of protons, the electromagnetic inter-
action is about 10** times more intense than the gravitational interaction!

Problem 3.7.1. The following table lists the charges and positions of a three-
particles system. Determine the total potential energy.

i 1 2 3
Q:(1C) -2 3 b) Table for Problem 3.7.1: charges
7(m) | (=10,—10) | (30,10) | (10,20) and positions
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Solution

U:U12+U13+U23:K(

(P = 7)7 = /402 4 20% = 44.72

/(F _r )2 — \/20° + 30 = 36.05 Solution to Problem 3.7.1
1 3 - - .

roy = /(7 —75)? = /202 + 102 = 22.36

QlQZ + QIQS + Q2Q3>

T12 T3 Ta3

ﬁ

>

[V
I

—2><3+—2><5+3><5
44.72 36.05 22.36

g\
U=9x 109( )10*12: 233x10°°] g

esfera

3.8 Constraints and reactions. Possible displacements and

virtual displacements. Ideal reactions Fig. 3.22: The particle is forced to
move by the surface of a sphere

A system of N particles without constraints requires 3/V data to express their po-
sition. Thus, we say that it has 3/NV degrees of freedom. If the particles are con-

strained, the number of degrees of freedom is smaller. Let us look at some exam- m,;
ples.

d;; = constant
Simple pendulum. A particle is forced to move on the surface of a sphere of radius m,

¢ (see Figure 3.22). For this pendulum, instead of a rope that can become slack,

we have a rigid rod of negligible mass. At one end is a particle and at the other is
Fig. 3.23: The particles keep fixed

a pivot point. The system has two degrees of freedom. the distances between them

Rigid body. This is made up of a set of constrained particles forced to keep their rota&
relative distances constant (see Figure 3.23). Thus, the rigid body will have six de-
grees of freedom, since the positions of all particles are completely determined with
respect to a reference position by the body translation (three degrees of freedom)

and rotation (three degrees of freedom) (see Figure 3.24).

. - . . reference bod
Forced pendulum. This pendulum is like the previous one but the sphere is now v
forced to move horizontally by means of an actuator (see Figure 3.25). In this case, Fig.3.24: The positions of the
particles are determined if we
know the translation and the
kl’lOWl'l: I(t) It also haS two degrees Of freedom. rotation of the body with respect

to the reference body

the actuator is a hand that moves the pivot at will. The motion of the actuator is

Constraints

Each particle 7 in the system is characterized by its mass and its vector position

{mmﬁ‘}a ﬁ:(xuyuzi), t=1.N

Positions may be subject to constraints. We consider only geometric constraints, e
moving sphere

that is, they do not depend on velocities, although they may depend on time. In
Fig. 3.25: We move the pivot at
will



the latter case, the constraint is called an actuator. If we have L degrees of free-
dom, it is because we have 3N — L independent constraints. Generally, geometric
constraints can be expresses as:

£(7,t)=0 ,a=1.3N—1L (3.56)

It is very convenient to express the constraints parametrically. Naming the L pa-
rameters ¢, ...q, , the same expression (3.56) can be written as

— —

7 =7i(q1-qr, 1) (3.57)

Generally, we will consider the constraints as data for the problem.

Example. A particle is forced to move along a certain curve f(z,y,2z) = 0in
space because it passes through a wire with the exact form of this curve. We can
determine the constraint f(z,y, z) = 0 only by observing the shape of the wire.

If, for example, the curve is a circumference of radius ¢ in the (x,y) plane, the
corresponding (3.56) expression will be

x4 yz —02=0
and the parametric form (3.57) can be written with a single parameter ¢, = 6

xz =1/ cosb
y=1/{ sinf

If the wire is a straight line in the (x,y) plane, we will have the corresponding
(3.56) expression
ax+b—y=0

where a and b will be known constants. We can write the parametric form (3.57)
by making ¢, = ¢:

r=4q

y=aq+b

Possible and virtual displacements

Possible system displacements d7; are compatible with the constraints. For ex-
ample, in the case of the particle bound to the wire (see Figure 3.26), the possible
displacement must follow the trajectory of the wire. In saying that possible dis-
placements are compatible with the constraints, this means that carrying out dr;
displacements result in the constraint condition f, (7, ¢) = 0 continuing to be ful-
filled for the new position. That is to say,

~0f. .. Of.
o it gy

i=1

df, = dt =0 (3.58)

oF = dif

Fig. 3.26: We can determine the
constraint only by observing the
wire shape
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where we observe that we have also taken into account the dt¢ variation, since the
possible displacement takes some time to be carried out.

We can use the parametric form of the constraints to find the possible dr; displace-
ments in terms of the L ¢, parameters:

L — —
or, or,

dr, = d
T g aqa Ga + at

dt (3.59)

We define the §7; virtual displacements of the system as displacements that are
carried out without variation in time, i.e. by freezing time. If we imagine that we
are filming a movie scene in which the pivot of an oscillating pendulum is moved by
a hand (see Figure 3.27), then the possible displacement are what we are recording
and can see later in the finished movie. Virtual displacement would correspond to
stopping the recording, moving the particle without moving the hand and, at the
end of this displacement, continue recording.

From the mathematical point of view, virtual displacements fulfil

N
0

JE’ -0, =0 (3.60)

i=1 87,7"

or, in parametric form,
L
ar;

or, = “d 3.61
7 Z Fa. 44 (3.61)

Note that if the constraints do not depend on time, then 67, = dr;. This course
does not deal with time-dependent constraints, nor will we make a special dis-
tinction between possible and virtual displacements. The one exception will be in
Chapter 9, where we will consider time-dependent constraints and then 67, # dr.

Reactions

The particles move according to the constraints, which exert forces on the particles.
These are the so-called reaction forces R..

If, in addition to ﬁ, the force F_" (generally known) acts on each ¢ particle in the
system, we can write the equation of motion (Newton’s second law)

—

F+R —md =0 i=1.N (3.62)

These equations have to be completed with the constraints (3.56) or (3.57).

The problem we find here is that the constraints are generally known, but their
reactions ﬁ are not. As we have mentioned, the reaction forces E are the forces
exerted by the constraints, such that the particles move according to their orders

Fig. 3.27: The subtle difference
between possible and virtual
displacement

Fig. 3.28: In the case of the
pendulum, the R; reaction force
is the one exerted by the rod



3.8 Constraints and reactions. Possible displacements and virtual displacements...

and, of course, also according to Newton’s laws (3.62). In equation (3.62), }i are
unknown. Only one part of 7;(¢) is unknown since, as the constraints are known,
we will know part of the trajectory of the particles. For example, in the case of the
pendulum (see Figure 3.28) restricted to the vertical plane, we already know where

the particle passes. We just need to know its speed or, more specifically, we only R
need to know 6(). /\6

In the case of a particle passing through the wire (see Figure 3.29), we also know or = dr

the trajectory. If the wire is frictionless, we can say that the reaction R is normal Fig. 3.29: In the absence of
; friction, the reaction of the wire is
to 1t. )
normal to it

Ideal reactions

A very interesting property that we observe in the cases represented in Figures 3.28
and 3.29 is that the reaction is normal to the displacement. In the case represented
in Figure 3.30, the reaction is normal to the virtual displacement, R 67 = 0, but
not to the possible displacement, R-dF # 0.

The fact that the reaction is normal to the displacement means that the work of the
force is zero when the system performs the displacement. In fact, what interests
us is not that the reactions do not work individually. Although they could work Fig. 3.30: The R tension is
separately, it is enough for us that they do not work together. Driven by this interest, normal to the 57 virtual

displacement but not to the

we define the ideal reaction sets below. g _
possible displacement d7
9 Ideal reaction set. A set of B, i = 1....S reactions is called a set of ideal

reactions if they fulfil

S
S R,-07 =0 (3.63)

This important property is satisfied in many situations. In general terms, reactions
are ideal in the absence of dissipative friction. Let us see a couple of cases.

Problem 3.8.1. Prove that the reaction forces in a frictionless pivot (also called Figure for Problem 3.8.1
pivot point) are ideal.

Solution

The point where the pivot is located is occupied by one particle from body 1 at position
7 and another particle from the body 2 at position 7. As a result of the constraint,
they move the same, 71 = 7. If we differentiate we get di¥y, = di», which can be
written as di, — di, = 0.

The reaction forces R, and R, fulfil the law of action-reaction Ry = —R,. If now Solution to Problem 3.8.1

we calculate the work

ﬁldfl-f-ﬁgdf;:ﬁl(d'Fl—dFQ):O
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then the set of forces ﬁl and R} becomes a set of ideal reactions. |

Problem 3.8.2. Prove that the reaction forces with frictionless contact between
two moving solids are ideal.

Solution

The bodies have velocities ¢; and ¥> with respect to an observer at rest. At any instant,
body 1 moves at a velocity ¥ sy relative to body 2 and in the direction of the contact Figure for Problem 3.8.2
plane. The reaction forces R, = —R, are normal to this plane and, therefore, they
are normal to the relative velocity, that is to say, R, - V12y = 0.

We can write

O:R1 (’L_I’l —172) == éRl . (dF1 —d’f_"z) =

é (R1 M dFl _ Rl . d7:'2) = é (R1 M dFl +R2 . sz)
where dr; and dr, are the possible displacements. Therefore, the contact reactions
are a set of ideal reactions. |

3.9 The general equation of dynamics also known as Solution to Problem 3.5.2

d'Alembert's principle

We want to write some equations of motion in which the constraints appear with
out the reaction forces. That is, we want to rewrite Newton’s second law
while taking into account that the constraints are part of the data while their
reactions are unknown.

The set of forces acting on the system is classified into two subsets: the reactions

R, and the other forces, F,, which we will call directly applied forces.

< General equation of dynamics. If all the reactions of the system are ideal,
Newton's equations of motion are equivalent to

N

> (B -ma.) o7 =0 (3.64)

i=1

We note that in the equations extracted from (3.64):
= 1) Reaction forces do not appear.
< 2) We obtain as many independent equations as we do degrees of freedom.

The first version of the general equation of dynamics came from Jean le Rond

d’Alembert and was given the name of d’Alembert’s principle, stated in the fol-
lowing way: Fig. 3.31: Jean le Rond
D'Alembert (1717-1783) was a
French mathematician and
external forces. philosopher

Any position of a moving system is in equilibrium if inertial forces are added to



This statement will be later understood in the context of statics and in relation to
the principle of virtual works. However, we will not use this interpretation.

The proof of the general equation of dynamics (3.64) is not difficult from a math-
ematical point of view, although it may be conceptually surprising.

Proof. We want to prove that

N
> Ri-67 =0 (3.65)
i=1
and
7+ R, =m,d, (3.66)
are equivalent to
N
> (F - midi) o7 =0 (3.67)

i=1
Proof (3.65, 3.66) = (3.67): If we multiply (3.66) by d7; and sum over index ¢, we

obtain
N

OZZ(ﬁi+ﬁi—mid) o7,
i=1
Thus, taking into account (3.66), we obtain (3.67).
Proof (3.67) = (3.65, 3.66): We now observe that the reactions are not determined.
They have to enforce the system’s motion through the constraints. Thus, they are
determined as R; = m;d, — F, and, obviously, (3.66) is fulfilled. If we multiply
N — —
(3.66) by 67; and sum over index i, we obtain (Fl + R, — midi) -0 = 0.

i=1

Now, taking into account (3.67), we obtain (3.65). |

3.10 Conservative system with constraints. Energy con-
servation

Here we consider a conservative system with constraints: a particle system with
time-independent constraints that all have ideal reactions ﬁ and, furthemore, the
other forces F (internal or external) are conservative. This means that the system
will have the potential energy function U

N
U= —/Zz«i - dF, (3.68)
i=1

= Conservation of mechanical energy theorem. If we define the mechanical en-
ergy in a constrained conservative system of N particles as

1 N
E=; ;mivf +U (3.69)



S

where U is defined according to (3.68), then the numerical value is maintained
constant over time.
dE
— =0 3.70
7 (3.70)

Proof. We apply the general equation of dynamics by taking as possible displace-
ments the actual displacements of the system (the displacements that fulfil the general
equation of dynamics) and divide by elapsed time, dt:

N a7 N e
S(F-ma) S = SFTE -3 ma, 3.71)

N
= — (dlt] + 4 mmf) =0 (3.72)

It is usually said that mechanical energy is conserved. Energy conservation can
also be written using the integrated expression between two instants ¢,, and ¢;

E.. = E; (3.73)

< We must remember that the constraints must be time-independent in order for
the energy to be conserved. It is not enough that the directly applied forces are
conservative and the reactions are ideal. The virtual displacements and possible
displacements must also coincide: 7, = dr;. Throughout the book, we will con-
sider primarily time-independent constraints, and only Chapter 9 will deal with
time-dependent constraints.

< In the case of conservative systems with one degree of freedom, this result is
sufficient for finding the temporal trajectory of the system.

which the forces are applied, but they do not need to coincide with the point dis- lg

It should be noted that d7’; from (3.68) are the possible particle displacements to
%k
placements in the space where the forces are applied. We can see this in the fol- g
m

lowing example.

Problem 3.10.1. In the figure, spring is relaxed when the lower face A of a prism

with section S and mass m, which can slide along a fixed track, is at the level of a  Figure for Problem 3.10.1
liquid with density p. If we let it go from the described position, what will be the
depth y what A will reach?

Note: The container is large enough so that the change in the liquid level is negli-
gible.
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Solution

It is rigid body that can be moved only by translation. We take the y-axis in the
direction of § with the origin at the fixed level of the liquid. Under these conditions,
the point A coordinate is y. When y = 0, the spring exerts no force and Archimedes’
buoyant force is null. The possible infinitesimal displacement of any particle of the
body is d7¥ = dy].

The system is conservative and, as a result, we can apply energy conservation between

the initial and final situations. To be able to write the different potential energy terms,
we will consider point A to be sunk to y:

U,: the force is P = mygj and the associated potential energy U, = — [ (mgj) - (dyj) =
—mgy.

U,: the force exerted by the spring is F, = —kyj and the associated potential energy,
Un == [ (=ky)) - (dy)) = 5ky*.

Ug: Arhimedes’ buoyancy (see Section 4.3) is E = —pgSy 7 and the associated
potential energy, Uy = — [ (—pgSy)) - (dy)) = %pgSyQ.

Let us note that the displacement is always that of the particle in the body where the
corresponding force is applied. In particular, we do not need to know, at each instant,
which is the point where Archimedes’ buoyant force E is applied, which we will
study in the next chapter. We will see that when A is at y, the buoyancy F is applied
to y/2 and, therefore the displacement of the E application point is dy/2. However,
we now need the possible displacement dy of the particle of the body where E is
applied, although this particle may be different during the process.

The mechanical energy of the system is

N 1 1 1. 1
E(y,9) = zmy* — mgy + §ky2 + §pgSy2 = -my’ —mgy + 5 (k+pgS) y?

2 2
applying its conservation, we have £(0,0) = E(y,0) = y = _2mg_ |
Problem 3.10.2. A particle tied to a rope of negligible mass and that at all times
remains tense, oscillates in a vertical plane. Find the motion equation using energy lg
conservation. 14
Solution m

We observe that the tension 7" of the rope is always normal to the possible particle Figure for Problem 3.10.2

displacement. This is an ideal reaction. Aside from the reactions, we have the gravity
force, which is conservative. We can express the constraint in the parametric form as

X
x =1/ sinf
y=4{ cosf
[ 0.~
The energy systemis £ = %mv2 —mgl cos 0, where v = /22 + y? which, in terms ‘ /J
of 6, is v = £6. Thus, we obtain ’
1 4 Y mg
E= §m€ 0" — mglcos @

Solution to Problem 3.10.2
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and applying energy conservation, we have

_dE

Y .
0= i =ml 00+ mglsinf 0

Taking into account that we look for solutions allowed by the constraints 9 # 0, we
obtain the motion equation

é:—%sinQ m

Problem 3.10.3. In the figure, nail C is at a vertical distance d from where a rope m
attached to a ball of mass m is fixed. By letting the ball go so that it can make a
complete revolution in a circle centred on the nail, prove that it is necessary that
d>0.6L.

Solution Figure for Problem 3.10.3

It is a constrained conservative system with ideal constraints. We will use energy
conservation Fi,; = Fj between the ini position, withv = 0andy = 0 = E,; =0,

and the fi position, with y and v = E5 = %va — mgy.

At the red point in the figure, we have y = d — (L — d). Substituting y in Ei = Ej
and isolating the speed, we have

v=1+/2¢(2d — L) (1)

At the same time, this speed must be sufficient so that the rope does not slacken.

Thus, at the point where it has the least speed, the tension 7 of the rope must keep it

stretched, that is, 7" > 0. By writing the motion equation in the tension direction and
2

taking into account that the normal acceleration is a,, = —

! L—d’
T =
mg + m I—d .
Isolating v and imposing that 7" > 0, we have Solution to Problem 3.10.3
v > /g(L—d) @

Combining (1) and (2):

V29(2d —L) > /g(L —d) = 4d —2L>L —d = dz%L

Problem 3.10.4. The blocks in the figure are released from rest. There is neither
friction on the horizontal ground nor in the pulleys nor in the rope, which are of
negligible mass. Determine the acceleration of the blocks and the tension in the
rope.

Figure for Problem 3.10.4
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Solution

Itis a constrained conservative system. Given that when we make a possible displace-
ment dz, once the section of rope that advances dx past the pulley must be divided
between two rope sections, thus giving us dy = 1 dx and, dividing by dt, j = $d.
We can write the energy of the system, directly using the numerical values of the
masses, as

1 1
E= 5700 2+ 5300 7> — 300 x 9.81 y = 387.5 &> — 2943y

Deriving with respect to time, we have

E =2 x387.5¢ & — 2943y

Substituting the constraint ¢y = %m and imposing energy conservation give us Solution to Problem 3.10.4
(775 & — 1471.5)z =0

Taking into account that we are looking for solutions compatible with the constraints,
T # 0, we obtain

#=1.8987m/s> 4§ = 0.94935m/s’
Now applying Newton’s second law to each block:

T, =700 & = T, =1329.1N
300 x 9.81 — T3 =300 § = T> = 2658.2N

Problem 3.10.5. The 6 kg block B is left to slide down on the 15kg wedge A

resting on the frictionless horizontal ground. Calculate the accelerations of A and
B.

Solution

There is no friction and there are no external forces on the horizontal ground direction.
The conservation of momentum imposes

Figure for Problem 3.10.5
mAC'EA —l—mBig =0=

Ga=—Bh = Zi, 0
ma 5
In the figure, we see that the velocity of B relative to A has an inclination of 30° (We

have to take into account that the inclined plane moves!).

Ys — =tan30° =

Tga) = (T5 — Ta, U5 — Ya) = G —n)

. 7.
Y = ﬁmB (21)

Now we use energy conservation. To do this, we write the energy as a function of 5
and y g, derive it and equal to zero

Solution to Problem 3.10.5
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E = imad% + tms(dh + 95) + megys = 6.16 2%, + 58.86y:

: 47.576

B =0=1232 dpipn + 4757605 = ip = — o0 = ~3.86 m/s?

Substituting in (1) and (2) derived with respect to time, it follows that

iz = —3.12m/s* &, = 1.545m/s’

Problem 3.10.6. A mass m = 0.5kg slides without friction in a vertical plane
along a wire (d = 0.8m). The spring has a natural length of / = 25cm and
kE = 600N/m. If the mass is released with no initial velocity when b = 30cm,
determine:

a) The velocity when it reaches C.

b) The velocity when it reaches B.

Solution

It is a conservative system with an ideal constraint. The conservative forces are the Figure for Problem 3.10.6
weight and the force exerted by the spring. The energy as a function of z, y and v
can be written as

where x and y have to be on the wire which is the constraint. Let us impose en-
ergy conservation between the initial point and the points indicated in each part. The Y _(z,y)
energy at the initial point is

1, 1 > \mg
E = 3m0® +mg(—03) + 3k (¢ = /0.4 + (=03)?) = 1727851
a)
T
1 1 -
Sm vk +mg 04 k (= 0.4)" =17.2785 = ve = 6.48953m/s Solution to Problem 3.10.6
b)

1 1
3m vg +mg 0.4+ 3 E (£— 0.4)°=17.2785 = wvp = 5.85372m/s

3.11 Rigid body

A rigid body is a system of ¢ particles of ', positions with geometrical constraints

(7, — 7)) =ct (3.74)
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Ideal reactions

<» The cohesive forces of a rigid body form a set of ideal reactions.

Proof. We will analyse any two of the many particles in the body, 1 and 2, with
position vectors 7 and 7%, respectively (see Figure 3.32). The cohesive forces of the
body (internal forces) are the constraint reactions. The forces F» and Fy, will satisfy
Newton’s third law:

ﬁm = —ﬁm ; ﬁm x (T — 71) (3.75)
The possible (= virtual) di*, and dr, displacements will fulfil

The condition for ideal constraints for these two particles is ﬁm -dry + F o-di, =0
and that is what we must prove. Taking into account (3.75) and (3.76), we have

ﬁZl . dFl + ﬁl? . df'2 - —ﬁ12 . dFl + ﬁl? . d7?2 -

Fip - (drs —diy) o« (o — 71) - (di, — d7) =0
We can extend this result to all the particle pairs in the body and, thus, the set of
cohesive forces in a rigid body is ideal. |

Possible displacements

From a body, we take a reference point C, of position 7 (see Figure 3.33). The
position of any other point in the body can be written as ©; = 7, + 7(,. We can
thus decompose the possible displacements dr; as

dr; = dre + dry ¢ (3.77)

If we substitute 7", = 7 + 7 into condition (3.74), the result does not depend

on 7. Thus, any dr is possible. When the possible displacement has the form
dr, = drg

7

(3.78)

we say that it is a translation.

It remains to be seen what restrictions are imposed by (3.74) on dr¢,. The condi-
tion is

a7 —7)" = 2(Fye) = Tiey) * (dFyo) = dTcy) =0 (3.79)
The solution to these equations gives us the expression of the possible displace-
ments with respect to point C, dr’; -, which we denote as rotations with respect
to C (see Figure 3.34).

&\El Al
h

constafit
7 distance
FQ/V {Qz

&
Inertial reference
frame

Fig. 3.32: In a rigid body, the
internal forces are the reaction
forces of the constraints that keep
the distance between particles
constant

7y 8
C/ jﬁ:dfr‘

Te .
Fig. 3.33: Translation without
rotation

dr; = d@ X Toy,

Fig. 3.34: Rotation without
translation
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> The general expression for a possible rotational displacement with respect to C'
is

dFyc) = dP X Ty (3.80)

where dg is any infinitesimal vector (three degrees of freedom).

The vector dg defines the infinitesimal rotation of the body as a whole. The rotation
is not around a point, but is understood as the body’s change of orientation in space.
The direction d¢g represents the instantaneous axis of rotation, together with the
corkscrew rule, and the modulus represents the (infinitesimal) angle of this rotation.

It should be noted that the d symbol used in dg cannot mean, in general, differ-
entiation. We say that, in general, d is not integrable; we cannot find ¢ for any
rotation (because it does not exist!). We can do so if, for example, the direction of
dg is constant.

Proof. We want to show that (3.80) is a solution to (3.79). If we take 7; = ¢
= Tj(c) = Ty = 0, from (3.79) we get

Tic) - drycy = 0 (3.81)
if we now use (3.81), calculating the products in (3.79), we get
Tio) - Ay + Ticoy - ey =0 (3.82)

Thus, (3.81) and (3.82) are the conditions to be satisfied by the possible displacements
dricy. Equation (3.81) tells us that dr’;c)L7ic) and, therefore, we can express
driccy as diycy = d@; X T5(c). Substituting in (3.82), we get

Tioy - (dB; X Tjce)) + Ticoy - (dBi X Ticc)) =0
which, taking into account the vector property A - (B x C) = (A x B) - C, can be
rewritten as
(Ticey X Tjoy) - (dF; — dgi) = 0
Since this has to happen for every pair of ¢ and j particles in the body = dg; =
dg; =dg |

A general possible (infinitesimal) displacement is the composition of a translation
and a rotation, i.e.

dF, = dFe + dF X Tye (3.83)

3.12 Topics in rigid body kinematics

If each member in relation (3.83) is divided by dt, we obtain the expression of the

T which is a function

instantaneous velocity of any particle of the body, ¥; =




of the velocity v, = d;f of reference point C' and of the angular velocity, &,
W= Z—f (see Figure 3.35):

—

U; = U + & X Tyoy (3.84)

The angular velocity is the body’s instantaneous velocity of rotation according to
the instantaneous axis defined by the line of action of &, direction of rotation ac-
cording to the corkscrew rule and modulus w. Note that the different points in the
body can have different velocities v;, but the body has one angular velocity .

The application of relation (3.84) to any two particles 7 and j of the body can be
written as follows:

17i=17¢+ﬁ><’7‘;(c>
V; = Uo + W X Ty

If we subtract these two equations member by member, it follows that

— —

U, — U, =& x (s —7) (3.85)

—

since 7oy — Ty = T3 — T
According to the vector product properties, it is evident that
(U; = 0;) - (7: =75) =0 (3.86)
=0 (3.87)

("771 *"7.7’) )

from which it follows that the relative velocity vector between two particles is, at
all times, perpendicular to the vectors’ relative position and angular velocity (see
Figure 3.36).

The point ¢ where ¢, = 0 is called the instantaneous rotation centre (I RC). See
Figure 3.37. According to (3.86) 7 ¢ (;, fulfils

T, Trregy =0 (3.88)
In general, I RC' cannot be identified with any point rigidly attached to the body.

Problem 3.12.1. A ladder AB, 3m long, slides down a wall and across a floor.
When 6 is 30°, the lower end of the ladder moves to the right at a velocity of
2.0m/s. Determine the velocity of the upper end and the angular velocity at this
instant.

Solution

If equation (3.85) is applied to points A and B on the ladder, it follows that

’L_)'A—’(_J‘BZLD‘X(FA_FB) (1)

Fig. 3.35: Instantaneous velocity
of the particle and of a rigid body
in rotation

J

Fig. 3.36: Relative position and
velocity of two particles of a
rotating body

Fig. 3.37: Instantaneous rotation
centre (IRC)

Figure for Problem 3.12.1
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Based on reference frame shown in the figure and taking into account that 7y — 75 =
(=Lsin6, Lcos8,0), that 74 = (0, —va4,0), ¥ = (v5,0,0) and J = (0,0,w),
(1) becomes

7 3 k
(0, —va4,0) — (v5,0,0) = 0 0 w
—Lsinf Lcosf 0

Solving the determinant give us

—vpi—va) = —Lwcosf3 — Lwsing ) Solution to Problem 3.12.1

and equating the corresponding components, it follows that
vp = wlLcosf

vy = wlsinf

Substituting the data provided by the statement, L = 3 m, vy = 2 m/sand 6 = 30°,
we finally obtain

va =1.155m/s , w = 0.77rad/s m
Problem 3.12.2. At the instant shown in the figure, slide A is moving to the right
at a velocity of v, = 3m/s. Find the angular velocity w of the bar AB and the "Bx

velocity vy of slide B.

Solution
As in Problem 3.12.1, applying equation (3.85) to points A and B of the bar joining Figure for Problem 3.12.2
both slides allows us to write

—

’UA—’UB =d X (FA—’FB)
Taking the reference frame shown in the solution figure and considering that

74 —Tp = —Lcos10°% — Lsin10° j

and that ¥4, = vA%, U = v c0s40°7+vp sin40°7and & = wfc, this last expression
can be written as follows:

7 3 k
(va,0,0) — (vp cos40°, v sin40°, 0) = 0 0 w
—Lcos10° —Lsin10° 0

Solving the determinant, we have
Solution to Problem 3.12.2
val — vp c0s40°7 — vp sin40°) = —Lwsin10°%7 — Lw cos 10°7
and, equalizing the corresponding components, we arrive at

va — vpcos40° = wlLsin10°
vp sin40° = wL cos 10°

Based on the data provided by the problem statement, the solution to this system
allows us to obtain vz and w:

vp =3.41m/s , w=1.113rad/s u
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Non-slip rolling

Consider a rigid body that moves without losing contact with the flat ground (see
Figure 3.38). Point B of the body in contact with the ground changes with time
and its velocity relative to the ground, Uy — Uy, may or may not be different from
zero. If it is non-zero the body is said to roll and slide, while if it is zero the body
is said to roll without sliding (or it rolls).

Applying equation (3.84) to points A and B of the body (see Figure 3.38), it follows
that

Uy =0Up + & X (Fy —Ts)

If the body rolls without sliding, U = U,..« and the above expression can be
written as

Uy = ﬁgmund + W x (FA - FB)

If U,0ma = 0, then U, is perpendicular to the straight line joining point A with point
B, which is where the body has instantaneous contact with the ground. If we take
into account that & and 7, — 75 are perpendicular vectors, it follows that

vy = wAB (3.89)

from which it also follows that v, is directly proportional to the distance AB. In
this way, we obtain a distribution of instantaneous velocity vectors in the body, as
shown in Figure 3.39. Point B is, in this case, the instantaneous centre of rotation
(ICR), defined in (3.88). In many cases, the body will have a circular section of
radius R. If equation (3.89) is now applied to points B and C (centre) of the body,
BC = R, we obtain

Ve = wR

Note 1: When the body rolls without sliding, the point in contact with the ground
(point B in Figures 3.38 and 3.39) instantaneously has zero relative velocity, which
produces ideal reactions of the ground on the body, and these reactions are applied
at the point of contact (Normal IV and friction F'; in Figure 3.38). This is especially
important with regard to friction, since the normal is already ideal in the case of
sliding.

Note 2: If the body rolls without sliding, then F; < u. N while if it rolls and slides,
then F; = p,, N where i1, and p, are, respectively, the static and dynamic friction
coefficients between the body and the ground.

reactions
N

Fig. 3.38: Rigid body in motion on
a fixed flat surface

O
v

=]

-
Up = Vground — 0

Fig. 3.39: Velocity distribution in

the plane of motion of a bopdy
rolling without sliding on a floor
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3.13 Equations of motion for a rigid body

The general equation of dynamics for the rigid body under external forces F. is
obtained by taking as virtual displacements 67; = drc + d@g X 7¢):

N N
ST (B -ma) dic+ 3 (F —mi.) - (dFx7ie) =0 (390)

i=1

Recall that we can make di; and d to have any infinitesimal value, since they
are independent of each other. Thus, each factor of d and dr in (3.90) must to

N —
be zero. In particular the factor of di, fullfil > (Fi — m,id'i) = 0, an equation

i=1
which we have already discussed above but which now allows us to state:

= The equation of motion for a rigid body associated with the translations can be
written as follows:

F=macy =— (3.91)

To find the equation of motion associated with the rotations, a little more work is
needed.

= The equation of motion for a rigid body associated with the rotations can be
written as follows:

= M, (3.92)

where C' is the CM or, if it exists, a fixed point rigidly attached to the body. E(C)
and ]\7[(0) are, respectively, the angular momentum of the body and the momen-
tum of the external forces with respect to point C, both calculated in the inertial
reference frame.

Proof. As explained above, factor of d in the general equation of dynamics (3.90)
must be null. It is not so easy to extract this factor. We start with

N
3 ((ﬁ - m,-(i},) - (d x mc))) -0 (3.93)
i=1

Taking into account the relationship A. (E X 5) = — ([f X C_”> - B with A =

ﬁi — mi#;, B= dg and G = iy, We get
N .
=S ((F=mif) x ey ) -dg =0 (3.94)

which, since d is arbitrary, tells us that

N

> ((ﬁ - miﬁv) X F»‘(C>) =0 (3.95)

i



N ..
The term ) m,;7; X T;(c) can be rewritten as

i=1

N d N N
g m;T; X ﬁ(c) = % g m;T; X 7_‘;'(0) - E m;T; X ﬁ(c)
i=1 i=1 i=1

With 7, = 7o + Fic) = P = o+ ﬁ(c) , and provided we choose the C'M as point
C or, if it exists, a fixed point rigidly attached to the body (¥ = 0), we have

N N
E m;T; X Ty = To X E m;Ticy =0
=1 i=1

Equation (3.95) finally reads as follows

d <~ - . _
E Z'ﬁ(c) X m;r; = Z ('I"i(c) X Fl) (396)
=1 3
which is nothing other than expression (3.92) made explicit. |

Equations of motion (3.91) and (3.92) were found earlier in Sections 3.3 and 3.4,
although with a slightly different meaning. There, they arose as linear combina-
tions of the equations for each particle, so fulfilling them was necessary for any
system of IV particles. Moreover, the point for calculating angular moments and
torques had to be a fixed point (even if the system was in motion)?. Here, they
are the result of applying the general equation of dynamics to a rigid body and,
therefore, they are necessary and sufficient for a rigid body. In other words, if
the position and velocity at a given instant and the forces acting on the body are
known, its future (and its past) can be predicted. Thus, with respect to the equa-
tions of motion in the form of (3.91) and (3.92), we can conclude: If C is a fixed
point not rigidly attached to the body, the equations are necessary; if C' is the C M
or a point rigidly attached to the body, they are necessary and sufficient.

Another remarkable aspect is that, if the moment of the forces acting on the body
is zero with respect to C'M, the motion for rigid body can be described only by
(3.91), by which it can be interpreted as behaving like a particle of the same mass
concentrated at the C'M point.

Equivalent system of forces

The equations of motion of the body allow defining the sets of forces that will
have the same effects on a rigid body. By observing only the motion of the body,
we cannot tell whether the cause is one set of forces or the other.

< Equivalent systems of forces. If two sets of forces applied to a rigid body have
equal net force and equal net moment (with respect to the same point), they will
cause the same physical effects on the body. We say that they are two equivalent
force systems.

2 There, we already advanced that
the C'M could also be used
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Problem 3.13.1. A car of mass m with wheel width 2q is travelling at a constant
velocity modulus v on a horizontal track, such that its C'M at a height h above the
track, describes a circle of radius R > a. Find the maximum speed at which it can
travel without overturning.

; /s
Solution ‘Fh_nl"’
The frictional force represented in the figure is the resultant of the frictional forces - >
where each wheel has contact with the road, which points radially inward due to the a a F;
fact that the speed is constant. [ img
The translational motion of C'M is determined by: Solution to Problem 3.13.1

2

ﬁ:md:N:mg;Ffzmaszﬁ

The movement is at a uniform speed. As long as the car does not overturn, the angular

momentum will be constant. In other words, the car does rotate, but uniformly. Thus,

if I_:(CM) is constant,
dL o)
dt

It is sufficient to calculate the momentum of the forces with respect to the C M and

make it equal to zero M, ey = 0. Looking at the figure, we can formulate

=0

My =0 = (Na — F4h,0,0) = Na— Fyh =0

and, combining this with the translation equations, we get v = v/gRa/h |

Problem 3.13.2. What are the conditions that a frictionless pulley must meet in
order for the tension of a rope, with negligible mass, to be equal on both sides?

Solution

F
Figure for Problem 3.13.2

The moments are calculated with respect to the C'M, located at the centre of the
pulley:
Licvy = Z'Fi(CM) X m;U;

We decompose the velocity into rotational and translational velocities: ¥; = Ucn +
61‘(CM)
The translation term is null: ( Z miﬁ(CM>) XUen = 0

=0

Thus, we have

o . . dLion . .
Licamy = Zri(CM) X M;Viccm)y = # = Zm(cM) X M;Qs(c M)

i

With regard to the moments of the forces with respect to the C'M:

M(CM) = (T’R - TR) ];J



Equal tensions < Mcay =0 < > Ficenry X midiony =0
k3

This cancellation can be due to:
1) A pulley of negligible mass (m; — 0). It can rotate and move arbitrarily.

2) A pulley in uniform rotation (null tangent accelerations): 7icary X @icomy =
Ticomy X Ay icomy = 0 since 7yoan||@n s(onry - It can have arbitrary dimensions
and mass, and it can move arbitrarily.

If the pulley has a negligible radius, care must be taken: the rotation can become very
great, so much that the product does not needs to be zero! |

3.14 Torque

Torque is a system of forces applied to a rigid body and equivalent to two equal
forces, in opposite directions and with parallel lines of action; hence, of zero net
force and non-zero net moment (see Figure 3.40). We will call torque the resultant
moment of the forces.

< The torque is independent of the point in space used to calculate it.

Proof. We can see this by calculating the net moment: considering Figure 3.40,

M=7, xF-7F xF=(F -7 )xF=r.xF u
<» The modulus of the torque can be expressed as

M = Fd (3.97)

where d is the distance between the lines of action of the torque forces. This dis-
tance is called the torque arm. Therefore, the torque depends on the distance
between the forces (arm) and the value of the forces.

It is very common to know the torques, J\Zfi, applied to a body and not the forces
that constitute them. This does not prevent us from determining the motion of the
body using equations (3.91) and (3.92). The torques M, are part of the additive
terms in the determination of the total moment M (¢)- A torque normal to the plane
of the paper can be represented by the symbols v\ or ~, which determine the sign
of the torque.

< Pure translation. In Figure 3.41 only one force is applied to the C M of a body.
According to the equations of motion (3.91) and (3.92) with C' = C'M, the effect
on the body, if it is initially at rest, is a translation of the C'M without any rotation,
which we call pure translation.

< Pure rotation. In Figure 3.42 only one torque M is applied to the same body.
Taking into account the equations of motion, the effect on the body, if it is initially
at rest, is a rotation around the C'M without it moving, a motion we call pure
rotation.

Fig. 3.41: Aforce F applied to the
C'M is the cause of a pure
translation: If the body is initially
at rest, the effect of the force F' is
to move the C' M without rotating
the body

oM

Fig. 3.42: A torque M is the
cause of a pure rotation: If the
body is initially at rest, the effect of
the torque M is to make it rotate
around C' M. The C' M remains
atrest

113



S

114

3 Dynamics of [V particles

Work, power and energy of a torque

The work done by a torque M applied to a rigid body is the work done by the
constituent forces of the torque. If we express the torque with two forces F+ =
and F = —F applied to the points in the body #, and 7_, we have M = (7 —
7_) x F. The work will be

W:/@yﬁﬁf;ﬁ):/ﬁwﬂ—ﬁj
where we have omitted the specification of the limits of integration.

The torque forces are applied to points on the body and these points can change.
Now, as we have already seen in Problem 3.10.1, the displacements dr, are dis-
placements of the particles in the body, in this case in a rigid body. Consider-
ing (3.83), we can write d, —di. = d@ x (7. —7_) and F - (dF, —dF_) =
F(dg x (F,—7.))= ((ﬁr —7_) X f) - dg. We obtain the expression for work
done by and the power of a torque when applied to a rigid body:

W:/MM;P:Mw (3.98)

where J = Z—‘f is the angular velocity of the body.

If the torque has the constant direction 4, M = M, and the body moves along
the same axis, dg = d 1, the expression for the work W and the power P are

P
W:/M@mP:Mw (3.99)
Pini

If the torque M depends only on ¢, we can write the potential energy associated
with the torque as follows

U:—/M@mw (3.100)

< If the torque is constant, we have

U=—Mgp (3.101)

<» If the torque has the form M = —k¢, as in the case of the spring shown in Fig-

ure 3.43, where « is the spring’s recovery constant (units N mrad~"), the resulting F19- 343: The spring of recovery
. . . constant x gives the body a
corresponding potential energy is torque of M = — o when itis

deformed by an angle ¢

U=—-ky® (3.102)









L, The statics of rigid bodies

Introduction

In this chapter, we will deal with the statics of rigid body and see what conditions
must be met for a rigid body to be at rest. Using equivalence of force systems, we
will learn how to represent the most common force systems acting on rigid bodies
(see Figure 4.1) and by nulling the net moment, we will find the point at which the
net force must be applied.

We will apply the motion equations by inverting what we usually take as data and
unknowns. The data will be, apart from some forces, the motion of the body that we
want to be at rest. We will also see how the general equation of dynamics becomes
the general equation of statics, also known as the principle of virtual works.

If the constraints are ideal and the forces are conservative, we will see that the
principle of virtual work can reduce the problem of equilibrium and its stability to
simply studying the geometry of the potential function.

4.1 The statics of a body: Equilibrium conditions

A body is said to be in equilibrium when the accelerations of translation and rotation
are zero. Thus, a body at rest is in equilibrium, but so is a body that moves with
uniform velocity and/or has a uniform rotation. What is important is that if the
initial conditions of the body are at rest and the body is at equilibrium, it will be at
rest. In the previous chapters we have posed the dynamics problem by trying to find
out what effects or motions caused the known forces and, therefore, the motion was
unknown to us. What we want to know now is what forces cause a known effect:
zero acceleration. The forces are now unknown to us, although not all of them, of
course. In general, we will try to find the unknown forces that, together with the
known forces and the geometric conditions (or constraints), cause the body to be
in equilibrium.

We will begin with the motion equations of a rigid body (3.91, 3.92), which we

T2(0) . /
‘%7’3@

o

7‘1(0)\‘/1:-‘1

Fig. 4.1: Rigid body subjected to
forces applied at different points
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have already seen in Chapter 3. If the body is in equilibrium, we have

N
FZZEZOQ M(O)ZZ'F;(O)XEZO 4.1

i=1 i=1
Thus, we can state:

< Equilibrium condition of a rigid body. The necessary and sufficient condition
for a rigid body to be in equilibrium is that the net force and torque acting on the

body are zero.

Properties and relationships

In the following we will see a series of properties and relations that will be useful
to us.

= a) The point O where we calculate the moments in equilibrium equation
(4.1) can be any fixed point in space.

This is a consequence of the motion equations of a body, derived in Section 3.11.
There, we commented that point C, if it existed, could be a fixed point point at-
tached to the body or, in general, the centre of mass. In the case of statics, the body
is at rest and, therefore, C' can be any point in a fixed reference frame.

= b) Forces on a body are sliding vectors.

This property is fulfilled whether the body is in equilibrium or not, although in the
latter case it must be specified that it is fulfilled in each instant. We can make the
force slide along its line of action by moving the point of application to any other
point on this line, since the moment with respect to a fixed point O will be the same
(see Figure 4.2).

Proof 1 The proof can be made by beginning with the definition of the moment of a
force

Ty X I = (F10y+T2(0) =T2(0)) X I = T2(0y X F'+(T1(0) —T2(0)) X I = Th0) X I’

|

Proof 2 As we have seen in Chapter 2, we can calculate the moment using the
corkscrew rule and (2.11). In our case, it would be
M(o) = F ﬁ

Since the force F, the points of application between its line of action and point O are
in the same plane, the direction of the momentum will be the same and the modulus

I't

N,

= L Ta0)
F o\
et L)
10y °0)

Fig. 4.2: The forces on a rigid
body are sliding vectors



will depend only on ﬁ, that is, on the distance between point O and the line of
action of F', which is independent of the point of application of F on this line (see
Figure 4.2). |

F,
A, A/
= ¢) If only two forces act on a body in equilibrium, they must necessarily be

—

of equal modulus, in opposite direction and have the same line of action (see 7,

Figures 4.3 and 4.4). . .
& ) Fig.4.3: F; and F> forces not

known
Proof. We want the body in Figure 4.3 to be in equilibrium. The net force must be
zero, Fy = —F,. The system in Figure 4.3 is therefore a torque. The net moment
must also be zero. According to the expression for the torque (3.97), the distance
between the lines of action of the forces, d, must be zero. That is, the two forces have 4‘41 A, F,
the same coincident line of action: The force system in Figure 4.3 must be the same !
as the one in Figure 4.4. |
Fig. 4.4: The equilibrium
conditions impose this

Problem 4.1.1. Calculate the reaction at point C' (force and torque) required to (Izgnﬁguration for forces F3 and
2

keep the sphere, of negligible weight, in equilibrium.

Solution

Let C be the reaction force at point C on the sphere and M the reaction torque. With

the axes in the figure the equilibrium equations for the forces are Figure for Problem 4.1.1
Fsinp+C, =0
—Fcosp+C,=0 4 RN
and the equilibrium equation for the moments with respect to point C' (remembering z C C, C.

that we can do this for any point) i
C)

Mc — Fsinp 2R =0 Solution to Problem 4.1.1

We find
é:—FSin¢§+FCOS@j ]\7[(;:2RFsinapk u

50N
Problem 4.1.2. The figure shows the forces applied to a rigid body, of negligible I
weight, which is found to be in equilibrium. What is the value of d? S A

6m-
. 190 N
Solution
We do not have to calculate the force F. Let us express the equilibrium condition of Figure for Problem 4.1.2
the moments by taking moments with respect to the point of application of the force
F

90(d—6)—50d=0
and isolate d
d=13.5m
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4.2 Weigth and centre of gravity

The weight of a body is the force exerted by the Earth’s gravitational field on each lg
of'its particles (see Figure 4.5). The Earth’s gravity g is considered constant due to
the relatively small dimensions of the body to be treated with respect to the Earth. ldm *CM

Unless stated otherwise, we will use the standard value g = 9.81 m/s? -
AP = Gdm
< The moment of the weight forces on a body with respect to the C'M is zero.
Fig. 4.5: The gravitational field

" . . . . . acts on every particle in a body
Proof. The position of C'M relative to itself is obviously zero, 7carcary = 0.

Therefore, % f 7(earydm = 0. Thus, we have

M(C}M) = /F(CM) X dﬁ: /F(CJ\I} X g’dm = (/F(C}\l)dm) X g =0

where we have used § as a constant by taking it out of the integral. |

This important property of the C'M means that in this context it is referred to as
the centre of gravity, CG, of the body. l

For mechanical purposes, and in accordance with what we know about equivalent CM
force systems explained at the end of Section 3.11, we can substitute the forces ~
of each of the body parts by the net weight force applied to the CM or CG (see P=mg
Figure 4.6). This weight force will have the same net force and the same (zero) .

. . S Fig. 4.6: A very simple system of
net torque with respect to the C' M as the weight force system dP = gdm, of each equivalent forces is that of the
differential mass, dm, of the body. We must remember that this substitution can be weight applied to the

made because the body is a rigid body. cG=0M

4.3 Forces on bodies due to gravitating fluids: Archimedes
principle

—
Q

In this section, we will study the forces that fluids exert on bodies and their appli-

. . Fig.4.7: Body immersed in a fluid
cation points.

Consider a body immersed in a fluid (see Figure 4.7). As with any contact, there
will be normal forces and tangential forces. In a general situation, static or not, if -
the fluid is non-viscous, the different fluid layers slide; there is no friction either l

between the fluid layers or between the fluid and the body. Looking at Figure
Fig. 4.8: Even if the surface of the

. .. . body is rough, if the fluid is
means that there is no frictional force between the body and the fluid. Therefore, pon.viscous it will not cause

4.8, although the surface of the body is not smooth, the non-viscosity of the fluid

tangential forces at the contact surface are zero and we take into account only the tangential forces
normal forces that act in a distributed manner on the contact surface (see Figures

4.8 and 4.9). If the situation we are dealing with is static and even though the fluid

is viscous, the viscous frictional forces (proportional to the velocity) will be zero

and the force will be normal on the surface.
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Pressure concept

We define a fluid’s pressure p as the normal force per unit area acting on the surface
of a body immersed in the fluid (see Figure 4.9)

_dF

=z 4.2)

p

If we consider smaller and smaller cubes, the concept of pressure is independent
of the existence of a material surface. It will depend on the characteristics of the
fluid and the point where we want to calculate it (see Figure 4.10).

In Figure 4.10, the pressure at the cube’s location is p, even if the cube is not there.

Units of pressure

In the International System of Units, pressure is measured in pascals (Pa)
9 1Pa=1N/m’
Other widely used units are:

< milibar (mbar): 1 mbar = 1 hPa
<» atmosphere (atm): 1atm = 1.013 x 10° Pa

= millimetres of mercury (mmHg): 750 mmHg = 1 atm

Fluid pressure in a uniform gravitational field

Consider a differential volume of fluid in the form of a vertical cylinder of base S
and height dz (see Figure 4.11). z is the depth, a coordinate that has the direction
of ¢ with origin at the fluid level. The force that this portion of fluid exerts on the
base of the cylinder is equal to the weight of the fluid inside the cylinder.

dF =dmg = pSdz g

Therefore,
dp = pg dz 4.3)

If the fluid is liquid, we can consider it as incompressible, i.e., its density p will be
constant at all points within the liquid. Integrating the above equation, we obtain
the difference of pressures between two points at different heights or depths:

Ap = pg Az (4.4)

Fig. 4.9: Distribution of normal
forces on a body caused by a
gravitating fluid

i
N
X

Fig.4.10: Pressure exists even if
there is no submerged body

+ dF

Fig. 4.11: Differential fluid volume
in the form of a vertical cylinder
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In a homogeneous fluid (p = ct), whether closed or not, points of equal height
have the same pressure. The pressures at equal height may be different when more
than one fluid is in contact within the container or, in general, when the fluid is not
homogeneous.

Since the density of a gas is much smaller than that of a fluid, the pressure differ-
ence between two points at different heights in gases will be much smaller than in
liquids. Thus, for example, if we have a container where liquids and gases coexist,
the pressure differences in the case of gases will be negligible.

Problem 4.3.1. We fill a section of a U-shaped tube, open at both ends, with water
and mercury. If the difference between the mercury levels is h,, = 2 cm, calculate
the height of the column of water A,

Dades: py, = 13 x 10°kgm™, p,e = 10°kgm™

Solution

Since the pressure differences in air are negligible compared to those in liquids, the
two levels B and B’ in contact with air have the same pressure. The two points A
and A’ connected to the mercury have the same pressure. Thus, the pressure caused
by the height hy, of mercury will be equal to that caused by the height A of water:

pHgthg = pwalerghwaler

isolating Ayuer

'H, hII
e = 21— 96 em n
Phwater

Archimedes principle

<» Archimedes principle. Any body immersed in a gravitating fluid experiences a
vertical upward buoyant force, E, equal to the weight of the fluid it displaces:

E= Pﬂuid (45)

The buoyancy E is applied at a point, the centre of buoyancy CE, located at the
centre of mass of the displaced fluid, C M.

CE = CMpy,q (4.6)

Proof. Figure 4.13 shows, on the right, a half-submerged body occupying a volume
V' of fluid and, on the left, a surface with the same shape as the original body, which
encloses a part of the fluid, V', equal to that displaced by the original body. Since this
part of the fluid V' is in equilibrium, the weight of the enclosed fluid, Ppuq, will be
equal to the net force of the distributed forces due to the pressure, i.e., the buoyancy
FE: E = Py If, in addition, the fluid is non-compressible, we will have £ = pgV'.

Figure for Problem 4.3.1

-

Solution to Problem 4.3.1

Fig.4.12: Archimedes of
Syracuse (287 BC to 212 BC)

E [E
v CMﬂ“id‘ v g]]\/\?ﬂuid

* *
gh * gh *
* P *
i

)
Pfluid
P

Fig.4.13: On the right, the
distribution of forces caused by
the fluid on a body immersed in it.
On the left, the same distribution
that would act on a surface having
the same shape as the body on
the right



4.3 Forces on bodies due to gravitating fluids: Archimedes Principle %

The point of application of E will be the centre of mass of the fluid enclosed in
the surface (C' My,q). Since E applied at C'E is exclusively a consequence of the
forces that the fluid exerts on the surface, it will be the same as what the original
body receives with the same shape as the surface and equally submerged, although
its weight will be different. |

Problem 4.3.2. In a container filled with water of density p, = 1g/cm’ and oil
of density p,; = 0.8g/cm’, a cylinder of height H = 15cm and density p =
0.9 g/cn?’ is floating in equilibrium with its axis in a vertical position. If we see
that the cylinder protrudes at a height of z = 0.8 cm above the upper level of the
oil, calculate the heights « and y of the submerged cylinder in, respectively, the
water and the oil.

Solution

The vertical force balance equation is E, + E., — P = 0, where Eyi = pag Sy
is the buoyancy due to the oil, £,, = p.g S« is the buoyancy due to the water and
P = pg SHis the weight of the cylinder. H = x + y + z must also be fulfilled.
Substituting, we obtain the system:

Poity + pat — pH =0
H=x+y+=z

which, taking into account the data of the statement, we can solve in x and y. We
obtain:

x=10.7cm and y = 3.5cm |

Forces on flat surfaces

We want to calculate the net force and the point of application of the forces of
an incompressible fluid on a flat surface with a certain angle of inclination with
respect to the horizontal plane.

Looking at Figures 4.14 and 4.15, the force dF that the liquid exerts on the surface
dsis dF = pdS, with p = pgz. If we take into account that p and g are constants,
we can write

F= pg/zds 4.7)

The depth z (see Figure 4.15) of the centre of symmetry C'S, z.s of the surface is

1
Zos = g /zds (4.8)

Figure for Problem 4.3.2

Fig. 4.14: Surface element ds,
with a horizontal width a(z) of a
surface immersed in a fluid

depth
| Zes
V4 i
% ¥ dF

Fig. 4.15: Force, d F, that the fluid
makes on the surface element ds
and depth of the C'S, z¢s
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Thus, we obtain, by substituting the integral of (4.7) by using (4.8)
F = pgzcsS 4.9)

Therefore, we can calculate the net force on a flat surface by multiplying the pres-
sure at the z. 5 depth by the area of the flat surface.

If the width of the surface, a, is constant, S = aL, it is simple to calculate the depth
zcs of its centre of symmetry (see Figure 4.16):
1 1
Zeg = 2, + i(z2 —2z) = 5(22 +2z)
Substituting in (4.9), we get

1
F =pg 5(22—|—z1)aL (4.10)

The point of application of the net force x . (see Figure 4.17) is found by imposing
(if possible) that the net moment with respect to this point is zero. Looking at
Figure 4.17, the condition of null momentum with respect to . can be expressed
as

/(zfo)dF:O (4.11)
from which we isolate x
1
Tp = f/xdF (4.12)

If we take into account that we are studying the case a = ct, ds = adz and dF =
pgz dx while also taking into account (4.10), (4.12) can be written

xpzﬁ/xzda: (4.13)
In the above integral, the two variables x and z are mixed and not independent.
The relationship between these variables will be linear, z = Ax 4+ B, and we can
find the constants A and B by means of the conditions z = 0 = z = z, and
xr = L = z = z,. Alternatively, looking at Figure 4.17, we can express the sine
of the v angle as sin v = 2277 = 22-% We obtain

x (4.14)

and substituting in (4.13) with the limits of integration for the variable x fromz = 0
tox =1L

L

2 Zy — %
xF:m/x(zQ— 2L Lx) dx (4.15)

0

by performing the integral, we finally obtain

L(z, + 22;)

3Gt o) (4.16)

Tp =

Fig.4.16: Net force, F', of the fluid
on the surface of constant
horizontal width and depth z; and
2o at its extremities

Fig.4.17: Distribution of the
forces dF on each element ds as
a function of the depth and
coordinate x that locates each ds
on the surface



Problem 4.3.3. A 1 m wide vessel has a gate AB of negligible mass that is sup-
ported by forces F, and F,, which are perpendicular to the gate, as shown in the
figure. Find the minimum values of these forces that cause the gate to be in equi-
librium.

Solution
The width is @ = 1 m. We can find AB:

AB—L——2 —4m
sin 30°

Applying the expression (4.9), with z; = 0 and 22 = 2m, we get
3 1 Solution to Problem 4.3.3
Fwa&er:].O 9815214:39240N

The point of application is found by means of (4.16)

L 42+2.001 4
T 32400 3

Now we apply the force and moment equilibrium equations. Note that we want the
minimum values and therefore the reactions of the supports at points A and B on the
gate will be zero. The moments are calculated with respect to B:

SFE=0: Fi4+F,—Fuye=0
S My =0 : Fy L — Fuar =0

We solve for F; and F5,

F; =13080N ; F,=26160N

4.4 Constraints and reaction forces

If a body in equilibrium has supports or, in general, constraints (ropes, contacts,

rollers, joints, etc.) and we want to solve the equilibrium equations, what we do

is replace the constraints with reaction forces. A diagram in which the body is / Fro

presented and where all the constraints have been replaced by the corresponding

reaction forces is called a free body diagram (FBD). The table on page 338 provides Fk I:m’\

a list of possible constraints for a body with the corresponding reaction forces. A
K,:;(‘m

4.5 Statics of N rigid bodies P

If we have N bodies, : = 1,2, 3...N, each of them subjected to external forces and Fig. 4.18: External forces F; 1)

with possible contacts between them, we can make the free body diagram for the and Fi(2) on bodies 1 and 2,
respectively, representing a

whole or for each body separately. In the case that we want the free body diagram contactat A

to represent a set of bodies, the contact forces would be internal and would cancel
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each other out two by two and, thus, we would not have to include them in the

diagram or in the equilibrium equations (see Figure 4.18). Fie
F. 2(2)

If we want to represent each body separately, the contact forces will be forces ex-
ternal to the body on which they act. Contact forces obey the law of action and ~*™) " ’—q—F:P

. = = . . . . . A(12)
reaction Fly(;,) = —F.;, and will have opposite direction if we apply them to “'-"FA—(Zl),\j'A\ 12
one body or the other (see Figure 4.19).

F 1(1)

Each of the N bodies will satisfy the equilibrium equations, F; =0and Mi( py =0,

which must include the reaction forces. Fig.4.19: If we do the FBD of
each body, we have to include the

Suppose, in the presence of gravity, we have two blocks of masses m, and m, r;adi_?” firc_es;t c_o_"taCt 4,
one on top of the other and on a plane inclined at an angle 6 (see Figure 4.20). A A
When we represent the forces in the diagram of the set of the two blocks without
the inclined plane, we draw the external forces, such as the weights of blocks A
and B, the contact forces between the plane and block B, decomposed into normal

forces and tangential or frictional forces.

When representing the diagram of each block separately we must also include the

contact forces between A and B. As can be seen in Figure 4.21, both the nor- F9-4.20: Two blocks, A and B,
.. .. . . . in contact on an inclined plane
mal and friction forces between blocks A and B point in opposite directions when

represented in each block.

FAB . .
Fig. 4.21: Free body diagrams of

A \ ‘%‘B F, blocks A and B
m,gsin 6 \ Mg cos B /
NAB F/?/ \
\B mpg cos 6
m

g sin

Problem 4.5.1. The bar in the figure is 80 cm long, has a mass of 20 kg, and is

joined without friction at fixed point A. What torque (moment) must the crank
handle make on the bar to support the 100 kg block and what force acts on the bar

Figure for Problem 4.5.1
at point A (two components)?

Solution

The 100 kg block produces a tension in the rope of value P, = 100 - 9.81 = 980N
and the weight of the bar P, = 20 - 9.81 = 196.2 N, which is applied at the C'M
of the bar. We use the equilibrium equations for the bar and take the moments with
respect to point A (see Figure):

) A, =0 Solution to Problem 4.5.1



NA, —P—FP,=0
A) M4 — P10.8cos60° — P,0.4cos60° =0
from which we get
A, =0
A, =1177.2N
M4 = 431.64Nm

Problem 4.5.2. The two homogeneous bars have different lengths and masses. The
joints A and B and the pulley D are frictionless. CD > /, + /£, and therefore the
rope C'D is always horizontal. Find the angles o and 3 in the equilibrium system
configuration using the moment equilibrium equations.

Solution

Taking into account the body hanging from the rope, the tension of the rope is 7' =
msg.

We must be careful to state the force balance equations for the system formed by the
two rods, considering that we are not interested in finding the reactions of joints A
and B. We will use the moment equilibrium equations in an appropriate way. If we
consider only the bar BC, the moment equilibrium equation with respect to B is

Ly .
magls cos,B—ngé sinf3 =0 (1)

2m3

from where we obtain tan 5 =
mo

If we now consider the two bars, the moment equilibrium equation with respect to A
is

msg(€z cos B + €1 cosa) — mag <€1 sina + %sinﬂ) - mlg%1 sina =0

which, taking into account (1), gives
. 1.
Ms oS — M sina —ma 5 sina = 0

ms

and, isolating tan @, we find tan o = ————
Z tme

4.6 Virtual work principle

Consider a system of bodies with ideal constraints and subjected to directly applied
forces, F,, which may include, for example, gravity or spring force, as in Figure
4.22. Let us assume that we know the directly applied forces E,, meaning that we
know these forces as a function of the point where they are applied. If F, and F, are
the weight or a constant force, then knowing these forces is to know the numerical

Ny

-\ 19

AN

Figure for Problem 4.5.2

qgl F,
F,

Fig. 4.22: Two joined bars
subjectej to jhe diregtly applied
forces F, F» and F3
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value of the modulus (as well as the direction). In the case of ﬁS, we know it as
a function of the point of application ;. What is unknown in this approach is the
system configuration. In the case of the figure (this is a system with two degrees
of freedom), the unknowns are the angles ¢, and ¢, formed by the two bars with
the vertical. The solution can be found by applying the static equations to the
two bodies which would reveal all the reaction forces as new unwanted unknowns.
Remembering that ideal reaction forces do not appear in the general equation of
dynamics, we can use this in our approach to the case of statics.

< General equation of statics. The necessary and sufficient condition for a system
of bodies with ideal constraints to be in equilibrium in a given position is that,

for any virtual displacement from this position, the sum of the virtual work of the

directly applied forces (those which are not reactions to the constraints) is zero:

> F, 67, =0 (4.17)
a=1

Proof. Starting from the general equation of dynamics (3.64) and taking into account
that at equilibrium @; = 0, (4.17) is verified.

Note that instead of using the index ¢ = 1...N, we use the index a. This is because
suppressing the accelerations eliminates the need to account for what happens in all
the m,. Since the forces will generally be applied to only a few particles, we can use
a, which labels only these forces and the particles on which they act, 7. |

Expression (4.17) is commonly referred to as the virtual work principle (VWP).
In this equation, external forces are included, e.g., the weights applied to the C' M
of each body, but not the ideal reaction forces, as discussed in Section 3.9.

If we know the constraints, we can know the possible motions and therefore the
degrees of freedom, L, of the system. The number of degrees of freedom will
be equal to the number of parameters or independent variables. Thus, looking at
Problem 4.6.2 on page 129 as an example, because it is a set of two rods joined at
a fixed end, the system has two degrees of freedom and we can therefore give its
position with the values anglesa and 3, which are the parameters or variables that
must be taken into account in the equation.

If the system has L independent parameters g;, with ¢ = 1...L, and we know the

constraints in the form of 7, = 7,(q,, ¢, ...), the expression for the virtual dis-
placements will be

= OF,

or, =dr, = =

9q;

i=1

dg;

Applying this to the VWP equation (4.17), we obtain a number of L equilibrium



equations that is equal to the number of unknown g;.

ZFa'aqi =0 (4.18)

The solutions ¢; = q.,; are the equilibrium positions of the system.

Problem 4.6.1. If the system in the figure is in equilibrium, determine the rele
tionship between the forces F' and P as a function of the angle 6 of equilibrium.

Solution

The system is conservative because the forces P and F are constant and because the
constraints have ideal reactions. Thus, the VWP is expressed as

P.dip+ F-dir =0 (1)

where dip and dix are the virtual displacements of the points of application of the
forces P = (0,—P) and F = (—F,0).

The system has a single degree of freedom expressed by the angle parameter 6.
Looking at the figure and taking into account the chosen axes, we see that 7p =
(Lcos®, Lsinf) and 7 = (2Lcos6,0). By differentiating, we get the possible
displacements

dip = (—Lsin6, L cos 0) do

drr = (—2Lsin6,0) db 5
Substituting the forces and displacements in (1), we have (—PL cos 0+F2Lsin0)d0 =  Soution to Problem 4.6.1
0 and as d6 is any possible displacement, we are given

—PLcos@ + F2Lsinf =0

from which we have

P
tand = —
an oF |

Problem 4.6.2. The two homogeneous bars have different lengths and masses. g

_ Al
The joints A and B and the pulley D are frictionless. C'D > ¢, + ¢, and therefore mé p
the rope C'D is always horizontal. Find the angles a and /3 in the equilibrium a ! l
configuration of the system using the virtual work principle. ng
BN o
, D
Solution ? i
Taking into account the body hanging from the rope, the tension of the rope is 7' = ms
msg. Figure for Problem 4.6.2

We will use the (z, y) reference frame such that the origin is at point A, the z-axis is
horizontal and extends to the right, and the y-axis is vertical and extends downwards.

The VWP expression will be F' - dy + Fy - ds + T - ds = 0 which, making explicit
F, = (0,m.g), F> = (0,m2g) and T = (mag, 0), results in

mldyl + m2dy2 + masdxs =0 (1)
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where we have already eliminated g from the expression. The displacements dr, di,
and dr are not independent, but they depend on the two angles « and 5:

_ 4 _ b g
Y1 = F cosa = dy, —7751110((10(

Yo = {1 cOS —|—%2 cosf = dyzz—ﬁlsinada—%sinﬁdﬂ
x3 =flisina +lxsinf8 = drsz = {cosada + £y cos 5 dS

Substituting in (1), we obtain
El . . ez .
—Mig sinada 4+ mo | —{sinada— Esmﬂ dg
+ ms(licosada +LlcosBdB) =0 @)

If we now take into account that da and d5 are independent possible displacements,
we can consider (2) with da # 0 and df = 0:

1 . .
—m1§ sina —mgsina +mszcosa =0 3)

and also da = 0 and d8 # 0

1
—Mag sinf3 +mscosfB =0 4)
. 2
From (3) and (4), we obtain tan o = “HL and tan 3 = s , aresultalready
5 + me ma
obtained in Problem 4.5.2 using the moment equilibrium equations. |

4.7 Equilibrium and stability in conservative systems
Equilibrium

Let us now consider that we have a conservative system, that is, with the same
conditions as in the previous section and, in addition, all the forces applied directly
ﬁa are conservative, that is, each force has an associated potential energy and,
therefore,

> F,-di, = —dU
where U is the potential energy of the system. The VWP can now be written as
dU =0 (4.19)

Making this explicit, the equilibrium equations can be written as a geometric con-
dition in the potential function:

> The equilibrium position q., = {Gu, Qep---Geqr. } Of @ cOnservative system corre-
sponds to the point at which the potential energy is extreme:

ouU

a4, i (4.20)

q4=deq



Stability

If a system is in the equilibrium position ¢, with E, = 0, its energy is £ = U,,,
where ., stands for extreme. If we provide kinetic energy E.,;, which is always
positive, the system will move with mechanical energy £ = U, + E.,; =constant.

In Figures 4.23 and 4.24, we can see the graphs of the potential energy (blue) and
mechanical energy (pink) around an extreme for any system. It could be a roller
coaster. In this case, the shape of the guide coincides with the shape of the potential
function.

Depending on the type of equilibrium g,, position, we can say:

< ¢, is a stable equilibrium position when U(q,,) is a minimum. In this case we
have that U > U,,, and since £ = U,,;, + F.,;, = constant, the system cannot move
very far away from position ¢, it can go until £, = 0.

< ¢, is an unstable equilibrium position when U(q,,) is either a maximum or
an inflection point. If it is a maximum, we have U < U,,, and since £ = U,,, +
E.,; =constant, the system moves far away from position ¢.,, . # 0 and increase.
If it is an inflection point and goes towards zone U > U,,, it behaves as in the case
of the minimum, reaching point £, = 0 and returning to zone U < U, and from
here the same thing happens as in the case of the maximum: £, # 0 and it increase.

< q., is an indifferenct equilibrium position when in a finite environment of g,,,
U is constant.

For a system with a single degree of freedom ¢, ¢ = q.,, the equilibrium condition
(4.20) reduces to
au

— = 421
” 0 (4.21)

qd=deq

To study the stability of the position g.,, we analyse the second derivative at point

q = Geq-

< If it happens that
aeUu
>0 (4.22)
dg® | _
a=qeq
then ¢ = ¢, is a stable equilibrium point.
< If it happens that
azu
<0 (4.23)
dq2 a=qeq

then ¢ = ¢, is an unstable equilibrium point.

FE = constant /

@ E=U+0
qu = Umin + Ecini

q

Fig.4.23: The carriage is located
at the bottom of the roller coaster.
If we push it a little, i.e., if we give
it a little E. i, the mechanical
energy will be

E = Unin + E. i and it will be
constant. The carriage will move
around the minimum between the
two positions where £ = U,
because, beyond that, it would
have to be E. < 0to fulfil E =
constant, which cannot be the
case

|
E = constant - E=U+0
(74 E= Umnx/mf + Er‘mi
E=U+E,

, B=U+E N

Fig.4.24: The carriage is located
at either a maximum or an
inflection point on the roller
coaster. If we push it a little, i.e., if
we give it a little E. ;,;, the
mechanical energy will be

E = Unax/int + Ecimi. Ifitisa
maximum, E.. will increase as it
will be in a zone where

U < Upax and E =constant
must be fulfilled. If it is an
inflection point and it goes
towards a zone where U > Uy,
it will not be able to go beyond

E = U,thatis, E. = 0andit
will return downwards, now
increasing its E.
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< If it happens that
d?U
dg?

9=qeq

=0 (4.24)
then the sign of the higher order derivatives must be examined:

»The equilibrium is stable if the order of the first non-zero derivative is even
and if its sign is positive.

»The equilibrium is indifferent if all successive derivatives are zero.

»The equilibrium is unstable in all other cases.
Problem 4.7.1. The two homogeneous bars have different lengths and masses. The
joints A and B and the pulley D are frictionless. CD > /, + £, and therefore the

rope CD is always horizontal. Find the angles e and (8 in the equilibrium system
configuration, bearing in mind that the system is conservative.

Solution

The potential energy of the system as a function of the two degrees of freedom, angles

Figure for Problem 4.7.1
«a and 3, is

l l . .
U= fmlggl cosa—msg <£1 cosa + 52 cos B) —msg(lysina +£€ysinB) (1)

The two equilibrium equations are

U = 0= Lm;sina+masina —mscosa =0

?T[é =0= smysinf—mscos =0
. . 3 2m3
from which we obtain tana = .7———— and tanf§ = , a result already ob-
Tl + mo ma
tained in Problems 4.5.2 and 4.6.2 by other methods. |

Problem 4.7.2. In the system shown in the figure, the bars have negligible mass. lg LO"/
Neither the joints A and B nor the roller C, of negligible mass, have friction. The
spring, of negligible mass, has a recovery constant k and a natural length L, =
0.6 m. From joint A hangs a block of mass m = 75kg. Find the value of & so that
the equilibrium angle 6 is 6,, = 35°. Other data: L = 1.2m, L, = 0.85m

Figure for Problem 4.7.2

Solution

The potential energy of the system is
1 .
U(9) = mgLcos§ + 5 k(2Losin6 - L)?

and the equilibrium condition is

U (0)

= —mgLsing 4+ k(2Lo sin@ — Ly)2Lycosd = 0



4.7 Equilibrium and stability in conservative systems %

The spring recovery constant k must satisfy this condition for the angle 6., = 35°.
We obtain:
mgL tan 6,

K = S Lo@Losinfy — Ly)

= 969.54N/m n

Problem 4.7.3. The homogeneous bar of length L and mass m can slide without
friction. The spring is relaxed when 6§ = 90°. What value must the spring recovery
constant k have so that § = 45° is an equilibrium position?

Solution

The potential energy of the system is

L . 1 . 2
u®) = mIy sinf + §k(L — Lsin®) Figure for Problem 4.7.3

and the equilibrium condition is

%é@) :mgécosﬂ—kLz(l —sinf)cosf =0

The spring recovery constant k£ must satisfy this condition for the angle 6., = 45°

dU
%(eeq) =0
‘We obtain:
mg
k: =
2L (1 - %) n
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5 Dynamics of a rigid body in a plane

Introduction

A body is in plane motion if the direction of the axis of rotation remains constant.
Every particle of the body moves in a plane normal to the axis of rotation. Of all
these planes, the one containing the body’s centre of mass is called the plane of
motion (see Figure 5.1).

According to this definition, the angular velocity &J and angular acceleration @ in
a body’s plane motion will at all times be parallel to each other and perpendicular
to the plane of motion. The motion of a rigid body is in a plane because:

a) There are external constraints that force it to move in a plane.
Example 1: A pulley rotating about a fixed axis (see Figure 5.2).
Example 2: A flat sheet moving in a plane (see Figure 5.3).

b) The body has plane symmetry and the external forces are on its plane of sym-
metry as well as the initial velocities.

Example 3: A flat sheet thrown into a vertical plane coincident with its own plane
(see Figure 5.4).

Example 4: A homogeneous sphere moving down an inclined plane starting from
rest (see Figure 5.5).

¢) The forces external to the body are equivalent to a net force passing either
through the C'M and a zero net moment or in the direction of the axis of the body.
The initial rotation of the body has the direction of this axis.

Example 5: A disc thrown with an initial rotation about the axis of the disc in the
presence of gravity. Its C'M performs a parabola and the direction of rotation is
constant (see Figure 5.6).

Example 6: in the presence of gravity, a spinning top rotates along a vertical axis

o4
U,
NCM
U plane of moti
¢+ plane of motion
4

Fig. 5.1: Motion of a rigid body in
aplane

F

Fig. 5.2: Rigid body rotating about
an axis
dg

W T

N
A Ve

>C

Fig. 5.3: Flat sheet moving in a
plane

Fig.5.4: Flat sheet moving in a
vertical plane
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passing through the C'M and through the vertex of contact with the ground. The net
force and the net moment are both zero. Its C'M will move with uniform motion
and the direction of rotation will be constant (see Figure 5.1).

In all these cases, and in accordance with what has been seen in Section 3.11, the
possible displacements of a rigid rigid body’s particles will be a subset of

dr, = dre + dg X Ty, 5.1

The constraint we have to impose is keeping the axis of rotation constant. If @ is
the unit and constant vector in the direction of the axis of rotation, the possible
rotational displacements will go from three degrees of freedom, represented by the
vector character of dg, to one degree of freedom, represented by d according to:

dg = dp (5.2)

In this course, we will deal exclusively with the motions of the body in a plane.
Valid relations in general will be indicated as 3D and those that are valid only for
plane motions will be indicated as 2D. It should be noted that this chapter will use
the nomenclature of the particle system seen in Chapter 3 although, for continuous
bodies, the expressions in the form of summations are converted into integrals over
the whole body (expression (3.1) in the Chapter 3 introduction).

5.1 Translation equation in 3D

According to equation (3.91) in Section 3.13, the equation of motion for the trans-
lation of a rigid body is

—

_  dP -

F = E = MAQcr (53)
where F is the resultant of the forces external to the body. The equation of the
translational motion of the body is therefore that of the motion of its C'M (Figure

5.7).

5.2 Rotation equation for (2D) plane motion. Moment of
inertia

Since the motion is in a plane, the rotation of a rigid body is reduced to a single
component in the direction of the rotational angular velocity vector &, which is a
fixed direction of space # and is perpendicular to the plane of motion. In Section
3.13, the general equation of the rotational dynamics of a rigid body was derived:

= M, 54

Fig. 5.5: Sphere moving down an
inclined plane

Fig. 5.6: A disc maintains the
direction of rotation while the
C'M traces a parabola

o
Tem
&

Fig. 5.7: Translational dynamics of
a body



with
N
Ly = Zﬁ(m X m,; (5.5)
i=1
My =) #uc) X F, (5.6)

where C' can be either the centre of mass, C'M, or a fixed point of the body, if it
exists, and 7, ¢, is the position vector of the point of application of the external
force to the body ﬁa with respect to C. The rotation equation of the body in its
plane of motion can be obtained by projecting the vector equation (5.4) onto the
direction of its axis of rotation defined by its vector 4. This is so because the
angular velocity can be written as & = w1, where w is the component of the vector
& in the direction of 4. w is the only degree of freedom of rotation that the body
has. In terms of the possible displacements, we have d@ = dpt. Now, taking into
account the general equation of dynamics for rotations, equation (3.94), we obtain,
for rotations with axis dg = dpii:

dLiey .~ =
d—f) = Mg, -t (5.7)
Since @ is a constant vector, (5.7) can be expressed as follows:
dL
5 = Me (5.8)

where

N
L) = E(C) U= (Z /F)i(C) X mﬂl) ) 5.9
M) = M(C) U= (Z Tac) X ﬁa> :

are, respectively, the angular momentum and the momentum of the forces with

>

(5.10)

respect to the fixed axis of rotation @ passing through C'.

According to (3.84), with & = w, we have

—

U, = Vo + W U X Ty

and substituting in L, of (5.9) we have

L) = <§ Ty X My, [Ue +w @ Xﬁ(m]) U

i

and developing

L, = ( E Ty X mivc> -+ ( g Moy X [ 4 X Ti(c>]> ~wil
k3

i
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The first term on the right is zero if C' is the C M, since >, m,;Ficnry = MFPonrony =

0, or a fixed point on the body, since v = 0. In these conditions,

L) = <§ MiTicy X [ 4% _'i<0)]> Wi
i

Taking into account the vector relation
(AxB)-C=(CxA)-B (5.11)
extracted from (1.13), L., can be expressed as

N
— T N 2
Licy=Lc)-u= E :m Ty

i=1

where 7;c, = | X T;,| is the distance between the particle m; and the G-axis
passing through C (see Figure 5.8).

= We define the moment of inertia of the body with respect to the axis of rota-
tion passing through C":

N
Iy =) mirio (5.12)

We can write the angular momentum with respect to the axis through C as
so that the equation of the body for plane rotations becomes

dLc
dt

= M, (5.14)

In the general case, the forces external to the body, ﬁa, can have any direction
but only the components normal to the axis will contribute to the moment in the
direction of the axis. Here we already assume that the forces ﬁa involved in the
moment expression are normal to the axis. According to the relation (5.11), M,
can be expressed in the form

My = Mgy -a=Y (fm x ﬁa) =Y (% Tuey) - F,

However, since (see Figure 5.9) 4 X 7o) = U X Ty ¢y, M ey can be written as

My = Z (@ X Togey) - Fa

a

Fig. 5.8: Velocity of any particle of
arigid body in its plane motion



then, applying (5.11) again results in

0= wi
. =\ - “F
Mc, :Z (Ta<\c> x Fa> 'U’:ZFada (5.15) . d
a @ Tao) > o)
where d,, is the distance of the line of action of the force F‘; from the axis of rotation Fa(c;‘

C
C.
One aspect to be emphasised is that I ., is invariant by translations and plane ro-
tations of the body, i.e., it does not change its value because the body performs
translations or plane rotations. This is an intrinsic characteristic of the body with Fig.5.9: An external force £,
respect to the axis of rotation passing through C' (C being either a fixed point or acting onarigid body
the CM). I could change if the body shape changed, i.e., if the body was no
longer rigid.

Therefore, in the case of a rigid body, the moment of inertia about an axis I, does
not change with time and the fundamental equation of rotation for a body in plane
motion (5.14) can be written in the form

dw

dt
with the fundamental equation of translational dynamics F' = ma: If the (inertial)

where o = is the angular acceleration. The expression (5.16) has an analogy

mass m can be understood as a measure of the tendency to maintain the translational
velocity, the moment of inertia I, can be understood as a measure of the tendency
to maintain the angular velocity of rotation.

Some moments of inertia about an axis of homogeneous bodies
The table on page 339 shows the moments of inertia of well-known homogeneous
rigid bodies about the indicated axes passing through their centres of mass.

Some properties of moments of inertia about an axis

The moment of inertia of a rigid body with respect to an axis has, among others,
two important properties:

= Superposition of moments of inertia: If we have two bodies 1 and 2 with mo-
ments of inertia about the same axis through C, I oy, and I ¢y, the moment of
inertia I o of the composite body is

Iicy = Loy + Licy: (5.17)

This theorem is easily deduced from the definition of the moment of inertia about an
axis as a summation or integral over the body. As in the case of the centre of mass
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of composite bodies, equation (3.7), we can also decompose a body into simple
bodies (of known moment of inertia about the required axis) and find the moment
of inertia of the composite body with (5.17). We may again consider bodies with
holes by simply interpreting the addition of (5.17) as adding mass. If we want to
remove mass, we must subtract.

< Steiner’s theorem: If a rigid body has moments of inertia I, and I ., about
two parallel axes passing through C and C' M respectively, then

Loy = Icmy + md® (5.18)

where m is the mass of the body and d is the distance between the two axes.

Proof. The moments of inertia /¢y and I(car) of the body with respect to two par-
allel axes passing through, respectively, point C' and the centre of mass C'M (see
Figure 5.10) are expressed in the form:

N
2
Iey = Y mirie
i=1

N
2
Iewy = Y miriean
i=1

Looking at Figure 5.10, if ;) and y; o are the coordinates of a particle of the

body of mass m,; with respect to C M, and x; ¢y and y;(c) are the coordinates of the

same particle with respect to C, then x;(cy = x;(cm) and Yi(c) = Yicom) +d. Thus,
Tiie) = Tie) T Vi) = Tiewn” + Wiean +d)°

Under these conditions, I(c) can be written as follows

N
Iiey =Y ma (2hcan + Wiean +d)°)
i=1

that is to say,

N N N
Iy =Y mi(@ienn” + Yiean”) +2 <Z mi?Ji(CM)) d+ <Z mi> d?

i=1 i=1 i=1

N
Now it is only necessary to note that, by the definition of the centre of mass, Y m;yi(cm) =
i=1

0. The two terms that do not cancel are I(cary and md®. |

Problem 5.2.1. A wheel of radius R, mass m and moment of inertia I, has an axle
of radius |x| and is subjected to a constant horizontal force F’ acting by means of a
coiled rope attached to the axle. As shown in the figure, we use = > 0 to indicate
that the constant force F' is applied above the centre and # < 0 to indicate that the
constant force F' is applied below. Calculate the acceleration of the wheel (without
forgetting the sign of rotation) and the necessary friction force (also its direction)
as a function of z, if the wheel is rolling without sliding.
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5.2 Rotation equation for (2D) plane motion %

Solution

The situation where the force F' is applied above the centre (z > 0) is analysed. The
results will also be valid for x < 0.

According to the scheme of forces acting on the body, the equations of motion can be
written as follows

F—Ff=ma; N-mg=0
Frx+ FyR=Ia

to which must be added the condition that the wheel rolls without slippage

v=wR=a=aR

From the first translation equation, we obtain Solution to Problem 5.2, with

Fy=F —ma z>0
and substituting in the second, we have

Fr+ FR—maR = ia
R
from which it follows that the acceleration a of the wheel is
F(R+a) F(+3)

C omR4 4 om oty 4

mR?2
and it is observed that it is positive, i.e., the wheel will move to the right in the same

Solution to Problem 5.2.1, with

. . <0

direction as the force F'.
With regard to the frictional force, FY, it is easy to deduce from the obtained value of
a that

I _ =

- mR2 R
@_F( ,+1>

mh <0
From this expression, it can be seen that the direction of F; is determined by the sign Ia
of m§22 — &,sothatif I > mRx, F; goes against F; if | < mRx, F; has the same
direction as F, and if I = mRzx, F} is zero. F

The situation where < 0 can be analysed by simply considering this possibility in
the expressions found for z > 0, i.e., by making the substitution z = —|x|. We have

_ =l
:F(R7|x|):E(1 7)
mR+4&  m Ly +1

I |z|
_l’_ 1=l
— mR2 R
E_F< ,+1>
mR2
from which it follows that , being || < R, the body will move to the right and the
frictional force will always be directed to the left.

Solution to Problem 5.2.1, with
lz| > R
and for the friction force:

It is also possible to analyse the case where |z| > R.
If x > 0: a goes in the direction of F'.

If x < 0: a goes in the opposite direction to F'. |
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Problem 5.2.2. A cubic block of mass m is at rest on a completely smooth floor
when it receives a horizontal force F' = 3mg ata height h = %b. What is the value
of the accelerations @ of its centre of mass and of rotation « at the initial instant?

Solution

It is to be expected that the block will tend to rotate and its centre of mass will move
in the direction shown in the figure, so that the C M of the cube will move inthe z —y
plane with an acceleration @ and will rotate around an axis perpendicular to the plane
in the figure, which is passing through its C M with an angular acceleration . The
solution to the given situation is provided by the equation of translational dynamics
(two components):

—

F=mad

and the equation of rotation (one component)

M(CM) = I(czw) «

The distribution of forces acting on the body is shown in the second figure indicating
the solution, in which we see that the normal due to the horizontal plane has been
drawn at the right-hand vertex of the cube, since this is where it will act when the
rotation starts. The two equations of motion for the translation of the centre of mass
can be written as follows (where it is taken into account that F' = 3mg):

3mg =ma, ; N —mg=ma,

For rotation, taking into account that, for a homogeneous cube of side b, the moment
of inertia with respect to its CM is [ = ém b*, it follows that

b b b 1 2
)N =2
3mg( ) mba

According to the above figures,
y=rsinp
Deriving respect to time, it turns out
Y=Trcosy ¢
and deriving again and making ¢ = a, and ¢ = «, we have
a, = —rsing ¢°+rcosy o

According to the problem conditions, before receiving the force F', and therefore,
from the initial instant, ¢ = 0. Also at this instant, 7 cos ¢ = % We obtain the ratio
of accelerations a,, and « at the initial instant:

b
ay, = -«
Y2
From the x-component of the equation of translation of the centre of mass it follows
that
a, = 39

F b
—_—
h b
Figure for Problem 5.2.2

Solution to Problem 5.2.2



5.2 Rotation equation for (2D) plane motion %

The y-component of the equation of translation of the centre of mass, at the initial

instant, can be written as
b
N =mg+ mia
and if we substitute this into the equation of rotation, it results in

3m, by m —|—m§a é—lmbga
I\8 "2 ITmeY) 5T 6

Isolating o, we have

_39
DTS

and, substituting the expression for a, found above,
39

Ay = —

4

At the beginning of the solution, we commented that “it is to be expected”. Now we
can corroborate that the solution found is the correct one due to the fact that it satisfies
N = ng > 0. If N < 0, the solution would not be correct, since N < 0 would
indicate that there is something more than a contact with the ground. |

Problem 5.2.3. Consider a robot similar to the one in the figure, with the following
characteristics: total mass, M = 85 kg; mass and moment of inertia of the wheels
and the motor rotor, m = 20kg and I = 0.6 kg m’; radius of the wheels, R =
0.2 m; distance from the centre of the wheels to the robot’s centre of mass, d = 1 m.

Initially, the robot is at rest. To start in a straight line, the motor acts on the wheels
by applying a torque (moment) M = 25N m, which causes the robot to move
forward. Assuming that the wheels do not slip, how much is the acceleration of the
robot and what angle does it need to tilt to prevent it from falling?

Solution

In the figure we can see a diagram of the robot as it moves forward with acceleration
a. The assembly is not a rigid body, but it is made up of two parts that are rigid.
The torque that drives the wheels is due to internal forces. For this reason, the two

Figure for Problem 5.2.3

parts must be considered separately: the wheels with the part of the motor that ro-
tates together with them (rotor); and the body of the robot, which does not rotate.
The torque caused by the motor is M, which, together with N’ and F’, constitute the
internal forces in the contact between the two parts under consideration. The internal
forces act on each part of the assembly in accordance with the action-reaction princi-
ple. (M — m)g is the weight of the robot body and myg is the weight of the wheels.
The normal NV and the friction F; are due to the contact of the wheel with the ground.
The wheels do not slide, they roll without sliding, R = a.

We have the following motion equations:

(1) Horizontal translation of the wheels: F; — F' = ma

(2) Vertical translation of the wheels: N — (N’ +mg) =0 Solution to Problem 5.2.3
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(3) Rotation of the wheels: M — F;R = I«

(4) Horizontal translation of the body: F' = (M — m)a
(5) Vertical translation of the body: N’ — (M —m)g =0
(6) Rotation of the body: M + Fdcosp — N'dsinep =0

In order to solve our problem, we have enough with (1), (3), (4) and (6) and the
condition of rolling without sliding. If we solve for F' and F; from (1) and (4), we
find F; = Ma. We can also obtain this equation by considering the entire robot
(even though it is not a rigid body). Substituting in (3) with @ = a/R and solving
for a, we obtain:

o= —ME_ 1 o5m/s
I+ M R? Solution to Problem 5.2.3

Substituting F’ with the previous result in (6) and solving for ¢, we obtain:

sinp = 0.165048 = ¢ = 0.165807 rad = 9.5° [ ]

5.3 Kinetic energy of rotation and translation. Energy con-
servation

In this section, the aim is to derive a very simple expression for the kinetic energy

of arigid body in plane motion. We start from the expression for the kinetic energy
of a system of IV particles (3.27):

N

N
1 T
E. :Zimvz :Zimivi -, (5.19)
i=1 i=1

According to (3.84), U, = Uc + & X Ty, then (5.19) can be written as

1 N ~L
E, = 5mv:‘; + e - <w X E m; ri(c)> + E 3 (G X Tiey)”  (5.20)
i=1 =1

The first term is zero if C is a fixed point, since U = 0; and it is the translational
kinetic energy if C' = C'M. The second term is null in both of the following situa-
N

tions: if C'is a fixed point, since U = 0, and if C' = C'M, since > m; Ty cary = 0.

i=1
To deal with the last term, note that J x 7, = & X ¢, since the component
of 7 parallel to & does not contribute to the vector product with ¢J.

Considering that @ and 7|, are perpendicular and, therefore, |0 X 7 cy| = wWric),

we have
(& X Tige))” = (@ X Tigey) (@ X Tigey) = W*rie, (5.21)
Substituting (5.21) into (5.20) after cancelling the second term, we have
1 1 1 1
E, = §mvf7 +t3 Zm ey W = émvé + §I(c> w? (5.22)
i=1
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If C = CM, then (5.22) is

1 1
EC = §m'UZM + §I(C’M) w? (523)

and the kinetic energy of the body has two terms: the first one associated with the
C M translation and the second one with the rotation around the C'M.

If C is a fixed point, then (5.22) is

1
E. = §I(C> w? (5.24)
and the kinetic energy of the body has only one term associated with the rotation
around C'.

The expressions (5.23, 5.24) are also valid for 3D situations, although in this case
Iican (o1 Iy, if C' is fixed) will not be constant, since the direction of the axis of
rotation will not be fixed. For 2D situations, the direction is fixed and I ¢, (or
I, if C'is fixed) is constant.

Finally, it is not difficult to prove the corresponding conservation of mechanical
energy theorem:

< Energy conservation. For a rigid body subjected to external forces that are
either conservative with joint potential energy U or they are constraints with ideal
reactions, its mechanical energy E = E, + U is conserved throughout the motion.

In the case of rigid body systems whose forces have the same characteristics, as in
the previous case, the energy will be the sum of the energies of each body and it
will also be conserved throughout the motion.

Problem 5.3.1. A mass of m; = 1kg hangs from the end of a rope of negligible
weight passing through a frictionless pulley (see Figure). The rope is wrapped
around a homogeneous cylinder of mass m, = 8kg and radius R = 10 cm, which
rotates without sliding in a horizontal plane. Find:

a) The acceleration of the mass m;.

b) The rope tension.

¢) The angular acceleration of the cylinder.

Solution

a) Bearing in mind that all the forces acting on the system are either conservative or

they do not work in their displacement, the principle of conservation of mechanical
energy E can be applied to it. This can be written as

1 1
FE = fmlvf—i—f

1
3 2m2v§ + 5[0.)2 — M1gYs

Figure for Problem 5.3.1

m,
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% s Dynamics of a rigid body in a plane

where, being a solid cylinder, I = %mz R?.

Since the cylinder rolls without sliding on the horizontal surface and the rope does

not slide,

v
v, =wR ; v1 =2WR :>v2=§1

and the time derivatives are )
Solution to Problem 5.3.1
ay ax
R

T 2R’ 2

Let us apply conservation of energy by imposing that its time derivative is zero:

«

. I
E=0=(m, + % + 4—R2)v1a1 — miguy

from which it follows

m.g 2
a = —— = 2.45m/s
SRETEE i
T
b) To determine the tension in the rope, the equation of translation can be applied to m,
ma
ay|"9g
mig—T=mia1 = T =mig—mia; = 7.35N !
¢) The angular acceleration of the cylinder is Solution to Problem 5.3.1
=2 _ 12.95rad/s? u
2R '
Problem 5.3.2. At a given instant, a homogeneous cylinder of mass M and radius R
R is left to roll from rest on the top of an inclined plane at an angle 6 with the \)‘
horizontal. Knowing that it rolls without sliding, determine:
a) The downward acceleration of the cylinder. Figure for Problem 5.3.2

b) The velocity at the end of the plane after rolling over it for a distance L.

¢) The minimum coefficient of friction p between the cylinder and the plane
that is compatible with rolling without slipping.

Solution

a) Since the forces acting on the cylinder are either conservative (its weight) or do not
work during the motion (the normal of the plane and the friction force in the rolling

displacement without sliding), the principle of conservation of mechanical energy £
can be applied. Taking the base of the inclined plane as the origin of the gravitational Solution to Problem 5.3.2
potential energy, mechanical energy can be expressed as follows

1 1
E= §Mv2 + §Iw2—|—Mgh

From the figure, it can be seen that the height h of the centre of mass of the cylinder
at any instant of its motion can be expressed as

h= (L —x)sinf + Rcosf
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Therefore, the mechanical energy of the cylinder can be written as

1 1. .
E = §M112 + 5[(41z — Mgz sin 6 + constant
and the nullity of its time derivative, using ¢ = v = wR, & = a = aRand I =
%M R?, where I is the moment of inertia of the cylinder with respect to the axis

passing through its C'M and perpendicular to the plane of the figure, gives us

E=0= %va—MgvsinG

from which it follows

a= 2 sin 0
b) The centre of mass of the cylinder describes a uniformly accelerated motion as it
descends the inclined plane, with acceleration a and zero initial velocity. Therefore,

the velocity it will reach at the end of the inclined plane, after having travelled a
distance L, will be

v =V2al = \/2§gLsin9 = \/ggLsinQ

¢) This requires finding the frictional force acting between the cylinder and the in-
clined plane. If we take into account Newton’s law for the translation in the normal
direction and the rotation, we can write

N — Mgcosf =0

F;R= I«
from which we obtain
N = Mgcosf
Ff - %
Now, the coefficient of friction u is
_Fy
=N

if we substitute Fy, N, I = %M R*and o = %> with the acceleration found in a),
we obtain

— 170' — ltanﬁ
~ R®Mgcosf 3 u

o
Problem 5.3.3. A circular disk at rest with a radius of 0.5 m and a moment of
inertia of 4kgm’ can rotate about a fixed axis that passes through its centre and
has a rope wound around its periphery. The rope is stretched with a constant force
of 2N for 10s. Assuming no friction, calculate the length of rope that becomes
unwound within this time.

Solution to Problem 5.3.2

Figure for Problem 5.3.3

147



148

Solution

In addition to the force F', the disc is acted on by the weight and the reaction of the
axis. Both have their point of application at the centre of the disc, which is a fixed
point. Therefore, they do not work. The vertical force F applied at the periphery of
the disc is constant; therefore, it is conservative. The mechanical energy of the disc,
which consists of the kinetic and potential energies associated with F, will remain
constant during its rotation. Taking into account that, at any given instant of the
movement, the position vector of the point of application of the force F'is 7 = (R, y)
and, in addition, that F' = (0, F), the potential energy associated with F' is

U=-F -F=-Fy
The mechanical energy E of the disc will be

E= %Iwz — Fy

and the time derivative, taking into account that y = v and v = wR, will be

FE =Ilwa— FwR

from which, with E= 0, the angular acceleration of the disk is obtained

_FR

“=77

Finally, the acceleration a which lowers the point of application of the force F' is also

obtained: )

I
Assuming that this point starts from rest and describes a uniformly accelerated recti-

a=aR= =0.125m/s’

linear motion with acceleration a, the length L of the unwound rope for 10's is

1
i = 5at2 = 6.25m m

Problem 5.3.4. Two masses of 1 and 2 kg are connected by an inextensible rope
with no mass, which passes, without slipping, through a 1.35 kg cylindrical pulley
with a fixed axis. Calculate the tensions of the rope.

Solution

We take into account the following. First, the reaction forces of the pulley axis and its
weight are forces whose application points are not displaced in the rotational motion.
Second, m; g and m.g are conservative forces. Therefore, we can apply the principle
of conservation of mechanical energy E of the system. This energy can be written in
the following way (see the considered reference frame in the figure):

1 1 1
F = §m1v2 —migy: + §m2v2 — Ma2gys + ilwz

Under the problem conditions, ¥, = —v, > = v,v = wR and a = aR, where w and
«a are, respectively, the angular velocity and angular acceleration of the pulley, and

i)

Y
Solution to Problem 5.3.3

Figure for Problem 5.3.4



5.3 Kinetic energy of rotation and translation. Energy conservation %

I = %M R? is the moment of inertia of the pulley with respect to the axis of rotation, O\
which passes through its centre and is perpendicular to the plane of the figure (M is
the mass of the pulley and R its radius). T | x
]
1
1 I, )
E= §(m1 +ms + ﬁ)v —M1gYr — M2gYs
Taking into account that E is conserved, its derivative will be zero: ma 1Y m,
i I v
E=0=(mi+m:+ @)Ua — (m2 —ma)gv Solution to Problem 5.3.4 m, =
1kg, mo = 2kg

From this last expression, substituting also I, the acceleration a can be found:

(m2 —mi)g

a= =2.67m/s’
my +ms + / T,
a
Although equal in modulus, the accelerations of both bodies have opposite directions
as vectors. In order to calculate the stresses in the rope, the dynamics of m; and m. myg

must be analysed separately. With respect to m,, taking into account that its motion

is upward, its dynamics is reflected in the following equation: Solution to Problem 5.3.4. Free
body diagram of 1,

T, —mig =mia
from which we obtain
71 =mi(g+a)= 1247N

As far as m is concerned, taking into account that its motion is downward, its dy- T,
namics is reflected in the following equation:

mag — 1o = mea al Im.,g

from which we obtain Solution to Problem 5.3.4. Free

body diagram of mo
T, =ms(g—a)= 1447N

Problem 5.3.5. A wheel of radius 6 cm has an axis of radius 2 cm. The assembly
has a moment of inertia of 0.004 kg m* and a mass of 3 kg. The wheel rests on the
ground and does not slip. Determine the direction of rotation of the wheel and its
acceleration if, starting from rest, we pull horizontally on a rope wound around the
axis with a force of 5 N, as shown in the figure.
Figure for Problem 5.3.5
Solution

All the forces that act on the wheel are either conservative, or do not do any work in
its rolling displacement without slipping. It is therefore a conservative system. Its
mechanical energy E can be expressed in the form

1 1 -
E:§MU2+MgR+§Iw2—F-FA+C
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where 74 = (x4, R) and, therefore, Ur = —F .7y = —Fux, isthe potential energy
associated with the horizontally applied force F' = 2N, with C' being a constant.

Since F is conserved, its time derivative will be zero:

F=0= Mva+ Iwa — Fi,

where % 4 is the velocity of the points on the rope, as A, ¥4 = (24,0, 0). If the rope
does not slide on the axis, this is also the velocity at the point of contact between the
wheel and the rope (see the figure for the solution). If we use U4 = U4 & X (Fa —7),
where, observing the figure, ¥ = (z, R,0) and ¥ = (v, 0, 0) are, respectively, the

Solution to Problem 5.3.5

position vector and the velocity of the cylinder’s centre, and @ = (0, 0, —w), we find
Ta=v—wr

If this expression is substituted into the one for mechanical energy conservation, to-
gether with v = wR and a = aR, we find

E=0= (M+%) va—F(l—%)v
and finally we get
F(l1-%
a = (7f) = 0.81m/s

a > 0 implies that « = % > 0. Taking into account that we have taken the positive
direction to the right and zero initial v, then, according to the figure, the wheel moves
clockwise to the right. [ ]









6 Small oscillations

Introduction

Oscillatory phenomena are very important. Everything that surrounds us tends to
be in a position of stable equilibrium. The sea is in stable equilibrium and its waves
are small oscillations around that equilibrium. A structure, such as a building, is in
stable equilibrium and any perturbation that does not break it will also cause small
oscillations around that equilibrium.

The basic approximation of solid matter’s internal behaviour is rigidity, which is a
configuration of stable equilibrium. The first approximation to the internal motion
of solid matter is the small oscillations around its rigidity configuration.

The study of small oscillations is therefore a first approach to studying of the dy-
namic behaviour of many systems that at first sight appear to be immovable but,
for whatever reason, then begin to wobble. It is quite remarkable that we can carry
out this study without going into detail about the causes that alter the state of equi-
librium.

6.1 Small oscillations around a stable equilibrium position

Let us consider a conservative system with one degree of freedom x of potential
energy U (x), which has a stable equilibrium position z,. This means that U(z)

fulfils

dU d*U
@) =0, (@) =k>0 6.1)

We redefine the reference frame so that the equilibrium position is z, = 0 and
consider small deviations x around the equilibrium position z, = 0. We perform a

Taylor serie of U(x) and remain at the first significant order, i.e., at the first order
where we get a non-zero result:

au 1 d*U , I
U(x) =U(0) + %(O) x+ 3 %(O) x* + O[z®] = 5 k a® + constant (6.2)

Fig.6.1: A small ball strung on a
wire performs harmonic
oscillations around the stable
equilibrium position
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Figure 6.1 provides an example that illustrates a generic situation. In a vertical
plane, we give the desired shape, y(x), to a guiding wire so that it has a minimum,
where we place the origin of the reference frame x = 0. We string a small ball of
mass m onto the wire and let it rest at the point where z = 0. We give it a little
push and observe the motion it makes around x = 0. The potential energy will be

1 d?
U(z) = mg y(x) = §kx2 i k=mg de(O)

The kinetic energy will be

1 2
Eczimvz; v:\/x'2—|—y2:x'1/1+<%>

and, since near the equilibrium position % ~ 0, we have E, ~ %m 2. The
mechanical energy for small deviations from the equilibrium position turns out to
be

1 1
E~ gmi + Jka? (6.3)

The equation of motion for small deviations from the equilibrium position will
therefore be m# = —kx and the system will carry out harmonic oscillations
around this position. It is not only springs that oscillate harmonically, and we can
in fact state that:

> If any system with a stable equilibrium position starts close to this position with
a small initial velocity, it will perform a harmonic motion.

In this chapter, x is a position variable for the system, meaning it can be any length
or angle. = = 0 is the stable equilibrium position around which the system oscil-
lates. In these conditions, z is called elongation.

6.2 Simple harmonic motion (SHM)

In Figure 6.2, we can see the landing gear of an aircraft. If the link between the
wheel and the body of the aircraft were rigid, the contact with the runway would
cause considerable damage. For this reason, an elastic element, such as a spring,
is placed between the wheel and the aircraft body. As a result of the spring, when
the aircraft body comes into contact with the runway, it starts a vertical harmonic
oscillatory motion that does not stop. This is a simple harmonic motion (SHM).
What we want to do is characterize the simple harmonic motion without focusing
on the specific cause that originates it in each case. The vertical oscillatory motion
of the plane is very similar to the horizontal motion of the ball in Figure 6.1, except
that the former is caused by gravity and the guiding wire, while the latter is caused
by the spring. We want a characterization of these cases, that allows us to treat
them with the same expressions without having to tweak the formulas in order to



accommodate each case in question. We can be guided by the motion equation
mi = —kux.

SHM canonical equation

We say that a system with one degree of freedom x performs a simple harmonic
motion if the equation of motion can be written in the canonical form:

Z+wir=0 (6.4)

where w, is called free pulsation.

General solution of the SHM

The general solution of the canonical equation of the SHM is
x(t) = Asin(wot + ¢o) (6.5)
where A and ¢, are integration constants.

The proof is immediate. Just derive the expression (6.5) twice and substitute x and
Z into the canonical equation (6.4) to see that it is identically satisfied.

A and o, are called, respectively, amplitude and initial phase and, as mentioned
above, are integration constants. They can be fixed if we know the initial conditions
for any time t,, 2:(t,) and @(t,). The argument of the trigonometric function sin,
©(t) = wot + @, is called the phase. Thus, the initial phase is ¢, = ¢(0).

From the point of view of their physical significance, we highlight the following
concepts:

<» Free period. This is the minimum time 7}, that must elapse for the same values of
x and & to be repeated. Thatis, z(t+7,) = x(t) and ©(t+7,) = &(t). Thisrequires
the phase to return to the same value (modulus 27), i.e., p(t + T,) = (t) + 2.
We obtain w,T, = 2.

Fig. 6.2: The spring of an aircraft
landing gear causes the aircraft to
perform a harmonic oscillatory
motion initiated on contact with
the runway

S
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<» Free frequency. This is the inverse of the free period.

1 Wo

fo= = o (6.6)

< Amplitude. This is the maximum value that the elongation x(t) can reach. The
amplitude is thus the factor A > 0 of the trigonometric function of the elongation
x(t) of (6.5).

Example of simple harmonic motion

An obvious and simple example where we can apply everything we have learned
is that of a homogeneous sphere attached to the end of a spring, with the other end
fixed and in the presence of gravity.

We let the sphere find its own equilibrium position. We are not currently interested
in where that is. Let us place the origin of the reference frame where the equilibrium
position is, as shown in Figure 6.3. The x-coordinate is the elongation, since z = 0
is the equilibrium point. At this point, the acting forces are the weight mg and, in
the opposite direction, the spring force, F},,, which, being an equilibrium position,
will have the same modulus as the weight, F,, = mg.

We give an arbitrary small push (vertical translation) to the sphere. When it is at
position x and moving at a speed &, the acting forces are the weight and, in the
opposite direction, the spring force F),. The latter can be decomposed as F,, =
F,, + kx. Since F,, = mg, the sum of the acting forces, (mg — F},)i, is —kuxi.
Newton’s equation of motion is therefore m# = —kx. Written in canonical form,
it is
.k
T4+ —xz=0 (6.7)
m

Comparing this with the canonical equation of the SHM, we deduce that it is a sim-
ple harmonic motion, characterized by the free pulsation w, = 4/ % The period

is, according to (6.6), T, = 2m,/7. We note that gravity does not appear in the
equation of motion. Gravity affects the location of the equilibrium point, but not
the motion with respect to this point.

6.3 Damped harmonic motion (DHM)

We introduce a viscous damping force of type —bz into the landing gear of the
aircraft (see Figure 6.4).

Now the oscillations of the aircraft’s body become smaller and smaller and we call
this a damped harmonic motion (DHM).

Fig.6.3: A particle attached to a
spring. Gravity affects the location
of the equilibrium point, but not
the motion relative to this point



6.3 Damped harmonic motion (DHM) %

Fig. 6.4: The spring and damper
in the landing gear of an aircraft
cause the aircraft to make a
damped harmonic oscillatory
motion upon contact with the
runway

It is important to note that, since the damping force is proportional to the velocity,
the equilibrium position of the damped system is exactly the same as that of the
system without the damping force.

We will try to characterize the damped harmonic motion without focusing on the
specific cause in each situation. In this case, we shall use the equation of motion
mi=—bt —kux.

DHM canonical equation

We say that a system of one degree of freedom x performs a damped harmonic
motion if the equation of motion can be written in the canonical form:

i+ 2vi+wiz=0 (6.8)

where w, is still called the free pulsation and v is called the damping parameter,
which is related, as we shall see, to the damping force.

Often, we will have to distinguish between the damping parameter v and the coef-
ficient of friction b. To do this, let us note that, regardless of what z is, the units
of «v are s™'. The units of b must be such that bv has units of force, N. Thus,
[b] = Nsm™' =kgs™'.

General solution of DHM

The general solution of the canonical DHM equation has a different form depending
on the relative values of w, and .

Oscillating motion: w, > ~

The general solution can be expressed as

z(t) = Ae "sin(wt + ) (6.9)
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where A and ¢, are integration constants, and

w =/ w2 —"2 (6.10)

is the pulsation.

The proof is immediate, although it is more complicated than in the case of SHM.
One only has to derive expression (6.9) twice and substitute x,  and & into the
canonical equation (6.8) to see that, taking into account (6.10), it is identically
satisfied.

A and ¢, are called, respectively, the initial amplitude and initial phase and, as
already mentioned, they are integration constants. They can be fixed if the initial
conditions for any instant ¢,, (¢,) and @(t,) are known. The argument of the
trigonometric sin function, ¢ (t) = wt + ¢,, is called phase. Thus, the initial phase

is p, = ¢(0).

Now the analogous concepts of free period and amplitude cannot be exactly the
same, although we can try to make a common generalisation of them.

< Variable amplitude. This is the factor A(t) = Ae 7", with A > 0, of the
trigonometric function of the elongation z(t) of (6.9). The variable amplitude is
the envelope of the elongation, which we can see in Figure 6.5, where the variable
amplitude has a tangent contact near each local maximum of the elongation.

< Period. The minimum time 7' that must elapse to repeat the same values of

z(t) @(t)
A(t) WAt

case, it is necessary that the phase returns to the same value (modulus 27), i.e.,
et +T) = ¢(t) + 2m. We obtain wT = 27.

elongation ratio and elongation velocity ratio For this, as in the free

< Frequency. This is the inverse of the period.

T=>-=2= 6.11
7 (6.11)

Overdamped motion: w, < ~

In Figure 6.6, we can see that, because of the strong damping, the elongation does
not oscillate. The oscillating form of the general solution is not adequate. Since
w, < 7, w becomes imaginary. The integration constants A and ¢, would have
to take imaginary values to make the elongation real. All this can be done and the
general solution takes, in this case, the form

a(t) = C, e 1D 4 O, e 1! (6.12)

Ae ™

Fig. 6.5: The variable amplitude
has a tangent contact near each
local maximum of the elongation

Y <2 <7Vs

’YB
Y2
" ‘
t

Fig. 6.6: Elongation plots for
different values of ~y in the
overdamped case




where C, and C, are integration constants that can be fixed if we know the initial

Yy =7 E /7?2 — w? (6.13)

The proof is immediate. Just derive expression (6.12) twice and substitute z, &

conditions and

and Z into the canonical equation (6.8) to see that, taking into account (6.13), it is
identically satisfied.

Critical motion: w, = vy

This is the case that separates the two previous ones. From the mathematical point
of view, neither of the two previous solutions represents the critical motion well
because, although there are no imaginary magnitudes, they contain only a constant
of integration. It is easy to show that if w, = -, the general solution of equation
(6.8), with two integration constants, is

z(t) = (C, + C,t)e™ " (6.14)

where C, and C, are integration constants that can be fixed if the initial conditions
are known.

Example of damped harmonic motion

Continuing with the example of the homogeneous sphere attached to the end of a
spring, with the other end fixed and in the presence of gravity, we now surround
the sphere with a fluid that causes a viscous friction force of coefficient b and also
an Archimedean push. As the sphere is homogeneous, the centre of buoyancy
coincides with the centre of mass.

We let the sphere find its equilibrium position which is where we establish the
origin of the reference frame, as shown in Figure 6.7. The x-coordinate is the
elongation, considering that z = 0 is the equilibrium point. At this point, the
acting forces are the weight mg and, in the opposite direction, the spring force and
the Archimedean buoyant force F,, + E,, which, being an equilibrium position,
will have the same modulus as the weight when added together: F), + E, = mg.

We give an arbitrary push (vertical translation) to the sphere. When it is at position
x, moving with velocity 2, the acting forces are the weight and, in the opposite
direction, the spring force, the friction and the thrust F, + bt + E,. Since F, =
Fyo+kxand Fy,+ E, = mg, we have that the sum of the acting forces, (mg—E, —
F, — bi)i, is (—ka — bx)i. Newton’s equation of motion is thus mi = —kx — b.
Written in canonical form, it is

i+ Lt Taog (6.15)
m m

Fig. 6.7: Homogeneous sphere
attached to a spring and in a fluid.
The equilibrium point is
independent of the viscous force.
The net force does not depend on
either gravity or buoyancy
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6 Small oscillations

Comparing this with the canonical equation of the DHM, we deduce that it is a
damped harmonic motion characterised by the free pulsation w, = 4/ % and the

damping parameter vy = ZL Depending on the relative values of w, and , it will

m"

be an oscillatory, overdamped or critical motion.

Problem 6.3.1. A pulley with a moment of inertia I about its axis performs small
damped oscillations while rotating without any friction on the axis: the rope has a
negligible mass, always remains taut and never slides. A pair of equal springs of
negligible mass and recovery constant k are fixed to the ground and to the ends of
the rope. A disk of negligible mass is subjected to an aerodynamic friction force
—bv, where v is the velocity of the disc and b is constant. For small oscillations,
determine:

a) the equation of motion,
b) the trajectory equation

¢) the period

Solution

For the elongation, we take the angle ¢, and, thus, at equilibrium ¢ = 0.

a) The equation of rotational motion for the pulley M = [a will be
1¢ = —2kRpR — bRYR

This is so because, when we are in equilibrium, the two springs have an equal and
opposite moment Mgyo + Mpro = 0; when we turn an angle ¢ in the positive
direction (see the figure), the spring on the left has a smaller moment, since it has
shortened Ry, Mg, = Mgro — k Re R, and the spring on the right has a larger
moment, since it has lengthened Ry, Mp, = Mpro — k Ry R. Thus, the moment
resulting from the action of the springs is Mpx + Mg, = —2k Ry R. The moment
of the viscous force —bv = —bRp is —bvR = —bRpR.

We write the equation of motion in canonical form:

bR . | 2kR?
A B

_bR o [2kR
Y= 21— ) 0o — I

b) According to the problem statement, the trajectory correspons to an oscillating
motion:

é+

and, by comparison,

2 2 P2
Qﬂ(t):Aw e_'Yt Sin(wt+£0) ; w:m:\/h} (2]{:—1)4]]% >

where A, is the angular amplitude and &, is the initial phase.

Figure for Problem 6.3.1

Solution to Problem 6.3.1



¢) The period is
2w 2w

7= 4" _
w R2 b2 R2
T (2k T Tar ) u

6.4 Forced harmonic motion (FHM)

We now assume that the aircraft runway in the previous sections contains a series
dips that give it a sinusoidal shape (see Figure 6.8). The body of the aircraft thus
receives a sinusoidal force that prolongs the motion in spite of the damping. What
does this motion look like in the long run? What is the relationship between the
spring, the dip frequency and the aircraft’s vertical motion? We say that the system
is forced or externally excited.

Here, we try to characterize the forced harmonic motion without focusing on the
specific cause that originates it in each case. In this case, we will be guided by the
equation of motion m& = —kx — bi + F5(t), where F}; is an external excitation
force that we assume to be sinusoidal.

FHM canonical equation

We say that a system with one degree of freedom = performs a forced harmonic
motion if the equation of motion can be written in the canonical form:

&+ 2y + wix = Bsin(Qt + 6,) (6.16)

where w, is still called the free pulsation, ~ the damping parameter, and the three
new constants B, € and 0, are respectively related, as we will see, to the amplitude,
frequency and initial phase of the excitation force (or torque).

General solution of the FHM

Since equation (6.16) is linear with respect to z(t), the general solution can be
written as the sum of the general solution of the homogeneous equation & + 2% +
wir = 0, x,(t), which coincides with the equation of motion of the DHM, and a
particular solution z,, (¢) of (6.16). x(t) = z, (t)+x,(t). x,(t) is the corresponding
solution of the DHM. In any of the three cases, the DHM is a damped motion
that vanishes with time. This time depends on the damping parameter and can
be evaluated as ¢ > ™!, so that the factor e=7* ~ 0. We say that z,,(t) is the
transient term. The particular solution z, is found by trial and error. We start
from

x,(t) = A, sin(Qt + 0, — v,) (6.17)

where A, and ¢, are constants that must be adjusted so that (6.17) effectively
satisfies equation (6.16). If we substitute x,(t), ¢, () and &, (¢), found from (6.17),

Fig. 6.8: The runway is not
perfectly horizontal and flat; thus,
its dips give it a sinusoidal shape.
This means that the damped
oscillatory motion of the aircraft
does not stop and therefore
receives a sinusoidal excitation
force due to the dips in the runway
maintaining the motion
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into (6.16), we get

singp, > 0 (6.18)

T w2 =02

B
Q\/472 + ( - ig)Q
Q

Therefore, the general solution of the FHM (6.16) can be written as a transient term

(6.19)

x,, general solution of the DHM, plus a stationary term z,, defined according
to (6.17) with a particular amplitude A, according to (6.19) and an initial phase
0, —,, Where @, is defined according to (6.18). ¢, is the phase difference between
excitation and elongation.

For example, in the oscillatory case, w, > 7, the general solution is

z(t)=Ae Msin(wt+ p,) + A, sin(Qt + 6, — ¢,) (6.20)
where A and ¢, are integration constants. At the beginning of the motion there is
no definite pulsation. It is a superposition of two harmonic motions of respective
pulsations w and €2. After a time, t > ', the transient term disappears and we
are left with only the stationary term. The stationary term x,(¢) is an oscillatory
harmonic motion of pulsation 2 (determined by the exciter), of amplitude A, and
of initial phase 6, — ¢,. None of these are related to the initial conditions. They

are fixed by quantities present in the equation of motion and, thus, in the system:
B, wy, 7y, 2 and 6,.

Example of forced harmonic motion

We continue with the example of the sphere tied to one end of a spring and under
the same conditions as in the previous section. Now, however, we hold the other
end of the spring by hand (see Figure 6.9).

With the hand still, the equation of motion will be exactly the same as in the case
of the spring fixed to the ceiling, equation (6.15), which we can write in the form

mi = —bt — k(z — x,) (6.21)

although it is now x, = 0.

If we move our hand vertically with a sinusoidal motion of amplitude A and pul-
sation €2, we will cause the equilibrium point to move around = = 0 according to
xy = Apsin(Qt+6,) (see Figure 6.10). This external excitation causes the spring

g

Ly = 0

Fig. 6.9: Instead of fixing the
upper end of the spring to the
ceiling, we hold it by hand. If we
keep our hand still, the equilibrium
point is the same as before and
does not move: zop = 0

R
xo = Apsin (Qt 4 6,)

WWifto

Fig. 6.10: If we move our hand
vertically, with a sinusoidal motion
of amplitude A and pulsation
€2, we will cause the equilibrium
point to move around 0 according
toxo = Apsin(Qt + 6o)



force to change through the change in z,. Substituting the new value of x, into
(6.21), we get
mi=—bd —k(x— Apsin(Qt + 6,))

which can be written as
mi=—-bx —kx+kApsin(Qt + 0,)

where we see that the effect of moving the hand is the appearance of a force acting
on the sphere F' = kA sin(2t + 0,). If we express it in canonical form

Ap
i sin(Qt + 6,)

—r = —
m m

PP (6.22)
m

kAR

we obtain the same expressions for w, and v and also B = =~

Resonance phenomena

As we have already mentioned, the initial conditions do not determine the char-
acteristics of the oscillating motion resulting from applying an exciter to a certain
system but, instead, these characteristics are determined by the magnitudes of ei-
ther the system or the exciter. In particular, amplitude A, has a value determined
by a certain combination of these quantities according to (6.19). We will study A,
as a function of (2, since 2 is the quantity in (6.19) that does not belong to the sys-
tem but to the exciter. The question is, given the system values of w, and 7, is there
a value of € that makes A, particularly large? The plots of A,(£2) can be seen in
Figure 6.11 for different values of y. In general, whenever w? > 22, A,(2) has
a maximum. To which value of €2 does the maximum correspond? This is easy to
answer, since we only have to derive A,(£2) with respect to 2, equal to zero, and
isolate €.

< Amplitude resonance. Whenever w? > 2+, the excitation pulse €2 that causes
the elongation amplitude A, to have a maximum, which we call the amplitude
resonance pulsation, Q) ,, is

QRA =

(6.23)

In addition to the amplitude resonance, the velocity resonance (i.c., the pusaltion {2
for which the velocity amplitude QA (€2) has a maximum value) is also of interest.

< Velocity resonance. The excitation pulse 2 that causes the velocity amplitude
QA, to have a maximum, which we call the velocity resonance pulsation ()., is

(6.24)

Qry = w,

4, plmA=e
N> V2> s 3
\ T
e
B ‘
w—g‘ 171 Q’
Q

Fig.6.11: Plots of A, (2) for
different values of the damping
parameter y; > v2 > 3. If
wg > 22, there is a maximum.
When v — 0, the maximum is at
Q = wy and tends to infinity.
When 2 — oo, the result is
Ap(c0) — 0. When 2 — 0,
the system oscillates with
amplitude A, = L. Inthe
latter case, if it were the sphere in
the example, B = M% and we
obtain A, = Ap,ie.,the
sphere goes up and down without
the spring deforming
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It is a remarkable fact that, according to (6.18), the phase difference between exci-
tation and elongation, ¢, at velocity resonance is 5.

Velocity resonance is closely related to energy issues, as we will see in the next
subsection.

Energy and power

The expression of energy will depend on the particular system we are dealing with.
However, knowing that, for the SHM, E = 0 has to be the equation of motion, we
can deduce that the energy of a harmonic motion can always be written as

1 1
E = S M3 + 3 Mwiz® (6.25)

where M, is a factor containing the inertia. For example, in the case of a transla-
tionally oscillating body, M, is simply the mass, as in the example of the sphere
attached to a spring discussed throughout this chapter.

If it is a DHM oscillating with v < w,, we can write the time evolution of the
energy in the approximate form:

1
5 = EMijA(t)Q = e 2" E(0) (6.26)

In the case of an FHM, energy is not conserved due to the presence of friction and
external excitation. In this case, we can write

E = —-2M,vi* + M,Bsin (Qt + 60,) & (6.27)
since, if we develop F according to (6.25), (6.27) is the equation of the FHM mo-
tion.

When we are in the stationary phase, the average energy in a period, £, is con-
served, since if we calculate E as

t+T

_ 1 1

B= / B dt = (M, A3 (6 + ) (6.28)
t

we can see that E does not depend on t. There is frictional dissipation, but the
average of the sum of the excitation and dissipation power cancels out.

Taking into account the exciter power term (i.e., the second term on the right-hand



side of (6.27), ), the average excitation power, P, is

t+T
_ 1 t+T
PZT/Pdt =1 [ M,Bsin(Qt+0,) idt
: ' (6.29)
1 : 1 202 o
= iM,BApQ sing, = §ZA”Q sinp,

where Z is called the mechanical impedance:

Fy
AQ

Py 2
Z= — M,y |4y + <Q - %) (6.30)

and F, = M,B.

As we can see, if the pulsation €2 coincides with the velocity resonance pulsation,
Q = w,, A,Q will be maximum and sin ¢, = 1. Thus, we can say:

< Maximum excitation power. At velocity resonance, the average power devel-
oped by the exciter is maximum.

The relative difference between 25, and 5, is

Qrv — Qga _ (7)2 +0 <<7>4> 6.31)
Qry Wo Wo

For relatively small damping, v < w,, we will have Q, = Q4 =~ w,. In these
cases, it is only the free pulsation w, that characterises the resonant behaviour of
the system.
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7 Mechanical waves

Introduction

So far, we have studied matter in a rigid body model. Now we will consider the
internal structure of this matter, for which we will take a block of homogeneous
rigid material and look inside. There is no need to contemplate the atomic level,
as it is enough to consider sufficiently large volumes whose amounts of matter
remain constant in equilibrium. Bearing in mind that these portions interact with
each other, we can construct a model by representing each volume of matter with a
particle. The different particles are connected by springs which as we know from
Chapter 6, and for small deviations from equilibrium, these springs adequately
represent the interaction forces (see Figure 7.1)

Once we have our model constructed, we will see that suddenly displacing one
particle from its equilibrium position will cause everything to start to vibrating
internally. Stated plainly, we would say that a wave propagates through the medium
(see Figure 7.2).

In this chapter, we will study how to deal with the internal movements of matter,
that is, when it ceases to be rigid and becomes elastic.

7.1 Waves

If we locally perturb any of a medium’s properties, the perturbation will be trans-
mitted to the whole medium. The propagation of this disturbance is called a wave
or wave motion. Because these are mechanical disturbances to some of the mate-
rial media’s properties, the term of them is mechanical waves. When there is no
confusion, we simply call them waves. The point or set of points where the initial
disturbance occurs is called the focus.

Let us think about some everyday experiences related to waves.

a) If we pull at a point on a taut string (see Figure 7.3), we will observe how the

Fig. 7.1: Matter model beyond
rigidity
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Fig.7.2: The sudden
displacement of a single particle
will cause a wave to propagate
through the medium
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deformation produced is transmitted at a velocity v. If the string is tighter, the
velocity of propagation is higher.

v A\ 0 ~_Y
x

b) Ifwe hit a railway track with a hammer, after a short time, a person at a distance
with his hand on the track will feel the vibration.

c) If we throw a stone into the water of a pond, we will see how the disturbance
spreads circularly over the entire surface at a constant speed.

d) If we explode a firecracker, the rapid combustion of the gunpowder causes the
displacement of gases that compress the spherical layer of air closest to the fire-
cracker. Since air is very elastic, this initial compression expands the air, thus
compressing the spherical layer that surrounds the first one, and so on in a suc-
cession of compression and expansion. The result is a sound wave that propa-
gates spherically through the air.

All mechanical waves have the following common features:

< They occur in a medium, and one property of this medium is that it can be
disturbed. We call this perturbation a wavefunction or field. At equilibrium,
the wave function is zero.

— In the case of a taut string, the string defines the z-axis (see Figure 7.3). The
wave function is the transverse displacement y of each point on the string
relative to its equilibrium position, ¥ = 0. Since each point on the string is
determined by its position x, and the displacement y of each point depends
on time, the wave on the entire string is characterised by the two-variable
function, y(x, t), which is the wave function of the string.

< In mechanical waves, the particles that make up the medium do not move on
average, but only oscillate slightly around their equilibrium position. Waves do
not transport matter, but they do propagate energy and momentum.

If the oscillation velocity is perpendicular to the direction of propagation, we are
dealing with transverse waves (see Figure 7.4).

Fig. 7.3: Propagation of a
perturbation along a taut string

Fig. 7.4: Allong spring is a good
representation of a
one-dimensional continuous
medium model. We can generate
a transverse wave by displacing
some coils of the long spring
transversely



If the oscillation velocity has the same direction as the propagation velocity, we are
dealing with longitudinal waves (see Figure 7.5).

If the perturbation is a longitudinal or transverse displacement, it is called elonga-
tion, as we have seen in Chapter 6.

If the initial disturbance is very short, the wave propagating in the medium is called
a wave pulse. This is the case in Figure 7.3.

If the initial disturbance consists of an oscillation during a certain time interval At,
what we have is a wave train. Figure 7.6, shows a harmonic wave train. If the
interval At is very large, such as At — oo, the harmonic wave train will have
become a harmonic wave. Harmonic waves, as we shall soon see, are a very
important ideal case of waves.

v
—

Wave fronts

A medium is called homogeneous if, given a fixed direction, the propagation speed
is independent of the point under consideration.

A medium is isotropic if the propagation speed is the same in all directions, other-
wise it is anisotropic.

A medium is called non-dispersive if, at each point, all waves have the same speed.

A medium is called non-dissipative if the medium does not absorb the energy car-
ried by the wave.

An ideal medium is a medium that is homogeneous, isotropic, non-dispersive and
non-dissipative. In an ideal medium, the velocity of wave propagation is constant.

Regions of the medium connected by points with the same disturbance value are
called wave fronts. The points of a wave front are said to be in phase. The direction
of propagation is perpendicular to the wave fronts.

In an ideal medium, if the focus is a point or spherical, the wave front will be
spherical. If the focus is flat, the wave front will also be flat. When it is far from
the focus, a spherical wave front becomes approximately flat (see Figure 7.7). In
an ideal medium, a plane wave or one-dimensional wave is caused by a flat focus.
In practice, when a wave is far from a point or localised focus, it is a plane wave.
In an ideal medium, a flat wave is characterized by having a single direction of

Fig. 7.5: Longitudinal wave
caused by longitudinal

displacement of some coils in the
long spring

Fig. 7.6: A particular case of a
wave train. If the initial
disturbance consists of a
harmonic oscillation which is
prolonged for a time At, a
harmonic wave train of length
vAt is obtained
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propagation with constant velocity.

Waves on a taut string or on a long, narrow bar are examples of flat or one-dimensional
waves, as they propagate in only one direction.

When the air in the atmosphere is contained within a range of a few metres and has
no significant temperature gradients, it is an ideal medium for sound waves.

to spherical wave fronts. Away
from the focus, these wave fronts
are approximately flat and can be
treated as plane waves

ol

Fig. 7.7: A point source gives rise

Wave fronts give a very clear picture of wave propagation. In fact, the study of
waves began in the 17th century when Christiaan Huygens introduced the principle
that bears his name.

< Huygens’ Principle. Any point on a wave front can become a new source that
emits waves identical to those that originated it.

This principle makes it possible to explain and predict phenomena such as reflec- »

. . . . . . .. Fig. 7.8: Christiaan Huygens
tion, refraction and, above all, wave diffraction. Hyugens established his principle  (1679.1695) was a Dutch
to demonstrate that light is some kind of wave, which contradicted Newton, who mathematician, physicist and
believed that light was nothing more than a beam of particles. By the 19th cen- astronomer
tury, the statement of the principle was improved upon, first by Fresnell and then
by Kirchhoff. Kirchhoff in fact showed that the principle was a consequence of
the wave equation, which we will see in Section 7.2. Since this book focuses on
studying waves from the mechanics point of view, we will not deal with Huygens’

principle. Only at the end of chapter 8 will we discuss what diffraction is.

7.2 Plane waves and the wave equation

Plane waves: The wave function

Here, we will deal with plane waves in an ideal medium. For this type of medium:

a) The propagation speed v is a characteristic constant of the medium.

b) The perturbation retains its shape as it propagates (see Figure 7.9)

With these two conditions, a plane wave, described by the wave function y, which



at equilibrium is y = 0, will be any y function of x and of ¢ in the form

y(@,t) =y(@—vt)  or  y(x,t) =ylx+vi) (7.1)
Yy Y
y(x)
O X () = T

Looking at Figure 7.9, we can see that y(x — vt) satisfies conditions a and b. The
wave fronts will be the points that have the same argument of the wave function,
i.e., the points where x — vt = C, where C' is a constant. Thus, for any instant
t, the wave fronts are of the type z = C + vt = constant. For each ¢, they are
planes, and hence the name plane waves (see Figure 7.10). These planes travel at
the velocity & = v. Thus, y = y(x — vt) represents a perturbation propagating
in the increasing direction of the z-axis at velocity v. y = y(a + vt) represents a
perturbation propagating in the decreasing direction of the z-axis at velocity v.

It is necessary to distinguish between the oscillation and velocity of propagation. If
the wave is plane and travels in the direction of the z-axis, it will have the generic
form y(x,t).

< The oscillation velocity, v, is

Iy(z,t)
t)= ——— 7.2
Uosc(x7 ) at ( )
< The propagation speed, v,,,, for an ideal medium is the velocity v, = |Z],
such that y = y(x(t),t) is constant. Thus:
dy 0y . 0Oy
a =Tt
from which follows
dy
Uy =[] = | 52 (7.3)
ox

and if'it is longitudinal, v/,

If the wave is transverse, ¥, L1/

orop> Upop- 1f the medium

is ideal, we know that the plane wave has the form y(z,t) = y(z £ vt) and the
propagation speed is v, = v.

Fig. 7.9: The same perturbation at
the initial time ¢ = 0 and at a later
time ¢ in which it has propagated
in the increasing  direction

Fig. 7.10: The wave fronts of a
plane wave are planes parallel to
one another
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Plane waves: wave equation

If we take into account the two possible directions of propagation, a plane wave
can have the form

y(x,t) = y(x — evt) where e==+1 (7.4)
All possible plane waves in a medium can be characterised by a differential equa-

tion with y(z, t) as the unknown. The equation can depend on v, which is a char-
acteristic of the medium, but not on .

To find this equation, eliminating &, we must derive (7.4). Now, y(z,t) = Y (u),
where u = x + evt. Applying the chain rule:

Oy _dYou_dy Py _ &Y ou_ &Y
dr  du 8z  du dr2  du® dr du?
oy _dYou_dy - Py _EYou_ &Y,
ot  du Ot du ot2  du Ot  du?
Since ¢ = +1, € = 1, we eliminate £ with the second derivatives. Eliminating
‘327’;, we find the plane wave equation:
%y 10%
— ———=0 7.5
o0r? w2 Ot? (7.5)

which is the wave equation propagating in only one direction, the x-direction. For
waves propagating in different directions, that is, non-planar wave fronts, we must
consider the three directions of space: x, y and z. Calling the wave function 1 and
in following with similar reasoning as that for one dimension, the wave equation
is

% 0% 0% 10%
52 T2 T2 w0 (7.6)

Principle of superposition

The wave equation (7.5) is a linear partial derivative equation. The proof is sim-
ple: let y, (x,t) and y,(x,t) be two waves, i.e., two functions satisfying the wave
equation

0y, 1 0%y,

-0 0%y, _ l 0y,
0x? c? Ot? 0x? c? Ot2

Any linear combination of the two, ay, + by,, with arbitrary constants ¢ and b,

=0

satisfies the wave equation (7.5):

0*(ay, + by,) 1 0*(ay, + bys,)
dx? e o>
- |:82y1 _ 152%} b [322/2 _ 1323/2] -0
ox2  ¢* Ot? ox2  ¢® Ot?



The fact that the wave equation is linear means that it is in accordance with the
principle of superposition, which greatly simplifies the behaviour and study of

waves.

<> The waves superposition principle. If more than one wave propagates through
a medium, each wave propagates unaffected by the others.

Since y, (z,t) = f(x — vt) and y,(x,t) = g(xz + vt) are solutions of the wave
equation, applying the principle of superposition gives us the general solution of
the wave equation

y(z,t) = f(z — vt) + gz + vt) (7.7)

where f and g are arbitrary functions.

In Figure 7.11, we can see a case that illustrates the principle of superposition.

Problem 7.2.1. At the instant £ = 0, a long, taut chain is struck, which initiates

the propagation of a plane wave (wave pulse) that can be expressed as
1

y(x,t) = 2+ (2 + 140 (D

where x and y are in m and the time ¢ is in s. The profile of y(x, t) is similar to the
one shown in Figure 7.9.

a) Prove that this function is a plane wave and find the speed at which it prop-
agates. What is the maximum elongation that each small link in the chain will
experience as the wave propagates?

b) If y(x, t) is a pulse, what approximate amplitude can we say it has?
¢) What is the value of the oscillation velocity of any point = in the chain?

d) At the instant ¢ = 0, which points will have the maximum oscillation veloc-
ity?

Fig. 7.11: If two pulses propagate
in opposite directions on a string,
the elongation of each point on
the string will be the sum of the
elongations that would be
produced by each of the pulses
separately
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Solution

a) Indeed, the y(z, t) function in (1) can be expressed as: y = f(x — vt); therefore,
it is a wave propagating at the velocity of 14 m/s in the direction of decreasing x. We
can also see this by checking that it satisfies the wave equation (7.5).

For a given x, the maximum elongation y will be when the denominator of (1) is
minimal: z + 14¢ = 0. Thus, for each z, the maximum y will be: Yy = 1/12 =
0.0833 m.

b) For an estimated value, we take as the pulse width the distance between the points
on the string having an elongation y = 1/10 yu.. Since the shape of the pulse does
not change, we can work at ¢ = 0:

11 1
10 12~ 12 + 22

from where T~ +10 m

Therefore, the pulse width is of the order of 20 m.
¢) To find the oscillation velocity, we have to derive y:

Oy _ —28(z +14¢t)
ot 12+ (z + 14t)?]”

Vose =
d) For a given ¢, the point x of the pulse that will have the maximum oscillation
velocity is given by

Mo 0 — —28 - 14[12 + (z + 14t)%] + 112(x + 14t)*
ox [12 + (z + 14t)2]°

from which (z + 14t)> = 4. If ¢ = 0, then z = £2m. Given that the shape of the
pulse is maintained, the two points of maximum oscillation velocity are 2 m from the
maximum of the pulse. |

Harmonic waves

In Figure 7.12, the rod of a vibrator describes a simple harmonic motion (SHM)
of w pulsation. An indefinitely long, taut string has one end attached to the rod.
The movement is transmitted to the string and its propagation is a wave. If there is
no dissipation, the wave will cover a very long stretch of the string after a certain
time, such that all the points on the string far from the end will perform a SHM.
Since the SHM of the rod does not stop, all points on the string perform a SHM at
all times.

The wave in Figure 7.12 is a type of plane wave called a harmonic wave. A har-
monic wave propagating in the increasing x-direction is a function of the form

Fig. 7.12: The rod describes a
simple harmonic motion (SHM)
propagating along the taut string
fixed at its end



y(x,t) = f(xz —ovt) in which each point x performs a SHM, the pulsation of which
is w. These requirements impose the general form

y(x,t) = Asin(kx — wt + @) (7.8)
where A, k, w and ¢ are constants with % = v. Thus, we will have
y(z,t) = Asin(k(z — vt) + ¢) (7.9)

and y(z,t) = f(x — vt) is satisfied.

The parameters characterizing the harmonic wave are:

< Amplitude A. This is the quantity that provides the physical dimensions to y.
If it is a displacement wave, A has length dimensions. If it is a pressure wave,

A has pressure dimensions.

< Period T (s in SI units). If we film a point on the string, located horizontally
at x = x,, then y(t) = y(z,,t) is the vertical motion of this point. In Figure
7.13, y(t) is plotted. T is the time period of the wave, or simply the period.

Fig. 7.13: Simple harmonic motion

J/\ /\ T /\ /\ /\ /\ " performed by perturbation y at
\/ \_/ \/ \/ \/ \/ point z over time ¢

< Pulsation or angular frequency w (rad/s in SI units). We can find the rela-
tionship to the period by taking into account the definition of the latter:

kr —w(t+T)+ ¢ =kr —wt+ ¢ — 27

from which we find

< Frequency f (s~' = Hz in S units, Hz= hertz). f = 1/T

< Wavelength A\ (m in SI units). If we stop time, ¢t = ¢,, then y(z) = y(x,t,)
becomes something like a photograph of a wave. Figure 7.14 represents y(x)
with \ being the wave’s spatial period.

Fig. 7.14: Form of the wave

y(z)
A }/\ /\ A /\ /\ /\ /\ T function y at ¢, along the
I \/ \/ \/ \/ \/ \/ ' coordinate of the medium
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< Wave number k (rad/m in SI units). We can find the relationship between k
and the wavelength by taking into account the definition of the latter:

x4+ A —wt+ ¢ =kx —wt+ ¢+ 27
from where we find
k=—
A

< Propagation speed or phase speed v (m/s in SI units). We can find the rela-
tionship to w and k by taking into account that the phase has to be a function of

T — vt
kx—wt+¢:k(x—%t)+¢>=k(m—vt)+¢
thus
w A
v=sp= M

< Phase p(z,t) (rad in SI units). This is the argument of the sine function in
(7.8): p(x,t) = kx — wt + ¢. It is measured in rad, never in degrees. Thus, ¢
is the initial phase, i.c., at ¢ = 0 and the origin x = 0. Points with the same
phase have the same state of motion.

A phase shift is an increment of the phase Ap:

— Between two x points at the same instant ¢ it is calculated as Ap = (x5, t)—
o(x,,t) = k(zy — ). If 2, = 2, + nA with integer n, these two points
have the same phase modulus 27.

— Between two instants ¢ at the same point z itis A = ¢(z,t,) —@(x,t,) =
w(ty —t,).

With the appropriate value of ¢, the same wave (7.8) can be written in several
ways. For example,

y(z,t) = Acos(kx — wt + ¢') = Asin(wt — kx + ¢")

To evaluate phase shifts between two harmonic functions, both must be ex-
pressed in sine form or both in cosine form. In this text, we will opt for sin.

If the wave propagates in the opposite direction, i.e., in the direction that x decrease
asiny = f(z + vt), we will have y(x,t) = Asin(kx + wt + ¢).

Problem 7.2.2. The following harmonic wave propagates along a string

y(z,t) = 3 x 10~ cos [2007r (t - %)} 1)

where all magnitudes are in S units. For this wave, determine the following values.
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a) The amplitude, period, frequency, wavelength and phase velocity.
b) The maximum transverse velocity and acceleration at any point on the string.

¢) The distance between two consecutive points separated by a phase difference

of /3 rad.

Solution
To make (1) look like (7.8), it can be written as

y=3x10"sin (10m2 —200mt + ) = Asin (ke —wt+2) @

a) Now, comparing (2) with (7.8), we obtain:

Amplitude: A=3x10"m

Wave number: k = 107w = 31.42 rad/m
Angular frequency: w = 2007 = 628.3 rad/s
Wavelength: A=2=1=020m
Period: T=2=.:5=0010s
Phase velocity: c=%= % =20 m/s

b) All the points on the string perform a SHM in the direction of the y-axis. The
velocity and acceleration are given by

Vose = % = —wAcos(kx — wt + ¢)

= % = —w?Asin(kzr — wt + ¢) = —w?y(z,t)
The maximums are

* Maximum velocity: Umax = (gt )max =wA =0.6r =1.885m/s
+ Maximum acceleration:  Quu = (g%) =w’A =1207" = 1184m/s’

¢) The phase difference is Ay = kAz. Thus, if Ay = /3 rad, we have

_Ap  Ap 1 ]
Ax = . —)\27r—30—0.0333m

7.3 From Newton's laws to the wave equation

Newtonian mechanics predicts the existence of waves in elastic media and pro-
vides the expression of the propagation speed as a function of the properties of the
medium.

Waves on a taut string

Let there be a very flexible taut string of linear density 1 (kg/m in SI units), along
which a transverse wave propagates. The position of the string in equilibrium de-
fines the z-axis. Figure 7.15 shows the string differential between points 1 and 2
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in motion. It also shows the two stresses 1 and F » to which the string differential
is subjected.

Let us apply Newton’s second law to this string differential, which we will treat as a

particle and we will restrict to small oscillations and large stresses. Consequently:

* < landsinf ~ tanf ~ 0

* The string differential has only a transversely appreciable movement

* dm = pdzx.

e The stresses ﬁl and F; have the same modulus: F, ~ F, ~ F.

» The stressed string is horizontal in equilibrium. The weight force can be ne-
glected.

With these assumptions, the sum of the transverse forces acting on dm = udzx is

F

Y

F,, + F,, = —Fsinf + F'sin(f + df) ~
F(—0+60+do) = Fdf

Q

Since the slope of the differential of the string is the derivative

dy 0Oy
tanf =~ = = = =<
an de  Ox
we have
do 0%y
df = —doz = —=>d
dx v Ox? v

. . 2
On the other hand, the transverse acceleration is a, = %. Newton’s second law,
F,=dma,,is

0%y 0%y
F@xz dx = pdx 912 (7.10)
which results in the wave equation
Py p 0%y
- = =0 7.11
ox* F Ot? (71D

From this, we deduce by comparison with (7.5) that the wave propagation speed is

v =

r (7.12)
W

Fig. 7.15: A string differential



If we introduce section S of the string into the expression (7.12), we obtain

_E_JE/S_ [T
- fE-E o

where p is the volume density. We see again that the propagation speed is related

stress

to the characteristics of the medium according to density *

Problem 7.3.1. A long straight steel wire of radius 0.50 mm is suspended from
the ceiling. If a body of mass 10 kg is suspended from its free end, determine the
velocity of the pulse that propagates through the wire if we move any point slightly
and transversely, then release it.

Datum. The density of steel is p,. = 7.80 x 10°kg/m’.

Solution

We apply the formula (7.12), taking as thread stress: F' = mg = (10kg) x (9.81 m/s*) =
98.1N.

The linear density of the wire is

m _ prr’d

T l

= prr® =6.123 x 107° kg/m

Therefore, the velocity is v = r =126.5m/s |
V

Simple solid rod model

Let there be a very long, straight chain of N identical particle-springs connected
to each other, as illustrated in Figure 7.16. The springs have a recovery constant &
and the particles have a mass m. h is the distance between particles in equilibrium.
Let us consider any mass, ¢, initially in equilibrium at the z; position. The previous
mass is at z;_, and the posterior mass at z, .

Tig Z; Lip
| |
i-1 i i+1
k ' m k ' m ko 3

When a wave passes through this chain, the positions of the masses change. The ¢
mass will move s,.

Tigy Z; Ly
Fsi1— F-s—» S
k Qm h k Om k Om k

Fig. 7.16: Simple model of a solid
rod in equilibrium

Fig. 7.17: Simple model of a solid
rod in equilibrium when a wave
propagates longitudinally
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Looking at Figure 7.17, we can write the equation of motion for the ¢ particle by
applying Newton’s second law:

d?s;
me = +k(sip1 — 85) — k(s; — 8,_4)
which, multiplying and dividing by h, we can rewrite as
wan [ (25) - (+52)
- C — Lkh 7.14
h dt? h (7.14)

If h is very small and NV is very large, we can make the transition to a continuous
medium: keeping the length of the chain, L = Nh, finite, we make N — oo,
while h — 0. Instead of thinking that the particle ¢ in equilibrium position z; is
displaced s;, we will consider the particle in equilibrium position x is displaced s.
In this case, s becomes a continuous function of x and time ¢, s(x,t). Thus, we
can approximate the right-hand member of (7.14) by means of partial derivatives:

Si+1—Si \ _ [ 8i—S8i—1 Os Os
‘ ( 0 ) ( h ) - (52). — (8). _ 0%
o h —mTh e OP

On the other hand, the ordinary derivative of the left-hand member of (7.14) can
be understood as the partial derivative, because s, is now s(x, t). Therefore, from
(7.15), (7.14) ends up looking like the wave equation

d?%s 1 9%s . k
9 e oE 0 with v=hy/ o (7.16)

That is to say, in the spring-mass chain, a longitudinal perturbation propagates from

one mass to the next with a velocity v given by (7.16).

As mentioned above, (7.16) is correct if the length A is very small compared to
the wavelength of the harmonic wave propagating in the chain. If the propagating
wave is not a harmonic wave but a wave pulse, h must be much smaller than the
pulse width.

It is not necessary for h to be the natural length of the spring. If it is, we can assume
that, in equilibrium, the chain is not subject to any external tension. If it is not, we
can assume that, in equilibrium, the chain is under constant external tension or
compression.

Although this is a model, we can rewrite the propagation speed (7.16) by introduc-
ing the S-section of the chain, as

[k ks m
v—hﬁ— m/(hS)_\fp (7.17)

where p = & is the average volume density of the chain and 7, = % is the stress
that makes the deformation AL = L. The corresponding stress is F' = 7,.5.



Longitudinal and transverse waves on a solid rod

Consider a long, homogeneous bar of length L, uniform straight section S and
volume density p (see Figure 7.18). The bar has a linear elastic behaviour due to
longitudinal tension/compression. This means that, if a tensile (positive, outward)
or compressive (negative, inward) force F' is applied at each end of the bar, the bar
will lengthen or shorten, respectively, by a small length AL, proportional to the
stress F'/S

AL 1 F

LT YS
where Y is Young’s modulus, which characterises the elasticity of the bar and has

(7.18)

dimensions of pressure that are usually measured in GPa = 10° Pa.

We can treat the bar following the spring-mass model that we have studied above.
In particular, we can use (7.17) for the velocity of the longitudinal waves in the bar.
The stress 7, is found from (7.18), with AL = L, i.e. 7, = Y. The propagation
speed of longitudinal waves in the bar, v,,,,,, Will be as follows:

(7.19)

Viong =

Y
p

Table 7.1 gives the Young’s and shear modulus, density and velocity of the longi-
tudinal waves, v,,,,, for rods of various materials.

Y G p Ulong Utran Z
(x10° Pa) (x10°Pa) (kg/m®) (m/s) (m/s) (rayl)
Steel 200 78 7800 5064 3160  39.5x10°
Aluminium 70 26 2700 5092 3100  13.7x10°
Copper 130 49 8900 3821 2350  34.0x10°
Glass ~60 ~24 ~2500 ~4900 ~3100 ~12.3x10°

The velocity (7.19) is valid for thin and long rods. In large solids, the velocity of
longitudinal waves is given by this expression and multiplied by a factor that takes
into account other elastic characteristics of the materials. Thus, using steel as an
example, the correction factor is 1.15 and the resulting velocity is 5824 m/s.

Transverse waves also propagate in solids. In this case, the propagation depends
on the shear or torsional modulus, GG, which relates the torque of a two forces
applied to the faces of one slice of a bar to the deformation characterised by an
angle 4 (see Figure 7.19).

9:

Qlr-
n|

L — AL
L5 vy SlE

Fig. 7.18: Homogeneous long bar,
of length L, uniform straight
section .S and volume density p,
subjected to a tensile force F’

Table 7.1: Young's and shear
modulus, density and longitudinal
and transverse wave velocities for
rods made of several materials. Z
is the specific acoustic impedance
defined in the following chapter
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The velocity of the transverse waves, v,,...,, Which we give without proof, is

Veran = ¢ (7.20)

p

dsetgfy. Values of G for some materials are given in Table

7.1. 1t can be shown that, for any material, G < Y. Thus

which also has the form

<> For the same material, the velocity of longitudinal waves is greater than that of

transverse waves.
In fluids, G = 0 and the consequence is:
<> Within fluids, only longitudinal waves propagate.

Earthquakes are the manifestation on the Earth’s surface of seismic waves gener-
ated when large blocks of rock collide or move at a point in the Earth’s crust. The
seismic waves that are created are longitudinal, transverse and other types. They
start from a focus, the hypocentre, and propagate as spherical waves. We know that
longitudinal waves are faster (the average speed of these waves is well known) than
transverse waves and are easily detected because they arrive earlier at seismic ob-
servatories. With three observatories recording the earthquakes, the position of the
hypocentre can be determined by triangulation.

Longitudinal waves in a fluid

Let there be a longitudinal plane wave propagating in the direction of the x-axis
through a fluid. Consider a tube of fluid of constant straight section .S whose longi-
tude is in the direction of propagation. In equilibrium the tube has a uniform density
p. The wave can be described as either a displacement wave or as a density wave.

In the first case, the perturbation is the displacement, s, of each straight section of
the tube. Thus, the section initially at « becomes = + s, where s will depend on z
and t: s(z,t).

In Figure 7.20 (a), the tube and a differential (or slice) of the tube bounded by the
sections x; and x, = x, + dz are shown in equilibrium before the wave passes
through. The volume of this differential is .S dx and the mass is dm = p S dz.

Figure 7.20 (b) shows the same tube, but when the wave is passing through. The
straight sections that bound the mass dm at positions z; and x, have become z/ =
x,+ s, and 2, = 2, + s,, where s, = s, + ds. The volume of this new differential
slice is now S (dx + ds).

Since the volume occupied by the mass dm has changed, the density in the new
volume differential must also have changed from that of equilibrium p to p + p,.

Fig. 7.19: The modulus G relates
the torque applied to a slice of bar
to the deformation characterised
by 6

dm
s )p
a) x, o
5 z
[\ dm
S (\ p’ |

Fig. 7.20: Tube of fluid in the
direction of propagation



The mass dm can be expressed as
dm= pSdr=(p+p,)S(dx+ds)

from which it follows

pp_ P pp d,CC

If we restrict ourselves to the study of small perturbations, p, < p and therefore
p+ p, = p. Since s is a function of x and of ¢, we can write ds/dz as a par-
tial derivative.We thus obtain the relationship between the density wave and the
displacement wave:

Os

i (7.21)

A p, density perturbation causes a pressure perturbation p or acoustic pressure:
prdp= ( do~ | =) »p
ap ). op).""

and taking into account (7.21)
< 8p) 0s
o). O

Os
_Baix

where B is a quantity specific to the fluid, called the compressibility modulus,

ie.,

p= (7.22)

which, for small variations in pressure or density, is constant. The subscript C' in
the above derivative indicates the compression process. B has pressure dimensions
and is measured in Pa. Thus, we have

dp Jp
B=p(Z£ 1 B=-vV (L 2
p(8p>c orase (8V>c (7.23)

We can write (7.23) for small volume 9V ~ AV and pressure Jp = p variations
(see Figure 7.21)

AV 1

= = 7.24

v B? (7.24)

Figure 7.22 shows a long fluid cylinder of straight section S. More specifically, the
“slice” of length dz and mass dm is shown. The left-hand side of the slice, located
at z, is subjected to pressure p(z) and the right-hand side, located at « + dz, is
subjected to pressure p(z + dz). The total force on the slice, dF = —F' + F, is

dF = [ — p(z + dz) + p(z)]S = =S dp (7.25)

V+ AV ‘P
. B PRr
1P
Fig. 7.21: Compressibility
modulus B
_dv
c“
0O F [F

p(z) p(z+dr)

Fig. 7.22: A slice of fluid tube of
length dx and mass dm
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Let us apply Newton’s second law to the slice, dF' = dm a

0?%s 0?%s
dma:dmﬁ szda:w
and considering (7.25) and (7.22), we have
0?s
dF = —-Sdp = —SB@CZ:U

from which it follows

8%s 1 8%s B
—_——— == ith =4/ — 2
92 v 082 0 wi v=y| ) (7.26)

which is the equation for longitudinal waves in a fluid.

So far, we have not specified whether the fluid is a liquid or a gas. This is necessary
for calculating (7.23), since the derivative (dp/dp). depends on the compression
process C.. In the case of liquids, the process is purely mechanical and the modulus
B is constant. In Table 7.2, we have the modulus B and the density p of some
liquids, as well as the velocity v of the corresponding waves.

Liquid B (x10° Pa) p(kg/m®) wv(m/s) Z (rayl)

Water 2.1 1000 1450 1.45x10°
Glycerin 4.8 1261 1950 2.46x10°
Mercury 27 13600 1400 19.0x10°

Sound waves in a gas

When a gas is compressed, the density increases, the temperature changes and heat
is transported. The two most important compression and expansion processes for a
gas are isothermal and adiabatic. According to thermodynamics, the isothermal
compressions of an ideal gas (for which pV = const.) lead to a heat transport
that keeps the temperature constant. In adiabatic compressions, there is no heat
transport. Rapid processes are usually well represented by adiabatic processes.

In sound waves, compressions and expansions are so fast and gases are such poor
conductors of heat that they can be considered adiabatic processes. The relation-
ship between pressure and volume in the case of an ideal gas is pV/” = const., and
between pressure and density it is p/p” = const., where + is the adiabatic coeffi-
cient of the gas. If the gas is monoatomic, v = 5/3 and, if it is diatomic, v = 7/5.
Air can be considered diatomic.

For adiabatic processes in an ideal gas and taking into account p/p” = const., the

modulus B of (7.23) is
d
B= <p> =qp (7.27)
adiab

"A process is purely mechani-
cal, in relation to thermodynam-
ics, when there is no variation in
temperature or heat transfer; that
is, when the process is isothermal
and adiabatic

Table 7.2: Compressibility
modulus, density and wave
velocity in liquids. Z is the
specific acoustic impedance
defined in the following chapter



Thus, from (7.26) and (7.27), the propagation speed of a sound wave in an ideal
gas is
p
p

According to the equation of state for ideal gases, p = 7 RT, where M is the

(7.28)

v =

molar mass of the gas, in kg, T" is the absolute temperature, in kelvin, K; and R is
the universal gas constant, R = 8.314 Jmol'K~', the speed of sound in an ideal

[vyRT
M

Given the gas, the speed depends only on the temperature.

gas can be written as
v =

(7.29)

Table 7.3 gives the values of the speed of sound for some ideal gases at 15°C and
the density of the gas at 1 atm = 1.013 x 10° Pa.

Gas p(kg/m*) v (m/s) Z (rayl)
Helium, He 0.169 916 155
Hydrogen, H, 0.0845 1295 109
Air 1.23 340 418

7.4 Fourier analysis and synthesis

The principle of superposition tells us the following. If we have two plane harmonic
waves in a medium of propagation speed v,

yi(x,t) = A sin(w,t — kyx + ¢10) Yo, t) = Ay sin(wyt — ko + ©0a0)

where w,, ki, w,, k, must satisfy v = ‘;—11 = 2’—;, the superposition of both waves,

Y, + Y., 1s also a propagating wave in this medium.

If f(u) is a periodic function of w, of period T, then f(u + T') = f(u), for any w.
Fourier’s theorem tells us that any periodic function of u, f(u), of period T, can

be decomposed as a sum of harmonic functions 2

flu) = i A, sin(w,u+ @,)

n=1

(7.30)

where the frequencies w, are integer multiples of the fundamental frequency

_ 27
Wi =T

W, = NwW; n=12,3, ..

and the function
fi = A, sin(w,u+ @)

Table 7.3: Density and speed of
sound in gases, at

15°C = 288.2K. Zis the
specific acoustic impedance
defined in the following chapter

2|f the function is not periodic, a
decomposition into harmonic func-
tions similar to (7.30) can also be
done; but the difference is that, in-
stead of a summation for w,, =
nw1, we Will have an integral and
w becomes a continuous value
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is the fundamental harmonic. The other terms, A, sin(w,u + ¢,), etc., are the
higher harmonics.

As far as A, amplitudes are concerned, A, /A, ratios (and ¢,, phases) are charac-
teristic of each f(u) function.

In (7.30), the function f(u) is a periodic function. For it to be a periodic wave, just
make the substitution
x
u=t——
v

< Fourier analysis. Every periodic wave y(x — vt) can be decomposed into har-

monic waves.

Given the periodic wave y(z — vt), we can always express it in the form

y(z —vt) = z::l A, sin(nw, t — nk,x + ¢,,) v= :ﬂ = Z}: (7.31)
ft)
F,
—
-r - o I 17 3 or

When we decompose a wave into harmonic waves, we perform a Fourier analysis
of the wave. Combining this with the principle of superposition, we have:

= Fourier synthesis. Any periodic wave can be synthesised from the superposition
of harmonic waves.
When we construct a wave from harmonic waves, we perform a Fourier synthesis

of the wave.

Example. Let f(¢) be the positive square wave (see Figure 7.23) defined as:

() = F,, if0<t<T/2
] o, ifT/2<t<T

It can be shown that the function can be decomposed into the following sine Fourier
series:

_ Fy sin3t  sinbt L ) (732)

1®) 2 3 * 3

In Figure 7.24, the first terms of the series (7.32), n = 1,n = 2 ... and the respective

2 (.
+ Fy — (smt—i—
™

sums, » . , have been plotted. In column (a) are only the first two terms, and in

Fig. 7.23: Positive square wave



7.4 Fourier analysis and synthesis %

n=4 VNNV Fig.7.24: First terms of the

n=3 /\/\/\/\/\/\/\/\/\/\ Fourier series corresponding to
the positive square wave

n =2

Ry R

(a) (b)

column (b) are the first four. The sum of only four terms is a good approximation
of the function (7.32). The graph in Figure 7.25, shows the relative amplitudes
A, /A, as a function of the frequency, w,,, for n = 1, 2, 3, ... The study of a
periodic signal is called spectral analysis.

An Fig. 7.25: Spectral analysis of a

| positive square wave
1 2

O (—
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8 Wave phenomena

Introduction

In this chapter, we will study phenomena related to waves, some of which are
very closely linked to specific waves characteristics like the principle of superpo-
sition while others are related to aspects of energy like propagation and distribution
through a medium. We will start by studying the latter.

8.1 The power and intensity of plane waves

We know that what propagates in a wave is a perturbation of one propertie in the
medium. This always involves the propagation of energy.

The power of a harmonic wave on a string

We will now calculate the power carried by the harmonic wave y(x, t) = A sin(kx—
wt) when propagating along a string of linear density x and tension F'. Note that,
if there are no losses, this power must be the same as the power supplied by the
focus of the waves.

As we have seen in Section 7.3, the transverse component y of the tension F’ exerted
by the right-hand string section on the left-hand section is (see Figure 7.15)

0
F,y:FsianFtanezF—y
ox
This force transmits, to the right, an instantaneous excitation power P, given by
the product of F,, and the transverse velocity 0y/0t of each element of the string
_aw

b= =t o~ s o @1

If the wave is harmonic, (8.1) can be written as

P,

©

« = F kwA? cos®(kx — wt)
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Since v = 4/ % and k = w/v, the expression for P, can be written as

P, = pw’v A? cos®(kz — wt) (8.2)

This power ranges from 0 to pw?v A*. In practice, what is more interesting is the
average power P.., which we can calculate as the integral of P, over a period T'
divided by 7T, i.e,

B 1 t+T
P.=— P, dt 8.3
exc T /t exc ( )
Substituting (8.2), we find
D 1 2 A2
P.= 5/10.} A*v (8.4)

The following problem finds the result (8.4) in a more direct albeit alternative way.

Problem 8.1.1. Calculate the energy per unit length of a string through which a
harmonic wave propagates, and then the power required to be supplied to the string
to maintain the wave

Solution

y(x)

Consider a harmonic wave y = Asin(kz — wt) propagating at velocity v through
a string of linear density p. Each string differential can be understood as a particle of
mass dm = p dx subjected to a SHM of amplitude A and frequency w (see Figure).

From the SHM study, we know that the element dm has the energy dFE, given by
1, , 2 1 5 05
dE:§(w dm)A :§HWA dx

Therefore, the energy per unit length of the string is

dE 1 5 ,
& WA
dx ot
In order to propagate a harmonic wave, energy must be released over time in a con-
tinuous and uninterrupted manner, for example, by attaching one end of the string to
a vibrating plate controlled by a small motor. For a given point, the energy that dur-
ing dt will pass at speed v will be that of the string element dx = v dt. The power,

understood as the transported energy dF ina dt, P = %, will be

_dE _dEdz 1 5.
T at  dzdt 2"

which coincides with the average excitation power Py (8.4). |

Solution to Problem 8.1.1



Intensity of a plane sound wave

What is the average power carried by a longitudinal harmonic wave propagating
through a medium contained in a very long tube of straight section S? The medium
can be a solid or a fluid. As in the previous example, we will rely on the SHM of a
differential or slice of the tube medium, located at x and sized dx. If the medium
has a density p, the mass of the differential is dm = p S dx (see Figure 8.1).

Since the mass dm located at = describes a SHM according to the harmonic wave
s(x,t) = Asin(wt — kz), we can say the following.
« It has a kinetic energy dF.:

Os

1 ’ 1 2 A2 2
dE. = idm <8t> = §de:Uw A? cos®(wt — kx)

* It has an elastic potential energy dU. The mass is dm = p S dx. The associated
potential energy is therefore

1 1
aUu = 3 dmw? s* = 2P S drw? A® sin®(wt — kx)
* The total energy is therefore

1
dE =dE, +dU = §pdzw2AZS

This energy is contained in the volume dV = Sdx = Swvdt. Therefore, dm =
pdV = p Swvdt. Thus, the energy passing through S at each dt is

dE = %psz2 Svdt
We define the specific acoustic impedance of the medium as
Z = pv (8.5)
The above energy dE can be written as
dE = %ZW2A2 Sdt
and the power of a plane harmonic wave across a transverse surface S as

1
P, = §ZWQA2 S (8.6)
We define the intensity of a wave as the power transmitted per unit of a cross-

sectional area
dP,

I
ds

(8.7)

dx
S P
dm = pSdr

Fig. 8.1: Slice of the tube medium,
at x and thickness dz
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The intensity associated with power (8.6) is

dP, dE 1
=—=—= —Z(wA)? .
s~ sar~ 22w (88)
The SI unit for intensity is W/m?. The unit of specific acoustic impedance (8.5) is
kg/m’s = rayl (after Lord Rayleigh). Tables 7.1, 7.2 and 7.3 give the impedances

of various media.

Intensity of plane sound waves as pressure waves
In (7.22) we saw that the acoustic pressure, p, is related to elongation s in the form

0s
=-B_— 8.9
p 9 (8.9)
If the wave is harmonic, s(z,t) = Asin(wt — kx), then the acoustic pressure will
be

p(z,t) =—B ? = BAk sin(wt — kx + 7/2) (8.10)
x

from which we find the following:

< The pressure wave, p(z, t) is /2 rad out of phase with respect to the displace-
ment wave s(x,t). When the elongation s is maximum, in absolute value, the
acoustic pressure is zero and vice-versa.

< From (8.10) and (7.26), we find that the amplitude of the pressure wave, P, is
related to the amplitude of the displacement wave, A, in the form

PZBAk:pvr“Ag:pwvA (8.11)
v

The intensity of the sound waves, according to (8.8) and (8.5), can be expressed as
a function of P, taking into account (8.11):

1 , 1P

Intensity level and decibels

In humans, the audible frequency range is 20 Hz to 20 kHz. Sounds below 250 Hz
are qualified as bass or low tones. Above 5kHz, they are qualified as sharp or
high tones. Below 20 Hz, we have infrasound, and above 20 kHz is ultrasound.

The minimum audible intensity or threshold depends on the frequency. In humans,
between 500 Hz and 5000Hz is I, = 107> W/m?, and this increases when the
frequency is far from this interval. Thus, the threshold intensity for 100 Hz or
18 kHz is of the order of 1000 times I,.



In practice, to express the sound intensity received by a person, we use the intensity
level, 3, which is related to intensity I through the decimal logarithm:

B =10 log e (8.13)
I,

where I, is the aforementioned minimum intensity of 10='* W/m? and § is ex-
pressed in decibels, dB.

The weakest 3 intensity level that can be captured is 8 = 0, which corresponds
to I = I,. The intensity level corresponding to the threshold of painful sound is
120 dB, corresponding to I = 1 W/m’. Between 10 dB and 110 dB are all the usual
intensities:

* In a quiet library, the sound can be between 30 and 40 dB.
¢ On a street with moderate traffic, it is between 50 and 70 dB.

* Near very noisy machinery, it is about 100 dB or more.

Figure 8.2 shows a sound-level meter, a device that measures intensity levels in
everyday situations.

Problem 8.1.2. If the loudest and softest sounds we can sense are between 120 dB

Fig. 8.2: Sound-level meter for

. . . measuring the sound intensity of

amplitudes in the air? everyday situations. Sound-level
meters respond to the pressure of
the sound wave

and 0 dB, what are the corresponding displacement wave and sound pressure wave

Solution

Taking into account (8.12), the amplitudes A of the displacement and the sound pres-
sure P as a function of the intensity of the sound are

1 21 o5

with Z = 418rayl, as given in Table 7.3. Regarding the intensity, according to (8.13),

we have
I=1,10°", with I, = 107" W/m®
Using these expressions, we obtain the following table: Solution table for Problem 8.1.2.
7 = 0dB 60dB 120dB Amplitudes for two frequencies

and three levels of intensity

100Hz Am= 1.10x10° 1.10x10" 1.10x 10"
5kHz A(m)= 220x107'2 220x10"° 2.20 x 10~°
- P (Pa)= 289x10°° 2.89 x 1072 28.9
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Absorption attenuation

When a wave propagates in an absorbing medium, there is a loss of energy called
attenuation by absorption. Experimentally, we know that the loss of intensity of a
plane wave, dI, as it passes through a thickness dx is proportional to the thickness
and the incident intensity I. The proportionality factor is called the absorption
coefficient of the medium, «:

dl = —aIdx (8.14)

where the sign indicates that the intensity decreases. Integrating (8.14), we have

I I x
/ d—:/ —adr = I =1, %" (8.15)
o 1 0

The intensity of a plane wave decreases exponentially as it propagates through an
absorbing medium.

8.2 The power and intensity of spherical waves

When the focus delivers a given power, it is uniformly distributed over the wave
front. The wave intensity is the average power transmitted per unit of normal area
to the direction of wave propagation. The intensity of the wave at the points on the
sphere of radius r, centred at the focus, is

P
T 42

(8.16)

If the medium does not dissipate energy, the average power that passes through the
surface of a sphere of radius r, must be the same as that which later passes through
a sphere of radius r,, with r, > r, (see Figure 8.3). If I, and I, are the respective
intensities, we will have

P=dnr?l, =4nr; I,
that is,

2
I, 12

= 8.17
I, r? ( )
Therefore, even if the medium is not an absorbing medium, a spherical wave man-
ifests a geometric attenuation.

<> The intensity of a spherical wave is inversely proportional to the square of the
distance to the focus.

Since the intensity is proportional to the square of the amplitude, the above result
provides a physical argument for understanding that the amplitudes of spherical

N %
T2
- Fe
Pa ;
Sh !
s I

Fig. 8.3: A spherical wave



waves are inversely proportional to the distance r at the focus. If at » = r, the
amplitude is s,, then

s(rt) = 2" sin(kr — wt) (8.18)

r
where we have replaced the kx of the plane waves (7.8) with kr because the r
coordinate now plays the same role as x in plane waves. The wave fronts are
concentric spheres of radius r with the focus at » = 0.

In an absorbing medium, a spherical wave undergoes geometric and absorption
attenuation. Taking into account (8.18) and (8.15), we have

2
I(r) = IOT—” e s(r,t) = AOE
T

7«2

e /2 sin(kr — wt) (8.19)

These expressions are valid for sound waves in air. Near the focus, the dominant
attenuation is geometric. Far from the focus, the dominant attenuation is absorption

Problem 8.2.1. A loudspeaker emits sound at power P = 0.5 W uniformly in all
directions.

a) What is the intensity level of point A at a distance 10 m from the loudspeaker?
b) At what distance does the sound have an intensity level of 100 dB?

¢) How many loudspeakers with these same characteristics should work to-
gether in order to increase the intensity level at point A by 20 dB?

Solution

a) Only expressions (8.13) and (8.16) need to be applied:

= P _398x107* wim?
42
1 3.98 x 107*
ﬂ = 1010ngU = 1010gv = 86.0 dB
b) We will use (8.13) and (8.16) again, but now the unknown is r:
100 = 101 (i)
BRI TIE

Solving for 7, it turns out that » = 1.99m

¢) If in a) the level was 3, it will now be ' = 8 + 20. Since the intensity I of n
(non-coherent) loudspeakers will be n times the intensity of a speaker, then

B+20= 1010g7;—l = 1010gn—§—1010gli =10logn+ 8
0 0

from which we get
n =107 =10% = 100 m
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8.3 Transmission and reflection of a wave at a change in
medium

In medium 1, a harmonic plane wave propagates in the direction of the z-axis.
What happens when the wave hits = 0, where there is a change in medium? For
simplicity, let us consider the case where the boundary between media 1 and 2 is
normal to the incident wave. The study of oblique incidence would give rise to the
phenomenon of refraction.

We will analyse longitudinal waves in media 1 and 2, which we can characterise,
respectively, by their acoustic impedances Z, and Z, and propagation velocities v,
and v,. The subscripts I, R and T" will refer to incident, reflected and transmitted

waves. The densities of the media are, according to (8.5), p, = Z,/v, and p, = i’_s sT—>
Z, /v, and we will assume that the boundary is at = = 0 (see Figure 8.4). =0
Incident, reflected and transmitted waves are Fig.8.4: Longitudinal waves
encountering a change in medium
si(x —ut) = Apsin(wt —kiz), sp(z+vit) = Apsin(wit + krz + ¢r)
sr(x —w,t) = Apsin(wrt — krx + @r) (8.20)
with the conditions
wr Wgr Wr
v, = — = Vy = — 8.21
S T 2= (8.21)

Using the principle of superposition, we have
sl(x7t) = sl(xvt)—’_sR(xvt) Sz(xat) = ST(xat) (83.22)

The following conditions must be satisfied:

a) Continuity of the medium: At any instant of time ¢, in the plane x = 0 between
media, the following must be fulfilled:

51(O7t) = Sz(oat) (823)
which, taking into account (8.22) and (8.20), is

A;sin(w;t) + Ap sin(wpt + ¢r) = Arsin(wrt + @r) (8.24)

b) Conservation of energy: If the media are not dissipative, the intensity of the
reflected wave plus that of the transmitted wave must be equal to that of the
incident wave: [, = I + I,. According to (8.8), we have

Z\wr A% + Zywi AL = Z,wi A3 (8.25)

c) Conservation of momentum: Looking at Figure 8.4, we can consider the situ-
ation as a continuous series of shocks occurring from left to right. Atz = 0,
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and for all ¢, in a dt the mass dm, = p,Sv,dt (S is the tube section) moving
at an oscillation velocity of % (0, 1) collides with a mass dm, = p,Sv,dt at

rest. As a consequence of the collision, dm, and dm, have velocities agf (0,t)

and agtT (0,t), respectively. The conservation of momentum can be written as

follows:

Z? 0s,
p1 Ox

_ Z3 08,
B p2 Ox

(0,%)

(0, ) (8.26)

which, if necessary, we can make explicit with the expression (8.20).

With these three conditions, the following can be proved:

1) The frequencies wy and w; are equal to the incident frequency, w;:
W =Wr=Wpr =W (8.27)
2) The phase shifts ¢ and ¢, are 0 or 7. Since ¢ = 7 is equivalent to ¢ = 0

with a negative amplitude, we take ¢, = @ = 0 and allow for the possibility
that A, < 0.

Considering (8.24) for the particular case wt = 7/2, and (8.25) we find the equal-
ities

Ai+Ar=A, , Z,A%+Z2,A2 =ZA2 (8.28)
from which we obtain
A . Z,— 7Z.
A—’: =ag with ap = Zi n Zz (8.29)
Ar ) 27,
— th = 8.30
A ar wi ar 7.1 7, (8.30)

where ay and a, are the amplitude reflection and transmission coefficients.
The incident, reflected and transmitted wave intensities are
1 2 2 1 2 2 ]' 2 2
[I = izlw AI IR: §Z1w AR IT = §ZZCU AT

Taking into account (8.29) and (8.30), we find

I | 7~ 7,\"

= = th =a’ = 8.31
I, P VR PeTin (ZI+Z2) ®3D
L | Z, 42,2,

A th = ¢t = —— 8.32
A A N VD A

where pj and p, are the power reflection and transmission coefficients.

With these relations, we can build Table 8.1 for cases according to the relative value

of the impedances Z, and Z,.

We can also state the following:
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a) IfZ, ~2,: ar ~ 0, ar =1, =~ 0, ~1

) ! 2 " T Pr Pr Table 8.1: Reflection and
b)) If 7, <« Z,: ar~ -1, ar=0, pr=1l, pr=0 transmission coefficients for
¢) IfZ <2Z,: ap <0, ar >0, different impedance ratios
d IftZ, >2,: ar >0, ar >0,

a) If the impedances are similar, practically all the intensity passes into the trans-
mitted wave.

b) Ifthe impedances are very different, practically all the intensity is reflected (see
an example in Problem 8.3.1).

c) IfZ, < Z,, then Ay < 0, i.e., the reflected wave undergoes a phase shift of .

The reflection and transmission coefficients for harmonic waves have been found
to be frequency independent. Consequently, the coefficients obtained can also be
applied to non-harmonic waves.

Problem 8.3.1. A plane sound wave propagating through the air is normally in-
cident on the water in a pool. What percentage of intensity passes into the water?
How many decibels does the intensity level decrease as it passes into the water?

Solution

According to Tables 7.3 and 7.2, the impedance of air is 418 rayl, and that of water
is 1.45 x 10° rayl. Using (8.32), we find that the power passing into the water is

pr = 0.00115 = 0.115%

Thus 99.88% of the intensity is reflected.

According to (8.13), the loss of intensity level when passing through water is
—Iwaler Iair . Iwater

AB = 10log T 101log - 101log .

0

=10logpr = —294 dB m

8.4 Interference and beats

Superposition of two harmonic waves

When two harmonic waves of the same frequency w meet at a point, P, the elon- . .

gation at this point oscillates harmonically (see Figure 8.5). :‘;‘iﬁzﬁzﬁ. P
A T3

If point P is at a distance 7, from focus F) and at r, from focus F,, the elongations

Fig. 8.5: Two harmonic plane
waves meet at a point P

$1(r1,t) = Ay sin(wt—kr,+¢,) $3(rayt) = A, sin(wt—kr,+¢,) (8.33)

at point P can be written as

The resulting elongation at P is the superposition of s, and s,

s$(P,t) = s,(r1,t) + 85(72, )



Using the notation ¢, = —kr; + ¢, and ¢, = —kr, + ¢,, we have

s(P,t) = A, sin(wt + ¢,) + A, sin(wt + ¢,) =
= sinwt[A, cos ¢, + A, cos ¢,] + coswt[A, sind, + A, sin ¢,] (8.34)

We want to write this sum in the form
s(P,t) = A sin(wt + @) (8.35)
where we need Ay and ¢. To do so, we develop (8.35)
s(P,t) = sinwt Ag cos ¢ + coswt Ag sin ¢
and use (8.34) to identify the following:

A, sin ¢, + A, sin ¢,

t = 8.36
an ¢ A, cos ¢, + A, cos o, ( )
A% = A2+ A2 + 24, A, cos(¢, — ¢s) (8.37)
In the simplest case, where A, = A, = A, then we have
A, = 24 cos <¢’;¢) = ;r@ (8.38)

Interferences

Suppose the two amplitudes are equal. s(P,t) is

s(P,t) = Ag sin(wt + ¢) = 2A cos (‘?51;9%’2) sin (wt + ¢142-¢>2>

Substituting ¢, and ¢, and making Ar = r, — r,, Ap = @, — ¢,, we obtain! 1 Let's remember that
sin a+sin B= ZCOSQT_B sinD‘T'*'B
kA A
s(P,t) = 2Acos 2T 29 sin (wt + i
2 2 2
s(P,t) is a SHM of amplitude
kA A
A, = 24 cos (2’" - ;) (8.39)

Ap, depends on the difference in paths travelled, Ar, and the initial phase difference
between the two waves, Ap. We highlight the following:

< Constructive interference: The amplitude A is maximum, A, = 24, if
Ar Ay ™
— — — =2n - =0, £1, £2, ... 4
™ > ngo n =0, £1, £2, (8.40)
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< Destructive interference: The amplitude A is minimum, A, = 0, if
St (2n+1)g, n=0,+1, £2, .. (8.41)
We also highlight the following two very common cases:

< When both waves are in phase: Ap =0+ 2nm, n==+1, £2, ...,

Constructive interf.: Ar= 2n % (8.42)

Destructive interf.: Ar= (2n+1) % (8.43)
< When both waves are in opposite phase: Ap = 7 + 2n:

Constructive interf. Ar= (2n+1) % (8.44)

Destructive interf.: Ar= 2n % (8.45)

If the amplitudes are not equal, the interference conditions are the same. Neither
the minimum amplitude, Ay, will be zero nor the maximum amplitude, Ay,
will be 2A4. We will obtain

Ap = /A2+ A2 - 24, A, = |A, — A,| (8.46)

‘min

Ap = VAZ+ A3 +24,A, = A, + A, (8.47)

Interferences and coherence

In all that we have said about interference, one fundamental detail stands out: The
initial phase shift Ap = ¢, — ¢, must be constant over time, i.e., both foci must
be coherent sources. Coherent sources are foci that emit waves whose phase dif-
ferences are independent of time.

Problem 8.4.1. Two people are singing with the same power. Although they emit
the same frequency, the waves emitted will not be coherent.

a) Ifat a point P, equidistant from the two people, the intensity of one singing is
I, how much is the intensity at point P when both sing and how many decibels
does the intensity level increase?

The waves are now emitted by two coherent loudspeakers of the same frequency
and generate constructive interference at P.



b) What is the total intensity at P? What is the intensity level?

Solution

a) As there is no coherence condition, there is no interference and the intensities are
proportional to the energy. The total intensity is the sum of the two intensities,
ie, Loa=1+1=2I.

The intensity level when going from one voice to two (that is, from I to 27), in-

creasesby: Apf,. = 101In2 = 3.0dB . The subscript .. stands for non-coherent.

b) In a harmonic wave, the intensity is proportional to the square of the amplitude
A: T = aA®. If there is constructive interference at P, the amplitude at P will
be 2A and the corresponding intensity will be

Tow = @(2A)° = 4aA® = 4I

And the intensity level is increased by AB. = 10In2° = 20In2 = 2A8,. =

6.0dB . =

Problem 8.4.2. Two loudspeakers, A and B, coherent and in phase, emit sound
waves of the same frequency arriving with the same intensity at a listener O located
4m from A and 3 m from B. Which frequencies f, will the listener not be able to
hear? A

-
? :3
Qlke

Fact: The temperature is 15°C; therefore, the speed of sound is 340 m/s.

Figure for Problem 8.4.2
Solution

Since the waves emitted from the loudspeakers are coherent they will experience in-
terference. The frequencies f that the listener will hear either with difficulty or not
at all will be those that cause destructive interference. Therefore, since the loud-
speakers are in phase, we must apply the equality (8.43): Ar = (2n 4+ 1)A/2 with
n = 0, £1, £2, ... Since A = v/f and Ar = r, — r, = 1m, the destructive
interference condition is

A v
Ar = (2n + 1)5 =(2n+ Dﬁ
that is,
frw = 20+ 1) —
dest — n 2Ar

With the data, Ar = 1m, v = 340m/s, and (2n + 1) = 1, 3, 5, ..., we obtain

fu = 170 Hz, 510 Hz, 850 Hz, 1190 Hz,... etc.
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Beats

Beats are produced when we superimpose two harmonic waves of slightly different
frequencies at a point P. Suppose that, at P, they have the same amplitude (see
Figure 8.5 on page 198)

8;(rqy,t) = A sin(w,t — kyry + 1) 83(ra,t) = A sin(wat — kory + ¢4)
(8.48)
with w, 2w wy, = w, + Aw with Aw < w = “13¢2 Adding s, and s,, with

¢, = —kir + ¢, and ¢, = —k,7, + ., we obtain the elongation of point P,
S(Pﬂ t):

s(P,t) = 2Acos <t§w + i 2%) sin (wt + i ;r%) (8.49)

which is similar to that of a SHM of frequency w, practically the same as that of
the original waves, but with an amplitude Ay

A
Ay = 24 cos (’52“ n ¢) (8.50)

A, is harmonically time-dependent, with a frequency Aw/2. ¢ is a phase contain-
ing the dependence on r, and r,, and it is constant for fixed point P.

The intensity I o< A? has a period that is half that of the amplitude Ay (see the
graph in Figure 8.6). Thus, continuing with the example of sound waves, the re-
ceiver located at P perceives the intensity of the beats with a frequency twice that
of (8.50):

Whe = |y — wy| = Aw (8.51)
A very simple way to produce beats is shown in Figure 8.7 where we have the
simultaneous sounding of two tuning forks of slightly different frequencies, e.g.,

f = 440Hz and f’ = 437Hz. The beats will cause the intensity to vary with a
frequency fo. = Af = 440 — 437 = 3Hz.

8.5 Standing waves

In Section 8.3 we have seen that part of a wave is reflected when it arrives at a
change in medium. If the impedances are very different, practically the whole

Fig. 8.6: Beats. Graphs for
elongation and intensity

Fig. 8.7: Producing of beats with
two very similar tuning forks



wave is reflected. This is what happens when a wave reaches the end of the medium
and the next medium is very different. Since in reality all media are bounded, the
propagation of the initial wave will have to be superimposed over the propagation
of the reflected wave at the end of the medium. The latter may have a phase shift
of 7 rad.

We study the superposition of two harmonic plane waves of the same amplitude
and frequency but propagating in opposite direction. One can be the initial wave
and the other the reflected wave. We have

yi(x,t) = Asin(wt — kx + ;) Yy, (x,t) = Asin(wt + kx + ¢,) (8.52)

where ¢, and ¢, are constants. Applying (8.35, 8.38), we obtain that y = y, + v,
is
y(z,t) = 2A cos(kz + ¢) sin(wt + ¢) (8.53)

where ¢ = (¢, —¢2)/2,¢" = (p,+p.)/2. We will see that ¢ and ¢’ are irrelevant.

The superposition of two waves is always a wave. Therefore, (8.53) is a wave. But
we also see that this wave does not propagate: every point x performs a SHM of
frequency w and amplitude A which depends on x in the form

Ag(z) = 2A cos(kzx + ¢) (8.54)

but which does not depend on ¢. There are points that never oscillate, A, = 0; they
are the nodes. Others always oscillate with the maximum amplitude, 2 A; they are
the bellies or antinodes.

Since k = 27 /), the positions of the antinodes and nodes are, according to (8.54),

Antinodes: cos(kz + ¢) = £1, from which Ty, +d=nm
Nodes: cos(kx + ¢) =0,  from which Q{xn +o=02n+1)%
where n = 0, £1, £2, .... The distance between two nodes, or two consecutive

antinodes, n and n + 1, is
A

2
Figure 8.8 shows a medium experiencing standing waves. In it we see four nodes

(8.55)

xn+1 — T, =

(N) and three antinodes (V). The figure shows the graph of the perturbation
y(z,t,;) at six different time instants ¢ = 1.2, ....

Standing waves in finite string

Consider a string of length L, subjected to a tension F' and with both ends fixed,
meaning the ends do not move. We vibrate a point on the string and produce a
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harmonic wave. This is the initial wave, which will reach one of the ends and be
reflected, thus superimposing the initial and reflected waves along the whole length
of the string. This superposition gives rise to standing waves, but we will also have
to see what happens to the reflected wave when it reaches the opposite end of the
string, because it will give rise to a new reflection that will be superimposed over
the previous ones. This will go on indefinitely. In general, a string of length L has
no standing waves. The standing wave solution will occur only when two of the
N nodes coincide with the fixed ends, which happens only for certain frequencies.
Figure 8.9 shows three possible cases of a string with fixed ends subjected to stand-
ing waves. These are, namely, when the string’s length L is an integer multiple of
half a wavelength: the distance between node and node or the distance between
antinode and antinode. That is to say,

A
L=ng, on n=1,2, 3, ... (8.56)
n=1
n =2
n=23
N \% N %4 N 14 N

Only )\ wavelengths satisfying (8.56) are possible. If the velocity of the waves on
the string is v = /F/u, with A\ = v/ f, the only possible frequencies f that will
produce standing waves are

(8.57)
wheren =1, 2, 3, ...

')fl =

are the second harmonic, the third harmonic, and what are generally called

57 is the lowest frequency or fundamental frequency. n = 2, n = 3...

higher harmonics. The set of frequencies f, are the eigenfrequencies, and the

Fig. 8.8: Standing waves in a
medium. The different instants
have been highlighted with
different colours

Fig. 8.9: Three possible cases of
standing waves on a string with
fixed ends



corresponding oscillation modes are the normal modes of oscillation. The eigen-
frequencies are often also referred to as resonance frequencies.

In Figure 8.9, we can see a schematic of the string in the fundamental, second and
third modes.

Problem 8.5.1. The figure shows a string, of density 0.65 g/m, with one end fixed
to a wall and, after the other end passes through a pulley, it has a weight mg attached
to it. Both ends can be considered fixed. The length of the string up to the pulley
is L = 31.6 cm. Next to the string we have placed a loudspeaker, A, which emits
a sound that we vary between 500 Hz and 1500 Hz. We observe that the string
resonates only at frequencies of 880 Hz and 1320 Hz. Find the tension to which
the string is subjected and to which harmonics these frequencies correspond.

Solution

If the frequency of loudspeaker A is continuously varied and resonance occurs only
at 880 Hz and 1320 Hz, then these frequencies correspond to two consecutive values
of the possible standing wave frequencies, namely one corresponding to mode n and
another to n + 1 although we generally do not know the natural value corresponding
to n. Now, through (8.57), we have

v 1 |F
fn+17fn_fl_ﬁ_ﬁ E
that is to say,

1 mg
2-0.316 'V 0.65 x 10—3

1320 — 880 =

from which we have that the tension of the string is: F' = mg = 50.26 N .

Since fi; = 440 Hz, the harmonic number of the resonant frequencies found is n =

880 Hz __ _
o =2and n+1=3 |

Standing waves in finite tubes

Here, we study the formation of longitudinal standing waves in a gaseous medium
contained in a tube. If the tube is closed at both ends, the air within that is in
contact with the tube walls cannot vibrate. The behaviour of the displacement

Figure for Problem 8.5.1

Closed-closed tube
=0 n=1 r=1L

Fig. 8.10: Tube closed at both
ends
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% 8 Wave phenomena

waves in this tube is the same as that of waves in a string with fixed ends. If L

. RT
is the length of the tube and v = |/ 17~

f» producing standing waves are those given by (8.57). Figure 8.10 shows a tube

the propagation speed, the frequencies

of length L, closed at both ends and vibrating according to the first and second
harmonics of the displacement wave.

If the ends are open, we have what is known as a mouth effect, in which a dis-
placement antinode forms at a small distance from these ends, proportional to the
diameter of the tube. For the sake of simplicity, we will not take into account this
effect. Figure 8.11 shows the first two harmonics for this case, where we can see
that the positions of the nodes and antinodes are transposed with respect to the case
of the tube closed at both ends. The possible frequencies for standing waves (8.57)
are the same as those corresponding to the same tube with both ends closed.

=> In closed-closed and open-open tubes, all harmonics are possible.

If one end is open and the other closed, there will be a displacement node at the
closed end and an antinode at the open end. In Figure 8.12, the schematics are
shown for the first three major wavelength cases. If n = 1, 2, 3, ... is the harmonic
sequence (8.57), the possible n, harmonics in the closed-open tube must fulfil

A A

And, since v = Af, then the only frequencies f that give rise to standing waves in

on n,=1,3,5, ...

a closed-open tube are

 n.=1,3,5.. (8.58)

v

fns - ns E
< The lowest frequency or fundamental frequency, n, = 1,is f, = ;7. The
frequencies of the upper harmonics are obtained from (8.58).

<» In a closed-open tube, only odd harmonics are possible.

< Since the pressure wave is 7 /2 rad out of phase with respect to the displacement
wave, the nodes and antinodes of the pressure wave are interchanged with respect
to those of the displacement wave.

Problem 8.5.2. The length of the soundboard of a tuning fork, closed at one end
and with a frequency of 440 Hz is 17.0 cm. Is this length appropriate?

Solution
Taking the speed of sound at 343 m/s when the air is 20°C, and applying (8.58), for
n. =1, 3, 5..., we have

v

e =440 Hz =n, —

Open-open tube

=0 n=1 =1L

Fig. 8.11: Tubes open at both
ends

Closed-open tube

=0 n=1 =1L
—
C n—9 [0)
< <
C ne3 0
<<
C 0]

Fig. 8.12: Tube with one end open
and the other closed

Figure for Problem 8.5.2



from which 343
L =n, 1440 =n;0.195 m
For n, = 1, we get 19.5cm # 17.0 cm. The length of the box does not seem to be
adequate, although it is if we were to take into account the mouth effect. |
Resonance

In much the same way as in the one-degree-of-freedom oscillating systems studied
in Chapter 6 (point or O-dimensional objects), one-, two- and three-dimensional
objects can also experience resonance phenomena. In this chapter we have studied
one-dimensional objects (strings, rods, tubes, etc.), but what we have discussed can
be extended to other dimensions.

Any object is a limited medium susceptible to vibration through the excitation of
waves arriving from adjacent media. Its geometrical characteristics and materials
will grant this object with its own frequencies. We say that the object enters into
resonance when the external exciter vibrates at one of the object’s own frequencies
and causes standing waves of this frequency.

A good example of this can be found in the behaviour of musical instruments.

< The fundamental frequency f, of a musical instrument corresponds to the tone
or musical note. The ratio of the amplitudes of the higher harmonics to the fun-
damental, A,/A,, A;/A,... determines the timbre of the instrument. A clarinet C
and a flute C have the same pitch but different timbre.

Figure 8.13 shows the spectral analysis of the C, of a piano and the corresponding
waveform. Notice that the dominant tone is the fundamental harmonic, 261 Hz,
and that the amplitudes of the next two harmonics decrease rapidly. There are
instruments that are richer in harmonics, i.e., the A, /A, sequence decreases more
slowly.

1.0

Piano Do, Fig. 8.13: A mplitudes relationship

r for piano's central C or C, and the
0.5 wave resulting from the
ol superposition
0 I I \w/ \w/ \\/ \y/
0.5 10 15 2.0 2.5 kHz

In many cases, resonances involve such large amplitudes and/or accelerations that

they can be destructive and should be avoided. In other cases, resonances can
be very useful. Thus, a system with different resonance frequencies can act as a
frequency filter.

207



208

An example of a filter is shown in Figure 8.14. A very long string is attached
at its right end to an elastic bar that is clamped in the middle. At the opposite
symmetrical end of the bar, a second very long string is attached. A progressive
wave y,; of frequency w, arrives at the left-hand end of the string. This incident
wave excites the bar. The bar, with the fixed centre point (node) and free ends

W, =w
w w

=

antinodes), can vibrate transversely with a given set of fre uencies? . If the
y g q

—Yr—=> —Yr—>

frequency of the incident wave coincides with one of the bar’s vibration modes,
transverse standing waves will be produced in the bar, thus giving rise to a wave
yr being transmitted to the right-hand string. In this case, we would say that there
is resonance between the incident wave and the bar. Otherwise, the bar would not
vibrate (at least not noticeably) and there would be no transmitted wave.

If the frequency of the incident wave coincides with one of the bar’s own frequen-
cies, w = w,, the waves in the strings will be transmitted, i.e.,

yr(x,t) = Acos(wt — kx)
Yo = Acosk,x cosw,t
yr(z,t) = Acos(wt — k |z — L] + )

If it does not match, there will be no transmitted wave. If a superposition of many
frequencies reaches the left-hand string, the only waves that the bar will transmit
to the right-hand string are those whose frequencies coincide with one of the bar’s
frequencies. Changing the bar will change the frequencies that will be transmitted
and, thus, the bar acts as a filter that favours the passage of some frequencies while
preventing all others.

Problem 8.5.3. In the figure are two rooms separated by a wall, P, which insulates
the rooms acoustically, except for a narrow tube of length L that is open at both
ends and connecting them. One of the rooms has near the tube, a generator, D,
which emits sound at frequency f and intensity ,,.

L

In the other room, a sound-level meter M measures the I, of the sound coming

Fig. 8.14: A very long string
attached to an elastic bar

2 For longitudinal vibrations, a bar
under the described conditions vi-
brates at the frequencies f, =
nfi, with fi = g and
n =1, 2,3, ..., ie., the same
frequencies at which a tube vi-
brates with both ends closed or
open. Transverse vibrations are
more complex than longitudinal vi-
brations and the relation f, #
n f1 is not valid, but some f,, fre-
quencies exist

Figure for Problem 8.5.3



through the tube. The emission and the measurement of I, is then repeated for
various frequencies f. Assuming that all the intensities /, emitted are equal, what
are the measured intensities I, as a function of frequency f?

Solution

Each received intensity I, depends strongly on the frequency f of the sound. If this
is the fundamental frequency of the tube, f; = v/2L, or one of its multiples, f,, =
n f1, there will be resonance and the intensity I, will be the maximum. But, as the
frequency f moves away from one of these tube eigenfrequencies, the intensity [, of
the sound decreases to a minimum. If the radius of the tube is relatively large, the
maximum [, will be just below I, and the minimum will be close to zero. The tube
acts as an acoustic filter. |

8.6 Doppler effect and shock waves

Doppler effect

The Doppler effect is the variation in the frequency of the waves received by an
observer due to the relative movement between him and the source. When a train
is approaching us, its whistle is more high-pitched than when it is stationary, and
it is more low-pitched when it is moving away.

In Figure 8.16, the observer O measures the sequence f,, of incoming waves, emit-
ted by source F' with a frequency fr.

—_— —) —
0. f B el ] fp F
¢ | | g

Let ¢ be the wave velocity and let v, and v, be the constant velocities of F' and O
(positive in the direction of O towards F').

Suppose that the source F' emits a wavefront at a certain instant ¢,; then, after a
period Ty = 1/ f» and at the instant ¢, = ¢, + T¥, it emits the next one, and so on
in a similar manner. If z -, is the distance from the observer to the source at instant
t,, these wave fronts will reach the observer-receiver at instants ¢/, ¢,, etc., given
by the expressions

vo () —t) = Tpo—c (£ —1,) Vo (th—t1) = Tpo+vpTp—c (th—t,—Ty)

From this we find that the period T, of the wave reaching the observer is

c+ vp
= F
2 1 C+’UO

Fig. 8.15: Christian Andreas
Doppler (1803-1853) was an
Austrian mathematician and
physicist

Fig. 8.16: Doppler effect
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or, in terms of frequencies,

fo _ fr (8.59)
c+ vo C+ Vg

It should be noted here that the velocities v, and v, are relative to the medium. If
we are dealing with sound waves and the medium is air, the expression (8.59) must
use the velocities relative to the air, while also taking into account the wind.

The Doppler effect has many practical applications, such as radars to detect speed-
ing in traffic, sonars used in maritime navigation and ultrasound scans, just to name
a few. A large part of astrophysics knowledge is based on the Doppler effect expe-
rienced by the electromagnetic waves emitted by stars and galaxies moving relative
to the Earth.

Problem 8.6.1. Two students, A and B, carry equal tuning forks vibrating at f, =
440 Hz. If A is standing still and B is moving away from her at v; = 6 m/s, how
many beats per second will each one feel as a result of the Doppler effect? Assume
that there is no wind and that the speed of sound is ¢ = 340 m/s.

Solution

Applying the above expression (8.59) to the Doppler effect in both cases, it follows
that the tunning fork frequencies felt by A and B, respectively f/, and fy, are

e — fho=

c+ vp cC

C — Up

fa

Note that if vp is much smaller than c, the two frequencies are very similar. The
frequencies of the beats are

UB

beat /
A = d—fA:
c+ vp

fa= T63Hz; f5'=fa— f;=""fs= TT6Hz g

Shock waves

Shock waves are produced when the emitting source moves faster than the waves
it sends out. Examples of shock waves are those produced by aircraft travelling
faster than the speed of sound or the two branches of a wake left by a ship moving
through the water.

In Figure 8.17, a source F' of spherical waves moves in the direction of the xz-axis
at a constant velocity v, which is greater than the velocity ¢ of the emitted waves.
At instant t = 0, the source F'is at z, = 0 and emits a wave front, which at instant
ty = NAt (in Figure 8.17, we use N = 5) will be a sphere of radius r, = NcAt.
At instant t, = A, itis at x = v, /At and it emits another front, which at ¢, will
have a radius 7, = 4cAt. This process continues in a similar fashion. At instant
ty = NAt, F emits a front which, at this same instant, has zero radius.



8.7 Diffraction %

Fig. 8.17: Shock waves

As can be clearly seen in the figure, for any NV, this succession of spherical waves
gives rise to a conical envelope that concentrates all the wave fronts: This is the
so-called shock wave, which travels behind the wave source itself. The overture
half-angle of the cone 6 fulfils sinf = cNAt/(ve-NAt), i.e.

sinf = — (8.60)

(%3

The shock wave travels at the velocity v, of the source F' while the wave travels
at velocity c.

8.7 Diffraction

Consider a plane wave that strikes a wall that blocks its way except for one hole.If
the hole is not very small, the wave passes through without altering its direction
and, very roughly, it remains plane. If the hole is very small, the medium in the
hole acts as a focus for spherical waves that propagate to the other side of the wall.

(a) M (b) n Fig. 8.18: Model for
understanding diffraction
A

D {

o

screen screen

Figure 8.18 schematically illustrates these behaviours, which are the extremes of
the set of phenomena known by the name diffraction. These occur when an object
of dimensions comparable to the wavelength gets in the way of the wave.

Fraunhofer diffraction Fig. 8.19: Joseph von Fraunhofer

(1787-1826) was a German

A very interesting diffraction situation can be observed when waves pass through optician

a circular aperture of diameter D after originating at a distance much greater than
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D (see Figure 8.20). This is called a Fraunhofer diffraction.

O\ 6, >
Vo L — ) ‘ O 1 0 I-
D ;
N 91 >
NEN
: 0
N . |screen

A plane wave of wavelength ) is incident normal to the aperture. The intensity
of the diffracted wave observed on the screen is a function of the angle 6 and is
distributed from a maximum value at # = 0 to a minimum for angle ¢,. This is
the Airy spot. For 8 > 6, values, the intensity goes through a series of weaker
and weaker maxima and minima. In the Airy spot, determined by the 6, angle,
84% of the intensity diffracted by the aperture is concentrated. It can be shown
and corroborated experimentally that the angle 6, is given by
A

sinf, = 1.22 D (8.61)

Fig. 8.20: Fraunhofer diffraction.
The phenomenon is observed on
a screen

Fig. 8.21: Sir George Biddell Airy
(1801-1892) was an English
astronomer and mathematician









9 Lagrange equations

Introduction

The only justification for including this chapter is to provide, for whoever wants
it, a taste of analytical mechanics and its relationship with Newtonian mechanics
through the general equation of dynamics, which was explained in Chapter 3. The
Lagrangian equations of motion are derived from general equation of dynamics
for systems with time-dependent geometric constraints. They are an extension to
L degrees of freedom of Chapter 3’s equations for conservative systems, deduced
from their mechanical energy function. We will see how we can define the La-
grange function (also known as the Lagrangian) and how from it we find the L
second order equations of motion that allow us to find the motion of the system.
We do not go any further because our only objective is to provide a bridge between
Newtonian mechanics and analytics in general, which many texts already cover in
great detail.

9.1 Lagrange equations of the second kind

We will begin with the general equation of dynamics, explained in Section 3.9

EN: (F - m[i) 57, =0 ©9.1)

i=1

We will deal at most with geometric constraints that may be time-dependent. Let us
assume that our constraints are expressed in parametric form, with the parameters
{01, 62--q0}:

7o =Ti(q1s @o-qus 1) 9.2)

where L is the system’s number of degrees of freedom. We have
L —

5t — or;

04,

a=1

dg. 9.3)

\ “
Fig. 9.1: Joseph Louis Lagrange
(1736-1813) was an Italian
mathematician, physicist and

astronomer who later lived in
Prussia and France
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The term in (9.1) that contains the forces ﬁ can be written as

fjﬁi 07, = iQadqa
i=1 a=1

where
N

o7,
Q.=> F- 3 (9.4)

i=1

are called generalized forces, which can always be expressed as a function of the
parameters q,, that is, the generalized coordinates. Note that the units of (), are
not necessarily units of force (i.e., newtons); nor will all (), have the same units.
The units of @), will depend on the units of ¢,, and @, dg, will always have units
of energy (i.e., joules).

The term for the acceleration in (9.1) can be written as

al "N dF, o7,
;mlazéﬁ szb dtl : aq:dqa

a=1 i=1

N

S fd~ . OF . doF,
Z (dt gmr . aa. — Zmr . dt@qa> dq.(9.5)

i=1

a=1

Taking into account that

we have .
or, or,
"=, 9.6
94, Oq., (9.6)
and '
or, _ N~ O oF  d o
4. g 90:00. " " Bq.01 ~ i 0, 9.7)

With (9.6, 9.7), we can write (9.5) as

fd SN L O & - OF . /dOE, OF,
Z (dt ;mﬂ", . a0, — ;mml . 3qa> dq, = Z (dt 7. — 3(]0,) dq.

a=1 a=1

so that the general equation of the dynamics (9.1) takes the form

L

d 9E, OE, B
Sfo (22 a

a=1

where E. as the kinetic energy of the system, is a function of the generalized co-
ordinates and time, i.e., F.(q,, ¢, t).



Finally, taking into account that dq, are arbitrary displacements, we obtain the
Lagrangian equations of the second kind

d OE. OE,

ad _ — 9.8
dt dq, Oq, @ ©-8)
9.2 Lagrange equations
If the forces ﬁ are conservative, we have
N L
_ oUu
NTF o7 = —dU = - ——dq,
9q.
i=1 a=1
and therefore,
oU
Q=5 99)
Ga

where U will be a function of g, and perhaps of ¢, but not of ¢,. Without going
through the forces F.,, if the generalized forces @, satisfy (9.9) with U(q,, t), then
the system has potential forces and U is its potential energy. If U(q,) does not
depend on time, the generalised forces are conservative.

If we define the Lagrange function £
L=E.-U (9.10)

and we take into account that U does not depend on ¢,, we can write equations
(9.8) for systems with potential forces, using the Lagrange function £, in the form
of Lagrange equations:

d oL oL
- = = (9.11)
dt 94, 0q,
If not all F, are conservative, the Lagrangian equations take the form
d oL oL
— — = 9.12
dt 94, 04q, Q. ©.12)

where ), will be given according to (9.4) by taking into account only non-conservative
forces or, in general, forces whose potential energy has not been included in the

Lagrangian.

The Lagrangian equations have some important properties that will be discussed
in the following.
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9 Lagrange equations

Equivalent Lagrangians

If two Lagrangians £ and £’ differ in a function of the form dQ(q‘“t) L =L+
d +» the associated Lagrangian equations are equal. The proof is 1mmed1ate and is

equivalent to proving the identity

40 (9 9 (a9 _
dt dq, \ dt dg, \ dt )

which can be done without using the Lagrange equations.

Energy conservation

If we define the function H = Z qa% — L and use the Lagrange equations,

dH _
dat 8t
constraints do not depend on time, £ will not depend on time; thus, the mechanical

is fulfilled. It is easy to see that, if the forces are conservative and the

energy F will coincide with H and be conserved. The function # is the germ of a

very important concept called the Hamilton function or Hamiltonian.

Conservation and symmetry: Noether's theorem

Given a continuous infinitesimal transformation of coordinates ¢, — ¢, + dq., the
Lagrangian becomes £ — L + 0L

oL 0 9.0
oL = ——iq 5 Fig.9.2: Emmy Noether
Z ( + > (1882-1935) was a German

mathematician
If we use the Lagrange equations, we can write

< An infinitesimal transformation ¢, — ¢, + d¢, is a symmetry transformation

if it leaves the form of the equations of motion invariant by transforming the La-

déQ
dt

We can, therefore, state a theorem of great importance in modern physics:

grangian into an equivalent one, 6L = without using the Lagrange equations.

< Noether’s Theorem. If the Lagrangian L has the symmetry q, — q, +q, some
quantities are conserved (they remain constant when the system moves according
to the equations of motion)

oL 09
Z (3qa + 3 a) dq, = constant (9.13)

The simplest case is when the Lagrangian does not depend on any of the coordinates
q., for example ¢;. We can say that the Lagrangian is symmetric with respect to



transformations ¢; — ¢, + dq, and we have a conserved quantity

P = g{f = constant (9.14)

Hamilton's principle

Assuming we already know the Lagrangian function £(q,, §.,t), the Lagrangian
equations (9.11) can be obtained from Hamilton’s principle. To state this principle,
one must first define the action functional S. If ¢,,(¢,) and q,.(t,) are, respec-
tively, the initial and final configurations of the system, the action functional is
defined as a function of the trajectories ¢, (t) going from q,,(¢,) to ¢.»(t,) in the
form

Slau(t)] = / £(a.(1), 4. (1), ) dt 9.15)

< Hamilton’s principle. Given a system with Lagrangian L£(q,(t), 4. (t),t), the
trajectory that the system will follow from q,,(t,) to q..(t;) is an extremum of
the functional S[q,(t)] with respect to the trajectories passing through these two

configurations:

650g. ()] _ 0 (9.16)

dq.(t)

Hamilton’s principle is also known as the principle of least action and is used in
many situations in modern physics.

Let us now look at some simple, one-degree-of-freedom examples that can be
treated with the methods in this chapter.

Problem 9.2.1. In the figure, we can see a pendulum formed by a mass m tied
to the end of a rod that is rigid and of negligible mass. The hand takes the other
end of the rod and moves it horizontally x,(¢) with respect to its unforced position
z, = 0. Find the Lagrangian and the equation of motion of the pendulum and
provides details for small oscillations in the following cases:

a) The pendulum oscillates without friction.

b) There is viscous friction, which we can express as a force —bv/, where ¥/ is
the velocity of the mass m.

Solution

It is a constraint system. If the position of the mass m is 7 = (x, y), the constraint is
(z — mo(t))* +y*> = £2. If 7o = 0, we have the usual pendulum.

Fig. 9.3: William Rowan Hamilton
(1805-1865) was a British-Irish
mathematician, physicist and
astronomer

Zo(t)
J4

lo
A\

Figure for Problem 9.2.1
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The system has one degree of freedom, which we will represent with the angle 6. We
have 7 = (zo + £sinf, £ cos0) and ¥ = 7 = (@ + €6 cos @, —€0 sin 9)

The kinetic energy is E. = im [(y'co + 06 cos 9)2 + (—£6 sin 9)2} and the potential
energy is U = —mg/ cos 6. Thereford, the Lagrangian is

L= %m€292 + mglcos 6 + mio6l cos 0 (1)
The equations of motion can be found from (1)
doL 9L . .. .
dioe 00 me 0 4+ mglsinf + miolcosd =0

If we consider small oscillations, sin § & 6 and cos 6 =~ 1, we obtain

_%o
¢

If the forced motion o (¢) is harmonic, the mass m performs forced harmonic oscil-

+20=

S

lations, as we have seen in Section 6.4, but without friction.
To include friction, expressed as a force —b@, (9.4) gives us
or
00

We now obtain the Lagrange equations according to (9.12), that is,

Q= —bi bl(0 cos O + £0) @

ml*6 + mgl sin 6 4+ miiol cos § = —bl(io cos 6 + £0)

which, for small oscillations, is

9+50+z9— 7 o 3)

As we can see, the friction affects the behaviour of the forced term. As described in
Section 6.4, it will be a forced harmonic motion (FHM) only if the right-hand term
of (3) has the form B sin (Qt + 6,), i.e., if the motion of z, fulfils

i'() — £$0 = ¢B sin (Qt =+ 00)
m

Essentially, this means that x, has the form

mB
__mb B . -
Q(Em? + 57 (bcos[Qt + 05] — mQsin[Qt + 0,])

) (t) =
Problem 9.2.2. In the figure, we can see a forced system formed by a mass m tied
to the end of a spring of negligible mass. The hand takes the other end of the spring
and moves it vertically so that it displaces by x, () the equilibrium position of the
system x, = 0. Find the Lagrangian and the equation of motion for the following
cases:

a) The system oscillates without friction,

b) There is viscous friction, which we can express as a force —bv/, where ¥/ is
the velocity of the mass m.
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Solution

In this case, it is not a system with constraints. The net force on the mass m is
F = —k(z — z0(t))i. It is not a conservative force, since it depends on time, but it
is a potential force: U = Sk(z — xo(t))*. The kinetic energy is E. = 1md”. The
Lagrangian is

1 . 1
L= imxz — §k(:r — z0(t))? N
The Lagrange equations are
%g—i — % =mi+ kx — kzo(t) =0

The canonical equation is
.k k
i+ —x=—wxo(t)
m m
If we take into account the viscous friction, we have Q = —bx

doL oL .. )
595w =mi + kx — kxzo(t) = —bi

The canonical equation is, in this case,

b k k
T+ —2+ —x=—z0(t) [ ]
m m m
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1 Problems and questions

Problem 1.5.2. The following situation is to be studied: A solid ball moves down
an inclined plane at an angle « to the horizontal. As far as we know, the ball falls
with an acceleration of

h
a=g sina:gz (D

such that the motion is uniformly accelerated

1 .
s= iatz )

However, the acceleration corresponding to the motion of the centre of the ball can-
not in fact be that given by (1), since the gravitational potential energy is not only
converted into translational kinetic energy, but also into rotational kinetic energy
around its centre. This can lead to the acceleration of the sphere being reduced by
a factor of Q < 1:

h
a=Qg7 3)

It is this factor () that we want to determine experimentally.

For a fixed and known path s, the ball’s descent times are measured for various val-
ues of h. Using (2), the descent acceleration is determined in each case. Successive
measurements are carried out by increasing h by a constant amount corresponding
to one screw turn (thread pitch) d. If the initial height is h, and it is increased by n
screw turns (with n = 1, 2, 3, ...), the height obtained for each value of n is

h, = hy+nd @)

Data: Dimensions of the inclined plane s = 35.3cm; L = 48.6 cm; screw thread
pitch d = 0.70 mm; acceleration of gravity g = 9.81 m/s?; the measurements can
be seen in the table.

)
£7 s

- v

NG
~ e

Figure for Problem 1.5.2



a) Find the acceleration a as a function of n, h, ,@, d, L and g.

b) Represent the points (1, a) according to the measurements made and using

).

n 0 1 2 3 4 5 6 7 8 9 10 11 Table for Problem 1.5.2. For a

fixed and known path s, the ball's
t(s) 4.44 3.92 3.60 3.29 3.10 2.85 2.75 2.57 2.48 2.36 2.30 2.23 descent times are measured for

various values of n

¢) Graphically find the line that best fits these points.
d) Find by linear regression the line that best fits these points.

e) Using the line of fit found in d and the expression found in a, deduce the
values of the factor @) and h,.

f) Find the error of the slope and the ordinate at the origin of the line of fit and
then calculate the propagated error in the () factor.

Question 1.7.1. A particle describes a trajectory characterised by a position vector
7 = sin(t) i 4 cos(t)]+ 2tk (SI units). The radius of curvature of the trajectory is:
a) 5/2m
b) 2/5m
¢)5m

d) vV5m

Question 1.7.2. A particle describes a circular path of radius 1.5 m and a tangential
acceleration of 2¢ (SI units). At ¢ = 0, the particle is at rest. The modulus of the
acceleration of the particle at t = 1.2's will be:

a) 1.38m/s?

b) 3.10m/s?

¢) 1.44m/s’

d) 2.40m/s?

€) 2.77m/s’
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2 Problems and questions

Question 2.1.1. On a 4kg body moving in the direction of the z-axis, a force is
applied in the same direction, as shown in the figure. At the initial instant, the body
passes through z = 0 moving in the same direction as the force with a velocity of
3ms~". The velocity at position z = 8 m will be:

a) the same asatx = 0
b) vV29ms™'

) V20ms™!

d) 7ms™!

e)VI1lms™'

Figure for Question 2.1.1

Question 2.1.2. Newton’s second law states that:

a) If we apply a variable force to a free body, it is directly proportional to the
acceleration produced in the body.

b) Bodies with different masses are accelerated by the same force, with acceler-
ations directly proportional to their masses.

¢) Bodies with the same mass receive accelerations inversely proportional to the
applied forces.

L Jw
d) Force is neither created nor destroyed. ]

S
¢) None of the above. &
30° N\

Question 2.1.3. The block in the figure is tied to a rope of 1.5 m and negligible Figure for Question 2.1.3

mass at angle of 30° with the horizontal. The angular velocity is:
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a) 7.62rad/s
b) 4.62rad/s
¢) 5.62rad/s
d) 6.62rad/s

e) 3.62rad/s

Problem 2.1.5. A 5kg object is subjected to a force that varies with the position
of the object F = 5m 7 (ST units). If it starts from z, = 25 m, what initial velocity
v, will cause it to reach just x = 0?

Help. To integrate the equation of motion and find the velocity, multiply both

: _d
members by the velocity and note that v = %7

Solution: v, = —7.07m/s

Problem 2.1.6. An object of m = 4kg is subjected to the action of two forces,
F,o=i-2 7 and F, =i+ 7 (ST units). Calculate the acceleration, velocity and
position (vector and modulus) of the object at the instant ¢ = 3sifat{ = 0 itis at
rest at the origin of coordinates.

Solution: @ = 1 (27 — )m/s a=Ym/s;7(3) = 3(2—jm/s; v (3) =
Sfm/s 7(3) = § (2= ) miv (3) = Hm

Question 2.2.1. A tennis ball of mass 80 g normally hits a vertical wall. Both
before and after the collision, the ball moves with a horizontal velocity of modulus
30 m/s. The modulus of the impulse that the wall exerts on the ball is:

a)0

b) 9.6 N's

¢)2.4Ns

d)4.8Ns

e) There are not enough data to calculate it

Question 2.2.2. A 60 g ball is dropped from a height of 2m. It bounces up to a
height of 1.8 m . Calculate how much the momentum changes during the impact
with the ground.



a) 0.422kgm/s
b) 0.365 kgm/s
¢) 0.731kgm/s
d) 0.227kgm/s

e) 1.246kgm/s

Question 2.2.3. The position vector of a particle of mass m = 2kg is 7(t) =
(3t* + 1, 2t,0) (SI units). It is true that:

a) The direction of the force is not constant.

b) The motion is rectilinear.

¢) At t = 0, the angular momentum with respect to the origin is zero.

d) At ¢ = 0, the momentum of the particle is = (0, 2, 0).

e) The impulse applied by the force in the first second is I = (24 , 0, 0).

Question 2.2.4. A 3kg body moves rectilinearly according to 7(t) = (1250 +
20t — 0.5t%)37, for t > 0 (ST units). It is true that:

a) The initial velocity is 1250 7.

b) The initial velocity is zero.

¢) The initial momentum is 60 2.

d) The force applied to the body is 3 7.

e) The force applied to the body is —1.5 7.

Problem 2.2.3. A 2kg particle is initially at the point 7(0) = (0, 0), where it has a
velocity of #(0) = (0,2) m/s. If, from this point, a force F/(t) = (8, —4) N begins
to act, calculate:

a) 7(t), U(t) and a(t)
b) Where will the particle be at t = 55s?
¢) The instant when the velocity along the y-axis will be zero.

d) Write the equation for the particle’s trajectory.
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Solution: a) @(t) = (4, —2); ¥(t) = (4t,2 — 2t); #(t) = (2t*,2t — t*); b) #(5) =
(50,—15);¢c)1s;d)y = 2(%)1 - z

Question 2.3.1. The trajectory of a particle of mass 2 kg is 7(t) = —3t* i+ (5t +
4) 7 (ST units). The angular momentum with respect to the origin of coordinates is

(SI units):
L(t) = 6t(5t +28) k
E(t) k
o) L(t)= (5t +8) k
d) L(t) = (30t +8) k

L(t) = 6t(5t +8) k

Problem 2.3.3. A capsule of mass m makes a circular trajectory of angular velocity axis
w while tied to a rope of length ¢, which has the other end fixed at height of h = ¢/2 AM Aw
to a dowel that can rotate without friction around the axis. If we increase h by
Ah = h/5, what will the increase in Aw be?

Solution: Aw = Fw

Figure for Problem 2.3.3
Problem 2.3.4. A small capsule of mass 250 g slides on a horizontal plate while
it is tied to an inextensible thread that we grab up at the other end after it passes
through a hole. The capsule describes a circular path of radius 500 mm. We pull
the thread and consequently reduce the radius of the trajectory to 200 mm. If the e
initial velocity of the capsule is 5 m/s, determine its final velocity. l v /@? I
Solution: 12.5m/s Figure for Problem 2.3.4

Problem 2.3.5. A point mass of 2 kg describes a trajectory of x = t%; y = t — 2¢?;
and z = t*/4, where t is the time (SI units). Calculate at 2 s:

a) The velocity and acceleration vectors.

b) The momentum vector.

¢) The angular momentum with respect to point P = (7, —7.3).
d) The force acting on the point mass.

Solution: a) 7 =127 —7 j+8k; @ =127 —4 j+ 12k; b) = 24 i — 14 j+ 16k;
&)Ly =300+87—38k;d)F =247—8j+ 24k



Problem 2.3.6. A point mass attached to a rope of negligible mass and length ¢
oscillates in the vertical plane.

a) Find the equation of motion using the law of motion for angular momentum.
b) Specify the result for small oscillations. \
Solution: a) = — 9 sin6; b) 0= 14 lg

Question 2.4.1. A particle of 2kg is moving in the direction of the z-axis and ‘ -
Figure for Problem 2.3.6

subject to a conservative force, the potential energy of which is U = z* — 8z (SI
units). It is true that:

a) The force is zero for x = +1.

b) The acceleration at x = 0 is maximum.

¢) The force acting on the particle has the expression F' = —x* + 8z°.

d) The force acting on the particle has the expression F' = _%5 + §x3.

e) The acceleration at x = 1is 6m/s? .

Question 2.4.2. The figure shows a potential energy curve as a function of a vari-
able x. Which of the following graphs representing the force as a function of this
variable is compatible with the graph of U (x)? I |

Figure for Question 2.4.2

F
| Zz
0/123
a)
F
I x

b)
F

t | T
0/1X5/
©)

F
d)
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e) If the kinetic energy is not known, the force cannot be determined from U (x).

Question 2.4.3. The force exerted on a 15 kg body moving in the direction of the
x-axis varies with position, as shown in the figure. It is true that:

Figure for Question 2.4.3

0 10 20 30 40 50 60 70 80 90 100"

a) When the body moves from the position x = 0 to z = 50 m, the potential
energy decreases by 2600 J.

b) When the body passes from the position z = 80 m to x = 100 m, the kinetic
energy decreases by 400 J.

¢) In the section from x = 50 m to x = 80 m, the motion is uniform.

d) The maximum velocity reached by the body is in the section from x = 20 m
tox = 30m.

e) None of the above four answers are true.

Question 2.4.4. A body of 0.15kg mass moves along the x-axis in a force field
whose potential energy U is as shown in the figure. We leave the body at point C'
with a velocity of 4 m/s in the positive direction of the x-axis. It is true that:

a) The mechanical energy of the body is 0.3 J.

b) The velocity at point B is 3.4m/s. Figure for Question 2.4.4

¢) The velocity at x = 0 is zero.
d) At point B, the mechanical energy of the body is minimal.

e) The body cannot reach point D.



Question 2.4.5. A particle of 80 g moves along the z-axis under the action of a
conservative force. Its potential energy is U = x* — 2z (SI units). If the mechan-
ical energy of the particle is 3 J, its maximum velocity will be:

a)2.4m/s

b) 10m/s

¢)8m/s

d) 6.79m/s

€) 3.8m/s

Question 2.4.6. A particle moves under the effect of a single conservative force.
We can affirm that:

a) In any trajectory, the variation in potential energy between the initial and final
positions of the trajectory is always zero.

b) If the particle describes a uniform circular motion, the variation in potential
energy between two points of this trajectory is zero.

¢) The increase in the mechanical energy of the particle can be positive or nega-
tive, depending on the sign of the work done by the force.

d) The potential energy of the particle increases if the work done by the force is
positive.

¢) None of the above four statements are correct.

Question 2.4.7. If we drop a stone from a castle tower and neglect the resistance
of the air, it is true that:

a) The work of the gravitational force is zero.

b) The potential energy of the stone does not change.

¢) The kinetic energy of the stone does not change.

d) The mechanical energy of the stone does not change.

e) The work of the gravitational force is negative.
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Question 2.4.8. The potential energy of a particle of mass 5kg moving in the
direction of the x-axis is shown in the figure. We can affirm that:

a) The = = 0 position is of stable equilibrium.
b) The x = 0 position is of unstable equilibrium.
¢) The acceleration at z = 0 is —0.4 m/s’.

d) The acceleration at z = 2m is —2m/s’.

e) The work done by the force when the particle passes fromxz = 0to z = 2m
is4].

Question 2.4.9. The force acting on a particle of mass 4 kg is F=6zk Ifvis
the modulus of the velocity, the mechanical energy of the particle is, except for a
constant (all units in SI):

a) £ =2v*> -3z
b) E = 4v*> — 32?
¢) B =2v>— 32
d) E =2v>+3z2

e) F =20 — %z*

Problem 2.4.5. A particle of mass m moves in a force field of associated potential
energy U = 16 — (2 + y*), in ST units.

a) Determine the equations of the equipotential surfaces in which U =0, U =
12 and U = 18. Are they all possible? Draw the first one.

b) Find the locus of the points with maximum U. What is the maximum poten-
tial energy?

¢) Find the analytical expression of the field of forces, the potential energy of
which is the one given.

d) What force acts on the particle at the point P, = (1,1,0)? If it starts from
P, at rest, what is the highest velocity it can reach at some later instant?

e) Calculate the work done by the force to take the particle from P, to P =
(22,22,0).

0 2 z(m)

Figure for Question 2.4.8



Solution: a) x> + y*> = 16, 2> 4+ y*> = 4, it does not exist; b) z°> + y> = 0;
Upw =161, ¢) F = 227 + 2yj; d) F = 20+ 27; v = o0; ) W = 966J

Problem 2.4.6. A particle is subjected to a force F' = —kx + a/x*. Calculate the
expression for the potential energy U.

Solution: U = 1ka? + ;% + ct

Problem 2.4.7. Given the force F' = (3z — 4y)i + (4a + 2y) j, calculate:

Yy
nl Bo »»»»»»
a) The work done by F' in carrying the particle from A to B; and the work done ' - b .
in one complete revolution along the ellipse in which a and b are, respectively, - a °‘/§;
2
the major and minor semi-axes: z—z +H=1 e
b) Is the force F' conservative? Why? Figure for Problem 2.4.7

Note. The parametric form of an ellipse centred at the origin is

7(A) = (z,y) = (acos A, b sin )
Solution: a) M + 2mab , 8mab; b) no

Problem 2.4.8. The force acting on a particle is expressed as F = —az? i, where
a is a constant. Calculate the potential-energy function taking U = 0 forx = 0
and plot the graph of U as a function of x.

Solution: U = faz*

Problem 2.4.9. A body of 2 kg mass moves along a horizontal plane xy where a
force F = 2zy 7+ x°) acts.

a) Calculate the work of this force on the path from A = (1,1) to B = (5,9),
following a straight line joining both points.

b) Calculate the work done between A and B when the path passes through
C = (5,1) along the = and y axes while following, respectively, the paths AC'
and C'B.

¢) Can a potential energy be assigned to this force?

We substitute the previous force for another one F=—-2zi Now, we leave the
body at point A with a velocity of 8 m/s and in the direction of the z-axis.

d) Determine the increase in potential energy at the AC' displacement.
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e) How far will the body travel while in motion?

f) At what velocity will it pass through the equilibrium position?

Note. Forces are expressed in N and distances in m.

Solution: a) W = 453.3J; b) W = 1024 J; ¢) Non-conservative force, no potential
energy can be defined; d) AU = 2417; e) It reaches the point (8.06, 1) m; f) v =
8.06 m/s.

Problem 2.4.10. A body of mass 2kg starts from rest and moves 10 m without
friction upwards in a plane inclined 30° from the horizontal. In addition to the
weight, the three forces acting on the body are as shown in the figure. Calculate
the total work done by the system of forces acting on the body and the power of
these forces as a function of the distance x travelled.

Solution: W = 27.26J; P = 4.50+/, in SI units

Problem 2.4.11. A 5kg object is subjected to a force that varies with the object’s
position, as shown in the figure. If it starts from rest at x = 0, what is its velocity
atx = 25mand at x = 50m?

Solution: v,; = 7.07ms™"; v, = 12.25ms™!

Question 2.5.1. We press a box of mass m against a vertical wall with a horizontal
force of magnitude F'. If the coefficient of friction with the wall is 1, the minimum
value of F' needed so that it does not slide down is:

a) mg

b) pmg

¢) /1 — pu2mg

mg
d) =

€) mg./It

Question 2.5.2. A particle of mass m moves along the x-axis and is attracted
towards the origin of coordinates by a force F = —k/x, where k is a positive
constant. Ifit starts from rest at point x,, what is its velocity when it passes through
point z = x,/2?

a)v:\/%

Figure for Problem 2.4.10

F(N)

0 2(m)

25 50
Figure for Problem 2.4.11



e) None of the above

Question 2.5.3. The figure represents a plane inclined at 30° with two identical
springs of recovery constant k = 20 N/m, one at the top and the other at the bottom
of the plane. A body with a weight of 2N is released without initial velocity from

the position shown in the figure, which is at the top where the spring is compressed k

for a distance x, (in metres). At the beginning of the movement, the body is 50 cm W " :
above the end of the lower spring. How much work (in joules) must be done by the SOCH}c
frictional force between the body and the plane so that the maximum compression

of the lower spring is also z,? Figure for Question 2.5.3

AW, =—(z,+1)
b) W, = —(z3 + 1)
c) Wf — _ (4mzlo<|>2)

d) W, = —20z°

€) We cannot know this because we do not know the natural length of the springs.

Question 2.5.4. A particle is subjected to a central force directed towards a point
O. We can affirm:
a) The kinetic energy of the particle remains constant.

b) The trajectory of the particle is contained in a plane and its momentum remains
constant.

¢) The angular momentum of the particle with respect to point O is zero.
d) The angular impulse applied by the force with respect to point O is zero.

e) The trajectory of the particle will be circular.

Question 2.5.5. Which of the following forces are conservative:
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A) The frictional force exerted on a sliding box.
B) The net force on a body from a spring, following Hooke’s law.
C) The gravitational force

D) The force on a car from air resistance.

a) A,Band C
b) A and D
¢)Band C
d) Cand D

e)A,Cand D

Problem 2.5.4. The body P in the associated figure has a mass of m = 5kg and
rotates at an angular velocity of 20 rev/min about an axis F'E’ on a smooth conical
(fixed) surface. The body is attached to the axis by a rope, of negligible mass and
length 0.5 m, parallel to the surface when P touches it. If & = 45°, determine:

a) The reaction of the surface on the body.

b) The tension of the rope. 137

. . Figure for Problem 2.5.4
¢) The angular velocity of the body at which it will move away from the surface.

Solution: a) 29.6N; b) 40.13N; ¢) 5.26 rad/s

Problem 2.5.5. A small body of mass m = 5 kg falls from point A with no initial

velocity down the track shown in the figure. é

B C

There is only friction on the BC section, the length of which is 4m, and the A
. . . . Figure for Problem 2.5.5
point is situated at a height of A, = 2m. Knowing that the body stops at point
C, calculate the coefficient of friction between the sliding body and the ground on

section BC.

Solution: = 0.5

m
Problem 2.5.6. We release a 2 kg block on a frictionless inclined plane 4 m from .
a spring of recovery constant ¥ = 100 N/m. The plane is inclined at 30°. W

a) Calculate the maximum compression of the spring, assuming that it has no  Figure for Problem 2.5.6
mass.
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b) If there is friction and the coefficient of friction between the mass and the
plane is 0.2, calculate the maximum compression.

¢) In the last case, where there is friction, how far will the block travel along
the plane after separating from the spring?

Solution: a) 0.989 m; b) 0.783m; ¢) 1.54m

Problem 2.5.7. In order to deflect electrons in an oscilloscope, a constant electric
field of 2000 N/C is used. Taking into account that, at the beginning, the electrons
have a velocity of 10° m/s, calculate the deflection when they have travelled 1 cm
in the direction normal to the electric field.

Solution: 1.76 cm

Problem 2.5.8. In 2009, the Large Hadron Collider (LHC) was inaugurated in
Geneva to study the properties of subatomic particles. Historically, this has been
done in fog chambers where the particles leave trails of droplets due to condensa-
tion. Magnetic fields have been used to determine the charge of these particles and
their mass. The force experienced by a charged particle passing through a magnetic
fieldis F = OB E), where q is the charge of the particle, v its velocity and Bis

the magnetic field. Show that a charged particle in a magnetic field, uniform and

muv

5 where

normal to the plane of motion, describes a circular orbit of radius R =
m is the mass of the particle and v is the velocity.

Problem 2.5.9. From some clouds that are located about 2km from the Earth’s
surface, calculate the speed at which raindrops would fall to the ground if there
were no friction from the air. Repeat the calculation taking into account the air
friction (b = 10~* kg/s) and that the mass of the droplets is 0.1 g.

Solution: 197m/s; 9.8 m/s.

Problem 2.5.10. A particle of mass 4kg moves along an z-axis according to
x(t) =t + 2¢*, (x inm and ¢ in s). Calculate:

a) The kinetic energy as a function of time.

b) The acceleration of the particle and the force acting on it as a function of
time.

¢) The power supplied to the particle as a function of time.
d) The work done by the force from¢ = 0tot = 2s.

Solution: a) (24 24t> 4 72¢*) J; b) 12t m/s*; 48t N; ¢) (48t 4 288¢*) W; d) 12487

AAAAAATTA
|

Figure for Problem 2.5.7

Figure for Problem 2.5.8. Trajecto-
ries of subatomic particles within a
magnetic field
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Problem 2.5.11. Two pads, A and B, of masses m 4, and m , with pad-board fric- lia
tion coefficients y, and pp (dynamic = static friction), are placed on a horizontal

board. We tilt the board:
Figure for Problem 2.5.11

a) What is the necessary condition for A to initiate motion before B?
b) What is the necessary condition for the two bodies to slide together?

¢) Given the above condition, calculate the value of 6 that makes the motion of
A and B uniform.

d) Calculate the acceleration of the motion when 0 is greater than the value

found in c).

Solution: a) p1, < fip;b) iy = pp;c)tand = py = pp;d)a = g(sinf—pcos b)
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3 Problems and questions

Question 3.2.1. A homogeneous semicircular wire of mass m is clamped as shown
in the figure by means of an O-joint. In equilibrium, 6 is:

a) 25.1°

b)23.0 Figure for Question 3.2.1
¢) 32.5°

d) 39.5°

e) It cannot be in equilibrium. Y

Question 3.2.2. A homogeneous wire is bent in the shape of a triangle, as shown
in the figure. The coordinates of its C'M are:

a(L,4/3) e g —

Figure for Question 3.2.2
b) (1,3/2)
©) (3/2,2)
d) (1,2)

e) None of the above are correct.

Question 3.2.3. The object in the figure consists of two wires of length L and
linear density A located in the 2y plane; and a quarter of a circle of linear density

2\ located in the yz plane. The z-coordinate of the centre of mass is:
Figure for Question 3.2.3
a)2L/(2+7)



% Problems and questions

b) 2L /7
¢)2L/(4+ )
d) L/2

e)L/4

Question 3.2.4. What is the z-coordinate of the C'M of the homogeneous quarter
cone of height h in the figure?

a) h/16

b) 1/8

c) h/4

d)h/3

e)h/2

Question 3.2.5. A homogeneous rectangular sheet with 4 x 8 cm sides has a cir-
cular hole of radius 1 cm. The centre C of the hole is at a distance b from the centre
O of the rectangle and is located on the axis of symmetry, as can be seen in the
figure. For the centre of mass of the sheet to be the point on the periphery of the
hole, b must be:

a) 0.90 cm

b) 0.50 cm

¢) 0.30cm

d) 0.70cm

e) 0.85cm

Question 3.2.6. A 1500kg car is moving westward at a speed of 20m/s, and a
3000 kg truck is moving eastward at a speed of 16 m/s. Calculate the velocity of
the centre of mass of the system:

a) 10 m/s westward

b) 4m/s eastward

244

X

/
Figure for Question 3.2.4

Figure for Question 3.2.5



Problems and questions %

¢) 2m/s eastward
d) 5m/s westward

e) 8m/s eastward

Question 3.2.7. The coordinates of the C M of the piece in the figure, which has Y
the form of a circular sector of radius R, are:

a)r =y =0.50R
b)z =y =0.33R Figure for Question 3.2.7
¢o)r=y=0.58R
d)z =y =0.62R

er=y=R

Question 3.2.8. The piece in the figure has a uniform volume density. The upper

part is a cylinder of radius r and height h, and the lower part is a hemisphere of
radius 2r. In order for the C M of the piece to be on the base of the cylinder, which '
of the following must be fulfilled? V
a)h = V2r Figure for Question 3.2.8
b)yh=1/2
¢)h=2r
dh=r
e) h=2\2r

Question 3.2.9. What are the coordinates of the centre of mass of the homogeneous
sheet in the figure, which consists of a square and a circle?

a) Toy = Ry yorr = 1.44R

Figure for Question 3.2.9
b) zcn = R you = 2R

€) Toy = 2.52R; Yo = 1.76R

d) zon = 1.88R; your = 2R
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e) Toy = 1.88R; yo = 1.44R

Question 3.2.10. The distance from the centre of the base of the hat, made of a
homogeneous sheet, to the centre of mass is:

2
a)Hr

) R%*r4+r®R
"H242Rr

H? 7‘+'r H
"R2+2HT

©)

d) H?R+R*H
"r2¥2HR

R3%r
H

e)

Problem 3.2.3. Determine the C'M of the homogeneous wire in the figure (SI
units).

Solution. With the origin of (z,y) to the left of the beginning of the semicircle:
(3.13,0.8)

Problem 3.2.4. A homogeneous solid roller has the shape shown in the figure. The
roller is built from a solid cylinder, from which we extract a hemispherical piece
from one base and add it to the other base. Find its centre of mass if a = 40 cm
and d = 20 cm.

Solution: z.,, = 40/3 cm

Problem 3.2.5. The figure shows a train consisting of three wagons, the masses
of which are m, = 21 x 10°kg, mz = 18 x 10 kg and m. = 24 x 10°kg. The
three wagons are connected by two chains of negligible mass.

If a force of F' = TOkN is applied to the first wagon and parallel to the track and
we assume a straight track with no friction, determine for the following conditions,
first, the acceleration a with which the three wagons move and, second, the tensions
in the two chains:

a) If the track is horizontal.

b) If the track is inclined upwards at an angle of = 15°.

Solution:

a)a = 1.11m/s*; T,y = 46.7kN ; Tjyo = 26.7kN

Figure for Question 3.2.10

3
Figure for Problem 3.2.3

Figure for Problem 3.2.4
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Figure for Problem 3.2.5
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b)a' = —1.43m/s*; T, = 46.7kN ; T.,, = 26.TkN

Question 3.3.1. The necessary and sufficient condition for the momentum of a
particle system to be conserved requires that:

a) The mechanical energy of the system is conserved.
b) The centre of mass of the system is at rest.

¢) The external forces acting are conservative.

d) The resultant of the external forces is zero.

e) The internal forces of the system are conservative.

Problem 3.3.2. Imagine a 75 kg astronaut carrying a 5 kg tool (total = 80kg) on a
space walk outside the spacecraft, and the cable that connects him to the spacecraft
breaks. Is there any way for him to get back? If he moves away from the spacecraft
at a speed of 2m/s, would it be possible to return? Or would he stay in space
forever and ever?

Solution. Launching the tool at a speed relative to the spacecraft > 32m/s.

Problem 3.3.3. A 40 kg child stands at the end of an 80 kg, 2 m long platform. The
child moves to the opposite end of the platform. Assume that there is no friction
between the platform and the ground.

a) What is the displacement of the centre of mass of the system formed by the
platform and the child?

b) How much does the child move relative to the ground? How much does the
platform move relative to the ground?

¢) If the child runs on the platform at a speed of 0.5 m/s (relative to the plat-
form), how fast does the platform move?

Solution: a) It does not move. b) The child moves 4/3 m and the platform moves
2/3 m in the opposite direction. ¢) v = —1/6m/s.

Question 3.4.1. A system consists of two particles of the same mass m. Ata given
instant, one of them is at rest at point (0, 0,0) and the other, located at (0, L, 0),
is moving at a velocity of ¥ = v 7. The angular momentum of the system with
respect to point (0, L/2,0) is:

40kg

80kg
O
2m
Figure for Problem 3.3.3

o
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a)2mlv 1

b) — L

¢) 2mLv k

d) 25

e) mo k

Question 3.4.2. Two particles of masses m, = 10kg, m, = 20 kg move relative
to an inertial reference frame according to 7, = 2t* i + 3j and 7, = 4¢*> i — 3).
What is the angular momentum of the system relative to the origin?

Note: All units are expressed in SI

a) L = —600t k

b) L = —360t2 k

oL=12tk
d) L = 360t k
e) L =—12tk

Question 3.4.3. Two particles of masses m, = 10kg, m, = 20 kg move relative
to an inertial reference frame according to 7, = 2¢* i + 3j and 7, = 4¢*> i — 3].
What is the value of the resulting moment of the forces relative to the origin?

Note: All units are expressed in SI

a) M =12k
b) M = 600t k
¢) M = 360 k
d) M = —600 k
e) M = —360t k

Problem 3.4.3. In figure skating, it is usual to increase angular speed by pulling
in the arms. In a first approximation, we can assume that the arms have negligible
masses due to the fact that they carry a weight on each hand and that the rest of
the body is very close to the axis of rotation. Calculate the ratio between the final
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and initial angular velocity if the skater pulls in her hands from a distance of 1 m
to 20 cm from her body.

Solution: w;/w,; = 25

Problem 3.5.3. A child of mass m = 35kg is at the end of a trolley of mass
M = 70kg which is initially at rest and can roll freely (see Figure). At a given
instant, the child jumps with an exit velocity of v, = 5m/s and at an angle of
0 = 30° to the ground, thus landing right at the other end of the trolley.

Neglecting any friction, determine:

a) The velocity at which the trolley moves backwards while the child is in the i

air during the jump.
M
b) The distance the child travels relative to the ground. (] (-]

¢) The distance travelled by the trolley and its length. Figure for Problem 3.5.3

d) The speed of the trolley after the child has landed at the other end.

Solution: a) 2.17m/s; b) 2.21m; ¢) 1.11m and 3.31m; d) 0

Problem 3.5.4. A 50kg block is in contact with a spring of recovery constant
300 N/m, of negligible mass and compressed to 0.2 m. The assembly is on a 75 kg
wagon (the wheels are of negligible mass) and we release it. Determine the veloc- 300N/m
ities of the block and the wagon from the instant when the block, sliding without %
friction on the wagon, loses contact with the spring. -
Figure for Problem 3.5.4

Solution
v: velocity of the block, positive to the right. V': velocity of the wagon, positive to
the left.

Conservation of momentum: 0 = 50v — 75V
Conservation of energy: £300 - 0.2° = 1500° + $75V*

Solving the system and taking the positive solution, which is in agreement with the
fact that the spring is initially compressed:

v=0.3795m/s ; V =0.2540m/s u

Problem 3.6.2. A ball of mass 8 kg with a velocity of 5m/s moves on a smooth
horizontal floor and collides without friction with another ball of the same radius
but a mass of 6 kg and at rest.

Determine the velocity and direction of the second ball if, as a consequence of
the collision, the first ball is deflected 30° with respect to the original direction,
assuming an elastic collision and that the floor and the balls are smooth.
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Solution. Two possible solutions: 5.68 m/s at —5.9° and 3.35m/s at —54.1°, the
angles being with respect to the initial direction.

Problem 3.6.3. A ball of mass m = 0.5kg is held by an inextensible rope of
negligible mass and length L = 1 m. We move the ball 90° from the equilibrium
position and release it. On reaching the bottom of the trajectory, the ball collides
inelastically with a block of mass M = 3 kg, which is at rest on a surface. Knowing
that the coefficient of restitution between the ball and the block is e = 0.8 and that
the coefficient of friction between the block and the horizontal surface is 4 = 0.2,
determine:

a) The velocity of the block and the ball after collision.

b) The work done by the frictional force until the block of mass M comes to
rest.

¢) The height reached by the ball after the collision.

Solution: a) m recoils at a velocity of 2.40m/s and M advances at a velocity of
1.14m/s; b) —1.95J; ¢) 0.29m

Problem 3.6.4. A 13kg block is at rest on a horizontal surface. A 400 g mass of
clay is thrown horizontally against it and sticks to it. The block and the clay slide
15 cm along the surface. If the friction coefficient is 0.4, what is the initial velocity
of the clay?

Solution: 36.4m/s

Problem 3.6.5. An 11 kg block explodes into three pieces of masses m, = 4kg,
m, = 6kg and ms, with coplanar velocities ¥, = (vi.,3), U, = (4,v,,) and
U5 = (0,2). Calculate v,, and v,,.

Solution: v,, = —6.00m/s; v,, = —2.33m/s
Problem 3.6.6. A 125 g bird flying at 0.6 m/s is about to catch a 5 g bee flying

perpendicularly at 15 m/s. What will be the speed of the bird after capturing the
bee?

Solution: 0.816 m/s
Problem 3.6.7. We drop a 1kg sphere from a height of 1.8 m, which bounces on
a b kg plate, and reaches a height of 1.5 m. Determine:

a) The coefficient of restitution in this case.

1,8m L,8m
o IR
Figure for Problem 3.6.7



b) The maximum height the sphere would reach if the plate were supported
by two springs of recovery constant k& = 2kN/m each and the impact were
completely elastic.

¢) Calculate the maximum deformation of the springs.

Solution: a) 0.913; b) 0.8 m; ¢) 0.07m

Problem 3.6.8. A stone is dropped from the top of a 95 m high tower and, one
second later, a second identical stone is thrown up from the ground along the same
vertical. Both collide head-on elastically at the midpoint of the tower. Determine:

a) The velocities of the stones immediately after the collision.
b) The height reached by the first stone after collision.

¢) The height the second stone would have reached if there had been no colli-
sion.

Solution: ‘y a) 30.5m/s and —12.32m/s; b) 7.74 m; ¢) 55.225 m

Problem 3.6.9. A ball of mass 4 kg is moving on a perfectly smooth horizontal
floor at a velocity of (20,0) m/s relative to the reference system (z,y) fixed to
the floor, and it collides with another ball of mass 6 kg moving at a velocity of
(10,10) m/s.

a) If the two balls end up stuck together as a result of the collision, determine
the (vector) velocity of the whole.

b) Calculate, in the case of a) above, the (translational) energy dissipated in the
collision.

¢) The two balls are smooth, have the same radius, and the collision is totally
elastic. Find the two possible (vector) velocities of the second ball, if we know
V3 1)

that the first ball leaves in the direction (7, 5 )

Solution: a) (14,6) m/s; b) 2407J; ¢) (9.81,2.19) m/s and (19.39, 7.72) m/s

Problem 3.7.2. The escape velocity associated with a planet or star is the minimum
velocity for a body to escape the gravitational influence of that planet or star. As
the object leaves the surface of the planet, reaches zero velocity as its distance
approaches infinity. Show that this velocity is v = \/m, where G is the
gravitational constant, M is the mass of the planet and R is its radius.
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A star with an escape velocity equal to the speed of light (¢ = 3 x 10®m/s) is
called a black hole. Nothing can escape. Using Newtonian mechanics, calculate
what radius the Sun (M, = 2 x 10°0kg) would have to have to behave like a
black hole.

Solution: Rg,, = 2.93km

Problem 3.7.3. Show that the total energy of a body in circular orbit around a
planet (the planet can be considered fixed) is half its potential energy.

Problem 3.7.4. Life on planet Earth as we know it will disappear in 10° years
because the brightness of the Sun will grow until it eliminates any possibility of
survival. To avoid this we have two possibilities (according to Korcyansky et
al.): migrate to another planet or increase the radius of planet Earth’s orbit from
1.5 x 10" m to 2.2 x 10" m (we approximate the Earth’s orbit to a circle with
the Sun fixed at its centre). The first possibility implies that the entire biomass of
the planet (assumed to have mass m,;,, = 10°° kg) leaves the Earth’s gravitational
field, i.e., reaches escape velocity. From these data, which method is more ener-
getically feasible (that is, it consumes the least energy): migrating all the biomass
or changing the orbit of the planet?

Data: M, = 2 x 10°°kg and R, = 6 x 10°m.

[Problem inspired by the article “Astronomical engineering: a strategy for modifying
planetary orbits” published in the journal Astrophysics and Space Science, by D.G.
Korcyansky et al. In turn, the author is inspired by calculations made by Carl Sagan
in 1993 (Pollack & Sagan, 1993).]

Solution. Energy cost of changing the Earth’s orbit: 8.4 x 10%?J. Energy cost of
migrating away from the Earth: 6.57 x 10*7J

Problem 3.7.5. Gravitational acceleration on the Earth’s surface can be calculated
using data on the orbit of the Moon, just as Newton did. Calculate this value from
the proposed data for the Moon: T' = 28 days, R, = 3.8 x 10°m, R =
6.37 x 10° m. Compare this result with the value of g = 9.81m/s* known for the
Earth’s surface.

Solution: g = 9.1m/s”

Problem 3.7.6. Calculate the gravitational force of attraction that a newborn baby
with a mass of 2 kg, feels to a midwife who has a mass of 70 kg and is standing at a



distance d = 0.5 m from the baby. Calculate the gravitational attraction felt by the
same child to the planet Mars, whose mass is M,,,, = 6.4185 x 10*® kg at a distance
of d = 5.9 x 107 km from the baby. From these calculations, argue whether or not
astrology is correct in asserting that the planets can define the character of people
due to gravitational interaction.

Solution: Fi,,, e = 3.7 X 1073 N; Flpy v = 7.92 X 107° N

Question 3.10.1. The particle in the figure, of mass 1 kg, is forced to pass through
the wire without friction. At all times the resultant of the external forces is acting:
F= —49° 3. If we release it without initial velocity at point A, what velocity will
it have when passing through B? Note. All units are expressed in SI.

a) 19.20m/s

b) 27.17m/s

¢) 13.58m/s

d)11.04m/s

€) 7.81m/s

Problem 3.10.7. A bead of mass 3 kg falls with no initial velocity and slides with-
out friction in a vertical plane along the guide in the figure. The spring to which it
is attached has a recovery constant of 4 N/cm. The natural length of the spring is
60 cm. Find the velocity of the bead as it passes through B. Where does it stop?

Solution: v; = 7.18 m/s. It stops at point C, BC' = 1.72m

Problem 3.10.8. A body of mass m, of small dimensions, is dropped from point A
along the rail shown in the figure. If the body slides without friction and &, = 3R,
where R is the radius of the circumference, find:

a) The force exerted by the body on the rail at the points B and C.

b) The value of the height of point A so that the force at point C' is zero.
Solution: a) Fiy = m% +mg = Tmg and F, = m% —mg =mg;b) b/, = gR
Problem 3.10.9. A ball of mass 0.1kg is strung on an ellipse-shaped guide with

2
a = +/2and b = /3 being, respectively, the semi-axes of the ellipse: “32—2 +% =1

In addition, there is a force field F = (3z — 4y)i + (4z + 2y) j. The ball leaves
point A with a velocity v, = 10 j (see Figure). Calculate:

Figure for Question 3.10.1

60cm -
Figure for Problem 3.10.7

Figure for Problem 3.10.9
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a) The velocity at which the ball passes through point B.

b) The velocity at which it passes through point A again.

Note 1: All quantities are given in SI. Note 2: The parametric equation of an ellipse
is 7(A) = (acos A, bsin A).

Solution: a) v; = 20.2m/s; b) v/, = 36.5m/s.

Problem 3.10.10. A reel of mass m is accelerated without friction by a force pro-
vided by a rope (of negligible mass) attached to a ball of mass m, which slides
down a tube. A pulley (small and frictionless) and the tube are attached to a plat-
form on which the reel moves. Together with the platform have a mass of 2m and
slide along a horizontal guide. Find the velocity V' of the platform as a function of
the y-coordinate of the ball (see Figure) if, with everything stopped, we release the
reel when the ball is at y = 0.

Note. The velocities in the figure refer to an observer at rest.

Solution: V = /gy

Problem 3.10.11. A reel of mass m is accelerated without friction by a force pro-
vided by a spring (of negligible mass) attached to a platform of mass 2m, which
slides along a frictionless guide. If, when everything is stopped, we release the reel
when the elongation of the spring is x = L, find the velocity v of the reel when the
elongation of the spring is z < L.

Note. The velocities in the figure refer to an observer at rest.

Solution: v = % (L? — x?)

Question 3.12.1. A homogeneous cylinder of radius R moves in a vertical plane
along a horizontal surface by rolling and sliding. If, at a given instant, the velocity
of the centre of mass is v to the right and that of the point of contact with the
surface is 3 also to the right, the modulus of the angular velocity of the cylinder at
this instant is:

2
a)ﬁ

3
b) 7%
©) 55

d) 3%
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Figure for Problem 3.10.10
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Figure for Problem 3.10.11
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Problem 3.13.3. Two particles of masses m, = 3kg and m, = 6 kg are joined by

‘y
am,
a rigid bar of negligible mass. Initially, they are at rest and are subjected, respec- 5
— — m; o
tively, to the action of the forces (expressed in N) F, = 3j and F;, = 67 — 6}, as F IF 2
“,,,‘WZCL'

shown in the figure. Determine the C'M and the momentum as a function of time. -
. R 5 . Figure for Problem 3.13.3
Solution: Ry, = (5 +8) i+ (1= £) j (m)and P () = 6t i-3t] (kgms )

Problem 3.13.4. The square in the figure has the C'M in the centre. If we apply
only two forces of 2N as shown in the figure, will it rotate clockwise or counter-
clockwise?

2N
Figure for Problem 3.13.4

Solution: The square does not rotate.

“”10cm

Problem 3.13.5. A homogencous bar of mass 1kg and 80 cm long is placed on a
vertical plane between two smooth parallel walls 40 cm apart. The bar is attached
to a spring of recovery constant constant k& = 50N/m, as shown in the figure.
Determine:

mg

a) ) The distance the bar has travelled.

40 cm
b) The force that the spring exerts on the bar and the acceleration of the bar.  Figyre for Problem 3.13.5

¢) The forces exerted on the bar by the walls.

Solution: a) 39.2cm; b) 19.62 N (upward); 9.81 m/s” (upward); c) equal and op-
posite direction, modulus 2.83 N
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L, Problems and questions

Problem 4.2.1. The piece in the figure is made of two different wires. The hori-
zontal one has a linear density which is double that of the semicircular part. What
is the ratio between a and r if, when hanging the piece from point P, it remains in
equilibrium, as shown in the figure?

Solution: a = /2 r

Question 4.3.1. The piston in the figure with surface area S is frictionless and in
equilibrium under the action of the force exerted on it by the water. The gas inside
the container has a pressure P. Knowing that the density of the water is p, and if
P, is the atmospheric pressure, the weight of the piston is:

a) (H — h)pgS

b) (P — Pa)S + hpgS

¢) (P — Pa)S+ (H — h)pgS

d) HpgS

e) hpgS

Question 4.3.2. The rigid body in the figure is made up of two homogeneous
cubes, A and B, of density 900 kg/m® and welded together so that their centres of
mass are on the same vertical. The volumes of A and B are 1 m® and 8 m®, respec-
tively. The body is in equilibrium floating in water with cube B totally submerged,

Figure for Problem 4.2.1

gas

water

Figure for Question 4.3.1

water

as can be seen in the figure. The centre of buoyancy in this equilibrium situation ~Figure for Question 4.3.2

is at a distance from the free surface of the water, which is:

a)1.115m
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b) 1.087m
¢) 1.057m
d) 1.500m

e) 1.322m

Question 4.3.3. A cube of edge a and density 600kg/m® floats in a liquid with
one third of the edge submerged. If we add a cylinder of the same density but with
a volume of 2 m’ to the cube, we know that the cube will be completely submerged
with its top base flush with the surface of the liquid. What is the length of the edge
a?

a) 3m

b) 1.5m

¢)lm

d) 0.5m

e)2.5m

Question 4.3.4. In the vessel shown in the figure, the gauge pressure of gas 2 is
P, = 51300 Pa. Knowing that the densities of the liquids are p, = 3 g/cm’ and
p. = 1g/cm?’, the pressure of gas 1 will be (¢ = 9.81 m/s?):

a) 60129 Pa

b) 72240 Pa

¢) —20340 Pa

d) 54328 Pa

e) 129354 Pa

Question 4.3.5. The 1.5 m wide body in the figure consists of two bodies of dif-
ferent densities, as shown in the figure. The centre of buoyancy is at a depth of:

a) 4.96 m

b) 6.05 m

Figure for Question 4.3.3

gas 1 gas 2

Figure for Question 4.3.4

2p 3
g i

Figure for Question 4.3.5



¢)4.74m
d) 5.22 m

e)5.47 m

Question 4.3.6. The spherical body in the figure is made up of two solid hemi-
spheres, of which one density is twice than of the other. We tie it to a rope and
immerse it halfway in a liquid, as shown in the figure. In this situation, the dis-
tance between the body’s centre of buoyancy and centre of mass is:

a) R/7
b) R/2
¢) R/6
d) R/4

e) R/8

Problem 4.3.4. We pour a 13 g drop of mercury into a beaker full of water 20 cm
deep. Calculate how long it will take for the drop to reach the bottom of the beaker
under the following conditions:

a) If we do not take into account the Archimedean buoyancy.
b) Taking into account the Archimedean buoyancy.
Data: p,, = 13 x 10°kgm™; pue = 10°kgm™°

Solution: a) a = g, t = 0.202s; b) a = g(1 — pywer/Pre); t = 0.210s

Problem 4.3.5. The sewer network of two towns is linked by a series of under-
ground conduits. One day the atmospheric pressure in town A is P, = 1.035 x
10° Pa and that in town B is Py = 1.03 x 10° Pa. Recreate the diagram in the figure
indicating in which well the height of the water will be higher and why. Calculate
the difference in water height between the wells of town A and town B.

Solution: 0.051 m

Problem 4.3.6. When a boat like the one in the figure is on the water, part of it is
submerged. If we call the height of the water relative to the bottom of the boat h,
will height h be greater if the boat is in fresh water or in salt water?

-

P
R
2p
Figure for Question 4.3.6
A B
‘ A&
8s. s - |
Figure for Problem 4.3.5
000 o
O
,,,,,,,,,,,,,,,,,,,,,,,,, h|
Figure for Problem 4.3.6
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The boat in the figure has a total volume of 100 m® and a mass of 2000 kg. Calculate
what percentage of the volume of the boat is in the sea. If the same boat is in river
water, calculate what percentage of the volume will be under water.

Data: p,, = 1.025 x 10°kgm~, p;, = 10*°kgm ™

Solution. The percentage of boat submerged in sea water is 1.95% and in river
water it is 2.00%

Problem 4.3.7. A container holds water and air, as shown in the figure. What is
the gauge pressure, P,,, at points A, B, C' and D?

Note: P, = P — P,,.

Solution. P, , = 11760Pa, P, = P, = —2940Pa, P, , = —17600 Pa

Question 4.5.1. The cylinder in the figure (of mass M) is kept in equilibrium
by the force F' of the rope (attached to the cylinder) and the friction between the
cylinder and the wall (of coefficient i). Indicate which of the following statements
is correct.

a) In equilibrium it is verified that ' < Mg.
b) In equilibrium it is verified that I > Mg.

¢) There will only be equilibrium if p > 1.

d) If F'is much greater than M g, the frictional force and the weight of the cylinder
have the same direction.

e) Equilibrium is impossible because there are three non-concurrent coplanar
forces acting on the cylinder.

Question 4.5.2. The homogeneous triangular block in the figure of weight P has
height i and base b. The coefficient of friction between the ground and the block
is . Under conditions of sliding and imminent overturning, which of the answers

is true?
A p= g
b) p= 3¢

¢) If @ = 0, the block can never be in equilibrium.

d) If b > b, the block will always rotate before sliding.

air

90 cm

30.cm

Cv

)

30.cm

A

90 cm

water water

P, =1.013 x 10° Pa

Figure for Problem 4.3.7

Figure for Question 4.5.1

h

Figure for Question 4.5.2



e) The above statements are wrong.

Question 4.5.3. We want to overturne a homogeneous block of weight W, without ' S —t
it sliding, by applying force F, as shown in the figure. The friction coefficient p b
between the block and the horizontal floor must be:

Figure for Question 4.5.3

a)pu < g
b) =35
ou> 5
d)u =

¢) None of the above.

Question 4.5.4. Based on the figure, indicate which of these answers is correct: .
B C

a) The force of the water on the wall AB of the tank in the figure is horizontal  ig e for Question 4.5.4
and is applied at a height of /3.

b) The buoyant force of the water on a body floating in equilibrium can have an
arbitrary direction, depending on the shape of the body.

¢) None of the other answers are correct.

d) If the barrier C'D in the figure rests without friction on the bottom at C, it can
be kept in equilibrium by applying an appropriate force F at a height of h/2.

e) The force of the water on the bottom BC of the tank has a horizontal component
to the left.

Question 4.5.5. The wall of a reservoir has the trapezoidal cross-section shown in
the figure. The height is h and the length in the transverse direction to the figure
is £. If g is the acceleration of gravity and p is the density of water, the modulus of

the force exerted by the water on the wall is Figure for Question 4.5.5

_ pgh®t

a) F= 2sin @
_ pgh®t

b) F = £
_ pgh’t

o) F =£5
_ pgh’t

d) F= 2cos 6
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e) It cannot be calculated from the data provided.

Question 4.5.6. A ball of mass 0.3 kg is attached to point A on a wire with the
shape of a semicircle of radius 50 cm and centre C. The wire is homogeneous and
has a mass of 0.2 kg. When the assembly is hung in the manner shown in the figure
and once the equilibrium position is reached, the angle 6 will be:

a)14.4 Figure for Question 4.5.6

b) 17.6°
¢) 40.5°
d) 32.5°

e) 30.3°

Question 4.5.7. A homogeneous rigid sphere of weight W and radius R is sus-
pended from a wall by a wire of negligible mass and length 5/3 R, as shown in the
figure. The junction A of the sphere with the wire is on the vertical passing through
the centre of the sphere. There is no friction where the wall and the sphere are in

contact at point B. If T' is the tension of the wire and B is the reaction in the wall,
we can affirm that: i {

a)T = gW Figure for Question 4.5.7

b) B = 3W
©)B=3Ww

d) The wall reaction B is zero, taking into account that there is no friction.

¢) The sphere cannot be in equilibrium in the position indicated in the statement.

Question 4.5.8. A thin homogeneous ring of radius R and weight P is placed on
the inclined plane in the figure, supported by a cable C'B running parallel to the
inclined plane, with 7" being its tension. If y is the coefficient of friction between
the plane and the ring, and the ring is in a condition of imminent motion, indicate

which of the following answers is true:
Figure for Question 4.5.8

a) u=0.29

b) 1 = 0.45
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c)u=0.84
d) 4 = tan 60°
e) 1 = tan 30°

Question 4.5.9. The maximum tension supported by the cable in the figure is
600 N. The bar, joined at point A to the wall, has a weight of 800 N and a length
of 8m. To keep it in equilibrium in a horizontal position, the maximum distance
from its C M to the end A must be:

a)4m Figure for Question 4.5.9
b) 3.51m
¢) 4.63m
d) 3.25m
e) 3.86 m

Question 4.5.10. Two horizontal forces of modulus ' = 160N are applied to a
homogeneous cubic block of 3 m length and weight P. Their lines of action are
parallel and displaced 0.3 m from the position of the centre of mass of the block,
as shown in the figure. The coefficient of friction with the ground is 0.2. Indicate
which of these statements is true:

a) In order for the block to be in equilibrium, the minimum value of P must be 9ure for Question 4.5.10

192 N.

b) In order for the block to be in equilibrium, the minimum value of P must be
64 N.

¢) In equilibrium, the normal component of the ground contact force passes through
the centre of mass of the block.

d) If P = 80N, the block is in equilibrium and the normal component of the
ground contact force passes through point A.

e) If P = 80N, the block is in equilibrium and the frictional force is 16 N.

100 kg

Question 4.5.11. The system in the figure is in equilibrium. If the bar AC' has
negligible mass relative to 100 kg, the tension of the horizontal wire BC' (in N) is:

BA =40cm
04 BC=30cm

Figure for Question 4.5.11
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a) 735.75
b) 981.00
¢) 490.50
d) 1226.25

e) None of the above.

Question 4.5.12. If a beam is simply supported at ends A and B, supporting two
vertical loads of 1000 N, one applied at a midpoint and the other at support point
A, it is true that:

a) The beam cannot be in equilibrium because the net moment with respect to B
is not zero.

b) The beam is not in equilibrium because the net moment with respect to A is
not zero.

¢) The reaction at A is three times that at B.
d) The reaction at A is twice that at B.

e) The reaction at B is 1000 N.

Question 4.5.13. A frictionless hinged gate at point A, width a, separates two
liquids of densities p and p/2. What must the ratio be between heights H, and H,

H, p
of the liquids so that the gate does not move? , g
AO
a) H2 = Figure for Question 4.5.13
b) 22 = /2
Hy, _ 3
o) 7 =12
d) 22 =4
H2 _
e) \/5
Question 4.5.14. A square hinged frictionless gate of mass m is held in equilibrium . m, p
at an inclined angle 0 by a fluid of density p. In this situation, tan 6 is: 9
s —
Figure for Question 4.5.14
a) 2pL3
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3m
b oLF

m
c) L3
2m
d) 5,75

e) 3;%3'

Question 4.5.15. The rope in the figure holds a gate of negligible weight, width
L, and hinged without friction at the lower edge. What is the minimum tension of
rope required to ensure that the gate can withstand the liquid of density p in the
tank that is open at the top, as shown in the figure?

3 3 Figure for Question 4.5.15
a)T = 4pglL
b) T = pgL?
)T = ipgL?
d)T = LBpgL?
e)1 = %ngS

Question 4.5.16. The homogeneous ladder in the figure is supported by point A
on the smooth wall and by point B on the rough floor. It is known to slide when
0 < 30°. The coefficient of friction with the ground is:

a) u = 0.766
b) 1 = 0.866
Figure for Question 4.5.16
¢) 1 = 0.666
d) 1 = 0.566
e) u = 0.966

Question 4.5.17. Given the system in the figure, determine the coefficient of fric-
tion u that causes body 2 to be in a condition of imminent downward motion if
m, =m,m, = 2mand § = %. The rope has negligible mass and the pulley shaft
is frictionless.

a) 1.23 Figure for Question 4.5.17
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b) 1.46
¢) 0.32
d) 2.46

e) 0.73

Problem 4.5.3. The homogeneous block in the position indicated in the figure has
mass m and dimensions a x b x b. It is in equilibrium due to being submerged in
a liquid of density p while tied to a rope at the centre of the lower edge. Find the
mass m of the block.

Data: ¢ =4m, b= 3mand p = 10°kg/m’.

Solution: m = 12000 kg

Problem 4.5.4. As shown in the figure, a uniformly weighted bar of length 2a and
weight W rests on an empty, smooth hemisphere of radius r. Find the angle ¢ of
equilibrium and the reactions at A and C.

Solution: cos ¢ = ¢tva +32r° “’;TJFW; C="2 A=W tan¢

Problem 4.5.5. A homogeneous bar of 5m and weight P is placed between two
vertical walls 4 m apart. Wall A is smooth and the static friction coefficient between
the bar and wall B is 0.9. An object of weight 3P can be fixed at different points
of the bar. At what distance = from wall B can the object be fixed without losing
its equilibrium?

Solution: x > 3.78 m

Problem 4.5.6. The end of a water channel is formed by a gate of negligible weight
ABC, as shown in the figure. It is 1.2m wide and hinged without friction at B.

Calculate the ratio i /b for which the reaction at A is zero.

Solution: % = /3

Problem 4.5.7. A uniform block A with a mass of 1kg is placed on a rough hori-
zontal plane of coefficient 1+ = 0.2. This block is tied to a horizontal rope at height
h. The rope passes through two massless and frictionless pulleys, C and D.

a) If h = 0.3 m, determine the minimum value of the mass of body B that
causes body A to lose equilibrium.

b) Do the same as in a, but if h = 4 m.

1rope

Figure for Problem 4.5.3

Figure for Problem 4.5.7. All units
are expressed in Sl



Solution: a) m; = 0.400kg; b) m = 0.125kg

Problem 4.5.8. A 60 kg cabinet is mounted on wheels that can be locked to prevent

them from rolling. The coefficient of friction is 0.3. If & = 80 cm, determine the ===
modulus of force P necessary to move the cabinet to the right under the following '
conditions:

a) If all the wheels are locked.
Figure for Problem 4.5.8
b) If wheels B are locked and the wheels A can turn freely.

¢) If wheels A are locked and wheels B can turn freely.

Solution: a) P = 176.4N; b) P = 147.0N;c) P = 63.0N

Problem 4.5.9. Determine the tension of a cable AB that supports a stick BD ; Im
without slipping. The stick has a mass of 18 kg. Assume that there is no friction. 5
B

Solution: 7' = 46.4N

Figure for Problem 4.5.9
Problem 4.5.10. The rod in the figure is attached to the ground by the cable AH.
The mass of the rod is 1kg and it is made up of two homogeneous sections of
different densities (BC has twice the linear density of AB). From end C hangs a A

5 kg body. The system is balanced and the support at B is not smooth. Determine:

a) The tension of the cable.

AB=0.6m
BC=0.3m

b) The frictional force between the rod and the ground at B.

—oQ

¢) Would there be equilibrium if the coefficient of friction at B were 0.5?

Figure for Problem 4.5.10
Solution: a) T'=40.3N; b) F = 64.3N; c¢) No

Problem 4.5.11. A disc of radius R and mass M is on a horizontal surface, resting
against a step of height h = R/2. We want the disc to go up the step by applying L, .

a force of modulus F’ to its axis (see Figure). Determine the minimum value of F’ ﬂ
for the disc to go up the step, as well as the modulus and direction of the force that
the step exerts on the disc. Figure for Problem 4.5.11

Solution: F = Mg+v/3; N = 2M g; angle of N with the horizontal: 30°

Problem 4.5.12. A uniform rectangular plate AB, of mass 1600 kg, separates two
tanks containing water. The plate is hinged at the bottom, has a width of 3 m and
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is in equilibrium due to the action of the cable BC'. Determine the tension of this
cable.

Solution: 7" = 12512 N

Problem 4.5.13. A container is separated into two parts by a gate of height AB =
1.2m, weight 5000 N, width L = 3 m and hinged without friction at point A. In
the first part is a fluid of density p, = 1.3 g/cm’ up to a height of H, = 0.6 m. In
the second part is a fluid of density p, = 1.8 g/cm’ up to a height of H, = 1.5 m.
To keep the gate in equilibrium, a spring with a recovery constant £k = 3x 10° N/m
is used. Determine:

a) The force each fluid exerts on the gate.
b) Their respective points of application.
¢) The force that the hinge exerts at point A of the gate.
d) The force exerted by the spring in order to maintain the gate’s equilibrium,
as well as the deformation it undergoes.
Solution: With the axes >Al—-‘,
a) F, = (6.887,0) x 10°N; F, = (—57.212,0) x 10°N
b) 7, = (0,0.20) m; #p, = (0,0.467) m

¢) A =(29.201,5) x 10° N; d) F, = (21.117,0) x 10* N; Al = —0.070 m

Problem 4.5.14. The tank in the figure is 3 m wide. With respect to C' on the gate
CB, at what height h of the mercury will give rise to a moment in a clockwise
direction due to the action of the two liquids of value 2 x 10° Nm?

Data: Density of mercury: 13.6 g/cm’. Distance CB = 2.5m

Solution: & = 0.23 m

Question 4.7.1. A particle of mass 20 kg receives the action of a conservative force
of potential energy U(z) = 5(x — 2)*> 4+ 25 (« in m and U in J). Which of the
following statements is true?

a) The equilibrium position of the particle is z = —2m.

b) The potential energy associated with the equilibrium position is 25 J.

¢) The equilibrium position of the particle is unstable.

0.6m
Figure for Problem 4.5.12

Figure for Problem 4.5.13

Figure for Problem 4.5.14



d) If we leave the particle without velocity at the position x = 0, it will move in
the negative direction of the z-axis.

e) The mechanical energy of the particle can be negative for certain values of x.

Question 4.7.2. Given a conservative system with one degree of freedom and of
potential energy U (z), which of the following statements is true?

a) To have stable equilibrium at z = x,, it is necessary that at this position
U(z,)=0.

d*U
pre) =0.

T=x 4

b) The position x = x, cannot be of stable equilibrium if

¢) In order for the position z = x, to be of indifferent equilibrium, it is a necessary

d*U _
T =0.

and sufficient condition that

T=x A

d) In a position of unstable equilibrium, the mechanical energy is maximum.

¢) None of the above four statements are true.

Question 4.7.3. The frictionless hinged bar in the figure is homogeneous and
weighs P = 200 N. The spring has recovery constant k£ and natural length ¢, =
0.5 m. What must the value of & be so that § = 7 is an equilibrium position?

a) 144.2N/m Figure fc;r Question 4.7.3
b) 288.4N/m

¢) 576.8N/m

d) 96.3N/m

€) 192.3N/m

Problem 4.7.4. The figure shows the cross-section of a homogeneous ventilation
door with a mass of 60 kg and hinged without friction at O. The door is controlled

by a spring-loaded cable passing through the small frictionless pulley at A. The (units SI)

|
Figure for Problem 4.7.4

spring recovery constant is 160 N/m and its deformation is zero when 6 = 0.
Determine the equilibrium angle 6 and analyse the equilibrium type.

Solution: 6§ = 0.9202rad = 52.72°; stable.
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Problem 4.7.5. In the frictionless mechanism shown in the figure, A is a joint and A
C can slide along the wall. Find the equilibrium position y and the tension 7" of p L
the spring AC'. The resting length of the spring is h, and k is its recovery constant. N
e Y

Solution: y =h+ £; T =L

L
Problem 4.7.6. Given the potential U(x) = z* — 42® 4 62* — 4z 4 10 (SI units), ¢
is the point x = 1 stable, unstable or of indifferent equilibrium? Figure for Problem 4.7.5

Solution: Stable.

Problem 4.7.7. Two bars AB and BC are each 0.6 m long and used to support

a weight of 500 N. Knowing that there is equilibrium for § = 30°, determine the ! P T C & l
value of the recovery constant k£ for both springs. Assume that the weight of the 0 £

bars and the friction are negligible. The springs are at their natural length when B

# = 0. Show that the equilibrium is stable. There is no friction between C and the

. . . . . .. Figure for Problem 4.7.7
ground. The upper end of the vertical spring can slide horizontally without friction;

therefore, it always has the vertical position.

Solution: k¥ = 1029.6 Nm™'

Problem 4.7.8. The figure represents a homogeneous window AB of weight 100 N,
which can rotate, without friction, about A. It is held by a wire that is tied at B
after passing through a frictionless pulley C', with the other end tied to a horizontal
spring of recovery constant & = 100 N/m. The spring is at its natural length when A

0 =30°. If AB = AC = 1.20m, find the angle 0 of equilibrium of the system. Figure for Problem 4.7.8

Solution: 6§ = 180° and # = 52.7°

Problem 4.7.9. Four frictionless hinged rods of negligible mass form a rhombus
A/BFD, supported at A and subjected to the action of the given forces P and @, as
shown in the figure. Determine the equilibrium configuration of the system defined
by the angle 6.

Solution: P = () tanf

Problem 4.7.10. In the system shown in the figure, with no friction and the AC
bar of negligible weight, find the angle 6 of equilibrium.

Data: ¢ = 50cm, k¥ = 100N/m, natural length of the spring = 50 cm, and
P =10N.

Figure for Problem 4.7.10

Solution: 6 = 77.4° and 6 = 180°



Problem 4.7.11. Determine the equilibrium position of the system in the figure.
The bars have negligible weight, AD is the natural length of the spring and there
is no friction.

fon. Gin g — e P . __P
Solution: sin = 0 and, if ;7 < 1;cos =
Problem 4.7.12. A vertical load W is applied to the mechanism in the figure. The
spring recovery constant is k; its natural length corresponds to when AB and BC
are horizontal. Assuming that the bars are weightless and there is no friction, find
the expression relating 6, W, a and k, when the mechanism is in equilibrium.

Solution: (1 — cosf)tan6 = ;1
Problem 4.7.13. A small ball of mass m can move frictionlessly along the guide.
In addition to being subjected to gravity, an inextensible rope of negligible mass
passing through a small pulley O (free of friction) subjects it to the action of a
spring of negligible mass and recovery constant k. The spring is relaxed when we
unhook the end of the rope attached to the ball and we take it to point O.

a) Find the position (z, y) of equilibrium as a function of m, g, k and L.
b) Determine the type of equilibrium.

Solution: a) z,, = £ (£ + 1); b) stable.

Problem 4.7.14. The uniform bar AB in the figure, with a weight of 150N and a
length of L = 0.9 m, can slide along a vertical guide without friction. The spring of
recovery constant & = 250 N/m is attached to point B of the bar and has its natural
length when 6 = 0. Neglecting the frictional forces with the ground, determine:
a) The equilibrium positions.
b) The type of equilibrium.

¢) The reaction at A for the different equilibrium positions.

d) What would be the work done by the spring if the system were to move from
position § = 10° to § = 30°?

Solution: a) , = 0° and 0, = 48.2°; b) 6, unstable and 0, stable; ¢) A, = 150N;
A, =75N; d) W, = —1.79]

Problem 4.7.15. The system in the figure is in equilibrium. The bars have a neg-
ligible weight and are frictionless. Express the relationship between P and F' as a
function of the angle 6.

Problems and questions %

Figure for Problem 4.7.13

Figure for Problem 4.7.14

Figure for Problem 4.7.15
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Solution: % = 2tan@

Problem 4.7.16. The roly-poly toy in the figure has a symmetry of revolution
and a hemispherical base, such it always returns to its initial vertical position after
striking it. What condition must the assembly’s centre of mass fulfil?

Solution: The C'M must be below the base of the hemisphere.

Problem 4.7.17. The system shown in the figure consists of two springs of recov-
ery constants k = 100 N/m and a bar of mass 30 kg and length 2m. The end A of
the bar can move without friction in the horizontal direction x and the other end
B can move on the vertical wall, which is also frictionless. Both springs have the
same natural length corresponding to the vertical position of the bar. Calculate:

a) The values of = corresponding to the two equilibrium positions presented by
the system.

b) The work of the spring on the right (W) when the bar moves, in the neg-
ative direction of the x-axis, between these two positions.

¢) The work of the gravitational force (W) in this displacement.

Solution: a) 0 and 1.8598 m; b) 172.92J; ¢) —186.03 ]

Problem 4.7.18. A small trolley of mass M (wheels of negligible mass) with an
overload M, and M, is placed on an inclined plane and attached at one end to a
spring (recovery constant k£ and natural length ¢,,), while the other end is tied to
a rope (always taut) passing through a pulley (of negligible mass and no friction),
from which hangs a mass m.

a) Write the expression for the mechanical energy of the system as a function
of the y-coordinate (the energy may have an additive constant, independent of

Y)-
b) Find the equilibrium position y,.

¢) Imposing conservation of energy, find the equation of motion.

Figure for Problem 4.7.17

Figure for Problem 4.7.18



d) Write the equation of motion as a function of the coordinate x, for which the
equilibrium position is z = 0.

e) How does the trolley move if we release it from 5 cm downwards from the
equilibrium position? What if we release it from 5 cm upwards?

f) What is the maximum distance (with respect to the equilibrium position) from
which we can release the trolley without the rope becoming slack?

Data: M = 0.487kg;, M, = 0.494kg, M, = 0.289kg;, L = 60cm, H, =
8.13cm, H, = 1.22 cm, m = 105g, k = 3.63N/m and ¢, = 9.5cm

Solution:

a) E = §(M+M,+M,+m)j* — (M +M, + M,)gy sin o —mgy + 5k(y — £,.)*
sina = 0.115

_ ((M+Mi1+Ms) sinat+m)g+kly,
b) y, = A .

)M+ M, +M,+m)j=((M+ M, + M, sina+m)g—k(y—4,,)

A (M+M +M+m)i=—ka

e) z(t) = 0.05 coswt; z(t) = —0.05 coswt; w = ./m

f) distance d = A < %

U
Problem 4.7.19. U(x) is the potential energy function of a force as a function of
the Cartesian z-coordinate.
a) Draw the attached graph by schematically indicating the modulus, direction x
of the forces at different points on the curve. Figure for Problem 4.7.19

Using the graph, indicate:
b) The point where the force will be maximum, zero, attractive and repulsive.
¢) The points of equilibrium and what these are points like.

If we assume that this curve represents the interaction potential between two atoms:

d) What energy will hold both atoms together?

Problem 4.7.20. A homogeneous rod of mass m and length R\/3 rests without
friction inside a spherical cavity of radius R. A mass m/2 is fixed at one end of

. Lo . T,
the rod. What is the angle « of equilibrium? What kind of equilibrium is it? Figure for Problem 4.7.20

Solution: o = 30°, stable
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Problem 4.7.21. Determine the equilibrium positions of a homogeneous bar of
length L = 1m and weight 10N, on which a spring of recovery constant k¥ =
10N/m is acting. ¢ is the natural length of the spring, and the contacts with the
wall and floor are smooth.

Solution: x = 0 and z = 0.866 m

Figure for Problem 4.7.21
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5 Problems and questions

Question 5.2.1. Which of the following statements is generally true about rigid
body kinematics?

a) Ifarigid body is in pure translational motion, no point on the body can describe
a curvilinear motion.

b) Two points on the same body can have different angular velocities.

¢) The kinematic condition of rigidity applies only to plane motion.

d) The relative velocity of two points on a moving body can never be zero.

e) All of the above statements are false.

Question 5.2.2. The figure shows a disc of radius R rolling on a flat surface with-

out sliding. The velocity of the centre O of the disc is constant and is v,. Which B Op Vo,
of the following statements is false? R
I S
a) The angular velocity of the disc w = 5. Figure for Question 5.2.2

b) The velocity of point A on the body is zero.
¢) The velocity of point B is v; = v/2v,.

d) The acceleration of point A on the body is zero.

Y
e) Although there may be friction at contact point A, it does no work. B'g_B’
0)
Question 5.2.3. We know that points A and B on arigid body (see Figure) moving M ., . w
in the z, y plane have, at a given instant, the following positions and velocities (in
Figure for Question 5.2.3

m and m/s):



Ta = (070) ; Ua :(073); T = (3a2)§ Up = (UBvo)

With respect to the angular velocity w of the body (in rad/s) and v (in m/s), which
of the following answers is true?

a)vy =3andw = 2

b)vy =2andw =2

vy =2andw =1

d)v, =+v13andw =1

e) Without prior knowledge of v, nothing can be deduced.

Question 5.2.4. A disc of mass m rolls down an inclined plane for a distance d
without sliding. If the angle of the plane to the horizontal is « and the disc-plane
friction coefficient is u, the energy dissipated by the frictional force is given by:

a)0

b) dumg cos a

¢) dumgsin o

d) dumgtan

e) dumg

Question 5.2.5. An equilateral triangle of total mass m is made up of three rods ~ |¥
of length b and is arranged as shown in the figure. Its moment of inertia about the
z-axis is

3mb?
a) e
b) mb? Figure for Question 5.2.5
3
mb?
¢) T

2
d) 37211,!1

2
e) —mf
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Question 5.2.6. A ring of radius r and mass m rolls down an inclined plane at an
angle o without sliding. At a given instant, its centre of mass has a velocity v. At
this instant, the modulus of the angular momentum of the ring with respect to point

O (see Figure) is: %
Q
a) mor Figure for Question 5.2.6
3mur
b) =757
¢) 2mur
@
€) mur sin
Question 5.2.7. A dancer who wants to increase her rotation speed has to bring
her arms closer to her body because this:
a) increases the angular momentum.
b) reduces the effort.
¢) increases the momentum.
d) reduces the moment of inertia.
e) increases the physical resistance.
Question 5.2.8. Four particles, m, = ms; = 3kg and m, = m, = 4kg are at the v
vertices of a square, joined by rods of negligible mass. The length of the side of ' ‘
the square is L = 2m. The moment of inertia with respect to an axis perpendicular E .
to the plane of the particles and passing through m, is: N
my mg
a) 88kgm’
Figure for Question 5.2.8
b) 40kgm’
¢) 56 kgm?
d) 20.5kgm’
e) 19.8kgm’
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Question 5.2.9. A bar of length L is held horizontally at a height H above a table

(see Figure). It is released and falls while maintaining its orientation. When it has = (e
descended a distance H, one of its ends touches one end of the table and the bar 4
begins to rotate without friction as the end remains fixed to the table. The angular

< . . — —7

velocity at which the bar starts to rotate is:

a) giH i .
igure for Question 5.2.9
b) YoH
c) 3\/22517}1
d) Y292
e) 3‘2/§TH

Question 5.2.10. A weight lifter lifts weight m, in order to change it, keeping
m, touching the ground. When the barbell forms an angle of 30°, it falls from his = _ My

hands. What is the angular acceleration « of the assembly at this instant? - 30°
1

Data: The weights can be considered as point-like, the mass of the bar is negligible qure for Question 5.2.10.
and L = 2m.

a) 2.5 rad/s?

b) 9.8 rad/s”

¢) 4.2 rad/s?

d) 19.2 rad/s*

e) 4.9 rad/s*

Question 5.2.11. Which of the following statements is true?

a) If two bodies have the same dimensions and the same mass, their moment of
inertia about the same axis is equal.

b) Steiner’s theorem shows that the moment of inertia about an axis through the
CM is less than it is about any other axis parallel to it.

¢) Like mass, the moment of inertia is a characteristic quantity of the body.

d) The moment of inertia of a body about an axis depends on the angular velocity
of the body.



e) Two bodies of different masses always have different moments of inertia about
the same axis.

Question 5.2.12. The homogeneous cubic block in the figure slides without fric-
tion at a velocity v along the horizontal floor until it encounters a chock and be-
comes hooked to it, although this does not prevent it from rotating freely. The
angular velocity of the block just after colliding with the chock is:

a) 5
b) 22
o
d 7

3v

©) 1w

Question 5.2.13. A disc of radius R = 25 cm rotates about an axis of symmetry,
fixed and frictionless, with an angular velocity of w, = 37rad/s. The moment of
inertia about the axis is 7 = 0.5 kgm?®. To stop it, we apply a force of F' = 2N to
a brake pad of friction coefficient = 1.5. The time it takes for the disc to stop
rotating is:

a) 34.7s

b) 54.7's

¢) 14.7s

d)44.7s

e)24.7s

Question 5.2.14. A homogeneous bar of length & = 0.8 m and mass m = 0.40 kg
can rotate without friction about a fixed point A. A point object of mass m, =
0.05 kg and velocity v, = 10 m/s impacts it horizontally and becomes embedded
in the upper end of the bar. The modulus of the velocity of the lower end of the bar
just after impact will be:

a) 1.73m/s

b) 3.73 m/s

Figure for Question 5.2.12

Figure for Question 5.2.13

3
.

0OA

m

Figure for Question 5.2.14
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¢)5.73 m/s
d)4.73m/s

€)2.73 m/s

Question 5.2.15. What is the value of the pulley’s moment of inertia with respect
to the axis normal to the plane in the figure passing through point A? The pulley R
consists of a ring of radius R and mass m, and a rod of length R and mass m. A4 m
a) 13/12 mR? m
b) 4/3 mR? Figure for Question 5.2.15
¢) 5/6 mR?
d)7/12 mR?
e) mR?
Question 5.2.16. As shown in the figure, the moment of inertia about the axis of axis

arigid cylinder of radius R, density p, and a cylindrical longitudinal hole of radius R
R/2is:

S

a) % pmHR*

b) %pﬂ'HR“ Figure for Question 5.2.16
©) BprHR®

d) L2prR

e) i3 prHR*

Problem 5.2.4. A small sphere of mass m and moving at a horizontal velocity -Gm-
of 20m/s hits and remains attached to the end of a rigid piece hanging vertically GOFm 20em
from joint A, which consists of a bar and a disc, both homogeneous of mass m (see ——————— m
Figure). What is the angular velocity of the assembly just after the impact? m  40cm g
20m/s
Figure for Problem 5.2.4

Solution

The moment of inertia with respect to point A after impact I, is

1 1
I, = Emf +m0.5% + §m0.22 +m0.6° +m1®> = 1.713333m
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Using the conservation of angular momentum with respect to point A before and after
impact, we have

m-20-1= T, w
from which we obtain
w = 11.6732rad/s ]

Problem 5.2.5. Determine the equation of motion of a ring of radius R rolling on
an inclined plane without sliding.

Problem 5.2.6. During the Barcelona Olympics (1992), a large number of people
from all over the world came to Barcelona. If we imagine the Earth as a homoge-
neous sphere of mass M = 6 x 10** kg and a total of one million people, with an
average mass of 80 kg, came to Barcelona:

a) Prove that the ratio between the periods before (7°) and during the Olympics
(Ty) is % =1+ ?—Aj}(%cosz& — 1), where m is the mass of all the people
displaced and @ the latitude.

b) Calculate this relationship numerically for the case of the Barcelona Olympics.

Solution: b) % <1

Problem 5.2.7. A homogeneous rigid sphere of mass m rolls without sliding along
a horizontal plane accelerated by a force F' parallel to the plane applied at C' M.

Calculate:
. F
a) The acceleration of the sphere. S
m
b) The dry frictional force of the plane.
|
Solution: a) 2£; b) —2F Figure for Problem 5.2.7

Problem 5.2.8. Inthe game of bowling, imagine we have a ball in a uniform sphere
of 7 kg and 300 mm diameter, which we throw with an initial velocity of v, = 6 m/s
and an initial angular velocity w, = 0. If the dynamic friction coefficient for ball
and lane is ¢ = 0.1, determine:

a) The time ¢, it takes the ball to start rolling without sliding.

Figure for Problem 5.2.8

b) The velocity v, and the angular velocity w; at the instant ¢;.

Solution: a) ¢, = 1.747s; b) v, = 4.286 m/s; w, = 28.57rad/s
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Problem 5.2.9. A flywheel mounted on a shaft is set in rotation by a body of mass
m. The total moment of inertia about the axis shaft is I and M, is the value of the
moment of resistance forces of the shaft bearings.

a) What is the value of the wheel’s angular acceleration?
b) What is the angular velocity when the body has descended a distance h?

Rg—M Rg—M
mihg f'b)w: 9mirg fh

I+mR2 ° I+mR2 R

Solution: a) a =
Problem 5.2.10. A uniform bar of 60 cm length and 15N weight hangs from a
frictionless pin. A bullet of mass 22.7 g impacts it at a velocity of 540m/s and
becomes embedded in it. Determine the angular velocity of the bar immediately
after the impact.

Solution: w = 29.3 rad/s

Problem 5.2.11. A homogeneous cylinder of radius R = 0.4 m rests unattached
on the lorry bed at the cab end of an initially stopped lorry. The lorry starts up with
a constant acceleration of ¢ = 0.7m/s%

If there is sufficient friction between the platform and the cylinder for it to roll
without slipping, determine how long it would take for the cylinder to fall off the
truck if the length of the platform is L = 4.5 m.

Solution: 4.19s

Question 5.3.1. The homogeneous bar in the figure can rotate freely around the
fixed joint at the extreme left of the figure. If it starts from rest in a horizontal po-
sition, what will the modulus of its angular velocity be when it reaches the vertical

position?
a) 379
b) /%
c) ‘3—‘;
d) /2
e) g—i

Figure for Problem 5.2.9
-

45cm 60cm

Figure for Problem 5.2.10

Figure for Problem 5.2.11

b
Figure for Question 5.3.1



Question 5.3.2. An empty cylinder and a rigid cylinder of the same radius and
mass are placed at the top of an inclined plane. They are released at the same
instant and both roll without sliding. It is true that:

a) The two arrive at the base of the plane simultaneously, since they have the
same mass, the same radius and they descend from the same height.
b) At each instant they both have the same kinetic energy.

¢) Since there must be friction for them to roll, mechanical energy cannot be
conserved in either cylinder.

d) At the base of the plane, both have the same kinetic energy.

e) Since the weight is applied at the C'M, the angular momentum of each cylinder
is conserved as they roll down the plane.

Question 5.3.3. A ring rolls without sliding. What is the quotient of its kinetic
energy of rotation and its kinetic energy of translation, 5—“‘7

a)l
b) 1
©) 7
d) 2
V2

Question 5.3.4. Indicate which of the following answers is true.
a) The change in kinetic energy of a rigid body is equal to the work of external
forces.

b) The kinetic energy of a rigid body moving in a plane can be expressed as
E. = % I, w*.

¢) The variation in the kinetic energy of a system of particles is equal to the work
of the internal forces.

d) The kinetic energy of a system of particles with total mass m can be expressed
1
as B, = 5 mvZ,,.

e) The change in kinetic energy of a system of particles is equal to the work of
external forces.
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Question 5.3.5. Consider a four-wheel truck of mass M + 4m, where m is the
mass of each wheel of radius R, and moment of inertia with respect to its axis
%mRz. The truck is moving in a straight line on a plane at speed v, without any
wheels slipping. Thus, the truck’s kinetic energy is:

a) (M + tm)v?
b) 1(3M + Tm)v?
©) 1(2M + 3m)v?
d) 1(2M + 9m)v?
e) (M + gm)v?
Question 5.3.6. The rigid bar in the figure hangs from joint A, without friction. *
A

A bullet hits the bar and becomes embedded at point B. The magnitude that is

conserved during the impact is:
\

a) The angular momentum about point B. ) &

. Figure for Question 5.3.6
b) The mechanical energy.
¢) The momentum.

d) The angular momentum about point A.

e) The horizontal component of the momentum.

Problem 5.3.6. A cylinder of mass M is attached by an inextensible and weightless
rope to a body of mass m. For our purposes, the pulley has no mass and its axis

has no friction. The cylinder rolls without sliding on the inclined plane, which has R
M

an angle of 45°. m
Data: M = 20kg, m =5kg, R=0.3m
Calculate: Figure for Problem 5.3.6
a) The acceleration with which the system moves.

b) The tension of the rope.

Solution: a) a = 2.56 m/s*; b) T = 61.85 N
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Problem 5.3.7. Consider the figure’s fixed-axle, frictionless, homogeneous pulley,
of mass M and moment of inertia I about the axis. It has two inextensible ropes
of negligible mass, coiled without slipping. The first rope is coiled around radius
r, with the other end fixed to a block of mass m,, and the second, around radius
r,, with the other end fixed to a block of mass m.,.

a) Write the mechanical energy of the system as a function of y,, ¥, U1, U», @
and qS

. . . . . . Figure for Problem 5.3.7
b) Find the constraint relationships between y,, 3, and ¢.

¢) Find the energy of the system as a function of y,, y,, ¢ and QS and the equation
of motion for ¢.

Using the numerical data: r, = 40cm; r, = 30 cm; m, = 15kg; m, = 40kg; and
I =4.6kgm*

d) Find the angular acceleration of the pulley and the linear acceleration of the
blocks. Indicate, for each block, whether the translation is upward or down-
ward.

e) Starting from rest at the same level, y,, = ¥,,, What will be the distance

between the blocks after 0.8 s?

Solution

a) The mechanical energy of the system as a function of y1, y2, 91, ¥2,¢ and q5 is

1, 1 5, 1.,
E = gmugi + gmais + 510" —magys —magys

b) The constraints are y; = frlqlﬁ and 9, = rzcz.S

¢) The mechanical energy of the system as a function of y1, y», ¢ and <Z> is

E = (mur} + mars + 1) ¢* — magys — magye

N | =

Applying the conservation of energy, we have
E=0= (mlrf + mars + I) ngqu + mlgrlqz.ﬁ - m29r2qz5
from which, isolating ¢, we find the equation of motion:

MaT2 — MaT1
g9
myr? +myrs + 1

é=

d) ¢ =5.55283rad/s’ ; §j, = —rid = —2.22113m/s’ ; therefore, it goes up.
Yo = rg{j; = 1.66585 m/s2 ; therefore, it goes down.
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e) With the initial data at ¢ = 0, 31 (0) = y10, ¥2(0) = y20 and 91 (0) = 0, 92(0) = 0,
and taking into account that the accelerations are constant, we have

Y1 = Yo + %11'1752
Y2 = Y20 + %?j2t2
from which we obtain
1. "\ o
Y2 — Y1 = i(yz—yl)t
Substituting the accelerations and t = 0.8 s:

|y2 — y1| = 1.24383 m -

Problem 5.3.8. Calculate the final C'M velocity of a homogeneous sphere that is
allowed to roll without sliding down an inclined plane to a drop k. Calculate it in
the following ways.

a) Applying the equations of motion of the rigid body,

b) Applying the conservation of energy.

Solution: vc,, = /+2gh

Problem 5.3.9. A homogeneous disc of radius 20 cm and mass 5kg can rotate
without friction in a vertical plane about its fixed axis. A rope of negligible mass is
wound around it and a mass of 2 kg hangs from it and is dropped. The rope does not
slide. Calculate the angular acceleration of the disc and the acceleration at which
the 2 kg mass falls.

Solution: v = 21.8 rad/s* a = 4.36 m/s’

AU 0 1)
@ ®)

Side view Frontal view

Problem 5.3.10. With an initial angular velocity w ,, we drop (rolling without
sliding) the homogeneous reel in the figure, of mass m and moment of inertia
Iiormy = %mRQ, down the guide (1) from a height y = 3R. At all times it rolls
without sliding and there is no dissipative friction. What velocity of CM, v,, and

Figure for Problem 5.3.10



angular velocity w ,, will the reel have after coming into contact with the horizontal
plane (2)?

Note: Express the results as a function of w ,, R and gravity g.
Solution: v, = /3gR + = R*w?; w, = \/%g + Lw?

Problem 5.3.11. A small ball of mass m = 100 g bounces elastically and horizon-
tally against the lower end, B, of a bar of mass M = 6 kg and length L = 50 cm,
which is hinged without friction at the upper end A. The bar is initially at rest. Ifthe
velocity of the ball just before the collision is 30 m/s and it leaves in a horizontal
direction, determine:

a) The modulus of the velocity of the ball and the angular velocity of the bar
just after bouncing.

b) The maximum angle the bar reaches, with respect to the vertical (the initial
angle is zero).

¢) The modulus of the centre of mass velocity of the bar as it passes again
through the initial position.

Solution: a) 27.143m/s, 5.714 rad/s; b) 63.56°; ¢) 1.43m/s

Problem 5.3.12. A Maxwell wheel is a device as shown in the figure. The rope
has negligible mass; the axis has a radius r; the moment of inertia of the wheel and
axle is I; and its mass is m. If starting from rest it descends a height i, how much
are the final speeds of rotation and translation?

Solution: v =

Problem 5.3.13. Find the equation of motion of the homogeneous bar of mass m
and length L when it oscillates about an axis passing at a distance d from its centre
of mass.

ion: 4 gd 0 —
Solution: 6 + Tira sind =0

Figure for Problem 5.3.11

Figure for Problem 5.3.12

g 7 TN

(\‘d\ ;E /. [{\

m

Figure for Problem 5.3.13
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6 Problems and questions

Question 6.2.1. A particle of mass m is dropped from a height h onto the pan of a dm
scale, where it remains attached (see Figure). The pan has mass m and the balance
is equivalent to a spring of recovery constant k. The period of the subsequent
oscillations will be

a)T =2m,/7F

8m
b)T:T(' &

)T =2m, /5
— h
d) T =2m, /2 + 22

QT =2m /742

Figure for Question 6.2.1

Question 6.2.2. The three systems in the figure consist of springs of negligible

mass with the same recovery constant and attached to the same body of mass m.

There is no friction in any contact. In all cases, the body of mass m can perform a m
simple harmonic motion. If we designate T}, 75 and 7T} as the periods of oscillation

in each case, it will be fulfilled that:

T, >T,=T.
)1 : : Figure for Question 6.2.2
b)T,=T,<T,
C) T1 = T2 = T3
7T, <T, =T,

e) It is necessary to know the value of the recovery constant to order the periods.
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Question 6.2.3. A mass hanging from a spring oscillates as shown in the graph,
which represents the elongation as a function of time. At time ¢,, the mass has:

a) positive velocity & and positive acceleration .

b) positive velocity & and negative acceleration Z.

¢) negative velocity & and positive acceleration .

d) negative velocity & and negative acceleration Z.

e) positive velocity & and zero acceleration Z.

Question 6.2.4. The mass M = 10kg in the figure oscillates on a frictionless
horizontal platform attached to two springs of recovery constants k;, = 100 N/m
and k, = 50 N/m. Which of the following statements is true?

a) The period of oscillation is 2.81 s.

b) The period of oscillation is 3.44s.

¢) The period of oscillation is 1.86s.

d) If we tilt clockwise the platform by rotating it 30° with respect to the horizontal,
the period of oscillation will be the same as when it is horizontal.

e) None of the other four answers is correct.

Question 6.2.5. When a simple pendulum oscillates:

a) The longer the length, the longer the period.
b) The shorter the length, the longer the period.
¢) The longer the length, the shorter the period.

d) The period does not depend on the mass, unless the mass is small; thus, it
increases with the mass.

e) All of the above answers are false

Problem 6.2.1. A homogeneous sphere of radius r and mass m rolls without slid-
ing in a vertical plane on the inner surface of a fixed semi-cylinder of radius R > r.
Find the mechanical energy and the period of the small oscillations as a function
of R, r and g.

Figure for Question 6.2.3

Figure for Question 6.2.4

Figure for Problem 6.2.1



Solution

This is a conservative system with one degree of freedom:

1 . 1
E= §mv2 + EIWQ —mg (R —r)cos6
with I = 2mr? and v = wr = (R — r) 6. We obtain

E@ﬁ%z%mﬂ%wfﬁ—mﬂR—ﬂmw

The equation of motion can be extracted from
. 7 g A .
E=0= gm(R—r) 00 + mg (R —r)sinf 6
which, for small oscillations, we can write as
.. 5¢
0+ ———0=0
TTER=-N

Comparing this with the canonical expression of the SHM,

_ 59
CEVTER-7
it corresponds to a period:
T, = 21 T(R—r)
59

Problem 6.2.2. A body has a simple harmonic motion with an amplitude of 5.2 cm.
When the elongation is 3.4 cm, the velocity is 49.8cm/s. Do we have enough
information to find the phase of the motion? How about for calculating the period?
Find as much as you can from the information we have.

Solution: 7" = 0.50s; 0 = 0.7121rad (x = Asin6)

Problem 6.2.3. A 2kg body is at rest on a smooth horizontal plane and is subjected
to two horizontal springs of recovery constants k; = 100 N/m and &k, = 200N/m.
The length of each of the two non-deformed springs is 40 cm. The free ends of the
springs are stretched and attached to two fixed walls 120 cm apart. Determine the
equilibrium position of the body. What is the frequency of oscillation about the
equilibrium position?

Solution: 66.7cm; f = 1.95Hz
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Problem 6.2.4. A particle moving in simple harmonic motion has a velocity of
16 cm/s and 12 cm/s when it passes, respectively, 3 cm and 4 cm from the centre
of vibration. Calculate its amplitude and period.

Solution: A =5cm; T = 1.57s

Problem 6.2.5. A point mass performs a simple harmonic motion. When the elon-
gation is 410 cm moving towards the equilibrium point, its kinetic energy is 107°J
and its potential energy is also 10~° J. If the mass is 2 g, find the amplitude, period
and phase of the motion.

Solution: A = 14.1cm; T = 6.28s; 6 = 37/4rad (x = Asinf)

Problem 6.2.6. A cylindrical buoy of height 4 m, radius 2 m and mass 40000 kg
floats vertically in water. If it makes small vertical oscillations, find its period of
oscillation.

Solution: 7" = 3.58s

Problem 6.2.7. Two identical cylinders of mass M and cross-section .S are ar-
ranged as shown in the figure and are partially immersed in water. Neglecting the
mass of the pulley, the frictions and the inertia of the water, determine the period
of oscillation of the system of weights when they are slightly separated from their
equilibrium position.

Solution: 7' = 27 sﬂ
gp

Problem 6.2.8. In a U-shaped tube of constant cross-section, with both branches in
a vertical position, a liquid occupying length L of the tube is introduced. Initially,
it becomes unbalanced and consequently starts to oscillate around its equilibrium
position. Assuming that the liquid is incompressible and that there is no friction,
show that the liquid will oscillate with harmonic motion and determine the corre-
sponding period.

Solution: T = 27, /%

Problem 6.2.9. A 100 g body hangs from a long spring. If we stretch it by lowering
it 10 cm below its equilibrium position and then release it, it vibrates with a period
of 2s.

a) With what speed does it pass through its equilibrium position?

b) What is its acceleration when it is 5 cm above this position?

Figure for Problem 6.2.7



¢) In the upward motion, how long does it take to move from a point 5 cm below
its equilibrium position to a point 5 cm above it?

d) How much will the spring shorten when the body is unhooked?

Solution: a) direction 1 and modulus v = 31.4 cm/s; b) direction | and modulus
a=49.3cm/s; ¢c)t = 0.33s; d) Al = 99.3cm

Problem 6.2.10. A 12kg body hangs from a spring. If we stretch it until its length
increases by 10 cm and release it, an oscillatory motion of period 1.45 s starts. An-
swer the following.

a) When oscillating and moving downwards, how long does it take the body to
move from a point 3 cm above its equilibrium position to a point 6 cm below
its equilibrium position?

b) What is the velocity of the body passing through this latter position?
¢) Once at rest, how much will the spring shorten if we unhook the 12 kg body?

Solution: a) t = 0.22s;b) v = —0.347m/s; ¢c) AL = 0.52 m

Problem 6.2.11. Two springs of recovery constants k&, = 1200N/m and k, =
600 N/m are joined in series. The free end of k, hangs from a point and a body of
mass m = 10 kg hangs from the free end of k,. Find:

a) The period of the free oscillations that the body can make.
b) Calculate this while also assuming that the springs are connected in parallel.

Solution: a) "= 0.99s;b) T' = 0.47s

Problem 6.2.12. An inextensible wire of negligible mass passes through the throat
of a pulley whose mass is concentrated at its periphery. A mass M hangs from one
end and the other is attached to a vertical spring fixed to the ground (see Figure).
If the mass of the pulley is m = 800 g, the mass of the hanging body is M = 200 g
and the spring has a negligible mass and a recovery constant k = 16 N/m, calculate
the period of the small oscillations in the system.

Solution: 1.57s

Problem 6.2.13. By hanging a mass M from a spring (which we assume to be
massless and initially non-deformed), it elongates by 2.5m. In this situation, we
push it upward at a velocity of v = 2m/s. Find the trajectory of the mass M.

Solution: y = 1.01sin(1.98¢) (SI)

Figure for Problem 6.2.12
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Problem 6.2.14. A 1kg body attached to the end of a spring starts its motion when
at position z = 1 m with an initial velocity of v = 2m/s. If the period (T') of the
movement is 7 s, calculate the maximum elongation of the spring (A) and find its
trajectory. Calculate the maximum velocity and acceleration and the positions at
which they occur.

Solution: (SI) A = v/2; 2 = v/2sin(2t + 7/4); Vpe = £2V2 (2 = 0); O =
+4v2i(x = £V/2)

Problem 6.2.15. A simple model currently used to describe the proteins present in
our body consists simply of balls representing the amino acids (of approximately
10~2*kg), held together by springs of recovery constant & = 5 x 1072° N/m. Cal-
culate the vibration frequency of the amino acids if we assume that this model is
valid.

Solution: f = 71Hz

Problem 6.2.16. We build a pendulum from two identical uniform rods a and b,
each of length L and mass m, joined at right angles in the form of a T, with the
centre of rod a joined to the end of b. We hang the pendulum from the free end of
rod b, swinging it in a vertical plane.

a) Calculate the moment of inertia with respect to the axis of rotation.

b) Find the expressions for the kinetic and potential energy as a function of the
angle of the axis of the pendulum with respect to the vertical.

¢) Derive the equation of motion.
d) Find the period for the small oscillations.
Solution: a) [ = ¥mL* b) B, = {ml20>, U = 2295(1 — cos); ) 0 +

2
18 g i —_ 0 _ 17L
= Esind =0;d) T = 2w I8g

Problem 6.2.17. The motion of a simple harmonic oscillator is described by the
equation z (t) = 4sin (0.2t 4+ 0.3), with z inm and ¢ in s.
a) Calculate the amplitude, period, frequency and initial phase of the motion.

b) Determine the velocity and acceleration as a function of time, as well as the
initial conditions.

¢) What is the phase difference between the elongation and the velocity? Be-
tween the elongation and the acceleration?

d) Calculate the position, velocity and acceleration at t = 5.

Figure for Problem 6.2.15



Solution: a) A = 4 m; ¢, = 0.3 rad; f, = 0.032 s™"; b)v (¢t) = 0.8 cos (0.2t + 0.3);
a(t) = —0.16sin (0.2t 4 0.3) (SI units); z (0) = 1.18 m; v (0) = 0.76 M; c)
Mgy s d) 2 (5) = 3.85 m ;v (5) = 0.21 M; a (5) = —0.154 M

Problem 6.2.18. A 1kg particle performs a simple harmonic motion with an am-
plitude of 0.5 m. At instant ¢ = 0, it passes through the equilibrium position with
a velocity of (0) = +2m/s.

a) Calculate the frequency and period.
b) Determine the elongation and velocity as a function of time.

¢) Calculate the force and the kinetic and potential energies when the particle
is at 0.2 m from its equilibrium position.

Solution: a)f, = 0.637Hz; T, = 1.57s; b) x = 0.5sin (4t); v = 2cos (4t); ¢)
F=32N,E.=168J;U =0.32]

Problem 6.2.19. In the mechanism shown in the figure, the spring recovery con-
stant is & = 100N/m; the mass of the homogeneous cylindrical pulley is M =
4 kg; and the radius R = 30 cm. The mass of the block is m = 1kg. The rope
does not slide at any time and there is no friction on the axis. Find the equation of
motion and the period.

Solution: % + 33.33 x = 0 (SI units); 1.088 s

Problem 6.2.20. The pulley, the springs (of recovery constants 3%k and k) and the
inextensible rope in the figure all have a negligible mass. The bar, of mass m,
moves slightly and vertically from the horizontal equilibrium position. What is the
period of the oscillations?

Solution: 27,/ %

Question 6.3.1. The vibration amplitude of a damped oscillator decreases from
75mm to 70 mm in one cycle. The oscillating mass is 1.2 kg and the time it takes
to go from the centre to the end of the oscillation is 0.5 s. The damping constant of
the viscous friction force is:

a) 82.8 x 107*Ns/m

b) 165.6 x 10~ Ns/m

¢) 34.5 x 107*N's/m

Figure for Problem 6.2.19

3k k
m
Figure for Problem 6.2.20
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d) 331.2 x 10~*Ns/m

€) 69.0 x 107> Ns/m

Question 6.3.2. With no friction from the ground, a mass M of 100 g can oscillate
horizontally relative to its equilibrium position under the action of four springs of

recovery constants k;, = 10N/m, k, = 20N/m, k; = 10N/mand k, = 15N/m, k.

together with two devices of damping constants b, = 1/2Ns/mand b, = 1 Ns/m. e, M el b

We can state that: ks omm b,
Figure for Question 6.3.2

a) In SI units, the equation of motion is & + 15 + B%Ox =0
b) In ST units, the equation of motion is & + %a’c + 550 =0
¢) In SI units, the equation of motion is & + Lfd: + %x =0
d) The equivalent damping constant is 1/3N's/m.

e) The period of the oscillations will be 0.283 s.

Question 6.3.3. A system that can oscillate has critical damping. In this case:

a) The pulsation is small.

b) All oscillations have the same duration.

¢) The motion is aperiodic.

d) The elongation is a positive exponential function of time.

e) None of the above answers is valid.

Problem 6.3.2. A damped oscillator has a mass of 50 g and a period of oscillation
of 2 s. Its amplitude decreases by 5% every cycle. Assuming the equation of motion
intheformm & +bx + k x =0, find b and k.

Solution: b = 2.56 g/s; k = 0.49N/m

Problem 6.3.3. A 0.5 g particle executes an oscillatory motion with the damping
being proportional to the velocity. The frequency of vibration is 0.5 Hz and the
amplitude is halved after 10s. Calculate:



a) The damping factor.

b) If the movement were caused by a spring, the recovery constant k£ of the
spring.

¢) The frequency it would have if there were no damping.

Solution: a) v = 0.069 s7*; b) k = 4.94-10 — 3N/m; ¢) f = 0.5Hz

Problem 6.3.4. A mass m is hung from a vertically suspended spring with an
elongation of 9.8 cm. The mass is stretched downwards and released, resulting in
oscillations. Determine what value the coefficient b must have in order for:

a) The oscillations to end after 100 s (consider that they have ended when the
amplitude has been reduced to one-thousandth of the initial value).

b) The period of the oscillations to be twice that of the natural period.
¢) The mass to periodically return to the equilibrium position.

Solution: (in SI units): ) b=10.138m; b) b = 17.3m;c) b > 20m

Problem 6.3.5. A body hangs from a spring capable of oscillating vertically. When
there is no damping the period is 2 s; when the damping is switched on, it has a
period of 2.7 s.

a) Determine the equation for the elongation assuming that it is 10 cm at the
initial instant and the velocity is zero.

b) Find the factor a by which the damping constant must be multiplied in order
to reach the critical value.

Solution: a) x(t) = 13.5 e~ 2!t sin(2.33t + 0.83); b) a = 1.49

Problem 6.3.6. A simple pendulum with a mass of 10 g has a period of 2s and
an amplitude of 2°. Due to friction with the air, a resisting force —bwv that is pro-
portional to the velocity acts on the pendulum. Calculate the damping constant b,
knowing that the amplitude is reduced to 1.3° after ten complete oscillations.

Solution: b = 4.31 x 10~*Nsm™'

Problem 6.3.7. A pendulum consists of a thread of 1 m length and negligible mass,
from which hangs a rigid sphere of 1 cm radius and 8 g mass. The pendulum moves
immersed in a liquid of density 1 g/cm®. The sphere is subjected to its weight,
the Archimedean thrust, the tension of the thread and a viscous force —bv, where
b=1.6 x 107*Ns/m. Find:
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a) The period of the small oscillations assuming that b = 0.
b) The period of the small oscillations with the value of b in the statement.

¢) The time it takes for the amplitude of the movement to go from 7 /36 rad to
/72 rad.

d) The value of b for the damping to be critical.

Solution: a) T, = 2.91s;b) T = 2.91s;¢) At =69.31s;d) b =0.034Nsm™'

Problem 6.3.8. A mass is subjected to a force F = —k# and a viscous force F, =
—bvwithb = 5Nsm~'. The elongationis givenby z (t) = 0.8 e~ sin (7t — 0.3),
withz inmand ¢ ins.

a) Calculate the mass and the elastic recovery constant.
b) Calculate the position and velocity when t = 1.2s.

¢) Determine the times at which the mass passes through its equilibrium position
with positive and negative velocity.

d) Determine the times when the mass is at the extremes with positive and

negative x.

Solution: a)m = 1kg; k = 16.1 X;b)x (1.25) = 1.28 cm; v (1.2s) = —0.0862ms™;
o)t =% £ N;d)t= L(arctan ;= +0.3) £ N = 0.81538 = N

s

Problem 6.3.9. A 2kg particle is subjected to an elastic force of recovery constant
k = 10Nm™'. If we introduce the oscillating system into a viscous medium, the
period increases by 10%.

a) Determine the expressions for elongation, velocity and acceleration as a
function of time, taking the origin of time when z > 0 and v = 0 and knowing
that the elongation at this instant is 5 m.

b) Calculate the value of the amplitude after one cycle and its relation to the
initial amplitude.

¢) How much should the damping constant be for it not to oscillate?
Solution: a)

z (t) = 5.5e7093% 5in (2.03¢ + 1.14)
v(t) =9 =11.2e70935 cos (2.03t + 1.14) — 5.14 ¢~ 935 5in (2.03¢ + 1.14)

a(t)=9% = —17.9¢709% sin (2.03t + 1.14) — 20.9 e~ 9% cos (2.03t + 1.14)

b) A(T) = 0.304m; 0.055; ¢) b > 4/5 kgs™'
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Question 6.4.1. The equation of motion of a forced oscillator is & = — %3’3 -9z +
sin4t. It is true that, in steady state:

a) The system is in velocity resonance.

b) The amplitude of the elongation decreases exponentially.

¢) The elongation has the form z = A, sin(4¢ — 2T).

d) The velocity has the form & = v, sin(4t + %).

e) The elongation has the form z = A, cos(3t + 7).

Question 6.4.2. After five oscillations, the amplitude of an oscillator is smaller by

1

a factor of e~ . If w, is its natural pulsation, the amplitude resonance pulsation

will be:
a) Qps = 0.999w,
b) Qr4 = 0.5w,
¢) Npa = 1.125w,
d) Qx4 = 0.2w,

1
e)(Qp, = 3Wo

Question 6.4.3. Once the steady state is reached for a forced oscillator with a
damping force proportional to the velocity, being b the damping constant, it is true
that:

a) At elongation resonance, the mechanical impedance is b.

b) At velocity resonance, the average power dissipated by the friction force in
one cycle is minimal.

¢) At elongation resonance, the phase difference between the applied harmonic
force and the elongation is zero.

d) In velocity resonance, the phase difference between the applied harmonic force
and the elongation is 5 rad.

e) The frequency of velocity resonance is smaller than that of elongation reso-

nance.
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Question 6.4.4. A particle of mass 0.2kg is given an elastic force of recovery
constant k and a velocity-proportional damping force of constant 4 N's/m. A force
F = F,cosw,t is applied to the particle and, after reaching steady state, the parti-
cle oscillates with elongation z = 0.6 cos(w,t — ) (all in SI units). We can state
that:

a) If we increase the frequency of the force F', the amplitude of the particle’s
elongation z will increase.

b) The mechanical impedance is 4 N's/m.

¢) There is a lack of data to calculate the mechanical impedance.

d) If we increase the frequency of the force F', the amplitude of the particle ve-
locity will increase.

¢) The maximum velocity of the particle must be 0.6 m/s.

Question 6.4.5. A particle with a mass of 2 kg performs forced oscillations in a
viscous medium under the action of an external force F' = 5cos(3t) (all in SI
units). In steady state, we can state the following:

a) The elongation could be z = Acos(3t + 7).

b) The acceleration of the particle could be a = 2.5 cos(3t).

¢) The velocity of the particle could be v = v, cos(2t).

d) If the acceleration were a = —0.2 cos(3t— 7 ), the particle would be in velocity

resonance.

e) If the velocity were v = 0.5 sin(3t), the particle would be in velocity resonance.

Question 6.4.6. If a harmonic force F'(t) is applied to a damped harmonic oscil-
lator and the amplitude of the oscillations it makes is maximum, the frequency of
the force is:

a) Slightly greater than the system’s own frequency of vibration in the absence of
damping.

b) Greater than the system’s frequency of vibration in the absence of F'(t) when
damped.

¢) Smaller than the system’s frequency of vibration in the absence of F'(¢) when
damped.
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d) Equal to the frequency at which the system would oscillate when damped and
without applied force.

e) Equal to the free vibration frequency of the system.

Question 6.4.7. Which of the following statements is true?
a) In a mass-spring-damper system excited by a harmonic force, the amplitude
and velocity resonance pulsations coincide if the viscous force is negligible.

b) The mechanical impedance of a mass-spring-damper system is equal to the
coefficient of proportionality between the viscous force and the velocity.

¢) The average power dissipated by forced harmonic oscillations is maximum
when there is amplitude resonance.

d) The period of the damped harmonic oscillations depends on the amplitude.

¢) None of the other four statements is correct.

Question 6.4.8. In damped motion, where z is the elongation and F; = —bx is
the frictional force, which of the following statements is true?

a) If it is oscillatory, the period is smaller than that of an undamped system.

b) If the damping factor v were equal to the pulsation of the system without damp-
ing, the motion would not be oscillatory.

¢) If it is oscillatory, the smaller the damping factor ~ is, the faster the amplitude
decreases.

d) None of the other four statements is true.

e) If the system were overdamped and, in addition, we were to apply an external
harmonic force so that it would be in elongation resonance, under these con-
ditions it would also oscillate with the same pulsation as that one of the over-
damped motion.

Question 6.4.9. A mass of 1kg attached to a damper and a spring of respective
recovery constants 2N's/m and 5N/m is brought into resonance by an external
agent applying a force Fj sin(£2¢). We can state that:

a) If Q = 2rad/s, the system is in velocity resonance.
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b) If Q < 1rad/s, the system does not oscillate.

¢) The mechanical impedance of the system is 2N's/m when we have amplitude
resonance.

d) The elongation is out of phase by % rad with respect to the force applied by the
external agent when we have amplitude resonance.

e) The elongation is in phase with the force applied by the external agent when
we have amplitude resonance.

Problem 6.4.1. A 1kg mass is attached to a structure by an elastic spring and
subjected to a force F = F,sin(Qt), with F, = 2.5N and () variable. Using
the observed relationship indicated in the table between 2 and the amplitude A,
estimate the spring recovery constant k& and the damping constant b.

Qe [ 14 [ 20 26 [ 32 36 [ 40
A (cm) | 0.31 | 0.42 | 0.78 | 1.10 | 0.85 | 0.41

Solution: £ = 1089 Nm"'; 6 =6.9Nsm™'

Problem 6.4.2. A mass of 3 g is subjected to a restoring force of 1N/m and a
damping force of 0.1 N's/m. If a force F' = 0.1 cos(107t) (SI units) is applied,
calculate the amplitude and the phase difference between the force and the ve-
locity. Also calculate the mechanical impedance and find the velocity resonance
frequency.

Solution: A, =2.70cm; § = 32.0°; Z =0.12Nsm™'; fr, = 2.91Hz

Problem 6.4.3. A 10 g particle is subjected to the action of a restoring force of
0.05N/m and a damping force of 0.03 Ns/m. If a periodic force of 50rad/s of
pulsation and 0.001 N of amplitude acts on this particle, find, in steady state:

a) The mechanical impedance.

b) The maximum velocity.

¢) The velocity resonance frequency.
d) The velocity amplitude in this case.

Solution: a) Z = 0.5Nsm™'; b) v,, = 0.20cms™'; ¢) frv = 0.36 Hz; d) v,,x =
3.33cms™!

Table for Problem 6.4.1



Problem 6.4.4. A body of mass 5kg is hanging from the end of a spring. It is
separated from its equilibrium position and is observed to perform a vertical SHM,
which takes 0.4 s to go from one end of the oscillation to the other. The mechanical
energy of the particle is 100 J.

a) Calculate the time taken by the body to go in a downward motion from the
position 0.5 m above the centre of oscillation to 0.2 m below the centre.

If we oscillate the above system in a viscous medium, the frequency becomes
90% of what it was in the SHM.

b) Calculate the amplitude reduction factor over a 0.5 s interval.

We apply to the system a harmonic force of the same frequency as that of the
damped oscillation. It is observed that, in steady state, the system reaches a maxi-

mum velocity of 1.5ms™".

¢) What is the amplitude of the applied force?

Solution: a) ¢t = 0.117s; b) AAO = 0.181; ¢) F, = 52.8N

Problem 6.4.5. A mass of 3 kg undergoes a simple harmonic motion in the direc-
tion of the x-axis with amplitude 10 cm and a period of 3s. For ¢t = 2.5 s, the mass
passes through the equilibrium position, x = 0, with positive velocity.

a) Determine the elongation and velocity at ¢ = 0.

At an instant when the mass passes through the equilibrium position while moving
in the positive direction of the x-axis, a damping device is set in motion which
provides a viscous friction force proportional to the velocity and with a coefficient
of 10Ns/m.

b) Taking as a new time origin (f = 0) the instant when the damper is started,
write the expression of the trajectory and determine all the parameters involved.

¢) Calculate the kinetic energy of the system at the end of the first oscillation
cycle.

Finally, a periodic force F' = 5 cos(€2¢t) (SI units) is applied to the mass, also in
the direction of the z-axis.

d) What would the amplitude of the forced oscillations be if the system were in
velocity resonance?

Solution: a) x, = 0.087m, v, = 0.105m/s
b)x =0.165 e 167 cos (1.27¢ + 37/2);¢) E. = 4.4 x 10-°J; d) A = 0.239m
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Problem 6.4.6. A block of mass m = 3kg on a frictionless horizontal plane is
attached to two springs of recovery constants k&, = 7N/m and k, , and to a damper
of constant b = 10 N's/m. A harmonic force F' = 4sin(2¢), in SI units, is applied
to the block.

a) Determine the value of k, so that in the oscillatory motion of the block the
phase difference between the harmonic force and the elongation is Jrad.

We eliminate the spring of recovery constant k..

b) Write the equation of the elongation as a function of time and determine all
the involved parameters.

¢) What is the maximum speed reached by the block in its oscillation?

When the block is at the right end of the oscillation we eliminate the harmonic
force.

d) What kind of damped motion will the block make?

e) Determine the equation that gives the position of the block as a function of
time and calculate all the involved parameters.

Solution: a) k, = 5 N/m; b) z = 0.194 sin (2t — 1.82); ¢) v, = 0.388ms™';
d) the system is overdamped; ¢) x = 0.340 e~* — 0.146 ¢~ 233

Problem 6.4.7. A U-shaped tube with a cross-section of 1.8 cm in diameter con-
tains 120 g of ethanol (p = 787.4kg/m’). In one of the branches, a small displace-
ment of the liquid is provoked.

a) If there is no friction between the liquid and the walls of the tube, find the
natural pulsation of its oscillations.

When these oscillations are observed, it is found that their amplitude decreases by
3.5% in each period.

b) What is the period of the damped oscillations?

¢) With what frequency should the liquid in the tube be blown so that the oscil-
lating movement has the maximum amplitude?

Solution: a) 5.72rads™'; b) 1.1s; ¢) 0.91 Hz

Problem 6.4.8. A mass m, has been added to a disc D of mass mp, which is
attached to a spring (of recovery constant k and equivalent mass m,, ) and, through
a rope and a pulley P,, to a second mass m,. The disk causes an aerodynamic
friction of coefficient b. The system can be forced to oscillate by an engine that

F =4sin(2t)
Figure for Problem 6.4.6



Problems and questions %

moves the spring harmonically with a pulsation €2. The pulleys P, and P, have
negligible mass.

With the engine stopped, we move the mass m, vertically and release it:
a) Write the equation of motion using the y-coordinate.

We start the engine so that y,, = y,., + Rsin(Qt + 6,).
b) Find the new equation of motion.

¢) Write the equation of motion in canonical form (call « the new coordinate)

and identify all the parameters involved.

d) Plot the amplitude of the forced stationary oscillations as a function of engine

pulsation. Figure for Problem 6.4.8

Data: m = m, + mp + m, + m, = 0.80kg; k = 9.7N/m; R = 4cm; b =
1.5N's/m

Solution (in ST units):
a) my + by + k(y —Yn — eeq) - 0: WIth yeq —Ym — Eeq - 0
b) mij + by + k(Y — Ymo — L) — kR sin(Qt +6,) =0

c) I+ 2 <b> T+ <k> x = (kR) sin(Qt + 6,)
2m m m
~—— —— ——

2
il wg B

o 0.48
d) AP(Q) - \/3752Q2+(QZ—12.13)2

Problem 6.4.9. A block of 2 kg mass moves in a horizontal plane in the direction
of the xz-axis, under the action of a restoring force of recovery constant 18 N/m and
in the presence of a viscous friction force of coefficient 16 N's/m.

By means of an engine, a harmonic force F' = Fj, sin )¢ is applied to the block, also
in the x direction. Under stationary conditions, the expression for the trajectory of
the block is z = 0.01 sin(Q2t — 7/2) (z in m and ¢ in s).

a) Calculate the pulsation 2, the mechanical impedance and the amplitude of
the force.

b) Express the velocity of the block as a function of time and calculate the phase
difference between the velocity and the force.

Now, the engine is switched off:

¢) What kind of motion does the block make? Give reasons and numerical
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justification for the answer.

Solution: a) 3 rad/s; 16 kg/s; 0.48 N; b) 0.03sin 3¢; 0

Problem 6.4.10. Consider the system in the figure. When in equilibrium, ¢ = /,,.
The pulley rotates about a fixed axis passing through O with moment of inertia /.
It is affected by viscous friction with a moment about the shaft M,,, = —3 ¢,
where (/) is the angular velocity and [ is a constant.

We assume that, at all times, the rope remains taut and does not slip. With the
engine stopped, L = ct, we move the mass m vertically and release it:

a) Write the equation of motion using the y-coordinate.

We start the engine in such a way that L is no longer constant and can be expressed
as L = CO,,, +rsin(Qt 4 6,) due to the fact that CO,,, > r (C is the rope-pulley
contact point, which in this approximation is at rest).

b) Find the new equation of motion. Figure for Problem 6.4.10

¢) Write the equation of motion in canonical form (call = the new coordinate)
and identify all the parameters involved.

d) Plot the amplitude of the forced stationary oscillations as a function of engine
pulsation 2.

Data:
R=14mm; [ =6.0 x 107° kg m*; » = 20 mm
m=107g; k=350N/m; =181 x10"*Nms

Solution (in SI units):
a) (& +m)ij+ Zy+k(y+6t,—L)=0

b) (= +m)§+ g+ k(y + by — CO.,) — krsin(Qt +6,) = 0

. B . k kr .
2| ———m— = Qt + 6,);
c) &+ <2R2(R{2+m)>x+<1{2+m>m <R{2+m>sm( + 6,)
—— —

2
¥ wg B

m:er&qf@mg

_ 0.169
d) 4,(2) = V/5,0002+(02-8.47)2

Problem 6.4.11. In a liquid of density p = 10°kg/m’, a bottom-ballasted buoy
of total mass m = 20 kg is held in equilibrium at y = 0, where y is a vertical
coordinate. To avoid excessive oscillations, it is designed to have a damping of



—80 g (ST units). The cylindrical part of the buoy, of radius R = 0.25 m, always
touches the water level. Determine: l R
g

a) The differential equation of motion for the y-coordinate.

b) The period of the oscillations.

¢) The position as a function of time, y(t), if we hit it when it is in equilibrium
so that the initial velocity is ¢, = —10 m/s.

Due to a smooth and persistent swell, it receives a vertical excitation force F' =

100 sin(10¢) (SI units). Determine: m
d) The position as a function of time, y(t), for the stationary motion.

Solution: a) §j+47+96.3y = 0;b) T = 0.654 s; ¢) y(¢) = 1.041 e~ sin(9.60 t+  Figure for Problem 6.4.11

7); d) y(t) = 0.1244 sin(10t — 1.66)

Problem 6.4.12. A 2 kg particle attached to a spring of recovery constant of

—1

18 N/m and a damper with damping parameter v = 3 s~' moves in a rectilin-

ear motion in the x-direction, where x = 0 is its equilibrium point.
a) Write the equation of motion.

At the initial instant, the particle is at position z = 0.3 m, with velocity & =
—0.2 m/s.

b) Write the expression of its trajectory

We apply a harmonic force in the z-direction to the particle so that it oscillates with
a constant amplitude of 0.1 m and takes 0.25 s to go from one end of the oscillation
to the other.

¢) What must the value be for the amplitude of this force?
d) What is the maximum speed of the particle under these conditions?

Solution: a) & + 63 + 9z = 0; b) z(t) = (0.3 +0.7t) e~3%; ¢) F, = 33.383 N; d)
1.257 m/s

309






7 Problems and questions

Problem 7.2.3. The photograph of a wave pulse on a string at the instant ¢ = 0
indicates that the shape of the pulse is (SI units)
18 x 102
8 4 x2
If the elongation of the string at the point z = 5.20 m and at the instant ¢ = 0.40 s

y(m,O) =

is 2.25 mm, at what speed does this wave propagate? If the linear density of the
string is 0.280 kg/m, to what tension is it subjected?

Solution: 13.0m/s, 47.3N

Problem 7.2.4. If A, B, C, k, w and ¢ are constants, which of the following
functions represent waves? What is the propagation speed in the positive cases?

a)y(z,t) = Acos?(kx —wt + ¢) b)y(z,t) = Acoskx coswt

) y(,t) = oo d) y(e,1) = e
Solution: The functions a, b and ¢ are waves. The velocities are: for a and b,
v=g;forc,v= %.

Problem 7.2.5. Answer the following related questions:

a) Write a harmonic wave propagating towards decreasing x, 8.0 mm in ampli-
tude, 230 Hz in frequency and 145 m/s in speed.

b) What is the distance between two points which, at a given instant, are out of
phase by 7/3 rad?

¢) What is the phase difference of the elongation at the same point between two
instants of time separated by 1.5 x 1072 s?

Solution: a) y = 8.0 x 1072 in(9.966x + 1445¢t); b) 0.1051 m; ¢) 2.168 rad
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Problem 7.2.6. A harmonic wave passes through two points on a string, z,; and
Z,, which are separated by 1.20 m and vibrate, respectively (in SI units),

1
y; = 0.020sin7 <3t - 2) , Yy, = 0.020sin7 (3t — 1)

Calculate the velocity at which the wave propagates, the wavelength and the wave
function.

Solution: 7.20m/s, 4.80 m; y(x,t) = 0.020 sin 37w (t — 2/7.20 — 1/6)

Problem 7.2.7. Consider the wave y(z,t) = 4cos [27 (& + 5%5)], where y and
x are expressed in cm and ¢ in s. Calculate:

a) The phase difference, at a given instant, between two particles in the medium
separated by 210 cm.

b) The phase difference between two positions and the same instant knowing
that the particle in the medium takes 1.0's to go from one to the other of these
positions.

¢) If, at a given instant, a given particle has an elongation of 3.0 cm, what will
its elongation be 2.0 s later?

Solution: a) 7/4x rad; b) 7/3 rad; ¢) —3.79 cm

Problem 7.2.8. A transverse harmonic wave propagates along an indefinite string
with a speed of 4.0 m/s. At all times, the minimum distance between two points in
phase is 20 cm. It is known that, at the origin = 0 and at the initial instant ¢ = 0,
the elongation is maximum with a value of 20 cm. Find:

a) The amplitude, wavelength and period.

b) The elongation and velocity of a point z = 0.25m, after t = 5/16s.

¢) The minimum distance between two points with a phase difference of 7 /3 rad.
d) The phase difference between two points separated by Ax = 5cm,

Solution: a) 20 cm; 0.20m, 0.05s; b) 20 cm; 0 m/s; ¢) 3.33 cm; d) 7/2 rad

Problem 7.2.9. A harmonic plane wave travels with a propagation speed of 32 m/s.
The amplitude is 2.3 cm and the frequency is 60 Hz. Assuming that at the origin
x = 0 and at the initial instant ¢ = O the elongation is maximum, what are the
values of the elongation, velocity and acceleration at a point z = 15.3m, after
t = 2.60s have elapsed.



Solution: —0.88 cm; —8.01m/s; 1251 m/s”

Problem 7.3.2. A long string, of linear density 0.10kg/m and subjected to 25 N
of tension, is made to vibrate at a frequency of 20 Hz and causes the propagation
of a harmonic wave of amplitude 1 cm.

a) Calculate the speed at which the wave propagates and its wavelength.

b) Write the wave function of this wave, knowing that at the initial instant £ = 0
the elongation of the string is 0.50 cm at the origin point z = 0.

¢) Att = 4s, what is the elongation, velocity and transverse acceleration of the
point on the string at £ = 90 cm?

Solution: a) 15.81 m/s; 0.7905 m; b) y = 1x10~? sin(wt—kx+7/6), 125.66 rad/s;
7.948 rad/m; ¢) —0.3383 cm; 118.3 cm/s; 53.42m/s?

Problem 7.3.3. Using dimensional analysis, find the expressions giving the prop-
agation velocities v of the following two types of waves:

a) Waves on a very long string, of linear density 1 and subjected to a tension
F.

b) Waves on the surface of a lake or sea caused by the weight of the water
when the vertical amplitude of the waves is much smaller than the depth h of
the water. The quantities on which these surface waves may depend are the
water density, p, the acceleration of gravity g and the depth, h.

Solution: a) v = k,/ %; b) v = k+/gh, where k is a dimensionless constant (a
detailed physical study shows it to be 1).

Problem 7.3.4. A long, heavy chain of length L and mass m is hung from the
ceiling. One end is struck by a hand, causing a wave pulse that rises upwards,
reaches the ceiling, is reflected and returns back to the original end. Calculate how
long it will take for the pulse to go up and down.

Solution: At = 4\/§

Problem 7.3.5. The speed of sound waves in air is given by (7.29):

_ [9RT
YTV M

wherey = 1.40, R = 8.314J/molK and M, the molar mass of air, is 0.0290 kg /mol.

Making the necessary approximations, find a simple expression for the speed of
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sound as a function of the temperature ¢t of the air in degrees Celsius, °C, for
temperatures near 0°C.

Solution: In m/s, v(ts) = 331 + 0.606t., if ¢, in °C.

Problem 7.3.6. When a 200 m long steel tube is struck at one end, a person at the
other end hears two sounds resulting from two longitudinal waves, one propagating
through the tube and the other through the air, at 7' = 20°C. What is the time
interval between both sounds?

Solution: 0.549 s

Problem 7.4.1. Using a mathematics programme, graphically check that the fol-
lowing two periodic functions are equivalent to the developments in the indicated
Fourier series:

a) Absolute value of sin(wt): f(t) = |sinwt|

ft) = 2 4 COSZwt+cos4wt+cos6wt+
o 1-3 3.5 5.7

b) Positive triangular saw: f(t) =t, 2rn <t <2x(n+1),n=0,1...

1 1
fit)y = m7—2 (sintJr isin2t+ gsin3t+ )









8 Problems and questions

Problem 8.1.3. We vibrate a tensioned wire in such a way that we generate in it
transverse waves with a frequency of 120 Hz and an amplitude of 2.30 mm. The
density of the wire is 0.010 kg/m and it is subjected to a tension of 100 N.

a) What are the angular frequency and the wave number?

b) What is the energy per unit length of the wire? What is the minimum power
that must be supplied to keep the amplitude of the waves constant?

Solution: a) 754.0rad/s; 7.540rad/m; b) 0.01504 J/m; 1.504 W

Problem 8.2.2. Longitudinal waves of amplitude 1.0 x 107> m and frequency
30 Hz propagate through a steel bar with a diameter of 4 cm. Calculate:

a) The wave function propagating along the bar.
b) The energy of the rod per unit volume.
¢) The average power and intensity propagating through the bar.

Solution: a) s = 1.0 x 1077 sin(0.03722 x — 188.5¢) (SI units); b) 0.0139J/m?;
¢) 88.2mW; 70.2W/m’

Problem 8.3.2. Answer the following related questions.

a) What is the intensity and intensity level of a sound wave in air with a sound
pressure amplitude of 0.20 Pa? What is this amplitude as a percentage of the
atmospheric pressure?

b) To which displacement wave does it correspond if the frequency of the sound
is 440 Hz?

Note: Assume that the acoustic impedance of air is 418 rayl.



318

Solution: a) 4.6 x 10~ W/m?;, 76.6dB; 2.0 x 107*%;b) 1.73 x 10~"m

Problem 8.3.3. A plane sound wave in air has a frequency of 100 Hz and an ampli-
tude of 7.7 x 10~° m. If the air pressure is 1 atm = 1033 hPa and the temperature
is 15°C, determine:

a) The acoustic impedance of the air.
b) The intensity and intensity level of the sound wave.
¢) The amplitude of the corresponding acoustic pressure wave.

Solution: a) 425rayl; b) 4.97 x 10~ W/m?; 97.0dB; c) 2.06 Pa

Problem 8.3.4. Knowing that the acoustic impedances of air and water are, re-
spectively, 418 rayl and 1.45 x 10° rayl, calculate:

a) The acoustic pressure amplitude ratio of two waves, one in water and the
other in air, that have the same frequency and equal intensities.

b) If the acoustic pressure amplitudes of both waves were equal, what would
be the ratio of their intensities?

Solution: a) 58.9; b) 2.88 x 10~*

Problem 8.3.5. The sound of an explosion lasting 0.25 s is no longer audible 80 km
from the point where it occurred. The threshold intensity for this sound is 8 x
10~ W/m?. Assuming that the sound propagates as a spherical wave with no
energy loss, determine:

a) The acoustic energy involved in the sound of the explosion.
b) The distance at which the intensity level is 50 dB.

¢) At the distance found for question b), how many simultaneous explosions
would be necessary for the intensity level to be 70 dB?

Solution: a) 0.161J; b) 253 m; ¢) 100

Problem 8.3.6. The intensity of a plane wave has been reduced by 30% after pass-
ing through 12 cm of absorbing material.

a) What is the absorption coefficient of the material for this type of wave?

b) How much of the material did the wave pass through at the instant when the
intensity was 90% of the initial intensity?



Solution: a) 2.97m™'; b) 3.55cm

Problem 8.3.7. Two wires of different densities are welded together and subjected
to a given tension. A wave propagates through the first wire and, upon reaching the
weld, one part is reflected and the other is transmitted. Knowing that the amplitude
of the reflected wave is half that of the transmitted wave, and that the velocity of
the waves in the first wire is twice that of the second, calculate:

a) The amplitude ratio of the three waves.

b) The percentage of incident power transmitted and the percentage that is re-
flected.

bS

s _ Ap __ 1. _ _ 2. _ _ 1. — —
Solution: a)CLR—TJ;—g,GT—%—g,b)pR—7—§,pT—?I—§

Problem 8.3.8. A longitudinal harmonic wave passes through a steel — copper
interface. The incident wave has a period of 1.0 x 107? s, a wavelength of 5.05 m
and an amplitude of 2.0 x 10~®m. The transmitted wave is observed to have a
wavelength of 3.71 m. Calculate:

a) The propagation speed of the waves in each medium.

b) The steel — copper transmission and reflection coefficients.

¢) The proportion of energy that is reflected and that is transmitted.
d) The amplitude of the reflected wave.

Data: The densities of the steel and copper used are, respectively, p,.. = 7850 kg/m’,
P = 8960kg/m’*. Young’s moduli are given in Table 7.1.

Solution: a) v,,, = 5050m/s; v, = 3710m/s; b) 1.088; 0.0878; ¢) 0.771%;
99.23%; d) 1.76 x 10~"m

Problem 8.3.9. In a hospital ultrasound system, the transducer (the part that emits
the ultrasound) is made of aluminium.

a) Considering that the ultrasound comes out of the aluminium, passes through
the air and reaches the body, what percentage of the ultrasound power enters
the body?

b) If we now put glycerine instead of air between the aluminium transducer
and the body, how much is the percentage of the ultrasound power entering the
body?

Data: The acoustic impedance of the body is the same as for water, 1.45 x 10° rayl;
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the impedances for air aluminium and glycerine are, respectively, 418 rayl and
13.7 x 10° rayl, 2.46 x 10° rayl.

Solution: a) 1.41 x 107°%; b) 48.2%

Problem 8.3.10. Consider two cables of cross-sections .S, and S, and linear den-
sities 1, and p,, welded at a point and subjected to a tension F'. The expressions
for the transmitted and reflected amplitudes and powers of the transverse waves
are governed by the same expressions as in the longitudinal case, with the corre-
sponding impedance: Z, = p,v;, = ’g—\/uf = \/F‘gi

Apply this knowledge to the following case:

Two wires, one of copper and the other of steel, each with a radius of 1 mm, are
joined together to form a longer cable. The tension of the assembly is 50N. A
10 Hz wave propagates from the copper to the steel with an amplitude of 2.0 mm.

a) Calculate the wavelength of the wave in each wire.
b) Calculate the transmission and reflection coefficients.
Data: Density of copper: p., = 8900 kg/m?; density of steel: p,, = 7800kg/m’

Solution: a) 4.23 m; 4.52m; b) 1.033; 0.033

Problem 8.4.3. A harmonic wave of 1 cm amplitude is superimposed on another
wave of 2 cm amplitude, out of phase with respect to the first wave by —/3 rad.
What are the amplitude and phase difference of the resulting wave with respect to
the first?

Solution: 2.646 cm, —0.7137 rad

Problem 8.4.4. At the points S; = (0, 3) and S, = (4, 0) (SI units), there are two
coherent sources of 100 Hz spherical sound waves. The amplitudes at a distance
of 1 m from the sources are 1 x 107 Pa and 3 x 10~? Pa, respectively. The sound
propagates at 340 m/s.

a) If the sources emit in phase, what is the amplitude of the sound pressure at
the origin (0, 0)?

b) By how much would the second source have to advance relative to the first
one in order for there to be constructive interference at the origin (0, 0)?

Solution: a) 0.190 x 107% Pa; b) 1.85rad



Problem 8.4.5. As shown in the figure, the sound of a 440 Hz tuning fork enters
a tube at A, bifurcates into two waves that follow the two paths ABD and ACD,
which then meet again at point D, where they interfere with each other. The length
of the ABD path is 250 cm and, although the initial maximum length of the AC'D
path is also 250 cm, it slowly decreases to 75 cm while the tuning fork continues to
sound.

If the speed of sound is 340 m/s, through how many minima and maxima does the
resulting sound intensity pass during the reduction in the length of AC D?

Solution: Maxima, 2: ACD = 173 cm; 95cm; minima, 2: ACD = 211cm;
134 cm.

Problem 8.4.6. Two loudspeakers aligned with a person coherently emit plane
sound waves of the same frequency: 440 Hz. The speed of sound is 340 m/s.

a) If they emit in phase, how far apart do the speakers have to be from each
other for the person to hear nothing?

b) If they are still emitting coherently but now the phase of the closest speaker
is advanced 7/3 with respect to the other one, by how much do the above
distances change?

Solution: a) 0.39m, 1.16 m; 1.93 m...; b) All are reduced by 0.13 cm

Problem 8.4.7. In a laboratory where the speed of sound is 340 m/s, two loud-
speakers, A and B, emit plane sound waves of 791 Hz while facing each other at
a distance of 11 m, as shown in the figure. A sound level meter C' is located on
the line between them, 5 m from B. Speaker A provides an intensity of 0.75 W /m?
and speaker B of 0.25 W/m>.

a) If the two loudspeakers emit without coherence, what is the value of the
intensity level 3, recorded by sound level meter C'?

Figure for Problem 8.4.5
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Figure for Problem 8.4.7

b) If the loudspeakers emit coherently and in phase, what will the phase differ-
ence be between the sound from A and B when it reaches sound level meter
c?

¢) What minimum distance ¢, should we move the sound level meter C to-
wards B in order for the intensity to experience a maximum? And what ¢, to
experience a minimum?

d) What level of intensity will the sound level meter measure at the maximum
and at the minimum?

Solution: a) 120dB; b) 2.051rad; ¢) §, = 14.5cm; §, = 3.7cm; d) 122.7dB;
111.3dB

Problem 8.4.8. Two loudspeakers S, and .S, are located on the y-axisaty = +d/2,
as shown in the figure. Using an audio-frequency amplifier, they are made to emit
sounds of frequency f in phase.

f ===

’y P(,D7 11)% Figure for Problem 8.4.8
01

Y

S,
d/vé!{ ’ D> d z
d/_2 Uci I -
S|

An observer moves from y = 0 along a line parallel to the y-axis and situated at a

great distance D from this axis. If d < D and y < D:

a) Demonstrate that the observer will perceive the first maxima of sound inten-
sity at the distances

Yeonst = T with n = 0, 1, 2,

2o
e

where v is the speed of sound.
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b) With d = 2m and D = 80m, and assuming v = 340m/s, what is the
frequency for which the distance between two consecutive maxima of intensity
is 3.0m?

Solution: 4.53kHz

Problem 8.4.9. Two point sources A = (0,4,0) and B = (8,0,0) (SI units) and
of, respectively, 1l mW and 2 mW power, emit spherical waves in phase in open air.
If the speed of sound is 340 m/s, find out:

a) The phase difference at which the two waves arrive at the origin if the fre-
quency of both sources is 200 Hz.

b) The frequencies between 200 Hz and 1500 Hz at which the two foci would
have to emit simultaneously in order for there to be destructive interference at
the origin.

¢) The intensities at which the two waves arrive—separately— at the source.

d) How much the intensity of sound is if the foci emit at a frequency that cause
destructive interference at the origin. Find the same when there is constructive
interference.

Solution: a) 14.784 rad; b) 212.5 Hz; 255.0Hz ... 1.445 kHz; 1.488 kHz;
€) 4.97 uW/m?; 2.49 uW/m?; d) 0.427 uW/m?; 14.50 uW/m?

Problem 8.5.4. The fundamental frequency of a given violin string of length L is
196 Hz. If the violinist wants to obtain a fundamental frequency of 440 Hz, how
long does the string have to be?

Solution: 0.445L

Problem 8.5.5. The first and last strings on a piano are tuned to 33 Hz and 4186 Hz,
with lengths of, respectively, 198 cm and 5.1 cm. If the two strings are under the
same tension, how much is the quotient of the effective linear densities of the two
strings?

Solution: 10.68

Problem 8.5.6. The figure shows a rod F' making sinusoidal vibrations at a fre-
quency of 100 Hz. This excites the horizontal string AB of length 120 cm, ten-
sioned by mass M, which has a weight of 2.25 N, and remains practically immo-
bile. A system of standing waves is thus obtained, with a node in the immediate
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vicinity of end A on the rod and another node at point B, which is in contact with
the pulley. Between these two nodes are four antinodes. The amplitude of the
vibrations of the antinodes is 10 mm.

Figure for Problem 8.5.6

Determine:
a) The wavelength of the vibrations and their propagation velocity.
b) The maximum velocity of a point on the string corresponding to an antinode.

¢) The amplitude of the vibrations of the point on the string located 35 cm from
end A.

d) The weight of a new mass M’ hanging from the string if we wanted to obtain
three antinodes instead of four.

Solution: a) 0.60 m; 60m/s; b) 6.28m/s; ¢) 5mm; d) 4N

Problem 8.5.7. A standing wave on a 6.00 m long elastic string is described by
the function (SI units):

y(x,t) =2.0 x 1072 sin (gx) cos(mt)

a) Schematically represent the standing wave, indicating the positions of the
nodes and of the bellies. In which harmonic does this wave vibrate?

b) Calculate the propagation speed of the plane wave.
¢) Write the harmonic wave functions that generate this standing wave.
d) At what instants will the string be completely straight?

e) At which points on the string and for which instants will the transverse ve-
locity be maximum? What value will this velocity have?

f) When will the transverse velocity of the wave be zero?

g) By what percentage should the tension be increased to form standing waves
with one less belly?

Solution: a) 3, harmonic; b) v = 2.00m/s; ¢) y, (x,t) = 1.0x 1072 sin(z/2—7t);
y_(z,t) = 1.0 x 1072 sin(z/2 + wt); )t =n+1/2s;n =0, 1, 2, 3...;e) In
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Problems and questions %

the antinodes, x, = 1, 3, 5m; fort = n 4+ 1/2s; v = 6.28m/s; f) t = ns; g)
125%

Problem 8.5.8. Two identical strings of mass 100 g and length 1 m are fixed at the
ends and subjected to tensions of, respectively, 200 N and 205 N.

a) If the strings vibrate in the third harmonic, calculate the frequency of the
beats resulting from the superposition of the sounds generated by each string.

Then, only the 200 N tension string is made to vibrate at the fundamental harmonic.
If the amplitude at a point 20 cm from one end is 1.0 cm, determine:

b) The maximum velocity of the transverse motion at this point on the string.

¢) The elongation at this point at the instant ¢ = 0, knowing that at this instant
the elongation at the centre of the string is maximum.

Solution: a) 0.833 beats/s; b) y = 1.41m/s; ¢) y = 1.00cm

Problem 8.5.9. The end A of a horizontal string is fixed to the wall and the other
end B passes through a frictionless pulley and is attached to a body of mass M,
which hangs from it.

A B

Figure for Problem 8.5.9

The frequency of the fundamental sound emitted by the string is 392 Hz. If the
body is completely immersed in water (see Figure), the frequency drops to 343 Hz.
Calculate the density of the body.

Solution: 4270 g/cm’

Problem 8.5.10. A string of 28.28 cm length and 0.050kg/m linear density is
attached to a second string with a linear density that is half that of the first.
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One end is fixed to a wall and the other end passes through a pulley and is attached
to a weight of 100 N, which hangs from it. Between joint S and the pulley P, the
length of this second string is 100 cm. We want standing waves to form along both
strings so that there is a node at junction S, as shown in the figure.

What is the lowest frequency we can apply to the strings? In this case, how many
antinodes will there be along the two strings?

Solution: 158.1 Hz; 7 antinodes

Problem 8.5.11. A string of 1.40 m length and 2.00 g mass is attached to another
string of 1.00 m length and 4.98 g mass. The assembly is made to vibrate at 120 Hz.

a) What is the maximum tension they must be subjected to so that standing
waves form when the weld is at a node? How many antinodes will each string
have in this case?

b) What other lower tensions will also satisfy this condition?

Solution: a) 17.9N; 3 and 4 antinodes; b) 4.48N; 1.99N...

Problem 8.5.12. We want to measure the speed of sound in the air. To do this,
we use a setup as shown in the figure, where we have a loudspeaker A, that emits
harmonic sound that we can control by maintaining the frequency anywhere we
want between 400 and 1200 Hz. The speaker faces the mouth of a 1 m long tube T’
filled with water up to a height that we can modify by raising or lowering the tank
D.

The length of the air in the tube, ¥, is measured with a ruler parallel to the tube.

Figure for Problem 8.5.10

Figure for Problem 8.5.12



With the loudspeaker operating at 700 Hz, we lower the water level and observe
that, when y, = 20.3 cm, there is resonance. If we continue lowering the water,
the next level at which there is resonance is y, = 44.6 cm.

a) How much is the speed of sound in the air inside the tube?

b) With a frequency of 1000 Hz and with the water completely filling the tube,
we lower the level until we reach the first resonance position and , = 10.0 cm.
Find all the other positions at which the tube will resonate.

¢) If the tube is then left with a fixed column of air, y = 50 cm, at what fre-
quencies will the tube resonate?

Solution: a) v = 340.2m/s; b) y, = 27.0cm; y; = 44.0cm; y, = 61.0cm;
ys = 78.0cm; ys = 95.0cm; ¢) 510 Hz, 851 Hz; 1191 Hz

Problem 8.5.13. We have a cylindrical tube open at both ends that we excite with
sound waves of varying frequency. Two consecutive resonance frequencies are
observed: 360 Hz and 540 Hz.

a) If we close one of the ends and excite it again, what are the first three fre-
quencies at which it will now resonate?

b) If the tube is 0.950 m long, what is the temperature of the air inside?

Solution: a) 90 Hz; 270 Hz; 450 Hz; b) 18.2° C

Problem 8.6.2. On a day when the temperature is 35°C, the driver of an express
train, travelling at 110 km/h, sees a commuter train travelling on the same track
further ahead. To determine the speed at which the commuter train is travelling,
the driver sounds his 1000 Hz whistle and listens to the 1060 Hz frequency echo.

a) At what speed does the sound propagate?
b) Assuming there is no wind, at what speed does the commuter train travel?

Solution: a) 352m/s; b) 73.3km/h

Problem 8.6.3. On a windless day when the speed of sound is 340 m/s, a siren
emitting a sound of 1000 Hz moves away from an observer at rest and towards a
cliff at a speed of 36.0 km /h.

What is the difference between the two sound frequencies —direct and reflected
from the cliff— that will reach the observer? How fast should the siren be travelling
so that 8.0 Hz pulses can be heard?
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Solution: 58.9 Hz; 4.90km/h

Problem 8.6.4. An object motion detector could consist of a source of harmonic
waves of frequency f, and a detector of the frequency of the beats f, obtained by
superimposing the direct waves of the source with the waves reflected by the object.
If the object does not move with respect to the source, f, = 0. If it approaches the
source or moves away at a velocity v that is much smaller than the velocity c of the
waves in the medium, show that the beat frequency is f, = 2, 7.

Problem 8.6.5. A supersonic aircraft travelling horizontally at Mach = 1.50 !
passes through the vertical of an observer in open air on a day when the average
speed of sound is 335 m/s. If this observer has to wait 3.20 s to hear the plane from
the time he sees it pass overhead, at what height is the plane flying?

Solution: 1438 m

"Mach = M is the ratio of the ve-
locity of an object,v, to the veloc-
ity of the waves in the medium, ¢:
M=2

c









Solutions to the questions

Chapter 1

1.7.1:¢,1.7.2: e.

Chapter 2

2.1.1: b,2.1.2: a,2.1.3: e.

22.1:d,222:¢,2.23:e,2.2.4: ¢c.

23.1: e
24.1:e,242:a,243:a,244:e,245:b,24.6:b,24.7:d,2.4.8:¢,2.4.9: c.

25.1:d,252:b,2.53:a,254:d,2.5.5: c.

Chapter 3

32.1:¢,322:b,323:a,324:¢,3.2.5:a,32.6:b,32.7:¢,3.2.8:¢,3.2.9: ¢,
3.2.10: c.

3.3.1:d.
34.1:b,3.4.2:d,3.43: c.

Chapter 4

43.1:¢,432: b,433:¢,43.4:a,43.5: a,43.6: d.



% Annexes

451:a,452:a,453: ¢,454: ¢,455: a,45.6:¢,457: ¢,4.58: a,4.59: e,
4.5.10: b,4.5.11: a,4.5.12: ¢,4.5.13: ¢,4.5.14: b,4.5.15: ¢,4.5.16: b,4.5.17: e.

47.1: b,4.7.2: ¢,4.7.3: b.

Chapter 5

52.1:e,522:d,523:¢,524:a. 525:¢,52.6:¢,52.7:d,52.8:¢,529: ¢,
52.10:¢,52.11: b,5.2.12: ¢,5.2.13: ¢,5.2.14: ¢,5.2.15: b, 5.2.16: e.

53.1:a,532:d,533:a,53.4:a,53.5:d,53.6:d.

Chapter 6
6.2.1:b,622:¢,623:d,6.2.4: d,62.5: a.

6.3.1:a,63.2:e,633: c.

6.4.1:¢,642:b,643:d,64.4:b,64.5:d,64.6:¢,64.7:2a,648:b, 6.49: d.

332









Tables

Trigonometric relations

sina + cos’a =1

sin o

tana = cosa

sin(a £ ) = sina cos B £ cos « sin 3

_ tanattanf
tan(a + 6) ~ 1Ftan o tan B

cos(a &+ ) = cos cos § F sina sin 8

sina + sin 3 = 2sin (QTW) cos (#)

sina — sin 3 = 2cos 242 ) sin (a;
s
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Derivatives

Function: F'(z)

Derivative: dl;—(f)

af(zx) +9(z)

df(w) + dg(w)

arcsin z is the inverse of z = siny

f~*(z) is the inverse function of f;e.g. y =

f()g(x) dfi g(x >+ng ())
583 = f(x)g(x)™ s g(aug)(y{(dn) g

f(l‘)n TLf( )n 1df ac)

7(9(x)) Ty T
“H(z)

_1_
daf (y)
W ly=r=1)

x

e e
a” a® Ina
sinx cosx
cos T —sinx
tan cosl2z
Inz %
1
log @ Zina
Integrals
Function: F'(z) Integral: [ F(z)dx
a f(x) + 9(a) a [ f(z)de + [ g(a) do
x" withn # —1 ﬁ_lx”“
% =gz ! Inz
e e
a® =
sinx —cosx
cos T sinx
tan —In(cos x)
Inz —x+xlnx
1

(z—a)(z—b) z—b

1 .
T arcsin
ﬁ In(z + V22 — a?)




Centre of mass

Arc of cir- L = 2R« '
cumference P = R sina 0
a b)
S = Ra
Circle sector 9R sina
ch = (— 5 0)
3«
S = %bh

Arbitrary  tri-
angle

The distance from a base
to the C'S is & of the corre-
sponding height £,

Semi-sphere
(without the
bottom cap)

v o 2m R?
Semi-sphere - 3
lid o 3R
(solid) Tes = (07 0, ? )
v o— w}:%:h
Cone (solid)

Annexes %

7o Of simple  homogeneous
bodies with respect to the given
reference frames
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Support reactions

Cable or tensioned rope. The force generated by a
cable is in the direction of the cable. The direction is
always on the side of the cable or the force is cancelled
out (cable not taut).

Smooth regular contact. Reaction NV normal to the
tangent plane to the regular surface at the point of con-
tact.

Regular/singular smooth contact. Reaction N nor-
mal to the tangent plane to the regular surface at the
point of contact.

Rough contacts. A frictional force F'; must be added
to the normal reaction V. When the bodies do not
move, |F;| < p |N|, where p is the coefficient of
friction. The maximum value of | F}| is reached when
movement is imminent.

Extensive contacts. V-reaction normal to the contact
surface. It does not have to pass through the centre of
mass.

Extensive contacts (imminent overturning). N-
reaction normal to the support surface applied at the
point where contact is concentrated.

Rollers (frictionless). This is the same case as smooth
contacts.

Joint. R-reaction, generally unknown, which in 2D
means two components. If there is friction (between
the surfaces in contact in the area of the joint) or no
joint but instead jamming, a torque of M moment
must be added. Its maximum value will depend on
the nature of the contact.

=)

Guides. Normal reaction to a guide. If the contact is
rough, friction F; must be added and perhaps also a

friction torque M.

NNKREM O
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Moments of inertia

1 of simple homogeneous bodies
with respect to the indicated axes.

thick:

- %m (R + R?)
disc: H =0

solid: R, =0

thin: R, = R,

Cylinder

solid: I = émR2
Sphere

empty: [ = ngz

orthohedron / rectangle
Orthohedron

bar;ra=01i¢=0
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Constants

Name of the constant:

Value:

m—number

3.1415926536

e— number, e = lim (14 1)"

2.718281285

n— oo
1

Coulomb constant, k = —
0

8.987551788 x 10° N

Elementary charge , e

1.602177 x 10°C

Avogadro’s number, N,

6.022137 x 10*®

Boltzmann constant, k

1.380658 x 10%* &

Ideal gas constant, R = N, k

8.31451 1

mol K

Gravitational constant, G

6.6726 x 10*11%‘;

Electron mass, m,

9,109390 x 10" kg

Proton mass, m,

1.672622 x 10~*" kg

Neutron mass, m,,

1.674929 x 10~2"kg

Speed of light, ¢

2.99792458 x 10° ¢

Gravity acceleration at the Earth’s surface,
g

Standard value: 9.81 3.
In Barcelona: 9.804 3

Earth radius, R,

6370 km

Earth mass, M,

5.98 x 10*' kg
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