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Abstract

We consider cones in a Hilbert space associated to two von Neumann algebras and
determine when one algebra is included in the other. If a cone is associated to a von
Neumann algebra, the Jordan structure is naturally recovered from it and we can char-
acterize projections of the given von Neumann algebra with the structure in some special
situations.

1 Introduction

The natural positive cone P? = Ai/\/hrfo plays a significant role in the theory of von
Neumann algebras (see, for example, [1, 5]) where M is a von Neumann algebra, {j is a
cyclic separating vector for M and A is the Tomita-Takesaki modular operator associated
to &. Among them, the result of Connes [6] is of particular interest which characterized the
natural positive cones with their geometric properties called selfpolarity, facial homogeneity
and orientability, and showed that if two von Neumann algebras M and N share a same
cone, then there is a central projection ¢ of M such that N = gM @ ¢+ M’. Connes used
the Lie algebra with an involution of the linear transformation group of P! in his paper.

In the present paper, instead of P4, we study P*# = M_&;, which holds more informations
of M, for example, the subalgebra structure.

In the second section, we study what occurs when Ny & C P* where A is another von
Neumann algebra. We consider first the case when & is not cyclic for N' and then assume
the cyclicity. It turns out that in the latter case N is included in M except the part where
&o is tracial.

In the third section, we characterize central projections of M in terms of P¥. A projection
pis in M N M’ if and only if p and its orthogonal complement p* preserve P?.

In the fourth and fifth sections, the Jordan structure on P! is studied. We can recover
the lattice structure of projections and the operator norm from the order structure of P¥.
Then we can define the square operation on P*.

In the final section, using the Jordan structure, a characterization of projections in M
is obtained when the modular automorphism with respect to &y acts ergodically.

The result of the second section has an easy application to the theory of half-sided
modular inclusions [12, 2]. Let {U(¢)} be a one-parameter group of unitary operators with
a generator H which kills &. Assume that M is a factor of type III; (or more generally
a properly infinite algebra). It is easy to see that U(t)MU(t)* € M for ¢t > 0 if and only



if U(t) preserves P for t > 0. A similar result for P% and {e7*¥} has been obtained by
Borchers with additional conditions on H [4].

Davidson has obtained conditions for {U(t)} to generate a one-parameter semigroup of
endomorphisms [7]. The relations with the modular group have been shown to be important
in his study.

2 Inclusions of positive cones

Let M be a von Neumann algebra acting on a Hilbert space H and &y be a cyclic separating
vector for M. We denote the modular group by A%, the modular conjugation by .J, modular
automorphism by o; and the canonical involution by S = J Az. The positive cone associated
to & is denoted by Pf = M. &.

Suppose there is another von Neumann algebra N such that Ny & C P! We can define
a positive contractive map « from N into M as follows.

Lemma 2.1. For a € Ny there is the unique positive element a(a) € M satisfying a&y =
a(a)éy. In addition, « is contractive on M.

Proof. By the assumption, we have afy € P, Recall that for a vector a&y in P! there is a
positive linear operator o(a) affiliated to M such that a&p = a(a)ép [11].
Since ||al|I — a is positive, we have(||a||I — a)&y € P*. This implies, for every y € M/,

(a(a)yéo, yéo) = (a(a)éo,y"yéo)
= (ao,y"yéo)
< lall{é, y*yo) = llallllyéol*.

Hence a(a) is bounded and in M. O

We can easily see that o extends to A by linearity. Since « is contractive on N, « is
bounded on N,.

Lemma 2.2. The map o maps every projection to a projection.

Proof. Take a projection e € N. Note that, since @ maps N, into M and is contractive,
we have a(e) > a(e)?.
Recall that, by the definition of «, we have a(e)§y = e£y. We calculate as follows.

(a(e)*€o, &o)

a(e)éo, ae)éo)
e&o, €o)

€0, o)
a(e)éo, &o)-

This implies that ((a(e) — a(e)?) &, &) = 0. As we noted above, a(e) — a(e)? must be

o~ o~~~

1
positive, hence the vector (a(e) — a(e)Z) 2 £y must vanish. By the separating property of &,
we see a(e) = ale)?. O



Recall that a linear mapping ¢ which preserves every anticommutator is called a Jordan
homomorphism:

P(xy +yx) = ¢(x)p(y) + d(y)d(x).

Now we show the following lemma. The proof of it is essentially taken from [9].
Lemma 2.3. The map « is a Jordan homomorphism.

Proof. Let e and f be mutually orthogonal projections in A'. Then e + f, a(e), a(f) and
a(e) + a(f) are projections. We see the range of a(e) and the range of a(f) are mutually
orthogonal because if not, then the sum «a(e) + «(f) could not be a projection. This implies
that
a(e)a(f) = a(f)a(e) = 0.

In particular, & maps the positive (resp. negative) part of a self-adjoint element x to
the positive (reps. negative) part of a(z). From this we see that « is contractive on N,.

Next suppose we have commuting projections e, f € N. Remark that, since ef < e,
positivity of « assures a(ef) < a(e). Recalling that in this case ef and e are projections, we
see the range of a(ef) is included in the range of a(e). Thus we have a(ef)a(e) = alef).

Now noting e — ef and f are mutually orthogonal projections, we have

0= ale - ef)ale) = ale)a(f) — alef).

Hence a preserves products of commuting projections.

Since every self-adjoint element in a von Neumann algebra is a uniform limit of linear
combinations of mutually orthogonal projections, and since « is continuous in norm on N,
a preserves products of commuting self-adjoint elements. In particular, a preserves the
square of self-adjoint elements.

This implies that, firstly, « preserves Jordan products of self-adjoint elements ab+ ba =
(a +b)? — a® — b%. This shows

afab+ba) = a((a+ 6)2) — a(a?) — a(b?)

afa +b)? — afa)? — a(b)?

a(a)a(b) + a(b)a(a).
Secondly, a preserves squares of arbitrary elements (a + ib)? = a? + i(ab + ba) — b*:

a((a+ib)?) = a(a®+i(ab+ba) —b?)
= a(a®) +ia(ab + ba) — a(b?)
(a)* +i (a(a)a(b) + a(b)a(a)) — a(b)?

= (a(a) +ia(b))’.

= «

Finally, o preserves Jordan products of arbitrary elements xy +yx = (z +y)? — 2% — y*:

aley+yz) = a(@@+y)?) —al@?) —aly?)
= alz+y)® —a@)® - ay)’
= a(r)a(y) + a(y)a(z).

This completes the proof. O



Here we need the following result on Jordan homomorphisms of Jacobson and Rickart

[8].

Proposition 2.4. Suppose ¢ is a unital Jordan homomorphism from an algebra A into
B. Suppose further that A has a system of matriz units. Then there is a central idempo-
tent g of the algebra generated by ¢(A) such that ¢(-)g is homomorphic and ¢(-)(I — g) is
antithomomorphic.

Note that every von Neumann algebra A decomposes into the commutative part, the I,,
parts, the II; part, and the properly infinite part. On the first one « causes no problem and
on the remaining parts we can apply Proposition 2.4 to the case in which ¢ = o, A = N/,
B = M. Examining the proof, we see if ¢ is self-adjoint, then g is a central projection of
a(N)" (the argument here is due to Kadison [9]).

Next, we show the normality of a.

Lemma 2.5. The map « is a normal linear mapping from N into M.

Proof. We only have to show that for any normal functional ¢ on M the functional ¢ o« on
N is normal. Note that, since M has a separating vector &y, we may assume (-) = (-n1,12)
for some 11,2 € H.

Recall that a linear functional on a von Neumann algebra is normal if and only if it is
continuous on every bounded set in the weak operator topology.

Now suppose that we have a convergent bounded net in the weak operator topology
x; — x in N. Obviously {z;§} converges to x&y weakly. By the definition of a, we see
{a(x;)&} converges to a(x)&y weakly. We have, for any y1,y, € M/,

y1a(xi)o, y2o)
a(zi)€o, y1y260)
a(z)&o, y1y260)
a(z)y180, y2£o)-

(a(z:)y1€0, y2£0)

%

o~ o~~~

First we assume {z;} is a net of self-adjoint elements. Then for arbitrary 11,72 € H the
convergence (a(x;)ni,n2) — (a(x)ni,n2) holds since {x;} is a bounded net, « is contractive
on Ny, and & is cyclic for M.

Then we can obtain the convergence for arbitrary bounded convergent net in WOT {x;}
since we have the decomposition

mitTy w—x

T; = 5 +1 %

and each part of the net is self-adjoint or antiself-adjoint, bounded and WOT-converging. [
We combine this lemma and the proposition of Jacobson and Rickart to get the following.

Lemma 2.6. There is a normal homomorphism 3 and normal antihomomorphism ~v of N
into M such that a(z) = B(x) +~y(x) and the the range of § and ~y are mutually orthogonal.

In addition, there are central projections e, f € N and a central projection g € a(N)”
such that a(e -)g = B(-) is an isomorphism of Ne and o f -)g* = ~(-) is an antiisomorphism

of Nf.



Proof. We know from Proposition 2.4 that there is a central projection g € a(N')” such that
B(-) = a(-)g is a homomorphism of A" and 7(-) = a(-)g* is an antihomomorphism of N'f.
Then just take e as the support of § and f as the support of 7. Since « is normal, so are
and v and the definitions of e and f are legitimate. O

Lemma 2.7. The von Neumann algebra N f is finite.

Proof. Let N'h be the properly infinite part of N'f. We have gta(zy) = gta(y)a(z) =
a(y)gtalzx) for z,y € Nh.
Again take z,y € N'h. By the definition of «, we have

grayée = gra(zy)o
= a(y)ga(z)é
<9L~’U’y§0,§0> = a(y)gLa($)§0,§0>
g*a (@), aly)o)
ng€o7y*£o>

yg*ago, §o> .

Since N'h is properly infinite, there is a sequence of isometries {v,} C Nh such that
vpvy — 0 in SOT-topology (That they are isometries means v} v, = h). Now

(&) = (9" héo,)
<gl7);vn§07 §0>
<UngJ_U:L€O, §0>

< (vnvpéo,&o) — 0.

But since y(h) is a projection in a(N)"” C M and since & is separating for M, v(h) must
be zero. Recalling that h is a subprojection of f and that f is the support of v, we see that
h=0. O

P P N

Theorem 2.8. Let M and N be von Neumann algebras and &y is a cyclic separating vector
for M. Suppose N & C PE.
Then we have two disjoint possibilities:

1. The von Neumann algebra M has a subalgebra My such that M1 & = N1 &.

2. For any subalgebra Moy of M, its “sharpened cone” Moy &y cannot coincide with Ny &y
and N has a finite ideal N1 such that there is a subalgebra of M which is isomorphic
to the direct sum of N1 and N7PP.

Proof. Suppose that e and f defined above are mutually orthogonal. Then let us define
M; = a(N). Since we have ef = 0, it decomposes as follows.

o) = a(Ne+edlf +14)
= « <./\f[efL + fet + eLfl])
= B(Neft) +y (Wret),

5



by noting that AMet f+ is the kernel of a.

Since the range of § and v are mutually orthogonal, and since e and f are central
projections, a(N) is a direct sum of B (Neft) and v (N fet).

Let a be a positive element of M. Then we have

alp = ala)ép
Blae)éo +y(af)éo
BlaefH)éo + y(afet)go.

Conversely it is easy to see that for b € a(N)4 there is a € M such that a(a) = b, hence
we have a&y = by. This completes the proof of the claimed equality M1 = N + &.

Next, we assume that ef # 0. Note that AMef is noncommutative since by the definition
of B and ~ the commutative part of N is left to 8. In particular g is a nontrivial central
projection in a(Nef)”. By Lemma 2.7, Nef is finite. One can easily see that a(Nef)” is a
subalgebra of M which decomposes into the direct sum of S(Nef) and v(Nef) where the
latter is isomorphic to (Aef)°PP.

What remains to prove is that for any subalgebra My of M we cannot have the equality
(Nef)i&o = Mai&o. To see this impossibility, recall that

M€ = {A& |A is a closed positive operator affiliated to M },
since &y is a separating vector for M [11]. Similarly we have
Mo & = {A& |A is a closed positive operator affiliated to Moy }.

Now suppose a&y € Mo & for a positive element a of Nef. By the above remark, we
have a positive operator A affiliated to My such that aéy = a(a)§y = A&. Then for y € M’
we have

a(a)yéo = ya(a)éo = yA& = Aylo,

hence A is bounded and «(a) = A. This implies a(a) € My and a(Nef) C Ma. But by
Proposition 2.4 a(Nef) generates S(Nef) ® y(Nef). We have f(Nef) @ y(Nef) C Mo.

We will show that this leads to a contradiction. By the observation above we see that
My & contains vectors of the form ga&y, g-b&y where a,b € (Nef),.

Suppose the contrary that ga&y € (Nef)+&. By the argument similar to the above one,
there is a self-adjoint positive operator A affiliated to Nef such that Ay = ga&y. Then
gt A& = 0. Noting that f is the support of v and that & is separating for M, we see
greaéy = y(ea)€o cannot vanish for any nontrivial projection e4 of Nef.

There are a spectral projection ey of A, a positive scalar € and y € M’ such that A > eey
and (y(ea)y&o,y&o) > 0. Remark that

€ gtWNef)+&
C gtWNef)r&

Y(Nef)+&o

g (A — eea)éo



Then we have

(yg™- Ao, y&o)

(g™ Ao,y y&o)

(g (A — eea)o, ¥ yéo) + (g eeao, y*yo)
(

(

g eeao, v y&o)
yy(eea)éo, yéo)

= e(v(ea)yéo, yéo)
0.

\%

This contradiction completes the proof of that (Nef) & # May&. O

If we further assume the cyclicity of &, for A/, we have a stronger result. For the proof of
it, we need the following lemma. This can be found, for example in [3], but here we present
another simple proof.

Lemma 2.9. If A C B is a proper inclusion of von Neumann algebras on a Hilbert space
K and if ¢ is a common cyclic separating vector, then B cannot be finite.

Proof. Suppose the contrary, that B is finite. Then 4 must be finite, too. Hence there is a
faithful trace 7 on B. Since ( is separating for B, there is a vector 7 such that 7(z) = (zn,n)
by the Radon-Nikodym type theorem. Since 7 is faithful, n must be separating for B.

We can see that 7 is cyclic for B as follows. Denote the orthogonal projection onto Bn
by p. By separation verified above, we have By = K. On the other hand, by assumption,
B¢ = B'( = K. By the general theory of equivalence of projections, p ~ I in B. But recalling
that B is finite, we see that p = I, i.e., n is cyclic.

By the same reasoning, 7 is cyclic separating tracial for A. Then the modular conjuga-
tions J4 and Jg with respect to 7 must coincide and we have the required equation.

A DB =JgBJg = JuBJg D JgAJ4 = A'.
This contradicts the assumption that the inclusion A C B is proper. O

Theorem 2.10. Let M and N be von Neumann algebras and & be a vector cyclic separating
for M and cyclic for N'. Suppose N.& C P*.
Then we have the following.

1. The vector &y is also separating for N .

2. There is a central projection e in N such that Ne C M.
3. The vector e-&g is tracial for Net.

4. JNetJ. c M.

In particular, N' and Ne ® J,. NetJ,. share the same positive cone Pjﬁ\/ where Ne @
JEJ_NGJ‘JGL C M.



Proof. First we show that the induction by g realizes 3(-) = ga(-). For arbitrary z,y € N
we have

gry&o = go(zy)éo

Taking it into consideration that & is cyclic for N, we see that gr = ga(x) = a(z)g. But,
since this holds for arbitrary z € N, in particular for self-adjoint elements. If z = z*, then
we have

gr = a(z)g = (ga(z))" = (g2)* = xg.

Since this equation is linear for z, we see that g € N/ and gz = ga(z).
Now recall that we have decomposed « into a normal homomorphism £ and a normal
antihomomorphism . We again denote the support of 8 by e and the support of v by f.
Let AM'h be the properly infinite part. By Lemma 2.7 the intersection of h and f is trivial.
Thus we have

ghx&y = hga(hz)éy = ha(hz)éy = hxéy,
for z € N. Cyclicity of & tells us that gh = h. Then for hx € N'h we get that

a(hz) = ghr = hx.

In other words, a maps identically on A'h. In particular, « is decomposed by h, that is, we
have
ha(ht) = a(h)a(ht) =0,

since o maps orthogonal projections to orthogonal projections.
Note that h¢ is cyclic for N'h since & is cyclic for . The vector h is also separating
for N'h since
Nh=aNh)C M

and &g is separating for M.
For the proof of remaining part of the theorem, we may assume N is finite.
Recall that g commutes with A. Take x,y € N and let us calculate

(zyg&o.g7&) = (97yéo, g 2"&)

ga(y)éo, gTa(x")é)
gho(@)e(y)éo. g &)
1
1

(
(
(
= (g alyz)éo, g-&)
(9
{

= yréo, g&o)
yxg&o, g'-&o)

This shows that g1 is a tracial vector for Ag. By assumption, & is cyclic for A/, hence
g+& is cyclic for N'gt. In addition, it is also separating as follows. If zg'&y = 0 for some



x € Ng*, then for any y € N gt we have

(y*z*zygt€o, go)
(zyy*a*gt€o, go)
ly||* (zx* g™ &0, g™E0)
= |y} (z* gt €0, g &0)
— O’

2
nygLéoH

IA

then the cyclicity implies the separation by ¢g+&.
Now A g+ has the canonical conjugation J,1 defined as (the closure of)

Jyu gtH 3 x& — 27& € gHH.

On N g+ we have the canonical antihomomorphism
Ngtsa— Jooa*J,u € Ngt.

In our situation the composition of the induction by g and this antihomomorphism
coincide with the composition of o and the induction by g*. In fact, for any elements
z,y, 2 € Ng*- we have

(Jyr(zg™) g Jprygt€2g60) = (g €0, 2"y g™ &)
yzz*g&o, 97 &o)
Zyrg&o, g&o)
Lyxéo, zg™&o)
g o(yz)€o, 29~ &)
g a(@)a(y)éo, 297 &o)
gra(z)yéo, 29™&o)
gha(@)yéo, 297 &).

(
(
(
(9
(
(
=
=
The cyclicity of g-& shows that gta(z) = Jgr (.TQL)*JQL
Summing up, we get the following formula for a:

a(r) = ga(z)+ g a(x)
= g:c—l—JngJ‘az*JgL

Note that g&y is cyclic separating for Ng. In fact, the cyclicity comes from the assumption
of &y’s cyclicity and separating property can be seen by observing

Ng=ga(N)c M

and by separating property of & for M.

On the other hand, we have seen that ¢g-&; is cyclic separating for Mg+ in the way
proving that ¢-&g is a faithful tracial vector.

The direct sum of Ng and Mg+ has a cyclic separating vector £. These summands
are finite because we are assuming that A is finite and they are induced part of it. Hence
Ng@® Ngt is also finite.



Clearly N is a subalgebra of Ng ® Ng*. So & is separating for N'. This is the first
statement of the theorem.
Now we have an inclusion of finite von Neumann algebras

N CNgdNgt

and &y is a common cyclic separating vector. Then they must coincide by Lemma 2.9. This
happens only if g is a projection of A/ from the beginning, i.e, g is a central projection of
N.

Recall that induction by g coincides with the homomorphic part of a. Now we know
that ¢ is central. Then the support e of the homomorphic part 5 must be exactly g.

On the other hand, the intersection e’ f of kernels of the homomorphic part 8 and the
antihomomorphic part v must be trivial. To see this, take x € /. We have

e fraky = wet [
= o ()
= 0.

Since & is cyclic for N, we get that e* f+ = 0.
Since the induction by e realizes the homomorphic part 8 of «, for the antihomomorphic
part - it holds
v(e) = eta(e) = ale) — eale) = 0.

This implies e must be orthogonal to f, which is the support of . As their intersection
vanishes, we get f =1 —e.

Recalling g = e, we saw that e&) is a cyclic separating tracial vector for N'e® and the
canonical antiisomorphism with respect to e+& coincides with et«. Then the proof of all
the statements in the theorem is done. O

3 Recovery of central projections

In the following sections we turn to the study of single von Neumann algebra. Again let M
be a von Neumann algebra and &y be a cyclic separating vector for M. By Connes’ result,
P! determines M up to center.

Here we show that the center is easily recovered from P*!. Let p be a projection B(H)
such that pP# C P and pt P! C P

In this situation, we can define a mapping from M into M using p.

Lemma 3.1. For every a € My there is a(a) € My such that pa&y = a(a)p.

Proof. As in the proof of Lemma 2.1, we have a positive operator a(a) affiliated to M such
that pa&y = a(a)&y since pa&y is a vector of the positive cone P! This is again bounded for

10



a different reason. In fact, for y € M’ we have

(a(a)yéo, y&o) (a(a)éo, ¥ yéo)

(pago, y™yéo)

(pago, y*y€o) + (paso, y*véo)
(

(

<
= a/{(], y*y§0>
= (ayéo,yéo)
2
< lallllyéoll®,
where we have used the assumption that p preserves PF. ]

From this we see that a(a) < a as self-adjoint operators. The map « extends to a linear
mapping of M.

Lemma 3.2. The map o maps every projection to a projection.

Proof. Let e be a projection of M. By the observation above, we have a(e) < e. Then
using the fact ea(e) = a(e) we can calculate

(afe)*6lo) = (al(e)éo, ale)o)
pedo, peo)

(
(
= (pego, o)
{
{a(

a(e), eo)
ale), o)

We can see that a(e)? = a(e) as in the proof of Lemma 2.2. O

Then the mapping « is a normal Jordan homomorphism and there is a central projection
g of a(M)"” C M such that a(-)g is homomorphic and «a(-)g* is antihomomorphic. The
proof is similar to the one for the case of subcones.

Now we have the following.

Theorem 3.3. Let M be a von Neumann algebra acting on a Hilbert space H, & be a
cyclic separating vector for M and P* = M & . Then a projection p € B(H) is a central
projection of M if and only if p and p* preserve PE.

Proof. The “only if” part is trivial.
Let p be a projection which and whose orthogonal complement preserve P*. Note that
a(r) € M and that o (a(x)) = a(z) holds. In fact, we have

a(a(z)) éo = palx)éo = ppréo = préy = afx)o,

since p is a projection.

As in the situation of subcones, « is a sum of a normal homomorphism and a normal
antihomomorphism whose ranges are mutually orthogonal. The kernels of the homomor-
phism and the antihomomorphism are central projections of M. Thus the support of « is
the orthogonal complement of the intersection of these kernels. In particular it is a central
projection e € M.

11



Recall that a(e) < e. Take an arbitrary positive element a from M. If we apply « to
ea — afea), since the composition of a and « equals « itself, we have

a(ea — alea)) = alea) — alea) = 0.

The argument of the left hand side is less than the support of «, hence it must vanish. Thus
we see that ea is fixed by a. By linearity, this holds for arbitrary element x € M instead of
positive element a.

Again since e is the support of «, we have a(x) = a(xe) = ze. Comparing this with the
definition of o we can determine p.

pr§y = a(x)éo
= exfo

With the cyclicity of &y we see that p equals e. In particular, p must be a central projection
of M. O

4 Properties of (P%, &)

In this section, we study the properties of P! coupled with a specified vector &. We begin
with the following lemma.
Let us write ¢ < nif n — ¢ € P

Lemma 4.1. Let ¢ be a vector in Pt. Then the following hold.

1. If { < &y, then there is a positive contractive operator a € M such that { = a&y. In
this case we say that ¢ is contractive.

2. If ¢ is contractive and if { L (& — (), then there is a projection e € M such that
¢ = e&y. When these conditions hold, we call ( a projective vector.

3. If n and ¢ are projective and { < & — n, then e and f are mutually orthogonal
projections where n = ey and ¢ = f&. We say n and ¢ are mutually operationally
orthogonal.

Proof. The proofs of the first and the second statements are same as in the proofs of Lemma,
2.1 and 2.2 respectively. We do not repeat them here.

Suppose n = €&y, ( = f& and n < &y — (. Then according to this order, e < I — f.
When e and f are projections, this shows the mutual orthogonality. O

We denote the set of contractive vectors by Plﬁ. By the Lemma above, to each vector in
Pf there corresponds a positive contractive operator of M.

Similarly to every vector ¢ in R+’P§ there corresponds a bounded positive operator a of
M. Put P} = R, P! and K = RP}.

Lemma 4.2. For an arbitrary vector ¢ in 73’1Ij there is a least projective vector such that
n > (. Let us call n the support of C.

Proof. As noted above, there is a positive operator a such that ( = a&y. As we have seen, the
order structure of Pf is consistent with this correspondence. Let e be the support projection
of a. Then we have n = ey > a&y = (. Hence 7 is the least projective vector in Pf. O

12



Lemma 4.3. FEvery vector ¢ in K is uniquely decomposed as ( = (4 — (— where (4 and (_
are vectors of 735 and supports of (4 and (_ are mutually operationally orthogonal.

Proof. Since every vector in Pf corresponds to a positive contractive operator in M, vectors

of Pg (resp. K) correspond to positive operators (resp. self-adjoint operators).

Now the lemma follows from the theory of self-adjoint operators. The self-adjoint oper-
ator z corresponding to ¢ has the Jordan decomposition z = z; — z_ where z; and z_ are
positive operators of M whose supports are mutually orthogonal. By Lemma 4.1, { has the
corresponding decomposition. ]

Lemma 4.4. The cone Pg is dense in PP,

Proof. For each vector ¢ in P! there is a positive self-adjoint linear operator A affiliated
to M such that ¢ = A&[11]. Let E4 be the spectral measure associated to A. Then
AFE 4 ([0,n]) is bounded positive operator in M. It is well known that {AFE 4 ([0,n]) &}
converges to A&p. O

In addition, we can recover the operator norm in terms of 735. For ¢ € Pg we define the
new “sharp” norm |||, as follows.

el =swnfe> 0|2 <6 .

Lemma 4.5. If a € My and ( = a&o, then [|C]|; = ||a].

Proof. We only have to note that ca&y < & if and only if ca < I. Then the spectral
decomposition of a completes the proof. O

The set K is a real linear subspace of H. To K we can extend the new norm ||-[|; as
follows. For ¢ € K define

¢l = int{max {1cill Icall } 1 ¢ € P = 2 = ¢}

It is easily seen that if z € Mg, corresponds to ¢ € K, we have

max { |2 [, 21} = 12l = ¢l = masx { G s ¢l }

5 Jordan structure on K + i

First we define the square operation for vectors in IC.

Definition 5.1. If ¢ is a real linear combination of mutually operationally orthogonal
projective vectors, i.e. ¢ = >, cx(; where ¢ € R and {(;} are mutually operationally
orthogonal, then we define the square of { as follows.

= A
k

13



As we have seen in Lemma 4.1, mutually operationally orthogonal projective vectors
{Cx} correspond to mutually orthogonal projections {ex}. Thus the square of a real lin-
ear combination ), cyer equals >, c%ek and for these vectors the definition of square is
consistent.

The set of vectors which are real linear combinations of mutually operationally orthog-
onal projective vectors is dense in K in the sharp norm defined in Section 4. In fact, these
vectors correspond to real linear combinations of mutually orthogonal projections in M, i.e.
self-adjoint operators with finite spectra.

Since the sharp norm on K is consistent with the operator norm on M, we can extend
the definition of square to KC by continuity. We have the following.

If ¢ = z&p for 2 € Mg, then ¢? = 22,

Once we have defined the square operation on C, we can define Jordan polynomials as
follows. For n and ¢ in K let us define

¢ +¢n = (n+¢)?* = — (2
Using this, for ¢ = {; +i(» € K 4 iK we put
=G +ilGG+ Gk) - ¢
As for vectors in K, we define the “Jordan product” on K + iKC by
¢ +Cn=(+¢)?" —n’ =

Using this, finally we define

(n¢ = % [(¢n +n¢)C + C(¢n+nC)] — % (¢Pn+nc?).

If n = y& and ¢ = 2& for y,z € M, then it follows that (n{ = zyz&. This follows
because we have defined square and Jordan polynomials on IC consistently.
If we fix ¢, we give names to the following mappings.

ce: K+iK 30— (n¢ € K+ik,
od¢ : K+iK 31— mn—cc(n) —ce (n) € K+ikK.

Let n = y& and ( = e£y where e is a projection. Then we see that
c¢ (n) = eye&p, and
od¢ (n) = yéo — eyeo — eTyet & = |eye” + etye| &

correspond to the corner of y and the off-diagonal part of y, respectively.

6 Recovery of projections in M in the case when M’ = CIJ

Let p be a projection of B(H). We seek a necessary and sufficient condition for p to be a
projection of M.
We need a criterion for a projection in M to be fixed by the modular automorphism.

14



Lemma 6.1. Let e be a projection in M. If px&y = xe&y holds for all x € M, then we have
e € M7 andp=Jel.

Proof. Note that we get p&y = e&y if we use the assumption with = = 1.
Again by the assumption it follows that

(wedo, o)

( )
= (2&o, po)
( )
( )

This implies that e € M?[11]. In particular, we have
e€o = Sefo = JAZe&y = Je&.

Now the equality JeJxéy = xJeJ&y = xe&y = préy and the cyclicity of &y complete the
proof. O

Recall that S = JA? can be defined in terms of K [10].

Theorem 6.2. Let p be a projection in B(H). There is a projection e € M and a central
projection ¢ € M such that ¢e € M and p = qe+ Jq*eJ if and only if the following hold:

1. p&o < &o-

2. If ¢ < p&o, then p = (.

3. If ¢ < p*&o, then p=¢ = ¢.

4. For every vector £ € K + i we have p§ € K + i and

(a) g (p 0dye, (€)) = 0,
(b) cpie, (p 0dyg, (€)) =0,

() (p odyg, (€))* =0,

(@) (p* odyg, (€))* =0,

(¢) Sp odyg, (€) = p*S odyg, (€).

Proof. First let us show the “only if” part. In this case, we have
péo = qedo + JqeJ&o = qelo + q ey = e&o < &,

hence the first part of the conditions is satisfied. For the second condition, if { = 2§ <
p&o = €&, then the support of z is less than or equal to e and we have

pC = qez&y + zJeqtJ& = qezéy + zeq&y = 26 = (.
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Similar proof works for the third. To see the conditions of the fourth, let £ = z&y € K +iK.
We note that

= Ceg, (2€0) = ewedp,

= odeg, (&) = [eweL + eLme} o,

= |getze + qLexeL} o,

)

)

)= —qe:cej‘ + qLelxe} &o,

)

Sp odye, (&) = _qeLm*e + qlem*eﬂ o,
)

= (qget + Jgtet ) [eLx*e +ex*et| &

= |getate + qLex*eL} &o.

Thus it is easy to see that each of the conditions is valid.
We turn to the “if” part. Let p satisfy the conditions of the statement.
Take x € M satisfying x = exe. If we use the matrix, = takes the following form.

Ran(e) Ran(el)
Ran(e) 0 X
Ran(et) ( 0 0 > '

Then it holds that od,g, (&) = x&.

By assumption 4, there exists y € M such that pz&y = y&. In addition, by assumptions
4a and 4b, we have eye = etyel = 0, i.e. y has trivial corners. By assumption 4c, it follows
y? = 0. Hence y takes the following form.

y1 0 0
0 0 00
0 00
Y1 00 o0 ’
0 y2 O 0
0 0 O
where we decomposed Ran(e) and Ran(e') as follows.

Ran(e) = Dom(etye) @ Ran(eye’) & (Ran(e) & Dom(etye) & Ran(eyeﬂ) ,
Ran(el) = Dom(eye’) @ Ran(etye) ® (Ran(el) © Dom(eyet) © Ran(elye)> .

Subspaces which appear here are mutually orthogonal because the square of y vanishes.
According to this, we further decompose x.

r1 T2 I3

0 T4 Tz Tg

o Ty I8 X9
Y1 00 0

000 0
00O
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By assumption 4d, the square of ptaz&y = (x — y)& must vanish.

1 —Yi X2 T3

O T4 r5 Tg
o T rg I9
YT 0 0 o ’
0 —y» 0 0
0 0 0
0 —z2y2 O
0 —T5Y2 0 O
0 —x 0
N2 8Y2
O —Y2x4 —Y2X5 —Y27Te
0 0 0

Then it follows that x9 = x4 = x5 = x4 = vg = 0.
If we use assumption 4e, then we get

pr*&y = pSxéy = Spraly = (z* — y*)&o.

Applying assumption 4c to £ = (x + x*)&o, the square of p(z + ") = (y + =* — y*)&
vanishes.

vy 0 0
0 0 —y5 0
« « 0 0 0
+x - = * * * )
Y Y r1—y; 0 a7
0 y» O 0
x3 0 3
(y+a* —y)?
vi(zi—vi) 0wzt
0 —Y5Y2 0 0
_ 0 0 0
(=] —y1)n 0 0
0 0 —12y5 0
T3Y1 0 0

Thus it follows that yo = 23 = 27y = 0 and 1 = y1.
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Summing up, for every = = exe € M we have

I O 0
0 0 0 0
7= 0 0 xI9
00 0 ’
00 0 0
00 0
T 0 0
0 0 0 0
y&o = préo = 00 0 000 &o-
00 0 0
00 0

The point is that Dom(y) and Dom(z —y), Ran(y) and Ran(z — y) are mutually orthogonal,
respectively.

If we take another element z = eze— € M and put w&y = pz&, then by the same
argument we see that Dom(w) and Dom(z — w), Ran(w) and Ran(z — w) are mutually
orthogonal, respectively. In addition, by noting that w + z —y = e(w + = — y)e and
p(w+ x — y)& = wép, it follows that Dom(z — y) L Dom(w) and Ran(z — y) L Ran(w).
Similarly it holds that Dom(z — w) L Dom(y) and Ran(z — w) L Ran(y). Then let us
define f; (resp. f3) to be the projection onto the supremum of such Ran(x — y)’s (resp.
Dom(z —y)’s) where & = exel runs all the elements of this form in M and put fo = e — f1,
fi = e+ — f3. They are mutually orthogonal projections of M.

Using them every x = exel € M is decomposed as follows.

Ran(f1) Ran(fz) Ran(fs) Ran(fy)
1

€

Ran(f1) 0 0 x 0
Ran( f2) 0 0 0 x2
Ran(f3) 0 0 0 0
Ran(fy) 0 0 0 0

According to this decomposition, it is easy to see that every x € M must have the following

form.
il 0 T3 0

0 T2 0 Tyg
xIs 0 Ty 0
0 Te 0 xIs

Put ¢ = f1 + f3. This is clearly a central projection.

Since p preserves vectors of the set {(|¢ < p&y = e} by assumption 2, it holds that
p exely = exefy for x € M. Similarly, by assumption 3, we see pt elzeltéy = etzelé,
hence p etzet&y = 0.
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Now, letting x be an arbitrary element of M, p acts on x&; as follows.

1 0 23 0 1 0 z3 0
_ 0 90 0 a4 _ 0 2o 0 O
0 x2¢ 0 g 0 z¢ 0 O

= (qex + que)&).

Then using the cyclicity of &y and Lemma 6.1, we arrive at the conclusion that p = ge +

Jqted. O
Corollary 6.3. If M? = CI, then the conditions in Theorem 6.2 assure that p is a projec-
tion of M.
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