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Abstract

Transcendental Hénon maps are the natural extensions of the well investigated complex
polynomial Hénon maps to the much larger class of holomorphic automorphisms.
We prove here that transcendental Hénon maps always have non-trivial dynamical
behavior, namely that they always admit both periodic and escaping orbits, and that
their Julia sets are non-empty and perfect.
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L. Arosio et al.

1 Introduction

The goal of this series of papers is to combine techniques from one-dimensional tran-
scendental dynamics with ideas from higher dimensional polynomial dynamics, in
order to describe higher dimensional holomorphic dynamical systems. The group of
all two-dimensional holomorphic automorphisms is incredibly large, offering oppor-
tunities for interesting examples of dynamical phenomena, but on the other hand, little
hope for universal properties.

Here we consider the more restrictive family of transcendental Hénon maps
F: C? — C? defined by

F(z,w) = (f(2) = dw, 2),

where f: C — C is entire transcendental. This family still offers many interesting
dynamical phenomena, some of which were described in our previous paper [1]. Given
the richness in dynamical behavior of both one-dimensional transcendental functions
and two-dimensional polynomial Hénon maps, the interesting dynamical behavior in
this class of maps should come as no surprise.

Our next goal is to describe universal dynamical properties. In this paper we show
that transcendental Hénon maps all portray non-trivial dynamical behavior, by proving
the following:

Theorem 1.1 The Julia set Jf is non-empty and has no isolated points.

As a consequence the Julia set is uncountable. The result is a direct consequence
of the following three propositions:

Proposition 1.2 There exist periodic orbits.
Proposition 1.3 There exist escaping orbits.
Proposition 1.4 Every Fatou component is pseudoconvex.

Note that the orbits inside a Fatou component containing a periodic orbit must all be
bounded, hence Propositions 1.2 and 1.3 together imply that the Julia set is non-empty.
The fact that the Julia set is perfect follows from Proposition 1.4, since a punctured ball
is not pseudoconvex. Pseudoconvexity also implies that every connected component
of the Julia set is unbounded and that its local Hausdorff dimension is at least 2.

We note that Propositions 1.2, 1.3, and 1.4 all hold for polynomial Hénon maps, 1.3
following directly from the existence of the filtration [7]. In the polynomial setting
pseudoconvexity of bounded Fatou components is again immediate, for unbounded
components it follows from pluriharmonicity of the pluricomplex Green function G*.
Alternatively pseudoconvexity follows from the fact that the Julia set J T equals the
support of a positive closed (1, 1)-current. Observe that none of the proofs from the
polynomial setting hold for transcendental maps, and indeed, the proofs given here
are quite different.

Propositions 1.2 and 1.3 will be proved in Sect. 2, relying heavily on Wiman—
Valiron Theory for transcendental maps in one variable. We prove in fact that there
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Dynamics of transcendental Hénon maps-II

must always be periodic points of order 1, 2 or 4. The existence of escaping orbits
closely follows ideas of [4]. In Sect. 3 we prove that through every of the escaping
points we construct, which we will refer to as Eremenko escaping points, there exists
a complex curve of escaping points obtained as a strong stable manifold. We note that
it remains open whether all points in the escaping set are connected to infinity. The
same question is open for transcendental maps in one complex variable, where this is
known as Eremenko’s Conjecture.

In Sect. 4 we prove that the Julia set can be equal to all of C2, by constructing a
saddle fixed point with a dense stable manifold. Recall that the Julia set of an entire
function in one complex variable is either the whole complex plane or has no interior;
a fact that holds trivially for polynomials and for polynomial Hénon maps similarly.
Whether the same dichotomy holds for transcendental Hénon maps remains to be
decided.

In Sect. 5 we prove Proposition 1.4, which implies in particular that there are
no isolated points in the Julia set. A main ingredient of the proof is the existence
of an escaping orbit for the inverse of F, which is guaranteed by Proposition 1.3.
We emphasize that the Fatou components in Proposition 1.4 refer to the P2-Fatou
set. We will discuss the distinction between the different definitions of the Fatou set
in Sect. 5. We note that the other statements in this paper hold regardless of which
compactification of C? is considered for normality, and hence we will not specify it.

2 The Julia set is not empty

The proofs of Propositions 1.2 and 1.3 rely on main results in Wiman—Valiron Theory
in one complex variable, according to which entire transcendental functions behave
almost like polynomials of very high degree near points whose image has large modu-
lus. We will start with a brief recollection of results in Wiman—Valiron Theory, followed
by the proofs of Propositions 1.2 and 1.3 .

2.1 Basics of Wiman-Valiron theory

For the contents of this section we refer to [4,9].

Let f(z) = Y o an2" be an entire transcendental function. For any r > 0, the
terms |a,|r" — 0 as n — o0, hence for any r there is a maximal term. Let N (r) be
the index of the maximal term. When such a maximal term is not unique, choose the
largest index. The function N (r) is called the central index of f. It is an increasing
function and N (r) — oo for r — oc.

Let M (r) denote the maximum modulus of f; that is,

M(r) = |rgﬂ;;lf(Z)L

Since f is a transcendental entire function, we have

. log M(r)
Iim — =
r—oo  logr

00, Q2.1
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in particular for every k > 0, M (r) > r* for large r.
Recall that a set E C R has finite logarithmic measure if f[l ~INE %
By [9, Lemma 2.2.8] we have the following upper bound: for any ¢,

< Q.

N(r) < (log M (r))'** (2.2)

outside a set E; of finite logarithmic measure (which tends to infinity as ¢ — 0).
The main result in Wiman—Valiron Theory is the following ([4], [9, Theorem
2.2.20]).

Theorem 2.1 (Wiman—Valiron estimates) Let f be entire transcendental, % <o <1,
and let q be a positive integer. For r > 0 let ¢, be a point of maximum modulus for r,
that is, such that |¢| = r and | f (&) = M(r). If z satisfies

r

=&l < N (2.3)
then
Z\ N
f@=\g) Je+e), 24
. N/
P = g) f@U +e)), 2.5)

forall 1 < j < q, where g; are functions converging uniformly to 0 in z as r — 00,
for r outside an exceptional set E of finite logarithmic measure.

The disk {|z ) < W] is called a Wiman—Valiron disk. Equation (2.4) can
be rewritten as

log f(z) —log f(§) = N(r) (logz — log ) + log(1 + ¢o). (2.6)
Remark 2.2 1t follows by (2.5) for j = 1 that

N(r)

r

(log /) (2) = (I +e1).

If r is large enough so that |¢1| < 1, this implies that log f is univalent on the Wiman—
Valiron disk.

2.2 Existence of periodic orbits

In this subsection we prove Proposition 1.2, stating that every transcendental Hénon
map admits a periodic orbit.

@ Springer



Dynamics of transcendental Hénon maps-II

By [1, Proposition 3.3], a transcendental Hénon map F admits periodic points of
order 1 or 2 unless it is of the form

F:(z,w) — (€89 4w, z),

where g: C — C is an entire holomorphic function. Hence in order to prove Propo-
sition 1.2 it is enough to prove the following proposition.

Proposition 2.3 Let F(z, w) = (e2® + w, z). Then F has infinitely many periodic
points of order 4.

Recall that the inverse of a transcendental Hénon map
F(z,w) = (f(z) —dw, 2)
is given by

Fl(z, w) = (w, %).
Proof We consider the case in which g is transcendental. If g is polynomial, the proof
is similar but simpler.
Since F is a homeomorphism, a periodic point (z, w) of order 4 has to satisfy the
equation F2(z, w) = F~2(z, w), which by the special form of the Hénon map reduces
to the system

:eg(zu-i-eg(Z)) _ _eg(w)

—e8W)
8=t — _ ,8(0)

In particular any solution to the system

@y _ —_ i
{g(w—i—eg ) — g(w) = mi @7

gz —e8™) — g(2) = —mi.
gives a periodic point of order 4.

We first look at a first order approximation of these two equations in the term 8,
and look for a solution on the diagonal {z = w}. With these simplifications both of
the equations above reduce to the equation

g (2)ef® =i, (2.8)
We now look for a solution of (2.8). Let « = 2/3, g = 2. Let ¢; and E be given by
Theorem 2.1 for the function g. By (2.2) there is a set E’ of finite logarithmic measure

such that for all r ¢ E’

N < (log M)?. (2.9)
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Let r > 0 be such that r ¢ E U E’ and such that
[log(1+ep)| <1, |e1] < 1.

Let ¢, be a point of maximum modulus for r, let N = N (r) and consider a domain D
of the form

2 2
D:={z:re ¥ <|z| <reV , |Arg(z) — Arg(¢)| < 4m/N}.
Observe that D is contained in the Wiman—Valiron disk given by (2.3). The function
h(z) := N(logz — log ¢,) + log g(¢gr)

maps D univalently onto a rectangle centered at log g(¢,) of width 4 and height 4.
By Remark 2.2 the map log g is univalent on D since |e1| < 1. Note that (2.6) gives

log g = h +log(1 + &p).

Since |log(1+¢g)| < 1, the image log g(D) contains a rectangle centered at log g(&;)
of width 2 and height 3. It follows that g(D) contains the annulus

A ={M/e < |z| < Me}.
By (2.9)

logﬁ o

as r — oo. Hence in the image g(D) we can find a closed rectangle R of width 6 and
height 47r centered at a point ug + ivg with

Tr
uy = logW,

with an inverse branch g=': R — ¢~!(R) defined in a neighborhood of R. We can
also assume that a neighborhood of R or radius 7 /4 is still contained in g(D).

Lety: S! - Cbea positively oriented parametrization of 9 g_1 (R). Let Vet Yright
be the portions of y which are mapped by g to the left and to the right vertical sides
of 3R respectively. Notice that z solves the equation g’(z)e$® = i if it solves the
equation

log g'(2) + g(z) = log(wi) + 2kmi = log 7 + i% + 2k (2.10)

for some k € Z. So now we will estimate the function log g’(z) + g(z) on g_1 (R).
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By Theorem 2.1,

N

" = | X
Ig(z)l—g

r

M
— A+ ) +epl.

Then for every z € yjefy we have that

Tr
R log ¢'(2)] = log —— — 3 + 1 !
elg(z) +logg'(z)] = log N +loglg'(2)|

1
<logm — 1 +1log|(l4+¢&9)(1 +¢&1)| <logm — X

2 . ..
where we used that |z| < re~¥ and assumed r big enough. Similarly, for every z € yrignt
we get that

1
Re[g(z) +log g'(2)] > log 7 + 5

We now estimate Im [g(z) + log g’(z)] on g~!(R). By (2.5) we have that Arg g’
is close to a constant on g’] (R), and thus that Im log g’ is close to constant, say c.
Hence, since Im g(z) ranges between vg — 27 and vg + 27, the image of g_1 (R) via
the map g(z) 4 log g’(z) contains a rectangle of width 1 and height 37 centered at the
point log  + i (vo + ¢). It follows that there exists zg € g_l (R) satisfying (2.10) for
some k € Z and hence satisfying (2.8) (Fig. 1).

Fig. 1 Finding a solution z( to the first order approximation of Eq. (2.8), not drawn to scale
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Let k1, hy be two real functions. We say that 7; >~ hy as x — xo if h1 = O(hy)
and hp, = O(hy). By our choice of the rectangle R the disc D(g(zo), 7/4) of radius
/4 centered in g(zp) is also contained in g(D) and admits an inverse branch of g. If
z € g7 1(D(g(z0), m/4)) we have that

g~ " 211
le l_NM' (2.11)

Since (71 (g(z0)) ~ ~ir» by the Koebe —-theorem g 1 (D(g(z0), m/4)) contains a
disk B centered at zg of radius =~ N e

Our goal is now to find a solution to the original system (2.7) close to the point
(z0, 20). Consider the map

G(z,w) == (g(w + e¥9) — g(w), g(z — e4™)) — g(2)) (2.12)

and let us show that there exists (z, w) such that G(z, w) = (i, —mi). Let G and
G» denote the components of G.

Using Taylor expansion with Lagrange remainder for g near zo and the fact that zg
satisfies (2.8) gives

V2
1G1(z0, 20) — wi| <~ max |g"(z0 4 1e50))||28C0)],
2 tel0,1]

and a similar estimate holds for G,. By Theorem 2.1 on D we have

|| g

" NM
lg ()l——(—) MI(1+e0)d +e2)l > —

By (2.11) it follows that
G , i ~ . 2.13
%0, %0 ! M
The differential DG(Z, U)) equals

g (w—+es)es@g' () g'(w+efD) —g'(w) '\ _
g@—es™) —g'(x) —g'(z—eS®W)es™g/(w) )~

=

N

I
NM)'

r

We claim that for r large enough the map G is univalent on the polydisk B x B. Since
for z € B the point g(z) varies in a ball of radius 7 /4, it follows that e8@ varies in
a sector of angle 5 of the complex plane. Hence for a large enough r, the diagonal
entries of the dlfferentlal DG(zy, z2) are contained in two sectors of angle - 2% of the
complex plane for all z = (z1, z2) € B x B.Letz # w be distinct points in B x B,and
assume first that w; —z1 # 0. If y (1) = z 4+ t(w — z) is the segment joining z and w,
then since the diagonal entries of DG go to infinity faster than the off-diagonal entries
we have that for all ¢ € [0, 1], the first component of DG (y (¢))(w — z) is contained
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in an open sector of angle strictly less than 7, which implies that G(z) # G(w). We
argue similarly if z; = w; but zo # ws.
Since for all v € C? there exists C(r) ~ Nr—M such that

DGz, wiv|| = Cljv]l, V(z,w) € B x B,

it immediately follows that G(B x B) contains a ball of radius >~ 1 centered at
G (20, 20). It follows from (2.13) that (i, —mi) is in the image of B x B when r is
big enough, which completes the proof. O

Notice that the freedom in the choice of r,, and D allows the construction of infinitely
many periodic orbits.

2.3 Existence of escaping points

The proof of the following result, implying Proposition 1.3, is inspired by Eremenko’s
proof [4] of the fact that a transcendental function f: C — C admits an escaping
point. References regarding the line of infinity £ are with respect to the embedding
from C2 to P? givenby (x,y) — [x 1y : 1].

Theorem 2.4 Any transcendental Hénon map admits infinitely many escaping orbits,
converging to the point [1 : 0 : 0] € £°°.

Proof Let F(z, w) = (f(z) —éw, z). Leta =2/3 and g = 1. Let &g, £| and E be as
in Theorem 2.1 for the function f. Finally, let R > 0 be sufficiently large such that
the following six properties are satisfied:

(i) [log(1 +eo)| < % and |eo| < 1 forallr > R,
(i) |e1| < § forall r > R,
(iii) for all » > R we have that @ is larger than an arbitrarily large constant, to be
determined later in the proof,
(iv) the logarithmic measure of E N [R, 00) is < 1,
(v) N(R) > 8 (recall that N (r) is increasing),
(vi) for all r > R and for every point ¢, with || = r the domain

2

2
D:={z:re ¥ < |z| <reNO | |Arg(z) — Arg(¢)| < 4m/N(r)}

is contained in the disk {|z — ¢,| < W}.

(denote M,, and N, the maximum modulus and central index of r,) with points of
maximum modulus ¢,, a sequence of domains (D,,),>¢ defined as

We construct inductively an increasing sequence of radiir, > R,r, ¢ E,r, — 00,

2 2
Di={z:me B <] < re | |Ar(2) - Arg(@)| < 47/Na |,
such that

D, C Ay, :={My_1/e <|z| < My_1e}, VYn>1,
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and a sequence of univalent maps (¢, : D, — Dy_1),>1 satisfying

(@) f(Do) D Ay and (f —38¢n)(Dn) D Ay foralln > 1,

(b) ¢1: D1 — Dy is aninverse branch of f and ¢, is an inverse branch of f — ¢,
foralln > 1,

©) lg,(w)| < 1forallw € D,.

Assuming that this is done, let us first show how these constructions imply the
existence of an escaping point for F. Consider for n > 0 the embedded complex
submanifold defined as the graph

Ly = {(z, 9n(2)), z € Dy},

so that for all n > 1 we have F~1([",,)) cC T',,_;. Indeed,

FN 2, 04(2) = (@n(2)s 0u—1(01(2))) € Tt N2 (@ (Dn)).
If for all n > 1 we define the set
K, = F_n(Fn) C Io,

then K,, CC K4+ for all n, and moreover the intersection ﬂneN K, is nonempty and
consists of escaping points.

We now construct the radii r,, the points ¢,, domains D,, and the maps ¢, recur-
sively, starting with rp > R outside of the exceptional set E. Let ¢y be a point of
maximum modulus for r¢ and consider the domain

_2 2
Dy := {Z iroe M o< |z| < rgeMo , |Arg(z) — Arg(¢o)| < 47T/N0}~

By (vi) Dy is contained in the Wiman—Valiron disk centered in ¢y. As in the proof of
Proposition 1.2 we obtain, using (i) and (ii) that log f is univalent on Dy and that the
image log f(Dg) contains a rectangle Q centered at log f (o) of width 2 and height
37, and thus that f(Dg) contains the annulus

Ay = {My/e < |z| < Mpe}.
The set {My/e < r < Mye} has logarithmic measure 2 and by (iii) it is contained

in [R, 00). By (iv) E N [R, 00) does not contain any interval of logarithmic measure
1. By (v) there exists r; ¢ E such that

_2 2
Dy = {z trie M1 < |z|l < e, |Arg(z) — Arg(¢r)] < 47'[/N1}

is compactly contained in the annulus A1, where ¢ is a point of maximum modulus for
r1. Notice that the image f (D) winds around A at least 1.5 times. Since 47 /Ny <
7 /2 by (v), it follows that there exists an inverse branch ¢;: D; — Dy of f. Notice
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that ||| < 1. Indeed if z € Dy, then by (i) and (i) | f'(z)| > M , hence by (iii)
| f'(z)| can be assumed to be larger than 1.
Suppose now that we have carried on the construction up to n > 0. Observe that

, Sy, f S¢,, f
log(f — ) = (L — (g - _J__
(logt = S¢)) (f f>f—5<pn <:n( e f)f—&pn

18]

Since by (2.4) we have ‘8% < s and therefore
/ ‘ 5% _ NaM,2” le=2
rnl8]
Combining this equation with (ii) and (iii) plus the observation “;}’ r” glves that

(log(f — 8¢y,)) takes values in a sector of angle strictly less than 7, and thus that
log(f — 8¢,) is univalent on D,,.

We now show that the image log( f — 8¢,,)(D,,) contains a rectangle Q centered at
log f(¢,) of width 2 and height 377, and thus that the image (f — d¢,,)(D,) contains
the annulus

Ant1 = {M, /e < |z| < Mye}.
The function

h(z) := Nn(logz — log &) + log f(¢n)

maps D, univalently onto a rectangle centered at log f (&) of width 4 and height 47.
Since by (2.6) we have that log f = h 4 log(1 + &9) it follows that

3o

log(f — 8¢n) = h + log(1 + &o) + log(1 — 7 ),

and by (i) and (iii) we have that | log(1 + &¢) + log(1 — 5%)| < 1.

The set {M1/e < r < Mje} has logarithmic measure 2 and by (iii) it is contained
in [R, 00). By (iv) the set £ N [R, 0co) does not contain any interval of logarithmic
measure 1. By (v) there exists r,41 ¢ E such that the domain

2 2

Dpyq = {Z Drppre Vbl < |z| < rppre™tn o |Arg(z) — Arg(Lnsn)] < 47T/Nn+1}

is compactly contained in the annulus A, 1, where {,41 is a point of maximum
modulus for r,41. Let ¢, 41: Dy41 — D, be an inverse branch of f — d¢,. We only
need to show that |<p;l+1| < I.Indeed, if z € Dy4+1 and w := ¢, 4+1(2),

1
/ ’ 2.14
n1 O = T )] o
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and the claim follows since by (i), (ii) and (iii), we have that | f'(w)| >
1+ 18].

Notice finally that each of the infinitely many choices of the D, gives different
orbits of escaping points. O

-2
e “N,M,
4r, z

For every subset X C C, we denote by Nj(X) its §-neighborhood. In the next
section we will need better estimates of the previous construction. It is easy to see that
we can arrange the construction in such a way that NVs(D,, 1) C A,+1, and thus the
inverse branch ¢, 1 of f — 8¢, is defined on the neighborhood N (D,,11). Moreover,
up to taking n large enough, there exists a constant C > 1, independent of n, such
that

M, N, M, N,
c-lﬂgf’(z)—w,’,(znsc,’f—”, Vz € D,. (2.15)
n n
and thus
T, T,
c'—_ <o <C—L2— VYwe Ns(Dpi1). 2.16
MnNn_|¢n+1(w)|_ N Y Ns(Dpy1) (2.16)

Definition 2.5 We refer to any escaping point constructed in this way as an Eremenko
escaping point.

3 Curves of escaping points

For complex (polynomial) Hénon maps, the escaping set U T is foliated by embedded
complex lines, a result of Hubbard and Oberste-Vorth [7]. One usually constructs these
complex lines by considering the unique complex tangent directions of level curves
{GT = ¢}, where G™ is the forward Green’s function defined by

log™ || F"
G = tim o2 IF @
n—oo  deg(F)"

The fact that GT : U — R is a pluriharmonic submersion implies the existence of
the leaves of the foliation.

A different point of view, with more potential for generalization to the transcen-
dental setting, is to consider the leaves of the foliation as strong stable manifolds. This
viewpoint was previously taken in [3], where the term super-stable manifold was used.
Recall that the stable manifold of a point Py contains all initial values Q¢ for which
P, — Onll — 0, while the term strong stable manifold requires that the distance
shrinks exponentially fast, sometimes with an explicit bound on the exponent. Let
(P,) be a forward orbit contained in U*. Up to renumbering the sequence (Pj) we
may assume that |zo| is large, and that |zg| >> |wo|. It follows that the polynomial
f(z) is expanding near each z;, and we may assume that image under f of the disk
D(z;, 1) covers D(zjy1, 1) univalently for each j > 0.
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For the two-dimensional map F(z, w) = (f(z) — dw, z) it follows that images
F(A%(P;, 1)) intersect the next bidisk A?(P;1, 1), with underflow in the vertical
direction and overflow in the horizontal, both with uniform estimates. Thus, by taking
the inverse images of the straight vertical disks {(z,,, w, +1) | |[¢| < 1} and intersecting
with the bidisks A2(P i, 1), we obtain a family of properly embedded vertical graphs.
For fixed j these graphs form a Cauchy sequence, and the limits give the local strong
stable manifolds through the points P;.

We will try to mimic this construction for transcendental Hénon maps, as long as
we have an escaping orbit (P;) with strong horizontal expansion. Notice that it is not
sufficient to control only the derivatives at the point P;. We will need neighborhoods
similar to the bidisks Az(R i, 1) as above, with overflow in the horizontal and under-
flow in the vertical direction. It turns out that for the escaping points constructed in
Theorem 2.4 we have exactly the right information needed to prove the existence of
the stable manifolds. Our proof, as the proof sketched above, closely follows the graph
transform method. Most references in the literature deal with the setting where the
orbit P; is either periodic or remains in a compact subset. For the reader’s convenience
we give a detailed proof that does not rely on any sources, without claiming that the
methods presented here are new. The contents of this section rely on the construction
in the proof of Theorem 2.4.

Theorem 3.1 Let F(z, w) = (f(2) —d8w, z) be atranscendental Hénon map. Let Py be
an Eremenko escaping point. Then there exists an injective holomorphic immersion
y: C — C? whose image ©°(Py) contains Py and is contained in the escaping
set 1(F). For every Q € X°(Py), [F"(Q) — F"(Py)|l converges to zero at least
exponentially fast as n — oo.

Proof of Theorem 3.1 Let Py be an Eremenko escaping point and for all n > 0
let Ty, Dy, ¢, be defined as in the proof of Theorem 2.4. In particular, Py =

mnzo F~™(T,) cIo.

Since F is an automorphism it is sufficient to prove the claim up to replacing Py
with a point P, := F"(Pp) for some n large enough.

We define the domains

U, ={z,w+1):(z,w) ey, |t] <1}
={(z,0n(z) +1) :z € Dy, |t| < 1}.

Notice that the shear ®,(z,t) := (z,t + ¢,(z)) is a biholomorphism from U, :=
D, x D to U, and let us define

Py = (@) (Py).

Suppose that the point (z, ¢ + ¢,(z)) belongs to U, N F~!(U,41). Then clearly
Fo®,(z,t) € Uyt1, hence Z := f(2) — S¢n(z) — 8t € Dy4q. Since ¢y, is defined
in a §-neighborhood of D,4| we have that ¢,41(Z + §t) is well defined for |¢| < 1,
and hence we can write

Fo®(z,1) = F(z,1 +¢u(2)) = (f(2) = 8¢n(2) =81, 2) = T, o1 (D) +1),
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where 7 := z — @,.1(Z). This induces a map F: CIJ;I(UH N F*1(Un+1)) — Uyt
defined as

Fi=®, ! 0Fo®,:(z.) > (0.

Lemma 3.2 Let (z,t + ¢,(2)) be a point in the connected component containing P,
of Uy N F~Y(U,41). Then

Pnt1(f (2) = 89n(2)) = z.

Proof Let y: [0, 1] — U, be a continuous curve joining the points P, and (z, t +
©n(2)), all contained inside the connected component. Denote

y(s) == (2(s), 1(s) + @n(2(5)).

For all s € [0, 1], the point f(z(s)) — 8¢, (z(s)) is contained in N5(D,1). Consider
the equation

Pn+1(f (2(5)) — 8n(2(s))) = z(s).
This holds for s = 0 since z(0) = P, and by continuity it holds for s = 1. O

Lemma3.3 Let (z1,t + ¢,(z1)) and (z2,t + ¢, (z22)) both belong to the connected
component containing P, of Uy N\ F~Y(Uy41). There exist a constant © = ® (n) =

+00 and a constant ®' > 0 independent of n, such that the following estimates hold:

1Z1 — 22| = Olz1 — z2l; 3.1)
Ifi — 2] < O'|z1 — z2]. (3.2)

Proof By definition of 7, 2> we have

121 — 22| = | f(z1) — 8¢n(z1) — (f(z2) — Sgnz2)|. (3.3)
Since (z1,t + ¢,(z1)) and (z2, ¢ + ¢, (z2)) belong to the connected component con-
taining P, of U, N F~1(U,41), by Lemma 3.2 we have that z; = ¢,11(Z; + 8¢) and

that 7o = @,+1(21 +8t). Let y : [0, 1] — C be the segment joining the points 7| + §¢
and Zp + &¢. Then

1
IZz—leif 0 (It < 132 — 51| max @l
0 n+1 J\/:S(DnJrl) n+1

Thanks to (2.16), setting ® := %A;I”M‘ we obtain (3.1). We now prove (3.2). We
have

7 — 2] = |21 — nt1(Z1) — (22 — u1 (2] < 21 — 221 + l@nt1(Z2) — @nt1 CDI.
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Hence we are reduced to estimate |¢,11(Z2) — ¢n+1(Z1)|. Arguing as above we obtain

1(22) — 1GDI <122 — 711 max g, ]
[@n+ On+ | <| |Na(Dn+1)|(p"+1|

From (3.3) it follows that

Z2) — ZD)| <max |f — 8¢/ | max "z — z1]-
lon+1(22) — @1 D] < na | f w"'M(DnH)W"H“ 2 — 21l

The result therefore follows from (2.15) and (2.16) setting @' := C 241, O

Lemma3.4 Let Q := (z,t + ¢,(2)) belong to the connected component containing
P, of U, N F-! (Up+1). Then there exitsts a constant @ = o(n) "%° 0 such that

7] < o|8t].

Proof Consider the point F(Q) = (Z,z) € U,+1. Since Q belongs to the connected
component containing P, of U, N F _l(U,,_H), by Lemma 3.2 we have that z =
©n+1(z + 8). Hence

fl=|z— )| = Z4+68t) — 7)| < max ! 118t
[Tl = |z = @nt1(D| = l@n+1(Z + 81) <ﬂn+1(z)|_M(Dn+l)|<ﬂn+1|| |

]

Let L, = Ly, be the intersection with U, of the straight vertical line through
15,1, and recursively define L, ; for all n > j > 0 as the connected component of
F! (Lyn,j+1) NU; that contains the point f’j. We will show that for jj sufficiently
large the pullbacks L, ;, converge to a proper holomorphic disk in U, corresponding
to the local stable manifold through Pj,.

We claim that for each n, j the curve L, ; is vertical, that is, its tangent space is
contained in the vertical cone field

Coer(z, 1) = {(v1,12) € C? 2 [u] = |02},

and that L, ; itis a graph of the ¢-direction. Since each L, ; is a pullback of the vertical
curve L, ,, it is enough to show that the vertical cone field is backward invariant.
Observe that

; _ 1'(2) = 8¢, (2) -5 \_[(Aa
DFG 1 = (1 — 0 D)D) — 8¢,(2)) &p;m(z)) = <a2 a3> :

By equations (2.15) and (2.16) it follows that %" — Qasn — o0.

Denote by m2(z, w) := w the projection on the second variable. The fact that the §-
neighborhood N (Dy4.1) satisfies @41 (N5 (Dy41)) C Dy and (@41 (ON5(Dyg1)) X
D) N Uy4+1 = @ implies overflow in the horizontal direction. Combined with the
underflow in the vertical direction given by Lemma 3.4, this implies that the restriction
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my: Ly, j — D is a proper holomorphic map, and thus a branched covering. Since
the curve L, ; is almost vertical, the covering cannot have branch points. Hence
7y Ly, j — D is a biholomorphism, and thus L, ; is a graph over .

We introduce the graph distance

diSt(Ln,jv Lm,j) = sup{|zn — zm| | (zn, 1) € Ln,jv (Zm, 1) € Lm,j}'
|t]<1

As the tangent spaces to each of the graphs L, ; are vertical and they all pass through
the point Pj, it follows that dist(L,, j, Ly, ;) is bounded from above by the constant
1, independently of n, m, j.

Lemma 3.5 We have that
. I
dlSt(Ln,j, Lm,j) < 5 . dlSt(Ln,j+1, Lmﬁj+1). (3.4)

Proof Let (z1, t) be the coordinates of a point Q1 € L, j and (z2, t) be the coordinates
of apoint Qs € Ly, ;. Denote their images under Fby(Z,0) € Ly, j+1and (22, ) €
Ly, j+1,and let Z3 be the unique value for which (z3, 1) € Ly, j+1- The claim follows
if we can show that |z — Z3| > 2|z1 — z3].

By (3.1) it follows that

21 — 221 2 © - |z1 — z2],
while by (3.2) it follows that
I —n| <O |z1 — 22l

Since the tangent space to L, ;41 is contained in the vertical cone field and the two
points (22, 2) and (Z3, 71) belong to Ly, j+1, it follows that

1Zo — 23| < |2 — 1.
It follows that
Z1 =231 > 121 — 22l — 122 — 231 = Olzi — 22| — | — 1] = (O — O))|z1 — z2].

Since ® — oo as n — oo while @' is constant, we may assume that ® > 2 + @/,
proving (3.4). O

As aconsequence for fixed j the graphs L, ; form a Cauchy sequence, and converge
to a limit graph X ;. We denote by X .(P;) the graph ®;(X;).

We now conclude the proof by showing that X; (P;) can be extended to a full
complex curve ¥¥(P;) of escaping points, and that for any Q € X°(P;) we have that

|F"(P) — F"(Q)| — 0 at least exponentially fast as n — oo.
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By construction we have that F(T j) C Xj41, and by (3.4) we obtain
. 1
F(Zj)) CZjpny(zo): i< 3
which by definition of F implies that

‘ ‘ 1
F(Z},.(Pj)) C Zjpe(Pjs1) N {(z, 1+ n(2) 1] < 5} : (3.5
It follows that the global stable manifold through P; defined as

(P = FI7" 8, (P)

n>j

is an increasing union of disks, and Eq. 3.5 implies that the Kobayashi metric van-
ishes identically. Thus %*(P;) is biholomorphic to C. In particular the set X*(P;) is
unbounded and consists of escaping points.

Finally, we need to show the existence of C > 0, A < 1 such that for Q € Z°(P;)
we have

IF"(Q) — F"(P))ll = CA".
By the definition of the shear F it is enough to check that for Q € 2 ; we have
IF"(Q) — F"(Pp)]| < CA".

To prove the latter let F”(Q) = (z),, 1) and 15”(15]-) = (zu,0). By (3.5) we have
| < zl,,t(/), and the fact that the X; are vertical graphs passing through ﬁj implies
|z, — za| < |£|. This concludes the proof.

O
4 Dense stable manifold
We denote by H(C?) the space of all entire Hénon maps equipped with the compact
open topology. The subspace consisting of those Hénon maps with Jacobian determi-
nant § will be denoted by H (C?). Throughout this section we will consider a fixed §

with |§] > 1.

Theorem 4.1 There exists a dense G s-subset U of Hs (C?) such that everymap F e U
has a fixed saddle point whose stable manifold is dense in C?.

In particular the Julia set any map F € U is equal to C2.
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The analogous statement was proved for volume preserving holomorphic automor-
phisms of C" in [11], and generalized to Stein manifolds with the volume density
property in [2].

Our proof closely follows that in [2], with only mild variations due to the fact
that the maps under consideration are of a more restrictive form. The fact that our
maps are volume expanding simplifies the proof considerably. We will give the proof,
emphasizing the differences with the proof in [2].

Step 1. We note that H (C?) s homeomorphic to the Fréchet space of entire functions
on C. Assuch it a Baire space, it is separable, and its topology is induced by a complete
distance d. Let {¢;} jen be a dense countable subset.

Step 2. Using Runge approximation we can perturb each ¢; to obtain an entire Hénon
map ¥; with d(¥;, ;) < %, such that each ; has a saddle fixed point. Note that
the saddle fixed point may be constructed arbitrarily close to infinity. The collection
{1} jen is still dense in Hs(C?).

Step 3. For each ¥; we can find an arbitrarily small ball B; C Hs(C?) in which the
chosen saddle point ¥; can be followed continuously, and the corresponding local
stable manifold is a graph over a fixed direction in a linearly embedded polydisk A?
which does not depend on the map F € B;. For F' € B; we denote the marked saddle
fixed point by 1(F) and its stable manifold by X3, (n(F)).

Step 4. By recursively decreasing the radius of B; if 1/; is not contained in the closure
of an earlier defined ball, or dropping v; if it is, we obtain a countable collection of
pairwise disjoint balls B, whose union A = UB jis dense in Hs (C?). Note that since
the balls B; are pairwise disjoint, the notation introduced in the previous step is now
justified.

Since H3(C?) is a Baire space, Theorem 4.1 is now is a direct consequence of the
following lemma.

Lemma4.2 Let g € C? and & > 0. The subset U(q, €) C Hs(C?) given by

Ulg,e) ={f € A:dist(Er(n(f)). q) < €}
is open and dense.

Proof The fact that U(q, ¢) is open follows from the fact that stable manifolds vary
continuously under perturbations of the map. To prove density, consider any F € B},
fix a compact subset K C C2 and a § > 0. We will prove that there exists F € B I
with || F — F| x < 8 for which there exists qe El;(n(ﬁ)) such that ||g — ¢ < e.

Let R > 0 be such that K and the polydisk containing the local stable manifold of
n(F) are both contained in the cylinder Cg := {|z| < R}. Since |§| > 1 there is a point
q arbitrarily close to ¢ whose forward orbit leaves the polydisk {|z| < R, |w| < R}.
Since F is a Hénon map, it follows that the forward orbit of ¢ also leaves the cylinder
Cr, say FN(§) = (20, wo), with |z9| > R.

We remark that this step in the proof is much simpler in our setting than it is for
volume preserving automorphisms, where ideas from [5, Theorem 3.1] were used to
prove that for an arbitrary small perturbation of F the orbit of ¢ leaves an arbitrarily
large ball. We also note that the stable manifold X (n(F)) must contain a point
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(z1, wy) with |wq| > R. If this was not the case, the stable manifold would have to
be a straight horizontal line, which is impossible since it is invariant under an entire
Hénon map.

Let N > 0be such that the point (zy, wy) = FN=1(z;, wy) lies in the local stable
manifold. By wiggling the point (z1, w;) on Xr(n(F)) we may assume that for all
points in the forward orbit

(z1, wi), ..., (2N, wWN),

their z-coordinates are pairwise disjoint and disjoint from the z-coordinates of the
points in the finite orbit from g to (zg, wo).

By Runge Approximation we can therefore find an entire function f satisfying the
following properties:

1 f: is arbitrarily close to f on the disk {|z| < R}.
(i) f(zo0) = wy + dwp and f(w1) = z1 + 620.
(iii) f is arbitrarily close to a constant on small discs centered at zg and wy.
(iv) f is equal to f on the finite orbit from (z1, wi) to (zx, wy) and the finite orbit
from g to (zg, wop), and is arbitrarily close to f on given neighborhoods of these
points.

Condition (i) implies that F can be chosen in B;.

Consider N'(¢) a small neighborhood of the point g. It follows from the above
that a suitable iterate of F : (z, w) > ( f — 8w, z) maps N (g) to a neighborhood
of (zg, wo). Notice that F? (zo, wo) = (z1, wy), hence a further suitable iterate of F
maps N(¢) to a neighborhood N (zy, wy).

Itis clear from (ii)—(iv) that the size of A (z, wy) can be chosen uniformly, i.e. the
radius of the inner ball centered at (zy, wy) does not shrink to zero as F approximates
F better and better on the cylinder. Hence condition (i) implies that the local stable
manifold of ¥ F(n(ﬁ ) can be made to intersect A (z, wy). It follows that the global

stable manifold of F passes through N'(¢), which completes the proof. O

Remark 4.3 For |6] < 1 Theorem 4.1 is clearly false, since such maps may admit
attracting fixed points, which are persistent under perturbation.

We do not know whether Theorem 4.1 holds when [§] = 1. The difficulty in
generalizing the proof in [2] in this case is due to the fact that [5, Theorem 3.1] does
not generalize naturally to the space of transcendental Hénon maps with a fixed §.

5 Pseudoconvexity of the Fatou set

The goal of this section is to prove pseudoconvexity for all Fatou components of
transcendental Hénon maps, from which it follows that the Julia set is perfect. We
recall that there are several non-equivalent definitions of the Fatou set, depending on
the used compactification of C2. We will prove pseudoconvexity of components using
the P2-Fatou set, the preferred definition from [1]. .

We recall that the Julia set being perfect for the (Cz-ljgtou set was already proved
in [6]. We do not know whether components of the C2-Fatou set are necessarily
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pseudoconvex. The result from [6] in fact holds for all holomorphic automorphisms
not conjugate to an upper triangular map with a repelling fixed point. Note that for the
inverse of such a triangular map all orbits converge to this fixed point.

From now on we only refer to the P>-Fatou set, and we will show that Fatou com-
ponents are pseudoconvex for all holomorphic automorphisms whose inverse admits
an escaping point. Note that by Proposition 1.3 this includes all transcendental Hénon
maps. We recall that pseudoconvexity of recurrent Fatou components of holomorphic
automorphisms was already proved in [6]. Not surprisingly, most of our efforts will
go into dealing with unbounded orbits.

Recall the following theorem by Levi [10], see also [8].

Theorem 5.1 (Levi) Let H C C? be the standard Hartogs figure, and let S bea
meromorphic function on H. Then there exists a meromorphic function F on H which
extends f.

Recall that for a Fatou component €2, a limit map h is a holomorphic map & : Q2 —
P2 such that there exists a subsequence ( f"*) converging to 4 uniformly on compact
subsets of Q. The following observation is Lemma 4.3 in [1].

Lemma5.2 Let Q2 be a Fatou component. Then for any limit map h on 2 either
h(Q) C Loy or h(2) C C2.

Theorem 5.3 Let F be an automorphism for which F~ has an escaping point. Then
every Fatou component Q2 of F is pseudoconvex.

Proof Let H be a Hartogs figure relatively compact in 2. We will show that the family
(F™) is normal on the hull I:I, and thus H C Q. If (F™) is any subsequence of
iterates, we will show that we can always extract a subsequence converging uniformly
on compact sets to a holomorphic map  : H — P2(C).

If there exists R > 0 so that F"*(H) C B(0, R) for all k, then by the maximum
principle F" (I:I ) C B(0, R) forall k and thus (F"*) admits a convergent subsequence.
On the other hand, if such R does not exist, then there exists a sequence (xi) in H and
a subsequence (ny) such that || F"* (xg)|| = +o0. Since H is relatively compact in the
Fatou set, up to extracting another subsequence we can assume that F"** |y converges
uniformly to a holomorphic map ¢: H — P?(C). Clearly ¢ (H) cannot be contained
in C?, and thus by Lemma 5.2 it is contained in the line at infinity £oo.

We identify the line at infinity £, with the Riemann sphere C via the map [x
y : 0] — y/x. With this identification we can see ¢ as a meromorphic function
on H without indeterminacy points. By Hartogs extension theorem for meromorphic
functions (see Theorem 5.1), there exists a meromorphic function ¢ : H — C which
extends ¢. We claim that

(A) v has no points of indeterminacy (and thus is a holomorphic map ¥ : I:{ — loo)
and the sequence ¢y converges to ¥ uniformly on compact subsets of H,
(B) the sequence (F") converges uniformly on compact subsets of H to .

Let us first show that there exists an R > 0 so that for all large enough k there
exists a point p;y € B(0, R) so that py ¢ F™ (H). Indeed, otherwise for any given
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R there exists arbitrarily large k(R) so that B(0, R) is contained in F"*®) (I:I ). By
assumption there exists an escaping point g for F'~ ! Choose R > ligll so large that
H cc B(0, R). Then F~"® maps B(O R) into the subset H. This implies that
F~"® has an attracting fixed point in H . Moreover the basin of attraction contains
B(0, R). This contradicts the fact that ¢ is an escaping point for F~! and hence for
F~"® and gives the existence of the desired py.

Let 7 denote the radial projection from C2\ py to £o. Then the functions

@ = m o F™

are holomorphic on H, and the sequence (@) converges to ¢ uniformly on H.
Proof of Claim (A). Up to changing holomorphic coordinates we can assume that H
is the unit polydisk and that H is the Euclidean Hartogs figure. The function ¢ has
a zero set Z and a pole set P in H . Likewise the functions @k have zero sets Z; and
pole sets Py in H. Since @k is holomorphic on H, the sets Z; and Py do not intersect
for any k.

Lemma5.4 Let X be an analytic complex curve in H. For every compact set K C
I:I\(X U {w = 0}) there exists a neighborhood U of X such that for all y € K there
exists a complex analytic curve Sy, C H containing y which intersects U only inside
H and whose boundary 9 is contained in {|z| = 1} C 9H.

Proofof Lemma 5.4 Let f: H — C be a holomorphic function such that X = {f =
0}. Up to considering a smaller Hartogs figure we can assume that f is bounded and,
up to multiplication by a non-zero constant, that | f| < 1 on H. Let us define the
family of functions fc , : H — Cby

fen=f+Cuw", neN,CeC.

Let y = (zo, wo) be a point in K. For every n the point y is in the zero locus of
the function f¢ , for the constant C, , = w — oo. If n is large enough, then
0

| f(z,w) + Cpyw"| > 1 for [w| = 1, y € K. This implies that for all y € K the
curve

Sy = {f 4 Cpyw" =0}

does not intersect the part of the boundary of H at which |w| = 1. Therefore we have
that 95y is contained in {|z| = 1} C dH. Notice that any curve S, intersects X only
in {w = 0}. Hence there exists a neighborhood U of X such that S, " U C H. By
compactness of K and the continuity of the family of curves S, we obtain the result.

O

LetK C H \ (P U{w = 0}) be a compact subset. Let U be the neighborhood given
by Lemma 5.4 with X = P. There exists a constant C > 0 such that {|{/| > C} is
contained in U. By the maximum principle applied to the sets Sy\U, the sequence

Ok : H— Cis uniformly bounded on K by Lemma 5.4. Hence by Vitali’s Theorem the
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sequence (g) converges to ¥ uniformly on compact subsets of H \ P. Arguing simi-
larly we obtain convergence on compact subsets of H \ Z, and thus on the complement
of indeterminacy points of .

To finish the proof of Claim (A), we need to prove that there are no indeterminacy
points.

Suppose that there is at least one indeterminacy point. By a linear change of coor-
dinates we can assume that the indeterminacy point is at the origin, and that there
exists a small 8o > 0 such that Z and P intersect the vertical disc {0} x D(0, 6;) only
at the origin. Moreover, there exists a small 6; > 0 such that the intersections of Z
and P with the bidisk A := A(O0, (81, §2)) project as a proper map to D(0, §1). Up
to further decreasing §; and §, if necessary, we can assume that the origin is the only
indeterminacy point of . Since ¢, converges to ¥ uniformly on A\{0} the analytic
sets Zj and Py cannot intersect the set [w| = 82, and thus they also project as a proper
map to D(0, §;). It follows that Z, P, Zi, Py can be considered as branched coverings
over the z-variable with finitely many branch points in D(0, ;).

The intersections of Z and P with the bidisk A can be written, counting multiplic-
1ties, as

ZNA={w=ao,G): m=1,..., M},
PNA={w=p8,z):n=1,...,N},

where o, and B, are multifunctions from D(0, §;) to ID(0, 7).

We claim that for large enough k the intersections of Z; and Py with the bidisk A
can be written similarly, using functions a,]jl, /3,’1‘ : D(0, 81) — ID(O, §>), with the same
index sets:

ZkﬂA:{w:afn(z):m:l,...,M},
PRNA={w=p):n=1,...,N}.

Indeed, let zp be a point in the punctured disc (0, 61)\{0}. Then w — @i (z0, w)
converges uniformly to w — ¥ (z9, w) on E(O, 82), and thus for large k they have
the same number of zeros and poles in the disc D(0, §2). By continuity, the number of
zeros and poles in the disc D(0, §,) of the map w +— ¢ (z, w) does not depend on z,
which proves the claim.

Consider the functions

h@) = [] Bu@—em@). h@:= [] B —ak@).

which are holomorphic functions defined on (0, §1) in the complement of the branch
points. They extend holomorphically across the branch points. Notice that 4 has a
zero only at the origin, while every hy is zero-free. Since gy — g uniformly on
compact subsets of B(0, £)\{0}, it follows that #; — & uniformly on compact subsets
of (0, §1)\{0}. But since 4 is defined and holomorphic at the origin, it follows that
hx — h uniformly on D(0, &1). But this contradicts Hurwitz’s theorem.
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Proof of Claim (B). Since the sequence ¢; = m; o F"* converges to ¥ uniformly
on compact subsets of H, Claim (B) immediately follows once we prove that F"* —
Loo as k — oo uniformly on compact subsets of H. Let us define Gy := F™ —
pk = (A, By) for some holomorphic functions Ag, By : C> — C. Notice that
Y = limg_ 79 o G, and that F"* — {, if and only if Gy — £, since all py
are contained in a bounded set. Our choice of identification £, ~ C gives Y =
limg_ 00 /If—’;. Let Z and P denote the zeros and the poles of i respectively. Since
has no indeterminacy points, Z and P are disjoint.

LetK C H \(Z U {w = 0}) be a compact subset. Let U be the neighborhood given
by Lemma 5.4 with X = Z. There exists a constant C > 0 such that {|{| < C}
is contained in U. Let y € K and let S, be the complex analytic curve given by
Lemma 5.4. Recall that on H we have that ||G¢|| — 0o, and notice that on H\U we
have ﬁ—i < % for big enough k. Hence By — oo uniformly on H\U. By the maximum

principle applied to Blk on the set Sy \U we obtain that By — oo on y, uniformly over

all y € K. One can argue similarly for a compact set K C I-}\(P U{w = 0}).
O
Since the inverse of transcendental Hénon maps are also transcendental Hénon
maps and have an escaping point by Theorem 2.4, we have the following corollary.

Corollary 5.5 Let F be a transcendental Hénon map. Then every Fatou component
U is pseudoconvex. In particular the Julia set has no isolated points and hence is a
perfect set.

The pseudoconvexity of all Fatou components in fact implies the following stronger
statement, which was suggested to us by the referee:

Corollary 5.6 Every connected component of the Julia set is unbounded.

Proof Suppose for the purpose of a contradiction that the Julia set J contains a bounded
connected component L. Let a € L, and let » > 0 be such that L is contained in the
ball B(a,r). Write K = (J N B(a,r)) U dB(a, r). Observe that K is compact and
that L is a connected component of K. Let L’ be the connected component of K that
contains d B(a, r). We proceed to show that there exist two disjoint open sets U and
Vsuchthat LCc U, L' cVand K CUUYV.

Let Uy, Vy be the set of all pairs of disjoint open sets covering K such that L C Uy,.
Suppose for the purpose of a contradiction that each U, must intersect L’, and therefore
must contain L.

Write Ky = U, N K. The intersection Koo = [ ) Ky is a compact subset of K
containing both L and L’. Thus K cannot be connected, which means that there
exist disjoint open sets Us, and Vi, covering Ko, with both intersecting K .

Without loss of generality we may assume that Uy, contains the connected set L,
and let p € Vo N K. Since the family K, is closed under finite intersection, using
the compactness of B(a, r)\(Ux U V) we see that there must be an « for which
Ko C (UsoU Vo). The three open sets Wi = Uso MUy, Wo = Voo NUy and W3 =V,
are pairwise disjoint and cover K. The set L is contained in Wy, while p is contained
in Wy C W U W3. It follows that the set Wi must equal one of the sets U,, with
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Vo = W2 U W3. However, p ¢ W; contradicts the minimality of K, which does
contain the point p.

We have therefore shown that there exist disjoint open sets U and V such that
L CU,L' Cc Vand K C U U V. By taking the connected component of U that
contains L, we may in fact assume that U is connected. Similarly we can assume that
V is connected. By adding to U all bounded connected components of C*\U we can
ensure that AU is connected. Since V' O L’ which is in the unbounded connected
component of C>\U, the sets U, V are still disjoint. It then follows that the boundary
of the open U is contained in a single Fatou component, which is pseudoconvex by
Corollary 5.5.

By using Hartog’s Kugelsatz it follows that U must be contained in the pseudo-
convex component, which contradicts the fact that L lies in the Julia set. Hence every
component of the Julia set must indeed be unbounded. O

Remark 5.7 The pseudoconvexity of all Fatou components also implies that for every
point x in the Julia set Jr and every open ball B centered in x, the intersection BN Jr
has Hausdorff dimension larger than or equal to 2. This immediately follows from
the following result of Shiffman [12, Lemma 3]: if U is an open set in C" and E is
a closed subset with (2n — 2)-dimensional Hausdorff measure equal to 0, then any
holomorphic function on U\ E extends to a holomorphic function on U. We thank the
referee for this remark.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Arosio, L., Benini, A.M., Erik Fornzss, J., Peters, H.: Dynamics of transcendental Hénon maps. Math.
Ann. 373(1-2), 852-894 (2019)

2. Arosio, L., Larusson, F.: Chaotic holomorphic automorphisms of Stein manifolds with the volume
density property. J. Geom. Anal. 29(2), 1744-1762 (2019)

3. Bedford, E., Smillie, J.: Polynomial diffeomorphisms of 2; critical points and Lyapunov exponents. J.
Geom. Anal. 8(4), 349-383 (1998)

4. Eremenko, A.E.: On the Iteration of Entire Functions, pp. 339-345. Banach Center Publications,
Warsaw (1989)

5. Fornaess, J.E., Sibony, N.: The closing lemma for holomorphic maps. Ergod. Theory Dyn. Syst. 17(4),
821-837 (1997)

6. Fornzss, J.E., Sibony, N.: Fatou and Julia sets for entire mappings in C*. Math. Ann. 311(1), 27-40
(1998)

7. Hubbard, J.H., Oberste-Vorth, R.W.: Hénon mappings in the complex domain. I. The global topology
of dynamical space. Inst. Hautes Etudes Sci. Publ. Math. 79, 5-46 (1994)

8. Ivashkovitch, S.: Extension properties of meromorphic mappings with values in non-Kahler complex
manifolds. Ann. Math. 160, 795-837 (2004)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Dynamics of transcendental Hénon maps-II

9. Langley, J.K.: Postgraduate notes on complex analysis (2007). https://www.maths.nottingham.ac.uk/
plp/pmzjkl/pgl.pdf
10. Levi, E.E.: Studii sui punti singolari essenziale delle funzioni analitiche di duo o piu variabili complesse.
Ann. di Math. Pura e Appl. 17, 61-87 (1910)
11. Peters, H., Vivas, L.R., Wold, E.F.: Attracting basins of volume preserving automorphisms of Ck. Int.
J. Math. 19(7), 801-810 (2008)
12. Shiffman, B.: On the removal of singularities of analytic sets. Mich. Math. J. 15, 111-120 (1968)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations
Leandro Arosio'® - Anna Miriam Benini? - John Erik Fornaess* - Han Peters3

B Leandro Arosio
arosio @mat.uniroma2.it

Anna Miriam Benini
ambenini @ gmail.com

John Erik Fornass
john.fornass @ntnu.no

Han Peters
hanpeters77 @gmail.com
1 Dipartimento di Matematica, Universita di Roma “Tor Vergata”, Rome, Italy
2 Dipartimento di Matematica Fisica e Informatica, Universita di Parma, Parma, Italy

3 Korteweg de Vries Institute for Mathematics, University of Amsterdam, Amsterdam, The
Netherlands

4 Department of Mathematical Sciences, NTNU Trondheim, Trondheim, Norway

@ Springer


https://www.maths.nottingham.ac.uk/plp/pmzjkl/pg1.pdf
https://www.maths.nottingham.ac.uk/plp/pmzjkl/pg1.pdf
http://orcid.org/0000-0003-2904-4472

	Dynamics of transcendental Hénon maps-II
	Abstract
	1 Introduction
	2 The Julia set is not empty
	3 Curves of escaping points
	4 Dense stable manifold
	5 Pseudoconvexity of the Fatou set
	References




