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Zusammenfassung

Die Leistungen von Sprintern und Weitspringern mit Unterschenkelamputationen haben sich seit der
Entwicklung spezieller Sportprothesen kontinuierlich verbessert. In den letzten Jahren gab es immer
wieder Sportler mit Unterschenkelamputation, die an den Wettkämpfen der nicht-amputierten Sportler
teilnehmen wollten. Aufgrund der Materialeigenschaften der Prothese gibt es Bedenken, dass diese dem
Sportler einen Vorteil gegenüber nicht-amputierten Sportlern verschaffen könnte.
In dieser Arbeit untersuchen und vergleichen wir Sprint- und Weitsprungbewegungen von Sportlern mit
und ohne einseitige Unterschenkelamputation mit Hilfe von präzisen Computermodellen. Ziel der Ar-
beit ist es, Gemeinsamkeiten und Unterschiede zwischen den Bewegungen der Sportler zu beschreiben
sowie zu zeigen, dass die modell- und optimierungsbasierten Berechnungen dafür hilfreich sind.
Zur Untersuchung der verschiedenen Bewegungen haben wir subjekt-spezifische Mehrkörpermodelle
für fünf Sportler (vier Sportler ohne und ein Sportler mit einseitiger Unterschenkelamputation) erstellt.
Je nach Fragestellung haben die Modelle zwischen 16 (zweidimensionales Modell in der Sagittalebene)
und 31 (dreidimensionales Modell) Freiheitsgrade. Für den Sportler mit Unterschenkelamputation
haben wir ein drei-segmentiges Modell der Sprintprothese mit einem Rotationsfreiheitsgrad in der
Sagittalebene erstellt. Die jeweilige Bewegung wird durch eine Abfolge mehrerer Phasen beschrieben,
welche sich durch die Art des Bodenkontakts unterscheiden. Jede dieser Phasen wird durch eine eigene
Menge gewöhnlicher Differentialgleichungen oder differential-algebraischer Gleichungen beschrieben.
Wir nutzen mehrphasige Optimalsteuerungsprobleme (OSPs) mit Unstetigkeiten zur Untersuchung von
Sprint- und Weitsprungbewegungen. Dabei verwenden wir drei verschiedene Formulierungen: (1) Zur
Rekonstruktion der Dynamik von Sprint- und Weitsprung-Motion Capture-Aufnahmen der einzelnen
Sportler formulieren wir ein Least-Squares OSP. (2) Für die Erzeugung und Vorhersage realistischer Be-
wegungen formulieren wir ein OSP zur Bewegungssynthese: Dieses optimiert eine Zielfunktion, welche
aus einer gewichteten Kombination ausgewählter Optimalitätskriterien besteht. (3) Zuletzt formulieren
wir ein inverses OSP: Dieses besteht aus einer inneren Schleife, welche ein OSP zur Synthese löst, und
einer äußeren Schleife, welche die Gewichte der einzelnen Optimalitätskriterien so anpasst, dass der
Abstand zwischen der Lösung der inneren Schleife und einer Referenzbewegung minimal wird.
Wir haben mit diesen drei Formulierungen zwei Sprintschritte dreier Sportler ohne und eines Sportlers
mit Amputation berechnet. Dabei unterscheiden sich die Bewegungen der nicht-amputierten Sportler
in einem Großteil der Variablen von der des amputierten Sportlers. Insbesondere nutzen sie unter-
schiedliche Aktuationsstrategien zum Rennen mit und ohne Sportprothese. Die Drehmomente im von
der Amputation betroffenen Bein des amputierten Sportlers sind geringer als die in der nicht-amputierten
Kontrollgruppe. In den Gelenken der oberen Extremität hingegen sind beim amputierten Sportler deut-
lich größere Drehmomente vorhanden. Weiterhin zeigt der Vergleich, dass die aufgrund der Prothese
entstehende Asymmetrie sich im ganzen Körper widerspiegelt und auf die Gesamtbewegung auswirkt.
Mithilfe der OSPs zur Bewegungsrekonstruktion (1) und -synthese (2) haben wir die letzten drei Anlauf-
schritte und den Weitsprung für einen Athleten ohne und einen Athleten mit einseitiger Unterschenke-
lamputation berechnet. In den rekonstruierten Lösungen (1) erzielt der amputierte Athlet im Vergleich
zum nicht-amputierten Athleten trotz langsamerer Anlaufgeschwindigkeit eine größere Sprungweite,
da sein Absprung effizienter ist. In den Lösungen der Synthese (2) erzielt hingegen der nicht-amputierte
Athlet die größere Sprungweite, da er während des Absprungs eine größere Vertikalkraft erzeugt und
ein besseres Verhältnis von Gewinn an vertikaler zu Verlust von horizontaler Geschwindigkeit erreicht.
Abschließend haben wir unsere Idee eines Simulators zum Vergleich des amputierten Athleten mit
sich selbst ohne Amputation vorgestellt. Dafür haben wir das Modell des Athleten mit Amputation
aus den vorherigen Rechnungen beibehalten und durch Spiegelung des biologischen Beines eine nicht-
amputierte Modellversion erstellt. Wir haben das OSP zur Bewegungssynthese (2) von Sprint und Weit-
sprung für beide Modellversionen berechnet. Anhand der Unterschiede zu den Lösungen, welche auf
den Modellen zweier real existierender Athleten basieren, haben wir die Bedeutung des Simulators bei
der Beurteilung von Vor- und Nachteil aufgrund der Nutzung der Sportprothese herausgestellt.
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Abstract

The performances of sprinters and long jumpers with below the knee amputation (BKA) have improved
continuously since the development of prostheses specifically for athletic movements. In the last years,
a number of athletes with BKA have attempted to compete in non-amputee competitions.Due to the
specific shape and material properties of the running-specific prosthesis (RSP), concerns exist that it
may give athletes an advantage over non-amputee athletes.
In this work, we investigate and compare sprinting and long jump movements of athletes with and
without unilateral BKA using accurate computer models. In this context, the aim of the work is to
describe similarities and differences between the athletes’ movements and to show that the employed
model- and optimization-based computations are useful for this purpose.
We created subject-specific multi-body models for five different athletes (four non-amputee athletes,
one athlete with unilateral BKA) in order to be able to investigate the different movements. Depending
on the research question, the models vary in the number of degrees of freedom (DOFs), from 16 DOFs
for a two-dimensional model in the sagittal plane to 31 DOFs for a three-dimensional model. For the
athlete with BKA, we created a three-segment model of the RSP with one rotational DOF in the sagittal
plane. The respective motion is described by a sequence of several phases, which differ by the type
of ground contact. Each of these phases is described by its own set of ordinary differential equations
(ODEs) or differential algebraic equations (DAEs).
We use multi-phase optimal control problems (OCPs) with discontinuities to generate sprint and long
jump motions. Three different formulations of OCPs are adopted in this work. (1) We formulate a least
squares OCP to reconstruct the dynamics of sprint and long jump motion capture recordings of the
individual athletes. (2) For the generation of realistic motions, which can be used for prediction, we
formulate a synthesis OCP; this optimizes an objective function consisting of a weighted combination
of chosen optimization criteria. (3) Last, in the study of sprint movements, we use an inverse optimal
control problem (IOCP): this consists of an inner loop, in which a synthesis OCP is solved, and an outer
loop, which adjusts the weights of the individual optimization criteria such that the distance between
the inner loop solution and a reference movement becomes minimal.
We have successfully applied these three optimization problem formulations to the computation of two
sprint steps of three athletes without and one athlete with unilateral transtibial amputation. Here, the
movements of the non-amputee athletes differ from that of the amputee athlete in a large number of
variables. In particular, the athletes use different actuation strategies for running with and without a
RSP. We have observed lower torques in the amputee athlete in the leg affected by the amputation than
in the non-amputee control group. In contrast, significantly larger torques occurred in the joints of the
upper extremity in the amputee athlete. Furthermore, the comparison has shown that the asymmetry
created by the RSP is reflected throughout the body and affects the entire movement.
Using the OCPs for motion reconstruction (1) and synthesis (2), we have successfully computed the
last three steps of the approach and the jump of a long jump for an athlete without and an athlete with
unilateral amputation. In the reconstructed solutions, the amputee athlete achieves a greater jump
distance compared to the non-amputee athlete, despite a slower approach velocity, because his take-off
is more efficient. In the synthesis solutions, on the other hand, the non-amputee athlete achieves the
greater jump distance because he generates a greater vertical force during the take-off and achieves a
better ratio of gain of vertical to loss of horizontal velocity.
Finally, we have presented our idea of a simulator tool to compare the amputee athlete with himself
without amputation and have demonstrated it using the sprint and long jump movements. For this
purpose, we have kept the model of the athlete with unilateral transtibial amputation from the previous
studies and have created a non-amputee version of the same model by mirroring the biological leg. We
have selected one objective function each for sprinting and for long jump and have solved the OCP
for motion synthesis (2) for both model versions. Using the differences to the solutions based on the
models of two real athletes, we have highlighted the importance of the simulator tool in the evaluation
of advantages and disadvantages due to the use of the RSP.
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Introduction

Movement has always been a natural part of people’s everyday lives. We think little about
how we perform certain movements and tasks during the day. During our baby and toddler
years, we have gradually learned how our body segments must work together to move safely,
grasp, and discover the world. After years of training, our brain intuitively controls everyday
tasks. Only when we are restricted in our mobility (e.g., by a thick winter jacket, after an
operation, or due to a broken bone) or when we have to perform more complicated or new
movements (e.g., in a dance course or on a difficult hiking route), we realize how important
the full functionality of our body parts is in everyday life. People with disabilities often face
much more difficulties, and even simple everyday tasks require concentration and practice,
if not external assistance. It is not by chance that climbing stairs, opening doors and getting
up from an armchair are tasks for the Cybathlon1 participants in the Powered Arm Prosthesis,
Powered Leg Prosthesis and Exoskeleton Races.
Competitions and championships have always existed in the history of humankind. The earliest
mention of the Olympic Games in ancient times can be traced back to the year 776 BC, and it
is assumed that similar competitions took place even earlier [139]. Participation in sports and
competition plays a decisive role in the rehabilitation process of persons with amputations and
helps them to be included in society [17]. Sports prostheses for running and jumping, named
running-specific prostheses (RSPs), are of great importance in this context, as they make faster
movements possible for amputees. They are a relatively new development compared to the first
everyday prostheses, which can be traced back to the Roman Empire [108] (even if they are
miles away from the functionality and comfort of today’s prostheses). An American inventor,
Van Phillips, who himself was amputated below the knee, wanted to develop a prosthesis that
would enable him to run and do sports: the “FlexFoot” – inspired by the shape of a cheetah’s
hind leg. Recent RSPs are made of carbon fibers because it is a light, flexible, and strong
material. This allows the prosthesis to store energy during contact with the ground and to
return energy during decompression. Mechanically, therefore, they behave like springs and
thus enable an amputee person to run [61].
Precisely due to the spring-like properties, the RSPs are always the stumbling block when it
comes to the participation of amputee athletes in the competitions of non-amputee athletes like
the Olympic Games. The attempts of both the double amputee sprinter Oscar Pistorius (South
Africa) and the unilateral amputee long jumper Markus Rehm (Germany) to do so have each
led to major discussions in public and research as well as decisions by sports courts. Consider-
ing that both clearly defeated their amputated opponents in competitions, it is understandable
that they are looking for new challenges. Recently, U.S. bilateral amputee sprinter Blake Leeper
put forth a similar effort to compete in the 2020 Olympics. Although meanwhile a number of
studies on sprinting and long jumping in athletes with lower extremity amputations exists, the
question whether the RSP provides the amputee athlete with an advantage or a disadvantage
compared to non-amputee athletes cannot be easily answered and is subject of debate among
researchers. Besides the direct comparison of the biomechanical properties of the movements
of athletes with and without below the knee amputation (BKA), other aspects, e.g., of ethical
or legal nature, are of interest when deciding whether athletes with BKA should be allowed to

1The Cybathlon is a biennial competition for persons with disabilities at ETH Zürich in Switzerland[115].
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Introduction

participate in the competitions of non-amputee athletes: from an ethical perspective, it must
be discussed where reasonable lines for further technical enhancements need to be drawn to
ensure that athletic competitions measure human performance and do not become contests of
technology, and how athletes from poorer countries can gain access to the technology [19].
Evaluating the overall movement and stating a net advantage or disadvantage is a highly chal-
lenging task because RSPs have different influence at different phases of the movement, and
sensory impairments due to the RSPs are difficult to quantify. As a consequence of the fact that
only a handful of amputee athletes achieve world-class performances, and the resulting lack of
statistical significance, it is not possible to draw general conclusions, but only to compare the
performance and biomechanics of the individual athlete with those of a non-amputee control
group. Furthermore, it is not possible to take measurements of an amputee athlete with and
without an amputation in order to compare him to himself without amputation and to find
out whether he could possibly reach similar top results[86, 130, 131].
At this point, computer simulations can provide a helpful complement and add new perspec-
tives to the debate. In fact, in computer models exactly such a comparison is possible: by
replacing the RSP with the corresponding part of a model of the biological leg, the matching
model of an athlete without BKA to the subject-specific model of the athlete with BKA can be
created. Even though this involves making assumptions about the exact segment dimensions
and muscle parameters (for example, in the case of unilateral amputees, this could happen
based on the measured biological leg), such a predictive simulation is as close as it can get
to comparing the amputee athlete to himself without amputation. In addition, it is possible
in a computer model to investigate the influence of changes, e.g., in the RSP or in muscle
parameters, on the movement.

Scope of this Thesis

The aim of this thesis is to create computer models to describe sprinting and long jump move-
ments of athletes with and without BKA and to analyze them. The majority of biomechanical
studies focuses on describing basic characteristics of a movement by recording and evaluating
a large number of trials of that movement and determining the average or mean value. In
contrast, the focus of this work is to describe a methodological approach that allows the com-
parison and analysis of movements of individual athletes based on detailed subject-specific
models. In perspective, the vision is the creation of a simulator tool which, based on the ex-
act measurement of the athlete (segment lengths, masses, muscle parameters) and possible
motion capture recordings, uses predictive simulations to generate realistic movements and
allows, for example, for the analysis of the movement or the comparison of the movement
with and without RSP. In this work, the foundations for such a simulator tool are established
without programming the final tool itself.
To this end, the first step is the development of detailed subject-specific models of the individual
athletes. These are created as rigid multi-body system models consisting of 16 segments and
based on the measurements of the athletes. Depending on the specific problem, the models can
move exclusively in the sagittal plane (2D) or in all spatial directions (3D). The joints between
the individual segments are controlled by torque actuators, whereby the number of degrees
of freedom (DOFs) per joint depends on the desired accuracy of the model. For the amputee
athlete, a detailed model of the RSP is created consisting of three rigid segments. The model
of the RSP is realized as a spring-damper system and has one rotational DOF in the sagittal
plane.
In addition to creating subject-specific models, movements are studied. The movements are
simulated using various optimal control problems (OCPs). All OCPs have in common that they

2



Introduction

minimize an objective function to be defined, taking into account the model dynamics and
other constraints. Three types of OCPs are applied in this thesis:

(i) The dynamics reconstruction OCP fits the position and joint angles of the model to mea-
sured motion capture data of the movement. This has three goals: First, the dynamics
reconstruction serves to validate the model formulation for the given motion, i.e., we
test whether it is possible with the model formulation to mimic the actual measured
motion, or whether the model is still flawed. Second, we demonstrate that the dynamics
reconstruction using a least squares OCP is a useful alternative to the standard inverse
dynamics approach when reconstructing joint torques as it relies solely on joint angle
measurements alone. Third, the reconstructed angles, torques, etc. serve as reference
and comparison values for the following predictive simulations.

(ii) With the help of the forward OCP, motions can be predicted based on the formulation of
optimization criteria that are minimized or maximized in the objective function. Here,
the selection and weighting of each optimization criterion is the crucial aspect for gen-
erating meaningful motions. In addition to predicting a motion based on a particular
combination of optimization criteria, this problem formulation also allows for studying
the influence of different criteria on the resulting motion.

(iii) In order to generate the most realistic movements possible, it would be ideal to know
exactly which optimization criteria an athlete minimizes or maximizes and the contribu-
tion of each criterion to the final movement. One approach to acquire this information is
to solve an inverse optimal control problem (IOCP). In this approach, the criteria to be
studied are combined by weights and then the solution of the forward OCP is sought by
systematically and iteratively changing the weights, which are closest to the reference
motion (computed in the dynamics reconstruction problem).

Using these basic building blocks, it is possible to examine and compare the sprinting and long
jump movements of individual athletes.

Contributions of this Thesis

Human multi-body dynamics model of athletes with and without below the knee amputa-
tion and detailed model of a running-specific prosthesis We created subject-specific rigid
multi-body models of four non-amputee athletes and one athlete with unilateral BKA in differ-
ent accuracies. Depending on the problem formulation, each model consists of 16 to 31 DOFs.
The model of the athlete with unilateral BKA includes a detailed three-segment model of the
RSP. For each actuated joint, we computed realistic torque limits based on the reconstructed
motions and a Muscle Torque Generator (MTG) model.

Reconstruction of the dynamics of recorded sprinting and long jump motions without use
of force plate data A standard approach in human motion analysis is the inverse dynamics
approach which computes the dynamics of motions by combining pre-processed kinematic
motion capture data, contact positions and measurements of the external ground reaction
forces. However, the need of force plate data and the occurrence of high residual forces due
to skin motion and wobbling masses limit the possible applications. We used a least squares
OCP formulation to reconstruct the dynamics of sprinting and long jump motions with zero
residual forces, based solely on kinematic data.

3
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Optimization-based prediction of sprinting and long jump motions for athletes with
and without below the knee amputation We synthesized sprinting and long jump mo-
tions by formulating and solving multi-phase OCPs for athletes with and without BKA. The
optimization-based approach is capable of generating realistic motion sequences for sprinting
at constant maximum velocity, as well as the final steps, take-off, and flight of the long jump,
without having to rely on motion capture recordings. Due to the realism of the kinematic and
dynamic characteristics, our approach permits the use of the resulting motions as a basis for
analysis and comparison, making it a powerful tool for studying the biomechanics of sprinting
and long jumping.

Realistic parameters for the description of the individual sprint style of different athletes
We formulated an IOCP to identify the combination of optimization criteria that describes
realistic human sprinting motions. With this approach, we identified the weight factors for
combining the criteria separately for three non-amputee and one amputee athlete. The final
best weight factors describe their individual way of sprinting and can be used to synthesize
realistic motions for the individual athletes that allow for further analysis.

Presentation of the idea of a simulator tool for comparing an athlete with below the knee
amputation to himself without amputation We illustrated the idea of a simulator tool for
comparing an amputee athlete to himself without amputation using synthesized sprinting and
long jump motions. For this purpose, we created a virtual twin of an existing athlete with
BKA. We further generated a non-amputee model version of the amputee athlete by replacing
the RSP with a copy of the left unaffected leg of the amputee model. We demonstrated the
usefulness of such a simulator tool by highlighting differences between the motions of the
two model versions that have not become clear from the comparison of different amputee and
non-amputee athletes in the chapters before.

Thesis Overview

This thesis is divided into four basic parts, with the first part describing the theoretical back-
ground and the remaining three parts presenting the results for sprinting, long jump, and the
comparison of the amputee athlete with himself without amputation. A schematic overview of
how the thesis is structured is shown in Figure I.

I - Foundations of Optimization-Based Motion Studies

The first part gives a more in-depth introduction to the subject and the relevant methods.
Chapter 1 provides a more in-depth introduction to the debate on the participation of athletes
with BKA in competitions of non-amputee athletes. For this purpose, we present the history
and characteristics of RSPs, as well as the results of some biomechanical studies on the topic.
Since these studies are mostly based on motion capture recordings, we briefly introduce the
technique used in these studies. Finally, we address the motion capture data used in this work.
Chapter 2 describes in detail how the subject-specific models of the athletes as well as the RSP
were created. Furthermore, we explain the basic approach of modeling human motion through
multi-phase problems. Finally, we introduce “Muscle Torque Generator model” which we used
in this thesis for the computation of realistic joint torque limits.
Chapter 3 is devoted to the description of the OCPs used. On the one hand, we present the
three concrete formulations of the dynamics reconstruction, forward and inverse OCPs; on the
other hand, we show the general solution procedure.
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Figure I: Schematic overview of the structure of this thesis

II - Optimization-Based Analysis of Sprinting Motions with and without
Running-Specific Prostheses

The second part is dedicated to the description and analysis of sprinting with and without RSP.
Chapter 4 gives a more detailed introduction to the biomechanics of sprinting with and without
RSP and describes the concrete modeling of sprinting motions as a multi-phase problem.
In Chapter 5, we analyze the reconstructed sprinting motions: We start with an analysis of
the reconstruction quality. In addition, we compare the curves of characteristic variables like
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joint angles, joint torques, ground reaction forces or angular momentum for sprinting with
and without RSP. Finally, we define measures related to effort, energy expenditure and sprint
style and investigate differences between the motions of athletes with and without BKA.
Chapter 6 is concerned with the analysis of the synthesized sprinting motions. First, the con-
straints and objective functions for the synthesis problem are presented. Second, the resulting
motions are compared to the reference motions from the dynamics reconstruction to study the
similarity between the motions. In a third step, the synthesized motions of athletes with and
without BKA are compared to each other.
Chapter 7 presents the results of the IOCP. After defining the concrete assignment of weights
to optimization criteria, the final weight solutions are compared to the solutions of the single
criteria using a similarity measure. Then, the final weight factors of the sprinting motions with
and without RSP are compared to each other: We analyze both differences between the non-
amputee and the amputee motions as well as the asymmetry between the weights of left and
right body sides of the individual athletes.

III - Optimization-Based Analysis of Long Jump Motions with and without
Running-Specific Prostheses

The third part is dedicated to the description and analysis of long jump with and without RSP
and considers some of the same analyses as part II.
Chapter 8 introduces the biomechanics of long jump of athletes with and without BKA. Fur-
thermore, the phases and constraints of the long jump model are introduced.
In Chapter 9, we analyze the reconstructed long jump motions: As for the sprinting motions, we
start with an analysis of the reconstruction quality and a validation of the reconstructed ground
reaction forces and joint torques. To examine the differences in long jump between athletes
with and without BKA, we consider characteristic parameters like jump distance, center of
mass (CoM) motion, ground reaction forces and joint torques
Chapter 10 presents the results of the motion synthesis of long jump. We first introduce the
specific constraints and objective functions used for the formulation of the motion synthesis
problem. In a next step, we compare the synthesized motions with those of the dynamics
reconstruction in order to validate the problem formulation regarding realism of the motions.
Finally, we compare the long jump motion of the athlete with BKA to the one of the athlete
without BKA.

IV - Towards a Systematic Use of Optimization and Simulation for Performance
Comparison Between Amputee and Non-Amputee Athletes

The fourth part is devoted to the vision of a simulator tool for comparing the amputee athlete
to himself without amputation and to describing how this work fits into the larger picture.
Chapter 11 concretely introduces the idea of a simulator tool to compare motions of athletes
with amputation to themselves without amputation. For this purpose, we present the required
components and how they interact. Finally, using the concrete example of the athlete with BKA
investigated in this work, we explain how the corresponding non-amputee model is created
and how we would like to investigate the sprinting and long jump movements. We discuss
differences between the motions of the two model versions and highlight what distinguishes
the solution of the non-amputee model version to the solutions from the motion synthesis in
Chapters 6 and 10 to show the strength of the simulator tool.
Finally, in Chapter 12 we conclude this work with a summary and classification in the overall
picture and give an outlook on opportunities for further research.
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1 Overview on Analyzing Motions with and
without Running-Specific Prostheses

“An Amputee Sprinter: Is he Disabled or Too-Abled?” – Under this headline, the New York
Times magazine published an article on May 15, 2007, about the South African sprinter Oscar
Pistorius and his efforts to participate in the Olympic Games as a bilateral transtibial amputee
[81]. With this quest, the athlete has provoked a great debate, both in the scientific commu-
nity and in the public, including great media attention. At the heart of the controversy is the
question of whether the special sports prostheses used by athletes with below the knee ampu-
tation (BKA) for sprinting and jumping have properties that could be advantageous compared
to a biological leg. To put it more pointedly: Could the athlete achieve comparable perfor-
mances without the running-specific prosthesis (RSP), namely if he had two biological legs?
There will probably be no final answer to this exact question, but an approximation to it is
certainly possible.

1.1 History and Characteristics of Running-Specific Prostheses

To understand why the question of a possible advantage for athletes with amputations comes
up at all, one has to look at the shape and material of modern sports prostheses. Historically,
prostheses have long been rather primitive (e.g., hand hooks), comparatively heavy, and im-
mobile. Advances in modern technologies such as microprocessors and computer chips, as well
as materials research, have made today’s prostheses lighter and more functional, so that people
with amputations can participate in everyday life with comparatively few restrictions [108].
However, if we look specifically at leg prostheses, it quickly becomes apparent that dynamic,
fast movements with hard impacts, when the foot touches the ground, are difficult and uncom-
fortable with everyday prostheses. In particular, the elastic and shock-absorbing properties of
a biological foot are missing for running and jumping.
This situation first changed in the 1980s, when the idea of using carbon fiber reinforced poly-
mer (CFRP) composites to design prostheses for lower limb amputees emerged. Composites
are built from two or more components, combining the physical properties of each component,
which allows them to closely mimic the properties of biological materials. CFRP composites
have exactly the properties one would like to have for prostheses: the material is light, flexible,
and strong at the same time. As described in the introduction, the first lower leg prosthesis
(FlexFoot), which was made exclusively of CFRP, was developed by Van Phillips in the early
1980s. Unlike today’s sprint prostheses, the FlexFoot was still composed of two parts, a J-
shaped forefoot and a heel element. The combination of great flexibility and strength made
more dynamic movements like running and jumping possible. Already in 1988, the FlexFoot
was used for the first time at the Paralympic Games. Since the development of the FlexFoot, a
number of different foot designs have been investigated, differing in particular in their shape.
What modern sports prostheses have in common, however, is that they no longer contain a
heel element and are essentially made of CFRP [61, 103, 120].
To be allowed to compete in competitions according to the rules of the International Paralympic
Committee (IPC), athletes can only use passive devices since sport performance must be “pri-
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1 Overview on Analyzing Motions with and without Running-Specific Prostheses

marily being generated by the athlete’s own physical prowess” [25] and not “by automated,
computer aided or robotic devices” [25]. Hence, athletes who want to compete in IPC com-
petitions have to use purely passive devices, i.e., devices without any active control elements
like microprocessors. The RSPs made of CFRP composites are such passive devices, exhibiting
similar properties to a spring-damper system. If an external force acts on the RSP, for example,
an athlete shifts his body weight onto the RSP, thereby generating a ground reaction force, it
compresses and stores energy. If the force decreases again, for example, due to the body mov-
ing away from the RSP, the RSP can return to its initial state, releasing energy. The stiffness
of the spring-like RSP is determined by the structure of the carbonfiber reinforced polymer
and differs according to the type of sport desired and the athlete’s physique. Typically, higher
spring stiffnesses are chosen for jumping disciplines than for running competitions [61, 103].
With the further development of modern RSPs, the performances of amputee athletes in sprint-
ing and jumping competitions have also increased significantly and today come (rather) close
to the world records of non-amputee athletes. As an example, the current best values for 100 m
sprint and long jump are compared here (as of February 10, 2022):

100 m sprint Usain Bolt (Jamaica) NA? 9.58 s 2009/08/16
Alan Fonteles Oliveira (Brazil) T43† 10.57 s 2013/07/28
Richard Browne (USA) T44‡ 10.61 s 2015/10/29
Johannes Floors (Germany) T62† 10.54 s 2019/11/10
Richard Browne (USA) T64‡ 10.61 s 2015/10/29

Long jump Michael Powell (USA) NA? 8.95 m 1991/08/30
Stylianos Malakopoulos (Greece) T62† 7.04 m 2021/06/19
Markus Rehm (Germany) T64‡ 8.62 m 2021/06/01

? NA is used as an abbreviation for the non-amputee athletes.
† T43/T62 are the IPC competition classes that include athletes with bilateral BKA.
† T44/T64 are the IPC competition classes that include athletes with unilateral BKA.

1.2 Biomechanical Studies Within the Debate About Advantages
and Disadvantages due to Running-Specific Prostheses

Let us now return to the initial question of whether the essential factor for these performances
is the spring-like property of the RSPs, for which a definite answer will be difficult to find
due to the many individual aspects involved. Nevertheless, it is possible to examine the indi-
vidual aspects that contribute to the answer: One building block for this is the investigation
of the biomechanical differences between athletes with BKA and non-amputee athletes with
comparable physical measures.
In the context of Oscar Pistorius’ attempt to compete in the Olympic Games, Brüggemann and
colleagues [18] published their analysis of the biomechanics of double transtibial amputee
sprinting at maximum speed compared to a control group without amputation. Due to lower
joint moments at the hip and knee joints and differences in the ankle joint moments during
the stance phase, they concluded that sprinting with two RSPs results in a completely different
movement pattern. Together with the fact that the athlete with bilateral amputation was able
to achieve an energy return of 90.7 % with the RSPs (in comparison, the biological ankles were
able to return 40.1 % of the stored energy), the researchers reasoned that the athlete could
run at maximum speed with less metabolic cost. For sprinting motions at maximum speed,
the results of Weyand and co-workers [133] likewise reveal that a double amputee sprinter
exhibits shorter stance phases as well as longer swing phases and applies smaller horizontal

10



1.3 Brief Introduction to Motion Capture Recordings

ground reaction forces. Their conclusion that double transtibial sprinting and sprinting with
biological legs are “physiologically similar but mechanically different” [133] links directly to
the question formulated by Burkett et al. [19]: What is the nature of running? They point
out that a sprinter should clearly run – neither bounce nor hop. Likewise, with regard to long
jump with RSPs, biomechanical studies [44, 45, 136] have shown that the motion sequences
differ in elementary aspects between athletes with and without BKA. From these observations
the question arises, what exactly characterizes a sprinting or long jump motion; is it similar
metabolic work, is it that joint angles and moments are comparable? The point-counterpoint
article series (Weyand and Bundle [131] against Kram et al. [71]) clearly shows that even
in the interpretation of biomechanical data alone, there are different arguments regarding a
possible advantage or disadvantage of athletes with BKA compared to non-amputee athletes.
Moreover, the studies mostly deal with a specific phase of the respective sprint (either sprint
start, acceleration phase, or sprinting at constant maximum velocity) or long jump movement
(usually take-off step). However, in order to achieve a fair overall assessment of the move-
ments, it would be necessary to consider all phases and weigh them against each other. Here,
the question arises how a weighing of the individual phases is supposed to be done. In this
sense, Willwacher and colleagues [136] also conclude that an overall assessment of the move-
ment is not possible despite their observations that athletes with BKA run up slower and jump
off more efficiently.

1.3 Brief Introduction to Motion Capture Recordings

In order to better and fundamentally understand human motions, they must be studied in great
detail. For this purpose, it is tremendously helpful if the motion can be recorded and repeatedly
inspected to recognize details or different aspects. Marey [84] and Muybridge [100] were
among the first researchers to study human movement patterns based on photographic images.
As technology has advanced, other methods of recording human movements have become
available, summarized as motion capture. Motion capture has become an important tool in
many areas, as medicine (e.g., for clinical gait analysis), entertainment (e.g., for character
animation), and sports (e.g., for performance improvement or injury prevention).
Nowadays, marker-based motion capture systems are the most commonly used systems. For
measurements with such systems, markers are placed on the skin of the segments of interest
and the movement of the markers is recorded with several cameras. The three-dimensional
position of the markers is calculated using time-of-flight triangulation, for which the cam-
eras detect the light of the markers. When using passive markers, the cameras emit infrared
light beams that reflect off the markers and are then detected by the camera. Using computer
models, the three-dimensional marker position is calculated to determine the underlying joint
movement between adjacent segments. Marker-based motion capture systems are character-
ized by a high accuracy of the tracked marker positions after successful calibration. However,
the application of the markers is time-consuming and complex, and movements of the skin rel-
ative to the underlying bone as well as wobbling masses pose problems. Also, the application
possibilities outside a laboratory environment are limited. For further reading on the theory of
motion capture systems, we refer to e.g. [12, 87, 128].
To further analyze the recorded data, a standard approach combining kinematic motion cap-
ture recordings and force plate information is the inverse dynamics analysis with the goal of
computing the joint moments. A typical issue in the application of the inverse dynamics ap-
proach is the presence of high residual forces. Those are non-physical forces, which occur e.g.,
due to skin movement, wobbling masses or noise in the measurement data. The more dynamic
and faster a motion is, the greater the forces and thus also the problem of residual forces. There
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Table 1.1: Anthropometric data of the athletes with and without below the knee amputation (BKA) as
used in this work. The ‘CoM position’ column gives the position of the center of mass (CoM)
with respect to the origin when the floating base is situated at the origin of the coordinate
system. The ‘Assignment’ column specifies if the data of the respective athlete is used for
sprint or long jump computations.

Name Height Mass CoM position Assignment

Non-amputee athlete 1 1.80 m 75.4 kg (0.3 cm, 0, 6.6 cm) Sprint
Non-amputee athlete 2 1.83 m 71.6 kg (0.4 cm, 0, 4.6 cm) Sprint
Non-amputee athlete 3 1.96 m 85.2 kg (0.5 cm, 0, 5.1 cm) Sprint
Non-amputee athlete 4 1.83 m 84.1 kg (0.3 cm, 0, 8.8 cm) Long Jump

Amputee athlete 1.84 m 76.0 kg (−0.1 cm, 0, 7.7 cm) Sprint/ Long Jump

are various approaches to decrease the influence of the residual forces (e.g., non-zero forces
at bodies or the floating base with no forces applied in experiments), e.g., a residual reduction
algorithm [28] or modification of the marker post-processing [51]. A second limitation of the
inverse dynamics approach is the fact that precise ground reaction force measurements are
necessary, thus restricting the data capturing to the number of available force plates and in-
door/laboratory conditions. Therefore, other methods which can compute the dynamic motion
without force measurements and residual forces are of interest. One possibility are optimiza-
tion based approaches which have been successfully used to study the dynamics of walking
[41] or muscle excitations in walking and running [78, 92].

1.4 Motion Capture Data used in this Thesis

The sprinting and long jump motion capture data of non-amputee and amputee athletes that
we use in this work were recorded within the scope of different projects at the German Sport
University Cologne. All motions were recorded using marker-based motion capture techniques
including a 3D camera system, force plates, collection of mechanical properties of the RSP and
anthropometric data of the subjects (see Table 1.1). A detailed description of the setup can
be found in [8, 135] for the sprinting motions and in [136] for the long jump motions. Data
collection was not part of the thesis. All motions were recorded in an indoor sports hall using
a 3D camera system (VICON TM, Oxford, UK) and force plates (Kistler Instrumente AG, Win-
terthur, Switzerland). Retro-reflective markers were attached to anatomical landmarks and the
RSP with adhesive tape. The rotational joint of the RSP is defined by the most posterior point
of the RSP which also is the point of the prosthesis’ greatest curvature [136]. The mechanical
properties of the RSP and the anthropometric data of the subjects have been collected.

Sprint running trials For the recording of the sprint running motions, the athletes were
asked to perform sprint runs on an indoor athletic track. The motion capture system includes
16 infrared cameras operating at 250 Hz and four force plates (90 cm× 60 cm) operating at
1250 Hz (non-amputee athletes) or 1000 Hz (amputee athlete) which are built into the floor
of the athletic track (compare Figure 1.1 for a sketch of the setup). The motion capture data of
the non-amputee athletes was recorded as part of a different project than that of the amputee
athlete, which is why the force sampling rates differ. However, the exact force sampling rate is
not critical in our context, as it is only used for graphical comparison. For a detailed description,
we refer to [8, 135].
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Figure 1.1: Sketch of the setup for the sprinting and long jump motion capture experiments. The posi-
tion of the cameras is not exact.

Long jump trials For the recording of the long jump motions, the athletes were asked to
perform long jumps on an indoor long jump facility including a sand pit. The motion capture
system consists of 20 infrared cameras operating at 250 Hz and one force plate (90 cm× 60 cm)
operating at 1000 Hz which was built into the floor below a wooden take-off board (compare
Figure 1.1 for a sketch of the setup). For a detailed description, we refer to [136].

Extraction of model joint angles from motion capture data For each trial, the three-
dimensional marker positions were saved in a c3d file (along with other information such
as system settings, marker names and force plate information). To extract the subject-specific
joint angles from the marker positions of the recorded movements, we use the tool PUPPETEER

[38, 41]. It performs an inverse kinematics fitting procedure that maps the recorded marker
positions to markers that are virtually attached to the subject-specific model of the athlete,
thereby calculating the generalized coordinates of the model. For each frame, the inverse
kinematics problem uses a damped Levenberg-Marquardt method, based on the description of
Sugihara [126], to determine the body posture. A detailed description of PUPPETEER is given
in [38].
With the PUPPETEER tool, the recorded marker positions are fitted to the virtual marker po-
sitions of the model using a least squares approach – without taking other constraints into
account, such as that the foot should not penetrate the ground. Already up to this step, which
serves to extract joint angles as a further reference from the recorded motion capture data,
deviations from reality occur: In addition to the measurement error of the motion capture sys-
tems (system error smaller than 2 mm according to [89]), the first source of deviation is the
positioning of the virtual markers on the model. The second source of deviation is the model er-
ror, since the human body actually consists of more segments and degrees of freedom (DOFs)
compared to the model. In addition, as already described above, the markers move slightly
with the skin, which also contributes to the model error. The third source of deviation is in the
least squares fit, which minimizes the deviations, but cannot make them disappear completely.
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2 Modeling of Human Motions with and
without Below the Knee Amputation

As already mentioned in the introduction, movement is something quite natural for us as
humans. Even if we do not notice this in our everyday lives, the generation of every movement
is a highly complex process involving a number of components of the human body, including
the brain, nerve tracts, muscles, tendons and joints. Therefore, creating a model of the human
body is not a straightforward and easy task.
Each question requires a specific model, whose complexity is adapted to the question: For
example, if a researcher wants to study grasping movements, a detailed model of the arm and
hand is necessary; the rest of the body must not be modeled (in such detail). On the other
hand, a gait analysis demands a whole body model, but the exact movement of all degrees
of freedom (DOFs) of the hand is not necessary. Basic kinematic observations can already be
made with very simple models(e.g., [22, 46]), while other questions can only be answered with
detailed muscle models (e.g., [93, 119]). Consequently, there are models of varying levels of
complexity for sprinting and long jumping in the literature. Our models are somewhere in
the middle between the very simple and very detailed ones. The athletes are modeled using
rigid segments connected by rotational joints. Muscular effects are considered in parts of the
studies, even if no detailed muscle model was considered.

2.1 Anatomical Conventions

For an unambiguous description of the models and an easy-to-follow discussion of the results,
some anatomical terms and conventions are introduced at this point in the same form as they
will be used throughout the remainder of the work. Figure 2.1 shows the three main anatomical
planes and the three principal axes. The three main body planes each divide the body: The
sagittal plane divides the body into a left and a right part. The plane drawn in the figure
passes exactly through the middle of the body and is called the median plane. If one looks
orthogonally at the plane, one sees the lateral view of the body. In this work the models are
placed in such a way that possible translational movements in the sagittal plane are forwards
and backwards (along the x-axis) or up and down (along the z-axis). The transverse plane
divides the body into an upper and lower part. The frontal plane separates the body into a
front and rear part. Lateral movements, to the right and left, occur along the y-axis. It should
be noted that we use the terms ‘right’ and ‘left’ as seen from the model.
We describe rotations of the body’s limbs with respect to the three axes. Rotations around the
y-axis (i.e., in the sagittal plane) are called flexion or extension, depending on the direction.
We define a flexion as when the rotation results in a reduction of the joint angle (e.g., the
knee is bent). The extension is always the counter movement to the flexion (e.g., the knee is
stretched). Likewise, rotations around the x-axis (i.e., in the frontal plane) are called abduction
or adduction. We define abduction by a movement that moves the limb away from the midline
(e.g., the leg is lifted to the side). Adduction is the corresponding reverse movement (e.g., the
leg is lowered back). The rotations around the z-axis (i.e., in the transverse plane) also have
their own name: internal/medial rotation and external/lateral rotation. Internal or medial
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Figure 2.1: Schematic representation of anatomical planes and axes with coordinate system as defined
for this thesis
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Figure 2.2: Rigid multi-body system models of amputee and non-amputee athletes with 16 segments.
The non-amputee athletes labeled 1-3 (NA1, NA2, NA3) are used for the sprinting motions,
the non-amputee athlete 4 (NA4) is used for the long jump motion. The model of the am-
putee athlete (A) is used for both sprinting and long jump studies.

rotation refers to the movement towards the midline (e.g., the straight leg rotates such that
the toes point inward) while external or lateral rotation means the movement away from the
midline (e.g., the straight leg rotates such that the toes point outward).

2.2 Subject-Specific Models of Athletes with and without Below
the Knee Amputation

For the various studies of this thesis we created rigid multi-body system models that differ
in the number of DOFs. All models have in common that they are composed of 16 segments
(head, upper and lower arms, hands, three torso segments, thighs, shanks and feet/prosthetic
device) as shown in Figure 2.2. We use the pelvic segment as floating base and the wrists are
fixed for all models. The 2D model is the most simple model with 16 DOFs as it is restricted
to the sagittal plane. The three global DOFs define the position and orientation of the floating
base. The rotations of the internal joints are described by the remaining thirteen DOFs. An
intermediate model which we refer to as the 2D+ model extends the simple one by a 3 DOF
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2.3 Model of the Running-Specific Prosthesis

Table 2.1: Degrees of freedom (DOFs) for the different models established in this work. For each model,
the number of DOFs per joint is given together with the direction of the respective DOF. Here
(see Figure 2.1 for the definition of the axes and planes),
- TX, TY, TZ denote translations along the x-, y- and z-axes and
- RX, RY, RZ denote rotations in the frontal, sagittal and transverse planes.

2D model 2D+ model 3D model

Pelvis 3: TX, TZ, 3: TX, TZ, 6: TX, TY, TZ,
RY RY RY, RX, RZ

Hip? 1: RY 1: RY 3: RY, RX, RZ
Knee? 1: RY 1: RY 1: RY
Ankle? 1: RY 1: RY 2: RY, RX
Prosthesis 1: RY 1: RY 1: RY
Lumbar 1: RY 1: RY 2: RY, RX
Thorax 1: RY 1: RY 2: RY, RZ
Shoulder? 1: RY 3: RY, RX, RZ 3: RY, RX, RZ
Elbow? 1: RY 1: RY 1: RY
Neck 1: RY 1: RY 1: RY

Total 16 DOFs 20 DOFs 31 DOFs
? This joint exists twice, once on each side of the body (right and left leg or arm), except for the ankle joint of

the amputee athlete.

shoulder joint. Hence, it has 20 DOFs. The 3D model allows movements in three-dimensional
space. Six global DOFs give the position and orientation of the pelvis and the remaining 25
DOFs are rotations of the internal joints around all three axes. Table 2.1 gives an overview of
the DOFs present in each of the models. For each level of models, we created subject-specific
models of one athlete with unilateral below the knee amputation (BKA) and of non-amputee
athletes based on the de Leva data [26]. The data was extrapolated to the heights and masses
of the individual athletes measured during the experiments (cf. Section 1.4 and especially
Table 1.1). In the case of the athlete with unilateral BKA, a model of the prosthetic device
and the remaining part of the shank replaces the below-knee segments of the right leg (cf.
Section 2.3). We assume that the action of all muscles at a joint is summarized by joint torque
actuators which control the rotations of the internal joints.

2.3 Model of the Running-Specific Prosthesis

The careful modeling of the running-specific prosthesis (RSP) is crucial for the simulations.
Athletes with a BKA use carbon-fiber prostheses with a special geometry (C-shaped or J-
shaped) and spring-like properties. The amputee athlete described in Section 1.4 uses Cheetah
Xtreme prosthetic device (Össur, Reykjavik, Iceland). In order to create the model of the pros-
thetic device, a decision had to be made regarding the accuracy, just like for the whole-body
models of the athletes: On the one hand, the model should be precise enough to represent the
decisive characteristics, and on the other hand, it should keep the computational power within
reasonable limits. As the real RSP is made from compliant material which shows an overall
deformation, it does not have joints – especially no ankle joint. In our model of the RSP, this
behaviour is approximated by replacing it by three rigid segments with a fixed joint between
the upper ones and a rotational joint in between of the lower ones. This gives the model an

17



2 Modeling of Human Motions with and without Below the Knee Amputation

  

1 DOF joint
with linear
spring-damper
system

Figure 2.3: Model of the running-specific prosthesis consisting of
three rigid segments. The two upper segments are cou-
pled together at a fixed angle, while the two lower seg-
ments are connected by a 1-degree of freedom (DOF)
joint. The model of the prosthetic device is attached to
the remaining shank at a fixed angle and we neglect
movements between the prosthetic device and the re-
maining limb, so there is no further model DOF at this
point.

“ankle joint” on which a linear spring-damper system is acting. The point of the ankle joint is
defined as the point of the prosthesis’ greatest curvature which at the same time is its most
posterior point [136]. Figure 2.3 shows an illustration of the model. The joint torque τRSP
produced by the passive action of the RSP acting at the ankle joint is computed by

τRSP(qRSP, q̇RSP) = −dq̇RSP − k
�

qRSP − q0,RSP

�

, (2.1)

where qRSP and q̇RSP denote the generalized joint angle and joint velocity of the RSP, d and
k the damping and spring constants of the RSP and q0,RSP the rest position of the RSP. To
keep the number of variables of the optimal control problems (OCPs) as small as possible and
to avoid numerical difficulties, we assume the prosthetic device to be critically damped, that
is it returns to its rest position q0,RSP as quickly as possible without oscillations. In this case,
the damping ratio equals 1, implying that we can determine the damping constant d directly
from the spring constant k and inertia matrix I . Assuming rotations in the sagittal plane (i.e.,
around the y-axis), the damping constant can be computed via

d = 2
Æ

I11k . (2.2)

The segment lengths and masses and the fixed angle between the upper two segments were
chosen based on measurements of the real RSP (cf. Section 1.4). The shank segment of the
affected leg is shortened to the length of the amputee athlete’s stump and the model of the
prosthetic device is then coupled to it at a fixed angle as we neglect movements of the tibial
end in the prosthesis socket.

2.4 Modeling of Human Motions

Human motions can be interpreted as a sequence of distinct phases. These phases are char-
acterized by the number and type of external contacts that act on the model. For sprinting
and long jump movements the model has contact with the environment only with the feet
(we neglect the possible ground contact of the hands or the back after the landing in the
case of the long jump). Either one (single support phase) or both feet (double support phase)
can be in contact with the ground. There are also phases in which both feet do not touch
the ground (flight phase). Each phase is represented by a separate set of ordinary differential
equations (ODEs) or differential algebraic equations (DAEs).
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If no contact occurs, the equation of motion of a rigid multi-body system is described by

M(q) q̇ + N(q , q̇) = τ , (2.3)

where q , q̇ ,τ are the generalized positions, generalized velocities and generalized forces of
the model. The latter include all external forces acting on the model such as gravity and the
torques due to the muscular action and the spring-damper system. The symmetric and positive
definite mass matrix M(q) is composed of the inertial properties of the system. Non-linear
effects, e.g., internal Coriolis, gyroscopic and centrifugal forces, gravity and forces not caused
by τ are stored in the vector N(q , q̇).
We model foot-ground contact using holonomic constraints rather than using a compliant
contact model. During foot-ground contact we add mC < nDOF constraints g (q) = 0 with
g : RnDOF → RmC . Thus, the equation of motion reads

M(q) q̇ + N(q , q̇) = τ+G(q)T λ , (2.4a)

g (q) = 0 , (2.4b)

where G(q) = (∂ g/∂ q) ∈ Rm×nDOF is a matrix called constraint Jacobian and λ ∈ Rm is the
vector of constraint forces caused by the contact. Equation (2.4) is an index-3 DAE system. By
differentiating the constraint equation (2.4b) twice and denoting the constraint Hessian of the
system with γ(q , q̇) = −Ġ(q) q̇ ∈ Rm, we can rewrite it as linear system:

�

M(q) G(q)T

G(q) 0

��

q̈
−λ

�

=

�

−N(q , q̇) +τ
γ(q , q̇)

�

, (2.5)

If the constraints g are not redundant, the system is always solvable. To make sure that the
invariants of the constraints are satisfied and assure equivalence of Eq.s (2.4) and (2.5), con-
straints are set at the beginning of each contact phase. The invariants of the constraints read:

gpos = g (q(t)) = 0 , (2.6a)

gvel = G(q(t)) · q̇(t) = 0 . (2.6b)

When sprinting at maximum constant velocity and also during the last steps of the approach
for a long jump, the athlete has reached a large velocity. At this stage of the movement only the
ball of the foot contacts the ground. We approximate this behavior by describing the contact by
a point-like, non-sliding and rigid contact. The contact event, which we also call touchdown, is
modeled as an instantaneous and completely inelastic collision. This keeps the foot in contact
with the ground and prevents it from bouncing back up. This approximation disregards the fast
timescale effects of the real contact; nevertheless, previous research has shown that it reflects
very well the actual behavior in a whole-body motion prediction context. According to this
model, velocity discontinuities occur at touchdown resulting from the fact that the velocity of
the contact point is instantaneously set to zero. The generalized velocities change from the
velocity v− before to the velocity v+ after the contact gain. The discontinuous change can be
computed as

�

M(q) G(q)T

G(q) 0

��

v+

Λ

�

=

�

M(q) v−

0

�

, (2.7)

where Λ is the impulse. In addition to the touchdown, which marks the transition from flight
to contact phases and is described by a separate phase, lifting the foot means the transition

19



2 Modeling of Human Motions with and without Below the Knee Amputation

from contact to flight phases. We do not specify the timing of the phase transitions, but use
switching functions which determine the transition point implicitly based on the state variables
and parameters of the system:

c(q(ts) , q̇(ts) , p) = 0 . (2.8)

The transition from flight to contact phases happens when the z-component of the contact
point position becomes zero. Lift-off events are determined by the vertical ground reaction
force equaling zero. As it is not possible to derive the full equations by hand, the Rigid Body
Dynamics Library RBDL which was developed by Felis at Heidelberg University [39] is used.
The library is based on the dynamics algorithms developed by Featherstone [37].

2.5 Realistic Torque Limit Modeling by Muscle Torque Generators

Setting realistic limits for all variables is an important basis for generating natural movements
and allowing meaningful analyses and conclusions to be drawn. While this is possible by hand
for joint angles and, with minor restrictions, for their angular velocities by observing the range
of motion, determining realistic limits for actuator torque is a more challenging task. Since we
assume that the actuators summarize the activity of all muscles at a joint, box-like limits can
only serve as a first approximation. The most realistic limits would be obtained by extending
the model to a complete human musculoskeletal model. The muscular system is controlled
by the nervous systems. The muscle type of interest for this thesis are the skeletal muscles as
they are related to control of posture and locomotion. The skeletal muscles 1 are attached to
the bony structures of the body by tendons. The contraction of a muscle moves the bones it is
attached to by pulling on them and thus applies a force on the joints that the muscles spans.
As muscles can only pull, they always come in so-called antagonistic pairs with one muscle
contracting (agonist) and one muscle relaxing (antagonist) at the same time. However, those
are not strict pairs, but one muscle can be the antagonist to more than one agonist muscle.
The human body consists of a variety of muscles from rather simple ones which span a single
joint of the body to complex ones which span multiple joints.
To model a complete muscoloskeletal system, one would have to introduce the equations de-
scribing the dynamics of muscle contractions in addition to the equations describing the dy-
namics of the rigid multi-body system (see Section 2.4). Roughly speaking, muscle models
describing the dynamics of muscle contractions can be divided into two main groups: Cross-
bridge muscle models and Hill-type muscle models. The cross-bridge muscle models are based
on the theory of Huxley [64]. They aim at describing precisely mechanical processes and chem-
ical reactions during the muscle contractions. Hence, they are important when it comes to
investigate isolated muscles. However, it is computationally intractable to solve whole body
optimal control problems using Huxley models because a single muscle requires hundreds
to thousands of state variables [129] to simulate a single muscle. Instead, Hill-type models
[58] are used for modeling larger systems.2 Hill-type models are derived by embedding ex-
perimentally measured force-velocity [58] and force-length characteristics [49] directly in the
model rather than instead modeling the underlying processes that lead to the force-velocity
and force-length characteristics. The force generation depends on the chemical activation of
the muscle, the attachment and positioning related to the skeleton, the muscle length as well
as the lengthening rate. The relationship with the last two quantities is determined by the ex-
perimentally determined parametric force-length and force-velocity curves. For muscles span-

1In the following simply referred to as muscles.
2We refer to publications on muscle modeling, e.g., [137, 140], for further reading.
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ning a single joint, the force-length and force-velocity relationships can be directly mapped
to curves describing the relationship between the torque at a specific joint and the respective
joint angle and joint angular velocity. A possible modeling approach is to summarize agonist
and antagonist muscle by a group muscle and compute the generated torque by Muscle Torque
Generators (MTGs). A single MTG generates a torque τM which can be computed by

τM = τM
0

�

a f A(θ ) f V
�

θ̇
�

+ f P (θ )

�

1− β P θ̇

θ̇max

��

. (2.9)

Here, τM
0 is the maximum active isometric torque, a is the muscle activation (varying between

0 and 1) and f A(θ )/ f P (θ ) and f V
�

θ̇
�

are the active/passive torque-angle and torque-velocity
curves. The MTG-specific angles and velocities are denoted by θ and θ̇ and β P is the non-linear
normalized damping term. Finally, θ̇max is the maximum angular velocity. The MTGs are im-
plemented as an add-on to RBDL [39] and we refer to the documentation for a comprehensive
description of the set-up and the data sets.
For parts of the studies presented in this thesis, a MTG model is used for the computation
of realistic joint torque limits. For all investigated athletes, we first set up the MTG model
with the data set which is based on the measurements of [9, 30, 65, 67, 114]. However, it
appears that these data are still too weak and too stiff to model such dynamic motions as
sprinting and long jump. We therefore apply the fitting routine proposed and explained in
detail in [91]. By introducing additional parameters to regularize, scale, and shift the curves
in the model, we can easily fit the characteristics of the model to the participant using the
reconstructed dynamics (see Chapters 5 and 9). Subsequently, we apply the fitted MTG model
which is capable of producing the reconstructed torques. The fitting routine is implemented
in the muscle add-on to RBDL [39] using the software library IPOPT [138].
In principle, two approaches are conceivable for using the MTGs: The first option is to embed
the MTGs into the dynamic equations of the model. The second option is to use the MTGs to
define limits on the maximum torque that the joint torque actuators can generate. We chose
the second option whenever the MTG model is used (i.e., in the motion generation OCPs).
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3 Simulation of Human Motions Using
Optimal Control Problem Formulations

Just as we do not notice the complex motions we execute in our everyday lives, we are often
unaware of the various optimization problems around us. At work, transport routes, process
flows, product designs, portfolios and much more are constantly being optimized. In daily life
we attempt to find the best balance between work and private time, or compare offers for
washing machines to determine the best price-performance ratio. Nature optimizes as well:
Physical systems strive for the state of least energy and light rays move along the course of
shortest time. Based on the assumption that human motions are optimal in some way [4, 5],
we can generate and study sprinting and long jump motions using optimization problems.

3.1 Optimal Control Problem Formulations

In mathematics, the term optimization describes the minimization or maximization of a func-
tion while fulfilling constraints on the variables. In the case of dynamic systems, the variables
of the optimization problem are not finite dimensional vectors but functions in time (i.e., infi-
nite dimensional variables): The states x (t) characterize the dynamic system via the equations
of motion. Dynamic systems can often be manipulated by a suitable choice of input variables,
which are called control variables u(t). An optimization system for such dynamic systems is
called optimal control problem (OCP). The goal of the OCP is to find those state and control
trajectories (and possible parameters and durations) which simultaneously minimize an ob-
jective functional Φ and respect constraints gi , r eq and r ineq on the variables. If the dynamic
process can be subdivided into several phases, the optimal control problem is adapted accord-
ingly. A general multi-phase OCP with discontinuities can then be formulated as follows:

min
x (·), u(·), p, h

Φ(x (t) , u(t) , p, h) (3.1a)

subject to:

ẋ (t) = fi(t, x (t) , u(t) , p) , t ∈ Ti , (3.1b)

x
�

t̂+i
�

= ci

�

x
�

t̂−i
�

, p
�

, i ∈ I , (3.1c)

0¶ gi(t, x (t) , u(t) , p) , t ∈ Ti , (3.1d)

0= r eq
�

x
�

t̂0

�

, . . . , x
�

t̂k

�

, u
�

t̂0

�

, . . . , u
�

t̂k

�

, p
�

, t̂0, . . . , t̂k ∈ T , (3.1e)

0¶ r ineq
�

x
�

t̂0

�

, . . . , x
�

t̂k

�

, u
�

t̂0

�

, . . . , u
�

t̂k

�

, p
�

, t̂0, . . . , t̂k ∈ T . (3.1f)

It is based on a general dynamic system with N Phases on the time interval T =
�

t0, t f

�

∈ R
(with t f = tN ). The system is described by the piecewise continuous state variables x (t) :
T → Rnx and controlled by the controls u(t) : T → Rnu and finite dimensional parameters
p ∈ Rnp . The subintervals Ti = [t i−1, t i] define the timings for phase changes and all phase
indices are added to the set of phase indices I = {1, . . . , N}. The system dynamics on each
subinterval is given by a set of ordinary differential equations (ODEs) with right hand sides
fi : R×Rnx ×Rnu ×Rnp → Rnx . The discontinuities in the state variables at phase switches are
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formalized by switching functions ci : Rnx ×Rnp → Rnx . The constrained infinite dimensional
optimization problem minimizes the objective functional Φ : X × U ×Rnp ×Rnh → R (with X
and U denoting the sets of all state and control trajectories, respectively) while respecting the
path constraints gi : R×Rnx ×Rnu ×Rnp → Rngi , i ∈ I as well as the equality and inequality
constraints r eq/ineq : (Rnx )k × (Rnu)k ×Rnp → Rnr (with r = req + rineq).
Usually the objective function (3.1a) of an OCP is given in the most general form as a Bolza
type objective function:

Φ(x (t) , u(t) , p, h) =
N
∑

i=1

∫ t i

t i−1

ΦLi
(t, x (t) , u(t) , p) dt +

N
∑

i=1

ΦMi
(t i , x (t i) , p) . (3.2)

This objective function is composed of two parts, the Lagrange type and the Mayer type objec-
tive function. The former (first summand) is evaluated by integration along the trajectories for
all times in the interval Ti . The latter (second summand) is only calculated at the end of the
interval Ti . By suitable reformulations, the two types can be transformed into each other, so
that ultimately one of the two ways of defining objective functions would be sufficient. How-
ever, the formulation of concrete conditions such as minimization of energy (Lagrange type)
or total time (Mayer type) is simplified by the possibility of choosing between them.

3.1.1 Dynamics Reconstruction Using Optimal Control Problems

For the reconstruction of the full dynamics of motions we employ an OCP formulation that
merely takes reference kinematics (cf. Section 1.4) without any force plate information. The
advantage of this approach is the ability to determine all joint angles with zero residual error
as well as ground reaction forces solely by introducing a proper constraint that ensures ground
contact. We express the multi-phase least squares OCP as follows:

min
x (·), u(·), p

m
∑

k=0

1
2

�


W
�

qMC
k − q

�

t̂k

��



2
2 + γu



u
�

t̂k

�



2
2

�

(3.3a)

subject to

ẋ (t) = fi(t, x (t) , u(t) , p) , t ∈
�

t̂ i , t̂ i+1

�

, (3.3b)

x
�

t̂+i
�

= ci

�

x
�

t̂−i
�

, p
�

, i = 0, . . . , m− 1 , (3.3c)

g (t, x (t) , u(t) , p)¾ 0 , t ∈
�

t̂ i , t̂ i+1

�

, (3.3d)

r eq
�

x (0) , . . . , x
�

t̂m−1

�

, p
�

= 0 , (3.3e)

r ineq
�

x (0) , . . . , x
�

t̂m−1

�

, p
�

¾ 0 . (3.3f)

The generalized positions q(t) ∈ Rndo f , the generalized velocities q̇(t) ∈ Rndo f and the joint
torques τ(t) ∈ Rnactuated form the differential state vector x (t) ∈ R2ndo f +nactuated . As controls
u(t) ∈ Rnactuated , we use the derivatives of the joint torques u(t) = τ̇(t). All equations of the
OCP are evaluated at discrete points in time t̂ i , i = 0, . . . , m−1 where the number of points is
chosen separately for each phase. The individual phase durations are fixed to values that are
prescribed by the kinematic reference motion. We set them manually by carefully reviewing
the animation sequences. For all variables (states x , controls u and parameters p), the path
constraints (3.3d) define the upper and lower bounds, which are set generously in the case of
the problem so that the model can easily follow the kinematic reference. Further constraints
that specify proper ground contact dynamics and kinematic conditions (e.g., touchdown and
lift-off events) are formulated in the non-linear point constraint equations (3.3e) and (3.3f).
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Equation (3.3a) defines the objective function which is made up of two terms: the actual least
squares term and a regularization term. The former computes the deviation among generalized
coordinates q

�

t̂k

�

of the model and coordinates of the kinematic reference qMC
k . The diagonal

weight matrix W ∈ Rndo f ×ndo f balances the different orders of magnitude such that a proper
reproduction of the reference movement is obtained. The motion capture sampling rate might
not correspond with the OCP solver nodes. This problem is addressed by a spline interpolation
of the reference motion which then is evaluated at the respective nodes. The regularization
term inhibits too heavy oscillations in the controls and thus also in the joint torques. Nev-
ertheless, the least squares term is the dominant component of the objective function if the
weighting factor γu is chosen appropriately. The full multi-phase dynamics as described in
Section 2.4 is incorporated in Eq.s (3.3b) and (3.3c).

3.1.2 Motion Synthesis Using Optimal Control Problems

Movements which optimize a basic optimization criterion or a combination of basic criteria
are computed as solutions of a multi-phase OCP of the form:

min
x (·), u(·), p, h

Φ(x (t) , u(t) , p, h) (3.4a)

subject to:

ẋ (t) = fi(t, x (t) , u(t) , p) , t ∈ Ti , (3.4b)
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�
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gi(t, x (t) , u(t) , p)¾ 0 , t ∈ Ti , (3.4d)
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It calculates the optimal states x (t) = [q(t) , q̇(t) ,τ(t)]T , controls u(t) = τ̇(t), phase dura-
tions h =

�

h0, . . . , hnph−1

�

(with nph being the number of phases) and parameters p. The spring
constant and the damping constant of the running-specific prosthesis (RSP) could also be in-
cluded as free parameters in this problem formulation. However, we have decided to set the
values to the ones obtained from the reconstruction. The system dynamics and the different
types of constraints are formulated in Eq.s (3.4b)–(3.4f), analogously to Eq.s (3.3b)–(3.3f)
(see Section 3.1.1 for a description of the individual equations).
Equation (3.4a) is a placeholder for the mathematical formulation of a linear combination of
basic optimization criteria with weighting factors γ:

Φ=
nM
∑

j=1

�

γ jϕM j

�

t f , x
�

t f

�

, p
�

�

+
nL
∑

k=1

�

γk+nM

N
∑

i=1

∫ t i

t i−1

ϕLk
(t, x (t) , u(t) , p)dt

�

. (3.5)

It is a combination of nM objective functions of Mayer type and nL objective functions of La-
grange type. Mayer type objective functions formulate basic optimization criteria which are
assessed at the end of a phase. Optimization criteria that are evaluated along the complete so-
lution history are expressed with Lagrange type objective functions. The weight factors allow
for the study of different combinations of basic criteria and for balancing the importance of the
respective criteria. Three approaches are particularly promising for the identification of mean-
ingful criteria: if there are already solutions of the reconstruction of the dynamics (see Section
3.1.1) for the motion, one can use them to draw conclusions about possibly good criteria for
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the generation of it. Second, biomechanical studies of kinematic or dynamic characteristics of
the motion can be helpful. An overview of the state of research in sprinting and long jump
with and without amputation is given in each of the introductory chapters on the movements
(cf. Chapters 4 and 8) – with a particular focus on possible optimization criteria. Finally, other
possible criteria have been shown to be useful in predictive simulations for creating realis-
tic human movements. For example, simulations of human walking [40], running [94, 121]
and platform diving [70] could be generated using torque minimization, torque derivative
minimization or/and head stabilization terms when other performance-related criteria were
introduced into the optimization as constraints or additional objective functions. In a study
on three-dimensional human walking [40], minimizing angular momentum was also a signifi-
cant component of the objective function. With a minimization of torques-approach, Mombaur
[94] confirmed the experimental results comparing a double transtibial amputee athlete and a
non-amputee athlete of Brüggemann and co-workers [18] and showed that double trantibial
sprinting could be generated with lower joint torques. Mombaur gives in [95] a detailed list of
optimization criteria, on which human movements might be based and which therefore might
be suitable for predictive simulations. The concrete basic optimization criteria for the study of
sprinting and jumping motions are described in Chapters 6 and 10.

3.1.3 Numerical Solution of Optimal Control Problems

In order to determine the optimal inputs and state functions, the OCP must be solved. Two
basic approaches can be distinguished: indirect and direct methods. The main difference is how
the methods handle the infinite dimensionality of states and controls. Indirect methods (based
on the Pontryagin maximum principle) transform the OCP into a boundary value problem by
calculating first order optimality conditions and solving it. For the solution with direct methods,
however, the state and control functions must be appropriately discretized and parameterized
(“first-discretize-then-optimize”). Thus, the OCP is transformed into a finite dimensional non-
linear optimization problem. For the discretization of the state trajectories, direct collocation
or shooting methods are suitable. A method for direct multiple shooting was introduced by
Bock and Plitt [15].

Discretization of controls To realize the control discretization, a time grid

t0 < t1 < · · ·< tm−1 < tm = T (3.6a)

and subintervals

I j =
�

t j−1, t j

�

for j = 1, . . . , m (3.6b)

are defined in a first step. On each subinterval, the control function is then replaced by a finite
dimensional parameter vector

u(t)≈ u
�

t;q j−1

�

= ξ
�

t,q j−1

�

(3.7)

through base functions ξ and parameters q j ∈ Rkunu . As base functions, piecewise constant
(ku = 1), piecewise linear (ku = 2) or even more complicated discretizations (ku ¾ 2, e.g.,
splines) can be selected. Since more complicated base functions are also associated with more
variables in the optimization problem, we use piecewise constant base functions,

ξ
�

t,q j

�

= q j , (3.8a)
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or piecewise linear base functions,

ξ
�

t,q j

�

= q1
j +

t − t j−1

t j − t j−1

�

q2
j − q1

j

�

with q j =
�

q1
j ,q2

j

�T
. (3.8b)

Parameterization of differential states using multiple shooting The shooting methods
are based on the idea of converting the boundary value problem into an initial value problem
which then can be solved with standard solvers for ODEs. In contrast to the single shooting
method, where a sole initial value problem is defined over the entire time horizon, the multiple
shooting method defines m initial value problems of the form

ẋ (t) = f
�

t, x (t) ,ξ
�

t,q j−1

��

, j = 1, . . . , m , t ∈ I j , (3.9a)

x
�

t j−1

�

= s j−1 , (3.9b)

is formulated on the subintervals I j . In principle, these subintervals do not have to correspond
to the intervals for the control discretization; they could also be subsets of the respective other
grid. For numerical reasons, however, identical grids are used for the discretization of the
controls and the states in practice, which is why we directly adopt this formulation. The grid
time points t0, . . . , tm are called multiple shooting nodes. The parameterization of the problem
is achieved via the initial values s j ∈ Rnx . In practice, it is helpful to choose meaningful rather
than random initial values due to numerical considerations. Measured motions could be used
for instance. The solution of the initial value problem is denoted by η

�

t j; t j−1, s j−1,q j−1

�

.
Since the initial value problems are solved independently on each interval, the solution is
not necessarily continuous over the entire time interval. Therefore, additional m continuity
conditions which demand equality of the end point of a subinterval and the start point of the
subsequent subinterval, are introduced:

η
�

t j; t j−1, s j−1,q j−1

�

− s j = 0 , j = 1, . . . , m , t ∈ I j . (3.10)

Discretization of path and point constraints We use a simple approach to discretize the
path and point constraints by evaluating them solely at the multiple shooting nodes. Then it
holds:

g
�

s j ,q j

�

¾ 0 , j = 1, . . . , m− 1 , (3.11a)

r
�

x
�

t̂0

�

, . . . , x
�

t̂k

��

¾ 0 , t̂0, . . . , t̂k ∈ [t0, T] . (3.11b)

Free parameters and phase durations Problems with free parameter vectors or free phase
durations can always be converted into problems with fixed parameter vectors or phase dura-
tions by using suitable transformations.

Solution of the discretized optimal control problem As a result of the discretization we get
a large scale non-linear programming problem (NLP). After introducing an vector y grouping
together all the variables of the OCP (parameterized states, discretized controls, parameters,
phase durations),

y = [s0, q0, . . . , sm−1, qm−1, sm, qm, p, d1, . . . , dN ] , (3.12)
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3 Simulation of Human Motions Using Optimal Control Problem Formulations

the OCP can be written in the following general and compact form:

min
y

F(y) = ΦM (sm) , (3.13a)

subject to: h(y) = 0 , (3.13b)

g (y)¾ 0 . (3.13c)

We want to illustrate the basic idea of the solution based on this general formulation: For
the solution, we use a Sequential Quadratic Programming (SQP) method, which solves a NLP
iteratively; for one iteration step yk the large NLP is replaced by a quadratic programming
problem (QP) problem. Its solution then determines the next iteration step yk+1, whereby a
sequence of the form

yk+1 = yk +αδyk , (3.14)

with the step direction δyk and the step length α ∈ R is obtained. A line search method is used
as globalization strategy for determining the step length α > 0. The step direction δyk is the
solution of the following quadratic problem:

min
δyk

∇F(yk)
T δyk +

1
2
δy T

k B(yk)δyk , (3.15a)

subject to: h(yk) +∇h(yk)
T δyk = 0 , (3.15b)

g (yk) +∇g (yk)
T δyk ¾ 0 . (3.15c)

The Hessian matrix B of the Lagrangian function is usually approximated in practice, e.g., by
a constant Hessian matrix, using the Gauss-Newton approximation or the (limited-memory)
Broyden-Fletcher-Goldfarb-Shenno (BFGS) update method. This determination of the step di-
rection δyk and SQP methods in general is motivated by applying the Newton method to the
first-order optimality conditions (KARUSH–KUHN–TUCKER (KKT) conditions) of non-linear con-
strained optimization problems. Due to the multiple shooting approach and the chosen control
discretization, the KKT matrix is sparse and very structured. Special condensing techniques
make use of these structures and thus create much smaller and more compact QP problems
[15] which can be solved by standard QP solvers, e.g., QPOPT [48].
For a complete and detailed description of the theory of OCPs and their solutions, we refer to
the relevant textbooks, e.g., [47, 102].
All OCPs of this thesis are solved using the software package MUSCOD-II [15, 77], developed at
the Interdisciplinary Center for Scientific Computing at Heidelberg University which has imple-
mented the above described methods and procedures to solve OCPs. The large NLP resulting
from the control discretization and state parameterization is solved by a specially tailored SQP
method including condensing for the QP subproblems.

3.2 Inverse Optimal Control Problem Formulation

For the identification of optimization criteria in sprinting and long jump motions with and
without RSPs, we make use of an inverse optimal control problem (IOCP). We establish po-
tential basic optimization criteria and combine them into an objective function (3.4a) using
weight factors. The central idea of the IOCP approach is then to determine the corresponding
weights, which generate movements that are as similar as possible to the recorded reference
movement. This is done by formulating a problem with an inner loop where the motion syn-
thesis OCP (3.4) is computed and an outer loop where the weights are identified based on a
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3.2 Inverse Optimal Control Problem Formulation

parameter estimation problem.
IOCP formulations have been mainly used for questions in robotics, e.g., navigation [2], arm
movements [3], collaborative manipulation tasks [82] or transferring human motions on robots
[23, 24, 96, 97]. Two main solution strategies exist: one can keep the bi-level formulation
[23, 96, 97, 109] or achieve a one-level formulation by replacing the lower-level OCP (3.4)
with its optimality conditions [2, 7, 52]. To compute the optimal weight factors γ in this thesis,
we apply a bi-level IOCP formulation consisting of two nested optimization problems:

min
γ

1
Nx̂ Nt̂

Nx̂−1
∑

i=0

w2
i

Nt̂−1
∑

j=0

�

Λ
�

x (γ)i

�

t̂ j

�

�

− x̂ i, j

�2

+
1
Nh

Nh−1
∑

i=0

w2
i+Nx̂

�

h(γ)i − ĥi

�2

(3.16a)

such that x γ(t) and s are determined by solving

min
(x ,u,p,h)

Φ(x (t) , u(t) , p, h,γ) (3.16b)

s.t. constraint (3.4b)–(3.4f) .

The reference data X̂ =
�

x̂ i, j

�

i=0,...,Nx̂−1, j=0,...,Nt̂−1 comprises Nx̂ generalized position histories,

which are evaluated at discrete points in time t̂ j , j = 0, . . . , Nt̂ − 1. The latter are relative time
points within each phase to make different phase durations possible. As reference data, we use
the solutions of the dynamics reconstruction OCP as defined in Section 3.1.1 and discussed in
Chapter 5 for 2D sprinting.
The bi-level IOCP formulates a parameter estimation problem for the unknown weights γ on
the upper level and a multi-phase OCP on the lower level. For a description of the latter, we
refer to the previous section (Section 3.1.2). For balancing the different orders of magnitude
and achieving a custom weighting in the parameter estimation problem, we introduce scaling
factors wi , i = 0, . . . , Nx̂ + Ns − 1 into the calculation of the differences between the refer-
ence curves and times and their calculated counterparts. Optimal solutions for a specific set of
weights γ, i.e., the solutions to the inner OCP are denoted by a superscript (γ). The function Λ
is introduced to project the state vector x onto only a part of the vector which is necessary if
reference data exists or should be used only for some part (e.g., only position variables q).
The upper level optimization problem is solved using the derivative free method BOBYQA
[110] of the NLopt library [66]. The inner OCP problem is solved by MUSCOD-II [15, 77].
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Part II

Optimization-Based Comparison of
Sprinting Motions with and without

Running-Specific Prostheses
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4 Biomechanics and Modeling of Sprinting
Motions with and without Running-Specific
Prostheses

The Oxford Learner’s Dictionary defines the verb ‘to sprint’ as ‘to run [. . . ] a short distance
very fast’. Sprint races in common athletics competitions include 100 m-, 200 m- and 400 m-
distances and consist of start, acceleration, constant velocity phases. For the 200 m- and 400 m-
distances, the race also includes sprinting around curves. In addition, although not part of
the actual race, the deceleration phase after crossing the finish line is crucial to finish the
race safely. Running a short distance as fast as possible requires mobilizing all the strength
for this short period of time. At this point, it becomes clear why the use of a running-specific
prosthesis (RSP) with spring-like properties raises questions regarding comparability with non-
amputee sprinters.
It is reasonable to assume that a sprinter in a competition will challenge himself to his own
performance capabilities in terms of muscle strength, fatigue and velocity in order to complete
the distance in the shortest possible time. In the literature, running velocity is commonly con-
sidered the product of step length and frequency [1, 63]. However, it is not clear which of
the two criteria is decisive for maximum sprinting velocity. Salo et al. [116] reported that in
elite sport it strongly depends on the individual athlete whether he achieves a high pace by a
high step frequency, a large step length or a combination of both criteria. If one now considers
sprinting movements with RSPs, it is evident that step length and step frequency must play a
decisive role here as well: Weyand and Bundle [131] have observed higher step frequencies
for bilateral transtibial amputee sprinting, which they attribute to short swing times due to the
light carbon fiber prostheses. With regard to the step lengths of amputee athletes, Hobara and
colleagues [63] found that they were shorter compared to non-amputee sprinters and conse-
quently differences in performance could be observed. In another study on unilateral amputee
sprinters, Hobara et al. [62] identified differences in the stiffness control between the two legs.
In studies of the sprint start [27, 111], the authors found that the maximal step frequency
is attained almost immediately in elite sprinting, while the step length increases gradually
over the first steps. These findings suggest that for each running situation (start, acceleration,
sprinting at maximum speed, curve sprinting, deceleration) there exists a specific combination
of optimization criteria upon which the current movement is based. Indeed, various stud-
ies comparing amputee and non-amputee sprinters show that RSPs influence performance in
sprint start [125, 127, 134] and curve sprinting [43]. Taboga and colleagues [127] as well as
Strutzenberger and co-workers [125] found lower horizontal ground reaction forces during
the first steps of the sprint race in the group of amputee athletes compared to non-amputee
athletes. Willwacher et al. [134] attributed the reduced sprint start performance of the am-
putees to impairments in the transmission of force to the starting block due to the RSP. Yet,
these results also mean that when assessing advantage or disadvantage due to the RSP, all
phases of the motion to be judged must be analyzed and balanced.
Since the human body is a sophisticated and complex system, both with and without artificial
limbs, it is quite conceivable that other criteria play a role in the generation of movement.
Weyand and co-workers [132] have shown that fast and slow runners produce comparably
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For motion synthesis formulations: Periodicity constraints

Figure 4.1: Phase description of the sprinting model. We model two full steps of sprinting at constant
average velocity, each consisting of three phases.

large vertical impulses and thus also similar mean flight times. These are, however, caused by
different combinations of the applied force and the stance time. Faster speeds are achieved
by applying large forces in short contact times. Furthermore the angular momentum seems
to play an essential role in sprinting. According to a study by Kugler and Janshen [73], the
positioning of the body and thus the angular momentum are the decisive factors for the driv-
ing forces during the sprint start. Hinrichs [59] also points out the importance of the inverse
relationship between upper and lower body angular momentum. Willwacher et al. [135] show
that an insufficient compensation of angular momentum between upper and lower body leads
to high free moments during the maximum velocity phase of sprinting. According to Mero
and colleagues [88], an optimal combination of biomechanical variables (e.g., mechanisms of
force production) and external factors (e.g., ground conditions, athletic shoes) is crucial for
performance in sprinting competitions.
In this part, we analyze and compare the sprinting motions of amputee and non-amputee
athletes based on the whole-body models described in Chapter 2 with respect to their kinematic
and dynamic characteristics. As a basis we consider two steps at constant speed, i.e., after the
sprinters have finished accelerating and reached their sprinting velocity. In order to be able to
compare the movements, we have defined the footfall patterns sequence and the sequence of
phases (compare Figure 4.1): The first step (called “Right Step” or “Affected step”) starts with
the release of the left foot from the ground and ends with the release of the right foot/RSP from
the ground. Therefore, it includes first a flight phase, then the touchdown of the right foot/RSP
and the subsequent contact phase (“right contact”). The second step (also referred to as the
“Left step” or “Unaffected step”) reflects the same phase sequence for the other side of the
body and ends when the left foot comes off the floor. For a subset of problems, more precisely
for all motion generating problems, periodicity constraints are inserted at the beginning and
end of the two steps. Due to the one-sided amputation, we do not assume symmetry between
the right and left side, so no periodicity is required after the first step. Within the framework
of the optimal control problems (OCPs) from Chapter 3, the conditions for a physically correct
ground contact are formulated by (in)equality constraints. Thus, the following conditions are
introduced for the modeling of sprinting motion using the notation of ‘LH’ and ‘RH’ as the left
and right hallux contact points, respectively:

Gain of ground contact As can also be seen in Figure 4.1, the touchdown is modeled as a
separate transition phase. It is triggered when the z coordinate of the respective contact point
touches the ground, i.e., when it becomes zero:

P LH/RH
z (x(t)) = 0 , t ∈

�

t1, t4

	

. (4.1)
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Furthermore, it must be guaranteed that the contact foot is firmly anchored to the floor and
does not lift off again or travel along the floor. A possible formulation for this limits the vertical
speed of the contact point:

−V LH/RH
z (x(t))¾ 0 , t ∈

�

t1, t4

	

. (4.2)

During ground contact To ensure that the contact point remains firmly on the ground
throughout the contact phase, the vertical force is restricted to always be positive:

F LH/RH
z (x(t) , u(t))¾ 0 , t ∈ T2 (right contact) or t ∈ T5 (left contact) . (4.3)

End of ground contact Each contact phase ends and simultaneously each flight phase begins
with the lifting of the corresponding foot, which occurs as soon as the vertical ground reaction
force at the corresponding contact point vanishes:

F LH/RH
z (x(t) , u(t)) = 0 , t ∈ {t0, t3, t6} . (4.4)

Additional constraints might be added for the different OCPs, depending on what the solutions
aims for.
Based on this modeling, we applied all three problem formulations as presented in Chapter 3
to human sprinting movements. In this part, we will examine the results and analyze the move-
ments in detail, both in terms of differences between reconstructed and simulated movements
and in terms of those between non-amputee and amputee athletes.
First, we will present the dynamics reconstruction (Chapter 5). Subsequently, generated mo-
tions based on ten different optimization criteria will be analyzed and compared with the
reconstructed solutions (Chapter 6). Finally, the weighting of these criteria is examined by
means of an inverse optimal control problem (IOCP) (Chapter 7), where the goal is to find out
the combination of criteria underlying the actually measured motion.
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5 Dynamics Reconstruction of Sprinting
Motions with and without Running-Specific
Prostheses

As a basis for reconstructing the dynamics of sprinting movements, we selected one motion
capture trial of an amputee athlete and one motion capture trial for each of three non-amputee
athlete. The details of the motion capturing which was not part of this work and the extraction
of the reference positions and joint angles are described in Section 1.4. The dynamics recon-
struction was done first in the sagittal plane with a 2D model and then in all three dimensions
with a 3D model (cf. Section 2.2). For each athlete, we thus created a subject-specific multi-
body model based on the total heights and masses given in Table 1.1 with varying number of
degrees of freedom (DOFs) depending on whether it was used in two or three dimensions. For
all athletes and both two-dimensional and three-dimensional cases, the least squares optimal
control problem (OCP) was formulated as described in Section 3.1.1, using the respective mo-
tion capture trial as a reference.
The following analysis brings together the results and discussions presented in [33, 35, 68] and
adds cross-cutting observations. In the following analysis we will first examine the kinematic
precision and a validation of the reconstructed solutions for both the two-dimensional and
three-dimensional models (Section 5.1). We will conduct the subsequent discussion of the
characteristic variables for sprinting based on the solutions of the three-dimensional solution,
splitting it into a sagittal plane part (which complies with reconstructed solutions of the two-
dimensional models) and a part discussing frontal and transversal plane motions (Sections 5.2
and 5.3). We summarize the crucial findings in the concluding section and discuss for which
questions the three-dimensional models provide additional insights (Section 5.4).

(a) Non-amputee athlete 1 (b) Non-amputee athlete 2

(c) Non-amputee athlete 3 (d) Amputee athlete

Figure 5.1: Animated sequences visualize the solutions of the sprinting dynamics reconstruction optimal
control problem using the 3D models. The colored models show the reconstructed sprinting
motions, the grey models in the background show the respective reference movements.
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Table 5.1: Rotational and translational root-mean-square errors (RMSEs) between reconstructed and
reference motions for the reconstructed sprinting motions. The results are given for the 2D
and 3D models of three non-amputee athletes (NA1, NA2, NA3) and one amputee athlete
(A). The upper row gives the RMSEs for the translational degrees of freedom (DOFs), the
lower row the ones for the rotational DOFs.

NA1 NA2 NA3 A
2D 3D 2D 3D 2D 3D 2D 3D

Trans (cm) 0.898 0.359 0.672 0.479 1.677 0.417 1.791 0.712
Rot (rad) 0.006 0.010 0.009 0.004 0.024 0.005 0.034 0.010

As a reminder, we refer to the point of greatest curvature of the running-specific prosthe-
sis (RSP) when we address the ‘prosthetic ankle joint’ or the ‘ankle of the prosthetic leg’,
respectively, in the following analysis.
Figure 5.1 shows both the reconstructed (solutions of the OCP; colored models) and the refer-
ence movements (grey models in background). The animated sequences are generated using
the 3D models.

5.1 Analysis of the Reconstruction Quality

To evaluate the quality of the dynamic reconstruction, we consider three things: first, we exam-
ine the precision of the kinematic reconstruction, that is, how well the reconstructed positions
and joint angles reproduce those of the reference motions. Then, we use the measured ground
reaction forces and literature values for the joint torques to validate the reconstructed solution.

5.1.1 Kinematic Precision of the Reconstructed Solutions

For each DOF, we computed the root-mean-square error (RMSE) between the reconstructed
and the reference motions via

RMSE =

√

√

√

√

1
nqmn

 

∑

k∈IDOF

mn
∑

j=0

�

qOC P
k

�

t̂ j

�

− qMC
k

�

t̂ j

��2

!

, (5.1)

where qOC P
k and qMC

k are the reconstructed and reference generalized positions of the re-
spective DOF, respectively. We distinguish between translational and rotational DOFs which
is taken care of by introduction of the set of indices IDOF . We normalize by the number of
multiple shooting nodes mn and the number of DOFs nq = |IDOF |. The RMSEs are listed in
Table 5.1 for both 2D and 3D models.
The solution of the least squares OCP matches the reference motions very well, with RMSEs of
less than 1.8 cm for the translational and less than 0.035 rad (≈ 2◦) for the rotational DOFs. At
this point it must be noted again that the above mentioned errors only refer to the deviations
between reconstructed motion and reference motion; additional errors to the real motion are
caused by measurement errors and the transfer of the motion capture data to the respective
model. As already described in Section 1.4, the reference motion can be non-physical to a
certain extent, for example, the foot can penetrate the ground. In the OCP we exclude such
non-physical behavior with the help of the constraints. The resulting necessary displacements
lead to deviations in the individual generalized joint positions and make up the main part
of the RMSEs. Relative to the motion range of the generalized positions, the RMSEs are in a
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Figure 5.2: Anterior-posterior (TX), mediolateral (TY) and vertical (TZ) ground reaction forces of the
reconstructed two-dimensional and three-dimensional sprinting motions. For each athlete
(first row: non-amputee athlete 1, second row: non-amputee athlete 2, third row: non-
amputee athlete 3, fourth row: amputee athlete) , we compare the computed forces (labeled
‘2D sol.’ for the reconstruction using the 2D model and ‘3D sol.’ for the one using the 3D
model) and the filtered measured forces (labeled ‘Ref.’). The grey regions show contact
phases where the first contact occurs with the right/affected leg and the second contact
with the left/unaffected leg as shown in the phase order in Fig. 4.1.

very good order of magnitude. It is noticeable that the RMSE for the 3D model is on average
smaller than for the 2D model. We attribute this to the fact that in the two-dimensional case
the motion capture data had to be projected onto the sagittal plane, which possibly resulted
in slightly less physical reference movements. This is particularly evident in the joints of the
upper extremity and spine, since the upper body moves more in the transversal and frontal
planes during sprinting than the lower body. Overall, however, the curves of the 2D and 3D
models correspond in the sagittal plane. For sake of completeness, we show the RMSEs for the
individual joints for all four athletes in the appendix (Figures A.1 and A.2). In the appendix,
we further give diagrams with the generalized positions of both the reconstructed and the
reference motions for the 2D and 3D models of all four athletes (Figures A.3 and A.4).

5.1.2 Validation of Reconstructed Ground Reaction Forces

Figure 5.2 compares the ground reaction forces, which once come from the OCP reconstruction
(for both the 2D and the 3D model) and once from the filtered force plate data. Each row shows
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5 Dynamics Reconstruction of Sprinting Motions with and without Running-Specific Prostheses

the ground reaction forces of one athlete, ordered as NA1, NA2, NA3, A from top to bottom
and forces in x-, y- and z-directions from left to right. Overall, the curves of the ground forces
correspond well: In the case of the anterior-posterior forces (TX), all models first generate a
braking force and then a propulsion force. The timings of the transition between the braking
and the propulsive component also match. The models generate parabolic vertical forces (TZ),
which is consistent with the measured curves and the literature [22, 46]. However, there are
also three observations where the models cannot reproduce the measured data completely:

1. The model of the non-amputee athlete 2 does not show the measured strong increase in
vertical force (TZ).

2. The forward component of the anterior-posterior ground reaction forces (TX) is partly
over- or underestimated, especially during the second contact. In the case of the amputee
model, the propulsive component could not be reconstructed at all during the second
contact phase (unaffected foot).

3. In the case of the mediolateral ground reaction forces (TY) the reconstruction follows
only roughly a similar course as the measured data.

As an explanation for this deviation of the models from the measured data, we can think of
three reasons: It is possible that artifacts in the measurements lead to these deviations. Fur-
thermore, it is a plausible assumption that our rather simple modeling of the ground contact by
a foot model with one fixed contact point per foot is responsible for such deviations, since the
contact point moves along the hallux for real sprinting movements. This might be especially
the case for the third item in the above list of observations. Furthermore, it cannot be excluded
that the regularization term in the objective function (3.3a) contributes to the first and second
effect. We have introduced the weight factor γu for regularization. Thus, the goal of this contri-
bution to the objective function is to eliminate peaks in order to produce a smoother solution.
Although the weighting factor γu was chosen with great care to avoid a strong influence on the
solution, this regularization term still assumes that a (given) motion is executed in the most
efficient way.

5.1.3 Validation of Reconstructed Joint Torques

Our modeling approach summarizes the action of all muscles at a joint by torque actuators;
thus, the individual contributions of the antagonist and agonist muscles cannot be calculated.
Therefore, all computed torques are net torques. With our approach to reconstruct the dy-
namics of motions, these external net joint torques can be calculated without residual forces
from the kinematic data alone. To show that this approach produces realistic torques, we com-
pare the calculated torques of the non-amputee athletes with those obtained for non-amputee
sprinting in the literature[14, 118, 124]. As far as we know, there are no publications yet
that have measured the torques of sprinters with unilateral below the knee amputation (BKA).
Therefore, we will qualitatively compare the calculated torques of the amputee athlete with
those for bilateral below-knee amputee sprinting[18]. The computed torques for both the non-
amputee and amputee athletes are shown in the diagrams of Figures 5.3 (sagittal plane) and
5.4 (frontal and transversal planes).
Bezodis and colleagues[14] and Stafilidis and Arampatzis[124] have studied sprinting move-
ments for velocities ranging from 9.06 ms−1 to 10.37 ms−1. Using a standard inverse dynamics
approach, they calculated the sagittal moments of the legs during the stance phase of the sprint-
ing motion. We compare their data with the calculated torques obtained for the contact phase.
Except for the peak at the beginning of the contact phase, which Bezodis et al.[14] describe,
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Figure 5.3: Sagittal plane joint torques of the amputee athlete (‘A’) and the non-amputee reference
group (‘NA’) for the reconstructed sprinting motions. Phase durations are scaled for compa-
rability and joint torque values are normalized by body mass. The abbreviations ‘Flex’ and
‘Ext’ denote the directions of flexion and extension, respectively.

both the magnitude and the trend from external flexion to external extension torques are con-
sistent for the hip joint torques. For the knee joints, our calculations yield values of 1 N mkg−1

for the maximum extension torque and 3 N m kg−1 for the maximum flexion torque. They thus
cover a comparable range to the torques specified in [14, 124] (±2.5 N m kg−1 as maximum
values for extension and flexion torque). For the ankle joint we have calculated peak external
flexion torques of approximately 5 N m kg−1. These torques, as well as the course of the curve,
are consistent with the results in the literature provided. Stafilidis and colleagues[124] further
reported transversal and frontal moments for knee and ankle joints. Our models have only one
DOF per knee (RY) and two DOFs per ankle (RY, RZ); hence, we can only compare the transver-
sal ankle moment where the order of magnitude matches the data reported by Stafilidis et al.
However, their data suggests that the remaining moments are rather small and we do not lose
much by the simplifications of the model. In addition to comparable torques during the con-
tact phase, Schache and colleagues[118] also calculated torques during the swing phase for
sprinting at (8.95± 0.70)m s−1 in all three planes. These are comparable to the swing phase
torques calculated with our approach.

The comparison of the torques of the affected leg of the one-sided amputee with the values
reported by Brüggemann and colleagues[18] for athletes with bilateral below-knee amputa-
tion shows that these torques are of the right order of magnitude for the amputee sprinter as
well. It is noticeable, however, that although the order of magnitude fits in the hip joint, the
curves differ significantly. This can probably be explained by differences between unilateral
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Figure 5.4: Frontal and transversal plane joint torques of the amputee athlete (‘A’) and the non-amputee
reference group (‘NA’) for the reconstructed sprinting motions. Phase durations are scaled
for comparability and joint torque values are normalized by body mass. The abbreviations
‘Abd’, ‘Add’, ‘Int’ and ‘Ext’ stand for ‘Abduction’, ‘Adduction’, ‘Internal’ and ‘External’, respec-
tively.

and bilateral amputee sprinters in terms of lower limb weight and leg stiffness[86]. It is also
noteworthy that the maximum flexion torque in the prosthetic ankle joint of the unilateral am-
putee is approximately 11 N mkg−1 according to our calculations. Brüggemann et al.[18] have
estimated a value of approximately 6.5 N mkg−1 for bilateral amputees. Of course, it should
be noted that in the two studies, both the actual prosthesis models used and the modeling of
the prostheses in the computer models differ. The difference may also be due to the lower limb
asymmetry of the unilateral amputee.
In summary, a further analysis is reasonable, since the fit errors are rather small, the calcu-
lated ground reaction forces correspond to those measured and the calculated torques are also
comparable to literature values.

5.2 Analysis of the Curves of Characteristic Variables

We did not set the spring and the damping constants k and d of the RSP to a certain value for
the solution of the OCP. The spring constant was a free parameter and the damping constant
was computed based on the value of the spring constant using Eq. (2.2). The reconstructed
values differ slightly between the 2D and 3D models: they are found to be

• k = 2851.5N mrad−1 and d = 5.78N ms rad−1 in the case of the 2D model and
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Table 5.2: Phase durations for the sprinting motions of the amputee athlete and the non-amputee ref-
erence group. The phase numbering corresponds to the order shown in Figure 4.1.

Phase Non-amputee athletes Amputee athlete

First flight phase (0.147± 0.012) s 0.144 s

First contact phase
(0.092± 0.002) s 0.080 s

(with right/affected leg)

Second flight phase (0.149± 0.012) s 0.152 s

Second contact phase
(0.093± 0.002) s 0.084 s

(with left/unaffected leg)

• k = 2649.4N mrad−1 and d = 5.57N ms rad−1 in the case of the 3D model.

The individual phase durations differ between the athletes. The phase durations are set to
fixed values in the OCP, which were determined by manually registering the touchdown and
take-off times in the animated reference sequences. The measurement data of the force plates
were used for verification. Table 5.2 shows the phase durations of the amputee athlete and the
control group of non-amputee athletes. While the flight phases are of comparable length, the
amputee athlete has significantly shorter contact times. This means that the total time for one
step is shorter for the amputee than for the non-amputee reference group. This means that
the amputee athlete has a higher step frequency. Since the individual phase durations of the
athletes do not coincide, we have normalized each phase for all diagrams comparing amputee
and non-amputee sprinting.
Instead of comparing the individual values and curves of the three non-amputee athletes to
the amputee athlete, we want to use the mean and standard deviation of the three of them. It
is an intuitive assumption that non-amputee athletes show a symmetrical gait. Furthermore,
it is not a priori clear that the right side of the amputee’s body has to be compared with the
right side of the non-amputees just because they coincide coincidentally. It thus might be a
good idea to compute mean values of both steps of the three athletes, taking into account the
phase shift for joints involved in both body sides.

Symmetry analysis of kinematics and dynamics We start our analysis with studying the
(a)symmetry between the two steps, both for the non-amputee group and the amputee ath-
lete. Figure 5.5 depicts the absolute differences in the generalized positions between the two
sprinting steps. For the computation of the differences, we subtracted the curves of the po-
sitions and joint angles of the second step from the first step, taking into account the phase
shift for right and left joints. Hence, the results show one airborne and one contact phase. For
the non-amputee athletes, we show the individual curves (dotted lines) along with the mean
and standard deviation (solid line with shaded region around this line). Figure 5.5 depicts the
absolute differences in the generalized positions. A value close to zero means great symmetry;
we can thus consider the graphs as a measure of the symmetry of the sprinting motion. As
expected, the diagrams clearly reveal the inter-limb asymmetry of the amputee athlete. If we
look at the figures as a whole, it is immediately apparent that the values of the non-amputee
group of reference athletes are much closer to zero than those of the amputee athlete. There-
fore, the non-amputee athletes run in a much more symmetric style than the amputee athlete.
Since the absolute deviations between the two steps are also rather small for the mean value
of the reference group of the non-amputee athletes, our above assumption is justified.
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Figure 5.5: Amount of asymmetry in the generalized positions between the two steps of the amputee
athlete (‘A’), the non-amputee reference group (‘NA mean’) and the three individual non-
amputee athletes (‘NA1’, ‘NA2’, ‘NA3’). The differences were calculated by subtracting the
second step trajectories from the first step trajectories, taking into account shifts between
left and right side joints. We show the absolute differences such that a value of 0 describes
a perfectly symmetric motion. Phase durations are scaled for comparability.
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Figure 5.6: Amount of asymmetry in the joint torques between the two steps of the amputee athlete (‘A’)
and the non-amputee reference group (‘NA mean’) and the three individual non-amputee
athletes (‘NA1’, ‘NA2’, ‘NA3’). The differences were calculated by subtracting the second
step trajectories from the first step trajectories, taking into account shifts between left and
right side joints. We show the absolute differences such that a value of 0 describes a per-
fectly symmetric motion. Phase durations are scaled for comparability. Joint torques are
normalized by body mass. The joint torque in the prosthetic ankle is passively produced
and computed via Eq. (2.1).

Nevertheless, it is interesting that the non-amputee athletes also show considerable asymme-
tries between the two steps. The large standard deviation regions for some joint angles indicate
that the three athletes in the non-amputee reference group do not run as symmetrically as one
might expect in view of the comparatively symmetrical human body. This is probably due
to individual differences in mass, length and muscle strength of the different body segments
and the fact that most people have a ‘strong side’. In comparison with the amputee athlete,
the difference in the forward movement and the segments of the lower extremity is particu-
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larly striking. Let us first look at the translational DOFs of the floating base segment which is
the pelvis segment: The absolute differences are about three and a half times larger for the
amputee athlete than for the mean of the non-amputee athletes. At the end of the step, the
amputee athlete has a difference of about 30 cm in the forward direction distance (Pelvis TX).
This means that the pelvic segment of the amputee athlete covers a greater distance during
the step following contact with the RSP than in the other step. If we add the step length in-
formation from Table 5.3, we notice that the difference in step length is only half of this value
(15 cm). This observation fits in with the fact that the step following the prosthetic contact
has a flight duration that is 8 ms longer. There is a considerable difference in how the amputee
athlete aligns his overall position in terms of foot contact points compared to the non-amputee
athletes.
We find symmetry values that are more than twice as large for comparing the rotational DOFs
of the amputee athlete with those of the non-amputee reference group. Here, the differences
between the two steps are especially pronounced in the joints of the legs and arms. The sagittal
plane motion of the hips and the motion of the knees during contact differ a lot between the
steps with prosthetic and biological leg contacts. The asymmetry in the arms which are on the
body side opposite to the affected leg (labeled ‘swing-side’) suggests that the amputee employs
his arms for inter-limb asymmetry compensation.
Figure 5.6 shows the absolute differences in the joint torques between the two steps. The torque
in the prosthetic ankle is computed via Eq. (2.1) and is passively produced. If we consider all
joints together, the amount of asymmetry in the torques of the amputee athlete is three times
as big as in the ones of the non-amputee athletes. For almost all joints, it is significantly larger
compared to the control group. In addition to the fundamentally different actuation strategy of
amputee athletes compared to non-amputee sprinters (which e.g., has already been described
in studies for bilateral transtibial amputee sprinters [18, 133]), the unilateral amputee athlete
thus also has to adapt the actuation pattern for each of his steps, depending on whether the
next contact will occur with the prosthetic or biological foot. Such an actuation strategy with
very different and sometimes large torques (see sections on torques in Sections 5.2.1 and 5.2.2)
could potentially increase the risk of fatigue or injury in affected joints.
Although, we found some non-negligible asymmetry in non-amputee sprinters as well, we
consider the argument that it would be somewhat arbitrary to compare the right side of the
amputee with the right sides of the non-amputee athletes as more decisive. Hence, the curves of
the left side of the body were shifted in such a way that the contact phases of the corresponding
side of the body were superimposed. For the non-amputee athletes, we then computed the
mean and standard deviation of both legs and all three athletes which are represented by a
solid line and shaded regions around it. In the analysis, we will never refer to the individual
non-amputee athletes, but always to this mean value when referring to the non-amputees or
the non-amputee control group. For the amputee athlete, we show the curves for both body
sides, if necessary (which is in the case of the hip, knee, ankle, shoulder and elbow joints). The
curves of the side not affected by the amputation are represented by a dashed and all other
ones by a solid line.

Ground reaction forces and center of mass movement With regard to the analysis of
sprinting movements, the ground reaction forces and the center of mass (CoM) movement
are interesting. They are shown in Figure 5.7. For the non-amputees, the propulsive and brak-
ing components are similarly large, indicating a forward movement at approximately constant
speed. This is also evident in the forward velocity of the CoM (see CoM velocity TX). The
situation is significantly different for the amputee athlete: During contact with the RSP, the
driving component is significantly stronger than the backward driving component, so that he
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Figure 5.7: Ground reaction forces, center of mass (CoM) positions and velocities of the amputee athlete
(‘A’) and the non-amputee reference group (‘NA’) for the reconstructed sprinting motions.
Phase durations are scaled for comparability.

gains forward velocity through contact. For contact with the biological leg, the opposite is true:
there is no propulsive force, which is also clearly evident in the loss of velocity of the forward
component of the CoM (see CoM velocity TX). Part of this behavior may be due to the prob-
lem formulation, since it is possible that at the end of the time horizon an unfavorable part
of the objective function dominates, which promotes this behavior of CoM velocity and force.
This is also indicated by the premature flattening towards zero of the vertical ground reaction
force at the end. Here it would be interesting to analyze a further flight phase following the
second step. Nevertheless, it can be clearly stated that the vertical ground reaction forces of
both legs of the amputee athlete are higher than those of the non-amputee athlete. Of partic-
ular interest is the increased ground reaction force in the amputee’s biological leg, which is
10 N kg−1 (30 %) higher than that of the non-amputee athletes, since it could be assumed that
the amputee uses his RSP during the first step to achieve the same running speeds with less
effort. In fact, however, the amputee applies more force in less time (remember: phase dura-
tions are normalized) to run at comparable speeds. As described above, the amputee’s forward
velocity increases during contact with the prosthetic leg. However, during this phase he may
generate less vertical speed than the reference group of non-amputee sprinters. Interestingly,
the course of the horizontal CoM position is rather similar for both steps of the amputee ath-
lete and also for the non-amputee reference group. In the vertical component of the CoM, the
amputee’s CoM is always higher than the average of the non-amputee athletes, probably due
to the geometry of the RSP, which promotes "tip-toe" running.
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Figure 5.8: Sagittal plane generalized positions of the amputee athlete (‘A’) and the non-amputee ref-
erence group (‘NA’) for the reconstructed sprinting motions optimal control problem. Phase
durations are scaled for comparability. The abbreviations ‘Flex’ and ‘Ext’ denote the direc-
tions of flexion and extension, respectively.

5.2.1 Sagittal Plane Movements

Overall position and joint angles Figure 5.8 shows the curves of the pelvis positions and
the joint angles in the sagittal plane. As we have seen, the total duration of a step is shorter in
the case of the amputee athlete than in the control group. For the distance he covers during this
time in the forward direction (see diagram ‘Pelvis TX’), the amputee’s line is within the standard
deviation of the non-amputee control group. Therefore, it follows that the amputee athlete
runs at a faster velocity. His average running velocity is 9.55 ms−1, while that of the non-
amputee athletes is (9.14± 0.33)m s−1. The vertical motion over the course of the sprinting
is likewise similar for all athletes (compare diagram ‘Pelvis TZ’). Nevertheless, it is noticeable
that the curve of the amputee athlete is almost always slightly above the mean value of the
non-amputee reference group.
As one might have expected, the greatest differences between amputee and non-amputee
sprinters are found in the joints of the legs (hip, knee, ankle). The differences between the
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side affected by the amputation and the side not affected also become very clear. In the hip,
amputee and non-amputee athletes show a similar range of motion, both in terms of flexion
and extension of the joint. The amputee actually moves the unaffected hip in a similar way
to the non-amputee athletes, but with a greater range of motion. The course of movement
on the side of the amputation also looks similar. However, it is noticeable that the maximum
extension is reached much later: While for the non-amputee athletes the maximum extension
is reached at the end of the contact phase, it is reached on the affected side of the amputee at
a later point in time, around the middle of the flight phase. The differences in the knee and
ankle joints are even more pronounced, as they are evident in both legs. In the case of the
amputee athlete, we find significantly less flexion and extension in the knee on the affected
side. On the non-affected side, especially the flexion during the contact phase is significantly
lower than in the non-amputee control group. Brüggemann et al. have already observed such
reduced knee flexion in bilateral amputee sprinters[18]. The significant difference in flexion of
the ankle joint and prosthetic ankle must be considered with caution, as a direct comparison
is not possible due to the geometric differences between the RSP and the biological foot.
Similar differences between the unilateral amputee athlete and the non-amputee athletes can
also be seen in the joints of the arms. The range of motion in the shoulder joints of the amputee
athlete is significantly greater than in the non-amputee comparison group. This greater range
of motion may indicate the need to compensate for the asymmetry between the two legs,
particularly in terms of weight and stiffness, and to make increased use of the arms to reach
sprinting velocity.
Finally, if we look at the spinal joints, it is noticeable that the amputee athlete mainly moves the
lower spine (pelvis, lumbar) and neck more, but shows very little movement in the upper body
(thorax). In the non-amputee reference group, the movements are more strongly distributed
over all joints. Overall, it appears that the amputee athlete has a more upright running style.

Joint torques Figure 5.3 shows a comparison of the joint torque curves of the amputee ath-
lete and the non-amputee control group over time. For better comparability, the torques were
normalized using the total body mass. Significant differences in the torques in amputee and
non-amputee sprinting are apparent. Apart from the joint torques of the hip joint during the
contact phase, the joint torques of the affected leg of the amputee athlete are generally (sig-
nificantly) lower than those of the control group. It is interesting that the hip torque remains a
flexing torque during contact, while the non-amputee hip torque already turns into an exten-
sion torque within the phase. This may be necessary to bring the body forward during contact
and compensate for the different geometry of the affected leg and the small flexion torque in
the knee joint. One possible explanation for this significantly lower torque in the amputee’s
knee could be the fact that the knee is affected by the amputation as well. Nevertheless, studies
[44, 45] suggest that athletes with an amputation below the knee use a strategy that makes
optimal use of the spring-like properties of the RSP by reducing external sagittal plane knee
moments. The RSP is a passive component. This means that in our model there is no torque
actively generated by torque actuators (cf. Section 2.3). Therefore, we calculated the passive
torque acting on the RSP using Eq. (2.1) and included it into the diagram by a green line.
We use the results of the OCPs for the spring and damping constant. It is noticeable that the
torque generated by the RSP is approximately twice as high as the torque in the biological
ankles (both for the amputee athlete and the non-amputee control group). If we look at the
geometry of the RSP, this can be quickly understood: large torques are produced by similar
ground reaction force profiles due to the long lever arm resulting from the length of the RSP.
The torques applied by the torque actuators in the biological leg of the amputee athlete are
on average clearly larger than those of the non-amputee control group, especially in the knee
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Figure 5.9: Sagittal plane angular momentum about center of mass of the amputee athlete (‘A’) and the
non-amputee reference group (‘NA’) for the reconstructed sprinting motions. Phase dura-
tions are scaled for comparability and angular momentum values are normalized by body
mass and body height squared.

joint. In the latter, the peak flexion torque of the amputee athlete more than doubles the one of
the non-amputee control group. In addition, the hip shows a clearly different course: Instead
of a flexion torque, an extension torque acts here during the contact phase.
In the joints of the arms, a similar course is shown overall for both amputee and non-amputee
sprinting. It is noticeable that the amputee athlete’s torques are on average greater than those
of the non-amputee control group. In the spinal joints, we observe larger torques for the am-
putee athlete as well.

Angular momentum about center of mass Figure 5.9 shows the contributions of the dif-
ferent body parts (legs, arms, trunk) to as well as the total angular momentum with respect to
the center of mass for rotations in the sagittal plane (RY). The values have been normalized
by body mass and body height squared for better comparability. Again, even at first glance
considerable differences between the amputee athlete and the non-amputee reference group
are visible. Let us first consider the total angular momentum of non-amputee athletes: Their
courses correspond to the angular momentum observations in a publication by Hinrichs[59],
although the absolute numbers differ due to the different running velocities (Hinrichs inves-
tigated slower running movements). It is noticeable that arms and trunk move around an
angular momentum of zero, but the angular momentum of the two legs is counter-rotating.
The contact leg always has a larger angular momentum, so that a total angular momentum
is generated that does not oscillate around zero. As Hinrichs[59] also describes, the reason
for this is that the legs, especially the feet, actually perform a circular movement and thus
have a positive angular momentum. This is particularly interesting in view of the fact that the
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individual components of the amputee’s angular momentum behave differently. For the bio-
logical leg, we actually find a movement comparable to that of the non-amputee athlete. In
other words, he rolls the biological foot in a similar circular motion. For the prosthetic leg, the
angular momentum during contact is on the one hand significantly lower, and on the other
hand the course during contact of the biological foot is also different. This can probably be
attributed to the asymmetry caused by the lighter RSP and difficulties of a circular movement
with the RSP. Nevertheless, the contribution of the legs cannot completely explain the entirely
different course of the total angular momentum. Therefore, we consider the angular momen-
tum of the arms and the trunk. As far as the arms are concerned, it can be stated that the
greatest deviations occur during the flight phase following contact with the affected leg. Apart
from that, the course is similar to that of the non-amputee athletes. It is mainly the torso’s
angular momentum that differs significantly. Instead of circling around zero within each step,
the angular momentum is greater than zero during the first two phases and less than zero
during the last two phases. This demonstrates that the amputee athlete must use his arms and
trunk in a significantly different way to achieve stability when running and to compensate for
inter-limb asymmetry.

5.2.2 Frontal and Transversal Plane Movements

Overall position and joint angles Figure 5.10 shows the diagrams of the overall position
and the joint angles in the frontal and transversal planes. All diagrams show clear differences
between amputee and non-amputee sprinting and also between the two sides of the body. Let
us first look at the overall position of the sprinters: While the non-amputee athletes tend to
move to the left on average, the amputee athlete shifts his body to the left in the first step and
then to the right in the second step during sprinting. He thus seems to make a much stronger
compensatory movement to counterbalance the inter limb asymmetry. The comparison with
the CoM movement shows, however, that the amputee moves it over the two steps altogether
to the right, i.e., to the affected side. In the non-amputee sprinters, the rotations of the floating
base segment in the frontal and transverse planes are close to 0 rad. In the case of the amputee
athlete, they are significantly larger and also change to a much greater extent over the course
of the two steps. In absolute terms, however, these values are also a few degrees. Nevertheless,
the curve in the frontal plane is particularly interesting because it also indicates that the am-
putee rotates significantly more around the sagittal axis (x-axis), which is again attributable to
inter-limb weight asymmetry. This stronger rotation is also reflected in the spinal joints, which
likewise have significantly higher values in the amputee sprinter. Since these compensate for
the rotations of the pelvis segment, it can be assumed that this is necessary in order to maintain
an upright upper body and, in particular, a steady head looking to the front.
If we now look at the motion of the amputee’s leg and arm joints, it is noticeable that these an-
gles are also significantly larger than in the non-amputee control group. For the leg joints, the
mean value of the non-amputee comparison group lies between −0.121 rad to 0.035 rad (cor-
responding to approximately −7◦ to 2◦), for the arm joints between −0.085 rad to 0.205 rad
(corresponding to approximately −5◦ to 11.75◦) – although the standard deviations are rel-
atively large. Nevertheless, for the amputee athlete, the values are usually outside or on the
edge of the standard deviations. If we now compare the affected (right) and unaffected (left)
sides of the amputee (solid vs. dashed line), we must note that the signs for these rotations are
defined in exactly the opposite way, so for a qualitative comparison we must mirror one of the
two lines on the x-axis in thought. On both axes considered, the movement of the hip is signifi-
cantly greater on the side with amputation than on the other: This shows that the amputee has
to move them in a significantly different way to be able to sprint with the RSP. In contrast, the
arm on the unaffected side shows greater values for shoulder movement around the sagittal
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Figure 5.10: Frontal and transversal plane generalized positions of the amputee athlete (‘A’) and the
non-amputee reference group (‘NA’) for the reconstructed sprinting motions. Phase dura-
tions are scaled for comparability. The abbreviations ‘Abd’, ‘Add’, ‘Int’ and ‘Ext’ stand for
‘Abduction’, ‘Adduction’, ‘Internal’ and ‘External’, respectively.

axis (RX), indicating that the arms are used for counterbalancing in amputee sprinting.

Joint torques The joint torques of the frontal and transversal planes are visualized in Figure
5.4. They are normalized by body mass for better comparability. Overall, it can be seen that
the torques of the frontal and transverse planes are smaller than those of the sagittal plane.
The course of the torques supports the statements we have already made when considering the
corresponding joint angles. The joint torques of the amputee athlete are overall significantly
higher than those of the non-amputee control group. For all joints, the mean value of the non-
amputee athletes is close to zero, between −0.5 N m kg−1 to 0.4 N m kg−1. Considering the hip
rotation torques, we can clearly observe differences between the affected and the unaffected
leg of the amputee athlete. In addition to the fact that the torques of the biological leg of the
amputee athlete are on average larger than the ones of the non-amputee athlete, we see more
oscillation implying permanent adjustment of the torques for stabilizing the sprinting motion.
It is noticeable that the spinal moments of the amputee are further significantly greater than
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those of non-amputee athletes, especially in the phases following contact with the RSP. It ap-
pears, therefore, that the amputee athlete must apply greater torque after prosthetic contact
and also during contact with the unaffected leg to compensate for the weight asymmetry be-
tween the two legs. The torque curves of the legs and arms do not differ greatly between the
two sides of the body taken into account the opposite signs for the two of them.

Angular momentum about center of mass Figure 5.11 shows the frontal and transversal
plane contributions to the angular momentum about CoM. In addition to the mean and stan-
dard deviation of the non-amputee control group, the individual contributions of the three
non-amputee athletes are given. The contributions in the frontal and transversal plane to the
angular momentum are in total significantly smaller than those in the sagittal plane. Similarly
to the sagittal plane angular momentum, we find comparable histories for the biological leg
angular momenta in the frontal and transversal planes, but differences in those of the affected
leg. In the frontal plane, the total impulse for all athletes is around zero, which indicates an
overall periodic movement in this plane. However, while the individual components of the
non-amputee athletes also show relatively even courses, differences are noticeable for the
components of the amputee athlete: There is a frequent change in the angular momentum of
the affected leg which implies recurring adjustments of this leg. Further prominent differences
are found in the contribution of the trunk and left arm (on the side of the body not affected
by the amputee). At the end of the contact phase with the RSP and in the subsequent flight
phase, the torso angular momentum of the amputee is significantly greater. In particular, the
spinal segments and the arm opposite the amputation thus seem to compensate for the lift-off
of the prosthetic leg, which is significantly lighter than the biological leg. This is also reflected
in the angular momentum of the transversal plane: Here, the relatively periodic total angular
momentum around zero is made possible by the opposite arm compensating for the greater
angular momentum of the affected leg compared to the non-amputee reference group. The
larger rotations of the prosthetic leg are possibly caused by the fact that the RSP is modeled
as a fixed device with only one rotational DOF in the sagittal plane.
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(a) Frontal plane angular momentum
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Figure 5.11: Angular momentum about center of mass of the amputee athlete (‘A’) and the non-amputee
reference group (‘NA’) for the reconstructed sprinting motions. Phase durations are scaled
for comparability and angular momentum values are normalized by body mass and body
height squared. The abbreviations and stand for non-amputee athletes and amputee ath-
lete, respectively.
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5.3 Analysis of Measures Related to Effort, Energy Expenditure
and Sprint Style

After the qualitative comparison of the results based on the graphs, we want to examine the
sprinting movements of the amputee athlete and the non-amputee control group with a sec-
ond approach. For this purpose, we have calculated relevant measures regarding effort, energy
consumption and sprint style. With regard to the next step of trying to create new sprinting
motions using OCPs as described in Section 3.1.2, it is of great interest to find out which vari-
ables sprinters may maximize or minimize. For the description of the measures, the following
conventions should be noted: All torques, forces and angular momenta were normalized based
on the individual body mass M and body height H in the latter case of the athletes and then

labeled τ?i =
τi
M , f ?ap/ml/v =

fap/ml/v
M and l?y =

l y

M∗H2 . The total time is denoted by T and the
horizontal distance covered by the floating base by D. The measures can then be formulated
as follows:

• Average over absolute and squared joint torques (normalized by distance):

1
T D

∫ T

0

|τ?i |dt and
1

T D

∫ T

0

�

τ?i
�2

dt .

• Average over absolute and squared joint torque derivatives (normalized by distance):

1
T D

∫ T

0

|τ̇?i |dt and
1

T D

∫ T

0

�

τ̇?i
�2

dt .

• Absolute mechanical work of each joint (normalized by distance):

1
D

∫ T

0

|τ?i ϕ̇i|dt .

• Average over joint powers (normalized by distance):

1
T D

∫ T

0

�

τ?i ϕ̇i

�

dt .

• Relative contact time: tcontact/tstep .

• Step frequency (with: one step = one flight phase + one contact phase): fstep .

• Step length: dstep .

• Average horizontal forward velocity of the floating base segment: vh,pelvis .

• Anterior-posterior, mediolateral and vertical change of momentum:

∫ T

0

f ?ap dt and

∫ T

0

f ?ml dt and

∫ T

0

f ?v dt .

• Mean anterior-posterior and vertical force: f ?ap, f ?ml and f ?v .

• Vertical peak force:
�

f ?v
�

max .
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• Average over absolute and squared angular momentum with respect to the CoM:

1
T

∫ T

0

|l?,Cx ,y,z|dt and
1
T

∫ T

0

�

l?,Cx ,y,z

�2
dt .

We distinguished the different components of the angular momentum lC
x ,y,z in each

plane, where C is a placeholder for arms, legs or trunk. In addition, the values were
computed for the total angular momentum.

• Average over absolute and squared head orientation in the sagittal plane:

1
T

∫ T

0

|ϕhead|dt and
1
T

∫ T

0

ϕ2
headdt

with ϕhead = qpelvis_RY + qlumbar_RY + qthorax_RY + qhead_RY .

• Average over absolute and squared head angular velocity in the sagittal plane:

1
T

∫ T

0

|q̇head|dt and
1
T

∫ T

0

(q̇head)
2 dt .

Wherever possible the absolute and the squared values were calculated, because the combi-
nation of both quantities can give information about whether the curve has single peaks. Fur-
thermore, whenever reasonably possible, the results are given separately for each joint and
the sum over all joints is calculated. For the joint powers such a sum is meaningless, because
in the numerical calculation positive and negative values will cancel each other out. In real-
ity, however, a negative joint power value does not mean an energy gain. The integrals were
calculated numerically using the information at the multiple shooting nodes. The computed
measures are listed in Table 5.3.
In order to compare sprinting with and without RSP and to draw conclusions about possible
optimization criteria, we systematically go through the measures. First of all we look at the joint
torque values: For both the absolute and the squared values, the sum of all torques is smaller
in the case of the amputee sprinter than in the case of the non-amputee athletes. Therefore,
in the solution of the OCP, the amputee athlete must apply less active torque per body mass
and distance covered. For the individual joints, however, there are cases where the amputee
has to generate less torque (knee of affected leg, ankle of unaffected leg) as well as more
torque (arms, spinal segments, knee of unaffected leg) or where the torque is comparable to
that of the non-amputee athletes (biological leg). This confirms the observations made when
examining the torque diagrams.
Next, we look at the derivatives of the torques. Here it is noticeable that the sum over all joints
provides values of a comparable order of magnitude, but that there are significant differences
for almost all of the individual joints. It is remarkable that the values for both knee joints and
the joint in the upper back (‘Thorax’) are (significantly) smaller for the amputee athlete than
for the non-amputee athletes. For the remaining joints, the values for the amputee athlete
are (significantly) larger. We conclude from this that the rate of change in torque for the two
groups as a whole differs little. The fact that both the absolute and squared values in both knee
joints are (significantly) smaller for the amputee athlete than in the non-amputee control group
shows that the rate of change in the torques in these joints is very low for the amputee.
The comparison of the absolute mechanical work between amputee and non-amputee sprint-
ers is another interesting aspect: In the leg affected by the amputation, the amputee athlete
produces significantly less work in the sagittal plane. In the hip joint it is about 70 % and in the
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5.3 Analysis of Measures Related to Effort, Energy Expenditure and Sprint Style

Table 5.3: Measures of sprinting with and without running-specific prosthesis (RSP) applied to the re-
sults of the sprinting dynamics reconstruction. Criteria for which the calculated value for
the amputee athlete (A) is significantly lower than the value for the non-amputee control
group (NA) are highlighted in red. The opposite is true for criteria highlighted in blue. The
abbreviations ‘R’ and ‘L’ refer to the right (affected) or left (unaffected) body side.

NA A - R A -L NA A - R A - L

Joint Absolute torques [N kg−1] Squared torques [N2 m kg−2]
normalized to total body mass [kg] and traveled distance [m]

Hip RY 0.542± 0.063 0.436 0.649 1.698± 0.266 1.097 2.486
Hip RX 0.132± 0.017 0.152 0.136 0.140± 0.041 0.171 0.136
Hip RZ 0.043± 0.009 0.065 0.053 0.013± 0.005 0.034 0.019
Knee RY 0.248± 0.027 0.099 0.309 0.389± 0.065 0.087 0.582
Ankle RY 0.226± 0.018 - 0.178 0.930± 0.089 - 0.632
Ankle RZ 0.019± 0.003 - 0.014 0.005± 0.001 - 0.002
Shoulder RY 0.097± 0.010 0.104 0.149 0.055± 0.012 0.070 0.137
Shoulder RX 0.039± 0.012 0.041 0.064 0.012± 0.007 0.011 0.026
Shoulder RZ 0.016± 0.003 0.026 0.022 0.002± 0.001 0.004 0.003
Elbow RY 0.055± 0.004 0.052 0.073 0.016± 0.002 0.014 0.030
Lumbar RY 0.161± 0.020 0.259 0.182± 0.054 0.500
Lumbar RX 0.106± 0.006 0.113 0.078± 0.007 0.106
Thorax RY 0.134± 0.026 0.129 0.144± 0.080 0.104
Thorax RZ 0.174± 0.007 0.237 0.161± 0.013 0.281
Neck RY 0.028± 0.011 0.026 0.006± 0.004 0.004

Sum 3.434± 0.299 3.386 7.090± 0.727 6.539

Joint Absolute torque derivatives [N kg−1 s−1] Squared torque derivatives [N2 mkg−1 s−2]
normalized to total body mass [kg] and traveled distance [m]

Hip RY 8.03± 1.30 10.98 9.62 617± 252 1105 711
Hip RX 4.93± 0.55 8.55 6.26 218± 64 512 284
Hip RZ 2.76± 0.34 5.40 4.05 79± 56 304 107
Knee RY 7.11± 0.86 4.56 6.66 472± 167 228 442
Ankle RY 7.10± 0.83 - 7.60 986± 238 - 1094
Ankle RZ 2.36± 1.10 - 2.22 89± 79 - 52
Shoulder RY 2.68± 0.36 2.78 4.18 71± 23 64 114
Shoulder RX 1.60± 0.20 1.72 2.12 26± 16 20 34
Shoulder RZ 1.04± 0.30 1.30 1.52 27± 31 11 22
Elbow RY 1.52± 0.17 1.39 1.92 26± 10 13 27
Lumbar RY 5.69± 0.30 7.54 243± 32 439
Lumbar RX 4.30± 0.59 4.66 147± 41 173
Thorax RY 5.22± 1.33 3.72 290± 153 99
Thorax RZ 3.97± 0.28 4.82 125± 19 195
Neck RY 1.99± 0.49 1.96 40± 20 26

Sum 99.5± 3.9 105.5 6070± 269 6078

Joint Absolute mechanical work [J kg−1 m−1] Joint powers [W kg−1 m−1]
normalized to total body mass [kg] and traveled distance [m]

Hip RY 1.67± 0.14 1.18 2.23 2.54± 0.40 0.75 1.98
Hip RX 0.19± 0.06 0.25 0.19 0.08± 0.21 0.13 -0.04
Hip RZ 0.07± 0.02 0.12 0.08 −0.05± 0.03 -0.00 -0.01
Knee RY 1.28± 0.05 0.28 1.41 −2.05± 0.18 -0.43 -2.15
Ankle RY 0.96± 0.10 - 0.88 −0.42± 0.21 - -1.01
Ankle RZ 0.02± 0.01 - 0.02 −0.00± 0.02 - -0.02
Shoulder RY 0.35± 0.05 0.38 0.67 0.03± 0.07 0.19 0.38
Shoulder RX 0.04± 0.02 0.05 0.14 −0.01± 0.02 0.00 0.10
Shoulder RZ 0.04± 0.01 0.07 0.08 0.03± 0.01 -0.03 0.02
Elbow RY 0.16± 0.02 0.13 0.23 0.11± 0.08 0.10 -0.03
Lumbar RY 0.27± 0.05 0.60 −0.05± 0.09 -0.39
Lumbar RX 0.11± 0.01 0.14 0.04± 0.01 0.07
Thorax RY 0.28± 0.14 0.12 0.15± 0.12 0.12
Thorax RZ 0.30± 0.03 0.40 0.22± 0.11 0.11
Neck RY 0.06± 0.02 0.03 0.05± 0.04 0.02

Sum 10.61± 0.45 9.68

57



5 Dynamics Reconstruction of Sprinting Motions with and without Running-Specific Prostheses

Table 5.3: Measures of sprinting with and without running-specific prosthesis (RSP) applied to the re-
sults of the sprinting dynamics reconstruction (cont.)

NA A NA A NA A

Right step (pros. leg) Left step (biol. leg) Average for both steps

Rel. cont. time 0.39± 0.03 0.36 0.39± 0.04 0.36 0.39± 0.04 0.36
Step frequency [Hz] 4.20± 0.31 4.46 4.15± 0.27 4.24 4.17± 0.29 4.35
Step length [m] 2.20± 0.09 2.11 2.21± 0.08 2.27 2.20± 0.08 2.19
Average vel. [m s−1] 9.11± 0.30 9.03 9.17± 0.37 10.06 9.14± 0.30 9.54

Anterior-posterior change
0.10± 0.08 0.10± 0.10 0.10± 0.09

of momentum [N s kg−1]
0.31 -0.32 -0.00

A.-p. mean force [N kg−1] 0.38± 0.31 1.49 0.38± 0.41 -1.46 0.38± 0.37 0.02

Mediolateral change −0.04± 0.07 0.00± 0.11 −0.02± 0.10 -0.08
of momentum [N s kg−1]

-0.06 -0.09

Ml. mean force [N kg−1] −0.16± 0.30 -0.29 0.03± 0.44 -0.41 −0.06± 0.39 -0.35

Vertical change
2.30± 0.22 2.37± 0.07 2.34± 0.17

of momentum [N s kg−1]
1.87

2.18
2.02

Vert. mean force [N kg−1] 9.57± 1.04 8.93 9.77± 0.54 9.92 9.67± 0.83 9.43

Vert. peak force [N kg−1] 33.2± 3.4 34.0 35.3± 1.9 44.4 34.2± 3.0 39.2

NA A NA A

Absolute values Squared values

Angular momentum arms RY [10−3 s−1] −0.90± 0.21 -1.41 0.020± 0.004 0.34
Angular momentum legs RY [10−3 s−1] 42.65± 2.59 26.11 2.11± 0.32 1.38
Angular momentum trunk RY [10−3 s−1] −1.22± 0.28 -0.26 0.020± 0.003 0.21
Angular momentum total RY [10−3 s−1] 40.53± 2.39 24.44 1.88± 0.28 1.30

Angular momentum arms RX [10−3 s−1] 0.16± 0.49 -0.88 0.02± 0.01 0.14
Angular momentum legs RX [10−3 s−1] −1.05± 1.17 0.33 0.13± 0.09 0.06
Angular momentum trunk RX [10−3 s−1] −0.50± 0.72 -0.25 0.08± 0.02 0.08
Angular momentum total RX [10−3 s−1] −1.40± 2.15 -0.79 0.44± 0.20 0.56

Angular momentum arms RZ [10−3 s−1] −0.23± 0.74 0.72 0.24± 0.04 0.21
Angular momentum legs RZ [10−3 s−1] 1.22± 1.35 -1.49 0.36± 0.07 0.15
Angular momentum trunk RZ [10−3 s−1] −0.03± 0.37 0.41 0.01± 0.01 0.19
Angular momentum total RZ [10−3 s−1] 0.96± 0.86 -0.37 0.03± 0.02 0.14

Absolute values Squared values

Head orientation [rad] 0.09± 0.02 0.10 0.010± 0.004 0.02
Head velocity [rad s−1] 3.62± 0.79 2.68 26.60± 15.98 10.06

knee joint less than 25 % of the corresponding values for the non-amputee athletes. Again, two
approaches provide an explanation: First, it can be assumed that the capabilities of the residual
leg are also reduced by the amputation, especially in the knee joint, which is the joint closest
to the location of amputation. On the other hand, however, these numbers also support the
assumption that transtibial amputee sprinters use a strategy to increase the loading of the RSP
by reducing the loading of the biological structures of the residual leg. While the absolute me-
chanical work in the prosthetic leg is thus reduced compared to the non-amputee control group
for the sagittal plane motion, the situation is different in the biological leg. Here the amputee
athlete produces 30 % more mechanical work in the hip joint and 11 % more mechanical work
in the knee joint. For all planes, the amputee produces significantly more mechanical work in
the shoulder and spinal joints (values 1.27–3.5 times as large as for non-amputee sprinting).
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5.4 Summary

Hence, it seems that an increased mechanical work in the hip of the unaffected leg and the
upper body is needed to compensate for inter-limb asymmetries.
The differences in joint power are also immediately apparent. In the sagittal plane, both hip
joint values of the amputee athlete are significantly lower than those of the non-amputee
comparison group (affected leg: 29 %, unaffected leg: 78 %). Hence, less power is generated
in the hip of the amputee athlete. The knee of the affected leg of the amputee athlete absorbs
less energy than the unaffected knee and the knees of the non-amputee athletes. However,
less energy is absorbed in the ankle of non-amputee athletes than in the biological ankle of
the amputee athlete. It appears that the amputee athlete partially compensates for the lower
energy production in the hip joints and the higher energy loss in the ankle by work of the
upper body.
Since the values of total contact times, step frequency, step length and average velocity do not
add any new insights to the discussion already carried out in Section 5.2, we will now move on
to the analysis of the measures related to the ground reaction forces. In particular, significant
differences between the amputee athlete and the non-amputee control group were found in
the anterior-posterior component of the ground reaction forces and the change of momentum
induced by them. For sprinting movements, a change of momentum close to zero would be
expected, since braking and propulsive contributions should more or less compensate each
other. For the non-amputee sprinters, we find values of around 0.11 N s kg−1 for the individual
steps and the average of both steps which is slightly above the expected value of 0. For sprinting
with RSP, we see significant deviations when considering the individual steps: During contact
with the RSP the value is well above zero, for contact with the biological leg it is well below
zero. This means that for the former the propulsive contribution clearly dominates and for the
latter the braking contribution. Interestingly, the change of momentum averaged over both
steps is close to zero. Of course, at this point it must be noted that the reconstruction of the
horizontal component of the ground reaction force did not work completely (cf. discussion in
Section 5.1). As previously discussed in Section 5.2, the amputee athlete seems to generate
velocity during prosthetic contact. The anterior-posterior mean forces support this observation
as well. Overall, this significant difference between the two legs of the amputee athlete, and
also in comparison to the non-amputee athletes, cannot be explained entirely by weaknesses
in the modeling and reconstruction.
Finally, we look at the measures related to the overall posture and its change during sprinting,
namely angular momentum about CoM, head orientation and velocity. First, we consider the
integral over the angular momentum values. For perfectly symmetric sprinting, they should be
close to zero for the frontal and transversal planes (RX, RZ). For both planes, the total angular
momentum values of the amputee athlete are closer to zero than those of the non-amputee
control group. If we look at the individual components, we notice that this does not apply
to them on average. In other words, the amputee athlete runs more periodically overall and
his overall rotation in the frontal and transverse planes is smaller than in the non-amputee
athletes. However, the movements of the individual components (arms, legs, upper body) in
these two planes are much more irregular. This reflects the inter-limb asymmetry due to the
RSP. In the sagittal plane, the total angular momentum of the amputee and also that of the
legs is significantly lower. Overall, less rotation is found in the amputee sprinting movement
than in non-amputee sprinting.

5.4 Summary

We reconstructed both the two-dimensional and three-dimensional kinematics and dynamics
of two steps of sprinting at maximum velocity for three non-amputee and one unilateral am-
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5 Dynamics Reconstruction of Sprinting Motions with and without Running-Specific Prostheses

putee athlete from kinematic motion capture data (position and joint angles computed from
marker coordinates). The consistency of the results with additionally measured ground re-
action force data as well as joint torques from the literature shows that the proposed least
squares OCP formulation is a valid method for computation of the dynamics of motion cap-
ture recordings without need of force plate data. Hence, it represents a valuable alternative to
classical inverse dynamics approaches for computing the dynamics, which can also be used, for
example, when the force data set is erroneous or no force plates are available. Furthermore,
the least squares approach has the advantage of fitting to all markers in a balanced manner,
avoiding unintended error propagation along the kinematic chain.
We found significant differences between sprinting with and without RSP, both in the con-
sidered curves for angles, torques, forces and angular momentum as well as in the actuation
patterns and the investigated measures. By considering the curves for all thirteen joints, a more
differentiated picture emerges than if we had considered only the legs and the CoM motion.
For example, we found that the torques and mechanical work in the leg affected by the ampu-
tation of the amputee athlete were sometimes significantly smaller than in the non-amputee
control group; however, the corresponding magnitudes in the joints of the upper body, i.e.,
arms and trunk, were mostly larger in comparison. In general, a comparison between athletes
with and without BKA naturally raises the question of which criteria are useful for this pur-
pose e.g., whether it makes sense to use measures related to efficiency for comparison, since
the goal of a sprinter is to run as fast as possible rather than as efficiently as possible. This
chapter provides a comprehensive overview of possible criteria, ranging from curve trajecto-
ries of characteristic variables to numerical values of defined measures. We will come back to
this question in the chapter on the comparison of the amputee athlete with himself without
amputation in the planned simulator tool (Chapters 11).
We would like to emphasize another major difference between sprinting with and without
RSP in this summary, as we will return to it throughout the upcoming chapters: Although
the movements of all four athletes show certain asymmetries between the two steps, these are
much more pronounced in the athlete with BKA. However, while asymmetries between the two
legs are expected, inter-limb asymmetry has actually been shown to affect the entire body and
thus the entire movement. For instance, the amputee athlete compensates for the inter-limb
asymmetry mainly with his upper body, i.e., the arms and the torso, as shown, among others,
by the comparatively large torques in the corresponding joints. We consider this observation
so important for two reasons that we highlight it again in the summary: First, larger torques
in individual joints carry a higher risk of abrasion, fatigue, and injury in those joints. On the
other hand, the asymmetry shows that unilateral amputees have to adapt their actions in each
step to the conditions of the current contact leg1. In our opinion, this asymmetry, which is also
evident in the strong trunk movement, has an overall destabilizing effect on movement.
With these observations and results, the reconstruction of the dynamics of recorded sprinting
movements establishes a solid basis: based on the successfully reconstructed movements (for
both the 2D and 3D models), we can assume that the models are valid as a formulation of
sprinting at maximal velocity. While the results also provide a valuable contribution standing
on their own (as the reconstruction succeeds without the presence of measured force data) we
would like to go one step further to get closer to the goal of comparing the amputee athlete to
himself without amputation in the computer model. To this end, in the following two chapters
we examine movements generated based on minimization or maximization of one or more
optimization criteria.

1And this also shows the decisive difference to the studies on bilateral transtibial amputees: They are again

a symmetrical system in themselves and consequently can also use their RSPs consistently, which could

possibly be advantageous due to their spring-like properties, especially for longer races.
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6 Synthesis of Sprinting Motions with and
without Running-Specific Prostheses

We start this chapter on the synthesis of sprinting motions by revisiting the results of the
sprinting reconstruction, which we discussed in the previous chapter. Especially concerning
the motion of the trunk and the arms, we observed important differences among both the
frontal and transversal planes in the reconstructed motions. Nevertheless, for the predictive
simulations in this and the following chapter, we will restrict them to the 2D models, which
move purely in the sagittal plane. The reasons are primarily practical, but can also be justified
by the observations of the dynamics reconstruction results: Since no reference motion is given
anymore when generating motions, in a three-dimensional model it is not a priori prohibited
that the individual segments intersect each other. Therefore, it would be necessary to introduce
additional conditions into the problem formulation which prevent this pairwise penetration1.
Together with the already existing complexity of a three-dimensional model and the intention
to introduce realistic bounds on the joint torques by a Muscle Torque Generator (MTG) model,
the problem would become very complex and thus computationally intense. In this work, we
are interested in straight sprinting steps at maximum velocity, which essentially occur in the
forward direction. In addition, although the observations in the frontal and transverse planes
showed differences, the corresponding variables were of a much smaller order of magnitude
than those in the sagittal plane. Therefore, while these differences are relevant to a more
sophisticated and detailed consideration, we chose to limit ourselves to the 2D model in favor
of realistic torque limits and a trade-off between knowledge gained from a more accurate
model and computational time.
Hence, for the investigation of how different optimization criteria influence the resulting sprint-
ing motions, we established the two-dimensional rigid body models of the two-dimensional
dynamics reconstruction (see Chapter 5). A detailed description of the used 2D model is given
in Section 2.2. The optimal control problem (OCP) which we use to simulate the sprinting
motions is the motion synthesis OCP described in Section 3.1.2. The analysis in this chapter is
based on results given in [32]. Additional sprinting synthesis results can be found in [69].

Constraints to the optimal control problem For the motion synthesis problem, the contact
constraints (4.1)–(4.4) are extended by the so called ‘friction cone’ conditions. The friction
cone is a polyhedral convex cone satisfying

‖ ft‖< µ‖ fn‖ , (6.1)

where ft and fn are the tangential and normal contact forces acting between two objects (cf.
Figure 6.1). As long as the contact forces stay within the friction cone, the contact will remain
fixed. If the contact forces are at the left/right edge of the friction cone, the object will start
left/right sliding. The friction coefficient µ depends on the materials of the two objects which
are in in contact: Object pairs with a large friction coefficient will stick together more easily
than object pairs with a small friction coefficient (this becomes also clear from the fact that
the opening width of the cone is determined by the arcustangens of µ). As an example, steel

1We will describe one possible way of introducing such constraints in Chapter 10.
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6 Synthesis of Sprinting Motions with and without Running-Specific Prostheses

Figure 6.1: Visualization of the friction cone condition

with an oil film has a (kinetic) friction coefficient of 0.06, whereas rubber on asphalt has
a (kinetic) friction coefficient of 1.05 [29]. As both running shoes and the running-specific
prostheses (RSPs) as well as the tartan running tracks are designed to provide secure non-
sliding contact, we set the friction coefficient to 1. The friction cone condition is formalized by
two constraints acting on the ground reaction forces via

µF LH/RH
z (x(t) , u(t))− F LH/RH

x (x(t) , u(t))¾ 0 , t ∈ T2 or t ∈ T5 , (6.2a)

µF LH/RH
z (x(t) , u(t)) + F LH/RH

x (x(t) , u(t))¾ 0 , t ∈ T2 or t ∈ T5 , (6.2b)

where F LH/RH
x and F LH/RH

z are the horizontal and vertical ground reaction forces produced at
the left or right contact point, respectively. They are formulated as inequality constraints within
the respective contact phase. At the end of a phase, they collapse to the equality constraints

F LH/RH
z (x(t) , u(t)) = 0 , t ∈ {t0, t3, t6} , (6.3a)

F LH/RH
x (x(t) , u(t)) = 0 , t ∈ {t0, t3, t6} , (6.3b)

due to the lift-off condition (4.4). As the equality constraints are numerically easier to solve,
we thus use this formulation at the end of contact phases.
In addition to these ground contact constraints, we formulate constraints introducing limits on
the joint torques based on the MTGs described in Section 2.5. More specifically, we formulate
two constraints for each joint torque, one for the maximum possible value and one for the
minimum possible value.:

τi −τM
EXT/FLEX

�

a,θi , θ̇i ,α
�

¾ 0 , (6.4a)

−τi +τ
M
FLEX/EXT

�

a,θi , θ̇i ,α
�

¾ 0 . (6.4b)

The maximum possible torques τM
EXT/FLEX which can be generated by extension or flexion,

respectively, are calculated using the MTGs via Eq. (2.9) (see Section 2.5). The indices “EXT”
and “FLEX” denote extension and flexion torques, whereby the choice of the signs depends
on the definition of the joint angles. Since we are interested in the calculation of the upper
and lower limits for the torques, we set the activation of the muscles to the maximum value
a = 1. We use the values calculated by means of the fitting routine described in Section 2.5
for the parameter α. The fit routine was performed using the reconstructed solutions from
Chapter 5 to determine the parameters of the individual athletes. The constraints are imposed
as inequality constraints at each multiple shooting node of the OCP.
Finally, additional constraints are imposed for two reasons:

1. to extract parameters as step length or step frequency by equality constraints in the
respective phases, and

2. to avoid unwanted behavior such as the foot penetrating the ground while swinging
forward in flight.
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Formulation of objective functions from basic optimization criteria Eight criteria form
the basic objective functions, from which the objective function (3.5) is composed as a linear
combination. By a suitable choice of the weighting factors γ different combinations can be
realized and an adaptation to different orders of magnitude or importance can be achieved.
Three criteria are formulated as objective functions of Mayer type as they are evaluated at
the end of a phase. The remaining five criteria are represented by Lagrange type objective
functions, as they are calculated over the entire phase. In the following, the basic criteria and
the formulation of the concrete basic objective functions are presented:

1. Maximize Average Velocity: The objective function of Mayer type computes the average
velocity as fraction of the distance covered by the pelvisxpelvis and the total time t f :

ϕM1

�

t f , x
�

t f

�

, p
�

= −pvel = −
xpelvis

�

t f

�

t f
. (6.5a)

2. Maximize Step Frequency: Step frequency is the inverse of the time required to complete
a full step, i.e., one flight and one contact phase. We chose to evaluate it at the end of
the contact phases. Hence the Mayer type objective function is evaluated twice, once for
each step:

ϕM2

�

t f , x
�

t f

�

, p
�

= −
�

pfreq,R + pfreq,L

�

= −
�

1
tR
+

1
tL

�

. (6.5b)

3. Maximize Step Length: Step length is chosen to be the distance between the contact points
of the two feet, measured from the lift-off of one foot to the touchdown of the other foot.
Its maximization is formulated as objective function of Mayer type:

ϕM3

�

t f , x
�

t f

�

, p
�

= −
�

plength,R + plength,L

�

. (6.5c)

4. Maximize Vertical Ground Reaction Force Over Contact Time: As discussed in the intro-
duction, Weyand and colleagues [132] have observed that high class sprinters generate
large ground reaction forces within a short contact phase. We translate this finding into
an objective function of Lagrange type by maximizing the fraction of vertical ground
reaction force fv and contact phase duration pc:

ϕL4
(t, x (t) , u(t) , p) = −

�

fv,R

pc,R
+

fv,L

pc,R

�

. (6.5d)

Apparently, this objective function is only assessed during the contact phases and not
during the flight phases.

5. Minimize Torques Squared: In order to investigate a criterion that correlates with ef-
fort, we introduce a Lagrange type objective function which minimizes the squared joint
torques:

ϕL5
(t, x (t) , u(t) , p) = ‖τ(t)‖22 . (6.5e)

6. Minimize Torque Derivatives Squared: We apply the Lagrange type objective function that
formalizes the minimization of the squared joint torque derivatives both as a single cri-
terion and as a regularization term. In the latter case, the weight factor is chosen to be
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6 Synthesis of Sprinting Motions with and without Running-Specific Prostheses

sufficiently small.

ϕL6
(t, x (t) , u(t) , p) = ‖τ̇(t)‖22 = ‖u(t)‖

2
2 . (6.5f)

7. Minimize Angular Momentum Squared: The angular momentum of the spinal segments
around the center of mass (CoM) should be (near) zero during the sprinting to pro-
duce an upright motion. Therefore, an objective function of Lagrange type is formulated,
which measures and minimizes the deviation of this angular momentum from zero:

ϕL7
(t, x (t) , u(t) , p) =



l torso
CoM (q(t) , q̇(t))





2
2 . (6.5g)

Since we are considering only sprinting in the sagittal plane, just the angular momentum
around the frontal axis is used.

8. Head Stabilization: To avoid uncontrolled nodding and wobbling of the head, we formu-
late, if necessary, a Lagrange-type objective function for head stabilization:

ϕL8
(t, x (t) , u(t) , p) =



θhead,abs





2
2 . (6.5h)

However, this objective functions is never used as a single criterion.

Based on these eight criteria, we have defined eight composite objective functions by appropri-
ately choosing the weighting factors γ: Seven of them (Φ1, . . . , Φ7) investigate the influence
of a main criterion on the resulting sprinting motion (these are named after the main con-
tribution criterion). In these, only small terms have been added to the objective function to
regularize the controls and stabilize the head. This addition of small terms is also necessary be-
cause some of the criteria do not yield a unique solution, so that the added terms then choose
the solution. The last objective function (Φ8) combines two main criteria, namely maximizing
step length and step frequency. So this last objective function aims to investigate the influence
of maximizing the product of step length and frequency, which is commonly accepted as a way
to calculate speed. Therefore, we expect results similar to the solution for the objective func-
tion Max. average velocity. The exact composition of the objective functions with the concrete
weighting factors is summarized in Table 6.1. For each of these objective functions and each
of the two athletes (amputee and non-amputee), we synthesized one sprinting motion at fixed
average velocity and one sprinting motion at free average velocity. Figure 6.2 shows some
exemplary animated sequences of the optimized motions (for the criteria Max. Average Veloc-
ity, Max. Step Length and Min. Torques Squared). The animated sequences for the remaining
criteria are shown in Figure A.5 in the appendix.

6.1 Comparison of Synthesized and Reference Sprinting Motions

For the evaluation of the optimization criteria, we first compare the generated solutions (de-
noted by superscript S) with the respective solutions of the motion capture reconstructions
(denoted by superscript M) from Chapter 5, separately for the non-amputee and the amputee
athlete. Due to the large number of solutions (16 generalized positions for each of eight differ-
ent objective functions and one reference movement, both for the amputee and non-amputee
athlete), a graphical or tabular comparison as in the previous chapters appears to be clearly
too confusing and space-consuming. Therefore, our goal is to combine both temporal and pos-
tural differences into a single measure of similarity. Of course there is the difficulty that the
different quantities (positions, joint angles, times) have different units and very different or-
ders of magnitude. There is no clear way how such a similarity measure should be defined
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Table 6.1: Weight factors for the formulation of objective functions for sprinting from basic optimization
criteria

Name γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8

Φ1 Max. Average Velocity 1 0 0 0 0 10−9 0 10
Φ2 Max. Step Frequency 0 1 0 0 0 10−9 0 10
Φ3 Max. Step Length 0 0 1 0 0 10−9 0 10
Φ4 Max. Force over Time 0 0 0 1 0 10−6 0 100
Φ5 Min. Torques Squared 0 0 0 0 1 10−5 0 104

Φ6 Min. Torque Deriv.s Squared 0 0 0 0 0 1 0 107

Φ7 Min. Angular Momentum 0 0 0 0 0 10−9 1 100
Φ8 Max. Step Length & Frequency 0 1 1 0 0 10−9 0 10

and how the different orders of magnitude should be weighted against each other. We have
chosen the weighting based on the respective relative sizes, but also taking into account psy-
chophysics studies. Temporal and postural distances were weighted in a ratio of 1:1 (ωT = 1).
The similarity measure then reads

d
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We define the temporal similarity measure per phase by comparing the computed and the
reference phase durations normalized by the respective reference phase duration via
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The index j specifies the respective phase, j ∈ { flight phase 1, contact phase 1, flight phase 2,
contact phase 2 }. The postural similarity measure is defined based on the root-mean-square
error (RMSE) as
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The differences between recorded and computed positions and joint angles are computed
at corresponding relative time points of each phase. We distinguish the contributions of the
overall position, legs, arms and spinal joints by introduction of a set of indices IDOF which
contains the indices of each group. The number of degrees of freedom (DOFs) is given by
nq = [2,6, 4,4]. The number of function evaluations m is given by the number of multiple
shooting points as they define the corresponding relative time points per phase. Since the
range of motion varies greatly between different joints, we have normalized the value for each
rotational group with the maximal range of motion θr = maxk∈IDOF

�

max
�

qM
k

�

−min
�

qM
k

��

present in the reference data. In this way, we avoid that different ranges severely interfere with
the result. From the definitions of temporal (dT

j ) and postural (dP
j ) distances it is clear that a

small value for the similarity measure means that the two movements are very close. A value of
zero would mean a perfect match of the movements. The similarity measure values are given in
Figure 6.3 with the left diagram showing the postural similarity, the middle diagram showing
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(a) Max. Average Velocity (Φ1) for the non-amputee ath-
lete

(b) Max. Average Velocity (Φ1) for the amputee athlete

  

Fixed
velocity

Free velocity

(c) Max. Step Length (Φ3) for the non-amputee athlete

  

Fixed
velocity

Free velocity

(d) Max. Step Length (Φ3) for the amputee athlete

  

Fixed
velocity

Free
velocity

(e) Min. Torques Squared (Φ5) for the non-amputee ath-
lete

  

Fixed
velocity

Free
velocity

(f) Min. Torques Squared (Φ5) for the amputee athlete

Figure 6.2: Animated sequences of some exemplary optimized sprinting motions for the amputee and
the non-amputee athletes

the temporal similarity and the right diagram showing the combination of both postural and
temporal similarity.
We first consider the solutions where the average velocity was fixed (Figure 6.3a). In terms of
overall similarity (with the chosen weighting), we can rank the similarity measures from low
to high as follows:

non-amputee athlete (NA) amputee athlete (A)
1. Min. Angular Momentum 1. Min. Torque Derivatives Squared
2. Max. Step Frequency 2. Min. Angular Momentum
3. Min. Torques Squared 3. Min. Torques Squared
4. Min. Torque Derivatives Squared 4. Max. Force Over Time
5. Max. Step Length & Frequency 5. Max. Step Frequency
6. Max. Force Over Time 6. Max. Step Length & Frequency
7. Max. Step Length 7. Max. Step Length

For both athletes, the objective function Min. Angular Momentum is among the best two over-
all similarity values. Hence, it seems that angular momentum control is an important factor
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Figure 6.3: Similarity measures computed for the solutions of the sprinting motion synthesis optimal
control problems with fixed and free average velocity. For the two diagrams on the left, we
have further subdivided the similarity measure into individual components, namely contri-
butions of the overall position, arms, legs and torso in the case of the postural measure and
contributions of the four phases in the case of the temporal measure. For the right diagram,
we combined postural and temporal measures. The abbreviations ‘NA’ and ‘A’ stand for the
non-amputee and the amputee athlete, respectively.

in sprinting motions. The other two minimizing objective functions Min. Torques Squared and
Min. Torque Derivatives Squared are among the best four similarity measures for both athletes.
This result is rather counterintuitive, since the explosiveness and dynamics of a sprinting move-
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ment suggests maximizing optimization criteria. In addition, the goal of a sprinter is to push
himself to the limits without regard to energy efficiency. Two considerations help to understand
these results: Firstly, we are looking at the OCP solutions at a fixed average velocity, which is
therefore fixed. This implies that the average kinematic translational energy is already fixed as
well. It is exactly that needed to maintain the prescribed velocity. The two objective functions
then achieve solutions that maintain the velocity the most efficient and dynamic way (see also
earlier studies on sprinting with RSPs[94]). If the average velocity is left free to choose, the
situation changes significantly (see Figure 6.3b). The second observation is that for a numeri-
cally complex problem like the two sprinting steps, the initial values for the variables must be
good enough. Therefore, we start all OCPs from the reconstructed solution. If we now have
an optimization criterion like Max. Step Length, which can only be achieved by long steps, the
solution may have to move far away from the starting motion. In the case of the minimizing
objective functions examined here, minima can be achieved by different combinations of the
individual joint torques. Thus, it is possible that the solutions do not have to move as far away
from the start values to reach the termination criterion as the maximizing objective functions.
To exclude this behavior, a sensitivity analysis with respect to the initial value would be help-
ful. A look at the temporal similarity values supports this observation, because especially for
the three minimizing criteria the temporal values are very close to the reference values. They
are the top three objective functions for both the non-amputee and amputee athlete. The ob-
jective function Max. Step Length has the worst similarity measures for both athletes. This is
easily explainable since for larger steps more time is needed. It is noticeable that the order of
the postural similarity measures differs significantly (again ranking from low to high similarity
values):

non-amputee athlete (NA) amputee athlete (A)
1. Max. Step Frequency 1. Max. Force Over Time
2. Min. Angular Momentum 2. Min. Torque Derivatives Squared
3. Max. Step Length 3. Min. Torques Squared
4. Max. Step Length & Frequency 4. Min. Angular Momentum
5. Max. Force Over Time 5. Max. Step Length
6. Min. Torques Squared 6. Max. Step Frequency
7. Min. Torque Derivatives Squared 7. Max. Step Length & Frequency

For the non-amputee athlete, we find Max. Step Frequency and Max. Step Length among the
best three objective functions. Average sprinting velocity is commonly defined as the product
of step frequency and step length, hence the fact that both criteria have high postural similarity
measures indicates that the non-amputee athlete indeed tries to run as fast as possible. The
objective function Max. Step Length & Frequency ranks fourth in terms of postural similarity
of the non-amputee athlete. Hence, it seems that the non-amputee reference athlete aims to
achieve both high step frequencies and large step lengths with a stronger focus on the step
frequency for his optimal way of sprinting. We assume that different weight factors balancing
step frequency and step length might yield even higher similarities. A systematic way to identify
weight factors matching recorded reference motions is described in Section 3.2 with results
presented in Chapter 7.

We now consider the solutions where the average velocity was free (Figure 6.3b). In terms of
overall similarity (with the chosen weighting), we can rank the similarity measures from low
to high as follows:
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6.1 Comparison of Synthesized and Reference Sprinting Motions

non-amputee athlete (NA) amputee athlete (A)
1. Max. Average Velocity 1. Max. Step Length
2. Min. Angular Momentum 2. Max. Average Velocity
3. Max. Step Frequency 3. Max. Force Over Time
4. Max. Step Length & Frequency 4. Max. Step Length & Frequency
5. Min. Torques Squared 5. Max. Step Frequency
6. Max. Step Length 6. Min. Torques Squared
7. Max. Force Over Time 7. Min. Angular Momentum
8. Min. Torque Derivatives Squared 8. Min. Torque Derivatives Squared

As already briefly mentioned, the picture is significantly different for the solutions with freely
adjustable average velocity: For both athletes the objective function Max. Average Velocity is
among the two best criteria. This objective function can obviously only be formulated if the
average velocity is not fixed. Furthermore, it is noticeable that the maximizing criteria perform
significantly better when the average velocity is not fixed, while the minimizing objective func-
tions show rather lower similarity values on average. In contrast to the solutions with fixed
average velocity, a comparable picture emerges when considering the individual position or
temporal similarity measures. The main reason for this is that without fixing the average ve-
locity no translation energy level is given, so that significantly lower torques are possible.
However, these are connected with lower average velocities, which can, among other things,
also lead to greater deviations in posture and phase durations. At this point it is interesting to
take a look at the average velocities of the individual solutions, which is given in Table 6.2.
As would be intuitively expected, our model generates slow average velocities for the mini-
mizing objective functions and high average velocities for the maximizing objective functions.
For most objective functions, these velocities are smaller or comparable to the fixed average
velocity of the motion capture recordings, which were also used as average velocities for the
fixed velocity solutions. However, three (non-amputee athlete) or four (amputee athlete) so-
lutions have significantly higher average velocities (11.13 m s−1 to 14.96 m s−1). At this point,
it should be noted that we are investigating the phase of sprinting at maximum velocity, i.e.,
exactly the phase in which the highest velocities are reached. Analyses of the fastest non-
amputee 100 m sprinters have shown that they run after 60 m to 70 m at an average velocity
of 12.34 m s−1[72, 83]. This value fits the calculated average velocities for the objective func-
tion Max. Step Length. The remaining faster average velocities are about 1 m s−1 to 2.5 ms−1

larger, i.e., our model seems to be able to run faster than the fastest human so far, despite the
fitted torque limits. Here, two aspects can contribute to the explanation: On the one hand,
the movements are computed as a whole; all variables are thus selected by the OCP at any
time in such a way that they fulfill the objective functions optimally. On the other hand, it is
possible that limitations of our models, which are rather simple in some points (such as the
restriction to the sagittal plane, the neglect of aerodynamic drag, the simple foot model and
the heuristic fitting routine instead of actual measurements), allow higher average velocities.
A detailed comparison with motion capture recordings of sprinters with average velocities of
about 12.3 ms−1 would be useful.
If we now compare the average velocities between the non-amputee and amputee athletes,
no clear trend can be identified. For the majority of the objective functions, the difference
is very small, the deviations from one another being less than 8 %. For three objective func-
tions, differences in average velocities are more pronounced: Max. Step Length, Max. Step
Frequency, Max. Force Over Time. For the first and last one, the average velocities are greater
in the case of the amputee athlete. It is particularly interesting that the amputee athlete runs
on average 1.1 ms−1 slower than the non-amputee athlete. It has been shown that leg stiff-
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Table 6.2: Average velocities of the solutions of the different sprinting motion synthesis optimal control
problems

Non-amputee athlete Amputee athlete

Fixed velocity 9.52 m s−1 9.54 ms−1

(reconstructed from reference athletes, cf. Chapter 5)

Max. Average Velocity 14.96 ms−1 14.67 ms−1

Max. Step Length 11.13 ms−1 12.73 ms−1

Max. Step Frequency 8.15 ms−1 7.05 ms−1

Max. Force Over Time 4.35 ms−1 13.08 ms−1

Min. Torques 4.18 ms−1 4.01 ms−1

Min. Torque Deriv.s 3.84 ms−1 4.14 ms−1

Min. Angular Momentum 5.84 ms−1 5.88 ms−1

Max. Step Length & Frequency 13.34 ms−1 13.65 ms−1

ness and stride frequency are related to each other in running, either directly[36] or via con-
tact time length[98]. However, studies on sprinters with unilateral below the knee amputa-
tion (BKA)[50, 62, 86] have shown that the fixed stiffness of the RSP and the associated
differences to the biological leg restrict the ability to regulate the stiffness of the entire leg
affected by the amputation and thereby achieving top speed. Our simulation seems to con-
firm these results: When required to maximize step frequency, the amputee model can only
generate slower average velocities. Nevertheless, for other objective functions the amputee
model is able to generate higher average velocities than the non-amputee model. This re-
sult is in accordance with observations that running velocity is not only determined by step
frequency[50, 62, 86], hence amputee athletes might adjust other parameters to achieve high
velocities (compare the ranking of similarity measures: Max. Velocity and Max. Step Length are
the best two objective functions for the amputee athlete in terms of overall similarity for free
average velocities, Max. Step Frequency is only the fifth best; for the non-amputee athlete, it is
the third best objective function).
Considering all motions, the highest average velocity is achieved with the objective function
Max. Average Velocity for the non-amputee athlete. For the same objective function, the am-
putee athlete also achieves his highest average velocity; however, it is 0.29 ms−1 slower than
the one of the non-amputee athlete. This could indicate that above a certain velocity the RSP
actually prevents the amputee from running faster. Further investigation would be necessary.

6.2 Comparison of the Synthesized Motions with Free Average
Velocity

Finally, in order to be able to further classify these observations, we now examine the kine-
matics and dynamics of the generated movements at free average velocity and compare them
with the reference movement from the reconstruction (see Chapter 5). The overall position,
leg joint angles and torques of the non-amputee and the amputee athlete are shown in Fig-
ures 6.4 and 6.5, respectively. When looking at the position in space (‘Pelvis TX/TZ’) it is
noticeable that the generated movements are distributed around the reference value; some
cover a greater distance, others a shorter one. It is interesting that for both athletes, the for-
ward distance traveled for the objective functions Max. Average Velocity and Max. Step Length
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Figure 6.4: Overall position and leg joint angles of the non-amputee and amputee athletes for eight
synthesized motions with free average velocity. The dotted gray lines give the solutions
from the dynamics reconstruction.
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Figure 6.5: Leg joint torques of the non-amputee and amputee athletes for eight synthesized motions
with free average velocity. The dotted gray lines give the solutions from the dynamics re-
construction.The given torque in the prosthetic ankle is computed via Eq. (2.1), as the RSP
is a passive device.
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Figure 6.6: Ground reaction forces of the non-amputee and amputee athletes for eight synthesized mo-
tions with free average velocity. The dotted gray lines give the solutions from the dynamics
reconstruction.

are almost identical. For both athletes, the objective function Max. Step Length & Frequency,
which combines step length and frequency, is very close to the reference movement. As ex-
pected, the distance traveled is significantly shorter with the objective functions minimizing
torque (derivative). In the case of the amputee athlete, a striking feature of these is the sig-
nificant lowering of the vertical position during contact with the RSP. This is necessary to
maximize the flexion of the prosthetic ankle joint and makes sense since the spring properties
of the RSP are thus optimally exploited. Conversely, less torque is required in the other joints.
However, the strong utilization of the RSP can also be seen in the other objective functions. In
all generated movements, the RSP is flexed more than in the actual reference movement. As
a result, the passive device also generates more torque than the reconstructed torque. In the
biological ankle, the exact opposite is evident: The torque (actively generated here) is lower
than the reconstructed torque. The ground reaction forces shown in Figure 6.6 show the same:
During prosthetic contact, the forces for all objective functions are greater than those of the
reconstruction; during biological contact, they are smaller for all. This behavior means that the
model of the amputee athlete makes significantly more efficient use of the RSP than in reality.
One reason for this could again be the idealization of the OCP solution: Since the OCP solves
the movement as a whole, there is also knowledge of the overall movement and environment
at all times, so that, for example, the foot can be perfectly positioned for a touchdown. This is
not possible for a real person.
For both sprinters, the majority of the generated motions show significantly greater flexion in

73



6 Synthesis of Sprinting Motions with and without Running-Specific Prostheses

the knee during the contact phases. Correspondingly, the torques during this phase are also
significantly higher. This is interesting because – as discussed in the analysis of the reconstruc-
tion results – there is a presumption that unilateral amputee athletes intentionally stiffen their
knee in order to make optimal use of the spring properties of the RSP. Our simulation sup-
ports this hypothesis on the one hand, since it shows that even with limits on torque that are
adapted to the athlete’s capabilities, more flexion and greater torque in the knee would indeed
be possible during this phase. On the other hand, our model makes significantly better use of
the RSP than the real amputee athlete in the measurements. Thus, the simulations suggest
that it is not necessarily necessary to stiffen the knee in order to fully exploit the RSP.

6.3 Summary

We successfully computed realistic sprinting steps of one athlete with and one athlete with-
out BKA, based on seven combinations of optimization criteria for sprinting at fixed average
velocity and eight combinations of optimization criteria for sprinting at free average veloc-
ity. We compared the resulting motions to the reference motions from the previous chapter
based on a similarity measure and identified the best (combinations of) criteria. It has been
shown that especially maximization of step length, step frequency or average speed yield re-
alistic movements with small similarity measure values. In the upcoming chapter, in which an
inverse optimal control problem (IOCP) is considered to identify the optimization criteria un-
derlying the reference movements, we have included the maximization of step length and step
frequency as criteria to be able to analyze the individual behavior of each athlete. On the other
hand, in the chapter comparing the amputee athlete with himself without amputation in the
suggested simulator tool, we also decided to use an objective function that mainly maximizes
the average velocity. In addition, by examining the different objective functions, it became
clear that angular momentum control seems to play an important role in the movement of the
athlete with BKA, which we will further investigate in the upcoming chapter.
Compared to the reference motions, however, some differences have been noticed that show
further possible research directions: First, for some objective functions (namely those that
maximize optimization criteria), rather large average velocities occur. This is – as explained
earlier – presumably mainly due to the fact that the OCP computes the motion as a whole and
thus can take the optimal position at any time in all DOFs and compute the optimal actua-
tion pattern. This is not equally possible in reality. Here, the results of the IOCP in the next
chapter will provide further insight, as it is likely that athletes do not optimize a single cri-
terion, but a combination with weight factors to be determined. Another issue that could be
explored further regarding the large velocities is whether the torques actually correspond to
the torques possible for the athlete at each time point. Compared to the initial work on motion
generation [69], the introduction of a MTG model to compute the limits represented a sig-
nificant improvement. Nevertheless, further investigations are possible: a sensitivity analysis
with respect to the individual variables could provide interesting insights here. Another re-
search question with respect to velocities is raised by the observation that the amputee athlete
runs faster than the non-amputee athlete only up to a certain velocity and then this behavior
reverses. Here, further research would be interesting to compare our results, which suggest
that the RSP may have a more hindering effect above a certain velocity threshold, with those
of Grabowski et al. [50], which assume that the RSP fundamentally hinders force production
and thus top speeds. In this context, there is also another issue raised by the results presented
here: Compared to the measured reference movements, the amputee athlete makes better use
of the RSP, but also shows greater knee flexion. With the current calculations it is not yet pos-
sible to explain exactly what the cause of this behavior is and where the discrepancy between
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6.3 Summary

observation and simulation comes from. Finally, in the previous chapter, we discussed how the
inter-limb asymmetry of the amputee athlete affects the motions. Here, we have not concen-
trated our analysis on investigating symmetry and asymmetry in the motions of amputee and
non-amputee athlete. This will be done in more detail in the next chapter where we further
subdivide the optimization criteria with respect to joints of left and right body sides and to left
and right steps.
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7 Inverse Optimal Control of Sprinting
Motions with and without Running-Specific
Prostheses

After having examined different optimization criteria and their effects on the generated sprint-
ing motions in the previous chapter (Chapter 6), we are now interested in identifying which
combinations of optimization criteria underlie realistic sprinting motions and whether they
differ for sprinting with and without running-specific prosthesis (RSP). This chapter gives an
extended version of the results presented in [34]. Additional results using fixed average veloc-
ities, less subjects and box limits for the torques (in contrast to the here applied limits based
on Muscle Torque Generators (MTGs)) are published in [31]. To get closer to an answer to
these questions, we choose the formulation of an inverse optimal control problem (IOCP),
whose general formulation and solution are described in Section 3.2. On the inner level we
use the identical problem formulation as in the previous chapter (Chapter 6), i.e., we adopt
all constraints, limits and initial values. Only the selection of the basic criteria and composi-
tion of the overall objective function differ. When selecting the objective functions, we have
oriented ourselves on those of the pure motion generation problem. In addition to the weight
factors wi which are the optimization variables of the outer problem and thus need to be of a
comparable magnitude, we introduced constant scaling factors si to compensate for different
orders of the individual criteria; they are given in Table 7.1. As we are not only interested in
the identification of criteria which underlie the sprinting motions, but also want to examine
differences which occur due to the inter-limb asymmetry of the unilateral amputee athlete, we
further split the criteria, e.g., in right and left side contributions. The objective function then
has five main contributing criteria (which are possibly subdivided):

Φ(w ; x (t) , u(t) , p, h) = ϕLA
(γ0, . . . ,γ10; t, x (t) , u(t) , p) +ϕLB

(γ11; t, x (t) , u(t) , p)

+ϕLC
(γ12; t, x (t) , u(t) , p)

+ϕMA

�

γ13,γ14; t f , x
�

t f

�

, p
�

+ϕMB

�

γ15,γ16; t f , x
�

t f

�

, p
�

,

(7.1)

where the individual components are:

• Minimization of Torque Derivatives Squared (based on Eq. (6.5f))1:

ϕLA
(γ0, . . . ,γ10; t, x (t) , u(t) , p) = γ0s0u2

right hip(t) + γ1s1u2
left hip(t)

+ γ2s2u2
right knee(t) + γ3s3u2

left knee(t)

+ γ4s4u2
right ankle(t) + γ5s5u2

left ankle(t)

+ γ6s6

�

u2
thorax(t) + u2

lumbar(t) + u2
head(t)

�

+ γ7s7u2
right shoulder(t) + γ8s8u2

left shoulder(t)

+ γ9s9u2
right elbow(t) + γ10s10u2

left elbow(t) .

(7.2a)

1In the case of the amputee athlete, the weight γ4 for the right ankle joint torque derivative is set to zero,

as no active torque acts in the prosthetic ankle.
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• Head Stabilization (based on Eq. (6.5h)):

ϕLB
(γ11; t, x (t) , u(t) , p) = γ11s11



θhead,abs





2
2 . (7.2b)

• Minimization of Trunk Angular Momentum about center of mass (CoM) Squared (based
on Eq. (6.5g)):

ϕLC
(γ12; t, x (t) , u(t) , p) = γ12s12



l torso
CoM (q(t) , q̇(t))





2
2 . (7.2c)

• Maximization of Step Frequency (based on Eq. (6.5b)):

ϕMA

�

γ13,γ14; t f , x
�

t f

�

, p
�

= γ13s13pfreq,R + γ14s14pfreq,L . (7.2d)

• Maximization of Step Length (based on Eq. (6.5c)):

ϕMB

�

γ15,γ16; t f , x
�

t f

�

, p
�

= γ15s15plength,R + γ16s16plength,L . (7.2e)

The initial values for the 17 weight factors γ are chosen based on the results of the motion
synthesis study described in Chapter 6 and given in Table 7.1. The initial step size for the
BOBYQA algorithm was set to 0.5. The IOCPs identified a set of optimal weights for the three
non-amputee and the amputee athlete with which motions are synthesized that are close to
the reference motions. The optimal weights are given in Table 7.1, together with the mean
value for the three non-amputee athletes.

7.1 Comparison of Final and Hand-Picked Weight Solutions

In Chapter 6, we chose the weight factors for combining the single optimization criteria into
an objective function by hand. The IOCP approach which we use here is far more systematic.
Therefore, we start the analysis of the IOCP solutions by comparing the best weight solutions
with the ones produced by hand-picked combinations of weights. For this comparison, we apply
the similarity measure (6.6) of the previous chapter consisting of a postural and a temporal
part. The similarity measures are shown in Figure 7.1. The upper eight bars give the values
for the eight objective functions investigated in Chapter 6 for the non-amputee athlete 1 (left
side of diagram) and the amputee athlete (right side of diagram). The remaining four bars
give the best weight similarity values for the three non-amputee athletes and the amputee
athlete. We added dashed vertical lines to the diagrams that show the postural and temporal
similarity measures of the best weight solutions. For all four athletes, the best weight similarity
measures are much smaller than the ones for solutions with hand-picked weight combinations.
The former are thus closer to the reference motions. In the case of the non-amputee athletes,
both postural and temporal values are significantly smaller; the similarity improves by at least
15 % if we take all three athletes into account. If we only compare the non-amputee athlete 1
for whom the similarity measures with the hand-picked combinations of weights are computed,
it even improves by almost 50 %. The overall similarity measure is improved by at least 10 %
individually and by 35 % on average for the best weight solutions of the amputee athlete. In
this case, however, there are individual criteria for which the postural similarity measure is a
bit worse (Max. Step Length, Max. Force over Time, Max. Step Length & Frequency). In summary,
the IOCP approach provides weights that can be used to compose objective functions that are
closer to the reference motion.
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Figure 7.1: Postural and temporal similarity measures comparing the best weight inverse optimal con-
trol problem solutions with the solutions by hand-picked combinations of weights (Chapter
6) for three non-amputee athletes and one amputee athlete

Figure 7.2 shows the movements in animated sequences, graphically representing the similar-
ity of the solutions. The sequences were created at the same relative time points of the motion.
The colored models show the best weight IOCP and the grey models the reference motions.
We directly notice that the best weight motions have similarities to the reference motions and
coincide in key features. However, at the same time we see differences especially in the sec-
ond step, which will be discussed in Section 7.3 in more detail. It is also noticeable that the
model of the non-amputee athlete 1 remains behind the reference data and the models of the
non-amputee athlete 2 and the amputee athlete remain in front of the reference data. This
suggests that the velocity may be too low for the former and too high for the latter. We will
also address this observation in Section 7.3.

7.2 Interpretation of Final Weights for Sprinting with and without
Running-Specific Prostheses

After the previous section has shown that the IOCP method is a significant improvement over
hand-picked weight combinations in terms of the similarity of the calculated solutions to the
reference movements, we will now in a next step take a closer look at the best weights. The
calculated best weights for each of the three non-amputee athletes and the amputee athlete are
given in Table 7.1. In addition, we calculated the mean of the best weights of the non-amputee
athletes for each criterion. We will focus in particular on two questions during the discussion:

1. For which optimization criteria do the best weights found for the amputee athlete differ
significantly from those of the non-amputee athletes?

2. Are there any optimization criteria for which the best weights for the left and right body
sides differ significantly?

Thus, while the first question focuses on differences between non-amputee and amputee sprint-
ing, the second question considers the aspect of asymmetry due to unilateral below-knee am-
putation, which we have also addressed in the previous two chapters.
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Non-amputee
athlete 1

Non-amputee
athlete 2

Non-amputee
athlete 3

       Amputee
athlete

Figure 7.2: Animated sequences of the best weight inverse optimal control problem solutions (colored
models) and the reconstructed reference motions from Chapter 5 (grey models). The snap-
shots have been taken at identical relative times in the motion.

7.2.1 Differences in Best Weights Between Athletes with and without Below the
Knee Amputation

When looking at the identified best weights in Table 7.1 we immediately notice that there are
clear differences between the weights of the amputee athlete and the group of non-amputee
athletes. We first consider the weight factors associated with a minimization of the joint torque
derivatives (γ0 − γ10). The first weight factor γ0 (minimization of right hip torque derivative)
is fixed to 1 for all athletes due to numerical reasons (usage of BOBYQA algorithm). Most of
the remaining ten weights related to torque derivative minimization are equal (γ3,γ7,γ8,γ10)
or larger (γ1,γ6,γ9) for the amputee motion than the one of the non-amputee group. In the
case of the amputee athlete, the weight factor γ4 is zero since the RSP is a passive device
and only active torque derivatives have been considered in the objective functions. Only two
weights are smaller: γ2 (right/affected knee) and γ5 (left/unaffected ankle). A greater mini-
mization of the torque derivatives means that changes in torque are suppressed more resulting
in smoother torques and an actuation pattern with less abrupt changes. As becomes also clear
in the next section (see Figure 7.4), the torques themselves, nevertheless, can have similar
orders of magnitude. Interestingly, the values connected to the right knee (circa one third of
the value of the control group) and the left ankle (circa three quarters of the value of the
control group) are much smaller in the case of the amputee athlete. Hence, it seems that the
amputee athlete needs an actuation pattern with the possibility of sudden changes in the knee
of the affected leg and the ankle of the unaffected leg for sprinting. This observation still holds
for the knee weight if we compare the amputee athlete with non-amputee athlete 1 whose
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Table 7.1: Scaling factors, initial and optimal weight factors for the base optimization criteria of the
inverse optimal control problem. The abbreviations ‘NA’ and ‘A’ denote the non-amputee and
amputee athletes, respectively.

Scaling Initial Final Weights γi

factors σi weights NA 1 NA 2 NA 3 mean NA A

γ?0 10−9 1.000 1.000 1.000 1.000 1.000 1.000
γ1 10−9 1.000 1.029 1.004 1.006 1.013± 0.014 1.280
γ2 10−9 1.000 1.027 0.998 1.014 1.013± 0.015 0.391
γ3 10−9 1.000 0.999 1.000 1.004 1.001± 0.003 0.990
γ4 10−8 1.000 0.988 0.969 0.993 0.983± 0.013 -
γ5 10−8 1.000 1.000 0.998 1.983 1.327± 0.568 0.982
γ6 10−9 0.900 1.001 0.997 1.007 1.002± 0.005 1.110
γ7 10−9 0.900 0.902 0.897 0.872 0.891± 0.016 0.897
γ8 10−9 0.900 0.896 0.893 0.884 0.891± 0.006 0.834
γ9 10−9 0.900 0.862 0.901 0.890 0.884± 0.020 1.210
γ10 10−9 0.900 0.889 0.909 0.873 0.890± 0.018 0.903
γ11 1 10.00 10.04 10.00 9.96 10.00± 0.04 10.01
γ12 0.05 0.500 0.497 0.527 0.461 0.495± 0.033 1.101
γ13 1 0.000 1.067 -0.004 0.008 0.357± 0.615 -0.024
γ14 1 0.000 0.155 -0.007 -0.162 −0.005± 0.159 -0.064
γ15 0.1 1.000 0.996 1.039 0.930 0.988± 0.055 1.171
γ16 0.1 1.000 0.911 0.466 0.759 0.712± 0.226 1.050

? The weight γ0 is fixed to 1.000 for the BOBYQA algorithm.

reference motion’s average velocity is closest to the average velocity in the amputee athlete’s
reference motion. This is no longer the case for the weight related to the left/unaffected ankle,
where the values are quite close to each other; this is probably due to the fact that the standard
deviation of the mean value of the non-amputee group is very large, since the identified best
weight in the case of non-amputee athlete 3 is twice as large as in the case of the other two
non-amputee athletes. As expected the weight factor γ11 related to the gaze stabilization does
not differ significantly between non-amputee and amputee sprinting confirming the idea that
it is not a decisive criterion, but mainly added for supporting an upright head posture.

While the objective functions, which are weighted using the weight factors discussed so far,
are numerically and general motion inspired, the remaining five weight factors correspond to
criteria which are more specifically introduced for synthesizing sprinting motions: The weight
factor γ12 belongs to the minimization of the upper body’s angular momentum with respect
to the CoM. We observe a significant difference between non-amputee and unilateral amputee
sprinting here. The weight factor of the amputee athlete is more than twice as large as the
one of the non-amputee controls. Again, a smaller weight factor is accompanied by more free-
dom, which means that the angular momentum of the amputee athlete is significantly more
controlled. As we also noted in the dynamics reconstruction chapter (Chapter 5), angular
momentum control plays a major role in amputee sprinting and is clearly different from non-
amputee sprinting.

Last, we consider the weight factors γ13 − γ16, which are associated with the optimization
criteria of maximizing step frequencies and step lengths of right and left steps. Again, large
differences between non-amputee and amputee sprinters are apparent. First of all, however,
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it should be pointed out that the standard deviations for the group of non-amputee athletes
are very large for the weights other than γ15, especially for those belonging to step frequency
maximization. Therefore, we will again compare the weight of the amputee with both the mean
of the non-amputee athletes and the weight for non-amputee athlete 1, who has a comparable
average speed in the reference movement as the amputee athlete (non-amputee athletes 2
and 3 run significantly slower). When comparing with the mean value, it is noticeable that the
signs of the weights differ in the step frequency maximization: The weights in the amputee
sprinter have a negative sign, which means that the step frequencies are actually minimized
rather than maximized. In the group of non-amputee athletes, on the other hand, the step
frequency plays a crucial role only during the first step, as the weight becomes zero for the
second step. The difference becomes even more obvious if we compare only with non-amputee
athlete 1. It is further interesting that for all athletes, the pattern is recognizable that the
weight for the second step (γ14) is smaller than that for the first step (γ13). Here, it would
be exciting to investigate the reverse step order to rule out that this behavior has numerical
reasons. The weights related to step length maximization are larger in the case of the amputee
athlete compared to the non-amputee athletes (γ15: 20 % larger than non-amputee athletes,
γ16: 50 % larger than non-amputee athletes). The trend for these two weights, too, is that the
weight for the second step is lower than the one for the first step for all athletes. As with the
weights belonging to the step frequency, an investigation with reversed step order would be
interesting to exclude effects of problem formulation (e.g., periodicity after two steps).

7.2.2 Differences in Best Weights Between Left and Right Body Sides

To get closer to answering the second question, we formulate a measure of the asymmetry of
the weights between the left and right sides of the body. It calculates an asymmetry value by
normalizing the difference of the weights between right and left half of the body with respect
to the mean value of right and left body sides:

as ymmet r y =
γr − γl

0.5 (γr + γl)
· 100 , (7.3)

with γr/l being the weight related to the right/left body side. The computed asymmetry values
are given in Table 7.2. A positive value indicates that the weight related to the right side of
the body is larger than the one related to the left side if the body. If we first take a look at the
asymmetry values for the non-amputee athletes, we notice that the non-amputee athletes 1
and 2 are more symmetric than non-amputee athlete 3. This is mainly due to the fact that the
weights related to step frequency maximization differ greatly for this specific athlete yielding
an asymmetry value of -221.93. Even though the asymmetry for almost all athletes seems to
be greatest at step frequency, this value is very striking. Since the non-amputee athlete 3 also
has the worst values for similarity (cf. Figure 7.1) and we furthermore have already noted in
the discussion of symmetry for the reconstructed solutions in Chapter 5 that he has the most
asymmetric running style, we would like to ignore this value in the discussion. Instead, we will
again focus on the mean of the non-amputee athletes and on non-amputee athlete 1, who is
most similar to the amputee athlete in stature and average velocity of the reference movement.
For the non-amputee athletes, the weights for minimizing the torque derivatives in the joints
are relatively symmetrical, and the asymmetry values are small. The exception is the weight
belonging to the ankle joint. However, also here the comparatively large value comes from the
non-amputee athlete 3. Significant asymmetries show up in the non-amputee athletes in the
weights for step frequency and step length. In particular, for the non-amputee athletes 2 and
3, the inverse relationship of step length and step frequency can be found due to the opposite

82



7.2 Interpretation of Final Weights for Sprinting with and without Running-Specific Prostheses

Table 7.2: Asymmetry values computed for the individual joints of the best weight solutions for the
three non-amputee athletes and the athlete with below the knee amputation

Weights NA 1 NA 2 NA 3 mean NA A

γ0,γ1 (hip) -2.83 -0.38 -0.57 −1.26± 1.39 -24.59
γ2,γ3 (knee) 2.75 -0.19 0.96 1.17± 1.47 -86.75
γ4,γ5 (ankle?) -1.28 -3.02 -66.59 −23.63± 57.83
γ7,γ8 (shoulder) 0.72 0.43 -1.36 −0.07± 1.94 7.29
γ9,γ10 (elbow) -2.99 -0.87 1.90 −0.66± 3.03 29.04
γ13,γ14 (step frequency) 149.29 -54.66 -221.93 −42.44± 44.45 -92.13
γ15,γ16 (step length) 8.92 76.09 20.21 35.07± 23.22 10.97

Sum of absolute values 168.89 135.65 313.53 104.30± 193.01 250.77
?As γ4 = 0 in the case of the amputee athlete, we cannot compute the asymmetry value in this case. Due to the

clearly different geometry between prosthetic and biological ankle and the resulting intrinsic asymmetry in this

joint, the calculated asymmetry value would further not be meaningful.

signs. Overall, it appears that asymmetries in the non-amputee athletes arise primarily from
changes in step length and step frequency.

This is completely different for the amputee athlete. All asymmetry values related to minimiza-
tion of torque derivatives are significantly larger than in the non-amputee athletes. If we take
the absolute values of the asymmetries for the amputee athlete, they are 0.3 to 123 times the
values of the non-amputee athletes’ mean and 0.6 to 31.5 times those of the non-amputee ath-
lete 1. The sum of the absolute values is 2.4 times or 1.5 times larger for the amputee athlete
than for the non-amputee reference group or non-amputee athlete 1, respectively (and that,
although the sum for the non-amputee cases includes the asymmetry value of the ankle joint,
which could not be calculated for the amputee athlete). The asymmetry values are particularly
large for the weights, which are associated with minimizing the torque derivatives in the leg
joints (γ1 − γ4) and maximizing the step frequency (γ13,γ14). Let us first discuss the weights
related to the torque derivatives in the leg joints: The weights of the affected leg of the am-
putee athlete (right leg) are larger than those of the unaffected (left) leg by a factor of circa
1.3 (hip) and 2.5 (knee). As a comparison, the deviations for the non-amputee athletes are at a
maximum factor of 0.03 (both for hip and knee joints). Hence, huge and sudden changes in the
torques of the unaffected leg are less restricted for the amputee athlete such that less smooth
torque histories are possible. It appears that the torques of the biological leg are needed to
compensate the inter-limb asymmetry and balance actions of the RSP, e.g., resonating effects
due to the spring-like properties.

The asymmetry value related to the step frequency is relatively large for all four athletes.
Compared to the other final weights, the weights related to step frequency maximization are
rather small. Nevertheless, the difference due to the inter-limb weight asymmetry is clearly
visible, since the step frequency is also related to the ability to bring the legs forward quickly,
which in turn depends on the weight of the leg, among other things. At this point, however,
we would again like to point out that we observed the overall trend that the weights for step
length and step frequency become smaller in the second step and that one cause could lie in
the problem formulation.
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Table 7.3: Comparison of the reference data and the best weight inverse optimal control problem solu-
tion for the four athletes regarding total time of the two steps, distance covered by the pelvis
segment during the two steps and average velocity. The abbreviations ‘NA’ and ‘A’ denote
non-amputee and amputee athletes, respectively.

Reference data IOCP solution
Total time Distance Velocity Total time Distance Velocity

NA 1 0.438 s 4.15 m 9.49 ms−1 0.405 s 3.60 m 8.88 ms−1

NA 2 0.516 s 4.54 m 8.79 ms−1 0.543 s 5.10 m 9.38 ms−1

NA 3 0.490 s 4.56 m 9.30 ms−1 0.526 s 4.73 m 8.98 ms−1

A 0.460 s 4.38 m 9.52 ms−1 0.474 s 4.89 m 10.32 ms−1

7.3 Analysis of the Curves of Characteristic Variables

As already mentioned in the consideration of the similarity measures, it is of course also in-
teresting to see which of the generalized positions correspond well with the reference motion,
which ones show stronger deviations and how the torques of the individual joints compare to
the reference ones from the reconstructed solution. In Figure 7.2, we have noticed that the
best weight solutions remain behind the reference data for non-amputee athlete 1 and in front
of the reference data for non-amputee athlete 2 and the amputee athlete. To further investi-
gate what this visual observation means for the average velocities of the individual athletes
in the best weight IOCP solutions compared to those of the reference motions, we summarize
the total times of the two steps, the distances covered by the pelvis segment during the two
steps and the average velocities of both the reference data and the final weight IOCP solution
for all four athletes in Table 7.3. The values indeed confirm the plausible assumption that the
average velocity of the best weight solution of the non-amputee athlete 1 is below that of the
reference data (likewise for the non-amputee athlete 3, even if this is not so clear from the
observation of the animated sequences). For the non-amputee athlete 2 and the amputee ath-
lete, the average velocities of the best weight solutions are above those of the reference data.
Except for the non-amputee athlete 3, this is due to the fact that the distance covered by the
pelvis segment is significantly smaller or larger than in the reference. In the mean of the three
non-amputee athletes these individual differences actually cancel each other out and both the
total time and the distance covered as well as the average velocity are comparable. Thus, at
this point there is still potential to improve the best weights of the IOCP solutions by giving
more weight to the deviations in the forward component of the pelvis segment in the IOCP
formulation.
In addition, we display the root-mean-square errors (RMSEs) both the generalized positions
and the joint torques. Figure 7.3 shows a comparison of the generalized positions of the best
weight IOCP (blue line: mean of non-amputee athletes; blue shaded areas: standard devi-
ation of non-amputee athletes; red line: amputee athlete) and the reference motions (grey
dashed line: mean of non-amputee athletes; grey shaded areas: standard deviation of non-
amputee athletes; grey dotted line: amputee athlete). It further gives the phase durations for
both groups. Figure 7.4 illustrates the joint torques in the same way. The individual RMSEs
between the reference data and the best weight IOCP solutions can be found in Figure A.6
in Appendix A.3 for reference purposes. We first examine the phase durations: For both the
non-amputee group and the amputee athlete the best weight IOCP solutions match the phase
durations of the reference motions very well. This is in accordance with the small temporal
similarity measures. Hence, the IOCP procedure was able to identify solutions with realistic
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Figure 7.3: Generalized positions of the best weight inverse optimal control problem solutions and the
reconstructed reference motions from Chapter 5 for the non-amputee reference group (NA)
and the amputee athlete (A). Phase durations are scaled except in the diagram entitled
‘Phase durations’.
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Figure 7.4: Joint torques of the best weight inverse optimal control problem solutions and the recon-
structed reference motions from Chapter 5 for the non-amputee reference group (NA) and
the amputee athlete (A). Phase durations are scaled and joint torques are normalized by
individual body mass. The reference joint torques are the ones from the two-dimensional
dynamics reconstruction described in Chapter 5.

phase durations. If we now consider the generalized positions, it is directly noticeable that
the deviations between the best weight and the reference motions are larger, albeit still small
enough. While the IOCP procedure has delivered motions where the forward distance is closely
tracked for the non-amputee athletes, it is larger for the amputee athlete when compared to
the reference motion. We clearly see the effect of the larger weights related to step length
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7.4 Summary

maximization. Also in vertical motion, the best weight IOCP and the reference motion match
better in the non-amputee group than in the amputee athlete. In the latter, a severe lower-
ing during contact with the RSP can be observed, which makes sense if one wants to load
the RSP to the maximum, but cannot be recognized in the reference motion. The fact that
the RSP is used more strongly is also evident in the angular course of the ankle joint. How-
ever, to achieve this stronger flexion in the ankle, the model also needs a strong knee flexion,
which is not observed in unilateral amputee athletes (but which we have already discussed
in the synthesized solutions in Chapter 6). In the literature [44, 45], intentional stiffening of
the knee is indeed described as a strategy to make optimal use of the RSP. In line with these
observations, the amputee athlete also shows a completely different actuation pattern in the
leg affected by the amputation than in the reconstructed solution. The flexion torque of the
best weight IOCP solution in the knee is more than five times larger than the reconstructed
torque. Several explanations are possible here: it could be that the amputee athlete could ac-
tually make even better use of his RSP with a change in actuation strategy. It is also possible
that the MTGs model overestimates the actual capabilities of the knee joint affected by the
amputation. Furthermore, it is conceivable that the fact that an optimal solution is calculated,
is actually exploited at this point to the extent that all variables are optimally chosen at all
times of the movement, but these choices are not achievable in reality. It is interesting to note
at this point that the respective flexion torque of the best weight IOCP motion in the knee
of the non-amputee group is also significantly larger than in the reference motion, while the
respective torque in the ankle is smaller (for both contact phases). In the biological leg of the
amputee athlete, the torques in the knee and ankle in the best weight solution are actually
significantly smaller than the reconstructed values. Again, the question is whether swapping
the step sequence would reproduce the results.
If we come back to the joint angles, it can also be seen in the arm and spinal joints that the
deviations are greater in the amputee athlete compared to the non-amputee group. Especially
for the elbows, the lumbar and the neck the deviations are significant. Here also the asymmetry
of the unilateral amputee athlete is again clearly evident. While the torques of the arms never-
theless match rather well, the spinal joints show significant differences between reconstructed
and best weight IOCP torques.
Overall, these observations indicate that there is likely more room for improvement in the
amputee athlete’s weights so that they better reflect the actuation strategies for legs and spine
found in the real athlete.

7.4 Summary

We identified individual best weight factors for three non-amputee and one unilateral am-
putee athlete based on an IOCP approach. The results demonstrate the great potential of the
approach as we found smaller similarity values for all athletes compared to the solutions com-
puted with combinations of optimization criteria with hand-picked weight factors. Hence, a
more systematic approach in identifying weight factors indeed results in a closer description
of reality. However, it should be noted that the success of the IOCP still depends on at least
reasonably good initial values and that the calculations take much longer compared to the
synthesis with a fixed objective function, since an optimal control problem (OCP) has to be
solved in each step (instead of once). Furthermore, the approach naturally considers only the
selected objective functions, so it cannot be excluded that criteria are missing; but this is also
the case for the simple motion synthesis problem. Although we assume that we have included
the most important criteria in the analysis, also based on the preliminary work in the previous
two chapters, it is possible that there are other criteria that contribute to the movement.
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7 Inverse Optimal Control of Sprinting Motions with and without Running-Specific Prostheses

This assumption could provide part of the explanation for why differences to the reference
movements still exist: Most noticeable were differences in the leg joints and the fact that the
model of the amputee athlete utilizes the RSP better than the real athlete does in the mea-
sured data. Here, another careful look is needed to identify the causes. Besides possibly still
missing criteria, further adjustments of the problem formulation would also be possible: the
IOCP could, for example, be extended by a fit to the ground reaction forces. Improvements of
the models might also be necessary, e.g., with respect to the foot-contact model, in order to
describe the rolling of the foot more realistically. Another adjustment screw would be an even
more individual weighting of the separate deviations in the joint angles and phase durations
in the IOCP. The last suggestion, however, leads the idea of a more systematic approach a bit
into absurdity, since it then comes down to heuristic trial and error. However, based on specific
observations such as the significant differences in average velocities due to deviations in the
forward motion of the pelvis segment, readjustment of the weights in the IOCP formulation
may actually be beneficial.
In comparing the results of athletes with and without below the knee amputation (BKA), we
have focused in particular on asymmetry in this chapter. It has also been shown in the weight
factors that the amputee athlete shows a significantly more asymmetrical way of sprinting. Of
particular interest here is also the observation that the asymmetry of the weights does not show
up solely in the weights associated with the leg joints, but impacts all weight factors. Thus,
inter-limb asymmetry actually affects the entire body and movement as a result. All three prob-
lem formulations we have discussed in this part (dynamics reconstruction, motion synthesis,
IOCP) have thus been able to contribute different aspects in the analysis of the asymmetry.
This example shows well the justification of all three formulations, which support each other,
each opening new perspectives and thus contributing to the overall picture. Therefore, it is
logical that all three problem formulations also play a role in the planned simulator tool that
we introduce in Chapter 11.
The three chapters in this part have examined sprinting by athletes with and without BKA
from different perspectives and provided interesting insights. However, one big question that
cannot be answered with these results (besides a few minor areas of improvement) is: which
differences between sprinting with and without RSP are actually due to the different models
and can therefore be attributed to the RSP, and which differences are due to the fact that we
are comparing different athletes who may differ in individual physique and training level? We
will return to this question in Chapter 11, in which we will compare the sprinting movements
of the amputee athlete with those from a model of the amputee athlete without amputation.
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Optimization-Based Comparison of
Long Jump Motions with and without
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8 Biomechanics and Modeling of Long Jump
Motions with and without Running-Specific
Prostheses

As with the sprint, the long jump consists of several phases: the approach from a standing
position, the take-off, the jump and the landing in the sand pit. And in the long jump, too,
the goal of the movement in competition is clearly defined, namely to achieve the greatest
possible jumping distance. In a review article on the biomechanics of the long jump [79],
Linthorne names the decisive factors for this: a fast approach, a good take-off technique and
consequent take-off position with correct placement of the take-off foot and proper flight and
landing techniques. The biomechanics of all long jump phases have been studied in detail for
non-amputee athletes (see e.g., [6, 10, 53, 55, 75, 76, 79, 101]).
During the approach, the first objective is to achieve the greatest possible forward speed and
then, towards the end, to get into a good position for the correct placement of the foot on
the take-off board and the take-off. Most of the approach is quite standardized and it is only
during the final steps that long jumpers use visual control to get into a good position for the
take-off step with the help of step length adjustment [54, 56, 74].
Next, the technique of the take-off step is relevant: Since the jump itself has similarities to
the projectile motion, many parameters are already fixed at the time of take-off. Therefore,
both high vertical and horizontal velocities and an optimal take-off angle of the center of
mass (CoM) are important. Since the athlete ideally comes into the final step already with
a high forward velocity, the goal is to produce a high vertical velocity during this final step
without losing too much of the already existing forward velocity. For this, the ground contact
duration as well as the ground reaction force exerted are crucial [6], with more successful long
jumpers applying greater forces in shorter times [13]. Long jumpers typically use a technique
during the take-off step called “pivoting”, which is described in the literature as follows: The
take-off leg acts as a rigid pivot arm that allows rotation of the CoM about the fixed ground
contact point established by the take-off foot [76]. Even though a large take-off velocity is
more significant than the take-off angle for the jump distance according to Linthorne and
colleagues [80], the latter has also been studied in terms of what the optimal angle is. They
proposed a formula for predicting the optimal take-off angle based on the optimal angle of
the projectile motion and the take-off parameters and showed that it is individual for each
athlete [80]. Nevertheless, take-off angles between 15◦ to 27◦ can be observed for successful
long jumpers [10, 20, 53, 75, 76, 101]. If one considers not only the body’s CoM, but also the
contribution of the individual body segments, movement of the arms in particular is of great
importance: According to Lees and colleagues [76], an explosive lifting of the arms and the
free leg at the end of the step is important for a successful jump. Ashby and Delp [11] have
shown in computer simulations of the standing long jump that arm movements increase the
take-off velocity of the CoM and thus the jump distance.
To achieve an optimal landing position, the maneuvering of the body during the airborne phase
plays a crucial role. This is closely related to a proper control of the angular momentum: In
this context, approach run and take-off contribute to the total angular momentum in about
the same order of magnitude [60]. During the latter, ground reaction forces produce a forward
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8 Biomechanics and Modeling of Long Jump Motions with and without Running-Specific Prostheses

rotation about the transverse axis with respect to the CoM [13]. In this regard, the work of
Ramey [113] suggests that successful long jumpers rotate forward during the jump. Herzog
[57] describes an upright posture and appropriate arm and leg movement to control and stabi-
lize this forward angular momentum. Various authors [16, 112, 113] examine the influence of
different jumping techniques (hitch kick, hang, sail) on landing efficiency and describe differ-
ences due to angular momentum control. The importance of considering angular momentum
is also shown in computer simulations by Chow and Hay [21], which show too large jump
distances when angular momentum about the transverse axis is neglected.

As for the sprint, the fact that the prosthetic device may have different influence during dif-
ferent phases of a movement is also shown by long jump studies comparing amputee and
non-amputee elite athletes. Nolan and colleagues collected kinematic data of athletes with
and without below the knee amputation (BKA) between 1998 and 2004. They published their
results in a series of publications (e.g., [104, 105, 106, 107]). At that time, many amputee
athletes were jumping off their biological leg, which is also reflected in the measurement data.
Compared to today’s top athletes, the athletes also achieved significantly shorter jump dis-
tances (1 m to 2 m less) [42]. The researchers observed that the amputee athletes approached
more slowly, but that those who use their biological leg for take-off applied a comparable tech-
nique compared to the non-amputee athletes. Because of the relationship between approach
velocity and jump distance described earlier, the amputee athletes achieved shorter jump dis-
tances. When comparing which leg the amputee long jumpers used for take-off, they found that
the athletes using their biological leg could not control their downward velocity at touchdown
like non-amputee athletes. Nevertheless, the longest jump distance (world record distance at
this time) in the study [105] was achieved by one of the athletes jumping with their biological
leg.

Today, the vast majority of unilateral amputee athletes jump off their running-specific pros-
theses (RSPs). Nolan and colleagues [107] observed that unilateral amputee athletes reduce
the range of motion in the hip and knee during take-off to use their RSPs as a kind of “spring-
board”. In a comparison of three long jumpers with unilateral BKA and seven non-amputee
long jumpers, Willwacher et al. [136] found that the amputee athletes started slower but took
off more efficiently. Further, they observed that the prosthetic foot was better at storing energy
than the biological foot. Nevertheless, the researchers point out that with these observations it
is not possible to make a statement regarding advantage or disadvantage related to the overall
movement (consisting of the different phases). Unlike non-amputee long jumpers, amputee
long jumpers move mainly within the sagittal plane during the take-off step [45]. As also
shown by Nolan et al. [107], Funken and colleagues [44] describe that unilateral amputee
athletes stiffen their knee during the take-off step and reduce the range of motion to use the
RSP as an efficient spring.

This part deals with the analysis of long jump movements of amputee and non-amputee ath-
letes regarding kinematic and dynamic characteristics. Due to the numerical limitations, we
consider the last three steps before the jump as well as the actual jump. Once again - as in
the analysis of the sprint running - we have specified a step pattern and thus a sequence of
phases for better comparability (and selected the motion capture trials accordingly): The first
and second steps are identical in sequence and phases to the two steps of the investigated
sprinting motion (compare Figure 4.1). The third step starts with the release of the left foot
and ends with the right foot/RSP jumping off the board. The examined movement is finished
by a flight phase (compare Figure 8.1); in the case of the motion capture recordings, the final
point is determined by the length of the recording, as the latter ends during the flight phase;
therefore, the landing itself could not be reconstructed. For the motion synthesis problems, the
entire jump is considered, so that the phase ends when ground is touched. Just as in the mod-
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Figure 8.1: Phase description of the long jump model. We model the three last steps of the long jump
approach, each consisting of three phases, and the jump itself.

eling of sprinting movements, conditions are formulated to ensure physically correct contact
of the feet with the ground. Since the long jump phases are composed of the same components
as the phases of the sprint model, the conditions for contact are identical as well. Therefore,
we just refer to the respective equations:

Gain of ground contact: Eq.s (4.1), (4.2)
During ground contact: Eq. (4.3)
End of ground contact: Eq. (4.4)

Unlike for the previous contact gain events, the touchdown on landing at the end of the jump is
not modeled by a separate transition phase. Instead, constraints are formulated at the end point
of the jump flight phase. We further discuss these constraints as well as additional constraints
added for the motion synthesis problem at the beginning of Chapter 10.
Based on this modeling, we applied the dynamics reconstruction and motion synthesis opti-
mal control problems to human long jump motions. In this part, we will discuss the resulting
long jump motions in details. Thereby we investigate differences between non-amputee and
amputee long jump as well as differences between reconstructed and synthesized solutions.
We start with the presentation of the dynamics reconstructions of the long jump motions of
the 2D+ and 3D models (Chapter 9) and a comparison of the two of them. We then discuss
the generated long jump motions for the 2D+ models in Chapter 10.
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9 Dynamics Reconstruction of Long Jump
Motions with and without Running-Specific
Prostheses

The dynamics of two long jump trials, one for an amputee athlete and one for a non-amputee
athlete, was reconstructed using the least squares optimal control problem (OCP) formulation
(see Section 3.1.1) in three dimensions. For each of the two athletes, we established a subject-
specific 3D model (named 3D model), see Section 2.2) based on the anthropometric data of
Table 1.1.

9.1 Analysis of the Reconstruction Quality

As in Chapter 5, we start with an analysis of the reconstruction quality taking into account the
root-mean-square errors (RMSEs) between the solution of the OCP and the reference motion,
the comparison of the reconstructed ground reaction forces with the measured ones and the
comparison of the reconstructed torques with published data.

9.1.1 Kinematic Precision of the Reconstructed Solutions

Table 9.1 gives the RMSEs for each of the two athletes. As for the sprinting trials, the recon-
structed solution matches the reference data very well, with less than 1.9 cm of error for the
translational DOFs and less than 0.053 rad (≈ 3◦) of error for the rotational ones. As said be-
fore, these errors only concern the quality of the reconstruction, additional errors might stem
from measurement errors and the transfer of the measurement data onto the respective model.
In the long jump reconstruction, too, the main cause of the errors can be found in the fact that
the reference movement during the contact is possibly non-physical. For example, the ground
might be penetrated or contact times might not fit exactly. For sake of completeness, we show
the diagrams comparing the generalized positions of both reference and reconstructed motions
as well as the RMSEs of the individual joints for both athletes in the appendix (Figures A.7
and A.8).

Table 9.1: Rotational and translational root-mean-square errors (RMSEs) between reconstructed and
reference motions for the long jump. The results are given for one non-amputee and one
amputee athlete. The upper row gives the RMSEs for the translational degrees of freedom
(DOFs), the lower row the ones for the rotational DOFs.

Non-amputee athlete Amputee athlete

Trans (cm) 1.460 1.897
Rot (rad) 0.053 0.030
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Figure 9.1: Anterior-posterior (TX), mediolateral (TY) and vertical (TZ) ground reaction forces of the
amputee and the non-amputee athlete for the reconstructed three-dimensional long jump
motions. As the measurements included only one force plate (below the take-off bar), we
only consider the last contact phase. For each athlete (first row: non-amputee athlete, sec-
ond row: amputee athlete), we compare the computed forces and the raw measured forces.

9.1.2 Validation of Reconstructed Ground Reaction Forces

As a second and a third measure of the reconstruction quality, we compare the ground reaction
forces with the measured data from force plates and the reconstructed joint torques with data
from literature [45, 99, 123]. In each case, only data for the last contact phase which is the
take-off phase, is available. Figure 9.1 shows the anterior-posterior (X), mediolateral (Y) and
vertical (Z) ground reaction forces of the last contact phase. The upper row gives the forces of
the non-amputee athlete and the lower row the ones of the amputee athlete. For both athletes
and all three components of the ground reaction force, we see good overall agreement between
the measured and reconstructed forces except for some peaks and artifacts in the data. Let us
now go through the diagrams from left to right to describe the individual deviations:

1. For the anterior-posterior force (X), the expected sequence of braking and propulsive
force is generated in both models. For the non-amputee athlete, both the braking and the
propulsive components are slightly overestimated. Nevertheless, we find the agreement
sufficient, but mention this point specifically here so that it is taken into account in the
later comparison of magnitudes related to the anterior-posterior force.

2. For the mediolateral force (Y), the reconstructed forces do not show the strong peaks
found in the measured data. Since we only show the unfiltered raw force measurement
data here and it cannot be ruled out that the peaks are (partly) due to noise, we ad-
ditionally take a look at the filtered ground reaction forces from the literature [45] for
comparison. This shows that the curve for the amputee athlete is just a bit too large, but
otherwise fits the measured data. For the non-amputee athlete, however, even the filtered
measurement data still shows a peak in the lateral direction, which is not reconstructed
in our model. However, the magnitude is also consistent here.

3. For the vertical force (Z), our models both calculate parabolic curves, with the force
curve of the non-amputee athlete showing a significantly stronger increase at the be-
ginning. Even though the curve still does not exactly reconstruct the sharp increase and
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the associated two-peak structure, this shows that the non-amputee model calculates
a different force profile than the amputee model and thus at least comes close to the
measured data. For the amputee athlete, the force is a little too large.

All deviations can be partly explained by the fact that we use a comparatively simple foot
contact model with a single fixed contact point at the tip of the foot. Furthermore, it is possible
that the prescribed start time of the ground contact does not exactly match the one in the
motion capture recordings. Another building block to explain this is the rigidity of the model
and the instantaneous touchdown, which make it difficult to replicate the fast time scale actions
(e.g., the sharp peak in the vertical force of the non-amputated athlete) (cf. [122]). However,
the latter could also be due to the fact that the number of shooting nodes is limited (since
the problem would otherwise become numerically too large and the computation time too
long): During the last contact phase, the frequency of the shooting nodes is 185.2 Hz, while
the frequency of the force plate is 1000 Hz. This means that the force curve is formed from 20
measurement points in the reconstructed and 108 measurement points in the measured data.

9.1.3 Validation of Reconstructed Joint Torques

Figure 9.2 shows the joint torques of the take-off leg during the last contact phase for both ath-
letes. The joint torque in the prosthetic device (Right/Affected ankle RY) is passively produced
and computed via E Eq. (2.1) with the reconstructed spring constant k = 3150 N m rad−1 (see
next section).
We compare the joint torques of the non-amputee athlete to the data reported by Funken
et al. [45], Muraki et al. [99] and Shimizu et al. [123] and those of the amputee athlete
to the data reported by Funken et al. [45]. Funken and colleagues [45] reported the three-
dimensional moments of three unilateral amputee and seven non-amputee athletes during
take-off. Muraki and co-workers [99] analysed the motions of eleven non-amputee athletes
and computed the sagittal plane joint torques during take-off. Shimizu and Ae [123] studied
twelve non-amputee athletes and reported the joint torques in the sagittal plane as well as the
hip abduction/adduction torque during take-off. Basically, when comparing both the amputee
and the non-amputee athlete, we find that the reconstructed torques fit well with those from
the literature with respect to the rough curve shapes and the timing. Furthermore, it can be
seen for all torques that the values are slightly larger in the case of our reconstruction and that
the curves are a bit smoother, i.e., smaller fluctuations as in the literature curves tend not to
be reproduced.
We first highlight the most important differences between the reconstructed torques of the non-
amputee athlete and the values reported in the literature for non-amputee athletes: For the
hip extension/flexion torque (RY), the reconstructed torque does not follow the double-peak
course as shown at the beginning of the contact phase in the literature data. Also, the oscillation
back and forth between extension and flexion torque as in the data of Funken et al. [45] and
Muraki et al. [99] is not reproduced. Instead, there is a transition from extension to flexion
torque after about 75 % of the stance duration. This fits with the data of Shimizu and Ae [123]
(as well as those of Funken et al. [45], considering the final transition to the flexion moment).
Overall, the variations between the torques of the three publications taken for comparison
are already so large that we consider the deviations of our torques to be unproblematic. For
the other hip torques (RX and RZ), it is again apparent that the reconstruction smoothes the
curves, because the back and forth between abduction and adduction (RX) or external and
internal rotation (RZ) is not precisely reproduced. Nevertheless, it can also here be stated that
both the magnitude and the basic course (from abduction to adduction (RX) or from external
rotation to internal rotation (RZ)) fit the literature values. The smoothing is probably caused
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The torque in the RSP is computed using Eq. (2.1), as the RSP is a passive device.
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Figure 9.2: Stance leg joint torques of the non-amputee (‘NA’) and the amputee (‘A’) athlete during the
last contact phase of the reconstructed three-dimensional long jump motions. The individ-
ual phase durations are given in percent of the total stance time and the joint torques are
normalized by body mass. The joint torque in the prosthetic ankle is passively produced and
computed via Eq. (2.1).

by the fact that the OCP can compute the optimal solution at any point (with the knowledge
of prior and following time points) which is not possible for a real athlete and that we added a
regularization term which – despite being small – contributes to a smoothing. While the knee
and ankle extension/flexion (RY) torques match the literature data well, there is a difference
for the ankle inversion/eversion torque (RX): The peak in the eversion moment appears only
at the end of the stance phase while it is at the beginning of the stance phase in the the data
reported by Funken et al. [45].
The comparison of the reconstructed torques of the amputee athlete with the literature val-
ues [45] also shows a generally consistent picture. For the torques of the sagittal plane (RY),
the deviation in the torque calculated for the running-specific prosthesis (RSP) is particularly
noticeable: It has a significantly larger peak value in the reconstructed solution. Possibly the
cause of the different magnitudes lies in different assumptions about the prosthesis model,
e.g., the length of the lower rigid segment that acts as a lever arm. Furthermore, a difference
in the hip torques for flexion/extension (RY) and abduction/adduction (RX) is apparent: In
the literature, a hip flexion torque (RY) is reported for the whole stance phase and the RX
torque alters between abduction and adduction. In our reconstructed solution, we see a tran-
sition from flexion to extension in the RY torque and the RX torque remains mainly in the
abduction region. We assume that these torques describe an optimal way of achieving the re-
quired joint positions for our model. The reconstructed internal/external rotation hip torque
(RZ) fits well with the literature values, being slightly larger in comparison. Since the refer-
ence values include only three athletes, it cannot be ruled out that smaller deviations in the
reconstructed torques are merely due to differences in modeling, e.g., the fact that Funken et
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(a) Non-amputee athlete

  

(b) Amputee athlete

Figure 9.3: Animated long jump sequences visualize the solutions of the dynamics reconstruction opti-
mal control problem. The upper row shows the sagittal plane view, the middle row shows
the motion from front view, the lower row shows the motion from top view. The colored
models show the reconstructed sprinting movements. For the sagittal plane view, the grey
models in the background show the respective reference movements.

al. [45] calculated torques in all three planes for all leg joints.
In conclusion, the three measures that we applied to judge the reconstruction quality show
that the solutions seem to be valid and allow for further analysis.

9.2 Analysis of Characteristic Variables in Long Jump

The reconstructed motions (solutions of the OCP as colored models) and the reference motions
(joint angle trajectories based on PUPPETEER fit as grey models) are shown in Figure 9.3. The
motion capture recordings ended during the jump (see Figure 8.1).
In the following, we will examine characteristic variables such as phase durations, joint angles,
joint torques, forces and angular momenta in terms of differences between the non-amputee
and the amputee athlete. As the motion capture recordings ends during the jump, we omit the
last flight phase for the analysis and only consider the last three steps before take-off.
As in the dynamics reconstruction of the sprinting motions (Chapter 5), we did not set the
spring and damping constants k and d of the prosthetic device, but the spring constant was
a free parameter to be determined by the OCP. The damping constant can then be computed
via Eq. (2.2). With this approach, we reconstructed them as

• k = 3150N mrad−1 and d = 6.07N ms rad−1 for the 3D model.

The spring constants differs from the one computed for the the sprinting reconstruction: In
the case of the long jump the spring constant is higher than in sprinting, which means that the
spring is stiffer. As described in the introduction, different stiffnesses are chosen for different
sports disciplines with stiffer RSPs being usually used in jump movements. Therefore, the result
is reasonable.
In Table 9.2, we list the individual phase durations of the non-amputee and the amputee ath-
letes. We find great differences in these individual phase durations. The difference in the phase
duration of phase 7 which is the phase describing the actual jump is not relevant as it is de-
termined by the cut-off of the motion capture data. However, we should keep in mind that the
motion capture recording of the amputee athlete captured 0.065 s more of the jump than that
of the non-amputee athlete when comparing this phase.
When considering the first two steps, it is noticeable that the contact time of the amputee
athlete with the prosthetic device is significantly shorter than the one with the biological leg
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Table 9.2: Phase durations of the modeled phases for the amputee and the non-amputee athlete for the
reconstructed long jump motions. The phase numbering corresponds to the order shown in
Figure 8.1: 1 - first flight phase, 2 - first right contact phase, 3 - second flight phase, 4 - left
contact phase, 5 - third flight phase, 6 - second right contact phase (take-off), 7 - fourth flight
phase (jump, truncated by end of motion capture recording). The abbreviations ‘NA’ and ‘A’
stand for the non-amputee and the amputee athlete, respectively.

phase 1 2 3 4 5 6 7

NA 0.136 s 0.088 s 0.144 s 0.086 s 0.110 s 0.108 s 0.116 s
A 0.156 s 0.072 s 0.128 s 0.084 s 0.126 s 0.106 s 0.187 s

and those of the non-amputee athlete. A contact time of only 0.072 s (Amputee athlete, phase
2) appears to be fairly short; however, we have already noticed during the reconstruction of
the sprinting movements that the contact phase with the RSP is significantly shorter than that
with the biological leg and the contact phases of the non-amputee athletes. The take-off contact
phase is for both athletes remarkably longer than the previous contact phases. However, the
actual phase duration of the take-off contact phase did not differ between the two athletes.
It is also noticeable that the flight phases following contact with the biological leg (phases 1
and 5) are of longer duration and those following contact with the RSP (phase 3) of shorter
duration compared to the non-amputee athlete.

9.2.1 Estimated Jump Distance and Take-Off Angle

As the motion capture recordings stop during the jump, we cannot directly extract the jump
distance from the recordings. Therefore, we follow the approach of Willwacher et al. [136]
to compute the jump distance based on the parameters at take-off. For this, we assume a
parabolic flight curve of the center of mass (CoM) after take-off with the start point defined by
the horizontal and vertical CoM positions at take-off pCoM

x (ttake-off) and pCoM
z (ttake-off). Then,

the jump distance is the distance from the horizontal position of the contact point at lift-off
pRH

x (ttake-off) to the intersection of the ground and the CoM flight parabola. The parabolic flight
curves are defined as:

pCoM
x (t) = pCoM

x (ttake-off) + vCoM
x (ttake-off) t , (9.1a)

pCoM
z (t) = pCoM

z (ttake-off) + vCoM
z (ttake-off) t +

1
2

g t2 , (9.1b)

where vCoM
x (ttake-off) and vCoM

z (ttake-off) denote the horizontal and vertical CoM velocities at
take-off. Equation (9.1b) is used to compute the time of flight tflight by setting the vertical
position to zero, i.e., pCoM

z

�

t = tflight

�

= 0. Subsequently, the jump distance djump is calculated
via Eq. (9.1a) by inserting the time of flight tflight, i.e.

djump = pCoM
x

�

tflight

�

− pRH
x (ttake-off) . (9.2)

The take-off angle is computed from the CoM velocities at take-off by

βtake-off = arctan

�

vCoM
z (ttake-off)

vCoM
x (ttake-off)

�

. (9.3)

Based on these definitions, we compute the following values for the reconstructed solutions:
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Figure 9.4: Ground reaction forces of the amputee and the non-amputee athlete for the reconstructed
long jump motions. The abbreviations ‘F’ and ‘C’ on the x-axis denote flight and contact
phases, respectively. The phase order is as shown in Figure 8.1. Phase durations are scaled
for comparability. Ground reaction forces are normalized by body mass.

• a jump distance of 8.29 m with a take-off angle of 20.25◦ for the amputee athlete and

• a jump distance of 7.58 m with a take-off angle of 16.38◦ for the non-amputee athlete.

Thus, based on the estimated distance, the amputee athlete jumps about 71 cm longer than the
non-amputee athlete. Even if we consider in the discussion that the formula for the jumping
distance does not represent flight and landing technique and the amputee athlete might lose
a bit more there than the non-amputee athlete (because the handling of the RSP is probably
a bit more difficult when landing), the difference is still clear. From this comparison of the
jump distance of two individual athletes alone, it is certainly not possible to draw any conclu-
sions regarding the influence of the RSP. In particular, we have no information about the level
and training status of the two athletes at the time of the measurements. In the following, we
thus intend to look at other characteristic variables in order to determine differences in the
movements that may explain the different jump distances.
A first clue is provided by the take-off angle. It is greater by 3.87◦ for the amputee compared
to the non-amputee athlete. As already described in the introduction to long jump, the take-
off angle is relevant in so far as one could calculate the optimal take-off angle for a given
take-off height for the simplified description of the long jump as a projectile motion. For a
jump height of zero, the optimal angle βmax for maximizing distance would be 45◦ and for all
angles 0◦ ¶ β ¶ 45◦, distance would increase with angular size. Although this consideration
is a major simplification, it explains quite clearly one of the factors contributing to the greater
jump distance of the amputee athlete.

9.2.2 Ground Reaction Forces

Figure 9.4 shows the anterior-posterior (TX), mediolateral (TY) and vertical (TZ) components
of the ground reaction forces over the last three steps for the non-amputee and the amputee
athlete. The forces are normalized by body mass. Table 9.3 gives measures related to the
ground reaction forces. For each component, we computed the change of momentum and
the mean force as defined in Section 5.3. In addition, we computed the vertical peak force
values.
When comparing the curves and values for the non-amputee and amputee athlete, several
differences are apparent. We begin by examining the graph of the mediolateral force: During
the third-last contact phase, the forces of both athletes have a significant component in medial
direction. While the force curve of the non-amputee athlete transitions to the lateral region, the
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Table 9.3: Measures related to the ground reaction forces for the three contact phases of the recon-
structed long jump motion of the non-amputee and the amputee athlete. The measures are
computed as defined in Section 5.3.

Non-amputee athlete Amputee athlete

THIRD-LAST CONTACT PHASE

Anterior-posterior change of momentum −0.027 N s kg−1 0.266 N s kg−1

Anterior-posterior mean force 0.21 N kg−1 4.14 N kg−1

Mediolateral change of momentum −0.054 N s kg−1 −0.061 N s kg−1

Mediolateral mean force −0.57 N kg−1 −0.96 N kg−1

Vertical change of momentum 1.973 N skg−1 1.672 N s kg−1

Vertical mean force 23.19 N kg−1 24.04 N kg−1

Vertical peak force 29.33 N kg−1 35.67 N kg−1

SECOND-LAST CONTACT PHASE

Anterior-posterior change of momentum −0.001 N s kg−1 −0.104 N s kg−1

Anterior-posterior mean force 0.43 N kg−1 −0.79 N kg−1

Mediolateral change of momentum 0.027 N skg−1 0.141 N s kg−1

Mediolateral mean force 0.38 N kg−1 1.95 N kg−1

Vertical change of momentum 1.878 N skg−1 2.061 N s kg−1

Vertical mean force 22.61 N kg−1 25.47 N kg−1

Vertical peak force 28.52 N kg−1 31.07 N kg−1

LAST CONTACT PHASE – TAKE-OFF PHASE

Anterior-posterior change of momentum −0.976 N s kg−1 −0.760 N s kg−1

Anterior-posterior mean force −8.19 N kg−1 −7.06 N kg−1

Mediolateral change of momentum −0.055 N s kg−1 −0.247 N s kg−1

Mediolateral mean force −0.38 N kg−1 −2.34 N kg−1

Vertical change of momentum 4.169 N skg−1 4.918 N s kg−1

Vertical mean force 36.72 N kg−1 46.69 N kg−1

Vertical peak force 46.68 N kg−1 68.16 N kg−1

curve of the amputee athlete is only in the medial region. During the second-last contact phase,
the force of the non-amputee athlete transitions from lateral to medial direction, while the one
of the amputee athlete is completely in lateral direction. Here, the non-amputee athlete applies
the larger forces as the absolute values of the mediolateral change of momentum and mean
force are larger compared to the amputee athlete. During the last contact phase the forces of
the two athletes are in medial direction and of comparable magnitude at the beginning of the
contact phase. While the curve of the amputee athlete remains in this direction, the curve of
the non-amputee athlete transitions to the lateral direction.

More interesting, however, are the anterior-posterior and vertical force components. Here,
too, there are clear differences, which also depend on the respective contact phase. During
the contact phases with the RSP (third-last and last contact), the braking components of the
horizontal force of the amputee athlete are smaller compared to the non-amputee athlete. This
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is also reflected in the corresponding values for the change of momentum, because the amputee
athlete has either a positive instead of a negative value (third-last contact) or a smaller value in
absolute numbers (last contact) which means that the braking component is less pronounced.
During the third-last contact phase, the mean force value for the amputee athlete is clearly
positive, i.e., the propulsive component is larger than the braking component and the amputee
athlete accelerates. In contrast, the non-amputee athlete has a much smaller positive mean
force value, which indicates that he accelerates less. During the last contact phase, the mean
values are both negative, but the value of the non-amputee athlete is larger in absolute terms.
Thus, he decelerates more. In addition, the amputee athlete is able to generate a larger vertical
force during each of the contact phases with the RSP (third-last contact: approximately 22 %
larger peak force; last contact: approximately 46 % larger peak force). For the last contact
phase, also the mean force is larger for the amputee than the non-amputee athlete while for
the third-last contact phase the mean force values are close to each other. If we now consider
the vertical change of momentum, we find that for the amputee athlete it is smaller by 15 %
during the third-last contact phase and larger by 18 % during the last contact phase compared
to the non-amputee athlete. For both athletes, it can be seen that lower peak values were
calculated in all three force components during contact with the left (biological in the case of
the amputee athlete) leg. This is plausible since long jumpers usually take off with their strong
leg; therefore, the second-last contact occurs with the “weaker” leg. Compared to the third-last
contact vertical peak force value, the vertical peak force of the second-last contact is smaller
by 3 % for the non-amputee and by 13 % for the amputee athlete. If one compares directly
the vertical peak forces of non-amputee and amputee athlete during the second-last contact
phase, it appears that the force of the amputee athlete is slightly larger (by 9 %). Hence, the
amputee athlete seems to generate slightly larger vertical forces than the non-amputee athlete,
independent of the use of a RSP.
Two observations in particular are interesting: First, that in the case of the reconstructed long
jump steps – exactly opposite to the observations for the reconstructed sprinting steps – the
amputee athlete exploits the RSP more (and generates larger (vertical) forces compared to
the non-amputee athlete) and generates lower forces in the biological leg in return (cf. Figure
A.9 in the appendix, where we compare the force trajectories of the third-last and second-
last steps with the corresponding steps of the reconstructed sprinting motion). Second, the
amputee athlete can generate a much larger vertical force during the last contact than the
non-amputee athlete. Even if we take into account that he might perform at a higher level (by
e.g., 10 % based on the peak forces of the biological legs during the second-last contact phase)
and that the vertical force was slightly overestimated by the reconstruction compared to the
force plate measurements (by 9 %), it is still a hint that the amputee athlete exploits his RSP
for an efficient take-off.

9.2.3 Motion of the Center of Mass

Figure 9.5 shows the curves related to the CoM motion over the last three steps for the non-
amputee and the amputee athletes. Table 9.4 gives the horizontal and vertical CoM velocities
at touch-down and lift-off as well as the corresponding change in CoM velocity for each of the
three contact phases.
Again, we focus on the horizontal and vertical components as they are more decisive for the
performance analysis1. When comparing the forward motion of the CoM, it is noticeable that

1In the mediolateral direction, it is particularly noticeable that amputee and non-amputee athletes move in

opposite directions and that the variation of the amputee athlete is less pronounced. However, it cannot be

clearly determined whether this was possibly only the case in the specific trials. Interestingly, the movement

during the last contact phase is then very similar, albeit shifted.
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Figure 9.5: Center of mass (CoM) motion of the amputee and the non-amputee athlete for the recon-
structed long jump motions. The abbreviations ‘F’ and ‘C’ on the x-axis stand for flight and
contact phases, respectively. The phase order is as shown in Figure 8.1. Phase durations are
scaled for comparability.

the distance covered by the amputee athlete after lift-off from the third-last contact phase
is slightly shorter than that of the non-amputee athlete. This is probably because the forward
velocity of the amputee athlete remains lower than that of the non-amputee athlete, despite the
positive change in horizontal CoM velocity during the third-last contact phase. Thus, the non-
amputee athlete achieves a higher overall approach velocity than the amputee athlete (greater
by 0.50 ms−1 at the time of touchdown into the last contact phase). However, during the
last contact phase, the non-amputee athlete loses significantly more horizontal CoM velocity,
so that the difference between the horizontal CoM velocities is reduced (to a difference of
0.14 ms−1).
In the vertical CoM movement, it is noticeable that the amputee athlete starts the third-last
step with a significantly higher CoM and his CoM is constantly above that of the non-amputee
athlete up to the last contact phase. While the non-amputee athlete exhibits an approximately
periodic vertical CoM movement during the third- and second-last steps, there is a significant
drop in the amputee athlete toward the second-last step. Toward the last contact phase, there
is another clear lowering for both athletes. At the touchdown into the last contact phase, the
vertical CoM position of the non-amputee athlete is 2 cm to 3 cm below those at the touchdown
into the second-last and third-last contact phases. For the amputee athlete, it is 2.5 cm lower
than for touchdown into the second-last step and 8.0 cm lower than for touchdown into the
third-last step. If we now compare the values of non-amputee and amputee athlete during the
last contact phase, we see that at touchdown the vertical CoM position of the non-amputee
athlete is 4.3 cm lower than that of the amputee athlete and that both take off with comparable
heights (the CoM height of the non-amputee athlete is 1.2 cm higher than that of the amputee
athlete at the jump). This is interesting because in absolute terms, the amputee athlete gains
significantly more vertical velocity during the last contact phase than the non-amputee ath-
lete (0.72 ms−1 more). Remarkably, the amputee athlete has a larger gain in vertical velocity
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Table 9.4: Measures related to the center of mass motion for the three contact phases of the recon-
structed long jump motion of non-amputee and amputee athlete. The measures are computed
as defined in Section 5.3.

Non-amputee athlete Amputee athlete

THIRD-LAST CONTACT PHASE

Horizontal CoM velocity at touch-down 10.01 ms−1 9.36 ms−1

Horizontal CoM velocity at lift-off 9.96 ms−1 9.62 ms−1

Change in horizontal CoM velocity −0.05 ms−1 0.26 ms−1

Vertical CoM velocity at touch-down −0.54 ms−1 −0.66 ms−1

Vertical CoM velocity at lift-off 0.59 ms−1 0.31 ms−1

Change in vertical CoM velocity 1.13 ms−1 0.97 ms−1

SECOND-LAST CONTACT PHASE

Horizontal CoM velocity at touch-down 9.96 ms−1 9.62 ms−1

Horizontal CoM velocity at lift-off 10.00 ms−1 9.50 ms−1

Change in horizontal CoM velocity 0.04 ms−1 −0.12 ms−1

Vertical CoM velocity at touch-down −0.70 ms−1 −0.84 ms−1

Vertical CoM velocity at lift-off 0.38 ms−1 0.47 ms−1

Change in vertical CoM velocity 1.08 ms−1 1.31 ms−1

LAST CONTACT PHASE – TAKE-OFF PHASE

Horizontal CoM velocity at touch-down 10.00 ms−1 9.50 ms−1

Horizontal CoM velocity at lift-off 8.86 ms−1 8.72 ms−1

Change in horizontal CoM velocity −1.14 ms−1 −0.78 ms−1

Vertical CoM velocity at touch-down −0.55 ms−1 −0.66 ms−1

Vertical CoM velocity at lift-off 2.61 ms−1 3.22 ms−1

Change in vertical CoM velocity 3.16 ms−1 3.88 ms−1

during the last two contact phases compared to the non-amputee athlete and a smaller gain
in vertical velocity during the third-last contact phase compared to the non-amputee athlete.
Hence, it seems that it is not (only) due to the RSP that the amputee athlete gains more verti-
cal velocity during the take-off phase. This also becomes particularly evident once again when
one considers that the non-amputee athlete has greater gains in vertical velocity in each of
the contact phases with the take-off leg than in the contact phase with the other leg. This is
probably due to the fact that the athletes use their ‘stronger’ leg for the take-off.

In summary, it can be seen that the amputee athlete starts the last step with a lower horizontal
approach velocity and a lower vertical velocity of the CoM than the non-amputee athlete. In
return, he has a more effective take-off technique because he can generate a larger gain in
vertical velocity with a smaller loss in horizontal velocity compared to the non-amputee ath-
lete. However, due to the worse starting position at touchdown into the last contact phase,
this advantage is again somewhat limited. Nevertheless, the more effective take-off is proba-
bly one of the factors that makes the comparatively greater jumping distance possible. These
observations are in compliance with the results described by Willwacher and colleagues [136].
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9.2.4 Position and Joint Angles

Figure 9.6 shows the position of the pelvis segment in space and the joint angle curves of
the non-amputee and the amputee athlete. The movement of the base segment (pelvis) in
space roughly corresponds with the CoM movement, so there is no need to describe it again
here. Unlike in sprinting movements, where we observed marked differences in the angular
trajectories of athletes with and without below the knee amputation (BKA), fewer deviations
are directly noticeable in long jump movements. In particular, the range of motion in each joint
often appears comparable, albeit shifted along the y-axis for some of the DOFs (see e.g., the
diagrams for Pelvis RY, Pelvis RX, Lumbar RY, Lumbar RX). Let us first consider the joints of
the right leg, which in the case of the amputee athlete is the leg affected by the amputation: In
the sagittal plane angles (RY), we find a lower range of motion for the amputee athlete for all
joints (74 % of the hip joint motion range for the non-amputee athlete, 68 % of the knee joint
motion range of the non-amputee athlete). It is particularly interesting to note that flexion in
the knee of the amputee athlete differs significantly between the two contact phases: During
the third-last contact phase, there is very little flexion; during the last contact phase (take-off
step), flexion is clearly present, although less than in the non-amputee athlete. Here we see a
clear difference between the running steps (both in the approach of the long jump and in the
reconstructed sprinting movements studied before) and the take-off step, because in sprinting
we described little knee flexion, which was also found in the literature, where stiffening of
the knee is described as a locomotion strategy of amputee athletes [18]. For the left leg, the
range of motion is comparable for both athletes. While the left leg joints in the sagittal plane
(RY) show basically comparable curve shapes between the two athletes, the differences in the
remaining two hip angles (RX and RZ) are clearly visible. In the sagittal plane, the movements
of the trunk segments are significantly larger for the amputee athlete than for the non-amputee
athlete. This is consistent with observations from sprinting motion reconstruction, where we
identified larger movements in the trunk as a possible compensatory mechanism for inter-limb
asymmetry. Unlike in sprinting, where we further described stronger arm movements of the
amputee athlete as a compensatory mechanism for inter-limb asymmetry, the range of motion
in the shoulder and elbow joints of the amputee athlete is comparable to that of the non-
amputee athlete. However, in the joints of the left arm (which is located on the opposite side
of the body to the amputation), there is a significantly greater movement during the third-last
contact phase than in the non-amputee athlete, which may well be interpreted as compensation
during contact with the RSP. It is interesting that such a movement is less pronounced during
the last contact phase, which again occurs with the RSP. Looking specifically at the take-off
step to examine the significance of the arm movements during the take-off, it is noticeable
that the directions in which the two athletes perform their movements are the same for almost
all angles, but the movements differ in intensity. The exception here are the RX DOFs in each
case.

9.2.5 Joint Torques

Figure 9.7 shows the joint torques of the non-amputee and the amputee athletes, respectively.
As the prosthetic device is a passive device, no active torque is generated. We computed the
passive torque which is acting at the prosthetic ankle via Eq. (2.1) with the reconstructed
values for the spring and damping constants. In addition, we computed measures related to
energy efficiency based on the joint torques and joint torque derivatives as described in Section
5.3. They are given in Table 9.5.
Directly at first glance, it is noticeable that the torques of both legs of the amputee athlete
are on average (significantly) smaller than those of the non-amputee athlete. Exceptions are
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Figure 9.6: Generalized positions of the amputee and the non-amputee athlete for the reconstructed
long jump motions. The abbreviations ‘F’ and ‘C’ on the x-axis denote flight and contact
phases, respectively. The phase order is as shown in Figure 8.1. Phase durations are scaled
for comparability. The directions of the angles are as in Figures 5.8 and 5.10, but they are
omitted for reasons of clarity.
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Figure 9.7: Joint torques of the amputee and the non-amputee athlete for the reconstructed long jump
motions. The abbreviations ‘F’ and ‘C’ on the x-axis stand for flight and contact phases,
respectively. The phase order is as shown in Figure 8.1. Phase durations are scaled for com-
parability and joint torque values are normalized by body mass.

the torques generated in the prosthetic ankle during the respective contact phases. However,
a direct comparison of these torques with those generated in the biological leg is difficult due
to the different geometry (in particular the long lever arm due to the significantly longer RSP
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Table 9.5: Measures related to energy efficiency based on joint torques and joint torque derivatives for
the long jump motions of the non-amputee and the amputee athlete. The computation of
the measures is as described in Section 5.3. The abbreviations ‘NA’ and ‘A’ denote the non-
amputee and the amputee athlete, respectively.

Absolute torques Squared torques Abs. torque derivatives Sq. torque derivatives
[N mkg−1] [N2 m2 kg−2] [N mkg−1 s−1] [N2 m2 kg−2 s−2]
all torques and torque derivatives normalized by body mass [kg]

Joint NA A NA A NA A NA A

Right Hip RY 3.417 1.806 14.136 4.171 45.19 26.47 2919.0 1092.1
Right Hip RX 0.799 0.520 0.952 0.537 15.59 21.55 424.4 857.7
Right Hip RZ 0.182 0.140 0.059 0.032 8.19 7.41 109.3 83.7
Right Knee RY 1.812 0.547 4.587 0.488 42.57 18.26 2751.3 549.5
Right Ankle RY 1.817 - 8.661 - 45.53 - 7021.8 -
Right Ankle RZ 0.119 - 0.056 - 5.62 - 91.3 -

Left Hip RY 3.438 2.262 14.957 6.656 45.30 30.70 3206.6 1242.4
Left Hip RX 0.513 0.387 0.361 0.206 10.78 12.10 183.9 289.9
Left Hip RZ 0.281 0.241 0.122 0.088 5.82 10.47 52.4 170.5
Left Knee RY 1.539 0.975 3.202 1.319 31.99 21.12 1471.5 817.0
Left Ankle RY 0.812 0.578 2.312 1.474 27.30 20.65 2672.6 1853.4
Left Ankle RZ 0.069 0.068 0.007 0.011 2.31 6.07 9.5 167.8

Lumbar RY 0.549 0.725 0.473 0.762 15.67 15.81 400.9 427.2
Lumbar RX 0.567 0.695 0.449 0.754 12.81 17.34 264.3 548.8
Thorax RY 0.276 0.471 0.120 0.332 7.94 11.01 88.7 188.1
Thorax RZ 1.056 0.935 1.322 0.985 15.12 16.97 362.5 534.2
Neck RY 0.076 0.097 0.010 0.017 3.25 5.69 23.7 57.0

Right Shoulder RY 0.606 0.448 0.486 0.302 9.13 8.95 143.0 142.4
Right Shoulder RX 0.191 0.214 0.047 0.060 5.34 6.65 39.5 69.3
Right Shoulder RZ 0.116 0.091 0.025 0.013 3.14 3.32 18.1 17.5
Right Elbow RY 0.228 0.244 0.068 0.070 4.57 5.28 37.7 44.7
Left Shoulder RY 0.492 0.583 0.320 0.448 8.81 9.54 118.0 141.8
Left Shoulder RX 0.248 0.152 0.078 0.032 5.33 5.90 38.8 91.8
Left Shoulder RZ 0.121 0.073 0.021 0.009 4.91 4.26 43.4 31.4
Left Elbow RY 0.264 0.311 0.086 0.112 5.72 6.19 52.2 61.0

Sum 19.59 12.56 52.92 18.88 387.9 291.7 22544 9479.2

compared to the human foot). However, if we compare the prosthetic ankle torque during
the third-last step with the one generated during the corresponding phase of the sprinting
reconstruction, they are of comparable magnitude and shape (see Figure A.10, in which we
compare the two reconstructed sprinting steps with the third- and second-last steps of the long
jump approach). In contrast to the sprinting motion, the amputee athlete applies less torque in
his biological ankle indicating that he either relies more on the RSP for approaching the board
and taking off efficiently or that he needs to adapt the torque in the second-last contact to
achieve a proper take-off position. To determine if the latter idea affects the motion, it would
be necessary to investigate further approach steps, at least the fourth-last contact phase. The
torques in the right hip and knee of the amputee athlete have a 30 % to 62 % smaller range
(by which we mean the difference between maximum and minimum torque throughout the
movement) than those of the non-amputee athlete – except for the RX component of the hip
joint torque where both athletes execute torques in a similar range. In particular, there is little
torque inducing knee flexion for the amputee athlete. In the left leg of the amputee athlete,
the torques are also lower on average than in the non-amputee athlete, although not as much
as in the right leg. This is also reflected in the calculated measures for energy efficiency, which
are based on joint torques and torque derivatives. The values of the amputee for all leg DOFs
in the sagittal plane are (significantly) smaller than the values of the non-amputee athlete for
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Figure 9.8: Angular momenta with respect to the center of mass of the amputee and the non-amputee
athlete for the reconstructed long jump motions. The abbreviations ‘F’ and ‘C’ on the x-axis
stand for flight and contact phases, respectively. The phase order is as shown in Figure 8.1.
Phase durations are scaled for comparability and angular momentum values are normalized
by body mass and body height squared.

all measures. This indicates that the amputee athlete has to spend less energy for the last three
steps than the non-amputee athlete if energy is defined using torque curves as a measure. In
the joints of the trunk and arms, the differences are not quite as pronounced; here, both the
curves and the magnitudes of the torques are more comparable between the two athletes.
Compared to the sprinting movement, we cannot determine that the amputee has to work
harder in the upper body joints to compensate for the lower torques in the legs. Here, in direct
comparison to the sprinting movement (Figure A.10), it is noticeable that the torques of the
amputee athlete are of comparable magnitude for the two kinds of motion, thus indicating
that he still has to apply a good amount of work in the upper body. However, on average the
torques of the non-amputee are larger for the long jump compared to the sprinting motion.
Since we only have one trial of a non-amputee athlete for comparison, it is not possible to say
whether this behavior is generally observable or due to the specific athlete.

9.2.6 Angular momentum about the Center of Mass

Figure 9.8 shows the total angular momentum about the CoM for rotations in the frontal (RX),
sagittal (RY) and transversal (RZ) planes. The total angular momenta of the two athletes are
comparable for rotations in the frontal plane (RX). The most significant difference is that the
directions at the end of the last contact phase are opposite: While the angular momentum of
the non-amputee athletes has a positive sign, the one of the amputee athlete has a negative
sign which means that they rotate in opposite directions (the non-amputee athlete to his right
side and the amputee athlete to his left side). For the rotations in the remaining two planes (RY
and RZ), both athletes have angular momentum values with identical sign at the end of the
last contact phase which means that their overall rotations have the same direction. However,
within the last three steps, some differences are visible also in the rotations in these planes. In
fact, it appears that the amputee athlete has smaller angular momentum for rotations in the
sagittal plane and larger angular momentum for rotations in the transversal plane than the
non-amputee athlete. Similar to the sprinting movements, it is possible that the larger angular
momentum for rotations in the tranversal plane indicates that the overall running movement
is more unstable due to the inter-limb asymmetry.
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9.3 Summary

We successfully reconstructed the dynamics of the last three steps of the long jump approach of
one amputee and one non-amputee athlete and analyzed relevant quantities. Some differences
between the two athletes have become apparent, but also differences regarding the long jump
approach steps compared to the reconstructed sprinting steps. Overall, it has been shown that
the amputee athlete starts slower in direct comparison with the non-amputee athlete, but takes
off more successfully and thus can achieve the greater jump distance. For this purpose, he
definitely takes advantage of the RSP, although it cannot be conclusively clarified whether the
inter-limb asymmetry may also have a downside effect, e.g., regarding the control of angular
momentum in the non-sagittal planes.
However, we would like to clearly point out at this point that the comparison is very interesting,
but at this point no general conclusions can be drawn from it in any way, as we are only
comparing two individual athletes. Furthermore, we have no further information if and to
what extent the training and performance level of the athletes are comparable. Instead, the
main purpose of the dynamics reconstruction was to show that the approach can also provide
meaningful results for long jump movements and that the employed models are useful for
the description of long jump movements. Furthermore, the analysis of the motions provides
valuable ideas which quantities can be meaningful for a comparison of long jump with and
without RSP and which optimization criteria can be used for a synthesis. Based on the results of
this chapter, we will generate and investigate long jump movements based on the two athletes
in the following chapter. Then, in Chapter 11, we will also investigate what differences in
the motions arise when the amputee athlete in the model is compared to himself without
amputation.
Even though the consideration of the three-dimensional system provides interesting aspects
for the movements in the frontal and transverse planes, in the following chapters we will
restrict ourselves to the 2D+model, a model in the sagittal plane, which has three-dimensional
shoulder joints as the only exception. This simplification is justified by the significant savings
in computational time and complexity (see also the explanations in Section 5.4).
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without Running-Specific Prostheses

For the prediction of long jump motions, we established two-dimensional rigid body models
which, however, have three-dimensional shoulder joints. Compared to the previous chapter
(dynamics reconstruction of long jump), we have reduced the number of degrees of freedom
(DOFs) for complexity reasons. A detailed description of the used 2D+model is given in Section
2.2. The optimal control problem which we use to predict the long jump motions is the motion
synthesis optimal control problem (OCP) described in Section 3.1.2.

Constraints to the optimal control problem In addition to the contact constraints (4.1)–
(4.4), we formulate constraints introducing limits on the joint torques based on the Muscle
Torque Generators described in Section 2.5. More specifically, we formulate two constraints
for each joint torque, one for the maximum possible value and one for the minimum possible
value:

τi −τM
EXT/FLEX

�

a,θi , θ̇i ,α
�

¾ 0 , (10.1a)

−τi +τ
M
FLEX/EXT

�

a,θi , θ̇i ,α
�

¾ 0 . (10.1b)

The maximum possible torques τM
EXT/FLEX which can be generated by extension or flexion,

respectively, are calculated using the Muscle Torque Generators (MTGs) via Eq. (2.9) (see
Section 2.5). The indices “EXT” and “FLEX” denote extension and flexion torques, whereby
the choice of the signs depends on the definition of the joint angles. Since we are interested
in the calculation of the upper and lower limits for the torques, we set the activation of the
muscles to the maximum value a = 1. We use the values calculated by means of the fitting
routine described in Section 2.5 for the parameter α.
Different from the synthesis of sprinting movements, where the mere 2D model was used, here,
due to the three-dimensional shoulder joints, there is a possibility that the arms penetrate
other parts of the body, since the model formulation does not formulate any borders of the
segments. In reality, such overlapping or penetration is not possible; thus, it must be ruled
out with the help of constraints. We proceed here analogously to the implementation of the
segment distance computation in the HEIMAN model (see Chapter 4.6 in [38]): conceptually,
cylinders of length l (convex hull of line segment) with hemispheres of radius r at both ends
are assigned to each affected segment, which are called collision capsules. The measure of the
distance d(C1, C2) between two capsules C1 and C2 is defined as the distance between the two
closest points of the line segment minus the radii of each capsule. To prevent overlapping of
two segments, the distance measure d, which depends on the current generalized positions q ,
must be greater than zero, thus:

d (C1, C2,q)> 0 . (10.2)

Finally, the landing at the end of the actual long jump is specified by introduction of constraints
to the OCP. The landing conditions differ slightly between the non-amputee and the amputee
athlete: For the non-amputee athlete, we require that the touchdown occurs with both heel
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contact points. For the amputee athlete, we assume that the touchdown occurs with the heel
contact point of the left foot as we assume that athletes with below the knee amputation (BKA)
avoid the harshness of an inelastic impact with the affected leg. Furthermore, we use the
constraints to limit the distances between the two feet, between the two hands and between
the hands and feet in order to achieve a realistic landing position. This also ensures that the
running-specific prosthesis (RSP) is sufficiently close to the ground on landing to resemble an
actual long jump.

Formulation of the objective function For the mathematical description of a long jump
including the last three steps before the jump we have identified three basic optimization
criteria after analyzing real long jumps.

1. Maximize Jump Distance: (Main criterion) The jump distance djump is computed as the
difference between the landing and the take-off positions. The take-off position is given
by the hallux contact point of the right foot or the prosthetic device, respectively. We
denote it by PRH(htake-off). As described before, the ‘landing’ situation at the end of the
long jump is defined differently in the cases of the amputee and the non-amputee athlete.
For the amputee athlete, we define it as the situation when the heel contact point of the
left foot becomes zero and impose an additional constraint that the contact point of the
prosthetic device is close to zero as well. Hence the landing position is determined by the
heel contact point of the left foot which we denote by P lh

�

hlanding

�

. The jump distance
is then computed as the horizontal difference between these two points:

djump = P lh
x

�

hlanding

�

− PRH
x (htake-off) . (10.3a)

For the non-amputee athlete, we define landing as the situation when the heel contact
points of both feet become zero. To compute the jump distance, we then take the posi-
tion of the hind foot (denoted by P lh/rh

�

hlanding

�

) as the distance in real long jumps is
measured from the closest point to the board in the sand:

djump = P lh/rh
x

�

hlanding

�

− PRH
x (htake-off) . (10.3b)

The objective function which maximizes this jump distance djump is formulated as a
Mayer type objective function and evaluated at the end of the long jump flight phase:

ϕM1

�

t f , x
�

t f

�

, p
�

= −pd = −djump . (10.4)

2. Minimize Torque Derivatives Squared: (Minor criterion) The Lagrange-type objective func-
tion for torque derivatives minimization is added as a regularization term with a suffi-
ciently small weighting factor to choose a unique solution:

ϕL2
(t, x (t) , u(t) , p) = ‖τ̇(t)‖22 = ‖u(t)‖

2
2 . (10.5)

3. Head Stabilization: (Minor criterion) Uncontrolled nodding and wobbling of the head is
prevented by the formulation of an objective function of Lagrange-type:

ϕL3
(t, x (t) , u(t) , p) =



θhead,abs





2
2 . (10.6)

The three basic criteria are combined into one objective function of the form of Eq. (3.5) with
nM = 1, nL = 2, γ=

�

1,2 · 10−8, 1
�

.
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(a) Non-amputee athlete

(b) Amputee athlete

Figure 10.1: Animated sequences visualize the solutions of the long jump motion synthesis optimal
control problem

10.1 Comparison of Reconstructed and Synthesized Long Jump
Motions with and without Running-Specific Prostheses

Based on the above described problem formulation, we synthesized a long jump motion for
the non-amputee and one for the amputee athlete. Again, when we refer to long jump motion,
we mean the last three steps of the approach and the jump itself up to the landing (as shown
in Figure 8.1).
Figure 10.1 shows visualizations of the computed long jump motions for both athletes from
the sagittal plane view. Even though we will of course analyze the motions more closely in the
following and also discuss differences in comparison to the respective reconstructed motions
from Chapter 9 in detail, the animated motion sequences already show that the chosen problem
formulation including the objective function is quite suitable for generating realistic-looking
long jump motions. The first differences between the non-amputee and the amputee athlete
can also already be seen from the sequences: The amputee athlete jumps slightly flatter and
shorter than the non-amputee athlete. We will examine this in detail below.
The results from the long jump motion synthesis allow analyses from different perspectives:
For each of the two athletes separately, the respective reconstructed and synthesized solution
can be compared to find out where the long jump model and the motion synthesis formulation
could be further improved. For each of the two athletes, we can also compare the three in-
vestigated contact phases to investigate if and how the take-off contact phase differs from the
contact phases of the (final) approach steps. This allows us to determine information about
the biomechanics of the long jump with and without BKA. Finally, the results can be used to
compare the long jump movements of athletes with and without BKA. In this section (Sec-
tion 10.1), we will first present differences and similarities between the reconstructed and
synthesized solutions of both athletes (without comparing them to each other) and give pos-
sible reasons for the differences. In the following section (Section 10.2), we will then focus on
the comparison of the biomechanical characteristics of the long jump movements of the two
athletes.
Table 10.1 gives the individual phase durations of the synthesized long jump motions. Apart
from the last contact phase and the flight phase before it, the phase durations for the non-
amputee athlete are shorter in the synthesized solution than in the reconstructed solution.
Compared with the reconstruction, the duration of the flight phases of the last three steps has
become more uniform, varying only between 0.113 s and 0.119 s (whereas the range in the
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Table 10.1: Phase durations of the amputee and the non-amputee athlete for the synthesized long jump
motions. The numbering of the phases corresponds to the order shown in Figure 8.1: 1 -
first flight phase, 2 - first right contact phase, 3 - second flight phase, 4 - left contact phase,
5 - third flight phase, 6 - second right contact phase (take-off), 7 - fourth flight phase. The
abbreviations ‘NA’ and ‘A’ stand for the non-amputee and the amputee athlete, respectively.

phase 1 2 3 4 5 6 7

NA 0.113 s 0.080 s 0.119 s 0.110 s 0.117 s 0.084 s 0.887 s
A 0.203 s 0.079 s 0.195 s 0.110 s 0.101 s 0.106 s 0.781 s

reconstructed solution was 0.110 s to 0.144 s). In the case of the amputee athlete, the third-
last and the second-last steps take significantly longer in the synthesized solution than in the
reconstructed one; this is true for both the flight and contact phases. The last step is slightly
shorter in the synthesized than in the reconstructed solution where the difference comes from
the flight phase duration. If we look at the total duration for the last three steps, it is shorter for
the synthesized solution of the non-amputee athlete and longer for the synthesized solution
of the amputee athlete compared to the respective reconstructed solutions.

10.1.1 Estimated Jump Distance and Take-Off Angle

We compute the estimate of the jump distance and the take-off angle as described in Chap-
ter 9 using (9.1)–(9.3). Based on these definitions, we compute the following values for the
synthesized solutions:

• a jump distance of 9.22 m with a take-off angle of 16.85◦ for the amputee athlete and

• a jump distance of 9.86 m with a take-off angle of 20.09◦ for the non-amputee athlete.

For both athletes the estimated jump distance in the synthesized solution is larger than in the
reconstructed solution: The non-amputee athlete jumps 2.02 m further, the amputee athlete
jumps 0.96 m further. There are also clear differences in the take-off angle between recon-
structed and synthesized solutions: for the non-amputee athlete, the take-off angle the syn-
thesis is 2.17◦ larger than in the reconstruction, for the amputee athlete it is actually smaller
(by −2.95◦). This is interesting, because it shows that a larger take-off angle can lead to a
larger jump distance, but is not the only decisive criterion for the jump distance.
The jump distances, which are after all significantly larger compared to those estimated for the
actually measured motions, can be explained mainly by two observations: First, in the motion
synthesis we consider a motion that is mainly restricted to the sagittal plane (compared to the
three-dimensional reconstruction). Even though the main action takes place in this plane, we
thereby prevent a movement of the whole athlete in the sideways direction, which would have
a shortening influence on the total jump distance. Theoretically, such a sideways movement
should also be excluded in the three-dimensional case by the optimization criterion of jump
distance maximization; however, it is possible that the restriction to the sagittal plane allows
a few centimeters of jump distance gain. The formulation of the motion synthesis as an OCP
is the second main cause of the larger jump distances. In the solution of the OCP, all variables
are known at each time point of the motion and accordingly all can be adjusted in such a way
that the objective function can be fulfilled in an optimal way, i.e., the touch-down of the foot
into the third last contact, for example, can already be adjusted exactly in such a way that the
jump distance becomes maximal at the end. This is not the case in reality, with a human athlete.
On the other hand, the larger jump distances also mean that there may still be potential for
improvement in both athletes studied.
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Figure 10.2: Ground reaction forces of the amputee athlete and the non-amputee athlete for the syn-
thesized long jump motions. The abbreviations ‘F’ and ‘C’ on the x-axis stand for flight and
contact phases, respectively. The phase order is as shown in Figure 8.1. Phase durations
are scaled for comparability. Ground reaction forces are normalized by body mass.

10.1.2 Ground Reaction Forces

Figure 10.2 shows the ground reaction forces of the last three contact phases. For both ath-
letes, in addition to the forces from the motion synthesis solution, we have included the re-
constructed forces (with thinner dashed lines) to directly compare reconstructed and synthe-
sized forces. It is immediately noticeable that there are differences between reconstructed and
synthesized solutions in both athletes. This is particularly noticeable in the vertical force com-
ponent. First for the non-amputee athlete: While the force curves of the third- and second-last
step in the reconstruction are comparable in size and only the one of the take-off contact
phase is significantly larger, the peak values of the vertical force in the synthesized solution
increase with each contact phase. The synthesized force in the third-last contact phase is sig-
nificantly smaller than the reconstructed force and in each of the last two contact phases a
little larger than it. As in the reconstructed solution, the vertical force in the synthesized solu-
tion is again parabolic during the take-off contact phase – unlike in the force plate data. In the
anterior-posterior force component, what is most striking is that in the synthesized solution
of the non-amputee athlete, the braking force during the final contact phase, which was a bit
overestimated in the reconstruction, becomes smaller and thus more realistic. Also in the case
of the amputee athlete, the differences between the reconstructed and synthesized anterior-
posterior force are mainly to be found in the fact that unexpected curves in the reconstructed
solution were corrected, e.g., the hardly present braking force in the third-last contact phase.
In the vertical forces it can be seen that the peak values of the third- and second-last contact
are larger and the peak value in the last contact phase is significantly smaller than in the re-
constructed solution. This is surprising because in sprinting movements we observed that the
optimized solution exploited the RSP better than the real athlete and therefore larger vertical
forces were generated.

10.1.3 Motion of the Center of Mass

Figure 10.3 compares the curves of the center of mass (CoM) motion for the reconstructed and
synthesized solutions of the non-amputee and the amputee athlete. The two columns on the
left give the horizontal (X; first column from left) and vertical (Z; second column from left)
position (upper row) and velocity (lower row). The right column shows the evolution of the
vertical CoM position depending on the CoM height at lift-off into the third-last step (upper
row) and at touch-down into the take-off contact phase (lower row).
Again, we start with the comparison of the reconstructed and synthesized solutions of the non-
amputee athlete. While the course of the horizontal CoM position and the vertical CoM motion
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Figure 10.3: Center of mass motion of the amputee athlete and the non-amputee athlete for the syn-
thesized long jump. The abbreviations ‘F’ and ‘C’ on the x-axis stand for flight and contact
phases, respectively. The phase order is as shown in Figure 8.1. Phase durations are scaled
for comparability.

look quite similar, the difference in horizontal CoM velocity is most striking. The non-amputee
athlete has a significantly larger velocity in the synthesized solution than in the reconstructed
solution over the entire steps examined. On average, he runs at a velocity that is 1.16 ms−1

larger. At the take-off, the velocity of the synthesized solution is 0.99 ms−1 greater than the
reconstructed velocity. The second clear difference between reconstructed and synthesized
solution in the non-amputee athlete is shown by the fact that he almost does not lower his CoM
at all during the third-last contact, then reaches a very strong lowering during the second-last
contact.
Also in the amputee athlete, the differences between reconstructed and synthesized solution
are found mainly in the horizontal CoM velocity and the evolution of the vertical CoM position
with respect to the CoM height at lift-off into the third-last step. The amputee athlete has also
a significantly larger horizontal velocity in the synthesized solution; on average, he runs with
a 1.23 ms−1 greater velocity. At take-off, the horizontal CoM velocity is 1.27 m s−1 higher than
in the reconstructed solution. In addition, the synthesized solution lowers the CoM position
significantly deeper compared to the reconstructed solution, so the amputee athlete gains more
CoM height during the final contact phase.

10.1.4 Joint Angles and Joint Torques

For comparing the joint angles and torques, we focus on the ones of the contact leg during
the three contact phases as most relevant movement takes place in these joints. Figure 10.4
shows the hip (Figure 10.4a), knee (Figure 10.4b) and ankle (Figure 10.4c) angles and torques
during the contact phases of the respective leg, i.e., the joints of the right leg for the third-last
and last contact phase and the joints of the left leg for the second-last contact phase. We
first consider the angle curves. Overall, there are only minor differences between the curves
of the reconstructed and the synthesized angles of both athletes. For some angles, the curves
seem to be “shifted” by an offset angle. Since we show the relative angles with respect to the

118



10.1 Comparison of Reconstructed and Synthesized Long Jump Motions with and without Prostheses

0 50 100
−1.0
−0.5

0.0
0.5
1.0

A
n

gl
e

[r
ad

]
←

F
le

x
/E

x
t
→

Third-last contact
Right/Affected hip

0 50 100
−1.0
−0.5

0.0
0.5
1.0

A
n

gl
e

[r
ad

]
←

F
le

x
/E

x
t
→

Second-last contact
Left/Unaffected hip

0 50 100
−1.0
−0.5

0.0
0.5
1.0

A
n

gl
e

[r
ad

]
←

F
le

x
/E

x
t
→

Last contact
Right/Affected hip

0 50 100

Stance phase [%]

−4
−2

0
2
4
6
8

T
or

q
u

e
[N

m
/k

g]
←

E
x
t/

F
le

x
→

Third-last contact
Right/Affected hip

Reconstruction

Non-amputee
athlete

Amputee
athlete

0 50 100

Stance phase [%]

−4
−2

0
2
4
6
8

T
or

q
u

e
[N

m
/k

g]
←

E
x
t/

F
le

x
→

Second-last contact
Left/Unaffected hip

0 50 100

Stance phase [%]

−4
−2

0
2
4
6
8

T
or

q
u

e
[N

m
/k

g]
←

E
x
t/

F
le

x
→

Last contact
Right/Affected hip

Synthesis

Non-amputee
athlete

Amputee
athlete

(a) Hip joint

0 50 100
0.00
0.25
0.50
0.75
1.00
1.25

A
n

g
le

[r
ad

]
←

E
x
t/

F
le

x
→

Third-last contact
Right/Affected knee

0 50 100
0.00
0.25
0.50
0.75
1.00
1.25

A
n

g
le

[r
ad

]
←

E
x
t/

F
le

x
→

Second-last contact
Left/Unaffected knee

0 50 100
0.00
0.25
0.50
0.75
1.00
1.25

A
n

g
le

[r
ad

]
←

E
x
t/

F
le

x
→

Last contact
Right/Affected knee

0 50 100

Stance phase [%]

−6
−4
−2

0
2

T
o
rq

u
e

[N
m

/k
g
]

←
F

le
x
/
E

x
t
→

Third-last contact
Right/Affected knee

Reconstruction

Non-amputee
athlete

Amputee
athlete

0 50 100

Stance phase [%]

−6
−4
−2

0
2

T
o
rq

u
e

[N
m

/k
g
]

←
F

le
x
/
E

x
t
→

Second-last contact
Left/Unaffected knee

0 50 100

Stance phase [%]

−6
−4
−2

0
2

T
o
rq

u
e

[N
m

/k
g
]

←
F

le
x
/
E

x
t
→

Last contact
Right/Affected knee

Synthesis

Non-amputee
athlete

Amputee
athlete

(b) Knee joint

Figure 10.4: Contact leg joint angles and torques of the amputee athlete and the non-amputee ath-
lete for the last three contact phases of the synthesized long jump. The phase order is as
shown in Figure 8.1. Phase durations are scaled for comparability. Joint torque values are
normalized by body mass.
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Figure 10.4: Contact leg joint angles and torques of the amputee athlete and the non-amputee athlete
for the last three contact phases of the synthesized long jump (cont.)

next higher joint in the kinematic chain, this shift might be explained by differences between
the reconstructed and the synthesized solutions regarding higher angles along the kinematic
chain. To evaluate the differences, we compare the range of motion of the hip, knee and ankle
joints for the individual contact phases. For the non-amputee athlete, we see a clearly different
range of motion between reconstructed and synthesized motions during the last contact phase
in all three joints: The range of motion is significantly smaller for the synthesized solutions.
It is half as large for the hip and the knee joint and about 50 % smaller for the ankle joint.
In the knee and ankle joints, we further see a smaller range of motion in the synthesized
solution for the other two contact phases. Overall, it seems that the motions of the contact
leg of the non-amputee athlete during the contact phases are less extensive in the synthesized
solution when compared to the reconstructed one. In contrast, the motions of contact leg of
the amputee athlete during the contact phases are on overall more extensive in the synthesized
solution compared to the reconstructed solution. The exception to this is the last contact phase
where the range of motion of hip and prosthetic ankle joint is larger (by 7.6 % and 50.3 %,
respectively) and the range of motion in the knee joint is smaller by 15.2 %).
For the joint torques, the differences between the reconstructed and synthesized solution are
larger, especially in the take-off contact phase. For both athletes, we see that the hip and knee
joint torques in the synthesized solution have similar curves, but significantly larger absolute
values. Thus, our solution suggests that also amputee athletes should use their knees more
to jump farther The ankle torques of the reconstructed and synthesized solutions are roughly
comparable in magnitude in all three phases. For the non-amputee athlete, in the right ankle,
the synthesized torque is a little smaller in the right ankle cases, and a little larger in the left
ankle case compared to the reconstructed solution. For the amputee athlete, the synthesized
torque is larger during the third-last and second-last contact phases and significantly smaller
during the last contact phase compared to the reconstructed torque. This is interesting because
we expected that in the synthesis the amputee model would make a more extensive use of the
RSP during the last contact phase (similar to the sprinting motion synthesis results where we
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found larger torques in the RSP and lower torques in the biological ankle compared to the
reconstruction).

10.1.5 Causes for Differences Between Reconstructed and Synthesized Motions

In contrast to the sprinting motion synthesis, we did not investigate different optimization
criteria and objective functions for the synthesis of long jump motions, but used a concrete
objective function as a basis for the computation of the motions. Therefore, it was natural to
compare the generated motions with the reconstructed solutions to find out where differences
could be found. While smaller deviations are always likely for numerical and practical reasons,
more significant differences are certainly a reason to think about the causes. We have already
briefly discussed this in the section on estimated jump distance and take-off angles (cf. Section
10.1.1, but would like to discuss it in a little more detail here.
There are three main directions of thought here: First, it is possible that the solution of the
motion synthesis OCP will show opportunities for the individual athletes to improve their
technique. We will also discuss this occasionally in the following section. The second, related
reason for the differences between reconstructed and synthesized motion is the formulation
of the predictive simulation as an OCP: The goal of solving an OCP is to determine the opti-
mal parameters, state and control variables, i.e., exactly those that will optimize the objective
function. In this sense, optimization solutions are always more perfect than reality, as they
execute exactly the optimal solution without any perturbations. The motion is considered and
solved as a whole, that is, at each shooting node all previous and future values of the vari-
ables are known, which allows the calculation of an ideal position at each time. On the one
hand, this is not possible in reality for the human athlete, on the other hand, it may be that
the athletes actually do not move ideally, but that at the same time the calculated ideal move-
ment is not intuitive. Third, of course, there is also the possibility that the problem formulation
is not yet ideal. The significant differences in torques during the third-last contact phase for
the amputee athlete indicate that the OCP makes assumptions due to the start of the motion
with the lift-off into the third-last step of the approach that do not correspond to reality and
thus calculates different joint torques.Here it would be certainly interesting to calculate fur-
ther steps of the approach1. Furthermore, in the context of problem formulation, there is also
the possibility that the choice of optimization criteria is not yet complete or the weighting
factors with which the criteria are combined in the objective function are not yet optimal. In
the choice of optimization criteria, there would be, for example, the possibility of formulating
further conditions on the take-off (e.g., striving for the optimal take-off angle or maximizing
the take-off velocities) or the approach (e.g., maximizing the approach velocity). We chose to
use jump distance maximization as the main criterion because it is the ultimate goal of a long
jumper above anything else, and we wanted to avoid examining quantities to which we made
explicit maximization demands. However, it would be interesting to investigate the influence
of other criteria and other weight factors on the movement in subsequent studies. At this point,
the calculation of an inverse optimal control problem (IOCP) for the long jump would then be
of great interest, which would, however, face the challenge that the reference movement ends
during the jump. Thus, it would be necessary to adjust the definition of jump distance in Eq.s
(10.3a) and (10.3b) or to collect data for the flight phase.
All three directions of thought are related to each other and must be carefully weighed against
each other in order to assess the quality of the movements. Even though we have described
differences between reconstructed and synthesized solution in all variables for both athletes,

1In principle, it would be very intriguing to calculate the entire long jump movement including the complete

approach from the standing position. Due to the size of the problem, especially the large number of phases,

this is not possible at the moment.
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we find them within an acceptable range to compare the synthesized movement of the athlete
with BKA to the one of the athlete without BKA. Furthermore, since the models are based on
different athletes and we are only comparing two individual athletes, it is in no way the goal of
this chapter to make general statements about long jump with and without RSP2. Therefore,
in the following section, we would like to compare the synthesized long jump motions with
and without RSP.

10.2 Comparison of Synthesized Long Jump Motions with and
without Running-Specific Prostheses

As we have already stated repeatedly, the ultimate goal of every long jumper is to achieve
the greatest possible jump distance. The entire approach, the take-off as well as the flight and
landing technique are oriented towards this goal. Thus, for a comparison of the amputee and
non-amputee athlete, it is most obvious to compare the jump distances. The estimates of the
jump distances show that the non-amputee athlete jumps 64 cm further than the amputee ath-
lete in the synthesized solution. This result is in contrast to the estimated jump distances of
the reconstructed solutions, in which the amputee athlete jumps significantly farther than the
non-amputee athlete. This means that the studied non-amputee athlete has an even greater
potential to improve his technique and thus his jump distance compared to the amputee ath-
lete. However, since we are comparing two different athletes with different muscle parameters,
it is not possible (and we would like to emphasize this explicitly) to conclude in general from
this result that athletes without BKA could jump further. Instead, in this section we want to
investigate which differences between the two athletes lead to the different jump distances:
as a preparation for the envisioned simulator tool and in order to get hints about possible
fundamental differences between long jump with and without RSP.
The take-off angle of the amputee athlete is significantly smaller than that of the non-amputee
athlete (difference: 3.24◦). Since a connection between take-off angle and jump distance is
indisputable, the smaller take-off angle is one of the reasons for the shorter jump distance of
the amputee athlete. The take-off angle is related to the CoM velocities at take-off (see Eq.
(9.3)), hence we expect to find differences in the behavior of the CoM as well. In addition to
Figure 10.3 which shows the CoM-related curves, we listed the horizontal and vertical CoM
velocities at touch-down and lift-off as well as the corresponding change in the velocities for
all three contact phases in Table 10.2. It is immediately noticeable that the amputee athlete
covers a greater distance during the third- and second-last step than the non-amputee athlete.
This matches the significantly longer step durations, which are possible due to the longer flight
phase durations. In addition, the amputee athlete lowers his CoM significantly more than the
non-amputee athlete during these steps. However, his CoM height at the beginning of the
three investigated steps is higher. At touch-down in the last contact phase and at the take-
off, both athletes have similar CoM heights: At touch-down into the last contact phase, the
amputee athlete’s CoM is 2.9 cm higher than the one of the non-amputee athlete. At take-off
into the actual jump, it is 0.9 cm lower than the one of the non-amputee athlete. Thus, in direct
comparison, the non-amputee athlete gains more vertical height during the take-off contact
phase.
When looking at the horizontal CoM velocity, it is notable that the non-amputee athlete slows
down with each step, while the amputee athlete loses less velocity during the third-last and
second-last contact phases. If we assume that both athletes have reached approximately their
maximum approach velocity at lift-off into the third-last step, this implies that the non-amputee

2We present a first step towards possible generalizations in Chapter 11.
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Table 10.2: Measures related to the center of mass motion for the three contact phases of the synthe-
sized long jump motion of non-amputee and amputee athlete. The measures are computed
as defined in Section 5.3.

Non-amputee athlete Amputee athlete

THIRD-LAST CONTACT PHASE

Horizontal CoM velocity at touch-down 11.78 ms−1 10.99 ms−1

Horizontal CoM velocity at lift-off 11.24 ms−1 10.91 ms−1

Change in horizontal CoM velocity −0.54 ms−1 −0.08 ms−1

Vertical CoM velocity at touch-down −0.40 ms−1 −1.12 ms−1

Vertical CoM velocity at lift-off 0.02 ms−1 0.47 ms−1

Change in vertical CoM velocity 0.42 ms−1 1.59 ms−1

SECOND-LAST CONTACT PHASE

Horizontal CoM velocity at touch-down 11.24 ms−1 10.91 ms−1

Horizontal CoM velocity at lift-off 10.77 ms−1 10.56 ms−1

Change in horizontal CoM velocity −0.47 ms−1 −0.35 ms−1

Vertical CoM velocity at touch-down −1.05 ms−1 −1.45 ms−1

Vertical CoM velocity at lift-off 0.97 ms−1 1.00 ms−1

Change in vertical CoM velocity 2.02 ms−1 2.45 ms−1

LAST CONTACT PHASE – TAKE-OFF PHASE

Horizontal CoM velocity at touch-down 10.77 ms−1 10.56 ms−1

Horizontal CoM velocity at lift-off 9.85 ms−1 9.99 ms−1

Change in horizontal CoM velocity −0.92 ms−1 −0.57 ms−1

Vertical CoM velocity at touch-down −0.08 ms−1 −0.08 ms−1

Vertical CoM velocity at lift-off 3.60 ms−1 3.02 ms−1

Change in vertical CoM velocity 3.68 ms−1 3.10 ms−1

athlete achieves a greater approach velocity than the non-amputee athlete. However, the am-
putee athlete has the greater horizontal CoM velocity at lift-off.

The behavior regarding vertical velocity differs clearly between the third- and second-last step
on the one hand and the last step on the other hand. During the third- and second-last step,
the amputee athlete loses significantly more vertical velocity due to the longer flight durations,
but can at the same time generate significantly more vertical velocity than the non-amputee
athlete during the comparably long contact phases. Incidentally, this is true for both legs; in
fact, the gain in vertical velocity is even greater for the biological leg during the second-last
than for the prosthetic leg during the third-last contact phase. During the last contact phase,
interestingly, this behavior reverses and the non-amputee athlete has the larger gain in vertical
velocity (by 0.58 ms−1) and jumps off with a larger vertical velocity (by 0.58 ms−1).

In the literature, the ability to generate as much vertical velocity as possible during the take-
off contact phase with as little loss of horizontal velocity as possible is described as one of
the decisive criteria for a successful long jump[6, 53]. Thus, while the amputee athlete has
the smaller loss of horizontal velocity compared to the non-amputee athlete, the non-amputee
athlete has the greater gain in vertical velocity in return. Stupendously subtracting the loss
in horizontal velocity from the gain in vertical velocity yields a value of 2.53 ms−1 for the
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Table 10.3: Measures related to the ground reaction forces for the three contact phases of the synthe-
sized long jump motion of non-amputee and amputee athlete. The measures are computed
as defined in Section 5.3.

Non-amputee athlete Amputee athlete

THIRD-LAST CONTACT PHASE

Anterior-posterior change of momentum −0.192 N s kg−1 −0.042 N s kg−1

Anterior-posterior mean force −1.84 N kg−1 −0.06 N kg−1

Vertical change of momentum 1.232 N skg−1 2.200 N s kg−1

Vertical mean force 16.09 N kg−1 29.08 N kg−1

Vertical peak force 21.90 N kg−1 42.69 N kg−1

SECOND-LAST CONTACT PHASE

Anterior-posterior change of momentum −0.279 N s kg−1 −0.317 N s kg−1

Anterior-posterior mean force −2.00 N kg−1 −2.14 N kg−1

Vertical change of momentum 2.990 N skg−1 3.325 N s kg−1

Vertical mean force 28.17 N kg−1 31.06 N kg−1

Vertical peak force 38.55 N kg−1 45.02 N kg−1

LAST CONTACT PHASE – TAKE-OFF PHASE

Anterior-posterior change of momentum −0.625 N s kg−1 −0.505 N s kg−1

Anterior-posterior mean force −7.44 N kg−1 −4.64 N kg−1

Vertical change of momentum 4.191 N skg−1 4.053 N s kg−1

Vertical mean force 50.38 N kg−1 38.46 N kg−1

Vertical peak force 63.56 N kg−1 54.80 N kg−1

amputee and of 2.76 ms−1 for the non-amputee athlete, which is consistent with the greater
jump distance of the non-amputee athlete compared to the amputee athlete.

We have already addressed the differences in phase durations, which are primarily present in
the flight phases. Since the contact times of the third- and second-last steps are comparable
for the non-amputee and amputee athletes, these different phase durations must be primarily
due to differences in ground reaction forces. In addition to the graphical representation of
ground reaction forces in Figure 10.2, we calculated the change of momentum, mean, and
peak forces for each of the three contact phases as in Chapter 9 for long jump dynamics recon-
struction. Table 10.3 gives the resulting values for both athletes. The braking components of
the anterior-posterior force are similar for non-amputee and amputee athlete during the third-
last and second-last contact phases. In both phases, though, the amputee athlete generates
larger propulsive components and larger vertical forces. As the contact phases are of compa-
rable duration for both athletes, this explains the longer flight phase durations of the amputee
athlete and also the larger step length which can be seen in the animated sequences of the
computed long jump motions in Figure 10.1. While the amputee athlete has approximately
equally large vertical peak force values in the third- and second-last contact phases (the peak
value of the second-last contact phase is 105.46 % of the peak value of the third-last contact
phase), the non-amputee athlete shows a significant increase over the steps (the peak value
of the second-last contact phase is 176.03 % of the peak value of the third-last contact phase).
Here, for the non-amputee athlete, the very small vertical force during the third-last contact is
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unexpected. One possible explanation is the composition of the objective function: since we do
not impose any other conditions on the approach, it is possible that the term ‘Minimize Torque
Derivatives Squared’ (Eq. (10.5)) has a relatively strong influence, especially at the beginning
of the motion, thereby finding the most energy-efficient way to accomplish the motion. Since
(as described above) we also observed unexpected behavior in individual variables in the am-
putee athlete during the third-last contact phase, a more detailed investigation of the ideas
described in Section 10.1.5 would be interesting.
Compared to the third- and second-last contact, both athletes have a significantly larger hori-
zontal peak braking force value and a significantly larger vertical peak force value during the
take-off phase. We find further differences between the amputee and the non-amputee athlete
in the forces within the take-off contact phase: Regarding the anterior-posterior force, the am-
putee athlete performs better than the non-amputee athlete, as he generates less braking and
more propulsive force during this phase. Therefore, he has a less negative horizontal change
of momentum and a less negative horizontal mean force indicating that he looses less horizon-
tal force during contact (which again corresponds with the larger horizontal CoM velocity).
However, the non-amputee athlete applies a larger vertical ground reaction force in a shorter
period of time resulting in a larger vertical change of momentum, a larger vertical mean force
value and a larger peak force value. As already seen in the CoM movement, it is also evident
in the force curves that the amputee athlete is able to maintain good horizontal movement,
but this comes at the expense of vertical movement. Since the non-amputee athlete achieves
the greater jump distance, vertical force appears to be critical.
Finally, we look at the joint angles and torques: Here, it is immediately noticeable that the
curves of the third- and second-last contact phases are generally similar for the non-amputee
athlete, even if they are not completely symmetrical. In particular, the knee torque is signif-
icantly larger in the second-last step than in the third-last step. The deviations between the
motion of the right leg in the third-last step and that of the left leg in the second-last step are
significantly greater in the amputee athlete. Here, it is not entirely clear whether the cause
may reside in the problem formulation, so we do not want to infer too much into this devia-
tion. Comparing non-amputee and amputee athletes, it is noticeable that the angle and torque
curves of the second-last contact in the knee and ankle joints are very similar and very differ-
ent in the hip joint. If we leave out the ankle joint, we observe a similar behavior during the
take-off contact albeit with different magnitudes (here, ankle movements naturally differ more
clearly from each other, simply because of the different geometries of RSP and biological leg).
This is an interesting observation: if we consider only the last two contact phases, differences
in joint angles and torques are found mainly in the hip, while similar movements happen in
the knee. The intentional stiffening of the knee on the side affected by the amputation, which
is described in the literature as a strategy to efficiently utilize the RSP, is not found in the
optimized solution (in contrast to the reconstructed solution).

10.3 Summary

We were able to predict realistic long jump motions for the subject-specific models of one
non-amputee and one amputee athlete based on a motion synthesis OCP formulation. The
comparison of characteristic parameters and variables of the motions to the corresponding
ones from the solutions of the dynamics reconstruction of motion capture recordings (Chap-
ter 9) allows the conclusion that the problem formulation is valid for predicting long jump
motions; minor deviations are still left and give ideas where the problem formulation could
be improved. Especially in the case of the objective function, there is the possibility to try out
further optimization criteria (however, it must always be weighed up which conditions dictate
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the motion too strongly). As expected due to the formulation of an optimization problem, the
estimated jump distances of the synthesized solutions outperform the ones for the dynamics
reconstruction.
We summarize here the findings obtained from the comparison of the two athletes with and
without BKA: Overall, the movements of the two athletes during the take-off contact phase are
surprisingly similar, which was not necessarily expected based on the results of the reconstruc-
tion and also the fact that the geometry of the take-off legs differs significantly between the
two athletes. What is most interesting is that the amputee athlete generates a similar torque
in the knee joint during take-off compared to the non-amputee athlete instead of using a de-
liberate stiffening of the knee to exploit even more the spring-like properties of the RSP. The
difference in jump distances appears to be primarily due to differences in horizontal and ver-
tical CoM motion and forces. The literature describes athletes with BKA as having a slower
approach velocity than athletes without BKA. This observation is confirmed when we consider
the maximum forward velocity of the CoM during the last three steps. However, the amputee
athlete still takes off with a greater horizontal CoM velocity because he loses less velocity dur-
ing the contact phases due to the better ratio of propulsive and braking components of the
force curve. Compared to the amputee athlete, the non-amputee athlete generates the greater
vertical force during the final contact phase and gains more vertical CoM velocity. Together
with the better ratio of gain in vertical to loss in horizontal velocity, which is also reflected in
the larger take-off angle, this results in the greater jump distance.
From these observations, it can be assumed that in particular the vertical force during take-
off and a good ratio of gain in vertical to loss in horizontal speed are more decisive overall
than the pure approach velocity. However, since we are comparing two different athletes with
different physiques, different muscle parameters, and possibly different performance levels,
such generalizations are not tenable. Instead, we keep in mind the formulated hypothesis
for the comparison of the amputee athlete to himself without amputation in the envisioned
simulator tool (cf. Chapter 11).
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11 Comparison of the Amputee Athlete to
Himself without Amputation: The Idea of
a Simulator Tool

In this chapter, we will discuss the vision of a simulator tool, which has already been mentioned
in the introduction. We have pointed out several times in the discussion of the results of the
sprinting and long jump studies in the previous parts that conclusions are difficult, among
other reasons, because it is not possible to clearly determine which differences between the
movements with and without running-specific prostheses (RSPs) are due to individual differ-
ences between the specific athletes and which are due to the use of RSPs. Thus, there are
questions that cannot be answered by measurements, for instance, what the performance of
the amputee athlete without amputation would be (i.e., if he had two biological legs). The
simulator tool we propose is intended to address this issue and fill the gap in comparing the
movements of athletes with and without below the knee amputation (BKA) with the help of
realistic computer models of the athlete.
Computer models allow the amputee athlete to be compared to himself without amputation.
To do this, we first create a model of the amputee athlete as a virtual twin (computer model).
In our case, we use the model of the amputee athlete from the previous chapters. In addition,
a modified version of this virtual twin is generated, which is intended to estimate, using all
available knowledge, how the athlete would perform without amputation. We thus work with
two model versions of the virtual twin of the real amputee athlete, which we will refer to as
the ‘amputee version of the model’ (for the virtual twin of the real athlete) and ‘non-amputee
version of the model’ in the following. In the case of an athlete with unilateral BKA, we can,
for example, replace the prosthesis model with the corresponding segments of a biological leg
and mirror the parameters of the biological leg to create a model without BKA. For both mod-
els, the simulator tool should be able to calculate realistic sprinting or long jump movements,
which can then be further analyzed and compared. The requirement for this is that it is pre-
viously clear that the models are physically correct and reproduce the real movement at least
well enough. Without this certainty, the conclusions drawn from the simulator tool would be
worthless.
In this context, the results presented so far in Parts II and III serve as groundwork to test
feasibility and to help in determining what features a simulator tool should have that can study
motions with and without RSP. In particular, the results have shown which measurement data
is required for the creation of realistic models.

11.1 Basic Structure of a Simulator Tool

In the following we will describe and explain the basic structure of the simulator tool in more
detail. Figure 11.1 shows the three essential building blocks with the core features of creating
subject-specific models, generating motions and comparing an amputee model version with
the non-amputee model version.
The simulator tool should offer a graphical user interface (GUI) in which subject-specific mod-
els are created. As we intend to base the simulator tool on our previous work, the models
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Figure 11.1: Basic structure of the simulator tool

would be created as lua models. The model setup is convenient since it is modular and the
models are customizable with few parameters:

• For the creation of the human model, only the key parameters (total height and to-
tal mass) of the athletes are absolutely necessary since the segment parameters can be
extrapolated using the de Leva data [26]. If there is additional measurement data for
segment lengths, masses, centers, etc., it should be entered manually.

• A basic model of a RSP, more specifically the model which we used in the previous
studies, should be available as well. It can be adapted to the specific RSP by entering
the specific parameters from measurements of it. In particular, the knowledge of the
length and the spring constant are relevant (the latter can also be determined by the
dynamics reconstruction of the motion generation module, if motion capture recordings
are available).

• To create the concrete non-amputee and amputee versions of the model, the human
model and the prosthesis model are coupled based on information about amputation
side and amputation level.

Furthermore, parameters like limits for angles, angular velocities, joint torques or even Muscle
Torque Generators (MTGs) could be adjustable by a few tests (for example, measurements with
Biodex systems) to fit the models to the particular athlete.
The basic feature of the motion generation module should be the predictive simulation of mo-
tions (here: sprinting and long jump motions) based on an optimal control problem (OCP)
formulation in order to generate data for the comparison of the non-amputee and amputee
versions of the model. For each motion (sprint/long jump), a model of the movement (i.e., the
phases, their order, the respective equations of motion and all necessary constraints) and a set
of optimization criteria with suitable weights are predefined. However, it should be also pos-
sible to modify the phases, add own constraints as well as optimization criteria and adjust the
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weight factors. In addition to this main feature, the opportunity to solve a dynamics reconstruc-
tion problem for computing the dynamics of (purely kinematic) motion capture recordings and
to solve the inverse optimal control problem (IOCP) for determining the underlying weights
of a motion based on the predefined or custom optimization criteria should be included.
Finally, the motions of the model versions with and without BKA should be compared to each
other. For this it is necessary that the motion generation problems output all necessary result
variables, i.e., the joint angles, joint velocities, joint torques, control variables, ground reaction
forces, center of mass (CoM) positions and velocities. Other characteristic variables such as
angular momentum with respect to the CoM can be calculated from these using the model. The
analysis should then on the one hand offer the possibility to analyze single movements, e.g.,
by creating the corresponding curve diagrams (see all result chapters in Parts II and III) or by
calculating the measures related to effort or style (see Chapter 5) or by playing and exporting
the animated motion sequences. On the other hand, it should also be possible to compare
different athletes, be it athletes actually based on measurement data or also the model of an
athlete, once with and once without RSP.

Mandatory external data for the simulator tool The minimum requirement is that the
total height and total mass of the athlete under investigation is available. Furthermore, it is
also necessary that the segment length of the remaining residual limb of the athlete with BKA
and the parameters of the RSP are available. Basically, the more accurately the measurement
data describe the anthropometric characteristics of the athlete, the more accurate and subject-
specific the model and thus the results will be. In addition to segment parameters, realistic
limits for joint torques as a function of joint position and velocity (as obtained, for example,
from measurements with Biodex systems) are of particular importance in this context. For
pure predictive simulation, no external data or measurements are required. For dynamics re-
construction and IOCP one needs reference data in the form of the overall position in space
and joint angles fitting the respective model.

Future options for extension The above description of the simulator tool describes the basic
features that we envision and which should already be implemented in the first version. A
careful design of the tool is important, in order to be able to extend it as simply as possible.
This can be done at various places, e.g., by improvements of the models or even completely
new features. We name a number of possible directions for improvement in the following list
(without any claim to completeness):

• A more accurate foot-contact model, which, for example, allows the foot to roll through
a contact surface instead of contact with a fixed contact point, could possibly prevent
undesirable effects that we have seen in previous solutions.

• Instead of using the MTGs only to calculate the boundaries, a complete muscle model
including activation dynamics could actually be incorporated into the model. This would
allow muscular effects to be studied. For this purpose, measurements of muscle param-
eters would also prove to be very helpful, if not necessary.

• The model of the RSP could be adapted: First, it would be possible to investigate whether
a more detailed model (consisting of more segments or a flexible bendable segment)
would more accurately reproduce the behavior of the RSP. Second, it would be possible
that a description other than that of the RSP as a linear spring-damper system (e.g., a
non-linear spring-damper system) would represent reality even better. Finally, different
prosthetic shapes could be investigated by creating the respective models.
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• The motion analysis module can be extended individually and in various ways in order
to analyze further motion parameters (e.g., with regard to stability).

• More motion phases (e.g., sprint start and acceleration phases) or motion types (e.g.,
walking or high jump) could be included such that a comparison of these motions with
and without RSP is possible. For this purpose, one would need to formulate a model of
the motion (phase description and constraints) and a suitable cost function.

Formulation for comparing the amputee athlete to himself without amputation Even
though the development and implementation of such a complex simulator tool is beyond the
scope of this thesis, we want to use the final part of the thesis to describe the idea in more detail
and demonstrate how a comparison of an athlete with BKA to himself without amputation
could be done.
In all previous chapters, the amputee athlete was compared to different non-amputee athletes.
For the following sections, we take the 2D model of the amputee athlete from the previous
chapters (i.e., the virtual twin of the existing amputee athlete) as a basis and we compare it
to the non-amputee version of himself. For the amputee model version, we simply copy the
respective model. For the non-amputee model version, we replace the residual part of the
shank and the prosthesis model with a model of the shank and foot, taking the (mirrored)
parameters of the unaffected left leg for this purpose. All other segments are copied.
We proceed analogously with the fitted parameters for the MTGs: For the amputee version
of the model, we adopt the previously used parameters. For the non-amputee version of the
model, it depends on the specific movement: In the case of sprinting, we adopt the parameters
of the amputee athlete, but all parameters of the right leg (affected by the amputation) are
overwritten by the parameters of the left (unaffected) leg. This is necessary because in the fitted
MTG model of the amputee athlete, the hip and knee joints also have weaker parameters. In
the case of the long jump, we adopt the fitted parameters of the virtual twin of the existing
non-amputee athlete for the right leg. This is necessary because the right leg is the take-off
leg. However, during the jump step, much larger torques are generated in the leg joints than
during the running steps. Data from the biological leg of the amputee athlete (as in the case of
sprinting motions) can not be used since no take-off from this leg is observed (and it is not the
strong jumping leg neither). If we simply mirrored the parameters of the left leg, we would
make the non-amputee version of the model symmetric and thus probably weaken it.
We are aware that these assumptions represent a clear limitation of the results in terms of
how they reflect reality. However, due to the lack of measured data of the muscle parameters
or torque limits, the possibilities at this point are also limited. Nevertheless, this should be kept
in mind when interpreting the following results. If the simulator tool described here were to
be used to arrive at an actual legally valid statement regarding advantage and disadvantage
due to the RSP, the way in which the limits or muscle parameters are determined for the
non-amputee version of the model would have to be thoroughly reviewed again and possibly
adjusted. For example, to get better parameters for the MTGs in long jump, special jump tests
and a heuristic indicating how much stronger the take-off leg usually is could be developed.
The modeling of the sprinting and long jump motions including phase order and constraints is
adopted as explained in Chapters 4 and 8. The OCPs are formulated as described in Chapters
6 and 10. The concrete formulation of the objective functions is described in Section 11.2 for
the sprinting motions and in Section 11.3 for the long jump motions. Finally we have to decide
which parameters are used to determine differences in the motions of the two model versions
which is a rather difficult decision. Differences in motions also exist when comparing two
non-amputee athletes, since subtleties of motions are always individual. Even if we compare
in the simulation one and the same basic athlete, once in the non-amputee and once in the
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amputee model version, minor differences cannot be directly attributed to the RSP. For each
movement, therefore, one must ask what constitutes the movement. There is certainly much
room for discussion and widely differing opinions. Burkett and colleagues [19] discuss in their
work regarding sprinting intensity with RSP that it is necessary to define what constitutes a
running gait and where to draw the line in comparison to hopping, for example. Is it solely
about covering the race distance as fast as possible in an upright posture and on two legs? Do
energy efficiency, ground reaction forces, or the number of steps also play a role [19]? The
present work cannot and does not want to give an answer to these fundamental and already
philosophical questions. For the comparison of sprinting and long jump motions that follows
here, we have therefore defined concrete comparison criteria that, in our opinion, characterize
the respective motion.

11.2 Sprinting Motions of the Non-Amputee and Amputee Model
Versions

We base our analysis of the sprinting motions of the amputee and non-amputee model versions
on the OCP formulation which was already applied for the motion synthesis in Chapter 6 and
for the IOCP in Chapter 7.

Choice of objective function For the comparison of the non-amputee and amputee model
versions, we chose an objective function Φ which has a focus on maximizing the average
sprinting velocity. For this, we combine three optimization criteria defined in Chapter 6 as
base functions into the objective function Φ (i.e., ϕM1

- Maximization of average velocity, ϕL6
:

Minimization of torque derivatives squared, ϕL8
: Head stabilization). As the main criterion

should be the maximization of the average velocity, we combine the base cost functions into
the objective function as follows:

Φ(·) = γvel
0 ϕM1

(·) + γvel
1 ϕL6

(·) + γvel
2 ϕL8

(·) with γvel = (1, 10−8, 10) . (11.1)

Why did we choose this objective functions to make the comparison between the non-amputee
and amputee model versions? As already described repeatedly, the goal of any sprinter is to
finish the race in the shortest time possible. To do this, the athlete must accelerate out of the
starting blocks to his maximum velocity as quickly as possible and maintain this maximum
velocity for the remainder of the course. Since we are only considering the phase at maximum
velocity here, an objective function that maximizes the average velocity seems to be a good
description of this behavior. However, we keep in mind for the analysis that used in an OCP
formulation, this objective function comes with the risk that the solution reaches unrealistically
high velocities, since at each time point all variables can be chosen optimally (also anticipating
the next time points), which in reality is not possible in this way.
Another possibility, which would also make sense from the course of this work, would be to use
the best weights of the IOCP solutions to formulate an objective function. Indeed, the idea of
the IOCP is to find the combination of base functions which underlie a measured motion with
the corresponding weights. Accordingly, it is natural to assume that the best weights found for
the amputee and non-amputee athletes are a good approximation to reality. Nevertheless, we
decided not to use objective functions based on the best weights for this chapter because the
IOCP results presented in Chapter 7 still leave important questions open. First, the results of
the IOCP showed that there are differences in best weights between the three non-amputee
athletes as well. Hence, a larger amount of data (i.e., more trials of non-amputee athletes)
might be necessary to eliminate individual variations and to find reliable mean values for best
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(a) Non-amputee model version (b) Amputee model version

Figure 11.2: Animated sequences visualize the solutions of the sprinting motion synthesis optimal con-
trol problem for the comparison of the amputee athlete to himself without amputation in
the simulator tool

weights for the non-amputee model version1. Second, the results of the IOCP yield cases where
the average velocity was slower than the one from the reference data (e.g., non-amputee ath-
lete 1) as well as cases where the average velocity was higher than the one from the reference
data (e.g., amputee athlete). Hence, the best weights identified with the IOCP procedure do
a good job in fitting the reference data overall, but some specific problems as the forward
velocity estimate must be solved before applying the best weight objective functions for the
comparison in the simulator.
Although the objective function Φ does not account for the individual running styles of am-
putee and non-amputee athletes, this objective function can provide valuable insights for the
comparison which we will now discuss. Figure 11.5 shows animated sequences of the resulting
motions for the non-amputee and the amputee model versions.

Comparison of the motions of the non-amputee and amputee model versions The com-
parison of the average velocities is immediately very interesting: The non-amputee model ver-
sion reaches an average velocity of 14.08 ms−1, whereas the amputee model version reaches
an average velocity of 13.48 m s−1. Hence, the non-amputee version of the model reaches the
higher velocity and the amputee version of the model is slower by 0.60 m s−1. Since the objec-
tive functions are identical for both athletes, this difference cannot be attributed to individual
variations in sprinting style or power level. Thus, it appears that there is indeed a ‘threshold
velocity’ above which the RSP makes it more difficult to achieve higher velocities compared to
the biological leg.
For a more detailed understanding, we consider in the next step joint angles (Figure 11.3),
joint torques and ground reaction forces (both in Figure 11.4). The first thing to notice is that
the objective function produces a very symmetric motion for the non-amputee athlete (which
would be expected in principle due to the symmetry of the model and the objective function
even without explicitly requiring single-step symmetry, but was not always clearly shown in
the solutions in Chapter 6). When comparing the positions and joint angles with those of the
amputee athlete, some differences are noticeable: The amputee athlete covers the greater dis-
tance after contact with the RSP, i.e., in the second step (Pelvis position TX). During contact
with the RSP, he lets himself sink significantly into the RSP (Pelvis position TZ). Overall, the
amputee athlete remains with the pelvis and thus the upper body significantly higher than
the non-amputee athlete. The latter remains comparatively low during the flight phases and
therefore takes rather flat steps. The differences in the knee joints are also striking: during
contact with the RSP, the associated right knee shows comparable flexion to that present in
the knees of the non-amputee athlete during the contact phases. In contrast, almost no flexion

1Since the purpose of the proposed simulator tool is to compare the amputee athlete with himself without

amputation, this problem does not arise for the amputee version, as the best weights were determined

precisely for this model. In a more general case, if for instance the aim was to examine another amputee

athlete, one would have to think more carefully about which objective function to define.
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Figure 11.3: Positions, joint angles and phase durations of the synthesized sprinting motions for the
non-amputee and amputee model versions
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Figure 11.4: Joint torques and ground reaction forces of the synthesized sprinting motions for the non-
amputee and amputee model versions

is found in the knee of the amputee model during contact with the other leg. Instead, the con-
tact movement is predominantly performed by the hip and ankle. This is surprising, because in
the reconstructed solutions from Chapter 5 we rather observed the opposite behavior – lower
knee flexion in the knee of the affected side than in that of the unaffected side. As noted with
the other synthesized movements, the optimal solution appears to utilize the RSP differently
(possibly more) than the actual measured athlete. This is also evident in the ground reaction
forces, as the vertical force is significantly greater in the amputee model during contact with
the RSP than during contact with the biological leg (by a factor of 2.3 in the peak values). In
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the non-amputee model, the peak values and curves of the vertical forces of the two contact
phases are almost identical. Also for the horizontal force, the first contact phase (with the RSP)
is the more helpful for the movement, since the driving component outweighs the braking one
and thus generates a forward moment. The more zigzag shape of the force curves is justified
by the fact that an objective function that mainly maximizes velocity does not necessarily favor
smoother solutions. For the torques, the most crucial differences between non-amputee and
amputee models are also found in the leg joints. Two observations in particular are interesting:
First, that the torques of the left knee during the contact phase with the left leg differ more
clearly than those of the right knee during the corresponding contact phase. While the torque
of the amputee athlete in the right knee has a similar course and a slightly larger peak value
in absolute terms than in the non-amputee athlete, the course in the left knee is completely
different. As was the case for the joint angles, there is a clear difference here compared to
the observations of the reconstructed motion (Chapter 5). Second, the torques in the left (bi-
ological) ankle of the two athletes are comparably large during the contact phase. Here, the
strength of the simulator tool comparing the amputee athlete with a model of himself without
amputation is evident, because in the motion synthesis solutions in Chapters 6 and 7, it was
mostly the case that the torque of the amputee athlete in this leg was lower than that of the
non-amputee athlete (whose model, however, was based on a measured non-amputee athlete
and not on the amputee athlete).

Concluding remarks It is still difficult at this point to make a valid statement as to whether
the RSP gives the athlete an advantage or disadvantage when sprinting. However, some ob-
servations can be noted that can assist in an assessment and demonstrate the capabilities of
the simulator tool. The amputee athlete was able to achieve a greater vertical ground reaction
force during contact with the RSP and a more advantageous propulsive to braking compo-
nent ratio in the horizontal ground reaction force than the non-amputee version of the model.
The results show that the amputee athlete cannot translate the larger forces during prosthetic
contact into a higher average velocity such that the amputee athlete runs slower than the non-
amputee athlete. Together with the results from Chapter 6 this suggests that there is some sort
of threshold velocity above which the RSP actually has a detrimental effect on movement.

11.3 Long Jump Motions of the Non-Amputee and Amputee Model
Versions

For predicting the long jump motions of the amputee and the non-amputee model versions,
we apply exactly the same OCP formulation as in Chapter 10.

Choice of objective function Hence, the objective function consists of five optimization cri-
teria (jump distance maximization, torque derivatives minimization and head stabilization cri-
terion) and includes constraints to the dynamics, to the torque limits based on a MTG model,
to colliding segments and to the landing posture.

Comparison of the motions of the non-amputee and amputee model versions Figure
?? Instead of comparing again all diagrams for joint angles, joint torques, ground reaction
forces and CoM motion, we focus on the four criteria2. As described in the literature review

2However, as a small side note, the comparison of the corresponding diagrams from Chapter 10 with two

models based on different athletes and the diagrams here with two models based on the anatomy of one

athlete does not produce any significant differences. The corresponding diagrams for the comparison of the
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(a) Non-amputee model version

(b) Amputee model version

Figure 11.5: Animated sequences visualize the solutions of the long jump motion synthesis optimal
control problem for the comparison of the amputee athlete to himself without amputation
in the simulator tool

on long jump (cf. Chapter 8), performance in the long jump is determined by several factors:
a high approach velocity as well as appropriate take-off, flight and landing techniques. Thus,
to compare the amputee and non-amputee model versions, we consider:

• the horizontal CoM velocities of the three last contact phases as a measure of the ap-
proach velocity,

• the change in horizontal and vertical CoM velocity during the last contact phase (take-
off step) as a measure of good take-off technique (as this is often described by maximum
gain in vertical CoM velocity with minimum loss in horizontal CoM-velocity),

• the take-off angle as a measure for a good take-off and flight technique (since it decisively
determines the trajectory) and

• the jump distance.

They are given in Table 11.1. The CoM velocities are directly taken from the result files. The
changes in horizontal and vertical CoM velocities are computed by subtracting the respective
CoM velocity at touch-down from the respective CoM velocity at take-off. The take-off angle
and the estimated jump distance are defined and computed as described in Chapter 9 using
Eq.s (9.3) and (9.2). To demonstrate the usefulness of the simulator tool, Table 11.1 further
contains the respective results from the long jump synthesis (cf. Chapter 10) where the solu-
tions using models of an existing non-amputee and an existing amputee athlete were used. In
the following, we systematically go through the four comparison criteria to see the differences
between the non-amputee and amputee versions of the model. We take the horizontal CoM
velocities over the three contact phases to determine which athlete has the higher approach ve-
locity. The largest horizontal CoM velocity is achieved at touch-down into the third-last contact
phase for both model versions. At this time point, the velocity of the non-amputee model ver-
sion is 0.58 ms−1 larger than the velocity of the amputee model version. Hence, if we assume
that the velocity at touch-down into the third-last contact phase corresponds with the maxi-
mal velocity achieved during the approach run, the non-amputee model version approaches
faster than the amputee model version. However, due to the smaller losses during the contact

amputee athlete with the non-amputee version of the model based on him can be found in the Appendix

(Figures A.13 and A.14). We will return to this observation in the final discussion.
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Table 11.1: Characteristic quantities for the comparison of the amputee athlete to himself without am-
putation (i.e., the non-amputee model version). For reference purposes, we further show
again the results for the comparison of the long jump synthesis computations from Chapter
10. The columns for the amputee athlete coincide since we applied exactly the same opti-
mal control problem formulation as in Chapter 10. The abbreviations ‘NA’ and ‘A’ denote the
non-amputee and amputee models, respectively, and the abbreviations ‘TD’ and ‘LO’ stand
for ‘touch-down’ and ‘lift-off’. The definition of the individual quantities is given in the main
text.

LONG JUMP SYNTHESIS SIMULATOR SYNTHESIS

from Chapter 10
NA A NA A

THIRD-LAST CONTACT PHASE

Horizontal CoM velocity (TD) 11.78 ms−1 10.99 ms−1 11.57 ms−1 10.99 ms−1

Horizontal CoM velocity (LO) 11.24 ms−1 10.91 ms−1 11.19 ms−1 10.91 ms−1

Change in horizontal CoM vel. −0.54 ms−1 −0.08 ms−1 −0.38 ms−1 −0.08 ms−1

SECOND-LAST CONTACT PHASE

Horizontal CoM velocity (TD) 11.24 ms−1 10.91 ms−1 11.19 ms−1 10.91 ms−1

Horizontal CoM velocity (LO) 10.77 ms−1 10.56 ms−1 10.84 ms−1 10.56 ms−1

Change in horizontal CoM vel. −0.47 ms−1 −0.35 ms−1 −0.35 ms−1 −0.35 ms−1

LAST CONTACT PHASE (TAKE-OFF CONTACT PHASE)
Horizontal CoM velocity (TD) 10.77 ms−1 10.56 ms−1 10.84 ms−1 10.56 ms−1

Horizontal CoM velocity (LO) 9.85 ms−1 9.99 ms−1 9.83 ms−1 9.99 ms−1

Change in horizontal CoM vel. −0.92 ms−1 −0.57 ms−1 −1.01 ms−1 −0.57 ms−1

Vertical CoM velocity (TD) −0.08 ms−1 −0.08 ms−1 −0.35 ms−1 −0.08 ms−1

Vertical CoM velocity (LO) 3.60 ms−1 3.02 ms−1 3.65 ms−1 3.02 ms−1

Change in vertical CoM vel. 3.68 ms−1 3.10 ms−1 4.00 ms−1 3.10 ms−1

Take-off angle 20.09◦ 16.85◦ 20.36◦ 16.85◦

Jump distance 9.86 m 9.22 m 9.93 m 9.22 m

phases, the amputee model version can keep a larger amount of this approach velocity and
finally takes-off at the end of the last contact phase with a velocity that is 0.16 m s−1 higher
than that of the non-amputee model version. This is an interesting observation, as there is an
assumption that RSPs restrict force production and thus limit the maximum possible velocity
[50]. In addition, Willwacher and colleagues [136] also observed slower approach velocities
in amputee athletes in their study of the long jump with and without RSP. Both observations
work well with our synthesized solutions, but only if one considers the maximally reached
velocity. If one only takes into account the take-off contact phase (as it is often done in long
jump studies), the amputee athlete actually has the larger horizontal velocities. At this point,
it is worth looking at the differences from the movements in Chapter 10, which were calcu-
lated using two models based on different athletes: The above described findings are similar
for the synthesized solutions of Chapter 10. We take the changes in horizontal and vertical
CoM velocities during the last contact phase as a measure of ‘good’ take-off technique. In long
jump literature, the strategy for take-off is commonly described as the ability to generate large
vertical CoM velocity without loosing too much horizontal CoM velocity. Let’s start by looking

139



11 Comparison of the Amputee Athlete to Himself without Amputation: The Idea of a Simulator Tool

at the horizontal CoM velocity: as described in the previous point, the amputee version of the
model enters the final step with a slightly smaller horizontal velocity (by 0.28 m s−1). At the
end of the contact phase, the amputee version of the model has a higher horizontal velocity
(by 0.16 m s−1) since he looses less horizontal velocity (only 56.4 % of the non-amputee model
version’s loss). The non-amputee model version succeeds more efficiently in generating verti-
cal CoM velocity: The change in vertical CoM velocity is 3.01 ms−1 for the amputee version and
4.00 ms−1 for the non-amputee version which amounts to a difference of 0.99 m s−1. However,
since the amputee athlete starts the final contact with a less negative vertical CoM velocity, the
difference in vertical velocities at take-off is less pronounced (0.63 ms−1). Hence, we observe
that the non-amputee model version takes off more efficiently as the gain in vertical velocity
and the resulting vertical take-off velocity are much larger compared to the amputee model
version. Although the loss in horizontal velocity is smaller and thereby the horizontal velocity
at take-off larger for the amputee model version, this does not compensate the smaller gain
in vertical velocity. The predictive simulation, therefore, seems to be in contrast to the obser-
vations of Willwacher et al. [136] which affirm the amputee athlete a more efficient take-off
technique.
Since the take-off angle in combination with the height at take-off determines the parabola
of the projectile motion, we take the take-off angle as a measure for a good take-off and
flight technique. When comparing the amputee and non-amputee model versions, we find that
the take-off angle of the amputee version is smaller by 3.78◦. The angle of the non-amputee
model version is closer to the optimal angle for distance maximization in the projectile motion.
However, both take-off angles are within the range of take-off angles of successful long jumpers
reported in the literature.
Finally, we take the jump distance as a measure of a successful jump in general. Looking only
at the jump distance, the non-amputee model version is more successful because the jump
distance is longer by 71 cm.
Since our aim in this chapter is also to illustrate why we think a simulator tool would be helpful,
we will briefly compare the values of the two non-amputee models. For the horizontal veloc-
ities of the three contact phases, it is noticeable that the synthesis based on the model of the
measured non-amputee athlete calculates larger velocities during the third-last and second-
last steps. Thus, it appears that the muscular or body parameters of the amputee athlete actu-
ally only allow for lower approach velocities compared to the measured non-amputee athlete
which would explain why Willwacher et al. [136], who by nature had to compare different
athletes, found that amputee athletes started slower than non-amputee athletes). Since in the
synthesized solutions, the jump distances of the non-amputee athletes are each greater than
those of the amputee athlete, it appears that the approach velocity or horizontal velocity at
take-off is less critical than the take-off angle and vertical velocity. For all three (jump distance,
take-off angle, gain in vertical velocity during take-off contact phase), it can be seen that the
non-amputee model version actually performs even better than the measured non-amputee
athlete. These differences are also very clear: The improvement in jump distance is 7 cm, the
improvement in take-off angle amounts for 0.27◦ and the improvement in gain in vertical ve-
locity during the take-off contact phase is 0.32 m s−1. A comparison of the amputee athlete
with himself without amputation can indeed yield very different results (in both directions, of
course).

Concluding remarks So, the overall picture is as follows: The comparison of the amputee
athlete with a non-amputee model version of himself suggests that the RSP does not provide
the amputee athlete an advantage since he would jump further without than with RSP. How-
ever, we remain careful in giving a conclusive assessment: on the one hand, the results contra-
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dict the findings of Willwacher et al. [136]. Here, further studies that improve the modeling
of the long jump even more (e.g., by testing out more optimization criteria or determining
the weight factors by an IOCP), could be helpful to be sure that the results are valid. In addi-
tion, we are aware that the assumptions about the muscular parameters of the right leg of the
non-amputee model version make the results vulnerable. Here, it would be useful to measure
actual values for all joint torque limits and calculate the parameters of the right leg based on
measurements of how much stronger the take-off leg is on average in non-amputee athletes.
In addition, the restriction to four criteria certainly allows for discussions on how these have
to be weighted and whether further or other criteria are necessary for a fair comparison. This
discussion quickly takes us back to the question discussed in the introduction regarding what
exactly characterizes the motion of the long jump. If this is a matter of comparable movements
in terms of the curves of position, joint angles, and joint torques, the diagrams in Figures A.14
and A.13 show indeed minor differences in the magnitude and exact course of the respective
variable between the two model versions during the take-off step, but not completely differ-
ent curves. In a cautious interpretation, we would consider these differences small enough to
classify the movements both as long jumps.

11.4 Summary

For both motions, we found characteristic differences in the solutions to the reconstructed
motions (Chapters 5 and 9) and the previously synthesized movements (Chapters 6, 7 and 10).
While the causes of the former would need further investigation to ensure that the simulator
tool makes meaningful predictions, the latter highlight the power of the simulator tool to filter
out differences based solely on comparing different athletes. Some of the differences in criteria
crucial for sprinting or long jump performance are less or more pronounced when comparing
the non-amputee and amputee model versions of the identical athlete instead of comparing
models based on distinct athletes. Hence, some of the differences noted in Chapters 6, 7 and
10 are probably not due to the influence of the RSP on the movement, but rather can be
attributed to individual differences between the different athletes. At this point, a simulator
tool to compare an athlete to himself with altered parameters (e.g., without amputation) may
provide helpful insights.
The comparisons in this chapter have relied on selected criteria due to space constraints, as
the focus of the chapter was to show the importance of the simulator tool. However, a wide
range of motion parameters is available from the result files which allows for more in-depth
analyses (e.g., on the asymmetry of movements, which was only briefly addressed). This leads
to an important concluding remark: The simulator tool cannot and does not want to stand on its
own and provide quick and unambiguous answers, but is an auxiliary tool for a systematic and
consistent approach to performance comparison of athletes with and without BKA. It always
requires the reflected and critical evaluation of the user, e.g., in the selection of the objective
function or the criteria on which the comparison is based.
Finally, we briefly summarize how we envision the work flow when using the simulator tool
to compare an athlete with unilateral BKA to himself without amputation:

1. Measurement of the investigated athlete with BKA: At a minimum, total body height, to-
tal body mass and the critical parameters for modeling the RSP are measured. However,
the simulator as a tool for comparing an amputee athlete with himself without amputa-
tion only becomes meaningful if very precise measurement data are available, including
segment lengths, mass distribution, muscle parameters or limits for joint torques as a
function of joint angle and joint velocity, and motion capture recordings.
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2. Model generation: Based on the measurement data, a virtual twin of the athlete is created
(= amputee version of the model). Furthermore, a non-amputee version of the model is
established by mirroring the unaffected leg.

3. Motion synthesis: For both versions of the model, a motion is predicted based on the mo-
tion synthesis OCP formulation. If motion capture recordings are available, the objective
function can be fitted to the athlete using an IOCP.

4. Comparison of the investigated athlete with BKA to himself without amputation: The
results can be used to compare the athlete with BKA to himself without amputation.
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To conclude an extensive work such as this, it is certainly worthwhile to return to the intro-
duction and to provide a connection that places the studies conducted in a larger context.
The starting point for the work was the recurring and still ongoing discussions about ath-
letes with below the knee amputation (BKA). The question of whether they might have an
advantage or disadvantage over non-amputee athletes in sprinting and long jump competi-
tions due to their running-specific prostheses (RSPs) and whether it should be possible for
these athletes to participate in competitions of non-amputee athletes is not conclusively an-
swered by the existing literature. Nevertheless, there are several studies that highlight dif-
ferences and similarities between the movements of athletes with and without BKA (e.g.,
[18, 44, 45, 62, 63, 71, 125, 127, 131, 134, 136], cf. Chapters 1, 4 and 8 for reviews on
the state of the art). What all studies have in common is that they compare the movements
of the amputee athlete with those of non-amputee athletes, who are - naturally - other people
with a different physique and level of performance. And even if preferably comparable non-
amputee athletes are selected for the study, this point offers possibilities for doubt about the
results and the evaluation of what influence the RSP has on the motions. The present work
aims to fill this gap with the idea of a simulation tool that will allow the systematic compar-
ison of the movements of the amputee athlete and the movements of a non-amputee version
of the identical model. Specifically, we presented here the groundwork on the way to such a
simulation tool and finally demonstrated the idea of the simulation tool using two example
motions.
For the groundwork, we created subject-specific rigid multi-body system models as virtual
twins of four non-amputee athletes (three for the sprinting motion and one for the long jump
motion) and of one athlete with unilateral BKA as well as a detailed model of the prosthetic
device. Based on these models of different athletes, we computed sprinting and long jump
motions based on three different optimal control problem (OCP) formulations. Each of these
formulations, either the dynamics reconstruction OCP, the motion synthesis OCP or the inverse
optimal control problem (IOCP), has its justification, as the discussion in the individual chap-
ters has demonstrated: The dynamics reconstruction serves on the one hand to check whether
the modeling choices are valid, on the other hand it provides first results to compare the ath-
letes. The good agreement of the joint angles, torques and forces with the measured data or
literature values has also shown that the dynamics reconstruction approach is a good alter-
native to classical inverse dynamics approaches, especially if no measured data of the ground
reaction forces is available. Motion synthesis offers a good method for predictive simulations.
Two objectives are central: On the one hand, the influence of a certain optimization criterion
on the motion can be investigated. On the other hand, movements calculated as solutions of the
OCP with a fixed combination of optimization criteria for different athletes can be compared
to find out differences. The IOCP aims to identify the combination of predefined optimization
criteria underlying a measured motion capture movement of a particular athlete. We applied
the IOCP formulation only for sprinting, since the long jump motion capture recordings end
before landing. The goal was to find the weight factors for the sprinting movements of the
amputee and non-amputee athletes, and to obtain a concrete objective function describing the
running style for both groups. Although the results of the systematic IOCP approach indeed
came closer to the measured movements than the hand-picked combinations of criteria, the
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deviations are still too large for these specific objective functions to be used for the comparison
of the two model versions when demonstrating the simulator tool. Hence, we have based the
comparison of identical objective functions with a focus on maximizing the average velocity
for both athletes.
For the demonstration of the simulator tool, we have kept the model of the athlete with BKA
and established a corresponding non-amputee model version. For both sprinting and long jump
movements, we have shown that comparing the athlete with BKA to the corresponding non-
amputee model version yields significantly different results than comparing the athlete with
BKA to other athletes without BKA. This was particularly evident in the long jump, where only
one athlete without BKA was available for comparison. The demonstration of the simulator
tool thus clearly showed why the comparison of amputee athletes with themselves without
amputation is necessary for a fair assessment of the influence of the RSP on the motion. This
is particularly the case when the comparison group of non-amputee athletes is small and/or
there are significant differences in performance level or physique between athletes.
Based on this modeling and the three optimization problem formulations, we have examined in
detail and compared the sprinting and long jump movements of athletes with and without BKA.
As can be read in the individual chapters, we have observed differences between the motions
with and without RSP in a large part of the variables. Whether these differences are now so
decisive that the movement of the athlete with BKA can no longer be considered sprinting
or long jumping, we do not want to discuss here. Instead, we would like to emphasize in
summary three particular aspects, which are significant for the comparison in both investigated
movements and, in our opinion, add new insights to the existing literature:

Angular momentum control We have computed angular momentum values for sprinting
and long jumping with and without RSP. Proper angular momentum control is an important
aspect for both sprinting and long jump motions. In our study on optimization criteria for
synthesizing sprinting motions, we have seen that the criterion related to angular momentum
control is among the best criteria in the sense that the synthesized motions come close to the
reference data. This underlines its importance in sprinting. For the long jump movement, we
restricted the study to one objective function with a main focus on maximizing the jump dis-
tance. However, based on the results of the sprinting synthesis, it is conceivable that adding
an angular momentum-related optimization criterion could be useful and potentially improve
some of the discrepancies still observed to the recorded motion. Furthermore, differences in
the angular momentum courses of athletes with and without BKA suggest that angular mo-
mentum control is even more important for amputee sprinting than for non-amputee athletes.
In particular, we have noted considerable differences between the angular momentum values
for sprinting with and without RSP in the trunk and arm components for rotations in all three
planes. The results of the IOCP furthermore have revealed larger weights for the angular mo-
mentum criterion for the athlete with BKA compared to the non-amputee control group. This
means that indeed the importance of angular momentum control is greater for the movement
of the amputee athlete. Without having investigated this further, we hypothesize that these
stronger rotations might have an influence on the take-off and the subsequent flight phase
and might have to be compensated during the flight phase.

Asymmetry The assumption that asymmetry plays a major role in the comparison of athletes
with and without BKA (especially for sprinting) is directly plausible, since the athlete with BKA
represents a clearly more asymmetric system compared to the athlete without BKA, and it has
also been repeatedly mentioned in the course of this work. First of all, we would like to note
that the sprinting movements of the non-amputee athletes also show a considerable amount
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of asymmetry. Thus, it seems that an individual asymmetry is already present in each person
due to physical conditions, even if the human body looks symmetrical “from a distance” and
the models of the non-amputee athletes are symmetrical. On top of this, we observed stronger,
additional asymmetries in the athlete with BKA. While one could certainly expect such to some
degree due to inter-limb asymmetry, our calculations showed that in fact not only the legs,
but the entire body and movement are affected by this asymmetry. For example, the athlete
with BKA uses his arms and upper body to compensate for the inter-limb weight asymmetry.
This results in more irregular movement and greater differences in the torques of the various
joints, some of which are very large, potentially increasing the risk for fatigue and injury in
the affected joints. In addition, the athlete with BKA must readjust his actuation pattern for
each step, which makes the movement more complex and could have a destabilizing effect.

Exploitation of the running-specific prosthesis The need to answer the question of what
influence the use of a RSP has on the overall motion arises, in addition to pure scientific inter-
est, mainly from the assumption that athletes with BKA exploit their RSP in such a way that
they might have an advantage over athletes without BKA. Therefore, it is particularly interest-
ing to see how the model of the amputee athlete exploits the RSP in the optimal solutions of
the motion synthesis OCPs. For the sprinting movements, we have observed that the synthe-
sized torques in the prosthetic ankle (right leg) are larger than the reconstructed torques. In
return, the synthesized torques in the biological ankle (left leg) are smaller than the recon-
structed torques. Accordingly, the ground reaction forces of the synthesized solutions for the
contact with the right leg are larger and for the contact with the left leg smaller than the recon-
structed/measured ground reaction forces. So, for sprinting, it appears that the model utilizes
the RSP more efficiently than the real athlete. For the long jump, the observation was more
sophisticated. At the third-last (prosthetic leg) and second-last (biological leg) contact before
takeoff, the ankle torques and ground reaction forces of the synthesized solution are larger
than those of the reconstructed one. Here, the model seems to utilize the spring-like proper-
ties of the RSP more than the real athlete during contact, but not in favor of a reduced use
of the biological leg. During the take-off (last contact), the model even uses the RSP less than
the real athlete and the ankle torque and ground reaction force are smaller in the synthesized
solution than in the reconstructed one. With the results obtained so far, these observations
cannot be clearly explained yet. Questions remain as to why the real athlete does not use his
RSP more efficiently during sprinting when, according to the optimized solution, this should
be possible, and why the model does not use the RSP more efficiently during takeoff when, ac-
cording to the reconstructed solution, this should be possible. Further investigation is needed
to answer this. It is possible that the optimal solution calculated by the OCP is not executable
for the real athlete (e.g., because the chosen optimization criteria do not yet describe the move-
ment completely or because the real athlete, in contrast to the simulation, cannot choose every
variable perfectly tuned at any time) or that the real athlete still has potential to improve his
movement.

Potential for follow-up studies

The fact that there are still unanswered questions at the end of this work is neither bad nor
surprising. Albert Einstein is quoted as once saying, “The important thing is to never stop ques-
tioning.”. In this sense, we complete this work with the presentation of selected new research
questions that building on the results of this work open up. The present work provides a good
basis for further studies. We first present individual aspects of the existing implementation that
can be expanded or improved comparatively quickly and easily in smaller projects (1.–6.). We
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will then conclude with an outlook on two possible larger applications of this work (7.–8.):

1. Integration of a muscle model: In this work, we have modeled the control of the
joints by torque actuators, which are supposed to summarize the work of all muscles
involved in a joint. Compared to the real human body with its complex muscle system,
this represents a significant simplification. We have taken a first step towards integrating
a muscle model by introducing the Muscle Torque Generator (MTG) model, which we
use only for computing the torque limits, though. Using the muscle activation dynamics
as control in the individual joints would bring the overall model even closer to the actual
human body. In addition, the integration of a muscle model opens up further possibilities
to compare the movements of athletes with and without BKA at a deeper level.

2. Improvement of the contact modeling: We have modeled ground contact by a rigid
point-like contact of the hallux of the foot or the prosthetic device. The assumption that
during sprinting the ground contact happens exclusively with the forefoot is certainly
justified for the phase of sprinting at maximum velocity1. However, the point contact
represents a simplification, since some rollover also occurs when contact is made with
the forefoot or the front part of the RSP. It is not clear beforehand what influence the
simplification we made actually has on the movement. We have seen that the reconstruc-
tions provide reasonable results, both in terms of kinematics and dynamics. However, we
have also found that there are discrepancies, especially in the ground reaction forces, for
which a possible explanation could also be found in the comparatively simple foot model.
Therefore, it would be interesting to establish a more sophisticated foot-contact model,
which describes the rolling of the foot more realistically, and to investigate whether a
significant improvement of the result quality can be achieved by this. A possible imple-
mentation, which would be compatible with our foot models (and in an adapted form
also with the RSP model) and the OCP, is described in [90] and replaces the single
segment rigid foot with a two-segment rigid foot model.

3. Extension of the model of the running-specific prosthesis: We have modeled the RSP
as a three-segment rigid body with one rotational degree of freedom (DOF) at the most
posterior point of the RSP. Here, different directions for further investigations arise: On
the one hand, it would be possible to keep using the existing model of the RSP, but to
extend it to a three-dimensional rotational joint, i.e., to allow rotations about all three
principal axes, and thus to reconstruct or calculate the corresponding torques (as, for
example, in [45]). Second, it would be possible to change the modeling of the RSP. As
described in the introduction, the real RSP is made of carbon fibers. As a result, it does not
actually have a fixed rotational joint, but is flexible along the curvature due to the elastic
material. Besides the possibility of making the modeling more detailed by subdividing
it into more rigid segments to model the curvature, another starting point would be to
model the RSP by one or more slender elastic beams. The starting points for such an
attempt could be the work of Marinou et al. [85] on modeling an exoskeleton by slender
beams and the work of Sandhu et al. [117] on modeling a golf club by slender beams.
Finally, the models and OCP formulations presented in this work open the possibility
to investigate the influence of small variations of the RSP, e.g., in terms of prosthetic
alignment, prosthesis shape or stiffness, on the resulting motion.

4. Investigation of other optimization criteria: While we have conducted an extensive
investigation of various optimization criteria in the sprinting motion synthesis, we have

1When modeling the acceleration phase as suggested below, one would have to adapt the ground contact

model at least in a way that it consists of several phases as in the modeling of the human gait, compare

for example [40].
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limited our consideration of the long jump to one main criterion, maximizing the jump
distance. Although this is the most obvious criterion for the specific movement, it is con-
ceivable that additional optimization criteria could underlie the movement. In particular,
we did not include optimization criteria that act directly on the approach steps, e.g., max-
imization of velocity. Moreover, we have seen in the IOCP solutions that although already
close to the reference motion, they could still be improved. A possible starting point is
also here the integration of further optimization criteria into the objective function.

5. Inverse optimal control of long jump motions: We applied the IOCP formulation
to sprinting motions in this work and identified weights for the four athletes studied
that describe their individual running styles, at least to the extent that the solutions
are closer to the measured motions than those obtained with hand-picked combinations
of the optimization criteria. The IOCP formulation is also applicable in principle to the
long jump movement. It would be interesting to identify the underlying combination of
optimization criteria for this motion as well. One difficulty here is that the motion cap-
ture recordings used so far stop during the jump, but we compute the entire jump until
landing, so only part of the reference motion would be included. New motion capture
recordings, which record the jump until landing, would be helpful for this. Furthermore,
it would be worth considering to include additional optimization criteria in the objective
function for the long jump to find out if they characterize the motion (see the previous
paragraph).

6. Integration of further stages of the motions: In this work, we have considered two
sprinting steps at constant velocity (hence, we assume that the athlete has accelerated
to his maximum velocity) as well as the last three steps of the long jump approach
and the actual jump. However, a sprint race consists of several phases, i.e., the sprint
start (possibly from a crouched position), an acceleration phase, a phase of constant
maximum velocity and a deceleration phase after the finish line. A long jump consists of
a start from a resting position, the approach run, the take-off, the flight and the landing.
For a balanced complete comparison it is not enough to use only some of these phases,
but the whole movement has to be investigated. Therefore, it would be very interesting
to model further phases of the motions and examine them with regard to the differences
and similarities between athletes with and without BKA. The modeling and simulation
of an entire sprint race or an entire long jump consisting of all the phases mentioned
above would of course be the optimum. However, it remains questionable whether the
solution of such a large OCP would be computable in an acceptable amount of time (at
least with the currently used multiple shooting code).

7. Creation of a motion database: The initial idea for the simulator tool was to provide a
way to compare an amputee athlete with himself without amputation easily and without
much required measurement data. We have shown in this work that such a comparison
provides valuable information that is hidden when comparing to a control group of non-
amputee athletes, and – once the simulator tool is fully in place – can be done easily
and conveniently. Important requirements for a good prediction of the simulation are
a suitable objective function and appropriate bounds for the joint torques (or in an ex-
tended version corresponding muscle parameters). Since the simulator tool is supposed
to be about the concrete analysis of an athlete with BKA, it makes sense to perform ac-
curate measurements of this athlete and to determine the torque limits as well as the
objective function underlying his motion by means of an IOCP from them. For the non-
amputee version of the model, however, it would be useful to have averages of a large
number of athletes without BKA in terms of the bounds on the individual variables and
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12 Conclusions and Future Work

the modeling of the motion. As we saw in the discussion of the sprinting results, there
were definitely still differences between the three non-amputee athletes studied, which
were due to individual running styles and performance levels. Therefore, one goal, along
with the simulator tool, would be to build a large database for sprinting and long jump
movements. For the non-amputee version of the model, the parameters (scaled to the
respective height and weight of the athlete under investigation with BKA) could then
be adjusted using this database. In addition to the data of the athletes without BKA,
data of the investigated athletes with BKA should of course also be included, so that in
the longer term typical movement patterns can also be identified and, for example, it
becomes clearer which observations are made based on the individual movement type.

8. Use of the simulator tool for other purposes (e.g., performance improvement) In
addition to the use of the simulator tool presented in this work to compare an amputee
athlete with himself without amputation, the simulator tool could also be used (through
extensions) for a variety of other purposes. For example, it is possible to create a detailed
model of an athlete and, based on predictive simulation of the movement, find the op-
timal movement for that particular athlete with respect to a particular combination of
optimization criteria and compare it to the actual movement. Depending on the desired
accuracy, a pure video recording of the real athlete is also sufficient to compare it with
the calculated motion. Alternatively, a motion capture recording can be used to calcu-
late the motion parameters to be compared by means of the dynamics reconstruction
OCP. In this way, the simulator tool can be used to improve performance by allowing
accurate statements on how the specific athlete needs to adjust his movement in order
to optimize it. Furthermore, the envisaged structure of the simulator tool offers easy
possibilities for extension, e.g., for the investigation of other prosthesis models, other
degrees of amputation or other movements such as high jump.
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A Additional Figures

A.1 Dynamics Reconstruction of Sprinting Motions
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3 Pelvis RY [rad] 8 Left knee RY [rad] 14 Left shoulder RY [rad]
4 Right hip RY [rad] 9 Left ankle RY [rad] 15 Left elbow RY [rad]
5 Right knee RY [rad] 10 Lumbar RY [rad] 16 Neck RY [rad]

6? Right ankle RY [rad] 11 Thorax RY [rad]
? ‘Right ankle’ for the non-amputee athletes, ‘Prosthesis’ for the amputee athlete.

Figure A.1: Root-mean-square errors between the solutions of the dynamics reconstruction and the
reference motions for the individual joints of the 2D models in sprinting. The meaning of
the numbers on the x-axis is given in the table below the figure.
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Figure A.2: Root-mean-square errors between the solutions of the dynamics reconstruction and the
reference motions for the individual joints of the 3D models in sprinting. The meaning of
the numbers on the x-axis is given in the table below the figure.
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A.1 Dynamics Reconstruction of Sprinting Motions
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Figure A.3: Two-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting
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Figure A.3: Two-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting (cont.)
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Figure A.4: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting
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Figure A.4: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting (cont.)
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Figure A.4: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting (cont.)
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Figure A.4: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of sprinting (cont.)
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Figure A.5: Animated sequences of optimized sprinting motions for the amputee and the non-amputee
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Figure A.6: Root-mean-square errors between the reference data and the best weight inverse optimal
control problem solutions of the four athletes for the individual joints in sprinting
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Figure A.8: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of long jump
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Figure A.8: Three-dimensional generalized positions of the dynamics reconstruction and the reference
motions of long jump
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Figure A.10: Comparison of the joint torques during the third-last and second-last steps of the long
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non-amputee athlete 1 and for the jump reconstruction the ones of non-amputee athlete
4. Joint torques are normalized by body mass and phase durations are scaled for compara-
bility. The solid lines give the curves related to long jump and the dashed lines the curves
related to sprint. The labels ‘F’ and ‘C’ on the x-axis indicate flight and contact phases,
respectively.

164



A.5 Synthesis of Long Jump Motions

A.5 Synthesis of Long Jump Motions

F C F C F C F
−5

0

5

J
oi

n
t

to
rq

u
e

p
er

b
o
d

y
m

as
s

[N
m

/
k
g
] Right/Affected

Hip RY

F C F C F C F

−5

0

Right/Affected
Knee RY

F C F C F C F
0

10

Right/Affected
Ankle RY

F C F C F C F

−5

0

5

J
oi

n
t

to
rq

u
e

p
er

b
o
d

y
m

a
ss

[N
m

/
k
g]

Left/Unaffected
Hip RY

F C F C F C F

−5

0

Left/Unaffected
Knee RY

F C F C F C F

0

5

Left/Unaffected
Ankle RY

F C F C F C F
−2.5

0.0

J
oi

n
t

to
rq

u
e

p
er

b
o
d

y
m

as
s

[N
m

/k
g]

Lumbar RY

F C F C F C F
−1

0

1

Thorax RY

F C F C F C F
−2

0

2
Right Shoulder RY

F C F C F C F
−0.5

0.0

J
oi

n
t

to
rq

u
e

p
er

b
o
d

y
m

a
ss

[N
m

/k
g]

Right Shoulder RX

F C F C F C F

0.0

0.5

Right Shoulder RZ

F C F C F C F
−0.5

0.0

0.5
Right Elbow RY

F C F C F C F

0

2

J
o
in

t
to

rq
u

e
p

er
b

o
d

y
m

as
s

[N
m

/k
g]

Left Shoulder RY

F C F C F C F

0.0

0.5

Left Shoulder RX

F C F C F C F
−0.5

0.0

0.5
Left Shoulder RZ

F C F C F C F
−1

0

J
oi

n
t

to
rq

u
e

p
er

b
o
d

y
m

as
s

[N
m

/k
g]

Left Elbow RY

F C F C F C F
−0.5

0.0

0.5

Neck RY

Non-amputee athlete

Amputee athlete

Figure A.11: Joint torques of the non-amputee and the amputee athlete for the synthesized long jump
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Figure A.12: Generalized positions of the non-amputee and the amputee athlete for the synthesized
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(a) Prosthetic/Biological ankle joints

(b) Knee joints
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Figure A.14: Leg joint angles and joint torques during the contact phases of the long jump motion for
the comparison of the amputee and non-amputee model versions
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