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Abstract

Quantum information processing exploits superposition and entanglement to enable
tasks in computation, communication and sensing that are classically inconceivable.
Photonics is a leading platform for quantum information processing owing to the
relative ease in which the encoding and manipulation of quantum information can be
achieved, but there are a set of characteristics that photons themselves must exhibit
in order to be useful. The ideal photon source for building up multi-qubit states
needs to produce indistinguishable photons with high efficiency. Indistinguishability
is crucial for minimising errors in two-photon interference, central to building larger
states, while high heralding rates will be needed to overcome unfavourable loss
scaling. Domain engineering in parametric down-conversion sources negates the
need for lossy spectral filtering allowing one to satisfy these conditions inherently
within the source design.

Contained in this Thesis are two experimental investigations. Within the first
investigation, we present a telecom-wavelength parametric down-conversion photon
source that operates on the achievable limit of domain engineering. The source is
capable of generating photons from independent sources which achieve two-photon
interference visibilities of up to 98.6 ± 1.1% without narrow-band filtering. As
a consequence, we can reach net heralding efficiencies of 67.5%, corresponding to
collection efficiencies exceeding 90%. These sources enable us to efficiently generate
multi-photon graph states, constituting the second experimental investigation.

Graph states, and their underlying formalism, have been shown to be a valuable
resource in quantum information processing. The generation and distribution of a
6-photon graph state—defining the topology of a quantum network—allows us to
explore prospective issues with networks that invoke protocols beyond end-to-end
primitives, where users only require local operations and projective measurements.
In the case where multiple users wish to establish a common key for conference
communication, our proof-of-principle experiment concludes that employing N-user
key distribution methods over 2-user methods, results in a 2.13 ± 0.06 key rate
advantage.
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Preface

Unexpected things happen, but as much as humanity probably should have been

expecting a global pandemic, not many people could have convinced me that

as of the 26th of March 2020 we would enter into a national lockdown. Falling almost

exactly between elements of work contained in this thesis, the spreading of COVID-

19 prompted the shut down of all of our experimental research. The first piece

of experimental research that was led by myself, was finalised just before lockdown

began, meaning the manuscript for my first, first authored research could be written,

re-written and re-written again. But this time also enabled some lab down-time

to plan what experiments we can perform next. Initially, planning began on an

ambitious multi-photon experiment. After starting our preparations towards the this

experiment, it was clear that we just did not have enough of the required resources

meaning that this experiment was out of our reach in the near-term. Replacing this

experiment however was an experiment that felt almost equally as out of reach at

some points.

The pandemic was not alone in being an important date that was defined within

the timeline of this thesis, the other important dates—more relevant to the topics

of this thesis—were the first demonstrations of a quantum computational advan-

tage. In particular, it was exciting to see quantum computational advantage was

achieved using photons generated with probabilistic photon sources based on para-

metric down-conversion very similar to those displayed in this thesis.

This thesis then, I hope, forms an elegant story beginning with foundational

aspects of photon generation and ending with multi-photon state generation as a

resource for future quantum network protocols.
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Thesis outline

Chapter 1 introduces the work contained in this thesis. We will cover content

necessary for comprehending how this thesis adds value to the field of quantum in-

formation processing and will touch on the major themes preparing the reader for

what is to come. Section 1.1 then introduces some of the fundamental aspects of

quantum information that appear in this thesis. There is no new insight in this

chapter, but it does contain important theoretical background for subsequent chap-

ters, in particular the stabiliser formalism and graph states.

Chapter 2 introduces the fundamental aspects of parametric down-conversion and

we go through how, starting from some fundamental equations in optics, we can

arrive at a quantum state describing down-conversion.

Chapter 3 goes into some more detail into down-conversion, specifically on how one

can achieve spectrally pure photons from photon source engineering alone. This

chapter culminates in an experimental analysis of the subsequently designed crys-

tal. As a result of this work, we can explore multi-photon tasks. But before we

introduce a full scale application, we enter into an intermediary chapter.

Chapter 4 outlines how one produces multi-photon entangled states with parametric

down-conversion sources, introducing the optical arrangement we use in our exper-

imental lab to generate Bell states with high purity and sufficient rates. We also

introduce fusion gates, the experimental aspects behind them and how these gates

generate larger multi-photon states.

Chapter 5 contains the final work in this thesis and also the final work of my PhD.

Genuine multi-photon entanglement can be a very powerful resource for quantum

networks. We go beyond typical scenarios which distribute GHZ states and Bell

states directly, and produce a genuine multi-partite entangled network resource

state. The generated states equivalence to a graph allows access to a toolbox of

local operations (single qubit unitaries) such that in one network usage, users can

distill a GHZ between a subset of users, or a Bell state between several subsets

of users without requiring them to perform non-local operations. Our analysis con-

xv
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cludes with measurements of the asymptotic key rate for a GHZ state and set of Bell

states, highlighting the advantage of N-user quantum key distribution over 2-user

quantum key distribution key rate.

Chapter 6 concludes this thesis, by restating the key points of this thesis and relating

the importance of this work with respect to current research directions in quantum

information processing.
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Chapter 1. Introduction

If computers that you build are quantum,
Then spies of all factions will want ’em.

Our codes will all fail,
And they’ll read our email,

Till we’ve crypto that’s quantum, and daunt ’em.

—Jennifer and Peter Shor

At the intersection of computer science, physics and mathematics lies quantum

information processing. Exactly what quantum information processing con-

tains is epitomised quite well by the above limerick. It is the computation, storage

and transmission of quantum information.

1.1 Introduction

Much departed from classical information, where information is encoded in logical

bits assigned to definite values, an elementary unit of quantum information is analog

meaning a qubit can exist as a coherent superposition of basis states. Further, we

cannot discriminate with certainty between quantum states that are non-orthogonal

nor can one measure or copy the state without disturbing it. The most remarkable

property of quantum information though, is that quantum systems can be entan-

gled. A consequence of entanglement—characteristic correlations with no classical

counterpart—is to try to isolate properties of an individual system constituting part

of an entangled system is ill-fated. Entanglement was at the heart of the illustrious

philosophical debate probing the nature of reality, concerned with whether quantum

theory could be considered complete. In the so-called EPR paper, named after the

authors A. Einstein, B. Podolsky and N. Rosen, it was postulated that a complete

2



Chapter 1. Introduction

physical theory must satisfy local realism, and thus quantum theory should be ex-

tended to encompass hidden variables [1]. The debate over whether these hidden

variables had a place in quantum theory was ended in 1964 when J. S. Bell derived

the famed inequality, and the designation of a “Bell state” was to be reserved to

quantum systems that were maximally entangled [2].

Quantum theory may have emanated in the early 20th century, but it was not

until the later half of the 20th century that the theory began to facilitate some

of the most influential experimental and theoretical research, formally establishing

the field of quantum technology. Of these quantum technological tasks, quantum

communication—at the time of its theoretical proposal—was the most experimen-

tally feasible. The origins this technology is a fascinating story that is re-called in

detail within Ref. [3]. Briefly, the first account of employing quantum theory for

the purpose of security was in the early 70s but only appeared in print in the early

80s, where S. Wiesner postulated unforgeable bank notes [4]. It took a conversation

on a beach before a paper was published that explicitly contained the term “Quan-

tum Cryptography” [5], where the authors toyed with the idea of using photons as

quantum information carriers stored on unforgeable subway tokens. Shrewdly, C.

H. Bennet and G. Brassard observed that

“God did not create photons as a storage medium, but rather

as a communications device” [6],

birthing the renowned “BB84” protocol [7] and the beginning of almost 40 years of

experimental research into quantum key distribution.

Almost simultaneous to early discussions surrounding quantum communication,

R. Feynman was indicating that to efficiently simulate quantum systems, we would

require quantum computers [8]. Where the promise of quantum communication was

security, quantum computation promised exponential speed-ups and the capability

to solve tasks that are currently intractable with classical computers. Algorithms—

deigned for use with quantum computations—can drastically outperform their clas-

sical equivalents, some of the most notable algorithms include P. Shor’s prime fac-

toring algorithm [9] and L. Grover’s database search algorithm [10].

There are many physical systems that can be encoded for quantum information

3



Chapter 1. Introduction

processing, but out of optical systems, trapped ions, silicon spin and cold atoms,

optical systems are the most flexible and arguably the easiest to use. Photons

can be precisely prepared, coherently controlled, efficiently detected and are free

from decoherence from interactions with the environment, meaning optical systems

can be deployed for all aspects of quantum information processing: computation,

storage and transmission of quantum information. Since the inception of the laser

in the 1960s, the quantity of research into photonics dwarfs research into quantum

information processing. The maturity of photonics, and the deep understanding of

its central topics therefore means that we can leverage the existing technological

base of classical photonics.

Pioneering works on the teleportation of a quantum state and the swapping of

entanglement are examples of quantum based tasks that employ photonics. The

composition of most entanglement based optical quantum information tasks are

founded on these pioneering pieces of work. It was in 1993 when C. H. Bennet, G.

Brassard and co-authors proposed a “teleporting” scheme that consisted of two users,

who defying no physical laws and adhering to well known axiom of no-cloning, wish

to exchange all the information about a quantum system without sending the system

itself. The now well known quantum teleportation protocol, requires two users to

share long-range correlations, owed to the fact that they each posses a bi-partition

of a maximally entangled photonic quantum state, a Bell state [11]. One user, who

wishes to teleport an unknown quantum state, performs a joint Bell measurement

onto their bi-partition and the quantum state for teleportation. The result of the

joint measurement—that is communicated classically—dictates which, if any, local

unitary is required in a feed-forward step to successfully teleport the unknown state.

The first experimental realisation of teleportation was subsequently performed by

D. Boschi et al. in 1998 [12], using a process called parametric down-conversion to

generate the entangled photons required.

In the same year that C. H. Bennet, G. Brassard and co-authors proposed the

teleportation of quantum states, M. Żukowski et al. proposed the teleportation of

entanglement, or what the authors called entanglement swapping. Entanglement

swapping, is the entangling of two systems that have never interacted and this oper-
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ation can act as a means to distribute entanglement between distant users [13]. Per-

forming a joint Bell measurement on bi-partitions of two different entangled states,

leaves the remaining bi-partitions entangled, attaining correlations they never had.

This was first demonstrated experimentally by J. W. Pan et al. also in 1998 [14],

again using the parametric down-conversion process to generate entangled photons.

Both entanglement swapping and teleportation rely on a so called Bell state

measurement. This is a projection onto the Bell basis [15] that was translated into

an optical scheme by S. L Braunstein and A. Mann in 1995 [16], via the generalisation

of Hong-Ou-Mandel interference [17] and depended yet again on the generation of

photon pairs using parametric down-conversion.

These proposals and their subsequent experimental realisation, are major pre-

cursors for many protocols in optical quantum information science, such as loop-hole

free Bell tests [18], Boson sampling [19, 20], ghost imaging [21] and all-optical quan-

tum repeaters [22] (the list goes on). At the very foundation of these tasks—and

a resource of most tasks in optical quantum information processing in general—is

the generation of entangled photons through parametric down-conversion, a major

theme of this thesis.

Parametric down-conversion (PDC) is the most widely used technique for gen-

erating entangled photons. It was P. Kwiat et al. in 1995 who demonstrated the

first efficient source of polarisation entangled photons [23]. As a result of it cost-

effectiveness and accessibility, entangled photon generation via PDC has been de-

veloped extensively, incorporating countless different optical schemes, accessing a

variety of different degrees-of-freedom [24–30] and exhibiting up to twelve-photon

entanglement [31–33].

As will be presented in this thesis, we are approaching the upper bound of what

is possible with current PDC photon sources in terms of photon distinguishability

and photon generation rates. It is exciting to know that as of writing this thesis,

most of the intrinsic limitations of PDC have been removed.

Epitomised in the work of Ref. [34]—which deployed probabilistic photon sources

very similar to those displayed in this thesis to demonstrate the landmark of “quan-
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tum supremacy”1—multi-photon experiments absolutely need high success two-

photon interference. Any reductions in the success probability of two-photon in-

terference can create huge over-heads in terms of the number of photon sources re-

quired, subsequently the number of detectors, the complexity of the photonic circuit

and the complexity of processing the results [37]. Only indistinguishable—which by

definition also means spectrally pure—photons can interfere with a maximum prob-

ability of success [38]. As a result, pushing photon sources to the achievable limits

of indistinguishability, whilst maintaining suitable generation rates is the focus in

the early parts of this thesis.

The later parts then focus on exploiting the near-ideal photon sources we have

developed for an investigation into quantum network primitives with photonic graph

states. Quantum networks at the desired global scale are still notional, that is,

they are not yet of the scale of classical networks. But, there have been many

examples of small and intermediate scale networks that have established both the

basic infrastructure, as well as more advanced infrastructure required for larger

networks, such as satellite links [39–46]. Prospective networks will progress further

than just a means for point-to-point communication, where communication can

occur simultaneously across the underlying network. The infrastructure of a network

and the simultaneity of communication means that certain networks are susceptible

to bottlenecks. A solution to this, is to employ genuine multi-partite entanglement in

the form of a graph state, and distribute its partitions to network users. This graph

forms an underlying resource for the generation of a secure key between multiple

users. We highlight experimentally, that a point-to-point distribution of a key for

a multi-user communication protocol is inefficient compared to a conference key

agreement scheme.

Before entering the main work contained in this thesis, we will discuss key theory

tools necessary for the comprehension of the main work.

1Even though we had only just entered the phase of noisy-intermediate scale quantum (NISQ)
computing, “quantum supremacy”, a term coined by Preskill [35], was reported in landmark pa-
pers [34, 36].
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Quantum Information Processing

The goal for the remaining parts of this chapter is not to introduce the reader to

any new physics or concepts unique to this thesis, but to outline some of the

fundamental theory contained in the rest of this thesis. There are a multitude of

resources that contain a lot of the following information, but the ones I have found

most useful and therefore used the most are Refs. [47–51].

1.2 Quantum information primitives

A qubit is a two-level quantum system which can be represented by a vector in

a two-dimensional Hilbert space H . A basis set of this quantum system are two

mutually orthogonal normalised vectors. Traditionally, the “computational basis” is

expressed as:

|0⟩ =

1
0

 and |1⟩ =

0
1

 , (1.1)

but within this thesis, the computational basis will take the form of horizontal |H⟩
and vertical |V⟩ polarisation, a result of the encoding space optical systems offer.

Quantum states can also exist in a linear superposition of the computational basis,

|ψ⟩ = cos θ
2
|H⟩+ eiϕ sin θ

2
|V⟩ , (1.2)

with the angles θ and ϕ describing the polar and azimuthal angles that map a three-

dimensional sphere called the Bloch sphere depicted in Figure (1.1). Lying on the

axes of this sphere are the eigenstates of the Pauli operators. Expressed in terms of
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polarisation, the states that lie on the x-axis are

|D⟩ = (|H⟩+ |V⟩)√
2

and |A⟩ = (|H⟩ − |V⟩)√
2

, (1.3)

whilst the states lying on the y-axis are,

|R⟩ = 1√
2
(|H⟩+ i |V⟩) and |L⟩ = 1√

2
(|H⟩ − i |V⟩). (1.4)

Leaving just the computational basis vectors, which lie on the z-axis. Pauli matrices

are incredibly important in quantum mechanics. The 2 × 2 complex matrices are

traceless, hermitian, unitary and have a determinant of minus one. They also have

the property that they anti-commute with each-other and their square produces the

identity matrix I. The Pauli group P, contains the following

σz = Z =

1 0

0 −1

 σx = X =

0 1

1 0

 σy = Y =

0 −i

i 0

 . (1.5)

These operations applied on a single qubit correspond to a bit flip for X, a phase flip

for Z and a combination of bit and phase flip for Y. A final crucial operator used

frequently in this thesis is the Hadamard gate, which transforms Pauli operators

into other Pauli operators under their conjugation. Equivalently, the Hadamard

x
y

z

x
y

z
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Figure 1.1: The Bloch sphere. This is a geometrical representation of the pure
state space of a two-level quantum system. The x, y and z axes intersect the
sphere at the eigenstates of the respective Pauli matrices σx, σy and σz.
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gate transforms the eigenstates of the Pauli operators, its definition is as follows:

H =
1√
2

1 1

1 −1

 . (1.6)

I will just quickly introduce some nomenclature when it comes to the definition of

quantum states. Throughout this thesis polarisation encoding is used meaning that

we may interchange how we describe states, adhering to the following:

|0⟩ ≡ |H⟩ |1⟩ ≡ |V⟩ |+⟩ ≡ |D⟩ |−⟩ ≡ |A⟩

omitting the eigenstates of Y which are sparsely used.

Typically we operate within either the state vector form or density operator

form. Both of these forms are mathematically equivalent, meaning that we can

freely interchange between their usages. In the density operator form we have access

to the density operator, which is defined as

ρ =
∑
i

pi |ψi⟩ ⟨ψi| (1.7)

and can describe quantum systems whose states are not entirely known. The density

operator is typically used in the description of pure quantum states. It is trace

preserving, positive semi-definite—enforcing its eigenvalues to be non-negative—

and is self-adjoint. Mixed states can also be represented in this formalism, where

the density matrix of a fully mixed state becomes ρ = (1/d)Id, where d is the

dimension of the state. In such a condition of mixture, the density operator can no

longer define a unique state, but instead describes an ensemble of mixed states.

The measure of state purity discriminates between pure and mixed states. The

purity is measured by computing:

P = Tr[ρ2]. (1.8)

Following from the condition of mixture on the density operator, the purity of a

mixed state is bound to 1/d ≤ P < 1, whilst a pure state has purity P = 1.

The fidelity is a distance measure, which determines how close a state is to

a desired target state. There are two different definitions of a fidelity measure
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depending on whether the states you are calculating against are pure or mixed. For

pure states the fidelity is

F(ρtarget, |ψ⟩) = ⟨ψ| ρtarget |ψ⟩ , (1.9)

and for mixed states

F(ρ′target, ρmix) =
(

Tr
[√
ρmixρ

′
target

√
ρmix

])2
. (1.10)

Measurements in the density operator formalism are analogous to measurements

in the state vector approach. So as we mentioned, one can interchange between the

two. Consider a set of measurement operators Mm and an initial state |ψi⟩. The

probability of attaining the result m is

p(m) =
∑
i

pi ⟨ψi|M †
mMm |ψi⟩ = Tr[M †

mMmρ]. (1.11)

The quantum state after obtaining result m is then

ρm =
∑
i

pi
Mm |ψi⟩ ⟨ψi|M †

m

Tr[M †
mMmρ]

=
MmρM

†
m

Tr[M †
mMmρ]

. (1.12)

So far we have only introduced single-qubit states. The most important two-

qubit states are the Bell states (or also referred to as EPR pairs). These are maxi-

mally entangled pure states that produce correlations from joint measurements that

triggered foundational debates within quantum mechanics. They play a fundamen-

tal role in quantum information processing and within this thesis, and are thus

defined as
|Φ±⟩ = |HH⟩12 ± |VV⟩12√

2
,

|Ψ±⟩ = |HV⟩12 ± |VH⟩12√
2

.

1.3 Stabiliser formalism

Descriptions of quantum states and any subsequent transformations applied to those

states requires a set of mathematical tools. One such set of tools is the stabiliser

formalism, initially conceived by D. Gottesman for the purpose of error correction
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codes [52] which now extends beyond its intended first use case. Its mathematical

foundation is based on using sets of operators (or an operator depending on the size

of Hilbert space that state occupies) to describe both states and the transformations

on that state. So rather than describing a pure state as a vector in Hilbert space, we

describe the state via a set of operators (or an operator) that obtains the +1 eigen-

value of the eigenstate. For example the eigenstate of Z is |H⟩ with corresponding

eigenstate of +1, whilst mapping the eigenvalue of |V⟩ to the operator Z requires a

minus sign. The same for the X operator, which has eigenstate |D⟩ with eigenvalue

+1 and orthogonal eigenstate |D⟩ which has an eigenvalue of −1. We can therefore

map the single-qubit states to their respective operators

Z |H⟩ = |H⟩ − Z |V⟩ = |V⟩

X |D⟩ = |D⟩ −X |A⟩ = |A⟩ .
(1.13)

Beyond the single-qubit case, we can also consider how this formalism can be used

to describe the Bell state |Φ+⟩. This state can be described by two sets of operators

Z1Z2 and X1X2 as the following relation adheres to the formalism:

Z1Z2

( |HH⟩12 + |VV⟩12√
2

)
=
( |HH⟩12 + |VV⟩12√

2

)
X1X2

( |HH⟩12 + |VV⟩12√
2

)
=
( |HH⟩12 + |VV⟩12√

2

)
.

(1.14)

More generally, the collection of operators that describe the state are known as the

“stabilizer” of the state. If |ψ⟩ is the quantum state, then a stabilizer is a set of

operators Si that leave the state invariant

Si |ψ⟩ = |ψ⟩ . (1.15)

The group that can describe all of the operators in the stabilizer formalism is the

Pauli group Pn for n qubits. For one qubit the Pauli group is composed of the

product of the Pauli matrices with ±1 and ±i,

P1 = {±i;±1} × {I,Z,X,Y}, (1.16)
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and the Pauli group for n-qubits is defined by the tensor product of n Pauli groups

Pn = P⊗n
1 . (1.17)

For a particular quantum state |ψ⟩ we can describe the stabilizer group S, whereby

each element of this group stabilizes the state. By way of definition, only commuting

operators can have simultaneous eigenvectors, meaning that the group of stabilizers

Si is Abelian.

Consider that two operators, Si and Sj individually stabilize |ψ⟩, their unique

products SiSj and SjSi will also stabilize |ψ⟩. This means that SiSj and SjSi form

two new stabilisers Sk and Sl satisfying SiSj |ψ⟩ = Sk |ψ⟩ = |ψ⟩ and SjSi |ψ⟩ =

Sl |ψ⟩ = |ψ⟩ respectively. We can reduce the stabilizer group S into its “genera-

tors” G, which are the smallest set of independent elements that can be used to

produce all the other elements belonging to that group [47]. Explicitly then, the

full group of stabilizers S can be obtained with just the sub-group of m generators

G = ⟨S1, ..., Sm⟩.

Rather than tracking the evolution of a state in time under unitary transfor-

mations, within the stabilizer formalism states are fixed and operators are evolved

in time such that information processing is described by operator transformation

rules alone. Both of these aspects mean we are working within the Heisenberg pic-

ture of quantum mechanics, opposed to the Schrödinger picture. The application

of a unitary transformation to a quantum state in these mathematical frameworks

corresponds to the following mapping:

Schrödinger: |ψ⟩ Û−−→ |ψ′⟩ = Û |ψ⟩ (1.18)

Heisenberg: ⟨Si⟩
Û−−→ ⟨S ′

i⟩ = ÛSiÛ
† (1.19)

Only a sub-class of all possible quantum operations can be described within the sta-

bilizer formalism, that is operations which transforms a Pauli product into another

Pauli product under its conjugation. Such transformations are classed as Clifford

operations, where under such an operation, the evolution of a quantum state in

the stabilizer formalism is a mapping of the generators according to Sm → ÛCSmÛ
†
C

where Sm ∈ G. The evolution is now equivalent to finding the new unique generators

that stabilize the new rotated state. This creates a favourable scaling in the number
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of bits required to store a full quantum state [53]. Generators of the Clifford set

are the CNOT, Hadamard, and phase gate.

The importance of this formalism beyond the context of error correction, is

discussed later in this thesis, but a more critical discussion for this thesis revolves

around the strict criteria for what states this formalism can be used for. Only states

that are stabilised by Pauli operations (stabiliser states) can be used and within this

restricted set of states. A sub-group of the stabiliser states, known as graph states,

are frequently discussed towards the end of this thesis, after we have introduced

multi-photon state generation. It is useful to form an understanding of the structure

of these states and how they can be manipulated with simple single-qubit operations

and measurements.

1.3.1 Graph states

A graph state is an n-qubit stabiliser state. Their correspondence to an n-vertex

mathematical graph makes them a very useful tool in photonic quantum information

processing. All stabiliser states are locally equivalent to a graph state [54], which

consist of edges E connecting n vertices V. Explicitly a graph G = (V,E) is defined

as

|G⟩ =
∏
i,j∈E

CZij |+⟩⊗|V | , (1.20)

where an edge between two vertices corresponds to a non-local gate (CZ = |00⟩⟨00|+

|01⟩⟨01|+|10⟩⟨10|−|11⟩⟨11|) applied onto the two vertices the edge connects, and each

vertex is a single-qubit prepared as |+⟩). Interestingly, in the stabilizer framework,

before applying the CZ operations, each vertex is initially in the state |+⟩ which is

stabilized by X, meaning the generator of the state |+⟩n would simply be the list

⟨X1,X2, ...,Xn⟩.

A property of graphs that we exploit in Chapter 5 is that different graphs, which

may be constructed in vastly different ways, with different entanglement structure,

can be locally equivalent up to Clifford operations [55], where transforming from

one graph into another is achieved by performing a graph operation called local

complementation (LC).

13



Chapter 1. Introduction

(a) (b) (c) (d)

(a) (b) (c) (d)

Target Neighbours

Figure 1.2: A small collection of 6-qubit graph states. Each of the graphs in this
collection are not LC equivalent, meaning that they each exist in a distinct
“orbit”. An interesting property of graph (b) is that it is LU equivalent to
the GHZ state, up to Hadamard rotation on its leaf-nodes (vertices that are
adjacent to precisely one other vertex). The properties of graphs becomes
extremely interesting when considering certain network protocols. Later on in
this thesis we exploit the properties of (a).

1.3.1.1 Local complementation

Local complementation is an equivalent action to the application of a set of local

Clifford gates [54]. Starting with an initial graph |G(V,E)⟩ the LC operation applies:

ULC
t |G⟩ = |LCt(G(V,E))⟩ = |G(V,E ′)⟩ , (1.21)

altering the structure of the graph. Graphically, application of local complemen-

tation LCt, on a vertex t ∈ V , complements the neighbourhood of vertex N(t) ∈ V .

This constitutes locating the neighbouring vertices of t, removing their edges (if they

have any edges), and adding edges that were not initially present, leaving the graph

transformed G = (V,E ′). Figure (1.3) shows the action of the LC onto a graph.

An important point regarding graph transformations and LC is that graphs that

are equivalent under local Clifford unitaries are not necessarily equivalent under

local unitary (LU) operations [56]. Repeated application of LC operation on differ-

(a) (b) (c) (d)

(a) (b) (c) (d)

Target Neighbours

Figure 1.3: Local complementation. Transforming an initial graph state (a) via
local complementation applied to a target qubit—highlighted as the dashed
vertex—conforms to the following. The neighbourhood sub-graph (b) of the
target qubit is complemented by removing the existing edges, and adding edges
that were not present (c). Then, all the initial edges are added back to obtain
the LC equivalent graph (d).
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ent vertices of an initial graph allows one to explore the associated “orbit” of that

graph. This “exploration” contains all graphs that exist in the same class of entan-

glement [55, 57]. Interestingly, this “orbit” can also be represented by a graph [57].

Graphs with the same structure but alternate vertex labelling are isomorphic, mean-

ing they sit within the same orbit and thus the same entanglement class. The

following definite local operation implements the complementation [54, 55, 57]:

ULC
t =

√
−iXt

⊗
v∈N(t)

√
−iZv (1.22)

where t denotes the target vertex and v denotes the set of neighbouring vertices to

the target N(t).

Performing single-qubit measurements on a graph alters the structure of the

graph. Measurements in the Z basis removes the vertex being measured and its cor-

responding edges. A measurement in the Y basis consists of a Z basis measurement

on the complemented graph. Both of these are shown in Figure (1.4). Measure-

ments in the X basis are slightly more complicated, and not used within this thesis.

It requires a random choice of vertex that neighbours the target. A LC operation

is applied to this neighbouring vertex on a temporary basis, a Y measurement is

performed on the target vertex, and finally, the LC operation is undone.

Zt Yt

Figure 1.4: Measurements on Graphs. A measurement in the Z basis, shown
on the left hand side of removes the vertex being measured along with its
edges. Measurements in the Y basis, shown on the right, consists of a Z basis
measurement on the complemented graph.
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1.4 Circuit model notation

As a result of the definition of a graph state, the circuit model equivalent of the

graph is very easy and intuitive to arrive at. Every vertex of the graph translates

into the initialisation of a qubit in the |+⟩ state, every edge is represented by a CZ
gate. Once one has the circuit equivalent of a graph, the generators of the state

can also be discovered easily through inspection of the circuit. Another benefit of

the circuit notation is the fact one could implement theoretical investigations on

the state with a variety of different open source platforms containing toolboxes for

implementing quantum operations such as Qiskit [58].

In Chapter 5, we explicitly use the circuit equivalent of a specific graph, along

with a number of local operations applied to each qubit to determine exactly how

to obtain measurement settings with correct operations encoded onto them. Fig-

ure (1.5) shows useful circuit notation concepts. Careful considerations are required

when using circuit equivalent of a Bell state or GHZ states, ensuring that Hadamard

rotations are not omitted.

HH
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Single qubit operations(a) (b)

(c) (d)

Figure 1.5: Useful circuit notation. Each rail represents a qubit initialised in
a specific state, typically the ground state of the computational basis. The
qubit in (a) is rotated by single qubit Pauli gates followed by a measurement
in the computational basis, represented by the small Z. The two rails after
the measurement represent classical information. Initialisation of a qubit does
not have to be in the computational basis. Rotating from the computational
basis into the X basis requires a Hadamard rotation, (b) shows the equivalence.
Non-local gates represent the interaction of two qubits, and are non-trace pre-
serving operations. The most common two-qubit gates are the CZ and CNOT,
(c) highlights how to represent a CNOT in terms of CZs, a useful tool when
working with graph states. Finally, we show the simple circuit formalism for
representing a Bell state (d).
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Chapter 1. Introduction

1.5 Two-photon interference

There is an essential reliance throughout this thesis on the mechanism typically

called Hong-Ou-Mandel (HOM) interference, named after the authors who experi-

mentally verified the effect [17]. The premise of HOM interference is the effects of

two indistinguishable photons interacting on a beam splitter (BS). In this section we

introduce some essential notation for describing joint photon spectrum—more detail

of which is provided in latter chapters where we focus on photon sources—as well as

explicitly derive the results from two-photon interference. Although the derivation

is well understood and simple, its importance is particularly prevalent considering

that it is a very accessible way to benchmark the performance of a photon source.

1.5.1 General two-photon interference

To derive the interesting results that explain how one can use two-photon interfer-

ence to characterise photons, we must first consider the most general case, whereby

two photons are incident on a 50:50 beam splitter:

â†b̂† |0, 0⟩ab = |1, 1⟩ab (1.23)

where â† and b̂† are creation operators that act on vacuum creating single photons

each in a well defined spatial mode. The two spatial modes, a and b, are the

inputs of the BS, whilst the two output spatial modes are also noted as a and b,

see Figure (1.7)(a). The transformation imposed onto the creation operators in the

input mode, considering that the BS is 50:50, creates photons in the output modes

according to:

â†
ÛBS−−→ 1√

2
(â† + b̂†), (1.24)

b̂†
ÛBS−−→ 1√

2
(â† − b̂†). (1.25)
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Chapter 1. Introduction

Calculating the full state after the interaction on the BS, and considering that the

input photons are indistinguishable from another leads to the following result:

â†b̂† |0, 0⟩ab −−→
1

2
(â† + b̂†)(â† − b̂†) |0, 0⟩ab

=
1

2
(â†â† +���â†b̂† −���â†b̂† − b̂†b̂†) |0, 0⟩cd

=
1

2
(â†â† |0, 0⟩ab − b̂†b̂† |0, 0⟩ab)

=
1√
2
(|2, 0⟩ab − |0, 2⟩ab).

(1.26)

In this case, the probability of detecting a single photon in each mode, also referred

to as a coincidence count, is p = 0.

Now, let us consider two input photons with arbitrary spectral amplitudes de-

fined as ϕi centred at a frequency ωi. Given this, a photon entering the BS in mode

a is now defined as:

|1, ϕi⟩i =
∫
dωiϕi(ωi)aâ

†(ωi) |0⟩a , (1.27)

where the spectral amplitude satisfies the condition
∫
dω|ϕ(ω)|2 = 1, and the input

two-photon state becomes

|ψin⟩ab = |1;ϕa⟩a |1;ϕb⟩b

=

∫
dωaϕa(ωa)â

†(ωa) |0⟩a
∫
dωbϕb(ωb)b̂

†(ωb)e
−iωbτ |0⟩b ,

(1.28)

where we added a temporal delay in order to introduce distinguishability and account

for photon wave-packets that are not overlapped in time. The BS unitary operation

on the input two-photon state can now be calculated, skipping the trivial expansion

step:

|ψout; τ⟩cd = ÛBS |ψin; τ⟩ab

=
1

2

∫
dωaϕa(ωa)

∫
dωbϕb(ωb)e

−iωbτ (â†(ωa)â
†(ωa) + â†(ωa)b̂

†(ωb)

− â†(ωa)b̂
†(ωb)− b̂†(ωb)b̂

†(ωb)) |0, 0⟩ab .

(1.29)

In order to determine the full result of the transformation, we need to define some

projectors that represent the detection of a photon in each output mode. The
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Chapter 1. Introduction

projector on mode a is,

P̂a =

∫
dωâ(ω) |0⟩a ⟨0|a â(ω), (1.30)

and an analogous definition for mode b. Using the Born rule the probability of

detecting a photon in each output mode, and also therefore equally the probability

of detecting a coincidence is given by:

pcc(τ) = Tr[|ψout; τ⟩ab ⟨ψ
out; τ |ab P̂a ⊗ P̂b]. (1.31)

Substituting Equations (1.29) and (1.30) with the above, using certain creation/anihilation

operator rules and the normalisation condition, we obtain

pcc(τ) =
1

2
− 1

2

∫
dωaϕ

∗
a(ωa)ϕb(ωa)e

−iωaτ

∫
dωbϕ

∗
b(ωb)ϕa(ωb)e

−iωbτ . (1.32)

This equation is important but in order to advance our discussion of two-photon

interference we will consider the scenario that the two incident photons are generated

by independent sources (or independent generation events).

1.5.2 Independent Hong-Ou-Mandel interference

Otherwise referred to as heralded photon interference, we can now examine what

happens when two photons from separate sources interfere on the BS. Moving away

from the above generalisation, where we have considered photons that are spectrally

pure, we now consider mixed states. For mixed states, the joint photon spectrum is

expressed as a statistical mixture of orthogonal modes:

f(ω1, ω2) =
∑
k

ukϕk(ω1)ϕ
′
k(ω2). (1.33)

Consider now that we have a pair of photons in modes a and b, and another pair of

photons in modes c and d, see Figure 1.7(b). These two independent photon sources

generate the following states:

|ψ1⟩ab =
∫∫

dωadωb f(ωa, ωb) â
†(ωa)b̂

†(ωb) |0, 0⟩ab (1.34)

|ψ2⟩cd =
∫∫

dωcdωd h(ωc, ωd) ĉ
†(ωc)d̂

†(ωd) |0, 0⟩cd . (1.35)
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Figure 1.6: Hong-Ou-Mandel interference circuit. Hong-Ou-Mandel interference
(HOM) occurs on a beam-splitter (BS) between two modes. The direction of
propagation of photons is indicated by the arrow, whilst each of the modes
are designated with letters. Interference is shown between two modes in both
cases, (a) denotes dependent HOM interference between photons from the same
source, whereas (b) shows independent (or heralded) HOM interference between
photons from different sources.

The photons in mode c and d posses a joint spectrum defined by h(ωc, ωd), which is

equivalent to Equation (1.33), except the Schmidt coefficients are vk and the spectral

amplitudes are denoted as φk and φ′
k. Interference between modes b and c requires us

to determine the reduced density operator describing them, which consists of tracing

out the discarded modes utilising the partial trace. For an explicit derivation we

direct the reader to consult Ref. [59]. The probability of detecting a coincidence

between modes b and c is described by,

pcc(τ) =
1

2
− 1

2

∑
kk′

u2kv
2
k′

∫
dωbϕ

∗
k(ωb)φk′(ωb)e

−iωbτ

∫
dωcφ

∗
k′(ωc)ϕk(ωd)e

iωdτ . (1.36)

Here, one could consider arbitrary spectral function for ϕ(ωb) and φ(ωc) to determine

what the HOM interference looks like as a function of temporal delay τ .

Referring back to the motivation for deriving what happens when two photons

are incident on a BS, we want to be able to characterise, and more specifically

benchmark the performance of the source by assessing the implied purity of the

photons. Given this, let us focus on how we can determine the visibility and how

this helps determine the photon purity.
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Figure 1.7: Two-photon interference on a beam-splitter. Hong-Ou-Mandel inter-
ference as a function of the temporal delay for indistinguishable photons. Upon
a beam-splitter, indistinguishable photons undergo bunching at ∆t = 0.

1.5.2.1 Purity and visibility

We will now show how the visibility of the two-photon interference maps to photon

purity. The following calculation can also be applied to general two-photon inter-

ference, but to act as a suitable benchmark for source quality we need to be able to

infer the heralded-photon spectral purity.

Taking up from where we left the independent HOM interference derivation

from Equation (1.36), in the two limits of temporal offset τ → 0 and τ → ∞, and

considering the case where we have photons that are both described by the same

spectral amplitude i.e. ϕ = φ, Equation (1.36) is simplified to:

pcc(τ = 0) =
1

2
− 1

2

∑
kk′

ukuk′

∫
dωbϕ

∗
k(ωb)ϕk′(ωb)δkk′

=
1

2
− 1

2

∑
k

u2k,

(1.37)

for the limit where the temporal offset is 0 and the wave-packets are fully overlapped,

whilst for the other extreme:

pcc(τ → ∞) =
1

2
− 1

2
(0) =

1

2
. (1.38)

Now, we define the visibility of the interaction as

V =
pmax − pmin

pmax
, (1.39)

where pmax = pcc(τ → ∞) and pmin = pcc(τ = 0). Substituting in our expressions
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the visibility now takes the form

V =
1
2
− (1

2
− 1

2

∑
k u

2
k)

1
2

=
∑
k

u2k, (1.40)

where remarkably, the visibility of the interaction is equivalent to the purity of

the single photon states, V =
∑

k u
2
k = Tr[ρ2ϕ] = P . Translating this theoretical

result into something experimentally measurable, the maximum probability pmax,

defines a region where there is a maximum number of coincidence counts. The

minimum probability defines a region where there are minimal number of coincidence

counts. In turn, these regions physically represent being in the centre of the dip and

being sufficiently away from the centre of the dip, or rather in a position that is

outside the interference region. Figure (??) shows the probability of detecting a

coincidence as a function of the temporal delay, exhibiting the so-called HOM dip

between independent sources. The experimental measure for the visibility requires

the number of detected photon coincidence counts in the centre of the dip N in
cc and

the number of detected photon coincidence counts in a position sufficiently away

from the dip Nout
cc , and is thus defined as:

V =
Nout

cc −N in
cc

Nout
cc

= 1− N in
cc

Nout
cc

. (1.41)

Crucially, a point of insight on heralded-photon interference that will be revisited

when discussing an experiment investigating the performance of photon sources, is

that the above calculations hold under the assumption that one and only one photon

exists in each input on the BS. Realistically however, one should consider that the

photon number statistics of the photon source may cause more than one photon in

each mode at a time, degrading the measured visibility and thus purity.
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Chapter 2. A Source of Photons

Over the past century, experimental investigations into everything from settling

foundational arguments within quantum mechanics to performing interesting

quantum information processing protocols have used non-linear effects to generate

single photons. The interplay of three optical fields, or three-wave mixing, nominally

describes the range of effects that are subsequent from media exhibiting non-linear

effects to to the second order (the third order is four-wave mixing, not a focus of this

thesis but may be mentioned in passing). These effects are far from new and have

therefore been investigated, developed and refined for many different applications

within science.

2.1 Parametric Down Conversion

Parametric down-conversion (PDC) is one of the processes that has benefitted from

these investigations and developments and is therefore one of the most widely used

mechanisms for generating photons. Whilst different media are capable of sup-

porting PDC, the focus of this thesis is on potassium titanyl phosphate (KTP).

The description of PDC within this work is not confined to this material, but it is a

non-centrosymmetric material (a requirement for materials to exhibit strong enough

non-linearities) which forms the basis of discussion within subsequent chapters. It

is an understatement to say that there are many sources of material which discuss

and detail the process of PDC, many in much greater detail than what follows.

However, as the basis of this thesis follows a story-line that relies on understanding

PDC to begin with, sufficient details will be given on how one theoretically derives

important features of the PDC process such as the pump envelope function and the

phase-matching function.

2.1.1 Generating PDC photons

Non-linear optics describes the interaction of light with matter, specifically in the

case where the response of the material is not linear when a large electric field is

applied to it. Linear optical processes are described by:

P̂ (t) = ε0χ
(1)Ê(t), (2.1)
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Chapter 2. A Source of Photons

where the polarisation response of the material P̂ (t), is proportional to the electric

field Ê(t) that is applied to the material (via the linear susceptibility χ(1) and the

permittivity ε0). In the presence of a strong electric field, the simple linear relation

no longer holds true as a good approximation. We must however, consider non-

linear terms and expand Equation (2.1) to include appropriate dependencies on

higher order terms,

P̂ (t) =ε0

[
χ(1)Ê(t) + χ(2)Ê2(t) + χ(3)Ê3(t) + ...

]
=P̂ 1(t) + P̂ 2(t) + P̂ 3(t) + ...

(2.2)

where χ(2) and χ(3) are the second and third order optical susceptibilities of the

material respectively [60]. The susceptibility term χ(n), decreases rapidly for mag-

nitudes of n > 1. For most media n = 1, hence why only certain media can exhibit

non-linear optical effects. Of particular interest are the second order terms, which

only emanate in non-centrosymmetric materials. This is because χ(2) is actually

a tensor χ(2)
i,j,k, where i, j, k are cartesian coordinates. A crystal is said to be non-

centrosymmetric when the material is not invariant upon rotations around the z

axis. Invariance upon rotation means that the optical response of the medium will

be the same for an electric field polarised in the x or the y direction, such that

χ
(2)
z,x,x ≡ χ

(2)
z,y,y, and under these conditions non-linear susceptibilities vanish. For

more in depth details on the role of symmetry in non-linear optics (and also how

group theory is used to classify classes of crystals), consult Ref. [61]. A specific non-

linear interaction involving the second order non-linear susceptibility χ(2) known as

down-conversion is of particular interest for optical quantum information process-

ing, as it can be used to produce photon pairs. The χ(2) interaction consists of an

input pump photon “converting” into a signal photon and idler photon under energy

conservation laws.

Let us derive some important components behind down-conversion. To under-

stand this “conversion”, we need to consider an incident field Ê(t), which is a super-

position of two monochromatic waves with frequencies ω1 and ω2, interacting in a

medium capable of supporting non-linear optical effects. Substituting the incident

field

Ê(t) = E1e
−iω1t + E2e

−iω2t + c.c, (2.3)

into Equation (2.2) and isolating only the second order terms, yields a non-linear
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polarisation response according to,

P̂ 2(t) = ε0χ
(2)
[
E2

1e
−2iω1t + E2

2e
−2iω2t+

2E1E2e
−i(ω1+ω2)t + 2E1E

∗
2e

−i(ω1−ω2)t + c.c.
]
+

2ε0χ
(2)
[
E1E

∗
1 + E2E

∗
2

]
.

(2.4)

The amplitude of each component of Equation (2.4) can be expressed as a function

of different frequencies ωj. Each of these components describes various χ(2) optical

processes:

P (2ω1) = ε0χ
(2)E2

1e
−2iω1t (2.5)

P (2ω2) = ε0χ
(2)E2

2e
−2iω2t (2.6)

P (ω1 + ω2) = 2ε0χ
(2)E1E2e

−i(ω1+ω2)t (2.7)

P (ω1 − ω2) = 2ε0χ
(2)E1E

∗
2e

−i(ω1−ω2)t (2.8)

P (0) = 2ε0χ
(2)(E1E

∗
1 + E2E

∗
2). (2.9)

These equations express a variety of non-linear optical processes. Equation (2.5)

and (2.6) both describe second-harmonic generation, Equation (2.7) describes sum-

frequency generation, Equation (2.8) difference-frequency generation and finally

Equation (2.9) describes optical rectification. Of particular interest is sum-frequency

generation (SFG), where oscillations of generated fields are twice that of the incident

fields. PDC is effectively the reverse process of SFG, where a strong pump field is

(partially) converted into two fields of lower energy (conserving energy). The prop-

erties of PDC means the process is incredibly well suited for pseudo on demand, but

probabilistic photon generation.

Using a semi-classical approach, we can model the propagation of a field through

a non-linear medium to investigate this process some more. A monochromatic plane

wave propagating through a non-linear medium can be modelled using Maxwell’s

equations:

∇2Ê − 1

c2
∂2

∂t2
(
Ê +

P̂

ε0

)
= 0. (2.10)

By expanding the brackets, this equation can be rearranged to take the form,

−∇2Ê +
1

c2
∂2

∂t2
Ê = − 1

ε0c2
∂2

∂t2
P̂ . (2.11)
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We ultimately want want to arrive at an equation which relates the non-linear

polarisation response of a medium, to an applied electric field. We consider two

well spaced frequency waves, and a nonlinear polarisation response for each incident

field:

Ê1 = E1 e
i(k1z−ω1t), (2.12)

Ê2 = E2 e
i(k2z−ω2t), (2.13)

P̂NL
1 = PNL

1 ei(k1z−ω1t), (2.14)

P̂NL
2 = PNL

2 ei(k2z−ω2t). (2.15)

The polarisation response of the medium is defined as,

P̂ = P̂ (1) + P̂NL (2.16)

where P̂ (1) is the linear polarisation response of the media and P̂NL is the non-

linear response. Substituting Equation (2.1) into the above equation we obtain an

expression for the polarisation response that we can substitute into Equation (2.11).

Using n2 = 1 + χ(1), expanding and rearranging we have,

−∇2Ê +
n2

c2
∂2

∂t2
Ê = − 1

ε0c2
∂2

∂t2
P̂NL. (2.17)

Knowing that the wave-vector is defined,

k2i = n2
i

ω2
i

c2
,

making the appropriate substitutions and only considering propagation along the z

direction, we can finally arrive at,

dEi(z, t)

dz
eikiz =

iωi

2ε0nic
PNL
ωi

(z). (2.18)

From here, all one needs to do to obtain the resulting amplitudes E(z), of different

waves propagating through a non-linear medium, is express PNL
ωi

(z) in terms of

input field amplitudes Ei(z). But in order to be capable of fully describing PDC,

we must leave a semi-classical treatment of non-linear optical effects. We want to
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concern ourselves with the case where an intense pump field ω3, is converted into an

ensemble of two conjugate fields ω1 and ω2, such that ω3 = ω1 + ω2. If we consider

our pump field to be a photon, and our signal and idler (output) fields to also be

photons, then we have the case described by h̄ω3 −→ h̄ω1 + h̄ω2—a process where

one photon “disappears” to generate two photons under conservation of energy. This

process is fully described by an effective Hamiltonian meaning that we must leave a

semi-classical approach and adopt a fully quantum mathematical treatment.

2.1.1.1 Departing from a Classical Approach

To derive a quantum Hamiltonian, we need an expression for the energy of the

system. This is given by [62],

H(t) =

∫
d3r
[ ∫ Ĥ(t)

0

B̂(t) · δĤ ′(t) +

∫ D̂(t)

0

Ê(t) · δD̂′(t)
]
, (2.19)

where Ĥ(t) = B̂(t)/µ0 for materials that do not exhibit any magnetic properties.

The polarisation response of a material P̂ (t), is related to the displacement field

D̂(t) by

Di(t) = ε0Ei(t) + Pi(t). (2.20)

If we express Equation (2.19) (after substituting Equation (2.2) and Equation (2.20)),

whilst only considering terms that depend on χ(2), we get the Hamiltonian that de-

scribes the mixing of three fields:

HI(t) = ε0

∫
d3rχ

(2)
ijk Ei(t)Ej(t)Ek(t). (2.21)

This is where all the interaction dynamics are contained. Using to the Schrödinger

equation the interaction will evolve according to,

h̄
∂

∂t
|ψ(t)⟩ = ĤI(t) |ψ(t)⟩ , (2.22)

and has the solution:

|ψ⟩out ≈ exp
[−i
h̄

∫ ∞

−∞
dtĤI(t)

]
|ψ⟩in . (2.23)
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The approximation arises from the non-commutative nature of the interaction Hamil-

tonian with itself at different times. A time ordering operator is required, in order to

express the above equation explicitly, but the non-trivial effects introduced by the

operator are only present in a high-gain regime [63–65]. Given that we will only be

considering low pump powers we assume that we can neglect the effects that occur

in the using the high gain regime. We must also make some further assumptions

and assume that the propagation of all fields are collinear along the z axis, and that

propagation occurs throughout a non-linear medium that has a length L. We fur-

ther assume that this medium only supports one transverse mode (restriction in the

x − y planes), therefore reducing this scheme to one dimension. The quantisation

of the electromagnetic field via a plane wave expansion means we can express the

electric field operator as [62],

Êi,ω0(r⃗, t) = i

∫
dω

√
h̄ω0

4πcε0n(ω0)

[
ξi(x, y)âi(ω)e

i(kz−ωt) − ξ∗i (x, y)â
†
i (ω)e

−i(kz−ωt)
]
.

(2.24)

Here, the only transverse mode supported by our non-linear medium is described by

ξ(x, y) and is appropriately normalised. We know that in the case being considered,

we have three fields. Each one of these fields have non-overlapping frequencies

with central frequencies ω1, ω2 and ω3, together with orthogonal components of

polarisation. Each orthogonal component of the polarisation is a sum of all three of

the fields (ω1, ω2 and ω3) for that polarisation state, with the index i denoting the

direction of polarisation,

Êi(r⃗, t) = Êi,ω1(r⃗, t) + Êi,ω2(r⃗, t) + Êi,ω3(r⃗, t). (2.25)

Introducing the above equation into the interaction Hamiltonian we obtain an abun-

dance of terms. Most of these terms we will be neglected and our discussion will

only continue with terms that contain three different fields i.e Êω1Êω2Êω3 . Interest-

ingly, from some of these terms we can observe other non-linear optical effects such

as type-I PDC, where both output fields have the same polarisation and orthogonal
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polarisations to the pump field. The interaction Hamiltonian then becomes,

−i
h̄

∫ ∞

−∞
dtĤI(t) =

χ(2)

2

√
h̄ω01ω02ω03

ε0π3n1n2n3

∫
dtdzdω1dω2dω3

[
N1e

i(k1+k2+k3)z−i(ω1+ω2+ω3)tâ1â2â3+

N2e
i(k1+k2−k3)z−i(ω1+ω2−ω3)tâ1â2â

†
3+

N3e
i(k1−k2+k3)z−i(ω1−ω2+ω3)tâ1â

†
2â3+

Nei(k1−k2−k3)z−i(ω1−ω2−ω3)tâ1â
†
2â

†
3 − h.c

]
.

(2.26)

where in the final line we have N =
∫
dxdyξ1(x, y)ξ

∗
2(x, y)ξ

∗
3(x, y), which is the

overlap of the transverse field modes. Only the variables that are conjugated alter

in the different terms Ni ∈ {N1, N2, N3, N} that appear in each line of Equation

(2.26). The final four lines also differ in terms of the creation and annihilation

operators, for example, â1â2â†3 represents the annihilation photons at frequencies ω1

and ω2 and the creation of a photon at frequency ω3. Likewise, we can see that

â1â
†
2â

†
3 creates two photons at frequencies ω2 and ω3 whilst a photon at frequency

ω1 is annihilated, the essence of PDC. One could compute the z dependent integrals

in Equation (2.26), using

∫ a

−a

dxeixy =
2

y
sin(ay) = 2a sinc(ay),

where knowing that the t dependent integrals result in delta functions with factors

2π allows us to cancel out dependencies on ω1. We will only include the computed

t dependent integrals, and leave the z dependent integral unchanged for reasons

that will be discussed in Section 2.2.2. Equation (2.26) can be reduced further

by neglecting terms which do not satisfy conservation of energy and momentum

condition, ω1 = ω2 + ω3, which in terms of wave-vectors reads k1 − (k2 + k3) ≈ 0

This leads to the condition, ∆k ≈ 0. As the interaction occurs over the length

of the crystal L the output state that contains â1â†2â
†
3 is derived by inserting the

Hamiltonian into Equation (2.23). We obtain:

|ψ⟩out = exp
(
2πΘ

∫∫
dω2dω3

∫
dzg(z)ei∆k(ω2,ω3)zα(ω2 + ω3)â

†
2(ω2)â

†
3(ω3)− h.c

)
|ψ⟩in .

(2.27)
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All the constants, as well as the overlap of the transverse field modes are gathered

into,

Θ =
χ(2)

2

√
h̄ω01ω02ω03

ε0π3n1n2n3

N. (2.28)

We denote ϕ(∆k(ω2, ω3)) =
∫
dzg(z)ei∆k(ω2,ω3)z thus forth, where g(z) is the non-

linearity profile along the crystal. As previously mentioned, the inclusion of this

un-computed integral will be explained in Section 2.2.1. We also express

A(ω2 + ω3) = â1(ω2 + ω3).

The left hand side of which is equates to,
√
I/h̄ω1α(ω2 + ω3), where I is the pulse

energy of the pump and α(ω2 + ω3) is a normalised frequency distribution that

satisfies
∫
dω1|α(ω1)|2 = 1 and α(ω1) = α(ω2 + ω3). Finally then, after a Magnus

expansion (explicitly shown in Ref. [63]), we can write the output PDC state as:

|ψ⟩out =

∫∫
dω2dω3ϕ(∆k(ω2, ω3))α(ω2 + ω3)â

†
2(ω2)â

†
3(ω3) |0⟩ . (2.29)

This is a crucial equation in the context of this thesis. It is the explicit output state

of the PDC process. We can envelop the functions ϕ(ω2, ω3) and α(ω2 + ω3) that

are contained within the above equation, into a single function. This is commonly

known as the joint spectral amplitude (JSA) and contains all the spectral properties

of the PDC process. More explicitly, it is the product of the phase-matching function

(PMF) and the pump envelope function (PEF),

f(ω2, ω3) = ϕ(ω2, ω3)α(ω2 + ω3). (2.30)

For the subsequent section, and also the majority of this thesis, I shall refer to the

output photons with frequencies ω2 and ω3, as signal and idler photons respectively,

whilst the input photon with frequency ω1 will be referred to as the pump.

2.2 Down-converted Photon Spectra

The JSA plays an important role within the PDC process and also the subsequent

sections and chapters of this thesis. PDC creates a two-photon state, the spectral

properties of which are fully described by the JSA. As stated in the previous section,
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the JSA is a product of the PMF and the PEF. The PEF represents the character-

istics of the pump photon. The PMF represents the material properties, and as you

will be shown later in Section 2.2.2, relies on a-priori knowledge of the frequency-

dependent refractive index. To determine the frequency dependent refractive index

we rely on the Sellmeier equations [66], which are typically written as,

n2(λ) = 1 +
∑
j

Ajλ
2

λ2 −Bj

. (2.31)

Here, λ is the wavelength and Aj and Bj are determined empirically and depend on

the material in question. There are correction factors and temperature dependencies

that one could also add to obtain the refractive index change over a wide range of

wavelengths (with a higher degree of precision). These will not be mentioned any

further but can be found for most materials. The material we focus on in this thesis is

KTP, and coefficients and correction factors for the Sellmeier equationscan be found

within Refs. [67, 68]. In this work we will be working with specific wavelengths.

The pump photon is centred at 775nm which under the degeneracy condition, down-

converts to photons centred at 1550nm.

2.2.1 Pump Envelope Function

The PEF characterises the spectral properties of the pump photon. Conservation

of energy dictates the relation between the pump photon and the signal and idler

photons which is also reflected in the PEF, where α(ωp) = α(ωs + ωi). The joint

distribution therefore, lies along a diagonal line spanning from top-left to bottom-

right and satisfies the energy conservation condition. The resulting PEF is depicted

in Figure (2.1).

Typically, within this thesis, the PEF will be treated as a squared hyperbolic

secant (sech) function, as it is the typical temporal shape of a short pulse from a

mode-locked laser. The only other PEF mentioned in this thesis will be a Gaussian.

Whilst the Gaussian pulses are transform limited, the sech2(t/τ) pulses may not

be, and thus suffer from chirping. A full analysis of the effects of a chirped non-

transform limited pulse on the PDC bi-photon spectra can be found in Ref. [69].
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Figure 2.1: Visualising the pump envelope function corresponding to a sech profile
or Gaussian profile, in terms of both the temporal intensity (a), and spectral
profiles, (c) and (d). The spectral profiles are theoretical PEFs based on a
temporal pulse duration of 1.4ps. From inspection, the sech spectral profile (b)
is narrower than the Gaussian spectral profile (c), a feature of the sech and
Gaussian temporal profiles as a relationship of the pump pulse duration. The
temporal profiles in (a) are sech and Gaussian functions plotted with different
pump pulse durations to match FWHMs.

Here, we do not consider the affects of chirping and define the PEF as,

αPEF(ωs, ωi) = sech[(ωs + ωi)
πτ

2
], (2.32)

where τ is a temporal scaling factor. Figure (2.1) depicts details about the PEF.

A variable of importance in the context of the PEF, is the pump pulse duration.

Longer pump pulses result in narrower PEF width and vice-versa. When one seeks

high purity photons—under the assumption that the PEF and PMF assume Gaus-

sian functions or near Gaussian functions—the width of the PEF should match the

width of the PMF [69].

2.2.2 Phase-matching Function

Unlike how the PEF aligns itself along the diagonal, the PMF can be vastly different.

As mentioned earlier, we consider the down-converted photon wavelengths centred at

1550nm. Depending on desired wavelengths, the analysis of PDC no longer becomes

universal and can be very different. The phase-matching condition for generating

down-converted photons with KTP at 1550nm is approximately linear but, as an

example, for highly non-degenerate PDC that produces down-converted photons

at say 800nm and 1550nm, the phase-matching is not a straight line in the joint
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Figure 2.2: Phase-matching function. For a bulk crystal, the effective non-
linearity is a step function which, in the Fourier domain, is a sinc function. In
∆k space (a), the side lobes are observable. In terms of the bi-photon state,
the PMF as a function of the down-converted photon wavelengths (b), the sinc
intensity is still observed. Details of this figure will be discussed later on.

frequency space1, see Figure (2.3). But before going into the details as to why, we

need to look at the PMF in finer detail.

Generally the PMF is given by:

ϕ(∆k(ωs, ωi)) =

∫ ∞

−∞
g(z) ei∆k(ωs,ωi) z dz, (2.33)

where ∆k(ωs, ωi) is the phase mismatch and g(z) = χ(2)(z)/χ
(2)
0 is the normalised

non-linearity along the crystal profile. Of particular importance to us is the fact that

g(z) = 1 along the length of the crystal and g(z) = 0 outside the crystal boundaries.

Take note of this point as it will be discussed later when we introduce more succinct

details regarding photon source designing. Equation (2.33) is an improper integral,

and when evaluated over the length of a crystal L becomes,

ϕ(∆k(ωs, ωi)) =

∫ L

0

g(z)ei∆k(ωs,ωi)z dz = Lei∆k(ωs,ωi)L/2 sinc
[
∆k(ωs, ωi)

L

2

]
. (2.34)

This is representative of the PMF of a bulk crystal. The nonlinearity in this case,

is effectively a step function, defined by the boundaries of the crystal. Just like how

computing the integral in Equation (2.34) produces a sinc, the Fourier transform of

a step function, also produces a sinc function. Whilst not of significant importance

just now, this function will be discussed in the following chapter, so the readers

attention may be drawn back to Figure (2.2) to observe the prevalent side lobes

that are associated with the sinc function.

Going back to the discussion on Equation (2.34), for maximum amplitude, the
1There are also cases, where the phase-matching curve is so far from non-linear, that two down-

conversion processes occur simultaneously [70].
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condition ∆k(ωs, ωi) = 0 is required. Explicitly this term is the phase (or momen-

tum) mismatch which is written as,

∆k(ωs, ωi) = k(ωs + ωi)− ks(ωs)− ki(ωi), (2.35)

and is governed by the aforementioned Sellmeier equations. It is possible for this

condition not to be satisfied and in most general cases it is not. This will be discussed

in more detail later on when the quasi-phase-matching technique is introduced,

but for now our discussion focuses on the phase-mismatch explicitly. Depending

on the wavelengths being analysed, the true relation between the wavelength and

momentum mismatch requires the expansion of the wave number to the first order,

kj(ω) = kj(ω0j) + Ωjv
−1
j , where vj is the group velocity vj = dω/dkj(ω0j). The

term ω0j is a central reference frequency and has been introduced to account for any

shifts away from this wavelength. To account for these shifts we have introduced

Ωj = ωj − ω0j . As a function of the signal and idler wavelengths, the momentum

mismatch is important to consider. To the first order, the momentum mismatch

becomes:

∆k(ωs, ωi) = ∆k0 + (v−1
p − v−1

s )Ωs + (v−1
p − v−1

i )Ωi, (2.36)

where ∆k0 = kp(ω0s + ω0i) − ks(ω0s) − ki(ω0i). When considering a small spectral

ranges the momentum mismatch seems to obey an approximately linear relation.

Plotting the above equation as a function of the frequency shifts around the desired

down-converted photon wavelengths defines an angle θ that is related to the group

velocities of the pump, signal and idler photons via,

tan(θ) = −
v−1
p − v−1

s

v−1
p − v−1

i

. (2.37)

A desired angle can be obtained through careful considerations of the group-velocities.

This technique is referred to as group-velocity matching (GVM) and is a lossless

way to remove spectral correlations [71–73]. For our application, we would like

this angle to be close to 45◦—as shown in Figure 2.3—to meet the so called sym-

metric GVM condition. The symmetric GVM condition is a special case where

v−1
p = (v−1

s + v−1
i )/2. To generate the full PMF, the final step is to explicitly calcu-

late the non-linear response of the crystal as a function of ∆k, and map that response

onto the momentum mismatch as a function of the signal and idler frequencies. We
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Figure 2.3: Phase mismatch and PMF spectrum. These figures highlight some
important features of the momentum mismatch in KTP, specifically plotting
Equation (2.2.2) in figures (a) and (b) with large and small spectral ranges
respectively. When small ranges are considered, a linear relation between mo-
mentum mismatch and wavelengths works as a good approximation. High-
lighted in (c), selecting appropriate group-velocities defines an angle across the
joint spectra (red dashed line representing 45◦).

direct the reader’s attention back to Figure (2.2)(b), where the above remarks are

captured concluding with the PMF.

2.2.3 Joint Spectral Amplitude

Now we have obtained the PMF and the PEF, the final step to obtain the JSA

is to simply multiply these two functions together; the product and components

of this multiplication are shown in Figure 2.4. The JSA contains all the spectral

information of the PDC state. Within this thesis, an alternative description of

the joint photon spectra is frequently used. Due to the nature of experimental

reconstructions, measurements of the joint spectral intensity (JSI) are much more

common than measurements of the JSA. Explicitly, the JSI is just the absolute value

of the JSA squared,

JSI = |JSA|2.

We will reveal some subtleties about the outcome of using the JSI instead of the JSA

to draw conclusions about spectral correlations and the photon purity in Chapter 3.

Within Chapter 3, we also direct discussions towards obtaining spectrally pure

photons. An important metric, of particular concern within this thesis, is the de-
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gree of separability of the bi-photon PDC state which governs the purity of down-

converted photons. In the following section we will highlight the interplay of sepa-

rability and purity.

�
���
���
���
���
���

(a) (b)

(c)

Figure 2.4: Joint spectral amplitude and its components. The joint spectral am-
plitude (c) is composed of the PEF (a) and PMF(b). The contours highlighted
on the JSA are for the PEF (red) and the PMF (white). Whilst not of great
importance now, the spectral correlations are easily seen in this figure. The
side lobes from the PMF (b) are very much present in the JSA (c). When
measuring one of the two photons the JSA describes, the photon that is not
measured, is projected into a statistical mixture of orthogonal spectral states.

2.2.3.1 Factorisation of the Joint Spectra

An important property of a photon is its spectral purity. Much more detail about

photon purity will be discussed later on, however understanding how one quantifies

how pure a photon is—from its spectral properties—will be discussed in this sec-

tion. Typically the aim of the work contained in this thesis, is high purity photons.

This means the outcome of most mathematical journeys will be 1, representing unit

photon purity. A note for the reader; obtaining unit purity is not the goal for all

experiments invoking PDC, epitomised by the work presented within Appendix B.

For unit photon purity, correlations in the spectral degree of freedom need to be

37



Chapter 2. A Source of Photons

removed. The JSA can reveal the purity of the bi-photon state by means of Schmidt

decomposition (SD) [74].

In order to understand how the separability criteria effects the photon purity, we

need to express the down-converted state as a product of orthogonal basis vectors.

This can be done using the SD, expressing the bi-partite system as a set of unique

and complete set of basis vectors. We can write the decomposed, two-photon state

as,

|ψ⟩pair =
∑
k

bk |qk⟩s |rk⟩i , (2.38)

with Schmidt coefficients bk that satisfies normalisation criteria, and Schmidt modes

defined as: |qk⟩s =
∫
dωqk(ω) |ω⟩s and |rk⟩i =

∫
dωrk(ω) |ω⟩i. This helps us reveals

some information about what happens when we herald the presence of one of the

daughter photons. The heralding can be understood as a projector defined as,

Ĉi =

∫
dω |ω⟩i ⟨ω|i =

∑
k

|rk⟩⟨rk|. (2.39)

The heralded state can be calculated by applying the Born rule and tracing out the

detected photon leading to,

ρs = Tri[|ψ⟩pair ⟨ψ|pair (1⊗ Ĉi)] (2.40)

=
∑
k

b2k |qk⟩⟨qk|. (2.41)

In the case where one of the daughter photons is detected, let’s say the signal

photon, then the idler photon mode is traced over. This leaves the state of the

heralded photon in a statistical mixture of single photon states with orthogonal

spectral distributions. This statistical mixture is exactly what leads to spectral

correlations and photon distinguishability. The heralded photons purity is given by,

Tr[ρ2s] =
∑
k

b4k.

The purity can range from Ps = 1 for a completely pure state (our goal), to Ps =

1/N—where N is the number of Schmidt modes—for a completely mixed state

with. The requirement therefore for a pure state is therefore the existence of only

one Schmidt mode.
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2.3 Photon Number Statistics

Ultimately, PDC is not limited to the production of just a single pair of photons.

Knowledge of the PDC state beyond the first order is crucial. Understanding how

photon number statistics behave as a function of not only pump power, but also as

a function of the number of pair sources, is crucial for multi-photon experiments.

This is so that one could estimate the rate at which multi-photon events can occur

and understand how the signal-to-noise ratio (SNR) may scale. The photon number

pair production and multi-pair production can be calculated knowing the statistical

behaviour of the photon source and sets of functions for determining how measured

photon rates can translate to photon rates before detection.

Within the context of photon source designing, the brightness of a source is some

what entwined with the photon number purity, and an understanding of the metrics

used in the following sections of this chapter will be useful for the rest of this thesis.

To motivate the need of understanding photon source statistics, consider the scenario

that you are planning an eight-photon experiment and you want to understand the

parameter space you have access to, namely the brightness, pump power, repetition

rates and detection efficiency. This understanding is important when there are

realistic limits to consider such as the amount of accessible pump power, detection

reset times and the fact one wants to operate in with a sufficient signal-to-noise

ratio. If one has explicit knowledge, or at least a good estimate of the photon source

behaviour for a variety of the parameters accessible to the experimenter, then they

can make a decision with regards to optical arrangement for said source i.e. the

required pump power, repetition rate and focussing conditions.

2.3.1 Modelling Photon Rates

In order to gain knowledge of the squeezing parameter γ—which governs the prob-

ability of pair generation—we need the single rates and the raw coincidence rate as

a function of the pump power. The probability that the non-linear photon source

produces n photons is given by,

(1− Pτ)(Pτ)n = (1− γ2)(γ2)n, (2.42)
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where τ is a constant that determines the interaction strength within the media given

a pump power of P [75, 76]. The probability can also be expressed with respect to

the squeezing parameter which is related to pump power via γ =
√
Pτ . The γ

parameters importance is evident when you express the down-conversion process as

a series expansion of photon number terms in signal and idler modes:

|ψ⟩PDC =
√

1− γ2
∞∑
n=0

γn |n, n⟩

=
√

1− γ2 (|0, 0⟩+ γ |1, 1⟩+ γ2 |2, 2⟩+ ... ).

The parameter γ now dictates the probability of photon pair emission. For example

the probability of generating n-pairs of photons being generated is
√
1− γ2γn where

we observe the characteristic polynomial scaling of PDC sources. If we want to

obtain a four-fold coincidence events then typically we seek the n = 1 generation

in two separate crystals with the same pump pulse. However, due to probabilistic

nature of these photon sources, having two independent sources producing n = 1

pairs of photons is probabilistically equivalent to having a single source producing

n = 2 pairs. This a particularly important issue to consider when planning multi-

photon experiments.

To model the photon generation we begin with a geometric distribution which

governs photon number statistics from pulsed sources. The probability of n-fold

emission is,

pem(P, n, τ) = (1− Pτ)(Pτ)n. (2.43)

We deploy superconducting nanowire single photon-detectors (SNSPDs) to detect

the arrival of a photon. These are non-number resolving detectors which simply

click when n > 0 photons arrive. If we consider n photons generated, we may only

be capable of detecting k out of n photons due to the operational nature of the

SNSPDs. The detection probability of detecting at least k photons given n photons

in a single mode is therefore given by [51],

pdet(η, n, k) = 1−
k−1∑
m=0

(
n

k

)
ηm(1− η)n−m, (2.44)

where η is not just the detection efficiency of the detector present in the mode, but

also the transmission probability associated to that mode. An additional function
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Figure 2.5: Using a suitable model for the generation rates from our photon source
in order to predict multi-photon rates. An example of how we model photon rates
to help us map detection of two-folds (a) to prospective eight-fold generation
rates (b). These plots were generated during our attempts to determine what
repetition rate we would need in order to obtain sufficient eight-fold coinci-
dences.

which adds extra accuracy in representing the final photon number statistics of our

system is the probability that the detectors, which have an associated dead-time

after a detection event, are ready to detect photons again. The probability that a

detector is ready is the probability that firstly, photons are emitted from the source

combined secondly, with the probability that within a time window t–equivalent to

the dead-time associated with that detector–no photon was detected. This is written

as,

pready(P,R, t, τ, η1, η2) =
[ ∞∑

i=0

pem(P, i, τ) · pdet(1− η1, i, i) · pdet(1− η2, i, i)
]⌊R×t⌋

,

(2.45)

where R is the repetition rate of our pump in Hz, t is the detectors dead-time,

and the exponent is wrapped in a floor function which rounds to the nearest integer

that is less or equivalent to the value the function is being applied to. With these

three functions we can now begin to build a model which approximates the photon

rates we expect to see post detection. For the rates of single photon detection the

function reads as,

Rs(P,R, t, τ, η) = R
([ ∞∑

j=1

pem(P, j, τ) · pdet(η, j, 1)
]
pready(P,R, t, τ, η, 0).

)
(2.46)

For multi-photon experiments we are interested in rates of coincidences from N -

41



Chapter 2. A Source of Photons

photon sources, the probability of such events are,

Rcc(P,R, t, τ, ηm1 , ηm2 , N) =R ·
N∏

m=1

(
pem(P, j, τm) · pdet(ηm1 , 1, 1)·

pdet(ηm2 , 1, 1) · pready(P,R, t, τm, ηm1 , ηm2)
)
,

(2.47)

where we have assigned distinct spatial modes m1 and m2. Using these functions

we can approximately extract the parameters τ , η1 and η2 for each source from

empirical data sets. This is achieved by minimising the following:

| s1(P )−Rs(P, t, τ, η1) | + | s2(P )−Rs(P, t, τ, η2) |

+ | cc(P )−Rcc(P, t, τ, η1, η2) |,
(2.48)

given that we know measured single and coincidence rates, s1, s2 and cc1,2 , as a

function of the pump power. We can measure the repetition rate, the detector

dead-times and thus obtain numerical values for τ , η1 and η2. These values can

then be re-used inside Equation (2.47) to output the expected rates from N sources

just with data corresponding to the performance of a single source. For example

Figure (2.5) takes the measured two-fold rates and applies the model to extract τ ,

η1 and η2 to let us estimate the expected eight-fold rates if we so desire.

2.3.2 Heralding and Brightness

An important metric, mentioned already, but mainly throughout the subsequent

parts of this thesis, is the symmetric heralding efficiency. Consider a pair of daughter

photons generated when a PDC source is triggered, producing a bi-photon state. The

heralding efficiency is the probability of detecting a daughter photon, conditioned

on having already detected the other daughter photon constituting the pair.

Let us now explicitly go through how the heralding efficiency is defined as it

sometimes varies slightly in literature. We measure the symmetric heralding adher-

ing to the following mathematical definition which will be using throughout the rest

of this thesis. To arrive at this condition consider that the amount of loss incurred

by each mode of the PDC state, is ηk. Then, the generation rate (given a source

brightness β) of singles in mode k is,

sk = β ηk.

42



Chapter 2. A Source of Photons

The probability of generating a single in both signal and idler modes, equivalent to

a coincidence (cc), is therefore,

p(ss, si) = β ηs ηi ≡ ccs,i. (2.49)

Gathering individual efficiencies of each mode into one term, η =
√
ηsηi, the final

expression for heralding efficiency requires one to rearrange Equation (2.49) for ηs
and ηi, to get to,

η =
ccs,i√sssi

. (2.50)

2.4 Concluding remarks

Within this chapter we introduced most of the preliminary and broader aspects

surrounding PDC photon sources, specifically with KTP. We also narrowed our

analysis to the case where we have a pump photon with a central wavelength of

775nm producing degenerate photons with central wavelengths of 1550nm. The

following chapter takes the concepts from this chapter such as the PMF and the

JSA, and goes into more detail on how one can use techniques to alter the PMF and

as a consequence the JSA, producing photons with desired characteristics.
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So far our discussion about PDC has been somewhat broad, but in this section,

we will focus on how one can obtain pure, separable photons in the telecom-C

band. A few prerequisites for the reader: we desire both daughter photons to be

the same wavelength (degenerate condition), to be in the telecom-C band, to be

spectrally pure, and to be generated at sufficient rates.

Obtaining high spectral purity directly from the PDC process, removes the need

to employ spectral filters. If we cast the readers attention back to the note we made

in the previous section about the side-lobes generated by the step in non-linearity

(Figure (2.2)), we can see that tight spectral filters with bandwidths comparable

to the width of central peak, will help filter out spectral side-bands and increase

the spectral purity of down-converted photons. There are several caveats to this

technique, such as reductions to photon number purity and reduced heralding ef-

ficiencies, but these will be discussed in more detail in following sections of this

chapter. So that we can remove the filtering requirement, the PMF must be altered.

Photon source engineering can achieve this task and in this Chapter we discuss the

culmination of experimental work in photon source engineering, obtaining a source

operating on the achievable limit of bulk PDC. Possessing a source of pure photons,

capable of high rates and with high heralding efficiencies enables scalability, crucial

when we move to multi-qubit experiments in the latter parts of this thesis.

3.1 Optimised photon source

In order to build multi-qubit states efficiently, we require efficiently generated pho-

tons with high indistinguishability for two key conditions. Firstly, two-photon inter-

ference is a fundamental part in the building of multi-qubit states, and to minimise

errors in this interaction the only option is to use indistinguishable photons. Sec-

ondly, in order to overcome unfavourable loss scalings, a high heralding efficiency is

an absolute necessity. Domain engineering techniques with PDC sources negates the

need for lossy spectral filtering allowing one to satisfy these conditions inherently

within the source design.
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3.1.1 Source design

In order to get into the grittier details of source designing, we need to visit the

broader topics we discussed in the previous chapter. One aspect of photon source

designing we discussed was GVM. What we concluded from that discussion was,

generating photons at desired wavelengths, requires the phase-matching condition

to be satisfied, conserving momentum in the PDC process. In most cases, comput-

ing Equation (2.36) for desired wavelengths results in ∆k(ωs, ωi) ̸= 0, rendering this

process seemingly unachievable. There is however, a technique to ensure that at

your desired wavelengths, the phase-matching condition and momentum conserva-

tion is satisfied. Quasi-phase-matching (QPM) was first introduced in Ref. [77, 78],

and is discussed in detail within Ref. [79]. Rather than using isotropic material for

the PDC process, the premise of QPM is to periodically alter the structure of the

material. These periodic alterations are, explicitly, the act of inverting the ferro-

electric domains of the material every coherence length. The coherence length ℓc, is

the length at which the relative phase of the two down-converted fields changes by

π. As a result of QPM an additional term is introduced into Equation (2.36) such

that the equation becomes,

∆k(ωs, ωi) = k(ωs + ωi)− ks(ωs)− ki(ωi) +
2π

Λ
(3.1)

where Λ = 2ℓc shifts the peak of the PMF to satisfy momentum conservation and

produce photons at desired wavelengths. To be more accurate however, one needs

to follow closely both Refs. [79, 80], which include how this additional term affects

the shape of the PMF in ∆k space, something that most textbook discussion on

QPM omit. Incorporating the new phase-mismatch from periodic poling the explicit

PMF—Equation 3.1—becomes,

ϕ(∆k(ωs, ωi)) =
2

π
· zei∆k(ωs,ωi)z/2 sinc[∆k(ωs, ωi)z

2
]. (3.2)

The reader was told to take note of the role of g(z) within Equation (2.2.2), the

above equation is a direct result of a combination of g(z) now retaining the values

of +1 or −1 due to the periodic flips to the domains, the additive property of the

PMF and the effects of the additional term 2π/Λ.

So far we have discussed what QPM is, but have only briefly mentioned the
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effects of implementing QPM. The best way to understand the effects of introduc-

ing periodic poling is to compare the PMF at ∆k = 0, and shifts away from this

condition, along the z axis of a crystal, this is shown in Figure 3.1(a) and (b) respec-

tively. Firstly, this figure highlights the fact that the amplitude of phase-matched

bulk KTP is greater than that of periodically-poled KTP (ppKTP), an important

feature to note when we start considering domain engineering. A reduced amplitude

of the PMF in this picture, represents a reduction in effective non-linearity strength,

a reduced τ in Equation (2.42), and therefore results in a lower probability of pair

production.
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Figure 3.1: PMF of a bulk crystal and a comparison of a bulk crystal with a
periodically poled crystal. Comparing the amplitude of the PMF (a) for bulk
KTP (labelled as just KTP in the plot), whilst (red) and whilst not (grey
dashed) meeting the momentum conservation criteria. When the momentum
conservation is not conserved then the PDC process is not supported and the
amplitude of the PMF fails to grow shown by the grey dashed line. When the
momentum conservation is satisfied, the gradient of the PMF for bulk KTP
is maximal. Introducing periodic poling, can ensure that the field does grow
along the length of the crystal, but the gradient of this growth is restrained
for reasons shown in deriving Equation 3.2. We can also show the effects of
deviations away from ideal momentum conservation with a 3D plot shown in
(b), as well as the purity degrading side lobes resulting from the interaction.

Now that we have discussed QPM, which introduces the notion of altering the

domain structure of a crystal, we can introduce the idea of using this concept to

not only satisfy the momentum-conservation but to also reshape the PMF in order

to produce spectrally pure photon pairs. To realise this idea, we officially begin our
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journey into domain engineering, and the techniques wherein altering the spectra of

the bi-photon state is achieved via specific crystal design consideratoins.

3.1.2 Domain engineering

Altering the structure of the domains is not limited to the case of simple periodic

inversions. On numerous occasions now we have mentioned the fact that, ideally,

the generated photons should be spectrally pure. Unfortunately, up to now, the

PDC sources we have discussed thus far, all suffer from the same detrimental spec-

tral correlations. These arise from the inextricable link between the shape of the

nonlinearity profile and the PMF, via the Fourier transform. As long as there is a

step in the nonlinearity profile of the crystal, the PMF will contain spectral corre-

lations. The easiest way to understand this is to consider the case for bulk KTP

and ppKTP, where the nonlinearity profile is a step function. Inside the bound-

aries of the crystal, the nonlinearity is uniform, outside the boundaries the effective

nonlinearity is zero creating a step—and thus producing fluctuations in the Fourier

space—leading to side-lobes adjacent to the peak of the PMF. This is present in

Figure 2.2(a)1. The main purpose of employing domain engineering therefore, is to

alter the nonlinearity profile, removing any “steps” in nonlinearity, culminating in

producing a PMF free of side-lobes adjacent to the main peak.

Domain engineering, before its proposal to help in removing spectral correlations

from bi-photon states, was a well studied concept in nonlinear optics, shaping and

compressing pulses in second harmonic generation [81–83].

Extending these techniques to PDC means it is in-fact entirely possible to remove

all spectral correlations via domain engineering. A neat and well known property

of Gaussian functions, is that their Fourier transform, is a Gaussian. The relation

between nonlinearity and PMF therefore means a Gaussian nonlinearity profile will

produce a Gaussian PMF. The first attempt to realise a Gaussian PMF was per-

formed by Brańczyk et al. in Ref. [84]. Approximating a Gaussian PMF with step

functions of different heights—a result of different orders of periodic poling along

the length of the crystal—the authors verified that they obtained a Gaussian PMF

via two-photon interference in the manner we discussed in Section 1.5.2.1. Since
1Still a rather hand-wavy discussion however, more discussion centred around this insight will

be had later in this chapter; where also, a more detailed figure will aid the reader into visualising
this effect.
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then, techniques for obtaining a Gaussian PMF have become more refined, and de-

viate slightly away from this initial concept. Briefly, these techniques come under

the descriptions of altering the poling duty cycle of the crystal domains [85–88], the

orientation of the poling direction [89], and tailoring both [90–92]—all generating

the desired Gaussian function to an approximation.

Moving away from a general description of domain engineering techniques, the

following work in this chapter is focused on using optimal techniques for Gaussian

PMF shaping outlined and developed in Ref. [92].

Graffitti et al. then used one of the techniques to demonstrate, for the first time,

interference of photons generated from independent domain-engineered crystals in

Ref. [90]; A crucial step for photon sources whose purpose is to create multi-qubit

quantum states.

3.1.2.1 Obtaining a Gaussian PMF

For now, we will outline how we design a crystal to generate pure photons. The

method used in this work follows a technique outlined in Ref. [92] (discussed in

more detail later) which in turn closely relates to the technique outlined in Ref. [91],

except the technique is modified by means of tailoring a crystal with a pre-defined

and fixed domain widths. Subsequently in Ref. [92], a more advanced technique

was also introduced that can shift the boundaries of the domains via a pre-existing

annealing algorithm, which was initially developed for semi-classical optimisation

of higher harmonic processes [81, 93]. This advanced technique is not required for

Gaussian PMF shaping but the technique, developed primarily for generating sepa-

rable photons, can also be exploited for tailoring high quality non-Gaussian PMFs,

e.g. for efficient generation of time-frequency mode entanglement [94], contained in

Appendix B, and time-frequency hyper-entanglement [95].

To begin the design process, the initial step in the process is to define a target

PMF function, which for reasons already outlined, will be a Gaussian with some

width σ and centred at ∆k0,

ϕtarget(∆k) = e−
1
2
(∆k−∆k0)2σ2

. (3.3)

Computing the Fourier transform of this function provides us with the nonlinearity
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profile:

gtarget(z) = F [ϕtarget(∆k)] =

∫ ∞

−∞

1√
2
ϕtarget(∆k)e

i∆kzd∆k

=
1

σ
e−

z2

2σ2+i∆k0z.

(3.4)

Obtaining the PMF along the length of the crystal requires an inverse Fourier trans-

form. The subtlety here, rather than just going back and forth between Equa-

tion (3.3) and Equation (3.4), is to incorporate the finite and fixed length of the

crystal along the z axis. We therefore need to consider that a crystal lies in the region

defined by z ∈ [−l/2, l/2]. The inverse Fourier transform then, is performed between

the limits defined by the crystals region, in turn giving us the Fourier transform of

the PMF along the whole length of the crystal, depicted in Figure (3.2). Comput-

ing this gives us the mathematical form of the function used in order to obtain the

correct domain structure of the crystal via a tracking technique,

ϕtrack(∆k; z) =

∫ z

− l
2

gtarget(z
′)e−i∆kz′dz′

=

√
π

2
e−

σ2(∆k−∆k0)
2

2

[
erf
(
l − 2 iσ2 (∆k −∆k0)

2
√
2σ

)
+ erf

(
z + iσ2(∆k −∆k0)√

2σ

)]
.

(3.5)

Interestingly this function reveals a critical element concerning the crystals design

which is important not to overlook. For regions outside the boundaries of the crystal

ϕtrack(∆k; z) ̸= 0. This is the result for a function that mathematically may not,

and does not, equate to 0 outside these boundaries. Unless special considerations

are made with respect to the target function width σ, the Gaussian function de-

fined in Equation 3.3, may yet still contribute purity degrading side-lobes. We will

specifically discuss this point once we address the final issue with the function we

arrived at in Equation (3.5). In order to obtain the final mathematical form of our

function, we need to apply a scaling factor. We mentioned already in Section 3.1.1,

that transitioning from bulk KTP to ppKTP via QPM, meant the amplitude of the

PMF was reduced, shown in Figure 3.1. The maximum gradient of a poled crystal

is 2/π and mapping this maximum gradient onto the function we arrived at for

tracking, means that we ensure the amplitude of the PMF is maximal and photon

generation is maximised for the conditions we have chosen. This is done by finding
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the maximum gradient of the function we currently have for tracking,

d

dz
ϕtrack(∆k; z) = −

(
z − l

2

)
e−

(z− l
2)

2

2σ2

σ3
, (3.6)

max
[ d
dz
ϕtrack(∆k; z)

]
=

1

σ
, (3.7)

and defining a variable ζ that is scaled to the maximum gradient 2/π:

ζ =
2

π

1

max
[

d
dz
ϕtrack(∆k; z)

] = 2σ

π
. (3.8)

This variable can now be multiplied to our tracking function. Finally then, we

simplify our function somewhat by fixing the phase matching condition, ∆k = ∆k0

, and shifting the position of the crystal to occupy a region defined by z ∈ [0, l] by

shifting z → z − l/2 giving:

ζ

√
π

2

(
erf
(

l

2
√
2σ

)
+ erf

(
z − l

2√
2σ

))
(3.9)

Now, we can move onto a required discussion we hinted towards earlier on in

our outline of the domain engineering process: the width of the target Gaussian

function σ. This parameter ultimately balances source brightness with spectral pu-

rity. Broadly speaking, in order to obtain high source brightness the function must

be wide, but to avoid unwanted spectral correlations, the function must be narrow.

Thus we choose a width that both avoids a large step in non-linearity—avoiding

Figure 3.2: Full PMF from target function. The PMF ϕtrack(∆k; z) with ∆k
centred at 0, along the full length of the crystal as defined by Equation (3.5).
The important feature of this figure is the shape of the PMF once the function
has been integrated over the whole length of the crystal. Comparing this Figure
to Figure (3.1)(b), it is clear that the shape of the PMF, at the full length of
the crystal (z = 1), does not contain any side-lobes.
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Figure 3.3: Target function for Gaussian domain engineering. The top panel shows
the target function of varying widths, with the red shaded areas indicating
regions outside the boundary fixed by the crystal length l. A target function
that is too wide, for example when σ = l/2, will result in side lobes in the PMF
which is shown on the bottom panel. A narrow target function may produce
minimal side lobes in the PMF, but will result in a lower effective non-linearity
and therefore a lower source brightness. The blue dotted lines indicate the
trade-off we chose for our implementation.

spectral correlations—whilst wide enough to obtain a reasonably high effective non-

linearity and thus brightness. This trade-off is illustrated in Figure 3.3. With a

σ = l/4.7, where l is the crystal length, the generation of side lobes is minimal

whilst not adversely reducing generation rates. For a crystal length of l = 30 mm,

σ = 6.38 mm. There is no analytical solution for the ideal width, however there

is a deeper discussion with more empirical evidence as to why a σ ∼ l/5 is a good

choice, within Ref [80].

3.1.3 Tracking algorithm for domain engineering

Only when a suitable PMF is defined can we consider how we go from having the

explicit mathematical form the function to be tracked, ϕtrack, to getting a KTP

crystal with exactly the properties we would expect. To obtain a crystal with a
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domain structure that defines a desired PMF, we need a suitable algorithm that

tracks ϕtrack, and by this we mean that each ferroelectric domain in the crystal is

orientated a way to reproduce ϕtrack. There are a variety of techniques for tracking

a function. Initially pioneered by Ref. [91], more tracking algorithms have been

proposed and a nice overview of these techniques can be found in Ref. [80].

Each ferroelectric domain can be orientated either “Up” or “Down”. The aim

of the algorithms is to determine whether a domain should be orientated “Up” or

“Down” by evaluating a cost function. Each algorithm differs slightly in its technique

and also its ability. For the purpose of obtaining a crystal with a Gaussian PMF

the “one-domain block” algorithm is most suitable. Starting with a seed domain

structure, where each domain is fixed to a width equal to the coherence length ℓc

the algorithm assess whether it is converging towards its target, ϕtrack, via an error

function,

e(z + ℓc) = ϕtrack(∆k0; z + ℓc)− ϕeff(∆k0; z). (3.10)

This evaluates the difference between the generated PMF ϕeff and the desired PMF

ϕtrack for each domain. Starting at the first domain and iterating along the crystal,

the algorithm handles the task of determining whether to orientate the next do-

main in the “Up” orientation, or the “Down”. Explicitly the algorithm follows the

following arguments:

• if e(z+ℓc) ≥ 0 and ϕtrack(∆k0; z) ≥ ϕtrack(∆k0; z−ℓc), flip the domain orientation

with respect to the previous domain, meaning ϕeff continues to increase.

• if e(z+ℓc) ≥ 0 and ϕtrack(∆k0; z) ≤ ϕtrack(∆k0; z−ℓc), keep the domain orientation

consistent with the previous domain, causing ϕeff to begin increasing.

• if e(z+ℓc) < 0 and ϕtrack(∆k0; z) ≥ ϕtrack(∆k0; z−ℓc), keep the domain orientation

consistent with the previous domain, causing ϕeff to begin decreasing.

• if e(z+ℓc) < 0 and ϕtrack(∆k0; z) ≥ ϕtrack(∆k0; z−ℓc), flip the domain orientation

with respect to the previous domain, meaning ϕeff continues to decrease.

This algorithm is more flexible and more accurate than the “two-domain block”

algorithm, meaning that for a fixed crystal length and specific target functions, it
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can better replicate the desired PMF. A finer discretisation of the domain structure

could also be incorporated into tracking algorithms [92], that is domain widths

smaller than the coherence length ℓc. This is a particularly useful technique for short

length crystals phase-matched for shorter temporal pulses and tracking functions

that contain more features, such as the target PMF in Appendix B.

3.1.4 Focusing conditions

The final subsection before we discuss the experimental results from our customised

aperiodically-poled KTP (aKTP), is dedicated to the optical conditions in which the

PDC crystal is placed. Brightness and heralding efficiencies are crucial parameters

for photon sources, and are intrinsically linked to the focussing parameters. Fur-

thermore, down-converted photons are not typically left to propagate through free

space, but are coupled into single-mode fibres. As a result, there have been numer-

ous theoretical and experimental investigations into the best focusing conditions for

maximal heralding efficiencies and source brightness, and the best practices for the

efficient collection of signal and idler photons.

An in-depth study made by Bennink in Ref. [96], which has been verified exper-

imentally [97–100], showed that for pump, signal and idler photons that exist in a

Gaussian spatial mode and propagate co-linearly, a dimensionless focusing parame-

ter can be defined:

ξk =
l

kkω2
k

=
l

2zRk

. (3.11)

This parameter—for a crystal length l, defined for mode k—helps quantify the

capable brightness and heralding efficiency of the PDC source, and the trade-offs

there after. The main insight from this model, and useful conclusions we use in the

remaining parts of this thesis, is that a strong pump focussing condition (ξ ≫ 1) the

photon pair coincident rate is high. Opposed to this condition, when the pump focus

condition is loosened (ξ ≪ 1) heralding efficiencies can in principle reach unity, at

the expense of the pair generation rate. This has been experimentally verified and

also something we investigated with our aKTP crystals. Unfortunately, there is no

single set of ξk parameters that are universally “optimal”, rather there is a series of

curves defined for each parameter that is changed, including the focusing conditions

for the collection optics. Decisions on all focusing conditions therefore, should be
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made on a case-by-case basis2.

It is important not to forget that if raw generation rate is what one seeks, then

applying tight focusing and increasing brightness also increases the probability of

emission of n > 1, i.e higher order pair emission. If the proposed experiment in which

you require high rates is sensitive to photon number and higher order generation

then consider how you wish to extinguish the generated noise.

From my experiences working with these PDC sources, I would suggest finding

a suitable focussing regime to work in by evaluating the needs of the experiment

along with the amount of pump power3 available. A decision should then be made in

conjunction with the model presented in Section 2.3.1. Within the limit of achievable

pump power, do you obtain sufficient rates derived from calculating the effective

squeezing γ required from the experiment and provided from your laser? If so,

then maximise your heralding by loosening the focusing conditions ensuring that

the minimum squeezing and thus count rate you require can still be obtained.

Finally, the reason we also highlight focusing conditions is that a comparison of

PDC sources becomes very tricky. Typically, the source brightness and photon in-

distinguishability is nominally quoted with respect to the amount of power pumping

the crystal. In the following experimental section, we address the fact that appro-

priate source performance levels should be quoted at levels of effective squeezing γ

instead. This way, sources which operate with difference focusing conditions can

still be compared and contrasted by comparing at the same effective squeezing.

3.2 Experimental analysis of source performance

In Section 1.5, we introduced the concept of two-photon interference. We concluded

that, in the case of mixed, identical and completely separable photons, the visibility

of the HOM dip is a means of establishing a lower bound on the photon purity. Given

the experimental accessibility of two-photon interference measurements, as opposed

to phase reconstructed JSA measurements, the HOM visibility is our main metric

for how our aKTP crystals perform. This is also pertinent given that PDC source

scalability relies on probabilistic fusion gates, the operating principles of which rely

on high photon indistinguishability (and thus high purity).
2The most significant finding from Ref. [96], was that for ξp, ξs, ξi ∼ 2, 5, the brightness, herald-

ing and spectral purity were substantial fractions of their maxima.
3Average power, not peak power. All references to power will be referencing average power.
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In this section we will present a culmination of efforts to design the ideal PDC

crystal for our use case, and for the parameters in our experimental lab. The fol-

lowing is based on Ref. [101], presenting a telecom-wavelength parametric down-

conversion photon source that operates on the achievable limit of domain engineer-

ing.

Establishing a benchmark for our newly designed crystal; we use the experimen-

tal work in Ref. [90], where a symmetric heralding efficiency of 65% was achieved

along with a source brightness of 4kHz/mW and lower-bound photon purity of

90.7±0.3%. Through fine tuning parameters such as the maximal gradient we were

capable of generating photons from independent sources achieving two-photon in-

terference visibilities of up to 98.6± 1.1% under similar experimental conditions as

the benchmark work (in terms of filtering and optical arrangement). As a conse-

quence of designing a more optimal PMF, we reached net heralding efficiencies of

up to 67.5%, which corresponds to collection efficiencies exceeding 90%. We also

form a comprehensive comparison between our aKTP crystals, and a very com-

mon alternative source constituting ppKTP crystals with filters possessing a very

narrow bandwidth (which were both manufactured by Raicol Crystals Ltd.). The

reason this comparison is drawn is that typical multi-photon experiments that do

not employ any sort of PMF engineering require tight spectral filtering to obtain

sufficient two-photon visibilities. This ensures that the spectral purity is high, but

is met with the unavoidable consequence of adversely effects attainable heralding

efficiencies [38, 102], something highlighted in the following experimental analysis.

3.2.1 Source preparation

Using a mode-locked Ti:Sapphire laser with a non-ideal sech2-shaped spectral en-

velope we pump our crystals at a wavelength of 774.9 nm, down-converting to

1549.8 nm. Obtaining down-converted photons at just below 1550nm was necessary

to ensure temperature stabilisation and maintenance of the degeneracy condition,

enabled by keeping our crystals sufficiently far from room temperature. The pulse

duration of this laser can be tuned to operate at pulse durations around 1.3 ps and

1.4 ps in order to match pulse durations to different crystal and filter combinations.

Optical components within the laser cavity introduce positive group velocity dis-

persion and therefore pulse broadening. To alter the output pulse duration of the
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Figure 3.4: Brightness and heralding efficiencies with respect to different pump
focusing conditions. Experimentally observed heralding and brightness values
for different combinations focussing lens and collection distances. In order to
find good experimental condition where we want to validate the performance of
our aKTP crystal we ran a series of quick tests to quantify the performance of
the crystal. A longer focal length lens creates a larger beam waist and a longer
Rayleigh range, therefore exhibiting higher heralding efficiencies, following the
proposed behaviour of ξ within Ref. [96].

laser, tuneable negative group velocity dispersion is introduced via a Gires–Tournois

interferometer, allowing the user to fine tune the output pulse duration of the laser.

In order to generate PDC photons, we focus our pump beam into the centre of

the crystal with a focusing lens that has a nominal 40 cm focusing length, generating

a slightly elliptical spot with a waist of ∼ 124µm in the horizontal and ∼ 119µm

in the vertical axis. This focusing condition was chosen as an optimal trade-off

between brightness and heralding efficiency [96, 97, 103]. Empirically, we verified

that a looser focusing condition increased the heralding efficiency, whilst resulted in a

reduction in pair generation rate, following the conclusions drawn from Section 3.1.4,

see Figure (3.4). From these results, we can obtain the values for average heralding

and brightness, displayed in Table 3.1.

To collect the down-converted modes we separate the emitted photon pairs on

a polarising beam splitter, with an initial dichroic mirror removing pump photons.

Signal and idler photons are collected into single-mode fibres after long-pass filtering
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Figure 3.5: Experimental layout. (a) A Ti:Saphh laser pumps a standard ppKTP,
or domain-engineered aKTP crystal, at a repetition rate of 80.9MHz. The
down-converted photon pairs are collected after reflection from a dichroic mirror
and separated by a PBS. Individual photons from two sources are temporally
synchronised with an adjustable free-space gap before they are superposed in
an in-fibre BS. Photons are then detected by Superconducting Nano-wire Single
Photon Detectors (SNSPDs), with photon arrival times being time-tagged and
processed. (b) Two ∼ 20km fibre spools of telecommunication grade fibre are
used for dispersive spectroscopy, exploiting chromatic dispersion allowing us to
reconstruct the joint photon spectrum [104]. We collect the photon pairs in
the same manner as above, however the collected photons are subjected to the
fibre delay.

to reduce any residual pump photons further. We introduce either some gentle

filtering around the central spectral lobe of our down-converted photons—via a filter

with a transmission profile of exp[− (ω−ω0)4

2σ4 ] a FWHM of 7.4 nm and is ∼5 times

wider than the generated photon bandwidth which minimally impacts heralding

efficiencies—or tight filtering depending on the type of KTP crystal being analysed.

The profile of these filters are shown in Figure 3.6. Down-converted photons then

pass through optical interference or spectroscopy setups before being collected by

SNSPDs operating at ∼ 80% detection efficiencies. See Figure (3.5) (a) and (b) for

the experimental arrangements.

3.2.2 Independent Hong-Ou-Mandel

As previously stated, we investigated two-photon interference visibilities for differ-

ent configurations of crystals—a 22 mm ppKTP crystal and a 30 mm custom-poled
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Figure 3.6: Spectral bandwidth of filters used in source investigation. The filters
we use for the aKTP crystals in the signal mode (a) and idler mode (b), and
ppKTP crystals in the signal modes (c) and idler modes (d). We also show a
more intuitive figure for directly comparing the bandwidths of the two filters
(e). From these figures we can see that the Alluxa filters are much narrower,
≤ 3 nm, compared to the 7.4 nm FWHM of the Semrock bandpass filter. The
Alluxa filters were selected for their ability to filter out just the central lobe of
the joint photon spectrum of the ppKTP crystals, thus increasing the spectral
purity, but also impinging loss onto each of the down-converted modes.

aKTP crystal—and filters. We interfered photons generated from separate, but

identical (manufactured from the same lithographic mask) crystals. In order to

obtain a lower bound on the implied photon purity and to generate the data in

Figure 3.7 (a), the two sources were pumped with the same amount of pump power,

for a variety of different pump powers, and at least five independent two-photon in-

terference scans were run consecutively. The data acquisition time for each of these

scans was sufficient to obtain at least 1000 four-photon coincidence events outside

of the dip position. In order to find the appropriate data acquisition time, the linear

stage that controls the amount temporal delay applied to one of the photons, was

shifted to well outside the position of interference, and photon detection statistics

were gathered, determining the photon generation rate and therefore the required

acquisition time. From the final data set, containing pump power and respective in-
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terference visibilities, we fit a linear function and extrapolate the expected visibility

at zero pump power. This technique eliminates visibility degradation due to photon-

number impurity (see the Appendix of Ref. [90]) and serves to lower bound photon

purity. The performance of all results are summarised in Table 3.1. Importantly,

the generation rates and heralding efficiencies are quoted with consistent focusing

conditions in the same optical setup and provide a comparison and not an upper

limit on crystal performances. Different pump focusing conditions as well as differ-

ent collection optics will result in different values for source brightness, heralding

efficiencies and can also impact photon purity [96].

We observe an improvement in both interference visibility and generation rates

upon Ref. [90], a result of altering the width of the Gaussian target function tracked

by our algorithm from σ = l/4 to σ = l/4.7. Ref. [90] reported a lower bound purity

of 92.7 ± 0.2%. This data was obtained using a delayed two-photon interference

technique, interfering photons generated from the same source separated, delayed by

a time that is an integer value of laser repetition rates. Instead of using this technique

again, we perform interference measurements on photons from independent crystals,

representing a true proxy for source scalability. Our new apodized crystals have a

lower-bound purity, under the same gentle filtering, of 98.0 ± 0.1%. Without any

filtering we obtain a lower-bound purity of 95.3 ± 0.1% and the respective data

contributes to a full plot of all results found in Figure 3.7.

Rather than expressing results in terms of pumping power, we show the main

results in terms of γ, the effective squeezing of the two-mode squeezed vacuum,

which encompasses the pump power and focusing conditions applied to the crystal.

As we have seen, in the photon number basis n, the PDC process can be expressed

as:

(1− γ2)1/2
∞∑
n=0

γn |n, n⟩s,i ,

with γ defined as: γ = (τP)1/2, where now P is the average pump power and

τ is a constant quantifying the non-linear interaction of the medium. This was

explored back in Section 2.3.1, so for obtaining the parameter γ we address the

readers attention back to there. We evaluate γ from the measured coincidence

rates, single rates and the clock rate of the pulsed laser. With knowledge of γ,

the photon pair rate and multi-photon pair rates can be determined. This forms a

more representative analysis of crystal performance as the variety of experimental
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ppKTP

Figure 3.7: Experimental results for the visibility of two-photon interference. (a)
Interference visibilities dependence on pump power and (b) visibility depen-
dence on the squeezing parameter, γ. Each data point represents the average
visibility from five interference measurements for each value of pump power (or,
equivalently, for each value of γ). From this data set we can infer a minimum
spectral purity of 98.0±0.1% and compare the performance of our aKTP crys-
tals with loose spectral filtering against a ppKTP crystal with narrow-band,
tight spectral filtering. (c) A two-photon interference measurement between
photons generated from separate sources. At a pump power of 10 mW we
achieve an interference visibility of 98.6±1.1%, with a four-photon coincidence
rate of around 5 Hz.

conditions distinct to our analysis are gathered into this one term, lending this work

to be more repeatable. Figure (3.7) (b) compares the interference visibility of our

aKTP crystals performance with a ppKTP crystal as a function the squeezing γ.

With apodization, the need for tight filtering is removed, resulting in significantly

higher heralding efficiencies, seen in Table 3.1. This higher efficiency means that

when both sources are generating photons at the same raw rate, the source with

higher heralding efficiencies will lead to higher rates of detector clicks. Factoring out

known optical losses and detection efficiencies (taken as the quoted operational upper

bound of 80%), overall collection efficiencies are lower bounded to 91.8%. Optical

losses were determined by measuring the transmission properties of each optical

element between pair production and the housing of our detectors, this accounted for

a loss of 7.9%. Anti-reflection coated optics were used where possible to minimise any

losses, including on the end facets of all the KTP crystals used in this investigation.
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Crystal
Interference

Visibility
(%)

Mean
Heralding
Efficiency

(%)

Collection
Efficiency

(%)

Mean
Brightness
(cc/mW/s)

Experimental√
JSI

Purity
(%)

Theoretical
JSA

Purity
(%)

aKTP 98.0 ± 0.1 67.5 91.8 3900 91.17 ± 0.02 98.7
ppKTP 95.3 ± 0.1 57.2 77.4 4900 94.43 ± 0.03 98.4

Table 3.1: A summary of results comparing our custom aKTP crystal with loose spectral filters to
a ppKTP crystal with tight spectral filters. The interference visibilities are quoted at zero pump
power. The mean heralding efficiencies and brightness respectively for each crystal result from an
analysis of the performance of each source as a function of pump power. The collection efficiencies
are calculated with respect to the upper limit detection efficiency of our detectors (80%) as well
as other known optical losses (7.9%). Finally we also include the purities calculated from our
experimental JSI reconstructions, as well as the theoretical purities. We use the

√
JSI to calculate

purities as it represents a better approximation of the JSA compared to calculating the purity of
the JSI [69].

3.2.3 Reconstructing the Joint Spectrum

Another means of quantifying source performance is to analyse a reconstruction of

the joint photon spectrum. Reconstruction of the JSA is experimentally demanding

since it requires a spectrally resolved amplitude and phase measurement, which can

be achieved for example via phase-sensitive stimulated emission tomography [105].

Constructing the joint spectral intensity (JSI), equivalent to |JSA|2, can be achieved

with comparative ease and is therefore commonly shown, although one has to be

careful what conclusions to draw in the absence of phase information normally con-

tained in the JSA [69]. With 20 km of standard telecommunication fibre optic we can

exploit chromatic dispersion to map photon arrival time to the associated spectral

component of the JSI, as performed in [94]. The experimental arrangement is de-

picted in Figure (3.5) (b). Collection of at least 106 photons detected by SNSPD’s

operating with < 50 ps jitter, < 25 ns reset time and processed via a Picoquant

HydraHarp with 1 ps timing resolution, enabled the construction of the respective

JSI for combinations of filter and crystal. The spectral window of our results span

12.5 ns and the achievable timing resolution of this spectrometer translates to a spa-

tial resolution of ∼ 0.0028 nm. Figure (3.8) (a), (b) and (c), (d) show the respective

experimental JSIs of un-filtered aKTP and un-filtered ppKTP, with and without a

logarithmic scale respectively. Any spectral correlations that exist along the main

diagonal are visually highlighted. These correlation are clearly prevalent for ppKTP

but almost non-existent for unfiltered aKTP, a result of non-zero contributions from
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Figure 3.8: Reconstruction of the JSI. Experimental reconstructions of the JSI
(and marginal photon spectrum for (a) and (b)). Using a dispersive spec-
troscopy technique, we construct the full joint spectrum spanning a whole rep-
etition of our lasers cycle, for our aKTP crystal (a), (c) and ppKTP crystal
(b), (d). The reconstruction reveals all spectral correlations which are then
either suppressed by filtering, or already suppressed through modification of
the PMF. Using a logarithmic scale (a) and (b), we can visually highlight any
prevalent correlations. These correlation are much more noticeable for the pp-
KTP crystal, enforcing the need to filter out these purity degrading correlations
in order to achieve high interference visibilities.

the PMF. Along the diagonal, from bottom left to the top right, as well parallel to

the x and y axes, through the central lobe of the joint spectra, we see a constant

background signal arising from dark counts. An additional PDC source was used as

a trigger, to measure the arrival of signal and idler photons. A dark count detected in

the trigger channel, as opposed to an actual photon, corresponds to a displacement

of the central lobe along the diagonal, resulting in temporally correlated background

noise. If, either the signal or idler photon is lost, but a dark count is detected in

that channel along with the trigger and remaining signal/idler photon, the central

lobe is shifted in the parallel to the x or y axes depending on which of signal and

idler photons are lost. The probability of this is smaller, proportional to the pair

emission probability.

To produce estimates for both the JSI and
√

JSI purities, we reconstructed the
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Figure 3.9: Theoretical simulations of photon purity as a function of varying pulse
duration. A non-ideal pulse duration affects photon purity as the bandwidths
of the PEF and PMF are not matched for pulse durations not 1.3 ps. (a), (b)
and (c) depict the JSI from a range of pulse durations. Shorter pulse durations
contribute towards spectral correlations along the diagonal, something visible
in our reconstructed

√
JSIs. The red dash lines represent the width of the

PEF corresponding to the pulse duration under investigation. (d) The effects
of non-ideal pulse durations on photon purity. Analysing the range of purities
derived from

√
JSI and JSI as a function of pump pulse duration.

JSI across increasingly long measurement intervals. Each estimation is calculated

using 50 × 50 ps bins; doing so reduces the sparsity of the raw data and provides

a more accurate and reliable Singular Value Decomposition (SVD). The SVD is

used to numerically implement the Schmidt decomposition, used to quantify the

non-separability of the JSA [74]. By observing the value the estimation converges

towards, we truncate the total measurement time to avoid instability. These estima-

tion of purities are contained in Table 3.1. Neither the JSI nor the
√

JSI truly reveal

photon purity due to lack of phase information, something two-photon interference

can incorporate [69]. Thus, two-photon interference results represent a more faithful

estimate of photon purity. Discrepancies between the lower-bound purities deter-

mined by two-photon interference results, and inferred purities from experimental

JSIs could be caused by a combination of different factors, such as drifts in the laser

central frequency and pulse duration, as well as non-negligible jitter in the detection

system. Visually noticeable elongation of central lobe along the diagonal suggests

pump pulse durations that are shorter than the crystal is optimised for, which in

turn would result in a lower purity for experimental JSI analysis.
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3.2.3.1 Elongation of Joint Spectrum

Our efforts to consider why we witnessed lower purities in our experimental JSI

analysis led to simulations into how pulse duration affects photon purity, the results

of which are shown in Figure (3.9). Maximum purities are achieved when the width

of the PEF and PMF are matched [69]. From the JSI reconstruction results, the

elongation along the diagonal could have been caused by instability of our pulsed

laser source, a reasonable argument as scans were run for hours at a time. Any

drifting in pulse duration from ideal leads to a reduction in purity. From simulations

we estimate that, pulse durations that are ±0.4 ps away from the ideal value can

result in purities dropping by 6%. This simulation calculates the resulting JSA

from the PMF and the PEF of various widths dictated by an array of different pulse

durations of the pump.

3.3 Concluding remarks

The importance of achieving the photon source characteristics displayed in this chap-

ter was recently highlighted in Ref. [106], which concludes that quantum supremacy

in a Boson sampling task with non-multiplexed single-photons from PDC sources can

only be achieved with Gaussian-profile aKTP crystals due to the higher collection

efficiencies. Notably, photonic quantum supremacy has just been demonstrated in

Gaussian Boson Sampling (GBS), in an experiment which created 50 photons from

25 Gaussian apodized crystals using a duty-cycle poling technique [34]. Using our
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Figure 3.10: Filter bandwidth and effects on purity and heralding. Normalised
heralding and purities of the crystals we have analysed in this manuscript as a
function of the photon bandwidth or the filtered photon bandwidth. The solid
data points represent the normalised purity, the filled alternating shaped data
points are heralding values. The solid (dashed) lines are the simulated results
of the purity (heralding) for the ppKTP crystal.
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improved poling algorithm and considering the trade off between non-linearity and

photon purity highlighted in this manuscript, an optimal σ could enable higher puri-

ties and heralding efficiencies. This, in turn, would culminate in a greater advantage

and scalability of the scheme.

The discrepancy in brightness between our aKTP source and the ppKTP source

highlighted within Table 3.1 can be balanced by adjusting the relative pump powers

to achieve the same squeezing γ. At a fixed value of γ, the single and multi-pair

production probability for aKTP and ppKTP are the same, independent of the

pump power, as the different pumping powers act to equate the probabilities of

generating n photon pairs. A hard limit on available pump power for multiple bulk

PDC sources could restrict one’s ability to maximise brightness. Future scalable

architectures however are likely to be based on waveguides, which typically require

only µW of pumping power. Gaussian PMFs can also be achieved in waveguide

sources either through domain engineering, or via inter-modal Spontaneous Four

Wave Mixing (SFWM) in a multi-mode waveguide [107].

Future improvements to target higher interference visibilities could be achieved

through modifying the PEF. Currently, the PEF is a 1.3 ps long sech2 pulse opti-

mised for crystal length and thus PMF width, imposing a theoretical limit on the

maximum visibility of 98.7%. However, it is possible to achieve up to 99.9% visibil-

ity directly with our crystals by engineering the PEF [69]. Modification of the PEF

can be achieved using pump-shaping techniques [85]. Additionally, incremental im-

provements can be made with a deeper exploration into the interplay of spatial and

spectral modes generated in a non-linearity engineered crystals [108, 109].
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This chapter acts as a short interlude between PDC source design and the gen-

eration of two-photon and multi-photon entanglement. PDC has been used

extensively to generate entangled states for a huge variety of use cases, to say the

reference list is extensive is an understatement, however a variety of them are pre-

sented in the following Refs. [31, 33, 110–118]. This chapter foremost discusses the

generation of a Bell state and how we use custom designed optomechanics to gener-

ate this. We then discuss methods to generate larger entangled states that depend

on two-photon interference. Achieving two-photon interference with high success

probability encountering minimal errors high interference visibility is an absolute

prerequisite for this interaction to occur efficiently, something that has been an

underlying narrative throughout this thesis so far and will continue to be in the fol-

lowing final chapters. The generation of multi-partite entangled states depends on

non-local gates that require the interaction of two indistinguishable photons. Using

our custom crystals gives us an inherent advantage over other sources by maximising

heralding efficiencies and achieving as close to unit photon purities as possible, two

parameters that are intrinsic to efficiently generating larger states via two-photon

interference.

4.1 Entangled photon sources

The first use of PDC to generate an entangled state was proposed and shown by

Kwiat et al. in Ref. [23]. In Kwiat’s work, the non-collinearity of bulk PDC was

exploited, and when collecting photons at the intercept of the emission cones of

the PDC photons, an entangled state was created due to the indistinguishability of

which cone each collected photon was from. The rather large caveat to this technique

however was loss. Photons are generated across all points on the emission cones,

so collecting photon on the intercept of both cones only—in order to make sure

state quality is good—meant that all other photons were lost. The first use of an

interferometric scheme was introduced in [119], after its proposal in [120], overcoming

the large amount of loss and bidirectionally pumping a single KTP crystal. The lack

of stability made this scheme sensitive to environmental perturbations—inspiring

the idea of using a Sagnac interferometer in-stead of a folded Mach-Zender—which

has all the benefits the bidirectional pumped interferometric scheme offers with

additional robustness. Ultimately it was Kim et al. who combined the phase stable
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Figure 4.1: Building block for generating an entangled state. PDC occurs co-
linearly and bi-directionally when a QPM PDC crystal is placed inside a sagnac
interferometric scheme. The pump in our case is centred at 775nm and en-
ters the sagnac by transmitting through a dichroic mirror which only reflects
1550nm. When the polarisation of the pump is aligned diagonally, equal su-
perposition of the pump exits the PBS and produces PDC photons in either
the clockwise direction or the anti-clockwise direction. This is enabled by the
presence of a HWP inside the sagnac loop, that rotates V polarised photons
from the reflection port of the PBS to H polarisation, making sure that the
type-II PDC process takes place. The crystal is contained in a temperature
controllable mount in order to make shifts to the phase mismatch and enable
degenerate PDC photons. PDC photon pairs (pink for anti-clockwise and pur-
ple for clockwise) then propagate around the sagnac and are separated based on
their orthogonality in polarisation on the PBS. In one output mode of the PBS
for each pump direction, the beam overlaps with the pump. In this case the
dichroic mirror reflects the PDC photons for collection into a single-mode fi-
bre. The remaining output mode of the PBS is also collected into a single-mode
fibre.

interferometry with a bidirectionally pumped ppKTP source of photons [121]. Fine

tuning this setup, Fedrizzi et al. in Ref [122] delivered what is effectively the first

iteration of the scheme for generating entangled photons we present in the following,

and used extensively within the bulk PDC community.

4.1.1 Sagnac interferometer

A Sagnac interferometer consists of two mirrors and a PBS. Figure (4.1) depicts

the optical arrangement. A diagonally polarised pump photon is prepared and

subsequently sent into this interferometer. It passes through a dichroic mirror which

only reflects photons centred around the dow-conversion wavelengths. This pump
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Figure 4.2: Schematic for entanglement generation with PDC using a Sagnac
interferometer. A pair of entangled photons can be generated from PDC when
the non-linear media is placed inside an interferometer. The pump photon
either generates a photon pair in the clockwise and anti-clockwise direction. Its
polarisation is prepared with a HWP after a Glan-Taylor (GT) which ensures
polarisation is set to the linear basis. The amount of power into the source
is controlled by an additional HWP in front of the GT. Once photons are
generates, they are collected into single-mode fibres (SMFs).

photon is then split by a PBS into its basis polarisation components H and V. The

reflected V component of the photon is then rotated to H by a dual wavelength

HWP, such that the crystal is pumped in both directions by a horizontally polarised

field, allowing bi-directional type-II PDC. The photons generated in type-II PDC

are orthogonal in polarisation, and propagate around the interferometer in clockwise

and anti-clockwise directions.

This optical arrangement offers compensation for the longitudinal walk off that

emanates from the different propagation velocities (property of birefringence) of each

photon inside the non-linear crystal. Rather than compensating for this walk off with

(relatively) complicated techniques involving the use of another birefringent wedge in

one of the arms1, the dual wavelength HWP inside the Sagnac loop maintains quality

entanglement by preventing the temporal discrepancies and maintaining photon

coherence. The walk off is not fully eradicated, but the HWPs retardation re-maps

the polarisation states of one the down-converted photon pairs propagating in one

direction whilst the other pair is not subjected to any retardations, minimising the

delay after the PBS. Once at the PBS, both pairs of photons are split such that

we get a H photon from one pair production and a V photon from the other pair

production in each collection mode. Thus, in one collection mode you could have

either |Hs⟩1 or |Vi⟩2 arriving, whilst arriving at the other mode you would have
1These techniques can also introduce photon loss, something we absolutely want to avoid.
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Figure 4.3: Design for a module compact source and the final outcome. The idea
for employing a notch and groove system comes from fibre coupling systems,
where typically one wants to restrict the degrees of freedom the fibre tip posses
in order to make it easier to optimise the optical alignment. Like in the case
for fibre coupling, the initial alignment of the input beam is crucial, as without
ideal initial alignment, the restriction to degrees of freedom means that any
initial miss-alignment cannot be corrected for. The base module is 100mm by
125mm, and contains the dichroic mirror, HWP, PBS, two mirrors, the crystal
and its temperature controllable mount.

either |Hs⟩2 or |Vi⟩1. You cannot know which photons are arriving in each collection

mode, as you have no knowledge about which photon pair was created, a feature of

the pump being aligned to an equal superposition of H and V. Your output quantum

state is therefore,

|Ψ⟩± =
1√
2
(|Hs⟩ |Vi⟩+ eiϕ |Vs⟩ |Hi⟩) (4.1)

where the term ϕ exists as a result of the phase difference between the components

of the pump field and any phases picked up by the down-converted photons in the

Sagnac loop. This is a maximally entangled Bell state, locally equivalent to the

other three Bell states, and is the resource state for our investigations into QIP

tasks.
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4.1.1.1 Note on optical alignment

Aligning this interferometer is tricky, but there are some things which we imple-

mented into the design of the interferometer that restrict the degrees of freedom

making the alignment a little easier. Rather than using bulk optical components

sitting on individual pillars, we made a choice to create a single block which contain

most of the optical components critical for the correct alignment. There are several

benefits to this approach but also a few disadvantages. Addressing the downfalls

first, the restriction on the angle of the PBS means we cannot exploit the optimal

angle of incidence of a PBS. Obtaining a higher extinction ratio in the transmis-

First inspection of beam overlap. Remove the dHWP from inside the loop to be able to see 775nm light in the camera 

|H+Vi
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Figure 4.4: Alignment of the sagnac interferometer. Each row of images shows
the iteration of trying to overlap the two paths of the sagnac interferometer.
The first and second column of figures are images taken of the pump after prop-
agating around either the clockwise direction, where the pump polarisation was
|H⟩, or in the anti-clockwise direction, where the pump polarisation was |V⟩.
A neat trick is to use a linear plate polariser in from of a camera, and rotate
the polariser to |D⟩. This then images classical interference fringes that result
from the overlap of the pump propagating in both directions and the subse-
quent constructive and destructive interference. In the first row, the overlap of
the two paths is worse than the overlap than the last row, epitomised by the
spacing and size of the destructive and constructive elements of the interference
pattern. When the interference fringes take the form of a single spot—where
the fringes are no longer visible—there is maximal overlap of the clockwise and
anti-clockwise paths.
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sion and reflection ports of the PBS is crucial for maximising the two-photon state

purity, as any any bit errors in the computational (Z) basis caused by the PBS

creates mixture and reduces the purity of the entangled state. The benefits of such

a design is firstly, the compactness of the final setup, meaning if one wants the place

coupling optics as close to the source as possible for higher photon pair generation

rates, then this can be achieved. Another benefit is the restriction to the degrees of

freedom. Whilst this might sound slightly counter-intuitive, the nature of the way

we align the sagnac—the beam path defining a right-angled triangle—means that

there is a fixed geometry to the system reducing the number of steps we have to

take in order to make sure the optics are placed in the correct positions. The mirror

placement and tilt angle are fixed for achieving perfect alignment. To achieve this we

borrowed a notch and groove system similar to the ones employed in fibre coupling

modules, to constrict the components position, making the tedious full alignment

process a lot easier. A full outline on how to align a sagnac interferometer for the

purpose of generating entangled states with PDC–that is very in-depth and worth

reading if you want to build this source—can be found in the appendix of Ref. [123].

Figure (4.3) shows the base containing the grooves as well as the the individual

components which posses notches. Figure (4.4) depicts the alignment process.

We have discussed how to build a single Bell state, but to build larger states we

need some additional optical arrangements.

4.2 Linear optical fusion gates

Linear optical fusion gates were first devised and introduced in Ref [124]. Their

proposal lies at the foundation of a linear optical computing scheme that was less

resource intensive and more efficient than those currently suggested [125, 126]. In-

stead of the more familiar CZ gates, a fusion gate was proposed.

These fusion gates are generalisations of two-photon HOM interference and syn-

onymous with Bell state measurements. They take smaller entangled resource states

(nominally Bell states) and produce larger entangled states. Effectively a projective

entangling measure, these gates come in two forms.
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4.2.1 Type-I fusion gate

Type-I fusion gates consist of two well defined spatial modes mixed onto a PBS as

depicted in Figure (4.5)(a). On one of the two output spatial modes of the PBS,

the polarisation state of the photon in this mode is rotated into the X-basis via

an optical element, for bulk linear optics this is typically a HWP. Then, in order

to determine if the gate is successful at its operation, the now rotated photon is

measured via polarisation discriminating detection. The fusion of two qubits into

one qubit succeeds if and only if there is a single photon in each of the output modes

of the PBS, the maximum probability that this can occur is p = 1/2 and only as a

result of perfect two-photon interference (unit visibility), again further motivation

for our custom KTP PDC sources. In circuit notation, this operation is the same as

a CNOT gate between the two input logical qubits, followed by a measurement in

the computational basis for the index matching that of the measured photon. The

fusion will fail if this condition is not met, i.e. if there is photon bunching in one

of the output modes of the PBS. This then become equivalent to a measurement

in the Z eigenbasis. Qubit fusion in the Type-I gate may succeed, but loss of the

photon between this operation succeeding the the detection of the photon can lead

to pauli errors going forward in linear optical quantum computing protocols [127],

a drawback of this heralded gate.

4.2.2 Type-II fusion gate

Type-II fusion gates are an evolution of the Type-I gates. These evolved gates make

use of redundant encoding in order to avoid some of the downfalls of the Type-I

scheme. This is not to say that the Type-II fusion gate is better to implement, as

their purpose should be considered on a case by case basis. Rather than destroying

the logical qubits upon a failure, the Type-II gate implements a measurements on

the X eigenbasis on each of the input qubits. It operates in a very similar way to

the Type-I fusion gate requiring two input qubits, but the subtlety here now is that

both the input qubits and the output qubits are rotated into the X eigenbasis and is

only succesful upon post-selection (not a heralded gate). The successful operation of

the fusion gate is effectively a projection onto the maximally entangled state |Φ±⟩.
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Figure 4.5: Fusion gates and their operation. The outcomes from success and
failure of these gates are shown in (a) for the Type-I gate and (b) for Type-II.
The success and failures are highlighted in green and red respectively. Notably,
failure of the Type-II gate does not result in the destruction of input logical
qubits, as until measurement, they are just rotated into the X eigenbasis. The
optical arrangement for the two different kinds of linear optical fusion gates are
displayed in (c).

(a) (b)

(a) (b)

Figure 4.6: Fusion gates operating on well defined spatial modes. This figure
defines what the typical optical layout of Type-I and Type-II fusion gates are,
useful for visualising how the fusion gate transforms input states defined in
specific spatial modes. For the Type-I gate (a), the un-measured photons in
modes 1, 3 and 4 are transformed into a GHZ state. The GHZ states presence
is heralded by the fusion. For the Type-II gate (b), there is no heralding and
only post-selection on a photon in each mode results in the initial state being
successfully transformed into a GHZ state between the modes.

75



Chapter 4. Generating Multi-partite Entanglement

4.2.3 Fusion transformations

Finally, now that we have defined the basic operation of both types of fusion gate,

we can be a bit more succinct in their exact transformations by considering that the

input photons for both gate types, are each bi-partitions of the maximally entangled

Bell state |Φ+⟩. Let us say that spatial modes 1 and 2 contain one Bell state |Φ+⟩12
and spatial modes 3 and 4 contain the other |Φ+⟩34, meaning a bi-partition of each

state is held in the input modes of a PBS, spatial modes 2 and 3. Refer to Figure (4.6)

for the schematic layout. For Type-I fusion, where an output photon is detected

directly after the PBS, heralding the success of this gate, the transformation can be

calculated via the following:

|Φ+⟩12 |Φ
+⟩34

1√
2
(|H⟩2 ⟨HH|23 + |V⟩2 ⟨VV|23). (4.2)

Expanding the above leaves the remaining un-measured qubits defined as a maxi-

mally entangled GHZ state:

|GHZ⟩134 =
1√
2
(|HHH⟩134 + |VVV⟩134). (4.3)

For Type-II fusion one of the output photons is not immediately measured. Post-

selection makes this gate possible, meaning that in order for this gate to be suc-

cessful, all four photons in each spacial mode must be detected. Using a similar

calculation for the Type-I fusion gates transformation it can be shown that rather

than obtaining a 3-qubit GHZ state, the Type-II gate will produce a 4-qubit GHZ

state upon post-selection. Measuring the presence of a photon in each mode lets us

write the transformation as,

|Φ+⟩12 |Φ
+⟩34

1√
2
(|H⟩2 |H⟩3 ⟨HH|23 + |V⟩2 |V⟩3 ⟨VV|23), (4.4)

where now we arrive at a four-qubit GHZ state defined as,

|GHZ⟩1234 =
1√
2
(|HHHH⟩1234 + |VVVV⟩1234). (4.5)

A neat property of fusion gates is their scalability. Although still operating with

a maximum success probability of 1/2, fusion gates can be used successively and
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with different input settings, an example of which will be shown in Chapter 5.

4.2.4 Operating linear optical fusion gates

In this subsection we outline how one operates fusion gates in practice, something

crucial for obtaining and maintaining coherent multi-photon entangled states. When

we discuss fusion gates and their operation in the experimental chapter following

this one, the reader should refer back here in order to see how we set-up and ensure

that the fusion gates are performing optimally.

In order for fusion gates to succeed with maximal probability, the input photons

must be indistinguishable in their degrees of freedom, namely polarisation, temporal,

spatial, spectral and photon number basis. Typically, the first step for realising these

gates experimentally is to make sure there is suitable range for overlapping the wave-

packets of each input photon in time, ideally with a motorised linear translation

stage to do the precision work for you. Within the range of the translation stage

one should be able to find perfect temporal overlap of the interfering photon wave-

packets, corresponding to “sitting” in the HOM dip. This is an important first step

in order make sure optimisation of other degrees of freedom is not in vain due a

limited temporal range where the wave-packets are not temporally overlapped.

The spectral degree of freedom is fixed by the crystal, however it is always useful

to check the sources and make sure they are at the required degenerate condition.

This condition is met when the HOM visibility is maximal when interfering photons

from the same PDC source.

We will assume that the spatial degree of freedom is correct as I am sure the

experimenter reading this has aligned the fusion gate properly. Typically the best

way to check this however is to overlap a classical diode source, split into two and

sent into both arms of the fusion gate, on a camera in each output mode of the PBS.

Finally, for the polarisation degree of freedom there is a specific subtlety that

is always prevalent in fusion gates employing bulk optics, this is the fact that the

photons in the reflected port of the PBS pick up a phase. This phase is shown in

Figure (4.7)(b) as the fringes are not centred at 0◦. Using two QWPs orientated at

45◦ and a HWP sandwiched in-between, can correct this unwanted phase. By rotat-

ing the sandwiched HWP, the polarisation state of the qubit can be rotated around

the X-Y plane of the Bloch sphere, correcting for any phase resulting mediated by
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Figure 4.7: Preparing multi-photon states with linear optical fusions. Scanning a
range, equivalent to implementing a positive or negative temporal delay to one
of the photons undergoing two-photon interference, can reveal the zero tempo-
ral offset position. The plot (a) shows the HOM dip, and the zero temporal
offset can be found via function fitting. Sitting in the minimum of the temporal
dip, we can then determine if the correct polarisation states are prepared and if
the spatial modes are overlapped. Improving the overlap and rotating the po-
larisation to increase the visibility of the interference corresponds to improving
the probability of success of the fusion gate. Finally, implementing the correct
phase compensation—shown in the plots (b) and (c)—then ensures that the
purity of the GHZ state is maximal, correcting for the phase resulting from the
PBS and from any phase discrepancy between the two input photons. Now,
if phase compensation was correctly set, and all other degrees-of-freedom were
optimised, then the resulting temporal interference scan (d) should provide a
maximum visibility.

the interaction with the PBS. When using a fusion gate to create a GHZ state, this

rotation does not effect population statistics in the Z basis of the GHZ state, but

does directly effect the X basis and thus the coherence and purity of the effective

GHZ state. Fixing the phase error results in a shift in the the interference fringes,

see Figure (4.7) for how this looks.

Maintenance of the fusion gates is best achieved by checking the more accessible

degrees of freedom of the photons. This includes checking that the polarisation state
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of the incident photons has not changed, and if they have, re-optimise them with

respect to the optical axes defined by the PBS upon which they interfere. Varying

the delay one of the photon undergoes to ensure that the position is still in the

HOM dip, and checking that the interference fringes are not shifted by re-checking

the appropriate phase compensation is in place.

4.3 Concluding remarks

As we stated at the beginning of this chapter, the purpose was to bridge the gap

between designing a photon and generating entanglement from that source. The

chapter following this is a culmination of both the work in designing the PDC source

as well as designing an optical arrangement which uses three fusion gates. Hence,

it was important to include details on both how one generates Bell states, and also

how one can use Bell states to generate larger states. Something we did not mention

within this chapter but is important to consider, is if you are not operating in the

symmetric GVM condition. Highlighted within Ref. [32], if you are not generating

down-converted photons in the symmetric GVM condition, your JSA will not be

circular, and which of the signal-idler photon pair enters the fusion gate should

be carefully considered. For us, interfering signal photon with either a signal or

idler photon generated from a different pair has negligible effects on interference

visibilities, but this is not a universal case. Generally, consider only interfering only

signal photons or only idler photons from the pair sources and craft the optical

scheme with this in mind. For example, in the case of Ref. [32], the author only

chose to interfere V photons.
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Lets propose that, in the not so distant future, there exists a quantum network.

This network may consist of a blend of hybrid quantum architectures, but let

us assume that any primitive network will contain basic quantum technologies; local

operations and classical communication (LOCC), quantum channels and the ability

to prepare and measure quantum states.

Specifically, for communicating within such a network, current proposals of quan-

tum networks involve users sharing Bell states and performing “traditional” point-

to-point quantum key distribution (QKD) protocols. This involves a user (Alice)

designating who in the network they wish to communicate with (Bob), and sharing

an entangled Bell state with them via entangled state creation and a sequence of

entanglement swapping operations. Whilst there are many benefits to using this

approach, like the generation of deterministic Bell states, favourable photon scaling

and full finite key analysis, there are also some less trivial steps. Current near term

proposals rely on routing algorithms to determine the most efficient route from Al-

ice to Bob who need to be separated by channels with minimal loss, minimal noise,

achieve sufficient entanglement distillation and to store quantum states in quantum

memories located at network nodes.

It is without any question, wise to consider other proposals of how communica-

tion within a quantum network could look. Departing from the approach of using

just Bell states as a quantum resource for point-to-point communication, we pro-

pose that a larger state acts as a global network resource state. In this scenario,

we open up the possibility of not only performing 2-party QKD, but also N-party

QKD, making use of recent experimental work on multi-user communication proto-

cols [128]. Whats more, is that we can draw a direct comparison between a 2-party

QKD approach and a N-party QKD approach due to the structure of the shared

resource state and the ability to distill Bell pairs and GHZ states from it in a single

network usage.

More explicitly, in the following chapter we outline a scheme involving 6 users

each possessing a partition of a 6-photon graph state. From this resource state we

can directly compare the rates at which a subset of the six users can communicate

using either a 2-party QKD technique or a N-party QKD technique. We show that

the key rate for an N-party QKD is at least a factor of two greater than that for 2-

party QKD. This project is still on-going, and is a culmination of the design efforts

put into PDC sources as well experimental techniques developed throughout my
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Ph.D.

5.1 Key distribution within a network

Quantum key distribution in the past few decades has certainly bridged the gap

between theoretical postulation and experimental realisation and is on the brink of

full commercialisation. There have been numerous technological milestones and huge

leaps in QKD, including fibre based QKD beyond repeater-less distances, free space

QKD, QKD through sub-marine fibres and intercontinental QKD involving satellite

links. The motivation of having secure communications is obvious, but one could

argue that until we have the ability to perform useful quantum computations such as

Shor’s algorithm [129], classical systems would suffice. But current classical crypto-

systems, such as the Rivest-Shamir-Adleman protocol (RSA) [130], are also only

secure due to the lack of an efficient algorithm. Whilst work is taking place trying

to establish quantum safe crypto-systems [131], QKD remains the only realistic way

to exchange information-theoretic secure keys, protected against adversaries with a

quantum computer capable of universal computation.

In order to understand how a multi-user network could function is it useful

to understand primitive key distribution protocols. A recent overview of quantum

cryptography is found here in Ref. [132], whilst plenty more reviews exist in literature

such as Refs. [133–135].

5.1.1 Quantum key distribution

The widely known “BB84” work is distinct from the “E91” protocol and, lying

conceptually in-between these two protocols is “BBM92”. Within the BB84 protocol

there are two users Alice and Bob, one the sender and one the receiver, linked via a

quantum channel. The sender, let’s say Alice, has access to a source of photons and

can prepare four different states belonging to two complementary bases, typically

the Z basis and the X basis. The binary outcome 0 is ascribed to two of the non-

orthogonal states |H⟩ and |D⟩, whilst the binary outcome 1 ascribed to |V⟩ and |A⟩.
The non-orthogonality of these states ensures that any eavesdropper (Eve) cannot

measure or clone the states with perfect fidelity [136]. The user who receives the

states, Bob, performs measurements in either of the two bases. When Bob measures

82



Chapter 5. Photonic Graph States for Quantum Networks

in the same basis that Alice prepared the photon in, then they should both obtain

the same bit value. If Bob does not measure in the same basis, then upon reconciling

their bit values, the results will be random. These steps are repeated for a number

of rounds, after which Alice and Bob stop the preparing and measuring of states

and begin the classical procedure of sifting. The sifted key, contains all the binary

elements of the initial key, but all of the occasions when Alice and Bob did not

send and measure in the same bases are discarded. This step is performed over a

classical channel. The final step to obtain the final secret key, is to select a subset

of the sifted key to compare, if Alice and Bob agree on the outcomes of this subset,

the bits are discarded and Alice and Bob are left with the final secret key. In the

absence of noise and measurement errors, any disagreement in they key signifies the

presence of Eve. Realistically, noise will always be present in a quantum channel,

but we cannot distinguish between noise and the presence of Eve without sacrificing

key security. To assume that Eve could not just simulate additional noise would

be naive. It is therefore important to take the stance of a pessimist and assume

that all errors resulting from noise are a result of the involvement of Eve. To avoid

aborting the protocol altogether, Alice and Bob can perform an additional stage

known as privacy amplification (PA) comprised of error correction algorithms and

compression algorithms. In order to determine the amount of PA required, Alice and

Bob need to determine the quantum bit error rate (QBER). If the QBER is above a

certain threshold whereby no key could be generated, Alice and Bob will abort the

protocol. Unconditional security of this protocol was shown in the simplest form

by Shor and Preskill [137], simplifying the proofs of Refs. [138, 139]. This proof

relates the security of BB84 protocol to an entanglement purification protocol [140]

and quantum error correction codes [141]. It also means that the key generation

rate, can be expressed in terms of the bit and phase errors which are decoupled from

each-other,

rBB84 = 1−H(QZ)−H(QX). (5.1)

Here, H(x) = −x log2(x)−(1−x) log2(1−x) evaluates the binary entropy of x [142],

and QZ and QX are the bit and phase errors respectively. If we consider the case

where QZ = QX, then in order to have a non-zero key rate then QZ and QX must

be below ∼ 11%.
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5.1.2 Conference key agreement

Extending beyond the case where just two parties wish to establish a secure key, we

lead the discussion onto how multiple users could establish a common unique key

between themselves. In such a scenario, a group of users can exclusively establish

a “conference” key to encrypt and decrypt subsequent messages. Conference key

agreement, a generalisation of the key distribution task extended to the generation

of an information-theoretic secure key between multiple users, can be executed in

two distinct ways. The first way invokes 2-QKD primitves to generate keys in a

pairwise process1. Then, after this process has been iterated between pairs of users,

a bitwise XOR operation transforms the pairwise keys into a unique common key.

The alternative method to obtain a conference key is to employ genuine multi-

partite entanglement (GME) in the form of a GHZ state. With a single resource

state, the set of users can generate the unique common key directly. Recent pro-

posals, one analogous to the six-state protocol [144] and the other analogous to

BB84 [143] employ GME to generate a secure conference key. The latter of these

was experimentally performed by M. Proietti et al. in Ref. [128]2. A GHZ state

shared by Alice to a number of Bobs, exhibits the desired criteria for a conference

key protocol, as outcomes of measurement in the Z basis are perfectly correlated,

random and uniformly distributed. Conversely, if a Bell state establishing bi-partite

correlations between Alice and Bob, then there for every local basis for Alice, there

is a basis for Bob that is perfectly correlated, not good for establishing conference

keys. In the conference key protocol, X-measurements and some Z-measurements

are used to estimate the quantum bit error rate (QBER). In the Z basis, the QBER

QZ is the probability that at least one of the Bobs obtains an outcome that differs

from Alice. More explicitly, the QBER QZ is defined as,

QZ = 1− Tr[ ρGHZ (|0⟩⟨0|⊗N + |1⟩⟨1|⊗N)], (5.2)

= (1− ⟨ZAZBi⟩)/2, (5.3)

for i = 1, 2, . . . , N . We know that the GHZ state only reveals perfect correlations
1Neither the BB84, E91 or BBM92 can be generalised to multiple users, so one must deploy

protocols outlined in Refs. [143, 144]
2A good resource for further, more advanced CKA analysis can be found in Ref. [145].
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in the Z basis so evaluating the phase error, QX, requires one to calculate,

QX = (1− ⟨X⊗N⟩)/2. (5.4)

If it is indeed a GHZ state that is shared between Alice and Bobs, then QZ and QX

should evaluate to zero. Latter on in this chapter we exploit calculations of QZ and

QX for the purpose of state verification.

To then perform the N-BB84 the following procedure is implemented.

• A quantum server prepares and distributes a maximally entangled GHZ state

|GHZ⟩ ≡ (|0⟩⊗N + |1⟩⊗N) to N-users over L rounds and does not require to be

trusted.

• There are two types of rounds. The first, type-1, consists of measurements in

the Z-basis. The second, type-2, occurs with a probability of p and consists of

measurements in the X basis. The total number of type-2 rounds is given by

m = L.p.

• Users then need to verify the security of their key by performing parameter

estimation. They announce their outcomes for a subset of type-1 rounds of size m,

and all m type-2 rounds. This lets the users define the QBER for measurements

in the X and Z bases. For a GHZ state, appropriate correlations means that the

QBER in both cases should be zero.

• The remaining n = L − 2m bits form a raw secret conference key, and classical

post-processing can begin.

For assessing the upper bound performance of this protocol, we can operate in

the limit of L → ∞, letting us determine the asymptotic key rate (AKR) as a

fraction of the secret bits. This upper bound results from the fact that in the finite

key regime, bits are consumed for finite-key correction terms and additional security

parameters, the derivation of the fractional key rate is present in Ref. [143].
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5.1.2.1 Asymptotic key rate comparison

Comparing the AKR of N-party QKD method against a 2-party and one-time-pad

(pairwise XOR) QKD method to establish a key between the same subset of users

requires the calculation of the AKR in both cases. The AKR of the N-party QKD

protocol, where the resource state is transformed into a GHZ state shared by Alice,

Bob1, Bob2 and Bob3, is given by [143]:

AKRNQKD = 1−H(QX)− max
i∈{1,2,3}

H(QABi
), (5.5)

where again, H(x) is the binary entropy, QX is the probability that the X outcomes

of the parties multiply to -1 (or 1 if ascribing logical outcomes):

QX = Pr(XAXB1XB2XB3 = −1)

and QABi
is the QBER in the Z basis between Alice and each Bob

QABi
= Pr(ZA ̸= ZBi

).

For the 2-party QKD, Bell states—which are distilled from the resource state—

are established between either a between Alice and Bob3 (AB3), Alice-Bob1 (AB1)

and Bob2-Bob3 (B2B3). Suppose that the asymptotic (bipartite) key rates—secret

bits per Bell state—of pairs of users denoted as AB3, AB1 and B2B3 are obtained

by performing the “traditional” BB84 calculation, as in Equation (5.1). This means

that the secret key rate is given by:

rAB3 = 1−H(QAB3
X )−H(QAB3) (5.6)

rAB1 = 1−H(QAB1
X )−H(QAB1) (5.7)

rB2B3 = 1−H(QB2B3
X )−H(QB2B3), (5.8)

where QAB3
X = Pr(XA ̸= XB3).

Now, we want to establish an ℓ-bit conference key among Alice, Bob1, Bob2 and

Bob3. With a 2-QKD strategy, this is achieved by first establishing ℓ-bit pairwise

keys between AB3, AB1 and B2B3 and then using the established keys to transmit—

via one-time-pad—the ℓ-bit conference key. Note that in order to establish an ℓ-bit
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secret key between Alice and Bob3, we need ℓ/rAB3 Bell pairs between them, which

amounts to the same quantity of resource states. Similarly, the other pairwise keys

require ℓ/rAB1 and ℓ/rB2B3 Bell pairs respectively. However, since in this case the

resource state can yield two Bell pairs in one network use, the required number of

resource states is max{ℓ/rAB1 , ℓ/rB2B3}. This means that with a 2-QKD strategy we

require two network usages compared to one for N-QKD, giving a key rate advantage

of a factor of 2.

By summing the number of required resource states, the asymptotic conference

key rate of 2-QKD reads:

AKR2−QKD = lim
ℓ→∞

ℓ
ℓ

rAB3
+ max{ ℓ

rAB1
, ℓ
rB2B3

}
(5.9)

=
1

1
rAB3

+ max{ 1
rAB1

, 1
rB2B3

}
. (5.10)

Assuming that rAB3 = rAB1 = rB2B3 , we observe that the AKR2−QKD is at most 0.5,

meaning that at least two network usages are required before a single conference key

bit is obtained.33

5.2 Experimental Network Communication

Before any experimental results, let us explicitly explore how a network resource

state could be used to compare the performance of a 2-party protocol to a 4-party

protocol.

Within the graph state framework (discussed in Chapter 1), are a set of tools

which allow us to perform local, single-qubit operations onto our state, which can

transform a starting state into a more desirable target state. Performing local com-

plementation operations onto specific nodes of the starting graph, followed by mea-

surements and local rotations, we can either distill a GHZ state between four users,

or a Bell state pairwise between all combinations of the four users who share the

four-qubit GHZ state. Our network resource state takes the form of the forks of

a trident, so for the following parts of this thesis, we shall be referring to this

target graph state as the trident graph. Performing local complementation onto

this graph—by allocating specific target nodes—we can obtain different six-photon

states with alternative graph structures. Whilst these states remain locally equiv-
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Figure 5.1: Summary of the graph state protocol. Starting with a graph state,
one can perform local complementations in order to produce other graph states.
A nice property of our starting graph, which is also displayed at the bottom
right, is that if 6 users each possess a bi-partition of this state, then 4 of the
6 users can partake in an investigation as to the most efficient means for them
to establish a conference key. The bottom right graph contains the 6 users and
their respective names and indices. Users 3 (Debbie) and 4 (Charlie) act as
network routers, and do not partake in the conference key agreement. Alice,
Bob1, Bob2 and Bob3 can establish pairwise correlations with each-other via a
Bell state, or all share a GHZ state. In order to compute the conference key
rates, the users who are not involved in the are required to make measurements
on their partitions, else the protocol will fail.

alent, their structure is what provides a crucial role in being able to distill smaller

scale states. There is no analytical method for identifying which graph structures

are useful for a specific purpose, but possessing a computational tool box that allows

one to implement experimentally accessible operations onto a graph theoretically,

creates a playground to explore what you can and cannot do with specific graphs.

This is ultimately how we arrived at a useful family of graphs, and an interest-

ing “blueprint” outlining well defined steps that can be translated from theoretical

model to experimental realisation.
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The trident graph is locally equivalent to three specific graph states, then upon

attaining these graphs with single-qubit unitaries, performing measurements in the

Pauli basis on specific nodes, we can produce all the states we need in order to

compare QKD methods. Figure (5.1) outlines the protocol we perform in this work

and provides some important graphical context. Notably, is the way the trident

graph forms the topology of a quantum network, containing six nodes, a subset of

nodes constitute users who wish to communicate, these include Alice, Bob1, Bob2

and Bob3, whilst the remaining two-users are so-called network users and are denoted

as Charlie and Debbie. The aim for Charlie and Debbie in the protocols is to

comply with the tasks the network demands, if they do not comply and perform

measurements they should not, then they generate detectable errors.

Translating the graph notation into its circuit equivalent, helps provide a deeper

understanding on the physical state. It also helps prepare blueprints for how the

experiment is performed, this will be discussed in more detail in a subsequent sec-

tion. Translating from the visual representation of a graph state to circuit notation

is simple, but the translation from circuit notation to what we will call the optical

circuit notation is not so simple. This is because the CZ gate, although experimen-

tally accessible, is very lossy, with a probability of success at 1/9. Linear optical

fusion gates have a much better probability of success of 1/2, so we found a means

of obtaining the trident graph with fusion gates as opposed to CZ gates for exper-

imental feasibility. In order to theoretically obtain the correct density operator for

each six-qubit graph in Figure (5.1) we used IBM’s quantum information toolbox

Qiskit [58]3. Obtaining the density operators was not necessary for the experiment

protocol, but was necessary for creating a simulation of the protocol.

5.2.1 Generating an Optical Graph State

In order to generate any optical graph state we need a few resources. Specifically,

for the graph state we want to prepare, we require two pairs of singlet states, more

precisely Bell states prepared as |Φ+⟩, and a pair of separable photons prepared in

the diagonal basis. Along with these resource states, we require fusion gates (type-

II) to perform the non-local operations to access multi-partite entanglement. The

final requisite are sets of local operations, which allow the optical generated state to
3Just a note to the reader that, if they do want to use Qiskit, then be careful defining your

circuit as the indexing of the qubits are inverted.

89



Chapter 5. Photonic Graph States for Quantum Networks

PBS QQQWP

QQ QQ

HWP

QQ

Polarisation  
controller

QQQQ QQ

Phase 
correction QQSNSPD

QQ

= aKTP crystal

Bob1

Alice

Charlie

Bob2

Bob3

FG2FG3

FG1

S1S3 S2

Debbie

QQ

Figure 5.2: Experimental arrangement for generating 6 photon graph state.
Schematic of linear optical components as well as PDC sources embedded in-
side sagnac interferometers. The result from this scheme, upon detection, is
a 6 photon state that is locally equivalent to the Trident graph state. Three
PDC sources, S1, S2 and S3—two of which are prepared as a maximally en-
tangled state, |Φ⟩+—the other one of which is prepared as a separable source,
preparing two photons aligned to |D⟩. These states are inputs for three Type-
II fusion gates, FG1, FG2 and FG3. Contained within these gates, are phase
correction wave-plates. Once photons propagate through the optical circuit,
they are detected by SNSPD’s and the photon counts are processed by a logic
box operating in logic mode to be able to handle the stream of counts arriving
at the detectors, and to be able to process 6-fold arrivals quickly.
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be rotated to the correct starting state, and projective measurements. Figure (5.2)

depicts the optical arrangement for generating a six-photon state that is locally

equivalent to a family of graph states that contains the trident and whose orbit we

seek to explore. This equivalence comes from the fact that for an N-qubit stabilizer

state, there is a set of local Clifford operations acting on each qubit of the state

satisfying

|ψ⟩ =
n⊗

j=1

UCj
|G⟩ . (5.11)

With reference to Figure (5.2), source 1 and 3 both generate |Φ+⟩12 and |Φ+⟩56
respectively, whilst source 2 generates a separable state |DD⟩34. The optical circuit

could be described as having a depth of two. The first level contains two Type-II

fusion gates which each fuse together the separable state with a Bell state. These

fusions act on modes 2, 3 and modes 4, 5. The next layer of the optical circuit

contains one more fusion gate which fuses modes 3, 4 and produces the following

state:

|Ψ⟩initial =
1√
8
(|HHHHHH⟩ − |HHHHVV⟩ − |HHVVHH⟩ − |HHVVVV⟩

− |VVHHHH⟩+ |VVHHVV⟩ − |VVVVHH⟩ − |VVVVVV⟩)
(5.12)

Note however, that this is not the desired target state (the trident), but something

locally equivalent to the desired state satisfying Equation (5.11).

5.2.2 Transforming into an Optical Graph State

In order to determine how to rotate the optically generated state, |Ψinitial⟩, into

the desired trident graph state, |Ψtarget⟩, we can use a rather inelegant approach

that searches all possible combinations of local unitary operations applied to each

qubit. This search spans 15,625 different transformations applied to the optical

state. Computing the fidelity between the optically rotated state and the target

graph reveals that the following transformation obtains the result we require:

(H ⊗ Z ⊗ H ⊗ Z ⊗ H ⊗ Z). |Ψ⟩initial = |G⟩target . (5.13)

Figure (5.3) shows the computed fidelity along with the index of the transformation

applied to the initial state. It reveals that out of the 15,625 transformations only 1
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rotates the initial state into the target state.

Now that we have obtained the target graph state, we need to check that the

LC operations we want to perform coincide with obtaining the desired graph states

in the next steps towards distilling the different resource states. Given that we

have the density operator for all the graph states we need to obtain, this check is

just a matter of applying the correct local rotations to the initial state and again,

verifying we arrive at the correct state by computing the fidelity. Figure (5.4) shows

a matrix plot of the density operators for the initial state, the required rotation and

the desired state, forming an example of how we simulate the protocol to evaluate

whether the transformations we will apply to the experimental state are correct.

5.2.2.1 Distilling states

We now face the problem that transforming graphs, or more generally stabilizer

states, into tensor products of bipartite Bell pairs, or just a set of Bell pairs between

specific vertices (or users in our network) using only a certain class of local opera-

tions and classical communication is a NP-complete problem [146]. As previously

mentioned however, we have found via playing with a graph toolbox starting with

the trident graph, we can perform transformations in order to distill a set of Bell

pairs on specific vertices using only single-qubit (local) Clifford operations, single-

qubit Pauli measurements and classical communication (LC+LPM+CC). Likewise

for GHZ state distillation from arbitrary graphs, if we wish to arrive at a GHZ state

between a specific set of vertices [147] or if we require a GHZ state of fixed size [147],

the task is NP-complete. This means that as a network primitive, knowledge of the

initial shared graph structure as well as the structure of the distilled states are an
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Figure 5.3: Transformation search to find correct combination of local unitary
transforms on each qubit to rotate the experimentally generated state into the
desired target Graph state. The search consists of computing the fidelity of
the target state, with the initial state rotated by a combination of single-qubit
unitary operations.
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Figure 5.4: Matrix plots of the initial state, desired state and the unitary operation
to transform between them. In order to confirm that we can obtain all the
desired graph states, we need a simulation containing all of the steps of the
protocol. This means that every transformation needs to be correctly defined
and all operations, and states defined with the density operator formalism. As
an example we show the initial, experimentally prepared state, the rotation
applied to the initial state which is composed of the Kronecker product of
Hadamard and Z single-qubit operations and the desired trident graph state.

essential resource. Although deriving these distillation steps is inefficient, there is

no reason why a repository of network compatible graphs as well as LC+LPM that

enable the distribution of either GHZ states or Bell states to a sub-group of users

cannot be built.

We will now outline the steps to attain the required states from the network

resource (trident graph). To to arrive at a four-user GHZ state, the initial trident
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|�+i

<latexit sha1_base64="jOt9xhnJ+IT52aGO75yrGYB6Gpg=">AAACB3icbZDNSsNAEMcnftb6VfXoJVgEQSiJFPVY9OKxgv2AJpbNdtMu3WzC7kQooQ/gC3jVN/AmXn0MX8DncNvmYFv/MPDnPzPM8AsSwTU6zre1srq2vrFZ2Cpu7+zu7ZcODps6ThVlDRqLWLUDopngkjWQo2DtRDESBYK1guHtpN96YkrzWD7gKGF+RPqSh5wSNJHnDRlmXn3AH8/H3VLZqThT2cvGzU0ZctW7pR+vF9M0YhKpIFp3XCdBPyMKORVsXPRSzRJCh6TPOsZKEjHtZ9Ofx/apSXp2GCtTEu1p+ncjI5HWoygwkxHBgV7sTcL/ep0Uw2s/4zJJkUk6OxSmwsbYngCwe1wximJkDKGKm19tOiCKUDSY5q4Eihg846IB4y5iWDbNi4p7WaneV8u1mxxRAY7hBM7AhSuowR3UoQEUEniBV3iznq1368P6nI2uWPnOEczJ+voFTkeaAQ==</latexit>

|�+i

<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="biaUTuqIxwQwbHkoFs+HlNegY+U=">AAACDHicbZDPSsNAEMY39V+tfxr16GWxCJ5KIkU9Fr14rGBboYlls920S3eTsDsRSugr+AJe9Q28iVffwRfwOdymOdjWDwY+vplhhl+QCK7Bcb6t0tr6xuZWebuys7u3X7UPDjs6ThVlbRqLWD0ERDPBI9YGDoI9JIoRGQjWDcY3s373iSnN4+geJgnzJRlGPOSUgIn6dtUbM8i81og/eomcVvp2zak7ufCqcQtTQ4VaffvHG8Q0lSwCKojWPddJwM+IAk4Fm1a8VLOE0DEZsp6xEZFM+1n++BSfmmSAw1iZigDn6d+NjEitJzIwk5LASC/3ZuF/vV4K4ZWf8ShJgUV0fihMBYYYzyjgAVeMgpgYQ6ji5ldMR0QRCobVwpVAEUMoB+MuY1g1nfO6e1Fv3DVqzesCURkdoxN0hlx0iZroFrVQG1GUohf0it6sZ+vd+rA+56Mlq9g5Qguyvn4BBdObaA==</latexit>

|�±i

<latexit sha1_base64="S2SV6ZuZUjogIaB2TqJR7kHzWR4=">AAACDHicbZDPSsNAEMY39V+tfxr16GWxCJ5KIkU9Fr14rGBboYlls920S3eTsDsRSugr+AJe9Q28iVffwRfwOdymOdjWDwY+vplhhl+QCK7Bcb6t0tr6xuZWebuys7u3X7UPDjs6ThVlbRqLWD0ERDPBI9YGDoI9JIoRGQjWDcY3s373iSnN4+geJgnzJRlGPOSUgIn6dtUbM8i8luaPXiKnlb5dc+pOLrxq3MLUUKFW3/7xBjFNJYuACqJ1z3US8DOigFPBphUv1SwhdEyGrGdsRCTTfpY/PsWnJhngMFamIsB5+ncjI1LriQzMpCQw0su9Wfhfr5dCeOVnPEpSYBGdHwpTgSHGMwp4wBWjICbGEKq4+RXTEVGEgmG1cCVQxBDKwbjLGFZN57zuXtQbd41a87pAVEbH6ASdIRddoia6RS3URhSl6AW9ojfr2Xq3PqzP+WjJKnaO0IKsr18XqJtz</latexit>
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<latexit sha1_base64="pT1Vs82Hf1hlabmWeljg6hmYyZg=">AAACGnicbZDLSsNAFIYn9VbrrepShGARXJVEirosunFZwV6gCWEyPW2HTi7MnIglZOVr+AJu9Q3ciVs3voDP4TTtwrYeGPj5/3PmzHx+LLhCy/o2Ciura+sbxc3S1vbO7l55/6ClokQyaLJIRLLjUwWCh9BEjgI6sQQa+ALa/uhmkrcfQCoehfc4jsEN6CDkfc4oassrHzsjwNRpKJ55qYPwiKmE6e1ZVvLKFatq5WUuC3smKmRWDa/84/QilgQQIhNUqa5txeimVCJnArKSkyiIKRvRAXS1DGkAyk3zb2TmqXZ6Zj+S+oRo5u7fiZQGSo0DX3cGFIdqMZuY/2XdBPtXbsrDOEEI2XRRPxEmRuaEidnjEhiKsRaUSa7farIhlZShJje3xZdU88rB2IsYlkXrvGpfVGt3tUr9eoaoSI7ICTkjNrkkdXJLGqRJGHkiL+SVvBnPxrvxYXxOWwvGbOaQzJXx9QuZQKJA</latexit>

| iresource

<latexit sha1_base64="pT1Vs82Hf1hlabmWeljg6hmYyZg=">AAACGnicbZDLSsNAFIYn9VbrrepShGARXJVEirosunFZwV6gCWEyPW2HTi7MnIglZOVr+AJu9Q3ciVs3voDP4TTtwrYeGPj5/3PmzHx+LLhCy/o2Ciura+sbxc3S1vbO7l55/6ClokQyaLJIRLLjUwWCh9BEjgI6sQQa+ALa/uhmkrcfQCoehfc4jsEN6CDkfc4oassrHzsjwNRpKJ55qYPwiKmE6e1ZVvLKFatq5WUuC3smKmRWDa/84/QilgQQIhNUqa5txeimVCJnArKSkyiIKRvRAXS1DGkAyk3zb2TmqXZ6Zj+S+oRo5u7fiZQGSo0DX3cGFIdqMZuY/2XdBPtXbsrDOEEI2XRRPxEmRuaEidnjEhiKsRaUSa7farIhlZShJje3xZdU88rB2IsYlkXrvGpfVGt3tUr9eoaoSI7ICTkjNrkkdXJLGqRJGHkiL+SVvBnPxrvxYXxOWwvGbOaQzJXx9QuZQKJA</latexit>

| iresource

<latexit sha1_base64="pT1Vs82Hf1hlabmWeljg6hmYyZg=">AAACGnicbZDLSsNAFIYn9VbrrepShGARXJVEirosunFZwV6gCWEyPW2HTi7MnIglZOVr+AJu9Q3ciVs3voDP4TTtwrYeGPj5/3PmzHx+LLhCy/o2Ciura+sbxc3S1vbO7l55/6ClokQyaLJIRLLjUwWCh9BEjgI6sQQa+ALa/uhmkrcfQCoehfc4jsEN6CDkfc4oassrHzsjwNRpKJ55qYPwiKmE6e1ZVvLKFatq5WUuC3smKmRWDa/84/QilgQQIhNUqa5txeimVCJnArKSkyiIKRvRAXS1DGkAyk3zb2TmqXZ6Zj+S+oRo5u7fiZQGSo0DX3cGFIdqMZuY/2XdBPtXbsrDOEEI2XRRPxEmRuaEidnjEhiKsRaUSa7farIhlZShJje3xZdU88rB2IsYlkXrvGpfVGt3tUr9eoaoSI7ICTkjNrkkdXJLGqRJGHkiL+SVvBnPxrvxYXxOWwvGbOaQzJXx9QuZQKJA</latexit>

| iresource

Figure 5.5: Blueprint for generating GHZ state. For obtaining a GHZ state be-
tween qubits 1, 2, 5 and 6 the initial resource state (the area of the circuit
highlighted orange), requires two local complementation operations (the area
of the circuit highlighted purple). The local complementations performs local
rotations onto the target vertex and its neighbours. Finally, Pauli measure-
ments performed on qubits 3 and 4 leave the remaining qubits in a 4-qubit
graph state locally equivalent to a GHZ state up to Hadamard rotations on
qubits 1, 5 and 6.
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<latexit sha1_base64="jOt9xhnJ+IT52aGO75yrGYB6Gpg=">AAACB3icbZDNSsNAEMcnftb6VfXoJVgEQSiJFPVY9OKxgv2AJpbNdtMu3WzC7kQooQ/gC3jVN/AmXn0MX8DncNvmYFv/MPDnPzPM8AsSwTU6zre1srq2vrFZ2Cpu7+zu7ZcODps6ThVlDRqLWLUDopngkjWQo2DtRDESBYK1guHtpN96YkrzWD7gKGF+RPqSh5wSNJHnDRlmXn3AH8/H3VLZqThT2cvGzU0ZctW7pR+vF9M0YhKpIFp3XCdBPyMKORVsXPRSzRJCh6TPOsZKEjHtZ9Ofx/apSXp2GCtTEu1p+ncjI5HWoygwkxHBgV7sTcL/ep0Uw2s/4zJJkUk6OxSmwsbYngCwe1wximJkDKGKm19tOiCKUDSY5q4Eihg846IB4y5iWDbNi4p7WaneV8u1mxxRAY7hBM7AhSuowR3UoQEUEniBV3iznq1368P6nI2uWPnOEczJ+voFTkeaAQ==</latexit>

|�+i

<latexit sha1_base64="jOt9xhnJ+IT52aGO75yrGYB6Gpg=">AAACB3icbZDNSsNAEMcnftb6VfXoJVgEQSiJFPVY9OKxgv2AJpbNdtMu3WzC7kQooQ/gC3jVN/AmXn0MX8DncNvmYFv/MPDnPzPM8AsSwTU6zre1srq2vrFZ2Cpu7+zu7ZcODps6ThVlDRqLWLUDopngkjWQo2DtRDESBYK1guHtpN96YkrzWD7gKGF+RPqSh5wSNJHnDRlmXn3AH8/H3VLZqThT2cvGzU0ZctW7pR+vF9M0YhKpIFp3XCdBPyMKORVsXPRSzRJCh6TPOsZKEjHtZ9Ofx/apSXp2GCtTEu1p+ncjI5HWoygwkxHBgV7sTcL/ep0Uw2s/4zJJkUk6OxSmwsbYngCwe1wximJkDKGKm19tOiCKUDSY5q4Eihg846IB4y5iWDbNi4p7WaneV8u1mxxRAY7hBM7AhSuowR3UoQEUEniBV3iznq1368P6nI2uWPnOEczJ+voFTkeaAQ==</latexit>

|�+i

<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="iy1BmZtiz5lDLpNu1PGQd5BRaxk=">AAACD3icbZBLSgNBEIZ74ivGV4xLN4NBcBVmJKjLoAuzjGAemBlDT6eSNOl50F0jCcMcwgu41Ru4E7cewQt4DjuPhUn8oeDnryqq+LxIcIWW9W1k1tY3Nrey27md3b39g/xhoaHCWDKos1CEsuVRBYIHUEeOAlqRBOp7Apre8GbSbz6BVDwM7nEcgevTfsB7nFHUUSdfcIaAiYMwwuS2+pCmj+VOvmiVrKnMVWPPTZHMVevkf5xuyGIfAmSCKtW2rQjdhErkTECac2IFEWVD2oe2tgH1QbnJ9PfUPNVJ1+yFUleA5jT9u5FQX6mx7+lJn+JALfcm4X+9doy9KzfhQRQjBGx2qBcLE0NzAsLscgkMxVgbyiTXv5psQCVlqHEtXPEk1ZDSnAZjL2NYNY3zkn1RKt+Vi5XrOaIsOSYn5IzY5JJUSJXUSJ0wMiIv5JW8Gc/Gu/FhfM5GM8Z854gsyPj6Bd62nPw=</latexit>

|GHZi4
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<latexit sha1_base64="jOt9xhnJ+IT52aGO75yrGYB6Gpg=">AAACB3icbZDNSsNAEMcnftb6VfXoJVgEQSiJFPVY9OKxgv2AJpbNdtMu3WzC7kQooQ/gC3jVN/AmXn0MX8DncNvmYFv/MPDnPzPM8AsSwTU6zre1srq2vrFZ2Cpu7+zu7ZcODps6ThVlDRqLWLUDopngkjWQo2DtRDESBYK1guHtpN96YkrzWD7gKGF+RPqSh5wSNJHnDRlmXn3AH8/H3VLZqThT2cvGzU0ZctW7pR+vF9M0YhKpIFp3XCdBPyMKORVsXPRSzRJCh6TPOsZKEjHtZ9Ofx/apSXp2GCtTEu1p+ncjI5HWoygwkxHBgV7sTcL/ep0Uw2s/4zJJkUk6OxSmwsbYngCwe1wximJkDKGKm19tOiCKUDSY5q4Eihg846IB4y5iWDbNi4p7WaneV8u1mxxRAY7hBM7AhSuowR3UoQEUEniBV3iznq1368P6nI2uWPnOEczJ+voFTkeaAQ==</latexit>

|�+i

<latexit sha1_base64="jOt9xhnJ+IT52aGO75yrGYB6Gpg=">AAACB3icbZDNSsNAEMcnftb6VfXoJVgEQSiJFPVY9OKxgv2AJpbNdtMu3WzC7kQooQ/gC3jVN/AmXn0MX8DncNvmYFv/MPDnPzPM8AsSwTU6zre1srq2vrFZ2Cpu7+zu7ZcODps6ThVlDRqLWLUDopngkjWQo2DtRDESBYK1guHtpN96YkrzWD7gKGF+RPqSh5wSNJHnDRlmXn3AH8/H3VLZqThT2cvGzU0ZctW7pR+vF9M0YhKpIFp3XCdBPyMKORVsXPRSzRJCh6TPOsZKEjHtZ9Ofx/apSXp2GCtTEu1p+ncjI5HWoygwkxHBgV7sTcL/ep0Uw2s/4zJJkUk6OxSmwsbYngCwe1wximJkDKGKm19tOiCKUDSY5q4Eihg846IB4y5iWDbNi4p7WaneV8u1mxxRAY7hBM7AhSuowR3UoQEUEniBV3iznq1368P6nI2uWPnOEczJ+voFTkeaAQ==</latexit>

|�+i

<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="OWnIvUrRvvdyWGbsq7AaU+Qp67o=">AAACAnicbVDLSsNAFL2pr1pfVZdugkUQhJJIUZdFNy4r2Ae0oUymk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcuHM65l3vv8RPBNTrOt1VYW9/Y3Cpul3Z29/YPyodHLR2nirImjUWsOj7RTHDJmshRsE6iGIl8wdp+eDf1209MaR7LRxwnzIvIUPKAU4JGavdChtnFpF+uOFVnBnuVuDmpQI5Gv/zTG8Q0jZhEKojWXddJ0MuIQk4Fm5R6qWYJoSEZsq6hkkRMe9ns3Il9ZpSBHcTKlER7pv6dyEik9TjyTWdEcKSXvan4n9dNMbjxMi6TFJmk80VBKmyM7env9oArRlGMDSFUcXOrTUdEEYomoYUtviImmUnJBOMux7BKWpdV96pae6hV6rd5REU4gVM4BxeuoQ730IAmUAjhBV7hzXq23q0P63PeWrDymWNYgPX1C44Fl/Q=</latexit>
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<latexit sha1_base64="biaUTuqIxwQwbHkoFs+HlNegY+U=">AAACDHicbZDPSsNAEMY39V+tfxr16GWxCJ5KIkU9Fr14rGBboYlls920S3eTsDsRSugr+AJe9Q28iVffwRfwOdymOdjWDwY+vplhhl+QCK7Bcb6t0tr6xuZWebuys7u3X7UPDjs6ThVlbRqLWD0ERDPBI9YGDoI9JIoRGQjWDcY3s373iSnN4+geJgnzJRlGPOSUgIn6dtUbM8i81og/eomcVvp2zak7ufCqcQtTQ4VaffvHG8Q0lSwCKojWPddJwM+IAk4Fm1a8VLOE0DEZsp6xEZFM+1n++BSfmmSAw1iZigDn6d+NjEitJzIwk5LASC/3ZuF/vV4K4ZWf8ShJgUV0fihMBYYYzyjgAVeMgpgYQ6ji5ldMR0QRCobVwpVAEUMoB+MuY1g1nfO6e1Fv3DVqzesCURkdoxN0hlx0iZroFrVQG1GUohf0it6sZ+vd+rA+56Mlq9g5Qguyvn4BBdObaA==</latexit>

|�±i

<latexit sha1_base64="S2SV6ZuZUjogIaB2TqJR7kHzWR4=">AAACDHicbZDPSsNAEMY39V+tfxr16GWxCJ5KIkU9Fr14rGBboYlls920S3eTsDsRSugr+AJe9Q28iVffwRfwOdymOdjWDwY+vplhhl+QCK7Bcb6t0tr6xuZWebuys7u3X7UPDjs6ThVlbRqLWD0ERDPBI9YGDoI9JIoRGQjWDcY3s373iSnN4+geJgnzJRlGPOSUgIn6dtUbM8i8luaPXiKnlb5dc+pOLrxq3MLUUKFW3/7xBjFNJYuACqJ1z3US8DOigFPBphUv1SwhdEyGrGdsRCTTfpY/PsWnJhngMFamIsB5+ncjI1LriQzMpCQw0su9Wfhfr5dCeOVnPEpSYBGdHwpTgSHGMwp4wBWjICbGEKq4+RXTEVGEgmG1cCVQxBDKwbjLGFZN57zuXtQbd41a87pAVEbH6ASdIRddoia6RS3URhSl6AW9ojfr2Xq3PqzP+WjJKnaO0IKsr18XqJtz</latexit>

| ±i
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Figure 5.6: Blueprint for generating Bell states. There are two network usages
required to distill three Bell states between the same subset of users who share
a GHZ state (users 1, 2, 5 and 6). Each usage is outlined in this figure, the
top distilling two Bell states, the bottom distilling only one. But this single
Bell states allows the 4 users to obtain a conference key. The resource state
preparation is highlighted in orange, whilst the required operations in purple.
Much like in the case of the GHZ state, the states distilled are actually locally
equivalent to Bell states under Hadamard rotations on a single bi-partition.

graph has to undergo two local complementation operations applied to vertices 6

LC6 and 4 LC6. These local rotations are followed by projections in the Z basis on

qubits 3 and 4, leaving the remaining qubits in a state locally equivalent to a GHZ

state. This local equivalence stems from the fact that, although taking the graphical

form of a GHZ state, Hadamard rotations are required on the leaf nodes of the graph

corresponding to qubits 1, 5 and 6. Figure (5.5) depicts a pseudo quantum circuit

describing the exact actions on each qubit, omitting the final Hadamard rotations.

The origin of these rotations come from the fact that qubits in the graph formalism

are initialised in the state |+⟩.

To attain Bell states between different subsets of users, we must first acknowledge
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that this subset of users must be the same subset sharing the GHZ state. This

means that a combination of the users—or equivalently vertices—or correspondingly

qubits—1, 2, 5 and 6 must be able to share a Bell state, a requirement of being able to

implement two-party QKD. There are several ways of deriving Bell states that fully

span this subset. But to perform conference key agreement with two-party QKD

we need two distinct network usages. Each of these usages then allows a subset

of users to perform two-party QKD. For example, we choose to initially distill two

Bell states between users 1, 2 and 5, 6, designating the first network usage. An

extra network usage is then required to obtain another Bell state, this time each

partition of this state must be shared between either 1 and 5 or 1 and 6 or 2 and

5 or finally 2 and 6. We chose to obtain a Bell state between users 2 and 5 in this

second network usage. The first and second network usage each require different

local complementation operations but crucially still share the same resource state.

A full outline of containing the operations for each network usage is outlined in

Figure (5.6). Something to note about the distillation of the two Bell states in

the first network usage is that, from inspection of the graphical representation of

the trident, simply a Z measurement on qubit 3 creates identical Bell states to

the first network usage. This is possible if, and only if, the graph was generated

deterministically. Using probabilistic sources and non-deterministic fusion gates

means we need to and post-select on six-fold coincidences, ruling this approach out

for our architecture.

5.2.3 Experimental Preparation of State

Now, let us discuss how we prepare the optical state, locally equivalent to the trident.

A Ti:Saphhire laser which, as already mentioned, possesses a non-ideal sech2-shaped

spectral envelope, pumps our crystal with a central wavelength of 774.9nm and a

pump pulse duration of 1.3ps which is optimal for our domain-engineered crystals.

Each source, a sagnac interferometer containing one of our domain-engineered crys-

tals, produces degenerate photons by being kept at a constant specific temperature

via an oven controlled by a PID unit. Initially aligned and configured to generate an

larger photonic cluster state, the pump was focussed into the crystals with a 40cm

lens in order to increase the effective squeezing to attain high photon pair production

rates, and collection distances were chosen to further maximise the brightness at the
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expense of heralding efficiency. Unfortunately, this condition was not ideal for this

experiment. We have already made plans to instead maximise heralding efficiencies

by increasing the spot size in the crystal, effectively reducing the squeezing, increas-

ing the heralding. More details on this point will be provided in the discussion,

conclusion and later on in this section where we discuss the overall performance of

this experiment.

First step to prepare the six-photon state was a tomography of the Bell states

|Φ+⟩1,2 and |Φ+⟩5,6 with a reference set-up that would stay consistent. The reason

for this is that verifying the Bell states inside the circuit may not be able to reveal

any fundamental issues with the sources themselves. Then, after attaining sufficient

state fidelities and purities, these singlet states were plugged into the optical circuit

described earlier. Due to the nature of the circuit and the polarisation optics in

the spatial modes of the outputs of |Φ+⟩1,2 and |Φ+⟩5,6, we can map the correct

populations to the arrival of photons in specific sets of detectors. This is a required

step, as in-between verifying the Bell states in the reference set-up and plugging

them into the optical circuit, the different optical fibres impose arbitrary polarisation

rotations to each qubit which needs to be corrected against. The Bell states are re-

prepared, ensuring that we can achieve the same contrast in populations we saw

when we independently prepared the states with the reference set-up (containing

optics to perform projection measurements on each qubit of the state). Performing

the appropriate single qubit rotations in order to correct for rotations the new fibres

have imposed was carried out with sets of polarisation controllers, which can perform

rotations spanning the full Bloch sphere. Repeated for both the Bell states, we look

at the detection outcomes owing to where the photons have travelled in the circuit

and prepare each of the states again, initially in the computational basis. Any

phase thats was picked up in the diagonal basis, equivalent to distinguishing between

preparing |Φ+⟩ and |Φ−⟩, is corrected for in the phase correction components which

perform rotations in the X− Z plane to one of the output qubits after each fusion

gate, but this will be addressed later. The separable state is prepared in a similar

manner (by looking at the counts in a set of specific detectors), but a linear plate

polariser ensures that the photons are prepared as |D⟩ meaning the preparation is

a lot easier.

Now that the states are prepared correctly, we need to be able to check whether

the fusion gates are configured correctly aswell. A subset of detection channels can
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be used for the verification of each fusion gate. We validate the performance of the

fusion gates by conducting a short independent two-photon interference measure-

ment, measuring the visibility by adjusting the temporal delay and recording a HOM

dip adhering to the discussion in Chapter 4, Subsection (4.2.4). Verification of the

fusion gates occurs throughout the experimental investigation and each of the three

fusion gates were certified as operating sufficiently when interference visibilities of

> 90% were achieved at a pump power of 100mW. The phase components we need

to correct, emanating from the preparation of the state and the PBS in the fusion

gate, are corrected for by a manual phase correction arrangement in one output of

the fusion gate. This arrangement consists of two QWPs with a HWP sandwiched

in between.

After our first few attempts at preparing the correct state, we added another

means to verify that we are on the correct path to preparation. The first two fusion

gates in the circuit interfere a photon from a bi-partition of a maximally entangled

state and a photon prepared in the state |D⟩. Succeeding the fusion gate, we have

effectively produced a GHZ state. More explicitly, consider |Φ+⟩1,2 and |D⟩3. These

state interfere on a PBS due to the operation of a type-II fusion gate, and the

output from a simple calculation is a GHZ state. The same can be said for |Φ+⟩5,6
and |D⟩4. By measuring the populations of these “intermediate” GHZ states in

the Z basis, again by tracing their populations through the optical circuit, we can

determine if the fusion gates are operating correctly. Measuring the populations of

these GHZ states in the X basis, represents another metric beyond polarisation HOM

interference scans to ensure the phase correction is being applied correctly. Once

fusion gates 2 and 3 are verified, we can finalise the state preparation by ensuring

that fusion 1—and its phase compensation—has also been configured correctly. This

is much easier than the other two fusion gates, as it can be verified with dependent

photon interference. By this I mean we only need to interfere two photons from

the same source but otherwise following the normal procedures for optimising a

fusion gate, like what was discussed above. This concludes any tweaks we make to

the optics controlling the state production and the subsequent propagation through

the circuit, so we choose to measure a a set of observables of the six-photon state.

This forms a quick sanity check confirming that so far the state preparation has

been successful. The observables we allocated to this check were: ⟨ZZZZZZ⟩,

⟨ZZZZXX⟩, ⟨ZZXXZZ⟩ and ⟨XXZZZZ⟩. Figure (5.7) shows an example of the
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measurement outcomes for one of these observables. Although indicative of having

prepared the correct state, the success of these measurements does not tell us that

we have prepared ρinitial. Further details on this check as well as other verification

techniques signifying the correct preparation of the state is a topic for the next

section.
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Figure 5.7: An example of one of the observables used to verify if we are preparing
ρinitial correctly. There are 64 possible outcomes for the results attaining to a
measurement of the observable ⟨ZZZZZZ⟩. The grey bars correspond to the
expected, theoretical populations of ρinitial and the blue, slightly transparent
bars represent the normalised experimentally measured populations.

5.2.4 Experimental verification of state

There are some important aspects that we will point out first that will hopefully

aid the reader into understanding why we made certain choices in the verification

of the state. Firstly, the six-photon count rate is low, with approximately 1 photon

arriving every 10 seconds. Secondly, a full state reconstruction requires 36 = 729

measurements, with each measurement having 64 outcomes. Finally, signals from the

SNSPDs are processed by counting logic informing us of the projection measurement

outcomes.

Let’s start with the last point first, the counting logic needs to be able to handle

vast streams of photons. As an example, in a 5 minute measurement of one of the

populations of the 6 photon state there are 1.25 × 109 singles across 12 detectors,

there are 225 × 106 two-fold coincidences across pairwise combinations of the 12

detectors and there are 66 six-folds belonging to all possible configurations of 6

from 12 detectors. The logic box, whose duty is to reconcile detection events to

n-fold coincidences, has two operational modes: time-tagging and logic. In some

preliminary testing, time-tagging mode would take a significant amount of time to
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Figure 5.8: Density operator form of the Trident graph state. The Trident graph
state density operator and the respective populations of the state indexed from
HHHHHH through to VVVVVV. The lack of sparsity means that there is very
limited contrast between the populations of projections. For a low six-photon
generation rate with a Poissonian noise model and with a state with many
non-zero elements in their density matrix the signal to noise ratio for each
population is lower than a state whose density operator is sparse.

process detection events, such that for a 10 second measurement, the total time

spent measuring would amount to 14 seconds. The scaling between the desired

measurement time against the time spent measuring was non-linear with respect

to the number of incident photons on the detectors, owing to the fact there are

significantly more photons that are required to be stored in a buffer before being

processed. Given the vast amount of detection events we need to handle, we would

have to operate the time-tagging mode in very small increments of time to minimise

the scaling between desired measurement time and time spent measuring. On the

other hand, operating in logic mode—which does not require a buffer of stored

tags—and allocating a measurement time of 10 seconds, the time spent measuring

amounts to 10.1 seconds. Using logic mode, the time taken measuring is free from

any unfavourable scaling with respect to the amount of incident photons, thus we

chose to operate in this mode4.

Now, going back to the other important aspects we needed to consider; a com-
4Operating in logic mode was not as easy as just switching between modes. Unfortunately,

the way temporal windows are configured on the FPGA meant that the assigned window is con-
catenated across all 12 channels. So a window of 1ns would actually span 12ns, meaning that our
initial results whilst using logic mode contained uncorrelated photons from the pulses proceeding
and succeeding the targeted pulse. This resulted in unwanted populations in undesired bases and
caused a lot of head scratching for a long time.
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bination of the first and second point requires deliberation beyond just choosing an

alternative means to verify the state. To begin with, full quantum state tomography

is typically carried out with a number of measurements that form an over complete

measurement set. Possessing the full reconstructed experimental density operator

is useful for further analysis and modelling, it is was not necessary. In a tomogra-

phy, after measuring mutually unbiased bases, the maximum likelihood algorithm

reconstructs the density operator of the measured state [148, 149]. Collecting more

statistics (sampling for longer or increasing the effective squeezing) during mea-

surements will reduce errors in the outcome of the maximum likelihood algorithm

by increasing the signal-to-noise (SNR) ratio, on account of the Poissonion photon

statistics causing mixture in the final state. Let’s just delve into this point a little

more; consider a single qubit prepared in |H⟩, one would expect, when measuring

in the X basis, to have a perfect distribution of counts, 50% in each measurement

outcome. But Poissonian statistics tells us that, if for example we initially have 20

|H⟩ photons, then measuring in the X basis we should expect 10±
√
10 and 10±

√
10

photons in each output. This means that we could have the situation where there

are 13 photons and 7 photons measured in the eigenstates of the X basis. Clearly,

running the tomography and the maximum likelihood algorithm would not reveal

that the photons were prepared in |H⟩. Only counting longer, increasing the SNR,

will improve the accuracy of the maximum likelihood algorithm in this context. Low

photon rates concatenated with a huge number of measurements means perform-

ing a full tomography would require an amount of time experimental labs typically

cannot afford.

In the end, for attaining some knowledge of the state we prepared, we decided

to randomly sample a subset of measurements to perform a “partial” quantum state

tomography. Only selecting measurements which would contain counts in a small

number of bases meant we could run these measurements for longer, increasing read

times and increasing the SNR. The reason we decided to run this measurement,

was not only could it reveal errors in the state preparation that we missed, it can

also highlight any non-local operations that are affecting state quality, by providing

us with an estimate of the density operator describing, and purity of the state

prepared. Subsequently, this partial tomography revealed some crucial insight into

our measuring optics. Two sets of QWPs in our measurement stages had been

mounted such that they were aligned to their slow axis whenever they should have
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been aligned to their fast axis. Finding out which measurement states were effected

and how we corrected them will be discussed in the section following this.

Back to our discussion on state verification, interestingly, there are methods for

validating the state similar to entanglement witnesses. These witnessing methods

require measurements of the stabilizers of the state. From Section 6.6.4 of Ref. [150],

the authors state that a generalisation of entanglement witnesses and the detection

of multi-partite entanglement is closely related to measuring how close an exper-

imental state is to a given multi-partite quantum state. Demonstrations of such

fidelity estimating protocols are present in literature [111, 151–155]. Although only

requiring at most 2N measurements, N being the number of qubits—ideal when we

are operating with low rates—this technique only lower bounds the fidelity of the

state. This is nothing more than bounding the proximity of your state, to the target

target state, revealing nothing about the states density operator. Another means

of state verification is to apply compressed sensing, which provides a technique for

recovering a sparse vector from a small number of measurements [156, 157]. This

method can reconstruct an unknown density matrix of dimension d and rank r with

O(rdlog2d) measurement settings [158], amounting to ∼209 measurements for the

experimentally generated state we desired in this work.

As we stated in the previous section, we allocated a set of observables to act

as a quick check to determine if we have the state prepared correctly with the

populations in the bases we expect them to be in. Importantly, something we have

not explicitly mentioned yet is that we measure the observables of ρinitial and not

ρtrident. The sparsity of the density operator for the experimental state (ρinitial) means

that identifying any counts populating bases where there should be no counts is

easier and (as we explained already) when a limited number of photons are detected

the SNR is favourable for states with less populated bases. Figure (5.8) depicts the

density operator of the trident graph and shows just how many of the elements of

the density matrix are populated.

5.2.4.1 Flipped wave-plates

Other than the slightly tedious method of correctly analysing every single wave-plate

in the set up (and of-course being more careful in setting all the wave-plates up), we

can use the subset of the tomographic measurement set we described in the previous
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Figure 5.9: Finding the projections that contain incorrect measurement outcomes.
Local rotations are trace preserving and only non-local interactions causing
reduced purities, a consequence of miss-labelled measurement settings. Out
of 417 observables, our partial state tomography revealed that 28 contained
errors. These were determined by calculating the absolute of the difference
between the theoretical populations in each basis of a given projector, and the
correctly normalised experimental results for that projector.s

section, to verify if we do in fact have any wave-plates assigned to their slow axis

rather than their fast axis. Flipped wave-plate settings will perform an incorrect

measurement with respect to the measurement that is assigned to them. This applies

a non-local, non-trace preserving operation onto the state, degrading the state purity.

First step to fix any unwanted flips, is to determine which observables if any had

populations in incorrect bases. By calculating the absolute of the difference between

the theoretical populations in each basis of a given projector, and the correctly

normalised experimental results for that projector, we can determine which (and

how many) observables produced incorrect results. Figure (5.9) reveals that 28 out

of the 417 observables contains an error. Conscious that when characterising QWPs,

it is much easier to incorrectly assign their fast and slow axes, we ran a simulation

that relabelled the measurement settings associated to measurement requiring the

QWP to be rotated to its fast axis or to its slow axis in the sets of measurements

forming our initial partial tomography. Only swapping projections in the X and

Y basis, the simulation would flip the assigned measurement setting for an index

assigned to each qubit. The results from this simulation inform us for which qubits

the measurement settings require a re-labelling and the number of observables that

contained errors. This subsequently revealed that QWPs in the measurement stages

for qubit 5 and 6 were orientated to their slow-axis when they should have been at

their fast axis. To fix this we re-mapped measurement settings for qubits 5 and 6

accordingly.
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Figure 5.10: An example 4 of the 28 observables that contained errors. When
analysing the partial quantum state tomography, we identified immediately
that there was a re-labelling required for measurement settings. Inspection
of the observables that contained the flip revealed that errors would occur
only when projections were not made in the computational basis, owing to
incorrectly assigned fast and slow axes of QWPs.

5.2.5 Obtaining desired state

After identifying which wave-plates were incorrectly set, we can apply corrections to

these plates and re-run our partial tomographic reconstruction. Figure (5.11) shows

the real and imaginary components of the reconstructed density operator. This

operator was defined from a partial set of measurements and thus only produces an

estimate of the state purity and fidelity were 56.5% and 65.6% respectively. Without

a mathematical proof that would inform us otherwise, the reconstructed state is not

fully faithful and cannot be used as a means of instructing us that we absolutely

have the correct state. What we do know, can model and mathematically simulate,

is that upon sets of well defined single-qubit operations applied to the initial state,

we obtain Bell states and GHZ states. We also know, that evaluating Equation (5.5)

for a GHZ state or Equation (5.10) for a Bell state and obtaining a non-zero values,

confirms that we have established correlations indicative of having established a

Bell state or GHZ state, which are only derived if we had the correct initial state

|Ψ⟩initial. Finding correct sets of well defined single-qubit operations applied to the

initial state distilling Bell state and GHZ states to calculate QZ and QX is therefore

imperative for the communication protocol to work.
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Figure 5.11: Reconstructed density operator from a partial quantum state tomog-
raphy. A partial tomography let us reconstruct the real and imaginary parts
of the density operator of our state. Although just an estimation and not the
true density operator for the state we prepared, it serves as a useful tool for
any simulations we wish to run. It was obtained in the same means one would
reconstruct from a full over-complete measurement set of MUBs.

5.2.5.1 LC operations

Before being able to evaluate QZ and QX, we need to perform the correct single-

qubit operations on each qubit following the “recipes” outlined in Section 5.2.2.1 and

shown in Figures (5.5) and (5.6). To do this, we encode the set of local operations

applied to each qubit onto the measurement settings for the corresponding qubit.

There are only two measurement settings for each qubit and these settings should

be equivalent to projections in the Z basis and projections in the X basis. I think

this is best understood if we run through an example. Say we want to measure the

observables ⟨Z1Z2Z5Z6⟩ and ⟨X1X2X5X6⟩ of the GHZ state—which is in a four-

photon sub-space of the initial state—giving us the information we need from the

GHZ state to let us compute QZ and QX. All other measurements are analogous

to the example being outlined, but will require different sets of single-qubit uni-

taries to be encoded onto the measurement settings. Firstly, within the six-photon

state space we have a graph. In order to obtain a GHZ in the four-photon state

space, shared between Alice and the Bobs, Charlie and Debbie must make projec-

tions in the Z basis on their bi-partitions of the state. But the operations they

need to encode on their qubits means that their measurements are actually in the

X basis. So after appropriate encoding, to measure the observable ⟨Z1Z2Z5Z6⟩ of

the GHZ state occupying the 4-photon state space, all users must measure the ob-
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Figure 5.12: Establishing correct correlations in the Z basis from a 4-photon GHZ
state distilled from a 6-photon graph resource state. Encoding single-qubit op-
erations onto measurement settings lets us measure the distilled GHZ state
in the computational basis, verifying that we can establish the characteristic
correlations and allowing us to evaluate QZ for parameter estimation. To es-
tablish a GHZ state between qubits 1,2, 5 and 6 (Alice and Bobs), users 3 and
4 (Charlie and Debbie) are required to announce their measurement outcomes
so GHZ users know where to apply bit-flips in order for the users to reconcile
their results attain the correct correlations (top plot). After performing the
flips, long range correlations should be consistent and irrespective of whether
Charlie and Debbie attained outcomes 00, 01, 10, or 11 (bottom four plots).

servable ⟨Z1Z2X3X4Z5Z6⟩. To measure the observable ⟨X1X2X5X6⟩ of the GHZ

state occupying a four-photon state space, all network users must measure the ob-

servable ⟨X1Y2X3X4X5Y6⟩ correspondingly. Resulting from the effective network

topology, each user holds a partition of the graph state and, as a consequence of

the GME, whenever Charlie and Debbie perform a measurement they need to disen-

tangle themselves from the system coherently. When Charlie and Debbie measure

in the X basis, they can attain either a 0 or a 1 (results in the computational ba-

sis). Any resulting GHZ will contain a phase rotation, conditioned on Charlie and

Debbies measurement results. This must be corrected for. Teleportation protocols

require similar steps and the corrections are made in a feed-forwarding step [11], but

in our case we apply all feed-forwarding as a post-processing step.
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Figure 5.13: Establishing correct correlations in the X basis from a 4-photon GHZ
state distilled from a 6-photon graph resource state.. Encoding single-qubit op-
erations onto measurement settings lets us measure the distilled GHZ state in
the X basis, verifying that we can establish the characteristic correlations and
allowing us to evaluate QX for parameter estimation. Like for the Z basis mea-
surements, there is a bit-flip criteria conditioned on the measurement results
attained by Charlie and Debbie. The top plot is the summation of the bot-
tom four plots, which shows the outcomes conditional on Charlies and Debbies
measurement results.
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Figure 5.14: Determining QZ and QX for the 4-photon GHZ state shared by Alice,
Bob1, Bob2 and Bob3, and using these results to compute the asymptotic key rate.
In order to calculate the asymptotic key rate, Equation (5.5), we first need to
calculate QZ (QBER) and QX. This figure shows how the values for all these
parameters at a fixed power evolve over time, as more statistics are collected
and as the state drifts.
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Figure 5.15: Asymptotic key rate and key generation rates for a range of pump
powers. The generation rate of our 6-photon state (a) means that the ideal
power to operate this protocol at is not simply the highest AKR (b). Due
to the scaling of n-fold events from probabilistic sources, there is an optimum
position where the scaling of the generation rate, combined with the AKR
means that the N-QKD technique operates at an optimal key generation rate
(c).

Once we acquire all the measurement settings, encoded with the appropriate

single-qubit operations, we perform measurements on the six-photon graph to es-

tablish whether we obtain the correct long range correlations that are necessary to

evaluate QZ and QX. Ensuring that the appropriate phase corrections are applied,

based on what measurement results Charlie and Debbie obtain and would classi-

cally announce, we confirm the correct long-range correlations are obtained for the

distilled GHZ state and Bell states. Figures (5.12) and (5.13) show the long range

correlations belonging to the GHZ state in the Z and X bases.

Now that we know we can obtain correct correlations for the GHZ state between

Alice and all of the Bobs, as well as the required Bell states between the required

combination of Alice and Bobs, we can compute QZ and QX for all the distilled

states to complete the parameter estimation step for CKA. Figure (5.14) shows the

results from calculations of the AKR, QZ and QX corresponding to the distilled

GHZ state at a pump power of 75mW.
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5.2.5.2 AKR

The main result of proof-of-principle network demonstration, is a comparison be-

tween the performance of a N-QKD protocol and a 2-QKD protocol using a GME

network resource state. Owing to the low count rate, evaluating the ultimate per-

formance of both protocols consists of measuring the noise terms QZ and QX for

parameter estimation and evaluating the respective AKRs.

Figure (5.15) contains all plots constituting our analysis of all protocols we con-

ducted as a function of pump powers. Operating at higher pump power, we see

that the probability of generating a six-fold event is much higher, a result of the

generation rate scaling as a cubic function. We also see that higher pump powers

reduces the AKR, a result of additional noise from multi-photon events, degrading

the quality of the state. The non-trivial relation between pump power and and

AKR, along with the well understood scaling of generation rates with pump power,

reveals that an optimal regime to operate this protocol, in terms of conference key

rate (product of generation rate and AKR) is not at the lowest pump power, where

the AKR is maximum, rather at ∼105mW. But, this result requires more statistical

weighting—which is clear from the magnitude of the error bars that result from

poissonian statistics—to offer more conclusive outcomes allowing us to conclude at

what power our proof-of-principle protocol will operate most effectively. Negative

AKR or more precisely, an AKR ≤ 0, physically translates to a regime where there

is no extractable key from that round of measurements.
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2QKD
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Figure 5.16: Asymptotic key rate at a fixed power over a long measurement period.
Measuring the asymptotic key rate over 50 hours worth of measurement time
without any correction for drifts in the 6-photon state. This highlights the
stability we were able to achieve in the lab. As a consequence of statistics, the
results tend towards a ratio of AKRN-QKD :AKR2-QKD = 2.13± 0.06.
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We wanted to be absolute in our conclusion that, in a multi-user quantum net-

work scenario (or general quantum network scenario involving GME), the best ap-

proach for conducting CKA is to use N-QKD and not 2-QKD primitives. Fig-

ure (5.16) shows a measurement with significant statistical weighting. Over 17

days worth of data acquisition time, accumulating nearly 4,000 six-fold events, we

conclude that the ratio of CKA key rates is, explicitly, AKRN-QKD :AKR2-QKD =

2.13± 0.06. Within this measurement, both canonical approaches (N-QKD rounds

and 2-QKD rounds) were performed in 5 minute chunks over the 17 day period,

in able to ensure that any drifts in the six-photon state effects the results for the

AKRN-QKD and AKR2-QKD symmetrically.

5.3 Concluding remarks

We have shown that key rates for N-QKD primitives over a quantum network based

on the distribution of a GME network resource states out performs 2-QKD primitives

by more than a factor of 2. We have also shown, for the first time, the generation

of a network resource state (in the form of a graph) combined with the successful

distillation of smaller entangled resource states between subsets of network users.

All of this work constitutes a proof-of-principle demonstration of a quantum network

protocol.

The first thing to address about our demonstration is the achieved photon rates.

The nature of the six-photon state and the optical arrangement to generate this

state made it more vulnerable to multi-photon events entering detection events,

reducing the purity of the state and ultimately the terms calculated in parameter

estimation. We had made a decision to go to a smaller spot size for the pump,

combined with shorter and asymmetric collection distances, a consequence of at-

tempting to obtain eight-fold coincidences for the generate an eight-photon GHZ

state. From initial calculations of expected photon rates, to obtain the eight-fold

detection rate we wanted, a specific source brightness had to be achieved. This was

only achievable with higher effective squeezing via smaller spot sizes in the crystal

and shortened collection distances, a consequence of the limited pump power our

Ti:Sapph can provide. Based on the discussion from Chapter 3, the reader should

be aware that a more relevant metric to use when discussing probabilistic sources

is the amount of squeezing applied to the source. We believe that if we change
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the source configurations, increasing the spot size of the pump in the crystal and

changing collection distances, we can achieve heralding efficiencies—in line with the

> 60% we witnessed in Figure (3.4). Achieving higher heralding would afford us

to operate at an effective squeezing equivalent to that we used in this analysis but

retain higher key rates. Given the susceptibility to noise from higher-order genera-

tion, we could also use temporal multiplexing techniques to up the repetition rate

of our Ti:Sapph, from 80MHz to 160MHz. This however will need further reasoning

for two reasons. Firstly temporally multiplexing the pump has drastic scaling to

multi-photon rates and we do not want to operate in a regime where we do not have

enough pump power to exploit the benefits of temporal multiplexing. The second

reason is the current operation of our counting logic. We operated on the absolute

limit of temporal windows in logic mode to ensure that un-correlated photons from

different pulse trains were not affecting measurement results, meaning we believe

we have run out of temporal resolution to add another pulse in-between our current

pulse train. From preliminary discussions, we believe we can get around this caveat

by operating in time-tagging mode and not logic mode, but sample in a smaller

discretisation of reading time to reduce the number of photons in the buffer and

speed up processing times.

A lot of time will be afforded to developing an in-depth noise model. Under-

standing how noise effects not only the six-photon state, but also all the possible

states we can distill may reveal that a specific distillable state or sets of states

may be more robust to characteristic noise. We undertook some preliminary em-

pirical tests to settle a discussion we had about an appropriate noise model. By

adjusting the manual phase corrections in each fusion gate we could effectively con-

trol the coherence of each of the two-photon interference events. We noticed that

populations containing erroneous counts when measuring certain observables would

increase whenever we adjusted the manual phase corrections suggesting that a noise

model with selective dephasing applied to certain qubits could be appropriate. Fur-

thermore, the asymmetry of the “artificial” noise we introduced by adjusting the

phase correction stages in each fusion gate would change the noise parameters QZ

and QX for only a specific distilled Bell pair. This leads onto the next discussion

point.

For our analysis, we chose to distill a Bell state between users 1, 2 and 5, 6,

then to complete the 2-QKD primitive, we derived a Bell state between users 2,

110



Chapter 5. Photonic Graph States for Quantum Networks

5. Knowing that there may be some asymmetry in the noise parameters for the

distilled Bell states based on the characteristic noise emanating from the optical

circuit and resource states, we can explore whether—for the individual Bell state

that is required to be shared between two users who have not initially shared a Bell

state—there is a better performing Bell state increasing AKR2-QKD. Alternative Bell

states we could have distilled were shown in Figure (5.1).
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To read our E-mail, how mean
of the spies and their quantum machine;

Be comforted though,
they do not yet know

how to factorize twelve or fifteen.

—Volker Strassen
In reply to Jenifer and Peter Shor

Although work follows this conclusion (in the form of an appendix), it is time

my writing comes to a close. This thesis contains only some of the work I

carried out during my Ph.D, but I believe the work it does contain builds a good

narrative which starts with PDC based photon sources that approach absolute ideal

operation and finishing with an experiment showcasing these sources by generating

a six-photon GME state.

Initially we started this thesis by presenting some basic quantum information

science concepts that are used within the thesis and serves as just nomenclature.

Then, starting from the most basic equation for the optical response of a material,

we showed how one derives the quantum state that governs the PDC process. From

there we then introduced the more succinct science contained within this thesis.

Engineering the PMF is an absolute necessity in order to attain high purity photons

without employing narrow-band filters and we presented an in-depth analysis of the

design considerations that must be made to make the final incremental steps to pro-

duce the ultimate source of telecom photons. We then characterised the performance

of custom designed aKTP crystals with designated design parameters. Our analysis

was a true proxy for source performance, interfering photons from separate, but iden-

tical crystals. We believe the performance of this source sets a credible benchmark

for other PDC sources to outperform. Further, these sources enable investigations
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requiring multiple sources that would otherwise be in-achievable without sufficient

photon indistinguishability and heralding.

We concluded this thesis with a use case for our sources. Specifically exploit-

ing the high interference visibilities exhibited by photons generated by our aKTP

crystals. Maximising the probability of a successful fusion gate, we were able to

prepare a six-photon state that is locally equivalent to a specific family of graph

states that posses attributes lending them for use as a network resource state. Both

the generation and manipulation of graph states has given us invaluable knowledge

to develop upon the results we obtained in Chapter 5 and explore other network

protocols with other families of graphs. In particular there is scope to implement

anonymous CKA [159, 160] as well as loss-resilient conference key agreement, based

on redundant encoding and error correction [161] and quantum secret sharing pro-

tocols.

Another interesting research direction to explore is adding configurability to

graph state generation. The nature of bulk optical arrangements means it is not

efficient to have reconfigurable gates without fast switches with feed forward1. There

is scope however to use our photons in commercially available configurable circuits,

or photonic processors [162]. Coupled to our ideal photon sources, these configurable

circuits could allow us to explore multiple families of graphs.

Beyond just quantum network coding, investigations into measurement device-

independent (MDI) protocols could also contribute interesting research to quantum

networking tasks. I was always interested in extending the work we did on quan-

tum channel verification in Appendix A. Using the ideas presented in Ref. [163],

a GHZ state can be used to perform MDI-QKD. This proposal has already been

demonstrated [164], but the prospect remains to implement this with our telecom

sources and for different resource states. Additionally, the high heralding efficien-

cies our source can achieve means we could could exploit the lower thresholds on

device-independence that were recently derived [165, 166]. The stumbling block,

unfortunately something we cannot hurdle ourselves, is the fact we do not possess

detectors that operate at > 90% detection efficiency.

Most discussion in this thesis is focused on discrete variable encoding, however

there is a huge amount of ongoing research in continuous variable (CV) encoding.

One specific research direction prevalent to the work contained in this thesis is the
1and a large amount of optical bench space.
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use of CV encoding in photonic measurement-based quantum computing architec-

tures that forgo stationary matter based qubits. This paradigm of computation

requires a resource state which has sufficient size and is structured correctly. These

resource states take the form of a cluster state, of which graph states are a spe-

cial class of. Currently, there has been impressive experimental work which have

generated large 1D and 2D cluster states [167–170]. States are encoded in electric

field amplitudes of optical modes that are temporally localised, therefore the size

of the state can be huge thanks to the use of time domain multiplexing. There are

still several areas of improvements required in order to be able to perform useful

universal computations with these states, such as the amount of squeezing, which is

still currently below the fault tolerant threshold [171].

Research into deterministic photon sources has also become prevalent, with quan-

tum dots, organic molecules, trapped ions and other solid state structures offering a

platform for producing photons on demand [172–177]. Deterministic photon sources

are, for obvious reasons, of great interest, and whilst probabilistic PDC sources

have underpinned research in quantum information processing for the previous two

decades, deterministic photon generation would enable next generation quantum

technologies and huge advancements in the capabilities of photonic quantum tech-

nologies.

In the introduction we stated that most of the intrinsic limitations of PDC have

been removed, but the remaining intrinsic limitation is scalability. Scalability with

a probabilistic architecture is fundamentally a tough problem to tackle, with only

large scale multiplexing offering a solution. Multiplexing encapsulates a variety of

meanings in photon source design, but photon source multiplexing along with feed-

forward operations is required to create a pseudo deterministic source [178–184].

Miniaturisation of photon sources is therefore an obvious requirement on the path

to scalability, and the development of down-conversion sources within integrated

silica-based chips with high photon indistinguishability—such as Ref. [107]—is a

large step forward. Highly manufacturable sources promise to be good a candidate

for applications that demand large photon numbers, such as fully error-corrected

quantum computation. If one could fill a room with a vast amount of these minia-

ture sources, employ efficient multiplexing schemes to overcome the probabilistic

stumbling block, and fill what remains of the room with a vast amount of photon

number resolving, high efficiency detectors, one could potentially attain a million
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qubits for fully error-corrected computation.
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Appendix 1:

Measurement-device-independent

verification of quantum channels

As mentioned through this thesis, the future structure of quantum networks is

a prevalent area of research. What is absolute however, is that entangle-

ment in some form will be distributed to network users attached via some quantum

channel. There is a need therefore, to certify that an unknown channel acts as an

entanglement-preserving channel. The narrative supporting the importance of being

able to verify whether a channel is capable of preserving entanglement, comes from

the stance of a skeptic, who has been given a quantum channel to use to establish

correlations with another user of a network, but does not necessarily trust the oper-

ators of the network. This work seeks to outline a means by which a skeptic could

characterise the performance of a channel without requiring a resource intensive to-

mographic reconstruction of the channels process matrix. To verify the channel in a

minimal way, we lean on the notions of semiquantum games [185] and entanglement

witnesses [163] in order to perform a verification protocol in a measurement-device-

independent fashion (MDI), where the skeptic has to lay trust in only their state

preparation device. Additionally, this scheme is adaptable to quantum memory

verification, as it was first proposed in Ref.[186].
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The capability to reliably transmit and store quantum information is an essential building block for future
quantum networks and processors. Gauging the ability of a communication link or quantum memory to
preserve quantum correlations is therefore vital for their technological application. Here, we experimentally
demonstrate a measurement-device-independent protocol for certifying that an unknown channel acts as an
entanglement-preserving channel. Our results show that, even under realistic experimental conditions,
including imperfect single-photon sources and the various kinds of noise—in the channel or in detection—
where other verification means would fail or become inefficient, the present verification protocol is still
capable of affirming the quantum behavior in a faithful manner with minimal trust on the measurement
device.
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The ability to transmit and store quantum states and
coherently manipulate the timing of photonic signals is a
crucial requirement in quantum technologies [1]. Quantum
communication links in combination with quantum memo-
ries form the quantum channels that offer these capabilities.
These quantum channels thus play a pivotal role in enabling
full scale quantum networks [2], promising unconditionally
secure communication and the prospect of distributed
quantum computing.
With the development of such quantum channels, espe-

cially quantum memories, comes the challenge of certify-
ing their capabilities [3,4]. In particular, we seek the ability
to discern a truly nonclassical channel from a cheap knock-
off, such as a channel that simply measures the input state
and approximately reprepares it at the output. While the
latter could preserve some information about the state, it
cannot preserve the exact quantum state nor any previously
established correlations, rendering it useless for quantum
applications. We denote channels of this sort as entangle-
ment breaking (EB), in contrast to true quantum memories
or coherent quantum channels, which preserve entangle-
ment at least to some extent.
Consider an unknown channel that is claimed to be

nonclassical, i.e., entanglement preserving. The most
straightforward approach to obtain a complete characteri-
zation of the channel is a tomographic reconstruction of the
channel’s process matrix [5]. In practice, however,
this approach is too resource intensive for all but low-
dimensional channels, and further requires precise control
and trust in all parts of the experiment. In most cases, such
trust is undesirable or cannot be guaranteed at all. One way

to overcome this is by using the correlations of entangled
quantum systems, where a violation of a Bell inequality
certifies the presence of entanglement even when the
measurements are performed by untrusted black-box devi-
ces. Consequently, when considering an ideal scenario,
Bell-test-based protocols allow for the verification of
quantum channels in a so-called device-independent (DI)
way, that is without requiring any trust in the experimental
devices [6] even provide guarantees on the quality of the
channel via self-testing [7]. On the flip side, these
approaches cannot capture all nonclassical channels [8]
and are subject to challenging loopholes [9–11] that make
them very fragile to losses and experimentally difficult to
implement. Moreover, in practice we rarely face the
situation where nothing can be trusted such that a fully
device-independent approach is necessary. Instead, while
we might face an untrusted measurement device, we
typically have access to a trust-worthy state preparation
device allowing us to generate well-defined quantum states
of our choice: a scenario commonly referred to as meas-
urement-device-independent (MDI).
MDI schemes were first proposed in the context of

quantum key distribution [12], and then applied to entan-
glement verification [13] for spatially separated subsystems
within the framework of semiquantum games [14,15],
providing several advantages over Bell tests [16]. These
methods have since been extended to quantum steering [17]
and to the analysis of entanglement structure [18] and its
quantification [19–21], which has been demonstrated
experimentally [22–24]. However, these schemes were
solely focused on probing correlations within quantum
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states. More recently, it was shown that MDI approaches
and semiquantum games can be repurposed to test the
quantum properties of a channel, e.g., in situations where
one party wants to test another party’s ability to maintain
the quantum properties of a system over time [11], such as
in a quantum memory.
Here we demonstrate experimentally that MDI verifica-

tion of quantum channels is a simple technique that is
highly robust to experimental imperfections and viable with
current technology. We study the performance and success
probability of the method for channels suffering from
depolarizing and dephasing noise, taking into account all
experimental imperfections (such as imperfect state prepa-
ration when multiple copies of the input state are prepared),
a problem that so far has not received sufficient attention.
Under all conditions achievable with current technology,
we find that the MDI approach outperforms Bell-test-based
techniques in terms of resource requirements as well as
noise resilience without the need for extra assumptions
such as fair sampling. This method can thus certify a much
wider range of channels and remains practical under
realistic experimental conditions.
We now consider a typical experimental scenario, where

a client (Alice) wishes to test a potentially dishonest
quantum memory (provided by Bob) before deployment
in a quantum network. Alice is assumed to possess a trusted
preparation device, which is a scenario that naturally lends
itself to the use of semiquantum games. Here, Alice
repeatedly asks Bob a set of randomized “questions” by
sending him quantum states and gets back a classical
answer from Bob in every round. Bob is then asked to
maximize a payoff function chosen to witness whatever
quantum property Bob claims to possess. Since the ques-
tions are nonorthogonal, Bob merely knows the set of
possible questions, but cannot know which question is
asked in each round and thus cannot cheat. This method
thus allows Alice to witness whether Bob possesses the
claimed quantum property without having to trust him.
In each round, Alice sends successively two questions

with a time delay between them, which forces Bob to
store the first question until the second one arrives. In
our notation, the first question is a state chosen at random
from a finite set fξxg indexed by x, while the second
question is chosen from a finite set fψyg indexed by y;
both questions are sampled with uniform probability.
After receiving the second question, Bob returns a
classical answer b back to Alice. Bob is asked to maximize
a prearranged payoff function ωðb; x; yÞ using the
quantum channel N at his disposal. In analogy with
Bell scenarios, we write the payoff then achieved
W ¼

P
bxy ωðb; x; yÞPðbjxyÞ. The combination of the

coefficients ωðb; x; yÞ with the sets fξxg and fψyg is a
temporal semiquantum game [11]. Every such game has an
upper bound WEB on the payoff achievable when Bob has
only an entanglement-breaking channel at its disposal.

In our experiment, the sets fξxg and fψyg are identical
and composed of symmetric informationally complete
single-qubit quantum states which form a nonorthogonal
basis of the Hilbert space with constant pairwise overlap of
1=3 [25]. As shown in the Supplemental Material [26],
other set of states can be chosen for the protocol with
some implementation benefits. Nonorthogonality ensure
that, although Bob knows the set of possible questions,
he cannot with certainty know which questions are being
asked in each round of the game. We write x, y ¼ 0, 1, 2, 3
the indices of these two successive questions ξx, ψy
sent to Bob, while Bob sends back a classical answer
b ¼ 0, 1. The property we are testing is a claim made by
Bob that he possesses a nonentanglement-breaking channel
corresponding to a Choi matrix Φ [28]. Accordingly,
this Choi matrix is entangled, a fact that can be tested
by an entanglement witness [29] F such that tr½FΦ% > 0
while tr½FΦEB% ≤ 0 for Choi matrices of entanglement-
breaking channels. Our payoff coefficients ωðb; x; yÞ are
chosen so that ωðb ¼ 1; x; yÞ ¼ 0, while ωðb ¼ 0; x; yÞ
provides a decomposition of that witness F¼P

xyωð0;x;yÞðξ⊤x ⊗ψ⊤
y Þ. This ensures [11] that WEB¼0

whileW > 0when Bob actually implements the channel he
claims to possess and projects the joint two-photon state
onto a singlet state jΨ−i. In each round, Bob announces his
result b to Alice, who computes the payoff using her
knowledge of the prepared questions. We studied the
effects of an imperfect quantum channel by simulating
additional depolarizing noise N P or dephasing noise N ϕ,
defined as

N PðρÞ ¼ ð1 − pÞρþ p1=2;

N ϕðρÞ ¼
!
1 −

p
2

"
ρþ p

2
σ3ρσ3; ð1Þ

where 1 and σ3 are the identity and Pauli Z operator,
respectively, and 0 ≤ p ≤ 1 is the noise strength. In both
cases, the optimal payoff coefficients are found to be

ωðb ¼ 0; x; yÞ ¼
#−5=8 if x ¼ y

1=8 otherwise

ωðb ¼ 1; x; yÞ ¼ 0; ð2Þ

where b ¼ 0 corresponds to a successful projection of the
joint state onto the singlet state and b ¼ 1 to any other
measurement outcome.
The experiment was implemented with the setup shown

in Fig. 1(a). Pairs of 1550 nm single photons are generated
via degenerate parametric down-conversion (PDC) in a
custom-poled potassium titanyl phosphate (KTP) crystal
[30,31] pumped by 775 nm, 1.6 ps pulses with 80 MHz
repetition rate, and 75 mWof average pump power, focused
to a beam waist of 350 μm. After being separated from the
pump with a dichroic mirror (DM), one photon of each pair
is loosely filtered, transmitted on a polarizing beam-splitter

PHYSICAL REVIEW LETTERS 124, 010503 (2020)

010503-2



(PBS), and detected by a superconducting nanowire single-
photon detector (SNSPD, 80% nominal quantum effi-
ciency, ∼200 Hz dark counts), providing the heralding
signal for its twin photon. We benchmark the source by
sending the downconverted photons directly to the
SNSPDs, bypassing Bob’s part of the setup. We measure
a brightness of 140 kHz detected coincident counts and
65% heralding efficiency.
Alice encodes a probe state ξx in the heralded photon

using a sequence of a polarizer (POL), half-wave (HWP),
and quarter-wave plate (QWP). This probe state represents
the first question in our semiquantum game, which Bob
receives at time t1, and is asked to process in his alleged
quantum channel. Bob’s quantum channel is a 15 m single-
mode fiber emulating a quantum memory with fixed
storage time of ∼75 ns: this value exceeds the SNSPD’s
reset time (∼50 ns), the minimum time interval required by
Alice’s source to herald a second photon. An HWP and a
QWP are used to implement a noisy channel with variable
noise-strength p by applying a combination of Pauli
operators according to Eq. (1) for a measurement time
proportional to p. At a later time t2, Alice prepares in the
same way a second probe state ψy—corresponding to the
second question in the game—and sends it to Bob, who is
asked to perform a joint measurement on the two states via
two-photon interference on a beam splitter (BS) and
broadcast the outcome. Bob uses a tunable delay line to
synchronize the two photons’ arrival time at the BS: only a
coincidence click event of the detectors after the BS
corresponds to b ¼ 0 in Eq. (2) (i.e., a successful projection
on the singlet state), while any other event corresponds
to b ¼ 1.
Unlike the MDI protocol described above, a Bell-test

approach, i.e., a fully device-independent verification of a
quantum channel requires Alice to prepare entangled

quantum state. We produce entangled pairs of photons
(99.34þ0.01

−0.09% purity and 99.62þ0.01
−0.04% fidelity with the Ψ−

state) via PDC in Sagnac interferometric scheme [32], as
shown in Fig. 1(b). Alice then sends one photon of the
entangled pair to Bob, who sends it through his channel. An
additional set of HWP, QWP, and POL is used to introduce
controllable dephasing and depolarizing noise. After the
stored photon has been retrieved, a Clauser-Horne-
Shimony-Holt Bell test [33] is performed on the joint
system, and a violation of the inequality guarantees the
genuine quantumness of the channel.
Figure 2(a) shows the result of our MDI channel

verification for dephasing and depolarizing noise compared
to a Bell-test approach with fair sampling assumption (i.e.,
neglecting the losses in the untrusted part of the setup).
We show that, even in this idealized scenario, the MDI
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KTP

KTP
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PBS
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Channel BOBALICE

L
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FIG. 1. Experimental setup. (a) MDI entanglement witness
setup: the left-green (right-yellow) shading indicates the trusted
(untrusted) parts of the experiment. (b) Untrusted channel
verification setup via Bell test.

(a)

(b)

FIG. 2. Experimental results. MDI entanglement witness mea-
sures (a) with and (b) without fair sampling assumption. Lines
and points represent the theoretical prediction and the exper-
imental data, respectively. The gray-shaded area corresponds to
entanglement-breaking channels, while the red-shaded area
represents the actual threshold for entanglement-breaking chan-
nels, taking into account Bob’s optimal cheating strategy. The
discrepancy between theory prediction and data points is mainly
due to imperfect two-photon interference on Bob’s BS (we
estimate a Bell-state measurement fidelity ≲95%). Note that
the theoretical lines are computed for illustration purposes only
using the full knowledge of the setup and therefore would not be
available to Alice in the actual implementation of the protocol.
The error bars in the data points represent 3σ statistical con-
fidence regions obtained via Monte Carlo resampling (n ¼ 105)
assuming a Poissonian photon-counting distribution.
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approach outperforms the Bell test as it can certify
quantumness for larger noise strength than the Bell test
(where the magnitude of noise each experimental approach
can tolerate is computed from the intersection of the
average payoff with the EB threshold). In theory, the
quantum nature of the depolarizing channel can be wit-
nessed up to a noise level of p < 2=3, while the Bell-based
tests can only certify the channel up to p ∼ 0.29.
Surprisingly, the quantumness of a dephasing channel
can be certified for any finite amount of noise, while a
Bell-test approach can at best verify the channel up to
p≲ 0.58. Crucially, under ideal experimental conditions—
i.e., no loss and perfect single photon sources—the best
strategy Bob can use to convince Alice that he is in
possession of a genuine quantum channel is to truthfully
reveal the result of the joint measurement. Any other tactic
would not maximize the payoff function [11].
In order to guarantee device independence, the Bell-test

approach would require very high detection efficiencies
that are at best at the limit of current technical capabilities.
The MDI approach, on the other hand, is less demanding in
terms of experimental requirements. The effects of losses
and imperfections on our protocol are twofold. First, lost
photons lead to a decreased payoff, and second, Bob can
exploit imperfections to cheat. Studying the latter possibil-
ity in some more detail, we note that most state-of-the-art
photon sources suffer from a small probability of emitting
multiple photons at a time, which Bob can exploit to extract
information about the questions sent by Alice. Bob could
then use this information to artificially inflate the payoff
function by the following strategy: whenever he gets no
more than one photon in each question, he announces an
unsuccessful projection on the singlet state (i.e., b ¼ 1). If
he gets more than one photon in one of the questions and at
least one in the other one, he can gather information on the
question itself and perform a conveniently chosen local
operation and classical communication (LOCC) positive-
operator valued measure (POVM) to furtively inflate his
payoff. In the Supplemental Material [26], we derive the
maximal payoff that Bob could achieve with an EB channel
using these strategies and the known characteristics of
Alice’s photon source. By using this new threshold in our
protocol, we can reliably, and without further assumptions,
certify whether a channel is quantum, even if Bob is
actively trying to cheat. Figure 3 shows the theoretical
trade-off between losses, noise, and protocol success for
depolarizing noise at a fixed performance of the trusted
source (given by the ratio of multiphoton emissions: the red
area above the threshold represents the parameters space’s
region where secure certification of the channel’s quantum-
ness can be achieved).
Taking into account both losses and multiphoton emis-

sions according to our experimental parameters—overall
heralding efficiency of ∼17% and multiphoton contribution
of ∼0.25%—puts us in a regime far beyond where a fully
DI approach would apply due to its sensitivity to loss. On
the other hand, the MDI protocol reveals itself to be

significantly more robust to such experimental imperfec-
tions, being still capable of certifying the nature of a
quantum channel, as we show in Fig. 2(b).
So far, we have discussed MDI certification of a noisy

identity channel. In practice, an imperfect channel might
also apply some unknown unitary rotation to the stored
qubit. In this case, a nominally entanglement-preserving
channel might appear to be EB due to the wrong choice of
witness or payoff. In order to verify such channels, Alice
uses a modified protocol, where she splits the answers
obtained from Bob into two sets. The first set is used to
reconstruct the channel’s process matrix via quantum
process tomography and then computing the corresponding
entanglement witness (as discussed, e.g., in Ref. [29] or in
the Supplemental Material [26]). Alice can then perform
the standard MDI verification with the adapted witness on
the second dataset. Since only the second stage of this
extended protocol is MDI, Bob could attempt to cheat in the
first stage. However, all this would achieve is that Alice
computes a suboptimal witness, which inevitably lowers
the achievable payoff in the second stage. Bob’s best
strategy to have his channel certified is thus to broadcast
the true outcome of the joint measurement he performs
while Alice performs the process tomography of the
channel, so that she can build the optimal witness for
the channel at hand.
Experimentally, the unknown unitary rotation was imple-

mented by means of an HWP and a QWP at the output of
the channel, and the MDI protocol was performed in the
context of certifying its quantumness in the presence of
dephasing noise. The results are shown in Fig. 2(b) with
losses and multiphoton corrections taken into account. We

FIG. 3. MDI channel verification tradeoffs. Shown is the ideal
expectation value hWi of an MDI entanglement witness for an
identity channel with depolarizing noise of strength p and
different amounts of loss. The multiphoton contribution is fixed
at ∼0.25%, as in our experimental setup, and results in a
decreased size of the parameter region where certification of
quantum behavior is possible.
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note that this protocol behaves as the standard MDI
protocol for the identity channel, confirming the suitability
of using a MDI approach in more complex scenarios where
nontrivial noisy channels are involved.
Discussion.—We have provided a readily accessible

MDI recipe for verifying a quantum channel with sustained
performance in the presence of noise and loss much beyond
the capabilities of fully DI methods, with the minimum
possible set of assumption on the device under examina-
tion. With minimal demands on the trusted side (i.e., a
single photon source), this method is ideally suited as a
dependable benchmark for quantum memories and more
general quantum channels. With the future vision of large
scale quantum networks, this type of verification protocol
can be a powerful tool for a security-conscious user of the
network, who does not necessarily trust the third party
operating the network. A natural extension of this work
would be probing different properties of a quantum
memory simultaneously. Fidelity, storage time and recall
properties could be tested by changing the timing between
the probe photons. On the theory side, the protocol could be
extended to quantify the quantum nature of the channel
instead of verifying it as has been done for the MDI
quantification of entanglement [19–21]; in this direction,
one would need to use a capacity that quantifies specifically
the quantum part of the channel: the negativity of the
channel Choi state, or the quantum relative entropies [34]
could be used for that purpose.
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Note added in the proof.—Recently, we became aware of
this Letter we became aware of similar work that has been
recently carried out [35]. The work in this Letter imple-
ments a similar protocol, but in a different regime of
encoding.
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Appendix 2: Direct generation of

pulsed-mode entanglement

Rather than targeting a gaussian PMF, one could target more exotic functions,

although there is a restriction on what functions can be tracked. Within a foot-

note in Chapter 3, we mentioned that our domain engineering technique combined

with a suitable tracking algorithm could be used to design crystals with PMFs that

have non-Gaussian PMFs. Thus, the technique has now been used for efficient

generation of time-frequency mode entanglement [94] and time-frequency hyper-

entanglement [95]. The following work, Ref. [94] is what follows in this Appendix.

In the case where we want to generate time-frequency mode entanglement, Equa-

tion (3.3) from Chapter 3 is replaced with the following,

ϕtarget(∆k) = 2(∆k −∆k0)σe
− 1

2
(∆k−∆k0)2σ2

. (6.1)

Rather than using the same tracking algorithm outlined in Section 3.1.3, a finer

discretisation of the domain structure is required. We therefore use the algorithm

from Ref. [92], that allows domain widths smaller than the coherence length ℓc.

As we stated in our discussion of tracking algorithms, smaller domain widths are

ideal for shorter length crystals phase-matched for shorter temporal pulses and for

tracking functions that contain more features, such as Hermite-Gauss modes.
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Photonic quantum technology increasingly uses frequency encoding to enable higher quantum
information density and noise resilience. Pulsed time-frequency modes (TFM) represent a unique class
of spectrally encoded quantum states of light that enable a complete framework for quantum information
processing. Here, we demonstrate a technique for direct generation of entangled TFM-encoded states in
single-pass, tailored down-conversion processes. We achieve unprecedented quality in state generation—
high rates, heralding efficiency, and state fidelity—as characterized via highly resolved time-of-flight
fiber spectroscopy and two-photon interference. We employ this technique in a four-photon entanglement
swapping scheme as a primitive for TFM-encoded quantum protocols.
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Generating entanglement in intrinsically high-dimensional
degrees of freedom of light, such as transverse and longi-
tudinal spatial modes [1,2], or time and frequency, constitutes
a powerful resource for photonic quantum technologies—
photons that carry more information enable more efficient
protocols [3,4]. Time-frequency encoding is intrinsically
suitable for waveguide integration and fiber transmission
[5,6], making it a promising choice for practical, high-
dimensional quantum applications. Quantum information
can be encoded either in discrete temporal or spectral modes
(namely time- and frequency-bin encoding [6–9]) or in the
spectral envelope of the single-photon wave packets—time-
frequency mode (TFM) encoding [5,10]. TFM-encoded
states arise naturally in parametric down-conversion (PDC)
sources, as TFMs are eigenstates of the PDC process and they
span an infinite-dimensional Hilbert space. Conveniently,
TFMs possess highly desirable properties: being centered
around a target wavelengthmakes them compatiblewith fiber
networks, they are robust against noise [11] and chromatic
dispersion [12], their pulsed nature enables synchronization
and therefore multiphoton protocols and they offer intrinsi-
cally high dimensionality [10].Manipulation and detection of
TFMs is enabled by the quantum-pulse toolbox, where sum-
and difference-frequency generation are used for reshaping
and projecting the quantum states [5,10]. However, generat-
ing entangled TFMs in a controlled way can be very
challenging [13–17], limiting their usefulness in realistic
scenarios. Here, we overcome this problem exploiting
domain-engineered nonlinear crystals [18,19] for generating
TFM entanglement from standard ultrafast laser pulses in a
single-pass PDC experiment.We experimentally validate this
technique by benchmarking a maximally antisymmetric state
at telecomwavelengthwith near unity fidelity, and implement
a four-photon entanglement swapping scheme. Our work

complements the pulse-gate toolbox [5,10] for TFMquantum
information processing, and establishes a standard for the
generation of TFM quantum states of light while paving the
way for more complex frequency encoding.
In a PDC process, a pump photon probabilistically

down-converts into two photons under momentum and
energy conservation. The second-order nonlinearity of a
crystal mediates the process through the phase-matching
function (PMF) which, together with the pump spectral
profile, dictates the spectral properties of the output
biphoton state in the form of its joint spectral amplitude
(JSA). The spectral entanglement between the PDC pho-
tons is quantified by the Schmidt number via Schmidt
decomposition of the JSA [20]: a separable, unentangled
JSA has a Schmidt number of 1; higher values indicate the
presence of entanglement. Conveniently, this decomposi-
tion also provides the spectral modal structure of the
PDC biphoton state. TFMs can therefore be engineered
by shaping the JSA, either by modifying the pump-pulse
amplitude function [10] or, as we demonstrate here, by
shaping the PMF via nonlinearity engineering. Domain-
engineered crystals have been employed successfully for
the generation of spectrally pure heralded photons [18,19],
where undesired frequency correlations are eliminated by
tailoring a Gaussian nonlinearity profile. Here we extend
this technique to the direct, controlled generation of custom
TFM entanglement.
We use the Hermite-Gauss modes [10] basis to encode

the TFM quantum state, with the goal of generating the
maximally entangled antisymmetric Bell state:

ð1Þ

PHYSICAL REVIEW LETTERS 124, 053603 (2020)

0031-9007=20=124(5)=053603(6) 053603-1 © 2020 American Physical Society



where “s” (“i”) labels the signal (idler) photon. The state
(1) corresponds to the joint spectrum encoded in the TFM
basis states and in Fig. 1(a)
(see the Supplemental Material [21], Sec. 1 for details
on the biphoton spectral structure). We use our recently
developed nonlinearity-engineering algorithm [18] to shape
the PMF [ϕðx;ΔkÞ] as a first-order Hermite-Gauss func-
tion. We design a 30 mm potassium titanyl phosphate
(KTP) crystal for symmetric group-velocity matching with
a 1.3 ps laser pulse [20]. The fundamental domain width is
∼23.1 μm, equal to the coherence length of a 775 nm pump
down-converted into two 1550 nm photons. Our algorithm
chooses the ferroelectric orientation of individual domains
to track a target PMF along the field propagation in the
crystal (see the Supplemental Material [21], Sec. 2 for
details on the algorithm). Figures 1(b) and 1(c) show the
resulting PMF [ϕðΔkÞ at x ¼ 30 mm] and the required
crystal domain configuration.
The designed crystal was manufactured commercially by

Raicol Ltd. We set up a collinear PDC source [19], where a
80 MHz, pulsed Ti:sapphire laser is focused into the tailored
KTP crystal to create orthogonally polarized photon pairs
via type-II PDC. The photons are loosely filtered with a
bandpass filter (∼3 times broader than the PDC photons’
bandwidth). A polarizing beam splitter separates the PDC
photons before they are coupled into single-mode fibers. We
measured a source brightness of ∼4 KHz=mW photon pairs
with a symmetric heralding efficiency > 60%, a reasonable
trade-off achieved by optimizing the pump, signal, and idler
focusing conditions [19].
A full characterization of the biphoton quantum state

could be obtained via quantum state tomography in the
TFM basis, which requires projective measurements onto

three mutually unbiased bases using cascades of tailored
nonlinear processes [22–24], or by reconstructing the JSA
including its phase, which assumes a pure biphoton state
and involves complex interferometric techniques [25–27].
We instead characterize the PDC state using an indirect
approach that exploits joint spectral intensity (JSI)
reconstruction via dispersive fiber spectroscopy [28] and
two-photon interference [Hong-Ou-Mandel (HOM) effect
[29]] to infer information on the populations and the
entanglement of the quantum state, respectively.
The setup for the JSI reconstruction is shown in Fig. 2(a)

(modes I). Each photon is sent through a ∼20 km single-
mode fiber to convert spectral to temporal information
exploiting the fiber dispersion of ∼18 ps=km=nm at
1550 nm. The photons are then detected with supercon-
ductive nanowire single photon detectors (SNSPD), with
∼80% detection efficiency and < 50 ps timing jitter.
Arrival times are recorded as time tags by a Picoquant
HydraHarp in 1 ps bins for offline processing. We collected
∼2.8 × 106 two-photon coincidence counts with respect to
a clock signal, used to center the JSI plots, in 24 hours. The
clock consisted of a third SNSPD triggered by an inde-
pendent PDC source pumped by the same laser (more
details provided in the Supplemental Material [21], Sec. 3).
We reconstruct the JSI over a 36 nm spectral range, ∼12
times larger than the PDC photons’ bandwidth, to ensure
reliable estimation of the JSI properties [20]. The results
are shown in Fig. 3(a). The overlay contours show the
theoretical pump spectrum and the expected PMF (assum-
ing the ideal crystal domain structure and a sech2 pump
function). There is excellent correspondence between the
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FIG. 1. Crystal engineering. (a) Maximally entangled JSA (left)
and corresponding TFM basis states, uðωÞ, vðωÞ (right). The pink
dot-dashed lines and the yellow dashed lines are the 1=e contours
of the pump’s and PMF’s amplitudes, respectively. (b) Target
phase-matching function along the crystal at different momentum
mismatch (ΔK) values: the tracking algorithm chooses the
domain orientation to track the PMF at the quasi-phase-matching
condition ΔK ¼ ΔK0, as shown by the red trace. (c) Target
crystal domain structure.
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FIG. 2. Experimental setup. (a) Biphoton state characterization:
joint-spectrum reconstruction via dispersive fiber (DF) time-of-
flight spectroscopy (modes I) and HOM interference in a fiber
beam splitter (FBS) (modes II). (b) Entanglement swapping
setup: successful entanglement swapping is heralded by a
coincidence detection of the photons after the FBS. The swapped
state is again verified via fiber spectroscopy (modes I) and HOM
interference (modes II). We note that a setup similar to (modes I)
has been used to investigate the spectral properties of HOM
interference [30]. The panel on the right shows the four possible
Bell-state projections at the BS, and the corresponding interfer-
ence pattern.
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theoretical target and the measured JSI, which faithfully
reproduces not only the two main peaks but also the
spectral bandwidth.
The HOM setup is shown in Fig. 2(a), modes II: the

interference pattern is measured by delaying one photon
with respect to the other before they interfere in a fiber BS.
While two-photon interference is typically destructive
and, for PDC photons, exhibits a characteristic triangular
or Gaussian “dip” [19], antibunching at the BS can occur
whenever the biphoton state is at least partially antisym-
metric under particle exchange: more antisymmetry results
in more antibunching [31] (see the Supplemental Material
[21], Sec. 4 for proof). Remarkably, for a biphoton state that
is separable in all other DOFs, antibunching corresponds to
entanglement in the biphoton spectrum [32]. We use this
result to verify TFM entanglement in our generated state.
We show the experimental data in Fig. 3(c): the fitted HOM
visibility is equal to 99.4$ 0.4%, certifying a high degree
of spectral entanglement of the PDC biphoton state (the
fitting function is given in the Supplemental Material [21],
Sec. 1).
Finally, HOM interference between heralded PDC-

photons generated by two identical sources can be used
to estimate the Schmidt number of the biphoton state
[19,33]: since the jψ−i state in Eq. (1) is composed of
two equally weighted TFM basis states, the corresponding
Schmidt number is expected to be equal to 2. We measure a
HOM visibility of 48.8$ 1.2% at 30 mWof average pump
power (see the Supplemental Material [21], Sec. 5
for details), which corresponds to a Schmidt number of
2.05$ 0.05, in excellent agreement with theory.
While the JSI reconstruction doesn’t contain any phase

information, we can exploit our knowledge of the anti-
symmetry and Schmidt number of the biphoton wave
function to reconstruct an “effective” JSA. Specifically,

to guarantee antisymmetry and bimodal structure of the
quantum state, we impose an eiπ sign shift between the
two peaks of the square root of the measured JSI. This
antisymmetric phase shift matches, up to an additional
linear phase, the output of the nonlinearity-engineering
algorithm that generates the state in Eq. (1). The true JSA
might instead have nonlinear phase terms, as long as they
do not affect the Schmidt number we obtained from the
heralded-photon HOMmeasurement (see the Supplemental
Material [21], Sec. 5 for further discussion). The effective
JSA obtained in this way is depicted in Fig. 3(b). It
qualitatively matches the theoretical target JSA shown
in Fig. 1(a) and has an effective Schmidt number of
2.026$ 0.001, consistent with the HOM measurement
and with our numerical simulations (details on the JSI
reconstruction and error estimation are discussed in the
Supplemental Material [21], Sec. 6).
Small variations in the crystal domain widths can be

introduced by changing the crystals temperature. This
results in a shift of the PMF in the ðωs;ωiÞ plane, producing
frequency nondegenerate photons and therefore compro-
mising the antisymmetry of the biphoton wave function.
Surprisingly, this doesn’t affect the Schmidt number of
the quantum state: the biphoton state (1) remains intact,
but the signal and idler TFMs are centered around different
frequencies. This enables the capability of switching
between an antisymmetric state to a nonantisymmetric
one without spoiling the spectral modal structure. We
observe the biphoton antisymmetry breaking by performing
HOM scans at different temperatures, from 20 to 60 degrees
at 1 degree intervals. We show the results in Fig. 3(d):
antibunching (and therefore antisymmetry) is maximal for
perfectly degenerate PDC and it reduces as we tune away
from degeneracy, until no antibunching occurs above a
certain center-frequency offset, as expected from theory.
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FIG. 3. Single source characterization. (a) Measured JSI (right) and zoom on a reduced, 8 nm spectral range (left) to show its main
features. The bin size corresponds to 0.118 nm (see the Supplemental Material [21], Sec. 6 for details). The dot-dashed pink lines and
yellow dashed lines are the 1=e2 contours of the sech2 pump’s intensity, and of the PMF’s absolute value squared calculated from the
crystal domain structure, respectively. (b) Reconstructed effective JSA. (c) Signal-idler interference pattern. (d) Signal-idler interference
varying crystal temperature. The HOM visibility has a maximum at 25 degrees, while no antibunching occurs above 39 degrees. Error
bars assuming Poissonian counting statistics are smaller than the symbol size.
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Multiphoton protocols using TFMs will require the ability
to interfere and swap independently generated TFM-
encoded photons. While a generalized entanglement swap-
ping for TFM has been proposed, it relies on a nonlinear
process between two single photons and therefore has
very low success probability [34]. Here we instead imple-
ment the standard entanglement swapping scheme with the
setup shown in Fig. 2(b). Two entangled jψ−i states are
produced via two independent engineered TFM-entangled
pair sources. The overall four-photon state can be written
as 1=2ðjϕþijϕþiþ jϕ−ijϕ−iþ jψþijψþi − jψ−ijψ−iÞ, a
coherent sum of the four Bell states:

ð2Þ

The joint spectra for all four Bell states and the correspond-
ing HOM patterns are shown in the inset of Fig. 2(b): perfect
antibunching at the BS occurs only for the singlet state,
while triplet states bunch due to the symmetry of their wave
functions. We use this to discern a successful projection on
jψ−i from all the other outcomes: a two-photon coincidence
detection at the two BS outputs corresponds to a projection
on the singlet state and heralds swapping of the TFM jψ−i
state from the two original photon pairs to the two non-
interacting photons (see the Supplemental Material [21],
Sec. 3 for details).
We benchmark the state obtained after entanglement

swapping via fiber spectroscopy and HOM interference, as
shown in Fig. 2(b), modes I and II, respectively. The JSI of
the swapped jψ−i state is again measured by sending the
two photons through a pair of 20 km fibers. In Fig. 4(a)
we show the measured joint spectrum of the two-photon
state without postselection heralded by either one or two
detection events after the BS, corresponding to threefold
and fourfold coincidence counts, respectively. We collect
670k threefold and ∼46k fourfold coincident counts in
72 hours of integration time. We observe four peaks, arising
from a mixture of the four equally weighted Bell state JSAs
[see Fig. 2(b)]. When we instead record fourfold coincident
counts, we measure the spectrum of the swapped jψ−i
biphoton state, recovering the two main peaks on the JSI’s
diagonal [Fig. 4(b)].
We then measure the HOM interference of the swapped

state. Because the probability of generating photon pairs
independently equals that of a double-pair emission in each
source, the maximal theoretical HOM visibility is 25%—
not a fundamental limitation, it only occurs when both
photons of two PDC pairs are interfered, which is not
required for, e.g., repeater protocols. We obtain a HOM
visibility of 24.5$ 0.5%, as shown in Fig. 4(c). We
subtract the multiphoton background determined through
the detection of coincident counts when either of the two
photon sources are blocked. The corrected interference
pattern in Fig. 4(d) yields a HOM visibility of 97.1$ 1.7%,

certifying success of the TFM entanglement swapping
protocol.
We can now reconstruct the effective JSA of the swapped

state under the assumptions discussed earlier, calculating
a Schmidt number of 2.15$ 0.01—slightly higher than
for the single-source scenario, as expected due to discrep-
ancies between independent sources that affect the inter-
ference quality.
We have demonstrated the first instance of TFM entan-

glement generation enabled by nonlinearity engineering,
achieving high generation rates, heralding efficiency and
spectral entanglement. Due to its simplicity and quality, we
expect this technique to be used in a host of different
quantum information tasks. The flexibility in tailoring the
PMF lends itself to the generation of high-dimensional
TFM entanglement: not only can one use higher-order
Hermite-Gaussian PMFs to upscale to qudits [10], but one
can also aim at different PMF shapes for targeting specific
applications, such as frequency multiplexing [35]. The
same nonlinearity engineering technique can be used in
asymmetric group-velocity matching condition [20] to
generate pure, TFM-encoded single photons, as well as
to implement mode filtering and TFM-projective measure-
ments in a quantum pulse gate scheme, complementing the
TFM framework based on pump spectral-shaping [5,10].
Finally, the ability to customize biphoton spectra could be
useful for multiphoton quantum metrology applications in
which measurement precision depends on the shape and
steepness of the HOM pattern [36].
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of the entanglement-swapped state. We display a 8 nm spectral
range with 0.118 nm bin size to highlight the main JSI features.
(c) HOM data without signal error correction. The blue data points
are the fourfold coincidence counts detected by the SNSPDs when
both the sources are active, while red triangles and green squares
are the error signals measured by alternately blocking one of the
two sources. (d) HOM data, corrected for higher-order emissions.
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This document provides Supplemental Material to “Direct generation of tailored pulse-mode en-
tanglement”. The document is structured as follows: In Section 1 we introduce the theoretical JSA
and its components; In Section 2 we discuss the details of the nonlinearity engineering technique; In
Section 3 we give more details on the experimental implementation of our scheme; In Section 4 we
calculate the exact correspondence between the symmetry of the JSA and the interference visibility;
In Section 5 we discuss the Schmidt number measurement and the effective JSA reconstruction; In
Section 6 we give some details on the JSI reconstruction.

1. THEORETICAL JSA AND SPECTRAL MODES

The JSA in Fig. 1(a) of the main text is obtained by combining a Gaussian pump with an antisymmetric PMF
shaped as the first order Hermite-Gaussian function multiplied by a Gaussian envelope:

α (ωs, ωi) = e−
(ωs+ωi)

2

2σ2

φ (ωs, ωi) = e−
(ωs−ωi)

2

2σ2 (ωs − ωi) .
(S1)

The corresponding PDC first-order emission biphoton state reads:

|ψ− (ωs, ωi)〉s,i =

∫∫
dωsdωiα (ωs, ωi)φ (ωs, ωi) a

†
s(ωs)a

†
i (ωi) |0〉s,i

=

∫∫
dωsdωi exp

[
−ω

2
s + ω2

i

σ2

]
(ωs − ωi) a†s(ωs)a

†
i (ωi) |0〉s,i ,

(S2)

where we are omitting the wavefunction normalisation. (S2) can be decomposed into the convex sum of a set of
orthonormal one-variable function by performing the Schmidt decomposition:

|u(ωj)〉j ≡ | 〉j =

∫
dωj exp

[
−
ω2
j

σ2

]
a†j(ωj) |0〉j

|v(ωj)〉j ≡ | 〉j =

∫
dωj exp

[
−
ω2
j

σ2

]
ωja
†
j(ωj) |0〉j ,

(S3)

with j = s, i. The shape of the two spectral modes is shown in Fig. 1(a). Following from (S3), the biphoton state can
be therefore written as follows:

|ψ− (ωs, ωi)〉s,i =
1√
2

(|u(ωs)〉s |v(ωi)〉i − |v(ωs)〉s |u(ωi)〉i)

=
1√
2

(| 〉s | 〉i − | 〉s | 〉i) .
(S4)

The state in (S4) is a maximally entangled singlet state in the spectral-temporal mode basis.
The expected HOM interference pattern corresponding to this state can be calculated as described in [1], and has

the form:

pcc(∆t) =
1

2
− 1

4
e−

1
4σ

2∆t2(σ2∆t2 − 2) , (S5)

where pcc is the coincidence-count probability after interference, σ depends on the biphoton bandwidth and ∆t is the
relative arrival time of the two photons at the BS. We use (S5) (with an additional visibility scaling factor) to fit the
HOM data.
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2. ENGINEERING ALGORITHM

We use the domain engineering technique introduced in [2] to shape the PMF of the crystal to an almost-arbitrary
function. For generating the two-photon entangled state described in (S4), we need a PMF (Φ) of the form:

Φ(∆k) = exp

[
−σ

2

2
(∆k −∆k0)2

]
(∆k −∆k0) , (S6)

where σ is the parameter determining the PMF’s width, ∆k is the momentum mismatch, ∆k0 = π/` is the quasi-
phase-matching momentum, being ` the coherence length of the process (2` corresponds to the poling period of a
standard periodically poled crystal). An inverse Fourier transform of (S6) gives the target nonlinearity profile along
the crystal:

gtarget(x) = FT −1 [Φ(∆k)] = i exp

[
−

(x− L
2 )2

2σ2

]
exp [i∆k0x]

(
x− L

2

)
, (S7)

with L the crystal length, and where we have omitted the multiplicative constant. By integrating gtarget(x) along the
longitudinal direction of the crystal, we obtain the target phase-matching function that our algorithm needs to track:

Φtarget (x,∆k = ∆k0) = −i
∫ x

0

gtarget(x
′)ei∆kx

′
dx′
∣∣∣∣
∆k0

=

−i 2
√
e

πσ
exp

[
−L

2 + 4x2

8σ2

](
exp

[
x2

2σ2

]
− exp

[
L x

2σ2

])
σ2 ,

(S8)

where the prefactor is chosen for matching the maximum function’s slope allowed by the field tracking algorithm in
order to maximise the photon pairs production [2]. The parameters chosen for this experiment are L = 30mm and
σ = L/5. Fig. 1(b) in the main text shows the tracking function described in (S8) and the corresponding overall
phase-matching function along the crystal.

3. EXPERIMENTAL SCHEME
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FIG. S1. Experimental setup. (a), Collinear PDC source. (b) Signal-idler JSI reconstruction. (c) Signal-idler HOM setup. (d)
JSI reconstruction of the entanglement swapped state. (e) Entanglement swapping HOM setup.

The TFM entangled photon source consists in the collinear PDC source shown in Fig. S1(a). A 80 MHz, pulsed
Ti:Sapphire laser (Spectra-Physics: Tsunami) is filterd in polarisation by a Glan-Taylor polariser, and focused into
the nonlinearity-engineered KTP crystal. Pairs of orthogonally-polarised photon are produced in a collinear, type-II
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downconversion process. The 1550 nm photons are filtered from the 775 nm pump pulse with a dichroic mirror and
a longpass filter, and are then loosely filtered with a bandpass filter (∼ 3 times broader than the PDC photons’
bandwidth) to remove any additional spectral noise. A polarising beamsplitter separates signal and idler before they
are coupled into single-mode fibres.

Fig. S1(b) shows the signal-idler JSI reconstruction setup. Each PDC photon is sent through a ∼20 km single-mode
fibre to convert spectral to temporal information exploiting the fibre dispersion of ∼18 ps/km/nm at 1550 nm. The
arrival time of the PDC photons is measured with respect to a clock signal provided by the detection (via a third
SNSPD) of single-photons generated by an additional PDC source synchronously pumped by the same laser pulse
that also pumps the PDC source. Such clock signal has < 50 ps timing jitter (corresponding to the detector jitter)
and ∼0.9 MHz rate.

Fig. S1(d,e) show the entanglement swapping setup. The four-photons state produced by the two PDC sources is
|ψ−〉1,2 |ψ−〉3,4, where the labels correspond to the modes 1, 2, 3, 4 shown in Fig. S1(d,e). This state can be rewritten
considering a different bipartition of the Hilbert space:

1

2
(|φ+〉2,3 |φ

+〉1,4 + |φ−〉2,3 |φ
−〉1,4 + |ψ+〉2,3 |ψ

+〉1,4 − |ψ
−〉2,3 |ψ

−〉1,4) ; (S9)

where the |...〉2,3 states correspond to the photons interfering in the BS; the |...〉1,4 state corresponds to the two non-
interfering photons. Amongst the four possible Bell states in modes (2, 3), only the singlet |ψ−〉2,3 is antisymmetric
and antibunches at the BS, exiting from opposite ports, while the other three triplet states bunch at the BS, exiting
from the same port, as we show in the HOM patters in Fig. S1(e). Whenever the counting logic detects two clicks of
the SNSPDs at the BS outputs, a successful swapping of the |ψ−〉1,4 state on the non-interfering photons is heralded.
Finally, the photons in modes (1, 4) are either sent in long fibres for the JSI reconstruction (Fig. S1(d)) or into a BS
for the HOM interference (Fig. S1(e)): overall, only four-clicks events correspond to the heralding and measurement
of the swapped state.

Unlike the standard biphoton JSI reconstruction we show in Fig. S1(b), where an external clock signal is needed to
reference the arrival time of signal and idler, in our entanglement swapping scheme a two-clicks event in the SNSPDs
at the output of the BS acts both as herald of a successful projection on |ψ−〉2,3, and as a clock signal for the arrival
time of the photons in modes (1, 4). This is possible because the photons in modes modes (2, 3) after the BS are
not sent through long fibres, and their arrival time is well defined in time (and within the detector jitter window):
therefore, there is no need for an additional clock signal.

4. CORRESPONDENCE BETWEEN JSA ANTISYMMETRY AND INTERFERENCE ANTIBUNCHING

Any JSA can be decomposed in its symmetric and antisymmetric parts as follows:

f (ωs, ωi) =
f (ωs, ωi) + f(ωi, ωs)

2
+
f (ωs, ωi)− f(ωi, ωs)

2
f (ωs, ωi) = γfs (ωs, ωi) + δfa (ωs, ωi) ,

(S10)

where fs (ωs, ωi) = fs(ωi, ωs), fa (ωs, ωi) = −fa(ωi, ωs) are normalised functions:∫∫
dωsdωi|fs (ωs, ωi)|2 =

∫∫
dωsdωi|fa (ωs, ωi)|2 = 1 , (S11)

and γ, δ need to satisfy the following condition: |γ|2 + |δ|2 = 1.

The probability of having coincident counts after the BS (i.e. antibunching) reads [1]:

pcc(∆t) =
1

2
− 1

2

∫∫
dωsdωif

∗ (ωs, ωi) f(ωi, ωs)e
i(ωi−ωs)∆t . (S12)

We now replace the JSA with its decomposition in symmetric and antisymmetric parts, and consider the photons
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arriving at the same time at the BS (∆t = 0):

pcc(0) =
1

2
− 1

2

∫∫
dωsdωi

(|γ|2|fs (ωs, ωi)|2 − γ∗δf∗s (ωs, ωi) fa (ωs, ωi) + γδ∗f∗a (ωs, ωi) fs (ωs, ωi)− |δ|2 |fa (ωs, ωi)|2
)
.

(S13)

The integral of the mixed terms is equal to zero because the overall product of fs and fa is antisymmetric, and
considering the normalisation conditions in (S11) the coincidence probability reads:

pcc(0) =
1

2
− 1

2
(|γ|2 − |δ|2) = 1− |γ|2 = |δ|2 . (S14)

5. SCHMIDT NUMBER ESTIMATION AND EFFECTIVE JSA RECONSTRUCTION

The spectral purity (and, consequently, the Schmidt number) of the JSA can be mapped to the interference visibility
in an heralded-photon HOM experiment between two identical PDC sources [1, 3]. This can be measured with a setup
analogous to Fig. S1(e), without one of the two HOM interference stages (i.e. only one photon from each source is
interfered in the BS, while the other is sent to an SNSPD and used for heralding). With such scheme, we measure
a HOM visibility of 48.8 ± 1.2% at 30 mW of average pump power (see Fig. S2 for the data), which corresponds to
a Schmidt number of 2.05 ± 0.05, in excellent agreement with the Schmidt number 2 expected for the maximally
antisymmetric singlet state.

V = 48.8±1.2% Schmidt
number = 2.05±0.05

-4 -3 -2 -1 0 1 2 3 4
0

1

2

3

4

Δt (mm)

cc
(·1

03
)

FIG. S2. Heralded HOM interference data.

The JSI reconstruction provides full information on the absolute value of the JSA, but it doesn’t give any information
on the phase of the biphoton state. In the case of Eq. (S2), the value of |JSA| corresponds to:

|f (ωs, ωi)| = exp

[
−ω

2
s + ω2

i

σ2

]
|ωs − ωi| , (S15)

which is in good agreement with the JSI we measured and showed in Fig. 3 of the main text. Any additional phase
that multiplies Eq. (S15) has to provide an antisymmetric state in the signal and idler frequencies, otherwise it
wouldn’t produce a HOM peak: moreover, it also has to preserve the very specific interference pattern we derived
in Eq. (S5) and measured with the setup in Fig. S1(c). In particular, we restrict our analysis on JSA phase to a
function of the form (ωs − ωi): this is a good approximation for the symmetric group velocity matching condition,
where the dependence of ∆k on the signal and idler frequencies rising from the phase-matching function is linear and
perpendicular to the pump field [4].

We now consider a π phase between the two JSA peaks and an additional linear phase: this is the expected PMF
structure produced by the nonlinearity engineering scheme used to design the crystal, as shown in Fig. S3. Under
this assumption, the JSA reads:

f (ωs, ωi) = exp

[
−ω

2
s + ω2

i

σ2

]
(ωs − ωi) exp [i const (ωs − ωi)] , (S16)
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FIG. S3. Absolute value of the PMF (blue line) and corresponding phase (red line). The phase is linear (except in regions
where the amplitude is almost zero), and has a π phase shift between the two peaks.

where “const” is the gradient of the phase, and the Schmidt decomposition provides the corresponding orthonormal
modes:

|u(ωj)〉j ≡ | 〉j =

∫
dωj exp

[
−
ω2
j

σ2
± i const ωj

]
a†j(ωj) |0〉j

|v(ωj)〉j ≡ | 〉j =

∫
dωj exp

[
−
ω2
j

σ2
± i const ωj

]
ωja
†
j(ωj) |0〉j ,

(S17)

where the +(−) sign is used for the signal (idler) photon. The Schmidt number corresponding to Eq. (S17) is 2, as for
the antisymmetric JSA without linear phase in Eq. (S2), and the overall JSA is still antisymmetric. The corresponding
HOM pattern reads:

pcc(∆t) =
1

2
− 1

4
e−

1
4σ

2(∆t+2const)2(σ2(∆t+ 2const)2 − 2) , (S18)

which still exhibits perfect antibunching and the same shape. This phase is therefore a suitable candidate for de-
scribing the measured quantum state, as expected from the crystal engineering technique used to tailor the PMF
and consequently the JSA of the PDC process. Other phase structures might, in principle, give rise to a JSA having
a Schmidt number equal to 2 while preserving the same HOM structure: testing this possibility would require a
phase-sensitive JSA reconstruction [5–7].

6. JSI RECONSTRUCTION AND ERROR ESTIMATION

The measured JSIs are 12250 × 12250 matrices, where each bin has a size of 1 × 1 ps, corresponding to the
timing logic’s resolution. We calibrate our dispersive-fibre spectrometer with a reference signal with respect to a
commercial single-photon CCD spectrometer, obtaining a scaling factor of ∼2.94 pm/ps (centred around 1550 nm).
This corresponds to a total measurement spectral range of ∼36 nm. We down-sample the JSIs to 40× 40 ps bins for
reducing the sparsity of the data and computing the singular value decomposition (as numerical implementation of
the Schmidt decomposition). The error on the extracted Schmidt numbers represents 3σ statistical confidence regions
obtained via Monte-Carlo re-sampling (10k runs of the algorithm) assuming a Poissonian statistics on the coincident
counts distribution.
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