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SYMMETRIZATION INEQUALITIES IN THE FRACTIONAL
CASE AND BESOV EMBEDDINGS

JOAQUIM MARTIN

ABSTRACT. We prove new extended forms of the Pélya-Szegd symmetrization
principle in the fractional case. As a consequence we determine new results
for rearrangement invariant hulls of generalized Besov spaces.

1. INTRODUCTION

Recently sharp forms of the Sobolev embedding theorem have been obtained
using new symmetrization inequalities. In [2] it was shown that the oscillation of
the decreasing rearrangement of f, f*(t) = f**(¢) — f*(¢) can be estimated by

(L.1) F3(8) < et VAT (1), f € OGO (R™)

where f**(t) = %fg f*(s)ds, and f* is the non-increasing rearrangement of f.

The formulation of inequalities in terms of the oscillation f¥(¢) leads to general
forms of the Sobolev embedding theorem that are sharp up to the endpoints and
particularly useful in the study of higher order Sobolev inequalities (see [2], [20],
22), [25).)

In [18] we studied the fractional case and we obtained the following estimate:
Let X(R") be a rearrangement-invariant Banach function space (r.i. space) and
f € X(R™). Then

* wX(fa tl/n)
(1-2> fo(t) SCT@)7

where ¢x (t) denotes the fundamental function of X (R™) and wx (f,¢) is the mo-
dulus of continuity of f € X (R™) with respect to the X (R™)—norm (see Section 2
below).

For higher order derivatives the Pdlya-Szegd symmetrization principle, which
underlies the validity of (1.1) and (1.2), fails. Nevertheless, it was shown in [19]
that starting from (1.1) one can develop an iteration argument that leads to a sharp
higher order version of (1.2) when one works on R", but for domains an estimate
like (1.2) is still unknown, even in the case of functions that vanish at the boundary.

The main purpose of this paper is to study Besov-type inequalities involving r.i.
spaces. We do this by determining estimates like (1.2) on domains.

The paper is organized as follows. Section 2 contains background material on
r.i. spaces, together with the definitions and results required later on.

Key words and phrases. Symmetrization, Besov spaces, Sobolev spaces, rearrangement invari-
ant spaces.
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In Section 3 we shall obtain rearrangement inequalities involving the moduli of
continuity on domains. Our main result of this Section (see Theorem 1 below)
states that given 2 an open bounded domain in R™ with Lipschitz boundary (for
the sake of simplicity we fix [2| = 1, and we write Q € Lip;), X(Q) a r.i. space and
k €N, k>0, then for all f € W*¥X(Q) and 0 <t < 1 we have that
(1.3)

Lt (wx) (DS, 5%) + 5% D fo) s

fr<e Z / ox(s)

lel=k

Z > I Fllx ey

J=0 |a|=j

where the constant ¢ > 0 is independent of f.
Here W*X(Q), is the Sobolev space defined by

WEX(Q) = {f: Df € X(Q), for all a, |a| <k},

endowed with the norm

Hf“wkvx(sz) = Z ||Daf||x(sz) J
0< || <k
(WhX(Q) = X(Q), if k = 0).
We will also use the following notation for the the X (€)—modulus of continuity
of f:

0<|h|<t
with Q(h) ={zeQ:x+phecQ, 0<p<1}and h € R™
In Section 4 the estimate (1.3) will be used in order to obtain sharp embedding
results for generalized Besov space B (see Section 2 below), i.e. the function
space endowed with the norm

. a4 1/q
£l = l|f||x+(/0 (W) tt> ’

where wx (f,t)k+1 is the (k+1)—modulus of continuity of f € X (), p a function in
Ay (ie p(t)/tF is equivalent to a quasiconcave function and there are 0 <y <& < 1
such that p(t)/t**¢ is almost decreasing and p(t)/t**7 is almost increasing') and
1 < g < oo. For example, if p(t) =7, ¢t € (0,1], 0 < 0 < 00, and X = LP, then
B§{7q is the classical Besov spaces By .

Our main result of this Section is Theorem 2 which states that we can associate
with the Besov space B)p((ﬂ)’q a weight w = w, x 4 such that

(1.4) Bf (., € T(w),

X(Q),q

where I'P(w) is the Lorentz space defined by those measurable functions f, such
that the functional

1wy = ( / P eputas) "

is finite (1 < p < oo, with the usual change if p = c0). Moreover in Theorem 4 we
shall see that (1.4) is optimal among the possible target r.i. spaces, in the sense
that if Y =Y (Q) is any r.i. space, then

B)”((Qm cCYeTlw)CY.

LA typical example is provided by p(t) = t°(1 + [logt|)’, k <o < k+1, b €R.
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We finish this Section considering some “Hardy—type inequalities” (in the sense
of [28]) and with two applications of Theorems 2 and 4 in the particular cases of
classical Besov spaces and Besov spaces of generalized smoothness.

Finally in Section 5, following the ideas introduced in [22], we consider rearrange-
ment invariant sets expressed in terms of the oscillation of f*, defined as follows

1 1/q
SQ<v>={feM<m:||f|m>=( / f;‘(t)qv(t)dt) +|f||L1<OO}~

We shall see that if X = X() is a r.i. space satisfying some mild conditions, then
we can associate to the generalized Besov space B§(7 g weight v = v, x 4 such that
B, € S%(v). Moreover if Y = Y(Q) is a r.i. space such that BY , C Y, then
SP(v) C Y. This result extends and sharpens, in the limiting case, some results
given in the previous section.

As usual, the symbol f ~ g will indicate the existence of a universal constant
¢ > 0 (independent of all parameters involved) so that (1/¢)f < g < ¢ f, while the
symbol f < ¢g means that f < cg.

2. PRELIMINARIES
‘We shall briefly collect some definitions, notations and properties about functions

and function spaces involved in our discussion.

Fundamental Indices of functions. (See [3] and [16]). Let ¢ be an increasing
function on (0, 1) such that 1/(0") = 0. The fundamental indices of ¢ are defined
by

= - lnMw(t) - ln Mw(t)
51/’ B égﬁ Int and gd’ B QS<1:I<)1 Int ’
where
t
My(t) = sup W S), t>0.

s€(0,min(1,1/t)) Y(s)
It is well known (see [16]) that 0 < Qw < By < oo

Lemma 1. Let ¢ be a quasiconcave function defined on (0,1), such that »(0T) = 0.
Then 0 < gw < By < 1. Moreover

(1) If B, < 1, then for every 8, < 7 < 1 the function v(s)/s” is almost
decreasing (i.e. 3¢ > 0 s.t. ¢¥(s)/s” < cp(t)/t" whenever ¢ < s).

(2) It gw > 0, then for every 0 < v < @w the function 1 (s)/s" is almost
increasing (i.e. dc > 0 s.t. ¥(s)/s” < eip(t)/tY whenever t > s).

(3) If B v 0, there exist a concave function ¢ and constant ¢ > 0 such that

) S D) S eb(t) and DO/ < SO0 < D)t

Proof. Parts (1) and (2) are a simple exercise. For example to see (1), it follows
from the definition of fundamental indices that if v > 3, then there is ¢ > 0 such
that

My(t) < et if t > 1.
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Thus
Y(ts)
¥(s)

Considering v = st, v = u/t, then v < wu and

<ct?, forall 0 < s < 1/t.

P(u) u\?
o =<(3)
For part (3) see [26, Theorem 2.4]. O

We will say that a continuos increasing function p : [0,1] — [0, 00) belongs to
the class Ay (k € N) if there is a quasiconcave function ¥ such that

p(t)/t* ~W(t), with 0< g, < By <1,

Obviously, if p € Ay, then k < 3 < B, <k+1.

Rearrangement Invariant Spaces. (See [3] and [16]). A rearrangement
invariant space (r.i. space) X(R"™) is a Banach lattice of Lebesgue measurable
functions on R™ endowed with a norm || - || x that satisfies the Fatou property and
is such that, if f € X and ¢g* = f*, then g € X and ||g||x = |||l x-

Given any measurable subset 2 of R", if we let

X() ={fxa: fe XR")},

it is obvious that, by defining

Hf“x(sz) = ”fXQHX(R“) )
X () is a rearrangement invariant space.
The fundamental function of a r.i. space X(Q) is defined by
Px(s) = lIxallx

(where A is any measurable subset of Q with |A4| = s.)
The fundamental indices §, and By of X are defined as the fundamental
indices of its fundamental function ¢x (s).
Finally recall that every r.i. space X has a representation as a function space on
X(0,|9) such that
1l x @) = 115 0,10 -

When the measure space is clear in the context we will “drop the hat” and use the
same letter X to indicate the different versions of the space X that we use.

Hardy’s operators and weights. We shall make use of the weighted inequal-
ities collected in the next result:

Proposition 1. (See [23]) Let P and Q be the Hardy operators defined by

ds
5

¢ 1
Ph(t) = 7/0 h(s)ds; Qh(t) :/t h(s)

Let w,v be weights (positive and measurable functions) on (0,1). Then
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P: LY (w) — Li(v) is bounded
if and only if

1 1/q r 1/(],
1) / wt(qt) dr) (/ v(r)~1 'Hdr) <ec, ifl1<q< oo,
2.1 T 0

w(r) [T dt L
, /OU(t)SC, if ¢ = o0.

Q : LY (w) — L9(v) is bounded
if and only if

r 1/ 1 _ // 1/‘1/
(/ w(t)dt> q(/ U(t)tq,qth> <e¢ ifl<g<oo,
(2.2) 0 r

Y1odt :
w(t)/r @?gc, if ¢ = oo,

1 1/q
where || f|| a(w) = (/ |f(t)qw(t)dt) and, as usual, 1/q+1/¢' = 1.
0

The next two lemmas will be useful in the following sections.

Lemma 2. Let p € Ay, and 1 < q < co. Define w(t) = tF+Da=1/p(t)a. Then
P: LY (w) — LY (w) and Q : LY (w) — L%(w) are bounded.

Proof. We need to check that conditions (2.1) and (2.2) hold. By Lemma 1 we have
that

[ [ () [ (22) 7 2 () ()
and similarly
[rmerrmans [ (52) %= [ (80) 5 () (52) -

To see condition (2.2) chose 0 < v < 1 such that p(t)/t**7 is almost decreasing.

Then
t t k+v\ 4 k+v\ ¢ k+1\ ¢
/ w(x)dm:/ (x > 1_dm+ < (t ) pa(1=7) _ (t)
0 o \plx)/ al-at p(t) p(t)
Vap(z)='+1 do — Yop)\" de < pt) "
. d B . rk+y rd =g+l — \ ¢k+1 )

Lemma 3. Let p € Ay and X be a r.i. space. Consider the function

ox()\11
o(t) = (5f) 4 ni<e<w
ox(t)

P77’

and

if ¢ = oo.
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Ifpe Ay (k>1) and
By = By/n.
then
Q: LIt ™u(t)) — LItV u(t)) (1< q < o0)

is bounded. Moreover for 1 < g < oo we have that

1
/ t "y (t)dt < oo .
0

Proof. To establish the boundedness of @ on L9(t9/™u(t)) we need to check that
conditions (2.2) are fulfilled. To this end we first prove that if ¥ € Ay, 1 < g < o0
and

(2.3) By > By/n

then

(2.4 [ Gam) 5= ()
and

(2.5) 1+ /Tl (ig(j(/;;))q % - (t(;l(:;))q.

Effectively, since 0 < 3,/n < B Proposition 1 ensures that %(bx(s) ~ ¢x(s)/s.

Thus
" ox(s) \"ds 1 o ds
[ Gm) 52 (o) [ oxorss
1 o 4 0
()
=)
Conversely, using that ¢ € Ay and (2.3), Lemma 1 allows us to choose

By

k
ﬁx>ﬁ>i>—>0
— n n

such that ¢x (s)/s” is almost increasing and 1(s)/s**7 is almost decreasing. There-
fore
[ (i / ox()\" (7N (pons) s
o \¥(sV™)) s o s? P(st/m) s
v+k q o
e
AN ety ) Jo E
q
ey
e(rt/m)
Finally, to see (2.5) set ¢(r fo (¢( s) ) , then by (2.4), we have that

[ (55) * =] S
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Now, to prove Lemma 3, consider ¥ (t) = p(t)/t. Since p € Ay, (k> 1) and

Bp Bp - 1 Bw
bx=%> " T
(2.4) and (2.5) holds for ¥(t) = p(t)/t, and now, an easy computation shows that
conditions (2.2) are fulfilled. Moreover

[ [ (80 = (58 <

Generalized Besov spaces. (See [3], [14], [24] and the references quoted
therein). Let 2 C R™ be an open domain, and X = X () be a r.i. space. We set

Qhr)={zeQ:z+pheQ, 0<p<1}, heR™

Given r = 1,2,..., the r—modulus of continuity wxq)(f,t), of a function f €
X () is defined by

O

wWx(Q) (fa t)r = 0<S|L}ILI\)<t ||A2fXQ(7h) ||X ;

where
Ailzf(x) = f(:)? + h) - f(.%‘) and A;ﬁ{f(x) = A}L(AZ)J((CU)’ r=12.3,---

If r = 1 we write wx(q)(f,t) instead of wx(q)(f,t)1, and in what follows we shall
write X instead of X (), whenever it is clear which subset we are working with.

Let p € Ag, let X = X(Q) be a r.i. space, and let 1 < ¢ < oo. The generalized
Besov space B§(7 g 18 the function space endowed with the norm

e @ g\ M
@0 Wiy, =0+ ([ (ZL2=) ) =l + 17l

(with the usual change if ¢ = c0).
Example 1. If p(t) =t, ¢t € (0,1], 0 < 0 < 00, and X = LP, then B§(7q is the
classical Besov space By .

If p(t) = t°0U(t), t € (0,1], 0 < 0 < o0, U is a slowly varying function (see
Section 4 below) and X = LP, then

B, = B

p,q

where the space B,(fq"l}) is the Besov space of generalized smoothness (see [15], [21],
[8], [17], [10] and the references quoted therein.)

Proposition 2. Let p € A, X = X(Q) be a r.i. space and 1 < q < oo. If r varies
over all positive integers with r > k + 1, then

(2.7 Hﬂb;q2|ﬂuf+<él<M1z;%>q?>ua

Moreover, considering the norm defined by

@8) Ml = > 1D lx+ X (Al(ﬁWﬁxngﬂ)q?)”q

0</al<k lal=k
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we get that H||1*B§(q and ||-HB§()Q are equivalent. In particular
B% , C WEY(Q).
Proof. Assume that p € Ay for some k£ > 1 (in the case k = 0 (2.6) and (2.8)
coincide). Obviously condition Hf||};§(q < oo implies f € WFX(Q). Thus (see [14,
formula (2.4)])
wx (ft)ep1 < ot Y wx (DY 1),

la|=k
and therefore
1£llsg, < elflig -

For the converse, first of all notice that for all 1 < j < k, Lemma 1 implies that

) s ) = [ () ()

Suppose ||fHB§(.q < 00, then for all 1 < j < k, we have that

[ (] (sl )" () 2

<cllfllgy < oo

which implies that (see [14, formula (2.7) ])
twux(f,s ds

@10) wx(0r = [ DAL p gt 0 ol =k
0

and (see [14, formula (2.6)])

1
N 1 e R E
0

Thus

L s s 1ok, « q 1/q
I, <5l + [ Xty 5o ([ (Ex(OUROY ) oy ()
|a|=k

<, + 3 ([ (W)iﬁ)/ (by (29))

||=k

L/ k1, s ght1 q 1/q
=< IIfIIB;JZJrlZ (/0 (t il X(fl’)(g)’““/ )(t)> Cit) (by (2.10))
al=k

<l + ( / 1 (W)Cf)/ (by Lemma 2)

|| =k
= ||f||B§(7q :

Claim (2.7) follows easily from Marchaud-type inequality (see [14, formula (2.5)])

1
wx%ﬂﬁﬁﬂmu+y/'ﬂ%gk?
t

and Lemma 2. O

(1<j<r-1)
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Inequalities for higher order derivatives. We shall need some estimates
from [19] which we state here for the benefit of the reader. Given a vector u € RY
we denote by |u| its ¢2(R™)-norm.

If g is a locally integrable function having weak derivatives of order r € N, we
denote by d"g the vector (D%g) of all derivatives of order |a| = r.

|a]=r
Lemma 4. Let Q € Lip,. Suppose f € WEX(Q), k > 1.
(1) If k=1, then
Fr() <tV V1), (0 <t<1/2).
(2) If k > 2, then

k—1

1/2 " k—1 )
fr(t) < et'/m /t s (d¥f) (8)%+ZI||djf|HLl , (0<t<1/2),
j=1

where the constant ¢ := c(n, k) > 0 is independent of f.

3. SYMMETRIZATION TYPE INEQUALITIES IN THE FRACTIONAL CASE

In this section we shall obtain rearrangement inequalities for moduli of continuity.
We start with an extension of (1.2) for domains. To this end, let us see that if
Q € Lip; and X (Q) is a r.i. space, then there exists an operator E such that

E:X(Q) — X (R") and E : WH¥(Q) — WHX(R")
is linear, bounded and
Ef(z) = f(x), zel,
(in what follows the operator F will be called an extension operator.)

To prove this claim, recall that since  has Lipschitz boundary (see [27] and [4]
for more information about extension methods) there exists an extension operator
E such that

Ef(z) = f(z), z€q.
Moreover
E:L'(Q) — L' (R, E:W-YQ) — WH(R")
and
E:L®(Q)— L™ ([R"), E:W"(Q)— WH>(R")
is linear and bounded.

So, by interpolation we obtain the following inequalities in terms of K —functionals?
(3.1) K(t, Ef, L' (R"), L% (R")) < cK(t, f, L' (Q), L™ ()
and

(3.2) K(t, Ef, WhY(R™), WL (R™)) < cK (t, f, WHH(Q), W (Q)).

2Recall that given a compatible pair of Banach spaces (Xp,X1) the K—functional
K(f,t, Xo,X1) is defined for f € Xo + X7 and ¢ > 0 by

KXo, X0 = _inf {llfollx, + ¢l } -

f
f=fo+

We refer the reader to [3] and [16] for further information about interpolation theory.
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Inequality (3.1) is equivalent to (see [3, Chapter 5, Theorem 1.6])
t

(3-3) (Eff(@dsétiﬁ f%$d8=14 ((Ef) xe)" (s)ds

0

and inequality (3.2) is equivalent to (see [3, Chapter 5, Theorem 5.11] for the left
hand side, and [9, Theorem 2] for the right hand side)

(3.4)
/O (B () + (V(ES) (5)) ds < / (F(s) + (V)" (5)) ds

—c / (Ef)xa) (5) + (Y (ES) xa))" (5)) ds.

It follows from (3.3) (see [3, Chapther 2, Corollary 4.7]) that for any rearrangement
invariant space X (R"™)

HEfHX(]R") = ||E(fXQ)HX(Rn) = HfHX(Q) :

Similarly, from (3.4) we obtain

HEJC”vvl,X(Rn) =B (fXQ)”WLX(Rn) = ||f||W1>X(Q) :

Let us also recall that since  has Lipschitz boundary (see [14, Theorem 1] and
[3, Chapter 5, exercise 13, pag. 430]) we get that

. 1,X _ . B
(35 KgX(@.W @)= it (1 gl + oo

~wx(g,t) +tlglly, 0<t <1

In the next set of results we shall obtain pointwise estimates that will play a
central role in what follows.

Lemma 5. Let Q2 € Lip; and f € X (). Then

(Ft ™)+t £l x
bx(t) ’

(3.6) (E)™ (1) = (Bf)" (t) < =X

0<t<l,

where E is any extension operator.

Proof. Since the extension operator E is linear and bounded we have

K(t,Ef,X (R"), W' (R")) = . inf (”Ef —9llx@n) +1 ”gHleX(R"))

Scﬁe&ﬁﬁgn(Wf—guxm)+tHgMVLWQO

= cK(t, f; X (), W ().
Obviously,

. n 1,X n
g€W11rv1£(R") (HEf — 9llx @y +1 HVQHX(]R")) < K@t Ef, X (R"),W>7 (R")).
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But (see [3, page 341])

ox(Ef) > int - (IBF =gl +1V0lx )

and (see [18, Theorem 2])

wx @y (Ef, t1/™)

(BN @) —(Ef) () <c ox (D)

Thus we conclude that

(Ef)” ()= (Ef) () <c

WX(R")(Efatl/n) =< K(tl/n7Ef7X(Rn> 7W1’X (Rn))

dx (1) - ox(t)
~ K™, f; X (Q), W ()
- ox(t)
wx (@) (f ™)+t [ fllx
< ox (0 (by (3.5)).

O

Corollary 1. Let Q € Lip,;. Let X = X(Q) be a r.i. space such that Hardy’s
operators P and Q are bounded on X. Then for all f € C§°(Q2)

i e X ()
I - < py ,

Proof. Let E be the Calderén extension operator (see [1, Theorem 5.28] and [12]).
Since f € C§°(2)

0<t<1.

Ef(z) = f(z)
where f is the zero extension of f. Therefore
(Ef) () = ())"(t) = f*(¢)
and Lemma 5 applies. O

The following result is the counterpart of Lemma 5, for £ > 1.

Lemma 6. Let Q2 € Lip;. Assume that k > 1 and f € WEX(Q). Then

kE—1

f:(t) < Ctl/" Z /1 S n
t

|| =k

k

(wx (Df,s%) + s% |Df|l ) ds }
ox(5) " +JZH!de|HX ,

=0
where the constant ¢ := ¢(n, k) > 0 is independent of f.

Proof. We first assume that £k = 1. By Lemma 4 we know that
frt) < et /M V@), 0<t<1/2.
For 1/2 <t < 1, we get that

(3.7) fo®) < f7 () <2f7(1) =2 fll . -
Combining both inequalities we obtain
(3.8) Fo@) 2tV 4 1 fllp, 0<t <1

Let E be an extension operator, and let

h=IVfl.
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From FEh(z) = h(x) for a.e. z € , it follows that h** < (Eh)**. Thus, by (3.6)
we get that

(3:9) VI () < (BN () = [ (W) (@) - () (@) T+ (B (1)

wx (h, t1/™) 4 ¢1/7 ||h||x>
< = IER 1 s -
[ ( L 1BR s e
Obviously,
(3.10) IR gy < el = IVl

Combining (3.8), (3.9) and (3.10) we conclude that

n (wx (Df,s7) + 57 [Dfllx) ds | =11
oz ([ LTI S, )

=0

In the case £ > 1, Lemma 4 shows that

* 1/n 1/2 k=1
fi(t) < et ;
t

k—1
17 OZ+ el | o<e<ire,
j=1

whence, using again (3.7), we obtain

k—1
fr(e) < ¢t/m (/ s |dF T (s) ds+Z|||d"“f|HLl), 0<t<Ll
t

Now, as in the previous case, let E be an extension operator, and let h = |dk' f|.
Since Eh(z) = h(z) a.e. x € Q, we have h** < (Eh)** and again by (3.6)

[ £ () < (ER)™(s) = / <<Eh>**<x>—(Eh)*(sc))@ﬂEh)**( 1)

1 1/n 1/n
s ¢X( )

with [|ER[| 1 gny < cl[hllg = I||d* £ ||L1 . Finally by Fubini’s theorem

Vo [t R, 2Ym) 4+ 27 b\ dz\ ds LI
*t _<t1/n/ ( kn / <WX( X) ) —|—t1/n d] )
g <o [ [ s FRa W (L[

1 k=t 1/n 1/n k
1/n s (wx(h,s'/™) +s ||h||X i
<t (/t e Z::O @ £l . | -

Theorem 1. Let Q2 € Lip,. Let k >0, and f € W*X(Q). Then

f**(t)j/: sn (Zla\ k(wX(D(bj( )")JrSn D« f||X)) Z|||djf|||x
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Proof. Case k =0. Given f € X (), by Lemma 5 we get

(F ™)+ fll
bx (1) '

(B)™ (1) = (Ef)" (t) < =X

Thus

Lrw s/my 4 gl/n s o

Since Ef(z) = f(x) a.e. z € Q, we have that f** < (Ef)**, and obviously
(ENT W) <NEfllr@ny Ml 21 F1lx -

iy < [ (U S ds
o= [ (2B ) By

Case k > 1. Given f € W*X(Q) the result follows easily using again that

Thus

1
* % * dS *%
o= [ 5T o,
t
Lemma 6, and Fubini’s theorem. O

4. EMBEDDING THEOREMS OF GENERALIZED BESOV SPACES INTO R.I. SPACES

The principal goal of this section is to prove embedding theorems of generalized
Besov spaces into r.i. spaces. Throughout what follows we shall assume that
Q€ Lip;, X = X(Q) is ar.i. space, p€ A (k€ N)and 1 < ¢ < 0.

Definition 1. Associated with the generalized Besov space BY , we consider the

function
1 1/n q
/ (pdgi(s))) %, if 1<q<oo,
mpe (1) =m(r) = "

X pls/)

up ; if q=1
s€r,1) d)X(S)
m will be called the associated function of Bg(’q.
Associated with m we considerer the function
1
—_— =1,
Axmoye 7 ¢
[m/(2)] :
= = 1 <
ng(ﬁq(T) w(r) (1 ¥ m(t))qv lf <q =< oo,
1 .
Tm(t)’ if q=oc.

w will be called the associated weight of Bg’(,q.
Theorem 2. Let 1 < g < oco. Then,

where w is the associated weight of B% ¢



14 JOAQUIM MARTIN
Proof. Let p € Ay. Given f € B , C WH¥(Q) consider

H(st) = st 3 (wx(Df.s%) + 54D ).

le|=k

By Theorem 1, we get

1 1 k
(1) prw = [ S g

An easy computation shows that

(o) ([ 50 < (i)

i.e. condition (2.2) holds. Combining (4.1) and Propositions 1 and 2 we conclude
that

1/q9 &

2y as\” /q 1
||f||rq(w><</ (/ o )w(t)dt) o ([ woa) sy

1 1/‘1 k
H(SZ) ; .
- (/ <¢X<s>> “<8>d8> + 2 M@ flllx = ellfllay,,

j=0

When g = o0, let

Since

Y1oat om(r)
w0) [ ST T <

condition (2.2) holds, and again (4.1) and Propositions 1 and 2 yield

s% ds
fllroowﬁoiggl(( () S) ()>+<0§tlp w(t >JZOH|de|HX

=< sup <¢)(((ﬂ)) )"'ZHWJHHX{CW'BP

0<t<1

O

We shall see now that our result is the best possible when we work in the scale
of r.i. spaces.

Theorem 3. Let Y =Y (Q) be a r.i. space. Then
(4.2) B%,CY &T%w) CY,

where w is the associated weight of B% q
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Proof. 1t is clear that Theorem 2 holds for a bounded domain of measure 1 with
Lipschitz boundary if and only if it holds for all bounded domains of measure 1
with Lipschitz boundary. Thus we can assume that Q = (0,1)"™. To prove (4.2), let
us see first that there is 0 < & < 1 such that the function p(t)/¢x (t")¢ is almost
increasing: We know that ¢x(t)/t is decreasing and by Lemma 1 we can choose
0 < 8 < 1, such that p(t)/t°** is almost increasing. Hence if v < u, then

p) _ p) (0" N i o (W) (3)5“—"5
¢X(U")5 Btk (bX('Un) — ¢X(un)a U :
Therefore, taking any 0 < ¢ < %, we get that
p) P
¢X(vn)5 ¢X(un)€
Hence, by [24, Theorem 1 and Remark 3], there is ¢ > 0 such that

{g :3f € B, with |[fll; < 1such that g"(t) < f*(t)} - {g: 190l oy < c}.

We are now ready to prove (4.2). Given g € I'l(w) with ||g[[rq(,, < ¢, there exists
f € B% ,, with ||fHB§( <1 such that ¢g*(¢) < f*(¢). Thus

lglly < 1flly = MlAllps <1

ie. T9(w) C Y.
Conversely, given g € I'(w) with ||g[lp.(,,) < ¢, there exists f € B% ,» with
||f||B§( < 1 such that g*(t) < f*(t). Then

(4.3) lglly = 1gllracwy < I llragw) -
By Theorem 2 we know that B% , C T'?(w), and therefore it follows from (4.3) that
BY,CY. O

Let us briefly consider the case ¢ = 1.

Theorem 4. Let w be the associated weight of BY . Assume that

Tt ox()
oy | v = ooy

Then

(4.5) B, T (w).

Moreover, if Y is a r.i. space, then

(4.6) B, CY &T'(w)CY.

Proof. The proof is similar to the one given in the case 1 < ¢ < 0o. To see (4.5) let

_ ox(®)
o(t) == o

From (4.4) we conclude that

1 /" 1 ds
?/0 ArmE) s =0
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i.e. condition (2.2) holds. Using again (4.1) and Proposition 1 we get

I£lhscy = ( A ( [ e d) wlt) dt) + ([ vy a) Z e’ 111

1 H(S%)q 1 ‘
=), vt e Sl = el

With the same argument given in the proof of Theorem 3 the claim (4.6) follows.
O

Remark 1. With the same proof of Theorem 8 it is easily seen that
B, CY=T'(w)CY
holds without assuming condition (4.4).

Remark 2. A similar result to (4.2) and (4.6) was established in [24, Proposition
3], but under the stronger restriction that in a certain sense Y is “separated” from
X.

Remark 3. Theorem 2 (resp. Theorem 4) remains true if instead of X we take
any rearrangement invariant space F with ¢p ~ ¢x. Thus we have the following
self improving property: if X,Y are r.i. spaces, then

B%,CY = Byx,CY,

where M(X) = {f : [|fllxr(x) = suPiso{ /™ ()¢x (t)} < oo} is the Marcinkiewicz
space associated with X .

Following [28] let us briefly consider some “Hardy—type inequalities”.

Given a generalized Besov space B, set ¢(t) = 1/(1 + m(t))/7 | where m is
its associated function. An easy computation shows that if 1 < ¢ < oo, and w is
its associated weight, then
(4.7)

1/ oy = </01 (%)qlm’(t)ldty/q N </01 (W () (1)) szp,((f))dt>l/q.

Moreover, since ¥ is increasing, by [28, Proposition 12.2],

(4.8)
. ! PR T ! e V(8 N
sw w0 < ([ oo Sa) < ([ worar )
provided 1 < ug < uy < o0.
In fact,
! *k U1 w/(t) 1/1“ ! ok uo 1/)/(15) 1/u0
(4.9) ( / WO 5 dt) 5( / (W) f (1)) W)dt)

if and only if 1 < ug < uy < oco.
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Theorem 5. Let 1 < g < oo, let B§(7q be a generalized Besov space and let ¥(t) =

1/(1 + m(t)Y/9". Let x(t) be a positive decreasing function on [0,1], and let 1 <
u < co. Then there is a constant ¢ > 0 such that

! * % u ’ll),(t) 1/u P
(4.10) (]ﬁ (e(tye(0)f () M%ﬂ(ﬁ> <clflpy . V€ Bk,

if and only if s is bounded and 1 < g < u < 0.

Proof. By Theorem 2, (4.7) and (4.8) we get that
(4.11) sup () % N oy % 1 e -
0<t<1 a

Inequality (4.8) implies
1/u

s (00070 = ( [ ooy S Qo)

0<t<1 ¥(t)
Thus if (4.10) holds, then

sup (t)Y(t) f**(t) < ¢ for all ||f||B§(7q <1

0<t<1
Whence, by (4.11), we have that s(t) < ¢ uniformly with respect to ¢. The fact
that 1 < ¢ < u < oo follows from (4.9). O

Remark 4. In the case ¢ = 1 and QX > Bp/m the associated function satisfies
(see Remark 7 below)

Lap(st/m) ds

(4.12) m(r) ~1+

r QSX(S) s
Considering (t) = 1/(1 + m(t))t, it follows from (4.12) that
_ [P ) dt [ we (1)
e = | s T = [ vrohge

and then Theorem 5 holds for 1 < q < co.
4.1. The embedding B% , C L™.

Theorem 6. Let B§<,q be a generalized Besov space. Suppose its associated function
m satisfies that m(0) < oco. Then

(4.13) B%, C L™

Proof. Given p € Ag, k € N, we know that B  C Wk X(Q) therefore by Theo-
rem 1, given f € BY , we have that

) < /t1 sm (Z\alzk (WX(D;)J:(;”) + 5@ D”‘f||x>) % N Xk:o |||djf]||x
3=

=I+1I

Let H(s'/") = sn 2 lal=k <wX(D"‘f, $%) 4 5w ||DafHX) By Holder inequality

e ([ (Hmy' ) (] (s ) e
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Moreover

=2 ((/01 (=) ‘f>/ i ([ (55) ‘f>/> |

Since p € Ag, by Lemma 1, there is 0 < € < 1 such that tk(+)5 is almost decreasing,

SO

Ukt 9 gy 1 /pkte\ 4 4(1—2)a gy 1 \? (=g
[ [y ey e
o \pt)) t o \p(t) t p(1) 0 t

Thus I < |[fllpg = Ifllps - and

1fll e = sup () <m(0)7 ||l gs -
0<t<1 a

O
The relation between condition m(0) < oo and indices is given in the next result.

Proposition 3. Let m be the associated function of Bgﬂq. Suppose m(0) < oo.
Then

(1) QX<§p/n if 1 < q < oo.
(2) By <B,/n ifg=1.

Proof. 1) Recall that for 1 < g < oo, the associated function of Bg(’q is
1 1/n q
mit) = | (p(s >> ds |
t ox(s) S
Thus, forall 0 <t < 1
/q, n q
m(0)"/" ( (1) ) ([ (e s
0 ¢x (zt) z
B 1/n (Z) p(z 1/n) 4 %
1/” (2t) ¢x(2) z

1/q
>1/"> . 9xX() e

Y

Whence,
PV ex(2) o p(stt) L ex(2)
0<z<1 p(zl/n) oglgfg qu(zt)_ogslfg p(s) oérzlfg dx(2t)
1 1
M, (117 My (1)

which implies

1>

log M,(1/t"/™) +log My, (t) > 0.
Now, since
log My (t) n log M,(1/t4/™) _ log My, (t) llogMP(l/tl/")
logt logt logt n  logl/tt/n ’
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we conclude that

log My, (t) 1. logM,(1/t/n B

log Myy (1) _ 1y, logM,(1/t") _ o B,

t>0  logt nt—0 logl/tt/n =X n
p(st/™)

2) In this case m(t) = sup . Thus, since m(0) < oo, there is ¢ > 0 such

seft,1) Px(8)

that
p(st™) < epx(s) 0<s<1.
Therefore )
p(ts)™) dx(s) _  ox(s)
p(st/m) ox(ts) = p(st/)
and then
1 1 ool (L ox(s) 1
= f ———= f <ec——
M, (L/177) My (1) (oéﬂls (57 ) \otic1 o (ts)) = “m(0)’
and now we finish the proof as in the previous case. O

4.2. Examples.

4.2.1. Classical Besov spaces. For p(t) =t7,t € (0,1],0 < 0 < 00, and X = LP(Q),
the space B§<, q 18 the classical Besov space By ,. When Theorems 2 and 4 are
particularized to this case we obtain:

Theorem 7. Let 1 < p < oo. The following assertions are true:
(1) Ifo <3 andr = L, then

—a
n

3 |-

1 L\ dt 1/q
”erq(tq/r—l) = ”f”Lm = </0 (f**(t)f /T> t) < C||f||Bqu (1<g< )
(2) If o =3, then

1 *% q d 1/q
o = ([ () %) <elily <a<o0)

and

(@)
oy = sup ———— <c¢ no,
||f||1" (w) 0<tI<)1 1+ |1nt| ||f||Bp,,v(x>

(3) Let 1 < g <oo. Then
o>

B or

(4.15) BS,C L™ & {

BISBIS

and g = 1.
Proof. Part (1). It is a simple matter to see that the associated function of By ,

satisfies

(0 1)/
———q
t\" P/ —1, if 1<q< oo,

t\n P/, if ¢g=1.

Now (1) is a direct application of Theorems 2 and 4.
Part (2). The associated function of By  is m(t) = [Int| and as in the previous
case, Theorems 2 and 4 apply.
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Part (3). Assume that conditions on the right hand side of (4.15) hold. Then
the associated function of By, satisfies m(0) < oo. Therefore by Theorem 3,
By, C L. Conversely, suppose By , C L>, but o < % (or 0 = % and ¢ # 1).
By part (1) [ fllpe(parr-1y © Bp4. Since Bf, C L, Theorem 3 ensures that
[9(t2/7=1) € L*°, which is a contradiction. |

4.2.2. Besov spaces of generalized smoothness. A function W : [0,1] — [0, c0), such
that ¥(1) = 1 is said to be slowly varying (¥ € SV(0,1)) if for each € > 0, the
function ¢t~¢¥(¢) is almost decreasing and t*W(t) is almost increasing.

Proposition 4. (See [11]) Let ¥ € SV(0,1). Then

(1) " € SV(0,1) for each r € R.
(2) If £ > 0, then there are positive constants ¢ = ¢(¢) and C = C(¢) such that
for every t > 0
W(t
(4.16) cmin(t°,t%) < sup (ts) = My (t) < Cmax(t™°,t%).
s€(0,min(1,1/t)) W(s)
(3) fa>0and 1 < g<oo,thenforall 0 <r <1

" dt L T 1
/o (t*w(t))? e (r“®(r))? and 1 +/r (CI0n ~ eu))
Remark 5. It follows readily from (4.16) that functions ¥ € SV(0,1) satisfy
By =By =0.
Let p(t) = t°U(t), t € (0,1], 0 < 0 < oo, where ¥ is a slowly varying function,

and X = LP(2). Let Bg(’q = BZ(,Z\P) be the Besov space of generalized smoothness.
Then we have the following (see [5], [6] and [13] for related results):

Theorem 8. Let 1 < p < oo. Then the following assertions are true:

(1) Suppose o < 2 andr = 5, then

1_
P

1 " tl/’r‘ th a )
e = | [ (£ Ogm) T) <elflagm. i 105

(2) Suppose o = 3 and fol W(t)7 % = co. Then
(a) If 1 < q < o0, then

/q
(e N
IIfIIFq(w>—</O (Hfth,(s)qd 7)) <ellygw

(b) If ¢ = oo, then

(@)
f co(w) — Sup <c f nog) .
|| HF ( ) o<t<l 1 + Ll \IJ(S) ds || ||B;(,)poo\p>

S

(¢) Ifg=1 and

/T dt < 1

0 BRAGON

1+ sup W¥(si/n) |t
s€(t,1)
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then

1
(@) dt
_ — < n .
Hf”r‘l(w) /0 1+ sup \I/(Sl/”) t _CHf”BZ(Jﬁ,\I/)

s€lt,1)

(3) Let 1 < q < oo, then
n
(0.9) [0 o> O /
Bpg ' cL™ < { o =" and ¥ € L7 (dt/t).

Proof. Claim (1). By Proposition 4 the associated function of BZ(,Z\I') satisfies that

1+m(t) = /1 (s%*%\y(sl/n))q/ % ~ (t%*%\y(tl/n))q, , 1<g<oo
t

and ) )
m(t) = sup s pW(s/") >t T W(EYM), g =1.
s€(t,1)

Whence (1) follows from Theorems 2 and 4.
Claim (2). Here the associated function of BS%" is

! 1/n q'ds
m(e) = [[wn T 1<y <o

and
m(t) = sup \I!(sl/”), qg=1,
s€lt,1)
and again Theorems 2 and 4 apply.

Claim (3). Conditions on indices ensure that m(0) < oo, thus by Theorem 3
BYY) ¢ L. Conversely, assume that BY5Y) C L but o < % (oro =2 and
W ¢ L9(dt/t)). Then Theorem 3 and Remark 1 imply that ['9(w) C L°°, where
I'?(w) denotes the Lorentz space that appears in parts (1) and (2). Since obviously
L% C I'Y(w) we get that L> = I'(w) which is not possible. O

5. EMBEDDING THEOREMS ON REARRANGEMENT INVARIANT SETS

Our aim in this section will be to extend Theorem 2 to more general r.i. sets.
Since Theorem 3 states that our conditions are optimal in the target of r.i. spaces,
following the ideas introduced in [22], we shall modify the definition of the Lorentz
spaces I'?(v) by replacing f** by the quantity

fo @) = f7(t) = f(t)
which measures the oscillation of f*.

Definition 2. Let p € A, and X be a r.i. space. Consider the function
t)\*1
<¢X()) -, ifl1<qg<oo,
v(t) =

o) v
Ox(t if g =00
plimy AT
The rearrangement invariant set S4(v) is defined by
1 1/q
S%(v) = {f € M(Q) : [ fllga) = (/O (@) - f*(t))qv(t)dt> 1Al < 00},
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with the usual changes when q = co. (Functional properties of SP(w) were studied

Theorem 9. Let ngq be a generalized Besov space. Then
1B lsugey < Ifllps, - for all f € B,

(where E is any extension operator (see Section 3)).
Moreover if X is a r.i. space such that the operators P and Q are bounded on
X, then

1Fllsoy = IFllmg+  for all f € C32(€2).
Proof. By Lemma 5 we have that for all f € B

(ft )+ fll
bx (1) ’

*% * wx
(ES)T @)= (Ef)" () <c
which easily implies that
18 flsniey = I -
If f € C§°(Q), then by Corollary 5 we get that

wx (f, ™) + 7] fll
ox(t)

) =) <c
m

Theorem 10. Let Bé’(’q be a generalized Besov space with p € Ay, (k > 1). Assume
that

(5.1) By =B,/n.
Then

B, C S(v).
Proof. Let p € A, k> 1. Set

_ wx (D f,57) + 57 | D*f]|
H(s)=s |(§_:k< x5 X> )

In the case that 1 < ¢ < oo, Lemma 6 ensures that for all f € B§(7 o the following
inequality holds:

1 k
fr(t) < ett/m /H(s)%jtzmdjfmx , 0<t<1.
t =0

Thus

1/q

Sl ([ o)

Jj=0

s = ([ 1 Ty

=I+1I
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By Lemma 3,
=3[ () e ([ ()%
- g_:k K/ol (W)q ?)Uq + ID“fIIX] (by (4.14))
and

k
=3 il -
j=0
Collecting both estimates, we obtain
1 llsaq) = Nfllms -
The case ¢ = oo is similar to the previous one. O
Let us now see a result that shows that our conditions are best posible.

Theorem 11. Let BY q @ generalized Besov spaces. Suppose Y is a 1.i. space such
that

B%,CY.
Then

Si(v) CY.

Proof. In the case that 1 < ¢ < oo, since Bg(,q C Y by Theorem 3 it follows that
I'%(w) CY, (where w is the associated weigh of BY. ). Thus it is enough to see that
S9(v) C T9(w). Since & f**(t) = (f**(t) — £*(t))/t, by the fundamental theorem of
Calculus

1 s 1
o= [ o= [ 1o

Therefore,

1 /g .1
1 lraqwy = 1 Npaqwy S NQU™ = F )l pagw) + (/0 W(t)dt) /0 fr(s)ds

1
<N = gy + [ £(5)ds (by Propostion 1)
0

= ”f”sq(v) .

For ¢ = 1, the same proof works, but using Theorem 2 instead of Theorem 3. O

Example 2. Let B;:’q"ll) be a Besov space of generalized smoothness. Let1 < p < oo.
Assume that o = . Then for all f € C§° (Q2) we have that

(/o1 <W>q?)l/qﬁcﬂ|32%w (1<q<o0)

and . §
o £ (0
0<t<1 U(t)
We end this section by showing that S?(v) = I'?(w).

< nogy .
<ellfll g0
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Proposition 5. Let p € A; and X be a r.i. space. Suppose
(5.2) By > By/n-

Then, we have that
S(v) =T (w).

Proof. If 1 < g < 0, then it follows from the proof of Lemma 3 that

o [ (Y s (e

For ¢ = 1, obviously

1/n 1/n
sup ps ™) P ™)
s€r,1) ¢X(S) ¢X(T)
Taking
. _
6X >0 > yrR > & >0,
- n n
we get

p(st/™) p(st/m) 87 e g
sup = sup - sm
s€lr,1) ¢X(S) se[r,l)( S%k ¢X(S) )

ri/ny ik
(P(M) ) sup s7w J¢]
o ox(r) ) sem)
p(r'/")
ox(r)

Summarizing, we have proved that

ny\ 4
1+m(r)’:(’;§::(/r))) . ifl<q<oo,

1/n 1/n
257 o)
s€(r,1) ¢X(S) (bX (’I")
And from here it is easy to see that I'?(w) = I'?(v). In fact, by Theorem 11, and

taking into account that I'Y(w) C L! (since I'(w) is a r.i. space on (0, 1)) we have
that

if ¢ =1.

[fllraqoy = 1 llraqey 2 NG = F oy + 11122
= 1fllsaquw) < I Npagey + 1 f 1l
= Hf”rq(y) Il =2 ||fHFq(v) :
O

Remark 6. The previous resull states that under the condition (3, > B,/n, S9(v)
is a r.i. space. Then Theorems 2 and 4 imply that ||f||Fq(w) o~ ||f||Sq(v) . Similarly,
(see Proposition 3) By < Bp/n is closely related with the embedding Bg(’q C L.

Therefore Theorem 10 is useful in order to measure the type of essential unbound-
edness of functions of Bg(q when (5.1) holds.
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Remark 7. Let m be the associated function of Bgﬂ. If@x > ﬁp/n, then we have

1/n
seen in Proposition 5 that m(r) ~ M Moreover by (2.5) we also have that

- ox(r)

1 sl/n s
m(r) =1+ [ wéx(s))%'
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