Semigroup Forum (2022) 104:228-225
https://doi.org/10.1007/500233-022-10264-8

RESEARCH ARTICLE

®

Check for
updates

Set-theoretic solutions of the Yang-Baxter equation
associated to weak braces

Francesco Catino'® - Marzia Mazzotta'® - Maria Maddalena Miccoli'® -
Paola Stefanelli’

Received: 15 August 2021/ Accepted: 8 February 2022 / Published online: 11 March 2022
© The Author(s) 2022, corrected publication 2022

Abstract

We investigate a new algebraic structure which always gives rise to a set-theoretic
solution of the Yang—Baxter equation. Specifically, a weak (left) brace is a non-empty
set S endowed with two binary operations + and o such that both (S, +) and (S, o)
are inverse semigroups and

ao(b+c)y=(aob)y—a+(aoc) and aoa =-—-a+a

hold, for all a, b, c € S, where —a and a™ are the inverses of a with respect to + and
o, respectively. In particular, such structures include that of skew braces and form a
subclass of inverse semi-braces. Any solution r associated to an arbitrary weak brace
S has a behavior close to bijectivity, namely r is a completely regular element in the
full transformation semigroup on S x S. In addition, we provide some methods to
construct weak braces.
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Introduction

The quantum Yang—Baxter equation is a fundamental topic of theoretical physics that
appeared at first in [37] and, independently, in [2]. Drinfel’d [15] posed the question of
finding all the set-theoretical solutions of this equation. Determining all the solutions,
up to equivalence, is very challenging and a large number of works related to this
matter of study has been produced over the years. Among the seminal papers, we
mention those of Gateva-Ivanova and Van den Bergh [18], Gateva-Ivanova and Majid
[19], Etingof, Schedler, and Soloviev [16], Lu, Yan, and Zhu [27]. For more details on
the development of the studies to date, we refer the reader to the introduction of [10]
and references therein. If Sisaset,amapr : § x S —> S x § satisfying the relation

(r x ids) (ids xr) (r x ids) = (idg xr) (r x ids) (idg xr)

is said to be a set-theoretic solution of the Yang—Baxter equation, or shortly a solution,
on S. If S and T are sets, two solutions » and s on S and 7', respectively, are called
equivalent if there exists a bijective map f : S — T such that (f x f)r =s(f x f),
see [16]. Given a solution r, it is usual to write r(a, b) = (A,(b), pp(a)), with A,
and p, maps from S into itself, for all a, b € S. Moreover, r is said to be left non-
degenerate if 1, is bijective, for every a € S, right non-degenerate if py is bijective,
for every b € S, and non-degenerate if r is both left and right non-degenerate. If r
is neither left nor right non-degenerate, then it is called degenerate. Furthermore, r is
called involutive if r? = idsx s, idempotent if r2 = r, and cubic if r3 = r.

A productive research line for studying solutions drawn by Rump [32] is based
on the study of the theory of (left) braces, algebraic structures which include the
Jacobson radical rings. Guarnieri and Vendramin [21] introduced a generalization of
braces, namely, skew (left) braces, that are triples (S, +, o), where (S, +) and (S, o)
are groups and the following condition holds

ao(b+c)=(@ob)—a—+(aoc),

for all a, b, ¢ € S. In particular, if the group (S, +) is abelian then S is a brace.
Convention: To avoid parentheses, from now on, we will assume that the multipli-
cation has higher precedence than the addition.
As proved in [21, Theorem 3.1] every skew brace gives rise to a bijective non-
degenerate solution. As shown in [5, Theorem 9], such a solutionz : § x § — S x §
can be written as

r(a.b) = (ao(a”+b), (a=+b) ob), (1)

for all a,b € §, where a™ is the inverse of a in the group (S, o). Moreover, r is
involutive if and only if § is a brace. In the last years, several results about skew braces
have been provided in [6, 11, 12, 20, 23, 25, 28], just to recall a few.

To determine new solutions, in [10] there were introduced inverse semi-braces,
structures including skew braces. A (left) inverse semi-brace is a triple (S, +, o) such
that (S, +) is an arbitrary semigroup, (S, o) is an inverse semigroup, and
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230 F. Catino et al.

ao(b+c)y=aob+ao(a +c)

holds, foralla, b, c € S, wherea™ is the inverse of @ with respect to the multiplication.
We recall that a semigroup (S, o) is called inverse if, for each a € S, there exists a
unique a~ € S satisfyingaoa” oa = aanda” oaoa = a . The books of
Clifford and Preston [14], Petrich [30], Howie [22], and Lawson [26] contain the most
important known results on the wide theory of inverse semigroups.

Inverse semi-braces S with (S, o) group are the semi-braces, structures studied
in [24]. They were initially introduced in [5] in the cancellative case, namely when
(S, +) is a cancellative semigroup, and recently deepened in [4]. Moreover, inverse
semi-braces with (S, o) a Clifford semigroup, i.e., an inverse semigroup having central
idempotents, are the generalized semi-braces [8].

Note that if S is an inverse semi-brace, the map r given in (1) is not necessarily a
solution. Sufficient conditions so that it is can be found in [10, Theorem 7]. Further-
more, in the context of semi-braces, a characterization has been given in [7, Theorem
3]. In particular, if (S, +) is a left cancellative semigroup, the map r is a left non-
degenerate solution [5, Theorem 9].

This paper aims to investigate a subclass of inverse semi-braces S in which the map
r always is a solution. Specifically, a non-empty set S endowed with two operations
+ and o is said to be a weak (left) semi-brace if (S, +) and (S, o) both are inverse
semigroups satisfying

ao(b—i—c):aob—l—ao(a_—i—c) and ao(a_—i—b):—a—l—aob, 2)

for all a, b, c € §, where —a denotes the inverse of a with respect to the sum. We
show that the conditions in (2) are equivalent to

ao(b+c)=aob—a+aoc and aoa = —a-+a, 3)

for all a, b, c € S, which make these structures very close to skew braces.

We highlight that the additive semigroup (S, 4+) and the multiplicative semigroup
(S, o) have the same set of idempotents and besides (S, +) is a Clifford semigroup.
Fully exploiting the inverse semigroup on the additive structure, we recover most
of the properties already known for skew braces. Among these, the map A : § —
End(S, +), a — A, is a homomorphism from (S, o) into End(S, +) and the map p :
S — Tg, b — pp is an anti-homomorphism from (S, o) into the full transformation
semigroup 7. In addition, the following relation holds

aobzao(a_—l-b)o(a_—i-b)_ob,

foralla, b € S, trivially satisfied in the case of (S, o) a group, and which is crucial to
prove our main result.

As mentioned before, the solution r associated to a skew brace S is bijective. In
particular, 7~ is the solution associated to the opposite skew brace S° defined by
considering the opposite sum of S, see [25, Proposition 3.1]. Moreover, also maps A,
and pp are bijective. Any weak brace S has an analogous behavior. Indeed, the maps
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Aq and pp admit an inverse in 7g given by A, and p,-, respectively. Moreover, r has
a behavior near to bijectivity, since it is a completely regular element in 7g 5, namely,
it admits the map r°” as an inverse, that is the solution associated to the opposite weak
brace of S, and it holds rr° = r°r.

Finally, we review some of the constructions of inverse semi-braces provided in
[10] to obtain several instances of weak braces. Moreover, classes of examples can be
obtained starting from exactly factorizable Clifford monoids. For a fuller treatment we
refer the reader to the survey [17] that contains methods for constructing factorizable
inverse monoids. Specifically, our examples include those of skew braces provided by
Guarnieri and Vendramin in [21, Example 1.6] and also by Smoktunowicz and Ven-
dramin in [33, Theorem 3.3], which were mainly motivated by the result of Weinstein
and Xu in [36, Theorem 9.2]. In addition, we review some of the constructions of
inverse semi-braces provided in [10], to produce other new examples.

1 Basics on inverse semi-braces

In this section, we recall some basics on inverse semi-braces and we give some new
properties related to them.

For the ease of the reader, we initially recall essential notions for our treatment
which one can find, for instance, in [22] and [30]. Given a semigroup (S, o) and
a € S, we say that an element x of S is an inverse ofa ifaoxoa = aandxoaox = x
hold. The semigroup (S, o) is called inverse if, for each a € S, there exists a unique
inverse of @, which we denote by a~. Clearly, every group is an inverse semigroup. A
fundamental instance of inverse semigroup is the set Zx consisting of all the partial
one-to-one maps of a non-empty set X under the standard operation o of composition
of relations (see [22, Theorem 5.1.5]).

The behavior of inverse elements in an inverse semigroup (S, o) is similar to that
in a group, since (@ ob)” = b~ oa” and (a”)” =a,foralla,b € S.Ifa € S, then
aoa” and a” oa are idempotents of S. Moreover, the set E(S, o) of the idempotents
is a commutative subsemigroup of S and e = e, for every e € E(S, o).

In addition, inverse semigroups in which its idempotents are central is called a
Clifford semigroups. Such semigroups belong to the class of completely regular semi-
groups, namely semigroups (S, o) for which, for any a € §, there exists a unique
inverse a~! of a such that ¢ o a™! ' 5 a. Note that in a Cifford semigroup

a” =a !, for everya € S.

=a_

Definition 1 (Definition 3,[10]) Let S be anon-empty set endowed with two operations
+ and o such that (S, +) is a semigroup (not necessarily commutative) and (S, o) is
an inverse semigroup. Then, we say that (S, +, o) is a (left) inverse semi-brace if the
following holds

ao(b+c)=aob+ao(a_—l—c),

for all a, b, ¢ € S, where a™ is the inverse of a with respect to o. We call (S, +) and
(S, o) the additive semigroup and the multiplicative semigroup of S, respectively.
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232 F. Catino et al.

Any semi-brace [5, 24] is an inverse semi-brace, since in this case (S, o) is a group.
Other examples of inverse semi-braces are generalized semi-braces [8], with (S, o)
a Clifford semigroup. By the way, we recall that a generalized (left) semi-brace is
a structure (S, 4, o) such that (S, +) is a semigroup, (S, o) is a completely regular
semigroup, and itholdsao (b+c¢) =aob+ao (a‘l + c), foralla,b,c € S.

Any skew brace [21] and, in particular any brace [32], is an inverse semi-brace, too.
Indeed, —a +aob=aoa” —a+aob=ao(a” +b),forala,beS.

Given an inverse semi-brace S, themapr : § x § — § x § given by

r(a,b):(ao(a_—i—b), (a_—i-b)_ob),

foralla, b € S, is called the map associated to S. Sufficient conditions so that the map
r is a solution have been provided in [10, Theorem 7]. For the class of semi-braces,
one can find a characterization in [7, Theorem 3]. In particular, if (S, +) is a left
cancellative semigroup, the map r is a left non-degenerate solution, see [5, Theorem
9]. In the more specific case of S a skew brace, r is a solution which is bijective and
non-degenerate, as proved in [21, Theorem 3.1].

We point out that, every non-commutative Clifford semigroup gives rise to two
inverse semi-braces that produce two not equivalent solutions.

Example 1 [10] Let (S, o) be an arbitrary Clifford semigroup and let us consider the
trivial inverse semi-brace (S, +, o), with a + b = a o b, and the almost trivial inverse
semi-brace (S, +,0), witha + b =boa,foralla, b € S. Then, the solutions r and
s associated to (S, +, o) and (S, ¥, o) are

r(a,b) = (aoa_ob, b_oaob) s(a,b):(aoboa_, aob_ob),

for all a, b € S, respectively. Moreover, if (S, o) is commutative, the maps r and s
coincide and r is cubic.

Note that the previous examples include [21, Example 1.3], given in the context of
skew braces. In addition, if the group (S, o) is not abelian, r = s~1, thus such solutions
are not equivalent.

As usual, if S is an arbitrary inverse semi-brace, let . : § — End(S, +), a — X4
and p : S — 7Tg, b — pp be the maps defined by

Aa(b)zao(a_+b) p;,(a):(a_+b)_ob,

for all a, b € S, respectively.
The following proposition contains some properties which essentially involve the
map A, and the idempotents of the multiplicative semigroup of any inverse semi-brace.

Proposition 2 Let S be an inverse semi-brace. Then, the following assertions hold:

)‘aoa* = )‘a)‘a*:

Agobob— = haobMp—»
aors—(b) =a+ ryou— (D),
a+ i, (b) =ao(a_ oa+b),

el S

@ Springer



Set-theoretic solutions of the Yang—Baxter equation... 233

foralla,b € S.
Proof 1.Leta,b € S. Then, we get

haoa= (b) =a@oa”o(aca +b)=aoc(a oaoa” +i. (b))
=ao(a” + ;- (b)) = rahg- (b).

2. Ifa, b,c € S, we obtain

Aaoboh— (€) =aobob™ o (bob_ oa~ +c)
=aobo(b”oa” + Ay (€)= Aaaphp (c).

3. Ifa, b € S, we have that
aoiyg—(b)=aoa o(a+b)=a++ rseu (D).
4. If a, b € S, it follows that
a+hisb)=aoa” oca+ao(a” +b)=ao(a ca+b),

which completes the claim. O
As a direct consequence, we get the following result.

Corollary 3 Let S be an inverse semi-brace. Then, the following equalities
Aarag-ra =Ag and  Ag-Aghy— = Ay-

hold, for any a € S.

In other words, for every a € S, the map A, admits the map A,- as an inverse in 7.

Finally, we note that in the case of (S, o) a group, it trivially holds the equality
aob=x,(0b)opp(a),foralla, b € S. More generally, arbitrary inverse semi-braces
satisfy the following weaker properties.

Proposition 4 Let S be an inverse semi-brace. Then, the following statements hold:
1. 2q(b)” o Ag(b) 0o pp(a) = Ly(b)" 0caob,

2. Aq(b) o pp(a) o pp(a)” =aobo py(a)”,

foralla,b € S.

Proof We only prove 1. and, in the same way, one can check the second equality. If
a,b € S, then

Aa(B)" o ra(b) o pp(a) = (a~ +b) oa oao(a” +b)o(a” +b) ob
= (a_—|—b)_o(a_—i—b)o(a_—i—b)_oa_oaob
= (ai—|—b)_oa70aob=)»a(b)7oaob.

Therefore, the assertion is proved. O
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234 F.Catino et al.

2 Weak braces

In this section, we introduce the algebraic structure of weak brace which generalizes
that of skew brace and forms a subclass of inverse semi-braces. Examples and several
structural properties are given.

From now on, if (S, +) and (S, o) are inverse semigroups, for any a € S, we denote
by a~ and —a the inverses of a with respect to o and +, respectively.

Definition 5 Let S be a non-empty set endowed with two operations + and o such that
(S, +) and (S, o) both are inverse semigroups. Then, (S, +, o) is a weak (left) brace
if the following relations hold

aob4+c)=aob—a+aoc and aoa = -—a-+a,
for all a, b,c € S. We call (S, +) and (S, o) the additive semigroup and the multi-

plicative semigroup of S, respectively.

Any weak brace S is an inverse semi-brace. Indeed, we have
—a+aob=—a—i—a—a—i—aob:aoa_—a—i—aob:ao(a_—i—b),

foralla,b € S.

The trivial and the almost trivial inverse semi-braces in Example 1 are easy instances
of weak braces obtained starting from a Clifford semigroup. On the other hand, not
every inverse semi-brace is a weak brace, see for instance [10, Example 1].

Clearly, the sets of the idempotents E(S, +) and E(S, o) coincide. As a direct
consequence, since inverse semigroups with exactly one idempotent are groups (cf.
Proposition 4 of Section 1.4 in [26]), it holds that (S, +) is a group if and only if (S, o)
is a group. Furthermore, (S, +) is an idempotent semigroup if and only if (S, o) is an
idempotent semigroup.

Proposition 6 Ler S be a weak brace. Then, (S, +) is an inverse monoid with unit 0 if
and only if (S, o) is an inverse monoid with unit 0.

Proof Initially, we assume that (S, 4) is a monoid with unit 0. If a € S, we have
ao0—a+ao0=ao(0+0)=ao0
and
—a+aoO—a=ao(a_+0)—a=aoa_—a=—a+a—a=—a,

thus a 0 0 = —(—a) = a. Moreover, since 0 € E(S, o), from what has been just
proved, we get

a=aoa oa=aoa oQoa=0o0cao0a oa=0oa,

because 0 and a o ¢~ commute. Thus, (S, o) is a monoid with unit 0.
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Now, we suppose that (S, o) is a monoid with unit 0. Since, 0 € E(S, +), we have
—0=0.Ifa € S, we obtain

a=0o0@—a+a)=00a—-0+00(—a4+a)=a+0—a+a=a+0,
because 0 and —a + a commute. On the other hand, we have
a=a—a+a=a—a+0+a=0+a—-a+a=0+a.

Therefore, (S, +) is a monoid with unit 0. m|

The additive structure of an arbitrary weak brace S is a Clifford semigroup, as we
will prove later. Thus, the fact that the trivial and the almost trivial weak braces are
defined by means of a Clifford semigroup is essential. To show this result on (S, +),
we need to give some structural properties, many of which are already known for skew
braces, and that we will also use throughout the paper.

The next lemma includes a result contained in [21, Lemma 1.7] and establishes a
link between the addition and the multiplication of any weak brace.

Lemma 1 Let S be a weak brace. Then, the following statements hold:

l.ao(—b)=a—aob+a,
2.aob=a+ r, (D),

foralla,b € S.
Proof 1. Ifa,b € S, at first we check that a o (—b) = — (—a +a o b — a). Indeed,

ao(—b)+ (—a+aob—a)+ao(—b)
=ao(—b+b)—a+ao(—-b)=ao(—b+b—>b)=ao(—b)

and

(—a+aob—a)+ao(=b)+(—a+aob—a)
=—a+ao(b—-—b)—a+aob—a
=—a+aob—-b+b)—a=—-a+aob—a,

hence we get the claim.
2. Ifa,b € S, by 1., we have that

aob=ao(—(-b)=a—ao(-b)+a=a—a+aob—a+a.
Thus,
aob=a—a+(@@—a+aob—a+a)=a—a+aob=a+ r,(b),

which is our claim.
O
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The next result concerning the map A : S — End (S, +) is already proved for skew
braces, cf. [21, Proposition 1.9 - Corollary 1.10].

Proposition 7 Let S be a weak brace. Then, the map A, is an endomorphism of (S, +),
foreverya € S. Moreover, themap A : S — End (S, +) , a — A, is a homomorphism
of the inverse semigroup (S, o) into the endomorphism semigroup of (S, +).

Proof Leta, b, c € S. Then, we obtain
Mmb+c)=—a4+aob+c)=—a+aob—a+aoc=xr(b)+ ry(c).
Moreover, we get

Xa(=b) + Aa(b) + da(=b) = hy(=b + b — b) = he(—b),
Aa (D) 4 ha(=D) + Xa(b) = ha(b — b+ b) = Aa(b),

thus —A,(b) = Ay (—D), i.e., A, is an endomorphism of the inverse semigroup (S, +).
Finally, by 1. in Lemma 1, we have that

Aaob(c) = —aob+aoboc=—-a+ao(—b)—a+aoboc
=—a+ao(—=b+boc)=—a—+aolry(c) = rAp(C),

thus we get the claim. O
Lemma 2 Let S be a weak brace. Then, it holds A,(a™) = —a, for every a € S.
Proof Leta € S.By2.inLemma 1, itholdsao (a~ + A,- (@) =ao(a” oa) =a.
Moreover, by Proposition 7, we get

a:ao(cf—i—)»af (a))=aoa7—a+ao)»a— (@) =aoa + ryou- (a)

=aoa —aoa +a=aoa +a.
It follows that
Aa(a_)=—a+aoa_=—(—aoa_—|—a)=—(aoa_+a)=—a.

Therefore, the claim is proved. O

As a consequence of Lemma 2, if § is a weak brace, we trivially have that
pa- (@) =ao (a‘ + a‘) = Ag (a‘) = —a, foreverya € S.

We highlight that statements in Lemma 1, Proposition 7, and Lemma 2 hold more
in general starting from a triple (S, 4+, o) for which (S, 4) and (S, o) are inverse
semigroups and a o (b+c¢) = aob —a + a o c holds, for all a,b,c € S. The
additional property a o a~ = —a + a allows one to show that the additive semigroup
of any weak brace lies in the special class of Clifford semigroups.

Theorem 8 Let S be a weak brace. Then, the additive structure (S, +) is a Clifford
semigroup.
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Proof Inlight of [30, Exercises I1.2.14 (i)], to prove our statement we show that (S, +)
is a completely regular semigroup. By Lemma 2 and Lemma 1-2., if a € S, we obtain

a—a=a+ Aq (a_) =aoa = —a-+a.
Therefore, (S, +) is a Clifford semigroup. O

Below, we give some examples of weak braces. Let us observe that the third one
ensures that the multiplicative semigroup of a weak brace is not a Clifford semigroup
in general.

Example2 1. Let S, T be two Clifford semigroups. Then, S x T endowed with the
following operations

(a,u) + (b, v) = (ab, vu) (a,u) o (b,v) = (ab, uv),

for all (a, u), (b,v) € § x T, is a weak brace.

2. Letus consider a commutative inverse semigroup S and a group 7', not necessarily
abelian. If &« : § — Aut(T), a — o, is a homomorphism of inverse semigroups,
then S x T endowed with the following operations

(a,u) + (b,v) = (ab, ua, (v)) (a,u) o (b,v) = (ab, uv),

for all (a,u), (b,v) € S x T, is a weak brace.

3. Let S, T be two Clifford semigroups. If 8 : § — Aut(T), a +— f, is a homo-
morphism of inverse semigroups, then S x 7' endowed with the operations defined
by

(a,u) + (b, v) = (ab, uv) (a,u) o (b,v) = (ab, upB, (v)),

for all (a, u), (b,v) € § x T, is a weak brace.

Note that the previous examples include those of skew braces provided by Koch
and Truman in [25, Example 6.1] and by Guarnieri and Vendramin in [21, Examples
1.4-1.5].

Further examples of weak braces will be subsequently presented in the last two
sections. Specifically, the third weak brace in Examples 2 will be a particular case of
a construction we deal with in Sect. 4.

The following propositions are crucial to prove that any weak brace determines a
solution.

Proposition9 Let S be a weak brace. Then, the following hold:

Aa(b) =—aobob™ +aob,
ha(b) =aobopy(a)”,
pp(a)” =b o0a” —b,
pb(a) =Aq (D) 0aob,

el NS
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foralla,b € S. In particular,
ka(b)zaobob_o(a_—i—b) pb(a)Z(a_—}—b)_oa_oaob,
foralla,b € S.

Proof 1. Leta,b € S. Then,

Aa(b)=—a+ao(b—-b+D)
:—a+ao(—bob_+b)
=—a+ao(—bob_)—a+aob
=—aobob” +aob. by Lemma 1 — 1.

2. Ifa, b € S, we have that

Ao () =—aobob” +aob by 1.
=—aob+4+aob—aobob” +aob by Theorem 8
=aobo(aob)” —aobob” 4+aob
:aobob_o(a_—{—b)
=aoboppy(a) .

3. Leta, b € S. Then, we get
,Ob(a)_=b_o(a_+b)=b_oa_—b_+b_ob=b_oa_—b_.
4. If a, b € S, we obtain that

(Aa (b)‘oaob)f:(aob)_oao(a_—}—b)
=(aob)” —(aob) " ca+(aob) caob

=(aob)” —b  oa oa by Theorem 8

:b_oa_—b_+b_o(—a_oa)—b_ by Lemma [ — 1.

=b" o (a_ +a” oa) —-b~

=b oa —b"

= pp(a)”, by 3.
which complete our claim. O

As shown in [5, Proposition 6], if S is a left cancellative semi-brace, then the map
p: S — Tg, b ppisasemigroup anti-homomorphism of the group (S, o) into the
monoid Zg. This property also holds in any weak brace.

Proposition 10 Let S be a weak brace. Then, the map p : S — Tg,b — pp is a
semigroup anti-homomorphism of the inverse semigroup (S, o) into the monoid Tg.
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Proof Leta, b, c € S. Then, we get

(pepp(@))” =c o ppla)” —c™ by Proposition 9 — 3.
=c o (b_ oa  — b_) —c” by Proposition 9 — 3.
=c ob oa —c +4+c o (—b_) —c
=c ob oa —c ob” by Lemma 1 — 1.
=((boc)y oca —(boc)”
= Ppoc (@)~ by Proposition 9 — 3.
hence ppoc = pc b, Which is our statement. O

Remark 1 1f S is a weak brace, the map p,, can be written as
pp (a) =X, (—aob+a+aob),
forall a, b € §, see [21, Theorem 3.1]. In fact, we have that

)\'Aa(b)7 (_a o b + a + a o b)
= )\l}"tl(b)7 (_)\,a (b) + a o b)

= -1, )~ (Aq (b)) + )L)La(b)— (aob) by Proposition 7
=Xxa (b)” + Ay, - (@0 D) by Lemma 2
=Xl ((b) 0caobh by Lemma 1 — 2.
= pp (a) by Proposition 9 — 4.

which is our claim.

3 The solution associated to a weak brace

In this section, we show that the map r associated to any weak brace S is a solution.
Furthermore, such a map r admits as an inverse the map r°7, that coincides with the
solution associated to the opposite weak brace of S, and it holds rr°” = r°’r, namely
r is a completely regular element in 7g s. Finally, we investigate the behavior of the
powers of these solutions.

Let us begin by introducing the following lemma which allows us to prove the main
result of this paper.

Lemma3 Let S be a weak brace. Then, the following identity
aob=2xry(b)o ppla) “4)

holds, for all a,b € S.
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Proof Leta, b € S. Then, we have

ao(a”+b)o(a”+b) ob=ao(a”+b—b—a")ob
=ao(a”—a +b—>b)ob by Theorem 8
=ao(a_oa+bob_)ob
:(a—{—)»a(bob*))ob
=aobob ob by Lemma 1 — 2.

=aob.

Therefore, this is the desired conclusion. O

Theorem 11 Let S be a weak brace. Then, the map associatedto Sr : S xS — Sx S
defined by

r(a.b)=(ao(a™+b). (@ +b) ob),

foralla,b € S, is a solution.

Proof Given aset S, itis a routine computation verifying thatamapr : Sx S — Sx §
written as r (a, b) = (As (b), pp (@)) is a solution if and only if

Aarp(€) = A, (b)Apy(a) (€) (5)
A pry 0@ Pe (B) = Pry, () ra (D) (6)
PcPb(@) = Ppe(b) Piy(c) (@) @)

foralla, b, ¢ € S. Thus, we prove our statement by showing that these last equalities

hold for the map r associated to the weak brace S.

By Proposition 7 and by Proposition 10, the maps A and p are a homomorphism and

an anti-homomorphism, respectively. Thus, by (4), the relations in (5) and (7) follow.
Finally, since by Proposition 9, we have

Aa(b)=aobob™ o (a_ +b) and pp(a) =Ay,(b) caob, (8)
we get

)\p;\bm(a)pc (b)

= Pay(e) (@) 0 pe (b) 0 pe ()™ 0 (pry(e) (@ + pe (b)) by (8)
= (hahp (€))" 0@ o kp (c) 0 pe (b) 0 pe (b)™ 0 (pry(c) (@) + pe (b)) by (8)
= (hahp (€))" 0 a0 boco (pp.(b)Pryiec) (@) by (4)
= (Mu)App(@) (©)) 0aoboco (pepy(a)” by (5) and (7)
= (M rop@ (©)) " 02a(B) 0 pp(@) ococ™ o (pp(@)” +c) by (4)
= (M@ (©)) " 02 (B) 0 Apy(ay (©) by (8)
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= Phy,@(@ra (D), by (8)

thus (6) is satisfied. Therefore, r is a solution. O

Now, to show that the solution r associated to any weak brace S is a completely
regular map, we introduce the notion of opposite weak brace of S, which is consistent
with that given by Koch and Truman [25, Proposition 3.1] in the context of skew
braces.

Proposition 12 Let (S, +, o) be a weak brace and define a +°P b := b + a, for all
a,b e S. Then, S°P := (S, +°P, o) is a weak brace, which we call the opposite weak
brace of S.

Proof Clearly, (S, +°P) is an inverse semigroup with —%a = —a, for every a € S.
Thus,

—Pag+Pa=a—a=aoa .
Moreover, if a, b, ¢ € S, we get
ao(b+”c)=ao(c+b)=aoc—a+aob=aob-"a+"aoc,
thus S is a weak brace. O

Simple examples of opposite weak braces are the trivial and the almost trivial ones.

Remark 2 Given a weak brace S, let us observe that the solution r°P associated to S°P
can be written as

r(@.b) = (aob—a, (@ob—a) oaob) = (pe (b7) " Ay (a7) 7).

for all a, b € §S. Indeed, by Proposition 9-3.,

A (D) =ao(b+a )=aob—a+aoca =aob—a=p, (b7)

and
pp (@) = (Aqg (b)) o0aob by Proposition 9 — 4.
= Py- (b_) ocaob
=M (a7) ", by Proposition 9 — 2.

foralla,b € S.

The following theorem illustrates a significant property of the solution r associated
to an arbitrary weak brace S, namely r has a behavior close to bijectivity. Moreover,
this result includes that in [25, Theorem 4.1], where it is proved that the inverse of the
bijective solution r associated to a skew brace S is the solution r°7 associated to the
opposite skew brace of S.
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Theorem 13 Let S be a weak brace, r the solution associated to S, and r°P the solution
associated to the opposite weak brace of S. Then, the following hold

rrPr=r, rPrr?=r% and rr°? =rr,

namely, r is a completely regular element in Tg.s. Moreover, rr°P is a solution. In
particular, if S is a skew brace, then the solution r is bijective with r=l = pop,

Proof Leta, b € S. Initially, we prove that rr°” = r°r. Note that, by Proposition 7,
we have

aob—aob+a=aob+i,(—b) =ao(b—b)=aobob™. O]
Thus, the first component of rr°? (a, b) is

—da (B)P + 1y (B)P 0o pp (@)’ =a—aob+aob byRemark 2 and (4)
=aob—aob+a by Theorem 8
=aobob™. by (9)

Moreover, by Proposition 9-4. and by (4), the second component of rr°P (a, b) is equal
to

(szp(b)pgp (a)>_ oAg’ (b)op, (a)=(aobob”) ocaob=a oaob.
Besides, we obtain that
rPr (@, b) = (ha (b) 0 py (@) = 1a (b), (ha (b) © pp (@) = ha (b)) ™ © ha (b) © pp (a))
= (aobfaob+a,(aobfaob+a)7oaob) by (4)
= (aobob_, a_oaob). by (9)
Therefore, the map r°’r = rr°P. Moreover, it is a routine computation to verify that
rroP satisfies (5), (6), and (7), hence it is a solution. It follows that, by Proposition 9-1.,
the first component of r r°? r(a, b) is
Maobob— (cfoaob) =—aobob  +aob=»x,(b)
and, by Proposition 9-4., the second component is equal to

Pa=cach (0D 0 b™) =g (b)" 0caob =py(a),

and so r r°P r = r. Furthermore, by Remark 2, the first component of »°? r r°P (a, b)
is

aobob oa ocaob—aobob” =aob—aobob™

=aob—a+ao(—bob)” —a by Lemma 1-1.

@ Springer



Set-theoretic solutions of the Yang—Baxter equation... 243

=ao(b+bob”)—a
=aob—a=M\"(b)

and the second one is
(@aob—a) ocaobob oa caob=(aob—a) caob=p (a),

i.e., ¥ r r°? = r°P . Therefore, r is a completely regular map. Finally, if S is a skew
brace, by [21, Thereom 3.1], r is bijective, hence we clearly have that r? = r~Lono

Remark 3 1. In general, one can note that every solution may have more than one
inverse. An example is given by the solution » on a monoid (S, o), with |S] > 1,
defined by r (a, b) = (a o b, 1), forall a, b € S. Indeed, r is an idempotent solu-
tion (cf. [9, Examples 1.1]), thus an inverse is r itself. Furthermore, the idempotent
solution s (a, b) = (1, a o b) is another inverse of , which does not commute with
r.

2. If S is a weak brace, then the solution r associated to S has a behavior which is
close to non-degeneracy. Indeed, as observed in Corollary 3, the map X, admits
the map A,- as an inverse, for every a € S. Similarly, by Proposition 10, the map
pp admits p,— as an inverse, for every b € S. Evidently, if (S, o) is a Clifford
semigroup, such maps are completely regular. In the next section, we will provide
a weak brace in Example 3 for which A,,~ 7# Ag—o4-

Remark 4 Note that the map rr°7 in Theorem 13 can be obtained starting from an
arbitrary inverse semigroup. Namely, if (S, o) is an inverse semigroup, the map s =
rrP given by

s(a,b)=(aobob ,a” ocaob),
for all a, b € S, is a solution that is idempotent.

Now, we focus on the behavior of the powers of the solutions r. We start by proving
the following lemma, which is already known for solutions associated to skew braces,
see [33, Lemma 4.13]. The properties obtained until now allow us to prove it in a
similar way even in the more general context.

Lemma4 Let S be aweak brace and r the solution associated to S. Then, the following
hold

r*"(a,b) = (-n(@ob)+a+n(aob),(—n(aob)+a+n(aob)) oaobh)
2t a,b) = (—n(aob) —a+m+1)(@ob),
(—n(aob)—a—f—(n—}—l)(aob))‘oaob),

foreveryn € N, n > 0, and forall a,b € S.
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Proof For the sake of simplicity, set k,(ll) (b) := Ay (b) and pél) (a) := pp (a), and for
everyn € N, n > 0, write

3P B) = hygen oy @) and 7 (@)= p ey 1T B).
for all @, b € S. Itis a routine computation to check that
(@) = (1 ®). 0} @)
and
A by o p (@) =aob (10)

hold, for all @, b € S. Furthermore, by (10) and by Proposition 9-4., proceeding by a
simple induction we obtain

o (@) = (,\g” (b))_ oaob,

for all a, b € S. Hence, we only prove that

Agzn)(b):—n(aob)+a+n(a°b)’ an
)LL(IZ"'*‘l)(b) =-n(aob)y—a+m+1)(aob), (12)

forall a, b € S, and we proceed by induction on n > 0.
Ifa,b e S, forn =1, by (4) we get

WP (B) = My ob (@) = —2a (b) + Ao (B) 0 pp (@) = —aob+a+aob
and,

2 2
1 B =00, (@ =23 (B) +2.7 B) 0 i (@)
=(—aob+a+4+aob)y4+aob by(10)
=—aob—a+2(aob).
Assume the claim follows for some n > 1. Then, if n is even, by induction hypothesis,

we have

2 2n—1
)~¢(12H+])(b) — )‘Affw(b)/’/g n) (a) = _ngn) b) + )‘z(zzn) (b) o p}() n )(a)

— 32 () +aoh by (10)
=—(—n(aob)+a+n(aob))4+aob
=-n(aob)—a+m+1)(aoh),

hence (12) follows. Analogously, if n is odd, one can see that (11) is satisfied. O
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In the following proposition, we prove that the solutions associated to a weak brace
having a commutative semigroup as additive structure are cubic, i.e., 7> = r. Clearly,
if S is a brace, since r is bijective we obtain r2 = idgys, see [32].

Proposition 14 Let S be a weak brace and r the solution associated to S. Then, if the
inverse semigroup (S, +) is commutative it follows that P =r.

Proof Leta,b € S. Then, by Lemma 4, we have that

AY(b)=—aob—a+2(@ob)y=—-a+aob—aob+aoh
=—a+aob=»x,(),

hence, by 4. in Proposition 9, pS) (a) = ()&) (b))_oaob = (Aq (b)) 0aob = pp(a).
Therefore, the claim follows. O

To conclude this section, we give a property of a solution associated to a weak brace
S with an idempotent semigroup (S, +).

Proposition 15 Let S be a weak brace and r the solution associated to S. Then, if the

inverse semigroup (S, +) is idempotent it follows that 3 =ri

Proof If a, b € S, then by Lemma 4, we have that

AI(b)=—aob—a+2(@ob)y=—-aob—a+aob=21% (),

hence p\>) (a) = (xff) (b))7 oaob = (ra ()®) oaob = p(a). Therefore, the
claim follows. O

4 Constructions of weak braces

This section aims to review some of the constructions of inverse semi-braces provided
in [10] to obtain new examples belonging to the class of weak braces.

To this purpose, it is useful to characterize inverse semi-braces which are also weak
braces.

Proposition 16 Let S be a non-empty set endowed with two operations + and o such
that (S, +) and (S, o) are semigroups. Then, S is a weak brace if and only if S is an
inverse semi-brace such that the following hold:

1. (S, +) is inverse,
2. ao(cf—i—b) =—a-+aob,

foralla,b € S.

Proof Initially, note that we have already observed that any weak brace is an inverse
semi-brace. Conversely, assume that S is an inverse semi-brace such that 1. and 2. are
satisfied. We only have to show that, foreverya € S,aoa™ = —a+a. Let us observe
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that the statements in Lemma 1, Proposition 7, and Lemma 2 still hold. If a € S, we
have thata oa™ € E(S, +). In fact,

@goa”=ao(a”—a +a)=aoa +ao(a” —a +a)=aca +aoa .
Moreover, we obtain

a=a-+aoa .
Indeed, by Lemma2,—a = A, (a~) = ao(a™ +a~) = aca™+x, (a~) = aca™—a,

hencea =a—-—aoa” =a+aoca.
Now, we show that a o a™ is the opposite of —a + a. We have that

aoa_—a+a~|—aoa_=aoa_—a+a=ao(a_+a_oa)=aoa_
and
—a+a+aoca —at+a=—-a+a—-—a+a=—a+a.
Therefore, S is a weak brace. O

Let us begin by examining the construction named matched product of inverse
semi-braces. We show that any matched product of weak braces gives rise to another
one without requiring any additional properties. To this purpose, we need the maps
a and B in [10, Definition 10], which allow for obtaining such a new weak brace
having multiplicative semigroup isomorphic to a Zappa product of the starting inverse
semigroups. Hereinafter, for the ease of the reader, given two weak braces S and T,
we use the letters a, b, ¢ for the elements of S and u, v, w for the elements of 7.

Definition 17 Let S and T be two weak braces, « : T — Aut (S) a homomorphism of
inverse semigroups from (7', o) into the automorphism group of (S, +),and 8 : § —
Aut (T') a homomorphism of inverse semigroups from (S, o) into the automorphism
group of (7', +) such that

@, (a;‘(a) ° b) =aoa,, (b)  fa (ﬁ;‘ W) o v) =uof, 1, (13)
au(au_l(a) oa) —a, B (ﬁ;l () ou) —u = oy (@) =a, Bo () =u (14)

hold, for all a,b € S and u,v € T. Then, (S, T, «, B) is called a matched product
system of weak braces.

Theorem 18 (cf. [10], Theorem 12) Let (S, T, «, B) be a matched product system of
weak braces. Then, S x T with respect to

(a,u) + (b,v) :=(a+b,u+v)
(a,u) o (b, v) = (otu<otu_l(a) ob), Ba (ﬁ;l W) o v))
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forall (a,u), (b,v) € S x T, is a weak brace, called the matched product of S and
T (via o and B) and denoted by S >< T.

Proof By [10, Theorem 12], we have that S > T is an inverse semi-brace. More-
over, the additive structure is clearly an inverse semigroup since (S x T', +) is the
direct product of (S, +) and (T, +). Thus, we only need to show that condition 2. in

Proposition 16 is satisfied.
Let (a,u), (b,v) € S x T. Then, we obtain

—(a,u) + (a,u) o (b, v)
= (—a, —u) + (au (a;l(a) o b), Ba (,3;1 (u) o U))
= (—a +au(au_l(a) ob), —u+ B (,Ba_l (u) o v))

_ (_a +aoa,  (b), —u+uop, i, (v)) by (13)

= (Aaaﬂ{:l(u)(b)v )\uﬂaufl(a) (U))
and

(a,u)o ((a, )™ + (b, v))
=@wuo ((a/;;l‘(m @) B (”_)) + O ”))
(o e e ) )5 5 012 ) +2)
- (a ° <a_ ety (b)) wo <u_ + Bt (v))) by (13)

= (Aaa (D), MiBy1 (4 (”)> :

B )
Therefore, by Proposition 16, S x T is a weak brace. O

As shown in [10, Theorem 15], the solution r associated to any matched product
S < T of two weak braces S and 7T is exactly the matched product of the solutions
rs and rr associated to S and T, respectively, and it is given by

F (@), b, 0) = ((,2a®), Ba®) (05 e, (@ B3 gy ) )
where we set

a=o; (@), ii:=p" W, A=a,rb), U:= i), A:=ay,'(A),
U:=8,"U),

for all (a, u), (b, v) € S x T (cf. [10, Theorem 14]).
The semidirect product of two weak braces, cf. [10, Corollary 17], is a particular

case of the matched product. Specifically, if (S, T, «, B) is a matched product system,
we consider B, = idr, for every a € S. Analogously, one can consider the case
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ay = idg, for every u € T. A simple example of such a case is 3. in Examples 2,
regarding both the Clifford semigroups S and T as trivial weak braces. In this way,
the inverse semigroup (S x T, o) is exactly the semidirect product of the inverse
semigroups (S, o) and (T, o) viaw (or via ), in the sense of [29, 31]. Namely, this is the
Zappa product of the two semigroups (S, o) and (T, o) with Ya = o (u) (a) = «, (a)
and u® = B, (u) = u,foralla € S and u € T. In particular, the multiplication o on
S x T is given by

(a,u)o(b,v):(ao”b,uov),

forall (a,u), (b,v) € S xT.
The following is an instance of weak brace obtained starting from the semidirect
product of Clifford semigroups, cf. [10, Example 9].

Example 3 Let X := {1, x, y}, S the upper semilattice on X with join 1, and T the
commutative inverse monoid on X with identity 1 in which they hold xox = yoy = x
and x o y = y. Consider the trivial weak braces on S and 7', respectively. If t is the
automorphism of S given by the transposition t := (x y), then the mapo : T —
Aut(S) given by o (1) = o(x) = idg and o (y) = 7, is a homomorphism from (7', o)
into the automorphism group of the weak brace S. Therefore, by Theorem 18, § x T
is the semidirect product of S and T'.

In addition, as anticipated in Remarks 3, there exists an element (a, u) € S x T such
that )‘(a,u)o(a,u)* 75 )‘(a,u)*o(a,u)- Indeed, )”(y,y)o(y,y)* (ys 1) = )\(y,x) (y’ D= (y, X)
and )"(y,y)*c(y,y) (yt 1) = )‘(x,x) (y’ 1) = (I, x).

Now, we show how to obtain a new weak brace involving the construction of the
double semidirect product of inverse semi-braces, cf. [10, Theorem 19]. In this case,
to obtain an inverse semigroup (S x T, +), we need that the codomain of the map §
is Aut(S), cf. [35, Theorem 4]. Moreover, the additional condition (15) ensures that it
also is a Clifford semigroup, a necessary condition by Theorem 8.

Theorem 19 Let S and T be two weak braces, o : T — Aut (S) a homomorphism
from (T, o) into the automorphism group of the weak brace S, with"*a = o (u)(a),
foralla € Sandu € T, and 6 : S — Aut (T) an anti-homomorphism from (S, +)
into the automorphism group of (T, +), with u® := §(a)(u), foralla € Sandu € T.
If the following conditions

u—u)=u—u (15)
(uov)k“(um +uo ((Lf)b—i—w) =uo (vb—i—w) (16)

hold, foralla,b € S andu,v,w € T, then S x T with respect to

(a,u) + (b,v) := (a+b, ub—i—v)
(a,u) o (b,v) = (ao “p, uov),

forall (a,u), (b,v) € S x T, is aweak brace. We call such a weak brace the double
semidirect product of S and T (via o and §).
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Proof By [10, Theorem 19], we have that S >« T is an inverse semi-brace. Moreover,
the additive structure is an inverse semigroup since it is the semidirect product of the
semigroups (S, +) and (7', +). Thus, we only show that the condition 2. in Propo-
sition 16 is satisfied. If (a,u), (b,v) € S x T, by setting v = u~ o u in (16), we
obtain

=uo (u —u ) +w)

:uo(u_—u_+w) by (15)
=uo(u ou+w)

=u+Xr, (v) by Proposition 2 — 4.
=uov by Lemma 1 — 2.

Hence, we get

(D tuow = (w4 D puo (W) +v)
= (—u+u)? +uo ((u_)b + v)
=—u+u+uo((u7)b+v) by (15)

=—u+u+uo(u7)b—u+uov

=uo(u7)b—u+uov
=uo ((u_)b + v) .
Thus, it follows that
—(a,u) + (a,u) o (b,v) = (—a, —u_“) + (a o"b,uo v)
(—a +ao b, (—u_“)ao ‘b 4+uo v)
= (ha ("B). (=)™ +uov)
(ra (") wo ()" +v))
and

(a,u)o ((a, u)~ + (b, v))

I
~~
Q
I
N
o

N TN
—~
:I
IS}
|
<
|
N—
+
Py
N
<
N
N—
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= <)m (“b) ,uo ((u_)b + v)) .

Therefore, by Proposition 16, S x T is a weak brace. 0

By [10, Theorem 23], we have that the solution » associated to a double semidirect
product of S and 7" via o and § is given by

r((a,u), (b, v)) = ((}\ (“b) . uo szb) , ((Qz,v)upu,, (a), (szv)_ ° v)) ,

for all (a,u), (b,v) € S x T, with Q¢ = (u’)a + v, foralla e S,u,veT.

u,v

5 Weak braces obtained from factorizable inverse monoids

In this section, we give a class of examples of weak braces. Specifically, we extend the
construction provided in [21, Example 1.6] and [33, Theorem 3.3], involving exactly
factorizable inverse monoids. Finally, we show that any exactly factorizable group
determines two skew braces which, in general, are not isomorphic.

A semigroup (S, +) is said to be factorizable if S = U + V, where U and V are
subsemigroups of S [34]. The pair (U, V) is called a factorization of S, with factors
U and V. Moreover, a factorization (U, V) of S is called exact (or univocal) if any
element @ € § can be written in a unique way as a = u, + v, with u, € U and
vy € V. Insuch acase, it holds that U NV = {0}, with 0 both right identity of U and
left identity of V, cf. [3, Theorem 2]. Clearly, if U and V are Clifford semigroups,
then O is the identity of U and V and, consequently, (S, +) is a monoid.

Let us observe that, in general, if S is a monoid admitting an exact factorization
into two Clifford submonoids, then S is not necessarily a Clifford monoid. However,
below we illustrate how to obtain easy examples of Clifford semigroups admitting an
exact factorization, involving the semidirect product of a group and a Clifford monoid.

Example 4 Let S be a group, T a Clifford monoid, and o : T — Aut (S) a homomor-
phism. Then, S %, T is a Clifford semigroup. Indeed, by [31, Theorem 6], itis aninverse
semigroup. Moreover, it is easy to check that E (S x4, T) = {(0,e) |e € E(T)}.
Hence, if (a,u) € S x T ande € E (T),

(a,u) + (0,e) = (a,ue) = (a,eu) = (0,e) + (a,u),

i.e., S X4 T is a Clifford semigroup. Furthermore, the factorization of § %, T is exact.
Note that, if T is an idempotent semigroup, then the semidirect product is direct.

We refer to the survey by FitzGerald [17] for methods that allow to construct
factorizable inverse monoids.

The following theorem is the main result of this section which shows how to obtain
a weak brace starting from an exact factorization of a Clifford semigroup.
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Theorem 20 Let (S, +) be a Clifford semigroup and (U, V) an exact factorization of
S into two Clifford subsemigroups. Define on S the operation given by

aob:=u,;+b+v,,

foralla,b € S. Then, S, := (S, +, o) is aweak brace and its multiplicative semigroup
is isomorphic to the additive semigroup U x V. Moreover, U and V are the trivial
and the almost trivial weak braces, respectively.

Proof Initially, let us observe that (S, o) trivially is a semigroup. Moreover, (S, o) is
a completely regular semigroup. Indeed, if a € S and x := —u, — vy, wWe get

aoxoa=ao(—uUg+a—vy) =ug—ug+a—v,+v, =u,+v, =a,

andaox =u; — Uy — Vg + Vg = —Uy + Uy + v, — v, = X 0 a. Besides, (S, 0) is a
Clifford semigroup. In fact, if e € E(S, o) and a € S, then we have u,, v, € E(S, +)
andaoe =u, +u, +v, +v, = up + 1y + v, + 1, = e o a. In addition, it holds
X =a_,since

xoaox=xo0o(Ug+Xx4+V,)=—Ug+usg+x+vs— v, =—Uy— Vg =X.
Now, if a, b, ¢ € S, then we obtain

aob—a+4+aoc=u;+b+v,—vy, —uy+u, +c+ vy,
=Uy —Ug+Us +b+c+v, — v, + v,
=ao(b+c)

andaoa™ =ug; — Uy — Vg + Vg = —Ug + Uy — Vg + v, = —a + a. Therefore, S, is
a weak brace.

Moreover, it is easy to show thatthemapn : U x V — S givenby n(u, v) = u—v,
for all (u, v) € U x V, is an isomorphism from the additive semigroup U x V into
the multiplicative semigroup (S, o). Finally, the last part of the statement is trivial. O

Let us observe that weak braces S, obtained as in the previous theorem are also
generalized semi-braces.

In the particular case of factorizable groups, we recover the results given in
[21, Example 1.6] and [33, Theorem 3.3].

Corollary 21 Let (G, +) be a group and (U, V) an exact factorization of G into two
subgroups. Then, G, is a skew brace and its multiplicative group is isomorphic to the
additive group U x V. Moreover, U and V are the trivial and the almost trivial skew
braces, respectively.

Remark 5 Regarding any element a = u, + v, of G as the pair (14, v,) in U x V, the
construction in Corollary 21 is an instance of the double semidirect product of the two
skew braces U and V presented in Theorem 19, where o, = idy, for every v € V, or,
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equivalently, (U, +) < (G, +). Indeed, in such a case, if a,b € U and t,v,w € V,
clearly

@0+ v = (a+b, 1 +v)
(a,t)o(b,v) =(a+b,v+t)=(aob, tov),

and (15) is trivial. Moreover, A, (b) = b and
(tov))‘”(b)—i-to((f)b—i—w) = (v+t)b—tb+w—|—t=vb+w+to<vb+w>,

i.e., (16) holds.

Remark 6 We recall that a skew (left) brace (S, +, o) is a bi-skew (left) brace if in
addition the roles of the sum and the multiplication can be reversed, i.e.,

a+(boc)=(@+b)oa o(a+c)

holds, for all a, b, ¢ € S, cf. [13]. As a direct consequence of [13, Proposition 7.1], if
(G, +) isagroup and (U, V) is an exact factorization of G into two subgroups, then
G, is a bi-skew brace.

Now, given a group (G, +) with an exact factorization (U, V), we wonder what
happens if we consider the other factorization (V, U) of G. Thus, any elementa € G
can be also written as a = v, + u,. In a similar way, by exchanging the roles of U
and V in Corollary 21, one can prove the following result.

Proposition 22 Let (G, +) be a group and (V, U) an exact factorization of G into
two subgroups. Define on G the following operation

aeb=uv,+b+u,

foralla,b € G. Then, G := (G, +, @) is a skew brace and its multiplicative group
is isomorphic to V x U. Moreover, V and U are the trivial and the almost trivial skew
braces, respectively.

As in the case of G, one can check the following result.

Proposition 23 Let (G, +) be a group and (V, U) an exact factorization of G into
two subgroups, with V a normal subgroup of G. Then, G is a bi-skew brace.

In general, we point out that the skew braces G, and G, are not isomorphic. Note that,
if two skew braces are not isomorphic, the associated solutions can be equivalent. For
instance, it is enough to consider the trivial left braces on two abelian not-isomorphic
groups having the same order, since the solutions associated coincide with the twist
map. Thus, we wonder under which assumptions the skew braces G, and G, give rise
to non-equivalent solutions.

The next is an easy example in which the solutions r, and r, associated to G, and
G,, respectively, are not equivalent since G, is a trivial skew brace and G, is an almost
trivial skew brace.
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Example 5 Let us consider a group G which is the direct product G = U + V with a
non-abelian group U and an abelian group V. Clearly, we have that u +v = v + u,
forallu € U and v € V. Then, G, is the trivial skew brace, since

aob=u;+up+vp+vy,=us+up+v,+vp=u,+v,+u,+vp,=a-+>ob,
for all a, b € G. On the other hand, G, is an almost trivial skew brace. Indeed,
aeb=v,+vp+up+u;,=up+u;+vo+vy=up+a+vy=boa=>b+a,

for all @, b € G. Obviously, these skew braces are not isomorphic and the solutions
associated to G, and G, are not equivalent. In this case, such solutions are

ro(a,b) = (b, —up+a+up) re(a,b)=(—uq+b+u, a),

foralla, b € G, respectively. Moreover, it holds r, = 7 r 7, Where t is the twist map.

Now, we focus on exact factorizations having abelian factors. Initially, we observe
thatif G = U + V is an exact factorization with U and V abelian subgroups of (G, +),
then (G, o) is an abelian group, indeed

aob=u,+up+vp+vy=up+u;,+v,+vp, =boa,

for all a, b € G. Similarly, (G, ) is an abelian group.

Recently, a complete classification of skew braces of order pg with p and g primes,
up to isomorphism, has been provided in [1, Theorem p.2]. In particular, if p > ¢
and g | p — 1 there are 2g + 2 skew braces, otherwise there is only the trivial one.
As far as we have observed, starting from an exact factorization G = U + V different
from a direct sum, with |U| = p and |V| = ¢, we obtain that (G, o) and (G, e) are
abelian groups. Consequently, the skew braces G, and G, are among those described
in the cases (i7) or (iii) in [1, Theorem p.2] with the additive group isomorphic to
Zp ¥ Zg4. Indeed, by elementary computations, one can check that (i7) and (ii7) are
the unique skew braces in the classification having abelian multiplicative groups.

Below, we highlight that even in the smallest case, G, and G, are not isomorphic
and the solutions r, and r, are not equivalent.

Example 6 Let us consider the symmetric group G = Symj exactly factorized as
U+V,whereU = ((12))and V = ((123)). Then, G, is a skew brace (case (ii)), while
G, is a bi-skew brace (case (iii)) having both the multiplicative groups isomorphic
to the cyclic group of order 6. Specifically, (G, o) = ((13)) = ((23)) and (G, o) =
((13)) = ((23)). In addition, the solutions r, and r, are described by

iod3 = ’\?12) = idSymz
Ay = ((12) (13) (23))
M3y = Mz = Az = ((12) (23) (13)

:01313 = :0(0123) = :0(0132) = idsym,
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,0(012) = P€13) = ,0523) = ((13) (23)) ((123) (132))

and

My = 123y = Mi3z) = idsym,

A2y = A3y = Als) = ((13)(23)) ((123) (132))
Pia; = P12y = idsym,

Ph3) = P2z = ((12) (13) (23))

P13y = Play = ((12) (23) (13)) .

These solutions are not equivalent. Indeed, by a routine computation one can check
that the unique bijection f from G into itself satisfying (f x f)ro = ro(f x f) would
be the identity on G, an absurd.
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