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ON THE TRACE EMBEDDING AND ITS APPLICATIONS TO
EVOLUTION EQUATIONS

ANTONIO AGRESTI, NICK LINDEMULDER, AND MARK VERAAR

ABSTRACT. In this paper we consider traces at initial times for functions with
mixed time-space smoothness. Such results are often needed in the theory
of evolution equations. Our result extends and unifies many previous results.
Our main improvement is that we can allow general interpolation couples.
The abstract results are applied to regularity problems for fractional evolution
equations and stochastic evolution equation, where uniform trace estimates on
the half-line are shown.

1. INTRODUCTION

In the theory of evolution equations one often needs to describe the precise
regularity of the trace of u at ¢ = 0, where w is a function which has mixed fractional
smoothness in time and space. Parabolic regularity usually implies that u is in

(1.1) A*P(Ry; Xo) N LP(Ry; X1),

where A%P = W*P is the Sobolev-Slobodetskii space, or A = H*P is the Bessel
potential space, or AP = F is the Triebel-Lizorkin space, and s > 1/p. Typically,
Xo = L? and X; is some Sobolev—Slobodetskii space as well. In the case s € N is
an integer, and A is a Sobolev space, then the precise regularity is well-understood
and related to the so-called trace method for real interpolation due to J.L. Lions
(see [53] for a detailed account and references).

For s € (0,00) \ N, the situation is more delicate and much less is known. This
case occurs naturally in:

(a) Evolution equations of Volterra type;
(b) Stochastic evolution equations driven by Brownian noise.

In (a) the smoothness in time is fractional because of the fractional order time
derivative in the equations. In (b) the smoothness in time is fractional because
Brownian motion is only C%*-regular for all « € [0,1/2). These two examples will
be discussed in more detail in Section 6.

Fractional smoothness also occurs when dealing with inhomogeneous boundary
value problems. We illustrate this with a simple but nontrivial heat equation. On
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the time intervals J = (0,7) and the half space R? = (0,00) x R?~! consider

Owu— Au =0, oanR‘i;
u =g, on J x R4-1:
u=0, on {0} x R%.

Typically one wants to characterize when

(1.2) u € WHP(J; LP(RY)) N LP(J; WP (RL)).

By classical parabolic regularity theory (see [11, 32]), the latter holds if and only if
g €B = WITBP(J; [P(RI) 0 LP(J; W2 5P (RITY)),

and the compatibility conditions g = 0 holds at {0} x R4~ if p > 3/2 and no
condition is required if p < 3/2 (we avoid the case p = 3/2). The latter space
fits exactly in the setting (1.1). In order to prove the above characterization it
is important to characterize the trace space of B at ¢t = 0, which is known to be
Wz_%’p(Rdfl). In case one wants L?-integrability in space in (1.2), then the space
for g becomes more involved and Triebel-Lizorkin spaces are needed (see [11]).

Without any structured theory, the complexity of the spaces involved easily gets
out of hand for more difficult boundary value problems. We refer to [40] for the
application to the inhomogeneous Stefan problem with Gibbs-Thomson correction,
where many traces spaces need to be characterized for spaces of the form (1.1),
where often even three spaces are intersected. The same technique can be used to
include inhomogeneities in other equations of so called mized order type. Details
on equations of mixed order type can be found in [12, 13].

After these motivations, we return to the general setting of the trace problem
for (1.1). There are actually two problems to be solved if one wants to characterize
the unknown trace space Xry,. In the following Trou := »(0) and R4 := (0, 00).

Problem 1.1 (Trace problem). Let s >0, p € (1,00), v > 0. Find X1y, such that

(1) Tro : ASP(Ry, tVdt; Xo)NLP (R, t7dt; X1) — X1y, i well-defined and bounded;
(2) Xtr, is the smallest space for which (1) holds.

A sufficient condition for (2) is
(2)" There exists a right inverse to Try.

In the Sobolev—Slobodetskii scale (A = W) results about traces of spaces with
mixed order (fractional) smoothness can be found in [15] and extensions to weighted
spaces in [37, Theorem 4.2]. The case of Bessel-potential spaces (A = H) was
considered in special cases in [58, Theorem 3.6] under geometric restrictions on X
and under the condition that X; is the domain of an R-sectorial operator T'. In the
paper [40] by Meyries and the third named author, it was shown that [15, 37, 58] can
be unified and geometric and R-sectoriality conditions can be omitted. However,
in [40] it is still assumed that X is domain of some sectorial operator T', and there
is an angle condition on the sectoriality of T', which is in terms of the smoothness
s.

In the current paper we will show that one can actually consider an arbitrary
interpolation couple (X, X1), and this extends the boundedness part of [40], which
is an important step in the solution to Problem 1.1:
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Theorem 1.2. Let (Xo,X1) be an interpolation couple of Banach spaces. Let
p€(l,00),y€(-1,p—1), g€ [l,00], and s > 0. Let A*P € {H>P, WP F7 }.
Then for s > 1+77 the following mapping is bounded

Trg : AS7P(R+,t7dt;X0) N LP(RJr,t’Ydt;Xl) — (XO;X1)1,1+_7

p Trou=u(0).
sp

Moreover, if v € [0,p—1), then ASP(R,,t7dt; Xo) N LP (R4, t7dt; X1) continuously
embeds into

. 1+
Cb([oam);(X07X1)1,thW7p) ZfS> T’Y’

, 1
va’Y/P((Ovoo);(XOaX1)17$1p) if s > p

Here Cy([0,00); X) and Cy, ,((0,00); X) denote the spaces of X-valued continu-

ous functions on [0, 00) and (0, 00) for which sup |lu(t)||x < coand sup t”||u(t)|x <
te[0,00 t>0
00, respectively.

The above result extends and unifies many of the previous mentioned results.
Moreover, consequences with homogeneous norms are derived in Sections 4.3 and
5. Optimality holds in many cases (see [40, Theorem 1.1]), but not in general. For
instance in the trivial case where Xy < X, the trace mapping is actually bounded
with values in the smallest space Xy, which shows that optimality is a delicate
problem. Further results on this will be given in a subsequent paper.

Both cases H**P and W*? of Theorem 1.2 follow from the case F}; ;. Indeed, these
spaces are sandwiched between the smallest case ¢ = 1, and largest case ¢ = oo of
Fy;, (see (2.8) and (3.9) below), and the image space (Xo, X1)s,p is independent of
g. The result on the weighted continuous functions with values in (Xg, X71);_ Lp
does not appear elsewhere as far as we know. If v > 0 this result provides extra
information on the regularity in space for ¢ > 0. Theorem 1.2 is proved in Sections
4 and 5 where we even allow different p, ¢, and ~ for both spaces in the intersection.

Theorem 1.2 shows that the angle conditions of [40, Corollary 4.7] are not needed
for the boundedness of the trace mapping. This angle condition led to restrictions
in [44, Section 5] which can now be omitted as will be explained in detail in Section
6. Another important aspect is that, unlike in the previous theory, we can allow
X7 to be the homogeneous domain of a sectorial operator. For instance our setting
allows to take Xo = L(R%) and the homogeneous space X; = W"4(R%) which is
important for certain optimal regularity results for (non)linear evolution equation
(cf. [10] and references therein). In particular, we will state global estimates on R
by using homogeneous function spaces, which would be impossible if one is limited
to the inhomogeneous setting. These things are demonstrated in Section 6.

Overview:

e In Section 2 we present some preliminaries on function spaces on R%, and
on sectorial operators and functional calculus.

e In Section 3 we extend some well-known results to function spaces on the
half line.

e In Section 4 we prove the main boundedness result concerning the trace
operator.

e Section 5 we briefly discuss the consequence for Bessel potential spaces.
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e In Section 6 we show how Theorem 1.2 can be used to obtain a priori esti-
mates on infinite time intervals [0, co) for Volterra equations and stochastic
evolution equations.

Notation. The following standard notations are used frequently in the paper Ny :=
NuU {0}, Ry = (0,00), wy(t) = t7. The real interpolation space (Xo, X1)g,p for

6 € (0,1) and p € [1,00]. Dense and continuous embedding X Ly,

B, , Besov space, Fj | Triebel-Lizorkin space, H*? Bessel potential space, W™
Sobolev space, W#P Sobolev-Slobodetskii space. Difference seminorm [f] Fi (1w, X)
(see Remark 3.6). Tr§ is the trace mapping and is defined in Lemma 4.1. Cy, ,(R4; X)
see (4.23). Du =’ and Du = —u’ see (3.5)-(3.6).

A =~ B means that there is a constant C' > 0 such that C~1A < B < CA. Here
the constant C' is typically only dependent of parameters which are clear in each
context.

2. PRELIMINARIES

In this section we collect definitions and basic results for function spaces with
power weights.

Let .7 (R% X) denote the Schwartz functions with values in X with its usual
topology, and let .%/(R%; X) = Z(7(R?), X) denote the X-valued tempered dis-
tributions. For  C RY open, let 2(Q) = C(Q2) be the C>®-functions which
have compact support in © endowed with its usual topology, and let 2'(Q; X) =
Z(2(Q),X) denote the X-valued distributions.

2.1. Real interpolation and the mean method. In this subsection we collect
basic facts on interpolation theory which will be needed in the paper. For an
exposition of the general theory see [6]. As usual, we say that (Xg,X;) is an
interpolation couple of Banach spaces if Xy and X; are Banach spaces and there
exists a topological Hausdorff space V, such that X; < V continuously for ¢ €
{0,1}.

Let (Xo, X1) be an interpolation couple of Banach spaces. For the definition and
the basic properties of the real interpolation spaces (Xo, X1)g,, for 6 € (0,1) and
p € [1, 00], we refer to [6, 25, 53]. Recall that Xo N X7 — (Xo, X1)a,p — Xo + X1,
where the first embedding is dense if p < co. We will frequently use the following
reiteration result:

(2.1) (X0, X1)80.p0» (X0s X1)61.p1)ap = (X0, X1)6,p,

where po,p1,p € [1,00], , 00,601 € (0,1) and 6 = (1 — )y + ab;.
In this paper we will use the following alternative characterization of real inter-

polation spaces, which is a variant of the first mean method and can be found in
[53, Remark 2, p. 35].

Lemma 2.1. Let &y,&1 be real numbers such that &&1 < 0 and 1 < pg,p1 < 0.
Moreover, set

1 1-6 0
0= So , = + —.
§o—& p po M
Then (Xo, X1)o,p coincides with the set of all x € Xo + X1 for which there exist
measurable functions u; : Ry — X (for j € {0,1}) such that the maps t — 5 u;(t)
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belong to LPi (R+, 1 X;) and
(2.2) x = uo(t) + uy(t), for almost allt > 0.

Furthermore,

||17H(X07X1)9,p ~0.,p,€0,€1 ulongl Z [t — tgjuj(t)|‘LPj(R+,%;Xj)a
je{o,1}

where the infimum is taken over all ug,u1 such that (2.2) holds.

Proof. The proof is a simple modification of [53, Remark 2, p. 35]. For convenience
of the reader we provide the details. To begin, we recall that (Xo, X1)p, can be
characterized as the set of all x € X+ X such that there exist measurable functions
u;j : Ry — X (for j € {0,1}) such that the maps t — t=%u;(t) (j € {0,1}) belong
to LPi (R, %; X;) and = = ug(t) + u(t) for almost all ¢ > 0. Furthermore,

2l (x0,X1)0., ~0.p iﬁf Z [t = 7= (8| s (Ry, 4. X))
je{0,1}

where the infimum is taken over all u such that (2.2) holds. See for instance, [53,
Theorem 1.5.2 a) p. 33] or [25, Proposition C.3.7].

To prove the equivalence, it is enough to note that for any measurable maps
uj (j € {0,1}) such that t — tSu;(t) € LPi(Ry, %; X;), the functions v;(t) =

uj(tiliﬁo) satisfy

| el S = = [0l % jefo,1)

1

here we have used the transformation ¢ = 7'51*50 and that dt = 5% . Moreover,
x = Z uj(tiliﬁo) = Z v; (¢), for almost all ¢t € Ry.
je{o,1} je{0,1}
Thus, the maps u; — v; are isomorphisms and this concludes the proof. ([l

2.2. Weighted function spaces. In this subsection X denotes a Banach space.
Let p € (1,00). Let @ C R? be an open set. A weight w : Q@ — [0,00) is a
measurable function which is nonzero a.e. The norm of LP(Q, w; X) is given by

e = ([ 1@l dr)

In case X = C we write LP(Q,w) = LP(Q,w;C), and in case w = 1 we write
LP(; X) =LP(N,1; X). We say w € A, (Muckenhoupt A, class) if

s () )

One further sets Aoo = (J,»; Ap. For details on A,-weights we refer to [20,
Chapter 9] and [52, Chapter V]. We will mostly be using d = 1 and the weight
w,(t) = [t|” which is in A, if and only if v € (—1,p — 1) (see [20, Example 9.1.7]).

Let m € Ny, p € [1,00] and a weight w : Q — X such that w=/®=Y ¢ Ll (Q).
Note that, by Holder’s inequality, the latter implies LP (2, w; X) < Li _(Q; X). De-
note by W™P(Q, w; X) the space of all f € LP(Q, w; X) for which the distributional
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derivative 0° f exists in LP(Q; X) for all |o| < m, and set
(2.3) I llwmp@wxy = D 10 fller@w:x)-
lal<m

2.3. Besov, Triebel-Lizorkin, and Bessel potential spaces. We recall the
definitions of weighted spaces of smooth functions. For details in the unweighted
case see [4, 49, 53, 54] and in the weighted case [7, 39].

Let ®(R?) be the set of all sequences (¢ )r>0 € -7 (R%) such that

(2.4)

Po=3 @& =2¢/2D -0, =m0, k=2, €£eRY
where the Fourier transform § of the generating function ¢ € .%(R%) satisfies
(25) 0@ <1, €eR,  BO=11i <1,  FO=0if [¢ >3
For (pk)k>0 € ®(RY) and f € .7 (R%; X) we let

(2.6) Skf = on* f=F HBr])-

Given p € [1,00), ¢ € [1,00], w € Ay, and s € R, for f € .7/ (R%; X) we set

sk
||f||B;1q(Rd,w;X) = H(2 Skf)kzo

sk
||f||F;,q(1Rd,w;X) = H(2 Skf)kzo‘ L (R, wia(X))

The Besov space Bfw(Rd, w; X ) and the Triebel-Lizorkin space Fliq(Rd, w; X) are
those spaces on which the respective extended norms are finite. They are all Banach
spaces. Any other (¢)r>0 € ®(R?) leads to an equivalent norm on the B- and
F-spaces. Note that By, = F7 . It is well known that the following continuous
embeddings hold for A € {B, F'}:

09(LP (R w; X))

(2.7) F(RY X) = A (RE: X) <& 7/ (RY X),

The first embedding is also dense if ¢ < oo (see also Lemma 2.2 below). For
s € R\ Ny, we define the Sobolev-Slobodetskii space by

WoP(RY, w; X) = Bs (R, w; X).
Let p € (1,00), w € A, and s € R. For f € #'(R%; X) we set

1l ey = [ 720 +1 - By 72F ()]

Lr (R4 ,w;X)

and we define the Bessel-potential space H*P(R? w;X) as the space on which
this extended norm is finite. Recall the following crucial embedding results for
Ae{H, W}, pe (l,00), we Ay and s € R:

(2.8) FS (R, w; X) = AP(RY w; X) < FP (R, w; X).
The following simple density result will be needed.

Lemma 2.2. Let (Xg, X1) be an interpolation couple of Banach spaces. Let po,p1 €
[1,00), go,q1 € [1,00), 0,51 € R, wo,w; € Ass and A € {F, B}. Then
SR, Xo N X;) <% A

Po,90
) s
The same is true if Al

(R, wo; XQ) N Asl

P1,91

(]Ru w1, Xl)
is replaced by LP'.
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A similar result holds for A5i =~ replaced by H®"Pi for i € {0, 1}. Since it will be
not needed here, we do not include the details.

Proof. We provide some details in the case A = F'. The case of Besov spaces is sim-
ilar. For notational convenience we set F := F50 (R, w.,; Xo) N F,L (R, wy,; Xy).
We employ the argument of [39, Lemma 3.8]. Fix f € F and let Sy be as in (2.6).
Since f, := Y ,_oSkf = fasn — oo in 5 (R, w,,; X;) for each i € {0,1}, it
is enough to approximate f,. Following [39], we fix n € .(R) such that n(0) =1
and supp () € {|z| < 1}. Reasoning as in [39, Lemma 3.8], by [39, Proposition
2.4], one has n(d-) f, € (R, X;) and n(0-) fn — fn in FJ (R w,,; X;) as 6 N0
for each i € {0,1}. This concludes the proof in the case A = F.

The case A; = LP* follows by noticing that (Sk)ir>0 converges strongly to the
identity in LP* (R, w.,; X1) and therefore the above proof holds also in this case. [

2.4. Sectorial operators and functional calculus. For a detailed discussion on
the theory below we refer to [26, 22, 31, 46].

Let (¢j);>1 be a sequence such that €;’s are independent random variable on a
probability space (€2, A,P) such that P(e; =1) =P(e; = —1) =1/2 for all j > 1.
Usually, such sequence is called a Rademacher sequence. A family ¥ C Z(X) is
called R-bounded if there exists C' > 0 such that for all N > 1, z1,...,2ny € X
and Ty,...,Tny € %,

N N
a-T—:z:-} <C’H 5-33-’
H; T2 2 ixy — ; I

The infimum of all such C' > 0 will be denoted by R(¥). With a slight abuse of
notation, we write R(¥) < oo if T is R-bounded.

A closed linear operator A : D(A) € X — X is said to be sectorial (resp.
R-sectorial) if R(A) = D(A) = X and there exists ¢ € (0,7) such that o(A) C
{z € C : |argz| < ¢} = ¥y and supyee\s, AN — A) 7 Hlzx) < oo (resp.
RN —=A)"1 : X e C\ Xy) < ). Moreover, we denote w(A) (resp. wr(A)) the
angle of sectoriality (resp. R-sectoriality) and it is the infimum over all ¢ € (0, 7)
as above.

Next, we define the H*-calculus. For ¢ € (0,7), we denote by HG°(X,) the
set of all holomorphic function f : X, — C such that |f(2)| < C|z|*/(1 + |2]*)
for some C,e > 0 independent of z € X,. Let A be a sectorial operator of angle
w(A) < v < ¢. Then for f € Hf°(X,) we set

(2.9) FA) = —— [ F)R(z A) da:

o 21 %,

L2(Q:X)

where the orientation of 9%, is such that o(A) is on the right. By [26, Section
10.2], f(A) is well-defined in .Z(X) and it is independent of v € (w(A4), ).

Furthermore, the operator A is said to have a bounded H> (X, )-calculus if there
exists C' > 0 such that for all f € H*(X,),

If(Dllzx) < Clfllae(s,)

where || f|[g(s,) = sup.ex, |f(2)[. Finally, wg=(A) denotes the infimum of all
¢ € (w(A), ) such that A has a bounded H* (X, )-calculus.
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The homogeneous fractional scale (D(A?) : o € R). Let A be a sectorial operator
on X. For each o € R, A% defines a closed injective linear operator on X with
domain D(A7) (see e.g. [22, Chapter 3] or [46, Subsection 3.3]). Furthermore, we
may define the following spaces (see [31, Appendix])

(2.10) D(A7) := (D(A%), |A” - ||x)~, oeR,

where ~ denotes the completion. Note that, if 0 & p(A), then D(A%) « D(AP)
even if & > . Moreover, for ¢ € R, p € (1,00) and N 3 k > |¢| we set

(2.11) Da(p,p) = (D(A™"),D(A))gp,  0:=1/2+¢/(2k).
By (2.1), for 69,601,¢ € (0,1) and qo,q1,¢ € (1,00) with 6 := 0o(1 — ¢) + 619,
(2.12) (D(A%), D(A"))4,4 = (Da(00,0); Da(61,01))6,4 = Da(0; q)-

3. FUNCTION SPACES ON THE HALF LINE

In this section we discuss some results for function spaces on R and R, which
will be needed in the later sections.

3.1. Besov, Triebel-Lizorkin, and Bessel potential spaces on intervals. In
this subsection we gather basic definition and facts of function spaces on some
interval of R. In this subsection, X is a Banach space and I = (0,7 for some
T € (0,00]. The following quotient definition is standard and can be found in
[4, 48, 49, 53, 54].

Definition 3.1. Let s € R, v > —1, p € (1,00) and ¢ € [1,00]. Let A%P €
{H>P,F} . By} We denote by A*P(I,wy; X) the set of all f € 2'(I;X) for
which there exists g € AP (R, w; X) such that g|r = f. Moreover, we set

[Nl asw (1w, 5x) = Inf{ |9l asr(ryw.;x) = gl = £}
With the help of extension operators one can find equivalent descriptions of these

spaces. We will only need the following special extension operator.

Proposition 3.2. Let m € No. Then there exists (bj);-":";l in R and ()\j);-”:ﬁl in
(0,00) such that for every Banach space X, p € (1,00), ¢ € [1,00), v € (-1,p—1),

|s| < m the mapping ET' : B, ,(Ry,wy; X) — By (R, w,; X) given by

. B f(t), t>0,
(3.1) (E7" /() == {E;”_*ll b f(=Ast), t <0

is bounded, and EY' flr, = f|r, -
Moreover, if f € LP(R4,w,; X)NC™([R1; X), then EP f € C™(R; X).

Proof. Choosing the (Aj)j=1,..m+1, (Dj)j=1,...m+1 as in [563, Subsection 2.9.3], the
result follows analogously to [34, Proposition 5.6] where a suitable extension op-
erator on Wm’p(R‘i,wv;X ) is constructed. Note that unlike stated therein the
weights in the latter reference should satisfy an additional scaling property. Now
the claimed properties can be checked from the formulas in [34, Proposition 5.6].
Here for s € (—m,0] one additionally needs to use the duality result (which does
not require any conditions on X!)

B, ,(Rwy; X)* = Bz;fq/(R, wy; X7,
where 1/p+1/p'=1,1/qg+1/¢ =1 and v = —y/(p — 1) (see [33, Example 6.4]),
and the fact 7 (R; X) is dense in B, (R, w,; X). O
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Remark 3.3.

(1) Extension operators of the type (3.1) are treated in [55, Section 4.5.2] for B,
and Fj  with p € (0,00) and ¢ € (0,00]. There, the main ingredient is a
characterization by means of oscillations, also see [33]. One could extend this
to the weighted Banach space-valued setting, where the case p € (1,00) and
w € A, would simplify.

(2) For the construction of a universal extension operator for By , and F; , with
p € (0,00) and ¢ € (0, 00] on Lipschitz domains we refer the reader to [48] One
could extend this to the weighted Banach space-valued setting. Furthermore, let
us note that [48] also contains a preliminary extension result, [48, Theorem 2.2].

Characterizations by local means on half-lines. Let g be a measurable function on
R. We say that g satisfies the moment condition of order N € Ny U {—1} if
Jg@*g(z)dz =0 for all k < N.

Let I = (a,00) with a € R. For f € 2'(I; X) and x € 2(R_) we set f* x(z) :=
f(x(z— ")) for each x € I, which is well-defined because x(z — -) € Z(I) for every
such x. Then f * x is an X-valued C'*°-function on I.

Furthermore, we define ./(I; X) as the subspace of 2'(I; X) consisting of all
f € 2'(I; X) having finite order and at most polynomial growth at infinity, that
is, for which there exist C' € [0,00) and N € Ny such that

I£(9)lx < C sup sup(1+[t)N|oFo(t)|, ¢ € 2(1).
k<N tel

The following theorem is an extension of [48, Theorem 3.2] to the weighted
Banach space-valued setting. It will be needed in one of the estimates in the
difference characterization in Proposition 3.5 below.

Theorem 3.4. Let I = (a,00) witha € R, p € [1,00), ¢ € [1,], w € Ax(R) and

s€R. Let go,¢ € D(R_) satisfy o) = do(z) — $6(3). Set ¢;(x) = 216(27z) for
each j > 1. Suppose that fR ¢o(x)dx # 0 and that ¢ satisfies the moment condition
of order N > |s|. Then

1Nl 75 (1 wsx) Ppagaw,s (2 g% fizollLerwexy, €S (I X).
A variant of Theorem 3.4 hold with F replaced by B if LP (I, w;¢?(X)) is replaced
by £9(LP(I,w; X)).

3.2. Characterization by differences. For ¢ € R, let I € {(a,00),R} and m €
N. We define

m _tvta I:Rv
% (x,t):—{hER:|h|<t,x—|—mh€I}—{ E_t t;m(l_i o), I=R,

for each z € I and ¢t > 0. For a strongly measurable function f: I — X we define
the m-th order difference of f as

7 f(x) :_Z(?>(—1)jf(x+(m—j)h), zel,heRxz+mel,
=0

and we define the means of the m-th order difference of f as

dm f(z) = t_l/ AP F(2)|xdh,  wET,t>0.
VIm(;E,t)
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Let s >0, p € (1,00) and w € A,(R). For f € LP(I,w; X) we set
(3.2) [f]}’")(lwx _H(/Oo (fsdl”f(.))q%)l/q

Le(Iw)
with the usual modlﬁcatlon for ¢ = 0o, and "
taoy = W lena) + (15 iy
By a discretization argument for any k > 0,
(3.3) 152 iy son 12775 Pzl usen0)-

One can obtain the following extension to the weighted setting of a well-known
result on the characterization by means of differences for F-spaces (see [50, Propo-
sition 6], [54, Section 2.5.11], [55, Sections 3.5.3 and 4.5.4] and [57, Theorem 6.9]).

Proposition 3.5. Let p € (1,00), ¢ € [1,00], w € A,(R) and s > 0. Let m be an
integer such that m > s. Let I € {R, (a,00)} where a € R is fized. Then there is
the equivalence of (extended) norms

(3.4) 1l sty = WIS oy F € LP(T 03 X).

Proof. The case I = R follows as in the above references.

Next consider I = (a,00). By a translation argument we may assume a = 0.
The inequality ">’ in (3.4) follows from the corresponding inequality for I = R.
Indeed, given f € F, (R+,w X) and g € F; (R, w; X) with f = g|r, , we have

(RawX) < ||g|

and >’ in (3.4) follows by taklng the 1nﬁmum over all such g.

In order to prove the reverse inequality 'S’ in (3.4), fix f € LP(R;,w; X). Let
ko, k € 2(Ry) be as in [55, Section 3.3.2]. Then ¢¢ := ko(—-) and ¢ := k(—-)
satisfy the conditions of Theorem 3.4, and there exists y € Z(R.) such that

o) % f(o /am AR, f@)dy, €Ry.j>1,

]R+w Fp RwX)

implying that
65 * £(2) 1 x s/ AR @y S @), @Rz
supp (X

for k > 0 such that supp (x) C (0,x). As p € (1,00) and w € A,(R), we have
1Yo * flloe@y wix) S I fIlLe®, wix)- It thus follows from Theorem 3.4 that

/]

Fy o (Ryw; X) S |W)O * f||LT’(R+,w;X + ||(2js¢j * f)j21||Lp(R+,w;M(X))
S leres w0 + 127 izl o w0 S IS @, i)
where in the last step we used (3.3). O

Remark 3.6. Let s > 0, m,n € N with m,n > s. If v € (=1,p — 1), then setting
fa=f(X) in (3.4) and letting A — oo one obtains

(m) _
lrs i) ™ s (1,0

for all f € F, (I wy; X). Therefore, for the weight w.,, throughout the paper we

write [f]F;,p(I’w’Y; x) instead of [f]%fl(]’ww;x) whenever this is convenient.
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3.3. Connections with fractional powers. Let p € (1,00) and v € (—1,p — 1).
On LP(R4, wy; X) consider the following derivative operators:

(3.5) Du =’ with D(D) = (WP (R, w.; X),
(3.6) Du = —u with D(D) = WP (R, wy; X),

where (WP (R, wy; X) = {u € WHP(Ry,w,;X) @ u(0) = 0}. By standard
considerations, one can check that the trace u(0) for u € WHP(R, w.; X) is well-
defined (see Lemma 4.1 and (2.8)).

Then for v € [0,p — 1), (e7®);>¢ is the contractive Cy-semigroup given by left-
translation. Fix integers 0 < n < m. By the Balakrishnan formula for the fractional
power (see [36, Theorem 3.2.2]) we have that for s € (0,n) and u € D(D")

~. (I - e’té)mu

Moreover, when u € LP(R;, w,; X), and lims g f;o %dt exists in X, u €
D(®?®) and (3.7) holds. In particular, this is the case if

(3.8) Hxi—>/ U P ) x| < .
0

LP(R+7w’Y)

Let us compare this to the difference norm of F}; , introduced in (3.2). By Fubini’s
theorem

W) iy = oo [ BT AT () ]

ma Lr(Ry,wy)

where ¢; > 0 depends only on s. Therefore, by (3.8) it is immediate that u € D(D*)

and |D%ul| < [f];“7§)1<R+,ww;X>' This implies F3 1 (R4, w,; X) < D(D*).
Next we show that one can obtain a Sandwich lemma of similar nature as (2.8).
If one assumes X has UMD (see e.g. [25, Chapter 4]), then the embedding in the

next result actually follows from (2.8) and [34, Theorem 6.8(2)].

Lemma 3.7 (Sandwich lemma). Let s > 0 and let m > s be an integer. Let

pe (1700) and’y € [Ovp_l) Then F;,I(RJM’LU’Y;X) — D(@s) — F;f,oo(RJraw’Y;X):
Moreover, for all u € Fj (R4, wy; X),

(3.9) [ulFy o Ry wy) S NPl Lo @y i) S (Ul @y w00

Proof. The second embedding follows from the above discussion, but one could also
use a variation of the argument below. For the first one, we will first show that

(310) ||u||F;,oo(]R+,ww;X) < OH(l =+ Q)SUJHLP(RJF,'UUW;X))

or equivalently, that ||(1 + 5)’Sv| Fi o Ry wsX) < Cllvl e, w,;x) for all v €
LP(Ry,wy; X). Let Ev denote the zero extension of v to R, let R denote the restric-
tion to Ry, and let Dpu = —u’ € LP(R,wy; X) for u € D(Dg) = WHP(R, w.; X).
Then from [34, the proof of Theorem 6.8(2)], (1 +®) v = R(1 + Dg)~*Ewv holds

for s = 1, and therefore, by definition of the fractional power the same holds for
€ (0,1). This implies

[(L+D) " vllps Ry wsix) S (L +Dr) T Ev|Fs (Rwy:%)
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@) ~ .

~ HJS(1+©R) EUHFg,oo(va'%X)

(@)

5 HE’U”FS,OO(]R,'LUW;X)

S IEY] e @, :x) < vllLr@y w,:x)s
where J, := F~1((1+]-[?)%/2F()). Here (i) follows from [39, Proposition 3.9] and
(44) follows from Fourier multiplier theory in Triebel-Lizorkin spaces (see [56, 15.6]
and the comments in [39, Proposition 3.10]).

It remains to prove the first inequality in (3.9). For this we use the shorthand
notation L? and F}; . By (3.10) and [22, Proposition 3.1.9] we have

[l + lullee S 1D ulloe + [lul o

Applying this to uy(z) = u(Az) and using the scaling properties implied by the
difference norms and the expression (3.7), after rewriting we obtain

[Wlrs  + A ulle S 1D ullLe + A% ul| L.
Letting A — oo this gives the first inequality in (3.9). ([

Remark 3.8. One can actually show that D is sectorial on LP(R4,w,; X) for any
v € (=1,p —1). In this case -® no longer generates a Cp-semigroup for v €
(—1,0). However, the first part of Lemma 3.7 on the embedding result D(D*) <
Fy o (Ry,wy; X) extends to this setting if one uses the Fourier multiplier argument
of that proof. For this we only need to check that D is sectorial. For this consider
Dru = —u’ € LP(R,w; X) for u € WEP(R, w; X). This is sectorial for w = 1. One
can check that A(A+ Cﬁs]R)*1 is an integral operator with kernel ky (¢) = )\e“‘l(,ooﬁo)
for A > 0. Now it remains to extrapolate in the weight w, with v € (—=1,p — 1)
as in [29, 51] (also see [45, Proposition 2.3]). Therefore, A(A + Dg) ™! is uniformly
bounded on LP(R,w,; X) for A > 0 and hence Dp is sectorial. Arguing as in [34,

Theorem 6.8] one sees that D is also sectorial. The above for instance implies that
the first part of Corollary 5.3 can be extended to v; € (—1,0) (see the comments
before the statement of Corollary 5.3).

Using the more advanced extrapolation theory from [23, Corollary 2.10] one can
even obtain the above results for w € A,.

— H>P(Ry,w~y; X
For s € R we set g H5P (R, wy; X) := CP(Ry; X) (i)

k+ 1 with k € Ng U {—1}, then (see [34, Proposotion 6.4])
oH PRy, wy; X) = {u € H*P(Ry,wy; X) : Trfu = 0},

.Ifk<s—1';%<

where we define Tr, Y2 = 0. In the next result we compare the fractional domain

spaces of ® and © under the assumption that X is a UMD space (see [25] for
details).

Proposition 3.9. Let X be a UMD space, p € (1,00), vy € (—1,p—1) and s > 0.
Then the operators ® and ® have a bounded H™> -calculus of angle /2, and

D(D*) = D(D*) = H*P (R, wy; X).
Moreover, if s ¢ No + (1+)/p, then

(311) D(gs) = OHS)p(RJraw’Y;X)a and ||E)S’U’HLP(R+,1UW;X) ~ H(DSU’HLP(]R+,UJW;X)-
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for all v € D(D?).

Proof. The identities for the fractional domain spaces are immediate from [34,
Proposition 5.6 and Theorem 6.8]. The latter paper also gives that © and D
have a bounded H°-calculus of angle /2, and in particular bounded imaginary

powers. To prove the embedding D(D*®) — D(D?®) we use the previous identities
with an integer n > s, and [22, Theorem 6.6.9] to find

D(D?) = [LP(Ry, wy; X), D(D")] «
= [LP(R-HU}W )70an(R+ Wry; )]i
= [LP(Ry, wey; X)), H PRy wey; X)) s
= [LP(Ry,w,; X),D(D")]2 = D(D”).

For the final part of (3.11), it suffices to consider s € (0,1), and by density u €
D(®). Note that the first part implies that

B
n

1D ull R sy x) + Ul wyix) = 1Dl Loy wyix) + ullLe@y wyix)-

Applying the latter to uy = u(A\x), and using [22, Proposition 3.1.12] one obtains

1D%ull Lo @y wysx) + A Nl o@®y w,x) = D%l L@y wysx) + A Ul o ey wyix)-

Letting A\ — oo, the desired estimate follows. ([

It would be interesting to know whether (3.11) holds without the condition that
X is a UMD space.

Finally, we collect some standard properties of © and Dr. Here for T € (0, o0,

€ (1,00), and v € (—1,p—1) we set Dpu = v’ with D(D7) = (W(0,T, w,; X),
where the boundary condition only applies to the left endpoint (see below (3.6)).
By setting ., = 9, we will treat both cases at the same time. We claim that for
all A € C; with Re (\) > 0,

(3.12) (/\+©T)1f(t)_/te’\(t5)f(s)ds, f e LP(0,T,wy; X).
0

It is standard to check (3.12) for f € C°([0,T]; X). Therefore, it remains to check
the boundedness of the operator on the RHS of (3.12). The uniform boundedness
of Re(\)(A + D7)~ ! for v = 0 is clear from Young’s inequality. The boundedness
for v € (—1,p — 1) can be deduced from the case v = 0 by the same extrapolation
argument as referred to in Remark 3.8. Moreover, if T' < co, one can additionally
check that D is invertible and the inverse is given by the RHS of (3.12) for A = 0,
which can be checked via Hardy—Young’s inequality (see (4.11) below).
The above implies that ©7 is a sectorial operator and since

(3.13) A+270) ' f = (A+D) " Erf)lo.1),

where Er denotes the extension by zero on (0, 00), it also follows that ®7 inherits
the bounded H-calculus of angle /2 of © (see Proposition 3.9) with uniform
estimates in 7. Moreover, by (3.13) and the extended calculus (see [22, Section
3.1])

(3.14) @%f = :Daf|(01T), a €R, f S D(@a),

and this extends to f € D(®) by density and closedness.
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Next we claim that

(3.15) D:%f =KaxErf, a>0, feR®7),

where KCq (t) := Wi(;;o)(t) Indeed, the case a € (0, 1) follows from [22, Corollary
3.1.14 and Proposition 3.2.1] and elementary calculations. Now by analyticity in
@, (3.15) extends to all & > 0. Since 0 € p(Dr) for all T < oo, we have R(D%) =
LP(0,T,wy; X). In the case T' = oo and « > 0 one has
(3.16) Ko* feD@®Y) and DKy * f=f, feLP(Ry,w,;X).
To see this, by density we may assume f € R(D(D%)) and by (3.14) and (3.15) we
get, for all T < oo,

@ Nlor) =27"f =KaxErf = (Ko * f)lor) on (0,T).

The arbitrariness of T < oo readily yields (3.16).

3.4. Sobolev embedding with power weights. The following embedding result
is the half line version of one of the main results of [39] by Meyries and the third
named author.

Theorem 3.10 (Sobolev embedding). Let I € {R4,R}, X a Banach space, 1 <
po < p1 < 00, qo,q1 € [1,00], so > s1 and yg,v1 > —1. Assume

1 1
(317) EZE, S0 — +'70 :Sl—ﬂ.
Do b1 Do b1
Then
(3.18) Fpo oLy X) = FJL (1, ws,5 X).

If in addition so,s1 > 0 and vy; < p; —1 fori € {0,1} and we are given N> m; > s;
fori € {0,1}, then for all f € F;0 , (I, wy,; X) one has

(ma) (mo)
(3.19) Ures o) = VTR (i)

Proof. The embedding (3.18) for I = R is contained in [39], from which the cor-
responding embedding for I = Ry follows. To prove the last claim, fix f €

Fo (L wy,; X). Let A >0 and set fx := f(\-). By applying the norm inequality

associated with the embedding (3.18) to f, we obtain

AR (i) < 13
< Al
m1)

= [l (rmi0) + o) o -

Fpl gy (Iwsy:X)

F;(()),qo (I,u).m;X)

By standard computations, [fy]" x) = A% [£]0m) x) fori € {0,1}

F;f,qi (I, wey, 5 F;f,qi (I, wey, 5
where §; := s; — P;T'Y Then, by assumption we have g = d1, and we find that
(m1) —s (mo)
[f]};*psllqu (Iway;X) S AT ”f”LT’U(I,w—m;X) + [f]F;[f))qu GRTIND o

The claim follows by letting A — oco. O
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Corollary 3.11 (Sobolev embedding). Let 1 < pg < p1 < 00, qo € [1,00], s9 > 0,
—“1<vw<po—1, 1< <p1—1and N> my > sg. Assume (3.17). Then

(3.20) F30 o (T X) < L9 (1w X).
and for all f € F3° (I, w.; X),

< 1£1(mo)
(321) ”f”LPl(I,w,Yl;X) ~ [f]F;[f))qu(vao;X)'

Proof. The embedding (3.20) follows from the Sobolev embedding (3.18) with s; =
0 and ¢; = 1 and (2.8). The inequality (3.21) can subsequently be derived by a
scaling argument, as in the proof of Theorem 3.10. O

We conclude this subsection with a useful interpolation result from [40, Theorem
3.1] by Meyries and the third named author, where there is a misprint in the
definition of wy.

Theorem 3.12 (Mixed-derivatives). Let I € {R4,R} and let X, X1 be an inter-
polation couple of Banach spaces. Let 8 € (0,1) and Xy be a Banach space such
that XO ﬁXl g X9 g XO —|—X1 and

(3.22) lellx, < Cllell el @€ Xon Xu.

Assume Po,P1,P € (1700)7 qo0,91,9 € [1700]7 w, W, Wy € Aoo satisfy

1 1-46 0 1 1-46 0 _
= +—, —-= + —, and wé/p:wél 0)/p°wf/p1.
p Po b1 q q0 q1

Let —o0 < 51 < 9 < 00 and set s := s1 + (1 —0)(so — s1). Then for A€ {B,F},

A o (Lwo; Xo) NAGY L (Twe; X)) = Aj (1, we; Xo),
and for all f € A3 (I, wo; Xo) N A3, (I, w1; X1) one has
1-6 0
(3'23) HfH.A;,q(Lwe;Xe) 5 HfHAZ%,qO(Lwo;Xo)”f”-AZ%,ql (Iwy;X1)"

Moreover, if s; > 0, w;(t) = w, (t) = |t

Vi with v; € (—1,p; — 1) fori € {0,1}, then
1-6 0

(324) [f]A;q(I,wW;Xg) S [f]A;?),qo (wao;Xo)[f]Azsﬁ,ql (Twy,5X1)

where % =(1- 9);—2 +9;—1.

Proof. The inequality (3.23) for I = R follows from the definitions by applying
the Holder inequality twice, see [40, Theorem 3.1]). The case I = R4 can in
the same way be obtained from the intrinsic characterization in Theorem 3.4. The
homogeneous estimate (3.24) subsequently follows by Proposition 3.5 with a scaling
argument as in the proof of Theorem 3.10. O

In the case go = po, g1 = p1, wWo = w~, with 9 € (—1,po—1) and wy = w,, with
v1 € (—1,p1—1), the result for I = R can also be derived by an extension argument
from Proposition 3.2. In this way the more advanced result of Theorem 3.4, can be
avoided.

4. TRACE EMBEDDINGS FOR TRIEBEL-LIZORKIN SPACES

In this section we study trace embedding results for anisotropic function spaces.
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4.1. Traces at the origin. We start with a lemma on the well-definedness of
higher order trace operators in the isotropic setting.

Lemma 4.1. Let I € {R;,R}, X a Banach space, p € (1,00), q € [1,00], v €
(—1,00), se R and k € Ng. Let s > k + HT'Y. Then the k-th order trace operator
Trf : Es (I,wy; X)NCH(I; X ) — X given by Trfu = 0Fu (0) has a unique extension
to a bounded linear operator Trf : Féq(l,wv;X) — X that is also bounded from
(sz)q(l, wy; X), || - ||F}§”1(I,w.y;X)) to X for every o € (k + 1+ij s).

The same holds with F; ,(I,w~; X) replaced by H*P(I,w,; X).

The formulation of the lemma can be slightly confusing at first reading. The

final part on F}; (I, w,; X) with the artificial norm || - ||F;1(17ww;x) is in order to

obtain uniqueness of the extension in the case ¢ = co. Below we will use the simple
trace estimate obtained in [34, Proposition 6.3] and from the proof of the latter it
is clear that the following scaling property holds

(4.1) Trg (w(A) = M (Trfu)(X), w € FS (I, wy; X), A> 0.
Proof. Let us first consider the case I = R. Pick 7 € (—1,p—1) with 5 < 7 and set
S =s+ %. Then, by the Sobolev embedding Theorem 3.10 and the elementary
embedding (2.8),
FS (Rawy; X) = Ff(R,ws; X) < HYP (R, ws; X).
Combining this with [34, Proposition 6.3], we obtain that
Trg : Fy (Rowy; X)NCHR X) = X, uws 0fu(0),

has an extension to a bounded linear operator Trk : Fj,(Rywy; X) — X. Given
oe(k+ HT'Y, s), we have FJ (R, w,; X) = FJ;(R,w,; X) and in the same way as
above it can be seen that Trk is bounded from (F;)Q(R,w,y;X), I - ”FIj’l(R,wW;X))
to X. The uniqueness statement thus follows from the density of F}; (R, w,; X) in
Fgl(Raw’Y;X)'

It remains to treat the case I = Ry. To this end, pick Fye(-1,p—1)withy <~
and set §:= s+ %. Then, by the Sobolev embedding Theorem 3.10,

(4.2) FS (Iwy; X) = FS (I ws; X).
By Proposition 3.2 there exists an extension operator
(4.3)  E;:Fy (I,ws; X) — Fy (R,ws; X), with E;CH(I;X) € CHR; X).
Combining (4.2) and (4.3), the desired result follows from the case I = R.
The case of Bessel potential spaces follows from (2.8). O

Our first main result is the following trace embedding.

Theorem 4.2. Let I € {Ry,R} and let (Xo,X1) be an interpolation couple of
Banach spaces. Let pg,p1 € (1,00), qo,q1 € [1,0], 70,71 € (—1,00) and sp,s1 € R.
Assume that sg — % >k and s1 — 1';% <k for some k € Ny. Set

1+~ . 00— k 1 1-60 6
44 0; = 8 — , 1€4{0,1}, 6= , and — = + —
44 Di 0.1} do — 01 P Po P
Set
(4.5) F = F;0 oo (L wey; Xo) N ES! (1 wey, 5 Xq).
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Then the k-th order trace operator Trfy : F0 (I, wy,; Xo) — Xo (see Lemma 4.1)
acts a bounded linear operator

(4.6) Trg : F — (X0, X1)o,p,
and there is a constant C' such that for all u € F,
k 1-6 0
(47) ITroullcxoxinn < Cluligg 1w 14E o, i)

Moreover, if s1 =0 and y1 € (—1,p1 — 1) the same holds when F is replaced by

(4.8) Fr o= F;0 o (L weyg; Xo) N LPY (T, w5 X1)
and ||u||Fps11qu (Lwy, X1y B8 replaced by [|ul| Loy (1,0, 5x,) 0 (4.7).

The proof of Theorem 4.2 will be given at the end of this subsection. Before
embarking into its proof, let us point out some useful facts.

Remark 4.3.

(i) Theorem 4.2 extends [40, Theorem 4.1], where only special cases of spaces X
were considered, po = p1, and g = 1. The argument in the proof of Theorem
4.2 is an extension of the arguments used in [40].

(ii) By [40, Theorem 1.1], the target space in (4.6) is optimal in general.

(iii) The statements of Theorem 4.2 are not optimal in the case that Xo — Xj.
Indeed, in that case Lemma 4.1 already shows that Trlg maps into the smaller
space Xj.

(iv) The number § := S—HT'Y is called the Sobolev index of the space A%P (R, w,; X),
where AP € {Fy By ,, H*P} since this number is invariant under (sharp)
Sobolev embeddings (see Theorem 3.10). The parameters 6, p in Theorem 4.2
depend only on the corresponding Sobolev index.

The proof of Theorem 4.2 is based on the following key result concerning the
intersection of a Triebel-Lizorkin space and a Lebesgue space. Some of the ideas
can be traced back to [15]. The main novelty is that by using Lemma 2.1 we do
not need any structural conditions on Xj.

Lemma 4.4. Let I € {Ry,R} and let (Xo, X1) be an interpolation couple of Banach
spaces. Let so € (0,1), po,p1 € (1,00), 70 € (—1,po —1) and 11 € (—1,p1 —1). Set

(4.9) PP N N o CUN N e oke! S S S el PR
do — 01 Po P1 p P D
Assume that o > 0. Then for all u € F;° , (I, w,; Xo) N LPY (I, w4, ; X1),
) 1-6 0
(410)  ITroullxoxan, S (W5 ) (lllnsrn,x0)

1)

: : g0
F0 o (LwsgiXo) 5 05 01 (3.2) and Trg := Try (see Lemma 4.1).

where [u]

By Lemma 4.1, Trou exists in X, and coincides with «(0) if « is continuous.

Proof. Let us note that §; € (—=1,0) as y1 € (—1,p1 — 1), which will be important
in the computations below. Below we will use the Hardy-Young inequality, which
says that for each measurable function f: Ry — Ry, p € [1,00), and S > 0,

0

(4.11) /0 o /O " f(s)ds) do < 5 / P14 £ ()P do
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To prove (4.10) it suffices to consider I = Ry. On the other hand, by an
extension argument (see Proposition 3.2), and density (see Lemma 2.2), we may
assume u € (R, Xo N X7).

In order to prove (4.10), by a scaling argument it suffices to prove that

1
(412) Ol xen, S W5 @ 1ellzn @, x0)-
(1)
Fp() PO (R+ w’vaU)
since otherwise u would be a constant function, which contradicts u € LP* (R, w,; X1).
Applying (4.12) to uy = u(A-) with A > 0, we obtain

Indeed, if u is zero this is obvious. If u is nonzero, then [u] >0

[w(0)l (x0.x1)5,, = Iler (Ol x0. 16,

1)
5 [UA]FPO po (R4 ,wrg5X0) + ||u>\||L”1(R+7ww1?X1)

1
- )\50 [u]%:o po (R w3 X0) T )\61 ||u||LP1(R+,w,Yl;X1)-

A59:605_051 and 1 —60 =

oot
||u||LP1(R+,w71;X1)

[u] 2,
Fpd.po R ;w5 X0)

)\:

then leads to (4.10).
To prove (4.12) we use the standard identity

(4.13) u(0) = /OU tz(/ot(u(T) - u(t))dT) dt + % /OU u(r)dr, for each o > 0.

=:To (o) =Ty (o)

To see (4.13) note that by elementary calculations one has

/// // U gt
// /OU(g_l)“’(‘s)dSW(O)—Tl((I).

To prove (4.12) set & := —50 <0, & = —0d; > 0 and observe that
o _

§o—&  do—01
By (4.13) and Lemma 2.1 it suffices to prove

3 (1),+
(.14 LT TP

(4.15) o U§1T1(0)||LP1(R+,‘1:,X1) ~ ||U||LP1(R+,wWX1),

=0.

where the implicit constants do not depend on u. Let us begin by proving (4.14):

Po
Ho = 00Ty (o)

Lro(Ry,42:X0)

[e'e] o t o
g/ U-aopo—l(/ t—?(/ Jut) - ()1 x,dr ) dt) " do
0 0 0
(4.11) 0 o Po
< / o~ %opotpo—1;=2po (/ |u(a)—u(7')||xod7'> do
0 0
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o 0
/ o SoPot+Y0—Po (/ ||u(0—) — u(U + h)”XOdh)pUdU

—0

s 0 Po
/ 70 Supt opo— p(/ ||u(a)—u(a+h)||xodh> ]da

t>0 max{—o,—t}

) ([ ](1)+ )PO ([ ](1) )PO
Fpo oo (R, w'yonO) ~ Fpo PO R, “"yonO) ’

where in the last step we used (3.3) and ¢P° — £°°. It remains to prove (4.15):

e e] g P1
o= ST, oy < [ ([ ) o

(4.11)

o0
< / o0 () |2 do
0

= ||u||;zlp1(]RJr,u).y1 3 X1)"

IN

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. The idea is to reduce the claim to the one proven in Lemma 4.4
by mixed-derivative and Sobolev embeddings. For the sake of clarity we divide the
proof into several steps. In Steps 1-4 we will prove (4.7) and in Step 5 we will
subsequently derive the corresponding statements with F replaced by Fr.

Step 1. Proof of (4.7) in the case so < 1, s1 > 0, k =0, g0 = po, 1 = p1,
Y € (=1,p0—1) and v1 € (—1,p1 —1). To begin note that y; —s1p1 € (—1,p1 — 1),
where y; —s1p1 < p1—1 follows from v; < p;—1 and s; > 0 and where y;—s1p; > —1
follows from s; < ﬂ. By Corollary 3.11,

(4.16) F ) (I ws,s X1) < LP (L w,—gypys X1).
Since 8y 1= — E=sip) _ o 1;71 = 41, it follows from a combination of Lemma

p
4.4, and (4.16) that

_ 0
1
||Tr0u||(X07Xl)9,p < ([u]%;)g po (I w»m?XD)) (HuHLpl(Lw»ylfslpl;Xl))

< ||u||F50 o(Lw XO)HU‘H Folpy (Iwy5X1)"

Step 2. Proof of (4.7) in the case so < k+1, s1 > k, g0 = po, 1 = p1,
70 € (=1,p0 — 1) and y1 € (=1,p1 — 1). Note that Trk = Tro(9F-) and

(4.17) o i Fy (Iwy; Xi) = Fi F(Iwy,; X;),  i€{0,1},

Pi,pi

as a bounded linear operator (see [39, Proposition 3.10]). Setting 0; := (s; — k) —
% =0; — k for ¢ € {0,1}, we have

- 50 50 —
(4.18) f:= —" 0
50 - 51 50 - 51
The desired estimate (4.7) thus follows from Step 1.

Step 8. Proof of (4.7) in the case qo = po, ¢1 = p1, Yo € (=1,p0 — 1) and
v € (=1,p1 —1). Ask<%+k<so/\(k+1)andsl\/k<%+k<k+1,we

=40.
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can choose 0o, 91 € (0,1) such that k < 2224k < 5 < k+land k < 51 < ZEL+F,
where
~ 1 1-9; N 1= 94
(4.19) si:=so(1 —V;) + 519, = = + —, Z— = Yo + —1-
pi Po b1 bi Po P
To see that such 9; exist, let us first note that dg > k, 1 < k, 8 € (0,1) and
(1 — 9)50 + 6061 = k.

Now taking ¥9 =60 —e € (0,1) and 1 =60 + ¢ € (0,1) with € > 0 one has

~ 147 .
51' =S8; — % = (1 — 191)50 + 19151 =k + (—1)15(50 — 51)
Therefore, 1;;0% +k <3spand 51 < 1J£1'7° + k. On the other hand, since
~ 1 + 1 i
S; = p/y'i‘k"f'( )8(60—61)

and 1;—% € (0,1), choosing € > 0 small enough we find that 5; € (k, k + 1).
By (4.19), one can check that 5; € (—1,p; — 1) for i € {0,1}. Moreover, 6 :=

(50 — k)/(50 — 61) = 1/2 and

1 6 1-6 1,1 1y 1-6 8

== =+ — :—(T—FN—) +—,
(4.20) P po D 2\po 11 Po D

]
(1—-60)o + 6V = 5(190 +1) = 0.

Applying the mixed-derivative Theorem 3.12, we get that for ¢ € {0, 1},

9
(421) (I Wrg XO ||U|| ;11 p1 (wa'n 3X1)-

HUHFS 5. (Lws,(X0,X1) 9, 1)
As

(X0, X1)o,p = (X0, X1) 19,129, p = (X0, X1)v,1, (X0, X1)0,,1)1
by the second identity in the second line of (4.20) and reiteration (2.1), an appli-

cation of Step 2 yields the estimate
1 /2

||Tr](§u||(X07X1 Yo,p ~O ” ”

1/2
o 5o w703 (X0,X1)9,1) 5, (Lwz,5(X0,X1) 0y, 1)’

Combining this with (4.21) and the second identity in the second line of (4.20), we
obtain the desired estimate (4.7).

Step 4. Proof of (4.7) in the general case. Pick 7; € (—1,p; — 1) such that
i < i and put s; 1= s; + %’p_ii for ¢ € {0,1}. By the Sobolev embedding Theorem
3.10,

o (Lwy; Xi) = By (Iows,; X,), i€ {01}
The estimate (4.7) thus follows from Step 2 by noticing that &; := 5; — 1+% =0;
where i € {0, 1} for the Sobolev indices under the above embeddings, in partlcular
3 0o
51—y 61— 0o
Step 5. Proof of the last statement. As a consequence of (2.8) we have

Fr = F30 (I, wy,; Xo) N FZ?I (L w3 X1),

=40.

from which the desired statement follows. O
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4.2. Embedding into Spaces of Continuous Functions. Next we prove that
under the condition ~p,v1 > 0, the functions v € F are actually continuous with
values in (Xo, X1)g,p. The argument is by a translation argument, which however
is not completely standard in Triebel-Lizorkin spaces. For a Banach space X,
Cy ([0, 00); X)) denotes the space of all bounded and continuous maps u : [0,00) — X
endowed with the norm [[ul|c,((0,00);:x) = SUPie[0,00) [[()] x -

Theorem 4.5. Let I € {R4,R} and let (Xo,X1) be an interpolation couple of
Banach spaces. Let py,p1 € (1,00), qo,q1 € [1,00], 0,71 € [0,00) and sg,s1 € R.
Assume that sg — 1;{?” >k and s1 — % < k for some k € Ny. Let 0,09,01,p and
F be as in (4.4) and (4.5), respectively. Then the k-th order derivative operator OF
has the mapping property

O « F — Cp(I; (X0, X1)a,p)
and for allu € F

(422) ||a u”Cb(I X07X1)9 p) ~Y ||U| (I W~ X0)||u|| p1 ql(I;wwl?Xl)'

Moreover, for s1 =0 andy, € (—1,p1—1) the same holds true when F is replaced by
Fr, where Fr, is as in (4.8), and HUHFS} o Ry, 5X,) 18 replaced by 1wl Les (R, 10
n (4.22).

We will use the following lemma in the proof of Theorem 4.5.

Lemma 4.6. Let I € {R;,R}, X a Banach space, p € (1,00), q € [1,00] and
s € R. Then the left translation semigroup T : [0,00) — Z(.@’(I, X)) restricts to
a Co-semigroup T : [0,00) — Z(F; ,(I; X)) of contractions.

For the above lemma in case ¢ = oo it is important that F;  (R; X) is defined in
terms of the iterated Bochner space LP(R;¢>°(Np; X)) instead of the mixed-norm
Bochner space LP(R)[¢>°(Np)](X). We do not know whether these two coincide.

Proof. As the case I = R, follows easily from the case I = R, we only consider the
latter. It will be convenient to write

09(No; X) = {(2n)nen, € X0 1 (2" my,), € £9(No; X) } .
Let f € Fjy (R; X). Then, for all ¢ > 0,
T(t )f”F;Yq(]R;X) = [|(SuT (&) fnll Lo ryer v x)) = 1T () (S f )nll L (sea (03 x))
= [(Snf)nllLr@esmox)y = I1fIFs, m:x)
as T(t) is an isometry on LP(R; ¢%(Np; X)). Furthermore,
ITW)f — Fllrg ) = 1T = DSalnllmr@ermoy =0 a5 N0
by the strong continuity of T' on LP(R;¢4(No; X)). O

Proof of Theorem 4.5. Step 1. Proof of (4.22) in the case gqo = q1 = 00, Yo = Y1 =
0. Let u € F. Then, by Theorem 4.2 and Lemma 4.6, v(t) := TrgT(t )u defines a
function v € Cy(I; (Xo, X1)s,p) with

||chb(l Xo, Xl)g p ~ Hu’Hl SOOO(I XO ||/u’||}?‘p1 oo(I Xl)

By [39, Proposition 7.4], u € C*(I; Xy). Therefore, by Lemma 4.1, v(t) = u(t) in
Xo+ X, for all t > 0, and thus w = v, which completes the proof of this step.
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Step 2. Proof of (4.22) in the general case. This can be derived from Step 1 by
the Sobolev embedding Theorem 3.10 as in Step 4 of the proof of Theorem 4.2.

Step 3. Proof of the last statement. This follows from the (2.8) in the same way
as in Step 5 of the proof of Theorem 4.2. O

Next we take advantage of the special structure of the weights to obtain instan-
taneous regularization in anisotropic function spaces. The weight w., essentially
only acts in 0. Therefore, away from 0, the functions in corresponding weighted
spaces are smoother. This simple idea is developed in the next result. Such re-
sults are well-known and available in several special cases in the literature (cf.
[3, 38, 37, 45, 46]). The next result unifies them. The following theorem is most
conveniently formulated in terms of weighted Cy-spaces. Given a Banach space X
and a weight parameter p € R, we define

(4.23) Oy (Ry; X) :={ue CRy; X) : [t — t*u(t)] is bounded and continuous}
endowed with the norm |[ullc, (&, ;x) = sup;~ot"|lu(t)||x. As above Ry = (0, 0).

Theorem 4.7 (Instantaneous regularization). Let (Xg, X1) be an interpolation
couple of Banach spaces. Let po,p1 € (1,00), qo,q1 € [1,00], v0,71 € [0,00) and
80,81 € R. Assume that sg — plo >k and s1 — p% < k for some k € Ny. Set

—k 1
n= ﬁo ) Bi =8 —, 26{071}7
Bo — B Di
(4.24)
1 1-7q n 11— n
- = +— and p:= Yo + —71-
r Do P1 Po b1

Let F be as in (4.5) for I =Ry. Then 0f : F — Cy, ,(Ry; (Xo, X1)y,r) and for all
ueclF

k 1—n n
(425) ||at u||Cb,,,L(R+;(X0,X1)n,T) 5 HUHFi{)’,qO (R+7w’vo;X0) ||u||F:11’q1 (R+)w71 i X1)"

Moreover, for s1 =0 and 1 € [0,p1 — 1) the same holds true when F is replaced by
Fr, where Fr is as in (4.8), and [|ull g1 (g, ix,) 8 replaced by [|ull Lo w,,;x1)
in (4.25).

Proof. Using Theorem 3.4 (or the difference norm of Proposition 3.5 in the Ap-case
v € [0,p — 1)) it follows that for any Banach space X and for every € > 0 the
restriction operator R® : u + [ o) maps F,  (Ry,wy; X) into Fj ((g,00); X)
and

IR

Fy ((,00);X) 5 aiv/p”u”F;,q(]R+,ww;X)a u € F;,q(RJrvw’Y; X)

Therefore, by Theorem 4.5 and a translation argument, for every v € F and & > 0,

1-n e, |
Fig,qo((syw);Xo)HR u”Fﬁf,ql((sm);Xl)

—p 1-—n n
S < HUHF;(()),qo (RJrvwwo?XO) ”u”F;ll,tn (R+7ww1 ?Xl).

Rl ey (le,00): (X0, X1) ) S IR

The estimate (4.25) follows from this. The corresponding estimate with F replaced
by Fy, subsequently follows from (2.8) in the same way as in Step 5 of the proof of
Theorem 4.2. O
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Remark 4.8. In applications to evolution equations, one typically has +; > 0 for
some i € {0,1} and X; < Xy. In such a case, any u € F instantaneously reqularizes
in space, i.e. for all e > 0

U(E) S (XQ,Xl)»,])T, while U(O) S (XQ,Xl)gm,

Since 7; > 0, one can check that n > 0, and therefore by [6, Theorem 3.4.1],
(Xo, X1)n,r — (Xo,X1)s,p, where the inclusion is strict in general.

The above continuity results will be applied (also in situations with X; + Xj)
in Examples 6.2 and 6.6.

4.3. Consequences in case of homogeneous norms. In this section we present
homogeneous versions of Theorem 4.2, Theorem 4.5 and Theorem 4.7 under the
additional assumptions that s; > 0 and v; < p; — 1 for i € {1,2}. Recall that the
seminorms [u] s (1,w,;x) are defined in (3.2) and Remark 3.6.

Theorem 4.9. Let I € {R4,R} and let (Xo,X1) be an interpolation couple of
Banach spaces. Let p; € (1,00), ¢; € [1,00], v € (=1,p; — 1) and s; > 0 for
1 € {0,1}. Assume that so — % >k and s1 — 1‘;% < k for some k € Ny. Let
0,00,01,p be as in (4.4). Then for all w € F° (I, w; Xo) N FJL (I, w4,; X1),

k 1-6 0
(4'26) ”TrOuH(Xo,Xl)e,p 5 [U]Fig,qo(f,wm;Xo) [U]Fii,ql (Iway 5X1)"

Moreover, for sy = 0 the same holds true when F3! , (I,w4,; X1) and [U]Fsll,ql (Lwy, i X1)

are replaced by LP1 (I, wy,; X1) and |ullLer (1w, ;x,) in the above.

Proof. We could simply repeat the arguments in Steps 1-3 from the proof of Theo-
rem 4.2, where we use the homogeneous versions (3.19), (3.21), (3.24) of the Sobolev
embedding Theorem 3.10, the Sobolev embedding Corollary 3.11 and the mixed-
derivative Theorem 3.12, respectively, and the homogeneous version of (4.17). To
be more explicit, the homogeneous version of (4.17) is

wfu]F;f,;f(wa;Xi) S [U]F;j,pi(l,ww;xi)v S {07 1}7 u e F;f;,pi (Iv w’Yz';Xi)

and follows from (4.17) by a standard scaling argument.

However, we will derive (4.26) from (4.7) by a scaling argument as in Lemma
4.4. To this end, consider again uy := u(A-) for A > 0. By (4.1), (4.7), the norm
equivalence of Proposition 3.5 applied to u) we obtain

k k k
NN Troullxo,x1)0., = ITrourll(x0,x1)0.,

< 1—\0 6 .
~ ||u>\||F{:84m(I»wvo;Xo) ||U,)\| Fplq (1wy,:X1)

1-6
~ (||UA||LP0(1,wm;Xo) + [UA]F;&%(I,M;WO;XO))

0
(HUAHLPI(I,le;Xl) + [U’)\]F;llm (I,w.Yl;Xl))

_ 147 8o 1-6
= ()\ 20wl Lo (1. X0) T A [U]F;g,qo(f,ww;xo))

_ 1ty 51 o
()‘ L ||U||LP1(I,w71;X1)+)‘ [U]Fsll,ql(l,wwl;Xl)> :

Since dp(1 — 8) + 610 = k and —% —0; = —s; for i € {0,1}, it follows that

1-6
ITebull o, x000, S (A7l 70 @ 50) + 18] 558 o R 0



24 ANTONIO AGRESTI, NICK LINDEMULDER, AND MARK VERAAR

(%
(A s 1y 00) + gt i)

As sg, 81 > 0, taking the limit A — oo gives the desired estimate (4.26).
With a slight modification of the above scaling argument, the final assertion
follows as well. O

In the same way the next results can be derived from Theorems 4.5 and 4.7.

Theorem 4.10. Let I € {Ry,R} and let (Xo,X1) be an interpolation couple of
Banach spaces. Let p; € (1,00), ¢; € [1,00], v € [0,p;—1) and s; > 0 fori € {0,1}.
Assume that sg — % >k and 51 — 1';% < k for some k € Ng. Let 0,6g,01,p as
in (4.4), respectively. Then for all u € F;0 . (I, w~y; Xo) N ESL (1, wy,5 X1),
k _ 1-6 0
Hat u”Cb(I;(XO,Xl)g,p) 5 [U]F;S,q0(11w70;xo) [U]F;f,ql (I wey,5X1)

Moreover, for sy = 0 the same holds true when F3! , (I,w,,; X1) and [U]Fsll,ql (Iwy, i X1)

are replaced by LP (I, wy,; X1) and |[ullLes (1w, ;x,) in the above.

Theorem 4.11 (Instantaneous regularization). Let (Xo, X1) be an interpolation
couple of Banach spaces. Let p; € (1,00), q; € [1,00], v € [0,p; — 1) and s; > 0

for i € {0,1}. Assume that so — pio >k and s1 — pll < k for some k € Nj.
Let n, Bo, B1,7, 1 be as in (4.24). Then there exists a constant C' such that for all
u€ Fyo o (I, wyy; Xo) N Fl o (I,wy,; X1),

1—n U]

k
||6t u”Cb’M(R+;(XO7X1)n’T) 5 [U]F;(?,qo(R+vwvo;X0)[U]Fsllyql (R+vw71§Xl)'

P1,q1
are replaced by LP* and ||u||Lm(]R+,w71 .Xx,) 0 the above.

Moreover, for s; = 0 the same holds true when F?! (R, w,,; X1) and [U]Fsll w1 (R w1 X1)

5. TRACE EMBEDDINGS FOR BESSEL POTENTIAL SPACES

5.1. The inhomogeneous case. In view of the elementary embedding (2.8), we
obtain the following corollary to Theorem 4.2.

Corollary 5.1. Let I € {Ry,R} and let (Xo,X1) be an interpolation couple of
Banach spaces. Let po,p1 € (1,00), 7o € (=1,p0 — 1), 11 € (—=1,p1 — 1) and
S0, 81 € R. Assume that s — % >k and s1 — 1;’1 < k for some k € Ng. Let
0,60,01,p be as in (4.4) and set

(5.1) H := H*PO (I, w.y; Xo) N H* VP (1w, X7).

Then the k-th order trace operator Trf : H*0Po (I, w.,; Xo) — Xo (see Lemma 4.1)
acts a bounded linear operator

(5.2) Trg « H — (Xo, X1)o.p,

and for all u € H

k —6 [
(5.3) Il o0 S 1l 0 1 oy el e1 (30

Similarly we obtain the following corollary to Theorems 4.5 and 4.7.

Corollary 5.2. Letvy; € [0,p; — 1) fori € {0,1}. Then both Theorems 4.5 and 4.7
hold with F and F}i =~ replaced by H and H®*"P' respectively.
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The latter extends [3, Corollary 7.6], where the result was proved under geometric
restrictions on Xy and X7, and in the case X; was the domain of a fractional power
of a sectorial operator on Xj.

In particular, Theorem 1.2 for A = H follows from Corollaries 5.1 and 5.2. The
case A = W follows similarly, since (2.8) also holds in that case. The case A = F
was already proved in Theorems 4.2, 4.5 and 4.7.

5.2. Consequences in case of homogeneous norms. In order to have a pre-
sentation which follows the Triebel-Lizorkin case, we set

[l e Ry wyix) = 19Ul Lo Ry w0y

where D is as in (3.6). In Proposition 3.9 conditions are discussed under which one
can replace ) by ©.

The next result is immediate from Lemma 3.7, and moreover by Remark 3.8 the
Bessel potential version of Theorem 4.9 actually holds for ~; < 0 as well.

Corollary 5.3. Let v; € [0,p; — 1) for i € {0,1}. Theorems 4.9, 4.10 and 4.11

hold with Fyi . and [U]FSZ,% replaced by H*Pi and [u]gsi»:, respectively.

Similar results hold with H replaced by W, but they follow more directly by
using the seminorms [u]w«» = [u]F; if s & No, and [u]w=» = [|0ful| L if s € No.

6. APPLICATIONS TO EVOLUTION EQUATIONS

In this section we present applications of the above theory to fractional and sto-
chastic evolution equations. Here the main novelty is that using our trace estimates
we can provide sharp estimates on R} whereas, these were only available on (0,7T)
before. In a follow-up paper we plan to use these estimates to derive new a priori
estimates for quasi-linear (stochastic) PDEs considered on homogenous function
spaces with critical scaling (see [1, 47]).

6.1. Fractional evolution equations. Equations of fractional type arise in many
physical applications and it is the basic model for anomalous diffusion, and we refer
the reader to [8, 19, 24, 27, 43, 58] for more details. Evolution equations of fractional
type fit in the framework of Volterra integral equations. Introductions into Volterra
equations can be found in [5, 21, 43, 58].

In this section we will focus on a regularity problem for the fractional evolution
equation on a Banach space X:

(6.1) Ofu+ Au=f on Ry,

where « € (0,2) and A is a sectorial operator on X . For simplicity we only consider
Dirichlet boundary conditions: w(0) =0, and «/(0) =0 if a > 1.

Eq. (6.1) is extensively studied in the literature [43, 44, 58], where actually 99
is replaced by a more general operator. We will focus on the latter case and only
consider zero initial values for simplicity.

In [44] weighted LP-regularity was studied for (6.1) under the assumption that
0 € p(A). Moreover, trace estimates for the solution were provided under the
assumption that A'/® is sectorial. In this section we will use our results to remove
the conditions that 0 € p(A) and that AY/® is sectorial.
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Motivated by (3.15) we say that u is a strong solution to (6.1) with initial value
zero if

(6.2) u(t) + Ko x Au(t) = Ko * f(t), ae. t>0,

where * denotes the convolution on R, and where we use the zero extensions of Au

a—1
and f on (—00,0) and Kq (t) = &= (see (3.15)).
Below we use the more suggestive notation 9% = ©<, where © is as in (3.5).

Our main result concerning (6.1) or (6.2) is:

Theorem 6.1. Let X be a UMD space. Let o € (0,2), p € (1,00) and~y € [0,p—1).
Suppose that A is R-sectorial on X of angle wr(A) < (1 —§). Then for each
[ € LP(Ry,wy; X) there exists a unique strong solution u € LY, ([0,00),wy; D(A))

loc
to (6.2) which satisfies
(63) ||a?u||LT’(]R+,wW;X) + ||Au||Lp(R+,ww;X) 5 ||f||Lp(R+,ww;X)'

Moreover, if j € {0,1} and a > j + HT’Y, then
||5§U||cb([o,oo);DA(1_1;7;_%)p)) + ||5§U||cb,l(R+;DA(1_QLP_§‘,;))) S llzr @y w,5x)s
P

where C, .y, is the weighted space defined in (4.23).

Proof. Step 1: Existence and uniqueness on (0,T) with T € (0,00). Let f €
C>([0,T];D(A)). By [43, Proposition 1.2] there exists a unique strong solution
u € C([0,T];D(A)) to (6.2) on [0,T]. Then by (3.15) v € D(®%) and (6.1) holds
on (0,7T). We will first show that the following estimate holds uniformly in 7" > 0:

(6-4) ”AUHLP(O,T,wW;X) s ||f||LP(O,T,wW;X)-

It follows from the text below Proposition 3.9 that ®% has a bounded H>°-
calculus of angle Ta with uniform estimates in T'. Since wr(A) + o < 7, the
Kalton-Weis theorem (see [46, Corollary 4.5.9]) gives (6.4).

From (6.2), Young’s inequality and (6.4), we additionally obtain that

(6.5) HUHLP(O,T,w.,;X) St ”f”LP(O,T,w.Y;Xy

Via a standard density argument using (6.4) and (6.5) we obtain existence and
uniqueness of a strong solution to (6.2) for general f € L?(0,T,wy; X). Moreover,
the estimates (6.4) and (6.5) hold as well.

Step 2. Euxistence and uniqueness on (0,00) and the proof of (6.3): Let f €
LP(R4,wy; X), and for each integer n > 1 let u™ be the solution to (6.2) on [0, n].
Then by uniqueness, for all n > m, u™ = u™ on [0,m]. Therefore, defining w :
[0,00) = X by u(t) = u"(t) for t € [0,n], we obtain a strong solution to (6.2).
Uniqueness is clear from the uniqueness on finite time intervals. From Step 1 we
see that (6.4) holds with T-independent constants. Letting T — oo, we obtain (6.4)
for T = co. From (6.2) and (3.16) we deduce that u € D(®%) and D*u = f — Au.
This also implies the estimate (6.3).

Step 8. Proof of the trace estimate: As before, by density it suffices to consider
f € C®(Ry;D(A)NR(A)). Since A7Lf € C°(R4;D(A)), the above estimates also
hold with (u, f) replaced by (A~ u, A=! f). By (6.3) this implies u € LP(Ry, w,; X)
for these special functions f. Together with (6.3) and Proposition 3.9 this implies
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u € D(®) — H*P(R;,wy; X). Now if o > 1+77 + j with j € {0,1}, then by
Corollary 5.3 with = 1 — j—; — £.(6.3) and Proposition 3.9,

j ~No. 11—6 0
167 ull e (10,0010 4 0.00) S P W Loy ) 1Wll Tz, i)

— DU oAl )
S ||f||Lp(R+,ww;X)
The Cy, /p-term is estimated similarly. ([l
Note that if 0 € p(A) in Theorem 6.1, then one obtains
||u||H°‘vP(]R+,wW;X) + ||u||LP(R+,wW;D(A)) S ||f||LP(R+,wW;X)
and therefore D 4 can be replaced by D4 in the final estimate of Theorem 6.1. The
same holds if Ry is replaced by (0,7) with T € (0, 00).
We conclude this section by analysing a double non-local diffusion equation on

RY (see [28] for the case a € (0,1)). Setting 3 = 1, one obtains the fractional heat
equation.

Ezample 6.2 (Double fractional diffusion equation). Let o, 8 > 0, ¢,p € (1,00) and
v € [0,p — 1) be such that o € (H'TW, 2). On R? consider:

(6.6) O%u(t) + (=A)Pu(t) = f(t), t>0,

with Dirichlet initial condition(s). To recast the above problem in the form (6.2)
we introduce the fractional Laplacian. To begin, let us regard the Laplace operator
as a map

Ap = —A: WHIRY C LYRY) — LIRY).
By [26, Theorem 10.2.25], A has a bounded H*°-calculus of wye(Ar) = 0. There-
fore, Ai has a bounded H*°-calculus of angle 0 and D(Af) = H?9(R?). In
particular, by [26, Theorem 10.3.4(2)], A'[z is R-sectorial and wR(Ag) = 0. As one

may expect, the operator just defined satisfies
(6.7) Apf=F N PPFE(),

where F is the Fourier transform and f € H?%9(R%) (see e.g. [22, Subsection 8.3]).
Combining the description of the scale D(Af) in [22, p. 234] and the interpolation
results in [6, Theorem 6.3.1] we get, for all n > 0 and p € (1, 0),

(6.8) D((AD)") = B¥aRY,  and D0 (n,p) = BIP(RY)

where H and B denote the homogeneous Bessel potential and Besov spaces (see e.g.
[6, Section 6.3]), respectively. Now we have rewritten (6.6) in the form (6.2) with
A= A’(z. Therefore, Theorem 6.1 ensures that for each f € LI(Ry,w.; L9(R%))
there exists a unique strong solution u € L}, ([0, 00),w.; H**4(R%)) to (6.6), and

loc
||a?u||Lq(R+,w7;Lq(Rd)) + ||u||Lq(R+,w.,;H2BvQ(Rd)) < ||f||Lq(R+,w7;Lq(Rd))-
Moreover, if a > j + H'TW with j € {0, 1}, then
||8gu||Cb([O,oo);Bg,p(]Rd))+||u||Cb,,Y/p(R+;Bg’p(Rd)) S ey wnsza®ay)

)and5:2ﬁ(1—aip—i).

[e3%

where § = 24(1 — 12 — 4

ap a
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Remark 6.3. Example 6.2 can easily be extended to the case where A is replaced
by an elliptic operator with z-dependent coefficients under continuity conditions on
the coefficients. Moreover, the abstract setting of Theorem 6.1 is flexible enough
to cover boundary value problems as well.

Remark 6.4. A special class of Volterra type equations in the case of coeflicients
which are (¢, z)-dependent is treated in [16, 17, 18] assuming only measurability in
t and very weak conditions in space. They prove maximal regularity results, and
their approach is completely different than the one considered here. They did not
consider trace estimates, but they can easily be obtained by combining their results
with ours.

6.2. Stochastic maximal LP-regularity and homogeneous spaces. In this
section we prove some new regularity estimates for stochastic convolutions using
the trace estimates of the previous section, which extend some of the stochastic
maximal regularity results in [3, 42] to the case where 0 ¢ p(A). Similar extensions
can be done for the stochastic Volterra equations considered in [14], but we will not
consider those here.

Stochastic maximal regularity has been recently used to obtain well-posedness
for quasilinear stochastic PDE in [1, 2]. For unexplained notations and in particular
stochastic integration theory and the theory of y-radonifying operators we refer the
reader to the latter two papers and [26, Chapter 9]. For a general overview on
stochastic evolution equations we refer to [9].

Let H be a Hilbert space and let Wy an H-cylindrical Brownian motion on a fil-
tered probability space (2,9, (% )i>0, P). Let X be a Banach space with UMD and
type 2 (see e.g. [26, Chapter 7)), and let v(H, X) denote the space of y-radonifying
operators (see e.g. [26, Chapter 9]). Given a Cy-semigroup (S(¢));>0 with generator
— A, we consider the stochastic evolution equation:

(6.9) du(t) + Au(t)dt = G(t)dWg (t), teRy, u(0)=0.
Here G € L°(Q; L2 (R4;v(H, X))) is strongly progressively measurable. The mild

loc

solution to (6.9) is given by the stochastic convolution S o G : [0,00) — X defined
as

(6.10) u(t) =SoG(t) := /Ot S(t—s)G(s)dWg(s), t>0.

Below we use the more suggestive notation 9 = D%, where © is as in (3.5).
The main result of this section is as follows.

Theorem 6.5. Letp € (2,00), s € [0,5—1) and 0 € [0,1). Let X be isomorphic to
a closed subspace of an Li-space over a sigma-finite measure space with q € [2,00).
Assume that A has a bounded H*-calculus on X and wg~(A) < 5. Let (S(t))e>o0
be the semigroup generated by —A. Let G € LP(Ry X Q,wy;v(H, X)) be strongly
progressive measurable. Then for all 6 € [0, %) the mild solution u to (6.9) satisfies

0 41-06
(6.11) Elloy A2 UHIZ,P(R+,wN;X) S E|‘G||Z£P(R+,w~;V(HxX))'
Moreover,
Bl o 0eypa 1 - 252 T Ellule, S ENG Lo i1, 0

(By:Da(b—1.0)

where Cy, ./ is the weighted space defined in (4.23).

g
'p
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Proof. We first prove (6.11). By an approximation argument it suffices to prove
the estimates for a uniformly bounded progressively measurable step process G :
Ry xQ — v(H,D(A)). The method is similar to [42, Theorem 1.2] (and [3, Theorem
7.16] in the weighted case). However, since we do not assume 0 € p(A), some
modifications are required.

Step 1: Convergence of approzimating problem. In some part of the proof below,
we need invertibility of the involved operators. Therefore, we consider A, = A+ ¢
and S.(t) = e 'S(t), where £ > 0. Let u. = S. ©G. Then u.(t) € D(A) a.s. for all
e,t > 0. Next, we prove that

(6.12) Alu. — A’u in Yy := LP((0,T) x Q;D(A)), for all § € [0,1], T € (0, 0).

Using [41, Corollary 3.10] one can check that (6.12) holds for § = 1. For 6 € [0, 1),
note that

(6.13) 1A2us — Aully, < [|A2(us —w)lyy + [ A2u — Aully.

For the first term in (6.13), by the moment inequality (see [22, Proposition 6.6.4])
and Holder’s inequality we find that

1A2(ue = w)lvr < flue = uly; 1A + ) (ue — w3, — 0.

The second term in (6.13) tends to zero by [35, Lemma 4.1.11] and dominated
convergence.

Step 2: A priori estimates uniformly in € € (0,1]. Since A has a bounded H*°-
calculus of angle wy~(A) < %, the same holds for A + ¢ with uniform estimates
in . Since we assumed X has a special structure, by [42, Theorem 4.3] and [3,
Lemma 7.11], for all § € [0,1/2),

16
(6'14) EHA§ 55,9 < GHI[),p(RJr,wN;X) 5 E||G||2P(R+,wN;'y(H7X))a
where S¢(t) = F(tl;_ee)sa (t) and the implicit constant does not depend on e.

Next we prove (6.11) for § € (0,1/2) with (u, A) replaced by (ue, As) with
uniform estimates for ¢ € [0, 1]. Let 7 be the closed linear densely defined operator
on LP(Ri,wy; X) with domain D(«%) = LP(R4,w,;D(A)) given by Lu(t) =
Acv(t) for all t € Ri. One can check that o has a bounded H°-calculus of
angle wreo (o) = wye (A:) < m/2 with uniform estimates in ¢ > 0. Moreover, by
Proposition 3.9, the derivative ® defined in (3.5) has a bounded H*°-calculus of
angle /2.

From now one let € > 0. By [46, Corollary 4.5.9], €. := © + o with D(%.) =
D(®) N D(4%) is a sectorial operator on LP?(R,,wy; X), and as in [42],

L t — )0t —s)f(s)ds P Wy}
w7 [ =9 IS 6 ] € DRy X).

Moreover, arguing as in the proof of [42, Theorem 1.2], one obtains that

G 0f(s) =

—6 0

G 0(A27"S. g0 O)(t) = AZ Pu.(t), as. forallteR,.
(4

Combining this with A2 °S. 0 G, A2~
1_
AZ € D(¢"?) a.s. and

ue € LP(Ry,wy; X) a.s., it follows that

(6.15) A28 0 Gt) = €0 (A2 u)(t), aus. forall t € R,
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To proceed further, one can check that, o/ is R-sectorial of angle < m/2 with
uniform estimates in e (see [26, Theorem 10.3.4(2)]). Thus, by [30, Lemma 10],
the set {A\’(A+ #£)7% : A € £y} is R-bounded for some ¢ € (%, ) with uniform
estimates in e. The Kalton-Weis theorem [46, Theorem 4.5.6] ensures that

(6.16) D60 € L(LP(Ry,we; X))

with uniform estimates in €. Therefore,

0 43=0 P (6.16) 0 43— P
EHCD Az u5||LP(R+,wN;X) < EH% Al u8||LP(R+,wN;X)
(6. lo) —0
EIA2 S0 0 Gl v,
(6.14)

S BIGHE s Ry w50

again with uniform estimates in €.
Step 3: Weak convergence argument. It follows from the previous step that

Aé_euE is bounded in LP(Q; D(©?)), and hence there exists a sequence such that
AE%uE — v weakly in D(D?), and

EIO201 e ey < i EIDCAZ e, 2y SEIGIE e, a1,y

where we used our uniform estimate in the last step. To complete the proof of (6.11)
it remains to show v = A2 ~%u. Fix T € (0,00). By taking restrictions (see (3.14))
it follows that Aiﬁeuan — v weakly in LP(€; D(%)). Since D% is invertible, this

implies Ai_euan — v weakly in LP(€%; LP(0, T, w,; X)). By Step 1, v = Az~% on
(0,T) as required.

Step 8: The trace estimate. By density it suffices to consider G to be a uniformly
bounded progressively measurable step process G : Ry x Q@ — ~v(H,D(A) N R(A)).
Note that by the previous step A/?u € LP(Q; LP(Ry, w,; X)). Moreover, due to
the fact that G also takes value in D(A~7) for all o € [0,1/2) (see [31, Proposition
15.26]), we additionally have

(6.17) A3y = AT A%y € LP(Q LP(Ry, we; X)).
Fix o € (1;" 3). By (6.11) we have
(6.18) Ofu € LP(Q4; LP(Ry, wy; D(Aﬁf"))) and u € LP(Q; LP (R, wy; D(A%)))
with corresponding estimates in terms of ||G||ip(Q;Lp(R+)wNW(H)X))). Moreover,
combining the latter with (6.17) and Proposition 3.9, we obtain that

u € LP(Q; o HOP (Ry, wy; D(ART7))) = LP(Q; HOP(Ry, wy; D(AZT7))).
Applying, Corollary 5.3 pointwise in 2, and using (6.18) and

. Lo\ 1 (2.12) - “
(D(A277),D(A2)); _1ae |, = Da(3 — =, p),

one gets the required estimates for the C,-norm. The estimate for the Cy,  /,-norm
follows similarly.

If 0 € p(A) in Theorem 6.5, then (6.11) can be improved into

p
EISoGIZ, 0 o peoy SEICE e, iy
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and therefore D 4 can be replaced by D4 in the final estimate of Theorem 6.5. The
same holds if one considers (0,7 with T" € (0, c0) instead of R..

As an application we derive a mew maximal estimate for the stochastic heat
equation using homogenous spaces. In the following, (w} : ¢t > 0),>1 denotes a
sequence of independent standard Brownian motions. This determines a cylindrical
Brownian motion on 2. We will use that v(¢%; L9(R%)) = L4(R%;¢?) (see [41,
Proposition 2.6]).

Ezample 6.6 (Stochastic heat equation on R?). Let ¢ € [2,00), p € (2,00) and
k € [0,5 — 1). The stochastic heat equation on R? can be formally written as

du — Audt =3, gndwy', t>0,

(6.19) 4(0) = 0,

Using the notation introduced in Example 6.2, we recast (6.19) in the form (6.9)
with A = —A on L(R%). Then A has a bounded H>-calculus of angle 0 and D(A")
and DA(n, q) are a special case of (6.8) for 8 = 1. Thus, Theorem 6.5 ensures that
for any progressively measurable (g,)n>1 € LP(€; LP(Ry,wy; LY(R%;¢2))) there
exists a unique mild solution u to (6.19). Moreover, for all € [0,1/2),
E||afu||ip(R+)wN;Hl—29,q(Rd)) + ]E”U”gb(

P
+E[ully,

[0.00): B, (B4))
(ks may) > Bl lhn e sraceeseny)

where « =1 — 2% and g =1 — 2,
P p
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