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ABSTRACT. This paper discusses prime numbers that are (resp. are not) congruent
numbers. Particularly the only case not fully covered by earlier results, namely
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1. Introduction. A congruent number is, by definition, a positive integer n
that occurs as the area of a rectangular triangle with rational side lengths. In
other words, nonzero a, b, c € Q should exist such that a® + b2 = ¢ and ab/2 = n.
A classical, equivalent definition is that n > 0 is a congruent number precisely when
an arithmetic progression (x —n, x, x+n) consisting of three rational squares exists.
There is an abundance of literature on congruent numbers, particularly because of
their connection to the arithmetic of elliptic curves and to modular forms. For
example, the textbook [13] describes many of the spectacular results on congruent
numbers. Part of it is also discussed in [30], and various centuries old results
including some that already appeared in Leonardo Pisano’s Liber Quadratorum
published in 1225, can be found in [8, Chapter XVI]. Many investigations regarding
(non)congruent numbers start with the standard and well-known observation (1) <
(2) & (3), with
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(1) n is a congruent number;
(2) EM™: y? = 23 — nz contains a point (a,b) € E™(Q) with b # 0;
(3) EM: y? =23 — %z contains P € E(™(Q) of infinite order.

In the present note we collect some information regarding prime numbers that
are congruent numbers or noncongruent numbers. Concretely:

e We review known results, including detailed references to in some cases very
classical sources (the remainder of the present section).

e We recall the equivalence of various conditions that imply a prime p = 1 mod
8 to be a noncongruent number and reformulate this in a way allowing one
to obtain a density result on the number of such primes (Proposition 2.1 and
Corollary 2.6).

e By comparing a 2-descent over Q with a 2-descent over Q(,/p) we obtain a
new and relatively general approach towards obtaining classical results on a
class of primes p = 1 mod 8 not being congruent numbers (Propositions 2.3
and 2.5 as well as Corollary 2.6).

e The only primes for which no unconditional general statement on being or
not being a congruent number is known to date, are the p = 1 mod 8 ones
not in the class referred to above. We present some data useful for predicting
density statements in this case (Section 3).

e We show how a conjecture of Bouniakowsky implies the existence of infinitely
many primes p = 1 mod 8 that are congruent numbers. Moreover we estimate
the number of primes below any bound b that our construction is predicted
to give (Proposition 3.1 and Remark 3.2).

Recognizing whether a prime is a congruent number or not, is also the topic of the
2006 master’s thesis [11]. The detailed explanation given there allows us to remain
brief on some issues here.

Historically, p = 2 is the subject of [1, Proposition XII, pp. 114-116]: Peter
Barlow already in 1811 showed that 2 is not a congruent number. As for the odd
primes p, probably the earliest result not restricted to a single prime is due to
A. Genocchi (1855, [10, pp. 314-315], see also T. Nagell’s 1929 expository text [17,
pp. 16-17]): no prime p = 3 mod 8 is a congruent number. The same result with a
totally different and much less elementary proof is presented in [31, Proposition 5].
In contrast, every prime p = 5,7 mod 8 turns out to be a congruent number. This
is observed in a short paper by N.M. Stephens [24, bottom of p. 183]; a detailed
proof can be found in [16].

The situation for p = 1 mod 8 is less complete. L. Bastien [3] in 1915 announced
that, writing p = a® + b2 as a sum of two squares, if the Legendre symbol (“be)
equals —1 then p is not a congruent number. The same result can be deduced from
a theorem by Michael J. Razar (1974): although his condition on p looks different
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at first sight and the notion “congruent number” does not occur in the paper, from
[19, Thm 2] and the remarks on “first descent” contained in the text it is immediate
that if one of the following conditions holds:

(a) p=1mod 16 and 2 is not a 4th power modulo p;
(b) p=9mod 16 and 2 is a 4th power modulo p,

then p is not a congruent number. Yet another way to formulate this result,
is presented in J.B. Tunnell’s 1983 paper [31, Proposition 6]: if the prime p =
1 mod 8 is written as p = a? + 4b? for integers a,b, then 16 { p — 1 + 4b =
p is not a congruent number. Tunnell’s proof is very different from Razar’s. Again
an alternative way to formulate and prove the same result one finds in the 2006
master’s thesis of Brett Hemenway [11, p. 41]. He shows, writing p = 1 mod 8 as
p = a? + b? for integers a, b, that if (a + b)? = 9 mod 16 then p is not a congruent
number. His proof (in fact similar to Razar’s but more detailed) consists of a 2-
descent on the elliptic curve given by y? = 23 + 4p®x; this curve is 2-isogenous to
the one with equation y? = 23 — p?z. Although involving different curves, this is
very much in the spirit of [29]. The last way we mention of formulating an equiva-
lent result is a special case of [18, Theorem 1.1(1)]: if for a prime p = 1 mod 8 the
Legendre symbol (%) = —1 (here i € F,, is a square root of —1), then p is not a
congruent number.

In the next section we discuss the equivalence of the criteria above. In particular
this allows one to find the density of the involved set of primes. We also sketch how,
apart from the fact that all primes = 5,7 mod p are congruent numbers, the results
mentioned here can be verified by comparing 2-descents over Q and over Q(,/p);
this unified approach, inspired by [9] and in particular by Propositions 5.5-5.6 in
loc. sit., is somewhat different from what one finds in earlier literature. The last
section contains results and some data regarding primes p = 1 mod 8 not satisfying
the equivalent conditions described above.

2. Equivalences and Selmer groups. Consider a prime number p = 1 mod 8.
The congruence condition implies that —1 is a fourth power modulo p and that
2 is a square modulo p. Moreover, one can write p = a? + b? for integers a,b of
which one is odd and the other is divisible by 4. The equivalences mentioned in
the introduction are included in the next result. It uses a certain Galois extension
N/Q, namely the splitting field over Q of the minimal polynomial % — 222 + 2
of a := /1 +4; this minimal polynomial has zeroes +a and +3 with (af)? = 2.
Hence N = Q(v/2, @) and the Galois group Gal(N/Q) is the dihedral group of order
8, with generators p (of order 4) defined by a — 5 +— —a and o (of order 2) defined
by a — B +— a. Note Gal(N/Q(v/—2)) = (p) (cyclic group of order 4; (a® — a)j
is a square root of —2 and is fixed by p). The element p? is the unique nontrivial
element in the center of Gal(N/Q); the field of invariants under p? equals Q(i, v/2)
which is the 8-th cyclotomic field. In particular, p? being in the center implies that
a Frobenius element as appearing in part (7) of the next result, is well-defined (and
not only defined up to conjugacy).
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PrOPOSITION 2.1. For a prime p = 1 mod 8 the following statements are equiva-
lent.

(1.) For j € Z with j> = —1 mod p one has (1%) =—1.

(2.) Forr € Z with > = 2 mod p one has (1;T) =1

(3.) Forr € Z with r*> = 2 mod p one has (—1)P~1/8. (r)=-1.

(4.) Writing p = a® + b? with a,b € Z, one has (“T'fb) =-1.

(5.) Writing p = a® + b with a,b € Z, one has (a + b)?> = 9 mod 16.
(6.) Writing p = a® + 4c* with a,c € Z, one has 16 { p — 1 + 4c.

(7.) The (unique) Frobenius element in G := Gal(Q(v/2,/1 +14)/Q) correspond-
ing to p equals the generator of the center of G.

(8.) With M the normal closure of Q(\/1 + \/5) over Q which is a dihedral exten-
sion of degree 8, the (unique) Frobenius element in Gal(M/Q) corresponding
to p equals the generator of the center.

Proof.  (1.)&(2.): this is also shown in [19, Lemma 2]. If i,r € F,, satisfy i> = —1
and 7% = 2, then one has (1+1)(1+7r) = (1+¢)? for ¢ € F)¢ of order 8. The result
follows.

(1.)&(3.): with ¢ € F, as above, note that i := (2 satisfies i* = —1 and r := (-(1—1)
has the property r? = 2. Therefore

o (- () () (£420)- (5)

(1.)<(4.): this is also shown in [11, §5.4.1], for completeness we recall the proof.
In p = a® + b we can and will assume a is odd. Using the Jacobi symbol and
in particular reciprocity for it, one finds the property (%) = (g) = (#) =1,
hence with ¢ := (b mod p)/(a mod p) € F, a primitive 4th root of unity (“Tj'b) =
() - (5 = (5

(4.)<(5.): this also follows using [11, §5.4.1], we repeat the calculation.

(T)) - (aib> N («ib) ((a+b)zi§f—b)2> — (—1)((+?-1)/8,

from which the result is immediate.

(5.)&(6.): as before, write p = a? + b? with a odd. The assumption p = 1 mod 8
implies 4|b. With b = 2c¢ = 4d one obtains congruences (a + b)?> = a? + 8ad =
a® + 8d = p + 4c¢ mod 16 and the result follows.

(1.)<(7.): use the notations preceding the statement of Proposition 2.1, and fix
an embedding Q(¢) C @,. One has Q C Q(?) C Q(¢) C Q(¢,a) = N where ¢ is
a primitive 8th root of unity, i = (2, and each consecutive extension has degree
2. Note that Q(¢) is the field of invariants of the generator p? of the center of
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Gal(N/Q). The condition p = 1 mod 8 is equivalent to p splitting completely in
Q(¢). Hence p-adically one obtains Q,(¢) = Q, with the extension obtained by
adjoining a square root of 1 + ¢ € Q,. This extension is nontrivial precisely when
a Frobenius at p acts nontrivially on N, hence as p?. Since 1+ is a square in Q,
iff (1£1) = 1 where I denotes the reduction of ¢ in the residue field F, of @,, this
proves the result.

(2.)<(8.): the minimal polynomial of v := \/1+ /2 over Q equals 2% — 22% — 1
with zeroes 4+ and 46, where (v0)? = —1. The splitting field M fits in a tower
Q c Qi) cQ(¢) € Q(¢,vy) = M where ( is a primitive 8th root of unity and each
consecutive extension has degree 2. The remainder of the argument is analogous
to the proof of (1.)<(7.), with now 1 + /2 taking the role of 1+ i. O

REMARK 2.2. Note that the fields N and M appearing here are isomorphic; this
provides a direct proof of (7.)<(8.). This elementary observation is in fact the
special case (Q,a,b,2,y,2) = (Q,—1,2,1,1,1) of [26, Cor. 5.2].

Several of the conditions appearing in Proposition 2.1 play a role in various
papers on 8-rank of class groups. For example, [12, Theorem 2] states for primes
p = 1 mod 8 that the class number of Q(v/—p) is not divisible by 8 precisely when
condition (5.) holds. This equivalence was already observed by Gauss in a letter to
Dirichlet dated 30 May 1828. Similarly, reformulating [6, Theorem 1] yields that
for primes p = 1 mod 8 the class number of Q(,/=p) is not divisible by 8 precisely
when condition (6.) holds. Included in [2, Main Theorem] as well as in part of
[25, Thm 1], the same class number criterion is shown to be equivalent to (1.). A
reason for these relations with class numbers can be found as a special case of [32
Theorem 1.1]. Still other equivalent criteria as well as many of the ones above are
listed in [15, Lemma-Def. 1] and [32, Thm 4.2]. As an additional, related and very
accessible text in the same spirit we refer to [7].

Alternatively, the conditions (1.)-(8.) can be expressed in terms of a Rédei
symbol (see, e.g., [26, Sections 4,6] for a precise definition, notation, and relevant
examples). They are equivalent to the statement [—1,2, p] = —1.

We now provide some details regarding the 2-descent calculations for the elliptic
curves involved. For any prime number p, write

EW. 2 =% — p?r.
The curve E®) /Q has good reduction away from {2, p}. With notations as in, e.g.,
(22, Ch. X §1] take S = {2,p,00} and denote Q(S) = Q(S,2) := {z € Q*/Q*? :
v(z) = 0mod 2 for all v ¢ S} which is an elementary 2-group generated by the
classes of —1,2, and p. With

H := {(c1,c2,c3) € Q(S) x Q(S) x Q(S) : crcoe3 = 1},
one has the Kummer homomorphism ¢: E®)(Q) — H with kernel 2E®)(Q) given
by
+p,aa—p) for b # 0;
27 -b, — ) for a = )
—p) for a = 0;
2p,p7 2) for a = p.

(a
0(a,b) = E
(
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One has local versions 6,: E®)(Q,) — H, of this, obtained by replacing Q by
the completion @,. The inclusion Q C Q, induces maps E®) (Q)/2E®(Q) —
E®)(Q,)/2EP)(Q,) as well as Q(S) — Q*/Q:? and H — H,; they will all be
denoted as 1, The 2-Selmer group S?(E®) /Q) C H is given by

S2ED Q) = {e = (c1,2,05) € H : 1u(e) € 8,(BP(Q,)) Vo € S}
It fits in a short exact sequence

0 — EP(Q)/2EP)(Q) - $*(EW /Q) — II(E® /Q)[2] — 0

where III(E®) /Q)[2] is the 2-torsion in the Shafarevich-Tate group of E®) /Q. To
ease notation, for fields F an element cF** € F*/F*? will simply be denoted c. A
short calculation shows:

e 0o (E®(R)) is generated by (1,—1,—1);
e 6,(E®(Q,)) is generated by (2, —p, —2p), (p,—1,—p) for p # 2;

e 5,(E®(Qy)) has generators (2, —p, —2p), (p,—1,—p), (5,1,5) for p # 2.
Here, apart from 2-torsion one may use the point (%, %\/ 1 —16p2) € EP)(Qy).

An immediate consequence is the following.

4 if p=1modS8;
PROPOSITION 2.3. dimg, S?(E®/Q)={ 2 if p=3modS§;
3 if p=5,7mod8.

Proof. We only sketch the case p = 1 mod 8, the other cases are analogous. Since
p = 1 mod 8, one has that —1,2 are squares in Q, hence the d,-image is gener-
ated by (1,p,p) and (p,1,p). Similarly, the do-image has generators (2, —1, —2),
(1,-1,-1), (5,1,5). Considering the d-image one observes that the first coordi-
nate of any ¢ € S2(E(®) /Q) is one of {1,2,p,2p}. Now consider the possibilities:

if ¢ = (1,a,a), then the local conditions at 2, p imply a € {£1, +p}, giving 4 ele-
ments. For ¢ = (2, a,2a) again one finds a € {£1, £p}, and the same conclusion
holds for ¢ = (p, a, ap) and ¢ = (2p, a, 2ap). |

Using Monsky’s result (predicted by Stephens) asserting that primes
p = 5,7 mod 8 are congruent numbers, the following is a consequence.

COROLLARY 2.4. For any odd prime p # 1 mod 8 one has

0 4f p=3modS§,

]_H(E(p)/Q)[Q] =(0) and mnkE(p)(Q) = { 1 if p=5,7mod 8.

Proof.  Since rank E()(Q) = dimy, E®®(Q)/2E® (Q) — 2, the exact sequence for
S2 implies

rank E?)(Q) + dimg, II(E® /Q)[2] = dimg, S*(EW/Q) — 2.
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Together with Proposition 2.3 this implies the corollary for the primes p = 3 mod 8.
Since Monsky’s result shows that E()/Q has positive rank for p = 5,7 mod 8, the
corollary also follows in those cases. g

In the remainder of this section let K = Q(y/p). Over K the curve E® is
isomorphic to

E:y? =23 —ux.

Moreover rank E(K) = rank E(Q) + rank E(®)(Q), corresponding to the decom-
position of F(K) ® Q into eigenspaces for Gal(K/Q). It is well known that
rank F(Q) = 0 (equivalently, 1 is not a congruent number, a fact already stated by
Fibonacci in 1225 and a consequence of a result of Fermat; a detailed proof is also
presented in [1]). Hence

rank E”)(Q) = rank E(K).

In some cases p = 1 mod 8, the bound rank F(K) < dimg, S?(E/K) — 2 involving
the 2-Selmer group of E over K = Q(,/p) gives a stronger bound for rank EP)(Q)
than the one using S?(E® /Q). In such a case it follows that III(E®) /Q)[2] is
nontrivial.

PROPOSITION 2.5. Let p =1 mod 8 be prime, and let j € Z satisfy j> = —1 mod p.

if (A1) =
Then dimg, S*(E/Q(\/p)) = { ;L Z;EHJ; = 1_1.

The next result is for the most part a consequence of Proposition 2.5. In
particular it includes the statement already announced in Bastien’s 1915 paper [3],
on certain primes not being congruent numbers:

COROLLARY 2.6. Let p =1 mod 8 be a prime satisfying the equivalent conditions
given in Proposition 2.1. Then rank E®(Q) = 0 and III(E® /Q)[2] = (Z/2Z)*. In
particular, p is not a congruent number.

The set of primes discussed here has natural density 1/8.

Proof. Most of this is immediate from Propositions 2.3 and 2.5 by the argument
sketched above. The assertion about the density is obtained by applying Chebo-
tarév’s density theorem (see, e.g. [27]) in the situation of Proposition 2.1(7). O

Proof.  (of Proposition 2.5). The elliptic curve E has good reduction away from
2, so we take S = {p2,qz2,001,002}, with py, gz the primes over 2 in K = Q(y/p)
and 0oy, 00y the two real embeddings. As with E®) /Q, set K(S) = {z € K*/K*? :
v(z) = Omod 2 forallv ¢ S} and H = {(c1,¢2,¢3) : K(S) x K(S) x K(95) :
c1eac3 = 1}, The Kummer homomorphism 6: E(K) — H is then given by

a+1,a,a—1) forb#0;

(
) (2,-1,-2) for a = —1;
8(a,b) = (1,-1,-1) for a = 0;
(2,1,2) for a = 1.
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Regarding the local images 6, (E(K,)), note that the completion K, equals Qo for
v € {pa2,q2} and K, =R for v € {o01,002}. Observe:

e 0,(E(R)) is generated by (1,—1,—1) for v € {01, 002},
e 5,(FE(Q2)) has generators (2, —1,—2), (1,—1,—1), (—3,1,—3) for v € {p2, g2}
The group K (5) fits in an exact sequence
0 — Rs/RE — K(S) — Cl(Rs)[2] — 0,

where Rg is the ring of S-integers of K. We have Cl(Rg)[2] = 0 since Cl(Rg) is a
quotient of the class group Clx = Cl(Ok) and K has odd class number. Here the
standard notation O for the ring of integers of K is used. As R% has rank 3 and
torsion subgroup {£1} it follows that K (S) has Fa-dimension 4. We now describe
a convenient basis of K(S).

Given ¢ € K(S) and v € S, write im,(c) for the image of ¢ under K(S) —

K:/K?. Note that a fundamental unit of K has negative norm (the narrow
Hilbert class field of K has odd degree). Choose a fundamental unit ¢ € O
with coi(e) > 0, so coz(e) < 0. Since e = —1, imy(e) = im4(€) for p and q
conjugate, and imy, (¢) C (—1,3) C Q3/Q32, precisely one of pa, g2 is unramified
in K(/¢). By interchanging the two if necessary we may and will assume that ps
is unramified in K (y/¢). Equivalently, this means imy, (¢) € {1, -3}, and of course
img, (€) = —imy, (¢). In terms of a Rédei symbol as in [26], in fact imy,(e) =1 &
[p,—1,2] = 1.
Take k any odd multiple of the order of [ps] € Clyx and write p§ = (z2) for some
r9 € K. Multiplying x4 by +e if necessary we may assume zo has positive norm
and that go is unramified in K(/Z2), so z2 - 73 = 2% and img,(22) € {1,-3}.
These choices yield K(S) = (—1,¢,22,y2), with yo = T3. Moreover im,,, (z2) =
ime,, (y2) is independent of m € {1,2} and it equals the Rédei symbol [p, 2, —1].
Rédei reciprocity [26, Theorem 1.1] implies in particular [p,2, —1] = [p, —1,2], so
imee, (z2) = 1 < imyp,(e) = 1. Again using Rédei reciprocity one has, for j € Z
such that j2 = —1 mod p, the equality [p,2, —1] = [2,—1,p] = (1%) (note that this
is exactly the example discussed in [26, Section 6]). For ¢ any of these generators
and v € S, this means that the following tables give im,(c) € K} /K2

Case (1%) =1 (with j € Z such that j2 = —1 mod p):

‘ P2 g2 001 Q2
-1{-1 -1 -1 -1
€ 1 -1 1 -1
o | 24 @ 1 1
Yo | @ 2a 1 1

Here a = img, (z2) € (—3) C Q3/Q32.
To compute S?(E/K) = {c € H : 1,(c) € §,(E(K,)) Vv € S} in this situation,
write S?(E/K) = 6(E(K)[2]) ® A with

A={ce S*(E/K) : tp,(c) € ((=3,1,-3))}.
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Let ¢ = (c1,c0,c3) € A. As ¢ is totally positive it follows that ¢; € (x2,ys).
Considering both possibilities for imy, (z2) one finds that imy, (¢;) C (—3) implies
c¢1 € (y2). The po-adic and go-adic images of ¢y result in ¢o € (¢). Hence A
consists of at most four elements. One checks that (ya,1,92),(1,¢,e) € A regard-
less of a = img,(x2) € {1,-3}. As a consequence dimp, A = 2 and therefore
dimp, S?(E/K) = 4 in this situation.

The other case is (%) = —1 (again j2 = —1 mod p). Here one has

‘ P2 g2 001 02
-1/-1 -1 -1 -1
e | =3 3 1 -1
To | 2 a -1 -1
Y2 L a 2 -1 -1

with @ = img,(22) € (=3) C Q3/Q32. As before, one uses the decomposition
S?(E/K) = §(E(K)[2]) ® A in which one takes the subgroup A = {c € S*(E/K) :
tpo(€) € ((=3,1,=3))}

Let ¢ = (c1,¢2,c3) € A. Considering the ps-adic image shows that either ¢o = yo
and a = 1 which is inconsistent with the possibilities for ¢q,(c), or c; = eys and
a = —3 (again, inconsistent with ¢q,(c)), or ¢co = 1. Since ¢; is totally positive, one
has ¢; € {1, —xa, —y2, x2y2}. The possibility ¢; = —x5 is excluded by considering
the po-image, and in the same way c¢; = —ys is impossible because of the gqs-image.
Since also ¢; = x2y» is not compatible with ¢ € A, it follows that ¢; = 1 and
therefore A = (0), so dimy, S?(E/K) = 2, completing the proof. O

3. Examples. A remarkable result by J.B. Tunnell [31] (here restricted to odd
integers n) states, in a version proposed by N.D. Elkies, that

n is a congruent number

4

222 + y? + 822 = n has as many solutions in Z> with 2|z as with 21 2.

This gives an easy method for showing that certain integers are mot congruent
numbers. Applying this to the primes p = 1 mod 8 below some bound b such that
p does not satisfy the conditions given in Proposition 2.1 one obtains (we used
Magma [4] for this and further calculations) the following table.

b: 2000 4000 6000 8000 10000 12000

m(b): 303 550 783 1007 1229 1438

#p=1mod8& () =1: 30 62 93 116 146 172
#p not congruent number: 19 41 62 78 99 122

As a consequence of [32, Theorem 1.1] the primes p discussed here (i.e., p =
1 mod 8 and (%) = 1 and p is not a congruent number) have the property
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II(E® /Q)[2°] D (Z/2Z)*. In particular this implies that III(E® /Q) contains
a subgroup (Z/47)?. For the 172 primes below 12000 contributing to the table,
which form a set that begins and ends as {113, 337, 409, ...... , 11897, 11969}, a
simple Magma test confirms this as well:

E:=EllipticCurve([-p~2,01);
MordellWeilShaInformation(E : Shalnfo);

The table suggests that at least 1/12-th of the set of all primes has the property
described here. We note that this is in agreement with a result of Koymans and
Milovic [14, Theorem 5] who show, conditionally on a conjecture regarding short
character sums, that

C#lp<b (247 < I(EP/Q)} _ 1
lim Inf Hp <0} ~ 16

If the converse of Tunnell’s theorem as well as the observed density holds (as would
be a corollary of the Birch and Swinnerton-Dyer conjecture) as well as the observed
density > 1/12 holds, then at most 1/6-th of the set of primes p = 1 mod 8 consists
of congruent numbers. In comparing the result of Koymans and Milovic [14] with
our data we use that for p # 1 mod 8 the group III(E® /Q) contains no nontrivial
torsion elements of 2-power order; this follows from Proposition 2.3 together with
Monsky’s result [16] and it is also observed in [7, Section 6].

Concerning primes p = 1 mod 8 that are congruent numbers, a Magma test
yields the following data.

bound b: 2000 4000 6000 8000 10000 12000 14000
#p<b,=1mod8: 68 129 186 243 295 341 400
#p congruent number : 11 21 31 38 47 50 58

The 58 primes {41, 137, 257, ...... L9377, ... ... ,13513,13841,13921} here all re-
sult in rank E(®)(Q) = 2 and hence III(E® /Q)[2] = (0). Indeed, Magma quickly
finds two independent points except in one case: for p = 9377 a point of infinite
order with z = —% is easily found. To obtain a second, independent rational
point one needs to increase the Ef fort parameter in MordellWeilShaInformation,

resulting in the points with

9377 - (4611 1436236957655053256122338300576234143337)2
N 281009674140575807625686056524216219084286162

Not surprisingly, our data is consistent with the list of congruent numbers n <
10000 available from [23]. It is conceivable that using e.g. higher descents combined
with our idea to do this over Q(,/p), a precise density result for primes p = 1 mod 8
satisfying (Z/4Z)? c III(E®) /Q) may be obtained.

In contrast, the question whether or not infinitely many primes p = 1 mod 8
are congruent numbers seems much harder. We finish this paper by showing that a
special case of Bouniakowsky’s conjecture implies the existence of infinitely many
such primes. Recall that Bouniakowsky’s conjecture from 1854 (see [5, p. 328])
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states that if g(x) € Z[z] is irreducible, has leading coefficient > 0, and the ged of
all values {g(m) : m € Z} equals 1, then g(m) is claimed to be a prime number
for infinitely many m € Z. Note that this is a very early special case of Schinzel’s
Hypothesis H formulated in [20, p. 188].

PROPOSITION 3.1. The polynomial f(z) := 8%+ 1623 41222 + 4x + 1 satisfies the
conditions in Bouniakowsky’s conjecture, so f(Z) is supposed to contain infinitely
many prime numbers.

Ifn e f(Z)\ {1}, then n = 1 mod 8 and n is a congruent number.

Proof. 1t is not difficult to verify that f(x) € Z[z] is irreducible (in fact, up to a a
factor 2 it equals the 8-th cyclotomic polynomial evaluated in 2z + 1). Clearly the
leading coefficient is positive, and since f(0) = 1 the ged of the values f(k) equals
1. This shows the first part of the proposition.

For integers k, note that f(k) = 4(k?> +k)+1 mod 8 = 1 mod 8. Also, 2f(k) =
(2k + 1)* + 1 which implies f(k) > 1 whenever k € Z and f(k) = 1 & k €
{—1,0} (assuming k is real). Hence to complete the proof, take n = f(k) with
k€ Z\ {-1,0}, so that n > f(1) = 41 (because f(z) = f(—z — 1) and z — f(z)
increases for z > —3). Then

a:=2n-(2k+1)2
b:=16-(k? + k)2(2k*> + 2k + 1) = n? — (2k + 1)4,
c:=n?+ 2k + 1)*

are positive integers satisfying a? + b = 2, hence they arise as lengths of a right-
angled triangle with area n times a square. This implies that n is a congruent
number. O

REMARK 3.2. Of the 58 prime numbers p = 1 mod 8 with p < 14000 that are
congruent numbers, 4 are in f(Z). Note that f(Z) contains only 5 integers in the
interval [2,14000]. A special case of a conjecture of P.T. Bateman and R.A. Horn
predicts the number of integers 1 < k < b such that f(k) is prime: it should
grow ~ %b/ In(b) with C(f) = I1, %(lp) and w(p) = 4 for p = 1 mod 8 while
w(p) = 0 otherwise. An approximation C(f) ~ 5.358 one obtains using [21].

Since f(%) = (2% +1)*+1) /2 = 4 ((2u+ v)* + v*) /2, the proof of Propo-
sition 3.1 shows that integers represented by the binary form

(2u+v)* +v?) /2 = 8u* + 16u’v + 1200 + 4uv® + v*

(except those coming from v = 0, from v = 0, and from u = —wv) are congruent
numbers. Such numbers are = m* mod 8, so whenever m is odd they are = 1 mod 8.
Below the bound 14000 this yields 9 prime congruent numbers, namely

41, 313, 353, 1201, 3593, 4481, 7321, 8521, 10601.

Applying [28, Theorem 1] to the binary form given here yields a constant C' > 0 such
that up to any bound B it attains at least C'v/B square-free values; by construction



1852 T. EviNk, J. Top AND J.D. Top

these are congruent numbers = 1 mod 8 since for v even, the number would be
divisible by 8 hence it would not be square-free. It seems that this is slightly
stronger than what would be obtained starting from (2uv)?+(u?—v?)? = (u?+v?)2,
i.e., from the binary form wv(u + v)(u — v).
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