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sourced by a massless Galilean particle of zero colour and spin. We explain how these two
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1 Introduction

Recently, much progress has been made in extending non-relativistic (NR) closed bosonic
string theory in a flat background [1, 2] and special curved backgrounds [3] to a general
curved background. These results have been obtained either by taking a NR limit [4–7]
or by applying a null reduction [7–10]. Open strings in a general curved background have
been considered as well [11, 12]. Other recent work on non-relativistic strings in a general
curved background can be found in [13–17].

These new results have, in particular, led to an identification of the target space
geometry of the Neveu-Schwarz (NS) sector of NR string theory. This geometry is an
extended version of the torsional Newton-Cartan geometry encountered, e.g., in Lifshitz
holography [18] in the sense that (i) it has two preferred directions longitudinal to the string
instead of a single preferred time direction and (ii) it realizes not only a stringy version of
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Galilean symmetries but also an-isotropic dilatations. We refer to this geometry as torsional
string Newton-Cartan geometry, see appendix B and [6, 7, 19]. A priori, this geometry
has a generic non-vanishing intrinsic torsion. Constraining this intrinsic torsion leads to
different classes of geometries like in the case of torsional Newton-Cartan geometries [20].

It turns out that extending the bosonic non-relativistic string theory to a supersymmetric
one requires the following constraint on the intrinsic torsion [21]

τ[µ
−∂ντρ]

− = 0 , (1.1)

where τµ− is one of the two longitudinal Vielbein fields that characterizes torsional string
Newton-Cartan geometry, see appendix B and [6, 21] for more details. The resulting
geometry is the one that is relevant in this paper and will be referred to as self-dual
dilatation invariant string Newton-Cartan geometry [21]—or, DSNC− geometry for short.
Non-relativistic strings then couple to the background fields of DSNC− geometry including
a Kalb-Ramond and dilaton field, and all these background fields must satisfy equations of
motion that ensure (one loop) quantum Weyl invariance of the string sigma model [22–24].
We will call the gravity theory describing the dynamics of the background fields ‘DSNC−

gravity’. This can be derived as a limit of NS gravity [6] and extended to a supersymmetric
theory as shown in [21].

Extended objects with p spatial directions, i.e., p-branes, have played a crucial role in
the understanding of non-perturbative properties of relativistic string theory, see e.g. [25]. It
is, therefore, natural to have a closer look at the branes of NR string theory1 to learn more
about its non-perturbative properties and internal consistency. In this paper, we will only
consider the closed string sector. For NR open-string dynamics on D-branes see [11, 12, 26],
and references therein. The purpose of this paper is to study NS brane-like solutions in
non-relativistic string theory from a target space point of view by looking for brane solutions
of the background field equations of motion. The explicit form of the latter — that accords
with DSNC− geometry — has been derived in our recent work [6].

In order to investigate the NS brane solutions of non-relativistic string theory we use the
intriguing fact that it is related to the discrete lightcone quantization of relativistic string
theory. This relation is known as longitudinal T-duality and identifies the respective winding
and momentum modes of both theories. It was first pointed out by [1, 2, 27] in the flat space
theory and later generalized to curved backgrounds in [4]. Longitudinal T-duality relates
non-relativistic string sigma models on a DSNC− background to a relativistic Polyakov
model on an NS background with a null isometry. This leaves an imprint on the effective
target space description, namely a relation between DSNC− gravity [6] and a theory that
will henceforth be referred to as NS0 gravity. The latter is defined as NS gravity in the
presence of a lightlike isometry [28–31]—supplemented with a non-trivial constraint that is
T-dual to the constraint (1.1) on the intrinsic torsion in DSNC− gravity.

In this work, we will use the longitudinal T-duality relation as a solution-generating
technique. That is, we consider the brane solutions of NS0 gravity and map them to solutions
of DSNC− gravity via the appropriate T-duality rules. It is important to keep in mind that

1See [1] for an early investigation of branes in NR string theory.
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not all solutions of NS gravity are solutions of NS0 gravity (and thus DSNC− gravity) since
they do not all satisfy the additional constraint that is T-dual to (1.1). Schematically, we
thus have

solutions of NS0 gravity ⊂ solutions of NS gravity . (1.2)

To illustrate this point, let us mention that the fundamental string solution of NS gravity
has a lightlike isometry direction and solves the additional constraint that is T-dual to (1.1).
The anti-fundamental string, however, does not obey this constraint and is thus not a
solution of the NS0 theory. This is akin to the general intuition that anti-particles decouple
in the non-relativistic limit.

In this paper, we will consider the supersymmetric extension of DSNC− gravity and NS0
gravity to DSNC− supergravity and N = (1, 0)0 supergravity, respectively. In particular, we
will use these extensions to investigate the supersymmetry preserved by the brane solutions.
A useful fact in this context is that all solutions of N = (1, 0) supergravity that preserve some
amount of supersymmetry also have a null Killing vector [32]. This implies that there are a
large number of candidate solutions of NS0 supergravity, including fundamental, solitonic,
and intersecting branes, suitable for generating T-dual solutions of DSNC− supergravity.
Here, we will restrict ourselves to the simplest solutions of DSNC− supergravity and show
that they are all half-supersymmetric. We will derive their Killing spinors by using the
Killing spinor equations of DSNC−supergravity derived in our recent work [21].

Longitudinal T-duality applied to the pp-wave and fundamental string solution of NS
gravity leads to the two basic NS string solutions of DSNC− gravity. Both solutions are
found to be half-supersymmetric. We refer to these as the winding and unwound string
solution, respectively. We argue that the winding string solution is sourced by a winding
mode of non-relativistic string theory — hence the name. From a nine-dimensional point of
view this takes the form of a massive Bargmann particle and the associated supergravity
solution describes the gravitational field outside this point particle. Similarly, we argue that
the unwound string describes the field outside the momentum mode which can be described
as a massless Galilean particle of zero colour and spin [33, 34] from the nine-dimensional
point of view. It is known [1, 2, 35] that the unwound momentum modes do not appear as
asymptotic states in non-relativistic string theory. It was shown by [35] that these modes
appear as intermediate states in scattering amplitudes giving rise to the instantaneous
Newtonian gravitational interaction.2 For completeness, we also consider two solitonic
five-brane solutions of DSNC− gravity.

This paper is organized as follows. In section 2, we will give a target space description of
longitudinal T-duality suitable for using this duality as a solution generating transformation.
We also discuss two other notions of T-duality that are characteristic of non-relativistic
string theory: transversal and lightlike T-duality. In section 3, we study the supersymmetric
generalization of longitudinal T-duality. In particular, we extend the bosonic background
fields to supergravity background fields. Furthermore, we show how the longitudinal T-
dual of the constraint (1.1) of DSNC− supergravity leads to a constraint of N = (1, 0)0

2For this reason these modes were referred to as Newtonian gravitons in [35]. In this paper, we will not
use this nomenclature and instead refer to them as unwound string states.
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supergravity that is required by consistency with supersymmetry. In section 4, we apply the
solution generating technique described above to the four basic NS solutions of NS0 gravity:
the fundamental string, the pp-wave, the NS 5-brane, and the Kaluza-Klein monopole. In
section 5 we study the respective source terms corresponding to the solutions derived in
section 4. The structure of these source terms motivates an interpretation of the respective
background geometries. Finally, in section 6 we will give our conclusions. Appendix A
contains our conventions and appendix B gives some background information on torsional
string Newton-Cartan and DSNC− geometry.

2 A target space approach to non-relativistic T-duality

Relativistic closed string T-duality states that two closed string theories, compactified on a
spatial circle of radius R, resp. `2s/R, describe the same physics.3 T-duality can, for instance,
be seen in closed bosonic string theory by examining the mass-shell and level-matching
conditions that determine the spectrum of states of a string in a flat target space-time with
one spatial direction compactified on a circle of radius R:

E2 = ~p 2 + n2

R2 + w2R2

`4s
+ 2
`2s

(NL +NR − 2) , NL −NR = nw . (2.1)

Here, n,w ∈ Z, E denotes the energy of the string states, and ~p their momentum in the
non-compact directions. The integers NL and NR are the left- and right-moving string
oscillator contributions. The second and third terms on the right-hand side of the mass-shell
condition correspond to the quantized momentum and winding of the states along the
compact direction, respectively. T-duality, i.e., the indistinguishability of two closed bosonic
string theories compactified on a circle of radius R, resp. `2s/R, is then apparent since the
spectrum determined by (2.1) is invariant under the interchanges

R ←→ `2s
R
, n ←→ w . (2.2)

The states with (w = 1, n = 0) and (n = 1, w = 0) can be called the ‘fundamental string’ and
‘pp-wave’ states since they can be interpreted as sources for the homonymous solutions of
the effective low-energy gravity theory of closed bosonic string theory. For NL = 1 = NR the
mass-shell condition (2.1) can be recognized as the dispersion relation of a massive particle
in 25 dimensions. The masses of pure winding and momentum modes are MW = wR/`2s
and MN = n/R, respectively. This can be made even more explicit by performing a double
dimensional reduction of the Polyakov model — while fixing either the winding number or
the internal momentum along the compact direction.

The same T-duality can also be phrased at the level of the string sigma model, coupled
to a set of relativistic background fields, consisting of a target space metric Gµν , Kalb-
Ramond field Bµν and dilaton Φ. T-duality then states that, assuming that the target space
geometry has a spatial Killing vector kµ∂µ, a string cannot distinguish between two different

3Here and in the following `s denotes the string length.
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sets {Gµν , Bµν ,Φ} and {G̃µν , B̃µν , Φ̃} of background fields, provided these are related via
the following involutive T-duality rules:

G̃yy = G−1
yy , e−2Φ̃ = Gyy e−2Φ ,

G̃yi = G−1
yy Byi , G̃ij = Gij −G−1

yy

(
GyiGyj −ByiByj

)
,

B̃yi = G−1
yy Gyi , B̃ij = Bij + 2G−1

yy By[iGj]y . (2.3)

Here, we have split the spacetime coordinates xµ as xµ = (y, xi), where y is adapted to
the Killing vector kµ, i.e. kµ∂µ = ∂y. We refer to appendix A for the naming conventions
that we adopt for the coordinates adapted to the various isometries considered in this paper.
The rules (2.3) are known as the Buscher rules for relativistic T-duality. For Gµν and Bµν ,
they have been derived a long time ago from the string sigma model point of view as a
worldsheet duality transformation [36]. The corresponding T-duality shift of the dilaton Φ
can be derived using a path integral approach [37]. Under Buscher’s T-duality rules (2.3),
the fundamental string and pp-wave gravity solutions that are sourced by the w = 1, n = 0
and n = 1, w = 0 perturbative string states are mapped into each other.

In the presence of a spatial isometry, Buscher’s rules (2.3) correspond to a Z2 symmetry
of NS gravity, the bosonic sector common to the low energy effective actions of all ten-
dimensional superstring theories [38]. This is most easily seen from a nine-dimensional point
of view, by using the following reduction Ansatz to compactify the fields {Gµν , Bµν ,Φ} of
NS gravity along the spatial Killing vector kµ:

Eµ
Â =

( a 9
i ei

a k ai
y 0 k

)
, Byi = bi , Bij = bij + a[ibj] , Φ = φ+ 1

2 log k . (2.4)

In this Ansatz, EµÂ denotes a Vielbein for Gµν , all fields are assumed to be y-independent
and we have furthermore split the ten-dimensional flat index Â as Â = (a, 9). Note that
setting Eya = 0 in (2.4), corresponds to gauge fixing the local Lorentz transformations with
infinitesimal parameters Λa9, so that the remaining ones are nine-dimensional. Considering
a second NS gravity theory with fields {G̃µν , B̃µν , Φ̃} and proposing an analogous Ansatz
(obtained by putting tildes on all fields in (2.4)) for it, one finds that, upon using these
Ansätze in (2.3), Buscher’s rules (2.3) amount to interchanging the two vectors ai, bi and
inverting the Kaluza-Klein scalar k:

k̃ = k−1 , ãi = bi , b̃i = ai , (2.5)

corresponding to a Z2 symmetry of the nine-dimensional theory. In the case of a compact-
ification on a circle, the scalar modulus k represents the radius R/`s of the circle. Since
eΦ0 = gs, with Φ0 the asymptotic value of the dilaton Φ and gs the string coupling constant,
Buscher’s rules for the Kaluza-Klein scalar and the dilaton then imply that T-duality
exchanges the compactification radius R and gs for dual versions R̃ and the string coupling
constant g̃s as follows:

R
T←→ R̃ = `2s/R , gs

T←→ g̃s = gs `s/R . (2.6)
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A B

C

T

RA RB

A B

A=B
9D

10D

Figure 1. T-duality provides a map between two supergravity theories A and B, each supplemented
with a spatial isometry direction. The respective compact directions have a circumference RA = R

and RB = `2
s/R, respectively. In this target space approach T-duality means that both theories

A/B reduce to the same theory in nine dimensions. The T-duality rules are then effectively obtained
by reducing theory A to nine dimensions and uplifting the result to theory B (or vice versa).

Applying a similar reasoning to string theories with N = 2 supersymmetry, one sees that
T-duality reflects the property that for a compactification of type IIA string theory on a
circle of radius R, there exists a dual compactification of type IIB theory on a circle of
dual radius R̃ = `2s/R, such that the IIA and IIB background fields reduce to the same
components of the 9D maximal supergravity multiplet.

Otherwise stated, N = 2 T-duality expresses the fact that IIA supergravity with a
spatial isometry and IIB supergravity with a spatial isometry are both identical to 9D
maximal supergravity.4 Using this description of N = 2 T-duality provides a convenient
way to derive the T-duality rules of all the RR fields [40]. The general idea of this target
space approach to T-duality is summarized in figure 1. For a microscopic discussion of
N = 2 T-duality, see [41, 42].

It is natural to ask whether a similar notion of T-duality exists for non-relativistic
string theory. Leaving aside the option of considering timelike T-duality [43], there are three
inequivalent notions of T-duality for non-relativistic string theory, distinguished by the
nature of the Killing vector, along which the duality is performed. Specifically, this Killing
vector can be tangent to a spatial longitudinal direction, a spatial transverse direction or a
longitudinal lightlike direction. We will refer to and denote the three resulting T-dualities
as ‘longitudinal’, ‘transverse’, and ‘lightlike’, respectively. All of these will be defined
more precisely below. Schematically, these three T-dualities relate the DSNC− and/or NS0
backgrounds as follows:

longitudinal T− duality : DSNC− ←→ NS0 , (2.7a)
transversal T− duality : DSNC− ←→ DSNC− , (2.7b)

lightlike T− duality : DSNC−0 ←→ DSNC−0 . (2.7c)

4The situation is slightly more subtle if the IIA Romans mass parameter is included. In that case, one
should generalize the reduction of IIB supergravity to a so-called Scherk-Schwarz reduction [39]. This
subtlety will play no role in the present paper, where we only consider branes of low spatial extension.
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Among these three we are most interested in the longitudinal T-duality, relating two
seemingly different string theories: non-relativistic string theory on a DSNC− background
on the one side and relativistic string theory on a background with a null isometry on
the other side. This was first pointed out in early works [1, 2, 27] in flat space, relating
non-relativistic string theory to the discrete lightcone quantization of string theory. Only
recently has this relation been generalized to curved backgrounds [4, 5]. Here, we will
revisit the T-duality rules from a pure target space point of view. We will define all three
T-dualities, by reducing both sides of the schemes (2.7) over particular isometry directions
and requiring that the results match in nine dimensions.

Before treating each of the dualities of (2.7) in turn, let us first summarize the field
content of the DSNC− and NS0 theories that are involved. The fields of the DSNC− theory
describe a particular type of ten-dimensional non-Lorentzian geometry that is equipped
with a distribution of rank 8. This distribution is defined by the existence of a doublet of
one-forms τµA, with A = 0, 1 or A = +,− (in case we use lightcone indices). The τµA are
referred to as longitudinal Vielbeine. On top of these, the geometry is given in terms of
transverse spatial Vielbeine eµA

′ , with A′ = 2, · · · , 9, a Kalb-Ramond two-form bµν and a
dilaton φ. The fields of the NS0 theory are given by the usual Neveu-Schwarz fields, i.e. a
metric G̃µν , a Kalb-Ramond two-form B̃µν and a dilaton Φ̃.

In the following, we will provide details on how the T-dualities (2.7) can be defined
from the viewpoint of particular dimensional reductions of the DSNC− and/or NS0 theo-
ries involved.

2.1 Longitudinal T-duality

Non-relativistic longitudinal T-duality, see eq. (2.7a), refers to the fact that a non-relativistic
string in a DSNC− background, with an isometry in a spatial longitudinal worldsheet
direction, is T-dual to a string in an NS0 background, i.e. an NS background with a lightlike
isometry. Here, we will revisit the Buscher rules for longitudinal T-duality [4, 5] from
a target space point of view, by comparing the local symmetry transformation rules of
the various nine-dimensional fields that arise upon reduction of DSNC−, respectively NS0
gravity, along a longitudinal spatial, respectively lightlike isometry direction.

Let us first recall that the fields of DSNC− gravity transform under local longitudinal
SO(1, 1) transformations, transverse spatial SO(8) rotations, Galilean boosts, dilatations
and a one-form gauge symmetry, with respective parameters λM , λA

′B′ , λAA
′
, λD and θµ,

as follows [6]:

δτµ
A = λM εABτµ

B + ΛDτµA , δeµ
A′ = λA

′
B′eµ

B′ − λAA
′
τµ
A ,

δφ = λD , δbµν = 2∂[µθν] − 2 εABλAA′τ[µ
Beν]

A′ . (2.8)

Furthermore, under diffeomorphisms (with parameters ξµ), φ transforms as a scalar, τµA

and eµA
′ as one-forms and bµν as a two-form.

To consider longitudinal T-duality for a non-relativistic string in a DSNC− geometry, we
assume that the latter has a spatial isometry in a direction longitudinal to the string, whose
Killing vector we denote by kµ. In adapted ten-dimensional coordinates xµ = (z, xi) =

– 7 –
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(z, t, zm(8)), in which kµ∂µ = ∂z, the condition that the isometry is longitudinal spatial can
then be defined as

τz
0 ≡ kµτµ0 = 0 , τz

1 ≡ kµτµ1 = 1 , ez
A′ ≡ kµeµA

′ = 0 . (2.9)

Note that this fixes half of the Galilean boosts (namely those with parameters λ1A′), the
longitudinal SO(1, 1) transformations, as well as the dilatations. We denote the remaining,
unfixed field components of τµA, eµA

′ and bµν as follows

τµ
A =

( 0 1
i τi −ni
z 0 1

)
, eµ

A′ =
( A′

i ei
A′

z 0

)
, bzi = mi , bij = mij − 2n[imj] .

(2.10)
Assuming that the fields τi, ni, eiA

′ , mi, mij , as well as φ are all z-independent, we can
view (2.10) as a reduction Ansatz and consider the symmetry transformation rules (2.8)
from the nine-dimensional point of view. We decompose and rename the (z-independent)
unfixed parameters of diffeomorphisms, one-form symmetries and Galilean boosts as

ξµ = {ξz = −α, ξi} , θµ = {θz = −β, θi} , λA′ = −λ0A′ . (2.11)

Using (2.10), (2.11) in (2.8), we then find that the nine-dimensional fields transform as
follows under the unfixed symmetries:

δτi = 0 , δφ = 0 ,

δmi = ∂iβ − λA′eiA
′
, δni = ∂iα ,

δei
A′ = λA

′
B′ei

B′ + λA
′
τi , δmij = 2 ∂[iθj] + 2n[i∂j]β , (2.12)

where we have not indicated the lower-dimensional general coordinate transformations
with parameters ξi, since they act in the usual way. From these transformation rules,
one sees that the longitudinal spatial reduction of DSNC− gravity leads to two sets of
fields (τi, eiA

′
,mi) and (φ, ni,mij) that both realize the nine-dimensional Bargmann algebra,

i.e. the centrally extended Galilei algebra (with central extension parameter β). The
fields (τi, eiA

′
,mi) have the transformation rules of the geometric fields that define a nine-

dimensional torsional Newton-Cartan geometry. The remaining fields (φ, ni,mij), where mij

transforms non-trivially under the central extension of the Bargmann algebra, constitute a
matter multiplet.

We now consider the T-dual theory given by NS0 gravity. The sublabel “0′′ indicates that
the theory has a lightlike isometry, so that it is effectively nine-dimensional. Furthermore,
one also needs to impose a bosonic constraint that is T-dual to eq. (1.1). We will defer
a discussion of this constraint until the end of this section; for now, let us focus on how
the presence of a lightlike Killing vector kµ changes the local symmetry structure of the
theory. To see this, we recall the transformation rules of relativistic NS gravity under
Lorentz transformations, with parameters Λ̃ÂB̂, and one-form gauge transformations, with
parameters Θ̃µ:

δẼµ
Â = Λ̃ÂB̂Ẽµ

B̂ , δB̃µν = 2∂[µΘ̃ν] , δΦ̃ = 0 . (2.13)

– 8 –
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The fields ẼµÂ, B̃µν and Φ̃ moreover transform under diffeomorphisms, with parameters
ξ̃µ, as one-forms, a two-form and a scalar, respectively. We will choose adapted coordinates
xµ = (z, xi), such that kµ∂µ = ∂z. Setting ẼzA

′ = 0 to gauge fix some of the local Lorentz
transformations, the lightlike nature of kµ then implies that kµkµ = G̃zz = −2 Ẽz+Ẽz

− = 0,
which is without loss of generality solved by Ẽz− = 0. The condition ẼzA

′ = 0 is then seen
to be fixing the Lorentz transformations with parameters Λ̃−A′ . We can also fix the boosts
with parameters Λ̃+−, by setting Ẽz+ = 1. Taking all this into account, we parametrize the
remaining field components via the following convenient Ansatz [30, 31]:

Ẽµ
Â =


A′ − +

i ẽi
A′ τ̃i −m̃i

z 0 0 1

 , B̃zi = ñi , B̃ij = m̃ij , Φ̃ = φ̃ , (2.14)

where the nine-dimensional fields ẽiA
′ , τ̃i, m̃i, ñi, m̃ij and φ̃ are all z-independent. In order

to analyze the local symmetries of the nine-dimensional theory, we decompose and rename
the remaining (z-independent) relevant symmetry parameters as follows:

ξ̃µ = {ξ̃z = −β̃, ξ̃i} , Θ̃µ = {Θ̃z = −α̃, θ̃i} , λ̃A′ = Λ̃A′− , λ̃A′B′ = Λ̃A′B′ . (2.15)

Upon using (2.14) and (2.15), we then find that the rules (2.13) give rise to the following
nine-dimensional transformation rules:

δτ̃i = 0 , δφ̃ = 0 ,

δm̃i = ∂iβ̃ − λ̃A′ ẽiA
′
, δñi = ∂iα̃ ,

δẽi
A′ = λ̃A

′
τ̃i + λ̃A

′
B′ ẽi

B′ , δm̃ij = 2 ∂[iθ̃j] + 2 ñ[i∂j]β̃ , (2.16)

where we have not written the transformation rules under nine-dimensional diffeomor-
phisms (with parameters ξ̃i), since they correspond to the usual ones. Like the longi-
tudinal spatial reduction of DSNC− gravity, the lightlike reduction of NS0 gravity thus
leads to two sets of fields (τ̃i, ẽiA

′
, m̃i) and (φ̃, ñi, m̃ij), corresponding to the geometric

fields of a nine-dimensional torsional Newton-Cartan geometry and the fields of a matter
multiplet respectively.

Longitudinal T-duality can now be interpreted as the statement that the longitudinal
spatial reduction of a DSNC− geometry and the lightlike reduction of an NS0 background
both give rise to the same matter coupled torsional Newton-Cartan geometry in nine
dimensions. The longitudinal T-duality map (2.7a) between DSNC− and NS0 gravity can
then be specified by the following rules that map the transformation rules (2.12) and (2.16)
to each other

τ̃i = τi , φ̃ = φ , ẽi
A′ = ei

A′ ,

m̃i = mi , ñi = ni , m̃ij = mij , (2.17)

along with the identifications α̃ = α, β̃ = β, λ̃A′ = λA′ of the symmetry parameters. The
non-relativistic T-duality rules are then obtained by uplifting the identification in nine
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A B

C

longitudinal T-duality
DSNC−

(τµA, eµA
′
, bµν , φ)

τ[µ
−∂ντρ]

− = 0

NS0

(ẼµÂ, B̃µν , Φ̃)

∂[µZ̃ν] = 0

(τi, eiA
′
, mi, φ, ni, mij) ←→ (τ̃i, ẽiA

′
, m̃i, φ̃, ñi, m̃ij)

∂[iτj] = −∂[inj] ←→ ∂[iτ̃j] = −∂[iñj]

Torsional Newton-Cartan

9D

10D

Figure 2. Schematic overview of the target space approach to longitudinal T-duality TL. The
non-relativistic T-duality rules (2.18) are obtained by matching the nine-dimensional fields following
from a null reduction of NS0 gravity with those following from a longitudinal reduction of DSNC−

gravity. Furthermore, we have indicated the respective geometric constraints: (1.1) in the DSNC−

theory, (2.21) in the NS0 theory, and the nine-dimensional versions thereof.

dimensions to ten dimensions. Here we choose to express these as a map from the DSNC−

to the NS0 theory:

G̃zz = 0 , Φ̃ = φ ,

Ẽi
A′ = ei

A′ , Ẽi
− = τi

0 , Ẽi
+ = −bzi ,

B̃zi = −τi1 , B̃ij = bij + 2 bz[iτj]1 . (2.18)

It is straightforward to invert these rules and establish Buscher rules that relate NS0 to
DSNC− backgrounds. In particular,

bij = B̃ij + 2 B̃z[iẼj]+ , (2.19)

while the inverses of the other rules are trivial. Note that we have fixed the local dilatation
symmetry present in the DSNC− theory by setting τz1 = 1. Loosely speaking, this is T-dual
to the vanishing of the would-be Kaluza-Klein scalar G̃zz. In that sense, we can say that
DSNC− gravity with a longitudinal spatial isometry is identical to NS gravity with a null
isometry. We also remark that in this case of longitudinal T-duality, one cannot associate
an independent modulus that represents the radius of a compactification circle. At the
DSNC− gravity side, this is due to the gauge-fixing τz1 = 1, while at the NS0 side, it is due
to the fact that the radius of a circle in a null direction can be arbitrarily changed by a
local Galilean boost transformation, see [44]. In fact, the invariant length of the lightlike
circle is zero since G̃zz = 0. The only independent modulus is the string coupling constant
gs contained in the dilaton field, which is invariant under T-duality.

In the introduction we have already mentioned that supersymmetry requires the
geometric constraint eq. (1.1) for consistency [21]. Applying the nine-dimensional identifi-
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cations (2.17), we can write this constraint as

longitudinal T− duality : τ− ∧ dτ− = 0 ←→ Z̃ij = ∂[iZ̃j] = 0 , (2.20)

where Z̃i = τ̃i + ñi. Using that Z̃z = G̃zz = 0, this nine-dimensional constraint can be
oxidized to NS0 gravity as follows:

∂[µZ̃ν] = 0 , where Z̃µ = kν
(
G̃νµ − B̃νµ

)
. (2.21)

A schematic overview of the fields of the different nine-dimensional and ten-dimensional
gravity theories, their corresponding constraints, and their relations under longitudinal
T-duality can be found in figure 2.

Geometrically, the condition (2.21) can be interpreted as an obstruction to the Killing
vector being covariantly constant:

∇µkν = −kρH̃ρµν , (2.22)

where ∇µ is covariant with respect to the Levi-Civita connection and H̃ = dB̃ denotes
the Kalb-Ramond field strength. From the nine-dimensional point of view, the constraint
∂[iZ̃j] = 0 expresses the fact that the time-like torsion ∂[iτ̃j] of the torsional Newton-Cartan
geometry is furnished by the field strength of the U(1) gauge field ñi. This constraint has
no obvious motivation in the purely bosonic target space theory. In section 3, we will show
that it follows from supersymmetry considerations when considering lightlike isometries in
supersymmetric NS gravity. The inclusion of this additional condition will have important
consequences when studying the solutions of the T-dual theories.

To close this section, let us analyze the situation where the null Killing vector kµ∂µ is
also covariantly constant:

∇µkν = 0 . (2.23)

Examples of NS backgrounds that exhibit such a null Killing vector are given by pp-wave
solutions [45]. In the adapted basis (2.14), one has kµ = G̃µνk

ν = {kz = 0, ki = −τ̃i}.
The antisymmetric part of (2.23) then implies that the nine-dimensional torsional Newton-
Cartan geometry obeys the zero torsion constraint ∂[iτ̃j] = 0. The pp-wave geometries of
NS gravity can thus be seen as matter-coupled torsionless Newton-Cartan geometries in one
dimension lower. Note that the constraint ∂[iZ̃j] = 0 then also implies that the dimensional
reduction of pp-waves leads to objects, for which the field strength of the U(1) gauge field
ñi is zero.

2.2 Transverse T-duality

We now consider the transverse T-duality (2.7b) that relates two DSNC− theories, that
are both T-dualized along an isometry direction that is transverse to the NR string. We
work in adapted coordinates xµ = (y, xi), in which the Killing vector for the isometry reads
kµ∂µ = ∂y. Transversality of the isometry means that

τy
A ≡ kµτµA = 0 , ey

a ≡ kµeµa = 0 , ey
9 ≡ kµeµ9 = k 6= 0 , (2.24)
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where we have split the eight-dimensional flat index A′ as A′ = (a, 9) (without loss of
generality). Compactifying in the spatial transverse y-direction, we make the following
Kaluza-Klein Ansatz for the different DSNC− gravity fields:

τµ
A =


A

i τi
A

y 0

 , eµ
A′ =


a 9

i ei
a k ni

y 0 k

 ,
byi = mi , bij = mij −m[inj] , e2φ = k e2ϕ . (2.25)

It is not hard to see that the fields (τiA, eiA
′
,mij , ϕ) realize a nine-dimensional DSNC−

geometry coupled to two U(1)−vectors and a scalar (mi, ni, k). We then denote the DSNC−

gravity fields of the transverse T-dual theory with a tilde and make an analogous Ansatz
(with tildes) for these fields. Substituting these Ansätze into the transverse T-duality rules
that were constructed in [4, 5], using a sigma model description of NR string theory, we
find that the transverse T-duality amounts to a Z2 map from DSNC− gravity onto itself,
given by

k̃ = k−1 , m̃i = ni , ñi = mi . (2.26)

Transverse T-duality thus acts by inverting the scalar k and by interchanging the one-form
fields mi and ni.

2.3 Lightlike T-duality

Let us finally consider the lightlike T-duality (2.7c) between two DSNC− geometries, that
is for both backgrounds performed along an isometry, whose Killing vector is lightlike in
the directions longitudinal to the NR string. We choose adapted coordinates xµ = (u, xi) =
(u, v, xm) so that the Killing vector can be written as `µ∂µ = ∂u. Without loss of generality
we choose

τu
+ ≡ `µτµ+ = ` 6= 0 , τu

− ≡ `µτµ− = 0 , eu
A′ ≡ `µeµA

′ = 0 . (2.27)

Note that this choice fixes the local boost symmetries with parameters λ−A′ . In the
following we will refer to ` = τu

+ as the Kaluza-Klein scalar. Note however that it is not
invariant under dilatations and SO(1, 1) transformations and could thus be gauge fixed
to ` = 1. We then propose the following Ansatz for the remaining field components of a
DSNC− background:

τµ
A =


− +

i τi ` αi

u 0 `

 , eµ
A′ =


A′

i ei
A′

u 0

 , bui = βi , bij = βij + 2α[iβj] , eφ = ` eϕ ,

(2.28)

where τi, αi, `, eiA
′ , βi, βij and ϕ are all u-independent. Taking this as a reduction Ansatz,

we find that the remaining unfixed DSNC− symmetry transformation rules (2.8) reduce,
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upon using (2.28), to the following nine-dimensional ones:

δτi = (λM + λD)τi , δφ = λM ,

δαi = ∂iα , δβi = ∂iβ ,

δei
A′ = λA

′
B′ei

B′ + λA
′
τi , δβij = 2 ∂[iθj] − 2α[i∂j]β + 2λA′ τ[iej]

A′ ,

δ` = (λD − λM )` , (2.29)

where we have denoted λ′A = −λ−A′ , α = ξu and β = −θu and where we have not written
down the transformations under nine-dimensional diffeomorphisms with parameters ξi, since
they are standard. There are again three vectors (τi, αi, βi) in the nine-dimensional theory
and all three of them are now invariant under the unbroken boosts with parameters λA′ .
The field content is reminiscent of Newton-Cartan structures, but differs in one crucial
aspect: there is no analogue of the central charge gauge field mi transforming under Galilean
boosts. Instead, there is a two-form βij which transforms under boosts and should thus be
seen as part of the geometry — putting the above somewhere between particle and string
Newton-Cartan geometries. As far as we know, this exotic non-Lorentzian geometry has
not appeared in the literature so far. It would be interesting to further study the structure
of this geometry and understand how it couples to matter.

If we consider a second DSNC− theory, whose fields and transformation parameters
are denoted with a tilde and reduce via an analogous Ansatz (with tildes), one is led to
nine-dimensional transformation rules that are obtained by putting tildes on all fields and
parameters of (2.29). The map specified by

τ̃i = τi , ˜̀= `−1 , ẽi
A′ = ei

A′ ,

α̃i = βi , β̃i = αi eϕ̃ = ` eϕ ,
β̃ij = βij + 2α[iβj] , (2.30)

and

α̃ = β , β̃ = α , λ̃M = λD ,

λ̃D = λM , θ̃i = θi , λ̃A′ = λA′ , (2.31)

maps the transformation rules with tilde to those without tilde and vice versa. This map
constitutes the lightlike T-duality rules (2.7c) from the nine-dimensional point of view. This
can be checked explicitly by substituting the Ansatz (2.28) (and its tilded version) into the
lightlike T-duality rules, that were derived as a worldsheet duality in [4].

3 Supersymmetric longitudinal T-duality

In this section we will address the question whether longitudinal T-duality can be extended
to include target space supersymmetry. In other words, we are going to address the question
whether there is a T-duality relation between the minimal non-relativistic supergravity
multiplet presented in [21] and N = (1, 0) supergravity with a null isometry. It is not a
priori clear that such a relation is viable since the presence of a lightlike Killing vector
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kµ∂µ = ∂z is not naturally invariant under supersymmetry. Indeed, in the presence of such
a Killing vector, one has that G̃zz = 0 identically, while

δεG̃zz = ¯̃εΓ+Ψ̃z 6= 0 . (3.1)

To maintain supersymmetry, we thus have to constrain Ψ̃z so that the right-hand-side
of (3.1) is zero. It then has to be checked whether these extra fermionic constraints
are themselves consistent with supersymmetry and if not, additional bosonic constraints
have to be imposed. Continuing in this way leads to a chain of constraints that vary to
each other under supersymmetry. It is not a priori clear whether this procedure leads
to an interesting supergravity multiplet with a null isometry or whether it leads to an
overconstrained multiplet. Note that no such problem occurs for a spatial Kaluza-Klein
reduction. In that case, the metric component along the compactified direction is not
constrained to be zero. Instead, it corresponds to a Kaluza-Klein scalar that forms part of
a lower-dimensional supermultiplet.

In the next subsection, we will show that the null reduction of the N = (1, 0) theory is
only consistent if we shorten the multiplet by a set of constraints. The resulting multiplet
will be referred to as the N = (1, 0)0 multiplet. In subsection 3.2, we will review the results
of [21], where a supersymmetric extension of DSNC− gravity was derived that is based on a
supermultiplet, referred to as the DSNC− multiplet in the following. We will also give some
details on the Killing spinor equations and general properties of supersymmetric solutions
of DSNC− supergravity. Throughout this section, we follow the conventions of [21].

3.1 Consistency of the N = (1, 0)0 multiplet

The minimal supergravity multiplet in ten dimensions contains the NS fields (G̃µν , B̃µν , Φ̃),
a gravitino Ψ̃µ, and a dilatino Λ̃. It realizes 16 supercharges and we take the Majorana-Weyl
supersymmetry parameter ε̃ to be left-handed — i.e., satisfying Γ11ε̃ = ε̃ — without loss of
generality. For this reason we refer to this multiplet as the N = (1, 0) multiplet. At lowest
order in fermions the supersymmetry rules read as follows

δẼµ
Â = ¯̃εΓÂΨ̃µ , δ B̃µν = 2 ¯̃εΓ[µΨ̃ν] , δ Φ̃ = 1

2
¯̃ε Λ̃ ,

δ Ψ̃µ = D̃(+)
µ ε̃ , δ Λ̃ =

(
Γµ ∂µΦ̃− 1

12 ΓµνρH̃µνρ
)
ε̃ , (3.2)

where H̃µνρ = 3∂[µB̃νρ] and Γµ = Ẽµ
ÂΓÂ. The covariant derivative D̃(+)

µ is defined with
respect to a torsionful spin connection

D̃(+)
µ ε̃ = ∂µε̃−

1
4Ω̃µ

(+)ÂB̂ΓÂB̂ ε̃ , with Ω̃µ
(+)ÂB̂ = Ω̃µ

ÂB̂ + 1
2 H̃µ

ÂB̂ , (3.3)

where Ω̃µ
ÂB̂ is the usual Levi-Civita spin connection. It is worth mentioning that this

multiplet is not satisfactory for applications in superstring theory. First, it has gravitational
anomalies [46], which render the theory quantum mechanically inconsistent. These can be
lifted by coupling to an appropriate Yang-Mills multiplet — leading to either type I or
heterotic supergravity. Secondly, it is known that N = (1, 0) supergravity does not describe
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the low-energy dynamics of any superstring theory. For these two reasons, we should really
see the study of this multiplet as an intermediate step in understanding the full type I,
IIA/B, or heterotic supergravity. Phrased differently, we are studying the common sector
of all supergravity theories in ten dimensions.

Let us assume that the theory that we consider has a lightlike isometry with Killing
vector kµ∂µ = ∂z. Just as in the bosonic sector this implies that the supersymmetry
parameter, the gravitino and the dilatino are independent of the isometry z-direction.
Similar to how the bosonic fields can be parametrized via a lightlike reduction Ansatz (2.14),
it is then useful to decompose the fermions as

ε̃ = ε̃+ + ε̃− , Ψ̃z = ψ̃+ + ψ̃− , Ψ̃i − Ẽi+ Ψ̃z = ψ̃i+ + ψ̃i− , Λ̃ = λ̃+ + λ̃− ,

(3.4)

where the sublabel +/− refers to the eigenvalue under Γ+− = −Γ01, e.g., Γ+−ψ̃− = −ψ̃−.
Note that then Γ±ψ̃∓ = 0 and that the label ± of the fermions should not be confused with
a flat longitudinal index in lightcone coordinates. The decomposition (3.4) is chosen such
that the lower-case expressions correspond to non-relativistic nine-dimensional fermions,
upon reducing over the lightlike isometry. This is most easily seen by considering the
reduced transformation rules under the unfixed boosts λ̃i = ẽi

A′Λ̃A′−:

δψ̃+ = 0 , δψ̃− = 1
2 λ̃

A′+ΓA′+ψ̃+ , (3.5)

and analogously for the other spinor fields. We recognize these as Galilean-type boost
transformation rules for spinors. As before, the parametrization is chosen so that all the
fields are invariant under the diffeomorphisms in the isometry direction ξ̃z = −β.

Let us now turn to the central question of this subsection, namely whether one can
consistently impose a null isometry on this multiplet. Using that Γz = Ẽz

ÂΓÂ = Γ+, we
deduce from eq. (3.1) that we are forced to impose the fermionic constraint ψ̃+ = 0. To
analyze the supersymmetric consequences of this constraint, it is convenient to write down
the supersymmetry variation of both ψ̃+ and ψ̃−:

δψ̃+ = −1
4 Z̃

A′B′ΓA′B′ ε̃+ , (3.6)

δψ̃− = −1
4 Z̃

A′B′ΓA′B′ ε̃− + 1
2 Z̃

A′0ΓA′+ε̃+ . (3.7)

We have used here some results on lightlike reductions [31] and the fact that, using eq. (2.14),
H̃zij = −2 ∂[iñj]. We have also denoted

Z̃A′B′ = ẽA′
iẽB′

jZ̃ij , Z̃A
′0 = ẽA

′iτ̃ j Z̃ij , (3.8)

where Z̃ij is defined in (2.21). Clearly, the transformation rule (3.6) shows that the constraint
ψ̃+ = 0 is not invariant and leads to the constraint Z̃A′B′ = 0. Using that

δZ̃i = 2 ¯̃ε+ Γiψ̃− + 2 ¯̃ε−Γiψ̃+ , (3.9)
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we can schematically give the supersymmetry consequences of G̃zz = 0 up to the third
iteration (and ignoring higher order terms in fermions) as follows

G̃zz = 0 δε̃−→ ψ̃+ = 0 δε̃−→ Z̃A′B′ = 0 δε̃−→ ẽA′
iẽB′

j ∂[i
(

¯̃ε+Γj]ψ̃−
)

= 0 . (3.10)

At this point, we see that the last constraint is a differential constraint on ψ̃− and ε̃+.
Instead of continuing to vary these constraints, we note that the sequence (3.10) terminates
if ψ̃− = 0. This in turn implies that δZ̃i = 0 and also, according to the transformation
rule (3.7), that Z̃A′0 = 0. This leads to the following supersymmetric set of constraints on
the supergravity fields:

G̃zz = 0 , ψ̃+ = 0 , ψ̃− = 0 , Z̃ij = 0 , (3.11)

or, phrased more covariantly:{
kµkµ , k

µΨ̃µ , ∂[µZ̃ν]
}

= 0 with Z̃µ = kν
(
G̃νµ − B̃νµ

)
. (3.12)

The multiplet of constraints (3.11) effectively shortens the N = (1, 0) multiplet by 1 bosonic
algebraic, 16 fermionic algebraic, and 36 bosonic differential constraints. We refer to this
constrained multiplet as the N = (1, 0)0 multiplet. Of course, this construction only makes
sense if all fields and parameters are independent of the z-coordinate, which means that
the theory is effectively nine-dimensional.

3.2 Review of the DSNC− multiplet

In this section, we review the essential results of [21], where the first example of non-
relativistic supergravity theory in ten dimensions was presented, namely a supersymmetric
extension of DSNC− gravity that arises from a stringy non-relativistic limit of N = (1, 0)
supergravity. This limit is quite subtle in that it requires dealing with terms that diverge
in the limit. Here we will only give the final results and central properties and refer the
reader to [21] for more details.

The fields of the DSNC− supergravity multiplet consist of the bosonic fields τµA, eµA
′ ,

bµν and φ of DSNC− gravity, as well as gravitini ψµ± and dilatini λ± [21]. This multiplet
has the same number of field components as the relativistic N = (1, 0) multiplet, and is
related to it via a contraction parameter ω as follows

τµ
A = ω−1 Ẽµ

A , eµ
A′ = Ẽµ

A′ , eφ = ω−1 eΦ̃ ,

bµν = B̃µν + Ẽµ
AẼν

B εAB , ψµ± = ω∓1/2Π±Ψ̃µ , λ± = ω∓1/2Π±Λ̃ . (3.13)

This particular re-scaling guarantees that the fermions ψµ± and λ± form a faithful repre-
sentation of Galilean boosts as ω →∞. The other bosonic symmetries follow analogously.
However, it turns out that there is a non-zero term at order O(ω2) in the expansion of
the supersymmetry rules. Naively this implies that the non-relativistic limit ω → ∞ is
ill-defined. In [21] we have shown that this inconsistency can be lifted by
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1. Imposing a constraint on the intrinsic torsion of the geometry T ρµντρ− = 0, or

τ− ∧ dτ− = 0 , (3.14)

which corresponds to 36 independent first order differential constraints on the longi-
tudinal Vielbein τµ−. Alternatively, it can be expressed as τA′B′− = 0 and τA′−− = 0.
This constraint is consistent with all the symmetries, in particular with supersymmetry
since δετµ− = 0.

2. Including additional symmetries δD(λD), δS(η−), and δT (ρ−), which we refer to as
anisotropic dilatations and fermionic S- and T -symmetries, respectively. All of these
additional symmetries act as local shifts on some fields

δτµ
A = λDτµ

A , δφ = λD ,

δψµ+ = 1
2 λDψµ+ + 1

2 τµ
+Γ+η− , δψµ− = −1

2 λDψµ− + 1
2 τµ

+ρ− ,

δλ+ = 1
2 λDλ+ , δλ− = −1

2 λDλ− + η− . (3.15)

These extra symmetries give 1 bosonic and 8 + 8 fermionic gauge symmetries. They
are absent in the relativistic parent theory and imply that the multiplet is effectively
smaller since the local shift symmetries can be gauge fixed by setting some field
components to constant values.

The fact that the divergent limit can be regularized and made sense of is highly non-trivial
and a genuine feature of ten-dimensional supergravity. We have shown in [21] that the same
limit is well-defined at the level of the equations of motion — which are conjectured to
capture the universal sector of the beta functions of non-relativistic superstring theory.

It turns out that the emergent symmetries of the DSNC− multiplet are in one-to-one
correspondence to the multiplet of constraints (3.11) in the N = (1, 0)0 theory. More
precisely, the emergent gauge symmetries of the DSNC− multiplet are T-dual to the
constraints we found for the NS0 multiplet:

DSNC− supergravity N = (1, 0)0 supergravity
1 : δD G̃zz = 0 ,

8 + 8 : δS + δT Ψ̃z = 0 ,
36 : τ− ∧ dτ− = 0 , Z̃ij = 0 . (3.16)

These observations indicate that the T-duality between the DSNC− and the N = (1, 0)0
multiplets can be extended beyond the bosonic sector. We will give some details about the
T-duality rules for the fermions below.

In the next section, we will discuss half-supersymmetric solutions of DSNC− supergravity.
For this, we need the Killing spinor equations of this supergravity theory that follow from
setting all the fermions of the theory to zero and requiring by consistency that δελ± = 0
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and δεψµ± = 0. These equations have been derived in [21] and read

0 = ΓA′ε−DA′φ−
1
12 hA

′B′C′ΓA
′B′C′ε− + η− ,

0 = ΓA′ε+DA′φ−
1
12 hA

′B′C′ΓA
′B′C′ε+ + 1

2 T
A′B′ΓA′B′+ε− ,

Dµε− −
1
2 ωµ

−A′Γ−A′ε+ = 1
8 eµ

C′hA′B′C′ΓA
′B′ε− − τµ+ρ− ,

Dµε+ = 1
8 eµ

C′hA′B′C′ΓA
′B′ε+ − TµA

′ΓA′+ε− −
1
2 τµ

+Γ+η− , (3.17)

where Dµ is a SO(1, 1)× SO(8) and dilatation covariant derivative and we have furthermore
defined TµA

′ = eµ
B′τB′

A′+ + τµ
−τA

′++. We refer to appendix B and [21] for more details
on our notation and conventions. Note that these Killing spinor equations are consistent
with the bosonic symmetries of the theory. In particular, one can check that the equations
form a non-trivial reducible but indecomposable representation under Galilean boosts.5

In this paper, we will be mostly interested in half-supersymmetric solutions — i.e.,
solutions that preserve 8 of the 16 supersymmetries (ε+, ε−). The S−/T -parameters (η−, ρ−)
are Killing spinors too. However, we do not include them when counting the preserved
supercharges, since they are just an artifact of the initial overparametrization as explained
above. Relatedly, it is clear from (3.17) that solutions (η−, ρ−) exist independent of the
background geometry. In this paper, we will not attempt to solve the Killing spinor equations
systematically and instead refer the reader to [47] where analogous Killing spinor equations
for a Galilean system in three dimensions have been studied.

4 The half-supersymmetric NS branes

To construct the basic NS brane solutions, we will use the longitudinal T-duality rules (2.18),
applied to solutions ofN = (1, 0)0 supergravity, to generate solutions of DSNC− supergravity.
One has to be careful in applying longitudinal T-duality blindly to brane solutions of
relativistic N = (1, 0) supergravity, for two reasons. Firstly, the T-duality only makes sense
if the solution has a lightlike isometry. If one restricts oneself to supersymmetric solutions,
this requirement is automatically fulfilled since every solution that preserves at least one
supercharge also has a lightlike isometry [32]. This implies that all the supersymmetric
solutions of N = (1, 0) supergravity qualify as candidates for the solution generating
T-duality. Secondly, the set of solutions of N = (1, 0)0 supergravity is not equivalent to the
set of solutions of N = (1, 0) supergravity that have a lightlike isometry since solutions of
N = (1, 0)0 supergravity also need to satisfy the bosonic constraint (2.21). In particular,
there exist supersymmetric solutions of the N = (1, 0) theory that are not solutions of the
N = (1, 0)0 theory. We have summarized the situation in figure 3.

In subsection 4.1 we consider the half-supersymmetric pp-wave solution of N = (1, 0)
supergravity. It has a null isometry and furthermore solves the constraint (2.21). Hence
we can apply longitudinal T-duality to obtain a solution of DSNC− supergravity that we

5This supposes that one also assigns a boost transformation rule to the Killing spinors ε± that is analogous
to the boost transformation rules of the fermionic fields of DSNC− supergravity.
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Figure 3. A schematic depiction of the types of solutions considered in this section. The blue
outline represents all the solutions of pure NS gravity. The green outline represents the solutions that
preserve at least one supercharge. This implies that the solution has a lightlike Killing vector [32].
The yellow outline denotes the solutions of N = (1, 0)0 supergravity, i.e. those that can be mapped
to solutions of the DSNC− supergravity theory. The boundary between the green and the yellow
solutions is delineated by the constraint (2.21).

refer to as the ‘winding string’ solution. This name will be motivated further by a study
of source terms in section 5. The solution has vanishing intrinsic torsion and reduces to a
conventional NC geometry in nine dimensions.

In subsection 4.2 we consider the half-supersymmetric fundamental and anti-fundamental
string solutions of N = (1, 0) supergravity. Both solutions have a null isometry. However,
only the fundamental string solution also solves the constraint (2.21). In other words, the
fundamental string is a solution of N = (1, 0)0 supergravity whereas the anti-fundamental
string is not. The corresponding background of DSNC− — obtained via longitudinal
T-duality from the fundamental string solution — is referred to as the ‘unwound string
solution’. This name will again be clarified by studying the structure of the source term in
section 5. The unwound string solution has non-vanishing intrinsic torsion and reduces to a
matter-coupled torsional Newton-Cartan geometry in nine dimensions.

It is worth mentioning that the solution generating technique presented is more general.
It can be applied to any solution of N = (1, 0)0 supergravity. To illustrate this, we use the
same longitudinal T-duality to also find non-relativistic versions of the NS 5-brane and the
Kaluza-Klein (KK5) monopole solutions, thus obtaining all the basic half-supersymmetric
non-relativistic NS branes. The consistency of the duality guarantees that it leads to
solutions of the DSNC− theory. In principle, one can access an infinity of non-trivial
solutions — among which also intersecting branes and other exotic objects. We leave that
for future work.
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4.1 The winding string solution

To construct the winding string solution of DSNC− gravity, we take the well-known pp-wave
solution [48, 49] of NS gravity as our starting point:

ds̃2
pp = −2 dt(dz +K dt) + dz2

(8) , B̃ = 0 , eΦ̃ = gs . (4.1)

Here, we have used the ten-dimensional coordinates xµ = (z, xi) = (z, t, z(8)), see also
appendix A for our index conventions. Furthermore, gs is a constant that corresponds to the
string coupling constant of the underlying string theory. The profile function K = K(t, z(8))
is a harmonic function of the eight transverse coordinates z(8) and can have an arbitrary
dependence on t.6 This solution is known to be half-supersymmetric, i.e., it preserves 8 of
the 16 supercharges, namely those with constant supersymmetry parameter ε̃, satisfying
Γ01ε̃ = ε̃.

The pp-wave solution has a lightlike isometry in the z-direction. It also satisfies the
constraints (2.21) and is therefore a solution of NS0 gravity. In order to map it to a solution
of DSNC− gravity, it is easiest to apply the inverse of the T-duality rules given in (2.18).
In particular, this T-duality maps the profile function K of the pp-wave to the worldsheet
component bzt of the Kalb-Ramond 2-form. We thus end up with the following solution of
DSNC− gravity:

ds2
τ = −dt2 + dz2 , ds2

e = dz2
(8) , b = K dt ∧ dz , eφ = gs , (4.2)

where ds2
τ = ηABτµ

Aτν
Bdxµdxν and ds2

e = δA′B′eµ
A′eν

B′dxµdxν . We will refer to eq. (4.2)
as the winding string solution. Note that this solution is invariant under the NR transverse
T-duality rules (2.26).

The above solution (4.2) indeed describes the gravitational field caused by a string
where the profile function K plays the role of the Newton potential. The possible time
dependence of K can then be understood as indicating that the string moves in a frame with
a time-dependent acceleration. From (4.2), one can see that the winding string solution
is sourced by the w = 1, n = 0 state of the non-relativistic string spectrum. Indeed, the
solution (4.2) has a non-trivial b-field in the world-sheet directions, as one expects from a
solution that is sourced by a string that winds around the spatial longitudinal direction.
We will confirm this in the next section.

Using the reduction rules given in section 2.1, it is straightforward to show that the
winding string solution reduces to the following nine-dimensional solution

τidx
i = dt , δA′B′ei

A′ej
B′dxidxj = dz2

(8) , midx
i = K dt , eφ = gs . (4.3)

This torsionless Newton-Cartan geometry describes the usual Newtonian gravitational field
outside a massive non-relativistic point particle. We will show how this follows from a
double dimensional reduction in section 5. The same solution can be obtained by a null
reduction of the pp-wave. A similar reduction has been considered in [50].

6For an early study of a pp-wave background T-dual to a non-relativistic AdS5×S5 background, see [3].
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Let us now evaluate the Killing spinor equations (3.17) on the winding string background
and find the Killing spinors (ε+, ε−) and (η−, ρ−). This will determine the amount of
supersymmetry that is preserved by this solution. Since we are assuming an isometry in
the z-direction, we take the Killing spinors to be z-independent. Using the geometric data
as given in (4.2), the Killing spinor equations simplify to

η− = 0 , ∂µε+ + 1
2τµ

+Γ+η− = 0 , ρ− = 1
4 ∂A

′K Γ−ΓA′ε+ ,

∂mε− = 0 , ∂zε− = 0 , ∂tε− =
√

2
4 ∂A′K ΓA′Γ−ε+ , (4.4)

where ∂m denotes a derivative with respect to the transversal coordinates zm(8). These
equations have a unique solution(

η− = 0, ρ− = 0
)
,

(
ε+ = 0, ε− = constant

)
, (4.5)

which shows that this solution preserves half of the supersymmetries, i.e., 8 supercharges.
We note that the background (4.1) is just one example of a more general class of

pp-wave solutions [45] that are defined by the existence of a covariantly constant null vector.
It was established in [48] that pp-wave solutions of the lowest order relativistic supergravity
extend to solutions of supergravity including all α′ corrections. For an extension of the
above results and references, see [49]. We have seen above that the existence of a covariantly
constant null vector leads to a string Newton-Cartan geometry with vanishing intrinsic
torsion under longitudinal T-duality. It would be interesting to understand the absence of
α′−corrections directly from the point of view of non-relativistic string theory.

4.2 The unwound string solution

Our starting point is the following NS fundamental string solution, lying in the z-direction:

ds̃2
F1 = −2H−1dtdz + dz2

(8) , B̃ =
(
H−1 − 1

)
dt ∧ dz , eΦ̃ = gsH

−1/2 , (4.6)

where H = H(z(8)) is harmonic in the transverse directions z(8) and the constant gs
corresponds to the string coupling constant. This solution is also a solution of NS0 gravity,
since it solves the constraints (2.21). It preserves 8 supercharges ε(z(8)) = H−1/4ζ, where ζ
is constant and satisfies Γ01ζ = −ζ. The anti-fundamental string has the opposite sign for
the Kalb-Ramond field and Γ01ζ = +ζ.

T-dualizing along the z-isometry direction we obtain the following solution of
DSNC− gravity:

ds2
τ = −H−2 dt2 +

(
dz +

(
H−1 − 1

)
dt
)2

, ds2
e = dz2

(8) , eφ = gsH
−1/2 . (4.7)

For the purpose of working out the Killing spinor equations, it is useful to give the following
corresponding set of non-zero longitudinal and transverse Vielbeine:

τt
0 = H−1 , τz

1 = 1 , τt
1 = H−1 − 1 , eµ

A′ = δA
′

µ . (4.8)
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Note that this solution has intrinsic torsion τA′++ = 1/2H−1∂A′H . For reasons that will be
explained in the next section, we will refer to this solution as the unwound string solution.
Note that the solution (4.7) satisfies the consistency requirement (1.1) due to a cancellation
of the harmonic functions in the expression for τµ−. This is a direct consequence of the fact
that the fundamental string solution solves the NS0 constraint (2.21).7

From a nine-dimensional point of view, the unwound string solution (4.7) is given
by the following solutions for the nine-dimensional matter and torsional Newton-Cartan
background fields:

τidx
i = −H−1dt , δA′B′ei

A′ej
B′dxidxj = dz2

(8) ,

nidx
i =

(
H−1 − 1

)
dt , eφ = gsH

−1/2 . (4.9)

Note that this solution satisfies the geometric constraint (3.11), i.e., ∂[iτj] = −∂[inj] and
that the resulting Newton-Cartan geometry is twistless torsional, i.e., τ[i∂jτk] = 0.

Finally, let us determine the Killing spinors of the unwound string solution. Using the
fact that the dilaton is covariantly constant, it is straightforward to evaluate the Killing
spinor eqs. (3.17) on the geometric data (4.7) to find

η− = 0 , ∂µε− −
1
2
(
H−1∂µH

)
ε− + τµ

+ρ− = 0 ,

∂µε+ + 1
2
(
H−1∂µH

)
ε+ + 1

2τµ
−H−1∂A′HΓA′+ε− = 0 . (4.10)

These equations have a unique solution corresponding to 8 preserved supercharges

(η− = 0, ρ− = 0) ,
(
H1/2ε+ = constant, ε− = 0

)
. (4.11)

We have derived two half-supersymmetric solutions of the DSNC− theory: the winding
string (4.2) and the unwound string (4.7). Let us now ask whether these two backgrounds
are related to each other by an appropriate notion of T-duality. We will see that this
is, indeed, the case (as long as the profile function in the winding string background is
time-independent K = K(z(8))). In fact, it is natural to expect such a relation since the
associated relativistic solutions — the relativistic fundamental string solutions (4.6) and the
pp wave (4.1)—are T-dual along a spatial isometry ∂y = 2−1/2(∂z − ∂t). They are mapped
to each other via the Buscher rules (2.3). Hence one can, at least in principle, establish a
map between the two solutions by composing a longitudinal T-duality with a spatial and
an inverse longitudinal one: T (∂z) ◦ T (∂y) ◦ T−1(∂z), where the expression in the bracket
indicates the respective isometry. Instead of doing this we note that the unwound string
solution (4.7) has a lightlike isometry ` = ∂u = 2−1/2(∂z + ∂t) in the sense of eqs. (2.27).
Hence, we can apply the lightlike T-duality as explained in section 2.3. It is convenient
to fix part of the dilatation and SO(1, 1) invariance by choosing τu+ = H−1/2 and eϕ = gs.
The other nine-dimensional fields in eq. (2.28) follow accordingly

τidx
i = −H−1/2 dv , αidx

i = (H − 1) dv eijdx
idxj = dz2

(8) , eϕ = gs , (4.12)
7Conversely, it implies that the unwound anti-string — which one obtains by T-dualizing the anti-

fundamental string — does not solve the DSNC− constraint (1.1). We see that half of the fundamental
string solutions get eliminated by the consistency requirement (1.1) or (2.21), respectively.
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where v = 2−1/2(z − t). Using the T-duality rules (2.28) one can then see that we exactly
reproduce the winding string solution (4.2), if K = H − 1. This establishes the observation
that the time-independent winding string and the unwound string solution are related by
lightlike T-duality. These examples also illustrate a more general property of the lightlike
T-duality: it can relate backgrounds with vanishing intrinsic torsion to backgrounds with
non-vanishing intrinsic torsion.

4.3 NS 5-branes and KK5 Monopoles

For completeness, we now consider the solitonic NS five-brane solutions of the relativistic
theory, namely the NS 5-brane and the KK5 monopole. They are related by electromagnetic
duality to the fundamental string and pp-wave solution, respectively, and to each other by
T-duality along a spatial isometry. Moreover, both solutions preserve 8 supercharges, have
a lightlike isometry, and solve the geometric constraints (3.11). In other words, the solitonic
5-branes are solutions of the N = (1, 0)0 theory. As a consequence, we can use longitudinal
T-duality to map the NS 5-brane and the KK5 monopole to analogous non-relativistic NS
5-brane and KK5 solutions of the DSNC− theory, respectively.

The non-relativistic NS 5-brane. The relativistic NS 5-brane solution is given
by [51, 52]

ds̃2
NS5 = 2 dtdz + dy2

(4) + F dz2
(4) , H̃mnp = εmnp

qF∂qF , eΦ̃ = gs F
1/2 , (4.13)

where gs is the string coupling constant and we have split the ten-dimensional coordinates
xµ as xµ = (t, z, y(4), z(4)). The function F = F (z(4)) is harmonic with respect to the
4 transverse coordinates z(4). Furthermore, it is understood that εmnpq refers to the
four transverse directions z(4) with ε6789 = 1 where numerical underlined values refer to
values taken by curved indices. One can T-dualize the NS 5-brane solution either along a
longitudinal spatial isometry direction ∂t+∂z (where ∂t/∂z are lightlike) or along a transverse
isometry direction ∂/∂z9

(4) (without loss of generality).8 T-duality along a longitudinal
direction maps the NS 5-brane onto itself, whereas T-duality along a transverse direction
maps the NS 5-brane onto the Kaluza-Klein monopole that we will discuss below.

In this work, however, we are interested in dualizing along the lightlike isometry ∂z.
Applying the longitudinal T-duality rules (2.18) leads to a valid solution of the DSNC−

theory, the non-relativistic NS 5-brane:

ds2
τ = −dt2 + dz2 ds2

e = dy2
(4) + F dz2

(4) hmnp = εmnp
qF∂qF , eφ = gs F

1/2 .

(4.14)

This solution is torsionless. It can be checked that it solves the Killing spinor equations (3.17),
with zero η− and ρ− and constant ε±, obeying(

1 + Γ6789
)
ε± = 0 . (4.15)

The non-relativistic NS 5-brane (4.14) is thus half-supersymmetric.
8To create a transverse isometry direction one should smear the NS 5-brane, i.e. consider a periodic array

of NS 5-branes in the z9-direction, so that F = F (z6, z7, z8).
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The non-relativistic KK5 monopole. The relativistic KK5 monopole solution is given
by [53, 54]

ds̃2
KK5 =2 dtdz + dy2

(4) + F dz2
(3) + F−1

(
dy +Am dz

m
(3)

)2
, (4.16)

where F = F (z(3)) is harmonic with respect to the three transverse coordinates z(3), and
Am = Am(z(3)) satisfies 2 ∂[mAn] = εmnp∂

pF , where ε789 = 1. We have split the ten-
dimensional coordinates xµ as xµ = (t, z, y(4), y, z

m
(3)) where (∂t + ∂z, ∂/∂y(4)) are the 5

spatial worldvolume isometry directions and ∂y is a so-called special isometry direction
used in the definition of the KK5 solution. This special isometry direction distinguishes
the KK5 monopole from a brane solution. The metric is nonsingular at zi(3) = 0 if and
only if the coordinate y parametrizes a circle with period y ∼ y + 2π. In order to map this
solution to a solution of the DSNC− theory we dualize along the ∂z direction, yielding: the
non-relativistic KK5 brane

ds2
τ = −dt2 + dz2 , ds2

e = F dz2
(3) + F−1

(
dy +Am dz

m
(3)

)2
, b = 0 , eφ = gs .

(4.17)
It is immediate to verify that this is a zero torsion solution and it can be checked that it
solves the Killing spinor equations (3.17) with zero η− and ρ− and constant ε±, obeying(

1− Γ6789
)
ε± = 0 . (4.18)

The non-relativistic KK5 monopole is thus also half-supersymmetric.
We note that a T-duality of the relativistic KK5 monopole along the special transverse

∂y isometry direction maps it to the smeared relativistic NS 5-brane. Similarly, the NR NS
5-brane and KK5 solution are T-dual to each other when applying the transverse Buscher
rules (2.26) along a transverse direction of the (smeared) NR NS 5-brane or the special ∂y
isometry direction of the NR KK5 monopole. Finally, one could also consider a further
T-duality of the relativistic KK5 monopole in one of the three transverse directions. This
leads to a family of so-called exotic branes with decreasing number of transverse directions.
It is suggestive that similar exotic branes exist in NR string theory, but we will not discuss
this further here.

5 The NS Source Terms

In this section, we consider the spectrum of both non-relativistic string theory and the
discrete lightcone quantization (DLCQ) of relativistic string theory. The goal is to under-
stand how the respective states correspond to the supergravity solutions derived in the
previous section. We start by looking at the spectrum of non-relativistic string theory and
derive the respective worldline descriptions of winding and momentum modes as seen from
the nine-dimensional perspective. This is achieved by performing a double-dimensional
reduction [55] of the NR non-linear sigma model — keeping either the winding number or
the internal momentum in the compact direction fixed. We do not consider the explicit
coupling of the worldline actions to the supergravity theory and the corresponding equations
of motion. Instead, we use longitudinal T-duality to conjecture the source terms for the
respective DSNC− solutions.
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5.1 Non-Relativistic String Theory

For the non-relativistic string in a flat target space-time, the spectrum is determined by
the following conditions [1, 2]

2wE = `2s
R
kA
′
kA′ , nw = 0 , (5.1)

if we restrict to the lowest lying non-tachyonic states with NL = NR for simplicity. Here, E
denotes the energy of the modes and kA′ their momentum in the transverse directions. For
concrete (super)string expressions see [1, 2, 56]. The integers n and w correspond to the
discrete momentum and winding number along the longitudinal spatial direction that is
compactified with radius R. It is convenient to define the following charges

N = n

R
and W = wR

`2s
, (5.2)

so that the dispersion relation for the lowest lying, non-tachyonic state reads 2WE = k2
A′ .

The second equation of (5.1) is the level-matching condition. For w > 0, the first equation
corresponds to the mass-shell condition for on-shell states with a non-relativistic dispersion
relation and mass W . For w = 0, one can no longer interpret the first equation as an
on-shell condition and instead finds kA′ = 0. The so-called “unwound” states do, however,
play an important role in non-relativistic string theory [1, 2], as they correspond to off-shell
states, whose propagators behave as (kA′kA′)−1 for the lowest lying states. These off-shell
unwound states thus mediate instantaneous, non-relativistic gravitational interactions.

Let us now consider the sigma model description of the aforementioned modes and their
double-dimensional reductions. To do so, we recall the non-relativistic non-linear sigma
model [1, 4]. Here, we focus on the classical part and ignore the dilaton coupling for the
moment. The coupling to the background torsional string Newton-Cartan geometry takes
the following form

S = 1
4π`2s

∫
d2σ

√
|h|
{

2 ∂Xµ∂̄Xν eµ
A′eν

B′δA′B′ +
√

2 λ̄ (∂Xµ) τµ− +
√

2λ
(
∂̄Xµ

)
τµ

+
}

− 2 ∂σXµ∂τX
ν bµν , (5.3)

where hαβ denotes the independent worldsheet metric and h its associated determinant. It is
furthermore useful to introduce Zweibeine in a lightcone basis eα/ēα so that hαβ = 2 e(αēβ).
The inverses are defined as eαeα = 1 = ēαēα and ēαeα = 0 = ēαeα. These are used to define
derivatives ∂ = eα∂α and ∂̄ = ēα∂α.

Let us now assume that there is a longitudinal spatial isometry k = ∂z in the target
space with z ∼ z+ 2πR. This implies two things: firstly, it allows the string to wrap around
this compact direction. To make that more concrete we split the embedding coordinates as
Xµ(τ, σ) = (Xi, Z) and impose

∂σX
i =

(
Xi)′ = 0 , Z(σ + 2π) = Z(σ) + 2πR · w , (5.4)

where w ∈ Z. The second condition allows for a linear dependence of the Z-field on the
spatial coordinate σ ∼ σ + 2π on the closed string worldsheet: Z ′ = wR. This, in turn,
allows for defining a winding number W ∼

∫
dσZ ′.
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Secondly, the existence of a longitudinal isometry affects the structure of the background
geometry as shown in section 2.1. In particular, the isometry condition implies that all
the background fields are independent of the compact embedding coordinate Z. It is then
natural to decompose the ten-dimensional fields in terms of nine-dimensional torsional
Newton-Cartan fields. Using the notation of the reduction Ansatz (2.10), we write the
relevant pullbacks to the worldline Ẋi = ∂τX

i as follows:

e = eij Ẋ
iẊj , τ = τiẊ

i , n = niẊ
i , m = miẊ

i , (5.5)

where eij = δA′B′ ei
A′ej

B′ . With this, the double dimensional reduction of the classical
non-relativistic string theory sigma model over a longitudinal isometry can be written as

S = 1
2`2s

∫
dτ κ

{
e+ 1

2 (µ+ µ̄) τ + 1
2 (µ− µ̄)

(
Ż − n

)}
+ Z ′

{
ν − 2m

}
, (5.6)

where we have redefined the following the Lagrange multipliers

κ = 2 eτ ēτ
√
|h| , µ = λ/eτ , µ̄ = λ̄/ēτ , ν =

√
|h| (µ eτ ēσ − µ̄ eσ ēτ ) . (5.7)

We assume that all of these are independent of the spatial worldsheet coordinate σ. The
double dimensional reduction of the non-relativistic string theory (5.6) has two independently
conserved charges due to the presence of a longitudinal isometry direction. One is the
Noether charge of translations in the compact direction, i.e., the discrete internal momentum
N . The second conserved charge is topological and corresponds to the winding W around
the compact direction.

N = 1
π

∫
dσ

δS

δŻ
= κ(µ− µ̄)

2`2s
, W = 1

2π`2s

∫
dσ Z ′ . (5.8)

The prefactor of the winding charge is chosen so that it agrees with the definition in eq. (5.2).
The prefactor of the momentum charge is chosen for later convenience. Both charges have
units of inverse length.

Let us now consider modes that have either only winding number and zero internal
momentum or vice versa. The former are referred to as pure winding modes with N = 0
and W 6= 0. This is equivalent to requiring µ = µ̄ and Z ′ = `2sW which implies that
ν = µ since eτ ēσ − eσ ēτ = 1/

√
|h|. Taking everything into account, it leads to the following

sigma model9

S = 1
2`2s

∫
dτ
{
κ e+ χ

(
τ + κ−1Z ′

)
− 2mZ ′

}
, (5.9)

where χ = κµ. The spectrum formula (5.1) suggests that this model describes massive
Bargmann particles in nine dimensions. This is not yet apparent in the present formulation.

9We note that it is generally not admissable to insert the solution to an equation of motion into the
action — in this case, the condition µ = µ̄. For the above, however, it turns out to be okay if considering
the full set of equations of motion. The “missing” equation is effectively eliminating Ż in terms of other
variables. Compare the comments in section 5 of [57].
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However, one can integrate out κ and χ (in that order), and finds the following, more
recognizable sigma model

S = −W2

∫
dτ

{
eijẊ

iẊj

τiẊi
+ 2miẊ

i

}
, (5.10)

which is the well-known worldline diffeomorphism invariant description of a massive
Bargmann particle in a Newton-Cartan background. The gravitational interaction with
the Newton potential is captured by the Wess-Zumino term. We note that the mass of the
particle is MW = W .

In the spectrum analysis above, we noted that there are also unwound strings that do
not appear as asymptotic states. We can nevertheless consider their worldline description
by setting Z ′ = 0 in (5.6). In addition to that we fix the internal momentum by choosing
κ(µ − µ̄) = N/π`s to a constant value. Using this, we find that the double dimensional
reduction of the non-relativistic model (5.6) simplifies as follows

S = 1
2`2s

∫
dτ
{
κ eijẊ

iẊj + ρ τiẊ
i − `2s N niẊ

i
}
, (5.11)

where ρ = κ(µ + µ̄)/2. We see that it couples to the Kaluza-Klein gauge field ni via
a Wess-Zumino term and charge QN = −N/2. For a flat space configuration, given by
ei
A′ = δi

A′ , τi = δi
0 and ni = 0 the above reduces to

S = 1
2`2s

∫
dτ
{
κ Ẋ2

A′ + ρ Ẋ0
)
. (5.12)

This action was shown to arise as the non-relativistic limit of a nine-dimensional massless
particle [34].10 In fact, it was first studied in [33] as a massless Galilean particle with zero
colour and zero spin. For simplicity, we will henceforth refer to the sigma model (5.11) as
a massless Galilean particle without mentioning that by this we mean a particle of zero
colour and spin.

5.2 Discrete Lightcone Quantization

Let us now contrast the spectrum of non-relativistic string theory with that of the discrete
light cone quantization at finite internal momentum, see e.g. [44, 58–60]. The basic
observation of DLCQ is that string theory with a compact lightlike direction x+ ∼ x+ +2πR
and a fixed associated momentum

P+ = n

R
, (5.13)

organizes the spectrum in Galilean blocks, where the charge P+ corresponds to the con-
servation of particle number in non-relativistic systems. This can most easily be seen by
considering the mass-shell condition in light-cone coordinates M2 = −2P+P− + k2

A′ .11

10The non-relativistic limit of a nine-dimensional massive particle leads to a massless Galilean particle of
non-zero colour.

11For a more careful analysis defining the lightlike compactification as a limit of a spatial one, see [44, 61].
For a derivation of the longitudinal T-dualities as a limit of the spatial ones, see [5]. For an extension of the
same procedure to include supersymmetry, see [62].
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When identifying the second lightcone coordinate x− as the time coordinate and identifying
the associated charge as the energy of the system we find that

2nE = RkA
′
kA′ , nw = 0 , (5.14)

if we again restrict to the lowest lying non-tachyonic state with NL = NR. As above we want
to analyze the spectrum for two distinct cases: n > 0 and n = 0. The first case shows that
E = Rk2

A′/2n and w = 0 which corresponds to a Bargmann particle with mass Ñ = n/R.
The other case has n = 0 and thus kA′ = 0. The winding number is unconstrained w 6= 0.
These null winding states are less intuitive and are usually ignored in a treatment of DLCQ.
In [59] it was shown that these null winding states are decoupling in the limit of large n,
but they can still appear as virtual states in scattering processes. In this sense, the states
are very much analogous to the unwound string states in non-relativistic string theory. This
is more than a coincidence and indeed a consequence of the longitudinal T-duality-like
relation between the DLCQ of relativistic string theory and non-relativistic string theory.
The duality between the worldsheet theories was first pointed out by [1]. This is evidenced
by the fact that the spectrum formulas (5.14) and (5.1) are exchanged under

R ↔ `2s
R
, n ↔ w . (5.15)

In terms of the rescaled momentum and winding numbers (5.2) the T-duality rule turns
into N ↔W .

In order to make the above more concrete we consider the discrete light-cone quantization
at the level of the sigma model. That is, we start with the relativistic non-linear sigma
model on a background with a null isometry.12 As shown in section 2.1, the NS fields
are conveniently decomposed in a basis of Newton-Cartan variables — see in particular,
expression (2.14). Furthermore, we split the embedding coordinates as Xµ = (Xi, Z) and
assume that none of the worldsheet fields depends on the spatial coordinate σ — except
for a linear dependence in Z. This ensures that we can consider modes with a non-zero
winding number

∫
dσZ ′ around the lightlike circle. Denoting ∂τXi = Ẋi we can write the

pullbacks of the geometric Newton-Cartan type fields as

ẽ = δA′B′ ẽi
A′ ẽj

B′ ẊiẊj , τ̃ = τ̃iẊ
i , ñ = ñiẊ

i , m̃ = m̃iẊ
i . (5.16)

Using these and the independent worldsheet metric components κ̃ =
√
−hhττ and µ̃ =√

−hhτσ we can then express the Polyakov model as follows

S = 1
2`2s

∫
dτ κ̃

{
ẽ− 2 τ̃

(
Ż − m̃

)}
+ Z ′

{
µ̃ τ̃ − ñ

}
. (5.17)

For Z ′ = 0 the above can be recognized to be the action of a massless particle in ten
dimensions since the expression in brackets is just the pullback of the ten-dimensional

12The null reduction we consider here should be distinguished from the null reduction of the same type
of sigma model considered in [8, 10]. Here, we consider the sigma model describing specific modes in the
spectrum as a source term and reduce the sigma model to a particle action, wheres in [8, 10] the null
reduction was applied in a way as to obtain a non-relativistic string sigma model in one dimension lower.
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metric to the worldline (in an adapted basis (2.14)). This is consistent with the fact that
the source term of a ten-dimensional pp-wave solution is known to be a massless particle.

Due to the presence of a compact direction, we can again define two conserved quantities
corresponding to internal momentum and winding, respectively:

Ñ = 1
2π

∫
dσ

δS

δŻ
= − κ̃τ̃

`2s
, W̃ = 1

2π`2s

∫
dσ Z ′ . (5.18)

Since we assumed the background fields, Lagrange multipliers, and Z ′ to be independent
of σ, we can invert these relations to find κ̃ = −`2sÑ/τ̃ and Z ′ = `2sW̃ . As before, we
want to consider pure momentum modes with Ñ 6= 0/W̃ = 0 and winding modes with
Ñ = 0/W̃ 6= 0 separately. We expect the former to describe nine-dimensional massive
particles and the latter to describe massless Galilean particles as anticipated above. Let us
start by considering the momentum modes. We eliminate13 the Lagrange multiplier κ̃ in
terms of the momentum number and the pullback of the clock one-form to find

S = −Ñ2

∫
dτ

{
ẽijẊ

iẊj

τ̃iẊi
+ 2 m̃iẊ

i

}
. (5.19)

This is again the sigma model description of a massive Bargmann particle with mass M̃N = Ñ .
It is formally equivalent to the reduction of the non-relativistic winding mode (5.10) upon
applying the longitudinal T-duality rules (2.17). The masses of both models are related by
the action of the T-duality rules (5.15)

MW = W ↔ M̃N = Ñ , (5.20)

We remind the reader that Ñ = n/R andW = wR/`2s and thusW ↔ Ñ under the T-duality
rule (5.15). This shows very concretely that the winding modes of non-relativistic string
theory and the momentum modes that occur in the DLCQ of relativistic string theory are
indeed T-dual to each other.

It is well-known that the pp-wave solution of NS gravity is sourced by a ten-dimensional
massless particle. We have seen that this corresponds to the momentum mode in DLCQ.
Under longitudinal T-duality, this maps to the winding mode of non-relativistic string theory.
At the same time, we showed that the pp-wave solution is related to the winding string
solution via longitudinal T-duality. Taken together, these observations provide evidence that
the winding string solution (4.1) is indeed sourced by the winding mode of non-relativistic
string theory. We have not derived the explicit matter-coupled equations of motion to
make this statement concrete. One option of doing so systematically would be to adapt the
expansion techniques developed in [63] to DSNC− gravity. It would be interesting to return
to the question of matter coupling in the future.

If we, instead, consider the DLCQ of the Polyakov model (5.17) at zero internal
momentum Ñ = 0, we find the following non-linear sigma model

S = 1
2`2s

∫
dτ
{
κ̃ ẽijẊ

iẊj + ρ̃ τ̃iẊ
i − `2sW̃ ñiẊ

i
}
, (5.21)

13See footnote 9.
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where ρ̃ = µ̃ Z ′. Again, the answer is a massless Galilean particle coupled to the ñi field
with charge Q̃W = −W̃/2. This answer is formally equivalent to the reduction of the
momentum mode of the non-relativistic theory and thus in agreement with longitudinal
T-duality (5.15). Here, the charges are exchanged

QN = −N2 ↔ Q̃
W̃

= −W̃2 (5.22)

upon exchanging internal momentum with winding N ↔ W̃ . In alignment with our previous
comments, we see this as the source of the fundamental string (4.6) and unwound string
solution (4.7) respectively. We have seen that the supergravity solution has intrinsic torsion
— when seen as a solution of DSNC− or torsional Newton-Cartan backgrounds. It would be
interesting to see whether this fact can be derived directly from the worldline description of
the source.

Let us now provide evidence why we consider the massless Galilei particle to be
the source for the unwound string solution (4.7). We use the fact that the relativistic
fundamental string solution (4.6) is sourced by the fundamental string sigma model itself.
In the presence of a compact direction this corresponds to the winding mode in DLCQ.
Using longitudinal T-duality we thus conjecture that the unwound string solution (4.7) is
sourced by the momentum mode of non-relativistic string theory.

This concludes our discussion of longitudinal T-duality at the level of the non-linear
sigma model description. We have seen that winding modes of non-relativistic string theory
and momentum modes of DLCQ string theory get exchanged under longitudinal T-duality.
Both reduce to Galilean particles of mass MW = M̃

Ñ
in nine dimensions. The other

modes — momentum in non-relativistic string theory and winding in DLCQ — do not
appear as asymptotic states in scattering amplitudes. These seemingly unphysical modes do,
however, appear as intermediate states giving a physical interpretation to the instantaneous
Newtonian gravitational interaction [35] between asymptotic states. As such, they also
have a sigma model description which is known as massless Galilean particles of zero color,
and zero spin [34]. They couple to the U(1)−gauge field ni = ñi, which is not part of the
nine-dimensional Newton-Cartan geometry, with charge QN = Q̃

W̃
. The coupling to the

respective Kaluza-Klein and Kalb-Ramond vectors suggests that the massive and massless
Galilean particle act as sources for the supergravity solutions derived in the previous section
as follows

Massive Bargmann Particle (5.10) ! Winding String Solution 4.1 ,
Massless Galilean Particle (5.11) ! Unwound String Solution 4.2 .

We have seen that lightlike T-duality exchanges the winding and unwound string solutions
of DSNC− supergravity. Given the relation to the worldline actions for the winding and
momentum modes of non-relativistic string theory, it is natural to ask whether this duality
can be seen directly at the level of either the spectrum formulas (5.1)/(5.14)—or, at the
level of the worldline sigma models (5.10)/(5.11).
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6 Conclusions

In this paper, we have investigated the basic half-supersymmetric NS brane solutions of
non-relativistic (super)string theory using longitudinal T-duality as a solution generating
transformation. Originally, in the relativistic case T-duality was only considered with
respect to a spatial direction leading to the well-known Buscher rules. Later, T-duality
with respect to a timelike direction was considered leading to supergravity theories with
a different signature [43]. In this paper, we have considered the third option, namely
T-duality with respect to a lightlike direction. The requirement that the isometry is lightlike
truncates the relativistic supergravity theory to a non-relativistic one, which we have
denominated N = (1, 0)0 supergravity and satifies the constraint (3.11). The bosonic part
of the corresponding non-relativistic T-duality rules were derived in [4].

To find the basic half-supersymmetric brane solutions of DSNC− supergravity, we have
made use of the observation that each solution of the relativistic N = (1, 0) supergravity
theory that preserves at least one supercharge has a lightlike isometry [32]. This implies that
each relativistic supersymmetric solution that satisfies the geometric constraint Zij = 0, see
eq. (3.11), is also a supersymmetric solution of the non-relativistic N = (1, 0)0 supergravity
theory. Using the fact that the 4 basic relativistic half-supersymmetric NS brane solutions
(fundamental string, pp-wave, NS 5-brane and KK5 monopole) all satisfy the Z̃ij = 0
constraint, we found the 4 basic half-supersymmetric NS brane solutions of the DSNC−

supergravity theory, by applying longitudinal T-duality.
Focussing on the perturbative string solutions, we found a half-supersymmetric winding

string and a half-supersymmetric unwound string solution that have a rather different
interpretation. The winding string is part of the on-shell spectrum of non-relativistic string
theory. Its longitudinal T-dual version is the pp-wave and its nine-dimensional version is
a massive Bargmann particle. On the other hand the unwound string only makes sense
off-shell where it mediates the instantaneous gravitational force. It is the longitudinal
T-dual of a winding fundamental string solution of NS0 gravity while its nine-dimensional
version is a massless Galilean particle.

The fact that we have two different 0-branes in nine dimensions, namely a Bargmann
particle and a Galilean particle, implies that there is no O(1, 1) T-duality transformation
that transforms these two 0-branes into each other, like it happens for relativistic N = 1
T-duality. This is consistent with the fact that the longitudinal T-duality maps one theory
to another theory instead of mapping it onto itself. To obtain T-duality symmetries like in
the relativistic case, one could consider a lightlike T-duality transformation which maps
DSNC− gravity onto itself. This is consistent with the fact that under a lightlike T-duality
the winding string and unwound string solutions are transformed into each other.

Following [64, 65], it is interesting to speculate about the extension of our results to non-
relativistic IIA/B and heterotic superstring theory and to consider NR Dp-brane solutions.
It seems that these solutions can occur both as non-perturbative soliton-like solutions of
NR IIA and IIB supergravity with a co-dimension two foliation or as fundamental brane
solutions of new NR supergravity theories with a co-dimension p + 1 foliation. We will
denote these different NR supergravity theories as (IIA,p+ 1) supergravity for p even and
(IIB, p+ 1) supergravity for p odd.
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Figure 4. this figure pictures the membrane T-duality discussed in the text. The longitudinal
T-duality discussed in this paper is represented by the right triangle while the left triangle represents
the membrane T-duality. This membrane T-duality maps (solutions of) (IIA,3) supergravity to
(IIB,2) supergravity.

Concerning the realization of NR Dp-branes as soliton-like solutions, one would expect
that the NR D1-brane solution can be obtained from a NR S-duality of the winding string
solution we constructed in this work embedded into (IIB,2)-supergravity.14 Next, the other
NR Dp-brane solutions can be obtained, as solutions of (IIA,2) or (IIB,2) supergravity for
p even or odd, respectively, by applying an extension of NR transverse T-duality to the RR
potentials [65].

We expect that the NR D2-brane not only occurs as a non-perturbative solution of
(IIA,2) supergravity but also as a fundamental solution of a new (IIA,3) supergravity theory.
This new supergravity theory can be obtained from a transversal dimensional reduction of
a membrane-limit of M-theory [64]. Assuming that the double dimensional reduction of
(IIA,3) supergravity gives the same NR nine-dimensional supergravity theory as the direct
dimensional reduction of (IIB,2) supergravity, this would establish a membrane T-duality
mapping (solutions of) (IIB,2) supergravity to (IIA,3) supergravity, see figure 4. We hope
to make some of these speculations concrete in a forthcoming work.
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A Conventions

In this work, we are following the conventions of [21]. We denote the ten-dimensional
coordinates by xµ. We will consider two kinds of geometries: semi-Riemannian geometries
with NS fields and non-Lorentzian geometries with a co-dimension two foliation denoted by
DSNC−, see also the remarks in the introduction and appendix B. In both cases, we are
considering isometries that are either spatial or lightlike. For any practical calculation, it is
then useful to split and adapt the coordinates such that the Killing vector takes a simple
form. Here is an overview of the different choices:

Geometry Coordinates Killing Vector Type

NS xµ = (y, xi) =
(
y, x0, zm(8)

)
, kµ∂µ = ∂y , G(k, k) > 0 ,

NS xµ = (z, xi) =
(
z, t, zm(8)

)
, kµ∂µ = ∂z , G(k, k) = 0 ,

DSNC− xµ = (z, xi) =
(
z, t, zm(8)

)
, kµ∂µ = ∂z , τ(k, k) > 0 ,

DSNC− xµ = (y, xi) =
(
y, x0, zm(8)

)
, kµ∂µ = ∂y , e(k, k) > 0 ,

DSNC− xµ = (u, xi) =
(
u, v, zm(8)

)
, `µ∂µ = ∂u , τ(`, `) = 0 , (A.1)

where we have defined null directions for example as ∂y = 2−1/2(∂t + ∂z), etc. In the text
we sometimes use the following notation for the flat transversal metric

dz2
(8) =

(
dz2

)2
+
(
dz3

)2
+ · · ·+

(
dz9

)2
. (A.2)

Ten-dimensional flat Lorentz indices are denoted by Â and split into (A,A′), where A = 0, 1
and A′ = 2, · · · , 9, unless specified otherwise. We refer to this as a splitting into longitudinal
A and transversal A′ directions. We use the ‘mostly plus’ form of the Minkowski metric,
i.e., (ηÂB̂) = (−+ + · · ·+). Symmetrization (AB) and antisymmetrization [AB] are defined
with weight one, and we denote the symmetric traceless combinations with curly brackets
S{AB} = S(AB) − 1/2 ηABSCC .

B Torsional String Newton-Cartan Geometry

In this section, we give some details on the non-Lorentzian geometric structures appearing
in this paper. We will use the name torsional string Newton-Cartan for generic geometric
structures without any further geometric constraints on the torsion. The self-dual DSNC−

geometry that is relevant in this paper is a special case where the torsion tensor satisfies
T ρµν τρ

− = 0. We refer the reader to appendices B and C of [6] for more details. See also [7]
and references therein.

The main feature that distinguishes string Newton-Cartan structures from other geo-
metric strucures is the fact that the Kalb-Ramond field strength hµνρ = 3 ∂[µbνρ] and that of
the dilaton ∂µφ do not transform covariantly under the local symmetries (2.8). Instead they
transform with a derivative of the boost and an-isotropic dilatation parameter, respectively.
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In other words, they are part of the dependent spin connections

bµ = eµ
A′ τA′A

A + τµ
A∂Aφ , (B.1a)

ωµ =
(
τµ
AB − 1

2 τµ
CτABC

)
εAB − τµA εAB∂Bφ , (B.1b)

ωµ
AA′ = −eµAA

′ + eµB′e
AA′B′ + 1

2 ε
A
B hµ

BA′ + τµBW
BAA′ , (B.1c)

ωµ
A′B′ = −2 eµ[A′B′] + eµC′e

A′B′C′ − 1
2 τµ

A εAB h
BA′B′ , (B.1d)

where τµνA = ∂[µτν]
A and eµνA

′ = ∂[µeν]
A′ . We note that not all components can be solved

for, which is reflected by the undetermined WABA′ component which is traceless symmetric
in the (A,B) indices, but otherwise arbitrary. Since all the relevant expressions — such as
action, equations of motion, symmetry transformation rules, and Killing spinor equations —
follow from a limit it is clear that nothing depends on W , see also [6]. We can furthermore
introduce connections Γρµν by imposing Vielbein postulates

∇µτνA ≡ ∂µτνA − ωµ εABτνB − bµ τνA − ΓρµντρA = 0 , (B.2a)

∇µeνA
′ ≡ ∂µeνA

′ − ωµA
′B′eνB′ + ωµ

AA′τνA − ΓρµνeρA
′ = 0 , (B.2b)

The symbols Γρµν are useful expressions and allow us to define diffeomorphism covariant
derivatives. However, there is one caveat worth pointing out: due to the non-trivial
symmetry structure, these connections are not invariant under local boosts [21]. Hence we
do not refer to Γρµν as affine connections. However, it turns out that the antisymmetric part
is invariant and thus makes sense as a torsion tensor [∇µ,∇ν ]f = T ρµν∇ρf . By considering
the antisymmetric part of (B.2) it is not hard to see that the torsion is non-zero even
without coupling to matter. This implies that generic torsional string Newton-Cartan
geometries have intrinsic torsion [20]

T ρµν = 2 Γρ[µν] = Rµν

(
HA

)
τA

ρ ,

with Rµν

(
HA

)
= eµ

A′eν
B′ τA′B′

A + 2 e[µ
A′τν]B τA′

{BA} , (B.3)

where Rµν(HA) ≡ 2 ∂[µτν]
A − 2

(
εAB ω[µ + δAB b[µ

)
τν]

B is the covariant version of τµνA.
With this we can define DSNC− geometries as special torsional string Newton-Cartan
structures with half of the intrinsic torsion set to zero

T ρµν τρ
− = 0 , ↔ Rµν(H−) = 0 , ↔ τ[µ

−∂ντρ]
− = 0 , (B.4)

as anticipated in the introduction (1.1). We have shown in [21] and reviewed in section 3
that these constraints are special in the sense that they are the maximal set of constraints
consistent with superymmetry. More precisely, we have seen that they are actually a
necessary requirement for the consistency of the multiplet.

Apart from the “metric-compatible” covariant derivative ∇µ as defined in (B.2a)
and (B.2b) we use one other covariant derviative Dµ. It is covariant with respect to
SO(1, 1)× SO(8) and dilatations, but not Galilean boosts. To clarify the difference, let us
write (B.2b) in the following equivalent ways: ∇µeνA

′ = DµeνA
′ + ωµ

AA′τνA − ΓρµνeρA
′ .
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