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Chiral Spin-Chain Interfaces Exhibiting Event-Horizon Physics
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The interface between different quantum phases of matter can give rise to novel physics, such as exotic
topological phases or nonunitary conformal field theories. Here we investigate the interface between two
spin chains in different chiral phases. Surprisingly, the mean field theory approximation of this interacting
composite system is given in terms of Dirac fermions in a curved space-time geometry. In particular, the
interface between the two phases represents a black hole horizon. We demonstrate that this representation is
faithful both analytically, by employing bosonization to obtain a Luttinger liquid model, and numerically,
by employing matrix product state methods. A striking prediction from the black hole equivalence emerges
when a quench, at one side of the interface between two opposite chiralities, causes the other side to
thermalize with the Hawking temperature for a wide range of parameters and initial conditions.
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Many quantum lattice models exhibit emergent relativ-
istic physics in their continuum limit. The celebrated
example is graphene whose low-energy regime is described
by the Dirac equation [1,2]. Other examples admitting
relativistic descriptions are Kitaev’s honeycomb model
[3.4], superconductors [5,6], and the XX model [7,8].
The relativistic description of these systems opens up the
possibility to simulate curved spacetimes in the laboratory.

Here we modify the 1D spin-1/2 XX model with a three-
spin chiral interaction, making the system interacting. Such
chiral systems exhibit a rich spectrum of quantum corre-
lations [9] and give rise to skyrmionic configurations [10].
We show these chiral systems are effectively modeled by
the Dirac equation on a curved spacetime. This gives the
possibility to realize a black hole background.

The emergent black hole is revealed by applying the
mean field (MF) approximation. We test the validity of this
approximation through a detailed analysis of the phase
diagram and a comparison with the full spin model. We
model the spin model numerically with matrix product state
(MPS) techniques, and analytically through bosonization.
We find the MF approximation faithfully predicts a
phase transition between a chiral and nonchiral phase.
Remarkably, the emergent event horizon aligns precisely
with chiral phase interfaces. The inside of the black hole
corresponds to a chiral region with a central charge of
¢ = 2, while the outside corresponds to a nonchiral region
with a central charge of ¢ = 1.

To verify the emergent black hole, we investigate
whether it can reproduce the Hawking effect. Hawking
radiation is generated by vacuum fluctuations of quantum
fields near the horizon of a black hole, which causes the
black hole to evaporate [11,12]. Here, we simulate a
Hawking-like effect by quenching the MF system. This
causes a wave packet to tunnel across the horizon and
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escape into the outer region, with a thermal distribution at
the Hawking temperature. This alternative mechanism was
originally derived in Ref. [13] and is used to simulate
Hawking radiation in fermionic lattice models [14-29]. We
demonstrate this for a variety of quenches. As the emergent
geometry is generated from the couplings, it is fixed with
no black hole evaporation or backreaction of matter on the
geometry.

Our investigation shows horizon physics can model
chiral interfaces and accurately predicts the evolution of
interacting chiral phases across a phase interface. We
envision that the geometry provides an elegant formalism
to model strongly interacting systems and their interfaces in
higher dimensions.

Consider a periodic chain of N spin-1/2 particles with
Hamiltonian

N
u , v
H=3 |5 eio Ao+ o). )

n=1

where u, v € R, {63, oy, 0%} are the Pauli matrices of the
nth spin and y,, is the spin chirality given by the three-spin
interaction

Xn =0y Opy1 XOpid, (2)
where 6, is the vector of Pauli matrices of the nth spin
[9,30]. The chirality operator is a measure of the solid angle
spanned by three neighboring spins.

The model of Eq. (1) can be mapped to an interacting
fermionic Hamiltonian via a Jordan-Wigner transformation.
After application of self-consistent MF theory to Eq. (1)
(see Supplemental Material [31]) we obtain

N .
v
=Y (~uchey = clens ) +He. ()

n=1
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FIG. 1. (a) The couplings of the Hamiltonian of Eq. (3) with
diatomic coloring, A and B. The chirality operator, y,, is defined
for each triangular plaquette. (b) An example of interface profile
for the couplings u and v with the corresponding ground state
chirality, (y,,). The system changes from a chiral phase, (y,) # 0,
when |v| > |u|, to nonchiral phase, (y,) =0, when |v| < |u],
across the interface, n,,, corresponding to the event horizon in the
continuum theory. The chirality is determined by mean field (MF)
theory and by numerical modeling of the spin chain (DMRG with
bond dimension D = 400) for system size N = 200. (c) The
mean field dispersion relations are obtained from a diatomic
representation (see Supplemental Material). The sign of v
determines the direction the cones tilt.

This free Hamiltonian is diagonalized exactly with a
Fourier transform giving a gapless dispersion with unequal
left- and right-moving Fermi velocities.

By introducing two sublattices, A and B, as shown in
Fig. 1(a), the Brillouin zone folds giving two bands as
shown in Fig. 1(c). There is a Dirac cone located at p, = 7,
which tilts as v is increased. For |v| < |u| we have a type-I
Weyl fermion with a single Fermi point; for |u| = |v| we
have critical tilting giving rise to a type-1II Weyl fermion,
with one flat band; and for |v| > |u| the cone overtilts,
corresponding to type-II Weyl fermions [14-16]. For
|v| > |u|, additional Fermi points appear due to the
Nielsen-Ninomiya theorem [32,33]. This reveals the emer-
gent relativistic dispersion at low energy.

To reveal the geometric description we derive the
corresponding continuum limit. The continuum limit is
found by Taylor expanding Hyr in momentum space about
Do, the Fermi point where E(py) = 0, to first order in p
[4,6,34]. This yields a Dirac Hamiltonian on a (1 + 1)D
spacetime with metric

2 2 1
ds? = (1 —U—2> dr? ——Zdtdx ——2dx2, 4)
u u u

which is the Gullstrand-Painlevé metric of a black hole
[35]. If v is upgraded to a sufficiently slowly varying
function v(x), such as in Fig. 1(b), then this continuum
description remains valid and an event horizon is located at
the critical point x;, where |v(x;)| = |u|, which corre-
sponds to the location of critical tilt in Fig. 1(c). This is a
background metric fixed by the couplings, with no back-
reaction of the field on the spacetime. From the metric, the
corresponding Hawking temperature is [16]

1

_ dv(x,)
A= o ’

dx

(5)

Therefore, the original spin model of Eq. (1) with inho-
mogeneous couplings is effectively described by free
fermions on a fixed (14 1)D black hole background
[14-16,35].

Before proceeding with the black hole analogy, we first
establish how accurate the MF approximation is by study-
ing the phase diagram of Eq. (1) for homogeneous u and v.
The MF Hamiltonian Eq. (3) reveals that for v < u the
system is in a disordered, gapless, XX phase, while as v
increases it passes through a second-order phase transition
into a gapless chiral phase, corresponding to a nonzero
ground state chirality (y,,), as Fig. 2(a) shows, so chirality is
an order parameter. The MF chiral phase transition is
located at |v| = |u|, coinciding with the critical tilting of the
Dirac cones and the appearance of additional Fermi points,
as Fig. 1(c) shows. Near the critical point,

) ~ (v =) (6)

with critical point v, = u and critical exponent y = 1.
Moreover, using finite density matrix renormalization
group (DMRG) [36] we estimate the critical point of the
spin model of Eq. (1) is at v.~ 1.12u with a critical
exponent y =~ 0.39. A comparison between the chirality of
the spin model and the MF model for inhomogeneous and
homogeneous couplings can be seen in Figs. 1(b) and 2(a),
respectively, revealing the effectiveness of MF.

To gain further insight into the chiral phase transition, we
consider the behavior of the entanglement entropy as v is
increased. As the model is gapless for all », it can be
described by a conformal field theory (CFT). Therefore, the
ground state entanglement entropy of a partition of L < N
spins should follow

s, zglnL+SO, (7)

where ¢ € Z is the central charge of the CFT and §; is a
constant [37]. Using this formula, we estimate ¢ as a func-
tion of v for the full spin model and the MF. In Fig. 2(b) we
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FIG. 2. (a) The average ground state chirality,

() =>,xn)/N, for the mean field (MF) model (N = 500)
and spin model found using DMRG (N = 200, D = 300) where
u = 1. (b) The central charge, ¢, obtained for the MF model
(N =500) and the spin model found using DMRG (v < u:
N =200, D =300 and v > u: N = 160, D = 800). (c),(d) The
Fermi velocities, v; and vg, respectively, (u = 1) derived from
the mean field (MF) and Luttinger liquid descriptions compared
to the numerical results of the MPS excitation ansatz for the spin
model at bond dimension D = 36 in the thermodynamic limit.

see that ¢ & 1 in the XX phase and ¢ = 2 in the chiral phase,
with good agreement between the MPS and MF results. We
can clearly interpret this in the MF model: the additional
Fermi points appearing when |v| > |u|, as Fig. 1(c) shows,
cause the model to transition from a ¢ =1 CFT with a
single Dirac fermion to a ¢ =2 =1+ 1 CFT with two
Dirac fermions, as each zero-energy crossing contributes
one half of a Dirac fermion. This can also be understood
from the lattice structure of the MF model, as Fig. 1(a)
shows, where for |v| < |u| a single zigzag fermionic chain
dominates (¢ = 1) while for || > |u| two fermionic chains
dominate, corresponding to the edges of the ladder, thus
effectively doubling the degrees of freedom (¢ = 2).

The MF faithfully reproduces many features of the full
model, especially for |v| < |u| suggesting the interactions
are not significant here. We now investigate the validity of
the MF analytically by bosonizing the spin Hamiltonian for
the |v| < |u| phase, and employing Luttinger liquid theory
as an alternative derivation of the Fermi velocities of the
model [38—40]. After a Jordan-Wigner transformation, the
spin Hamiltonian takes the form H = Hyy + H,,, where
Hyr is the quadratic MF Hamiltonian of Eq. (3) and H,, is
an interaction term containing quartic terms. For |v| < |u|,
the single-band dispersion of the MF Hamiltonian Eq. (3)
suggests the spin model has two Fermi points located at
Prr = /2, with Fermi velocities vg ; = 2(+u — v). By
expanding around these Fermi points and bosonizing the
interaction terms using the methods of [38—40], the fully
interacting Hamiltonian is mapped to the free boson
Hamiltonian

H:u/mmkua@q (8)

where the fields obey the canonical commutation rela-
tions [®(x),II(y)] = i6(x —y). The interactions rescale
the Fermi velocities vg; — vj, = 2[+tu —v(l —2/x)],
but leave the Luttinger parameter unchanged at K =1
(see Supplemental Material), suggesting the model remains
a noninteracting free fermion model.

The dispersion of the spin model as a function of v for
|v| < |u| can be calculated using the MPS excitation ansatz
working in the thermodynamic limit [41]. This dispersion
features unequal left- and right-moving Fermi velocities
whose magnitudes change oppositely with v which is
the signature of tilting of the cones similar to the MF.
In Figs. 2(c) and 2(d), the Fermi velocities v, z obtained
from the MF, the Luttinger liquid model and the spin
Hamiltonian are compared. The Luttinger liquid model is
more accurate than MF. We expect the disagreement to be
lifted at higher order in perturbation theory.

We now study the emergent black hole. It has been
shown that many analogue gravitational systems will
exhibit a Hawking-like effect, whereby emission of radi-
ation is described by scattering events following a thermal
distribution at the Hawking temperature [14-28] which is
the definition of the Hawking effect we use. Reversing the
argument, we investigate whether the Hawking effect can
describe quenched time evolutions across the chiral inter-
face. To simulate large system sizes and long evolution
times, we resort to the MF of Eq. (3) rather than the full spin
model. Consider an open, inhomogeneous system with
couplings u(x) =1 and

v(x) = atanh[B(x — x;)], 9)

where a, f € R and x, is in the center of the system. Here,
x is the unit cell coordinate in order to align with our
continuum conventions (see Supplemental Material). This
produces a positive and negative chiral region separated by
a small zero-chirality region in between. In the continuum
limit, this corresponds to a black hole—white hole interface.
This is a common setup used in the literature, see
Refs. [19,25,42].

Following the method of Ref. [17], we initialize a single-
particle state |ny) = c;,|0) on the nth lattice site inside the
left half of the system, and let the wave function evolve
across the interface into the other half with the Hamiltonian
Hyg, as shown in Fig. 3(a). We measure the wave function
overlap with energy modes that exist only on the other side
of the interface as

P(k. 1) = |(kle™"|ng) |, (10)

where |k) are single-particle eigenstates of H;, where H
is the Hamiltonian of Eq. (3) truncated to the outside
region. This method utilizes the result that Hawking
radiation can be viewed as quantum tunneling [13], differ-
ing from the usual interpretation as vacuum fluctuations.
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FIG. 3. (a) The lattice wave function y,, on the right half of the

system (n € [n,, N]) transmitted through the horizon, for the
couplings # = 1 and » given by Eq. (9) with @ = 20, # = 0.1, and
the horizon at n, = N/2 with N = 500. The particle tunnels
across at t ~ 2 and a wave packet escapes which we interpret as
Hawking radiation. (b) A snapshot of the overlap —In P vs the
energy of the state E at time t = 4.5. The system thermalizes
shortly after the particle passes through the interface, displaying a
linear dependence on E, where the gradient is given by 1/T.
(c) The temperature T of the radiation vs a extracted after time
t =4.5. T grows linearly with « close to the predictions of the
Hawking formula Ty ~ af/2x.

This process will not cause the black hole to evaporate as
the effective metric is fixed by the couplings.

We find numerically that interfaces between the two
chiral phases thermalize the wave function: shortly after the
wave function evolves across the interface, the external
distribution takes the form P(k,t) « e ®)/T where T is
some effective temperature. Figure 3(b) shows P(k,1) at
time ¢t =4.5 for a system with parameters N = 500,
n, =250, a =20 and f = 0.1, where we prepared the
particle at ny = 230. The value # = 0.1 is taken to suppress
lattice and finite size effects. We see P(k, 1) strongly
thermalizes to a Boltzmann distribution at temperature
T. In Fig. 3(c), we present the dependence of 7 on a.
We see it closely follows the Hawking formula
T, = apf/2x, obtained from Egs. (5) and Eq. (9), for a
wide range of couplings, a, thus accurately modeling the
physics of the chiral interface. The thermalization to T,
breaks down when a < 4 as the couplings are not sharp
enough to provide a sufficient interface, whereas for large
the couplings vary too fast for the continuum approxima-
tion to be valid, which is where the black hole physics
emerges.

We observe strong thermalization for the chiral-
nonchiral interface, corresponding to a single horizon, such
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FIG. 4. (a) The measured temperature T vs the distance |ng — ny,|

from the event horizon that the particle is released for the mean
field (MF) system of size N =500, a =15, f=0.1, and
n, = N/2. We see the temperature is insensitive to the initial
position n, of the particle. This effect breaks down if n is very
close to the horizon or too far away, near the boundary of the
system. (b) The measured temperature 7 vs the position of the
horizon n,, for the same system, where ny = n;, — 25. The temper-
ature is insensitive to the location of the horizon, except when it
gets too close to the boundaries, in which case it breaks down.

asin Fig. 1. However, this system does not thermalize to the
Hawking temperature as closely as the black hole-white
hole interface as it requires larger system sizes and times
than we had numerical access too [18]. Nevertheless, the
system only thermalizes if it contains a phase interface, or
equivalently an event horizon (see Supplemental Material).

The Hawking temperature Ty = aff/2x is a simple
formula that describes a complex thermalization process.
It does not depend on the position of the quench, n, nor the
horizon location, n,,. To verify this numerically, we study
the dependence of T on n [Fig. 4(a)] and ny, [Fig. 4(b)]. We
see T is largely insensitive to the initial conditions and only
fails if ng is too close or too far away from the interface, or
when the interface n,, is too close to the system edges. In all
these cases boundary effects contribute and the exterior
region which the overlap P(k, ) is measured in becomes
too small. These observations show that the thermalization
is robust, aiding in any potential experimental realization.
We stress this thermalization is not an equilibration to a
thermal state as r — oo, but instead is an effective therma-
lization due to short time-scale scattering events [18].
As the MF is integrable, it equilibrates to a generalized
Gibbs ensemble instead in the t — oo limit [43-47] (see
Supplemental Material).

In this Letter, we demonstrated that the low-energy
behavior of a chiral spin chain can be described by
Dirac fermions on a black hole background, where the
event horizons are aligned with phase interfaces. To
demonstrate the faithfulness of this we employed mean
field, matrix product states and bosonization to probe the
phase diagram. We simulated the Hawking effect by
quenching a system containing a phase interface for a
variety of quenches, interface positions, and couplings. We
envision this bridge between chiral systems and event
horizons can facilitate quantum simulations of Hawking
radiation, e.g., with cold atom technology [24,26,48].
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Moreover, our investigation opens up a way for modeling
strongly correlated systems by effective geometric theories
with extreme curvature, thus providing a tool for their
analytical investigation.
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