Northumbria Research Link

Citation: Schelpe, Camilla and Gudmundsson, Hilmar (2023) Incorporating Horizontal
Density Variations into Large-scale Modelling of Ice Masses. Journal of Geophysical
Research: Earth Surface. e2022JF006744. ISSN 2169-9003 (In Press)

Published by: Wiley-Blackwell
URL: https://doi.org/10.1029/2022jf006744 <https://doi.org/10.1029/2022jf006744>

This version was downloaded from Northumbria Research Link:
https://nrl.northumbria.ac.uk/id/eprint/51277/

Northumbria University has developed Northumbria Research Link (NRL) to enable users
to access the University’s research output. Copyright © and moral rights for items on
NRL are retained by the individual author(s) and/or other copyright owners. Single copies
of full items can be reproduced, displayed or performed, and given to third parties in any
format or medium for personal research or study, educational, or not-for-profit purposes
without prior permission or charge, provided the authors, title and full bibliographic
details are given, as well as a hyperlink and/or URL to the original metadata page. The
content must not be changed in any way. Full items must not be sold commercially in any
format or medium without formal permission of the copyright holder. The full policy is

available online: http://nrl.northumbria.ac.uk/policies.html

This document may differ from the final, published version of the research and has been
made available online in accordance with publisher policies. To read and/or cite from the
published version of the research, please visit the publisher's website (a subscription
may be required.)

feq Northumbria @

University
NEWCASTLE -

f

8 UniversityLibrary


http://nrl.northumbria.ac.uk/policies.html

W) Check for updates

Incorporating Horizontal Density Variations into
Large-scale Modelling of Ice Masses

Camilla A. O. Schelpe'and G. Hilmar Gudmundsson'

IDepartment of Geography and Environmental Sciences, Northumbria University, Newcastle upon Tyne,
UK

Key Points:

* We examine the impact of horizontal variations in ice density on large-scale ice-
sheet simulations.

e A commonly used approximation, which adjusts the glacial thickness to account
for density variations, has a number of shortcomings.

« An approach which explicitly includes horizontal density variations could poten-
tially lead to a 10% correction in estimated sea level rise.

Corresponding author: Camilla Schelpe, camilla.schelpe@northumbria.ac.uk

This article has been accepted for publication analﬂndergone full peer review but has not been through
the copyediting, typesetting, pagination and proofreading process, which may lead to differences between
this version and the Version of Record. Please cite this article as doi: 10.1029/2022JF006744.

This article is protected by copyright. All rights reserved.

858017 SUOLILLOD BRI (ot |dde au Ag peusenob a.e S9oile YO ‘8Sh JO S3|NJ 10} Akeud1 78Ul UO 48] 1M UO (SUOIHIPUOD-PUe-SLLIBY/LLI0D" A3 1M ARe.d 1 [oul|U0//Sd1Y) SUORIPUOD pue sWe | 841 88S *[£202/20/60] UO A%eid1T8ulluo A8|IM ‘1881 A #72900402202/620T OT/10p/wod-Ae |im Areiq1utjuosandnbe;/sdny wiouy pspeojumoq ‘ef ‘TT0669T2


https://doi.org/10.1029/2022JF006744
https://doi.org/10.1029/2022JF006744
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2022JF006744&domain=pdf&date_stamp=2023-01-27

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

Abstract

Gravity-driven flow of large ice masses such as the Antarctic Ice Sheet (AIS) depends

on both the geometry and the mass density of the ice sheet. The vertical density pro-
file can be approximated as pure ice overlain by a firn layer of varying thickness, and for
the AIS the firn thickness is not uncommonly 10 to 20% of the total thickness, leading
to not insignificant variation in density. Nevertheless, in most vertically-integrated ice-
flow models today the density is assumed constant, sometimes with an adjustment in thick-
ness to compensate. In this study, we explore the treatment of horizontal density vari-
ations (HDVs) within vertically-integrated ice-sheet models. We assess the relative mer-
its and shortcomings of previously proposed approaches, and provide new formulations
for including HDVs. We use perturbation analysis to derive analytical solutions that de-
scribe the impact of density variations on ice flow for both grounded ice and floating ice
shelves, which reveal significant qualitative differences between each of the proposed den-
sity formulations. Furthermore, by modelling the transient evolution of a large sector

of the West Antarctic Ice Sheet (WAIS), we quantify the potential impact of HDVs on
estimated sea level change. For the domain we considered, we find that explicitly includ-
ing the horizontal density gradients in the momentum and mass conservation equations
leads to about a 10% correction in the estimated change in volume above flotation over
40 years. We conclude that including horizontal density variations in flow modelling of
the Antarctic Ice Sheet is important for accurate predictions of mass loss.

Plain Language Summary

Variation in the average ice-density across large ice sheets such as the Antarctic
Ice Sheet will have an impact on the dynamics of the ice-flow. The question we wish to
answer in this study is how significant this impact is and how best to model the density
variations within large-scale numerical simulations. Variations in the average ice-sheet
density come from layers of compactified snow which have a lower density than the un-
derlying ice. Within the Antarctic Ice Sheet this compactified snow layer is approximately
10 to 20% of the total thickness, which leads to not insignificant variation in the aver-
age density. Nevertheless, in most numerical models that simulate the flow of large ice
sheets, these variations are either ignored completely or approximated by an adjustment
in the total ice-thickness. In all large-scale numerical models, there is a trade-off between
computational complexity and an accurate depiction of the physical processes. We pro-
pose several formulations for including density variations, and study the theoretical be-
haviour of ice flows in each formulation. We find that numerical simulations of the West-
ern Antarctic Ice Sheet over 40 years suggest that explicitly including density variations
could potentially lead to a 10% correction in estimated sea level rise.

1 Introduction

Ice sheets typically comprise a core of meteoric ice, and an overlying layer of lower-

density firn of variable thickness. This gives rise to spatial variation in the vertically-averaged

density of the ice at each point on the surface. These density variations can be signif-

icant. For example, in Figure 1 we have plotted the vertically-averaged density over the

ice shelves fringing the Antarctic Ice Sheet, extracted from estimates of firn thickness.

We see a reduction in density of at least 5% over wide areas, and over many ice-shelves
such as George IV and towards the calving fronts of the Filchner-Ronne and Ross ice shelves
the reduction in average density can be as much as 15%. For unconfined ice shelves the
local spreading rate is proportional to the third power of the local density (when using
typical values to describe the rheology of ice), which would suggest that in some cases
density variations could lead to a 40% reduction in estimated spreading rates. For grounded
ice sheets the velocity is similarly impacted by the local density. Nevertheless, despite
potentially having significant impact on ice flow, horizontal variations in the ice density

This article is protected by copyright. All rights reserved.

85UBD |7 SUOWILLIOD dA 1181 3(gedt|dde ayy Ag pausenob ale sajolie YO ‘asn Jo Sa|ni Joj AkeiqiauluQ AB|IAA UO (SUONIPUOD-PUR-SLLBI0D" AB 1M Alelq 1 U 1UO//'SdNY) SUO I IpUoD pue sWid | aY) 88S *[£202/20/60] U0 Arid1Tauluo AB1IM 591 Aq 717/900402202/620T 0T/I0p/wod A 1m A zeiq 1 puluo-sgndnBey/sdny wouy pepeojumoq ‘el ‘TT066912



63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

750

Figure 1. Vertically-averaged density of the ice-shelves in Antarctica, with the grounded do-
main masked (data extracted from BedMachine Antarctica (Morlighem, 2020; Morlighem et al.,
2020)).

are generally not accounted for in most vertically-integrated large-scale ice sheet mod-
els today.

Here we provide the first systematic assessment of the impact of horizontal den-
sity variations on the flow of large ice masses and present new formulations for their in-
clusion in large-scale ice-flow models. We base our analysis on the shallow ice stream ap-
prozimation, a commonly used vertically-integrated formulation in ice-flow modelling for
describing the ice flow of large ice masses where the ice thickness is small compared to
the horizontal span. (This formulation is also referred to as the shallow-shelf approxi-
mation or the shelfy approximation, and often abbreviated to SSA.) The SSA is deployed
in many numerical simulation models of large ice masses. See, for example: the Pollard

& DeConto Hybrid Ice Shelf Model (Pollard & DeConto, 2012), the MALI variable-resolution
ice sheet model (Hoffman et al., 2018), PISM (Bueler & Brown, 2009), BISICLES (Cornford

et al., 2013), £ ETISh (Pattyn, 2017), ISSM (Larour et al., 2012), and Ua (Gudmundsson,
2020b). The treatment of density variations is rarely mentioned in the literature on these
ice-sheet models. In the published model descriptions, the vertically-averaged density,

p, enters the SSA equations of mass and momentum conservation, but in all models, with
the exception of [ja7 the spatial and temporal derivatives of p appear to be set to zero.

If any correction for HDVs is included, it appears to be done through modification of

ice thickness. In the ice-flow model Ua, a variable density field can be specified as an in-
put to the model, and a correction to the momentum and mass conservation equations

is included. We return later to a detailed description of the implementation in Ua.

In all that follows, we consider variations in the vertically-averaged density as an
input field to the ice-sheet model, similar to other input fields like the ice sheet bedrock
topography or surface mass balance. We allow the density field to evolve in some of the
models through advection, but we do not concern ourselves with how these variations
in density arise or evolve in response to external climate forcings. The input density field
can be extracted from datasets of ice and firn thicknesses, available for both the Green-
land and the Antarctic Ice Sheets, e.g. the BedMachine Antarctica dataset (Morlighem,
2020; Morlighem et al., 2020). Typically, the total thickness of the ice sheet is consid-
ered to comprise an ice layer of fixed density pjce = 917kg/m?, and a variable firn layer
for which the firn air-content, §, is estimated. The firn air-content can be considered to
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be the vertical distance by which the firn needs to be compacted for it to have acquired
the same density as ice. From the definition of it follows that it can be expressed as
d =h x (1 — p/pice), where h is the total thickness of the ice column. Under this def-
inition, hijce = h — 9§ is the ice-equivalent thickness, for which pice X hice = p X h. See
Appendix A for a more detailed description.

A common approach to handle density variations in ice-flow models is to adjust the
height of the glacier to this ice-equivalent thickness, while keeping the ice-density con-
stant p = pjce- This preserves the total mass of the ice-column at each spatial coordi-
nate and thus maintains hydrostatic equilibrium of the ice-shelves. We refer to this ap-
proximation as the density-to-thickness (D2T) adjustment method. The apparent ad-
vantage of this approach is that, as a result, all spatial density gradients in the original
data sets disappear, and so no modification of the standard form to the SSA equations
is required. However, this commonly used approach may not capture the true impact
of density variations acting within the mass and momentum conservation equations. It
is important to realize that the D2T adjustment results in modification to all terms in-
volving ice thickness in the SSA equations, including several terms that do not involve
the density. Furthermore, once the ice thickness has been modified in this manner in the
initial model setup, the density variations are effectively advected with the ice over time.
In what follows, we analyse the ice flow under the D2T adjustment and propose a num-
ber of alternative formulations for incorporating HDVs into large-scale ice-flow models.
In particular, we examine the magnitude of the difference, or the error, when the vari-
ations in density are folded into the ice thickness distribution, as done in the D2T ad-
justment, compared to introducing the spatial gradients in density directly as additional
terms in the SSA equations, and solving the resulting augmented system of flow equa-
tions.

We start by presenting the field equations governing ice-flow in the presence of a
spatially varying density field within the SSA in section 2, with the derivation detailed

in Appendix A. In section 3, we discuss various approaches for including HDVs in vertically-

integrated ice-flow models, including the D2T adjustment approach outlined above. One
of the first questions to consider is the general importance of horizontal density varia-
tions, and whether they can reasonably be ignored. To this end, in section 4 we start by
looking at typical spatial scales governing large-scale ice flow to assess the relative size
of different terms in the momentum equations, particularly those terms containing the
spatial gradients in density.

The bulk of this paper is dedicated to comparing the behaviour of the different den-
sity approaches within a linearised version of the field equations. This analytical approach
focuses on the response to small perturbations in the density field, closely following the
approach of Gudmundsson (2008). In sections 5 and 6, we derive the transfer functions

for induced perturbations in the glacial thickness and surface velocity relative to two steady-

state reference solutions: that of a grounded ice sheet in section 5, and that of a float-

ing ice shelf in section 6. The transfer functions describe the response of the primary fields
to density perturbations at different spatial wavelengths. The application to a floating

ice shelf is complicated by the fact that the steady-state thickness and velocity fields are
spatially varying, and here we use the approximation proposed by Ng et al. (2018) for
perturbation analysis in the presence of a spatially varying background field. We derive
sixteen transfer functions in total: for the surface topography and horizontal velocity field
within each of the four density formulations, applied to each of the two reference states.

If the reader is less interested in the technical details of these derivations, they may choose
to skip forward to section 7, where we summarise the derived transfer functions, although
we do recommend paying attention to the details of the D2T formulation in section 5.5.

In section 7 we compare the different transfer functions and use them to examine the be-
haviour of the ice flow in a few simple simulations.

—4—
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Finally, in section 8, we look at a specific example of the impact of the different
density formulations on transient simulations of the Western Antarctic ice sheet within
the shallow ice-model Ua. This is applied to a limited set of the different density formu-
lations, restricted to those that can be applied to large-scale numerical simulations within
the current set of ice-flow models. We conclude in section 9 with a summary of the im-
portant findings of this study.

2 The SSA Field Equations with Horizontal Density Variations

The equations of motion describing the flow of isothermal masses are governed by
the principles of conservation of mass and momentum. In this study, we restrict our anal-
ysis to ice flows that can be described by the shallow ice stream approximation (SSA),
where the ice thickness is small compared to the horizontal span. The SSA equations have
been derived numerous times in the literature with the first derivation being, to our knowl-
edge, by MacAyeal (1989). Baral et al. (2001) provides a useful overview of asymptotic
theories of large-scale glacier flow. In the presence of horizontal density variation, we show
how the SSA mass and momentum equations need to be modified in Appendix A. We
have broadly followed the derivation given in Gudmundsson (2020a), but made various
modifications and extensions to account for a variable density field, resulting in several
additional terms to the momentum equations. The results are summarised below. In this
derivation, we make the simplifying assumption that the density is constant with depth,
and equal to the vertically averaged density at each spatial point (z,y). Without this
assumption, analytical solutions to the vertically-integrated field equations are not pos-
sible, and would instead require numerical integration in the z-dimension. In Appendix
B we discuss this assumption and its potential short-comings in a bit more detail.

The SSA momentum-conservation equations, in the presence of a horizontally vary-
ing density field are

2hn Dp

1
+0y (hn(0zv + Oyu)) — toy pgh (Opscosa —sina) + §h298mp cos

2hn Dp
8y <4hn(‘3yv + thamu + th)

1
+0y (hn (00 + Oyu)) —tyy = pghdyscosa + §h298yp cos a (1)

in a tilted coordinate system aligned to the bed topography, where « is the angle of the
coordinate system to the horizontal. Allowing the density field to vary has introduced
two new contributions to these equations. On the left hand side, we have a term pro-
portional to the material derivative of the density field, Dp/Dt. This additional term
represents momentum transfer between regions of low and high density. On the right hand
side of the equations we have an additional driving term which scales as the horizontal
gradient of the density. In this notation: 7 is the vertically-integrated effective viscos-
ity; u,v are the horizontal velocities in the z, y directions respectively; ty,,ty, are the
horizontal components of the basal traction vector; s is the location of the upper glacial
surface; and ¢ is the acceleration due to gravity. We use the short-hand 0, = 8%’ and
the material derivative is defined as

Dp
= Op+v-Vp,
where v = (u, v, w) is the velocity vector of the ice-flow. All variables are defined through-
out the text and summarised in the Notation section.
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In three-dimensions, the generalised form of the mass-conservation equation which
allows for density variation in the ice sheet is

Dp

V-v=0 2
oy TPV (2)

In the SSA, the vertically-integrated form of this equation is
POth + V 4y - @zy + hoip = pa (3)

where the horizontal mass-flux q,, = f; pUgy dz; and the total accumulation, a = a,+
ap, is the sum of the surface accumulation and basal melt rates.

In addition to these field equations, the modification to the mass-conservation equa-
tion also impacts a few other expressions used inside shallow ice-flow models. Firstly,
the boundary conditions at the calving front become

1D 1
2nh (28Iu + 0yv + D/t)> ng +nh (00 + Oyu)n, = 29 (ph2 _ PwdQ) Ny
p
1 Dp 1 2 2
2nh ( 20yv + Oyu + oDi) "™ +nh Qv+ 0yu)n. = 59 (ph* = pud®)ny (4

where n, and n, are the components of the unit normal pointing horizontally outwards
from the ice front; p,, is the density of the ocean; and the draft at the ice-front d = S—
b where S is the surface of the ocean. Secondly, when calculating the effective viscosity
in Glen’s flow law, one should use

1Dp\?
.2 . .
)
instead of é,, = —(ézz + €yy), Where &;; are the strain rates.

3 Approaches to include Horizontal Density Variations in the SSA

There are a number of approaches we could take to handle the additional terms
in the modified SSA equations when modelling ice-flow. The simplest would be to ig-
nore the density variation completely and set the material derivative and spatial gradi-
ents of the density field to zero. An alternative, which is commonly used, is to treat the
density as constant and adjust the input ice-thickness by the firn air-content, as discussed
in section 1. We refer to this as the Density-to-Thickness Adjustment [D2T] for-
mulation. In this approximation, we set p = pjce and h = hjee in all the field equa-
tions listed in section 2. Derivative terms in p will implicitly be introduced by the § ad-
justment to the derivative terms in h.

A more realistic formulation is implemented in the shallow-ice model Ua (Gudmundsson,
2020b), which allows a spatially-variable density field as one of the inputs. We refer to
this as the Density Variations - Body Force only [DV-BF] formulation. Additional
terms arising from the horizontal gradient of the density are included in the momentum
and mass—conservation equations. It assumes a static density distribution, i.e. 9;p = 0.
According to Sorge’s law (Bader, 1954), which was based on observations of the density
distribution in central Greenland, the ice density at a given depth generally does not change
significantly over time. The compactification of snow into ice leads to a static density
distribution, with the arrival of new low-density firn approximately balanced by the com-
pactification and advection of existing material. However, this DV-BF formulation ne-
glects the term in Dp/Dt on the left hand side of the momentum equation (and simi-
larly does not modify the calving front boundary conditions nor the effective viscosity),
which only leaves the correction to the body-force term on the right hand side of the mo-
mentum equation. There is a scaling argument which may justify that this is the more
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significant correction term for real ice-flows, which we discuss in section 4. The correc-
tion to the mass-conservation equation is implicit in the horizontal density variation of
the mass-flux.

We propose two further formulations for incorporating horizontal density variations
into ice-flow models. The first is a fuller implementation of the DV-BF formulation which
does not neglect the Dp/Dt terms. We refer to this as the Density Variations [DV]
formulation. It assumes a static density distribution, thus setting d;p = 0 and Dp/Dt =
v-Vp inside all the field equations in section 2. This leads to correction terms on both
the left and right hand side of the momentum equations. However, this formulation does
cause some conceptual difficulties as the left hand side of the momentum equation is no
longer frame-invariant, which is inevitable since in order to assume 0ip ~ 0 we must
be specifying a particular reference frame.

This lack of frame-invariance motivates our second proposal, which is to allow the
temporal evolution of the vertically-integrated density field. We refer to this as the Den-
sity Variations Advected [DVA] formulation. We ignore the overhead snow accu-
mulation and compactification at depth, and assume that the initial density distribution
advects with the ice, such that the flow is density-preserving. In this limit we set Dp/Dt =
0 in all the field equations listed in section 2, and the density evolves according to dip =
—v-Vp. The DVA formulation is not a particularly realistic scenario, since it is the over-
head snow accumulation and compacitifaction which gives rise to the HDVs in the first
place. However, we find the behaviour in the DVA formulation a helpful comparison for
some of the behaviour observed in the D2T formulation, and it represents the opposing
limit to the case of a static density distribution in the DV formulation. A full treatment

that includes a detailed firn compactification model to estimate the evolution of the vertically-

integrated density at each spatial coordinate is best kept to an external atmospheric model
that updates a static density distribution over time. We discuss this further in the con-
clusions.

We consider each of these four approaches for including horizontal density varia-
tions (DV, DV-BF, DVA and D2T) independently in the perturbation analysis that fol-
lows in sections 5 and 6, and compare the results of the different approaches in 7. In the
numerical simulations of the Antarctic Ice Sheet in section 8, we are obliged to restrict
our analysis to comparing the DV-BF and D2T adjustment methods, which are the only
two formulations that are enabled for large-scale simulations in current ice-flow models.

4 Significance of the Additional Density Variation Terms

One of the first questions to consider is the relative magnitude of the additional
terms in the SSA equations that arise in the presence of a varying density field, as de-
rived in section 2, regardless of the specific density formulation used.

We start with the modified momentum-conservation equation, and look at the typ-
ical scales for the different variables, indicated by [-]. Restricted to one-dimensional flow,
and assuming that time scales advectively, i.e. Dp/Dt scales as v-Vp, Equation (1) can
be expressed in terms of the typical scales as

A (1A 1A Ll (1A VA
[z]? ( [u] + 2 [p] > [t0c] [z] ( [h] + 2 7] > [l[g][h][a]

where [a] = [h]/[zx] < 1 in the shallow ice stream approximation. The scale [Ap] rep-
resents the variation in density over the horizontal length scale [z]. The additional terms
on both the right and left hand sides of the momentum equation scale as [Ap]/[p]. The

same is true of the additional terms in the D2T adjustment method, which scale as [§]/[h] =

[Ap]/[p]. A reasonable estimate from Figure 1 is that the average density of an ice sheet
can range from 917kgm~3 to approximately 830 kgm~—3, such that [Ap]/[p] ~ 0.1. Stan-
dard scaling arguments would argue that [Au]/[u] ~ 1 and [As]/[h] ~ 1, which would

—7—
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imply that the density terms on both sides of the momentum equation contribute equally,
with a magnitude of approximately 10%.

The true relative contribution of the additional density terms will depend on the
glacier topography. For example with grounded ice caps, which typically exhibit larger
variations in [As], the basal drag t;, tends to dominate on the left hand side of the mo-
mentum equation. Under this scenario, we might expect the density correction term on
the left hand side to be negligible, and only the correction to the body-force term to be
significant. For fast flowing ice streams and floating ice-shelves, the basal drag tends to
zero. However the surface slope, [As], also tends to zero, at which point the density cor-
rection in the body-force term may become quite significant. In both scenarios, this is
suggestive that the density correction term within the driving force on the right hand
side of the momentum equation is more significant than that on the left, and should be
prioritised in the implementation of any horizontal density formulation. This is consis-
tent with the DV-BF formulation which prioritises the body-force term, as opposed to
the more complete DV formulation which includes both terms.

The additional density terms in both the mass-conservation equation and the calv-
ing front boundary conditions, in Equations (3) and (4), can also be seen to contribute
approximately 10%. The contribution to the effective viscosity from Equation (5) is less
obvious. It can be shown that it ultimately introduces a multiplicative factor to the ef-
fective viscosity, which scales as ( — "2—;1%). Typical values for the exponent in Glen’s
flow law, n = 3, would suggest that this correction is less significant, but not negligi-

ble, at 3%.

5 Perturbation Analysis: The Case of a Grounded Ice-Sheet

We wish to understand the impact on the ice flow of including the additional terms
arising from horizontal density variations. In this section and the next (section 6) we de-
rive the transfer functions describing the first-order response to small perturbations in
the glacial density. We follow closely the technique presented in Gudmundsson (2008),
and derive transfer functions for the induced perturbations in the surface s(z,t) and hor-
izontal velocity u(z,t), restricted to the one-dimensional case for simplicity. In this sec-
tion we focus on the reference state of a grounded ice sheet, and derive the response to
small perturbations about this reference solution. We do this separately for each of the
four density formulations (DV, DV-BF, DVA, D2T) that were described in section 3. If
the reader is less interested in the mathematical details of these derivations, they can
skip forward to section 7 which summarises and analyses the different transfer functions,
although we do recommend paying attention to the derivation in the D2T formulation
in section 5.5.

We start by describing the reference solution for the grounded ice-sheet in section
5.1. In section 5.2 we go through the steps to derive the transfer functions in the DV for-
mulation in detail. This illustrates the technique, and then for each subsequent deriva-
tion (in sections 5.3 to 5.5) we only include steps which require a different treatment.
In outline, the steps in each derivation are to take the relevant momentum and mass con-
servation equations, together with the kinematic boundary conditions, to arrive at a sys-
tem of differential equations which relate small perturbations in the density and surface
fields. Taking the Fourier and Laplace transforms turns this into a linearised system of
equations, which can be solved to arrive at the transfer functions. These describe the
phase and amplitude of surface field perturbations in response to a prescribed density
perturbation as a function of frequency and time.
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5.1 Reference Solution

In the case of a grounded ice sheet, the basal stress can be described by Weertman’s
sliding law:

— c—l/mHvbnl/m—lv

o b

where vy, is the basal velocity and c is the slipperiness along the bed. In the SSA, the
horizontal velocities are constant with depth and so in one-dimension t;, = (u/c)/™.
In this perturbation analysis, we assume that the viscosity is linear such that 1 = const.
Taking the vertically-integrated SSA momentum equations presented in Equation (1),
and restricting to a one-dimensional flow-line for simplicity, we find

Oy <4hn8mu + MDP) - (E) v = pgh (0yscosa —sina) + 1gh2695p cosae  (6)

p Dt c 2
We consider an idealised scenario of flow down a uniformly inclined slab of constant thick-
ness, which extends infinitely in the z and y dimensions. To find the steady-state ref-
erence solution, we look for solutions which are independent of z. This can be solved triv-
ially to find
u = c(pghsina)™

which is our reference solution for the flow.

5.2 Perturbations within the DV formulation

Our first example is to apply a small density perturbation to the ice sheet, and as-
sume the ice dynamics can be described by a static density distribution as specified by
the Density Variations [DV] formulation.

Within this perturbation analysis, we apply a small perturbation to the ice den-
sity about a constant reference value:

p(z,t) = p+ Ap(,t) (7)

while holding other parameters constant, such as the viscosity 1 and basal slipperiness
c. This induces small perturbations in the other variables:

h(z,t) h(z) + Ah(z,t)
s(z,t) = 3§(x)+ As(z,t)
u(z,t) = a(z)+ Aulx,t)
w(z, z,t) w(z, z) + Aw(x, z,t) (8)

In the case of a grounded ice sheet, the reference solution is independent of x and so u,
h and 5 are constants, while w is a function of z only. The lower surface remains unper-
turbed, such that h = 5 — b and As = Ah. In the DV formulation, the density distri-
bution is held static, so we assume the perturbation in time is a step function H(¢) with
zero perturbation before ¢ = 0, and a fixed contribution which varies with x thereafter:
Ap(z,t) = H(t)Ap(z).

In the DV formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (6) and (2) respectively, become

Ox (4h778$u + Q}Zlu@gjp) — (E)l/m

1
pgh (0zscosa —sina) + §h290wp cos
c

wOpp + p(Opu+ d,w) = 0

Applying the perturbations of Equations (7) and (8), the momentum equation to zeroth-
order is identically equal to the reference solution:

@ = c(pghsin a)m (9)
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while to first-order in the perturbations, the equations of motion are

4hno2, Au + MH(t)@gIAp —yAu = 7140;Ascota — %As
p
—Td’H(t)ﬁ + %Td;L’H(t) 8I7Ap cot
p
GH ()0 Ap + p(OpAu+ 0, Aw) = 0 (10)

where we have defined

T4 = pghsina
N\ /m o1 1
v = (E) — =7 —
c mu mc

and the final equality comes from the zeroth-order solution.

In addition to the equations of motion, we require the kinematic boundary condi-
tions to find analytical solutions to these perturbations. At the upper and lower surfaces
respectively,

Ops +ulys —wls = as
Ob+udb—wly, = —ap (11)

where all variables apart from the vertical velocity w are independent of z in the SSA.
We set the accumulation rates a; = ap = 0 in the case of a grounded ice sheet, so that
the reference solution is time-invariant. We need to be careful when considering the per-
turbation response within the boundary conditions, to separate out the perturbation in
a function due to variation with the location of the boundary surface As, and the per-
turbation in the function due to other factors. Consider a function f = f(z, ¢), which
varies with depth, z, as well as other factors which we have aggregated together as ¢.
Using a Taylor expansion to first order,

f(z,0) = [f(2.9)+0.f(2,0)Az 4 0sf(Z,0)A¢
f(2)+0.f(2)Az + Af(2)

where for the sake of brevity, variation due to the other factors ¢ has been aggregated
into Af. We apply this technique to the horizontal (u) and vertical (w) velocities at the
boundary. We find that to zeroth order,

while to first order,

OtAs + 0|0, As — Aw|s = 0
Aw|,—, =0 (12)

where the term in 0,w|; has vanished due to the zeroth-order solution.

To solve this system of first-order equations, we apply Fourier and Laplace trans-
forms in the z and t dimensions respectively, defined as

“+o0
fh) = / f(z)e e da

— 00

“+o0
fr) = / f(tye (13)

+

where a dependence on the spatial coordinate z is transformed into a dependence on the
wavenumber k = 27/ in the Fourier domain, and the time coordinate is transformed

—10-
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into a dependence on the complex parameter r in the Laplace domain. We apply the trans-
forms to the perturbations: Ap, As, Au and Aw. These perturbations are functions of
(x,t). In the F.T. and L.T. space they become functions of (k,r). Under these trans-
forms, we have the following identities:

) = —ikFT.(f(z))
FT.(f"(z)) = —Kk*FT.(f(x))

) = rLT.(f(t) - f(t=07)

)

= 7‘71

The Fourier and Laplace transforms of the first-order equations of motion and bound-
ary conditions in Equations (10) and (12) give rise to the following linearised system of
equations:

Ap

EAu = ikTgAscota + %As + (Td + ik% cot o — 217i_1ﬂk2> — (14)
pr

0. Aw = ikAu+ikur 'Ap/p (15)

Aw|s = rAs—ikuAs (16)

Awlp = 0 (17)

where we have defined
£ = ~+4hkn

and we have chosen to set As(t = 07) = 0. In the SSA equations, only Aw is a func-
tion of z, and so we can integrate Equation (15) between the lower and upper surfaces
and apply the boundary conditions given by Equations (16) and (17), to give

(r —iku)As = ikhAu+ikhur~*Ap/p

We eliminate Au by inserting Equation (14), and collect terms in Ap and As to arrive
at the transfer function

_ As(k,r)  h(p+ 3t —ikuQ)
Tsp(/f, ’l") = Ap(k) - ﬁ?“z(r _p)

where, following the definitions in Gudmundsson (2008), we have defined

p = ity —t"
toh = k(u+7a")
t7t = ¢ 'krihcota
in addition to ~
¢ =2nhk?et.

We convert T, (k,r) back into the time dimension through the inverse Laplace trans-

form: )
s =5 [ e
270 Jy—ico

Note in this context 7 is an arbitrary real number so that the contour path of integra-
tion is in the region of convergence of f(r), not to be confused with the earlier param-
eter v in the field equations. The function Ts,(k,r) has two poles: one at r = 0 and
one at r = p. The quantities in the definition of ¢, are always positive, and so the pole
defined by r = p will reside in the left half of the complex plane. We integrate over the
left half of the complex plane, enclosing both poles, such that the contour integral is equal
to 27 times the sum of the residuals. The function Ty, (k,r) — 0 as |r| = oo, and so

—11-
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by Jordan’s Lemma we can ignore the arc segment of the contour integral that expands
to infinity. Thus,

As(k,t)  h(p+it;t —iku

Tsp(k,t) = (k. ) = (p 2T C) (ept — 1) (18)

Ap(k) pp
This transfer function has two components: an exponential term eP® which decays over
time (since p resides in the left half of the complex plane), and a steady-state compo-
nent which means a perturbation will persist in the glacial surface. Numerical integra-
tion is required to transform the response in the surface from the frequency domain into
the spatial domain, with the inverse Fourier transform:

As(z,t) = /00 Ty (k, t) Ap(k)e™Fdk (19)

— 00

where Ap(k) is the Fourier transform of the small perturbation in the density field Ap(z).

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density. In the Laplace domain,

(r —ika) (3t;71 —iku) + r(p — iku) \ Ap(k)
r(r—p) ikp

Au(k,r) = (

and taking the inverse Laplace transform, the transfer function for the horizontal veloc-
ity in the time-domain is

Au(k,t) _a (3t —iku¢) | (p—ika) (p+ 3t — ikac) ,

Tk, t _ T
p(h-1) Ap(k) pp ikpp

(20)

5.3 Perturbations within the DV-BF formulation

We can follow exactly the same procedure to find the transfer functions when the
ice-flow is described by the Density Variations - Body Force only [DV-BF] formulation,
which just requires us to neglect the term in ud,p on the left hand side of the momen-
tum equation. In the DV-BF formulation, the momentum and mass conservation equa-
tions describing the ice flow, Equations (6) and (2) respectively, become

u\/m ) 1 5
0y (4hndyu) — (7> = pgh(0zscosa —sina) + ih g0z p cos a
c
uOzp + p(Ozu + Oyw) = 0

and the derived transfer functions are

As(k,t)  h(p+3t7h)

Lokt = Fa == 7 @Y (21)
a (3t —iku 141
Tup(k',t) = AAUK()?];;) — (Qﬁtpr ) 4 (p k Z)k(;:p‘i‘ Qtr )ept (22)

5.4 Perturbations within the DVA formulation

In this next example, we assume the ice dynamics can be described by an initial
density distribution which then advects over time as specified by the Density Variations
Advected [DVA] formulation. We follow a similar procedure to that detailed in section
5.2.

In the DVA formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (6) and (2) respectively, become

u\ 1/m . 1 5
0 (4hndyu) — (Z) = pgh(0;scosa —sina) + §h g0, p cos a
Oyu+o,w = 0

—12—
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together with the equation of motion for the density evolution,

D
Fft) =0p+udyp =0 (23)

while the kinematic boundary conditions are the same as before in Equation (12).

We apply a perturbation to the density field which can evolve over time, as described
in Equations (7) and (8), with Ap(z,t < 0) = 0. Keeping terms to first-order in the
perturbations, and applying the Fourier and Laplace transforms defined in Equation (13),
we arrive at the following linearised system of equations:

h A
EAu = dkTgAscota + %AS + (Td + ik% cot a) fp
p
0. Aw = ikAu
rAp—Apo(k) = ikulp
Aw|; = rAs—ikulAs
Awly = 0

where the initial density distribution Apg(k) = Ap(k,t = 0), and as before we have
chosen to set As(t < 0) = 0. This system of equations can be solved to arrive at

h(p —iku+ $t)
(r—p)(r —iku)p

which describes the surface perturbation relative to the initial density distribution. The

poles of the transfer function are at »r = p and r = iku. The latter is associated with

the timescale for the advection of the density distribution. Applying the inverse Laplace
transform, the transfer function in frequency space is
As(k,t) h (p —iku + %t;l) pt _ikat

= - — (e —e ) (24)
Apo (k) p(p — iku)

As(k,r) =

Apo(k)

TSPo(k7 t)

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density:

Aulk,t) _ p— kit 5t (25)

VRO i

Note that in the DVA formulation, the spatial distribution of the density at any
point in time can be found by taking the inverse F.T. of the transfer function which re-
lates the density to the initial density distribution:

Ap(ka t) ikut

VT

5.5 Perturbations within the D2T formulation

Finally, we again repeat the perturbation analysis outlined in section 5.2, but this
time we assume the ice flow can be described by the Density-to- Thickness Adjustment
[D2T] formulation. The equations of motion and the boundary conditions are shifted to
mimic the thickness adjustment performed in the D2T formulation, such that all vari-
ables relate to the same physical quantities.

In the D2T formulation, the density is set as a constant pjce everywhere, and the
surface of the glacier is shifted by the firn air-content, such that the height is equal to
the ice-equivalent thickness: hjce = h—4¢. In this formulation, the momentum-conservation
described by Equation (6) becomes

Oz (4(h — §)n0su) — toe = piceg(h — 6) (Ox(s — §) cos @ — sin )

—13—
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which can be expressed as

1/m
Oy <4'phnawu) — (%) - 7 pghdyscosa — pghsina + p gh?0,pcosa

ice Pice ice

(26)

where the firn air-content has been replaced by the vertically-averaged density p = pice(1—
d/h). Comparing this to Equation (6), which is the complete form of the SSA momen-
tum equation in the presence of a varying density field, we see that, while there is some
similarity in the additional terms, there are many differences which do not disappear to
order O (9) in the limit § < h. The density is constant in the D2T formulation, and

so the mass-conservation in Equation (2) becomes

Oyu+ 0, w=0 (27)

The kinematic boundary conditions in Equation (11) are also modified in the D2T for-
mulation, since the location of the surface in the model is shifted. At the upper and lower
surfaces respectively,

Oi(s —0) +udy(s —0) —w|s—s = as
Opb+udb—wly, = —ap

Combining the two boundary conditions and replacing the firn air-content with the vertically-
averaged density, we find

00 (L) w0, (Lon) = (wlus — wl) = a (28)

Pice ice

The firn air-content is applied as an initial static adjustment to the glacial surface
in the D2T formulation, and so the applied density perturbation in this analysis is also
static: Ap(z,t) = H(t)Ap(x). Applying the perturbations in Equations (7) and (8),
the momentum equation to zeroth-order solution is identically equal to the reference so-
lution in Equation (9), in other words the average density can equally well be expressed
as a shift in the glacial thickness. This is not the case at higher orders. Keeping terms
to first-order in the perturbations, and applying the Fourier and Laplace transforms de-
fined in Equation (13), the equations of momentum and mass conservation together with
the kinematic boundary conditions, become

. ik _
EAu = (Z ™ ot + 7_—(f> (ﬁAs + TﬁlhAp)
Pice ph
0, Aw = ikAu
p h
Aw|,_5—Awly = (r—ika) p'p As — ikfw‘flp. Ap
where 74 = pghsin a as before, but we have defined
E=dnL hk? 4~

1ce
There is a subtlety that is important to think about carefully when applying the Laplace
transform to the kinematic boundary condition. Within the D2T adjustment, density
perturbations are applied within the ice sheet geometry before the run starts. Therefore
Ap(z,t = 07) = Ap(z). This could also be expressed as H(t = 07) = 1 in our nota-
tion, although it diverges from the strict definition of the Heaviside step function. Both
here and in the earlier analysis, we choose As(t =07) = 0, i.e. we don’t apply an in-
stantaneous response in the unmodified glacial surface. Therefore when taking the L.T.
of the first term in Equation (28) to first order in the perturbations, we have

LT (at< LN H(t)Ap)) = r( p Ah+hr_1Ap> - [ P Ah+ " ap
Pice Pice A Pice Pice Pice Pice
- 2 ran
Pice
14—
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This system of equations can be solved to arrive at

As(k,r) hp

Ts,(k,r) = = — -
A v R A )
where we have defined
p o= it =1t
f;l = k(ﬂ-ﬁ-?’dé_l)
tt o= Lg_leTdﬁco‘ca

Pice
Taking the inverse Laplace, the transfer function in frequency space is

As(k,t)  —h 5t

Ap(h) 5 (1—e) (29)
We observe that the time scale of this transfer function is different to those derived pre-
viously in Equations (18, 21 & 24). This is because of the dependence in the definition
of § on A, which is one of the response variables in the perturbation analysis. The lo-
cation of the pole in the complex plane changes whenever the contribution to As changes,
and with it the expression for the time scale.

Tsp(k,1)

We can transform this transfer function into the response observed in the adjusted
surface Sice = s — 0, using the relationship Ap = —pi A(6/h):
Asice _ A(h=0) _ b (1 5) ah_ b
Ap Pice

h

Ap B Ap B Pice
The perturbation in the adjusted surface is equal to the firn air-content perturbation ini-
tially, and as the response evolves Asjce — 0, such that the induced perturbation in the
glacial surface decays away. If we express the perturbation in terms of the firn air-content

which has units ‘distance’, and set 6 = 0, such that Ap = —(pice/h) x AJ, then we
find
Asice — Pt
A

which is identical to the transfer function —Tss, derived in Equation (27) of Gudmundsson
(2008). This makes sense since the density perturbation expressed as Ad in the D2T ad-
justment is identical to a shift in sg = —d. While over time the perturbation in the ice-
equivalent surface dissipates, by definition this means that the unmodified surface de-
velops a depression equal to the firn air-content of the density perturbation, giving rise

to a constant transfer function at all frequencies in the steady-state.

We can follow a similar procedure to find the response of the horizontal velocity
to perturbations in the density:

Au(k,t)  p— ikﬂeﬁt

B0 ="R00) = il

(30)
Note that again this expression reduces to the transfer function T\, derived in Equa-
tion (29) of Gudmundsson (2008), if we set § = 0 and write the perturbation in terms

of the firn air-content: T, ;5 = —2£ }—;“ xTyp; while at the same time restricting Equation

(29) of Gudmundsson (2008) to the flow-line case by setting the transverse wave num-

ber [ to zero.

6 Perturbation Analysis: The Case of a Floating Ice-Shelf

In this section, we repeat the perturbation analysis detailed extensively in section
5 for each of the four density formulations in the case of a grounded ice sheet, but this
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time applied to a floating ice shelf reference state. There are a number of key differences
to that of a uniform grounded ice sheet, which we highlight as we go through the deriva-
tions below. If the reader is less interested in the mathematical details of these deriva-
tions, they can skip forward to section 7 which summarises and analyses the different
transfer functions.

We follow the same layout as before by describing the reference solution for the float-
ing ice-shelf in section 6.1, and then in section 5.2 we go through the steps that are par-
ticular to deriving the transfer functions in the case of a floating ice-shelf in the DV for-
mulation. Subsequent derivations (in sections 6.3 to 6.5) build on this derivation and only
explicitly present steps which require a different treatment. In outline, the steps in each
derivation are to take the relevant momentum and mass conservation equations, together
with the kinematic boundary conditions, to arrive at a system of differential equations
which relate small perturbations in the density and surface fields. By assuming a sep-
aration of scales, derivatives in the background thickness and velocity fields are treated
as locally constant. This makes it possible to take the Fourier and Laplace transforms
and arrive at a linearised system of equations. These can be solved to arrive at the trans-
fer functions, which describe the phase and amplitude of surface field perturbations in
response to a prescribed density perturbation as a function of frequency and time. The
transfer functions are now additionally a function of the spatial coordinate x, due to their
dependence on the value of the background field derivatives at the point of the pertur-
bation.

6.1 Reference Solution

The equilibrium profile of a floating ice shelf is a well-known solution in glaciology,
with one of the earliest derivations, to our knowledge, being that in Van der Veen (1983).
We repeat the derivation in Appendix C for reference. The SSA momentum equation
given by Equation (1), for a floating ice shelf restricted to a one-dimensional flow-line
for simplicity, in the presence of a varying density field, is
2hn Dp)

Oy <4hn81;u + — =
p

1
= h:c 7h2 T
Dr pghdss + 5h"g0zp

For a floating ice shelf, the glacial height and surface are no longer offset by a constant.
Instead they obey the flotation condition, where the upthrust of the ocean on the bed
is equal to the weight of the water displaced, and this balances the weight of the over-

lying ice sheet, such that
P
s—S=h({1—-— 31
( Puz) ( )

The ocean surface is always unperturbed, 0,5 = 0, and so we can substitute the re-

lationship,
Oys = O, <h (1 - "’))
Puw

into the momentum equation, to arrive at

2hm Dp'\ -+ _ Loonz(1- 2
Oy <4hn8$u—|— p Dt) = 0O, <2pgh (1 o

Integrating both sides, we find that momentum-conservation for a floating ice shelf with
variable density, obeys

2n Dp 1
Andyu+ 2= = Zogh 2
n0zu + > D 599 (32)

where ¢ = p(1—p/pw), and we have used the boundary conditions at the calving front
in Equation (4) to set the integration constant to zero.
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6.2 Perturbations within the DV formulation

We begin with applying a small perturbation to the ice shelf, and assume that the
ice dynamics can be described by a static density distribution as specified by the Den-
sity Variations [DV] formulation. This is a repeat of the analysis of section 5.2 but ap-
plied to a floating ice shelf. One of the key complications is that, unlike the reference
solutions for a uniform ice sheet of constant thickness, the reference solutions for h and
u vary with x. Additionally, the relationship between s and h is determined by the flota-
tion condition in Equation (31) and so Ah # As.

In the DV formulation, the momentum and mass conservation equations describ-
ing the ice flow, Equations (32) and (2) respectively, become

2 1
ndyu+ “ud.p = ogh
0 2
upp + p(Ozu+ 0, w) = 0

and the kinematic boundary conditions are given by Equation (11). We apply a static
perturbation to the density field, as described by Equations (7) and (8), with Ap(z,t) =
H(t)Ap(x) and the reference density p is assumed to be spatially and temporarily con-
stant. The momentum equation to zeroth-order is identically equal to the reference so-
lution: -

where g = p(1—p/py). While to first-order in the perturbations, the equations of mo-
tion are

2 1 1 - 0
4nd, Au + TnﬁH(t)amAp = iégAh + igh’H(t)Ap (2? - 1)
p p

0.Aw = —81Au—aH(t)L_Ap (33)

The kinematic boundary conditions at the upper and lower surfaces to zeroth-order are
0,8 — |z = as
U0b —wly = —ay
Notice the additional terms that arise due to the spatial variability of the reference so-
lutions, 5(x) and b(z). Nonetheless they still impose 0,w|s = 0,w|; = 0, since u is in-
dependent of depth in the SSA. Therefore, to first-order in the perturbations, and com-
bining the two boundary conditions, we have

Aw|s — Awly = 8,Ah + udy Ah + Audyh (34)

We wish to solve the system of equations given by Equations (33) and (34). The spa-
tially varying reference solutions, h(z) and %(x), mean that applying the Fourier trans-
form as before would lead to convolution between variables in frequency space, which
then no longer creates a linear system of equations. A direct solution of these differen-
tial equations is also not possible. Instead we turn to an approximation proposed in Ng
et al. (2018). This approximation applies the Fourier and Laplace transforms to derive
the transfer equations, under the assumption that the length scale for variation in the
reference solution is much larger than that in the perturbations. In other words, we de-
rive the transfer functions assuming that the reference solutions, %(z) and h(x), are lo-
cally constant. Under this assumption, the Fourier and Laplace transforms of Equations
(33) and (34) are

2tk 1 - o 1
~iknAu— ="ur Ap = S ogAh+ ghr T Ap (éj _ )
o 2 p 2

A

0, Aw = ikAu—i—ikﬂr_lfp

p

Awls — Awly = rAh—ikaAh+ Aud,h
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where we have chosen to set the instantaneous response Ah(t = 07) = 0 as before.

Notice that @ and h continue to be functions of x, while Au and Ah are functions of (k, 7).

Solving this system of equations, we arrive at the transfer function in the Laplace do-
main: B
Ah  h(3ikug* — ¢ (20,0 —
Thp(kaxar) = A (2 (b— ¢( B))
Ap rp(r — prL)

where the dependence on z comes from the spatial variation of the background fields h
and u, and we have defined

g = poh
= 5

O, h

= 1-—

Ozh

= 14 ==

¢ + ikh

PFL = iku — d)&;ﬂ

We can convert back into the time-domain through the inverse Laplace transform. The
function has two poles at » = 0 and r = pgp,. For the reference solution d,u > 0, and
so the pole defined by r = ppr, will reside in the left half of the complex plane, the same
as in previous solutions. We arrive at

h (3ikug* — ¢ (20,u — 3)) (errrt — 1)
PPFL

Thp(k,z,t) = (35)
Numerical integration is required to transform this from the frequency domain into the
spatial domain. Following the procedure in Ng et al. (2018), the transformation into the
spatial domain is slightly different to that described in Equation (19). The thickness per-
turbation in the Fourier-domain is given by

N / Ty, (k, 2, ) Ap(a)e** da

— 00

and taking the inverse Fourier transform, we arrive at the thickness perturbation, Ah(z,t).

We can also follow a similar procedure to find the response of the horizontal ve-
locity to perturbations in the density:

—t (zika+d,u— ) dpu (zikug* — ¢ (20,a — f)) et
PDFL ikpprL

Tup(k,x, t) = (36)

The first term in this transfer function is the steady-state response, which for small wave-
lengths tends to —@/2p and for large wavelengths tends to zero. While the second term
is a transient component which decays over time. For small wavelengths it tends to zero,
but for large wavelengths (k — 0) it scales as 1/k and tends to infinity. This spurious
behaviour arises because the derivation of the transfer function relied on a separation

of scales between the perturbation and the background steady-state, which breaks down
at very large wavelengths. If 0,4 and d,h = 0, then the term would disappear. It is

important to filter out these very large wavelength contributions in any perturbations
that are applied. In the simulations that follow in section 7, we set the lowest frequency

component of the transfer function to zero, so that the numerical integration is well-behaved.

6.3 Perturbations within the DV-BF formulation

If we follow the same procedure, but ignore the term in Dp/Dt on the left hand
side of the momentum equation, as described by the Density Variations - Body Force
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only [DV-BF] formulation, then the momentum and mass conservation equations describ-
ing the ice flow, Equations (32) and (2) respectively, become

1
dndzu = 5egh
uOzp + p(Ogu+ O,w) = 0

and the derived transfer functions are

h (ika — ¢ (20,1 — .
Thp(k,z,t) = ( ﬁp(jL A) (EPFL - 1) (37)
Tu(kyast) = —u(9u—pB)  Oyu(iku— ¢ (20,u — B)) Gprt (38)

PDFL ikpprL
6.4 Perturbations within the DVA formulation

In this next example, we assume the ice dynamics can be described by an initial
density distribution which then advects over time as specified by the Density Variations
Advected [DVA] formulation. We follow the procedure in section 5.4 closely but this time
applied to the reference state of a floating ice shelf.

In the DVA formulation, the equations of motion describing the ice flow, from Equa-
tions (32), (2) and (23) respectively, are

1

dnd,u = iggh
Opu+0,w = 0
Op+udzp = 0

We apply a perturbation to the density field which can evolve over time as described in
Equations (7) and (8) with Ap(z,t < 0) = 0. The kinematic boundary conditions are
the same as we had before in Equation (34). Keeping terms to first-order and applying
the Fourier and Laplace transforms, as described in section 6.2 for spatially variable ref-
erence states, we arrive at the following system of equations:

1 1 - 0
—4iknAu = =pgAh+ —ghAp <20 - 1>
2 2 p
0, Aw = ikAu
Aw|s — Awly = rAh—ikuAh + Aud,h
rAp—Apyg = ikulp

where Apy = Ap(k,t = 0), and as before we have chosen to set Ah(t = 07) = 0.
This system of equations can be solved to arrive at an expression for the transfer func-
tion in the Laplace-domain:
Ah —ho (20,1 — B)
Apo  p(r—prL) (r — iku)

Thpo (kv x, ’I") =

Applying the inverse-Laplace this can be converted to the time-domain, and after some
simplification, we arrive at

Thpo(kyz,t) = h (2 — 1) (epFLt _ eikat) (39)

p 0

We can also follow a similar procedure to find the response of the horizontal ve-
locity to perturbations in the initial density field:

—(20,u — B) GprLt

Tupo (kyz,t) = kD
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762 6.5 Perturbations within the D2T formulation
763 Finally, we repeat the perturbation analysis for a floating ice shelf, but assume the
764 ice-flow can be described by the Density-to-Thickness Adjustment [D2T] formulation.
765 This follows closely a combination of the procedures in section 5.5 and section 6.2.
766 In the D2T formulation, the momentum-conservation described by Equation (32)
767 becomes 1
768 A0, u = = piceg(h — 9) (1 — plce)
2 Pw

769 which can be expressed in terms of the vertically-averaged density as

1 )
770 4And,u = = pgh (1 — plce)

2 Puw
m The mass-conservation and kinematic boundary conditions are given by Equations (27)

m and (28) respectively. We apply a static perturbation to the density field, as described
3 by Equations (7) and (8), with Ap(x,t) = H(t)Ap(z). Unlike in all the previous con-

7 figurations, the zeroth-order solution to the momentum equation is not identically equal
775 to the reference solution given by Equation (C1). We have a slight shift in the equilib-
776 rium profile of the floating ice shelf:

— B .
777 Opt = pgh (1 — plce)
8n Puw
778 which vanishes if the background density is equal to that of pure ice. Keeping terms to
779 first-order and applying the Fourier and Laplace transforms as described in section 6.2
780 for spatially variable reference states, we arrive at the following system of equations:
. o 1 _ 7 -1 Pice
781 —4iknAu = =g (pAh + hr Ap) 1-—
2 Pw
782 BZAu) = ikAu
) o P ) P
783 Aw|;_5 — Awly = (r—ika) Ah —ikur— —Ap+ OzhAu
Pice Pice Pice

784 where again with the D2T adjustment approach, the density perturbation gets applied
785 before the run starts, and so As(t = 07) = 0, but effectively H(t = 07) = 1, as dis-

786 cussed in section 5.5. Following the same steps as before, we arrive at the transfer func-
787 tiOH, B
Ah hp
788 Thp(k,xﬂ‘) = —— = _LLN
Ap  pr(r—prur)
789 where we have defined
~ g Pice
790 PFL = iku — ﬁ¢ <1 - )
Pw
791 Taking the inverse Laplace, we arrive at
5 o
792 Thp(k, {E,t) = — (1 — ePFL ) (41)
p
793 This is identical to the transfer function derived in Equation (29) for the D2T adjust-
704 ment in the context of a grounded ice sheet, just with an adjusted pole prr,. Again, this
795 leads to a constant transfer function at all frequencies in the steady-state.
796 We can also follow a similar procedure to find the response of the horizontal ve-
797 locity to perturbations in the density:
798 Tup(k,z,t) =—F(1— Pice ,LeﬁFLt (42)
pw ) tkp
7207
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7 Comparing the Perturbation Analysis Results

The transfer functions derived in the previous two sections, which describe the re-
sponse of the ice sheet to small perturbations in the ice density, have given us a num-
ber of insights into the different density formulations proposed in section 3. In this sec-
tion we summarise the results and analyse their implications.

7.1 The Steady-State Solutions with Uniform Density

In sections 5.1 and 6.1, we derived the equilibrium solutions for the ice-flow with
constant density for two reference configurations: a grounded ice sheet, and a floating
ice shelf. We would expect this to be the same as the zeroth-order solution within the
perturbation analysis for each of the density formulations. For the grounded ice sheet,
this is indeed the case, with the zeroth-order D2T solution the same as for all the other
density approaches. In all cases,

U=c (ﬁgfz sin a)m

The reference velocity scales as pxh, a quantity which is preserved in the D2T adjust-
ment, and so this agreement is perhaps not surprising. However, for the floating ice shelf,
the D2T zeroth-order momentum equation is

_ ﬁgh < Pice )
Opu=—""—1[1- 43
81 P (43)

whereas in the other density formulations we have

__ pgh p
o= (1 pw) ()
where all variables refer to the same physical quantities. Therefore, in a situation with-
out horizontal density variations, but in which the average density is less than pure ice
(i.e. the same proportion of firn everywhere), we find that the velocity field will be in-
accurate when estimated from a simulation which uses the D2T adjustment. To under-
stand how this arises, consider the flotation condition obeyed by an ice shelf, in which
the weight of the water displaced equals the weight of the ice-column above. In the D2T
adjustment, the weight of the ice-column is preserved and so the amount of water dis-
placed is the same, which means that the location of the lower surface b is unchanged.
However, in the D2T adjustment, the thickness of the ice shelf is reduced if the average
density is less than that of pure ice. This means that the upper surface s is shifted down-
wards. The thickness of the ice shelf decreases with distance from the grounding line,
and so a constant average density implies a decreasing firn air-content §(z) with distance
from the grounding line. Therefore, the D2T adjustment is largest close to the ground-
ing line, and as such the gradient of the upper surface 9,s is smaller in the D2T adjust-
ment formulation. This is one of the many factors influencing the velocity field (and ul-
timately the thickness profile) and leads to a slightly different equilibrium state for the
floating ice shelf in the D2T formulation.

7.2 The Transfer Functions

In Tables 1 and 2, we summarise the transfer functions derived in sections 5 and
6 for the grounded ice sheet and floating ice shelf respectively, in the limit as ¢ — co.
The transfer functions have a steady-state component (summarised here) as well as a
time component which decays exponentially. The transfer functions describe the ampli-
tude and phase of the induced perturbations in the thickness and velocity fields as a func-
tion of the wavelength of the applied density perturbation. The analytical transfer func-
tions derived in this study are valid for wavelengths of one ice-thickness or greater (A >

h), otherwise the validity of the SSA breaks down. In the case of the floating ice shelf,
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Table 1. Normalised steady-state transfer functions for induced perturbations in the glacial
thickness in response to an initial density perturbation: T, (k,t) X (%’3) Note, for the grounded
ice sheet Ah = As, and so Th, = Tsp.

GROUNDED ICE-SHEET FLOATING ICE-SHELF

+ 171 —ika Likug* — ¢ (20,1 —
Density Variations [DV]: pt gty —ikue yikad” - ¢(20:1 — B)
p PrL
+ 5t ikt — ¢ (20,1 —
Density Variations (body PT et ik — ¢ (20,4 = f)
p PrL
force term only) [DV-BF]:
—iku+ it —¢ (201 — B) ira
Density Variations Advected [DVA]: pzufw«elk“t (b('—welk“t
p —tku prL — tku
Density Variations translated 1 1

to thickness adjustment [D2T]:

we have the additional restriction that the wavelength must be less than the scale of vari-
ation in the background fields for the method to be valid. This restricts k < d,h/h and

k < 0,u/u. The steady-state transfer functions for a grounded ice sheet are plotted in
Figure 2, and for a floating ice shelf in Figure 3. For the grounded ice sheet, results are
shown for two different slipperiness values, and for the floating ice shelf for two differ-

ent horizontal velocities. There are clear qualitative and quantitative differences between
the four different density formulations that we have studied.

One notable difference is that within the D2T adjustment formulation, the steady-
state transfer function describing the amplitude transfer between the density perturba-
tions and induced perturbations in the thickness, is equal to unity independently of wave-
length. The other density formulations are more nuanced in their frequency response and
dependent on the flow characteristics. For example, the induced surface perturbations
are dampened at small wavelengths for many of the density formulations. On the other
hand, in the case of a floating ice shelf, the amplitude of the induced thickness pertur-
bations, particularly at larger wavelengths and slower flows, is amplified to be larger than
that of the initial density perturbation. Comparing the behaviour of the DV and DV-

BF formulations, we see that the transfer functions are more similar at larger wavelengths,
and are a particularly close match for less-slippery grounded topography. This makes
sense, since as the slipperiness decreases the basal drag dominates on the left hand side

of the momentum equation, and the additional density correction term becomes less sig-
nificant, as discussed in section 4. Note that for very small wavelengths the SSA breaks
down and we care less about the discrepancy between different methods.

In both the D2T adjustment and DVA formulations, the perturbation in the ice
velocity field decays over time to zero across all wavelengths. This is a consequence of
the advection of the density perturbation with the ice-flow. This advection is explicit
in the DVA formulation, but implicit in the D2T adjustment method. In the D2T method,
the density perturbation is translated to a perturbation in the adjusted ice-equivalent
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Table 2. Normalised steady-state transfer functions for induced perturbations in the horizon-

tal velocity in response to an initial density perturbation: T, (k,t) x (%’3)

GROUNDED ICE-SHEET FLOATING ICE-SHELF

L1 —iku — (%iku + 0,u —
Density Variations [DV]: Gt — ikuc) (zika + 0.1 )
p PrL
14-1 — (D1 —
Density Variations (body 2T il )
p PrL
force term only) [DV-BF]:
Density Variations Advected [DVA]: 0 0
Density Variations translated 0 0

to thickness adjustment [D2T]:

surface which then dissipates over time. Consequently, the velocity perturbation tends
to zero in the steady-state. However, the steady-state D2T thickness transfer function
does not approach zero, because we add the initial density perturbation back onto the
adjusted surface to find the unmodified surface at the end of the simulation.

7.3 Transient Response to a Perturbation

The transfer functions allow us to now calculate the transient flow response to a
prescribed initial perturbation in density. In Figures 4 and 5, we have plotted the evo-
lution of the surface and velocity in response to a 10% Gaussian perturbation in the den-
sity field, for the grounded ice sheet and floating ice shelf respectively. As discussed in
section 7.1, the zeroth-order solution for a floating ice shelf with the D2T adjustment
applied (Equation (43)) is slightly different to that in the other density formulations. Here
we are focusing on the first-order contribution from small perturbations and so we have
plotted the D2T perturbation relative to the zeroth-order solution in the other formu-
lations (Equation (44)) to aid comparison.

For the grounded ice sheet of Figure 4, the surface is initially unperturbed, and then
as the ice flows through this more dense region, a surface depression is formed at the lo-
cation of the density perturbation. Note that in the context of the D2T formulation, we
are referring to the unmodified surface, where the initial density perturbation is added
back on to the ice-equivalent surface in the model as a corresponding thickness pertur-
bation. This depression travels with the ice-flow in the case of the DVA (density vari-
ations advected) formulation, but for the static DV, DV-BF and D2T formulations it stays
fixed. The depression is most pronounced in the D2T adjustment method, whereas there
is some damping of the perturbation in the other density formulations. As the ice flows
through the density perturbation, a kinematic wave is formed at the surface travelling
at a phase speed of w/k, where the angular frequency w is equal to the imaginary part
of the exponent of the transfer function T, (k,t) in Equations (18, 21, 24 & 29). This
phase speed is identical across all the density formulations (the slight correction due to
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Figure 2. Steady-state transfer functions for the grounded ice sheet, showing the impact of
horizontal density variations on surface topography (upper panel) and horizontal velocity (lower
panel). The scales are chosen such that the mean thickness, basal shear stress, and deformational
velocity are all set to unity, i.e. h = 1, g = 1/phsina and n = 0.5. Additionally we set o = 3°,
p = 792, m = 1, and consider two choices of mean slipperiness: ¢ = 1 (LHS) and ¢ = 10 (RHS).
The wavelength is in units of . Note the DVA line is obscured behind the D2T line in the lower
panel plots.
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Figure 3. Steady-sate transfer functions for the floating ice shelf, showing the impact of
horizontal density variations on ice-shelf thickness (upper panel) and horizontal velocity (lower
panel). The transfer functions are spatially-dependent; here we consider the transfer functions

at a particular spatial coordinate for which h(z) = ho and @(z) = o. The scales are chosen
such that the mean thickness, horizontal deviatoric stress and strain rate are all set to unity, i.e.
ho = 1,9 = 4/oho and n = 0.5. Additionally we set « = 3°, 5 = 792, a = 0.5 and consider
two choices for the horizontal velocity: 4o = 1 (LHS) and 4o = 10 (which impacts the solution
through &JL). The wavelength is in units of ho. Note the DVA line is obscured behind the D2T

line in the lower panel plots.

—25—

This article is protected by copyright. All rights reserved.

10°

85UBD |7 SUOWILLIOD dA 1181 3(gedt|dde ayy Ag pausenob ale sajolie YO ‘asn Jo Sa|ni Joj AkeiqiauluQ AB|IAA UO (SUONIPUOD-PUR-SLLBI0D" AB 1M Alelq 1 U 1UO//'SdNY) SUO I IpUoD pue sWid | aY) 88S *[£202/20/60] U0 Arid1Tauluo AB1IM 591 Aq 717/900402202/620T 0T/I0p/wod A 1m A zeiq 1 puluo-sgndnBey/sdny wouy pepeojumoq ‘el ‘TT066912



t = Oyr h (DV) t = 2yr
1050 w h (DV-BF) w 1150
h (DVA)
1000 h (D2T)
- - = = .u (DV) 11100
" u (DV-BF) =
E o950l ,' \ u (DVA) L =
g T - = = .u (D2T) P E
=) LR DA 11050 =
£ 00t Y f NN -
= " N 1! e =
"' e f mmem=zl Y e 11000 T
Fmmmmeassmm=s] Femesszsm , —
850 \\\ : F ~~\:‘l
Nt i 4950
800 :
-50 0

1050 1150

1000

1100
& 950 =
— 1050 2
g 900 5
1000 ¥
850
1 1950
800 ‘ ‘
-50 0 50 50 0 50

Figure 4. Example of the evolution of the spatial distribution in h(z,t) [solid lines] and
u(z,t) [dashed lines] after an initial 10% Gaussian density perturbation applied in Ap, for the
grounded ice sheet. This compares the analytical responses across the four different approaches
for handling density evolution. See the body of the text for a description of the four methods. In

this simulation, we set o = 3°, p = 900kg/m®, m = 1, n = 5 x 10°kPa - yr and @ = 1000 m/yr.
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Figure 5. Example of the evolution of the spatial distribution in the upper and lower sur-
faces, s(z,t) and b(z,t) [solid lines], and velocity, u(z,t) [dashed lines], after an initial 10%
Gaussian density perturbation applied in Ap, for the floating ice shelf. The perturbed surfaces
and velocity are plotted relative to their equilibrium values (plotted in Figure C1), with the up-
per and lower surfaces offset by +100m to separate them. This compares the analytical responses
across the four different approaches for handling density evolution. See the body of the text for a
description of the four methods. In this simulation, we set 5 = 900kg/m3, n = 5 x 103kPa - yr
and the surface accumulation as = 1m/yr. Note the sight glitches in the lower surface in the
unperturbed region to the left of each plot are just an artefact of the numerical integration in the
DVA approach.
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The wavelength dependency of the phase speed causes the kinematic wave to disperse
as it propagates. In the limit of small and large wavelengths, the phase speed tends to
@ and (m+1)a@ respectively. In general a surface disturbance will propagate at the group
velocity, given by dw/dk. In the DVA formulation, there is an additional transient com-
ponent in the transfer function in Equation (24), with a phase speed which travels with
the advecting of the density perturbation: w/k = 4. In the example in Figure 4, this
phase speed is 1000 m/yr, which is in excellent agreement with the apparent propaga-
tion of the surface depression in the figure.

For the floating ice shelf of Figure 5, the initial density perturbation immediately
causes a depression in the ice due to the flotation condition, which requires more water
be displaced to counteract the weight of the heavier ice. This depression dissipates in
the lower surface, but persists in the upper surface due to the flotation condition, and
stays fixed in the DV, DV-BF and D2T formulations. The perturbation generates a kine-
matic wave, which is most visible in the lower surface (since flotation dictates that As =
0.1Abd). From the transfer functions in Equations (35, 37, 39 & 41), the phase speed of

the kinematic wave is

w __ 0zu

" k2h
Again, the dependency of the phase speed on wavelength results in dispersion of the wave.
In the DVA formulation, the additional transient component describing the propagation
of the surface depression itself also has a phase speed equal to & = 2000 m/yr, for the
parameters used in the experiment in Figure 5, consistent with the apparent propaga-

tion of the depression.

These simulations show some broad patterns of similarity between the different ap-
proaches for including HDVs in ice-flow models, but also some important qualitative dif-
ferences. In the D2T adjustment, the density perturbation is applied to the adjusted sur-
face from which it then dissipates, which means the velocity profile is a closer match to
that of the advecting (DVA) formulation. However, to arrive at the unmodified surface
(which is what we plotted here), the initial density perturbation must be added back onto
the adjusted surface, and so the surface response in the D2T formulation is a closer match
to that of the DV or DV-BF formulations. For all simulations, the DV and DV-BF for-
mulations produce similar results, although not identical. The relative significance of the
additional density correction term, present in the DV but not the DV-BF formulation,
depends on the topography as discussed in section 4. In this example, the high frequency
components in the Gaussian perturbation may increase the impact of this term, and ex-
aggerate the differences between the DV and DV-BF formulations.

For all these examples, with the exception of the DVA formulation, we compared
the analytical response calculated from the transfer functions (plotted in Figures 4 and
5 above), to numerical simulations implemented in the ice-flow model Ua. The details
are provided in Appendix D. We found an excellent agreement which gives us confidence
in the derived transfer functions. The results for the floating ice shelf are particularly
pleasing since they rely on the approximation presented in Ng et al. (2018) to derive the
analytical transfer functions, which confirms the validity of this approximation.

8 Numerical Simulations of Antarctica

In the preceding sections, we have extensively analysed the behaviour of the ice flow
within a theoretical framework for the four different density formulations proposed in
section 3: Density-to- Thickness adjustment (D2T), Density Variations (DV), Density
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Figure 6. Surface elevation of the Pine Island glacier and Thwaites glacier region in Antarc-

tica. Our domain is outlined in red; the grounding line in bright green.

Variations - Body Force only (DV-BF), and Density Variations Advected (DVA). In this
section we investigate the impact of horizontal density variations (HDVs) in a real-world
setting, and focus on the two approaches for including HDVs which are used in current
ice-flow models. The first is the DV-BF formulation, which is the default implementa-

tion in Ua. This incorporates a static density distribution, with horizontal density gra-
dients included in the body-force driving term of the SSA momentum equation. The sec-
ond formulation is the D2T adjustment method which is the default in many ice-flow mod-
els, and requires no adjustment to the standard SSA equations. It is simple to imple-
ment, only requiring an adjustment to the initial ice-thickness distribution.

We use the shallow-ice model Ua (Gudmundsson, 2020b) for these simulations, and
focus on the Pine Island and Thwaites glaciers in the Western Antarctic, a region which
has suffered some of the most rapid mass-loss in the Antarctic (Rignot et al., 2019; Shep-
herd et al., 2018). The computational domain is outlined in Figure 6. In addition to the
DV-BF and D2T methods, we include a simulation where the density is assumed con-
stant throughout the ice sheet, but the height is set at the thickness of the ice sheet, with-
out any D2T adjustment. We refer to this method as No Variations [NV]. We choose
an average density p = 900 kg/m? everywhere, which minimises the grounding line mis-
match in the simulation domain.

We follow the approach taken in recent simulation studies of this region, such as
in Barnes et al. (2021) and De Rydt et al. (2021). The geometry of the Western Antarc-
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tic Ice Sheet was taken from the BedMachine Antarctica dataset (Morlighem, 2020; Morlighem

et al., 2020), which includes estimates of the firn air-content, 6. The firn correction is
applied by default to the thickness published in the BedMachine Antarctica dataset. The
varying density of the Western Antarctic Ice Sheet can be extracted from the firn air-
content and is plotted in Figure 7, together with measurements of surface velocity ex-
tracted from Gardner, Moholdt, et al. (2018). Model parameters relating to the rheol-
ogy of ice (rate factor A) and basal sliding conditions (slipperiness C') were selected us-
ing a model inversion. The inversion depends on two regularisation parameters. A pre-
vious study by Barnes et al. (2021) looked in detail at inversion methods used in three
different ice-flow models, including Ua. The authors performed an L-curve analysis to
find the optimal trade-off between minimising the misfit and regularisation terms in the
cost function. We utilise the regularisation parameters found in that study: v, =1, 75 =

A,ZZS)A,
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Figure 7. The observed velocities and density variation for the Western Antarctic around the

Pine Island and Thwaites glaciers.

10%. See Barnes et al. (2021) for a comprehensive description of these parameters. We
assume a common choice for the creep exponent in Glen’s flow law, n = 3 which de-

scribes the ice rheology, and similarly set the exponent m = 3 in Weertman’s sliding

law to describe the basal sliding.

It is important to note that the inversion products, A and C, are not unique to the
domain. The inversion process selects the A and C fields which are consistent with the
geometry, observed velocity fields and forward ice-flow model. Between each of the den-
sity formulations, the forward model is slightly different, and so each formulation requires
a slightly different A and C field to recover the observed velocities in the Antarctic do-
main. Therefore within each of the simulations for the three different density approaches
(DV-BF, D2T and NV), we optimise for A and C separately. This separate inversion for
A and C is essential to ensure that the difference in sea level estimates is coming from
the different ice-flow dynamics in the different density formulations, as opposed to dif-
ferent initial velocities. After a diagnostic run, the model velocities are a close match to
the observed surface velocities in each of the approaches, suggesting that any difference
in the model dynamics due to different density formulations can, initially, be compen-
sated for through optimisation of other model parameters. The real test of the impact
of including density variations in the model is the evolution of the ice flow over a sig-
nificant period of time.

When performing a time-dependent run, the model also requires inputs for the es-
timated surface mass-balance, and applied basal melting. Similar to other studies in this
region, the surface mass-balance is derived from the Regional Climate Model (Van Wessem
et al., 2014, RACMO v2.3). However, the basal melt is more difficult to infer. An esti-
mate can be made from principles of mass-conservation, together with observations of
grounding line retreat in the region. Within each simulation, we calculate the changes
in volume above flotation (VAF) over a 40 year period, and compare the results between
the different formulations for including HDVs. This is plotted in Figure 8, together with
the corresponding change in sea level. Over a 40yr horizon the variation between the dif-
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Figure 8. The change in Volume Above Flotation (VAF) for the model domain in the West-
ern Antarctic, and corresponding sea level rise, for each of the density formulations we consider

here.

ferent density formulations is approximately 2mm, a 10% correction to the overall es-
timate of sea level rise, with the DV-BF formulation leading to the largest estimates of
AVAF. We ran a number of simulations to confirm that the impact was relatively in-
sensitive to some of the modelling choices we made. For example, a reduction in the ap-
plied basal melting leads to significantly less total mass-loss, but similar absolute differ-
ence in AVAF between the different configurations. In Figure 9, we also plot the model
velocities and grounding line position at the end of the 40yr run for each of the density
formulations. While the grounding line positions are roughly identical between each of
the simulations, the velocity fields in the fast flowing regions of the Pine Island and Thwaites
ice-shelves show subtle differences. We see slightly higher velocities in the central fast-
flowing region of the Pine Island ice shelf and Thwaites Eastern tongue for the DV-BF
compared to the D2T formulation. The slightly reduced velocity in the D2T formula-
tion is in keeping with the lower estimates of sea level rise.

In summary, we find that for the particular case of the West Antarctic Ice Sheet
and using a model setup typical of many recent ice-flow modelling studies, the inclusion
of horizontal density variations by adjusting the thickness (D2T) as commonly done, com-
pared to adjusting the body-force term in the momentum equation (DV-BF), leads to
about a 10% change in the sea level contribution of that area over 40 years.

9 Conclusions

Here we have provided a new theoretical framework for the inclusion of horizon-
tal density variations (HDVs) in large-scale ice sheet models, within the shallow ice stream
approximation (SSA), and given specific examples of the resulting impact on ice flow.
We analysed all previously published approaches to this problem that we could find in
the glaciological literature, and provided further new formulations which offer a more
complete description of the impact of HDVs on ice flow.

There are several different approaches to including HDVs, some of which require
modifications to the typical form of the SSA momentum and mass conservation equa-
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9. The model velocities (upper panel) and change in grounding line position (lower

panel) for the model domain in the Western Antarctic at the end of the simulation after

t = 40yrs, for each of the density formulations we consider here.
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1033 tions. The arguably simplest approach, which requires no modifications to the SSA equa-
1034 tions as usually listed in the literature, is to adjust the ice thickness instead of the den-
1035 sity. We refer to this commonly-used approach as the density-to-thickness adjustment

1036 [D2T] throughout this paper. We have shown how this approach leads to the resulting
1037 adjustment in ice thickness being advected with the ice, which in effect is equivalent to
1038 the initial density variations moving with the ice flow. In a situation where the density
1039 and firn thickness distributions are primarily related to atmospheric processes, this might
1040 not be very realistic. The key practical advantage of the D2T approach is that it requires
1041 no modifications to the typical form of the SSA equations used in large-scale ice-sheet

1042 modelling, and only some modifications to the input fields.

1043 An alternative approach to including HDVs in large scale ice-sheet models is to ac-
1044 count for them in the body-force term of the momentum-conservation equation, and to
1045 express the mass-conservation equation in terms of the product of density and velocity
1046 which then implicitly includes variation in the density field. This is referred to as the

1047 Density Variations - Body Force only [DV-BF] approach in this paper. It requires some
1048 modifications to the standard form of the SSA equations, such as including the gradi-

1049 ent of density in the body-force term of the momentum equation, as shown in Equation

1050 (1). In contrast to the D2T approach, the HDVs are static and do not advect with the
1051 ice over time.

1052 We have also suggested two other, arguably more complete, descriptions for includ-
1053 ing HDVs in ice-flow models, and have shown how these lead to further additional terms
1054 in the SSA equations. One is a full implementation of static density variations within

1055 the SSA equations, referred to as the DV formulation in this paper. The other is an evolv-
106 ing model, where the initial density distribution advects with the ice, referred to as the
1057 DVA formulation in this paper. These two models are both complete descriptions of hor-
1058 izontal density variations, and do not make any approximations about the dominance

1050 of certain terms in the SSA equations. The two models span the range of behaviour we
1060 might expect for the density evolution. In the DV formulation, the HDVs are static, with
1061 the rate of snow accumulation and compactification balanced by the advection of the ice.
1062 Based on the observations of Sorge’s law (Thomas, 1973) we expect this to be the more
1063 realistic formulation. At the other extreme, in the DVA formulation, the atmospheric

1064 processes are limited such that density variations are fully advected with the ice flow.

1065 To our knowledge, these new options have never been described before and are not im-
1066 plemented in any ice-sheet models to date.

1067 By solving the first-order perturbation analysis in all these various formulations

1068 for the inclusion of HDVs, we have provided new insights into the impact of HDVs on

1060 large-scale ice flow. We find that the different formulations result in both qualitative and
1070 quantitative differences, and they sometimes result in what at first seem somewhat sur-
1071 prising impacts on the ice flow. For example, over floating ice shelves in the D2T approach,
1072 density variations lead to an adjustment in the position of the upper surface, while the
1073 lower surface elevation is not impacted. The transfer characteristics for the different for-
1074 mulations are qualitatively rather different, as we saw in Figures 2 and 3. The steady-

1075 state D2T transfer function is independent of wavelength in all cases, which is only some-
1076 thing we observe elsewhere in the explicitly advecting density formulation (DVA) applied
1077 to a floating ice shelf. In all the other approaches, the transfer amplitudes depend on the

1078 wavelength of the applied density perturbation.

1079 Based on our perturbation analysis, we conclude that the commonly-used D2T ap-

1080 proach has very different characteristics to the physically motivated DV formulation. We

1081 instead recommend always including the gradient of the density in the body-force term

1082 of the momentum equation, and in the mass-conservation equation. This follows what

1083 we term the DV-BF approach, and is a closer approximation to the DV formulation. Do-

1084 ing so should only require relatively simple modifications to existing computational mod-

1085 els, and have minimal impact on code performance. It is more realistic than the commonly-
7337
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used D2T approach, in which all terms involving ice thickness in the SSA equations and
boundary conditions are modified by the HDVs, for which there appears to be limited
justification.

Finally, we have conducted a numerical study of the West Antarctic Ice Sheet, and
provided a specific example of the impact of HDVs on ice flow within the D2T and the
DF-BF formulations. We find that HDVs can lead to significant differences in the esti-
mated ice loss over time, although these differences are likely to be small compared to
those resulting from uncertainties in the external forcings applied to the model. In our
particular simulation (see Figure 8) we find that the resulting difference in projections
of global sea level rise is of the order of a few mm over 40 years. While this is, at least
in this particular case, not a particularly large difference compared to the overall esti-
mated contribution from WAIS, this result shows that HDVs do impact ice flow and there-
fore should be taken into account accurately where possible.

Throughout this analysis we have treated the density as constant in the vertical
direction, and equal to the vertically-averaged density. This is a necessary assumption
in the derivation of the SSA equations in closed form with an arbitrary vertical density
profile, and is the first step in correctly incorporating HDVs into vertically-integrated
ice sheet models. However, there is scope for further improvement by implementing a
parameterised model for the vertical firn distribution. We discuss the implications of this
in Appendix B. Extending the vertically-integrated ice sheet models in this way would
benefit from coupling to an atmospheric model that predicts the firn density and depth
at the surface of the ice sheet.

In this study, we have been concerned with how best to incorporate HDVs into the
ice-flow dynamics of vertically-integrated ice-sheet models. This treats the initial vertically-
averaged density as an input field to the ice-sheet model, similar to other input fields like
the ice sheet bedrock topography or surface mass balance. In reality, we could expect
the horizontal density distribution to change over time in response to climate forcings,
with different regions experiencing higher or lower snowfall. To incorporate the changes
due to climate forcings would require coupling to an atmospheric model which has a com-
plete description of the surface processes (such as surface melt, refreezing, firn accumu-
lation) that lead to HDVs in the ice sheet. This would allow the horizontal density dis-
tribution to be updated inside the ice sheet model as it evolves.

Appendix A Vertical Integration of the Field Equations

In this appendix, we derive the modified SSA field equations that were presented
in section 2 which take into account horizontal variation in glacial density. These equa-
tions appear to have been derived for the first time by Morland (1987), although then
intended to describe the flow of ice shelves only. Subsequently they were derived for cou-
pled ice-shelf/ice-stream flow by Muszynski and Birchfield (1987), and then for grounded
ice where most of the motion is due to sliding by MacAyeal (1989). They have been de-
rived numerous times in various papers since then, e.g. (Baral et al., 2001; Schoof, 2006),
and well-summarised in the review article by Schoof and Hewitt (2013). Here we broadly
followed the derivation given in Gudmundsson (2020a), but with various modifications
and extensions to account for a variable density field.

We start by defining the vertically-integrated density:

W= | oo

where h is the ice-sheet thickness, and s and b are the upper and lower ice surface el-
evations, respectively. This expression can be split into a meteoric ice layer of density
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Pice, and a firn layer of thickness F' and variable density pgn:

(p) = % (/:F Pice dz + /:F Psirn(2) dz)

From this we can define the firn air-content:

5;/ wdz
s—F Pice

which represents the vertical distance by which the firn needs to be compacted for it to
have acquired the same density as that of ice, such that

(p) = pice (1 —6/h)

and
Pice X hice - <P> x h

where hjce = h—§ is the ice-equivalent thickness. In all that follows, we make the sim-
plifying assumption that the density is constant with depth and equal to the vertically
averaged density, i.e. that at each spatial point the density p(z,y, z) is given by the ver-
tically averaged density (p)(z,y). Without this assumption, analytical solutions to the
vertically-integrated field equations are not possible, and would instead require numer-
ical integration and differentiation in the z-dimension, which is incompatible with shallow-
ice models. In all that follows we assume that the glacial density p(z,y,z) = p(z,y)

and we drop the angle brackets to indicate the vertical average.

A1l Momentum Equations

The shallow-ice stream approximation (SSA) applies to ice flows where the depth
of the ice sheet is much smaller than the horizontal dimensions. See MacAyeal (1989)
for a detailed discussion of the approximation. Within this approximation, the momentum-
conservation equations describing the ice flow in a tilted coordinate system that is par-
allel to the bed topography are

8x0mz + aysz + aszz = —pP9g sin « (Al)
OxTay + Oyoyy + 0:7y> = 0 (A2)
0.0.. = pg cos o (AS)

where « is the angle of the coordinate system to the horizontal, and o;; and 7;; are the
Cauchy and deviatoric stress components respectively. The Cauchy and deviatoric stresses
are related through the pressure: 7;; = d;;p + 04;. The deviatoric stresses are related

to the strain rates through the effective viscosity:

Tij = 27]6”
with the strain rate given by

1
éij = 5 (81"03‘ + aj’Ui)

The viscosity is often described by a model such as Glen’s flow law:
éij = ATn_lTij (A4)

with rate factor A and exponent n. In some ice-flow models, the rate factor describing
the ice rheology is allowed to vary with depth since it is strongly dependent on temper-
ature, and treated as a vertically-integrated quantity. However in this derivation, we as-
sume the rate factor A is constant with depth, and consequently that the effective vis-
cosity 7 is constant with depth in the SSA. In the SSA, the horizontal velocities are in-
dependent of depth, and the vertical velocity varies linearly with depth. Thus by def-
inition T4, T4y and 7, are also independent of z.
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To find the vertically integrated solution to these equations, we need to impose the
boundary conditions at the upper surface:

032008 — TuyOyS + To =

—0yyOyS — TayOS + Ty»

Ozz =
together with the boundary conditions at the lower surface:

the = (Uzz - sz)azb - szayb + Tz

tby = (Uzz - Uyy)ayb - T’Eyarb + Tyz

where t,, and tp, are the horizontal components of the basal traction vector. We start
by integrating Equation (A3) from z to z = s(x, y):

022(8) = 022(2) = (s — 2) pgcos
The boundary conditions at the surface impose o.(s) = 0 and so
0.2(2) = — (s — z) pgcos (A5)

Integrating again, we arrive at
8 1
31./ 0..(2)dz = 0,,(b)0:h — §h28xpg cos o (A6)
b
The next step is to integrate Equation (Al) from z = b(z,y) to z = s(x, y):

/ 8zcrmdz+/ 8y7'mydz+/ 0,Tz,dz = —pghsin «
b b b

and use Leibniz’ rule to interchange the order of integration and differentiation:
0y / Opxdz — 022(8)058 + 024 (b) 01D
b

+0, / Taydz = Toy(8)0nS + Tay (b) 0z
b
+732(8) — Tez(b) = —pghsina

Substituting the boundary conditions at the upper and lower surface, we arrive at
S S
Oy / Opadz + 0., (0)0yb — tyy + Oy / Tpydz = —pghsin o (A7)
b b

The next step of the derivation is to express 0., in terms of o,, and other quantities which
are independent of z. Based on the definition of the deviatoric stresses, we can write

Opx = Tox — Tzz + 022 (AS)

and eliminate 7., (which varies with depth) by using the mass-conservation equation as
follows. The generalised form of the mass-conservation equation is given by Equation
(2). In the typical derivation for the vertical-integration of the momentum equations in
the SSA, the density is assumed constant and the constraint simplifies to V-v. How-
ever, if we use the mass conservation equation for compressible material (Equation (2)),
and substitute the expression for the deviatoric stresses in terms of the velocity gradi-
ents, then we arrive at

2n Dp

T (A9)

—Tez = Tgx T Tyy +
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The additional term, which scales as the material derivative of p, does not appear if we
assume a constant density ice sheet. It also disappears if we assume that the initial den-
sity distribution advects with the ice, such that Dp/Dt = 0. Substituting Equation (A9)
into Equation (A8), we arrive at
2n D
Ogy = Ozz+ 27'.15:5 + Tyy + ?’r’ﬁf (AIO)
where all terms on the right hand side of the equation apart from o,, are independent
of depth in the SSA. Substituting Equation (A10) into Equation (A7), we find
y 2nh D
Oy / 0..dz + 0, (2/17m + hryy + ZD?) +0.2(0)0;b — tyy + Oy(h7yy) = —pghsina
b
(A11)
Inserting Equation (A6) into Equation (A1l), we arrive at the first vertically-integrated
momentum equation:

2nh D 1
Op (2h7’m + hryy + nDi) + 0y (hTay) — tow = pgh (Ozscos o — sina) + ithawp cos
p
(A12)
The procedure can be repeated for Equation (A2), where we use the relationship,
2n Dp
O'yy =042 + 2Tyy +7_x:c + ?Ft
to derive the second vertically-integrated momentum equation:
2nh D 1
Oy <2h7'yy + hTps + nD?) + 0y (hTay) — toy = pghOyscos o + §h298yp CoS o
p
These results can be expressed in terms of the components of the velocity vector:
2hn Dp
Or <4hn8xu + 2hn0yv + p.Dt)
1
+0y (hn(0yv + Oyu)) —toy = pgh (Oyscosa —sina) + §h298xp cos «
2hn Dp
8y <4I’L7’}8y’U + 2}7,’17811/6 + th)
1
+05(hn (00 + Oyu)) —tyy = pghdyscosa + §h2gayp cos o

where v and v are the horizontal velocities in the x and y direction respectively.

A2 Mass-Conservation Equation

The generalised form of the mass-conservation equation which allows for density

variation in the ice sheet is
V. (pv)+0:p=0 (A13)

To solve the vertical integration of this equation, we require the kinematic boundary con-
ditions:
0:S + 0,8 + 00,8 —ws = ag

Oeb +u0 b +v0,b—wy, = —ayp (A14)

where the horizontal velocities are independent of depth in the SSA; w,, w;, are the ver-
tical velocity components at the upper and lower surfaces respectively; and as and ay
are the surface accumulation rate and basal melt rates respectively. Integrating Equa-
tion (A13) from z = b(x,y) to s(z,y):

| @atou) + 0, p0) + 0.(pw) s+ houp =0
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Changing the order of differentiation using Leibniz rule:
Vay - Quy — pu0zh — pvoyh + p(ws — wy) + hoip =0

where p is assumed constant with depth, and we have introduced the horizontal mass
flux which is defined as .
Quy = / Py dz
b

Substituting Equations (A14), we arrive at the vertically integrated mass-conservation
equation:

where the total accumulation a = as + ay.

A3 Boundary Conditions at the Calving Front

The variation in the density distribution also has an impact on the boundary con-
ditions that exist at the calving front, a key constraint applied in shallow-ice models. At
the calving front I'., we require balance of the vertically-integrated horizontal stresses.
In the x and y directions, this stress condition is

s S
/b (Ozang + Tayny)dz = —/b Puwnzdz
s S
/b (Toynz + oyyny)dz = —/b Puwnydz (A15)

where p,, is the hydrostatic ocean pressure, n, and n, are the components of the unit
normal pointing horizontally outward from the ice front, and S is the surface of the ocean.
The z-component of the vertically-integrated ocean pressure acting on the calving front,
can be solved to give

s
1
—/b PuwNzdz = —§pwgd2nw (A16)

where d = S — b is the draft at the ice front. Meanwhile, combining Equations (A10)
and (A5), we have
2 Dp

where a = 0 in this coordinate system. Integrating from z = b to s:

s 2n Dp 1,
wdz = h (270n el e RS A17
/b Opedz <T + Tyy + 5 Dt) 5P9 (A17)

Substituting Equations (A16) and (A17) into Equation (A15), we arrive at the bound-
ary conditions at the calving front:

2n Dp 1 2 2
h sz Ay T hz = 3 h* — wd T
<T + Tyy + P Dt)n + NTayny 29(P puwd®) n
2n Dp 1 2 2
hi2 Tx Ay 1 h:c r = 3 h* — wd
<Tyy+7-+th)”J+ TayT 29(p puwd®) 1y

which can alternatively be expressed in terms of the velocity components as

1D 1
2nh (289311 + Oyv + pr) Ng +nh (0yv + Oyu)n, = 59 (ph2 — pwdQ) Ny
1D 1
2nh (28yv + Ozu + pD?) ny +nh (Opv + Oyu)n, = 29 (ph2 — pwdz) Ny
A,EEEBA,
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A4 Effective Viscosity

Variations in the density field can also have an impact on the derivation of the ef-
fective viscosity in shallow-ice models. A simple linear model for viscosity, such that n
is a constant, will be unaffected. However in general, the rheology of the ice can be de-
scribed by a model such as Glen’s flow law in Equation (A4), for which the effective vis-
cosity is

1
n= §A71/né(lfn)/n

where € = (/é;;¢;;/2 is the effective strain rate. In the SSA, the components é,, and
€y are second order and can be neglected. Thus,

i= @ +8,+2)re,

In the vertically-integrated approach, ¢, is unknown and specified via the mass-conservation:

1D
éii:V-v:—f—p
p Dt

which leads to 9
-2 . . 1Dp
€2 = | Can T Eyy + »Di

Appendix B Vertically-Varying Density Profile

In the preceding derivation of the SSA equations, we assumed that the density of
the ice sheet was constant with depth and equal to the vertically-averaged density, be-
cause it is not possible to derive the SSA equations in a closed form for an arbitrary ver-
tical density profile. In this appendix, we explore this decision in a bit more detail.

In Thomas (1973) there is a discussion of the impact of vertical variations in den-
sity on the creep of ice shelves. They found that the effective shear stress at the ice-shelf
front was overestimated by a factor of two if the density was treated as constant, com-
pared to assuming a particular (exponential) form for the vertical density profile. How-
ever, this relationship is determined by the value of the double integral fbs f; p(2)dz'dz
relative to the hydrostatic pressure at the ice front, and is not indicative of the effects
we could expect to see in the SSA equations, where it is the horizontal gradient of the
double integral that is the driving force.

The key step in the derivation of the SSA equations occurs at Equations (A5) and
(A6), where the density field is integrated twice with respect to z. If we allowed for a
depth-varying density field, then equation A6 instead becomes:

0, /b T (2)dz = —0, ( /b ’ / ) p(z’)dz’dz) gcosa (B1)

This integral cannot be further evaluated without specifying the form of the vertical den-
sity profile. The simplest assumption is that the density is constant with depth. This

is what we have done in the derivation of the SSA field equations and underpins the re-
sults presented in this paper. We could instead consider some parameterisations of the
vertical density profile which we explore further below.

One formulation is to model the density as two distinct layers: the bottom layer
is pure ice with density pjco; the top layer is firn with constant density pgr, = 500kg/m3.
The thickness of the firn layer varies to match the measurements of the vertically aver-
aged density. With this model for the vertical density profile, we can solve the double
integral:

S S 1 1
/ / p(2)dz'dz = iﬁh(h —hy) + ipﬁrnhfh (B2)
b Jz
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where hy is the thickness of the firn layer, and by definition
p X h = pice(h - hf) + pﬁrnhf

With this model for the vertical density profile, Equation (A6) becomes
6z/ 0:2(2)dz = 0,;(b)0xh — ((h — hy)h0rp — (P — par)hsOzh) g cos a (B3)
b

This propagates through the derivation, and modifies the driving force on the right-hand
side of the SSA momentum Equation (A12). It becomes
TaWer _ 5oh (Byscosa — sina) + (b — hy)hdpp — (5 — par)hOsh) gcosa  (B4)

driving
Previously, when assuming a constant vertical density profile, the driving force was

constant
driving

1

= pgh (Oyscosa —sina) + §h2g61p cos o (B5)
In the D2T adjustment, the firn layer is effectively modeled as hy = § (the firn correc-
tion) and pgrn = 0. Substituting these values into Equation (B4), this does indeed re-
cover the RHS of the momentum equation presented in Equation (26):

T(B?\?;ng = pgh (Opscosa —sina) + ((h — 0)hdyp — péOh) g cos (B6)
It should be noted that in the D2T formulation, terms on the left-hand side of the mo-
mentum equation multiplying the viscosity are also modified, as demonstrated in sec-
tion 5.5.

An alternative formulation is to model the density with the exponential vertical
profile described in Thomas (1973):
p(z) = Pice — (pice - pﬁrn)e_y(s_z)
where pgyy is the density at the surface, and v is the decay parameter. Typically v ~

5/h. If we fix the density at the surface, we have a one-to-one relationship between the
decay parameter and the vertically-averaged density:

V_1 — ( pice_ﬁ )h
Pice — Pfirn

Following through the derivation, the driving force on the right-hand side of the SSA mo-
mentum Equation (A12) in this case becomes

i 2
rexponential _ 504 (9 s cos o — sina) + (h - 1/> (h0zp — (pice — P)Oxh) g cos a (B7)

driving

where the exponential term is dropped once the double integral has been performed be-
cause e VP <« 1.

Substituting some typical values into the different expressions for the driving force
in Equations (B4, B5, B6 & B7), we find that the correction due to HDVSs consists of
a term proportional to h20,p with a coefficient that ranges from 0.5 (constant vertical
density) to 0.9 (D2T approximation) and another much smaller correction term that is
proportional to hd,h. The assumption of constant vertical density is a good first approx-
imation, but this highlights that the HDV correction term in the SSA equations is sen-
sitive to the exact parameterisation of the vertical density profile that is assumed. This
is a limitation inherent in any vertically-integrated ice-sheet model. For a more compre-
hensive treatment it would be necessary to resort to a 3-D ice sheet model.
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Appendix C The Equilibrium Profile for a Floating Ice-Shelf

Starting from the momentum conservation in Equation (32), we derive the equi-
librium profile for a floating ice-shelf. This is a well-known solution in glaciology, with
one of the earliest derivations, to our knowledge, being that in Van der Veen (1983). Set-
ting the density of the ice shelf to be constant, we also assume linear viscosity such that
7 = const, and constant surface mass-balance, a = as+ayp. It is important that a # 0,
otherwise this is not a steady-state solution, and instead the ice shelf spreads out infinitely
thinly. The momentum-conservation simplifies to

ogh
Opu = S2— C1
v= (C1)

and in a steady-state, with constant density, the vertically-integrated mass-conservation
in Equation (3) reduces to

Oz (uh) =a (C2)

Integrating this equation, and setting = 0 at the grounding line (or some arbitrary
point on the ice shelf) without loss of generality, we have

u(z)h(z) — gq = ax (C3)

where gg1 = u|z=0h|z=0. Substituting the expressions for d,u and u(zx), from Equations
(C1) and (C3) respectively, into Equation (C2), we find

ogh? | ax+ qq
eI BTy p —
&g & “

which can be rearranged to

() & =
ah=2 —0g/8n) dz  (ax + qg)

Integrating both sides we arrive at the steady-state solution:

o= [ (e )]

u(w) = [1 (K + %(ax + qg1)2>]

and

(NI

a

where K is an arbitrary integration constant, which can be determined by specifying the

thickness at © = 0:
a 09
}{T == (121 - T
! <h31 877)

where h|y—o = hg. We have plotted the equilibrium positions of the velocity, and up-
per and lower surfaces, of a floating ice shelf in Figure C1.

Appendix D Numerical vs Analytical Perturbations

In Figure D1, we compare the analytical results presented in Figures 4 and 5, to
numerical simulations performed in the large-scale ice-flow model Ua, for each of the dif-
ferent approaches to include HDVs: Density Variations [DV], Density Variations - Body
Force only [DV-BF| and Density-to- Thickness adjustment [D2T]. To arrive at these re-
sults required a modification to Ua to include additional terms in the momentum equa-
tion in order to replicate the DV formulation. The DVA formulation, which requires the
density distribution to evolve over time in the model, is not implemented in Ua, and so
not included here.
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Figure C1. Equilibrium positions of the upper and lower surfaces, s(x,t) and b(z,t) [solid
lines|, and velocity, u(z,t) [dashed line], for the floating ice shelf. In this example, we set

p = 900kg/m®, n =5 x 10* kPa - yr and the surface accumulation as = 1 m/yr.

1303 The numerical and analytical results match very closely, which gives us confidence
1304 that no mistakes were made in the analytical derivations, and that Ua is behaving cor-
1395 rectly. The close match for the floating ice shelf is important, and confirms the valid-
1396 ity of the approximation proposed in Ng et al. (2018), as well as the approach taken to
1307 mask the k& = 0 component of the transfer function to avoid the transfer function (in
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this approximation) blowing up to infinity.

Notation

0, partial derivative w.r.t. x
D

D¢ Material derivative

a slope of the basal surface

B defined through 8 = 42

~v defined through v = 7, /mec

é firn air-content of the ice sheet

€;; strain rates

¢ defined through ¢ = 2nhk2¢!

7 vertically-integrated effective viscosity

A wavelength

¢ defined through ¢ = v + 4hk?n

p vertically-averaged ice-sheet density

Pice density of pure meteoric ice, 917 kgm 3
Pw density of the ocean, 1030 kg m—3

o defined through o = p(1 — p/pu)

o;; components of the Cauchy stress tensor

T;; deviatoric stresses

—492—

85UBD |7 SUOWILLIOD dA 1181 3(gedt|dde ayy Ag pausenob ale sajolie YO ‘asn Jo Sa|ni Joj AkeiqiauluQ AB|IAA UO (SUONIPUOD-PUR-SLLBI0D" AB 1M Alelq 1 U 1UO//'SdNY) SUO I IpUoD pue sWid | aY) 88S *[£202/20/60] U0 Arid1Tauluo AB1IM 591 Aq 717/900402202/620T 0T/I0p/wod A 1m A zeiq 1 puluo-sgndnBey/sdny wouy pepeojumoq ‘el ‘TT066912



Grounded Ice-Sheet: DV Floating Ice-Shelf: DV
1200 T 11001000(‘ T T T T 4000
800 13500
1100
11050 2 1
— o) 3000
g o @ 600
= P
< 1000¢ @ N 1 2500
< %00 %0 400 .
= 0] 00 11000 [
Hee0ee00e0ee0 0 ool 12000
900 h (numerical)
oS} «  h (analytical) 200
O u (numerical) 11500
u (analytical) | | 950
800 : 0 : : : 1000
Grounded Ice-Sheet: DV-BF Floating Ice-Shelf: DV-BF
1200 T 11001000® T T T T 4000
800 13500
1100
11050 C 413000

600

@@@
030
1000¢ e, © 400000000000 ,. 1 2500
Goca@ s SO
Po00m0e0g| 00 ‘|
RS0 12000

h(z,t) (m)

U@o
900
200 11500
{950
800 : 0 : : : 1000
Grounded Ice-Sheet: D2T Floating Ice-Shelf: D2T
1200 : 11001000 r- : : : : 4000
800 3500
1100 %
= % 11050 3000
g @ 600
=
= 1000¢ ® ) 200000000000 2500
5 e © 9%
= o) — 1000 400}
PCC00000000H o} CC00) 2000
900 RSB
Ooe® 200
% 1500
{950
800 : 0 1000
50 0 50 0 20 40 60 80 100
z (km) z (km)
Figure D1. Example of the spatial distribution in h(z,t) and u(z,t) at ¢ = 2yrs after an

initial 10% Gaussian density perturbation applied in Ap. This compares the analytical response
to a full numerical simulation in Ua. The simulation parameters are the same as those specified

in Figures 4 and 5.
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T4 driving stress

¢ defined through ¢ =1 — ?];g
¢* defined through ¢* =1 + ?k;}:
w angular frequency

a total accumulation, as + ap

ap basal melt

a, surface accumulation

A rate factor in Glen’s flow law

b lower glacial surface

¢, C' basal slipperiness

d draft at the ice-front: S —b

h total glacial thickness

hice ice-equivalent thickness, h — ¢

H(t) Heaviside step function

k wavenumber in the z-direction

m exponent in Weertman’s sliding law

n; components of unit normal vector

p pole in the Laplace frame for the grounded ice perturbations, it ' — ;!
prL pole in the Laplace frame for the floating ice perturbations, iku — ¢d,u
gzy horizontal mass-flux

7 laplace transform variable

s upper glacial surface

S ocean surface

t time

ty = (tow,toy) basal drag

t, phase timescale

t,. relaxation timescale

v, {v;}, (u, v, w) components of the velocity vector

vp basal velocity
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