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A B S T R A C T   

The fatigue crack growth rate (FCGR) curve of metallic alloys is usually divided into three regions. Region II is 
often referred to as the Paris regime and is usually modelled with a power law relationship with a single 
exponent. Regions I and III are located at the beginning and end of the FCGR curve, respectively, and are 
frequently modelled with asymptotic relationships. In this paper we hypothesize that fatigue crack growth is 
governed by power law behaviour at all crack lengths and all stress intensity factor ranges (ΔK). To accom
modate for the changes in the FCGR slope at regions I - III mathematical pivot points are introduced in the Paris 
equation. Power law behaviour with the presence of pivot points enables direct fitting of the crack length vs. 
cycles (a-N) curve to obtain the FCGR as a function of ΔK. This novel approach is applicable to small and long 
crack growth curves and results in accurate multilinear FCGR curves that are suitable for reconstruction of the 
measured a-N curves. The method is subsequently applied to i) different alloys to show local changes in the FCGR 
curve for changes in alloy composition and heat treatments, ii) naturally increasing ΔK testing of micro
structurally small cracks to obtain accurate small crack FCGR data. The comparison with accurate long crack data 
shows that small cracks are faster, but the transition from region I to region II occurs at a specific fatigue crack 
growth rate which results in an apparent shift in ΔK at the transition. iii) Long cracks, which show that the FCGR 
increases with maximum stress for a given ΔK and stress ratio when the maximum stress approaches the yield 
stress. The maximum stress phenomenon becomes important in the case of fatigue testing, where the initial crack 
lengths are usually small and maximum stresses are high. It is concluded that for long cracks the phenomenon 
explains why the Paris equation is applicable rather at low maximum stress, while the Frost-Dugdale equation is 
more applicable at high maximum stress.   

1. Introduction 

The fatigue crack growth rate curve of metallic alloys is usually 
divided into three regions: region I corresponds to the steep slope in the 
fatigue crack growth rate (FCGR) curve near the threshold. Region II 
corresponds to a constant slope in the FCGR curve and region III is 
usually regarded as the steep slope prior to final failure of the specimen. 
For region II, Paris et al. empirically showed that the fatigue crack 
growth rate has a power law relationship with the stress intensity factor 
range, ΔK [1]: 

da
dN

= C(ΔK)
n
, (1)  

where da/dN is the fatigue crack growth rate and C and n are constants. 
The power law exponent, n, typically ranges between 2 and 5 for engi
neering alloys [2]. At the time of the introduction of Eq. (1), Paris and 
others also considered power law behaviour for region III and higher 
exponents were used to characterize the steeper slope in region III [3–6]. 
Similarly, Yokobori et al. found for mild steel that small cracks in region 
I also showed power law behaviour and the exponent for region I was 
7.5, while the exponent for long cracks in region II was 2.5 [7,8]. Rad
hakrishnan fitted region I FCGR data of steel from various sources with 
Eq. (1) and concluded that the exponent in region I was about 4 times 
the exponent in region II (although in the paper regions I and II are 
called stage IIa and IIb, respectively) [9]. 

In fact, changes in the slope are not only limited to transitions 
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between regions I, II and III. In 1967, Wilhem showed that there is a 
knee, i.e. a change in exponent, in the region II fatigue crack growth rate 
curve when plotted on a double logarithmic scale [10]. The change in 
slope in region II was observed for multiple steel-, nickel-, titanium- and 
aluminium alloys [11–15]. Yoder et al. showed that the FCGR curves for 
7XXX-series aluminium alloys (AA) exhibit a multilinear form when 
plotted double logarithmic over a sufficiently broad spectrum of ΔK (see 
Fig. 1) [16]. Wanhill showed for AA2024 that there are three transitions 
in the FCGR curve up to ~ 10-7 m/cycle and Newman et al. used five 
linear segments to describe the FCGR curve of AA7075-T6 (see Fig. 1) 
[17,18]. Newman et al. used a look-up table to describe the FCGR curve, 
were the points in the table correspond to transition points between 
different slopes. The tabular data was obtained by visually drawing solid 
lines through the crack growth rate data [19]. They used this approach 
because a multilinear curve was able to describe the FCGR data more 
accurately than multi-parameter equations like the modified Paris or 
Forman equations [18]. The NASGRO and the Hartman-Schijve equation 
are examples of such equations and use asymptotic behaviour in regions 
I and III to fit FCGR data [20–22]. Modified Paris or Forman equations 
are frequently used to fit FCGR data that is obtained from the a-N curve 
using the secant and incremental polynomial method as described in 
ASTM E647 [23]. However, the secant and incremental polynomial 
methods do not result in noise free FCGR data. The amount of residual 
noise depends on the applied method applied, the error in the crack 
length measurement technique and the crack length measurement fre
quency [24,25]. 

Since the look-up table is able to describe the FCGR data more 
accurately than modified Paris or Forman equations [18], we introduced 
a pivot point to describe mathematically the change in the slope of the 
FCGR curve [26]: 

da
dN

=
da
dNTP

(
ΔK

ΔKTP

)ni

, (2)  

where da/dNTP and ΔKTP are the FCGR and stress intensity factor range 
at the transition point (TP) where the exponent, ni, is changing. Note 
that pivot points are used with regards to the transition points for 
changes in the slope of the FCGR curve. A pivot point basically corre
sponds to a point in the look-up table and was initially introduced to the 
Paris equation by McCartney et al. and Yokobori et al. based on 
dimensional analysis [27–29]. Radhakrishnan also used pivot points to 
correlate different exponents for different alloys, heat treatments and 
temperatures for a given region [9]. However, in these cases the pivot 

points were not used for a transition between two different slopes. Iost 
performed research on pivot points and the relationship between the 
constant, C, and the exponent, n in Eq. (1) [30,31]. Eventually, it was 
concluded that the pivot point is material-dependent and may be asso
ciated with a transition mechanism in the FCGR curve [32]. Amsterdam 
et al. were the first to introduce a pivot point to mathematically describe 
a change in the slope of the FCGR curve [26]. However, only one pivot 
point was used for a limited range of the FCGR curve. 

In this paper we hypothesize that fatigue crack growth is governed by 
power law behaviour at all crack lengths and all ΔK values. To accom
modate for changes in the slope of the FCGR curve, multiple pivot points 
are introduced in the FCGR equation, which results in a multilinear 
FCGR curve. The power law behaviour and the introduction of pivot 
points allow for direct fitting of the a-N curve to obtain the FCGR as a 
function of ΔK. Since this novel method generates the tabular data 
directly from the a-N curve and the data is suitable for an accurate 
reconstruction of the measured a-N curve, it eliminates the problem of 
fitting modified FCGR equations to noisy FCGR data obtained by the 
incremental polynomial method. FCGR tests on specimens from 
different alloy systems as well as tests on small and long crack specimens 
were performed to check the validity of method. The novel method is 
subsequently employed to observe changes in the FCGR data with alloy 
chemistry, heat treatment and the maximum stress used in a test. 

2. Materials and methods 

2.1. Materials 

Test specimens were obtained from AA 7075-T7351 plate material 
with a thickness of 6.35 mm, AA 2524-T351 with a thickness of 8 mm 
and Inconel 601 with a thickness of 4 mm. A few specimens of 7075- 
T7351 were given an annealing heat treatment at 415 ◦C for 2 hr, 
furnace cool to 230 ◦C at 30 ◦C/hr, 6 hr at 230 ◦C and air cool (treatment 
f from Table 13 in [33]). A few specimens of 2524-T351 were given an 
annealing heat treatment at 415 ◦C for 2 hr, furnace cool to 260 ◦C at 
30 ◦C/hr and air cool (treatment b from Table 13 in [33]). 

2.2. Methods 

2.2.1. Long crack specimen 
Constant amplitude (CA) fatigue crack growth tests were performed 

on middle tension (M(T)) specimens at different maximum stress (Smax) 
and different stress ratio’s (R = Smin/Smax). M(T) specimen with 

Fig. 1. Multilinear FCGR curves as a function of ΔK for (a) 7075-T6 and (b) 2024-T351. (c) Multilinear FCGR curve as a function of ΔKeff for 7075-T6. Reproduced 
from [16], [17] and [18], respectively. 
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dimensions of 500 mm × 160 mm were removed from the plates of the 
given materials. The rolling direction was in the length of the specimens, 
hence loading-crack growth was in the L-T direction. Fatigue crack 
growth starter notches were central holes (1.6 mm diameter) with 0.7 
mm deep electric discharge machined (EDM) slots on either side of the 
hole (total starter notch length of 3 mm). The EDM wire thickness was 
0.16 mm. The area next to the starter notch was polished for optical 
crack growth measurements on both front and rear sides of the speci
mens. A constant amplitude 13.5 Hz sinusoidal load was introduced by a 
servo-hydraulic test machine with a 200 kN load cell. CA loading with 
the same maximum stress and stress ratio as for the actual test was used 
for pre-cracking the M(T) specimen to a single side crack length, a, of 
about 2 mm. The actual crack length after pre-cracking was measured 
with an optical travelling microscope. 

Holes were drilled at 8 mm above and below the starter notch hole 
for copper pins. These were used for automated crack length measure
ments by direct current potential drop (DCPD). The current was intro
duced to the specimen at the specimen clamping. The potential drop of 
the specimen and a reference specimen was measured every 9 s by 
Matalect DCM-2 equipment using 12 readings and 11 samples. Potential 
drop data acquisition occurred every 100 or 200 cycles depending on the 
estimated number of cycles to failure. The DCPD data was converted to 
crack length data using Equation A2.5 in ASTM E647 [23]. Vr in Equa
tion A2.5 in ASTM E647 was adjusted for each specimen such that the 
crack length from the DCPD measurement at the start of the test was 
equal to the crack length measured with the optical travelling micro
scope after pre-cracking. High resolution photographs of the front and 
rear side of the specimen with length markers were taken during initial 
tests to verify the DCPD measurements. The tests were performed in lab 
air environment. 

The stress intensity factor range, ΔK, for the M(T) specimens is 
calculated by: 

ΔK = β(a)ΔS
̅̅̅̅̅
πa

√
, (3)  

where ΔS is the stress range during the test and β the Feddersen final 
width correction that is calculated according to ASTM E647 [23]: 

β =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

sec
(πa

W

)√

, (4)  

where W is the width of the specimen. The effective stress intensity 
factor range, ΔKeff, is calculated using the Schijve crack closure 
correction [34,35]: 

ΔKeff =
(
0.55+ 0.33R+ 0.12R2)ΔK (5)  

2.2.2. Small crack specimens 
Flat dogbone specimens were machined from the same 7075-T7351 

plate as the M(T) specimens and tested with alternating CA and variable 
amplitude (VA) bands for quantitative fractography of small cracks. The 
CA bands consisted of 5000 high stress ratio CA cycles (R = 0.77) and the 
crack dimensions and growth in a single band were determined in the 
scanning electron microscope (SEM) after failure of the specimen. 
Approximately 500 blind holes were introduced on both sides of the 
plate material (1038 in total per specimen). The blind holes act as 
seeded defects for nucleation of surface cracks. The blind holes were 
made using an ultrashort pulse laser with a pulse length of 10 ps and a 
wavelength of 532 nm, operated at 10 kHz pulse repetition frequency. 
The holes were machined by scanning the laser in layers of several 
concentric circles. Multiple layers were used to machine the holes to a 
depth of about 80 µm. Rows of blind holes were made perpendicular to 
the loading direction and a spacing of 2 mm was used within a row. 
Separation of the rows in the direction of loading was 0.5 mm and 
adjacent rows were staggered by 1 mm to minimize interaction between 
growing cracks. 

The crack depth (a) at the deepest point was used to calculate ΔK. 

The geometry factor β for the surface cracks has been determined with 
AFGROW software for the deepest point of the surface crack as fraction 
of the thickness (t) using the measured crack ratio (a/c, where c is half of 
the surface crack length) at different crack depths: 

β = 0.5599(a/t)3
− 0.0953(a/t)2

+ 0.2034(a/t)+ 0.5687 (6) 

(only applicable for these seeded defects). 

2.2.3. Smooth round stress-life coupons 
Smooth round coupons for stress-life (S-N) testing were machined 

from 12.7 mm 7075-T7351 plate from the same mill. The coupons have 
a diameter of 3 mm and a reduced section length of 18 mm. The coupons 
have a stress concentration factor of unity (Kt = 1) and were polished to 
a roughness of Ra < 0.2 µm. A constant amplitude 25 Hz sinusoidal load 
was introduced by a servo-hydraulic test machine with a 100 kN load 
cell. A stress ratio, R, of 0.1 was applied. 

S-N results are typically plotted with the cycles to failure on the 
horizontal axis and the stress on the vertical axis. However, since the 
cycles to failure is the outcome of the test and the maximum stress is the 
input value, in this paper scientific graphs are used where the inde
pendent variable is plotted on the horizontal axis and the dependent 
variable on the vertical axis. This is especially important when standard 
regression analysis is applied on the graph to obtain a power law 
exponent by minimizing the error between the model and the dependent 
variable. Plotting it vice versa results in different fitting parameters. 

2.2.4. Tensile test specimens 
Tensile tests were carried out on rectangular tensile specimens 

machined from M(T) specimens that were tested at a low maximum 
stress. The width of the specimens was 12.5 mm and the length of the 
reduced section was 82 mm. The thickness was equal to the plate 
thickness. The gauge length of the clip gauge was 50 mm and the tensile 
tests were performed under lab conditions on a test machine with a 100 
kN load cell and a strain rate of 10-3 s− 1. 

2.2.5. Fractography 
A FEI field emission gun (FEG) SEM was used for fractography on all 

fatigue specimen types and energy dispersive analysis of X-rays (EDX) 
was used in the SEM to measure the composition of constituent particles 
on the fracture surface. 

2.2.6. Fitting methodology 
Making use of Eq. (2), the measured crack length, a, as a function of 

cycles, N, was fitted using the following equation: 

a(N) = a(0)+
∑N

j=1

da
dNi

(
ΔKj

ΔKi

)ni

, (7)  

where ΔKj is the stress intensity factor range during the jth cycle. For a 
constant stress range test ΔKj is a function of the crack length prior to the 
jth cycle, aj-1. The pivot points in the FCGR curve are located at the co
ordinates (da/dNi, ΔKi) and the suffix i denotes the pivot point number. 
The pivot points correspond to the locations where the slope changes in 
the FCGR curve. In the fitting procedure the error between the measured 
crack lengths and the crack lengths calculated by Eq. (7) is minimized in 
a least square fitting procedure by changing the coordinates of the pivot 
points, the crack growth rates at the start and the end of the measure
ment, and the number of pivot points. 

The pivot point coordinates fully define the slope between two pivot 
points. The crack growth rates at the start and the end of the measure
ment are required to define the slopes towards the first and after the last 
pivot point respectively. 

The error,∊, between the model (Eq. (7)) and the measured a-N curve 
is calculated as follows: 
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∊ =
∑

j∈V

(

ãj − aj

)2

, (8)  

where aj and ̃aj are the measured and modelled crack lengths after the jth 

cycle respectively. The set V contains the cycles at which a measured 
crack length was stored. 

When using Eq. (7), to find the crack growth rate at ΔK in between two 
pivot points, either of the adjacent pivot points may be used along with 
the slope at ΔK. For ΔK smaller than ΔK1 the first slope n1 is used with 
ΔK1, for ΔK larger than ΔK1, the slope ni+1 is used with ΔKi. 

3. Results 

3.1. Long crack growth rate measurements – AA7075-T7351 

Fig. 2 shows a-N curves of two specimens that were tested at Smax =

80 MPa and R = 0.1. The crack lengths measured with DCPD show good 
agreement with the optical crack length measurements. The noise on the 
DCPD measurement is clearly visible due to the large amount of data 
points. The scatter in the optical measurements is less clear due to the 
limited number of measurements. The DCPD measurements are used the 
obtain the FCGR by fitting the DCPD a-N curves with Eq. (7). Fig. 3 
shows the normalized error between the DCPD a-N curve and the fit as a 
function of the number of slopes in the FCGR curve. Note that the 
number of slopes is one more than the number of transition points in a 
FCGR curve. The absolute value of the error depends on the number of 
data points, which depends on the test parameters. Therefore, the error 
of each specimen is normalized by the error at which the error does not 
significantly decrease anymore with increasing number of slopes. It is 
clear that the error does not decrease significantly when more than four 
slopes are used for specimen P1R2N2 and more than five for specimen 
P1R4N2. When less than four or five are used, the error between the fit 
and the measured a-N curve increases significantly. For specimen 
P2R3N1 the number of slopes is less obvious and four or five slopes can 
be used the fit the a-N curve of this specimen. 

Fig. 4a shows the a-N curve of several specimens tested at different 
maximum stress and different stress ratios. The coloured dots represent 

the crack lengths measured with DCPD and the solid white line repre
sents the best fit of Eq. (7) for each specimen. The black markers in the 
white line represent the transition points that correspond to the least 
number of transition points and slopes that are necessary to obtain a 
small error between the fit and the measured a-N curve. The white lines 
that represent the best fits run through the DCPD data points of all five 
specimens and show good agreement with the shape of the curves, also 
at small crack lengths. 

Fig. 4b shows the resulting FCGR as a function of ΔK. Multiple 
changes to the slope can be observed and the transition from one slope to 
the next occurs at specific FCGR for all curves. The horizontal shift be
tween the individual curves originates from the different stress ratios. 
Fig. 4b also shows the FCGR as a function of ΔKeff and the shapes of the 
FCGR curves are similar such that they fall on top of each other when the 
FCGRs are plotted as a function of ΔKeff. Since the FCGRs of specimens 
P2R2N1, P2R1N7 and P1R4N2 at the start of the test are less than that of 
specimens P1R2N2 and P2R3N1, they require an additional transition 
point and slope at the beginning of the FCGR curve. For the FCGR range 
between 3•10-9 and 10-5 m/cycle a minimum of four transition points 
and five slopes are necessary to obtain accurate fit for all specimens. 
Since specimen P2R3N1 has a similar FCGR range as specimen P1R2N2, 
the same number of slopes has been used to fit the a-N curve. 

The same fitting procedure can be used to fit the a-N data of a 
specimen tested with a very small stress range. Since the entire curve is 
fitted with Eq. (7), noise in the crack length measurement at very low 
FCGR (<10-10 mm/cycle) does not influence the results. Fig. 5 shows 
that the a-N curve from a naturally increasing ΔK test with an initial 
FCGR of 5.8⋅10-11 m/cycle can be fitted just as easily as a-N curves from 
specimens tested with higher stress ranges. The insert shows the result of 
the fit and at the start of the test the FCGR increases quickly with 
increasing ΔK until the slope changes at 8.7⋅10-10 m/cycle. The expo
nent of the initial slope is 8.43 and failure of the specimen at the end of 
the curve occurs by net-section overload. 

Fig. 6 shows the FCGR as a function of ΔKeff for all specimens. This 
master curve consists of 54 M(T) specimens with 11 different maximum 
stresses and 13 different stress ratios. The master curve shows that there 
are five transition points and six slopes between FCGR of 5.8⋅10-11 and 
10-5 m/cycle, were region II is divided into regions IIa-IId. 

Fig. 7 shows SEM images of the fracture surfaces at each region, 

Fig. 2. Crack length vs. cycles (a-N) curve for two 7075-T7351 M(T) specimen 
tested at Smax = 80 MPa and R = 0.1. The coloured points indicate the crack 
length measurements using DCPD and the black dots indicate the optical crack 
length measurements. 

Fig. 3. Normalized error between the measured a-N curve and the fit using Eq. 
(7) as a function of the number of slopes in the FCGR curve. 
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except for region IId. At region I the fracture surface has a facetted 
appearance. After the transition to region IIa the fracture surface is much 
smoother and there is little difference between the overall appearances 

of the subsequent region IIb. Region IIb does show some fissures with a 
spacing that is larger than the macroscopic FCGR. The fracture surface of 
region IIc is characterized by ductile striations with a striation spacing 

Fig. 4. (a) Crack length vs. cycles (a-N) curves for 7075-T7351 M(T) specimens tested at different Smax and R. The white lines indicate the fit using Eq. (7) and the 
black symbols in the white lines indicate transitions points. (b) FCGR as a function of ΔK and ΔKeff. The transition points are indicated by the same symbols. 

Fig. 5. a-N curve for an 7075-T7351 M(T) specimen tested at a small stress range. The insert shows the resulting FCGR from the fit using Eq. (7).  
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that is equal to the macroscopic FCGR. The transition from region IIc to 
IId (T4) is not characterized by a microscopic change in fracture surface 
appearance, but associated with a macroscopic change, i.e. the onset of 
shear lip development that leads to a fully slanted crack front as a result 
of a change in stress state from plane strain to plane stress [36]. The 
fracture surface of region III is characterized by microvoid nucleation 
and microcrack propagation ahead of the crack tip (see Fig. 7). Fig. 8 
shows the transition crack lengths for T3, T4 and T5 as determined by the 
fitting procedure as a function of the measured crack length at the onset 
of shear lip development. From the figure it is clear that shear lips 
develop at the crack length at which T4 is reached or within 10 mm from 
that crack length. 

3.2. Long crack growth rate measurements – Other materials and heat 
treatments 

Specimens of 7075-O (annealed), 2524-T351 and 2524-O have been 
tested and the a-N curves have been fitted using Eq. (7). The number of 
pivot points corresponds to the minimum number that is necessary to 
obtain a low and constant error between the fit and the measured crack 
lengths. The fit of the a-N curve of the 7075-O, 2524-T351 and 2524-O 
specimens runs though the scatter band of the DCPD measurements, just 
as in Fig. 4a. Fig. 9a and b show the FCGR curves of 2524-T351 for two 
stress ratios. The FCGR curves of 7075-T7351 for the same stress ratio 
are shown for comparison. The negative slopes in the FCGR curves of 
2524-T351 just before region III are the result of a decrease in FCGR due 
to widening of the shear lips, similar as region IId for 7075-T7351. For a 
stress ratio of 0.1 the FCGR of 2524-T351 is similar to 7075-T7351 be
tween a ΔKeff of 5.5 and 11 MPa√m. For R = 0.46 the overlap between 
FCGRs is much less and only present between a ΔKeff of 8 and 11 
MPa√m. Below ΔKeff = 5.5 MPa√m for R = 0.1 and ΔKeff = 8 MPa√m 
for R = 0.46 the FCGR of 2524-T351 is significantly<7075-T7351. 
Fig. 9c shows the FCGR for 7075 in the annealed and T7351-condition 
for R = 0.1. In region IIc the FCGR of the material in the O-condition 
is very similar as in the T7351-condition. However, after transition T4 
the slope for the O-condition is different compared with the T7351- 
condition. The slopes before and after T5 are similar for the O-condi
tion and these slopes are similar as the slope in region III for 7075- 

T7351. Fig. 9d shows the FCGR for annealed 7075 and 2524 material 
for R = 0.46 and the solution heat treated and aged conditions (T7351 
and T351, respectively). For 7075 and R = 0.46 the O-condition gives 
similar FCGRs as the T7351-condition at region IIa. At region IIb and IIc 
the FCGR is less and at region IId and region III the FCGR is greater for 
the O-condition than for the T7351-condition. The similar and lower 
FCGR in the initial regions for the 7075-O specimens lead to a longer 
crack growth life for these M(T) specimens. For 2524 and R = 0.46 the 
O-condition gives FCGRs that are greater than for the T351-condition in 
all regions. The FCGRs for 2524-O are also greater than for 7075-O, 
except for the initial part of the curve. The FCGRs of these materials 
are overall quite similar, except for 2524-T351. The FCGR of 2524-T351, 
7075-T7351 and 7075-O is about 4⋅10-7 m/cycle at ΔKeff = 9 MPa√m 
and 5⋅10-7 m/cycle for 2524-O. This is in contrast to the difference in 
yield stress and ultimate tensile strength (UTS) between the materials. 
Table 1 shows the results of the tensile tests and the yield stress of 7075- 
T7351 is exactly a factor 4 greater than for 7075-O, while the overall 
FCGR of 7075-T7351 is similar to 7075-O. 

Fig. 10a shows the FCGR curves of 7075-O for different maximum 
stresses up to the yield stress. There is an increase in the FCGR with 
increasing Smax for the same stress ratio (R = 0.1). Fig. 10b shows the 
FCGR curves of Inconel 601 for different maximum stresses up to the 
yield stress. A similar increase in FCGR with increasing Smax is observed 
for some part of the FCGR curve, while the FCGRs in and just prior to 
region III are similar for the different maximum stresses. 

Fig. 11 shows the normalized FCGR as a function of the normalized 
maximum stress. The maximum stress is normalized by the yield stress 
and the FCGR is normalized by the FCGR at ΔK = 12 and 33 MPa√m for 
7075-O and Inconel 601, respectively, and at the maximum stress equal 
to the yield stress. The results show that the effect of the maximum stress 
is limited up to about Smax/Sy = 0.4. For Smax/Sy > 0.4 the effect in
creases with increasing maximum stress-yield stress ratio. The FCGR for 
7075-T7351 was arbitrarily scaled such that the normalized FCGR is 0.3 
at Smax = 80 MPa (Smax/Sy = 0.185). For 7075-T7351 there is also a clear 
effect on the FCGR for Smax/Sy > 0.3. The results for plane strain con
ditions in 7075-T7351 are obtained at ΔK = 12 MPa√m and the results 
for plane stress conditions are obtained at ΔK = 20 MPa√m. The effect 
of the maximum stress on the FCGR is more dominant in the plane strain 
conditions compared to the plane stress conditions. 

3.3. Small crack growth rate measurements – AA7075-T7351 

Fig. 12 shows the fatigue crack growth rate obtained from a small 
crack by alternating markerbands of constant amplitude (R = 0.77) and 
variable amplitude. The open dots represent FCGRs that are obtained 
from measuring the width of the CA bands, while the solid line represent 
the results from the crack length vs. cycles fit, similar as for the long 
crack specimens. The slope of the small crack in region I is 12.8, which is 
greater than the exponent of the long crack in region I (n1 = 8.43). The 
slope in region IIa is slightly lower such that the two curves for small and 
long cracks merge near the transition to region IIb at a crack depth of 
about 2.2 mm. 

The measured crack in Fig. 12 corresponds to the crack that was the 
largest when the specimen failed, i.e. the lead crack. For high maximum 
stresses typically multiple cracks develop in a specimen, but the depths 
of these cracks are different when the specimen fails by net-section 
overload. Apparently, the lead crack was able to grow to the largest 
size within the number of cycles to failure of the specimen. 

Fig. 13 shows the crack growth rates as a function of the crack depth 
for multiple cracks on the same fracture surface of another small crack 
specimen. At the same crack depths and therefore the same stress in
tensity factor range, the FCGR of the lead crack is a factor 3 higher than 
that of the slowest crack on this fracture surface (see for example 
Fig. 14). The figure shows that there is a large spread in small crack 
growth rate at the same stress intensity factor range. 

Fig. 6. FCGR master curve as a function of ΔKeff with horizontal indications for 
the transitions between regions. The master curve consists of 54 specimens with 
11 different maximum stresses and 13 different stress ratios. 

E. Amsterdam et al.                                                                                                                                                                                                                            



International Journal of Fatigue 161 (2022) 106919

7

3.4. From crack growth rate to fatigue (crack growth) life 

Fig. 15 shows S-N measurements for 7075-T7351 smooth round 
coupons and the calculated fatigue lives. The calculated fatigue life is 
determined by a crack growth calculation (CGC) from the initial crack 
depth to final failure using Eq. (7), an appropriate stress intensity factor 
(SIF) solution and pivot points that represent the small & long FCGR 
data. In the subsequent paragraphs the input for the CGC, i.e. initial 
crack depth, SIF solution, FCGR data and final failure criteria, are given. 

3.4.1. Initial crack depth 
In total 51 coupons were tested and fractography showed that 75% 

the fatigue cracks nucleated from constituent particles at the surface, 2% 
from internal pores and 23% from machine tool markings on the surface, 
even though the coupons were carefully machined and polished. From 
the constituent particles 5% failed from Al2O3 phases, 18% from Mg2Si 
phases, 33% from Al-Fe-Si-Cr-Cu phases and 44% from Al7Cu2Fe phases. 
The chemical composition of the Al-Fe-Si-Cr-Cu phase resembles that of 
Al12Fe3Si(Cr,Cu) and this phase has also been observed as nucleation 
site in 7475-T7351 [37]. 

The initial discontinuity dimensions (IDD) is defined as the actual 

dimensions of a single initial discontinuity. The Fe-containing particles 
at the surface are among the initial discontinuities from which fatigue 
crack nucleate and in this case the IDD is only quantified by the 
maximum depth of the particle as measured from the surface. The IDD of 
the majority of the Fe-containing phases ranges between 12 and 24 μm. 
The coupons with Fe-containing initial discontinuities that have an IDD 
in the order of 12 μm, 16 μm or 24 μm are separately indicated in Fig. 15. 
Fig. 16 shows an SEM image with an example of crack nucleation from 
an Al12Fe3Si(Cr,Cu) constituent particle with an IDD of 17.7 μm. 

3.4.2. SIF solution 
Fractography also showed that the crack shape during crack growth 

is characterised by a circular crack front with the centre of the circle at 
the origin of the crack (at the surface of the specimen). Toribio et al. give 
an overview of SIF solutions for surface cracks in round bars subjected to 
tension loading [38]. The SIF solutions by Astiz and by Carpinteri for 
circular cracks in round bars are similar for a/D ≥ 0.1, where a is the 
crack depth and D the diameter of the bar [39,40]. However, for a/D ≤
0.1 the two solutions start to deviate, see Fig. 17. The value of β goes to 
0.74 for the solution of Carpinteri and to 0.35 for the solution of Astiz 
when a/D goes to zero [38]. However, the lowest a/D that was used by 

Fig. 7. Scanning electron microscope (SEM) images of at various regions of the FCGR curve. Crack growth direction is from right to left.  
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Astiz to determine the SIF solution was 0.059, which resulted in a β of 
0.59. This value is close to the value for a surface crack in a plate with a/ 
t = 0 (see Eq. (6)). For a≪D, it is expected that the influence of the 
curvature is very small and the SIF solution should approach the SIF 
solution of a surface crack in a plate. To avoid systematic errors between 
the determination of small crack FCGR measurements and the small 
crack growth calculations, a β value of 0.5687 was used for a/D = 0. This 
means that β is similar as the β for which the crack growth data was 
obtained and possible effects from the plane stress situation at the sur
face on the crack shape for a≪D is accounted for. When the crack depth 
increases, the influence of the curvature increases and the solution of 
Astiz is used. The following polynomial is used to describe β for the 
smooth round coupons and 0 < a/D ≤ 0.6: 

β = 362.6
(a

D

)6
− 683.6

(a
D

)5
+ 507

(a
D

)4
− 174.3

(a
D

)3
+ 26.15

(a
D

)2

− 0.02846
a
D
+ 0.5687

(9) 

In the CGC the crack growth rate at the deepest point, i.e. the crack 
depth (a), is calculated and it is assumed that the circular shape of the 
crack is maintained for a/D > 0.1. For a/D < 0.01, Eqs. (6) and (9) are 
similar and the influence of the curvature of the bar diameter is small. 
This implies that the a/c ratio should be similar to that of small surface 
cracks, which is 1.29. For the constituent particle in Fig. 16 a crack depth 
of 17 μm and an a/c ratio of 1.29 characterizes the shape of the particle 
well. An a/c ratio of 1.29 also characterizes the shape of Fe-containing 
initial discontinuities in other specimens well. The initial crack depth 
and a/c ratio of a semi-elliptical crack that represents the shape and 
dimensions of an initial discontinuity is referred to as the representative 
initial discontinuity dimension (RIDD). The RIDD is used as initial crack 
depth, because the actual shapes of initial discontinuities cannot easily 
be used in the CGC. In the current CGC the a/c ratio is incorporated in 
the geometry factor, β, and the RIDD only consists of a crack depth. 
RIDD values of 12, 16 and 24 μm are used as initial crack depths in the 
CGC (a(0) in Eq. (7)). 

3.4.3. FCGR data 
Fig. 18 shows the small and long FCGRs as a function of ΔKeff for the 

crack growth calculation. The effective stress intensity range is used to 
obtain the crack growth rates at R = 0.1, because measured FCGR data at 
R = 0.1 is not available for all regions. For the small FCGR the accurate 
FCGR from the small crack fit of Fig. 12 has been used and the slope in 
region IIa was extended up to the intersection with the available R = 0.1 
long crack growth data in Fig. 6. This intersection defined the second 
transition point (T2). From that point onwards the available R = 0.1 long 
crack data was used for the small FCGR. For the long FCGR the slope in 
region I and first transition point (T1) from Fig. 5 and Fig. 6 were used. 
The slope in region IIa is determined by transition points T1 and T2. From 
transition T2 onwards the available R = 0.1 long crack data was used for 
the long FCGR. The dashed cyan line that represents the long FCGR does 
not run through the middle of the master curve, because the available R 
= 0.1 long crack data is located in the upper range of the master curve 
(see Fig. 10 for available R = 0.1 long crack data and subtle differences 
with R = 0.46 long crack data). 

3.4.4. Final failure criteria 
The CGC is ended when the net-section stress reaches the ultimate 

tensile strength (UTS) of the material or when the maximum SIF reaches 
the fracture toughness (KIC). All specimens in the calculations failed by 
net-section overload and the final crack depths in the calculations cor
responded well with the measured crack depths (see Fig. 19). 

There is a good agreement between the calculated fatigue lives and 
the measured fatigue life of the coupons for 310 > Smax > 375 MPa when 
the small FCGR data and three appropriate RIDDs are used (see Fig. 15). 
When the long FCGR data is used the prediction overestimates the fa
tigue life for all three RIDDs. 

4. Discussion 

4.1. Long crack growth rate behaviour 

4.1.1. Transitions 
Fig. 6 shows that in total there are 6 different slopes and hence 5 

transition points in the FCGR curve of 7075-T7351. The first three 
transitions occur at 9⋅10-10, 8⋅10-9 and 7⋅10-8 m/cycle, which correspond 
to the three transitions at 1⋅10-9, 1⋅10-8 and 6.4⋅10-8 m/cycle observed 
by Newman et al. for AA7075-T6 and Yoder et al. for several 7XXX-series 
aluminium alloys (see Fig. 1) [16,18]. The first transition at 9⋅10-10 m/ 
cycle also corresponds to the transition that occurred at a FCGR of 1⋅10-9 

m/cycle for steel from various sources and denoted as the transition 
from region I to Region II [9]. The fourth transition occurs at about 5⋅10- 

7 m/cycle and the fifth between 1 and 2⋅10-6 m/cycle. The fifth transi
tion corresponds to the fourth one indicated by Newman et al. to denote 
the transition from region II to region III [18]. Hence, the pivot points 
correspond to the transitions that are classically observed in these alloys. 

4.1.2. Micro-mechanisms 
Many authors indicate that crack propagation is governed by 

different micro-mechanisms and result in different fatigue crack growth 
rates, i.e. different slopes in the FCGR curve [9,11–17,41–46]. The 
transition from one micro-mechanism to the next occurs when the 
monotonic or cyclic plane strain plastic zone dimensions become equal 
to characteristic microstructural dimensions [9,11–13,16,17,43]. For 
example, Yoder et al. indicated that each change in slope is associated 
with a specific microstructural feature that can serve as a barrier to slip- 
band transmission, e.g. the transition from region I to region II is 
controlled by mean free path between the dispersoid particles [16]. 
Wanhill indicated for AA2024 that the first transition occurs when the 
cyclic plastic zone dimensions are equal to the mean planar distance 
between dispersoids, the second transition occurs when the cyclic plastic 
zone dimensions are equal to the subgrain and dislocation cell sizes and 
the third occurs when the monotonic plastic zone dimensions are equal 

Fig. 8. Crack length at transitions T3, T4 and T5 as a function of the measured 
crack length at the onset of the shear lips. The black line indicates y = x and the 
grey dashed line indicates y = x-10. 
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to the grain dimensions [17]. 
The change in micro-mechanism is usually reflected by a change in 

the fracture surface topography [11–15,41–46]. Fig. 7 shows similar 
results, i.e. specific fracture surface appearances for specific regions in 
the FCGR curve, and it can be concluded that the different stages of crack 
growth are related to different micro-mechanisms of crack growth and 
to different regions in the FCGR curve. 

4.1.3. Plasticity 
The average long crack exponent of regions I, II and III as obtained 

from Fig. 6 are 8.43, 3.2 and 4, respectively. The average exponent for 
region II, i.e. the Paris regime, is in the middle of the range of Paris 
slopes indicated by Fleck et al. for aluminium alloys [2]. Fleck et al. also 
show that the Paris slope ranges from 2.5 for ductile pressure vessel steel 

& stainless steels to 50 for brittle engineering ceramics. Similar results 
are reported by Ritchie [47]. This general trend indicates that plasticity 
at the crack tip can have an influence on the slope of the FCGR curve. 

The fracture surface of 7075-T7351 has a facetted appearance in 
region I (see Fig. 7). The facetted appearance corresponds to crystallo
graphic crack growth in stage I, where crack growth occurs predomi
nantly along slip bands in the slip system experiencing the maximum 
resolved shear [48]. However, at a macroscopic scale the crack front 
runs across many grains and remains in a plane normal to the uniaxial 
applied stress, unlike the typical small stage I crack that grows under 45◦

angles. Hence, this type of crack growth has been referred to as stage I- 
like propagation [49]. The facetted appearance during stage I-like 
propagation indicate that there is limited plasticity. Discrete dislocation 
modelling of a plane strain crack subject to remote mode I cyclic loading 
under small-scale yielding show that two distinct regimes of behaviour 
emerge naturally from the modelling: a steeply rising slope in region I 
followed by a more gradual slope in the Paris regime [50]. The change in 
slope is due to the increased plastic dissipation at the higher ΔK values 
[50]. This corresponds to the slopes observed in Fig. 6 and the frac
tography in Fig. 7. 

Zuidema et al. observed a change in FCGR slope for AA 2024-T3 and 
7075-T6 when shear lips develop and concluded that the shear lips are 
not responsible for the change in slope, but an underlying mechanism 
that changes when the stress state changes from plane strain to plane 
stress [36]. The change in stress state from plane strain to plane stress at 

Fig. 9. FCGR curves of 7075-T7351 and 2524-T351 for (a) R = 0.1 and (b) R = 0.46. (c) FCGR curves of 7075-T7351 and 7075-O for R = 0.1. (d) FCGR curves of 
7075-T7351, 7075-O, 2524-T351 and 2524-O for R = 0.46. For clarity only one curve of 7075-T7351 is shown in (d). 

Table 1 
Mechanical properties of the materials and heat treatments.  

Material Sy 

(MPa) 
UTS 
(MPa) 

Strain at UTS 
(%) 

7075-T7351 433 498  8.0 
2524-T351 337 444  18.6 
7075-O 108 213  13.5 
2524-O 97 217  14.8 
Inconel 601 284 653  47.6  
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T4 results in an increase in plasticity around the crack, because the 
plastic zone size in plane stress is greater than the size in plane strain 
[51–55]. 

Griberg et al. stated that for all engineering alloys the Paris slope 
increases with decreasing temperature, when the effect of environment 
is omitted by testing in vacuum or inert gas, and it was concluded that 
the decreasing plastic zone size with decreasing temperature is respon
sible for the change in slope [56–60]. 

From the above it is concluded that a change in the micro-mechanism 
of crack growth is most likely associated with a change in plasticity or 
plastic dissipation at the crack tip and a resulting change in FCGR slope. 
This gives a physical explanation for the presence of multiple slopes in 

the FCGR curve and justifies the use of Eq. (7) to model the fatigue crack 
growth. 

4.1.4. Novel fitting methodology 
It is expected that the least number of slopes that are necessary to 

describe the FCGR curve is equal or close to the number of micro- 
mechanisms of crack growth. There is a clear difference in fracture 
surface topography between stage I, which has a facetted appearance, 
and stage IIa. In stage IIc, the fracture surface is characterized by ductile 
striations with a striation spacing that is equal to the macroscopic FCGR. 
Therefore, stages I, IIa and IIc appear to have different micro- 
mechanisms. However, it is possible that a certain slope in the FCGR 
curve is a transition zone between two micro-mechanisms. For example, 
region/stage IIb does not show a different fracture surface topography 
than region/stage IIa and it could be that region IIb is a transition zone 
between regions IIa and IIc, instead of a transition point (see Fig. 7). 

However, a change in slope does not have to be characterized by a 

Fig. 10. FCGR as a function of ΔK for (a) 7075-O and (b) Inconel 601 at R = 0.1 and various maximum stresses. The vertical dotted line indicates the ΔK at which the 
FCGR are normalized in Fig. 11. 

Fig. 11. Normalized FCGR as a function of normalized Smax for different ma
terials and R = 0.1. The Smax and the FCGR at 12 and 33 MPa√m for 7075-O 
and Inconel 601, respectively, are normalized by the material’s yield stress 
and the FCGR at those ΔK values for the specimens tested with a maximum 
stress equal to the yield stress. The FCGR for 7075-T7351 was arbitrarily scaled 
such that the normalized FCGR is 0.3 at Smax = 80 MPa (Smax/Sy = 0.185). The 
curves are best fit by eye. 

Fig. 12. Small crack growth measurements and small crack depth vs. cycles fit. 
The long crack a-N fit corresponds to the 7075-T7351 M(T) specimen in Fig. 5. 
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microscopic change in fracture surface appearance. Fig. 8 shows that the 
transition (T4) from region IIc to IId is associated with a macroscopic 
change, i.e. the onset of shear lip development that leads to a fully 
slanted crack front. From Fig. 8 it is clear that shear lips develop at the 
crack length at which T4 is reached or within 10 mm from that crack 
length. Zuidema et al. indicated that the onset of shear lip development 
in 2024 and 7075 depends on the environment; a more aggressive 
environment shifts the transition to larger crack lengths, which could 
explain the scatter in Fig. 8 [36,61]. For region III it is likely that the 
microvoid nucleation and microcrack propagation ahead of the crack tip 
results in higher crack growth rates compared to crack growth rate at the 
same SIF range in the absence of microvoids. 

Fig. 3 shows that the error between the measured crack lengths and 
the fit increases rapidly when not enough slopes are used and that there 
is no significant decrease when more slopes are used. It is expected that 
the transition from one slope to the next does not occur at a single point, 
but more gradually. It is likely that the slightly lower error from 

additional pivot points originates from allowing a gradual transition 
from one region to another. The stable error that is obtained when a 
sufficient number of pivot points is used indicates that there is a good 
correlation between the fit and the raw a-N data. The additional pivot 
points are apparently not necessary to describe the FCGR curve more 
accurately. The pivot points should approach the general location of the 
transitions in the FCGR curve when a minimum number of pivot points is 
used to reach a stable error. The resulting FCGR curves are suitable for 
accurate reconstruction of the measured a-N curves. This implies that 
the crack growth rate between the pivot points can be described by 
power law behaviour. The power law behaviour can be used in all three 
regions as shown by the accurate fits in Fig. 4 and Fig. 5. This was shown 
earlier for individual or adjacent regions by [3–8,18]. 

The advantage of directly fitting the a-N curve is that i) it is not 
necessary to fit noisy FCGR data with a model, because an exact 
description of the FCGR curve is known from the fit of the a-N curve, ii) 
an accurate reconstruction of the a-N curve from the obtained FCGR data 
is possible. The method can be applied on naturally increasing ΔK 
testing with FCGR starting in region I, which avoids the problems 
associated with load shedding to obtain FCGR in region I. The method 
can also be used on a-N curves of small cracks to obtain accurate small 
crack FCGR data (see Fig. 12) and on a-N curves of variable amplitude 
(VA) loading to obtain VA FCGRs [62]. 

4.2. Small crack growth rate behaviour 

Short cracks are faster than expected from long crack growth rate 
data [63]. For long cracks the width and length are much larger than the 
microstructural length scales and generally linear elastic fracture me
chanics (LEFM) can be applied [64]. Short cracks are small in one 
dimension, but large in another, such as a through crack that nucleates 
from a notch [64]. Small cracks are small in all dimensions and in 
literature distinctions are made between microstructurally, mechani
cally and physically small cracks to explain why small cracks can grow at 
higher growth rates than long cracks [64–68]. Microstructurally small 
cracks (MSC) have dimensions comparable to the scale of the micro
structure and the plastic zone size is less than important microstructural 
features such as the distance between dispersoids, the subgrain and 
dislocation cell sizes or the grain size [64]. The growth of MSC is highly 
affected by local microstructural characteristics and the environment 
[65,69–72]. The crack is able to grow in a preferential location and 
orientation and the crack front covers only one or several grains, so that 
the crack growth is not averaged with less advantageously oriented 
grains [64]. Hence, Ritchie and Lankford state that inhomogeneous 
sampling of the microstructure probably plays a major role in the 
distinction between small cracks and short through-thickness cracks, 
whose crack fronts must encompass many grains [64]. 

Fig. 13. Crack growth rate per CA + VA spectrum block as a function of the 
crack depth for several surface cracks on one fracture surface. The legend in
dicates the crack designation arranged from maximum (A) to minimum crack 
depth (J) at failure. The open dots represent individual measurements of the 
CA + VA spectrum block width at similar crack depths and the connecting lines 
are shown for clarity (the curves are not obtained by crack length fitting). 

Fig. 14. SEM images of the CA + VA spectrum block growth rate at a crack depth of 120 µm for (a) the second largest and (b) the smallest crack at failure. These 
cracks correspond to crack B and crack J in Fig. 13, respectively. 
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Fig. 6 shows that all long FCGR curves collapse on a master curve for 
ΔKeff and it is equivalent to state that the transition from one region to 
another occurs at a specific ΔKeff or a specific FCGR. Fig. 12 shows the 
evolution of the FCGR as a function of ΔK for an MSC and a long crack. 
The results were both obtained with constant ΔS testing, therefore with 
naturally increasing ΔK testing and with the same stress ratio (R = 0.77). 
Hence, the figure would look the same if the FCGR was plotted as a 
function of ΔKeff. One might argue that that crack-closure is not present 
in the MSC, but it is also expected that limited crack closure is present in 
the long crack for R = 0.77. Even when no closure is assumed for the 
MSC and closure is assumed for the long crack, there is still a gap in ΔKeff 
at the transition T1. The MSC of Fig. 12 shows faster FCGR compared to 

the long crack, which is consistent with literature. The slopes of the MSC 
in region I and II are different compared to the long crack. However, 
Fig. 12 shows that the transition from region I to region II for the MSC 
occurs at the same FCGR as for the long crack. The FCGR of the MSC is 
obtained by the small crack length fit using Eq. (7) and hence the 
transition point from region I to region II can be determined accurately. 
Since the transition from region I to region II (T1) for small and long 
cracks occurs at a specific FCGR, it is concluded that the transition from 
region I to region II is governed by the FCGR instead of the crack driving 
force, ΔKeff. Hence, the transitions between different regions in Fig. 6 
and other figures are indicated horizontally. 

Fig. 13 shows a large variability in FCGR for small cracks near the 

Fig. 15. Measured fatigue life as a function of the maximum stress and predicted fatigue life using (a) small crack (SC) and (b) long crack (LC) growth rate data. The 
filled dots represent specimens that nucleated a crack from Fe-containing constituent particles with IDD in the order of 12 μm, 16 μm or 24 μm. The lines indicate the 
crack growth calculation (CGC) for initial crack depths of 12 μm, 16 μm or 24 μm. 

Fig. 16. SEM image of an Al12Fe3Si(Cr,Cu) constituent particle from which crack nucleation occurred. The black ellipse has a depth of 17 μm and an a/c ratio of 1.29.  
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transition from region I to region II. The variability decreases with 
increasing crack depth. It also shows that the lead crack of that spec
imen, i.e. the crack that was largest when the specimen failed, was the 
fastest of 11 cracks at a crack depth of 110 µm. It appears that the lead 
crack is already growing in region II while other cracks still have a steep 
slope between the first data points and are likely still growing in region I. 
Markerbands could only be measured accurately for all cracks from 110 
µm crack depth onwards. Therefore, it is unclear whether this crack was 
also the fastest directly after nucleation. However, when the specimen 
failed it was overall the fastest in crack nucleation and crack growth. For 
cracks with multiple measurements in region I, the slopes between these 

data points are similar and also similar to the region I slope for the MSC 
in Fig. 12. The variability in region I is mainly caused by vertical 
translation of the FCGR curves. Since these cracks are all present on one 
fracture surface, the applied maximum stress and stress ratio was equal 
for these cracks. The crack that failed the specimen, i.e. the lead crack, 
grows to the final size in a limited number of CA + VA spectrum blocks 
and most life is spend when the lead crack is still very small (<0.5 mm). 
The distance between the blind, laser drilled holes in a row is 2 mm and 
it is expected that the interaction between cracks is limited. All cracks 
nucleated from blind, laser drilled holes, with the same geometry and 
hence the same geometry factor, β. Therefore, ΔKeff is the same for these 
cracks for a given crack depth. 

The long crack growth rates originate from through cracks in M(T) 
specimens. The crack in the M(T) specimen spans many grains in the 
6.35 mm thickness of the plate and the location of the crack is pre- 
determined by the location of the 3 mm long EDM notch. In stage I- 
like propagation the crack front runs across many grains and remains in 
a plane normal to the uniaxial applied stress. Hence, the crack growth 
rate of long cracks is an average over many cycles and many grains. The 
MSC propagate in only a few grains and many crack nucleation and 
propagation locations are present in a single specimen. At locations 
suitable for crack growth, much higher crack growth rates are possible 
as observed in Fig. 13. Once it is assumed that the transitions between 
regions are controlled by the FCGR in conjunction with the micro
structural features, a change in ΔKeff at which the transition occurs 
becomes the direct result of the presence of variability in MSC FCGR. If 
the microstructure is locally very beneficial for a small crack growing in 
stage I this will give high FCGRs. Since the MSC that are measured are 
always the fastest ones, the transition T1 will shift to smaller values 
compared to the long cracks. Hence, for a transition from region I to 
region II at a specific FCGR, the difference between the region I FCGR of 
fast small cracks and average long cracks result in an apparent shift in 
ΔKeff at which the transition occurs. This indeed points to inhomoge
neous sampling as the reason for the lower threshold for small cracks as 
indicated by Ritchie and Lankford [64]. 

In literature this shift is often referred to as the shift in ΔKthreshold. 
Kitagawa and Takahashi were the first to show that the threshold for 
small cracks actually decreased with decreasing crack length and the 
threshold stress approached the smooth bar fatigue limit for MSC 

Fig. 17. Geometry factor, β, for a round bar as a function of the surface crack 
depth to diameter ratio. For the surface crack in a rectangular cross-section, the 
thickness T is used for D. 

Fig. 18. Small and long FCGR that is used in the CGC. The 7075-T7351 long 
FCGR master curve from Fig. 6 is shown for comparison. 

Fig. 19. Crack depth at failure as a function of the maximum stress for the 
smooth round S-N coupons (R = 0.1). 
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[65,73]. The Kitagawa-Takahashi diagram also addresses the higher 
crack growth rate for small cracks by an empirical relationship that 
shifts the threshold for small initial crack lengths, but it does not give a 
physical explanation. Adjustments to the diagram have been proposed 
by El Haddad et al. by adding a fictitious crack length to the physical 
crack length [74] and Murakami et al. by replacing the crack length by 
the square root of the area [75,76]. However, it is still deterministic in a 
sense that cracks either grow or do not grow depending on which side of 
the curve they are located based on their length or area and stress. 
However, there is enough evidence that small cracks do lead to failure, 
while they are in the no-grow area and vice versa [77]. Addressing the 
problem with probabilistics with proper distributions for the initial 
crack length and for the variability in small crack growth rate in region I 
as indicated by Fig. 13 should be able to account for this. 

4.3. Maximum stress-yield stress ratio phenomenon 

The maximum stress-yield stress ratio phenomenon results in an in
crease in FCGR and the increase can be different for different regions 
(see Fig. 10 and Fig. 11). The increase in FCGR with increasing 
maximum stress for the same ΔK and stress ratio could result from an 
increase in plastic deformation in the material. If so, more energy is 
available for crack growth and a proper parameter of similitude would 
in this case be the range of the J-integral, ΔJ, instead of ΔK. However, 
Fig. 10 shows that for Inconel 601 the phenomenon is restricted to a 
specific region in the FCGR curve and it is almost not present near and in 
region III. Therefore, the phenomenon is different for different regions 
and this is not expected when ΔJ should replace ΔK as the parameter of 
similitude. Fig. 11 also shows small differences between 7075-T7351 
tests at 36 MPa and 106 MPa maximum stress, while these stresses are 
well below the yield stress and the entire plate is already subjected to 
many load cycles during pre-cycling. Hence, it is expected that there is 
limited plasticity in the material during the FCGR test (except for the 
plastic zone at the crack tip). The phenomenon can also not be explained 
by increasing influence of plasticity at higher maximum stress-yield 
stress ratio, because the Manson-Coffin relationship in general and for 
7075 in particular shows that the presence of plasticity at maximum 
stress-yield stress ratio>0.75 increases the number of cycles to failure 
for a given total strain range compared with the same total strain range 
comprising from elastic strain [78]. Fig. 11 shows that the phenomenon 
is already present at a maximum stress-yield stress ratio of 0.38 for 
7075-T7351 and the phenomenon reduces the number of cycles to 
failure by increased crack growth rate in contrast to the influence of 
plasticity in the Manson-Coffin relationship. The phenomenon was also 
observed in 2024-T3 between maximum stress-yield stress ratios of 0.19 
and 0.38 [79]. A decrease in crack-opening stress with increasing 
maximum stress as determined by a plasticity induced crack closure 
model with constraint factor α was used to explain the increase in FCGR 
[79]. 

Fig. 11 shows that the influence of the maximum stress increases 
with increasing maximum stress-yield stress ratio. The curve is horizonal 
at small values of the normalized Smax indicating that there is no sig
nificant influence of Smax on the FCGR as a function of ΔK. In that case, 
for a given stress ratio, the FCGR is a function of the crack length and the 
square of the maximum stress, when mi = ni/2: 

da
dN

∝
(
S2

maxa
1)mi

, (10) 

If δ is defined as the ratio between the exponent on maximum stress 
and crack length, then δ is 2 for Eq. (10) and the SIF. However, at high 
values of normalized Smax the FCGR increases with increasing Smax for a 
given ΔK. When the relative increase in FCGR between two maximum 
stresses for a given ΔK is equal to the relative increase in stress to the 
power m, then there is a cubed relationship between Smax and the crack 
length (S3

maxa, where δ is 3). For that condition the vertical difference 
between the FCGR curves due to the maximum stress-yield stress ratio 

phenomenon is equal to a horizontal shift of the curve when the 
maximum stress is incorporated within the brackets of Eq. (10). Near the 
yield stress the relative increase in FCGR is greater than the relative 
increase in stress to the power m and δ becomes>3. As such, δ is a 
function of the derivative of the curves in Fig. 11. 

For M(T) specimens that are tested with a high Smax the FCGR at the 
start of the test is in region IIc or d and most cycles that are accumulated 
during the test are by crack growth in regions IIc and d. For 7075-T7351 
the exponents ni in those regions are close to two. Hence, exponents mi 
are close to unity and for a constant stress range during the test the crack 
growth is exponential. Hence, for high maximum stresses where the 
exponents mi are close to unity and δ is 3 or larger, the Frost-Dugdale 
relationship. 

da
dN

∝S3
maxa (11)  

is more appropriate [80,81]. It can therefore be concluded that for long 
cracks an FCGR equation based on the SIF is more appropriate for Smax 
≤ 0.6Sy and the Frost-Dugdale type equation is more appropriate for 
high maximum stresses. Similar conclusions were drawn for variable 
amplitude fatigue where Amsterdam found a δ of 2.12 for 7075-T7351 
and reference stresses between 75 and 140 MPa [62]. Huynh et al. 
found a δ of 3.13 for 7050-T7451 and reference stresses between 270 
and 450 MPa [82]. Molent and Jones extended the work to a number of 
materials, spectra and stress concentrations and entitled it as the stress- 
cubed (or cubic) rule [83,84]. Although the Frost-Dugdale is appropriate 
in some cases, for most maximum stresses δ is not equal to 3. For small 
cracks the power law exponents ni of regions I and IIb are not close to 
two and the Frost-Dugdale relationship is not appropriate anymore. 

For S-N coupons the IDD are usually very small and coupons are 
usually tested at high maximum stresses to induce failure by fatigue. 
Therefore, the maximum stress-yield stress ratio phenomenon becomes 
important for fatigue crack growth in these specimens. Although Fig. 13 
shows that there is variability in stage I FCGR for MSCs, which indicates 
that inhomogeneous sampling at small length scales is the cause for the 
apparent shift in ΔK at the transition, it is possible that the maximum 
stress-yield stress ratio phenomenon is very dominant in stage I FCG and 
contributes to the differences between MSC that are tested at high 
maximum stress-yield stress ratios and long cracks that are tested at 
small ratios. Therefore, it cannot be excluded that the higher FCGR of 
MSC in region I is partly due to maximum stress-yield stress ratio 
phenomenon. 

4.4. From crack growth rate to fatigue (crack growth) life 

The fatigue life was calculated from an RIDD to failure using Eq. (7) 
and immediate crack growth was assumed without a nucleation phase. 
Jin et al. concluded that fatigue cracks in 7075-T651 nucleated at pre- 
cracked Al7Cu2Fe constituent particles when the specimen was loaded 
in the L direction and crack initiation from this phase has been observed 
for high strength aluminium alloys by many authors [63,85–90]. Barter 
et al. expected immediate fatigue crack growth from these pre-cracked 
particles under high cyclic stress and observations on crack nucleation 
from corrosion pits indicated that crack nucleation from less sharp stress 
concentrator occurs essentially immediately upon the application of 
cyclic loading [90–93]. Therefore, it is expected that crack growth from 
pre-cracked or cracked Fe-containing particles occurs from the first 
loading cycle for highly loaded smooth S-N specimens. If additional 
cycles for fatigue nucleation were included, the total cycles to failure 
would increase. The predicted fatigue lives at maximum stresses >350 
MPa are greater than the experimental lives (see Fig. 15). Adding 
additional cycles for nucleation would only increase the discrepancy 
between the predicted and experimental fatigue lives. 

Forman was one of the first to investigate the use of fracture me
chanics for crack nucleation from initial discontinuities [94]. El Haddad 
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et al. incorporated short crack effects to the fracture mechanics by 
adjusting the ΔKthreshold to predict the fatigue life of smooth and notched 
specimens [95]. Newman et al. used a multilinear FCGR curve to 
calculate the S-N curve [19,96–98]. Small crack growth rate data was 
used to determine the slope in region I and the transition from region I to 
region II (see Fig. 1). A similar approach is followed here, with the 
exception that power law behaviour is assumed a priori and the tran
sition points and slopes in the FCGR curve are determined accurately by 
fitting the crack length vs. cycles curves of small and long cracks 
directly. Fatigue cracks that nucleate from initial discontinuity states, e. 
g. corrosion pits, fractured constituent particles or pores, usually start as 
an MSC [64]. When the MSC grows, and the dimensions become larger 
than the microstructural features, the MSC evolves into a physical small 
crack before it eventually becomes a long crack [64]. Fig. 1 shows that 
similar slopes are used in region IIa for small and long cracks in 7075-T6. 
Fig. 12 shows that the small and long FCGR merge near transition T2 and 
this behaviour is used in Fig. 18 to model the evolution of an MSC to a 
long crack in 7075-T7351. 

Goto and Nisitani indicated that the S-N curve is determined by the 
small crack growth rate and relate the slope of the S-N curve to the slope 
of small crack growth rate in carbon steel [99]. Tanaka and Akiniwa 
used the S-N curve to derive the crack growth rate in region I and II for 
internal crack growth from inclusions [100]. They indicate that for 
internally nucleated fatigue with long lives, most of the fatigue life is 
spent in crack growth in Region I and they used power law behaviour 
with different exponents to describe the crack growth rate in regions I 
and II. However, due to the multilinear FCGR curve, the FCGR vari
ability in region I and the maximum stress-yield stress ratio phenome
non, it is not possible to obtain one or multiple FCGR slopes from the S-N 
curve when the IDD and final crack length are the only points that are 
known from the a-N curve. Multiple data points in the a-N curve that fall 
into the same crack growth region have to be present to obtain infor
mation on slopes in the FCGR curve. Fig. 15 shows that there is a gradual 
change in the slope of the predicted fatigue life, where the slope at high 
maximum stress is related to the average exponent in region II and the 
slope at lower maximum stress increased towards the exponent in region 
I. Although the predicted curve approaches the region I FCGR slope, it is 
not equal to the region I curve because the cycles to failure is the result 
of crack growth in region I and region II. The fatigue life prediction at 
the maximum stress of 325 MPa, which is close to the 303 MPa at which 
the small FCGR data was determined, shows good agreement with the 
measured lives. However, at Smax > 375 MPa the predicted fatigue life is 
greater than the measured fatigue lives and it is expected that proper 
incorporation of the maximum stress-yield stress ratio phenomenon is 
necessary to accurately predict the fatigue life for smooth and notched 
coupons. 

5. Conclusions 

Fatigue crack growth occurs through different micro-mechanisms 
and this leads to different slopes in the FCGR curve. To accommodate 
for multiple slopes in the FCGR curve, mathematical pivot points are 
introduced in the Paris equation. The introduction of pivot points and by 
assuming power law behaviour in all regions of the FCGR curve it is 
possible to directly fit the crack length vs. cycles (a-N) curve to obtain 
the FCGR as a function of ΔK. The fitting method results in accurate 
FCGR curves that are suitable for reconstruction of the measured a-N 
curves of 7075-T7351. 

The ability to accurately fit a-N curves for cracks growing in region I 
confirms that region I long crack growth rate is governed by power law 
behaviour and provides a method for obtaining accurate region I fatigue 
crack growth rates for naturally increasing ΔK testing. The same applies 
for cracks growing in regions II and III, indicating that crack growth is 
governed by power law behaviour in all regions. Accurate small crack 
FCGR can be obtained by applying the method to naturally increasing 
ΔK testing of microstructurally small cracks. The accurate small crack 

growth rate measurements have been used to calculate the fatigue life 
from initial discontinuity dimensions and the results correspond roughly 
to the fatigue life results that are experimentally obtained for smooth S- 
N specimens. Using only accurate long crack FCGR to calculate the fa
tigue life from initial discontinuity dimensions results in unconservative 
fatigue lives. 

It is shown that the new fitting methodology can be applied to:  

1. Different alloys. 

The resulting FCGR curves show specific changes in the location of 
transition points and adjacent slopes for changes in alloy composition 
and heat treatments.  

2. Small cracks. 

The results for small cracks show that for constant ΔS testing and 
therefore naturally increasing ΔK testing there is still a difference be
tween small and long crack growth rate. The results also show that crack 
growth rate of small cracks in region I can vary significantly. However, 
the transition from region I to region II occurs at a specific fatigue crack 
growth rate for both small and long cracks. The variation in crack 
growth rate for region I combined with the transition from region I to 
region II at a specific fatigue crack growth rate results in an apparent 
shift in ΔK at the transition. This points at inhomogeneous sampling as 
one of the reasons for the lower threshold of small cracks. Another cause 
for the differences between the FCGR of small and long cracks could be 
the maximum stress-yield stress ratio phenomenon, which could be 
dominant in region I.  

3. Long cracks. 

The results on long cracks show that the FCGR increases with 
maximum stress for a given ΔK and stress ratio when the maximum 
stress approaches the yield stress. The phenomenon is referred to as ‘the 
maximum stress-yield stress ratio phenomenon’ and can vary per FCG 
region. The increase in FCGR with maximum stress indicates that the 
ratio between the exponent on stress and crack length, δ, is not constant. 
As a result the Paris equation is applicable rather at low maximum stress, 
while the Frost-Dugdale equation is more applicable at high maximum 
stress and long cracks. This phenomenon becomes especially important 
in the case of fatigue life testing and predictions, where the initial crack 
lengths are usually small and maximum stresses are high. It is also the 
most likely cause for the discrepancy between the fatigue life prediction 
and experimental results at maximum stresses that approach the yield 
stress. 
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