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Abstract: Many quantum information protocols require the implementation of random
unitaries. Because it takes exponential resources to produce Haar-random unitaries drawn
from the full n-qubit group, one often resorts to z-designs. Unitary 7-designs mimic the
Haar-measure up to 7-th moments. It is known that Clifford operations can implement at
most 3-designs. In this work, we quantify the non-Clifford resources required to break
this barrier. We find that it suffices to inject O (t* log?(r) log(1/¢)) many non-Clifford
gates into a polynomial-depth random Clifford circuit to obtain an e-approximate #-
design. Strikingly, the number of non-Clifford gates required is independent of the system
size — asymptotically, the density of non-Clifford gates is allowed to tend to zero. We
also derive novel bounds on the convergence time of random Clifford circuits to the ¢-th
moment of the uniform distribution on the Clifford group. Our proofs exploit a recently
developed variant of Schur-Weyl duality for the Clifford group, as well as bounds on
restricted spectral gaps of averaging operators.

Random vectors and unitaries are ubiquitous in protocols and arguments of quantum
information and many-body physics. In quantum information, a paradigmatic example
is the randomized benchmarking protocol [1-3], which aims to characterize the error
rate of quantum gates. There, random unitaries are used to average potentially complex
errors into a single, easy to measure error rate. In many-body physics, random unitaries
are used e.g. to model the dynamics that are thought to describe the mixing process that
quantum information undergoes when absorbed into, and evaporated from, a black hole
[4]. In these and related cases, one is faced with the issue that unitaries drawn uniformly
from the full many-body group are unphysical in the sense that, with overwhelming
probability, they cannot be implemented efficiently. The notion of a unitary t-design
captures an efficiently realizable version of uniform randomness [5—7]. More specifically,
a probability measure on the unitary group is a 7-design if it matches the uniform Haar
measure up to ¢-th moments.

Applications abound. The randomness provided by designs is used to foil attackers in
quantum cryptography protocols [8§—10]. It guards against worst case behavior in various


http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-022-04507-6&domain=pdf

996 J. Haferkamp, F. Montealegre-Mora, M. Heinrich, J. Eisert, D. Gross, 1. Roth

quantum [10-16] and classical [17] estimation problems. Designs allow for an efficient
implementation of decoupling procedures, a primitive in quantum Shannon theory [18].
In quantum complexity, unitary designs are used as models for generic instances of
time evolution that display a quantum computational speed-up [19,20]. Unitary designs
are now standard tools for the quantitative study of toy models in high energy physics,
quantum gravity, and quantum thermodynamics [4,21-23].

The multitude of applications motivates the search for efficient constructions of uni-
tary z-designs [24-28]. In particular, Brandao, Harrow and Horodecki [24] show that
local random circuits on n qubits with O (n2¢'?) many gates give rise to an approximate
t-design. In practice, it is often desirable to find more structured implementations. De-
signs consisting of Clifford operations would be particular attractive from various points
of view: (i) Because the Clifford unitaries form a finite group, elements can be repre-
sented exactly using a small number (0 (n?)) of bits. (ii) The Gottesman-Knill Theorem
ensures that there are efficient classical algorithms for simulating Clifford circuits. (iii)
Most importantly, in fault-tolerant architectures [29,30], Clifford unitaries tend to have
comparatively simple realizations, while the robust implementation of general gates (e.g.
via magic-state distillation) carries a significant overhead. The difference is so stark that
in this context, Clifford operations are often considered to be a free resource, and the
complexity of a circuit is measured solely in terms of the number of non-Clifford gates
[31,32].

The Clifford group is known to form a unitary ¢-design for t = 2 [9] and t = 3
[33-35], but fails to have this property for ¢ > 3 [33-37]. In fact, the Clifford group is
singled out among the finite subgroups of the unitary group by being a 3-design [38].
Moreover, Refs. [38,39] together imply that any local gate set that generates an exact
unitary design of order # > 3 must necessarily be universal, c.f. the discussion in Sect. 5.
Hence, any efficient design construction for + > 3 can only be approximate, and the
Clifford group seems to be a distinguished starting point.

This leads us to the central question underlying this work: How many non-Clifford
gates are required to generate an approximate unitary t-design? A direct application
of the random circuit model of Ref. [24] yields an estimate of O (n2¢'?) non-Clifford
operations. In this paper we show that a polynomial-sized random Clifford circuit, to-
gether with a system size-independent number of O (1*10g?(r)) non-Clifford gates — a
“homeopathic dose” — is already sufficient.

We establish this main result for two different circuit models (Fig. 1). In Sect. 1.1,
we consider alternating unitaries drawn uniformly from the Clifford group with a non-
Clifford gate. This gives rise to an efficient quantum circuit, as there are classical algo-
rithms for sampling uniformly from the Clifford group, and for producing an efficient
gate decomposition of the resulting operation [40]. A somewhat simpler model is an-
alyzed in Sect. 1.2. There, we assume that the Clifford layers are circuits consisting
of gates drawn form a local Clifford gate set. These circuits will only approximate the
uniform measure on the Clifford group. Theorem 2, which might be of independent
interest, gives novel bounds on the convergence rate.

The key to this scaling lies in the structure of the commutant of the #-th tensor
power of the Clifford group, described by a variant of Schur-Weyl duality developed
in a sequence of recent works [36,41-43]. There, it has been shown that the dimension
of this commutant — which measures the failure of the Clifford group to be a #-design
from a representation theoretical perspective — is independent of the system size. Refs.
[36,42] have used this insight to provide a construction for exact spherical t-designs
that consist of a system size-independent number of Clifford orbits. It has been left as an
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Fig. 1. K-interleaved Clifford circuits: We consider a model where random Clifford operations are alternated
with a non-Clifford gate K or its inverse K T

open problem whether these ideas can be generalized from spherical designs to the more
complex notion of unitary designs, and whether the construction can be made efficient
[42]. The present work resolves this question in the affirmative.

Finally, we note that in Ref. [44], it has been observed numerically that adding a single
T gate to a random Clifford circuit has dramatic effects on the entanglement spectrum.
A relation to ¢-designs was suspected. Our result provides a rigorous understanding of
this observation.

1. Results

1.1. Approximate t-designs with few non-Clifford gates. To state our results precisely,
we need to formalize the relevant notion of approximation, as well as the circuit model
used. Let v be a probability measure on the unitary group U (d). The measure v gives
rise to a quantum channel

M, () (p) = f
ud

U®p (U*)@ dv(U), (1)
)
which applies U®’, with U chosen according to v. We will refer to M, (v) as the ¢-th
moment operator associated with v. Following Ref. [27], we quantify the degree to
which a measure approximates a ¢-design by the diamond norm distance of its moment
operator to the moment operator of the Haar measure ug on U (d).

Definition 1 (Approximate unitary design). Let v be a distribution on U(d). Then v is
an (additive) e-approximate ¢-design if

IM; (v) = M; (un)llo < e. 2
Denote the uniform measure on the multiqubit Clifford group C1(2") by uci, and

let K be some fixed single-qubit non-Clifford gate. The circuit model we are consid-
ering (Fig. 1) interleaves Clifford unitaries drawn from ¢y, with random gates from
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{K, KT, 1} acting on an arbitrary qubit.! Note that the concatenation of two unitaries
drawn from measures v and v; is described by the convolution vy * v, of the respective
measures. We thus arrive at this formal definition of the circuit model:

Definition 2 (K -interleaved Clifford circuits). Let K € U (2). Consider the probability
measure g that draws uniformly from the set {K & 1,1, K'® Ton—1, Ion}. A K-
interleaved Clifford circuit of depth k is the random circuit acting on n qubits described
by the probability distribution

Ok = jc1 * Ek * -+ % ucl * &k - (3)

k times

For convenience, we work with the logarithm of base 2: log(x) := log,(x). We are
now equipped to state the main result of this work in the form of a theorem:

Theorem 1 (Unitary designs with few non-Clifford gates). Let K € U (2) be a non-
Clifford unitary. There are constants C1(K), C2(K) such that foranyk > C1(K) log2 (1)
(t4 +tlog(1/¢)), a K-interleaved Clifford circuit with depth k acting on n qubits is an
additive e-approximate t-design for all n > Co(K)t>.

We give the proofs of this theorem in Sect. 3. In Theorem 1, we consider uniformly
drawn multiqubit Clifford unitaries. This can be achieved with O (n?) classical random
bits [40] and then implemented with 0(n?/ log(n)) gates [45]. Combined with these
results, Theorem 1 implies an overall gate count of O (n?/log(n)t*log?(¢)) improving
the scaling compared to Ref. [24] in the dependence on both 7 and n. In this sense, our
construction can be seen as a classical-quantum hybrid construction of unitary designs:
The scaling is significantly improved by outsourcing as many tasks as possible to a
classical computer. A construction in which all parts of the random unitary are local
random circuits is considered in Corollary 2.

For designs generated from general random local circuits, numerical results suggest
that convergence is much faster in practice than indicated by the proven bounds [46].
We expect that a similar effect occurs here, and that in fact very shallow K -interleaved
Clifford circuits are sufficient to approximate ¢-designs. This intuition is supported by
the numerical results of Ref. [44], which show that even a single 7 -gate has dramatic
effects on the entanglement spectrum of a quantum circuit.

It is moreover noteworthy that circuits with few 7 -gates can be efficiently simulated
[47-51]. The scaling of these algorithms is polynomial in the depth of the circuit, but
exponential in the number of T-gates. Combined with our result, this implies that for
fixed additive errors €, there are families of e-approximate unitary O (log(n))-designs
simulable in quasi-polynomial time. For the general random quantum circuit model, it
is conjectured that a depth of order O (nt) suffices to approximate 7-designs [24,52]. If
such a linear scaling is sufficient in our model, the quasi-polynomial time estimate for
classical simulations would improve to polynomial.

For the proof of Theorem 1 we need to analyse the connection between the #-th mo-
ment operator of the Haar measure and the commutant of the diagonal action of the Clif-
ford group. The latter was proven to be spanned by representations of so-called stochastic

1 We use the set {K,K T, 1} instead of just {K} for technical reasons: Making the set closed under the
adjoint causes the moment operator to be Hermitian. The identity is included to ensure that the concatenation
of two random elements has a non-vanishing probability of producing a non-Clifford gate—a property that
will slightly simplify the proof. Of course, in a physical realization, identity gates and the following Clifford
operation are redundant and need not be implemented.
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Lagrangian sub-spaces in Ref. [42]. In particular, we prove almost tight bounds on the
overlap of the Haar operator with these basis vectors in Lemma 13 that might be of
independent interest. This will allow us to invoke a powerful theorem by Varju [53] on
restricted spectral gaps of probability distributions on compact Lie groups to show that
non-Clifford unitaries have a strong impact on representations of Lagrangian sub-spaces
that are not also permutations. We combine this insight with a careful combinatorial argu-
ment about the Gram-Schmidt orthogonalization of the basis corresponding to stochastic
Lagrangian sub-spaces to bound the difference to a unitary #-design in diamond norm.

Moreover, the bound for Theorem 1 allows us to prove a corollary about the stronger
notion of relative approximate designs:

Definition 3 (Relative e-approximate t-design). We call a probability v a relative e-
approximate ¢-design if

(I =e)M; (v) < My (un) < (1 + )M (v), “)
where A < B if and only if B — A is completely positive.

Corollary 1 (K -interleaved Clifford circuits as relative e-approximate z-designs). There
are constants Ci(K), Cé(K) such that a K -interleaved Clifford circuit is a relative ¢-

approximate t-design in depth k > C}(K) log?(t)2nt +log(1/¢)) foralln > Cé(K)tz.

Hence, if we drop the system-size independence, we can achieve a scaling of O (nt)
at least until ¢ ~ /n.

While we believe the setting of K -interleaved Clifford circuits to be the more relevant
case, the same method of proof works for Haar-interleaved Clifford circuits. Here, we
draw not from the gate set {K;, KZ.T, 1}, but instead Haar-randomly from U (2). The
advantage is that we obtain explicit constants for the depth, while the depth in the K-
interleaved setting has to depend on a constant (as K might be arbitrarily close to the
identity).

Proposition 1 (Haar-interleaved Clifford circuits as additive e-approximate z-designs).
For k > 36(33t* + 3t log(1/¢)), Haar-interleaved Clifford circuits with depth k form an
additive e-approximate t-design for all n > 32t +17.

Similarly, variants of Corollary 1 for Haar-interleaved Clifford circuits can be ob-
tained, here also without the log?(¢) dependence. Finally, we discuss an application to
higher Rényi entropies in “Appendix D”.

1.2. Local random Clifford circuits for Clifford and unitary designs. The circuits con-
sidered in the previous section require one to find the gate decomposition of a random
Clifford operation. In this section, we analyze the case where the Clifford layers are
circuits consisting of gates drawn from a local set of generators.

As a first step, we establish that a 2-local random Clifford circuit on n qubits of depth
o n*s® log’z(t) log(1/¢)) constitutes a relative e-approximate Clifford z-design, i.e.,
reproduces the moment operator of the Clifford group up to the #-th order with a relative
error of €. We consider local random Clifford circuits that consist of 2-local quantum
gates from a finite set G with is closed under taking the inverse and generates C1(4). We
refer to such a set as a closed, generating set. A canonical example for such a closed,
generating set is {H ® 1, S ® 1, 1, CX} where H is the Hadamard gate, S is
the phase gate and CX is the cNOT-gate [54]. Such a set G induces a set of multi-qubit
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Clifford unitaries G C Cl(n) by acting on any pair of adjacent qubits on a line, where we
adopt periodic boundary conditions. We then define the corresponding random Clifford
circuits.

Definition 4 (Local random Clifford circuif). Let G C Cl(4) be a closed, generating
set containing the identity. Define the probability measure oG as the measure having
uniform support on G c Cl(n) acting on n qubits. A local random Clifford circuit of
depth m is the random circuits described by the probability measure o ;"

For technical reasons, we again assume that the identity is part of the generating set.
This assumption can be avoided but simplifies the argumentation in the following. As
for the Definition 2 of K-interleaved Clifford circuits before, any upper bound on the
depth of local random Clifford circuits with identity is a bound for those without.

Our result on local random Clifford circuits even holds for a stronger notion for
approximations of designs, namely relative approximate designs. Write A < Bif B— A
is positive semi-definite.

Definition 5 (Relative approximate Clifford t-designs). Let v be a probability measure
on CI(2"). Then, v is a relative e-approximate Clifford t-design if

(I =M (e < My (v) < (1 + )M, (ecn)- &)
With this definition, our result reads as follows.

Theorem 2 (Local random Clifford designs). Let n > 12¢, then a local random Clifford
circuit of depth O(n log_2 O 32nr + log(1/¢€))) constitutes a relative e-approximate
Clifford t-design.

The proof of the theorem is given in Sect. 4. This result is a significant improvement
over the scaling of O (n®), which is implicit in Ref. [9].

‘We can combine this result with the bounds obtained in Sect. 3. To this end, consider a
random circuit that k-times alternatingly applies a local random Clifford circuit of depth
m, and a unitary drawn from the probability measure &g . The corresponding probability
measure is

Ofm = 05" %Eg %+ x05" % &k . (6)

k times
For these local random circuits we establish the following result:

Corollary 2 (Local random unitary design). Let K € U (2) be a non-Clifford gate and let
G C ClI(4) be a closed, generating set. There are constants C} (K, G), Cy(K), C§(K)
such that whenever

m > C/ (K, G)nlog=2(t)r® 2nt +log(1/¢)) and k > C}(K)log*(1)(t* + tlog(1/¢)),

the local random circuit oy, defined in (6), is an e-approximate unitary t-design for
alln > CY(K)t?.

The complete argument for the corollary is given at the end of Sect. 4. After intro-
ducing technical preliminaries in Sect. 2, the remainder of the paper, Sect. 3 and Sect. 4,
is devoted to the proofs of Theorem 1, Theorem 2 and the Corollary 2. Finally, in
Sect. 5 we elaborate on and formalize as Proposition 3 the observation that there ex-
ists no non-universal gate set generating exact 4-designs for arbitrary system size. This
observation is an immediate consequence of the classification of finite unitary ¢-groups
and a criterion for the universality of finite gate sets [38,39,55].
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2. Technical Preliminaries

2.1. Operators and superoperators. Given a (finite-dimensional) Hilbert space H, we
denote with L(H) the space of linear operators on H with involution { mapping an
operator to its adjoint with respect to the inner product on H. L(’H) naturally inherits a
Hermitian inner product, the Hilbert-Schmidt inner product

(A|B) :=Tr(A"B), VA, B e L(H). %

As this definition already suggests, we will use “operator kets and bras” whenever we
think it simplifies the notation. Concretely, we write |B) = B and denote with (A | the
linear form on L(’H) given by

(Al: B+— (A|B). (8)

Following common terminology in quantum information theory, we call linear maps
¢ : L(H) — L(H) on operators “superoperators”. We use ¢ to denote the adjoint map
with respect to the Hilbert-Schmidt inner product. Note that with the above notation,
¢ = |A)(B| defines a rank one superoperator with qbT = |B)(A|. Moreover, we will
denote by the superoperator Ad4 := A - A~! the adjoint action of an invertible operator
A € GL(H) on L(H). For notational reasons, we sometimes write Ad(A) instead of
Ady.
‘We consistently reserve the notation ||- || P for the Schatten p-norms

Al = Tr(AI)Y? = llo (A, . ©9)

where o (A) is the vector of singular values of A. In particular, we use the trace norm
p = 1, the Frobenius or Hilbert-Schmidt norm p = 2 and the spectral norm p = oo.
Clearly, this norms can be defined for both operators and superoperators and we will use
the same symbol in both cases. For the latter, however, there is also a family of induced
operator norms

161l pq = sup 6O, - (10)
1X1,=<1
Note that [|-|l,_,» = ||‘||s- Finally, we are interested in “stabilized” versions of these

induced norms, in particular the diamond norm

ol = Sug ¢ ® idy, o) [ 11— o ®idLew ||1—>1 . (1D
€

The following norm inequality will be useful [56]

Iglls < @mH)? [$llos s NPlloe < VdimH I ]l - 12)
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2.2. Commutant of the diagonal representation of the Clifford group. In this section, we
review some of the machinery developed in Ref. [42]. Recall that the n-qubit Clifford
group Cl(n) is defined as the unitary normalizer of the Pauli group P, as

Cl(n) = {U cUQ",Qli) |UP,U' P,,]. (13)

Here, we followed the convention to restrict the matrix entries to rational complex num-
bers. This avoids the unnecessary complications from an infinite center U(1) yielding
a finite group with minimal center Z(Cl(n)) = Z(P,) =~ Z4. The Clifford group can
equivalently be defined in a less conceptual but more constructive manner: It is the sub-
group of U(2") generated by CX, the controlled not gate, the Hadamard gate H and the
phase gate S.

For this work, the ¢-th diagonal representation of the Clifford group, defined as

@ Cl(n) — UQ™), U+— U®', (14)

will be of major importance. It acts naturally on the Hilbert space ((C?)®")® which
can be seen as ¢ copies of an n-qubit system. However, it will turn out that the opera-
tors commuting with this representation naturally factorize with respect to a different
tensor structure on this Hilbert space, namely ((C?)®)®" ~ ((C?)®")®!. Because of
the different exponents, it should be clear from the context which tensor structure is
meant. We will make ubiquitous use of the description of the commutant of the diagonal
representation in terms of stochastic Lagrangian sub-spaces [42]:

Definition 6 (Stochastic Lagrangian sub-spaces). Consider the quadratic formq : Z%’ —
Z4 defined as q(x, y) := x-x—y-y mod 4. The set X; ; denotes the set of all sub-spaces
T C Z%t being subject to the following properties:

1. T is totally g-isotropic: x -x =y -y mod 4 forall (x,y) € T.
2. T has dimension ¢ (the maximum dimension compatible with total isotropicity).
3. Tis stochastic: (1,...,1) e T.

We call elements in X, ; stochastic Lagrangian sub-spaces. We have

=2
1] = [T@+1) < 220+, (15)
k=0

With this notion, we can now state the following key theorem from Ref. [42].

Theorem 3 ([42]). If n > t — 1, then the commutant T (Cl(n)) of the t-th diagonal
representation of the Clifford group is spanned by the linearly independent operators
r(T)®", where T € %, and

r(T) = Y |x)yl. (16)

(x,»)eT

Since the representation in question is fixed throughout this paper, we will simplify
the notation from now on and write Cl(n) = t®(Cl(n))’. To make use of a more
sophisticated characterization of the elements r(7") developed in Ref. [42, Section 4],
we need the following definitions.
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Definition 7 (Stochastic orthogonal group). Consider the quadratic form g : Z — Z4
defined as g(x) := x - x mod 4. The stochastic orthogonal group O; is defined as the
group of ¢ x ¢ matrices O with entries in Z; such that g(Ox) = g(x) forall x € Zt2~

The subspace Tp := {(Ox,x),x € th} is a stochastic Lagrangian subspace. More-
over, the operator r(O) := r(Tp) is unitary. We will therefore canonically embed the
orthogonal stochastic group O; C Z; ;. Notice that the permutation group on ¢ objects,
referred to as S;, may be embedded into O, by acting on the standard basis of Z.
Together with Oy, the following definition can be used to fully characterize the set of
stochastic Langrangian sub-spaces, X; ;.

Definition 8 (Defect sub-spaces). A defect subspace is a subspace N € Z) which is
isotropic with respect to ¢, that is, that g(x) = O forall x € N.

The quadratic form ¢ is what is known as a generalized quadratic refinement of the
bi-linear form defined by the inner product (x, y) — x - y mod 2 (see, e.g., Ref. [57,
App. A] for a self-contained discussion). In the following, the ortho-complement N+ of
a subspace N C ZJ is taken with respect to the inner product modulo 2,

Nt={(veZilv-u=0 mod2, Yue N}

Notice that g(x) = 0 implies that x - 1, = 0 mod 2, where 1, := (1,..., )7
is the all-ones vector. Thus, we do not need a separate clause requiring 1, € N+ in
the definition of defect sub-spaces (compare Ref. [42, Def. 4.16]). Moreover, one may
verify that 2g(x) = 2x - 1; mod 4. This implies, similarly, that if O preserves ¢, then
01, = 1;. Borrowing the language of [42], all g-isometries are stochastic (compare
the definition of the orthogonal stochastic group in that reference, [42, Def. 4.11]). The
reason for these simplifications is that here we focus on the qubit case exclusively, while
Ref. [42] works simultaneously for qubits and odd qudits. We use the names stochastic
orthogonal group and defect subspace (rather than simply g-isometry group and isotropic
subspace) to keep with the notation of that reference.

For any defect subspace N, it holds that N € N 1 (and thus dim N < ¢/2). Because
of this, defect sub-spaces N C th define Calderbank-Shor-Sloane (CSS) codes

CSS(N) :={Z(p)X(q) | q. p € N}, a7)

where the action of the multi-qubit Pauli operators is Z(p) |x) := (—1)"* |x) and
X(q) |x) == |x +q) for x € Z5. The corresponding projector is given by

1

Py 1= Pesson = s D Z(pX (@) (18)
q,pEN

Since the order of the stabilizer group is 22 4™ N ' Py projects onto a2/ ~24m N _dimensional
subspace of (CH® For N = {0} we set Pcss(nyy := 1. We summarize the findings of
Ref. [42, Sect. 4] in Thm. 4. We give a short proof to give an explicit relation between
this theorem and the results of that work.

Theorem 4 ([42]). Consider T € %, ;, then

r(T) = 25" Vr(0) Pessvy = 2™ Pessvyr(0) (19)
for O, 0" € O; and N, N' are unique defect sub-spaces with dim N = dim N'.
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Proof. Recall from Ref. [42] that the code space range Pcss(y) has an orthonormal basis
of coset state vectors given by

IN, [x]) = %\;V I +y) ‘x e Nt, [x] e NY/N

One may compute that 7 (O) |N, [x]) = |ON,[Ox]). This way,

r(O)Pcssvy =y 10N, [0x]) (N, [x]].
[x]eN+/N

Comparing this equation to [42, Lem. 4.23] we see that the set {2dim N r(0)Pcss(ny}o
is equal to the set of r(7") operators with right defect subspace given by N, i.e., with
Trp = N in the notation of that reference. This way, varying over N we obtain the full
set 2; ;. The existence of a decomposition 2dim N Pcssnvryr (0 follows from the above

by noting that r(O)PCSS(N)r(O)T = Pcss(oN)- O
Lemma 1 (Norms of r(T)). Suppose r(T) = 29Ny (0) Py as in Theorem 4. Then it
holds:

(Tl = 2!~4m N, Ir (Tl =272, Ir(T) oo =29, (20)

Proof. Since any Schatten p-norm is unitarily invariant, we have ||r(T), = 2dim N
| Py . The statements follow from rank Py = 2/~2dm¥, O

In the following, we will often work with a normalized version of the r (T') operators
which we define as
r(T) )2
Or 1= ——— =2""21(T). Q1)
(T2

3. Approximate Unitary #-Designs

In this section, we give a bound on the number of non-Clifford gates needed to leverage
the Clifford group to an approximate unitary ¢-design. This is made precise by the fol-
lowing two theorems which rely on two distinct proof strategies and come with different
trade-offs.

Theorem 1 (Unitary designs with few non-Clifford gates). Let K € U (2) be a non-
Clifford unitary. There are constants C1(K), C2(K) such that foranyk > C1(K) log2 (1)
(14 +tlog(1/¢)), a K-interleaved Clifford circuit with depth k acting on n qubits is an
additive e-approximate t-design for all n > Co(K)t>.

Recall from Def. 2 that a K -interleaved Clifford circuit has an associated probability
measure og = (ucy * & K)*k where &g is the measure which draws uniformly from
{K,K f. 1} on the first qubit. Let us introduce the notation

1
R(K) := / AdY d& (U) = 3 (Ad%’ +Adﬁ§. +id) ®id,_1. (22)
U@
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Then, our goal is to bound the deviation of the moment operator

M; (ox) = /U(z )Adgl dox (U) = M; (uc)R(K) ... M; (uc)R(K), (23)

k times

from the Haar projector Py = M;(uy) in diamond norm. Using that Py is invariant
under left and right multiplication with unitaries, we have the identity

AR — Py = (A — Py, (24)

for any mixed unitary channel A. Thus, we can rewrite the difference of moment operators
as

M; (01) — P = [PoR(K)]* — Py = [(Par — Pu) R(K)]*, (25)
where we have introduced the shorthand notation Pcy := M, (itc1).-

Remark 1 (Non-vanishing probability of applying the identity). We apply K, KT with
equal probability in Theorem 1 such that R(K) is Hermitian. The non-vanishing proba-
bility of applying 1, i.e., of doing nothing, is necessary in the proof of Lemma 2, because
we require the probability distribution £k * £x to have non-vanishing support on a non-
Clifford gate. If £ is the uniform measure on K and K7, then &g * £¢ has support on
K2, (K™)? and 1. We can hence drop this assumption for gates that do not square to a
Clifford gate. This is not the case for e.g. the T'-gate.

Our proof strategy for Theorem 1 makes use of the following two lemmas which are
proven in Sects. 6.1 and 6.2. The first lemma is key to the derivations in this section. It is
based on a bound (Lemma 13) on the overlap of stochastic Lagrangian sub-spaces with
the Haar projector and Theorem 5, a special case of a theorem about restricted spectral
gaps of random walks on compact Lie groups due to Varji [53].

Lemma 2 (Overlap bound). Let K be a single qubit gate which is not contained in the
Clifford group. Then, there is a constant ¢(K) > 0 such that

1 ) _
Nk = Max o (Or| AR + A +id |Q77)| < 1 — c(K) log 2(t).  (26)
t,t— Ot
T'ex;

The second lemma is of a more technical nature.

Lemma 3 (Diamond norm bound). Consider Ty, T> € X, ; and denote with N1, N, their
respective defect spaces. Then, it holds that

I1en ) (@ |, < 29mN-dmi, (27)
| (01,01, | < 27 !dimNi—dimNaf, (28)

The difficulty of using these results to bound the difference

M, (o1) — Pu = [ (Pai — Po)R(K)]", (29)

stems from the following reason: The range of the projector Pc; — Py is the ortho-
complement of the space spanned by permutations Q%" for = € S, within the commu-
tant of the Clifford group spanned by the operators Q?". Although this is a conveniently
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factorizing and well-studied basis, it is non-orthogonal. Thus, the projectors do not pos-
sess a natural expansion in this basis and we can not directly use the above bounds.
However, we can write it explicitly in a suitable orthonormal basis of the commutant ob-
tained by the Gram-Schmidt procedure from the basis {Q?n |T € %;;}. We summarize
the properties of this basis in the following lemma.

Lemma 4 (Properties of the constructed basis). Let {T }| ! be an enumeration of the

elements of X ; such that the first t! spaces T} correspond t0 the elements of S;. Then,
the {E j} constitutes an orthogonal (but not normalzzed ) basis, where

; .
E; ._ZA,,Q®" ~—Z > sien() [ (Qn]Qme)" | 05 (30)
i=1 | Ies; =1

(=i
Denote by Nj the defect space of T;. For n > %(t2 + 5t), we have
Aij| < 2t3+412+6t7n\dim Ni—dimNj| j, 31)
Ay < 2210 (32)
Moreover, it holds that
1 — 2t2+7t—n <Aj; < 1+2t2+7t—n. (33)

We believe that the explicit bounds in Lemma 4 might be of independent interest in
applications of the Schur-Weyl duality of the Clifford group. For the sake of readibility,
and as Theorem 1 holds up to an inexplicit constant, we will bound all polynomials in
t by their leading order term in the following. Specifically, the bounds in Lemma 4 will
be simplified by using the inequalities

B +42 +61 < 1113, (34)
267+ 108 < 1212 < 1243, (35)
12 +7t < 82 < 8¢ (36)

which hold for all positive integers ¢.

Proof of Theorem 1. Notice that from (25), we have the expression

”[PCIR(K)]k _ PH||<> (37)
o 1 k
- — ENE; | | RK) N
jzXZ!;rl (Ej’Ej) | /)( /|

S
P k

1
=l X Hm!Ejl)(Ejl}Ruo|E,-2)...(E,-k|R(K> (39)

Flyees jm=t+1 =1

= 2 N

Jlseesjk=t!+11=1 r=1

o

RK) [Ej) 1| 1B )(E]| . @0
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We now bound each of the factors in each term above. First, we compute the squared
norm of |E j )

J
(EjEj) =Y ArjAL; (Qr|0n)" = A3+ D A A (Qnlon)" . @D

ri=1 ki<j
Using Eqgs. (32) and (33), we thus bound
(E,]E;) = (1+ 2’2”’—”)2 T+ (j% — 14100
< (1 + 2’2”’—”)2 T
< 1+231t2—2n’ (42)
and in the same way
(Ej|Ej) =1 =277 (43)

Now we use that n > 16¢2. Letting x := 23“2_2” e [0, %], the inequalities 1 /(1 —x) <
1+2xand 1 —2x < 1/(1 + x) hold. This leads to

2
————=1+a; with |a;] <2%7 (44)
(Ej|E))

‘We now focus on the second factor,

i
[ERK) [E)) 1= D3 14| (03"

r=1I1=1

R |05)|. @)

If for (QT, R(K) |QT1) one of the stochastic Lagrangian sub-spaces does not corre-
spond to a permutation, Lemma 2 introduces a factor of nx ;. If both correspond to a
permutation, we redefine the factors in a way that leads to simpler expressions in the
calculations used below. Namely, in this case we redefine A,; and A; ; by multiplying

it with 2. This is compensated by introducing a factor of }1 and letting

_ 1
NK,t = max{zﬂlk,t} . (46)

We can do this as i and j do not correspond to permutations and hence A, ; and A;; are
exponentially suppressed, which remains true after rescaling by 2. In this case, moreover,
r<tl+l <iandl < t!+1 < j,sothefactor|A,;A;, ;| will be exponentially suppressed
according to (32) and so this redefinition will not affect the asymptotic scaling in n.
We provide two bounds for | (E; | R(K) ’E j) | that will be used later on. We will
use repeatedly that the diamond norm is multiplicative under the tensor product of
superoperators [58, Thm. 3.49]. First, using (31), (33) and (28), we obtain
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i J
[ENRK) [E)) 1= D3 1Al | (03

r=11=1

R(K) |05")

(47)

i
5 3 . . . . . .
< 77]K,t(1 +28t —n) 222241 —n|dim Ny —dim N;|—n|dim N;—dim N |—(n—1)| dim N;—dim N, |

r=11=1
(48)
S F/K,t(l +28t2—n)|2t’t|2225t3—n|dimNj—dimNi| (49)
< ﬁK,t(l +28127n)23lt37n|dim Nj—dim N,'\’ (50)

where we have used 2! dm N —dim N[ < of < 2’3, and the fact that for the rescaled A, ;,
the inequality (31) implies

A< o 11#% ~| dim N, —dim N[ +1 < 012¢%~| dim N, —dim N, |

for all r, i. Moreover, we have used the triangle inequality,

|dim N, — dim N;| + | — dim N; + dim N;| + | dim N; — dim N, |
> |dim N, — dim N; — dim N; + dim N; + dim N; — dim N, |
= |dim N; — dim N;|, 51
in the inequality (49).

The second bound follows from Egs. (32) and (33), and we consider two cases. If
i # j,then

i
| (Ei|R(K) [Ej) 1 <Y Y 1AniALl | (Q?j"

r=1[=1

R(K) [05")|

— 2_ 2_
< ik (1 +2877m) 5, 2210

S r_]K,t(l +2812—n)225t2—n. (52)
Otherwise,
i i
B REK ED T =D 14nidl | (05| RGO [057)1 53)
r=1 I=1
=ik (1AsilP + 6% = 121277) (54)
SﬁK,t ((l +2812—)’l)2 + (1 + 2812—}1)21612—1’!) (55)
<ijg (1 +2167 )3, (56)

In inequality (54), we have bounded the term » = [ = i using (33), and each of the other
terms using (32). Moreover, in the inequalities (55) and (56) we use thati < |%; |, and

1+28t2—n < (1+28t2—n)2 < (1+21612—Vl)2.
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Lastly, we obtain from (31) and (27)

EDES 1 = 33 s - |lesm) (o5 ]| (57)
r=11=1

S |Et,t |2224t3—n\ dim N,—dim Ni|—I’L| dim Nl—dim Nj \+n(dim Nl—dim Nr) (58)

< 30 4n(dim Nj ~dim N;). (59)

We now start piecing these expressions together to bound (40). Egs. (59) and (44)
give

ILPCIR(K)TF — Pallo

[ 2t k—1
k : . .
< (1 + 23212—2n> Z 23Ot3+n(d1m Nj, —dim Nj) 1_[ | (Ejr R(K) |Ejr+1 ) l.
Jlyeees Jre=t!+1 r=1
(60)

To bound (60), we will bunch together the contribution of all terms whose sequence
{Jj1, ..., jx} contains [ changes. Moreover, we will treat differently the cases [ < |7/2]
and [ > [t/2]. In the former case, we use (50) to get

k—1
[T
r=1

RK) [Ej0) | < il (142167 7m3G=DolBie—aldim Ny —dim Ny |61

In this case, the factor of 2"@mMNix=dimNji) coming from (59) is cancelled by the last
faCtOr Of 2—n| dim Njk —dim Nj
In the latter case, we turn to (52) instead to obtain

k—1
[T1(;
r=1

il

4 R
R(K) |Ej,, )| < ik 1 (142160 7m)3k=Doi2seIn,

Here, the exponential factor coming from (59) is cancelled by 27 since dim N e —
dim N;, < [¢/2]. Counting the instances of sequences with / changes, we may put these
considerations together to bound

< (1 +232t2—2n)k (1 +216t2—n)3(k_1)

IIPaR(K)TF — Pyl

L3

_h— k 3
n/;{Jl [ Z (l) |Zt,t|l+12131t

[=0

k
k |t 2 11ne 2
+ Z <1)|2t,t|1+12(l L3 D@5t n)2L2j25t]

I=14]+1

4k t k 3
S(1+232’2_2”) ﬁl;(—tl (7 |EM|L%J+12L%J3M
T2 L5]
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k=15

+ kt |Ett|1+1+L%J21(25127n)213t3
o Vel ’

% (1 + 2321272n>4k ﬁl;(_tl |:232t4+t log(k)

k
L4 1+ 5 1~1363 k 1~1(25t2—n)
+kb2 3, )2 Z(Z 13,12

1=0

< (1 + 2321272n>4k ﬁl;(_,tl |:232t4+t log(k)
4 9183 +log(kyt (1 N 22812711)]{ ]

< (1 +232f2—2n>4" (1 + 228t2—n)k

2t log(k) ﬁllc(—tl [232;4 49 18;3i| 7

where we have used in I that

( k )_ (k)!
L+151)  e—1— 5D+ 5!
t
§(k—l—|_§J+1)...(k—l)

()
- l

. . 4 3 4 .. . .
Finally, noting that 232" + 218" < 233" for all positive integers 7, we obtain the bound

k!
(k=D

4 2_ Sk L
IMi (1) = Pillo = 23 #1080) (14 2320 ) T, (62)

where 71k ; is bounded by Lemma 2. Taking the logarithm and using the inequality
log(1 + x) < x repeatedly, this implies Theorem 1. O

With the above bound, we can also prove Corollary 1.

Proof of Corollary 1. Consider the self-adjoint superoperator A := PciR(K)Pcy. As
Pcy is a projector, we have with Eq. (24)

(A — Pp)* = A* — Py = [PR(K)]* — Py = M, (0x) — Pu. (63)

Using norm inequality between operator and diamond norm Eq. (12) and the previous
result Eq. (62), we find

< 133t*+1 log(k)+nt /2 (1 + 232t2—n)5k r—]kfl (64)

1A — Pyl = 11I(A — P)*llee < 2"72IM; (0k) — Pallo

K.t



Efficient Unitary Designs with a System-Size... 1011

Taking the k-th square root of the expresion above, we obtain a sequence of infinitely
many bounds for ||A — P ||s Which converges as k — oc. That limit gives

2_,\9 _
14 = Pulloe < (1+272°77) ik, (65)

Combined with Ref. [24, Lem. 4], Eq. (65) implies the result. O
The bound in Eq. (62) also suffices to prove Proposition 1:

Proof of Proposition 1. The proof follows exactly as the proof of Theorem 1, but with
the factor 7/8 instead of g ; (compare Lemma 13). Using log,(7/8) < —0.19 the result
can be checked. O

4. Convergence to Higher Moments of the Clifford Group

In this section, we aim to prove:

Theorem 2 (Local random Clifford designs). Let n > 12t, then a local random Clifford
circuit of depth O(n log_z(t)tg(Znt + log(1/¢€))) constitutes a relative -approximate
Clifford t-design.

The proof of Theorem 2 follows a well-established strategy [24,59] in a sequence
of lemmas. For the sake of readibility, the proofs of these lemmas have been moved to
Sect. 6.4. Given a measure v on the Clifford group Cl(n), recall that its 7-th moment
operator was defined as

M, (v) == f AdY' dv(U).
C1(2")

The idea of the proof is that if M;(v) is close to the moment operator M, (iuc1) = Pci
of the uniform (Haar) measure j1cj on the Clifford group, v is an approximate Clifford
design. However, we have seen that there are different notions of closeness. We define
its deviation in (superoperator) spectral norm as

gai(v, 1) := [IM; (v) = M (ue) oo -
Then, we prove the following lemma in Sect. 6.4.

Lemma 5 (Relative £2*"-approximate Clifford 7-designs). Suppose that 0 < & < 1 is
such that gc1(v, t) < e. Then, v is a relative £2*™-approximate Clifford t-design.

Recall that we have defined the measure o on the Clifford group Cl(n) in Def. 4 by
randomly drawing from a 2-local Clifford gate set G and applying it to a random qubit
i, or to a pair of adjacent qubits (i, i + 1), respectively. For this measure, we show that
it fulfills the assumptions of Lemma 5:

Proposition 2 (Clifford expander bound). Let oG be as in Def. 4 and n > 12t. Then,
gci(og,t) <1 — c(Gn~! logz(t)t_sfor some constant c(G) > 0.

We will prove Proposition 2 in the end of this section. From this, Theorem 2 follows
as a direct consequence:
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Proof of Theorem 2. First, note that gc1(v**, ) = gc1(v, 1)* for all probability measures
v on the Clifford group. This can be easily verified using the observation

M, (nc)M; (v) =M, ()M, (uct) = M, (cr)- (66)

Hence, combining the bound given by Proposition 2 and Lemma 5, we find that the k-step
random walk agk is a e-approximate Clifford 7-design, if we choose k = O (n log=2(1)18
(2nt +1og(1/¢))). O

For the sake of readibility, let us from now on drop the dependence on G and write
o0 = og. In order to prove Proposition 2, we use a reformulation of g(o, t) based on the
following observation. Since G is closed under taking inverses, the moment operator
M; (o) is self-adjoint with respect to the Hilbert-Schmidt inner product. Due to o being
a probability measure, its largest eigenvalue is 1 with eigenspace corresponding to the
operator subspace which is fixed by the adjoint action Ad(g®") of all generators [59].
Equivalently, this is the subspace of operators which commute with any generator g%’.
However, any operator commuting with all generators also commutes with every element
in the Clifford group Cl(n) and vice versa. Hence, this subspace is nothing but the Clifford
commutant Cl(n)’ with projector Pci:=M; (j1c1). Thus, the spectral decomposition is

M; (o) = Pc1 + ZM(M:(G))HM (67)

r>2

where A,(X) denotes the r-th largest eigenvalue of a normal operator X. Hence, we
find

g0, 1) = [Mi(0) — Peilloo = 2+ (My(0)) := max {A2 (M;(0)) , [Amin (M;(0)) [},
(68)

where Amin (M;(0)) is the smallest eigenvalues of M; (o). We continue by arguing that
it sufficient to consider the case when A, (M; (o)) = A, (M, (o)) > 0.
To this end, consider the linear operator 7 : L2(Cl(n)) — L%*(Cl(n)) given as

Ts f(g) :=/f(h_1g)d0(h)- (69)

This is the (Hermitian) averaging operator with respect to o on the group algebra
L2(Cl(n)). The largest eigenvalue of 75, is A1 (7, ) = 1 and its eigenspace corresponds to
the trivial representation. By Ref. [60, Lem. 1], its smallest eigenvalue is lower bounded
by

Amin(T5) = —1+20(1) = —1 (70)

2
+ —,
|G|
where o (1) = o ({1}) = 1/|G]| is the probability of drawing the identity. According to
the Peter-Weyl theorem, the spectrum of M; (o) is exactly the spectrum of the restriction
of T, to the irreducible representations that appear in the representation U +> Ad%’ .

In particular, we find Amin(M;(0)) > —1 + %‘ Let us assume that A, (M,(0)) =

[Amin (M; (o)) |. Then, g(o,t) < 1 —2/|G| < 1 and hence we can argue as in the
proof of Thm. 2 to show that local random Clifford circuits form relative e-approximate
Clifford ¢-designs in depth O (2nt + log(1/¢)).
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Therefore, we consider the more relevant case when A, (M;(0)) = Ao M; (o)) > 0
in the following, this is

g(o,1) = IMi(0) — Pailloeo = 22 (M;(0)) . (71)
Since M, (o) is self-adjoint, we can interpret it as an Hamiltonian on the Hilbert space

L((C*)®") In this light, it will turn out to be useful to recast Eq. (71) as the spectral
gap of a suitable family of local Hamiltonians with vanishing ground state energy:

n
. ) 1 .
Hypi=n(d —Mi(0) = Y hijer, with hijer = G (1d — Ad(s®,, )
i=1 geG

(72)
Let us summarize these findings in the following lemmas.
Lemma 6 (Spectral gap). Let o be as in Def. 4 and Hy, ; the Hamiltonian from Eq. (72).
It holds that

A(Hp 1)

glo,f)=1- (73)

Lemma 7 (Ground spaces). The Hamiltonians H, ; are positive operators with ground
state energy 0. The ground space is given by the Clifford commutant

Cl(n)' = span {r(T)®" | T € %}, (74)
where %, is the set of stochastic Lagrangian sub-spaces of 7, & 7.

In the remainder of this section, we will prove the existence of a uniform lower bound
on the spectral gap of H, ;. In combination with Lemma 6 and Lemma 5 this will imply
Theorem 2. While it is highly non-trivial to show spectral gaps in the thermodynamic
limits, we can use the fact that H, ; is frustration-free (compare Lemma 7). This allows
us to apply the powerful martingale method pioneered by Nachtergaele [61].

Lemma 8. (Lower bound to spectral gap) Let the Hamiltonian H, ; be as in Eq. (72)
and assume that n > 12t. Then, H, ; has a spectral gap satisfying

A(Hio,1)

48t
Proof of Proposition 2. We can now combine the bound in (75) with any lower bound
on the spectral gap independent of ¢. To this end, we make again use of the averaging
operator T, : L*(Cl(n)) — L*(Cl(n)) introduced in Eq. (69) before. By Ref. [60,
Cor. 1] we have that

A(Hp ) = (75)

n

M) =1— 7 (76)

where 7 is the probability of the least probable generator (here 1/|G|n) and d is the
diameter of the associated Cayley graph (given in Ref. [62] as d = O (n’/log(n)).
Since the representation U +—> Ad%’ contains a trivial component, the second largest

eigenvalue of M, (o) can be at most A2 (7). Thus, H, ; hasa gap of atleast n/ d?. Finally,

by Lemma 8 it follows that

A(Hi2,t)
48t

for a constant c¢(G). We note that the applicability of Ref. [60, Cor. 1] to random walks
on the Clifford group has also been observed in Ref. [9]. O

A(Hpn,) > > ¢(G)t B log(t)?, (77)
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We can combine Theorem 2 and Theorem 1 to obtain the following corollary:
Corollary 2 (Local random unitary design). Let K € U (2) be a non-Clifford gate and let

G C ClI(4) be a closed, generating set. There are constants C{ (K, G), C§(K), C5(K)
such that whenever

m > Cl(K, G)nlog=2(t)t® 2nt +log(1/e)) and k > C(K)log?(t)(t* +tlog(1/e)),

the local random circuit ok, defined in (6), is an e-approximate unitary t-design for
alln > Cy(K)t*.

Proof. Consider the superoperator

M; (Ok,m) = /U(z )Ad(U®’)de,m(U) =M;(c™)R(K) ... M;(c™")R(K), (78)

k times

where o™ denotes the probability measure of a depth m local random walk on the
Clifford group (cp. Def. 4). We would like to bound the difference between the Haar
random f-th moment operator M;(uy) =: Pu and M, (0% ). Notice the following
standard properties of Py:

+

PuM;(v) = M;(v)Py = Py, and Py = Py, (79)

for any probability measure v on U (2"). In particular, we have that Py is an orthogonal
projector. As in the last section, we make use of the spectral decomposition in Eq. (67)
to decompose M; (o*%) as follows:

M, (0tm) — Pi = [M,(*R(K)]" = Py
k

- (PcHZA;"Hi)R(K) — Py. (80)

i>2
Recall the shorthand notation Pcy := M;(ucy). Using the triangle inequality and the

inequality (12), this implies

k
k
M, (0m) = Pul|, < [[PaRK)IF = Py, +2*" )" ( l)xgm
=1

< [ [PaR(K)IF = Pyl +k2*™12. (81)

Note that we bounded the second largest eigenvalue 1, of M, (o) in Proposition 2. We
can now combine Proposition 2 with (62) to obtain:

Sk
||Mt(ak,m) _ PH||<> 5 k22tn+1)\‘r2n +233t4+t10g(k) (1 +23212—l’l> ﬁ];(’t- (82)

O
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5. Singling out the Clifford Group

There are a number of ways to motivate the construction of approximate unitary #-
designs from random Clifford circuits. From a practical point of view, Clifford gates are
often comparatively easy to implement, in particular in fault-tolerant architectures. In
this section, we point out that Refs. [38,39] together imply that the Clifford groups are
also mathematically distinguished. We formulate this observation as Proposition 3: The
finite case follows from the recently obtained classification of finite unitary subgroups
forming ¢-designs, so-called unitary t-groups, by [38] building on earlier results by
[55]. The infinite case is a corollary of a theorem about universality of finitely generated
subgroups by [39].

This section is independent from the rest of the paper and has the sole purpose of
highlighting the results in Refs. [38,39,55] and explicitly formulate their combined
implications for the generation of unitary z-designs. Moreover, it might serve as an
intuitive justification for the usefulness and omnipresence of Clifford unitaries in random
circuit constructions.

For any subgroup G € U(d), we let

G = {det(UNHU |U € G} C SU@).

Notice that G is a unitary ¢-design if and only if G is.
Proposition 3 refers to 7-designs generated by finite gate sets, which we define now.
The starting point is a Hilbert space (C?)®" for some r. A finite gate set is a finite subset

G C SU ((CH®").

We will denote by G, the subgroup of SU (((Cq )®”) generated by elements of G acting
on any r tensor factors (here r < n). The number ¢ is called the local dimension of G.

Proposition 3 (Singling out the Clifford group [38,39,55]). Lett > 2, and let G be a

finite gate set with local dimension g > 2. Assume that (1) either all G, are finite or they

are all infinite, and (2) there is an ng such that for all n > ng, G, is a unitary t-design.
Then, one of the following cases apply:

(i) If t = 2, we have either q prime and G,, is isomorphic to a subgroup of the Clifford
group Cl(g"), or G, is dense in SU(g"),
(ii) Ift = 3, we have either ¢ = 2 and G, is isomorphic to the full Clifford group C1(2")
or G, is dense in SU(g"),
(iii) If t > 4 then G, is dense in SU(g").

Note that a finitely generated infinite subgroup of SU(d) is always dense in some
compact Lie subgroup (cp. [39, Fact 2.6]). In particular, it inherits a Haar measure from
this Lie subgroup which allows for a definition of unitary 7-design.

a. Finite case. In the classification in Ref. [38], the non-existence of finite unitary #-
groups was shown for + > 4 (and dimension d > 2). Already the case r = 3 is very
restrictive, since the authors arrive at the following result:

Lemma 9 (Ref. [38, Thm. 4]). Suppose d > 5 and consider a finite subgroup H <
SU(d) which is a unitary 3-design. Then, H is either one of finitely many exceptional
cases or d = 2" and H is isomorphic to the Clifford group CI(2™).
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This establishes the finite version of (ii), the t = 3 case.

The classification of unitary 2-designs is however more involved, it includes cer-
tain irreducible representations of finite unitary and symplectic groups (compare [38,
Thm. 3 Lie-type case]), and a finite set of exceptions. The exceptions can be ruled out
in the same way as above.

The former, the Lie-type cases, happen in dimensions (3" £1) /2 and (2" +(—1)")/3.
There is no g for which there exists an ng such that for all n > ng there exists anm € N
satisfying either

¢"=0@"+1)/2 or g"=Q"+(=1)")/3.

Thus, the assumptions of Prop. 3 rule these out. This establishes the finite version of (7).
b. Infinite case. Define the commutant for a set S C SU(d) of the adjoint action as

Comm(Ady) := {L € End (Cd”’) |[Ad,, L] =0 Vg e S} .

We show that the second case can be reduced to Cor. 3.5 from Ref. [39] applied to the
simple Lie group SU(d).

Lemma 10 ([39, Cor. 3.5]). Given a finite set G C SU(d) such that G = (G) is infinite.
Then, the group G is dense in SU(d) if and only if

Comm(Adg) N End(su(d)) = {Aidsu() | A € R}. (83)

Recall thatasubgroup G C U (d) is aunitary 2-group if and only if Comm(U®U |U €
G) = Comm(U ® U|U € U(d)) = span(1, IF), where [ denotes the flip of two tensor
copies (see also App. A). Let us denote the partial transpose on the second system of a
linear operator A € L(C¢ ® C?) by A" Then, one can easily verify that I' induces a
vector space isomorphism between Comm (U @ U|U € G) and Comm(U ® U|U € G).
The image of the basis {1, F} is readily computed as

1" =1, F' =d |Q)Q], (84)

where |Q) = d~V/ 2 Zfl: 1 1ii) is the maximally entangled state vector. Next, we use that
U ® U = mat(Ady) is the matrix representation of Ady = U - U T with respect to the
basis E; j = i ){j| of L(C%). Thus, we have Comm(Adg) >~ Comm(U ® UlU € G)
as algebras. Pulling the above basis of Comm(U @ U|U € G) back to Comm(Adg), we
then find:

mat™ (1) = idj sy, mat™ (|Q)(Q]) = Tr(e)id ca). (85)

Hence, we have shown that any element in Comm(Adg) is a linear combination of these
two maps. However, by restricting to su(d), the second map becomes identically zero,
thus we have

Comm(Adg) N End(su(d)) = {%idsu() | A € R}. (86)

By Lemma 10, this shows that any finitely generated infinite unitary 2-group G < SU(d)
is dense in SU(d). Since any unitary #-group is in particular a 2-group, this is also true
forany r > 2.
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6. Proofs

6.1. Proof of overlap lemmas. In this section, we prove three technical lemmas which
are needed throughout this paper. These lemmas give bounds on the overlaps of the
operators Q?" and hence quantify how far this basis is from an orthonormal basis of the
commutant of the Clifford tensor power representation, i.e., for range Pcj.

Lemma 3 (Diamond norm bound). Consider T\, T» € Z; ; and denote with N1, N their
respective defect spaces. Then, it holds that

l10n)(@n]], < 2mM-amm, on
1 (01, 0r,) | < 27 !dimNi=dimNaf, 28)

Proof. First, recall that Q7 := 27//?7(T'). Then, we make use of the following elemen-
tary bound on the diamond norm of rank one superoperator |A)(B |:

HAYB ]l = ” S‘lllp ] [A®Tr (B® LX),
Xl =

[A=+

lAll; sup [IB®1X|,
[IX1=1

L 1AL 1B ® 1o
= lAll; 1Blloo - (87)

Here, we have used in T that the partial trace is a contraction w.r.t. ||-||; and in } a version
of the duality between trace and spectral norm [63]. Given stochastic Lagrangians 77
and T with defect spaces Nj and N, we thus find using Lem. 1:

len )(Qn ], <27 Ir@Il Ir(T2) [l = 28 N2 dim A, (88)

To prove 2., we use Ref. [42, Eq. (4.25)] and that the transpose does not change
the dimension of the corresponding defect subspace. Moreover, we assume w.l.o.g. that
dim N> > dim N;. We have

(01, |0n) | = 27" | Telr (T)r (1)1 = 27 AmNIOND e[ (7)) (89)

where r(T) is described by a stochastic orthogonal and a defect space N IL N N + Ni.
Hence, we obtain (together with Holder’s inequality):

| (QT1|QT2) | < 2ft+dim(N1ﬁNz)ztfdim(Nf-ﬂN2+N1)' (90)

Using N € N for all defect spaces and the general identity dim(V + W) = dim V +
dim W — dim(V N W), this yields

| (QT] |QT2) | < 2dim(NlﬁN2)—dimN1 < 2dimN2—dimN1. (91)

O

Next, we define a frame operator associated to the basis Q?”. If the basis was
orthogonal, this frame operator would simply be the projector Pcj onto the Clifford
commutant.
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Definition 9 (Clifford frame operator). We define the Clifford frame operator of the
basis Q?” as

Sa= Y_ 10r)Qr|®. (92)

TeX

Hence, a quantifier for the orthogonality of the QQT@" basis is the distance of Scj to
the projector Pcj. As we prove in Lem. 12, we have Pc) & Scj in spectral norm and we
will use this result later in the proof of Lem. 8. In order to show this, we first derive a
result on the sum of overlaps in Lem. 11.

Interestingly, Scy is not close to Pcj in diamond norm (see. Ch. 15 in Ref. [64]).
To derive our main result, we instead construct an orthogonalized basis from the Q?” .
Some properties of the orthogonalized basis are proven in Lem. 4, which also makes use
of Lem. 11.

Lemma 11 (Overlap of stochastic Lagrangian sub-spaces). We have (QT | QT/) > 0 for
all T, T" € %, 4. Moreover, for all T € %, ; the sum of overlaps is

Yo (Qr]Qr) = (=272 < 1+12177, (93)

T'eX;

where (—=27";2);_1 = ]_[i;%(l + 2"7™) and the last inequality holds for n + 2 >
t +log, (1).
Proof. Denote by Stab(n) the set of stabilizer states on n qubits. Since the operators
r(T) are entry-wise non-negative, we have (Q7|Q7/) = 27/ Tr(r(T)r(T")) = 0. Note
that +(T)* = r(T) for a suitable T € %, ; (cp. Thm. 4). We obtain
1 .
> (erlor) > Te [y

S
T'eXs; T'eXs

2T 2228 +2m) .

£ 2Ll 2D e [ )9 B s (1161
2T 2228 +2m) .

= rL_gTEsesmb(n) (s® ] r(T)®" |s®")

125 +27)

2[’1
=2
[Ja+2
r=0
< (1 +2t—2—n)t_l

< exp ((t - 1)2’—"—2) , (94)

where we have again used [42, Thm. 5.3] in T and in % that (s®'| r(T)®" |s®') = 1 for
all T € %, ; and all s € Stab(n) (compare Ref. [42, Eq. (4.10)]). Finally, in * we have
used the “inverse Bernoulli inequality” (1 + x)" < ¢ which holds for all x € R and
r > 0. By assumption, the following holds

-

[+

0>r+logy(t)—n—2 = 1>027"2>@1—12"72 (95)
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Thus, we can use the inequality e¢* < 1 + 2x for 0 < x < 1 to obtain

> (er|er)" =1+ -2t

T'eXs;
<1+, (96)
O
Lemma 12. Let Scy be the Clifford frame operator and T the corresponding Gram
matrix, i.e. I'r 7 = (QT|Q/T)n. Then the following holds
I1Sc1 = Peilloo = IT = Lllog < (=27"52)1 — 1 <1277, CH)

where (=27",2);1 = ]_[i;%)(l + 2"7") and the last inequality holds for n + 2 >
t +log, (1).

Proof. Define the synthesis operator of the frame as the map

veCEd s my, vi= Y (08 ) er . (98)
TeX

where er is the standard basis of the domain. Then, we have clearly I' = vV and

Scilcimy = VV'. Since Sc and Py are both identically zero on (Cl(n)’ )l, this part
does not contribute to the spectral norm. From this it is clear that

[1Scr = Peilloe = IT" = Lo - 99)
Moreover, we can compute

IT =1l = | YY" (Qr|Qr)" ler Mer |

T T.T'

< max > (er|or)"
T'#T
=(=2""2)-1—1, (100)

where we have used that the spectral norm of Hermitian operators is bounded by the
max-column norm and inserted the exact result of Lemma 11 in the last step. Finally,
said lemma provides the desired bound for n +2 > ¢ + log, t. O

6.2. Proof of Lemmas for Theorem 1.

Lemma 2 (Overlap bound). Let K be a single qubit gate which is not contained in the
Clifford group. Then, there is a constant c(K) > 0 such that

Mo = max 3 L (07| A +Ad®! 4id 07| < 1 - c(K) log (). (26)
10—t
T'e%,,
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The proof of Lemma 2 is based on two results. The first states that the basis elements
r(T) of the commutant of tensor powers of the Clifford group either belong to the
commutant of the powers of the unitary group, or else are far away from it.

Lemma 13 (Haar symmetrization). For all t and for all T € ¥, \ S;, it holds that

_ 7

(Qrl PulQr) =27" [ Pulr(DII3 < 3

where Q7 is as in Eq. (21) and Py = M;(un) is the t-th moment operator of the
single-qubit unitary group U(2).

(101)

The proof is given in Sect. 6.3. In Appendix C, we show that the constant 7/8 cannot
be improved below 7/10, by exhibiting a T that attains this bound.

The second ingredient to Lemma 2 is a powerful theorem by Varji [53]. Here, we
specialize this theorem to the unitary group:

Theorem 5 ([53, Thm. 6]. Let v be a probability measure on U(d). Consider the aver-
aging operator T,(v) on a irreducible representation w, : U(d) — End(W,) parame-
terized by highest weight v € 74

T,(v) = / T, (U)dv(U). (102)
U(d)

Then there are numbers C(d) > 0 and ro > 0 such that

Ar(v):=1— o max 17, W)llos = C(d)Ary () log™(r), (103)

where |v|? = > viz.

Proof of Lemma 2. Consider the probability measure &g that draws uniformly from the
set {K, KT, 1}. Moreover, define vg on U(2) as the average of the uniform measure on
{H, S, $3} and &k * k. Hence, the according moment operator is

1 1
M; (vk) :=6(Ad33’ +AdY +(AdH®) + Mk # £x)
1 1
=6(Ad2’ +AdY +(AdH®) + EM,(sK)Z. (104)

As the Clifford group augmented with any non-Clifford gate is universal [65, Thm. 6.5],
so is the probability measure v .

It follows from the representation theory of the unitary group (see App. B) that
the representation U +> Ad%’ does not contain irreducible representations W, with

highest weight of length |v| > +/2¢. Thus, we can decompose into these irreducible
representations as follows:

M (vg) — Prlloc = @ (Ty(vk) — Ty (un)) ® idp,
lvl<v/2t 00

b noo

0<|v|<+v/2t o

IA
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= max _[[Ty(vg)lleo
O<|v|<+/2t

=1-A 5, (). (105)

Here, m, denotes the multiplicity of the irreducible representation W, (possibly zero).
In the second step we have used that Py has only support on the trivial irreducible
representation v = (0, where both Py and M; (vg ) act as identity and thus cancel. Hence,
only non-trivial irreducible representations are contributing. To bound A s, (vg), we
can invoke Theorem 5 combined with the fact that for any universal probability measure
the restricted gap is non-zero: A, (vg) > Oforall» > 1 (compare e.g. Ref. [27]). Hence,
we obtain

A%

A 5 (7K) = C@) gy (05) log ™2 (v/21)

v

1
ZC(z)A,O(uK) log~2(1) =: ¢/(K)log~%(t) > 0, (106)
where ¢(K) > 0. Therefore, we have

IM; (vg) = Pllos < 1= A s5,(vk) < 1=/ (K)log (1) =t k1., (107)

Furthermore, consider the operator

(id — Pu)Qr
Xr=——"—"—"—. 108
"7 Gd = P07l (109
‘We obtain
IM;(vk) — Prlleo = ax [(XIM;(vg) — Py |X)|
>I(XTIMz(VK)—-PH|XT)
I X713
_ (@71 Gd — Pw)M: (vk)(id — Pn) [ O7)
(Qrl(d — Pu)? Q1)
_ [(O7IM;(vk) Q1) — (O1| Pu|Q7) |
1 —(Or| PulQT)
> (QT|Mt(VK)|QT)_(QT|PH|QT). (109)
1—(Qr| PulO7)

In the fourth step, we again used the properties of the Haar projector as in Eq. (79).
Combining this with (107) and Lemma 13 we obtain
1
QrIM; (vi) 197) < k1. x + (1 — k1 k) (Q7| P |Q7) = 1 — §C’(K)10g_2(t)-
(110)

We can use that (Qr| Ad§" Q1) = (Qr| AdS Q1) = (Qr| Adf |Qr) = 1 for all

T € %;; because Or = 271/2p(T) commutes with the ¢-th diagonal action of the
single-qubit Clifford group (compare [42, Lem. 4.5]). We immediately obtain

1
(O7TIM,(x)*107) < 1 — Zc/(mlog*z(t). (111)
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From the Cauchy-Schwarz inequality, we now get

I(Q7IMi(6k) 107)] < V(Q7I M, (6x)? | Q1)

\/ : -

<. 1- Zc’(K)log 3]
1 / -2

<1- §C (K)log™=(¢)

=:1—c(K)log~2(1), (112)

where we have used that ¢/(K) log_2(t) < Aﬁt(v,() < 1 such that we can use the
inequality /1 —x < 1 — x/2 for x < 1. This shows the claimed statement. O

Remark 2 (Quantum gates with algebraic entries). If we restrict to gates K that have
only algebraic entries, we can apply the result from Ref. [66] and save the additional
overhead of log?(¢) in the scaling. This applies to the 7-gate and for essentially all gates
that might be used in practical implementations. Here, we have chosen the more general
approach.

Remark 3 (Implications for quantum information processing). Theorem 5 has miscel-
laneous implications for quantum information processing. E.g. we can immediately
combine this bound with the local-to-global lemma in Ref. [23, Lem. 16] to extend Ref.
[24, Cor. 7] to gate sets with non-algebraic entries at the cost of an additional overhead of
log?(¢) in the scaling. The bottleneck to loosen the invertibility assumption as well is the
local-to-global lemma which only works for Hermitian moment operators (symmetric
distributions). Work to lessen the assumption of invertibility has been done in Ref. [67].
Extending this would be an interesting application which we, however, do not pursue in
this work.

. . b .
Lemma 4 (Properties of the constructed basis). Let {TJ-}I/.:”I’| be an enumeration of the

elements of X ; such that the first t! spaces T} correspond to the elements of S;. Then,
the {E j} constitutes an orthogonal (but not normalized) basis, where

i i j-1
Ej:=Y Aij 05" :=Y"| > sign(M[[(Qn]|Qrm)" | 05" (0
i=1

i=1 | Tmes; I=1
(=i

Denote by N; the defect space of T;. For n > %(t2 + 5t), we have

3 2 H . di . ..
|Ai,j| S 21 +4t +6t—n\d1mN, dlmle’ Vl,_], (31)

Al < 22740y, (32)
Moreover, it holds that

1_2t2+7l—n S A/’/ S 1+212+7t—n' (33)
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Proof. The form of (30) is up to a constant the determinant formulation of the Gram-
Schmidt procedure. First, note that the number of permutations of n elements with no
fixed points is known from Ref. [68] to be

D(n) =n!Z(_l)r 52”—! (113)

r! e
r=0

for n > 1. Here, D stands for “derangement” as permutations without fixed points are
sometimes called. Then, the number of permutations having exactly k fixed points is (Z)
many choices of k points times the number D(n — k) of deranged permutations on the
remaining n — k objects:

p(n, k) = (Z)D(n—k) gze*";—:. (114)

The following estimate for certain sums involving p(n, k) will shortly become useful.
Note that we have forany M, L € Nandm € Rsuchthat2” > M —Land M > L > 1:

M-L ) M-L Sk
D p(M 2R < 2N M=
e k!
k=0 k=0
2 2m(M—L)
<M — L+ )Ml ———
e (M — L)!
< ML+12_mL. (115)

Here, we have used in the second inequality that 27X / k! is monotonically increasing for
k <M — L < 2™ and a standard bound on binomial coefficients in the last step.

We start by bounding the diagonal coefficients A; ;. The idea is to divide the set
of permutations into sets of permutations with exactly k fixed points. For any such
permutation, the product of overlaps collapses to only j — 1 —k non-trivial inner products.
By assumption n > %(t2 +5t) > t +1log, t, thus we can be bound any of those using
Lemma 11 as

(QT‘QT/)" <2'7"  forallT #T. (116)
Note that the trivial permutation (corresponding to k = j — 1 fixed points) contributes by

exactly 1 to the sum. Thus, we find the following bound using Eq. (115) with M = j—1,
L=1andm=n—1t—log,t:

j—1
Aji=1411= Y TT(2]@xw)"

weSjy =1
-2
< 1+ ZP(] _ l7 k)zf(nftflogzt)(jflfk)
k=0

< 1+ (] _ 1)2 27n+l+10g21

< 1420747 (117)
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where we have used Eq. (15) inthe laststepas j — 1 < j < [X; | < 2%(’2+5”. Using
the reverse triangle inequality, we get a lower bound in the same way:

j—1
Aji=1A;l>1~- Z sign(r) l_[ (Q1|Qn(1))n >1-— pt*+Ti=n, (118)

reSj—1\id =1

Next, we will bound the off-diagonal terms A; ;. It is well known that every per-
mutation IT € §; can be written as a product of disjoint cycles. Given a IT € §; with
I1(j) = i, consider the cycle j + i +> i{ +> iy > ...i, > j in I1. Then, we have
the bound

j—1

[T(enlom)" = (enler,)" - (or,

=1

n
QTj)
< 2—n(| dim N,-—dim Nil |+| dim N,'). —dim Nj \)
< 2—n|dimN,-—dimNj\’ (119)
where we have used Lemma 3, the triangle inequality and a telescope sum. We set
L :=|dim N; — dim N;| and split the sum over permutations into those with more than
or equal to j — L many fixed points and those with less. In the first case, we use Eq. (119)

to bound the overlaps, in the second case we use Eq. (115) as before. This yields the
following bound

j—1
|Ai,j| < Z H(QT1|QTH(1>)n

Mes; I=1
(j)=i
j-1 j—L-1

= Z p(j. k)2 4 Z p(j, k)2~ (1—t=loga DG=1-k)

k=j—L k=0

j—1
<% Z J'Z—nL+2n 1—log, t L+22 (n—t—logy 1)(L+1)
e ~ k!

<L J! gnl , iL+2 p—(n—i-log; 1)L
- y-L
< LjLZ_"L +jL+2 2—(n—t—10g2 t)L
< L|21 t|L+2 2—(n—t—log2 t)L
< slog, Lz%(t2+5t)(L+2) H(t+logy t—n)L
21 +512( 1243 t+t+10g2t n)L
3,11

<21 t +qt +51+(%+1)10g21—nL

< 2t’+4l +6t7n\dimN,~fdimNj|, (120)

where we have used again j < |%; ;| and L <¢/2.



Efficient Unitary Designs with a System-Size... 1025

Note that we can alternatively bound A; ; for i # j using that the identity is not an
allowed permutation, i. e. only permutations with less than j — 2 fixed points can appear.
With Egs. (115) and (116), we get the following inequality

j=2
|Aijl < p(j, k2 rirlen NG =m0
k=0
< j32—(n—t—10g2 1)

< 237+ B r+t+logy 1—n
2 _
< 221 +10¢ l’l. (121)
0

6.3. Proof of Haar symmetrization Lemma 13.

Lemma 13 (Haar symmetrization). For all t and for all T € %, \ S;, it holds that

(Qr| Pu|Qr) =27" | Palr(D]I3 < =, (101)

[e RN

where Qr is as in Eq. (21) and Py = M;(un) is the t-th moment operator of the
single-qubit unitary group U(2).

For an analysis of the tightness of the bound, see “Appendix C”. Recall that
PulA] ::/ U® AWUH® dugU). (122)
UuQ)

Let Pp be the Haar averaging operator, restricted to the diagonal unitaries. As it averages
over a subgroup, Pp is a projection with range a super-set of Py. By applying Pp to
r(T), we can turn the statement (101) from one involving Hilbert space geometry to one
about the discrete geometry of stochastic Lagrangians. Indeed,
27 | Pulr (D3 = 27" | Pul Polr (D113
<27 Polr(D]I3

=27 (r(T), Pplr(T)))
=27 3" > (IeXyl. Pol]x)y'[1)

(x,y)eT (x',y"eT

2
=2~ Z Z (Ix)(yl,/0 o120 (h(x)=h(y") )y’ d )

(x,y)€eT (x',y)eT
=2""{(x,y) € T |h(x) = h(y)}|
= Pr(x,y[h(x) = h()],

i.e., the overlap is upper-bounded by the probability that a uniformly sampled element
(x, y) of T has components of equal Hamming weight.
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We will bound the probability in slightly different ways for spaces 7' with trivial (i.e.,
zero-dimensional) and non-trivial defect spaces.
a. Case I: trivial defect sub-spaces In this case, T = {(Oy,y)|y € F5} for some
orthogonal stochastic matrix O. The next proposition treats a slightly more general
situation.

Proposition 4 (Hamming bound). Let O € GL(IF’2). Assume O has a column of Ham-
ming weight r. Then the probability that O preserves the Hamming weight of a vector
y chosen uniformly at random from F5 satisfies the bound

™) rodd

1 2—(r+1)(
Pry[A(Oy) = h(y)] < 3 + {0 (r+1)/2 (123)

r even.

The bound in Eq. (123) decreases monotonically in 7. Orthogonal stochastic matrices
O satisfy r =1 mod 4, so the smallest non-trivial r that can appear is » = 5, for which
the bound gives .81.

The proof idea is as follows: For each y € F%, the two vectors y, y + e; differ in
Hamming weight by £1. But, if h(ej) # 1, then h(Oy) — h(O(y + 1)) tends not to
be £1. In such cases, O does not preserve weights for both y and y + e1. Applying this
observation to randomly chosen vectors, we can show the existence of many vectors for
which O changes the Hamming weight.

Proof of Proposition 4. Assume without loss of generality that the first » entries of Oe;
are 1, and the remaing ¢ — r entries are 0.

Let y be a uniformly distributed random vector on [, notice that also Oy, and
O (y + e1) are uniformly distributed. Using the union bound, we find that

Pr[a(Oy) = h(y)] = 1 — Pr[h(Oy) # h(y)]
1
=1- E(Pr[h(Oy) # h(y)1+Pr[h(Oy + Oey) # h(y +e1)])

1
1 - EPr[h(Oy) #h(y) V h(Oy+ Oer) # h(y +e1)]

IA

11
= 3+ 5Prlh(0Y) = h(y) A h(Oy+ Oer) = h(y +e1)]
< % + %Pr[h(Oy) —h(Oy + Oey) = £1].

We would like to compute Pr[A(Oy) — h(O(y + e1)) = £1]. The vector O(y +e1) =
O (y)+0 (ey) arises from O () by flipping the first r components. This operation changes
the Hamming weight by %1 if and only if the number of ones in the first » components
of O(y) equals (r £ 1) /2. For even r, this condition cannot be met, and correspondingly
Pr[h(Oy) —h(O(y +e1)) = £1] =0.

In case of odd r, this probability becomes

—r r —r "
Pr[h(0y) = h(O(y +e1)) = 1] =2 ((r—l)/2>+2 ((r+1)/2)

B r+1
=277 . (124)
((r+1)/2>

O
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b. Case II: non-trivial defect sub-spaces We now turn to Lagrangians T with a non-trivial
defect subspace.

Proposition 5 (Defect Hamming bound). Ler {0} # N C ]F’2 be isotropic. There exists
ann € N such that if x is chosen uniformly at random from N, then

Pr _yilh(x) = h(x +n)] < %.

What is more, let T be a stochastic Lagrangian with non-trivial defect sub-spaces. Then,
for an element (x, y) drawn uniformly from T, we have

ool

Priy yyer[h(x) = h(y)] <

Proof. Letd = dim N. Consider a r x d column-generator matrix I" for N. Permuting
coordinates of % and adopting a suitable basis, there is no loss of generality in assuming
that I" is of the form

(G (t—d)xd
I' = <1d> , Gel, .

Note that
y = (Li-a, G)

is a row-generator matrix for N-*. Indeed, the row-span has dimenion t — d and the
matrices fulfill

yI=G+G=0,

i.e., the inner product between any column of I' and any row of y vanishes. It follows
that elements n € N, x € N are exactly the vectors of respective form

n=(Gi, i ),nelfl; x=( % ,G'%) fer™
—— N~ N~
t—d d t—d d

In particular, if x is drawn uniformly from N, then the first # — d components are
uniformly distributed in th—d. For now, we restrict to the case where G has a column,

say the first, with » # 1 non-zero entries. We then choose n = (Gey, e1) and argue as
in Eq. (124) to obtain

r+1 3
Pr o yi[h(x) =h(x+n)] < su 2_r< ) = - (attained for r = 3).
veN oroad \r+1)/2) "4

(125)

We are left with the case where all columns of G have Hamming weight 1. (If N is
a defect subspace, then Def. 6.1 implies that every column of I' has Hamming weight
at least 4. We treat the present case merely for completeness). As N is isotropic, the
columns of I have mutual inner product equal to 0:

r’'r=0 o GI'G=-1=1 mod?2.
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It follows that all columns have to be mutually orthogonal standard basis vectors e; €
]Ft[d. Thus, by permutating the first  — d coordinates of F, we can assume that G is
of the form

G = (%’) . = N={@®0-a.i)|icFy), N"={Fila)|iecF )
where x| denotes the restriction of x to the first d components. Adding n := (e; B0, e1)
to x = (X, X|yg), the Hamming weight of the two parts change both by +1, giving
h(x +n) = h(x) £ 2. Thus, we have Pr[h(x) = h(x +n)] = 0.

We have proven the first advertised claim. It implies the second one, as argued next.
Let N be the left defect subspace of T. By Ref. [42, Prop. 4.17], we find the following.

e The restriction {x | (x, y) € T for some y} equals N-*.
e The stochastic Lagrangian T contains N @ 0.

Assume that (x, y) is distributed uniformly in 7'. By the first cited fact, x is distributed
uniformly in N L By the second fact, (x +n, y) follows the same distribution as (x, y),
for each n € N. Thus, repeating the argument in the proof of Proposition 4, we find that
for any fixedn € N:

Prih(x) = h()] = 1 — Prlh(x) # h(y)]

1
1 - EPr[h(X) # h(y) V h(x+n) # h(y)]

IA

IA

% " %Pr[h(x) = h(e+m)] = .

6.4. Proof of Lemmas for Theorem 2.

Lemma 5 (Relative £2>"-approximate Clifford 7-designs). Suppose that 0 < & < 1 is
such that gc1(v, t) < e. Then, v is a relative £2*"-approximate Clifford t-design.

Proof. This follows similar to Ref. [24, Lem. 4& Lem. 30]. Denote by |€2,») the maxi-
mally entangled state vector on C2 ® C2". The condition in (5) is equivalent to

(I =¢&)pc = py = (A +€)pc1s (126)
as an operator inequality, where
pv 1= (A @ )(I22) (20D and  par = puc- (127)

We have a decomposition of ((CZ")@ into irreducible representations of the Clifford
group:

" =Pc,eL,. (128)
14
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where {C,,} is the set of all equivalence classes of irreducible representations of Cl(n)
that appear in the 7-th order diagonal representation, and L,, are the corresponding mul-
tiplicity spaces (which by the double commutant theorem are irreducible representations
of the commutant algebra —we have chosen L for Lagrangian). This implies that

& ~ dim L, dim C,,
(90 =)\ —— 1y V) ®19¢,) ® 191,), (129)
Y

where [€2,) and |€2¢,) denote maximally entangling state vectors on two copies of

L, and C,, respectively. Indeed, observe that [2on )& = 2711/2 yec(1) and that the

identity restricted to sub-spaces is just the identity on these sub-spaces. The prefactors

then follow from normalizing the vectorized identity operators on the direct summands.
Since Cl(n) acts via multiplication on the spaces Cj, this implies that

pc = L " (U @ 1)®(1Q2) (a0 )®' (U ® 1)®'duci(U)

dim L, dim Cy @2 1cy ®2
= —_— Q Q| 130
Z i (21620 ®<dich ® 19, )(Qr, |, (130)

where the second line follows from Schur’s lemma and the fact that f U® o (UN® s
trace preserving. The support of this operator is on the symmetric subspace V' (C2' @ C2")
[24, Lem 30.1]. The minimal eigenvalue of this operator restricted to the symmetric
subspace is

dim L, (131)
I 2 dim €,
which we now lower bound. Let y* denote the optimizer. By Schur-Weyl duality, the
diagonal action of U(2") on ((Czn Q (CZ")@ decomposes as @, U, ® S) where as usual
U, are Weyl modules and S, are Specht modules. Restricting this action to the Clifford
group, the U, further decompose into irreducible representations

U, ~ @ Cy ®(Cd)"y,
yEl)

where 1), is the spectrum of U, as a Clifford representation. Let Ag be the set of all A
such that y* € I, then as a Clifford representation

((Czn ® C2n)®’ ~Cpr ® ( @ S ® (de*> @ (other irreducible representations).

reAo
(132)

Thus, as a vector space, we have
Ly =D sechr. (133)

rLEAQ

In particular, for any A € Ao we have that dim Cy+ < dim U, and dim L,+ > dim S;.

Thus we get the following bound for the minimal eigenvalue:
dm.1 L« - ) dim S, o g-2n (134)
21 dim Cy« )\ePart(t 2y 2 dim U, —

The rest of the proof follows as in Ref. [24, Lem. 4], mutatis mutandis. O
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In order to prove Lemma 8 we make use of the following result by [61] and Lemma 11
bounding certain sums of overlaps of the operators r (7).

Lemma 14 (Nachtergaele [61, Thm. 3]). Let Hp 4 for [p,q]l C [n] ={1,...,n}bea
family of positive semi-definite Hamiltonians with support on (C*)®@—r+1) — (C2)®",
Assume there is a constant | € N, such that the following conditions hold:

1. There is a constant d; > 0 for which the Hamiltonians satisfy

n
0< Z Hig—i+1,q] < diHp1 ). (135)
qg=l

2. There are Q; € N and y; > 0 such that there is a local spectral gap:

A (Hig-111.91) = v1. Vg = Q1. (136)

3. Denote the ground state projector of Hjp 41 by G|p q). There exist gy < 1/\/2 such
that

|Glg—t+2.4+11 (Gr1.g1 — Grigen) | oo < &1 Ya = 0. (137)

Then, it holds that
Vi 2
A (Hjin) = ) (1 —8z~/?) : (138)

While conditions 1) and 2) are merely translation-invariance with finit range of inter-
actions and frustration-freeness in disguise, the third condition is highly non-trivial and
involves knowledge of the ground-space structure. Usually, finding the ground space in
a basis can be just as hard as computing the spectral gap in the first place. Fortunately,
the ground space structure of the Hamiltonians H, ; is determined by the representation
theory of the Clifford group. With little additional work, we obtain the following lemma
about the ground space structure of our Hamiltonians.

Lemma 8 (Lower bound to spectral gap). Let the Hamiltonian H, ; be as in Eq. (72)
and assume that n > 12t. Then, H, ; has a spectral gap satisfying

A(Hip )

A(Hy,y) >
(1) 2 — =

(75)
Proof. We make use of the Nachtergaele lemma. We have to verify the three conditions
of Lemma 14. As already stated in Ref. [61], the first two conditions hold directly for
translation-invariant local Hamiltonians as in our case.

1. The first condition immediately follows from the fact that we consider a translation-
invariant 2-local Hamiltonian. It is fulfilled for any choice of [ > 2 and d; =1 — 1.

2. The second condition follows again for all / > 2 and the choice Q; = [, since
Hi4—i+1,41 18 a sum of positive semi-definite operators for all ¢ > [ with spectrum
that does not depend on ¢ due to translation-invariance. Thus, we can set

Vi = A(Hg-1+1,4]) > 0. (139)
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3. The third condition requires a calculation and a non-trivial choice of /. We have to
bound the quantity

Ryt = |Grg—1+2.4+11 (Gl1,q1 — G[l,q+1])||oo» (140)

forall ¢ > Q; = . Here, Gy, 4] denotes the orthogonal projector onto the ground
space of H[p 41. Note that this ground space is simply a suitable translation of the
Clifford commutant Cl(k)’ for k = ¢ — p + 1 as shown in Lemma 7. Recall that it
comes with a non-orthogonal basis Q®k, where

0 r(T)
T =

I (T)l2
Moreover, the projector G| p, g] is also simply a translation of the Clifford projector

Pciky projecting onto Cl(k)'. From the discussion in Sect. 6.1, we know that the
Clifford frame operator

=27"2(T), T ex,. (141)

Saiw = »_ 10r)(Qr [®F, (142)
T

is a suitable approximation to Pcj) when k is large enough. Concretely, we have by
Lem. 12:

IScia) — Paiwy || o, < (—27% 2y — 1. (143)
Defining the shorthand notation s; (k) = (=27%:2),_1, wein particular get the bound

ISciw) || o, < [Sciwy — Peww || o + | Sciw || o, < 506, (144)

Let us introduce the shorthand notation G, = Gyi1,4] = Pcig), S¢ = Sii,q] =
Scig)> and Gy ;= Glg—i+2,g+11> Sq,1 = S|g—i+2,4+1] for translations of the Clifford
projector and frame operator, respectively. Notice that G; — G441 is an orthogonal
projector as the support of G441 is by definition contained in that of G,. Therefore,
restricted to the support of G, the operator G, — G441 projects onto the orthogonal
complement of the support of G41. Combining this fact with the above inequalities,
we find

Ry = H Gyl (Gq - Gq+1)||oo
< [(Ggi = S¢.0(Gyg = Ggi)) | o + [S4.1(Gq = Ggu) |
< si) = 1+ [|85.00Sg = Sge) | oo + [S4.1(Gg = 5
+[Sq.1(G g1 = S0 o
< 84,08y = Sqe1) || o +5:(D) = L+5,(1) (s:(q) +5:(q + 1) —2)

>
= 184.1(Sq = Sge) || o + (50 (D) = 1) @s: (D +1)

= Y 10r@r M @ yr| (s () =1 @s()+1),  (145)

TeX 0
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where the operator Y7 can be straightforwardly computed as
Yr = Z ((QT’
T/£T

(100 I(id = 107)(@r1)). (146)

or) " lerer ") @

Invoking the synthesis operators

vi=Y" ‘Q‘?k>(er| L OBl s Q) (147)
T
introduced in Lemma 12, one can bound the above norm as

> 1077 P4 @ yr
T

Z Vy—i+1 ler )er | VJ,M ®Yr
T

oo oo

+
= ” Va—1+1Vy 1

‘Z ler Yer | ® Yr
T

o
o
= || Sg—1+1] o max 1Y7 1l oo
<sig—I1+D(s,I—-1)—1). (148)
Thus, we arrive at
Ryp=si(g—=1+D(se(0 =1 —D+(se(D)— 1D 2s; (D) + 1)
s =D =D+ (se(D)—1D s (D) +1). (149)
Forl+1 >t +log,(t), we can use Lemma 11 to get:
Ry <127 (1 + t2t_1) 42! (3 + zzf—l)
2~2t—1 5 —t -1
=172 72 +277+1
< 41224, (150)
Finally choose any [ > 4t + 4 log, (¢) + 6, then we find
I < 4 = R, <4r?2¥ < ! Lovs I (151)
— < —, > 1.
= 642 o= RN/ AV

In particular, we can choose [ = 12t, ¢, = 1/ 2\/7 to get the desired bound in
Lemma 14 Vg > [.

Hence, for the choicesl = 12¢,d; =1—1, Q; =1,y = A(H12;;) and g, = 1/2«/?,
Lemma 14 gives the claimed bound on the spectral gap:
A(HIZI,I)

152
48t (152)

i
AHn) = 7 (1-etvi) =

O
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7. Summary and Open Questions

We have found that a number of non-Clifford gates independent of the system size
suffices to generate e-approximate unitary t-designs. This is surprising, conceptually
interesting and practically relevant: After all, it is the main objective in quantum gate
synthesis to minimize the number of non-Clifford gates in a circuit implementation of a
given unitary. There are multiple open questions and ways to continue this work:

e Similar to the result in Ref. [24], the scaling in n is near to optimal, the scaling in ¢
can probably be improved.

e Another natural open question is whether the condition n = O (%) can be lifted.
Notably, this is reminiscent to the situation discussed in Ref. [69], where the improved

scaling can be proven only in the regime t = o(n%). In this work, the condition
n = O(t%) isrelated to the approximate orthogonality of the Lagrangian subspace. We
use this fact repeatedly and in different flavours, but we can only prove itin this regime.
Infact, in Lemma 12 we use the same technique that has been used in Ref. [24] to prove
approximate orthogonality of permutations in the regimes r < 294" However, the
commutant of the Clifford group is far larger than the span of permutations and we
suspect that this bound is tight. Nevertheless, we cannot rule out that similar results
can be proven without exploiting approximate orthogonality. This likely requires a
detailed understanding of the representation theory of the Clifford group.

e Our result holds for additive errors in the diamond norm. For relative errors, our
bounds can be used to obtain a quadratic advantage in the number of non-Clifford
gates in Corollary 1. This still allows the density of non-Clifford gates to go to zero
in the thermodynamic limit, but is not system-size independent anymore. In fact, it
has been proven in Ref. [70] that this scaling is optimal for relative errors. It would
be interesting to delineate more precisely for which notions of approximations a
system-size independent result holds.

e We strongly expect that the results can be generalized to qudits for arbitrary d,
giving rise to analogous conclusions concerning an independence of the system size
for additive errors in the diamond norm.

We hope the present work stimulates such endeavors.
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Appendix A: Unitary ¢-designs

In the following, we review the concept of a unitary t-design [5-7], giving different but
equivalent definitions which prove to be useful in different contexts. They also serve as
starting point to explore connections to other mathematical fields, e.g. representation
theory. To this end, let us introduce some notation. Define iy to be the (normalized) Haar
measure on U(d) and let Hom(, ;) (U(d)) be the space of homogeneous polynomials of
degree ¢ in both the entries of U € U(d) as well as U.

Definition 10 (Unitary t-design). A probability measure v on U(d) is called a unitary
t-design if the following holds for all p € Hom ;) (U(d)):

/ p(U)dV(U)=/ p(U)dun(U). (AD)
Ud) U(d)

A subset D € U(d) is called a unitary t-design, if it comes with a probability measure
vp which, continued trivially to U(d), is a unitary ¢-design. In particular, if D is finite,
vp is usually taken to be the (normalized) counting measure.

It might not come as a surprise that Def. 10 has not to be checked for any polynomial.
Since any homogeneous polynomial p € Hom( ;)(U(d)) can be linearized as

p(U) =Tr (AU®), U .=U® @TU™, (A2)
the defining Eq. (A1) becomes

M;(v) I=/ U®htdv(U) =/ U dpun(U) =: My (1m)- (A3)
U(d) U(d)

Thus v is a unitary 7-design if and only if its moment operator M, (v) agrees with the
one of the Haar measure. Note that the operators U®'+/ are the matrix representation
of the 7-diagonal adjoint action Ad(U®") = U®" ¢ (UT)®' with respect to the standard
basis |i )(j| of L(C?). Thus, this can be equivalently stated as equality of the twirls
M, (v) = M, (uug) over the two measures.

A particularly fruitful theory of designs is possible in the case where the design (G, v)
itself constitutes a (locally compact) subgroup G € U(d) and v is the normalized Haar
measure on G. Following Ref. [38], we call these unitary t-groups. In this case, we see
that Eq. (A3) implies that the trivial isotype of the representation G > g — Ad?’ shall
agree with the trivial isotype of U(d) > U +— Ad%’ . Since the trivial isotype exactly
corresponds to the commutant of the respective diagonal representations 7; : U > U®’,
this is equivalent to the statement that the commutant of the representation 7, agrees
with the commutant of the restriction t;|g. However, this is the case if and only if /|G
decomposes into the same irreducible representations as t;.
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Appendix B: Representations of the Unitary Group

The representation theory of the unitary group can be understood using the theory of
highest weight for compact Lie groups, see, for example Refs. [71-73]. We present a
short summary of the part relevant to us here. Let p be an irreducible representation
of U(d), and consider the restriction p|pg) to the diagonal subgroup D(d) =~ (S lyxd
(which is a so-called maximal torus in U(d)). In general, this is a reducible representation
of D(d). Since D(d) is Abelian, p|ps) decomposes into one-dimensional irreducible

representations,, i. e. characters of D(d) ~ (S 1yxd Those are of the form Xu(0) = PR
for some vector u € Z%, and thus we find

plo@ = @ xu ® L, (B1)
uezd

where m,, € N are multiplicities. The vectors u for which m,, # 0 are called the weights
of p. Introducing a lexicographical ordering of the weights, we call a weight u higher
than the weight v if u > v. The theorem of the highest weight states that any irreducible
representation p has a highest weight and that irreducible representations with the same
highest weight are isomorphic. Thus, irreducible representations are unambiguously
labeled by their highest weight. Next, let us consider the tensor product 7, ® m, of
two irreducible representations labeled by their highest weights # and v. One can easily
check that the weights of irreducible representations in 7, ® m, have to be sums of
weights of 7, and ;. In particular, the highest weight of all irreducible representations
is at most u + v.

As arelevant example consider the (irreducible) defining representation p : U +— U
of U (2). Its restriction to the diagonal subgroup S' x §! decomposes as

Plsixst = Xey @ Xes
with highest weight e; = (1, 0). Using x, = x—u. the highest weight of the complex
conjugate representation p : U +— U can be immediately determined as (0, —1). Hence,
the weights of p ® p are {(0, 0), (1, —1), (—1, 1)}. Here, (0, 0) is the highest weight of
the trivial irreducible representation and (1, —1) the highest weight of the adjoint irrep.
Finally, all irreducible representations appearing in (p ® p)®’ have weights w satisfying
(—t,1) < w < (t, —t) and, in particular,

t
w = E u;
i=1

whereu; € {(0,0), (1, —1), (—1, 1)}.Itfollows that the Euclidean norm of these weights
is at most ~/2¢.

Appendix C: Converse Bounds for Estimates in Sect. 6.3

Here, we collect various tightness results that limit the degree by which the estimates
in Sect. 6.3 can be improved. The bound in Proposition 4 is tight in many cases. Most
interestingly, the anti-identity [42]

1= 1 C i eo,, (C1)
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meets the bound if both
r=t—1 and t/2=(r+1)/2 are odd. (C2)

Indeed, the anti-identity flips the components of the input if its parity is odd, and leaves
the input invariant if the parity is even. The flipping step preserves the Hamming weight
if and only if h(a) = /2. Thus

Pr[h(Oa) = h(a)] = Pr[h(a) even] + Pr[h(a) odd A h(a) = t/2]
= Pr[h(a) even] + Pr[h(a) = t/2] (using (C2))

()
2 t/2
= l+2_(’+1)< rl )
2 r+1)/2
Likewise, both estimates in Proposition 5 are tight. The first bound is saturated for
N ={0,(1,1,1, 1)}. Indeed, N L is the space of all even-weight elements of IE“Z‘. The
only non-trivial element of N is (1, 1,1, 1) and adding it to an even-weight vector
changes its weight if and only if the vector is in N itself. But [N|/|[N*| = 1/4. In an
exactly analogous way, the second bound is tight for the stochastic Lagrangian with left
and right defect spaces equal to the same N. As detailed in Example 4.27 of Ref. [42],
this stochastic Lagrangian is the one identified in Ref. [74] as the sole non-trivial one in
case of t = 4.

In contrast, we do not know (but suspect) that we pay a price by restricting from the
full Haar symmetrizer to the one over diagonal matrices in Eq. (123). For the two cases
that saturate the bounds in Proposition 4 and Proposition 5, we can compute the full
projection explictily and show that at least there, Eq. (123) indeed fails to be tight.

One can expand the anti-id T in terms of Pauli operators [42]

-1
I= E(1L®f +X® 4 Y® 4 7). (C3)
Then

27 (r(D), Pulr(D]) = z—f/Tr r(HU® rMTWUH® dug(U)

3
=2 Z /Tral.‘g"U@’U}X’t(UT)@l dpuugU)
i,j=0

=712 Z/ (TraanjUT)l duyU)
i,j

'
=22 12 Z /(TrinajUT> dun(U)

i, j#0

1
= 2—2+2—29—/ xdx
4 S2

19147'[_1(1 9>,

(€4

T4 44w 1+t 4

r+1
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where in (C4), we have interpreted the Haar integral over inner products of Paulis as an
integral over the Bloch sphere and in the next line, used the formula from [75]. For ¢t = 2,
Eq. (C1) is just the swap operator (i.e., a permutation), and the formula gives 1, as it
should. The smallest non-trivial case is t = 6 [42] , where we get roughly 0.571 < 0.65.

Next, we consider the CSS code Py for N = (1, 1, 1, 1). We use the results in Sect. 3
of Ref. [74]. For a given partition A, let W), be the associated Weyl module and S, the
Schur module. As in Ref. [74], let W)T C W, be the subspace such that

(W,\ ® SA) Nrange Py = W] ® S,.

For the projection operators onto the various spaces, we write P; (Schur module), Q;
(Weyl module), and Q7 (the subspace defined above). Then [74]

PN=ZQI®PA-
Y

By Schur’s Lemma,

Py[Py] = ZCAQA ® Py,
Y

for suitable coefficients c;, which are seen to equal ¢; = D;f /D;. by the fact that Haar
averaging preserves the trace. Hence, using Table 1 of Ref. [74] for d = 2,

d(D})*

. 7 7
2—I+2dlmN Py, Py[P — 2—2 — —.
(PN, Pul[Pn]) E}\ D, 0 <3

Appendix D: Saturation of Higher Rényi-entropies in K -interleaved Clifford Cir-
cuits

Consider the Rényi-entropies which are defined as

Sa(p) := log Tr[p®] (D1)

1l -«

for « > 0. For o Y\ 1 the standard von Neumann entropy is recovered. Here, we are
interested in the entanglement properties of random state vectors |1) on n qubits. We
consider a bi-partition of the n qubits into a set A consisting of constantly many qubits
n4 and a set B of np = n — n4 many qubits that constitutes the complement of A. To
derive concentration bounds on these quantities over random ensembles of states, we
study the “higher purities” Tr[ 0] for positive integer « in more detail. First, we compute
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the Haar average of this quantity. Let ¢y € Sy be any full a-cycle. We compute

Evmpuy Trlp4] = Eumpy, Tr [Trall¥) (w119]
=By, Tr [r(eye) a ® 1p(19) (W )®*]

24— 1\"!
= Tr [r(ﬂcyc)A & ILBPsym,ot]

o
Mg —1\"" _

= ( > ol 1 Z Tr [r(ﬂcycoa)A®r(U)B]

o €Sy
—1

— (2n to— 1> Ol!_l Z 2nA#cyc(ncycoa)2n3#cyc(a) (D2)
o €Sy

— 1 Z znA#cyc(Jrcycocr)zn3#cyc(tr)

2@ D). Qa1 A

2(:{113211A
Tl (2 ra—1)
=2~@=bna g g@27"8),

+0Q7"8)

where O (27"8) depends on «. Therefore, up to an exponentially small correction, the
average higher purity is minimal.

Next, we compute the same average over an additive e-approximate unitary 7-design.
Recall that this is a probability distribution v such that

[[M;(v) = Mi(nr)llo < e (D3)
By definition of the diamond norm, this also implies
[|M;(v) = Mi(np)lli-1 < & (D4)

From this, we obtain
Ey~Tr[p%] = Ey~yTr [Trallv) (¥ ]19]

= Tr [r(Teye)a ® 1By~ (1) (W) ®*]

< Tr [r(eye) 4 ® LBy, (1) (W D]
+ | Tr[r (Teye) a ® 1(M;(v) — My (um)) [(1%0) (Yo ®]|

< Tr[r(eye)a ® LpBy~py (19) (¥ ) %]
+ || (M (0) — My () [ (W DE]| ]

<27@ DL 02 ) e (D5)

It suffices to insert C(K) logz(t)(t4 + tlog(1/¢)) non-Clifford gates into random Clif-
ford circuits to generate an additive e-approximate ¢-designs. Therefore, we can choose
e = 272@=Dna and 1 = o and find that a K-interleaved Clifford circuit with k =
C(K)log*(cr) (o + 2(a — 1)np) satisfies
EyouTr[p%] < (1 — 27 @ Drayp=@=bna 4 go=m)

< (1—27@bm _ g2~ b, (D6)
Therefore, for every constant n4 and «, there is a classically simulable ensemble of
quantum circuits that generate essentially minimal higher purities on average.



Efficient Unitary Designs with a System-Size... 1039

References

11.
12.

13.

15.

16.

18.
19.
20.

21.
. Masanes, L., Roncaglia, A.J., Acin, A.: Complexity of energy eigenstates as a mechanism for equilibration.

23.
24.
25.
26.
27.
28.
29.
30.

31.

Emerson, J., Alicki, R., Zyczkowski, K.: Scalable noise estimation with random unitary operators. J. Opt.
B 7, S347-S352 (2005)

Magesan, E., Gambetta, J.M., Emerson, J.: Characterizing quantum gates via randomized benchmarking.
Phys. Rev. A 85, 042311 (2012)

Knill, E., Leibfried, D., Reichle, R., Britton, J., Blakestad, R.B., Jost, J.D., Langer, C., Ozeri, R., Seidelin,
S., Wineland, D.J.: Randomized benchmarking of quantum gates. Phys. Rev. A 77, 012307 (2008)
Hayden, P., Preskill, J.: Black holes as mirrors: quantum information in random subsystems. JHEP 0709,
120 (2007)

Dankert, C., Cleve, R., Emerson, J., Livine, E.: Exact and approximate unitary 2-designs and their appli-
cation to fidelity estimation. Phys. Rev. A 80, 012304 (2009)

Dankert, C.: MSc thesis, University of Waterloo (2005), arXiv:quant-ph/0512217

Gross, D., Audenaert, K., Eisert, J.: Evenly distributed unitaries: on the structure of unitary designs. J.
Math. Phys. 48, 052104 (2007)

Ambainis, A., Bouda, J., Winter, A.: Nonmalleable encryption of quantum information. J. Math. Phys.
50, 042106 (2009)

DiVincenzo, D.P., Leung, D.W., Terhal, B.M.: Quantum data hiding. IEEE Trans. Inf. Theory 48, 3580—
599 (2002)

Matthews, W., Wehner, S., Winter, A.: Distinguishability of quantum states under restricted families of
measurements with an application to quantum data hiding. Commun. Math. Phys. 291, 813-843 (2009)
Sen, P.: Random measurement bases, quantum state distinction and applications to the hidden subgroup
problem, IEEE Conference on Computational Complexity , 274-287 (2006)

Hayashi, A., Hashimoto, T., Horibe, M.: Reexamination of optimal quantum state estimation of pure
states. Phys. Rev. A 72, 032325 (2005)

Scott, A.J.: Optimizing quantum process tomography with unitary 2-designs. J. Phys. A 41, 055308
(2008). arXiv:0711.1017

Zhu, H., Englert, B.-G.: Quantum state tomography with fully symmetric measurements and product
measurements. Phys. Rev. A 84, 022327 (2011)

Roth, I., Kueng, R., Kimmel, S., Liu, Y.-K., Gross, D., Eisert, J., Kliesch, M.: Recovering quantum gates
from few average gate fidelities. Phys. Rev. Lett. 121, 170502 (2018)

Kueng, R., Zhu, H., Gross, D.: Distinguishing quantum states using Clifford orbits (2016),
arXiv:1609.08595

Gross, D., Krahmer, F., Kueng, R.: A partial derandomization of PhaseLift using spherical designs. J.
Fourier Anal. Appl. 21, 229-266 (2015)

Szehr, O., Dupuis, F., Tomamichel, M., Renner, R.: Decoupling with unitary approximate two-designs.
New J. Phys. 15, 053022 (2013)

Brandao, F.G.S.L., Horodecki, M.: Exponential quantum speed-ups are generic. Quant. Inf. Comp. 13,
0901 (2013)

Haferkamp, J., Faist, P., Kothakonda N, B.T., Eisert, J., Yunger Halpern, N.: Linear growth of quantum
circuit complexity. Nature Phys. 18, 528-532 (2022). https://doi.org/10.1038/s41567-022-01539-6
Roberts, D.A., Yoshida, B.: Chaos and complexity by design. JHEP 04, 121 (2017)

Phys. Rev. E 87, 032137 (2013)

Onorati, E., Buerschaper, O., Kliesch, M., Brown, W., Werner, A.H., Eisert, J.: Mixing properties of
stochastic quantum Hamiltonians. Commun. Math. Phys. 355, 905-947 (2017)

Brandio, F.G.S.L., Harrow, A.W., Horodecki, M.: Local random quantum circuits are approximate
polynomial-designs. Commun. Math. Phys. 346, 397-434 (2016)

F. G.S. L. Brandao, A. W. Harrow, M. Horodecki, Efficient quantum pseudorandomness, Phys. Rev. Lett.
116 (2016b)

Cleve, R., Leung, D., Liu, L., Wang, C.: Near-linear constructions of exact unitary 2-designs. Quant. Inf.
Comp. 16, 0721-0756 (2015)

Harrow, A.W., Low, R.A.: Random quantum circuits are approximate 2-designs. Commun. Math. Phys.
291, 257-302 (2009). arXiv:0802.1919

Hunter-Jones, N.: Unitary designs from statistical mechanics in random quantum circuits (2019),
arXiv:1905.12053

Gottesman, D.: An introduction to quantum error correction and fault-tolerant quantum computation,
arXiv:0904.2557

Campbell, E.T., Terhal, B.M., Vuillot, C.: Roads towards fault-tolerant universal quantum computation.
Nature 549, 172-179 (2017)

Veitch, V., Mousavian, A.H., Gottesman, D., Emerson, J.: The resource theory of stabilizer quantum
computation. New J. Phys. 16, 013009 (2014)


http://arxiv.org/abs/quant-ph/0512217
http://arxiv.org/abs/0711.1017
http://arxiv.org/abs/1609.08595
https://doi.org/10.1038/s41567-022-01539-6
http://arxiv.org/abs/0802.1919
http://arxiv.org/abs/1905.12053
http://arxiv.org/abs/0904.2557

1040 J. Haferkamp, F. Montealegre-Mora, M. Heinrich, J. Eisert, D. Gross, I. Roth

38.

39.
40.

41.
42.

43.
44,

45.
46.

47.
48.
49.
50.
S1.
52.

53.
54.

62.
. Bhatia, B.: Matrix analysis, Springer Science & Business Media, 169 (2013)
64.
65.

66.
67.

68.

Howard, M., Campbell, E.: Application of a resource theory for magic states to fault-tolerant quantum
computing. Phys. Rev. Lett. 118, 090501 (2017)

. Webb, Z.: The Clifford group forms a unitary 3-design (2015), arXiv:1510.02769

Zhu, H.: Multiqubit clifford groups are unitary 3-designs. Phys. Rev. A 96, 062336 (2017)

Kueng, R., Gross, D.: Qubit stabilizer states are complex projective 3-designs (2015), arXiv:1510.02767
Zhu, H., Kueng, R., Grassl, M., Gross, D.: The Clifford group fails gracefully to be a unitary 4-design,
arXiv:1609.08172

Helsen, J., Wallman, J.J., Wehner, S.: Representations of the multi-qubit Clifford group. J. Math. Phys.
59, 072201 (2018)

Bannai, E., Navarro, G., Rizo, N., Tiep, P.H.: Unitary z-groups. J. Math. Soc. Japan 72, 909-921 (2020).
https://doi.org/10.2969/jmsj/82228222

Sawicki, A., Karnas, K.: Universality of single qudit gates. Ann. Henri Poincaré 18, 3515-3552 (2017)
Koenig, R., Smolin, J.A.: How to efficiently select an arbitrary Clifford group element. J. Math. Phys. 55,
122202 (2014). arXiv: 1406.2170

Nezami, S., Walter, M.: Multipartite entanglement in stabilizer tensor networks (2016), arXiv:1608.02595
Gross, D., Nezami, S., WalMain, J., Gamburd, A.: Schur-Weyl duality for the Clifford group with appli-
cations. Invent. Math. 171, 83-121 (2008). https://doi.org/10.1007/s00222-007-0072-z
Montealegre-Mora, F., Gross, D.: Rank-deficient representations in howe duality over finite fields arise
from quantum codes (2019), arXiv:1906.07230

Zhou, S., Yang, Z.-C., Hamma, A., Chamon, C.: Single 7 gate in a Clifford circuit drives transition to
universal entanglement spectrum statistics (2019), arXiv:1906.01079

Aaronson, S., Gottesman, D.: Improved simulation of stabilizer circuits. Phys. Rev. A 70, 052328 (2004)
Cwiklinski, P., Howodecki, M., Mozrzymas, M., Pankowski, L., Studzinski, M.: Local random quantum
circuits are approximate polnomial-designs - numerical results. J. Phys. A 46, 305301 (2013)

Bravyi, S., Browne, D., Calpin, P., Campbell, E., Gosset, D., Howard, M.: Simulation of quantum circuits
by low-rank stabilizer decomposition. Quantum 3, 181 (2019)

Pashayan, H., Wallman, J.J., Bartlett, S.D.: Estimating outcome probabilities of quantum circuits using
quasiprobabilities. Phys. Rev. Lett. 115, 070501 (2015)

Heinrich, M., Gross, D.: Robustness of magic and symmetries of the stabiliser polytope. Quantum 3, 132
(2019)

Bravyi, S., Gosset, D.: Improved classical simulation of quantum circuits dominated by Clifford gates.
Phys. Rev. Lett. 116, 250501 (2016). https://doi.org/10.1103/PhysRevLett.116.250501

Seddon, J., Regular, B., Pashayan, H., Ouyang, Y., Campbell, E.: Quantifying quantum speedups: im-
proved classical simulation from tighter magic monotones (2020), arXiv:2002.06181

Brandao, F.G.S.L., Chemissany, W., Hunter-Jones, N., Kueng, R., Preskill, J.: Models of quantum com-
plexity growth. PRX Quantum 2, 030316 (2021). https://doi.org/10.1103/PRXQuantum.2.030316
Varju, P.: Random walks in compact groups. Doc. Math. 18, 1137-1175 (2013)

Nielsen, M. A., Chuang, I. L.: Quantum computation and quantum information, Cambridge Series on
Information and the Natural Sciences ( Cambridge University Press, 2000)

Guralnick, R.M., Tiep, P.H.: Decompositions of small tensor powers and Larsen’s conjecture. Represen.
Theory 9, 138-208 (2005)

Low, R.A.: Pseudo-randomness and Learning in Quantum Computation (2010), arXiv: 1006.5227
Klaus, Stephan: Brown-Kervaire invariants (Shaker, 1995)

. Watrous, J.: The theory of quantum information (Cambridge university press, 2018)

Brown, W.G., Viola, L.: Convergence rates for arbitrary statistical moments of random quantum circuits,
Phys. Rev. Lett. 104, 250501

Diaconis, P., Saloff-Coste, L.: Comparison techniques for random walk on finite groups. Ann. Probab.
21, 2131-2156 (1993)

. Nachtergaele, B.: The spectral gap for some spin chains with disrete symmetry breaking. Commun. Math.

Phys. 175, 565-606 (1996)
Aaronson, S., Gottesman, D.: Improved simulation of stabilizer circuits. Phys. Rev. A 70, 052328 (2004)

Heinrich, M.: On stabiliser techniques and their application to simulation and certification of quantum
devices, Ph.D. thesis, University of Cologne (2021), https://kups.ub.uni-koeln.de/50465/

Nebe, G., Rains, E.M., Sloane, N.J.A.: The invariants of the Clifford groups (2001),
arXiv:math/0001038v2

Bourgain, J., Gamburd, A.: A spectral gap theorem in SU(d) (2011), arXiv: 1108.6264

Mezher, R., Ghalbouni, J., Dgheim, J., Markham, D.: Efficient approximate unitary t-designs from par-
tially invertible universal sets and their application to quantum speedup, arXiv:1905.01504 (2019)

de Montmort, P.R.: Essay d’analyse sur les jex de hazard, seconde edition, Jacque Quillau, Paris (1753)


http://arxiv.org/abs/1510.02769
http://arxiv.org/abs/1510.02767
http://arxiv.org/abs/1609.08172
https://doi.org/10.2969/jmsj/82228222
http://arxiv.org/abs/1406.2170
http://arxiv.org/abs/1608.02595
https://doi.org/10.1007/s00222-007-0072-z
http://arxiv.org/abs/1906.07230
http://arxiv.org/abs/1906.01079
https://doi.org/10.1103/PhysRevLett.116.250501
http://arxiv.org/abs/2002.06181
https://doi.org/10.1103/PRXQuantum.2.030316
http://arxiv.org/abs/1006.5227
https://kups.ub.uni-koeln.de/50465/
http://arxiv.org/abs/math/0001038v2
http://arxiv.org/abs/1108.6264
http://arxiv.org/abs/1905.01504

Efficient Unitary Designs with a System-Size... 1041

69.

70.

71.

72.

73.

74.

75.

Nakata., Y., Hirche, C., Koashi, M., Winter, A.: Efficient quantum pseudorandomness with nearly time-
independent Hamiltonian dynamics, Physical Review X 7 (2017), https://doi.org/10.1103/PhysRevX.7.
021006

Leone, L., Oliviero, S.FE., Zhou, Y., Hamma, A.: Quantum chaos is quantum. Quantum 5, 453 (2021)
Brocker, T., Dieck, T.: Representations of compact Lie groups, Graduate Texts in Mathematics (Springer-
Verlag), https://www.springer.com/de/book/9783540136781

Fulton, W., Harris, J.: Representation theory, edited by W. Fulton and J. Harris, Graduate Texts in Math-
ematics (Springer), https://doi.org/10.1007/978-1-4612-0979-9_2

Goodman, R., Wallach, N. R.: Symmetry, representations, and invariants, edited by R. Goodman and
N. R. Wallach, Graduate Texts in Mathematics (Springer), https://doi.org/10.1007/978-0-387-79852-3_
1

Zhu, H., Kueng, R., Grassl, M., Gross, D.: The Clifford group fails gracefully to be a unitary 4-design
(2016). arXiv:1609.08172

Folland, G.B.: How to integrate a polynomial over a sphere. Am. Math. Mon. 108, 446448 (2001)

Communicated by A. Childs


https://doi.org/10.1103/PhysRevX.7.021006
https://doi.org/10.1103/PhysRevX.7.021006
https://www.springer.com/de/book/9783540136781
https://doi.org/10.1007/978-1-4612-0979-9_2
https://doi.org/10.1007/978-0-387-79852-3_1
https://doi.org/10.1007/978-0-387-79852-3_1
http://arxiv.org/abs/1609.08172

	Efficient Unitary Designs with a System-Size Independent Number of Non-Clifford Gates
	Abstract:
	1 Results
	1.1 Approximate t-designs with few non-Clifford gates
	1.2 Local random Clifford circuits for Clifford and unitary designs

	2 Technical Preliminaries
	2.1 Operators and superoperators
	2.2 Commutant of the diagonal representation of the Clifford group

	3 Approximate Unitary t-Designs 
	4 Convergence to Higher Moments of the Clifford Group
	5 Singling out the Clifford Group
	6 Proofs
	6.1 Proof of overlap lemmas
	6.2 Proof of Lemmas for Theorem 1
	6.3 Proof of Haar symmetrization Lemma 13
	6.4 Proof of Lemmas for Theorem 2

	7 Summary and Open Questions
	Acknowledgements.
	References




