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Abstract. In this paper, we consider the asymptotic behavior of solutions of Monge-Ampeére equations with
general boundary value conditions in half spaces, which reveals the accurate effect of boundary value
condition on asymptotic behavior and improves the result in [13].
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1. Introduction

The classical Liouville theorem on the Monge-Ampere equation
detD’u=1 in R"

shows that any classical convex solution is a quadratic polynomial (cf. Jorgens [15] as n = 2,
Calabi [8] as n = 5 and Pogorelov [22] as n = 2). This theorem has also been got via different
approaches such as Cheng-Yau [9] and Jost-Xin [16], etc. In [6], Caffarelli proved that above
theorem holds for viscosity solutions as well.

The asymptotic behavior under several kinds of perturbations has been studied extensively in
the last decades. Caffarelli-Li [7] considered the perturbation of right hand term f(x) only occur-
ring in bounded domains. They proved that u converges to some quadratic polynomial at infinity
(if n = 3), or to some quadratic polynomial plus multiple of log|x| at infinity (if n = 2).
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For n = 2, the same result has been obtained by using complex variable methods (cf. [10, 11]).
Bao-Li-Zhang [5] extended the asymptotic behavior result in [7] and considered the pertur-
bation of right hand term f(x) occurring in R". They also deduced that, under proper decay
rate of f(x) at infinity, ¥ must converge at infinity with corresponding convergent rate. Simi-
lar arguments for other equations have been widely discussed by many researchers such as k-
Hessian equations [4, 18], special Lagrangian equations [17, 19, 20], parabolic Monge-Ampere
equations [26-28], maximal hypersurfaces equation [12], general fully nonlinear equations [14],
etc.
The Liouville theorem on the Monge-Ampere equation

detD?u(x)=1 in R?,
u(x) = §lxf? on {x, =0},

states that any convex viscosity solution satisfying quadratic growth condition must be a qua-
dratic polynomial(cf. [21,24]). Under fixed perturbation on boundary conditions, the asymptotic
behavior on the Monge-Ampeére equation in half spaces was considered by Jia-Li [13]. In details,
they studied the asymptotic behavior at infinity of convex (viscosity) solution of the following
Monge-Ampeére equation

{detDZu(x) =1 in R"™\B], W

u(x) = 31x1* + dlog/xTQx on {|x'| >1,x, =0}.
where the dimension n = 2, Q is a n x n symmetric positive definite matrix and for some p € (0, 1]
and non-zero constant d,
e olx?<xTQx<pYx?, VxeR"
. %lez +dlog v/ xT Qx is strictly convex on {|x'| > 1, x, = 0}.

The principal result stated that if u solves (1) and satisfies the quadratical growth condition

plx? <ux) <p x? inRO\BY @)

forsome 0 < u < %, then u tends to a quadratic polynomial plus an implicit function, which can

be controlled by log| x| at infinity. Note here that the existence of an implicit function was caused
by the perturbation of the boundary value.

Natural and interesting questions arise here: How about the asymptotic behavior at infinity if
the perturbation of the boundary value is worse than log|x|? And does it have better asymptotic
behavior at infinity if the perturbation is better than log|x|?

To answer the above questions, in this paper, we mainly study the asymptotic behavior of
Monge-Ampere equations with more general boundary conditions as below

detD?u(x) = in R”,
{e u(x) = f(x) in R 3)

u(x) = 31x'?+g(x) on {x, =0},
where the dimension n = 2, f(x) satisfies
support(f—1) =B (0), 0<A<f(x)<A<oo (4)
for constants A, A, and g(x') € C™(R"1) satisfies

|Dkg(x’) <1x1° % inR™N\B, forall 0<k<m 5)

for some integer m = 3, constant 0 < min{%, %} and

1
Elxll2 +g(x') is strictly convex in R"!, (6)
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Note that, by (5), one can define the Poisson integral

anf {2
P = dy. 7
(g1(x) o Jenr o=y (7)

It is clear that P[g] is harmonic and continuous up to the boundary of R? (cf. [2,25]).
The main result of this paper is the following.

Theorem 1. Letue CO(R" \B{") be a convex viscosity solution of (3) with (2), (4), (5) and (6). Then,
foranya € (0,1), ue Cm_l’“(ﬁf \Ef) and there exist some invertible upper-triangular matrix T
withdet T =1 and constant by, € R such that

0 ifn=2,

u(x) — (%xTTTTx+ bpxn + P[g](Tx))

X2 . 2\ p+
< CW mn RJr \BR’
where C and R = 1 depend only on 1 and 0. Furthermore, foranyl <k<m-1,

k+1
| x|

Dk (u(x) - (%xTTTTx+ by xo + P[g](Tx)))

<C inR:\Bj,

where C also depends on k.
(ii) ifn=3, forany e (0,222 ifo = —”773 andfor6=1if6 < —”7*3, we have

’ n—-1

xn J . n +
=C o in RU\Bp,

u(x) — (%xTTTTx+ bpxn+ P[g](Tx))

where C and R = 1 depend only on n, i, 6 and 0. Furthermore, foranyl<k<m-1,

|x|k+(n71)6

D (u(x) - (%xTTTTx+ bpxn+ P[g](Tx)))

<C in R}\Bj,
where C also depends on k.

Remark 2. In Theorem 1, the case n = 3 implies that of n = 2. Infact,as n =2, by 0 < min{%, %}

in (5), itis easy to see that 6 < 3 = -3,

Remark 3. Theorem 1 still holds for the normalized Monge-Ampére equation

detD?u(x) =1 in R”\B;,
u(x) = 3P +g(x') on {x,=0,|x'|>1},

where g(x') € C"(R"~1\B;) satisfies (5) and
1
Elx’l2 + g(x) is strictly convex in R"""\B;".

In fact, by the same arguments in [13], one can construct some new function v such that v=u
in R?\B{ and v satisfies Theorem 1.

This paper mainly improves the analysis on asymptotic behavior of solutions of Monge-
Ampere equations with different perturbations of boundary value conditions. Our approach
includes two steps: Rough estimate, in which we plan to show that after proper transformation,
u- %lez = 0(|x[%'®) at infinity, and Accurate estimate, in which the precise asymptotic behavior
including optimal decay rate will be given. Note that the Poisson integral method settled the
asymptotic term and improved the method in [13].

Throughout this paper, we always say C and other constants are universal, which means that
they depend only on n, y and 6. And universal constants may change from line to line.
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2. Proof of Theorem 1

Firstly, one can easily obtain a proof of the regularity result u € Cm_l’“(@Z \E;) by the similar
arguments in [13, Lemma 3.1]. So we omit it here.
In the following, we show our main result in two steps:

(1) Rough estimate: to show that after proper translation, u is near to some quadratic poly-
nomial at infinity. Here we allow that u can be controlled by this quadratic polynomial
plus some function, which does'nt converge to zero at infinity.

(2) Accurate estimate: to find out the most suitable function, such that after subtracting this
function and the quadratic polynomial mentioned in the last step, © converges to zero
with an exact decay rate at infinity.

2.1. Rough estimate

In this subsection, we mainly adopt the method in [13]. To minimize condition of 8 as soon as
possible, we should do better estimate, even if we call this rough estimate.
Forany M > u~!, let

~ 1 1
a(x) = Mu(M”Zx), X€0 =~z Sm(a). 8)
where Sy(u) ={x € @Z : u(x) < M}. By the quadratic growth condition (2),
'ul/ZEIr cO Cﬂ—qu;. 9)
Obviously, # solves

detD?7i(x) =1 in @,
a(x) = §1x'1> + ;8 (M'?x) on 86 n{x, =0}, (10)
ux)=1 on 00 N {x, > 0}.

By the existence results (cf. [1, 3]), there exists a unique viscosity solution of the following
Dirichlet problem
detD?¢ =1 in @,
&= on 86 n {x, =0}, (11
&=1-Plgl(MY?x') on 86 n{x, >0},
where P[g] is the Poisson integral given by (7). By [23, Theorem 6.4], there exists universal cy > 0
such that

IDEMI <yt col<[DXW]=c'l, |D¢w)|<c' in By, (12)
Then one can show the following lemmas:
Lemma 4. There exists universal C > 0 such that for any M = max{p‘l, c 2y
|a-¢l<CM™? in G\B;}, ).
Proof. In view of the definitions of #f and ¢ and (5), one can deduce that
la—¢&| = 1\_1/1 |PIgl (M"2x)| <CM™*2  on 66 (13)
By the quadratical growth condition (2), we have
pM'<si<p™'M™' ondB; _,,N{x,>0}. (14)

By (12), we have
€@ <2¢;" M2 in By, (15)
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By the virtue of (13), (14) and (15), we get
li-&<CM™2 on 6(6\3;4,1,2).

It together with the comparison principle completes the proof of Lemma 4. d

Lemma 5. There exists universal C > 0 such that for any M = max{u 2, c 2,

|DE0)| < CM™V4,

Proof. By the definition of ¢ an_d (5), it only needs to verify |D,¢(0)| < cCM™Y4,
By (12), for any X = (0, X,,) € B:O, there exists 9 € (0, 1) such that

1
£(0, %) =§(0)+ Dnd (0) - X + 5 Dk (9%) %2,

It follows that there exists universal C > 0 such that
€0, %)+ CX3

[IDn¢0)] = (16)
n
Now one can choose %, such that (0, X,) = M~1/2. It follows from (2) that
MVAR <3 < VA2
=Xy < .
It together with Lemma 4 and (16) implies that
@(0,X)|+CM™V2 4+ Cx2
D¢ < O EHE n<cM
Xn

where C > 0 is universal. It completes the proof. 0

In order to obtain the Rough estimate and find out the weakest 6 as soon as possible, we should
precisely describe the property of cross section of the rescaled function u.
Let

EMz{xe@f: xTD2E(0)x < 1}. a7

Lemma 6. There exist large universal ky and C such that for all k = ko, M = 23K and M' €
[2K71,28),

oM~ 1\ Swrw)  (2M 1)

Proof. By the definition of 7, we have
SM! (u) { ~ M, }
=31 .

Mz T\ M
It then follows from (15) and Lemma 4 that
M C 1 M C
E<M—W CWsMI(M)C €<W+W . (19)

By (12), for any x € E;, we have

‘f(x) —&(0) - DEO0) - x - %xTsz(O)x <ClxP. (20)

Now we prove (18). Firstly, we show the first relation of (18). For any x € (ZVM/ - 62’%k)1/2EM,
by (17), we have

! !

1 M M
~xTD2O)x < — —Co 2k < 2, @1)
2 M M
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A1/2
It together with (12) implies that |x| < C (%) for some universal C. Then from Lemma 5, (20)
and (21), we get

E(x) <&E(0) + DE0) - x + %xTDZE(())x+ gl

M/ 3/2
Wl
One can choose large universal ko >0 and C > 0 such that

M’ 1/2 M’ 3/2
CM‘““(—) —cz*’%c(—) <—L
M M M1/2

1/2 M

~ 1l
+—-C2"2"+C
M

Ml

M

for any k = kp, which yields that
oM’ 1/2 M C
(B -c ) mne{e<i-oinh

The first inclusion of (18) then follows from (19).
Next we show the second inclusion of (18). For any x € —7

M/ 1/2
-1/2

x| < — .
el =p (M)

This together with Lemma 5, (19) and (20) implies

M1/2 Sy (w), (2) implies

~xTD?E(0)x < &(x) — E(0) - DEW©) - x + ¢ | xf?

M M/ 1/2 M/ 3/2
<—+CM‘”2+CM‘”4( ) +C(—) )
M M M

Choosing larger universal kg and C again such that for any k > ko,

1 oM~
~xTD2EO)x < 22 4 o5k,
2 M

we have
M! C 2Ml _ l r 1/2
{£<M M1/2} (M +C272 ) Ep,
and hence the second inclusion of (18) follows from (19). O

Along the same arguments in [13, Lemma 3.5-3.7], one can deduce the following lemma, which
ends the Rough estimate and brings us some crucial derivatives estimates. See [13] for its proof in
details.

Lemma 7. There exists a real invertible bounded upper-triangular matrix T withdetT =1 such
that if v(x) = u(y) and y = T~ x, then
detD*v=1 in RI\TB;,
1,712 (22)
v(x)=51x'1°+g(x") on {x,=0}
andforanyl<k<=m-1,

S_ . —n
=Clx3™% in R\\B,

Dk(v(x)— %|x|2)

where Ry = 1 is universal, and C > 0 depends only on n, u and k.
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2.2. Accurate estimate

In this section, we show the accurate asymptotic behavior of solutions at infinity by using the
Rough estimate obtained in Lemma 7. The asymptotic behavior of solutions at infinity of linear
elliptic equations in half spaces, established in [13, Theorem 2.4], will be employed on many
occasions.
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Lemma8. Letv be given by Lemma 7. Then

(i) for n =2, there exists some constant b, such that

X2 . =2 +
SCW mn R+\BR, (23)
where P|g] is given by (7), and C > 0 and R > 1 are universal. Furthermore, for any
l<k<sm-1,

1
v(x) - 5|x|2 —byxp - Pgl(x)

1 —
x|k | D* (U(x) - z|x|2 — byxo — Pg] (x)) <C inR\Bj, (24)
where C also depends on k.
(i) for n = 3, there exists some constant by, such that
1 o Xn 0 = N
v(x)—ilxl —bpx,—Plglx)|=C PE in R \Bp, (25)

where § € (0,%) ifo = —”7_3 andd =1if6 < —”7_3, PI[g] is given by (7), and C > 0 and
R > 1 also depend on 6. Furthermore, foranyl <k<m-1,

|x|k+(n—1]5

Dk(v(x)—%lez—bnxn—P[g](x)) <C inR\B;, (26)

where C also depends on k.
Proof. By Lemma 7, there exists universal R; > 1 such that

{detDzv(x) =1 in R"\Bp,,

v(x)=31x'?+g(x) on {x,=0}.
Let V(x) =v(x) - %lez. By Lemma 7, there exists universal C > 0 such that
IDV()|<Clxl5 and |[D?V(x)|<ClxI"3 in R}\Bj,. @7)

In view of Indet(I,, + D*V) = Indet I, = 0, we get
{aij(x)DijV(x) =0 in R"\Bp,

(28)
V(x)=g(x") on {x, =0},
where a;j(x) = [y [sD?V + I,]' (x)ds.
Differentiating Indet(I,, + D?V) = 0 with respect to x;, [ = 1,--+,n— 1, we have
@;(0D;jVi(x)=0 in R"\Bp,
Vi(x) = g1(x") on {x, =0},
where d;;(x) = D2V + I,]" (x), Vi =D,V and g; = D;g. This implies that
~ e =+
aijDij(Vi-Plgi) = fi inR!\Bp, 29)
Vi—Plgi=0 on {x, =0},
where N
Jii= =@ (0)Di;Plgi = O(1x°) as |3 — oo,
By (27), we have
~ 1 =
|aij(x) = 8;j| +]@ij(x) - 8ij] < ClxI™3  in RI\B, (30)
andforanyl!=1,---,n-1,
|D(V;-Plg)])| —0 as|x| — oo. (31)
By (29),(30), (31) and [13, Theorem 2.4] with f =1-6 < n—1, we have
Xn g . —nh +
|Vi-Plgl|=C o) R, \Bj, 32)
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where 6 € (0, min{1, b;fi}), R =R, and C > 0 are universal.

For any x € {x,, = 0,|x| = R + 1}, by the Schauder estimates, we get

|D(Vi(x) = Plgil)|[ = C| [V = Plgil]| oy ) + ”fl”c&l(ﬁf(x))) =C (lx|_n6 * |x|0_3)'

1-6
’n-1

Choosing 6 € (%,min{l }) such that —nd < -1, we have thatforany /=1, -, n—-1,
[Vin (', 0)| = Clo/|m&t=00-20 - e {x/| = R, x, = 0}
Since max{—nd,0 — 2} < —1, there exists some constant b;,, such that
Vu(x',0) = b, as |x'| — oco.
Let M = max{V,(x): x € (0Br, N{x, = 0}) U {x, =0, |x'| = R}}. Since for any € > 0,
aij(x)D;ijVp(x) = a;j(x)D;ij (M +€x,) =0 in Rf\ﬁ;,
by (27) and the comparison principle, for any € > 0 small,
\Val<M+ex, in Rj\Bj.
By the arbitrariness of €, we have
IVul<M in R}\Bj,.
Combining this inequality with
G@:j(0D;jVa(0) =0 in R\Bp,
and [13, Theorem 2.4], we deduce
Vu(x) — by, as|x| — oo. (33)
Applying (28) and (30), we have

a;j(x)D;j (V —byx,—Plgl) = f(x) in R\Bp,, .

V —bpx,—Plg]=0 on {x, =0},
where

fx) == a;;(x)D;;PIgl(x) = AP[g] + (a;;(x) - §;;) D;;PIg]
]

=O(|x| 3 ) as |x| — oo.

Then there exists small 7 > 0 such that
|Ff] <1277 as |x| — oo. (35)

By (32) and (33), we have
|D(V = bpx,—Plgl)| —0 as |x|— co.
Coupling the above estimate, (30), (34), (35) and [13, Theorem 2.4], we get for any §' €
(0, min{1, ﬁ}), there exist R = Ry and C depending only on 7, p and 8’ such that
|V = byx, — PIg| sc(li—l’;)a in R7\B}. (36)
Next we improve (36). Indeed, (36) implies that
|V~ bpxyl < C|Plgl| < Clxl? in R} \Bj,.
It then follows from Lemma 7 that

|D? (V — bpxp)| < ClxI°2 in R}\Bj.
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By the definition of a; ;, we also have
|laij(x)-8:j| < Clx1°~% in R}\Bj,.
It then follows from the definition of f that
fw=0 (|x|*4+2") as |x| — co.
When n =2, by [13, Theorem 2.4] with t =2 —26 > 1, we get
|V = byx, - Plgl| < 07 in R;\B},,

which establishes (23).

When n = 3, by [13, Theorem 2.4], we have that for any é € (0, min{1 ﬂ}),

’ n-1

1)
b .=
|V—bnx,,—P[g]|sc(|xl”n) in R} \Bj;

for some larger C and R depending also on 6. Especially, if 2—-20 > n—-1 (i.e. 0 < —”T_l), by [13,

Theorem 2.4], we have
X . —=n
|V —bpx, - Plgl| < cﬁ in R} \Bj,

which establishes (25).
Finally, we show (24) and (26). _
For any x € R \BZR, let r = |x|. For any y € %, := {B2(0) : x + gy € IR’JZ\B:}, define
— 4\? r r r
Viy) = (;) {V(x+ Zy) - by (xn + Z.yﬂ) - P[g] (x+ ZJ/)}
Then by (34), V solves
aij(Vii» =1, in B,
where
_ r — ~ r
aij(y) = ajj (x+ Zy) and f(y) :f(x+ Zy)
One can easily deduce that for any 0 < k < m -3 and a € (0,1), f satisfies

|| () = Cr4+2,

and

_ f
|\v1|m(%)s{§:_2_w_n s

where 6 € (0, min{l, %}). By the Schauder estimates, we have forany0< k<m—-1,
‘DkV(y)|<C(”f(y)H +||V|| (@ ))
Cr4+20 4 Cr‘3 ifn=2,
Cr4+20 4 cp=2-8(n-1)  jf >3,
cr3 ifn=2, . o —n, .
{Cr-H("-U g VERS {BI(O) v+ 2y eRI\B] }

for any C > 0 depending only on n, y, § and k. Then we arrive at the desired estimates (24)

and (26).

Finally, Lemma 8 implies Theorem 1.

O
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