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leads to optimal estimates for the remainders. This short note presents new results when
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RESUME

Cette note concerne un probléme de transmission dans une structure mécanique contenant
une couche d’épaisseur mince ¢ > 0. Nous construisons un développement asymptotique
de la solution lorsque ¢ — 0 qui permet de remplacer la couche mince par une condition
aux limites approchées et nous en déduisons des estimations d’erreurs optimales. Nous
présentons de nouveaux résultats lorsqu'une condition de Dirichlet est imposée sur la
frontiére interne de la couche mince, tandis que le cas d'une condition de Neumann est
étudié dans F. Caubet, D. Kateb, F. Le Louér, ]. Elast. 136 (1) (2019) 17-53.
© 2019 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction and problem settings

Let  be a Lipschitz bounded open set of RY, where d > 2 is an integer representing the dimension. We assume that the
solid 2 consists of an isotropic material with a linear behavior. The boundary of € is such that dQ =: I'p U 'y, where I'p
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and 'y are two non-empty open sets of 9Q and |I'p| > 0. We consider a nonempty inclusion w CcC € with analytic
boundary dw =:I'. We denote by n the unit normal vector to 92 and I'" directed outward to Q\w.
Let € > 0 be small enough. We consider that I" has an interior thin layer with thickness ¢ bordering @ defined by

o] =={x+snx)|xeTand0<s <e¢}.

We recall that the normal vector n is directed inward the inclusion w. We set »® := w\w; and we denote its boundary by
I'?. In the sequel, we use the lower index e for all quantities related to \w and the lower index i for all quantities related
to w?{. These notations are illustrated in [2, Fig. 1].

We denote by A, the Hooke’s law defined, for any symmetric matrix &, by

Ae§ =21k + AeTr(§) 1y,

where i > 0 and A, > 0 are two positive constants that represent the Lamé coefficients in \w. The Hooke’s law associated
with a)f is denoted by A; with Lamé coefficients u; > 0 and A; > 0. Moreover, the stress vector relative to the material
properties A; on I' is defined by

Ti(u) := Aje(u)n, where e(u):= % (Vu+Tvu),

and we define similarly T, the stress vector relative to the material properties A, on either I" or I'y.

For a smooth bounded open set @ of R¢ (d > 2) with a boundary I', we denote by H%(w) and H%(I') the standard
complex valued, Hilbert-Sobolev spaces of order s € R defined on w and T, respectively (with the convention H® = L2). The
spaces of vector functions will be denoted by boldface letters, thus H® = (H%)?. We introduce the following Sobolev space:

H{ (2\w):={ve H (Q\w); v=00nTp}.

The dual space of H}D(Q\w) is denoted by ﬁ;;(sz\w). Let f e ﬁ;; (R\w) be some exterior forces and a load g €
H~12(T'y). We are concerned with the following transmission problem

—div (Ace(ut)) = f in Q\w
—div (Aje(uf)) = 0 in wf
u; =0 onTp
Teui) =g onI'y (1.1)
Ti(uf) = Te(us) onT
ui = u} onT
u; =0 on ¢,

The solution to such a problem exists, is unique and belongs to H}DUFQ(Q\E) thanks to the Lax-Milgram theorem and
Korn’s inequality (see, e.g., [3, Theorem 6.3-4]).

To avoid instabilities in the numerical treatment of the transmission problem (1.1), we approximate the solution u €
H}D (2\w) by the solution va] to some boundary value problems of the form

—div (Aee(va])) — finQ\®

&

Vi) = 0 onlp (12)
Te(V[N]) =g only
Bﬁ,(s,vaJ,Te(vaJ)) =0 onT,

where ||uf — v‘fN]||H1(Q\a) = 0(eN*t!), for any N € N, and the last equation of (1.2) is a so-called Generalized Impedance
Boundary Condition (GIBC). This approximate condition is obtained by expanding the Navier equation in w{ in terms of &
and surface derivatives on I'. The transmission problems is then split into sequences of coupled boundary value problems
in @] (rescaled through a nondimensional variable) and in \w (which will constitute the GIBCs). Both the exterior and
interior solutions are expanded as power series of the thickness &, whose coefficients functions are obtained iteratively. The
GIBC of order N € N is deduced from the boundary condition satisfied by the truncated series of the exterior field up to the
index N. The method originates from [10] for d = 2 and leads to optimal error estimates. The results are now established
for the Laplace, Helmholtz, and Maxwell equations, and more recently for the Lamé system when a Neumann condition is
imposed on I'¢ (see [2] and references therein for a bibliographical overview). It is the purpose of this short note to address
the case when a Dirichlet condition is considered on I'é. The coefficient functions and the GIBCs, for N =0, 1, 2, are given
in Proposition 2.1 and its proof. The expected optimal error estimates are stated in Theorem 3.1 and its proof for both the
interior and exterior solutions.

Mechanical engineering applications of the proposed results include the modeling of delaminated elastic area with thin
opening by Dirichlet and Neumann crack jumps [1,4] at multi-layered interfaces followed by the mathematical analysis of
the associated inverse problem of delimination detection [1,8,9] for both the static and dynamic framework.
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2. Generalized impedance boundary conditions

The operator Bf, is composed of curvature operators and/or surface differential operators and depends on the in-
terior Lamé parameters. Thus we use the classical surface differential operators: the tangential gradient Vr defined in
[7, pages 68-75] and the surface divergence divy defined as the trace of Vi applied to vector functions. Moreover, R and
‘H represent the curvature operator of I and its trace, respectively.

To determine the approximate boundary condition, we follow the procedure described in [5]. For any x € I" and s > 0,
we set u(x + sn(x)) =: u(x,s) and we use the change of variables y = x + sn(x) = x + ¢Sn(x), with S € [0, 1]. We set
u(x,s) =u(x, eS) =:U(x, S). Firstly, we obtain the following asymptotic expansion when & — 0:

1
div(Aje(u)) (x + eSn(x)) = ps) Aoag + Zé‘nAn Ué(x, S), (2.1)
n>1
where
Ao:=i+2upn@n+pi(ly—n®n), (2.2)
and
A1U% := Aq 105U°, with A1,1U8 = i HU® + (0 + Mi)(" divp U¢ + Vp(U® n)) (2.3)

Moreover, the traction trace operator is defined on T, i.e. for S =0, by
1 1
T,U¢ = EAoaSUE + Aindivp U° + pi[VrU¥ In = EAOBSUS + BYUE.

Secondly, we set uf := Zog”ug in Q\w and u_f(x, s):=U{(x,5) = ZOS"U?(X, S) in " x [0, 1], with the convention Uf =
n> nz

uﬁ =0 for any integer £ < 0. In the case of a Dirichlet interior boundary condition, the original transmission problem (1.1)

can then be rewritten as a couple of two boundary value problems for every coefficient functions (Uf, uﬁ):

4
92 AU = _121 AUSE inTx (0, 1)

K=
dsAoU! = Te(ui™) — BlU; ™" onT x {0}
AUl = 0 onT x {1},

and
div(Aceud)) = 80f inQ\®»
4
u, = 0 onI'p
Teu}) = 8)g onTy (2.4)

Aouf = AgUi(-,0) onT,

where Slj is the Kronecker delta. For £ =0, 1, 2, we solve iteratively the new systems to compute first Uf and then recover
N N
the boundary condition satisfied by u{. The truncated fields are denoted by ufy, := kzo kuf and Uf = kzz)s"U{f. From

these results, we deduce the GIBC satisfied by va], which is an approximation of ug‘[N] up to 0(eN*t1). The results are
stated in the following proposition.

Proposition 2.1. The GIBC, defined on T, modeling thin layer effects for N = 0, corresponds to the homogeneous Dirichlet condition.
For N =1, 2 it can be written in the form

eTeviy; +Cy(Viyy) =0,
with
C(w) ;= Aow)r,
CS(W) := AgWr + 36 (WiH + (A + )R+ (b — ) M) wyr,

where M represents the tangential Gunter derivative defined by [6, Chapter V, §1] Mw = [Vrw]n — ndivp w.
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Proof. First, we obtain
AU =0, AoU'(-,$)=(S—DT.ul.
Using U!(-,0) = —A, 'Teul = u;lr, we rewrite Ul (-, ) = —(S — l)ugIF and we get
2_
AQUP(-, $) = £ A ul 4+ (S = 1) (Teu; - B?u;‘r) .

When S =0, we simplify Ao = AgU?(-,0) = —Teu} — %Am"g\r + Bu} . and

7M1 - B = %(,uﬂ-L + i + DR+ (A — i) ([Vr - In — ndivr)),

Then, substituting these results in (2.4), we get the following boundary conditions for ug[N] on I':
Aottggy = Aoul =0
Aottgyy) = Ao(ug + ettp) = —eTottg = —eTeutgyy + °Tottg

Aottly = Ao(u + cuy + °u

—eTe(ud + euy) — 362 (/mi + i+ )R+ (i — Mi)M)ué
= — 8Teu§[z] — %82 (uﬂ-l + i+ UDR+ (A — ui)M)ui[z]
+&3Tu? + %83 (Mﬂ'l + i+ UDR+ (A — Mi)M>u§-

We observe that the truncated series up to the index N satisfy ¢ Teuﬁ[N] + Cf\,(ug[m) = 0(eN*1). Then we choose to ap-
proach the total exterior field u$ by a new field va] that satisfies ¢ Teva] + C‘IS\,(V[&N]) =0. O

Remark 2.2. Even if we provide the formula for N =0, 1, 2 only, we guess that, for any N € N*, the impedance operator C§,
is a surface differential operator of order (N — 1) for the three components of the state. Although it differs a bit from the
Laplace equation case, the procedure to prove optimal error estimates in H!'-norm presented in [10, Chapter 1] extends to
the elastic case at any order N € N and is sketched in Section 3 for the sake of completeness.

For N =1, 2, the associated weak variational formulations of the GIBC problems (1.2) with non-vanishing right-hand side
eTev+C5(v)=h when he H? (I') read: find v € H}D(Q\E) satisfying

ai(v.w)=L4(w), YweH[ (2\®) (2.5)
where

ai(v,w) =2, / (divv) (div w) + 2L, / e(v):e(w)—i—e’]/on-w,

Q\w Q\w r
1
a;(v, w) :=aj(v,w)+ 5/(#;"H+(M +UDR+ i — u)dM)v-w,
r

and

Lw) = f f~w+/g~w+8_1/h-w.

Q\@ T'y r

The bilinear forms af, are symmetric and continuous on H}D(Q\E) X H}D (R\w) (see [6, Chapter V, §1] for the properties
of M). The coercivity of af is obvious since Ag is a positive definite matrix.

3. Convergence analysis

Assuming the existence and uniqueness of the solution VFN] to GIBC problems at any order N € N, one can establish
optimal error estimates between uf and its approximate field va] as done below.

Theorem 3.1. Let N € N and f € €°°(Q\w). Then there exists a constant Co\g independent of & such that

||VfN] - ug”yl(gz\a) = CQ\E 8N+]-
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Proof. For any N € N, the assumption f € ¥ (Q\w) allows us to ensure higher order local regularity for uf, with ¢ =

0,...,N— 1 in the neighborhood of I" so that the right-hand side to problems (2.4) belong to H%(F) and the solution
satisfies u € H , (2\).
o We decompose the remainder as v{y, —ug := (Viy) — ug ) + (Ug ) — UQ).
N
o Firstly, we set r[sN] =uf Ze u" and we denote by re IN] and rf
n=0
to wf. The remainders (rﬁ’[N], ; [N]) solve the thin layer transmission problem with right-hand sides up to 0 (¢N~1). Using
a judicious rewritting of (rg[N], ,[N]) (see [2, subsection 2.2] or [10, Subsection 1.3.5]) and a change of variable formula

LN the restriction of rfN] respectively to Q\w and

for s = &S to evaluate H'-norms, we get the estimates

1 N+1
Ire vl @z < €€ N+1 and \/§||r;§[N]||H1(w§)§CE 1 (3.1)

with C depending on N but independent of ¢ (thanks to the uniform coercivity of the bilinear form associated with the
transmission problem).

o Secondly, we focus on diy) := ug v, — Viy;. For N =0, we have ug , = =ul= Viop 1-€. djoj = 0. Then the estimate is
deduced from the previous result. To get optimal results, for N > 1, the trick is different than in the Neumann case [2,
subsection 2.2] and is well explained in [10, page 36]. Indeed, using the bounds provided by the Lax-Milgram theorem
applied to the variational formulations (2.5) does not lead to optimal estimates due to the factor ¢! in the right hand side.
Instead, we use an asymptotic expansion of the solution v[N] to the GIBC problems (1.2). We write leJ E gt vN, where

the coefficient functions vf\, are defined iteratively as the solution to mixed boundary value problems w1th Dmchlet—type

condition on I'. For example, when N =1, 2, we have:

div (Aee(vl)) = 8F in Q\o
v] = 0 onI'p
T.(v) = 80g onTy (32)
vi = —A;'Tevi onT,
and
div (Aee(vz)) =380f in Q\w
v2 =0 onI'p
Te(v)) = 8% on Ty (33)
vh = —Ag" (Tevi™ + 3 (it + G+ )R+ (i = p)M) V5! ) on T,

We observe that

Ve¢=0,...,N, vi=ul

Higher-order coefficient functions vfi,, with ¢ > N + 1, surely differ from uﬁ. Thus, by applying the Lax-Milgram theorem to
the mixed boundary value problem with a Dirichlet-type boundary condition on I', we get the estimates:

€ & € 0 1 2
Iviy = e mlle @@ = 1V — vi — evillp @) = €167

and

€ & € 0 1 2,2 3
||v[2] — “e,[z]”Hl(sz\a) = ||v[2] —V; —EVy,—¢€ v2||H1(Q\5) < Cpe”.

And so on, we get for any N € N, ||va] —uf [N]||H1(Q\5) < CneNt1, with Cy independent of ¢. Using the triangular inequal-
ity and (3.1), we deduce the announced estimates. 0O

Remark 3.2. The convergence estimates at any order N € N are obtained assuming analyticity of the boundary I' and
smoothness of the data around the thin layer. However, a boundary T of class 1! and f € L?>(\w) are sufficient to get
the previous estimates for N = 1.
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